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COCYCLES OVER PARTIALLY HYPERBOLIC MAPS

by

Artur Avila, Jimmy Santamaria, Marcelo Viana & Amie Wilkinson

1. Partially hyperbolic diffeomorphisms

A diffeomorphism f: M — M on a compact manifold M is partially hyperbolic if
there exists a continuous, nontrivial D f-invariant splitting

T,M =E:®ES@®E", zeM

of the tangent bundle such that the derivative is a contraction along E® and an ex-
pansion along E*, with uniform rates, and the behavior of D f along the center bundle
E¢ is in between its behaviors along E° and E*, again by a uniform factor. Partial hy-
perbolicity is a natural generalization of the notion of uniform hyperbolicity (Anosov
or even Axiom A, see [25]), that includes many interesting additional examples, most
notably: diffeomorphisms derived from Anosov through deformation by isotopy, many
affine maps on homogeneous spaces, certain skew-products over hyperbolic maps, and
time-1 maps of Anosov flows. Partial hyperbolicity is an open condition, so any C*!
small perturbation of these examples is partially hyperbolic as well.

The stable and unstable bundles, E° and E", are uniquely integrable; that is, there
exist unique f-invariant foliations W° and W" tangent to E° and E%, respectively,
at all points. The leaves of these foliations are C* if the diffeomorphism is C*, for any
1 < k < 00, but the foliations are usually not transversely smooth. On the other hand,
if f is twice differentiable then each W® and W" is absolutely continuous, meaning
that its holonomy maps preserve the class of zero Lebesgue measure sets. These facts
go back to the pioneering work of Brin, Pesin [6] and Hirsch, Pugh, Shub [15] where
partial hyperbolicity and the closely related notion of normally hyperbolic foliations
were introduced.

In general, the center bundle E° need not be integrable, and similarly for the center
stable bundle E°° = E° @ E° and the center unstable bundle E°* = E° @ E“. We
call the diffeomorphism dynamically coherent if E° and E* are tangent to foliations
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W and W respectively. Then intersecting the leaves of W and W, one obtains
an integral foliation 9 for the center bundle as well. As it turns out, dynamical
coherence does hold in many situations of interest.

Brin, Pesin [6] also introduced the notion of accessibility, which has played a central
role in recent developments. A partially hyperbolic diffeomorphism is called accessible
if any two points in the ambient manifold may be joined by an su-path, that is,
a piecewise smooth path such that every smooth subpath is contained in a single
leaf of W’ or a single leaf of W". More generally, the diffeomorphism is essentially
accessible if, given any two sets with positive volume, one can join some point of one
to some point of the other by an su-path.

Interest in partially hyperbolic systems was greatly renewed in the mid-nineties,
with two initial goals in mind. One goal was to characterize robust (or stable) tran-
sitivity, both in discrete time and continuous time. A dynamical system is transitive
if it possesses orbits that are dense in the whole ambient space. The best known
examples are all of the known constructions of Anosov diffeomorphisms (see [25]).
Actually, since Anosov maps form an open subset of all C! diffeomorphisms, these
are also examples of robust transitivity. On the other hand, early constructions by
Shub [24] and Maifié [17] showed that diffeomorphisms can be robustly transitive
without being Anosov. Many other examples were found by Bonatti, Diaz [2] and
Bonatti, Viana [5]. A subsequent series of works started by Diaz, Pujals, Ures [10]
for diffeomorphisms, and Morales, Pacifico, Pujals [18] for flows, established that in
dimension three robustness implies partial hyperbolicity (where at least two of the
bundles in the partially hyperbolic splitting are non-trivial). In higher dimensions one
has to replace partial hyperbolicity by a related weaker condition called existence of
a dominated splitting. See [3, 5] and also [4, Chapter 7| and references therein.

Another goal, initiated by Grayson, Pugh, Shub [14], was to recover the original
attempt by Brin, Pesin [6] to prove that most partially hyperbolic, volume preserving
diffeomorphisms are actually ergodic. To this end, Pugh, Shub [20] proposed the
following pair of conjectures:

Conjecture 1. — Accessibility holds for an open and dense subset of C? partially hy-
perbolic diffeomorphisms, volume preserving or not.

Conjecture 2. — A partially hyperbolic C? volume preserving diffeomorphism with
the essential accessibility property is ergodic.

Concerning Conjecture 1, it was shown by Dolgopyat, Wilkinson [12] that acces-
sibility holds for a C'-open and dense subset of all partially hyperbolic diffeomor-
phisms, volume preserving or not. Moreover, Didier [11] proved that accessibility
is C'-open for systems with 1-dimensional center bundle. More recently, Rodriguez
Hertz, Rodriguez Hertz, Ures [23] verified the complete conjecture for conservative
systems whose center bundle is one-dimensional: accessibility is C"-dense among C"
partially hyperbolic diffeomorphisms, for any » > 1. A version of this statement
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for non-conservative diffeomorphisms was obtained in [7]. It remains open whether
C"-density still holds when dim E° > 1.

Partial versions of Conjecture 2 were obtained by Pugh, Shub [20, 21, 22], as-
suming dynamical coherence and an additional technical condition they called center
bunching. Roughly speaking, their notion of center bunching means that the diffeo-
morphism is close to being an isometry along center leaves. The best result to date on
Conjecture 2 is due to Burns, Wilkinson [8] who proved ergodicity for any accessible,
partially hyperbolic volume preserving diffeomorphism (not necessarily dynamically
coherent) which is not too far from being conformal along center leaves. Although
this property is also called center bunching, it is a lot milder than the one of Pugh,
Shub. In particular, it is automatic when E° has dimension one. Thus, the previous
result contains as a corollary a complete proof of Conjecture 2 when the center bundle
is one-dimensional. This corollary was also observed in [23].

2. Cocycles

The problems considered in this volume are situated in the following context.
Let f: M — M be a diffeomorphism. We fix a (topological, Lie...) group H with iden-
tity element e and consider the set of all (continuous, Hélder continuous, smooth...)
functions ¢: M — H. Such a function is called a cocycle, for reasons that are ex-
plained in the sequel. Cocycles are objects that can be composed along orbits of f,
and indeed, by the cocycle generated by ¢ we often mean the sequence ¢,, defined by

o(f" (=) - o(f () - p() if n >0,
Pn(z) = Q6 (f (@) o7 (F2 (@) - ¢ (f (=) ifn <O,
e if n =0.

An equivalent definition of a cocycle, and one that generalizes to actions of groups
other than Z, is the following. A 1-cocycle is a map «: Z x M — H satisfying the
cocycle condition:

(1) a(m+n,z) = a(m, f*(z)) - a(n, ), Yn,m € Z, x € M.

Setting ¢(z) = a(l,x), we obtain from the cocycle condition that ¢,(z) = a(n,z),
thereby establishing the equivalence of the two notions.

There are several contexts in which cocycles arise immediately in smooth dynamics
and related topics, which we now discuss.

Abelian cocycles. — The cocycle ¢ is called abelian when the group H is abelian.
A fundamental example of an abelian cocycle is the Jacobian map Jac f: M — R,
that measures the volume distortion of a diffeomorphism f: M — M on a Riemannian
manifold M:

d(volof)

Jac f(z) = Jvol (z).
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The 1-cocycle generated by Jac f is a(n,z) = Jac f™(z); in this case the cocycle con-
dition amounts to the composition law for Radon-Nikodym derivatives. Usually this
cocycle is transformed to an additive cocycle by taking a logarithm: log Jac f: M — R.

Abelian cocycles appear more generally as potentials in thermodynamic formalism.
In this setup, one associates to each cocycle ¢: M — R over a dynamical system
f: M — M one or more f-invariant probability measures 114 satisfying the variational
equation

/M¢du¢+h(u¢) = sup (/M¢dV+h(V)>7

where the supremum on the right is taken over all f-invariant probability measures
v, and h(v) denotes the f-entropy of the measure v. The functional

P@)=swp ([ dv b)),
v M

called the pressure of ¢, has the property that if

(2) p—¢p=®0f -0,

for some function ®, then P(¢) = P(¢). Hence the measure p, depends only on the
equivalence equivalence class for the equivalence relation ¢ ~ 1 if and only if (2)
holds. As we describe below, this equation can be viewed as a coboundary equation
in the appropriate cohomology theory.

Another place in which abelian cocycles appear, this time in the context of R-ac-
tions, is in time changes in flows. Suppose that ¢; is a flow. If v: M — R, then the
function a: R x M — R defined by

t
alt) = [ pule)ds
0
satisfies the cocycle condition:
(3) a(s+t,z) = a(s, ¢i(2)) + at, z),

which is the natural analogue of (1) for R-actions. In general, if a: R x M — R is an
arbitrary function, then the map ¢*: R x M — M given by

wa(ta x) = Pa(t,x) (ZE)

will define a flow on M if and only if « satisfies (3). Here too, one has a coboundary
equation which corresponds to (2) for flows:

() a(t.a) = A(t.a) = [ 2(ou(a)ds

One can check that if Equation (2) is satisfied for cocycles o and § and some real-
valued function v, then the flows ¢* and ¢? are time changes of one another.
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Linear cocycles. — By a linear cocycle we will mean a cocycle with values in a
matrix group. Such non-abelian cocycles also arise naturally, most notably as deriva-
tive cocycles. Suppose that f: M — M is a diffeomorphism of an n-manifold M. To
avoid technical issues, assume that the tangent bundle T'M is trivial:

TM = M x R¢,

Then the derivative Df can be represented as a map Df: M — GL(d,R) which, by
the Chain Rule, satisfies the (non-abelian) cocycle condition:

szn+m = Dfm(z)fn : szm'

(We remark that the case where T'M is non-trivial can be handled with a slight
generalization of the notion of cocycle, using sections of an appropriate bundle.) The
group GL(d,R) can be replaced by other matrix groups, such as SL(d,R), Sp(d, R),
0(d), U(d), etc. Such group-valued cocycles arise naturally as diffeomorphism cocycles
that are volume preserving, symplectic, isometric, and so on, as well as in the study
of frame flows on Riemannian manifolds.

Somewhat further afield, linear cocycles play a key role in analyzing the spectrum
of the one-dimensional discrete Schrédinger operators. To any abelian cocycle ¢ over
an ergodic system f: M — M and any p € M one can associate a one-dimensional
discrete Schrédinger operator H : ¢2(Z) — ¢%(Z) defined by

H(z)pn = n + Tn-1 — ¢(f" (D)) Tn-
The properties of the SL(2,R)-valued cocycles defined by

awo= (P70 )

for different choices of the parameter £ € R determine the spectral properties of the
operator H. For example, if this cocycle is uniformly hyperbolic for some value of F,
then FE lies in the resolvent set of H.

3. The central problems

We briefly outline the main questions that are addressed in the two papers in this
volume.

Cohomological equation. — The cohomological (or coboundary) equation is
() p=20""(®of).

For abelian cocycles this is usually written:

(6) p=>oo0f— .

If such a solution exists, then ¢ is called a coboundary. Coboundaries are in a natural
sense orthogonal to f-invariant functions: they are the image of the linear operator
¢ — ¢o f— ¢, whereas the f-invariant functions are the kernel. This orthogonality
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statement can be made precise. For example, if f preserves a probability measure p,
then in L?(p) the closed subspace

Z={seL*p)|¢of=f}

is the orthogonal complement of the L2-closure of the space of coboundaries:

B={pof—¢loeLn)}

This observation, which holds in some form in other function spaces as well, gives a
method for proving ergodic theorems: establish the result for functions in Z and in 8
and then extend from the dense set Z @ % using linear algebra, maximal inequalities,
and so on.

An obvious obstruction to finding a continuous solution to (6) is obtained by inte-
grating both sides against an f-invariant probability measure u:

/M¢du=/M(<I>0f—<I>)du=0.

The natural question then arises whether this is the only obstruction; that is, if ¢ has
average 0 with respect to every f-invariant probability measure u, then does there
exist a continuous solution to (6)? For transitive hyperbolic systems, the answer is
“yes,” as we explain below. For rigid rotations and other uniquely ergodic systems,
the answer usually depends on finer arithmetic data.

For example, suppose that f is rotation on the circle by a € R/Z. A simple Fourier
analysis of (6) shows that if « is Diophantine, then for any C'* function ¢ of average
zero there exists a C* solution to (6). On the other hand, if « is Liouvillean, then
there exists a C'°° function ¢ of average zero for which there is no measurable solution.
For perturbations of rigid rotations, solving (6) is a key component of KAM theory,
and the issue of small divisors presents obstructions to both solving the equation and
establishing regularity of its solutions.

This a basic example of cohomological theory as applied to the so-called “elliptic
systems.” Related to these are the parabolic systems, which include flows on surfaces,
polygonal billiard flows, interval exchange transformations, horocyclic flows and flows
on nilmanifolds. In these systems, which are typically uniquely ergodic or possess
finitely many invariant measures, solving the cohomological equation gives informa-
tion about rates of convergence for ergodic averages. The relative paucity of invariant
measures leads one to look at a broader class of functionals — the f-invariant distri-
butions — as obstructions to solving the cohomological equation.

In contrast with the elliptic and parabolic systems, hyperbolic systems have a
plethora of invariant measures, for example the Dirac measures supported on periodic
orbits. The basic existence theory of Livsic shows that the invariant measures present
a complete set of obstructions to finding a continuous solution to (6). What is more,
for transitive hyperbolic systems (for which periodic orbits are dense), the periodic
measures alone constitute a complete set of obstructions. Another feature of Anosov
systems is that continuous solutions are always smooth.
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Livsic theory for hyperbolic systems has several interesting applications. For exam-
ple, applying this theory to the log Jac cocycle, it follows immediately that a transitive
Anosov diffeomorphism f preserves a smooth invariant measure if and only if for every
periodic point p of period n:

Jac f™(p) = 1.
Liv8ic theory for Anosov flows is also an ingredient in the proof of marked length
spectrum rigidity for negatively curved surfaces, see [19, 9].

In the second paper in this volume, this Liv8ic theory is extended to accessible

partially hyperbolic diffeomorphisms.

The role of Lyapunov exponents. — If A is a linear cocycle over f: M — M
with values in GL(k), then there is a well-defined notion of the extremal Lyapunov
exponents of A at p € M:

A (4,p) := limsup 1 log ||An(p)|| and A_(A,p) := —limsup 1 log || An(p) 7}
n—oo N n—oo N
Kingman'’s ergodic theorem implies that if f preserves a finite measure p, then for p-al-
most every p, the limits exist and depend measurably on p; moreover, each limit is
constant if p is ergodic. More generally, Oseledec’s theorem implies that p-almost
every p € M, the limit

1
A4, p,v) = lim —log || An(p)v]

exists for every v € RF and assumes finitely many values, called the Lyapunov expo-
nents at p. The extremal Lyapunov exponents A (A,p) and A_(A,p) coincide with
the largest and smallest values of A\(4,p,v) over all v € R¥.

The Lyapunov exponents carry important information about a linear cocycle. In the
case of the derivative cocycle D f, non-vanishing of the Lyapunov exponents on a set of
positive volume implies that f has various chaotic properties. For the Schrédinger co-
cycle, almost everywhere vanishing of the Lyapunov exponent (equivalently, vanishing
of the extremal exponents) for a positive measure set of energies E € R is equivalent
to the existence of absolutely continuous spectrum for the associated operator. In
the first paper in this volume, a criterion is developed to establish the non-vanishing
of the extremal Lyapunov exponents for a linear cocycle over an accessible, volume
preserving, partially hyperbolic diffeomorphism. Actually, as explained below, most
of the theory extends to smooth (non-linear) cocycles.

4. The general theory

To place the preceding discussion into a larger context, we briefly describe the
cohomology theory in which these cocycles fit. The abelian cohomological equations
that arise in dynamical systems belong to a general cohomology theory developed to
study groups. To be precise, the abelian cocycles considered above are 1-cocycles in
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the first cohomology group of Z with coefficients in a Z-module of Holder continuous
functions on M. Let us explain what we mean by this.

Let G be a group. A G-module is an abelian group A together with an action of G
by endomorphisms of A. In the simplest cases, A is an arbitrary abelian group and
G acts trivially on A. The main example considered in dynamics arises as follows.
We fix a group G acting by homeomorphisms on a space X (for example, the Z-ac-
tion generated by a single homeomorphism f: X — X). We set A to be the space
C(X,R) of continuous, R-valued functions on X, where the abelian group structure
on A is given by pointwise addition. Then there is a natural G-action on A given by
precomposition: (g - ¢)(z) = ¢(g(x)), which makes A into a G-module. Clearly the
target space R in this construction can be replaced by any abelian topological group.
If we assume higher regularity, such as smoothness, for the G-action, then C'(X,R)
can be replaced by other function spaces, such as the space of Hélder functions, or
smooth functions. More generally, if V' is a vector bundle over X to which the action
of G extends, then we can take A to be the space of (continuous, smooth...) sections
of V, such as the space of smooth vector fields on X, when X is a smooth manifold.

Now given a G-module A, we construct the cohomology groups H" (G, A) as follows.
For n > 0, let C"(G, A) be the set of all functions from G™ to A, which forms an
abelian group. The elements of C™(G, A) are called (inhomogeneous) n-cochains. The
coboundary homomorphisms d": C"(G, A) — C"T1(G, A) are defined by

(dn¢)(gl, cee 7gn+1) =91~ 1/1(92, cee ,9n+1)

n
+ Z(—l)”ﬁ(gh 2 8im1,9i9it1, Git2s - -5 In1) + (1) (g1, -, gn)-
=1

One can check that d*t'od™ = 0; thus, we have a cochain complex and we can compute
cohomology in the standard way. The group of n-cocycles is defined by Z"(G, A) =
ker(d™), and the group of n-coboundaries is defined by B°(G, A) = 0, and

B"(G,A) = d"1(C" (G, A), n>1.

Finally, we set H"(G,A) = Z"(G,A)/B"(G, A).

Going back to the dynamical setting, suppose that f: X — X is a homeomorphism,
which generates an action of the integers Z. Then the 0-cochains are just elements of
the module C'(X,R), and any ¢: X — R generates a 1-cochain a: Z — C(X,R) via
the formula:

a(n) =¢o f".
It is easily checked that every such cochain is a 1-cocycle and, conversely, every 1-cocy-
cle is generated by such a function ¢. Indeed, the cocycle condition (1) in this setting
reduces to d*a = 0. Moreover the abelian cohomological Equation (6) translates in
this setting to:
a=d"®.
This equation asks if the given cocycle « is trivial on cohomology. Higher order coho-
mology groups have been studied in the dynamical context, most notably for groups
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of diffeomorphisms of the circle. In this context, certain elements of H? generalize the
notion of rotation number to non-amenable groups. See [13].

The non-abelian cocycles also fit into a similarly defined non-abelian cohomology
theory. In this case, however, the cohomology spaces no longer carry a group structure.

5. Fibered systems

The unifying concept in this volume is that of cocycles over partially hyperbolic
diffeomorphisms. Let us outline our basic approach to such systems. Linear cocycles
can be studied through their induced action on the projective bundle associated to the
underlying vector bundle. Similarly, the classical cohomological equation is associated
to an action by translations on a trivial R-bundle over the original space.

Both these constructions are special cases of a general notion of fibered dynamical
system, acting on some bundle over the original space, possibly with low fiberwise
regularity. Under suitable assumptions, the invariant (stable and unstable) foliations
of the base partially hyperbolic diffeomorphism lift to invariant foliations of the fibered
system. Solutions of the relevant cohomological equations correspond to sections of
the fiber bundle that are saturated by the lifted foliations, a property that we call
holonomy invariance. The rich structure of these foliations allow us to obtain strong
properties for these sections, when they exist.

One main conclusion of the first paper in this volume applies when the diffeo-
morphism satisfies the assumptions of [8]: partial hyperbolicity, volume preserving
and center bunching. According to Theorems D and E in this paper, in that case
any measurable section which is essentially (i.e., almost everywhere) saturated under
the lifted stable foliation and essentially saturated under the lifted unstable foliation
coincides, almost everywhere, with some section that is saturated by both lifted fo-
liations. Moreover, if the base diffeomorphism is accessible then such a bi-saturated
section may be chosen to be continuous.

The goal in this first paper is to detect non-zero Lyapunov exponents for fibered
systems that act smoothly on the fibers (smooth cocycles), including projective actions
of linear cocycles as a special case. For this, it is convenient to consider yet another
fibered system, namely the push-forward action on the space of probability measures
on each fiber.

General methods going back to Ledrappier [16] in the linear case and extended
by Avila, Viana [1] to the present setup, give that if the Lyapunov exponents vanish
almost everywhere then there exist measurable sections that are essentially saturated
by either one of the lifted foliations. In view of the previous observations, it follows
(Theorems B and C in this paper) that if the Lyapunov exponents vanish almost
everywhere then measurable bi-saturated sections do exist, and they may be chosen
to be continuous if the base dynamics is accessible.

As it turns out, bi-saturated sections are very difficult to come by, at least in
the accessible case. Indeed, given any point p in the base space, consider the group
of su-loops, that is, su-paths from p to itself. Each su-loop is associated to a holonomy
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map on the fiber over p, and a bi-invariant section gives rise to a fixed point common
to all those maps. When the base diffeomorphism is accessible, the loop group is very
big, yielding a large set of obstructions to the existence of such a fixed point.

In this way one gets, in particular, that generic linear cocycles over an accessi-
ble, volume preserving, partially hyperbolic diffeomorphism have some non-vanishing
extremal exponent (Theorem A of this paper).

These tools developed in the first paper to handle extremal Lyapunov exponents
can be applied as well to abelian cocycles. This is the starting point for the second
paper in this volume. Reinterpreting in the abelian context the results of the first
paper, we obtain a reformulation in the partially hyperbolic context of two of the
main conclusions of the LivSic theory: existence and measurable rigidity of solutions to
the coboundary equation (Theorem A parts I and III of [26]). The second paper then
completes the remaining task of establishing regularity of solutions to the coboundary
equation (Theorem A parts IT and IV of [26]). This gives a fairly complete extension
of the main conclusions of the Liv8ic theory from the hyperbolic to the (accessible)
partially hyperbolic context.

The task is simplified conceptually by the fibered system perspective. A solution
to the coboundary equation is a bi-saturated section of the associated R-bundle; the
image of this section is invariant under the lifted stable and unstable holonomy maps.
Accessibility implies that these local holonomy maps act transitively on the section,
meaning that the section is homogeneous under a large groupoid of transformations.
A condition on the diffeomorphism called strong bunching implies that the holonomy
maps, while not smooth, are smooth along center directions in the base manifold.
Under the strong bunching hypothesis, one can then invoke ideas from the study of
transformation groups to show that the section is smooth along center directions.
Smoothness of the leaves of the lifted foliation gives smoothness of the section along
stable and unstable directions; combined with smoothness along center directions, this
gives smoothness of the invariant section. As with the conclusions in this paper, the
regularity results in [26] apply much more generally to saturated sections of smooth
cocycles (Theorem C in [26]).
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HOLONOMY INVARIANCE: ROUGH REGULARITY AND
APPLICATIONS TO LYAPUNOV EXPONENTS

by

Artur Avila, Jimmy Santamaria & Marcelo Viana

Abstract. — Un cocycle lisse est un produit gauche qui agit par des difféomorphismes
dans les fibres. Si les exposants de Lyapounov extremaux du cocycle coincident alors
les fibres possédent certaines structures qui sont invariantes, & la fois, par la dy-
namique et par un pseudo-groupe canonique de transformations d’holonomie. Nous
démontrons ce principe d’invariance pour les cocycles lisses au dessus des difféomor-
phismes conservatifs partiellement hyperboliques, et nous en donnons des applications
aux cocycles linéaires et aux dynamiques partiellement hyperboliques.

Résumé. — Skew-products that act by diffeomorphisms on the fibers are called smooth
cocycles. If the extremal Lyapunov exponents of a smooth cocycle coincide then the
fibers carry quite a lot of structure that is invariant under the dynamics and under
a canonical pseudo-group of holonomy maps. We state and prove this invariance
principle for cocycles over partially hyperbolic volume preserving diffeomorphisms. It
has several applications, e.g., to linear cocycles and to partially hyperbolic dynamics.

1. Introduction

Lyapunov exponents measure the asymptotic rates of contraction and expansion,
in different directions, of smooth dynamical systems such as diffeomorphisms, co-
cycles, or their continuous-time counterparts. These numbers are well defined on a
full measure subset of phase-space, relative to any finite invariant measure. Systems
whose Lyapunov exponents are distinct/non-vanishing exhibit a wealth of geometric
and dynamical structure (invariant laminations, entropy formula, abundance of peri-
odic orbits, dimension of invariant measures) on which one can build to describe their
evolution. The main theme we are interested in is that systems for which the Lya-
punov exponents are not distinct are also special, in that they satisfy a very strong
invariance principle. Thus, a detailed theory can be achieved also in this case, if only
using very different ingredients.

2010 Mathematics Subject Classification. — 37A20, 37D25, 37D30; 37A50, 37C40.
Key words and phrases. — Partial hyperbolicity, linear cocycle, smooth cocycle, invariance principle,
Lyapunov exponent, holonomy invariance, rigidity.
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14 A. AVILA, J. SANTAMARIA & M. VIANA

In the special case of linear systems, the invariance principle can be traced back
to the classical results on random matrices by Furstenberg [12], Ledrappier [19], and
others. Moreover, it has been refined in more recent works by Bonatti, Gomez-Mont,
Viana [7], Bonatti, Viana [8], Viana [25] and Avila, Viana [1, 2]. An explicit and
much more general formulation, that applies to smooth (possibly non-linear) systems,
is proposed in Avila, Viana [3] and the present paper: while [3] deals with extensions
of hyperbolic transformations, here we handle the case when the base dynamics is just
partially hyperbolic and volume preserving. The two papers are contemporary and
closely related: in particular, Theorem A of [3] relies on a version of the invariance
principle proved in here, more precisely, Theorem B below.

As an illustration of the reach of our methods, let us state the following appli-
cation in the realm of partially hyperbolic dynamics (for details, see Remark 2.9).
Let f : M — M be a C? partially hyperbolic, dynamically coherent, volume pre-
serving, accessible diffeomorphism satisfying a suitable center bunching condition. If
the center bundle E° has dimension 2 and the center Lyapunov exponents coincide
almost everywhere then f admits

(a) either an invariant continuous field of directions r C E°,
(b) or an invariant continuous field of pairs of directions r1 Ure C E€,
(c¢) or an invariant continuous conformal structure on E°.

Sometimes, one can exclude all three alternatives a priori. That is the case, for in-
stance, if f is known to have periodic points p and ¢ that are, respectively, elliptic
and hyperbolic along the center bundle E°, in the following sense: the center eigenval-
ues of p are neither real nor pure imaginary, and the center eigenvalues of g are real
and distinct. Then it follows that the center Lyapunov exponents are distinct and,
in particular, at least one is non-zero. If f is symplectic then both center Lyapunov
exponents are different from zero; compare Theorem A in [3].

Precise statements of our results, including the definitions of the objects involved,
will appear in the next section. Right now, let us observe that important applications
of the methods developed in here have been obtained by several authors: a Livsic
theory of partially hyperbolic diffeomorphism, by Wilkinson [27]; existence and prop-
erties of physical measures, by Viana, Yang [26]; construction of measures of maximal
entropy, by Hertz, Hertz, Tahzibi, Ures [22].

2. Preliminaries and statements

2.1. Partially hyperbolic diffeomorphisms. — Throughout the paper, unless
stated otherwise, f : M — M is a partially hyperbolic diffeomorphism on a compact
manifold M and p is a probability measure in the Lebesgue class of M. In this section
we define these and other related notions. See [9, 15, 16, 24| for more information.

A diffeomorphism f : M — M of a compact manifold M is partially hyperbolic if
there exists a nontrivial splitting of the tangent bundle

(2.1) TM = E* @ E°® E*
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invariant under the derivative Df, a Riemannian metric || - || on M, and positive
continuous functions v, ¥, v, 4 with v, # < 1 and v < v < 47! < »~! such that, for
any unit vector v € T, M,

(2.2) [Df(p)vll <v(p)  ifve E*(p),
(2.3) v(p) <IDf(p)v]| < A(p)~" if v € E°(p),
(2.4) o(p)~" <||Df(p)vl| if v e E"(p).

(Equivalently, one could ask these conditions for some iterate; see Gourmelon [14].)
All three subbundles E*, E¢, E* are assumed to have positive dimension. However, in
some cases (cf. Remarks 3.12 and 4.2) one may let either dim E® = 0 or dim E* = 0.

We take M to be endowed with the distance dist associated to such a Riemannian
structure. The Lebesgue class is the measure class of the volume induced by this (or
any other) Riemannian metric on M. These notions extend to any submanifold of M,
just considering the restriction of the Riemannian metric to the submanifold. We say
that f is volume preserving if it preserves some probability measure in the Lebesgue
class of M.

Suppose that f : M — M is partially hyperbolic. The stable and unstable bundles
E? and E" are uniquely integrable and their integral manifolds form two transverse
continuous foliations W*° and W", whose leaves are immersed submanifolds of the
same class of differentiability as f. These foliations are referred to as the strong-stable
and strong-unstable foliations. They are invariant under f, in the sense that

F(W (@) = W (f(2)) and f(W(2)) = W (f(2)),

where W°(z) and W’(x) denote the leaves of W° and W", respectively, passing
through any = € M. These foliations are, usually, not transversely smooth: the holon-
omy maps between any pair of cross-sections are not even Lipschitz continuous, in
general, although they are always y-Hd6lder continuous for some v > 0. Moreover, if
f is C? then these foliations are absolutely continuous, meaning that the holonomy
maps preserve the class of zero Lebesgue measure sets. Let us explain this key fact
more precisely.

Let d = dim M and & be a continuous foliation of M with k-dimensional smooth
leaves, 0 < k < d. Let F(p) be the leaf through a point p € M and F(p, R) C ¥(p)
be the neighborhood of radius R > 0 around p, relative to the distance defined by the
Riemannian metric restricted to & (p). A foliation box for & at p is the image of an
embedding

®:I(p,R) x R"F - M

such that ®(-,0) = id, every ®(-,y) is a diffeomorphism from & (p, R) to some sub-
set of a leaf of & (we call the image a horizontal slice), and these diffeomorphisms
vary continuously with y € R%~F. Foliation boxes exist at every p € M, by defini-
tion of continuous foliation with smooth leaves. A cross-section to & is a smooth
codimension-k disk inside a foliation box that intersects each horizontal slice exactly
once, transversely and with angle uniformly bounded from zero.
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16 A. AVILA, J. SANTAMARIA & M. VIANA

Then, for any pair of cross-sections ¥ and X', there is a well defined holonomy
map ¥ — Y/, assigning to each x € ¥ the unique point of intersection of ¥/ with the
horizontal slice through x. The foliation is absolutely continuous if all these home-
omorphisms map zero Lebesgue measure sets to zero Lebesgue measure sets. That
holds, in particular, for the strong-stable and strong-unstable foliations of partially
hyperbolic C? diffeomorphisms and, in fact, the Jacobians of all holonomy maps are
bounded by a uniform constant.

A measurable subset of M is s-saturated (or W°-saturated) if it is a union of
entire strong-stable leaves, u-saturated (or 9W“-saturated) if it is a union of entire
strong-unstable leaves, and bi-saturated if it is both s-saturated and u-saturated. We
say that f is accessible if @ and M are the only bi-saturated sets, and essentially
accessible if every bi-saturated set has either zero or full measure, relative to any
probability measure in the Lebesgue class. A measurable set X C M is essentially
s-saturated if there exists an s-saturated set X° C M such that XAX?® has measure
zero, for any probability measure in the Lebesgue class. Fssentially u-saturated sets
are defined analogously. Moreover, X is bi-essentially saturated if it is both essentially
s-saturated and essentially u-saturated.

Pugh, Shub conjectured in [20] that essential accessibility implies ergodicity, for a
C? partially hyperbolic, volume preserving diffeomorphism. In [21] they showed that
this does hold under a few additional assumptions, called dynamical coherence and
center bunching. To date, the best result in this direction is due to Burns, Wilkin-
son [10], who proved the Pugh-Shub conjecture assuming only the following mild form
of center bunching;:

Definition 2.1. — A C? partially hyperbolic diffeomorphism is center bunched if the
functions v, 7, 7, 4 in (2.2)—(2.4) may be chosen to satisfy

(2.5) vr<~vy and U <~yy.

When the diffeomorphism is just C'*¢, for some o > 0, the arguments of Burns,
Wilkinson [10] can still be carried out, as long as one assumes what they call strong
center bunching (see [10, Theorem 0.3]). All our results extend to this setting.

2.2. Fiber bundles. — In this paper we deal with a few different types of fiber
bundles over the manifold M. The more general type we consider are continuous fiber
bundles ™ : & — M modeled on some topological space N. By this we mean that &
is a topological space and there is a family of homeomorphisms (local charts)

(2.6) ¢y U x N — n~HU),

indexed by the elements U of some finite open cover % of M, such that 7 o ¢y is the
canonical projection U x N — U for every U € %. Then each ¢y, : & — ¢u(z,§) is
a homeomorphism between N and the fiber &, = 7~ 1(z).

An important role will be played by the class of fiber bundles with smooth fibers,
that is, continuous fiber bundles whose fibers are manifolds endowed with a contin-
uous Riemannian metric. More precisely, take N to be a Riemannian manifold, not
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necessarily complete, and assume that all coordinate changes gb‘_,l o ¢y have the form
(2.7) ¢y odu:(UNV)Xx N = UNV)xN, (2,8 (z,9.(€))

where:

(i) go: N — N is a C! diffeomorphism and the map z — g, is continuous, relative
to the uniform C' distance on Diff' (N) (the uniform C' distance is defined
by distc1(gz, 9y) = sup{|gz(£) — gy (€)1, [Dg=(§) — Dgy (&)l : § € N});

(ii) the derivatives Dg,(£¢) are Dg;'(£) are uniformly continuous and uniformly
bounded in norm.

Endow each &, with the manifold structure that makes ¢y, a diffecomorphism.
Condition (i) ensures that this does not depend on the choice of U € % containing z.
Moreover, consider on each &, the Riemannian metric v, = Yy cq pv(2)yv,z, Where
YU,z is the Riemannian metric transported from N by the diffeomorphism ¢y, and
{pv : U € U} is a partition of unit subordinate to %. It is clear that v, depends
continuously on z. Condition (ii) ensures that different choices of the partition of unit
give rise to Riemannian metrics 7, that differ by a bounded factor only.

Restricting even further, we call 7 : § — M a continuous vector bundle of dimen-
sion d > 1if N = K%, with K = R or K = C, and every g, is a linear isomorphism,
depending continuously on x and such that [|g!|| are uniformly bounded. Then each
fiber &, is isomorphic to K¢ and is equipped with a scalar product (and, hence, a
norm) which is canonical up to a bounded factor.

We also need to consider more regular vector bundles. Given r € {0,1,...,k,...}
and a € [0,1], we say that 7 : § — M is a C™* vector bundle if, for any U, V € U
with non-empty intersection, the map

(2.8) UNV — GL(d,K), z+— g,

is of class C™?, that is, it is r times differentiable and the derivative of order r is
a-Hélder continuous.

2.3. Linear cocycles. — Let m : ¥/ — M be a continuous vector bundle of di-
mension d > 1. A linear cocycle over f : M — M is a continuous transformation
F: YV — V satisfying moF = for and acting by linear isomorphisms F, : Vo — ¥ ¢z
on the fibers. By Furstenberg, Kesten [13], the extremal Lyapunov exponents

1 1
A(Fz) = lim ~log||F}| and A_(F,2) = lim —log||(F})~"|~"
n—oo M n—oo 1

exist at p-almost every x € M, relative to any f-invariant probability measure pu.
If (f,u) is ergodic then they are constant on a full y-measure set. It is clear that
A_(F,z) < Ay (F,z) whenever they are defined. We study conditions under which
these two numbers coincide.

Suppose that 7 : ¥ — M is a C™ vector bundle, for some fixed r and «, and f is
also of class C™? (this is contained in our standing assumptions if r + a < 2). Then
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we call F: ¥/ — 9 a C™ linear cocycle if its expression in local coordinates
(2.9) ¢y, 0 Fodu,: (UgN f7H(U1) x K = Uy x K%, (z,0) = (f(z), A(z)v)

is such that the function z — A(z) is r times differentiable and the derivative of order
r is bounded and a-Hélder continuous. The assumption on the vector bundle ensures
that this condition does not depend on the choice of local charts.

The set G"*(V, f) of all C™* linear cocycles F : ¥/ — ¥ over f : M — M is a
K-vector space and carries a natural C™* norm:

; D"A(z)— DTA
(2.10) ||F|lre = sup < sip swp DA + sup 127D (y)”)
U,Veu \0<i<rzeUNf-1(V) z#y dist(z,y)*
(for & = 0 one may omit the last term). We always assume that r + o > 0. Then
every F € §"*(V, f) is B-Hélder continuous, with

a ifr=0
2.11 =
@10 ’ { 1 ifr>1

Definition 2.2. — We say that a cocycle F € §"*(V, f) is fiber bunched if
(212) IEAN(EF) " v(2)’ <1 and  ||Fl [[(F) I 2(2)” < 1,

for every x € M, where 8 > 0 is given by (2.11) and v, ¥ are functions as in (2.2)—(2.4),
fixed once and for all.

Remark 2.3. — This notion appeared in |7, 8, 25|, where it was called domination.
The present terminology seems preferable, on more than one account. To begin with,
there is the analogy with the notion of center bunching in Definition 2.1. Perhaps more
important, the natural notion of domination for smooth cocycles, that we are going to
introduce in Definition 3.9, corresponds to a rather different condition. The relation
between the two is explained in Remark 3.13: if a linear cocycle is fiber bunched then
the associated projective cocycle is dominated. Finally, a notion of fiber bunching can
be defined for smooth cocycles as well (see [3]), similar to (2.12) and stronger than
domination.

Theorem A. — Let f : M — M be a C? partially hyperbolic, volume preserving,
center bunched, accessible diffeomorphism and let p be an invariant probability in the
Lebesgue class. Assume that F € §"“(V, f) is fiber bunched.

Then F is approximated, in the C™™ mnorm, by open sets of cocycles G €
G YV, f) such that A\_(G,z) < A (G,z) almost everywhere. Moreover, the set
of F € §"*(V, f) for which the extremal Lyapunov exponents do coincide has infinite
codimension in the fiber bunched domain: locally, it is contained in finite unions of
closed submanifolds with arbitrarily high codimension.

Notice that the Lyapunov exponents are constant on a full measure subset of M,
because (cf. [10]) the hypothesis implies that f is ergodic.
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There is an analogous statement in the space of SL(d,K)-cocycles, that is, such
that the functions z — g, and z — A(z) in (2.8) and (2.9), respectively, take values
in SL(d,K). In fact, our proof of Theorem A deals with the projectivization of the
cocycle, and so it treats both cases, GL(d,K) and SL(d, K), on the same footing. It
would be interesting to investigate the case of G-valued cocycles for more general
subgroups of GL(d, K), for instance the symplectic group.

2.4. Smooth cocycles - invariant holonomies. — Let 7 : & — M be a fiber
bundle with smooth fibers modeled on some Riemannian manifold N. A smooth cocy-
cle over f : M — M is a continuous transformation § : & — & such that roF = fom,
every §z : 6o — ) is a C" diffeomorphism depending continuously on z, relative
to the uniform C' distance in the space of C! diffeomorphisms on the fibers, and the
norms of the derivative DF,(£) and its inverse are uniformly bounded. In particular,
the functions

(2,€) = log | DFo(€) and  (z,€) — log || DF. (€)'

are bounded. Then (Kingman [18]), given any F-invariant probability m on &, the
extremal Lyapunov exponents of §

1 1
A (@r2,€) = lim —log||DFL (O] and A (§,2,€) = lim —log [ DFZ(€) "]

are well defined at m-almost every (z, ) € &. Clearly, A_(F, z,&) < A\ (F, z,&). Notice
that if m is §-invariant then its projection p = m,m is f-invariant. Most of the times
we will be interested in measures m for which the projection is in the Lebesgue class
of M.

Let R > 0 be fixed. The local strong-stable leaf W},.(p) of a point p € M is
the neighborhood of radius R around p inside %°(p). The local strong-unstable leaf
W, .(p) is defined analogously. The choice of R is very much arbitrary, but in Section 5
we will be a bit more specific.

Definition 2.4. — We call invariant stable holonomy for § a family H® of homeomor-
phisms H7  : &e — &y, defined for all ¢ and y in the same strong-stable leaf of f
and satisfying

(a) Hy ,0oH; , = H;  and H; , = id;

(b) 8yo Hz = Hj,) 4y © Bas

(¢) (z,9,€) — H; () is continuous when (z,y) varies in the set of pairs of points
in the same local strong-stable leaf;

(d) there are C' > 0 and vy > 0 such that H;  is (C,~)-Holder continuous for every
z and y in the same local strong-stable leaf.

Invariant unstable holonomy is defined analogously, for pairs of points in the same
strong-unstable leaf.

Condition (c) in Definition 2.4 means that, given any ¢ > 0 and any (z,y,£)
with y € W), (x), there exists § > 0 such that dist(H3 ,(£), HS ,(§')) < € for every
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(z',y', &) with y’ € Wy, .(2') and dist(z, 2') < & and dist(y,y’) < & and dist(£,¢’) < 6;
for this to make sense, take the fiber bundle to be trivialized in the neighborhoods
of &; and &,. Condition (d), together with the invariance property (b), implies that
H3 , is y-Holder continuous for every z and y in the same strong-stable leaf (the
multiplicative Holder constant C' may not be uniform over global leaves).

Remark 2.5. — Uniformity of the multiplicative H6lder constant C' on local strong-
stable leaves is missing in the related definition in [3, Section 2.4], but is assumed in
[3, Section 4.4] when arguing that the transformation G is a deformation of G.

Example 2.6. — The projective bundle associated to a vector bundle ¥/ — M is the
continuous fiber bundle P(9) — M whose fibers are the projective quotients of the
fibers of /. Clearly, this is a fiber bundle with smooth leaves modeled on N = P(K%).
The projective cocycle associated to a linear cocycle F' : ¥ — 9/ is the smooth cocycle
T : P(Y) — P(V) whose action §, : P(V) — P(¥y(s)) on the fibers is given by the
projectivization of Fi : Vo — V)

_ R
Gl

(on the right hand side of the equality, think of ¢ as a umit vector in K?). Then
(&) = Fr &)/ Fr(&)| for every &, x and n. It follows that,

" : prOng(g) (F;l(f))
S G

where proj,, v = v —w(w - v)/(w - w) is the projection of a vector v to the orthogonal
complement of w. This implies that

(2.13) IDFZEI < IELI/IEZ @ < IEZ M E) I
for every &, x and n. Analogously, replacing each F' by its inverse,

(2.14) 1D )M < IED T IFL

(&) for each £ € P(¥,) and z € M

for every &, x and n. These two inequalities imply
)\+(§,:C,f) < )\+(F,SC) - A—(F7x) and )‘—(5’3376) 2 ’\—(va) - )\+(F,JJ)

whenever these exponents are defined. We will observe in Remark 3.13 that if F' is
fiber bunched then both F' and § admit invariant stable and unstable holonomies.

Example 2.7. — Suppose that the partially hyperbolic diffeomorphism f : M — M
is dynamically coherent, that is, there exist invariant foliations W and W™ with
smooth leaves tangent to E°® E° and E° @® EY, respectively. Intersecting the leaves
of W and W one obtains a center foliation 9/ whose leaves are tangent to the
center subbundle E° at every point. Let & be the disjoint union of the leaves of W°.
In many cases (see Avila, Viana, Wilkinson [4]), the natural projection = : & — M
given by m | W(x) = = is a fiber bundle with smooth fibers. Also, the map f induces
a smooth cocycle § : § — &, mapping each y € W*(z) to f(y) € W*(f(x)). Moreover,
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the cocycle § admits invariant stable and unstable holonomies: for x close to y the
image H; (&) is the point where the local strong-stable leaf through ¢ € W (x)
intersects the center leaf 9°(y), and analogously for the unstable holonomy. This
kind of construction, combined with Theorem 6.1 below, is used by Wilkinson [27] in
her recent development of a Liv8ic theory for partially hyperbolic diffeomorphisms.

2.5. Lyapunov exponents and rigidity. — Theorem A will be deduced, in Sec-
tion 8, from certain perturbation arguments together with an invariance principle for
cocycles whose extremal Lyapunov exponents coincide. Here we state this invariance
principle.

Let § : & — & be a smooth cocycle that admits invariant stable holonomy. Let m be
a probability measure on &, let 4 = m,m be its projection, and let {m, : x € M} be a
disintegration of m into conditional probabilities along the fibers, that is, a measurable
family of probability measures {m, : £ € M} such that m(&;) = 1 for y-almost every
x € M and

m(U) = /mx(&c NU)du(x)

for every measurable set U C &. Such a family exists and is essentially unique, meaning
that any two coincide on a full measure subset. See Rokhlin [23].

Definition 2.8. — A disintegration {m, : x € M} is s-invariant if
(2.15) (Hg,)«msz =m, for every x and y in the same strong-stable leaf.

One speaks of essential s-invariance if this holds for z and y in some full y-measure
subset of M. The definitions of u-invariance and essential u-invariance are analogous.
The disintegration is bi-invariant if it is both s-invariant and u-invariant and we call it
bi-essentially invariant if it is both essentially s-invariant and essentially u-invariant.

First, we state the invariance principle in the special case of linear cocycles:

Theorem B. — Let f : M — M be a C? partially hyperbolic, volume preserving,
center bunched diffeomorphism and pu be an invariant probability in the Lebesgue class.
Let F € §"“(V, f) be fiber bunched and suppose that A\_(F,z) = Ay (F, ) at p-almost
every point.

Then every P(F)-invariant probability m on the projective fiber bundle P(V) with
mem = [ admits a disintegration {m, : x € M} along the fibers such that

(a) the disintegration is bi-invariant over a full measure bi-saturated set Mp C M;
(b) if f is accessible then Mp = M and the conditional probabilities m, depend
continuously on the base point x € M, relative to the weak* topology.

Invariant probability measures m that project down to u always exist in this setting,
because P(F) is continuous and the domain P(9/) is compact.
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Remark 2.9. — If f : M — M is a C? partially hyperbolic diffeomorphism then
(see [9, Corollary 2.1] and [15, Theorem 6.4]) the invariant vector bundles E*, E“
and E° are Holder continuous. Indeed, if a > 0 is close enough to zero that

(2.16) W/NIDFH* <1 and  (5/2)|Df]* <1

then the center bundle E° is a-Holder continuous. The derivative of f induces a C%®
linear cocycle F : E¢ — E° given by F, = Df | ES. Clearly, |F,|| < 4(z)~! and
|F 1| < v(z)~! for every x. Hence, F is fiber bunched whenever

(2.17) v < vy and D% <4

Notice that this is compatible with (2.16). Moreover, (2.17) implies that f is center
bunched, that is, v < v4 and © < ¥%. Suppose that f is also dynamically coherent,
volume preserving and accessible.

Now, assume that dim E° = 2 and the two center Lyapunov exponents of f coincide
p-almost everywhere. Let m be any F-invariant probability that projects down to
Lebesgue measure p. Then, as observed in Example 2.6, the Lyapunov exponents of §
vanish m-almost everywhere. By Theorem B, it follows that m admits a continuous,
bi-invariant disintegration {m, : x € M}. Keep in mind that each m, is a probability
measure on the projective space P(E¢). Continuity, together with the assumption that
m is invariant, implies that

My(z) = (Se)sMe = Df(x)sm, for every x € M.

Suppose first that m, admits some atom with mass > 1/2, for some « € M. Since f is
accessible, bi-invariance implies that the same holds for every x € M. Clearly, either
such an atom is unique or there exist exactly two of them. In the first case, we obtain a
continuous map assigning to each point in M a point in P(E°); moreover, this contin-
uous field of directions is invariant under the derivative. The second case is analogous,
except that one gets a continuous field of pairs of directions. Now, suppose that every
m, admits no atom with mass > 1/2. Then, by Douady, Earle [11, Section 2|, the
conditional measure m, has a well defined conformal barycenter £(z) € D and, con-
sequently, it defines a conformal structure on E¢; moreover, this conformal structure
depends continuously on x and is invariant under the derivative. This completes the
proof of the alternative (a)-(c) in the Introduction.

Next, assume that f is known to have periodic points p and ¢ that are, respectively,
elliptic (eigenvalues neither real nor pure imaginary) and hyperbolic (eigenvalues real
and distinct) along the center bundle E€. On the one hand, the presence of p is
an obstruction to f having an invariant field of directions or of pairs of directions.
On the other hand, the presence of ¢ ensures that there is no continuous invariant
conformal structure. In this way we have excluded all three possibilities (a)-(c). This
contradiction means that the center Lyapunov exponents of f must be distinct. In
particular, at least one of them is non-zero. When f is symplectic, the center Lyapunov
exponents are symmetric (see Bochi, Viana [6]); in this case, the previous conclusion
means that all Lyapunov exponents of f are non-zero.
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The statement of Theorem B extends to smooth cocycles:

Theorem C. — Let f : M — M be a C? partially hyperbolic, volume preserving,
center bunched diffeomorphism and u be an invariant probability in the Lebesgue class.
Let § be a smooth cocycle over f admitting invariant stable and unstable holonomies.
Let m be an §-invariant probability measure on & with w,m = p, and suppose that
A_(F,2,8) =0=2.(F,,&) at m-almost every point.

Then m admits a disintegration {my : x € M} into conditional probabilities along
the fibers such that

(a) the disintegration is bi-invariant over a full measure bi-saturated set Mg C M;
(b) if f is accessible then Mz = M and the conditional probabilities T, depend
continuously on the base point x € M, relative to the weak* topology.

It is clear from the observations in Example 2.6 that Theorem B is contained in
Theorem C. The proof of Theorem C is given in Sections 4 through 7. There are two
main stages.

The first one, that will be stated as Theorem 4.1, is to show that every disinte-
gration of m is essentially s-invariant and essentially u-invariant. This is based on
a non-linear extension of an abstract criterion of Ledrappier [19] for linear cocycles,
proposed in Avila, Viana [3] and quoted here as Theorem 4.4. At this stage we only
need f to be a C! partially hyperbolic diffeomorphism (volume preserving, center
bunching and accessibility are not needed) and p can be any invariant probability,
not necessarily in the Lebesgue class.

The second stage, that we state in Theorem D below, is to prove that any disin-
tegration essentially s-invariant and essentially w-invariant is, in fact, fully invariant
under both the stable holonomy and the unstable holonomy; moreover, it is contin-
uous if f is accessible. This is a different kind of argument, that is more suitably
presented in the following framework.

2.6. Sections of continuous fiber bundles. — Let 7 : X — M be a continuous
fiber bundle with fibers modeled on some topological space P. The next definition
refers to the strong-stable and strong-unstable foliations of the partially hyperbolic
diffeomorphism f: M — M.

Definition 2.10. — A stable holonomy on X is a family h; , : Xy — X, of y-Hélder
homeomorphisms, with uniform Ho6lder constant v > 0, defined for all z, y in the
same strong-stable leaf and satisfying

(@) by ohy, =h;  and b, =id

(B) the map (z,y,§) — hj ,(§) is continuous when (z,y) varies in the set of pairs
of points in the same local strong-stable leaf.

Unstable holonomy is defined analogously, for pairs of points in the same strong-
unstable leaf.
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The special case we have in mind are the invariant stable and unstable holonomies
of smooth cocycles on fiber bundles with smooth leaves. Clearly, conditions («) and
(B) in Definition 2.10 correspond to conditions (a) and (c) in Definition 2.4. Notice,
however, that there is no analogue to the invariance condition (b); indeed, cocycles
are not mentioned at all in this section. We also have no analogue to condition (d) in
Definition 2.4.

In what follows p is a probability measure in the Lebesgue class of M, not neces-
sarily invariant under f: here we do not assume f to be volume preserving. The next
definition is a straightforward extension of Definition 2.8 to the present setting:

Definition 2.11. — Let m : X — P be a continuous fiber bundle admitting stable
holonomy. A measurable section ¥ : M — %X is s-invariant if

h; ,(¥(z)) = ¥(y) for every z, y in the same strong-stable leaf

and essentially s-invariant if this relation holds restricted to some full y-measure sub-
set. The definitions of u-invariant and essentially u-invariant functions are analogous,
assuming that 7 : X — M admits unstable holonomy and considering strong-unstable
leaves instead. We call ¥ bi-invariant if it is both s-invariant and u-invariant, and
we call it bi-essentially invariant if it is both essentially s-invariant and essentially
u-invariant.

These notions extend, immediately, to measurable sections of X whose domain is
just a bi-saturated subset of M. A measurable section V is essentially bi-invariant if it
coincides almost everywhere with a bi-invariant section defined on some full measure
bi-saturated set.

Definition 2.12. — A (Hausdorff) topological space P is refinable if there exists an
increasing sequence of finite or countable partitions ¢; < -+ < @,, < --- into Borel
subsets such that any sequence (Q,), with @, € @, for every n and N,Q, # @
converges to some point 7 € P, in the sense that every neighborhood of i contains
Q,, for all large n. (Then, clearly, n is unique and N, Q. = {n}.)

Notice that every Hausdorff space with a countable basis {U,, : n € N} of open sets
is refinable: just take ¢),, to be the partition generated by {Uy,...,U,}.

Theorem D. — Let f : M — M be a C? partially hyperbolic, center bunched diffeo-
morphism and p be any probability measure in the Lebesgque class. Let m : X — M
be a continuous fiber bundle with stable and unstable holonomies and assume that the
fiber P is refinable. Then,

(a) every bi-essentially invariant section ¥ : M — X coincides p-almost everywhere

with a bi-invariant section ¥ defined on a full measure bi-saturated set My C M ;
(b) if f is accessible then My = M and ¥ is continuous.

The proof of part (a) is given in Section 6 (see Theorem 6.1), based on ideas of
Burns, Wilkinson [10] that we recall in Section 5 (see Proposition 5.13). Concerning
part (b), we should point out that the measure p plays no role in it: if f is accessible
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then any non-empty bi-saturated set coincides with M and then one only has to check
that bi-invariance implies continuity. That is done in Section 7 and uses neither center
bunching nor refinability.

Actually, in Section 7 we prove a stronger fact: bi-continuity implies continuity,
when f is accessible. The notion of bi-continuity is defined as follows:

Definition 2.13. — A measurable section ¥ : M — X of the continuous fiber bundle
m: X — M is s-continuous if the map (z,y, ¥(z)) — ¥(y) is continuous on the set of
pairs of points (z,y) in the same local strong-stable leaf. The notion of u-continuity
is analogous, considering strong-unstable leaves instead. Finally, ¥ is bi-continuous if
it is both s-continuous and u-continuous.

More explicitly, a measurable section ¥ is s-continuous if for every ¢ > 0 and
every (z,y) with y € W), (z) there exists § > 0 such that dist(¥(y), ¥(y')) < €
for every (z,y’) with v/ € W,,.(') and dist(z,2’) < ¢ and dist(y,y’) < & and
dist(¥(x), T(x')) < 4; it is implicit in this formulation that the fiber bundle has been
trivialized in the neighborhoods of the fibers %, and %,.

Remark 2.14. — 1If a section ¥ : M — % is s-invariant then it is s-continuous:
(z,y,¥(2)) — ¥(y) = h; ,(¥(z))

is continuous on the set of pairs of points in the same local strong-stable leaf. Moreover,
s-continuity ensures that the section V¥ is continuous on every strong-stable leaf: taking
r = 2’ = y in the definition, we get that dist(¥(y), ¥(y')) < ¢ for every y' € W;,.(y)
with dist(y,y’) < é. Analogously, u-invariance implies u-continuity and that implies
continuity on every strong-unstable leaf.

Thus, part (b) of Theorem D is a direct consequence of the following result:

Theorem E. — Let f : M — M be a C' partially hyperbolic, accessible diffeomor-
phism. Let m: X — M be a continuous fiber bundle. Then every bi-continuous section
U : M — X is continuous in M.

The proof of this theorem is given in Section 7. Notice that we make no assumptions
on the continuous fiber bundle: at this stage we do not need stable and unstable
holonomies, and the fibers need not be refinable either.

The logical connections between our main results can be summarized as follows:

Prop. 8.2 Thm. C(a) < Thm.D(a) « Thm.6.1
! 7 T T
Thm. A < Thm. B Thm. 4.1 +«+ Thm. 44 Prop. 5.13

7 AN 1
Rmk. 2.9 Thm. C(b) <« Thm.D(b) <« Thm.E
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3. Cocycles with holonomies

First, we explore the notions of domination and fiber bunching for linear cocycles.
In Section 3.1 we prove that if a linear cocycle is fiber bunched then it admits in-
variant stable and unstable holonomies, and so does its projectivization. Moreover, in
Section 3.2 we check that these invariant holonomies depend smoothly on the cocycle.
Then, in Section 3.3, we discuss corresponding facts for smooth cocycles.

We will often use the following notational convention: given a continuous function
7: M — R*, we denote

m(p) = 7(0)7(f(p)) -~ T(f""(p)) foranyn>1.

3.1. Fiber bunched linear cocycles. — For simplicity of the presentation, we will
focus on the case when the vector bundle 7 : ¥ — M is trivial, that is, ¥/ = M x K¢
and 7 : M x K¢ — M is the canonical projection. The general case is treated in the
same way, using local charts (but the notations become rather cumbersome).

In the trivial bundle case, every linear cocycle F' : ¥ — ¥ may be written in the
form F(x,v) = (f(z), A(z)v) for some continuous A : M — GL(d,K). Notice that
F"(z,v) = (f™(x), A™(z)v) for each n € Z, with

AMz) = A(f*"H(2)) - Alz) and AT"(z) = A(fH(2)) T A (@) 7
for n # 0 and A%(z) = id. Notice also that F € §"*(V/, f) if, and only, if A be-
longs to the space §"*(M,d,K) of C™* maps from M to GL(d,K). The C™* norm
in (M, d,K) is defined by
: | D" A(x) — D" A(y)|
3.1 All;o = sup sup |[|[D*A(z)|| + su - .
B Al = s sup DA +sup I

Recall that we assume that r + a > 0 and take f =« ifr=0and g =1if r > 1.
Then every A € §"%(M,d K) is -Hélder continuous. By the Definition (2.12), the
cocycle F' is fiber bunched if

(3-2) IA@)I | A@@) Ml v(@)® <1 and [|A()]| |A(@) "' 2(z)° < 1

for every z in M. In this case we also say that the function A is fiber bunched.
Up to suitable adjustments, all our arguments in the sequel hold under the weaker
assumption that (3.2) holds for some power A, £ > 1.
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Notice that fiber bunching is an open condition: if A is fiber bunched then so is every
B in a neighborhood, just because M is compact. Even more, still by compactness, if
A is fiber bunched then there exists m < 1 such that

33)  IB@][IB@) (@)™ <1 and |B(2)||B() ")’ <1
for every 2 € M and every B in a C° neighborhood of A. It is in this form that the

definition will be used in the proofs.

Lemma 3.1. — Suppose that A € §"“(M,d,K) is fiber bunched. Then there is C > 0
such that

[A™ ()| A™ ()~ ]| < Cv™(z) =™
for ally, z € Wy, .(z), * € M, and n > 1. Moreover, the constant C may be taken

uniform on a neighborhood of A.

Proof. — Since A € §"“(M,d,K) is S-Holder continuous, there exists L; > 0 such
that
LA DI/ NAC (@) < exp(La dist(f (z), 7 (1))
< exp(Lyv7 (x)? dist(z, y)?)
and similarly for || A(f7(2))7 /|| A(f?(z))~!||. By sub-multiplicativity of the norm

1A @) A" ()7 < H IACE W)IIAC ()7

In view of the previous observations, the right hand side is bounded by

exp [le (dist(x, y)” + dist(z, 2)°) | H LACF @) IAGH ()7

Since v(+) is bounded away from 1, the first factor is bounded by some C > 0. By
fiber bunching (3.3), the second factor is bounded by v™(z)~#™. It is clear from the
construction that L; and C may be chosen uniform on a neighborhood. O

Proposition 3.2. — Suppose that A € §"%(M,d,K) is fiber bunched. Then there is
L > 0 such that for every pair of points z, y in the same leaf of the strong-stable
foliation W?,

(a) H; , =lim, A" (y) ' A" () exists (a linear isomorphism of K%)

(b) Hsj(x%fj(y) = Al(y) o HZ, o Al ()™ for every j > 1

(c) H; , =id and Hy , = H; o H; ,

(d) || —id || < Ldist(x,y)? whenever y € Wi, ().

(e) Gwen a > 0 there is I'(a) > 0 such that ||H; || < T(a) for any z, y € M with

y € W (x) and distqy=(z,y) < a.

Moreover, L and the function T'(-) may be taken uniform on a neighborhood of A.
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Proof. — In order to prove claim (a), it is sufficient to consider the case y € Wy, ()
because A" (y)TrA"i(z) = Ai(y)TLA"(fI(y))"rA™(f7(x))A(z). Furthermore,
once this is done, claim (2) follows immediately from this same relation. Each
difference || A"t (y)"1 A"+ (z) — A"(y) "1 A"(z)|| is bounded by

IA™ () THHAG™ ()T A( " (@) —id || [ A" (2)])-
Since A is f-Holder continuous, there is Lo > 0 such that the middle factor in this
expression is bounded by

Ly dist(f"(x), f*(v))° < Ly [v"(x) dist(z, )]
Using Lemma 3.1 to bound the product of the other factors, we obtain
(34) A" (y) T AL () — A™(y) LA (@) < CLa[v" (2) ™ dist(z, )] .

The sequence v"(2)?(1=™) is uniformly summable, since v(-) is bounded away from 1.
Let K > 0 be an upper bound for the sum. It follows that A" (y)~1A"(z) is a Cauchy
sequence, and so it does converge. This finishes the proof of claims (a) and (b). Claim
(c) is a direct consequence.

Moreover, adding the last inequality over all n, we get ||H; , —id || < Ldist(z, y)?
with L = CLoK. This proves claim (d). As a consequence, we also get that there
exists v > 0 such that |[H; || < for any points z, y in the same local strong-stable
leaf. To deduce claim (e), notice that for any z, y in the same (global) strong-stable
leaf there exist points zg, ..., 2,, where n depends only on an upper bound for the
distance between x and y along the leaf, such that zy = z, z,, = y, and each z; belongs
to the local strong-stable leaf of z;_; for every ¢ = 1,...,n. Together with (c), this
implies ||H3 || <~". It is clear from the construction that L, and I'(-) may be taken
uniform on a neighborhood. The proof of the proposition is complete. O

To show that the family of maps H; , given by this proposition is an invariant
stable holonomy for F' (we also say that it is an invariant stable holonomy for A) we
also need to check that these maps vary continuously with the base points. That is a
consequence of the next proposition:

Proposition 3.3. — Suppose that A € C™*(M,d,K) is fiber bunched. Then the map
(z,y) = H;,
is continuous on W3, = {(z,y) € M x M : fN(y) € Wy,.(fN(x))}, for every N > 0.

Proof. — Notice that dist(z,y) < 2R for all (z,y) € W§, by our definition of local

strong-stable leaves. So, the Cauchy estimate in (3.4)
gy TETATIE) 4@ A @) S Lo @) dis(e )
' < CLy(2R)Pv™ ()P —™)

is uniform on W{§. This implies that the limit in part (a) of Proposition 3.2 is uniform
on W§. That implies case N = 0 of the present proposition. The general case follows
immediately, using property (b) in Proposition 3.2. O
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Remark 3.4. — Since the constants C and Lo are uniform on some neighborhood of A,
the Cauchy estimate (3.5) is also locally uniform on A. Thus, the limit in part (a) of
Proposition 3.2 is locally uniform on A as well. Consequently, the stable holonomy
also depends continuously on the cocycle, in the sense that

(A,z,y) — Hj ,, is continuous on §7"%(M,d,K) x Wy.

Using property (b) in Proposition 3.2 we may even replace W§ by any Wy .

Dually, one finds an invariant unstable holonomy (z,y) — H, , for A (or the
cocycle F'), given by

H;"y = lim A"(y)flA"(z)
whenever x and y are on the same strong-unstable leaf, and it is continuous on W5 =
{(z,y) e M x M : f~N(y) € Wi,.(fN(z))}, for every N > 0. Even more,

(A,z,y) — Hj ., is continuous on every §7"“(M,d,K) x Wy.

3.2. Differentiability of holonomies. — Now we study the differentiability of
stable holonomies Hj , , as functions of A € (M, d,K). Notice that &7 (M, d, K)
is an open subset of the Banach space of C™“ maps from M to the space of all d x d
matrices and so the tangent space at each point of §"*(M, d, K) is naturally identified
with that Banach space. The next proposition is similar to Lemma 2.9 in [25], but
our proof is neater: the previous argument used a stronger fiber bunching condition.

Proposition 3.5. — Suppose that A € §"*(M,d,K) is fiber bunched. Then there exists
a neighborhood U C G"*(M,d,K) of A such that, for any x € M and any y, z €
W*(z), the map B+ Hy . is of class C' on U, with derivative

(3.6) OpHp,.: B Y B(2) [Hy i) 1o B @) B )

1=0

— B(F() T B () H .51 B (0):

Proof. — There are three main steps. Recall that fiber bunching is an open condition
and the constants in Lemma 3.1 and Proposition 3.2 may be taken uniform on some
neighborhood % of A. First, we suppose that y, z are in the local strong-stable leaf
of z, and prove that the expression dpHp , . B is well defined for every B € % and
every B in TG *(M,d,K). Next, still in the local case, we show that this expression
indeed gives the derivative of our map with respect to the cocycle. Finally, we extend
the conclusion to arbitrary points on the global strong-stable leaf of x.
Step 1. For each i > 0, write

B7)  Hp iy BU @) B W) = BUF () B () Hp 51y, p4(2)
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as the following sum
(HB fi),1i(2) — id)B(f'(y)) "' B(f'()) + B(f'(2)) " 'B(f(2))(id —HE i), i)
+[B(f'(v))"B(f'(y)) — B(f'(2)) ' B(f'(2))].

By property (d) in Proposition 3.2, the first term is bounded by

(3:8) LB () IHIB )l dist(f (), £ (2))”
. . B
< LB oo | Blloo [ (x) dist(y, 2)]
and analogously for the second one. The third term may be written as

B(f'(y)) ' [B(f'(y) = BUF (N + [B(F () ! = B(f(2) 1B(f(2)).

Using the triangle inequality, we conclude that this is bounded by

(3.9) (IBU ()~ Il Ho(B) + Ho(B™) | B(F ()] dist(£(y), £(2))".
< 1Bl 1Bllos [vA(2) dist(y, 2)]

where Hs(¢) means the smallest C' > 0 such that ||¢(z) — ¢(w)| < C dist(z,w)? for
all z, w € M. Notice, from the Definition (3.1), that

(3.10) I6ll0.0 + Ha(6) = |8llo.s < éllra for any function ¢.

Let C; = sup {||B~!|jo,s : B € %}. Replacing (3.8) and (3.9) in the expression pre-
ceding them, we find that the norm of (3.7) is bounded by

(2L +1)C1 v (2)” dist(y, 2)° | Bllo,s

Hence, the norm of the ith term in the expression of 0pHp , , B is bounded by

(3.11) 2(L+1)C1 v (2)°||B'(2) "M 1B ()|l dist(y, 2)" | Bllo,s
< Ca v (2)P1=™) dist(y, 2)° || Bllo,s

where Cy = 2C(L + 1)C; and C is the constant in Lemma 3.1. In this way we find,

(3.12) 105 H}, - (B)Il < C2 Y v (2)P ™ dist(y, 2)” | Bllo,s
i=0

for any x € M and y, z € W}, (z). This shows that the series defining OpHgy , . (B)
does converge at such points.
Step 2. By part (a) of Proposition 3.2 together with Remark 3.4, the map Hp ,

= B"(2)"!B"(y) when n — oo. Clearly, every H% _is a

is the uniform limit H} Y,z

B,y,z
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differentiable function of B, with derivative

n—1

OpHp,.(B) = 3 B(2) " [Hy o) i BU W) B (9)

i=0
- B(fi(z))_lB( ( ))HE» fz i(y), fi(z )]Bi(y)-
So, to prove that g Hp , . is indeed the derivative of the holonomy with respect to B,

it suffices to show that aH B.y,. converges uniformly to 0Hp , . when n — oo.
Write 1 —m = 27. From (3 4) and the fact that v(-) is strictly smaller than 1,

||HByz HByz” < CLQZV] A=m) dlSt(yv ),6

j=n
< Ogl/n(ﬂf)Q'BT dist(y,z)ﬂ < 031/”(1')’67 dist(y, z)ﬂ

for some uniform constant C3 (the last inequality is trivial, but it will allow us to
come out with a positive exponent for v%(z) in (3.13) below). More generally, and for
the same reasons,

1H R )5 = Hb il < Cav™ ™ (f(2))°7 dist(£(y), £1(2))°
< Csv™ (i (2))PT v (2)P dist(y, 2)P
= C™(2)P7vi ()P =) dist(y, 2)?

for all 0 < i < n, and all y, z in the same local strong-stable leaf. It follows, using also
Lemma 3.1, that the norm of the difference between the ith terms in the expressions

of 0pHp , , and dpHy , , is bounded by

Y,z
(3.13)  Csv"(2)"Tw(2)P77) dist(y, 2)° | B'(2) M| | B' ()
< CC3v™(z)P™ v (x)P™ dist(y, 2)°.

Combining this with (3.11), we find that ||0pH} , , — OpHp , .| is bounded by

n—1 o0
CCs Z V()P ()P dist(y, 2)P + Cy Z vi(x)?P7 dist(y, 2)°.
=0 i=n

Since v*(x) is bounded away from 1, the sum is bounded by C,v™(z)?" dist(y, 2)?,
for some uniform constant Cy. This latter expression tends to zero uniformly when
n — 00, and so the argument is complete.

Step 3. From property (b) in Proposition 3.2, we find that if Hp t).102) 3 differ-

entiable on B then so is H3 .

(3.14)  B(2)Hy, .+ B(2)-9sHp, .(B) = Hp . - B(y) + 05H} , .(B) - B(y).

Combining this observation with the previous two steps, we conclude that H %,y,z
is differentiable on B for any pair of points y, z in the same (global) strong-stable
leaf: just note that f™(y), f™(z) are in the same local strong-stable leaf for large n.
Moreover, a straightforward calculation shows that the expression in (3.6) satisfies

and the derivative is determined by
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the relation (3.14). Therefore, (3.6) is the expression of the derivative for all points y,
z in the same strong-stable leaf. The proof of the proposition is now complete. U

Corollary 3.6. — Suppose that A € §"“(M,d,K) is fiber bunched. Then there ezists
6 < 1 and a neighborhood U of A and, for each a > 0, there exists Cs(a) > 0 such
that

[e.°]

(315) 1. B [H oy o0 B ) T BU W)

i=k
= B @) BU D H g, 50| B < C5(@)0° | Bllos
forany B€ U, k >0,z € M, andy, z € W (x) with diste:(y, 2) < a.

Proof. — Let # < 1 be an upper bound for v(-)?(1=™), Begin by supposing that
distqys (y,2) < R. Then y, z are in the same local strong-stable leaf, and we may use
(3.11) to get that the expression in (3.15) is bounded above by
Co Y V()P dist(y, 2)° (| Bllo,s < C56% |Bllo,s
i=k
for some uniform constant Cf. This settles the case a < R, with C5(a) = CY{.

In general, there is I > 0 such that distq,=(y, z) < a implies distq=(f'(y), f'(2)) <
R. Suppose first that k > . Clearly, the expression in (3.15) does not change if we
replace y, z by f!(y), f!(z) and replace k by k —I. Then, by the previous special case,
(3.15) is bounded above by

C5 0"~ Bllos
and so it suffices to choose Cs(a) > CLO~'. If k < | then begin by splitting (3.15)
into two sums, respectively, over k < ¢ < [ and over 4 > [. The first sum is bounded
by C¥(a)||Bllo,s for some constant C¥(a) > 0 that depends only on a (and I, which is

itself a function of a). The second one is bounded by C% || B|| s, as we have just seen.
The conclusion follows, assuming we choose Cs(a) > CL0~ + C¥(a)0~". O

For future reference, let us state the analogues of Proposition 3.5 and Corollary 3.6
for invariant unstable holonomies:

Proposition 3.7. — Suppose that A € §"* (M, d,KK) is fiber bunched. Then there exists
a neighborhood U C G"“(M,d,K) of A such that, for any v € M and any y,z €
W"(x), the map B +— H}, . is of class C' on U with derivative

(316) OpHy,.: B =3 B M [HE ;i s BUT @) BU W)

=1

— B(f () BU T @) H ) g0 B (0).
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Corollary 3.8. — In the same setting as Proposition 3.7,
(B17) 3B [HE oo BU @) BU )
i=k

~B(f () BU T ) Hp gy, p-4) | B @)l < Cs(a) 8° | Bllo,s.
forany B€ U, k>0,z€ M, and y, z € W*(z) with disten(y,2) < a.

3.3. Dominated smooth cocycles. — Now we introduce a concept of domination
for smooth cocycles, related to the notion of fiber bunching in the linear setting.
We observe that dominated smooth cocycles admit invariant stable and unstable
holonomies, and these holonomies vary continuously with the cocycle. These facts are
included to make the analogy to the linear case more apparent but, otherwise, they
are not used in the present paper: whenever dealing with smooth cocycles we just
assume that invariant stable and unstable holonomies do exist. In this section we do
not consider any invariant measure.

Let 8 > 0 be fixed. A fiber bundle with smooth leaves 7 : & — M is called 3-Holder
if there exists C' > 0 such that the coordinate changes (2.7) satisfy

(3.18) distcl(gil,g;ﬂ) < Cdist(z,y)? for every z and .

Then we say that a smooth cocycle § : & — & is f-Holder if its local expressions
b5t 0F 0 duy < (Uo N f-HU) x N — Uy x N, (3,€) — (£(x),3Y(€)) satisfy

(3.19) disten (BY, SyU) < Oy dist(z,y)?  for some Cyy > 0 and every z and y.
This does not depend on the choice of the local charts. Indeed, any other local ex-

pression has the form §; = g}, 0 §7 o g, " on the intersection of the domains of
definition. Then, a straightforward use of the triangle inequality gives

dister (3Y 31‘//) < Oy dist(x,y)? for every z and v,

where Cy depends on 3, C, Cyy and upper bounds for the norms of DV, Dg;, Dg;!
and Df.

Definition 3.9. — Denote by ((?ﬁ(f , &) the space of cocycles § that are S-Holder con-
tinuous. A cocycle § € 6°(f, &) is s-dominated if there is 6 < 1 such that

(3.20) IDFo (&) lv(z)’ <6 for all (z,€) € &
and it is u-dominated if there is @ < 1 such that
(3.21) DT (&)|| o(z)? <6 for all (z,€) € &.

We say that F' is dominated if it is both s-dominated and u-dominated.

In geometric terms, (3.20) means that the contractions of § along the fibers are
strictly weaker than the contractions of f along strong-stable leaves and (3.21) ex-
presses a similar property for the expansions of §. These conditions are designed so
that the usual graph transform argument yields a “strong-stable” lamination and a
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“strong-unstable” lamination for the map §, as we are going to see. Then the holon-
omy maps for these laminations constitute invariant stable and unstable holonomies
for the cocycle.

Observe that both conditions (3.20)—(3.21) become stronger as [ decreases to zero;
this may be seen as a sort of compensation for the decreasing regularity (Holder
continuity) of the cocycle. The observations that follow extend, up to straightforward
adjustments, to the case when these conditions hold for some iterate §¢, ¢ > 1.

Proposition 3.10. — Let § € i?ﬂ(f, &) be s-dominated. Then there exists a unique
partition W* = {W*(z,€) : (x,€) € &} of & and there exists C > 0 such that

(a) every W’(x,&) is a (C,B)-Hélder continuous graph over W°(x);

(b) the partition is invariant: F(W*(x,€&)) C W’ (F(x,&)) for all (z,€) € &.
Consider the family of maps Hj , : &, — &, defined by (y, H; ,(§)) € W (x,€) for
each y € W’(z). Then, for every x, y and z in the same strong-stable leaf,

(c) Hy ,oH;, =H;, and H;,=id

(d) Sy o Hyy = Hie) iy © 8=

(e) H, : 62 — &y is the uniform limit of (Fy)~' o T as n — oo;

(f) H;, : Ee — &y is y-Holder continuous, where v > 0 depends only on §, and

H; , is (C,v)-Holder continuous if x and y are in the same strong-stable leaf;

(8) (z,9,8) — H; ,(§) is continuous when (x,y) varies in the set of pairs of points
in the same local strong-stable leaf.

Moreover, there are dual statements for strong-unstable leaves, assuming that § is

u-dominated.

Outline of the proof. — This follows from the same normal hyperbolicity methods
(Hirsch, Pugh, Shub [16]) that were used in the previous section for linear cocycles.
Existence (a) and invariance (b) of the family %W* follow from a standard application
of the graph transform argument (see Chapter 5 of [24]). The pseudo-group property
(c) is a direct consequence of the definition of H; ,. The invariance property (d) is a
restatement of (b). To prove (e), notice that

H = (§))7" 0 Hpuga), oy © s

because the lamination % is invariant under §. Also, by (a), the uniform C° distance
from H;"(z) Fr(y) tO the identity is bounded by

C dist(f" (), /"(v))* < C[v"(x) dist(z,)]".
Putting these two observations together, we find that
distoo (H; ,, (§3) 7' 0 F5) < Lip ((Fy) ") disteo (Hfn(2), 7 ()0 1d)
< Csup | DFy (&) 7| v" (2)” dist(z, )"
¢

ASTERISQUE 358



HOLONOMY INVARIANCE 35

So, by the domination condition (3.20),
(3.22) distco (HZ,, (§3) 7' o §2) < CO™ dist(z, y)"”.

This proves (e). For pairs (z,y) in the same local strong-stable leaf, the right hand
side of (3.22) is uniformly bounded by C'R?6™. Since this converges to zero, we also
get that the limit map (z,y,§) — H; ,(§) is continuous, as stated in (g).

The Holder continuity property is another by-product of normal hyperbolicity the-
ory. In this instance it can be derived as follows. In view of the invariance property (d),
it suffices to consider the case when z and y are in the same local strong-stable leaf.
Given nearby points £, n € &g, let £, ' be their images under the holonomy map Hj , .
The domination Hypothesis (3.20) ensures that there exists n < —¢; logdist(£’, ')
(where ¢; > 0 is a uniform constant) such that the distance dist(f"(x), f™(y)) be-
tween the fibers is much smaller than the distance dist(F7(¢'), §=(n’)) along the fiber,
in such a way that,

Y2

1
dist(§7 (€), 3z (m)) = 5 dist(§(£), §y (1))-
Let ¢z > 0 be an upper bound for log || DFE!|| over all w € M. Then
dist(&', ') _ e2c2ndist(3g(f/)752(77/))
dist(¢,7) — dist (7 (&), 8% (n))
This gives dist(&’,n’) < 27 dist(&,n)” with v = 1/(1 + 2¢1¢2). O

S 2626277, S Qd(fl, nl)_QCICZ~

Next, let D*°(f,8) c °(f, &) be the subset of s-dominated cocycles. It is clear
from the definition that 9™°(f, &) is an open subset, relative to the uniform C*
distance

dister (F, 8) = sup{distc1 (Fz, Bz) : x € M}.
We are going to see that invariant stable holonomies vary continuously with the
cocycle inside PP (f, &), relative to this distance. Analogously, invariant unstable
holonomies vary continuously with the cocycle inside the subset 9° (£, &) C €°(f, &)
of u-dominated cocycles. We also denote by 9° (f,6) C 68 (7, &) the (open) subset
of dominated cocycles.

Let W*(®) = {W’(&,z,¢) : (z,€) € &} denote the strong-stable lamination of a
dominated cocycle &, as in Proposition 3.10, and Hg = Hém,y be the corresponding
stable holonomy:

(3.23) (Y He 24(8)) € W(®,2,€).
Recall that W*(&,x,&) is a graph over W’ (z). We also denote by Wy, (&, x,&) the
subset of points (y, Hg, , ,(€)) with y € Wy, (x).

Proposition 3.11. — Let (F)r be a sequence of cocycles converging to § in the space
@s’ﬂ(f, &). Then, for every x € M,y € W’(x), and £ € &,,

(a) W (Sk,z,€) is a B-Hélder graph; restricted to local strong-stable leaves, the
multiplicative Holder constant is uniform on (k,z,§);
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(b) the sequence (uy)y of functions defined by Wy, .(Fk, =, &) = graphuy converges
uniformly to the function u defined by Wy,.(F,z,€) = graphu; this convergence
is uniform on (x,&);
(c) Hg, .., converges uniformly to Hg . ; this convergence is uniform on (z,y),
restricted to the set of pairs of points in the same local strong-stable leaf.
Moreover, there are dual statements for invariant unstable holonomies, in the space

of u-dominated cocycles.

Outline of the proof. — This is another standard consequence of the graph transform
argument [16]. Indeed, the assumptions imply that the graph transform of §j con-
verges to the graph transform of § in an appropriate sense, so that the corresponding
fixed points converge as well. This yields (a) and (b). When y € W}, .(z), claim (c) is
a direct consequence of (b) and the Definition (3.23). The general statement follows,
using the invariance property in Proposition 3.10:

Hék,l‘,y = (3Z,y)_1 o H&'k,f"(m),f”(y) o %Z,CK

Related facts were proved in |25, Section 4] for linear cocycles, along these lines. [J

Remark 3.12. — The previous observations do not need the full strength of partial
hyperbolicity. Indeed, the definition of s-dominated cocycle still makes sense if one
allows the subbundle E* in (2.1) to have dimension zero; moreover, all the statements
about invariant stable holonomies in Propositions 3.10 and 3.11 remain valid in this
case. Analogously, for defining u-domination and for the statements about invariant
unstable holonomies one may allow E° to have dimension zero.

Remark 3.13. — Tt follows from (2.13)-(2.14) that if a linear cocycle F' is fiber bunched
then the associated projective cocycle § = P(F') is dominated. Thus, we could use
Proposition 3.10 to conclude that § admits invariant stable and unstable holonomies.
On the other hand, it is easy to exhibit these holonomies explicitly: if H; , and Hy',
are invariant holonomies for F' then P(H; ) and P(H; ) are invariant holonomies
for §.

4. Invariant measures of smooth cocycles

In this section we prove the following result and we use it to obtain Theorem C:

Theorem 4.1. — Let f be a C' partially hyperbolic diffeomorphism, § be a smooth
cocycle over f, u be an f-invariant probability, and m be an §-invariant probability
on & such that m,m = p.

(a) If § admits invariant stable holonomies and A_(§,x,€) > 0 at m-almost every
point (z,£) € & then, for any disintegration {m, : x € M} of m into conditional
probabilities along the fibers, there exists a full u-measure subset M* such that
my = (H;z)*my for every y, z € M? in the same strong-stable leaf.
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(b) If§ admits invariant unstable holonomies and A1 (§F, z,£) < 0 at m-almost every
point (x,£) € & then, for any disintegration {m, : x € M} of m into conditional
probabilities along the fibers, there exists a full p-measure subset M™ such that

m, = (H;Z)*my for every y, z € M™ in the same strong-unstable leaf.

Remark 4.2. — Theorem 4.1 does not require full partial hyperbolicity. Indeed, the
proof of part (a) that we will present in the sequel remains valid when dim E* = 0.
Analogously, part (b) remains true when dim E* = 0.

Theorem C can be readily deduced from Theorem 4.1 and Theorem D, as follows.
Given any disintegration {m, : £ € M} of the probability m, define ¥(z) = m, at
every point. According to Theorem 4.1, the function ¥ is essentially s-invariant and
essentially u-invariant. By Theorem D, there exists a bi-invariant function U defined
on some bi-saturated full measure set M and coinciding with ¥ almost everywhere.
Then we get a new disintegration {1, : = € M} by setting rm, = ¥(z) when z €
M and extending the definition arbitrarily to the complement. The conclusion of
Theorem D means that this new disintegration is both s-invariant and wu-invariant
on M. Moreover, it is continuous if f is accessible.

The proof of Theorem 4.1 is given in Sections 4.1 through 4.4. Theorem D will be
proved in Sections 6 and 7.

4.1. Abstract invariance principle. — Let (M., M., u.) be a Lebesgue space,
that is, a complete separable probability space. Every Lebesgue space is isomorphic
mod 0 to the union of an interval, endowed with the Lebesgue measure, and a finite
or countable set of atoms. See Rokhlin [23, § 2]. Let T : M, — M, be an invertible
measurable transformation. A o-algebra B C JM, is generating if its iterates T™(B),
n € 7Z generate the whole M, mod 0: for every E € JM, there exists E’ in the smallest
o-algebra that contains all the 7" (%) such that u.(EAE’) = 0.

Theorem 4.3 (Ledrappier [19]). — Let B : M, — GL(d,K) be a measurable map such
that the functions x +— log||B(z)*!|| are p.-integrable. Let B C M, be a generating
o-algebra such that both T and B are B-measurable mod 0.

If \_(B,z) = A (B, ) at p«-almost every x € M, then, for any P(Fg)-invariant
probability m that projects down to p., any disintegration x +— m, of m along the
fibers is B-measurable mod 0.

The proof of Theorem 4.1 is based on an extension of this result to smooth co-
cycles that was recently proved by Avila, Viana [3]. For the statement one needs to
introduce the following notion. A deformation of a smooth cocycle § is a measurable
transformation § : & — & which is conjugated to §,

F=HoFoH ™,

by some invertible measurable map # : & — & of the form H# (z, &) = (z, 7 ,(£)), such
that all the J o 6z — 65 are Holder continuous, with uniform Holder constants:
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there exist positive constants v and I' such that
dist(&,n) < Tdist(H 5 (€),H 1 (n))” for every x € M and &,1 € &,.

To each §-invariant probability m corresponds an F-invariant probability m = . m.

Theorem 4.4 (Avila, Viana [3]). — Let T be a deformation of a smooth cocycle §.
Let B C M, be a generating o-algebra such that both T and x — 3. are B-measur-
able mod 0. Let 1 be an F-invariant probability that projects down to .

If \_(F,z,§) > 0 for m-almost every (z,£) € & then any disintegration x — My
of m along the fibers is B-measurable mod 0.

4.2. Global essential invariance. — For proving Theorem 4.1 it suffices to con-
sider the claim (a): then claim (b) is obtained just by reversing time. In this section
we reduce the general case to a local version of the claim (Proposition 4.5 below),
whose proof is postponed until Section 4.4.

For each symbol * € {s,u} and r > 0, denote by W"(z,r) the neighborhood of
radius r around x inside the leaf %" (z). Recall that we write W1, (z) = W (z, R).

Proposition 4.5. — Consider the setting of Theorem 4.1(a). Let 3 be a cross-section
to the strong-stable foliation W° of f and let § € (0, R/2). Denote

N (E,8) = | W(z,9)

ZEX

Then there exists a full p-measure subset N'° of N (X,8) such that my = (H} ,)«my
for every x, y € N°° in the same W’(2,6), z € B.

Fix any § € (0,R/2). For each p € M, consider a cross-section ¥(p) such that
N (X(p),d) contains p in its interior and let A *(p) C N (X(p),d) be a full mea-
sure subset as in Proposition 4.5. By compactness, we may find ¢ < § and points
P1,---,pn such that the ball of radius € around every point of M is contained in some
N (E(p;), ). Since the measure m is invariant under §, there exists an f-invariant set
M,,, C M with full y-measure such that m¢,) = (§z)«m, for every x € M,,. Take

={z € My, : f"(z) ¢ N (Z(p;),8) \ N *(p;) foralln >0and j=1,...,N.}

Given any pair of points x, y € M? in the same strong-stable leaf, take n > 0 large
enough so that the distance from f™(z) to f"(y) along the corresponding strong-
stable leaf is less than e. Next, fix j such that A (3(p;),d) contains the ball of radius
e around f"(z). Since z, y € M, both points f™(z), f™(y) belong to A (p;). So, by
Proposition 4.5,

(4.1) mpny) = (Hin @) ) sMpn (@)

Since z, y € M,, we also have that m () = (§})«m, and analogously for y. Then,
using the invariance relation H3, () rn(,) © 85 = & o Hy ,, the equality in (4.1)
becomes my, = (Hy ,)«my.
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This proves claim (a) in Theorem 4.1. Claim (b) is analogous, up to time reversion.
Thus, we have reduced the proof of Theorem 4.1 to proving Proposition 4.5.

4.3. A local Markov construction. — The proof of Proposition 4.5 can be out-
lined as follows. The assumption that the cocycle admits stable holonomy allows us
to construct a special deformation § of the smooth cocycle § which is measurable
mod 0 with respect to a certain o-algebra 6. Applying Theorem 4.4 we get that the
disintegration of 7 is also $B-measurable mod 0, where 7 is the F-invariant measure
corresponding to m. When translated back to the original setting, this B-measurabil-
ity property means that the disintegration of m is essentially invariant on the domain
MN(%,6), as stated in Proposition 4.5.

In this section we construct § and %. The next proposition is the main tool. It is
essentially taken from Proposition 3.3 in [25], so here we just outline the construction.

Proposition 4.6. — Let & be a cross-section to the strong-stable foliation W* and § €
(0, R/2). Then there exists N > 1 and a measurable family of sets {S(z) : z € L} such
that

(a) W’(2,8) C S(z) C Wr,o(2) for all z € ¥;
(b) for alll > 1 and z,¢ € X, if fIVN(S(C)) N S(2) # @ then FIN(S(C)) C S(2).

Outline of the proof. — Fix N big enough so that v (z) < 1/4 for all z € M, and
denote g = fV. For each 2z € ¥ define Sy = W’(2,d) and

(4.2) Sn1(2) =So(x)U |J ¢ (Sa(w))
() €20 (2)

where Z,,(z) = {(j,w) € Nx £ : g7 (S,(w)) N Sp(z) # @}. Clearly, So(z) C S1(z) and
Zy(z) C Z1(z). Notice that if S,,_1(z) C S,(2) and Z,,_1(2) C Z,(z) for every z € 3,
then,

U gj(Sn—l(w)) - U gJ(S"(’UJ))
(j,w)EZn,l(z) (j,’LU)GZn(Z)
Therefore, by induction, S,(z) C Sp41(2) and Z,(z) C Z,41(2) for every n > 0.

Define - -
= U w(2) and Z U Zn (2

n=0 =0
Then Zo () is the set of (j,w) € N x X such that g’ ( oo(w)) intersects So(z), and
S(2) =5 |J ¢ (Sw(w)).
(Jw)€Zoo(2)
The choice of N ensures that S..(z) C W’(z,26). Finally, define
S(2) =Sw()\ U 6"(5(9))
(k,£)€eV(2)

where V(z) = {(k,£) € NX Z: g¥(Sx(£)) € Soc(2)}. This family of sets satisfies the
conclusion of the proposition. O
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Since the conclusion of Proposition 4.5 is not affected when f and § are replaced
by its iterates fV and §, we may take the integer N in Proposition 4.6 to be equal
to 1. Let M, = M and T = f. Let /MU, be the p-completion of the Borel o-algebra
of M and p, be the canonical extension of y to M,. Then (M., M., p.) is a Lebesgue
space and T is an automorphism in it.

For each z € %, let r(z) > 0 be the largest integer (possibly infinite) such that
f7(S(z)) does not intersect any of the S(w), w € ¥ for all 0 < j < r(z). Let B be
the o-algebra of sets E € JM, such that, for every z and j, either E contains f7(S(z))
or is disjoint from it. Notice that an J-measurable function on M is $B-measurable
precisely if it is constant on every f7(S(z)). Define § : & — & to be § = FHoFod
where

9 _{ H; i) if z € f7(S(z)) for some z € ¥ and 0 < j < r(2)

id otherwise.

Recall that S(z) C W;,.(2) for every z, by construction. Reducing § if necessary,
we may assume that f7(S(z)) C Wy, (f7(z)) for every z and every j > 0. Then
condition (d) in Definition 2.10 ensures that the family {#, : x € M} is uniformly
Holder continuous. The definition implies that

(4.3) Sz = H;(m),fﬁl(z) 0§z 0 Hjsfj(z),x =37i(2)

if z € f7(S(z)) for some z € ¥ and 0 < j < r(z). Moreover,

(4.4) Sz = Hpo)w 082 0 Hireoy (o 5

if z € f7(*)(S(2)) for some z € ¥, where w € ¥ is given by f"*)+1(S(z2)) C S(w). In

all other cases, §, = Fz.

Lemma 4.7. — The following properties hold

(a) T = f and z — §, are B-measurable
(b) distco(H4,1d) is uniformly bounded
(c) {T™(9B) : n € N} generates M. modO0.

Proof. — The relations (4.3) and (4.4) show that &, is constant on f7(S(z)) for every
z € ¥ and 0 < j < r(z). Thus, z — T, is B-measurable. B-measurability of f is a
simple consequence of the Markov property in Proposition 4.6. Indeed, let E € B
and let 2 € ¥ and 0 < j < r(2) be such that f~1(FE) intersects f/(S(z)). Then E
intersects f7t1(S(z)). We claim that E contains fi+1(S(z)). When j + 1 < 7(2) this
follows immediately from E € B. When j = r(z), notice that f/+1(S(z)) C S(w)
for some w € S(z), and E € B must contain S(w). So the claim holds in all cases.
It follows that f~1(E) contains f7(S(z)). This proves that f~!(E) € %, and so the

proof of part (a) is complete. To prove part (b), observe that
diam f7(S(z)) < diamg,= S(z) < R,
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for all z € ¥ and j > 0, and so

sup distco(H4,id) < sup  distgo(Hj p,id).

zeEM dist(a,b)<R
The right hand side is uniformly bounded, since the stable holonomy depends con-
tinuously on the base points, and the space of (a,b) € M x M with dist(a,b) < R
is compact. This proves part (b). To prove the last claim, observe that f™(%) is the
o-algebra of sets E € JU, such that every f/t"(S(z)) either is contained in E or is
disjoint from E. Observe that the diameter of f/7"(S(z)) goes to zero, uniformly,
when n goes to co. It follows that every open set can be written as a union of sets
E, € f*(9B) and, hence, belongs to the o-algebra generated by {f"(%) : n € N}. This
proves that the latter o-algebra coincides mod 0 with the completion M, of the Borel
o-algebra, as stated in (c). O

4.4. Local essential invariance. — Next, we deduce Proposition 4.5. By assump-
tion, A_ (&, z,€) > 0 at m-almost every point. Lemma 4.7 ensures that all the other
assumptions of Theorem 4.4 are fulfilled as well. We conclude from the theorem that
the disintegration {m, : © € M} of the measure m = J,m is measurable mod 0 with
respect to the o-algebra 9. Then, there exists a full u-measure set X° C M such that
this restriction of the disintegration to X* is constant on every f7(S5(z)) with z € &

and 0 < j < r(z). The disintegrations of m and m are related to one another by
(H} ti()xme ifz € f9(S(z)) for z € ¥ and 0 < j < r(2)
My otherwise.

Define /° = X* NN (X, 6). Recall that W(z,8) C S(z) for all z € ¥. Then, for every
z, y € N* in the same W(z, ),

(H; )*mw =My =My = (H;,z)

and so m, = (H; )" (H;’z)*mm = (Hg,y)+«mz. This proves Proposition 4.5. The
proof of Theorem 4.1 is now complete.

*my;

5. Density points

In this section we recall some ideas of Burns, Wilkinson [10] that will be important
in Section 6. The conclusions that interest us more directly are collected in Proposi-
tion 5.13.

Let us start with a few preparatory remarks. Recall that we take M to carry a
Riemannian metric adapted to f : M — M, meaning that properties (2.2)-(2.4) hold.
Clearly, these properties are not affected by rescaling. At a few steps in the course of
the arguments that follow we do allow for the Riemannian metric to be multiplied by
some large constant.

Recall that we write W, .(x) = W (z, R) for every x € M and * € {s,u}, where is
R a fixed constant. In the sequel we suppose that R > 1. Up to rescaling the metric,
we may assume that the Riemannian ball B(p, R) is contained in foliation boxes for
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both W* and W", for every p € M. By further rescaling the metric, we may ensure
that, given any p € M and z, y € B(p, R),

y € Wy.(z) implies dist(f(x), f(v)) < v(p) dist(x,y) and,
Y € Wige(x) implies  dist(f ™' (z), f ' (y)) < 2(f7(p)) dist(x,y).
As a consequence, given any p, =, y € M,
(D) f(Wiee(z)) C Wipe(f(@)) and f~H(Wiee(@)) € Wiee(f ().
(IT) If f/(x) € B(f?(p), R) for 0 < j < n, and y € W},.(z), then

dist(f" (), /" (y)) < v"(p) dist(z,y);
(IIT) If f~9(z) € B(f~?(p), R) for 0 < j < n, and y € W}, .(2), then

dist(f " (z), f~"(y)) < 7" (p) dist(z, y).

These properties of the strong-stable and strong-unstable foliations of f are useful
guidelines to the notion of fake foliations, that we are going to recall in Section 5.2.

5.1. Density sequences. — Let A be the volume associated to the (adapted) Rie-
mannian metric on M. We denote by Ag the volume of the Riemannian metric induced
on any immersed submanifold S. Given a continuous foliation & of M with smooth
leaves, we denote by Ag(A) the volume of a measurable subset A of some leaf F,
relative to the Riemannian metric Ar induced on that leaf.

By definition, A and the invariant volume p have the same zero measure sets. More
important for our proposes, they have the same Lebesgue density points. Recall that
x € M is a Lebesgue density point of a set X C M if

}in}] AMX : B(z,0) =1

where A(A : B) = A(AN B)/A(B) is defined for general subsets A, B with A(B) > 0.
The Lebesgue Density Theorem asserts that A(X A DP(X)) = 0 for any measurable
set X, where DP(X) is the set of Lebesgue density points of X.

Balls may be replaced in the definition by other, but not arbitrary, families of
neighborhoods of the point.

Definition 5.1. — A sequence of measurable sets (Y;,),, is a Lebesgue density sequence
at x € M if

(a) (Y,)n nests at the point z: Y,, D Y, for every n and N, Y, = {z}

(b) (Yn)n is regular: there is § > 0 such that A(Y,41) > 6A(Y,) for every n

(¢) z is a Lebesgue density point of an arbitrary measurable set X if and only if
lim, oo AM(X : Y,) =1.

Some of the sequences we are going to mention satisfy these conditions for special
classes of sets only. In particular, we say that (Y},), is a Lebesgue density sequence
at x for bi-essentially saturated sets if (c) holds for every bi-essentially saturated set
X (this notion was defined in Section 2.1).
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Burns, Wilkinson [10] propose two main techniques for defining new Lebesgue
density sequences: internested sequences and Cavalieri’s principle. The first one is
quite simple and applies to general measurable sets. Two sequences (Y,,),, and (Z,),
that nest at x are said to be internested if there is kK > 1 such that

Yotr € Z, and Z,41p CY, foralln>0.

Lemma 5.2 (Lemma 2.1in[10])). — If (Y,.)n and (Z,), are internested then one se-
quence is reqular if and only if the other one is. Moreover,

m AMX:Y,)=1 <= lim \(X:Z,) =1,

n—oo n—oo

for any measurable set X C M.

Consequently, if two sequences are internested then one is a Lebesgue density se-
quence (respectively, a Lebesgue density sequence for bi-essentially saturated sets) if
and only if the other is.

The second technique (Cavalieri’s principle) is a lot more subtle and is specific to
subsets essentially saturated by some absolutely continuous foliation & (with bounded
Jacobians). Let U be a foliation box for & and ¥ be a cross-section to & in U. The
fiber of a set Y C U over a point ¢ € X is the intersection of Y with the local leaf
of & in U containing q. The base of Y C U is the set ¥y of points ¢ € ¥ whose
fiber Y (q) is a measurable set and has positive Ag-measure. The absolute continuity
of & ensures that the base is a measurable set. We say that Y fibers over some set
Z C X if the basis Xy equals Z. Given ¢ > 1, a sequence of sets Y, contained in U
has c-uniform fibers if

(51) c_l < M

< <c¢ forall ¢1, g2 € Xy, and every n > 0.
A7 (Ya(22)) b=y Y

Proposition 5.3 (Proposition 2.7 in [10]). — Let (Y;,),, be a sequence of measurable sets
i U with c-uniform fibers, for some c. Then, for any locally & -saturated measurable
set X Cc U,

lim A(X:Y,)=1 <= lim A\g(Ex:Zy,)=1.
By locally & -saturated we mean that the set is a union of local leaves of & in
the foliation box U. Sets that differ from a locally &-saturated one by zero Lebesgue
measure subsets are called essentially locally & -saturated.

Proposition 5.4 (Proposition 2.5in [10]). — Let (Y,), and (Z,). be two sequences of
measurable subsets of U with c-uniform fibers, for some ¢, and Xy, = Xz, for all n.
Then, for any essentially locally & -saturated set X C U,

lim A(X:Y,)=1 <= lim A(X:Z2,) =1
n—oo

n—oo
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5.2. Fake foliations and juliennes. — Juliennes were initially proposed by Pugh,
Shub [20] as density sequences particularly suited for partially hyperbolic dynamical
systems. These are sets constructed by means of invariant foliations that are as-
sumed to exist (dynamical coherence) tangent to the invariant subbundles E®, E*,
E® =FE°@ E®, E°* = E°® E*, and E°, and they have nice properties of invariance
under iteration and under the holonomy maps of the strong-stable and strong-unstable
foliations. As mentioned before, strong-stable and strong-unstable foliations (tangent
to the subbundles E* and E“, respectively) always exist in the partially hyperbolic set-
ting. However, that is not always true about the center, center-stable, center-unstable
subbundles E¢, £ E.

One main novelty in Burns, Wilkinson [10] was that, for the first time, the authors
avoided the dynamical coherence assumption. A version of the julienne construction
is still important in their approach, but now the definition is in terms of certain
“approximations” to the (possibly nonexistent) invariant foliations, that they call fake
foliations. We will not need to use fake foliations nor fake juliennes directly in this
paper but, for the reader’s convenience, we briefly describe their main features.

5.2.1. Fake foliations. — The central result about fake foliations is Proposition 3.1
in [10]: for any € > 0 there exist constants 0 < p < r < R such that the ball of radius
r around every point admits foliations

—1U —~S —~cC —~Cu —~cCS

w,, W, W, W,, W,.
with the following properties, for any * € {u, s, ¢, cs, cu}:

(i) For every z € B(p,p), the leaf /(M\/p(a:) is C! and the tangent space Tm/(M\/p(a:) is
contained in the cone of radius € around E.
(ii) For every = € B(p, p),

FW(2,0) € Wy (f@) and  F~1(W,(,p)) € Wyoi(y (1 (3)).

(iii) Given z € B(p,p) and n > 1 such that f/(z) € B(f/(p),r) for 0 < j < n, if
v € W,(a,p) then f(y) € Wy (/"(2). p) and

dist(f" (x), f"(4)) < v"(p) dist(z,)-

Similarly for /‘Wu, with f replaced by its inverse.
(iv) Given x € B(p,p) and n > 1 such that f(z) € B(fJ( ),r) for 0 < j < m, if

Fi(y) € Wy (F(@),p) for 0 < j < n then f7(y) € W, (f(x) and
dist(f" (x), f"(y)) < 4" (p)~" dist(z,y).
Similarly for @cu, with f replaced by its inverse.

(v) /(W: and /‘M\/: sub-foliate /‘1/1\/;u, and /‘M\/: and /‘M\/: sub-foliate /‘W;s
(vi) W,(p) = W*(p,r) and w,(p) = W*(p,r).
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(vii) All the fake foliations W , * € {u, s, ¢, cs,cu} are Holder continuous, and so are
their tangent distributions.

(viii) Assuming f is center bunched, every leaf of /()/l\/zs is O foliated by leaves of /‘W;
and every leaf of ‘W:,u is C! foliated by leaves of ‘M/z.

Properties (i) and (vi) are what we mean by “approximations”. Concerning the
latter, let us emphasize that the fake strong-stable and strong-unstable foliations need
not coincide with the genuine ones, W’ and W", at points other than p. The local
invariance property (ii) and the exponential bounds (iii) and (iv) should be compared
to the corresponding properties (I), (II), (III) of, stated at the beginning of Section 5.
The regularity properties (vi) and (vii) hold uniformly in p € M.

5.2.2. Juliennes. — Another direct use of the center bunching condition, besides the
smoothness property (viii) above, is in the definition of juliennes. In view of the first
center bunching condition, v < 4% (there is a dual construction starting from o < %
instead), we may find continuous functions 7 and o such that

v<1<oy and o <min{%,1}.

Let p € M be fixed. For any € W*(p,1) and n > 0, define

B(z) = Wy(a,0™(p) and S.p)= |J B

zeW?(p,1)

The (fake) center-unstable julienne of order n > 0 centered at x € W*(p, 1) is defined
by

Tor@) = | Tiy), where JEy) = £ (Wini (f* (), 7 (1))
yeBe (x)

The latter is the (fake) unstable julienne of order n > 0 centered at y, and is defined
for every y € S, (p). See Figure 1.

We(p, 1)

FIiGURE 1.

SOCIETE MATHEMATIQUE DE FRANCE 2013



46 A. AVILA, J. SANTAMARIA & M. VIANA

Observe that J&(z) is contained in the smooth submanifold /(M\/:u(x), by the co-

herence property (v) of fake foliations. Moreover, fﬁ”(a:) has positive measure relative
to the Riemannian volume A~ defined by the restriction of the Riemannian metric

—~CUu
to W, (z). Notice also that fake center-unstable leaves are transverse to the strong-
stable foliation, as a consequence of property (i) of fake foliations. One key feature
of center-unstable juliennes is that, unlike balls for instance, they are approximately
preserved by the holonomy maps of the strong-stable foliation:
Proposition 5.5 (Proposition 5.3 in [10]). — For any z, ' € W’ (p,1), the sequences
~ ~ —~Cu —~CUu
h*(J3(x)) and Jit(z') are internested, where h*® : W, (x) — W, (z') is the holon-

omy map induced by the strong-stable foliation W°.

5.3. Lebesgue and julienne density points. — Let S be a locally s-saturated
set in a neighborhood of p. For notational simplicity, we write

A~ (S T2 (@) = A= (SN W, () : J(2)).
Notice that SN /(M\/:u(x) coincides with the base of S over /W;u(z)

Definition 5.6. — We call x € W’ (p,1) a cu-julienne density point of S if
lim A~(S: J&(z)) = 1.

n—oo CU

Another crucial property of center-unstable juliennes is

Proposition 5.7 (Proposition 5.5in [10]). — Let X be a measurable set that is both
s-saturated and essentially u-saturated. Then x € W’(p) is a Lebesgue density point
of X if and only if x is a cu-julienne density point of X.

We can not use this proposition directly, because the saturation hypotheses are not
fully satisfied by the sets we deal with. However, we can rearrange the arguments in
the proof of the proposition to obtain a statement that does suit our purposes. For
this, let us recall the main steps in the proof of Proposition 5.7. They involve several
nesting sequences By, (z), Cn(z), D,(x), G,(z), that we introduce along the way.

By definition, B, (x) is just the Riemannian ball of radius ¢™(p) centered at x:

Bn(z) = B(z,0"(p))-

Lemma 5.8. — Let S C M be any measurable set. Then, x is a Lebesque density point
of S if and only if lim, oo A(S : Bp(z)) = 1.

Proof. — This follows from the fact that the ratio o"*!(p)/o"(p) = o(f™(p)) of
successive radii is less than 1, and is uniformly bounded away from both 0 and 1. [J

Next, for z € W’(p, 1), let
Cu(z)= |J W"q,0"(p)) and Du(z)= |J (W' (f"(a),7" ().

geDg (x) qeDgs ()
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Notice that these two nesting sequences fiber over the same sequence of bases
D (z) = U Br(y) = U Wy (y, o™ (p))-
yeW, (z,0™(p)) yeW, (z,0™(p))
Also, by the coherence property (v) of fake foliations, each set D2 (x) is contained in
the submanifold W (x).
Lemma 5.9. — Let S C M be any measurable set. Then,
lim A(S:Bp(z)) =1<= lim A(S:Cy(z)) =1.

—~C S
Proof. — Continuity and transversality of the fake foliations W/, and W, imply that

—~CS8
the sequences D& (z) and W (z,0™(p)) are internested. Then, similarly, continuity
—~CS

and transversality of the foliations W" and W, imply that the sequences Cy, () and
B, (z) are internested. So, the claim follows from Lemma 5.2. O

Lemma 5.10. — Let S C M be locally essentially u-saturated. Then,

lim A(S:Cp(z)) =1<= lim A(S: D,(x)) =1.
Proof. — By definition, C,(z) and D, (z) both fiber over D%*(z), with fibers con-
tained in strong-unstable leaves. The fibers of C,(z) are uniform, in the sense of
(5.1), because they are all comparable to balls of fixed radius ¢™(p) inside strong-

unstable leaves. Proposition 5.4 in [10] gives that the fibers of D,,(z) are uniform as
well. Thus, the claim follows from Proposition 5.4 above. O

Finally, define

Gu@)= |J W(g0"0)).

g€ T5 (2)
Lemma 5.11. — Let S C M any measurable set. Then,
lim A(S:Dy(z)) =1<«= lim AS:G,(x)) =1

Proof. — The sequences D, (z) and G,(x) are internested, according to Lemma 8.1
and Lemma 8.2 in [10]. So, the claim follows from Lemma 5.2. O

Lemma 5.12. — Let S C M be locally s-saturated. Then,
lim A(S : Gn(z)) = 1= lim A~(S: Jo%(z)) = 1.
Proof. — By definition, G, (z) fibers over J%(z). The fibers are uniform, in the sense

of (5.1), because they are all comparable to balls of fixed radius ¢™(p) inside strong-
stable leaves. Then the claim follows from Proposition 5.3 above. O

Proposition 5.7 was obtained in [10] by concatenating Lemmas 5.8 through 5.12.
A variation of these arguments yields:
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Proposition 5.13. — Let x € W*(p,1) and § > 0.

(a) Let X C M be a locally essentially u-saturated set in B(x,d) and let Y be its
local s-saturation inside B(x,6). If x is a Lebesgue density point of X then x is
a cu-julienne density point of Y.

(b) Let X C M be a locally essentially s-saturated set in B(z,d) and let Y be its
local u-saturation inside B(x,0). If x is a cu-julienne density point of X then x
is a Lebesgue density point of Y .

(¢) Let S C M be any measurable set. If x is a cu-julienne density point of S then
s0 is every ' € W’(p,1).

Proof. — Applying Lemmas 5.8 through 5.11 to S = X, we get that

lim A(X : Gp(x)) =1

n—oo

(Lemma 5.10 uses the assumption that X is essentially u-saturated). It follows that

lim A(Y : Gn(x)) =1,
because Y D X. Thus, applying Lemma 5.12 to S = Y, we get that z is a cu-julienne
density point of Y, as claimed in part (a) of the proposition.
Next, we prove part (b). Given an essentially s-saturated set X in B(z,d), we may
use Lemmas 5.12 and 5.11 with S = X to conclude that
lim A(X : D,(x)) =1

n— 00

(Lemma 5.12 uses the assumption that X is essentially s-saturated). It follows that

lim A(Y : D,(x)) =1,

n—oo

because Y D X. Then Lemmas 5.10 through 5.8, with § =Y, to conclude that z is
a Lebesgue density point of Y, as claimed.

Finally, absolute continuity (with bounded Jacobians) of the strong-stable foliation
gives that

lim A~(S:JM(x) =1 = lim A~(S:h*(J5"(2)) = 1.

n—oo CU n—oo

By Proposition 5.5, the sequences hs(fﬁ"(sc)) and f,‘;'“ (z') are internested. Hence, by
Lemma 5.2,
lim A~(S:h*(J¢(z) =1 = lim A~(S:J(2')) = 1.

n—oo CU

This proves part (c) of the theorem. O
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6. Bi-essential invariance implies essential bi-invariance

We call a continuous fiber bundle X refinable if the fibers X, x € M are refinable.

Theorem 6.1. — Let f : M — M be a C? partially hyperbolic center bunched diffeo-
morphism and X be a refinable fiber bundle with stable and unstable holonomies. Then,
given any bi-essentially invariant section ¥ : M — X, there exists a bi-saturated set
My with full measure, and a bi-invariant section U Mg — X that coincides with ¥
at almost every point.

Theorem D(a) is a particular case of this result, as we are going to explain. Indeed,
let P be the space of probability measures on N, endowed with the weak* topology,
that is, the smallest topology for which the integration operator

P — R, nH/sodn

is continuous, for every bounded continuous function ¢ : N — R. It is well known (see
[5, Section 6]) that this topology is separable and metrizable, because N is a separable
metric space (if we were to assume that N is complete then the weak* topology would
also be complete). In particular, P admits a countable basis of open sets and so it is
refinable.

Associated to m : & — M, we have a new fiber bundle IT : ¥ — M, whose fiber
over a point x € M is the space of probability measures on the corresponding &,;. It
is easy to see that this is a continuous fiber bundle with leaves modeled on the space
P we have just introduced: if 772 (U) — U x N, v — (7(v), ¥r(1)(v)) is a continuous
local chart for & then

I7Y(U) = Ux P, = (), @newm)«(n)

is a continuous local chart for %X. The cocycle § : & — & induces a cocycle on X, by
push-forward, but this will not be needed here.

More important for our purposes, the stable and unstable holonomies of §F induce
homeomorphisms

ey = (H;,y)* i Xe =Xy and hy, = (H:y)* X = Xy

for points z, y in the same strong-stable leaf or the same strong-unstable leaf, respec-
tively. These homeomorphisms form stable and unstable holonomies on %. Indeed,
the group property («) in Definition 2.10 is an immediate consequence of property (a)
in Definition 2.4, and the continuity property (8) can be verified as follows. Since the
statement is local, we may pretend that the fiber bundle is trivial and the holonomies
H; , are homeomorphisms of N. Consider any sequence (Tk, Yk, Vi) in X converging
to (z,y,v) € X, with y,, € Wy, .(x1) and y € Wy, (z). Property (c) in Definition 2.4
implies that H? converges to Hy , uniformly on compact subsets. On its turn, this

TkYk

implies that (Hg, ,, )«Vx converges to (H; ).V in the weak™ topology.

Tk,Yk
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Now it is clear that Theorem D(a) corresponds to the statement of Theorem 6.1
in the special case of the section ¥(z) = m, of the fiber bundle %X we have defined.
In the remainder of this section we prove Theorem 6.1.

6.1. Lebesgue densities. — Let ¥ : M — P be a measurable function with values
in a refinable space.

Definition 6.2. — We say that x € M is a point of measurable continuity of ¥ if there
is v € P such that x is a Lebesgue density point of ¥~1(V) for every neighborhood
V C P of v. Then v is called the density value of U at x.

Clearly, the density value at z is unique, when it exists. Let MC(¥) denote the
set of measurable continuity points of ¥. The function ¥ : MC(¥) — P assigning to
each point z of measurable continuity its density value \il(:r) is called Lebesgue density
of U. Recall that DP(X) denotes the set of density points of a set X. The hypothesis
that P is refinable is used in the next lemma:

Lemma 6.3. — For any measurable function ¥ : M — P, the set MC(¥) has full
Lebesgue measure and ¥ = U almost everywhere.

Proof. — Let @y < --- < @, < --- be a sequence of partitions of the space P as in
Definition 2.12. Let

M=) U ¥HQnDPEF Q).
n>1Qed,
Since ¥~1(Q) N DP(¥~1(Q)) has full measure in ¥~1(Q), and {¥1(Q): Q € 0, }
is a partition of M for every n, the set on the right hand side has full measure in M
for every n. This proves that M is a full measure subset of M. Next, we check that
M is contained in the set of points of measurable continuity of ¥. Indeed, given any
point z € M, let Q,, € @,, be the sequence of atoms such that z € U=1(Q,). Then z
is a density point of ¥~1(Q,,) for every n > 1, in view of the definition of M. Notice
that N, @, is non-empty, since it contains ¥(x). Then, according to Definition 2.12,
there exists v € X such that every neighborhood V contains some @Q,,. It follows that
x is a density point of ¥=1(V) for any neighborhood V' C ¥ of v, that is, v is the
density value for ¥ at 2. This shows that € MC(¥) with ¥(z) = v. Moreover, v
must coincide with ¥(z), since the intersection of all @,, contains exactly one point.
In other words, ¥(z) = ¥(z) for every z € M. O

More generally, let ¥ : M — X be a measurable section of a refinable fiber bundle
X. Let x € M be fixed and U be a small neighborhood. Using a local chart, one may
view U | U as a function with values in %,. Two such local expressions ¥; : U — ¥,
and ¥y : U — X, of the section ¥ are related by

U1 (2) = h2(V2(2)),

where (z,£) — (z,h;(£)) is a homeomorphism from U x ¥, to itself, with h, = id.
So, a point v € ¥, is the density value of ¥; at z if and only if it is the density value
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of Uy at x. More generally, given any point y € U, the corresponding local expression
Vs : U — X, of the section V¥ is related to ¥; : U — X, by

U1(z) = 92(¥3(2)),

where (2,£) — (2,9.(€)) is a homeomorphism from U x ¥, to U x ¥,. So, a point
z is a point of measurable continuity for U3 if and only if it is a point of measurable
continuity for U;.

These observations allow us to extend Definition 6.2 to sections of refinable fiber
bundles, as follows. We call v € X a density value of the section ¥ : M — X at the
point z if it is the density value for some (and, hence, any) local expression U — ¥,
as before. We call z a point of measurable continuity of the section ¥ if it admits
a density value or, equivalently, if it is a point of measurable continuity for some
(and, hence, any) local expression of ¥. The subset MC(¥) of points of measurable
continuity has full Lebesgue measure in M, since it intersects every domain U of local
chart on a full Lebesgue measure subset. Recall Lemma 6.3. Finally, the Lebesgue
density of ¥ is the section MC(¥) — X assigning to each point = of measurable
continuity its density value.

6.2. Proof of bi-invariance. — Now Theorem 6.1 is a direct consequence of the
next proposition: it suffices to take My = MC(¥) and ¥ = the Lebesgue density of U,
and apply the following proposition together with Lemma 6.3.

Proposition 6.4. — Let f : M — M be a C? partially hyperbolic center bunched dif-
feomorphism and X be a refinable fiber bundle with stable and unstable holonomies.
For any bi-essentially invariant section U : M — X, the set MC(¥) is bi-saturated
and the Lebesgue density ¥ : MC(¥) — X is bi-invariant on MC(¥).

Proof. — For any x € MC(¥) and y € W’(x, 1), we are going to prove h;y(\i/(x)) is
the density value of ¥ at y. It will follow that y € MC(¥) and ¥(y) = h;y(\il(ac))
Analogously, one gets that if x € MC(¥) and y € W"(z,1) then y € MC(¥) and
T(y) = h;‘y(\i/(:c)) The proposition is an immediate consequence of these facts.

It is convenient to think of 7 : X — M as a trivial bundle on neighborhoods U,
of z and U, of y, identifying 7= (U,) ~ U, x P and n~!(U,) =~ U, x P via local
coordinates, and we do so in what follows. Let V' C P be a neighborhood of h;y(\i/(x))
We are going to show that y is a density point of ¥~1(V).

By the continuity property () in Definition 2.10, we can find € > 0 and a neigh-
borhood W C V of h;y(\i!(x)) such that

(6.1) By (W) CV for all wy, wy € B(y,e) with wy € W, (w2).

Similarly, up to reducing € > 0, there exists a neighborhood U C P of \il(ac) such that

(6.2)  h3,(U)CW forevery z € B(z,e) and w € B(y,e) with z € Wy, (w).

SOCIETE MATHEMATIQUE DE FRANCE 2013



52 A. AVILA, J. SANTAMARIA & M. VIANA

The assumption that U is bi-essentially invariant (Definition 2.11) implies that there
exists a full measure set S°* such that
¢, (U(€)) = ¥(n) for any £, n € S in the same strong-stable leaf

63)

£n(¥(§)) =¥(n) for any £, n € S* in the same strong-unstable leaf.

Lemma 6.5. — Let x € W’ (p,1) be a point of measurable continuity of ¥. Then for
any open neighborhood U of the point ¥(x) € P there exist § > 0 and L C B(x,?)
such that

(a) ¥(LNS**)CU.

(b) L is a union of local strong-stable leaves inside B(zx,J).

(c) Each of these local leaves contains some point of S**.

(d) z is a cu-julienne density point of L: limy, oo Az (L fg“(m)) =1.

Proof. — By the continuity property (5) in Definition 2.10, there exists d; > 0 and
a neighborhood U; C U of ¥(z) such that

(h, 2,)(U2) CU if 21, 22 € B(w,02) are in the same local strong-stable leaf.

and there exists §; > 0 and a neighborhood U; C Uy of \il(:v) such that
(hs

21,22

)(Uy) c Uy if 21, 29 € B(x,d1) are in the same local strong-unstable leaf.

Let 6 = min {1, 01, d2}. Since z is a point of measurable continuity of ¥, it is a Lebesgue
density point of $=1(U;). Then, z is also a density point of L; = ¥~1(U;) N %,
because S°* has full Lebesgue measure. Let L} be the local u-saturate of L; inside
B(z,0) and let Ly = LY N S*“. Then z is a Lebesgue density point of LY, because
LY D Ly, and so it is also a density point of Lg, because S** has full measure. Take
L to be the local s-saturate of Ly inside B(z, ¢).

Consider any point z € L N S%“. By definition, there exist z; € ¥~1(U;) N S** and
zg € LY N S® such that z; is in the local strong-unstable leaf of z3, and 2 in the
local strong-stable leaf of z. Consequently, in view of our choices of U; and Us,

U(z9) = hy, ,,(¥(21)) € Uz and then V(z)=h, (¥(z2)) € U.

22,2
This proves claim (a) in the lemma. Claims (b) and (c¢) are clear from the construction:
L is a local s-saturate of a subset of S*“. Finally, applying Proposition 5.13(a) to X =
Ly we get that z is a cu-julienne density point of Y = L. This gives claim (d), and
completes the proof of the lemma. O

Let L and 0 be as in Lemma 6.5. Of course, we may suppose § < . We extend
the local leaves in L along Wy, (), long enough so as to cross B(y,e). Let L denote
this extended set. See Figure 2. As we have seen in Proposition 5.13(c), cu-julienne
density points of locally s-saturated sets are preserved by stable holonomy. Hence,
Lemma 6.5(d) ensures that y is a cu-julienne density point of L. Then, clearly, y
is also a cu-julienne density point of X = L N S5 N B(y,e). Let Y be the local
u-saturation of X inside B(y,¢). Since X is locally essentially s-saturated, we may
use Proposition 5.13(b) to conclude that y is a Lebesgue density point of Y and, hence,
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also of B = S**NY. Thus, to prove that y is a Lebesgue density point of ¥=1(V), as
we claimed, it suffices to show that ¥(B) C V.

Consider any point b € Y. By definition, b € S°* N B(y,¢) and there exists some
w € X such that b and w are in the same local strong-unstable leaf. By part (c)
of Lemma 6.5, there exists z € L N S*" in the same local strong-stable leaf as w.
By part (a) of Lemma 6.5, we have that ¥(z) € U. So, (6.3) and (6.2) imply that
¥(w) = h3 ,(¥(z)) € W. Then (6.3) and (6.1) imply that ¥(b) = hj, (¥ (w)) € V,
as we wanted to prove. This proves Proposition 6.4. O

Now the proof of Theorem 6.1 is complete.

Remark 6.6. — Let us say that a section ¥ : M — %X is essentially s-continuous if
the s-continuity property (Definition 2.13) holds on some full measure subset M?,
uniformly on the neighborhood of every point. In formal terms: given any p, ¢ € M
and n € P, there exists p > 0 such that for any € > 0 there exists § > 0 such that
(trivialize the fiber bundle near p and q), given any z, 2’ € B(p,p) N M*® and y,
y' € B(q,p) N M* with ¥(z), ¥(2') € B(n,p) and y € W}, .(x) and y' € Wi, ('),

dist(z,2') < 6, dist(y,y’) <6, dist(¥(z),¥(x')) <= dist(T(y), ¥(y')) < e.

Essential u-continuity is defined analogously. Moreover, ¥ is bi-essentially continuous
if it is both essentially s-continuous and essentially u-continuous. A variation of the
previous arguments yields the following statement (compare Proposition 6.4): If f :
M — M is a C? partially hyperbolic center bunched diffeomorphism and % be a
refinable fiber bundle then, for any bi-essentially continuous section ¥ : M — X,
the set of points of measurable continuity is bi-saturated and the Lebesgue density
¥ : MC(¥) — ¥ is bi-continuous.

7. Accessibility and continuity

Now we prove Theorem E. The main step is to show that small open sets can
be reached by “nearby” su-paths starting from a fixed point in M. For the precise
statement, to be given in Proposition 7.2, we need the following notion:
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Definition 7.1. — Let z, w € M. An access sequence connecting z to w is a finite
sequence of points [yo, Y1, - ., Yn] such that yo = z and y; € W*(y;_;) for 1 < j < n,
where each * € {s,u}, and y, = w.

Proposition 7.2. — Given xog € M, there is w € M and there is an access sequence
[yo(w), ..., yn(w)] connecting xo to w and satisfying the following property: for any
€ > 0 there exist 6 > 0 and L > 0 such that for every z € B(w,d) there exists an
access sequence [yo(z),y1(2),...,yn(2)] connecting xo to z and such that

dist(y;(2),y;(w)) <e and disto(y;-1(2),y;(2)) <L forj=1,...,N

where distqy~ denotes the distance along the strong (either stable or unstable) leaf
common to the two points.

Let us deduce Theorem E from this proposition. Since the section ¥ is assumed
to be bi-continuous, it suffices to prove it is continuous at some point in order to
conclude that it is continuous everywhere. Fix o € M and then let w € M and
[yo(w),y1(w),...,yn(w)] be an access sequence connecting zo to w as in Proposi-
tion 7.2. We are going to prove that U is continuous at w. Take the fiber bundle
m: X — M to be trivialized on the neighborhood of every node y,(w), via local
coordinates. Let V' C P be any neighborhood of ¥(w) = ¥(yn(w)). Since ¥ is bi-
continuous, we may find numbers ¢; > 0 and neighborhoods V; of ¥(y,(w)) such that
Vy =V and

xeB(yj—l(w)75j)’ yEB(yj(UJ),Ej), Y€ (M/*j(w)a

(7.1)
and ¥(z) e Vo1 = Y(y) €V
for every j=1,...,N.Let e =min{e; : 1 < j < N}.
Using Proposition 7.2 we find § > 0 and, for each z € B(w, §), an access sequence
[yo(2),y1(2),-..,yn(2)] connecting xg to z, with

(7.2) y;(2) € B(y;(w),e) C B(y;(w),e;) forj=1,...,N.

It is no restriction to suppose that § < e. Consider any z € B(w,d). Clearly, U(z) =
U(yo(z)) € Vo. Hence, we may use (7.1)-(7.2) inductively to conclude that ¥(y;(z)) €
Vj for every j =1,...,N. The last case, j = N, gives ¥(z) € V. We have shown that
¥ (B(w,d)) C V. This proves that ¥ is continuous at w, as claimed.

In this way, we reduced the proof of Theorem E to proving Proposition 7.2.

7.1. Non-injective parametrizations. — In this section we prepare the proof of
Proposition 7.2, that will be given in the next section. Roughly speaking, here we
construct a kind of continuous parametrization of the space of su-paths with any
given number of legs.
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7.1.1. Ezhaustion of accessibility classes. — Fix any point g € M. For each r € N,
we consider the following sequence of sets K, ,, n € N:

K1 = {y € W (xo) : distoy=(z0,y) <7} and

K,,= U {y € W () :disto(z,y) <r}, forn>2,
TEKr n—1

where * = s when n is odd, and * = u when n is even. That is, K, ,, is the set of points
that can be reached from z( using an access sequence with n legs whose lengths do
not exceed r.

Lemma 7.3. — Every K, ,, is closed in M and, hence, compact.

Proof. — Tt is clear from the definition that K, ; is closed. The general case follows
by induction. Suppose K, is closed, and let z belong to the complement of K ,,.
Then, by definition,

Z ={y e W (2) : distoy- (z,y) < r}

does not intersect the closed set K, ,_;. It follows that U N K,,, = @ for some
neighborhood U of the set Z. By continuity of the strong-stable and strong-unstable
foliations, and their induced Riemannian metrics, for every point w in a neighborhood
of z,

{y e W (2): distoy(z,y) <r} CU

and hence, the set on the left hand side is disjoint from K, ,_;. This proves that
points w in that neighborhood of z do not belong to K, either. Thus, K, ,, is indeed
closed. 0

By definition, the union of K, ,, over all (r,n) is the accessibility class of zy. Since
we are assuming that f is accessible, this union is the whole manifold:

M= |J Knn

r,neN

Since M is a Baire space, it follows that K. ,, has non-empty interior for some r and n,
that we consider fixed from now on. Our immediate goal is to define a (non-injective)
continuous “parametrization”

(73) v, : ﬁr,n i Kr,n

of the set K, , by a convenient compact subspace &, , of a Euclidean space, that
we are going to introduce in the sequel. Let ds; and d, denote the dimensions of
the strong-stable leaves and the strong-unstable leaves, respectively. This Euclidean
space will be the alternating product of R% and R%, with n factors, each of which
parametrizing one leg of the access sequence. The case n = 2 is described in Figure 3.
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Ficure 3.
7.1.2. Fiber bundles induced by local strong leaves. — The following lemma will be

useful in the construction of (7.3). The whole point with the statement is that U does
not need to be small. The diffeomorphisms in the statement are as regular as the
partially hyperbolic diffeomorphism f itself.

Lemma 7.4. — For any contractible space A, any continuous function ¥ : A — M,
and any symbol x € {s,u}, there exists a homeomorphism

©:AxR" - {(a,y) :a€ A andy € Wi, (¥(a))}
mapping each {a}xR% diffeomorphically to {a}x Wy, .(¥(a)) with ©(a,0) = (a, ¥(a))
for alla € A.

Proof. — We consider the case * = s. Since 9* is a continuous foliation with smooth
leaves, for each p € M we may find a neighborhood U, and a continuous map

®,:Up, x R* — M
such that ®,(z,0) = z and ®,(z,-) maps R?% diffeomorphically to W}, .(z), for every
x € U,. Using these maps we may endow the set
Fy={(z,y):z€ Mandy € Wy, (z)}
with the structure of a fiber bundle with smooth fibers, with local charts
Uy x R* — {(z,y) 1z € Uy and y € Wyo(2)} (z,0) = (2, Dp(,)).

Then Fj = {(a,y):a € Aand y € W), (¥(a))} also has a fiber bundle structure,
with local coordinates

O, : ¥ (U,) x R* — {(a,y) : ¥(a) € U, and y € Wy,.(¥(a))}

given by ©,(a,v) = (a, ®,(¥(a),v)). This fiber bundle admits the space of diffeomor-
phisms of R% that fix the origin as a structural group: all coordinate changes along
the fibers belong to this group.

The core of the proof is the general fact (see [17, Chapter 4, Theorem 9.9]) that,
for any topological group G, any fiber bundle over a contractible paracompact space
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that has G as a structural group is G-trivial. When applied to F, this result means
that there exists a global chart

©:AxR* - {(a,y):a€ Aand y € W, .(¥(a))}, O(a,v) = (a,®(a,v))

such that every ®(a,-) maps R% to the strong-stable leaf through ¥(a), and every
®(a,-)"1o®,(¥(a),) is a diffeomorphism that fixes the origin of R%. The latter gives
that ®(a,0) = ®,(¥(a),0) = ¥(a) for all a € A. O

7.1.3. Construction of non-injective parametrizations. — We are ready to construct
R, and VU as in (7.3). Let [ > 1 be fixed such that, for any x € M,

{y € W(z) : distoys(z,y) < 2r} C FH(Wie(f'(2)))
{y € W(z): distoy(z,y) <2r} C fFH(Who(f ' (2))).

Our argument is somewhat more transparent when [ = 0, and so the reader should
find it convenient to keep that case in mind throughout the construction.

Define By = {y € M : f'(y) € Wy, .(f'(z0))} and ®; : E; — M to be the inclusion.
Notice that E; is contractible and ®;(E;) contains K, ;. Since E; is a smooth disc,
there exists an diffeomorphism 6, : R% — E; with ©(0) = zo. Then

(7.4)

U, =000, : R - M

is a continuous function whose image contains K, ;. Notice that the pre-image &, 1 =
U H(K,.1) is compact: K,.; = {y € W*(z0) : disteys(z0,y) < r} and we have a factor
2 in (7.4). Next, define

By ={(a,y) :a € R and f7'(y) € Wie.(f " (¥1(a))}

and &3 : By — M, ®3(a,y) = y. Notice that ®2(E3) contains K, 5. Using Lemma 7.4
with A =R%, ¥ = f~'o ¥y, and * = u, we find a homeomorphism

Oy : R% x R% — {(a,y) :a € R% and y € ‘M/ﬁjc(f_l(\lll(a)))}

that maps each {a} x R diffeomorphically to {a} x Wi..(f~'(¥;1(a))) and satisfies
0(a,0) = (a, f~Y(¥1(a))). Clearly, the map

I2:{(a,y) :a € R and y € Wioo(f " (¥1(a)))} = B2, Ta(a,y) = (a, f'(y))
is a homeomorphism, and I'2(02(a,0)) = (a, ¥1(a)). Then
Uy =Py00500, : R* x R™ — M

is a continuous map whose image contains K, 5. Moreover, ¥, may be viewed as a
continuous extension of ¥, because

\Ifg(a, 0) = <I>2(F2(@2(a, 0))) = <I>2(a, \Ill(a)) = \Ill(a)
for all a € R%. In general, v, 1(KT,2) needs not be compact. However,

R ={(a,b) e R* x R™ :q € &1 and disteyu(¥2(a,0), ¥s(a,b)) <r}
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is compact and satisfies ¥9(8,2) = K, 2. Repeating this procedure, we construct
continuous maps

T, iR xR x ... x R™ — M

(there are j factors, and so x = u if j is even and * = s if j is odd), contractible
sets I/;, and compact sets K, ; such that each ¥; is a continuous extension of ¥;_;,
in the previous sense, and ¥;(R, ;) = K, ;. We stop this procedure for j = n. The
corresponding map ¥,, is the parametrization announced in (7.3).

7.2. Selection of nearby access sequences. — Now we prove Proposition 7.2.
We need the following general fact about regular values of continuous functions.

Definition 7.5. — Let ® : & — PB be a map between topological spaces & and B. A
point z € @ is regular for ®, if for every neighborhood ¥ of z we have ®(z) € ®(¥)°.
A point y € B is a regular value of ® if every point of ®~!(y) is regular.

Proposition 7.6. — Let @ be a compact metrizable space and B a locally compact
Hausdorff space. If ® : & — B is continuous then the set of reqular values of ® is
residual.

Proof. — We are going to prove that the image of the set of non-regular points is
meager. The assumptions imply that ¥ admits a countable base I of open sets, and
the map @ is closed. If = is a non-regular point of ®, then there exists ¥ € ¥ such
that ®(z) does not belong to the interior of ®(¥/). Therefore, ®(z) belongs to the
closed set 8@(?), which has empty interior because @(W) is closed. Then, the image
of non-regular points is a subset of the meager set | J {8@(7) Ved } O

We apply this proposition to the continuous map ¥,, : &, — K, ,. Recall that,
by construction, the image K., has non empty interior. Then, in particular, ¥,, has
some regular value w € K, ,,. Let (a1,...,a,) € &, be any point in &, , such that
U, (a1,...,an) = w. Let € > 0 be as in the statement of the proposition. Since the
functions ¥q, ¥y, ..., ¥,, are continuous, there exists p > 0 such that if |a; — b;| < p,
for j =1,...,n, then

(75) dist(\Ilj(al,...,aj),\Ifj(bl,...,bj)) <e

for all j = 1,...,n. Using that the point (aq,...,a,) is regular (Definition 7.5), we
get that the image ¥, (V') of the neighborhood

V==R& ,N{(b1,...,b,) :|a; —bj| <p,for j=1,...,n}

has w in its interior. In other words, there exists § > 0 such that B(w,d) C ¥, (V).
Consider any point z € B(w,§). Then there exists (b1(2),...,b,(2)) € V such that
z=U,(b1(2),...,b,(2)). Define

y;i(2) = ¥;(b1(2)), - - -, y;(2))
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for j = 1,...,n, and yo(z) = w. Then [y;(2),...,yn(2)] is an access sequence con-
necting xo to z. The inequalities (7.5) mean that

dist(y;(2),y;(w)) <e forj=1,...,n.

Moreover, since ¥, (b1(2),...,bn(2)) € K, n, the distance between every y;_1(z) and
y;(z) along their common strong (stable or unstable) leaf does not exceed r. Propo-
sition 7.2 follows taking L = r and N = n.

8. Generic linear cocycles over partially hyperbolic maps

In this section we prove Theorem A. We will take the vector bundle 7 : ¢/ — M
to be trivial, that is, such that ¥ = M x K? and 7 : M x K¢ — M is the canonical
projection. This simplifies the presentation substantially, but is not really necessary
for our arguments, which are local in nature: for obtaining the conclusion we consider
modifications of the cocycle supported in a neighborhood of certain special points
(the pivots, see Proposition 8.8), where triviality holds anyway, by definition.

Let us begin by giving an outline of the proof. Let K, = {z} x K% be the fiber of ¥/
and P(K,) = {z} x P(K) be the fiber of the projective bundle P(}) over the point z.
We call loop of f: M — M at x € M any access sequence v = [yo, - - . , Y| connecting
a point x € M to itself, that is, such that yo = y, = . Then we denote
H"/ = H;:—layn o H;gjflyyj °© H;olyyl : P(Kw) - P(Kz)
where *; € {s,u} is the symbol of the strong leaf common to the nodes y;_; and y;.
Theorem B implies that if Ay (F') = A_(F) then any F-invariant probability measure
m that projects down to u admits a disintegration {m, : z € M} such that

(8.1) (H,)+my =m, for any loop 7.

We consider loops with slow recurrence, for which some node y,, that we call pivot, is
slowly accumulated by the orbits of all the nodes including its own. Using perturba-
tions of the cocycle supported on a small neighborhood of the pivot, we prove that
the map F' — H,, assigning to each cocycle the corresponding holonomy over the loop
is a submersion. In fact, we are able to consider several independent loops with slow
recurrence, i, - .., Ym, and prove that the map

F— (H,,...,H,)

is a submersion. Consequently, for typical cocycles, the matrices H,, are in general
position, and so they have no common invariant probability in the projective space.
This shows that for typical cocycles the condition (8.1) fails and, hence, the extremal
Lyapunov exponents are distinct.
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8.1. Accessibility with slow recurrence. — An important step is to prove that
loops with slow recurrence do exist. Beforehand, let us give the precise definition.

Definition 8.1. — A family {v1,...,7m} of loops v; = [y}, ... ,y;(i)] has slow recur-
rence if there exists ¢ > 0 and for each 1 <4 < m there exists 0 < r(¢) < n(¢) such
that, for all 4,1 =1,...,m, all 0 < j < n(i), and all k € Z,

dist (fk(y§),yi(l)) >c/(1+ k2)
with the exception of k = 0 when (i,7) = (I,7(1)).
It is convenient to distinguish access sequences [yo, y1,- .., Yn] according to the
nature of the last leg: we speak of accessibility s-sequence if y,_1 and y, belong
to the same strong-stable leaf, and we speak of accessibility u-sequence if y,_; and

Y, belong to the same strong-unstable leaf. Let ds; and d, be the dimensions of the
strong-stable leaves and strong-unstable leaves, respectively.

Proposition 8.2. — For any m > 1 and any (x1,...,%,) € M™, there exists a family
v; of loops with slow recurrence, where each y; is a loop at x;.

The proof of this proposition requires a number of preparatory results.
Lemma 8.3. — Given any finite set {w1,...,w,} C M, anyy € M, and any symbol
* € {s,u}, there exists a full Lebesgue measure subset of points w € Wi, (y) such that
(8.2) dist(f* (w;), w) > ¢/(1 + k?)
for some ¢ >0 and for all1 < j<n and all k € Z.
Proof. — Consider * = s: the case * = u is analogous. Since local strong-stable leaves

are a continuous family of C? embedded disks, there exists a constant D; > 0 such
that

) (Wioe(y) N B(z,¢/(1+ k%)) < Di(c/(1+ k%)%
for any z € M. Thus, the Lebesgue measure of the subset of points w € Wy, .(y) not
satisfying inequality (8.2) for some fixed ¢ > 0 is bounded by

Agys

loc

n

D> Dt (1+k*) "% < Dyc® with Dy =nDy Y (1+k*) ™% < co.

j=1kezZ keZ
Making ¢ — 0, we conclude that the inequality (8.2) is indeed satisfied by Lebesgue
almost every point in Wy, (y). O
Corollary 8.4. — Given any m > 1, any (1,...,Zm) € M™, and any x € {s,u},
then for every (z1,...,2m) in a full Lebesgue measure subset of M™ there exist ¢ > 0
and accessibility *-sequences [yg, . .., yfl(i)] connecting x; to z; such that

dist(f*(y}), z1) > ¢/(1 + k?)
foralli,l=1,...,m, all0 < j < n(i), and all k € Z.
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Proof. — Consider * = s: the case * = u is analogous. Since the strong-stable foliation
is absolutely continuous, it suffices to prove that, given any points y; € M, 1 < i < m,
the conclusion holds on a full Lebesgue measure subset of points z; € Wy .(v:),
1 < i < m. Now, by the accessibility assumption, there exist accessibility sequences
[yd,... ,yfn( i)] connecting z; to y;. Consider each z; in the full Lebesgue measure subset

of W’ (y;) given by Lemma 8.3, applied to the finite set
{y;::lgigmandOSjgr(i)}.

and the point y = y;. Then the accessibility s-sequences [y, ..., y,i(i), z;] satisfy the
conditions in the conclusion. In view of the observation at the beginning, this proves
the corollary. O

Lemma 8.5. — For any m > 1 and any (y1,...,Ym) € M™, there exists a full
Lebesgue measure subset of (21,...,2m) € Wio(y1) X -+ x Wy, .(ym) such that

dist(F (), 2) > ¢/(1 + )

for some ¢ > 0 and for alli,l=1,...,m and all k > 0, except k =0 when i = 1. The
statement remains true if one replaces Wy, by Wy, and k >0 by k < 0.

Proof. — Tt is clear that each strong-stable leaf contains at most one periodic point.
As an easy consequence we get that, that given any x > 1, there exists a full Lebesgue
measure subset of (21,...,2m) € Wi,.(y1) X - -+ X W},.(ym) such that f¥(z;) # 2 for
alli,l =1,...,m and all 0 < k < k, except ¥k = 0 when ¢ = [. Then the condition
in the statement holds, for some ¢ > 0, restricted to iterates 0 < k < k. Let us focus
on k > k. For each 4,1 =1,...,m, define

E{fl = {zl € Wy.(y) : dist(fk(zi),zl) < 1/(1 + k?) for some z; € ‘Wfoc(yl)}
The diameter of f*(W;,.(y;)) is bounded by C;0%, where C; > 0 is some uniform
constant and 6 < 1 is an upper bound for the contraction function v(z) in (2.2).
Consequently,

diam(EF)) < C16* +2/(1+k?) < Cao/(1 + k?)

for another uniform constant Cy > 0. It follows that

A(Wfoc(yl)(U U EZkJ) < mZC2(1 + k2)_d5.

i=1k=k k=kr
On the one hand, the right hand side of this expression goes to 0 when x goes to
infinity. On the other hand, in view of our previous observations, for any « > 1,
Lebesgue almost every (21,...,2m) € Wi .(y1) X -+ X Wipe(Ym) with

m (o)
k
2 ¢ U U E;
i=1k=kr
satisfies the conclusion of the lemma for some ¢ € (0,1). This proves that the subset

of (z1,...,2m) for which the conclusion of the lemma does not hold has zero Lebesgue
measure, as claimed. O
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Corollary 8.6. — For any m > 1, and every (21,...,2m) in a full Lebesgue measure
subset of M™, there exists ¢ > 0 such that

dist(f*(z:), z1) > ¢/(1 + k?)
foralli,l=1,...,m and all k € Z, except k =0 when i = .

Proof. — 1t suffices to prove that the conditions obtained replacing k € Z by either
k >0 or k < 0 are satisfied on full Lebesgue measure subsets of M™, and then take
the intersection of these two subsets. We consider the case k > 0, as the other one is
analogous. Suppose there is a positive Lebesgue measure subset of (z1,...,2,) € M™
for which the condition is not satisfied: the forward orbit of some z; accumulates
some z; faster than c/(1+ k?) for any ¢ > 0. Then, since M is covered by the foliation
boxes of the strong-stable foliation, there exist foliation boxes U;, 1 < ¢ < m such
that this exceptional subset intersects U = U; x --- x U, on a positive Lebesgue
measure subset. The domain U is foliated by the products Wy, .(y1) X - -+ X W’ (ym)
of local strong-stable leaves. We denote this foliation as W*"". Given any holonomy
maps h; : £! — $2? between cross-sections to the strong-stable foliation W* inside U,
the products $/ = %7 x --- x ¥/ are cross-sections to W™, and the holonomy map
of W™ is
h:S' = %2 h(z1,...,2m) = (hi(21)s -, han(2m)).

Since all the h; are absolutely continuous, so is h: the Jacobians are related
by Jh(z1,...,2m) = Jhi(z1) -+ Jhm(2m). This absolute continuity property implies
that every positive Lebesgue measure subset of U intersects Wy, .(y1) X - -+ Wy, (ym)
on a positive Lebesgue measure subset, for a subset of (yi,...,¥ym) with positive
Lebesgue measure. In particular, the exceptional set intersects some leaf of W*™ on a
positive Lebesgue measure subset. This contradicts Lemma 8.5, and this contradiction
proves the corollary. O

Corollary 8.7. — For any m > 1, any (z1,...,Z,) € M™, and any * € {s,u}, and a

full Lebesgue measure set D, of (z1,...,2m) € M™, there exists ¢ > 0 such that
(8.3) dist(f*(2), z1) > ¢/(1 + k?)

for all 3,1 = 1,....m and all k € 7Z, except k = 0 when i = [, and there exist
accessibility x-sequences [y}, . . . ,yi(i)] connecting x; to z;, for 1 <i < m such that
(8.4) dist(F(y1), 21) > o/ (1 + k?)

foralli,l=1,...,m, all0 < j < n(i), and all k € Z.

Proof. — Just take the intersections of the full Lebesgue measure subsets given in
Corollary 8.4, for * € {s,u}, and in Corollary 8.6. O

Proof of Proposition 8.2. — Given m > 1 and (x1,...,%m) € M™, let Ds and D, be
the full Lebesgue measure sets given by Corollary 8.7, and then consider

(#1,---,2m) € DsN D, .
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The corollary yields, for each 1 < i < m, an accessibility s-sequence [y, . .. ,yi(i)] and
an accessibility u-sequence [wé, ... ,wz(i)] connecting z; to z;. Then

Vi = [y(i): e 7Z/i(i) = wi(i), e 7w(i)]
is a loop at z;, and properties (8.3)-(8.4) mean that the family {v1,...,vm} of loops
has slow recurrence. O

8.2. Holonomies on loops with slow recurrence. — As we pointed out before,
the tangent space at each point B € §"“(M,d,K) is naturally identified with the
Banach space of C™* maps from M to the space of linear maps in K. This means
that we may view the tangent vectors B as C™ functions assigning to each z € M a
linear map B(z) : K, — Ky(z)-

Let A € §"%(M,d,K) be fiber bunched. As we have seen in Section 3.2, there exists
a neighborhood % C §"“(M,d,K) of A such that every B € % is fiber bunched. Then,
for any loop v = [yo, - .-, Yn] at a point z € M, and any 0 < k < I < n, we have linear
holonomy maps

_ R *io1 .
Hp ki =Hpg oH t Ky, = Ky,

O-+--
WYi—1,Y1 B,yk,Yr+1

Furthermore, all the maps B +— Hp , 1, are C' on %. In particular, the derivative
of B— Hp ., = Hp 0 is given by

(8.5) dpHp : B — Z Hp~in [8BHB,7,l71,l(B)]HB,'y,O,lfl-
=1

The main result in this section is

Proposition 8.8. — Let A € §"“(M,d,K) be fiber bunched and U be a neighborhood
as above. For each x € M and m > 1, let ; = [yé,y{,...,yz(i)], 1<i<mbea
family of loops at © with slow recurrence. Then

U>Bw+— (HB771?""HB7'Ym) S GL(d,Kw)m

is a submersion: the derivative is surjective at every point, even restricted to the
subspace of tangent vectors B supported on a small neighborhood of the pivots.

In the proof we use (8.5) together with the expressions for the 9p Hp ,1—1,1(B) given
in Propositions 3.5 and 3.7. The idea is quite simple. Perturbations in the neighbor-
hood of the pivots affect the holonomies over all the loop legs, of course. However,
Corollaries 3.6 and 3.8 show that the effect decreases exponentially fast with time,
and slow recurrence means that the first iterates need not be considered. Combining
these two ideas one shows (Corollary 8.12) that the derivative is a small perturbation
of its term of order zero. The latter is easily seen to be surjective (Lemma 8.13), and
then the same is true for any small perturbation.

Remark 8.9. — Essentially the same arguments yield an SL(d,K)-version of this
proposition: the map % NJ"*(M,d,K) > B — (Hp,,---,Hpp,,) € SL(d,K,)™ is
a submersion. Clearly, it remains true that the derivative is a small perturbation of
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its term of order zero. Then the main point is to observe that the restriction of the
operator S in Lemma 8.13 maps Tpd""*(M, d,K) surjectively to Tx,  SL(d,K,).

Before getting into the details, let us make an easy observation that allows for some
simplification of our notations. If v = [yo, . .., yn] is a loop with slow recurrence then
S0 18 ¥ = [Yn,...,Yo), and Hp ~ is the inverse of Hp . Hence, the statement of the
proposition is not affected if one reverses the orientation of any ~y; as described. So, it
is no restriction to suppose that every loop - has the orientation for which the pivot
Y, satisfies

(8.6) Yr € W (Yr—1) 0 W (Yrs1),

and we do so in all that follows.

Lemma 8.10. — Let v = [yo,-..,Yn] be a loop with slow recurrence and y, be the
corresponding pivot. Then, there is T > 0 such that for any small € > 0 and any
tangent vector B supported on B(y,, &),

||8BHB)%l_1’l(B)|| < gV'7/e ||B||0”3 for any l # r, and
108 Hp o0 (B) + Blyr) ™ Blur) Hiy, | < 0V | Bllos.
Proof. — By Definition 8.1, there exists ¢ > 0 such that
dist(f* (1), yr) > ¢/(1 +k?) for all (I,k) € {0,...,n} x Z, (I,k) # (r,0).
Consider ¢ < ¢/2. Then B(y,, &) contains no other node of the loop. Moreover, for

any 0 <! <nand any k > 1,

¥(y) € B(y,,e) => |k| > t(e), where t(e) = \/c/e — 1.

Let us denote by OpHp ~,1—1,1,4(c)(B) the t-tail of the derivative, that is, the sum over
i > t in Proposition 3.5 (case %, = s) or Proposition 3.7 (case %, = u). Then, for
any B € TpG"*(M,d,K) supported in B(y,,¢), the expression in Proposition 3.5
becomes

(8.7) OpHE ~1-11(B) = 0gHp o 1-1,,4(c)(B)
for all [ # r, and
(8.8) OHEB r—1,(B) = _B(yr)_lB(yT)HISS,yT_l,yT + aBHB,'y,l—l,l,t(e)(B)

for [ = r. This applies to the loop legs with symbol *; = s. Observing that the sum
in Proposition 3.7 does not include the term ¢ = 0, we conclude that (8.7) extends to
all loop legs with symbol *; = u. Next, by Corollaries 3.6 and 3.8,

(8.9) 105 H y,1-1,(B)|| < Cs(a) 8" || Bllo,s,

for every 1 < 1 < n and any ¢t > 0, where a is an upper bound for the distances
between consecutive loop nodes. Choose any 7 < ¢/2. The lemma follows directly
from (8.7), (8.8), (8.9) with ¢t = t(e), because 6 < 1 and the choices of € and 7 ensure

t(e) > \/7/e. O
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Corollary 8.11. — Let v; = [y, v, . .. ,y;(i)], 1 < ¢ < m be a family of loops at x with
slow recurrence and y,;y, 1 < ¢ < m be the corresponding pivots. Then there exists
7 > 0 such that, for any small e > 0, any 1 < j < m, and any tangent vector B
supported on B(yl,e), r = r(j)

108 H v, 1-12(B)|| < 6V7/%||Bllog  for all (i,1) # (j,r), and

105 H5 vy 1.0 (B) + B BEOH, Il <0V [Blos.

r—1

Proof. — The case ¢ = j is contained in Lemma 8.10. The cases i # j follow from the
same arguments, observing that

dist(f*(y}),v?) > ¢/(1 + k%) for every k € Z

and so f¥(y}) € B(y},e) implies |k| > t(¢), for every 0 < I < n(i). O
Corollary 8.12. — Letv; = [y, v, .. ,yz(i)], 1 <i < m be a family of loops at x with
slow recurrence, and y;y, 1 < i < m be the corresponding pivots. Then, there exists
K1 > 0 such that, for any small e > 0, any 1 < j < m, and any tangent vector B
supported on B(yl,¢), r = r(j)

105 Hp , (B)I| < Kr0V7/% |Bllos  for alli # j, and

108 Hp 1+, (B) + Hp o, vy BWl) " Byl Hp 5y 00| < K10V7/%||Bllo,g
Proof. — This follows from replacing in (8.5) the estimates in Corollary 8.11. By
part (e) of Proposition 3.2, the factors Hp 4, 0:-1 and Hp -, () are bounded by

some uniform constant K that depends only on the loops. Then, for every i # j,
Corollary 8.11 and the relation (8.5) gives

n(i)
108Hp ~,(B)| <> K3105Hp11-1(B)ll < K16V ||Bllo s,
=1

as long as we choose K; > K2 max; n(i). This gives the first part of the corollary. Now
we consider ¢ = j. For the same reasons as before, all but one term in the expression

(8.5) are bounded by K30V /|| Blo.5. The possible exception is
HB?'VJ' T (J) I:aBHB")’j 77"_137‘(3)] HB,’YJ',O,T—17
corresponding to [ = r. By Corollary 8.11, this last expression differs from
_ HB,W,r,n(j)B(yZ)_IB(yi)H;,yz_l’yZHB,vj,O,rﬂ =
- HB,’yj,r,n(j)B(yz)_lB(yg)HB,'yj,O,T

by a term bounded by K30V7/¢||B|o.5. This completes the proof. O
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Lemma 8.13. — Let v = [yo,-.-,Yn] be a loop at x € M and 0 < r < n be fived. Then
the linear map

S : TBﬁr’a(M, d,K) — Tuy ., GL(d,K,) ~ Z’(Ki,Kg)
B = _HB,'y,T,nB(yr)_lB(yr)HB,%O,r

is surjective, even restricted to the subspace of tangent vectors B vanishing outside
some neighborhood of y,.. More precisely, there exists K3 > 0 such that for 0 <e <1
and © € L (K4 K?) there exists Bo € TG (M, d,K) vanishing outside B(y,,e) and
such that S(Be) = © and || Bellos < Kz 7 ©)].

Proof. — Let 7 : M — [0,1] be a C™* function vanishing outside B(y,,¢) and such
that 7(y,) = 1 and the Holder constant Hg(1) < 2¢7P. For © € £(K% K?), define

Be € TpG"“(M,d,K) by
Bo(w) = B(y,) Hg}, ., © B(y,) " 7(w) B(w) Hg .

B,y,r,n 17,0,

Notice that Be(y,) = B(y,) Hg* G)H];,ly,o,r and so S(Be) = ©. Moreover,

YT,
(8.10) 1Belloo < IHg ) ull 1HE 5 0,0 B 1B )~ I Bllo,o O]l

For any w,ws € M the norm of Be(w;) — Be(ws) is bounded by

1H G ol 1 5 0, 1B @) B (ye) ™
(IIT(w1) = T(w2)|[[| B(wi)[| + |7(w2)|[[ B(w:) — B(wz)ll) 1e]-
Consequently, the Holder constant Hg (B@) of Bg is bounded above by
8.11)  Hz W MHE o MBI IB) " (267711 Bllo,o + Hs(B)) ©]-
Adding the inequalities (8.10) and (8.11), and taking
Ks = |Hg ), ol 1H5 5 o, BT IB ) HIBllo,s,
one obtains ||Be|los < Kze 0] O

Proof of Proposition 8.8. — For each 1 < j < m, let S; be the operator associated
to v =y, as in Lemma 8.13. Let ©; be any element of the unit sphere in £(K,,K;).
By Lemma 8.13, for any small ¢ > 0 there exists a tangent vector B(j, ©;) supported
in B(yi(j), ¢) such that
Si(B(5,0,)) =©; and |B(j, ;)| < Kz’
By Corollary 8.12, the norm of
(0pHp,,,-.-,05Hp,,,...,05Hp,)(B) = (0,...,0,5;(B),0,...,0)
is bounded above by K30V 7/¢||B|, for any tangent vector supported in B(yf(j),e).
For B = B(j,0;) this gives that
||(aBHB,717 s 783HB,’Y;" EARE) aBHB,’Ym)(B(j’ @j)) - (07 -0, 6.1'70’ s 70)”
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is bounded by K1K30V7™/¢=F. Assume e > 0 is small enough so that
K1 K30V7/5e7F < 1/(2m).

Then for any © = (©4,...,0,,) with ©; in the unit sphere of ¥(K;,K;) we find a
tangent vector B(0) = >y B(j, ©,) supported on the e-neighborhood of the pivots
and such that

| (0HB s ---,0HE A, ) (B(©)) — O] < 1/2.
This implies that the image of the derivative (O0Hp +,,...,0Hp ~,, ) is the whole target
space £(KZ,K2)™, as claimed. O

8.3. Invariant measures of generic matrices. — Finally, we prove Theorem A.
The only missing ingredient is

Proposition 8.14. — Given £ > 1, let Go be the set of (Ay,...,As) € GL(d,K)?¢ such
that there exists some probability n in P(C) invariant under the action of A; for every
1 < i <20 Then Goy is closed and nowhere dense, and it is contained in a finite
union of closed submanifolds of codimension > £.

Remark 8.15. — The arguments that we are going to present remain valid if one
replaces GL(d, K) by the subgroup SL(d, K) of matrices with determinant 1: just note
that the curves B(t) defined in (8.13) and (8.17) lie in SL(d, K) if the initial matrix A
does. Thus, the proposition holds for SL(d, K) as well.

Let us assume this proposition for a while, and use it to conclude the proof of the
theorem in the complex case. Let A € "% (M, d,K) be fiber bunched. Fix any £ > 1
and z € M. By Proposition 8.2 there is a family v;, 1 < i < 24, of loops at x with
slow recurrence. By Proposition 8.8, the map

U>Bw (Hgy,-- Hp y,) € GL(d,K,)?

is a submersion, where % is a neighborhood of A independent of £. Let Z be the pre-
image of G3¢ under this map. Then Z is closed and nowhere dense, and it is contained
in a finite union of closed submanifolds of codimension > #.

We claim that A_ (B, u) < A (B, u) for all B € %\ Z. Indeed, suppose the equality
holds, and let m be any P(Fp)-invariant probability that projects down to u. By
Theorem B, the measure m admits a disintegration {m, : z € M} which is invariant
under strong-stable holonomies h® = P(H?®) and strong-unstable holonomies h* =
P(H™), on the whole manifold M. In particular,

(8.12) P(HB,y,)sMg = mg for every 1 < i < 20

This contradicts the definition of Gy, and this contradiction proves our claim. Let Zg
be the set of fiber bunched B € §"*(M,d,K) for which A_(B,u) = A\ (B, u). We
have shown that any fiber bunched A € &"“(M, d, K) admits a neighborhood % such
that, for any £ > 1, there exists a nowhere dense subset Z of % contained in a finite
union of closed submanifolds of codimension > £ and such that Zo N % C Z. Thus,
the closure of Zy has infinite codimension and, in particular, is nowhere dense.
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The proof of Theorem A has been reduced to proving Proposition 8.14. The proof
of the proposition is presented in the next two sections.

8.3.1. Complex case. — Let S be the subset of matrices A € GL(d, C) whose eigen-
values are all distinct in norm. Then, S is an open and dense subset of GL(d, C) whose
complement is contained in a finite union of closed manifolds of positive codimension.
We use the following fact about variation of eigenvectors inside S:

Lemma 8.16. — Let A € S. Then there exist C* functions A\; : Sy — C and v; : Sy —
P(C?) defined on an open neighborhood Sy of A, for each 1 < i < d, such that v;(B) is
the direction of an eigenvector of B associated to the eigenvalue \;(B), for any B € Sy.
Furthermore, the map Sy — P(C%)?, B (vy(B),...,vqa(B)) is a submersion.

Proof. — Since each eigenvalue \;(4) is a simple root of the polynomial det(A — \id),
it has a C'*° continuation \;(B) for all nearby matrices, given by the implicit function
theorem. Denote L;(B) = B— \;(B) id. It depends smoothly on B € Sy and, since \;(B)
remains a simple eigenvalue of B, it has rank d — 1. Since the entries of adj(L;(B)) are
cofactors of L;(B), the adjoint is a non-zero matrix that also varies in a C*° fashion
with B. Moreover,

L:(B) - adj(L;(B)) = det(L;(B))id = 0.

This means that any non-zero column of adj(L;(B)) is an eigenvector for L;(B), de-
pending in a C'* fashion on the matrix, and so we may use it to define a function
v;(B) as in the statement. To check that the derivative of v at A is onto just consider
any differentiable curve (—¢,€) 3t — (61(t), ..., Ba(t)) such that 8;(0) = v;(4) for all
i=1,...,d. Define P(t) = [B1(t), ..., Ba(t)], that is, P(t) is the matrix whose column
vectors are the (3;(t). Then define

(8.13) B(t) = P(t) diag[A\i(A), ..., Aa(R)]P(t) " .

Then, B(0) = A and v(B(t)) = (B1(t), ..., B4(t)) for all ¢t. In particular, the derivative
Duv(A) maps B'(0) to (57(0),...,55(0)). So, the derivative is indeed surjective. O

Let Z; be the subset of A = (Aq,...,Aq) such that A; ¢ S for at least £ values
of i. Then Z; is closed and it is contained in a finite union of closed submanifolds of
codimension > ¢. For every A ¢ Z; there are at least £+1 matrices A; whose eigenvalues
all have distinct norms. Restricting to some open subset ¢ of the complement of Z1,
and renumbering if necessary, we may suppose that these matrices are Ay,...,Apyq.
By Lemma 8.16, reducing ¥ if necessary, the map

V\Zi>5A— (Uj(Ai))lngd, 1<i<e+1 © P(Cd)d([H)

is a submersion. Consequently, there exists a closed subset Z5 of ¥\ Z; contained
in a finite union of closed submanifolds of codimension > ¢ such that for every A €
Y\ (Z1 U Z3) there exists some 1 < i < £ such that

(8.14) va(8;) # vp(Agy1) for every a, b e {1,...,d}.
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Now it suffices to prove that Go, N ¥ is contained in Z; U Z5. Indeed, suppose there
is A € Gog NV \ (Z1 U Z3). By the definition of Gy, there exists some probability
measure 7 on P(C?) such that

(8.15) (A))«m=mn forevery 1 <I1<20

Consider [ = i, as in (8.14), and also | = £ + 1. Since all the eigenvalues of A; have
distinct norms, n must be a convex combination of Dirac masses supported on the
eigenspaces of A;. For the same reason, n must be supported on the set of eigenspaces
of Agy1. However, (8.14) means that these two sets are disjoint, and so we reached a
contradiction. This contradiction proves Proposition 8.14 in the complex case.

8.3.2. Real case. — The proof for real matrices is a bit more complicated due to the
possibility of complex conjugate eigenvalues. In particular, the set of matrices whose
eigenvalues are all distinct in norm is not dense. This difficulty has been met before
by Bonatti, Gomez-Mont, Viana [7], and we use a similar approach in dimensions
d > 3. For d = 2 we use a different argument, based on the conformal barycenter
construction of Douady, Earle [11].

For each r,s > 0 with r +2s = d, let S(r, s) be the subset of matrices A € GL(d, R)
having r real eigenvalues, and s pairs of (strictly) complex conjugate eigenvalues, such
that all the eigenvalues that do not belong to the same complex conjugate pair have
distinct norms. Every S(r, s) is open and their union S = U, ,S(r, s) is an open and
dense subset of GL(d,R) whose complement is contained in a finite union of closed
submanifolds with positive codimension. Let Grass(k,d) denote the k-dimensional
Grassmannian of Rd, for 1 < k < d. In what follows we often think of elements
of Grass(2,d) as subsets of Grass(1,d) = P(R?).

Lemma8.17. — Let = {[(r1,...,ra)e®] € P(C?) : 0 € [0,2n], (r1,...,7q) € R}.
Then  is closed in P(C?) and the map ¥ : P(CH)\F — Grass(2,d) defined
by ¥(v) = Span {Re(v),Im(v)} is a submersion.

Proof. — First, we recall the usual local charts in Grass(2,d). Let eq,...,eq the
canonical base of R and 1 < i < j < d be fixed. For any d x 2 matrix A we de-
note by ¢(A) the 2 x 2 matrix formed by the ith and jth rows of A and by ¢*(4) the
(d — 2) x 2 matrix formed by the other rows of A. Let U; ; be the open set of planes
L € Grass(2,d) such that the orthogonal projection of L to Span {e;, e;} is an isomor-
phism. This means that if L € U; ; with L = Span {v1,v2} then (A7) is invertible,
where Ay, = [v1,v2] is the matrix whose columns are the vectors vy, vy. Then the map
¢:U;; — R2(4=2) defined by (L) = ¢*(Ar)p(AL) ™", where we identify (d — 2) x 2
matrices with points in R2(4=2)_is a local chart in the Grassmannian.

Now, note that v, o € C? are linearly independent if and only if v € P(C?)\Z.
Moreover, in that case Re(v), Im(v) are C-linearly independent and, in particular, ¥ (v)
is well defined. It is clear from its expression in local charts that W is differentiable.
Moreover, still in local charts, its derivative is given by

DU (v)o = p*(h)p(A) ™" — p*(A)p(8) Tp(h)p(a) 7,
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where v € T,P(C?%), A = [Re(v),Im(v)] and A = [Re(?), Im(9)]. Let B be in the tangent
space Ty () Grass(2,d). Then B is a (d — 2) x 2 matrix with real entries. Let A be the
d x 2 matrix defined by ¢*(A3) = Bp(A) and ¢(h;) = 0. Since, Ay = [01, V2], we have
that DV (v)(%; + i92) = B. This finishes the proof of the lemma. O

Lemma 8.18. — Let A € S(r,s). Then there exists an open neighborhood Sy of A and
there exist C*° functions

Aj:Si— R, & :8Sy— Grass(l,d), for1<j<r, and

pr Sy — C\R, ng: Sy — Grass(2,d), forl<k<s,

such that £;(B) is the eigenspace of B associated to the eigenvalue A;(B), and nx(B)
is the characteristic space associated to the conjugate pair of eigenvalues ux(B) and
fix(B). Furthermore, the map

Sy — Grass(1,d)" x Grass(2,d)*, B (&(B)i<j<r, Mk(B)1<k<s)

is a submersion.

Proof. — Existence and regularity of the eigenvalues ); and pj follow from the
implicit function theorem. Moreover, the arguments in Lemma 8.16 imply that if
v;(B) is an eigenvector associated to the eigenvalue A;(B), for j = 1,...,r, and
Urt2k—1(B), vrr2r(B) are eigenvectors associated to ug(B), fix(B), respectively, for k =
1,...,s, then the map ® defined by

(8.16) B(B) = (v1(B), ..., vr(B), vy41(B),. .., v 2s(B)) € P(RY)" x P(C%)*

is C*°. We are going to show that this map is a submersion on some open neighborhood
Sy of A. For this, it is sufficient to show that the derivative D®(A) is onto. Consider
any differentiable curve (—¢,¢) 3 t — (B1(¢),...,Br4+s(t)) such that 3;(0) = v,(4)
for j=1,...,7 and B,4%(0) = vy4or_1(4) for k =1,...,s. Define

P(t) = [/Bl(t)a cee 7/37‘(t)7ﬁ7'+17/37‘+15 s 7/Br+s»6r+s]»and
B(t) = P(t) dia’gp\l(A)ﬂ Tt )\T(A),,ul(A), ﬁl(A)7 o 'aﬂs(A)ﬁjs(A)] P(t)_l'

Observe that ¢ — B(t) is a curve in GL(d,R), with B(0) = A. Observe also that
®(B(t)) = (B1(t),...,0Brss(t) for all t € (—¢,¢), and so DP(A) maps B'(0) to the
vector (81(0),..., 0B/, ,(0)). So, the derivative is indeed surjective. Finally, define

(8.17)

£i(B)=wv;(B) forj=1,...,7 and
1, (B) = Span {Re(vy4ok—1), Im(vpq0k—1)} for k=1,...,s.
Clearly these maps are C*°. Moreover, since (8.16) is a submersion, Lemma 8.17

implies that B — (&;(B)i<j<r, M:(B)1<k<s) is a submersion. O

Let Z; be the subset of A = (A1,...,A9) such that A; ¢ S for at least ¢ values
of 7. Then Z; is closed and it is contained in a finite union of closed submanifolds
of codimension > £. For every A ¢ Z; there are at least £ + 1 values of i such that
A; € S, that is, A; € S(r;, s;) for 7; and s;. Restricting to some open subset 9/ of the
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complement of 7, and renumbering if necessary, we may suppose that these matrices
are Ay, ..., Ay ;. By Lemma 8.18, reducing ¥ if necessary, the map

(8.18) V\Z1 54— (@(Ai)lgjgri, nk(Ai)lgkgsi)1<i<Z+l

is a submersion.

Assume first that d > 4, and so dim P(R?) > 3. Since the £;(A) are points and the
N, (A) are lines in the projective space, it follows that there exists a closed subset Z
of ¥\ Z; contained in a finite union of closed submanifolds of codimension > ¢ such
that for every A € V' \ (Z1 U Z5) there exists some 1 < i < £ such that

(8.19) €a(Ai) # &o(Art1)
(8.20) a(Bi) € me(Bey1) and  &(Ai) & na(Aet1)
(8.21) Ne(Ai)Ma(Aet1) = @

for every 1 < a < 7(4;), 1 < b < r(Ap41), 1 < ¢ < s(A;), and 1 < d < s(Apy1)-
Now it suffices to prove that Go, N ¥/ is contained in Z; U Z5. Indeed, suppose there
is A € Goy NV \ (Z1 U Z3). By the definition of Gy, there exists some probability
measure 17 on P(C?) such that

(8.22) (A)«n=mn forevery 1<I1<20

Consider both [ = 4, as in (8.19)—(8.21), and [ = £ + 1. Since all the eigenvalues of A;
have distinct norms, apart from the complex conjugate pairs, the measure 7 must be
supported on

S(a) = [JLg @ u | me@).
j=1 k=1

Analogously, n must be supported on ¥(As41). However, conditions (8.19)—(8.21) mean
that the two sets X(4;) and X(Asy1) are disjoint. This contradiction proves the propo-
sition in any dimension d > 4.

For d = 3 the projective space P(R?) is only 2-dimensional, and so one can not
force a pair of 1-dimensional submanifolds 7 (A) to be disjoint, as required in (8.21).
However, the argument can easily be adapted to cover the 3-dimensional case as well.
Firstly, one replaces (8.21) by

(8.23) Ne(8i) # na(Aev1)

for every 1 < ¢ < s(A;) and 1 < d < s(Agq1). (Both (8.21) and (8.23) are void if
either s(A;) = 0 or s(Asy1) = 0; the only other possibility is s(A;) = s(Ags1) = 1, with
¢ = d = 1.) Then the argument proceeds as before, except that we may no longer
have disjointness: when s =1,

Z(8:) N E(Agr1) = m1(K:) N1 (Aegr)

consists of exactly one point in projective space. Then n must be a Dirac measure
supported on this point. However, in view of (8.22), this would have to be a fixed point
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of A; contained in 7 (4;), which is impossible because the eigenspace 7;(A;) contains
no invariant line. Thus, we reach a contradiction also in this case.

Now we deal with the case d = 2. Let Z; be as in the previous cases: for every
A ¢ Z, there are at least ¢ + 1 values of ¢ such that 4; € S = S(2,0) U S(0,1). As
before, it is no restriction to assume that these matrices are Aq,...,Ap;1. There are
three cases to consider:

First, suppose there exist 1 < 4,57 < £+ 1 such that A; € S(2,0), that is, it has
two real (distinct) eigenvalues, and A; € S(0,1), that is, it has a pair of complex
eigenvalues. We claim that in this case A can not belong to Go,. Indeed, on the one
hand, any probability measure 1 on P(R?) which is invariant under A; € S(2,0) must
be a convex combination of Dirac masses at the two eigenspaces. On the other hand,
the action of A; € S(0,1) on the projective space is a rotation whose angle is not a
multiple of 7, and so it admits no such invariant measure.

Next, suppose all the matrices are hyperbolic: A; € 5§(2,0) for all 1 <4 < ¢. In this
case one can use precisely the same argument as we did before in higher dimensions
(conditions (8.20) and (8.21)-(8.23) become void). One finds a closed subset Z» con-
tained in a finite union of submanifolds with codimension > ¢ such that Gy N ¥ is
contained in Z; U Z5.

Finally, suppose all the matrices are elliptic: 4; € S(0,1) for all 1 <4 < £. Recall
that every matrix A € GL(2,R) with positive determinant induces an automorphism
h, of the Poincaré half plane H:

(8.24) A=<“ b) L (e = D

¢ d cz+d’

The action of A on the projective plane may be identified with the action of h, on the
boundary of H, via

OH — P(R?), 2w [(z,1)]

(including = o0) so that P(A)-invariant measures on the projective plane may be
seen as hy-invariant measures sitting on the real axis. It is also easy to check that hy
has a fixed point in the open disc H if and only if A € S(0,1). Define ¢(A) to be this
(unique) fixed point. It is easy to see that the A — ¢(A) is a C' submersion: just use
the explicit expression for the fixed point extracted from (8.24). The key feature is
the following consequence of a classical construction of Douady, Earle [11]:

Lemma 8.19. — If A, B € S(0,1) have some common invariant probability measure u

on OH then ¢(A) = ¢(B).

Proof. — 1t is clear that elliptic matrices have no invariant measures with atoms
of mass larger than 1/3: such atoms would correspond to periodic points of A in the
projective plane with period 1 or 2, which would contradict the definition of S(0,1). In
Proposition 1 of [11] a map u — B(u) is constructed that assigns to each probability
measure y with no atoms of mass > 1/2 (see Remark 2 in [11, page26]) a point B(u)
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in the half plane H, in such a way that
B(h.u) = h(B(p)) for every automorphism h : H — H.

When p is A-invariant this implies hy(B(p)) = B((ha)«pt) = B(p), and so the con-
formal barycenter B(u) must coincide with the fixed point ¢(A) of the automorphism
hy. Thus, if 4 is a common invariant measure then ¢(A) = B(u) = ¢(B). O

It follows from the previous observations that the map

V\Z135 A~ ($(A)) € AL

1<i<t+1
is a submersion. Hence, there exists a closed subset Z5 of 9\ Z; contained in a
finite union of closed submanifolds of codimension > £ such that for every A € 9\
(Z1UZ5) there exists some 1 < ¢ < £ such that ¢(4;) # ¢(As11). Thus, we may apply
Lemma 8.19 to conclude that if A € ¥\ (Z1UZ3). In other words, Go,N Y is contained
in Zl U 22.

The proofs of Proposition 8.14 and Theorem A are now complete.

References

[1] A. AviLa & M. ViaNa — “Simplicity of Lyapunov spectra: a sufficient criterion”, Port.
Math. (N.S.) 64 (2007), p. 311-376.

[2] , “Simplicity of Lyapunov spectra: proof of the Zorich-Kontsevich conjecture”,
Acta Math. 198 (2007), p. 1-56.
[3] , “Extremal Lyapunov exponents: an invariance principle and applications”, In-

vent. Math. 181 (2010), p. 115-189.

[4] A. AviLa, M. VIANA & A. WILKINSON — “Absolute continuity, Lyapunov exponents
and rigidity I: geodesic flows”, preprint arXiv:1110.2365.

[5] P. BILLINGSLEY — Convergence of probability measures, John Wiley & Sons Inc., 1968.

[6] J. BocHI & M. VIANA — “Lyapunov exponents: how frequently are dynamical systems
hyperbolic?”, in Modern dynamical systems and applications, Cambridge Univ. Press,
2004, p. 271-297.

[7] C. BonarTi, X. GOMEZ-MONT & M. VIANA — “Généricité d’exposants de Lyapunov
non-nuls pour des produits déterministes de matrices”, Ann. Inst. H. Poincaré Anal.
Non Linéaire 20 (2003), p. 579-624.

[8] C. BoNATTI & M. VIiANA — “Lyapunov exponents with multiplicity 1 for deterministic
products of matrices”, Ergodic Theory Dynam. Systems 24 (2004), p. 1295-1330.

[9] M. BrIN & Y. PESIN — “Partially hyperbolic dynamical systems”, Izv. Acad. Nauk.
SSSR 1 (1974), p. 177-212.

[10] K. BurNs & A. WILKINSON — “On the ergodicity of partially hyperbolic systems”,
Ann. of Math. 171 (2010), p. 451-489.

[11] A. Douapy & C. J. EARLE — “Conformally natural extension of homeomorphisms of
the circle”, Acta Math. 157 (1986), p. 23-48.

[12] H. FURSTENBERG — “Noncommuting random products”, Trans. Amer. Math. Soc. 108
(1963), p. 377-428.

[13] H. FURSTENBERG & H. KESTEN — “Products of random matrices”, Ann. Math. Statist.
31 (1960), p. 457-469.

SOCIETE MATHEMATIQUE DE FRANCE 2013


http://arxiv.org/abs/1110.2365

74

[14]

[15]

[16]
[17]
[18]

[19]

[20]
[21]
22]
[23]

[24]
[25]

[26]

[27]

A. AVILA, J. SANTAMARIA & M. VIANA

N. GoUurRMELON — “Adapted metrics for dominated splittings”, Ergodic Theory Dynam.
Systems 27 (2007), p. 1839-1849.

M. W. HirscH & C. C. PuGgH — “Stable manifolds and hyperbolic sets”, in Global
Analysis (Proc. Sympos. Pure Math., Vol. XIV, Berkeley, Calif., 1968), Amer. Math.
Soc., 1970, p. 133-163.

M. W. HirscH, C. C. PugH & M. SHUB — Invariant manifolds, Lecture Notes in
Math., vol. 583, Springer, 1977.

D. HUSEMOLLER — Fibre bundles, third ed., Graduate Texts in Math., vol. 20, Springer,
1994.

J. F. C. KiINGMAN — “The ergodic theory of subadditive stochastic processes”, J. Roy.
Statist. Soc. Ser. B 30 (1968), p. 499-510.

F. LEDRAPPIER — “Positivity of the exponent for stationary sequences of matrices”, in
Lyapunov exponents (Bremen, 1984 ), Lecture Notes in Math., vol. 1186, Springer, 1986,
p. 56-73.

C. PugH & M. SHUB — “Stably ergodic dynamical systems and partial hyperbolicity”,
J. Complexity 13 (1997), p. 125-179.

___,“Stable ergodicity and julienne quasi-conformality”, J. Eur. Math. Soc. (JEMS)
2 (2000), p. 1-52.

F. Ropricuez HErTz, M. A. ROoDRIGUEZ HERTZ, A. TAHZIBI & R. URES — “Creation
of blenders in the conservative setting”, Nonlinearity 23 (2010), p. 211-223.

V. A. RoOHLIN — “On the fundamental ideas of measure theory”, Mat. Sbornik N.S.
25(67) (1949), p. 107-150.

M. SuUB — Global stability of dynamical systems, Springer, 1987.

M. ViaNa — “Almost all cocycles over any hyperbolic system have nonvanishing Lya-
punov exponents”, Ann. of Math. 167 (2008), p. 643—680.

M. Viana & J. YANG —“Physical measures and absolute continuity for one-dimensional
center direction”, Ann. Inst. H. Poincaré Anal. Non Linéaire 30 (2013), p. 845-877.
A. WIiLkINSON — “The cohomological equation for partially hyperbolic diffeomor-
phisms”, preprint arXiv:0809.4862.

A. AviLa, CNRS UMR 7586, Institut de Mathématiques de Jussieu - Paris Rive Gauche, Batiment

Sophie Germain, Case 7012, 75205 Paris Cedex 13, France / IMPA — Estrada D. Castorina 110,
Jardim Botanico, 22460-320 Rio de Janeiro — Brazil e FE-mail : artur@math. jussieu.fr

J. SaANTAMARIA, IMPA — Estrada D. Castorina 110, Jardim Botéanico, 22460-320 Rio de Janeiro —

Brazil e FE-mail : jimmath@impa.br

M. Viana, IMPA — Estrada D. Castorina 110, Jardim Botanico, 22460-320 Rio de Janeiro —

Brazil e FE-mail : viana@impa.br

ASTERISQUE 358


http://arxiv.org/abs/0809.4862

Astérisque
358, 2013, p. 75-165

THE COHOMOLOGICAL EQUATION FOR PARTIALLY
HYPERBOLIC DIFFEOMORPHISMS

by

Amie Wilkinson

Abstract. — We develop criteria for the existence and regularity of solutions to the
cohomological equation over an accessible, partially hyperbolic diffeomorphism.

Résumé. — Nous développons des critéres pour ’existence et la régularité des so-
lutions de I’équation cohomologique au dessus d’un difféomorphisme partiellement
hyperbolique et accessible.

Introduction

Let f: M — M be a dynamical system and let ¢: M — R be a function. Consid-
erable energy has been devoted to describing the set of solutions to the cohomological
equation:

(1) p=dof— O,

under varying hypotheses on the dynamics of f and the regularity of ¢. When a so-
lution ®: M — R to this equation exists, then ¢ is a called coboundary, for in the
appropriate cohomology theory we have ¢ = d®. For historical reasons, a solution ®
to (1) is called a transfer function. The study of the cohomological equation has seen
application in a variety of problems, among them: smoothness of invariant measures
and conjugacies; mixing properties of suspended flows; rigidity of group actions; and
geometric rigidity questions such as the isospectral problem. This paper studies solu-
tions to the cohomological equation when f is a partially hyperbolic diffeomorphism
and ¢ is C”, for some real number r > 0.

A partially hyperbolic diffeomorphism f: M — M of a compact manifold M is
one for which there exists a nontrivial, T'f-invariant splitting of the tangent bundle
TM = E° @ E° @ E* and a Riemannian metric on M such that vectors in E° are
uniformly contracted by T f in this metric, vectors in E* are uniformly expanded, and

2010 Mathematics Subject Classification. — 37A20, 37D25, 37D30; 37A50, 37C40.
Key words and phrases. — Partial hyperbolicity, abelian cocycle, cohomological equation, Liv8ic theory,
holonomy invariance, rigidity.
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76 A. WILKINSON

the expansion and contraction rates of vectors in E° is dominated by the corresponding
rates in E* and E°, respectively. An Anosov diffeomorphism is one for which the
bundle E¢ is trivial.

In the case where f is an Anosov diffeomorphism, there is a wealth of classical
results on this subject, going back to the seminal work of Liv8ic, which we summarize
here in Theorem 0.1. Here and in the rest of the paper, the notation C*, for k € Z,
a € (0,1], means C*, with a-Holder continuous kth derivative (where C%%, o € (0,1]
simply means a-Hoélder continuous). For o € (0,1), C* means a-Ho6lder continuous.
More generally, if 7 > 0 is not an integer, then we will also write C" for Cl7J.7=1],

Theorem 0.1. — [23, 24, 25, 15, 16, 28, 19, 26] Let f: M — M be an Anosov
diffeomorphism and let ¢ : M — R be Hélder continuous.

I. Existence of solutions. If f is C! and transitive, then (1) has a continuous
solution ® if and only if >, cpd(x) =0, for every f-periodic orbit f.

II. Holder regularity of solutions. If f is C', then every continuous solution
to (1) is Holder continuous.

III. Measurable rigidity. Let f be C? and volume-preserving. If there exists a
measurable solution ® to (1), then there is a continuous solution ¥, with ¥ = & a.e.

More generally, if f is C" and topologically transitive, for r > 1, and u is a Gibbs
state for f with Hélder potential, then the same result holds: if there exists a measur-
able function ® such that (1) holds p-a.e., then there is a continuous solution U, with
U =27&, y-a.e.

IV. Higher regularity of solutions. Suppose that r > 1 is not an integer, and
suppose that f and ¢ are C". Then every continuous solution to (1) is C".

If f and ¢ are C*, then every continuous solution to (1) is C*.

If f and ¢ are real analytic, then every continuous solution to (1) is real analytic.

There are several serious obstacles to overcome in generalizing these results to
partially hyperbolic systems. For one, while a transitive Anosov diffeomorphism has
a dense set of periodic orbits, a transitive partially hyperbolic diffeomorphism might
have no periodic orbits (for an example, one can take the time-t map of a transitive
Anosov flow, for an appropriate choice of t). Hence the hypothesis appearing in part
I can be empty: the vanishing of >~ .y ¢(x) for every periodic orbit of f cannot be a
complete invariant for solving (1).

This first obstacle was addressed by Katok and Kononenko [20], who defined a
new obstruction to solving equation (1) when f is partially hyperbolic. To define
this obstruction, we first define a relevant collection of paths in M, called su-paths,
determined by a partially hyperbolic structure.

The stable and unstable bundles E° and E" of a partially hyperbolic diffeomor-
phism are tangent to foliations, which we denote by W® and W" respectively [5].
The leaves of W’ and W" are contractible, since they are increasing unions of sub-
manifolds diffeomorphic to Euclidean space. An su-path in M is a concatenation of
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finitely many subpaths, each of which lies entirely in a single leaf of UW* or a single
leaf of W". An su-loop is an su-path beginning and ending at the same point.

We say that a partially hyperbolic diffeomorphism f : M — M is accessible if
any point in M can be reached from any other along an su-path. The accessibility
class of z € M is the set of all y € M that can be reached from z along an su-path.
Accessibility means that there is one accessibility class, which contains all points.
Accessibility is a key hypothesis in most of the results that follow. We remark that
Anosov diffeomorphisms are easily seen to be accessible, by the transversality of E*
and E® and the connectedness of M.

Any finite tuple of points (zg,1,...,2x) in M with the property that z; and ;11
lie in the same leaf of either W° or W", fori = 0,...,k—1, determines an su-path from
o to x; if in addition z = xg, then the sequence determines an su-loop. Following
[1], we call such a tuple (xg,z1,...,2%) an accessible sequence and if o = i, an
accessible cycle (the term periodic cycle is used in [20]).

For f a partially hyperbolic diffeomorphism, there is a naturally-defined periodic
cycles functional

PCF': {accessible sequences} x C*(M) — R.

which was introduced in [20] as an obstruction to solving (1). For x € M and z’ €
W*(z), we define:

PCFuné = o(f " (x) — ¢(f(z)),

i=1
and for 2’ € W*(x), we define:

o0
PCFuané =Y o(f'(a) — 6(f ().

i=0
The convergence of these series follows from the Holder continuity of ¢ and the expan-
sion/contraction properties of the bundles E* and E*. This definition then extends
to accessible sequences by setting PCF(,, . .,)¢ = Zf;ol PCF (g, 2..1)(9)-

Assuming a hypothesis on f called local accessibility™), [20] proved that the closely

related relative cohomological equation:

(2) p=Pof—D+ec,
has a solution ®: M — R and ¢ € R, with ® continuous, if and only if PCF,(¢) =0,
for every accessible cycle ~.

The local accessibility hypothesis in [20] has been verified only for very special
classes of partially hyperbolic systems, and it is not known whether there exist

(1) A partially hyperbolic diffeomorphism f: M — M is locally accessible if for every compact subset
M C M there exists k > 1 such that for any ¢ > 0, there exists § > 0 that for every z,z’ € M with
z € M; and d(z,z’) < &, there is an accessible sequence (z = zo, ...,z = z') from z to =’ satisfying

d(z;,xz) <e, and doy=(riy1,2;) <2, for i=0,...,k—1

where dq« denotes the distance along the W*® or W" leaf common to the two points.
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C'-open sets of locally accessible diffeomorphisms, or more generally, whether acces-
sibility implies local accessibility (although this seems unlikely). Assuming the strong
hypothesis that E* and E° are C* bundles, [20] also showed that a continuous
transfer function for a C*° coboundary is always C°.

The starting point of the results here, part I of Theorem A below, is the observation
that the local accessibility hypothesis in [20] can be replaced simply by accessibility.
Accessibility is known to hold for a C' open and dense subset of all partially hyper-
bolic systems [14], is C" open and dense among partially hyperbolic systems with
1-dimensional center [36, 7], and is conjectured to hold for a C" open and dense
subset of all partially hyperbolic diffeomorphisms, for all 7 > 1 [32]. Thus, part I of
Theorem A gives a robust counterpart of part I of Theorem 0.1 for partially hyperbolic
diffeomorphisms.

Another of the aforementioned major obstacles to generalizing Theorem 0.1 to the
partially hyperbolic setting is that the regularity results in part IV fail to hold for
general partially hyperbolic systems. Veech [37] and Dolgopyat [13] both exhibited
examples of partially hyperbolic diffeomorphisms (volume-preserving and ergodic)
where there is a sharp drop in regularity from ¢ to a solution ®. These examples are
not accessible. Here we show in Theorem A, part IV, that assuming accessibility and
a Cl-open property called strong r-bunching (which incidentally is satisfied by the
nonaccessible examples in [37, 13]), there is no significant loss of regularity between
¢ and ®.

Part III of Theorem 0.1 is the most resistant to generalization, primarily because a
general notion of Gibbs state for a partially hyperbolic diffeomorphism remains poorly
understood. In the conservative setting, the most general result to date concerning
ergodicity of for partially hyperbolic diffeomorphisms is due to Burns and Wilkinson
[9], who show that every C?2, volume-preserving partially hyperbolic diffeomorphism
that is center-bunched and accessible is ergodic. Center bunching is a C'-open prop-
erty that roughly requires that the action of Tf on E°€ be close to conformal, relative
to the expansion and contraction rates in E* and E* (see Section 2). Adopting the
same hypotheses as in [9], we recover here the analogue of Theorem 0.1 part III for
volume-preserving partially hyperbolic diffeomorphisms.

We now state our main result.

Theorem A. — Let f: M — M be partially hyperbolic and accessible, and let ¢ : M —
R be Hélder continuous.

I. Existence of solutions. If f is C', then (2) has a continuous solution ® for
some ¢ € R if and only if PCFg(¢) =0, for every accessible cycle .

II. Holder regularity of solutions. If f is C', then every continuous solution
to (2) is Holder continuous.

III. Measurable rigidity. Let f be C?, center bunched, and volume-preserving.
If there exists a measurable solution ® to (2), then there is a continuous solution ¥,
with ¥ = ® a.e.
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IV. Higher regularity of solutions. Let k > 2 be an integer. Suppose that f
and ¢ are both C* and that f is strongly r-bunched, for some r < k—1 orr = 1. If
® is a continuous solution to (2), then ® is C".

The center bunching and strong r-bunching hypotheses in parts III and IV are
C'-open conditions and are defined in Section 2. Theorem A part IV generalizes all
known C°° Livsic regularity results for accessible partially hyperbolic diffeomorph-
isms. In particular, it applies to all time-¢ maps of Anosov flows and compact group
extensions of Anosov diffeomorphisms. Accessibility is a C' open and C* dense condi-
tion in these classes [8, 6]. In dimension 3, for example, the time-1 map of any mixing
Anosov flow is stably accessible [6], unless the flow is a constant-time suspension of
an Anosov diffeomorphism.

We also recover the results of [13] in the context of compact group extensions of
volume-preserving Anosov diffeomorphisms. Finally, Theorem A also applies to all
accessible, partially hyperbolic affine transformations of homogeneous manifolds. A
direct corollary that encompasses these cases is:

Corollary 0.2. — Let f be C™, partially hyperbolic and accessible. Assume that T f|g-
is isometric in some continuous Riemannian metric. Let ¢: M — R be C*°. Suppose
there exists a continuous function ®: M — R such that

p=of— .

Then ® is C°. If, in addition, f preserves volume, then any measurable solution ®
extends to a C*> solution.

For any such f, and any integer k > 2, there is a C' open neighborhood U of f
in Diff* (M) such that, for any accessible g € U, and any C* function ¢: M — R, if

¢:<I)og—<I>7

has a continuous solution ®, then ® is C' and also C™, for allr < k — 1. If g also
preserves volume, then any measurable solution extends to a C" solution.

The vanishing of the periodic cycles obstruction in Theorem A, part I turns out to
be a practical method in many contexts for determining whether (2) has a solution.
On the one hand, this method has already been used by Damjanovi¢ and Katok to
establish rigidity of certain partially hyperbolic abelian group actions [12]; in this
(locally accessible, algebraic) context, checking that the PCF' obstruction vanishes
reduces to questions in classical algebraic K-theory (see also [11, 21]). On the other
hand, for a given accessible partially hyperbolic system, the PCF' obstruction provides
an infinite codimension obstruction to solving (2), and so the generic cocycle ¢ has
no solutions to (2). This latter fact follows from recent work of Avila, Santamaria and
Viana on the related question of vanishing of Lyapunov exponents for linear cocycles
over partially hyperbolic systems (see [1], Section 9).

As part of proof of Theorem A, part II, we also prove that stable and unsta-
ble foliations of any C* partially hyperbolic diffeomorphism are transversely Holder
continuous (Corollary 5.3). This extends to the C! setting the well-known fact that
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the stable and unstable foliations for a C1*? partially hyperbolic diffeomorphism are
transversely Holder continuous [33]. As far as we know, no previous regularity results
were known for C! systems, including Anosov diffeomorphisms.

In a forthcoming work [3] we will use some of the results here to prove rigidity
theorems for partially hyperbolic diffeomorphisms and group actions.

We now summarize in more detail the previous results in this area:

— Veech [37] studied the case when f is a partially hyperbolic toral automorphism
and established existence and regularity results for solutions to (1). In these
examples, there is a definite loss of regularity between coboundary and transfer
function. The examples studied by Veech differ from those treated here in that
they do not have the property of accessibility (although they have the weaker
property of essential accessibility).

— Dolgopyat [13] studied equations (1) and (2) for a special class of partially
hyperbolic diffeomorphisms — the compact group extensions of Anosov diffeo-
morphisms — in the case where the base map preserves a Gibbs state p with
Holder potential. Assuming rapid mixing of the group extension with respect
to u, [13] showed that if the coboundary ¢ is C*°, then any transfer function
® € L?(u x Haar) is also C*. Dolgopyat also gave an example of a partially
hyperbolic diffeomorphism with a C'>° coboundary whose transfer map is con-
tinuous, but not C'. This example, like Veech’s, is essentially accessible, but not
accessible. We note that when the Gibbs measure p is volume, then the rapid
mixing assumption in [13] is equivalent to accessibility.

— De la Llave [27], extended the work of [20] to give some regularity results
for the transfer function under strong (nongeneric) local accessibility /regularity
hypotheses on bundles. De la Llave’s approach focuses on bootstrapping the
regularity of the transfer function from L? to continuity and higher smooth-
ness classes using the transverse regularity of the stable and unstable foliations
in M. For this reason, he makes strong regularity hypotheses on this transverse
regularity.

While there are superficial similaries between these previous results and Theo-
rem A, the approach here, especially in parts II and IV, is fundamentally new and
does not rely on these results. In particular, to establish regularity of a transfer func-
tion, we take advantage of a form of self-similarity of its graph in the central directions
of M. This self-similarity, known as C” homogeneity is discussed in more detail in the
following section.

1. Techniques in the proof of Theorem A

The proof of parts I and III of Theorem A use recent work of Avila, Santamaria
and Viana on sections of bundles with various saturation properties. In [1], they apply
these results to show that under suitable conditions, matrix cocycles over partially
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hyperbolic systems have a nonvanishing Lyapunov exponent. Parts I and III of The-
orem A are translations of some of the main results in [1] to the abelian cocycle
setting.

The regularity results in Theorem A — parts IT and IV — comprise the bulk of this
paper.

To investigate the regularity of a solution ®, we examine the graph of ® in M xR. If
¢ is Holder continuous, then the stable and unstable foliations %° and W* for f lift to
two “stable and unstable” foliations ‘W; and ‘W; of M x R, whose leaves are graphs
of Hoélder continuous functions into R. These lifted foliations are invariant under
the skew product (z,t) — (f(z),t + ¢(x)). The fact that ® satisfies the equation
¢ = Pof— &+ c for some ¢ € R, implies that the graph of ® is saturated by
leaves of the lifted foliations. The leafwise and transverse regularity of these foliations
determine the regularity of ®. In the most general setting of Theorem A, part II, these
foliations are both leafwise and transversely Holder continuous, and this implies the
Holder regularity of ® when f is accessible.

The proof of higher regularity in part IV has two main components. We first de-
scribe a simplified version of the proof under an additional assumption on f called
dynamical coherence.

Definition 1.1. — A partially hyperbolic diffeomorphism f is dynamically coherent if
the distributions E€ @® EY, and E° ® E° are integrable, and everywhere tangent to
foliations W™ and W .

If f is dynamically coherent, then there is also a central foliation W°, tangent
to E°, whose leaves are obtained by intersecting the leaves of W and W°. The
normally hyperbolic theory [18] implies that the leaves of W are then bifoliated by
the leaves of W and W", and the leaves of W are bifoliated by the leaves of W*
and W”.

Suppose that f is dynamically coherent and that f and ¢ satisfy the hypotheses
of part IV of Theorem A, for some ¥ > 2 and r < k — 1 or » = 1. Under these
assumptions, here are the two components of the proof. The first part of the proof
is to show that ® is uniformly C” along individual leaves of W*°, W" and W°. The
second part is to employ a result of Journé to show that smoothness of ® along leaves
of these three foliations implies smoothness of ®.

To show that ® is smooth along the leaves of W° and W", we examine again the
lifted foliations for the associated skew product. The assumption that ¢ is C* implies
that the leaves of these lifted foliations are C" (in fact, they are C*). This part of the
proof does not require dynamical coherence or accessibility.

To show that ® is smooth along leaves of the central foliation, one can use ac-
cessibility and strong r-bunching to show that the graph of ® over any central
leaf W°(z) of f is C" homogeneous. More precisely, setting N’ = W°(z) x R and
N = {(y,®(y)) : y € W(x)} C N', we show that the manifold N is C" homogeneous
in N': for any two points p,q € N, there is a C" local diffeomorphism of N’ sending
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p to ¢ and preserving N. C'-homogeneous subsets of a manifold have a remarkable
property:

Theorem 1.2. — [35] Any locally compact subset N of a C' manifold N’ that is C*
homogeneous in N’ is a C1 submanifold of N’

If r = 1, we can apply this result to obtain that the graph of ® is C' over any center
manifold. Hence ® is C! over center, stable, and unstable leaves, which implies that
® is C*. This completes the proof in the case r = 1 (assuming dynamical coherence).

In fact we do not use the results in [35] in the proof of Theorem A but employ
a different technique to establish smoothness, which also works for » > 1 and in the
non-dynamically coherent case. Our methods also show:

Theorem B. — For any integer k > 2, any C* homogeneous, C* submanifold of a C*
manifold is a C* submanifold.

Theorem B also follows from the results in [35] (thanks to Bruce Kleiner for point-
ing this out). We give a somewhat different proof in Section 7 as it motivates later
results.

Returning to the proof of Theorem A, assuming dynamical coherence and using
Theorem B, one can obtain under the hypotheses of part IV that the graph of the
transfer function ® over each center manifold is Cl™). With some more work, one
can obtain that the graph of the transfer function ® over each center manifold is C".
A result of Journé [19] implies that for any » > 1 that is not an integer, and any
two transverse foliations with uniformly C” leaves, if a function ® is uniformly C”
along the leaves of both foliations, then it is uniformly C”. Since f is assumed to
be dynamically coherent, the W and W* foliations transversely subfoliate the leaves
of W . Applying Journé’s result using W° and W°, we obtain that ® is C" along
the leaves of W, Applying Journé’s theorem again, this time with W** and W", we
obtain that ® is C".

We have just described a proof of part IV under the assumption that f is dynami-
cally coherent. If we drop the assumption of dynamical coherence, the assertion that
® is “C" along center manifolds” no longer makes sense, as f might not have center
manifolds. One can find locally invariant center manifolds that are “nearly” tangent
to the center distribution (as in [9]), but the argument described above does not work
for these manifolds. The analysis becomes considerably more delicate and is described
in more detail in Section 8. As one of the components in our argument, we prove a
strengthened version of Journé’s theorem (Theorem 8.4) that works for plaque fami-
lies as well as foliations, and replaces the assumption of smoothness along leaves with
the existence of an “approximate r-jet” at the basepoint of each plaque.

The main result that lies behind the proof of Theorem A, part IV is a saturated
section theorem for fibered partially hyperbolic systems (Theorem C). A fibered par-
tially hyperbolic diffeomorphism is defined on a fiber bundle and is also a bundle
isomorphism, covering a partially hyperbolic diffeomorphism (see Section 9). In this
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context, Theorem C states that under the additional hypotheses that the bundle dif-
feomorphism is suitably bunched, and the base diffeomorphism is accessible, then any
continuous section of the bundle whose image is an accessibility class for the lifted
map is in fact a smooth section. Using Theorem C it is also possible to extend in part
the conclusions of Theorem A part IV to (suitably bunched) cocycles taking values
in other Lie groups. The details are not carried out here, but the reader is referred
to [31, 8, 2], where some of the relevant technical considerations are addressed (see
also the remark after the statement of Theorem C in Section 9).
Theorem C would follow immediately if the following conjecture is correct.

Conjecture 1.3. — Let f: M — M be C", partially hyperbolic and r-bunched. Then
every accessibility class for f is an injectively immersed, C" submanifold of M.

For locally compact accessibility classes, it should be possible to prove Conjec-
ture 1.3 using the techniques from [35] to show that the accessibility class is a sub-
manifold and the methods developed in this paper to show that the submanifold is
smooth.

2. Partial hyperbolicity and bunching conditions

We now define the bunching hypotheses in Theorem A; to do so, we give a more
precise definition of partial hyperbolicity. Let f : M — M be a diffeomorphism of
a compact manifold M. We say that f is partially hyperbolic if the following holds.
First, there is a nontrivial splitting of the tangent bundle, TM = E°* ® E° @ E", that
is invariant under the derivative map 7' f. Further, there is a Riemannian metric for
which we can choose continuous positive functions v, 7, v and 4 with

(3) v,ip<1l and v<y<{y t<p!

such that, for any unit vector v € T, M,

(4) T fol < v(p), if v € E%(p),
(5) v(p) < ITfoll <A(p)~",  ifve E(p),
(6) 2(p)~! < TS, if v € E"(p).

We say that f is center bunched if the functions v,7,v, and 4 can be chosen so
that:

(7) max{v, 0} < 4.

Center bunching means that the hyperbolicity of f dominates the nonconformality
of Tf on the center. Inequality (7) always holds when T f|g. is conformal. For then we
have || T, fv|| = | T, f|ge(p)ll for any unit vector v € E°(p), and hence we can choose
v(p) slightly smaller and 4(p)~* slightly bigger than

||Tpf|Ec(p)||
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By doing this we may make the ratio v(p)/9(p)~' = v(p)¥(p) arbitrarily close to
1, and hence larger than both v(p) and 2(p). In particular, center bunching holds
whenever E° is one-dimensional. The center bunching hypothesis considered here is
natural and appears in other contexts, e.g., [5, 4, 2, 31, 29|.

For r > 0, we say that f is r-bunched if the functions v, 7,~, and 4 can be chosen
so that:

(8) v<q', <A
(9) v<~4", and ¥ <AY".

Note that every partially hyperbolic diffeomorphism is r-bunched, for some r > 0.
The condition of 0-bunching is merely a restatement of partial hyperbolicity, and
1-bunching is center bunching. The first pair of inequalities in (8) are r-normal hy-
perbolicity conditions; when f is dynamically coherent, these inequalities ensure that
the leaves of W, W, and W* are C". Combined with the first group of inequali-
ties, the second group of inequalities imply that E* and E° are “C" in the direction
of E°.” More precisely, in the case that f is dynamically coherent, the r-bunching
inequalities imply that the restriction of E* to W leaves is a C” bundle and the
restriction of E° to W leaves is a C” bundle.

For r > 0, we say that f is strongly r-bunched if the functions v, ¥, ~, and 4 can be
chosen so that:

(10) max{v, 0} <", max{v, v} < 4"
(11) v<~4", and D<Ay

We remark that if f is partially hyperbolic and there exists a Riemannian metric in
which T'f|ge is isometric, then f is strongly r-bunched, for every r > 0; given a metric
| - || for which f satisfies (4), and another metric || - | in which T'f|g. is isometric,
it is a straightforward exercise to construct a Riemannian metric || - || for which
inequalities (10) hold, with v =4 = 1.

The reason strong r-bunching appears as a hypothesis in Theorem A is the follow-
ing. Suppose that f is partially hyperbolic and that ¢: M — R is C'. Then the skew
product fg: M x R/Z — M x R/Z given by

fo(z,t) = (f(2),t + ¢())

is partially hyperbolic, and if f is strongly r-bunched then fy is r-bunched. This skew
product and the corresponding lifted skew product on M x R appears in a central
way in our analysis, as we explain in the following section.

2.1. Notation. — Let a and b be real-valued functions, with b # 0. The notation
a = O(b) means that the ratio |a/b| is bounded above, and a = Q(b) means |a/b|
is bounded below; a = ©(b) means that |a/b| is bounded above and below. Finally,
a = o(b) means that |a/b] — 0 as b — 0. Usually a and b will depend on either
an integer j or a real number ¢ and on one or more points in M. The constant C
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bounding the appropriate ratios must be independent of n or ¢ and the choice of the
points.

The notation o < (, where a and @ are continuous functions, means that the
inequality holds pointwise. The function min{«, 8} takes the value min{«a(p), 8(p)}
at the point p.

We denote the Euclidean norm by |-|. If X is a metric space and > 0 and = € X,
the notation Bx (z,7) denotes the open ball about x of radius r. If the subscript is
omitted, then the ball is understood to be in M. Throughout the paper, r always
denotes a real number and j, k, ¢, m,n always denote integers. I denotes the interval
(—1,1) C R, and I"™ C R™ the n-fold product.

If 1 and v, are paths in M, then v; - 72 denotes the concatenated path, and 7,
denotes the reverse path.

Suppose that & is a foliation of an m-manifold M with d-dimensional smooth
leaves. For r > 0, we denote by & (z,r) the connected component of z in the inter-
section of & (z) with the ball B(z,r).

A foliation box for & is the image U of R™~? x R? under a homeomorphism that
sends each vertical R%-slice into a leaf of . The images of the vertical R-slices will
be called local leaves of F in U.

A smooth transversal to & in U is a smooth codimension-d disk in U that intersects
each local leaf in U exactly once and whose tangent bundle is uniformly transverse
to TH. If ¥1 and X9 are two smooth transversals to & in U, we have the holonomy
map hg : X1 — Yo, which takes a point in 3; to the intersection of its local leaf in U

Finally, for 7 > 1 a nonintegral real number, M, N smooth manifolds, the C" metric
on C"(M, N) is defined in local charts by:

der(f,9) = dein (£,9) + deo (DU f, DU g).

This metric generates the (weak) C" topology on C"(M, N).

3. The partially hyperbolic skew product associated to a cocycle

Let f : M — M be C* and partially hyperbolic and let ¢ : M — R be C%?,
for some integer £ > 0 and « € [0,1], with 0 < £+ a < k. Define the skew product
fo : M xR — M xR by

fo(p,t) = (f(p),t + &(p)).

The following proposition is the starting point for our proof of Theorem A.

Proposition 3.1. — There exist foliations ‘l/l/:;, ‘I/I/; of M x R with the following prop-
erties.

1. The leaves of ()/I/Z, (1/1/2, are Co°.
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2. The leaves of (WZ, project to leaves of W, and the leaves of ‘Wj, project to leaves
of W*. Moreover, (z',t') € W(z,t) if and only if ' € W’(z) and

lim inf d(fg (,t), f3 (1)) = 0.
3. Define T: M xR — M xR by Ty(z,8) = (2,8 +t). Then for all z € M and
s,t € R:

Wy(z,s+1t) = T,Wy(z,s).
4. If (z,t) € M X R and (2/,1') € Wy(x,t), then

t'—t=2 o(f'(z) = ¢(f'(2)) = PCF 4019,
=0

and if (x',t') € Wy(x,t), then

oo

t—t=> 6(f7(x) — $(f(2')) = PCFan.

i=1

Proof. — The map f4 covers the map (z,t) — (f(x),t + ¢(x)) on the compact man-
ifold M x R/Z, which we also denote by fy

In the case where £ > 1, (1) and (2) follow directly from the fact that f, is C“* and
partially hyperbolic. The invariant foliations on M x R/Z lift to invariant foliations
on M x R.

For £ = 0, (1) and (2) are the content of Proposition 5.1, which is proved in
Section 5.

Since Ty o fy = fg o Ty for all t € R, (3) follows easily from (2). Finally, (4) is an
easy consequence of (3). O

Throughout the rest of the paper, we will mine extensively the properties of the
foliations ‘WZ, and (WZ: the regularity of the leaves, their transverse regularity, and
their accessibility properties.

This focus on the lifted foliations (1/1/2 and (Wg is not entirely new. Notably, Nitics
and To6rok [31] established the regularity of solutions to equation (2) when f is an
Anosov diffeomorphism by examining these lifted foliations. The key observation in
[31] is that the smoothness of the leaves of ‘W; and (WZ determines the smoothness of
the transfer function along the leaves of W’ and W". The advantage of the approach
in [31] is that it allowed them to prove a natural generalization of Theorem 0.1
to cocycles taking values in nonabelian lie groups; provided that the induced skew
product for such a cocycle is partially hyperbolic, the smoothness of the lifted invariant
foliations determines the smoothness of transfer functions when f is Anosov. This
focus on the foliations for the skew product associated to the cocycle turns out to be
crucial in our setting.
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4. Saturated sections of admissible bundles

In this section, we define a key property called saturation and present some general
results about saturated sections of bundles. In the next section, we apply these results
in the setting of abelian cocycles to prove parts I and IIT of Theorem A. Throughout
this section, f: M — M denotes a partially hyperbolic diffeomorphism.

Let N be a manifold, and let 7: 8 — M be a fiber bundle, with fiber N. We
say that % is admissible if there exist foliations Wy, W), of B (not necessarily
with smooth leaves) such that, for every z € B and * € {s,u}, the restriction of 7
to Wy, (2) is a homeomorphism onto W* (7 (2)).

A more general definition of admissibility for more general bundles in terms of
holonomy maps is given in [1]; we remark that two definitions are equivalent in this
context. If m: B — M is an admissible bundle, then given any su-path v: [0,1] — M
and any point z € 771((0)), there is a unique path 7,: [0,1] — % such that:

- T =7,

~ Y (O) =2,

— 7, is a concatenation of finitely many subpaths, each of which lies entirely in a

single leaf of Wy, or Wiy
We call 4, an su-lift path and say that 7, is an su-lift loop if 7,(0) = 4,(1) = 2. For
a fixed su-path v, the map H,: 7~ *(y(0)) — 7 *(y(1)) that sends z € =—!(v(0))
to 4.(1) € 7 1(y(1)) is a homeomorphism. It is easy to see that H.,.,, = H., o H,,
and Hy = H .

Recall that any accessible sequence J = (x1,...,x)) determines an su-path .
We fix the convention that <, is a concatenation of leafwise distance-minimizing
arcs, each lying in an alternating sequences of single leaves of W*® or W". Using this
identification, we define the holonomy Hy: w~*(z1) — 7' (21) by setting Hy = H, ;
since the leaves of W", W°, Wy, and Wy, are all contractible, H  is well-defined.

Definition 4.1. — Let m: B — M be an admissible bundle. A section o: M — B is:

— u-saturated if for every z € o(M) we have W, (z) C o(M),

— s-saturated if for every z € o(M) we have Wy, (z) C o(M),

— bisaturated if o is both u-and s-saturated, and

— bi essentially saturated if there exist sections o* (u-saturated) and o® (s-satu-
rated) such that

o' =0°=0 a.e. (volume on M)

It follows from the preceding discussion that if o: M — B is a bisaturated section,

then for any « € M, for any accessible sequence J, from z to z’, we have H (o (x)) =
o(x').

Theorem 4.2. — [1] Let f: M — M be C' and partially hyperbolic, let 7: B — M be
an admissible bundle over M, and let 0: M — B be a section.

1. If o is bisaturated, and f is accessible, then o is continuous.
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2. If f is C? and center bunched, and o is bi essentially saturated, then there exists
a bisaturated section 0" such that o = o°* a.e. (with respect to volume on M)

Since we will use a proposition from the proof of Theorem 4.2, (1) in our later
arguments, we give a sketch of the proof here, including a statement of the key propo-
sition (Proposition 4.3 below). We remark that the proof of (2) adapts techniques
from [9], where it is shown that if f is C? and center bunched, then any bi essentially
saturated subset of M is essentially bisaturated; in effect, this is just Theorem 4.2 for
the bundle 8 = M x {0,1}, with W}, (z,5) = W (x) x {j}, for j € {0,1}.

Sketch of proof of Theorem 4.2, (1). — We give a slightly modified version of the
proof in [1], as we will need the results here in later sections. The key proposition in
the proof is:

Proposition 4.3 ([1], Proposition 8.3). — Suppose that f is accessible. Then for every
xo € M, there exists w € M and an accessible sequence (yo(w), ..., yx(w)) connect-
ing o to w and satisfying the following property: for any € > 0, there exist § > 0
and L > 0 such that, for every z € Bp(w,d), there exists an accessible sequence
(yo(2),...yx(z)) connecting z¢ to z and such that

dm(y;(2),y;(w)) <e and doy-(y;-1(2),y;(2)) <L, for j=1,....K,
where dqy~ denotes the distance along the stable or unstable leaf common to the two
points.

For K € Z; and L > 0, we say that  is an (K, L)-accessible sequence if J =
(zo,-..,zx) and
dtw*(il?j_l,flﬁj)SL, fOl“ j=1,...,K,
where dqy+ denotes the distance along the stable or unstable leaf common to the two
points.
If {d, = (@o(y),...,7x(y))}yev is a family of (K, L) accessible sequences in U
and z € U, we say that lim, ., J, = d, if

lim z;(y) = z;(z), for j=0,...K,
y—

and we say that y — dy is uniformly continuous on U if y — z;(y) is uniformly
continuous, for j = 0,..., K. An accessible cycle (zo,...,Zar = x¢) is palindromic if
T; = Tok_4, for ¢ = 1,..., k. Note that a palindromic accessible cycle determines an
su-path of the form 7 - 7; in particular, if J is a palindromic accessible cycle from x
to z , then Hy is the identity map on 7! (z).

The following lemma is stronger than we need for the proof of part (1) of Theo-
rem 4.2, but will be used in later sections.

Lemma 4.4. — Let f be accessible. There exist K € Z,, L > 0 and § > 0 such that for
every x € M there is a family of (K, L)-accessible sequences {(Jz,y}yGBM (z,5) such that
Jyy connects T toy, J, . is a palindromic accessible cycle and limy—,, J, , = ¢, ..
The convergence ., — {, , is uniform in z.
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Proof of Lemma 4.4. — Fix an arbitrary point o € M. Proposition 4.3 gives a point
w € M, a neighborhood U,, of w, and a family of (Ky, L) -accessible sequences
{(yo(w'), ..., yx, (W) }wev, such that (yo(w’),...,yr,(w’)) connects zo to w’, and
(yo(w'), ..., yx, (")) = (yo(w),...,Yr,(w)) uniformly in w’ € U,,.

Lemma 4.5 (Accessibility implies uniform accessibility). — Let f be accessible. There
exist constants Ky, Ly such that any two points x,z’ in M can be connected by an
(K, Lar)-accessible sequence.

Proof of Lemma 4.5. — First note that, since any point in U, can be connected
to xg by an (Kj, Lg)-accessible sequence, we can connect any two points in U,, by a
(2K, Lg)-accessible sequence.

Consider an arbitrary point p € M and let (p = qo,q1,..-,9x, = w) be
an (K, L,)-accessible sequence connecting p and w. Continuity of W and W"
implies that there is a neighborhood V, of p and a family of (K, L,)-acces-
sible sequences {(p’ = qo(p'),q1(?'),-..,qk,(p'))}prcv, with the property that
P~ (qo(p'),...,qk,(p")) is uniformly continuous on V,, and the map p’ — qx, (p')
sends V, into U, and p to w. It easily follows that any two points in V,, can be
connected by an (Ko + 2K, Ly + L,)-accessible sequence. Covering M by neighbor-
hoods V,,, and extracting a finite subcover, we obtain by concatenating accessible
sequences that there exist constants Kjs, Lys such that any two points z,z’ in M
can be connected by an (K, Lys)-accessible sequence. O

Returning to the proof of Lemma 4.4, we now fix a point x € M, and let (z =

20521552k, = w) be an (K, Lys)-accessible sequence connecting xz to w. As

above, there exists a neighborhood V, of z and a family of (Kjs, Lys)-accessible

sequences {(z' = 2zo(2'), 21(2), ..., 2K,, (")) }2rcv, With the property that the map
' (20(2'), ..., 2K, (7))

is uniformly continuous on V,;, and the map z’ — zk,,(z') sends V, into U,, and z
to w.

For z’ € V,, we define dx’w, by concatenating the accessible sequences
(z = z0(x),z21(2),..., 2K, () = w), (W = yx,(W),...,y0(w) = xg), (xg =
Yoz (2), - UK, (2K (&) = 2K, (2')) and (zk,,(z),...,20(z") = z’). Then
{dz.a }arev, is a family of (K, L)-accessible sequences with the property that o, .,
connects z to z’, where K = 2Ky + 2K; and L = Lo + L.

Since 2’ — (z0(2'), ..., 2K,,(2')) is uniformly continuous on V,, and

I

w’

m (yo(w'), -+, Yo (W) = (go(w), ., yxe, (w)),
we obtain that lim,/—, J, ,» = J, .. By construction, ¢, , is palindromic.

Finally, observe that all of the steps in this construction are uniform over z, and so
we can choose § > 0 such that By (z,6) C Vg, for all z, and further, limy . o, ,» =
gA’w uniformly in z. This completes the proof of Lemma 4.4. U
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Returning to the proof of Theorem 4.2, part (1), fix a point z € M, and
let {J, o }e'eBu(e,5) be the family of accessible paths given by Lemma 4.4. Since
limg/ ., JWC, = dzw and the lifted foliations are continuous, it follows that

lim HJ

ea Ay
T —x T,z T,z

uniformly on compact sets. Since ¢, , is palindromic, we have Hy = id|;-1(q).
Let 0: M — B be a bisaturated section. Then for any accessible sequence f from
z to z’, we have Hy(o(x)) = o(z'). But then

lim o(z') = xl/iglz Hy (o(z))=Hy, (o(z))=o0(z),

/' —zx
which shows that o is continuous at z. O
Proposition 4.6 (Criterion for existence of bisaturated section). — Let f be C, partially

hyperbolic and accessible, and let m: B — M be admissible. Let z € B and let x =
7(2). Then there exists a bisaturated section o: M — B with o(z) = z if and only
if for every su-loop v in M with v(0) = (1) = z, the lift 7, is an su-lift loop (with
3:(0) = 4.(1) = ).

Proof. — We first prove the “if” part of the proposition. Define o : M — B as follows.
We first set o(z) = z. For each ' € M, fix an su-path v: [0,1] — M from z to z’.
Since B is an admissible bundle, « lifts to a path #4,: [0,1] — B along the leaves
of Wy, and Wiy, with 7,(0) = 2. We set o(z') = 4,(1). Clearly mo(z') = 2'.

We first check that o is well-defined. Suppose that v': [0,1] — M is another su-path
from x to z’. Concatenating v with 7/, we obtain an su-loop 47’ from z to z. By the
hypotheses, the lift of ¥4 through z is an su-lift loop in 9. But this implies that
¥=(1) = 7.(1).

The same argument shows that o is bisaturated. Fix y € M and let 4’ € W*(y). We
claim that o (y') € Wy, (o (y)). To see this, fix two su-paths in M, one from z to y, and
one from z to 3. Concatenating these paths with a path from y to y’ along W’ (y), we
obtain an su-loop v through x. By hypothesis, the lift ¥, is a lifted su-loop. It is easy
to see that this means that o(y’) € W), (c(y)). Hence o is s-saturated. Similarly, o
is u-saturated, and so o is bisaturated.

The “only if” part of the proposition is straightforward. O

Remark: Upon careful inspection of the proofs in this subsection, one sees that the
existence of foliations Wy, and W/, is not an essential component of the arguments.
For example, instead of assuming the existence of these foliations, one might instead
assume (in the context where # is a smooth fiber bundle) the existence of E* and
E? connections on B, that is, the existence of subbundles Eg and E; of TP, disjoint
from ker T'w, that project to E* and E° under T'7r. In this context, at least when Eg
and E are smooth, there is a natural notion of a bisaturated section. In particular,
for every us-path v in M and z € 7=1((0)), there is a unique lift 7, to a path in %,
projecting to v and everywhere tangent to E§ or Ef. Bisaturation of o in this context
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means that for every su-path vy from z to z’, one has 4,(;)(1) = o(z'). The same proof
as above shows that a bisaturated section in this sense is also continuous.

For this reason, [1] introduce the notions of bi-continuous and bi-essentially con-
tinuous sections, which extract the essential properties of a bisaturated section used
in the proof of Theorem 4.2. While we have no need for this more general notion here,
it is worth observing that bi-continuity might have applications in closely related
contexts.

4.1. Saturated cocycles: proof of Theorem A, parts I and III. — We now
translate the previous results into the context of abelian cocycles. Let ¢ : M — R be
such a cocycle, and let 8 = M x R be the trivial bundle with fiber R. Then & is an
admissible bundle; we define the lifted foliations Wy, * € {s,u} to be the f4-invariant
foliations (l/l/; given by Proposition 3.1. There is a natural identification between
functions ®: M — R and sections 0¢: M — B via 0¢(x) = (x, ®(z)). Definition 4.1
then extends to functions ®: M — R in the obvious way, where saturation is defined
with respect to the ‘W;—foliations.

Proposition 4.7. — Suppose that f is partially hyperbolic and ¢ is Hélder continuous.

1. Assume that f is accessible, and let ®: M — R be continuous. Then there exists
c € R such that

(12) p=dof—d+c,

if and only if ® bisaturated.
2. If f is volume-preserving and ergodic, and ® : M — R is a measurable function
satisfying (12) (m-a.e.), for some ¢ € R, then ® is bi essentially saturated.

Proof. — (1) Suppose that ® is a continuous solution to (12). Then (12) implies that
for all x € M and all n, we have:

fg (@, @(z)) = (f"(x), @(f"(2)) + cn).
Let 2’ € W*(z). Then

lim inf d(f7 (z, ®(2)), f7 («', ®(2"))) =

Jim d((" (@), (")), (£ (@), (" (=) =0,

and so (z, ®(z)), (z', ®(z')) lie on the same W leaf. This implies that & is s-saturated.
Similarly ® is u-saturated, and hence bisaturated.

Suppose on the other hand that ® is continuous and bisaturated. Define a function
c: M — R by c(z) = ¢(z) — ®(f(z)) + ®(z). We want to show that c is a constant
function. Proposition 3.1, (3) implies that, for all z € M and s,t € R:

(13) (I/I/Z(z, s+t) =T Wy(z,s).
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Suppose that y € W*(z). Saturation of ® and fy-invariance of Wy, Wy imply
that:

(14) Wy (f(2), ®(f(2))) = W5(f(y), 2(f(y))), and
(15) fo(Wi(z, 2(2))) = fo(Wi(y, (y)))-
On the other hand, invariance of the ‘W;-foliation under fy implies that, for all z € M:
T Wiz 0(2) = Wi(F(2),0(2) + 6(2))
W5(£(2), (F(2)) + (8(2) — D(f(2)) + 6(2))
= Toz)-a((=)+elz) (We(f(2), 2((2)))) -
Equations (14) and (13) now imply that

O(z) — ©(f(2)) + ¢(z) = 2(y) — 2(f(y)) + 0(v);
in other words, c¢(x) = c(y). Hence the function c is constant along %/°-leaves; simi-
larly, c is constant along 9/“-leaves. Accessibility implies that c is constant. Hence &
and c satisfy (2).
(2) Let ® be a measurable solution to (12). We may assume that (12) holds on an
f-invariant set of full volume; for points in this set, we have

fg (@, ®(2)) = (f"(x), ®(f"(z)) + cn),

for all n.

Choose a compact set C' C M such that vol(C) > .5vol(M), on which & is uniformly
continuous. Ergodicity of f and absolute continuity of 9%/° implies that for almost
every z € M, and almost every x’ € W°(z), the pair of points z and 2’ will visit C
simultaneously for a positive density set of times. For such a pair of points z,z’ we
have

lim inf d(fg(:c,@(m)),fg(x’,@(a:'))) =
lim inf d((£" (), 9(f" (@), (F*(x'), @(F*(x')))) =0,
and so (z,®(z)), (z', ®(z")) lie on the same W leaf. This implies that ® is essentially
s-saturated: one defines the s-saturate ®° of ® at (almost every) z to be equal to
the almost everywhere constant value of ® on W°(z) (see [29] for a version of this

argument when f is Anosov).
Similarly ® is essentially u-saturated, and hence bi essentially saturated. O

Proof of Theorem A, part I. — Let f be C! and accessible and let ¢ : M — R be
Holder continuous. Part I of Theorem A asserts that there exists a continuous function
®: M — R and ¢ € R satisfying (2) if and only if PCF¢(¢) = 0, for every accessible
cycle ©.

We start with a lemma:

Lemma 4.8. — Let v be an su-loop corresponding to the accessible cycle G. Then
PCF¢(¢) = 0 if and only if every lift of v to an su-lift path in M x R is an su-lift
loop.
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Proof of Lemma 4.8. — Let x € M Proposition 3.1, part (4) implies that if § =

(zo,...,Tx = o) is an accessible cycle, then for any t € R
k-1
Hg(t)—t =Y PCF, 4.,,)(¢) = PCFg(9)
i=0

Let v be an su-loop corresponding to €. Then for any t € R, H,(t) —t = PCFyg(¢)
Fix t € R, and let 4: = A4, +: [0,1] — M x R be the su-lift path projecting
to vy, with 4:(0) = (xo,t). Then (1) = (zo, Hy(t)) = (x0,t + PCFy(¢) = 0). Thus
PCF¢(¢) = 0 if and only if 4;(1) = ¢ if and only if 4; is an su-lift loop. Since t was
arbitrary, we obtain that PCFg(¢$) = 0 if and only if every lift of v to an su-lift path
is an su-lift loop. O

By Proposition 4.6 and Lemma 4.8, if PCFg(¢) = 0, for every accessible cycle G,
then there exists a bisaturated function ® : M — M x R. Theorem 4.2, part (1),
plus accessibility of f implies that ® is continuous. Proposition 4.7 implies that there
exists a ¢ € R such that (12) holds.

On the other hand, if ® is continuous and there exists a ¢ € R such that (12)
holds, then Proposition 4.7, (part 1) implies that & is bisaturated. Proposition 4.6
and Lemma 4.8 imply that PCFg(¢) = 0, for every accessible cycle 6. O

Proof of Part III of Theorem B. — Assume that f is C2?, volume-preserving, center
bunched and accessible. Let ® be a measurable solution to (2), for some ¢ € R. We
prove that there exists a continuous function ) satisfying ® = ® almost everywhere.

Since f is center bunched and accessible, it is ergodic, by (][9], Theorem 0.1).
Proposition 4.7, part (2) implies that ® is bi essentially saturated. Theorem 4.2,
part (2) then implies that ® is essentially bisaturated, which means there exists a
bisaturated function ®, with ® = ® a.e. Since f is accessible, Theorem 4.2, part (1)
then implies that ® is continuous. O

5. Holder regularity: proof of Theorem A, part II.

Let f: M — M be partially hyperbolic and let ¢: M — R be a-Hélder continuous,
for some o > 0. As above, define the skew product fs: M x R — M x R by

fo(p,t) = (f(p),t + &(p)).

We start with a standard proposition showing that the stable and unstable folia-
tions for f lift to invariant stable and unstable foliations for fy.

Proposition 5.1. — There exist foliations ‘Wg, ‘W; of M x R with the following prop-
erties.

1. The leaves of ()/I/Z, (1/1/2, are a-Hélder continuous.
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2. The leaves of (WZ, project to leaves of W, and the leaves of ‘Wj, project to leaves
of W*. Moreover, (z',t') € W(z,t) if and only if ' € W’(z) and

lim inf d(f} (), f3 (z',¢')) = 0.

Proof. — This result is by now standard (see [31]), although strictly speaking, the
proof appears in the literature only under a stronger partial hyperbolicity assumption
(in which the functions v,D,~,% are assumed to be constant). We sketch the proof
under the slightly weaker hypotheses stated here.

For z € M, let §, = {g: W*(z,6) > R:g € C% g(z) = 0}. The number § > 0
is chosen so that for all z € M, if y € W*(,6), then d(f(z), f(y)) > v(x) " td(z,y).
Notice that the function ¢ (y) = ¢(y) — ¢(x) belongs to & . The a-norm of an element
g € 4, is defined:

lg(y)]
lglla = sup
yew (z,6) AT, y)*
The bundle & over M with fiber & over € M has the structure of a Banach bundle.

The fiber is modelled on the Banach space B = {g: Bg«(0,0) —» R: g € C% g(0) =
0}, with the norm

g(v
lola = sup L

veBgu(0,6) |V
The restriction of f to W"“-leaves sends W"(z,d) onto W"(f(x),?(x)~1s), which
contains W*(f(z),d). On W*(x) x R, the map f, takes the form fy(p,t) = (f(p),t+
#(p)), and the induced graph transform map Y, : ¢, — ﬁf(m) takes the form:

T(9)) = 9(f ' (®) + o(f ' (¥) — &(f ().
Suppose that ||g|la < C. Then

B “ 1T2(9)(2)|
|<7z(g)|01 - ew }:)(w d(f(l,'),z)
l9(y) + ¢(y) — 8(x)|
S e A @), [y ))

N 1) N Co 1))
s o) A (@), F@)7 T d(f ), Fl)

o lg)l | ¢(z) — o(y))l
(x) (yes‘l/}/ly(z) d(l’ y) * d(x7y)a )
() (llglla + |6 — ¢(z)]a)
5(2)%(C + K) < C,

IA
>

IAIA

provided that C is larger than sup, K/(1 — &(z)).
Hence the closed sets 7 _(C) = {g € &, : ||g|la < C} are preserved by the maps 7.

Next we show that & is a contraction in the a-norm. To this end, let g,¢" € G _(C).
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Then
g — a1 Z20)() ~ Tu(g) ()]
172(9) = T2lg )l = W (1)) d(f(=), )
< sup IO H0W) —6(@) — (g'W) + () — 4(2))]
B ye W (x,6) d(f(l’), f(y))a

_ l9(y) —9'(v)|
= SUp i
ye W (z,0) d(f(.’l?), f(y))
< 2(2)%lg = g'lla-
The invariant section theorem ([18], Theorem 3.1) now implies that there is a unique
T -invariant section o : M — @ (C). It is easy to check that the set W (p,t) =

{(y,t +0,(y)) : y € W(p,8)} is a local unstable manifold for f,. The rest of the
proof is standard. O

Fix a foliation box U for W*. For any two smooth transversals ¥, ¥’ in U, there
is the W°-holonomy map from ¥ to ¥’ that sends z € ¥ to the unique point of
intersection 2’ between 9’ (z) and ¥'. For any such X, ¥’ there is also a well-defined
‘W;—holonomy between ¥ x R and ¥’ x R, sending (z,t) € X X R to the unique point of
intersection (z’,t') between W;(x,t) and ¥’ xR. Since the W* leaves lift to W -leaves,
the (l/l/; holonomy covers the W* holonomy under the natural projection.

Proposition 5.2. — Suppose that f is C' and ¢ is a-Hélder continuous, for some
a € (0,1]. Then the ‘M/‘; and ‘M/g holonomy maps are uniformly Hélder continuous.
Any 6 € (0, a] satisfying the pointwise inequalities:

(16) v< wp)* and vyt < (vp)?/*

is a Holder exponent for the ‘W; holonomy, where v,v, i : M — R are any continuous
functions satisfying, for every p € M and any unit vector v € T, M :

ve E*(p) = ||Tpfvll <v(p), veE(p)= () <I|Tpfol,

and
ve EYp) = | Tpfoll < alp)~,

for some Riemannian metric.
By considering the trivial (constant) cocycle, we also obtain:

Corollary 5.3. — The stable holonomy maps for a C* partially hyperbolic diffeomor-
phism f are uniformly Hélder continuous. Any 6 € (0,1] satisfying

v < (i)

is a Holder exponent for the stable holonomy, where v,~, i are defined as in Proposi-
tion 5.2.
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Remark: In ([33], Theorem A) it is shown that the holonomy maps for W" and
W?® are Holder continuous if f is at least C? (or C'*+2, for some a > 0). The proof
in [33] uses a graph transform argument and an invariant section theorem to show
that the plaques of W" and W* form a Hélder continuous family. Here in the proof of
Proposition 3.1, as in the first part of the proof in [33], we have exhibited the plaques
of ‘M/ZZ as an invariant section of a fiber-contracting bundle map &. It is not possible,
however, to carry over the rest of the proof in [33] to this setting: the low regularity
of & prevents one from using a Holder section theorem to conclude that the invariant
section is Hélder continuous.

Hence we employ a different approach to prove that the holonomy maps are Holder
continuous. The proof here has some similarities with the proof that stable foliations
are absolutely continuous. We fix two transversals 7 and 7’ to ‘W; and a pair of points
z,y € 7. We iterate the picture forward until f7(7) and f7(7') are very close and
then push f7(x) and fj(y) across a short distance to points f7(2'), f3 (y') € f3(7').
The points z/,y’ are the images of x,y under (W;—holonomy; the iterate m is chosen
carefully so that the distance between z and y can be compared to some power of the
distance between z’ and y’. Unlike the proof of absolute continuity of stable foliations,
in which n is chosen arbitrarily large, the choice of n is delicate and depends on the
distance between x and y. We will employ this type of argument again in later sections.

As a final remark, we note that for every partially hyperbolic diffeomorphism f
and every Holder continuous cocycle ¢, there is a choice of 6 > 0 satisfying (16), for
some Riemannian metric.

Proof of Proposition 5.2.. — In this proof, we will use the convention that if ¢ is a
point in M and j is an integer, then ¢; denotes the point f(q), with qo = ¢. If
a: M — R is a positive function, and j > 1 is an integer, we set

a;(p) = a(p)a(p1) - - a(pj-1);

and

a_j(p) = alp—;) talp—j41) "t alp—1) T

We set ap(p) = 1. Observe that «; is a multiplicative cocycle; in particular, we have
a_j(p)~* = a;(p—;). Note also that (a3); = ;;, and if « is a constant function,
then o, = a”.

Fix 6 € (0, o] satisfying (16). Next, fix a continuous positive function p: M — R
satisfying:

— p < min{l,~}, and

7 (7
We say that a smooth transversal ¥ to W* is admissible if the angle between T and
E¢ is at least w/4.

The next lemma follows from an elementary inductive argument and continuity of
the functions v, fi and p (cf. [9], Lemma 1.1).
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Lemma 5.4. — There exists g > 0 such that for any p € M, and for any p' €
(M/s(p7 60)

1. for anyi >0,
d(pi,p;) < vi(p)d(p, p');

2. for any admissible transversal X' to W* at p', and any point ' € ¥/, if d(p, q) <
6o, fori=1,...,n, then

pi(p)d(p’,q') < d(p}, q;) < pi(p)~'d(p', ),

fori=1,...,n.

Let 09 > 0 be given by this lemma; by rescaling the metric, we may assume that
8o = 1. Fix p € M and p’ € W*(p,1). Let ¥ and ¥’ be admissible transversals to W”,
with p € ¥ and p’ € ¥/, so that the W°-holonomy h® : ¥ — X/, with h*(p) = p’ is
well-defined. Let 7 = X x R, and let 7/ = X’ x R. Fix ¢ € 2 with d(p,q) < 1, and
let ¢’ = h*(q).

For (2,t) € M xR and n > 0, write (zn,t,) for f7(z,t). We introduce the notation
S,0(2) = 2174 ¢(2i), and note that Sy¢(2) = ¢(z). With these notations, we have
(2nstn) = (2n,t + Sn¢(2)). Denote by hg: ¥ x R — ¥ x R the (M/Z,—holonomy, which
covers the map h°. We first establish Holder continuity of the base holonomy map
he: X — Y.

Since v < f~', there exists an n so that d(p,q) = O(Vn(p)iin(p)); fix such an
n. Lemma 5.4 applied in the transversal ¥ implies that d(p;,q;) < fi:(p) " *d(p,q) <
O(vn(p)), fori=1,...,n.

On the other hand, since p’ € W®(p,1), we have d(p;,p}) < O(v;), for all i; in
particular, d(p,,p),) < O(vy,). Similarly, d(g,, q,,) < O(vy,). By the triangle inequality,
we have that

1

A

d(py, ;) < dPn,qn) + d(pn,p),) + d(gn, q),)
= O(vn(p)).

Now applying f~™ to the pair of points p!,,q), we obtain the pair of points p’, ¢,
which lie in the admissible transversal ¥'. Lemma 5.4 then implies that d(p’,¢’) <
pn(P) (D), 4) < O(pn(p) " a(p)). Since pn(p) 'va(p) < (m(p)in(p)?* =
O(d(p,q)?’®), we obtain that d(p’,q) < O(d(p,q)?’*) < O(d(p,q)?), and so h*
f-Holder continuous.

We next turn to the Holder continuity of hg. Since hj) covers h?, it suffices to
establish Holder continuity in the R-fiber. Fix a point (p,r) € ¥ x R and write

hy(p,m) = (p',r') and hi(q,s) = (¢, 8").

—-

S

SOCIETE MATHEMATIQUE DE FRANCE 2013



98 A. WILKINSON

Holder continuity of ¢ with exponent « implies that

1526(0) — Sub(@)] < 3 O(d(pina)®)
1=0

< io«un(pmn(pmi(p)—l)“)
= ) S Ol i(pa))
1=0
n—1
< n®* Y 0E®) = 0(m(p))
1=0

where i < 1 is an upper bound for ji. This means that |r, — s,| < |r—s|+O(v,(p)%).

Note that (p,,7;,) € Wg(pn,rn). Proposition 3.1 implies that Wj(pn,rn) is the

graph of an a-Hélder continuous function from %*(p,) to R. Hence
Irn =1l < O(d(Pn, p)*) = O(va(p)®),

and similarly, |s, — s},| = O(vn(p)*). Now, by the triangle inequality,

(17) Irn = spl < Irn = snl + lrn — 1] + |80 — 84

(18) < r—s[+O0n(P));

Since d(p!,_;,q_;) < O(Wn(p)p—i(pn)), for i = 1,...n, the a-Hoblder continuity of ¢
implies that [Sn¢(p')) — Snd(q')| < Yo7y O((Vn(p)p-i(Pn))®) = O((vn(P)pn(p) ™)),
since p < 1. The inequality (vp~1)* < (vf1)? now implies that
(19) 1826(0) = Snd(d)] < O((vn(p)iin (p))").

Combining (17) and (19), we obtain:
|(rn, = 87) = (Snd(p')) — Snd(d))]

[ = 5|+ O (p)*) + O((Va () iin (p))°)
[ — s+ O((va(P)itn (p))”),

[’ =&
<
<

since v® < (vf2)?.

We would like to compare |r' — s'| to d((p,), (g,5))?; the latter quantity is equal
to (Ir — s| + d(p,q))? = (|r — s| + O((Vn(p)itn(p))?); by the preceding calculation,
v’ — s'| < O(d((p,r), (g,5))?). Hence hj is 6-Holder continuous. O

Having completed this preliminary step, we turn to the proof of the main result in
this section.

Proof of Theorem A, part II. — Suppose that f is accessible and ¢: M — R is
Hoélder continuous. Let ®: M — R be a continuous map satisfying ¢ = ®o f — @ + ¢,
for some ¢ € R. We show that ® is Holder continuous. The key ingredient in the
proof is the following lemma.
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Lemma 5.5. — There exist C > 0, 1o > 0 and « € (0,1) with the following properties.
For any pair of points p,q € M, there exist functions a: Bpr(p,70) — Ba(g,1)
and B: Bu(p,ro) — R with the following properties:

L a(p)=¢q
2. for all z,2z' € Bp(p,ro),

d(a(2), a(2)) < Cd(z,2)",

and
18(2) — B(z)] < Cd(z,2)",
3. for all z € Bp(p, o), az) is the endpoint of an su-path in M originating at z,
4. for all z € Bpy(p,70), and t € R, A(z,t) is the endpoint of an su-lift path
in M x R originating at (z,t), where A: Bp(p,m0) X R — Bp(g,1) X R is the
map A(z,t) = (a(z),t + B(2)).

Assuming this lemma, the proof proceeds as follows. Let C,rq,k be given by
Lemma 5.5. Fix zg,z1 € M with d(zg,z1) < ro. For ¢ > 1, we construct a se-
quence of points z; and maps «;: Ba(zo,70) — Bam(zi, 1), Bi: By(zo,m0) — R and
A;: Ba(mo,m0) X R — Bpr(x,1) X R inductively as follows. The point x; is already
defined. Assume that x;, for ¢ > 1 has been defined. Let «; and (; be given by the
lemma, setting p = z¢ and ¢ = z; (so that h(xzg) = z;). Define A;, as in Lemma 5.5,
by A;(z,t) = (i(2),t + Bi(z)). We then set ;11 = a;(x1).

We next argue that, for any ¢ > 1, the map A; has the property that, for all
z € By (zo,7m0),

Ai(z,2(2)) = (a(2), ®(2) + Bi(2)) = (a(z), ®(a(2))).

Since ® is a continuous solution to (2), Proposition 4.7 implies then the graph of ®
is bisaturated. That is, for any p,q € M, if (g,t) is the endpoint of any su-lift path
originating at (p, ®(p)), then ¢t = ®(q). But properties 3 and 4 of the maps A; given
by Lemma 5.5 imply that a;(z) is the endpoint of an su-path originating at z, and
A;(z,®(2)) is the endpoint of an su-lift path originating at (z, ®(z)). Hence we obtain
that A;(z, ®(2)) = (i(2), ®(a;(2))), as claimed.

It now follows from the properties of A; and the definition of x; that, for 7 > 1:

®(z0) + Bi(w0) = ®(ai(z0)) = (74),

and
O(z1) + Bi(z1) = ®(ei(71)) = B(iy1)-
Thus:
(20) ®(21) — ®(z0) = (P(zit1) — ®(@i)) + (Bi(20) — Bi(z1)) -
Summing equation (20) over ¢ € {1,...,n}, we obtain:

n(®(z1) — ®(x0)) = (B(Tnt1) — B(21)) + Z (Bi(zo) — Bi(z1)) »
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and so:

0() ~ (o) < (@) — Ben)| + D [Biwo) — i)

i=1

2 1 «
< EH(I)HOO—I—ﬁZCd(xO,xl)K
=1

2
< (@l + o, 20)"

Sending n — oo, we obtain that |®(z1) — ®(xo)| < Cd(xg,x1)"; since zo and z;
were arbitrary points within distance g of each other, this implies that ® is x-Ho6lder
continuous. This completes the proof of Proposition 5.2, assuming Lemma 5.5. O

Proof of Lemma 5.5. — Let 0 be given by Proposition 5.2, and let Nj;, Las be given
by Lemma 4.5.

We first describe how to construct the maps « and ( in the case where q €
W?(p, Lpr). The analogous construction works for ¢ € W"(p, Las). Lemma 4.5 im-
plies that any p and ¢ can be connected by an (K, Las)-accessible sequence. We can
therefore construct «, 3 for a general pair of points p and ¢ by composing at most
K maps along stable and unstable segments.

Suppose then that p’ € W*(p, Lyr). We define a = a,  as follows. Fix a foliation
box U of W* containing W’ (p, Lys), and let {¥, },cv be a (uniformly chosen) smooth
foliation by admissible transversals to W* in U. For z € U, we define a,, ,/(2) to be
the unique point of intersection of W°(z, L) with ¥,/ in U. The map ay,p: U —
Y, sends p to p’ and is f-Holder continuous when restricted to any transversal X,.
Since {X:},cws(p) is @ smooth foliation, it follows that oy, s is 6-Hélder continuous,
uniformly in p’ € U.

Similarly, for (z,t) € U x R, we define A, ,(2,t) to be the unique point of inter-
section of W}(z) with ¥, X R in U x R. Proposition 3.1 implies that A, takes the
form

App (2,t) = (apyp (2),t + By (2)),
for some function 8, , : U — R. Proposition 5.2 implies that A, ,/, and so By, is
0-Holder continuous, uniformly in p’ € U.
The same construction defines oy, ,» and 3, for p’ € W"(p, Kpr). Finally, for p, q

in M, we fix an (K, Lps)-accessible sequence (yo,y1,--., Yk, ) connecting p and ¢
and define

o

Qp,qg = Oyg,, —1,uK,, © Py, —2.9x,-1 © " © Oyo,ys -

By construction, o, 4(p) = ¢. Similarly define G, 4.

Then there exists 7o > 0 such that for every pair p,q, oy ¢ and B, 4 are defined
in the neighborhood By (p, 7o) and oy, 4 takes values in Bjps(g,1). Furthermore, there
exists C' > 0 such that (1) and (2) in the statement of the lemma hold, for k = 95,
Finally, property (4) holds by construction. O
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Remark: The Holder exponent for & obtained in this proof can be considerably
smaller than the exponent for ¢. In particular, the largest possible exponent for the
‘W; or ‘W; holonomy given by Proposition 5.2 is . Concatenating these holonomies
along K steps of an accessible sequence reduces this exponent further to 2%( In
contrast, the exponents for ® and ¢ in Theorem 0.1 are the same. This is because the
transverse Holder continuity of ‘W‘; and (WZ does not play a role in the proof when f
is Anosov, and so only the Holder exponent of the leaves, which is the same as for ¢,
determines the exponent for ®.

6. Jets

In this section we review basic facts about jets and jet bundles that will be needed
in subsequent sections. The reader is referred to [17, 22] for a more detailed account.

If N; and N are C* manifolds and ¢ < k, we denote by I'Y(Ny, Ny) the set of
local C* maps from Ni, No; each element of I'*(Ny, N;) is a triple (p, ¢, U), where
¢ is a C* map from a neighborhood U of p in N; to N,. For p € N;, we denote
by Fﬁ(Nl, N3) the set of elements of I'*( Ny, Ny) based at p. We denote by J¢(Ny, No)
the bundle of C* jets from N; into Ns: each element of Je(Nl, N») is an equivalence
class of triples (p, ¢,U) € I'{ (N1, N2), where two triples (p, ¢,U) and (p/,¢',U’) are
equivalent if p = p/, and the partials of ¢ and ¢’ at p up to order ¢ coincide.

We denote by [p, ¢, U], the equivalence class containing (p, ¢, U), which is called
a f-jet at p. Alternately, we use the notation jf;d). The point p is called the source
of (p,¢,U) and ¢(p) is the target. The source map o gives J¢(Ny, N3) the structure
of a C*~* bundle over N;; we denote by Jﬁ(Nl,Ng) the £-jets with source p € Nj.
We also denote by J*(Ny, N2), the set of jets with target g.

More generally one has the /-jet bundle associated to a fiber bundle. If 7: B8 — M
is a C* fiber bundle, and ¢ < k, we denote by T'*(r: B — M) the set of C* local
sections of 9, and by I‘f;(w: B — M) the set of C* local sections whose domain
contains p € M. We then define the ¢-jet bundle J¢(7: 8 — M) to be the set of pairs
(p, ¢), where ¢ € I'j(7: B — M), and two pairs (p,¢) and (p',¢’) are equivalent if
p = p’, and the partials of ¢ and ¢’ at p up to order £ coincide. Then J¢(r: B — M)
is a C*~* bundle over M. Observe that J*(Ny, No) = J*(projy,: N1 x Ny — Ny)
under the natural identification of sections of N; x Ny with functions ¢ : Ny — Ns.

For ¢/ < ¢, there is a natural projection 7y from the ¢-jet bundle to the ¢'-jet
bundle that sends jﬁqb to jf;'gzﬁ. Under this projection, J¢ has the structure of a ck-t
fiber bundle over J¢ . Moreover, J=¢ (J¢) = J-.

The bundle J¢(R™,R") is a trivial bundle over R™. The fiber space J(R™, R")
is the £ + 1-fold product P*(m,n) = II{_yL,,, (R™ R"), where L, (R™ R") is the
vector space of of symmetric, -multilinear maps from R™ to R"™. Each ¢-jet [v, ¢, U],
in Jf(Rm,R”) has a canonical representative, which is the ¢th order Taylor poly-
nomial of ¢ about v. To denote an element of J*(R™,R"), we sometimes use the
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notation (v, p) with v € R™ and p a degree £ polynomial (suppressing the neighbor-
hood U, since polynomials are globally defined). These give C* global coordinates
on J*(R™,R™); in this way we regard J*(R™,R") as a finite dimensional vector space
with a Euclidean structure | - |.

6.1. Prolongations. — If ¢ : N; — N, is a C* function, then ¢ gives rise to a
section of the bundle J*(Ny, N3) over N; via the map v — j¢. This section, denoted
j%¢ is called the £-prolongation of ¢. In the case £ = 0, the jet bundle J°(Ny, N) is
just the product Ny x N», and the image of N; under the prolongation j¢ is the just
the graph of ¢.

The function ¢ : M — M is C* if and only if the ¢-prolongation of ¢ is C*~*. Not
every continuous section of J¢(M, N) is the prolongation of a C* function; however,
the set of prolongations of smooth functions is closed:

Proposition 6.1. — If f, € CYM,N) and j°f, — j'f in the weak topology
on CO(M, J¢(M,N)), then f € C¢(M,N).

More generally, if 0: M — % is a section (resp. local section) of a C* bundle

7: B — M, then the £-prolongation jlo: M — J¢(m: B — M) is a C*~¢ section (resp.
local section). The analogue of Proposition 6.1 holds for prolongations of sections.

6.2. Isomorphism of jet bundles. — The next lemma is used extensively in
various forms in this paper.

Lemma 6.2. — Let Ny, No, and N3 be C* manifolds.
1. Let g : Ny — N3 be a C* map. Then for every £ < k, the map jié — j4(go @)

is a C*=* map from J*(N1, Ny) to J*(Ny, N3).
2. Let h: Ny — Ny be a C* diffeomorphism. Then for every £ < k, the map
jlo— jf;(x)(cﬁoh*l) is a C*=t diffeomorphism from J¢(Ny, N3) to J¢(Ny, N3).

Remark: There is some subtlety in item 2. If h: N — N is a C* diffeomorphism other
than the identity, then neither of the following maps is even differentiable on J¢(N, N):
Jo® = he®  or Jyb e ji(gohTh).

It is at first glance a fortuitous fact that the composition of these maps is C*~¢.

What item 2 expresses is the fact that the /-jet bundle is a C*~* invariant under
C*-diffeomorphisms. More generally:

Corollary 6.3. — (see, e.g., [22], Chapter 14.4) If 7: B — M and «': B’ — M’ are
C* fiber bundles, and H: B — B is a C* isomorphism of fiber bundles, covering
the C* diffeomorphism h: M — M', then for every £ < k there is a canonical C*~*
isomorphism of fiber bundles

H': Jm: B— M) — J': B — M)

covering h. For ¢' < £, the map H* covers HY under the natural projection.
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The map H* is defined by:
H*(js0) = jpwy(Hoooh™).

6.3. The graph transform on jets. — In its local form, Corollary 6.3 tells us
that for diffeomorphisms of R™ xR™ of the form H (z,y) = (h(z), g(z,y)), the induced
graph transform on functions ®: R™ — R"™ produces a map that is smooth on the level
of jets. By graph transform, we mean the map Y g: {®: R™ — R"} — {®: R™ —
R™} defined by:
T 1 (®)(x) = g(h*(z), ®(h~" (2))).

It is easy to see that if H is C*, then I z(C*(R™,R")) = C*(R™,R"), for all £ < k;
nonetheless, the restriction of 7z to C*(R™, R™) is not smooth at all, even for £ = 0.
What is smooth, however, is the induced map H*: J*(R™,R") — J¢(R™,R"):

H(jg¥) = ey (T u(®))-

This map on /-jets is C*~¢,

More generally, whenever a graph transform is well-defined, it induces a continuous
map on jets, which we now describe. Suppose that H(x,y) = (h(z,v),g9(z,y)) is a C*
local diffeomorphism of R™ x R"™. Write

A’U B'U
D H = ,
c, K,

where A,: R™ — R™, B,: R® - R™, C,: R™ — R"” and K,: R"™ — R". Suppose
that there exists pg > 0 such that for all v € Bgm+(0, pg), the map A, is invertible.
Then there exists p; > 0 such that, for every ¢ < k, there exists a C*~* local
diffeomorphism
HY: JYR™ R") — JYR™ R"),

defined in the p;-neighborhood of the 0-section of J Jg (R™,R™), given by:

rm (0,p0)
H (1) = Jn(awey (90 (id, ) o (o (id, ) 7).
The map H* has the defining property that for every v € I'*(R™,R"), if j5) is in the
domain of H*, and ¢’ € I'*(R™, R") satisfies:
graph(y’) = H (graph())

in a neighborhood of h(z,v(z)), then H(jiv) = jf;(z ¢(I))¢’. This fact motivates the
term “graph transform.”

We explore the properties of these maps in more detail; this will be used in subse-
quent sections. Writing P*(m,n) = II{_L%  (R™,R™), we have coordinates

(i’, @) and (-777@07 .. '7@[)

on R™ x Pf(m,n), where p; = Dip € L. (R™ R"). Denote by H*(z,p); the

sym

Ly (R™, R™)-coordinate of H%(z, p), so that
He($7 gg) = (h(l’, PO): Hé(xv 9)07 BN HZ(Q:) p)f)

SOCIETE MATHEMATIQUE DE FRANCE 2013



104 A. WILKINSON

Clearly H(x, po)o = g(z, po). Because jets are natural, for £/ < £, we have
H(z, 00, p0)er = H (2,90, -, 0 )0
Furthermore,

-1
H' (2,90, 01)1 = (Ca,p0) + K(2,00)91) (A(zp0) T Ba,po)1) -

Differentiating this expression ¢ times (implicitly), we get, for £ > 1:

HYz,p0,...,00)0 = (K po)pe — H'(v, 00, 01)1B(z,00) 00
+5(, 90, - - 9-1)) © (A(z,p0) + Bapo)91)
where S¢ is a polynomial in (z,go,...,p¢_1) and in the partial derivatives of H

at (z, po) up to order 4.

Notice that if B( = 0, then these expressions reduce to:

z,0)
HZ(ZL‘, ©0,--00)e = (K(a,p0) 00 + Se(l“, ©0,---,00-1)) © A(_;,m)-

In particular, if B, .,y = 0, then there exists p, > 0 such that for all (z/, ') lying in
the py-neighborhood of (z, ) in J¢(R™,R™), we have:

(21) |H (z, p)e — H' (¢, o)
(22) < Qfx,po)(pé - @2) +0 (|(.’E, £05- -5 @Z—l) - (:C/, @67 R WZ—I)D ’
where Q(, ¢ Ly, (R™,R") — L{, ., (R™,R") is the linear map:

£ — — -1
Qarpo) Be) = K(a,p0) ©Br 0 Ar ooy

Observe that, because p, is a symmetric map of order ¢, we have ||Qfx7m)|| <
1K (2,00) | /M(A(z,00)), where m(X) = || X~1||~! denotes the conorm of an invert-
ible matrix X.

For £ > 1, we may regard J(R™,R") as a vector bundle over J°(R™ R") (=
R™ x R™) under the natural projection 7 ; the fiber is HleLiym(Rm7R"). In a
variety of contexts (see Section 10.1 ff.) we will consider the case where the map H is
a fiberwise contraction on a neighborhood of the 0-section of this bundle. We assume
that || K(z,00) | < M(Az,00)) 20d | K (2,00 | < M(A(z,00))" (which together imply that
”K(x,po)H < m(A(x,@o))l7 for 1 <i< /).

Continuing to assume that B, ) = 0, we next construct in the standard way a

norm |- | on IT{_, L%, (R™,R") such that:
(23) |H (z,p) — H (2, 0')['
[A@eoll 1K @,p0)ll
(24) < max { ’ ; : Nz, p)e = (2, 0)el's
(K (@,00)  M(A(z,00))"

for ($, p)a (.T,', p/) lylng in the set {(ZE, pOa@h ce 7@[): |(Ela s 7@€)|/ < 1} To do thiS,
fix L > 0 and for (@y,...,p,) € i_, L (R™ R"), define:

sym

|(B1s-- -, Pe)lL = LBy | + - + Lipl-
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It is not difficult to verify using (21) that if L > 0 is sufficiently large, then (23) holds
for |-/ = ||1, and all (z, p), (¢, ¢') lying in the set {(, 0, By -, Bp): |y - - Pe)l' <
1}.

The same holds true if || B(, || is sufficiently small. Summarizing this discussion,
we have:

Lemma 6.4. — Fiz £ > 1. For every R > 0 and k € (0,1) there existe >0 and L > 0
with the following properties.
Let H: Bpmin(0,1) — R™*" be a C* local diffeomorphism such that:

— dge(H,Id) < R, and

iy A, B,
— writing D, H = , we have:
C’U K’U

inf m(A4,) > 0,
vEBgmin (0,1)

[ e }

K > sup maX{m(AU)’m(AU)Z

VEBym+n (0,1)

and
sup |1B, | < e.
VEBpm+4n (0,1)
Then for all v = (v™,v") € R™™" and all jint,jimy’ € WZ&(’U), with

l5m ], |5my’| < 1, we have:

|H (jom) — H (jomt") L < Eljomt — jomt|L-

7. Proof of Theorem B

Before proving our main higher regularity result (part IV of Theorem A), we give
a proof of Theorem B, as the proof conveys some of the basic techniques we will use
later, but in a simpler setting.

Suppose that N is an embedded C! submanifold of R™*" such that, for every
x,y in N, there exist neighborhoods U of z and V of y and a C* diffeomorphism
H:U — V such that HU) =V and HUNN) =V NN, where k > 2.

We prove that N is a C* submanifold of R™*™, for all £ < k, by induction on £. By
assumption, N is a C! submanifold. Suppose that N is a C*¢ submanifold, for some
¢ < k — 1. We prove that N is C**! submanifold. As the problem is local, we may
restrict attention to a small neighborhood in .

Fix a point zo € N and a neighborhood V of zy in N. By a local C* change of
coordinates in N’ sending zg to 0 € R™ x R™, we may assume that N is the graph
of a C* function ® : Bgn(0,1) — R™ satisfying j5® = 0. The first main step in the
proof of Theorem B is the following lemma.
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Lemma 7.1. — For every u € Bga(0,1) there exists p = p(u) > 0, and for every
i€{0,...,¢}, a C*~% local diffeomorphism
H,: Byignzm(0,p) — J'(R",R™)
with the following properties:
1. HY covers H:™! under the projection J*(R™,R™) — J*=Y(R",R™), and
2. writing H2(v,w) = (hy(v,w), gu(v,w)), we have h, (0, ®(0)) = u, and:

Hy(50®) = dh. (v.0(0) P>
for every v such that j°® € B jemn zmy (0, p).

Proof — For i = 0, this follows immediately from C* homogeneity. Given u €
Bgn(0,1), select a C* local diffeomorphism

H, = (huygu): Brrxgm (0,,00) — R"™ x R™

sending (0,0) = (0,®(0)) to (u,®(u)) and preserving the graph of ®. Under the
natural identification of JO(R"™, R™) with R™ x R™, this defines the map H?:

HHO(U, ’U)) = (hu(va 'ZU), gu(”’ ’LU))

Suppose i > 1, and fix a point v" € R™ near 0, and a function ¢ € I'!,(R",R™).
Consider the local map h,, o (id, ) € I'},(R",R™) given by:

H, o (id,¥)(v) = hy(v,9(v)).

Its derivative at v’ is

) Ohy , , , Ohy , , ,
(25) Dv’ (hu ° (zde)) = v (U 7¢(’U )) + Ow (1) 7¢(v ))Dv’w
Since DHY preserves the tangent space to the graph of ®, it follows that the map
0H,/0v(0,0) is a diffeomorphism onto a neighborhood of u. On the other hand,
plugging in v' = 0, D,/1) = 0 into equation (25) we obtain that for any v € T'§ (R"™, R™)
with j§v = 0, Dg (hy o (id, ¥)) = 22 (0,0).

Since H? is C1, from this it follows that for |j¢,%| and |v'| sufficiently small, the
derivative D, (hy o (id,v)) is invertible. The inverse function theorem then implies
that h, o (id,v) is a C* local diffeomorphism in a neighborhood of v € R", provided
|7é4] is sufficiently small; in particular, (h, o (id,))~! is defined.

For ¢ > 1, we then set

H(55%) = Gh ) ((Gu 0 (id, 1)) 0 (hu o (id, )1 .

Lemma 6.2 implies that H? is a C*~% local diffeomorphism. By construction, the maps
H! satisfy properties (1) and (2). O

Remark: Notice that Lemma 7.1 implies that the image of Bgn(0,1) under j‘® is
a C! homogeneous submanifold of J*(R™, R™). At this point, it is possible to appeal
to Theorem 1.2 to finish the proof.

Returning to the proof of Theorem B, our next step is to show:
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If ® is C* and j'® is a C'-homogeneous function (in the sense of
Lemma 7.1), then §°® is C1, and so ® is C*+1.

To this end, let A: JY(R",R™) — J*(R™,R™) be an invertible linear transforma-
tion, and let p > 0. We next define a subset §(A, p) C Brn(0,1) consisting of the set
of all u € Bg» (0, 1) with the following properties:

— For each i € {0, ... ¢}, there exists a bilipschitz embedding
FIZ Bign,rm)(0,p) — J'(R™,R™)
such that:
— H}! covers H:™! under the projection J{(R",R™) — Ji~1(R" ,R™),
— writing H2(v,w) = (hy(v,w), §u(v,w)), we have h, (0, ®(0)) = u, and:
L) .
Hu(]vq)) = ];Lu(v,d>(v))¢)’
for every v such that j‘® € BJK(Rn’Rm)(O,p), and
— Lip(A — HY) < ™2 on Bjegn gmy (0, p), where m(A) = [|A=1[| =" denotes the
conorm of A.

Fix a countable dense subset {4;};cz, C GL(J*(R™,R™)) of invertible linear
transformations.

Lemma 7.2. — For each A € GL(J*(R™,R™)), and p > 0, the set G(A, p) is compact
in Bgn(0,1). Moreover:

Ben(0,1)= |J 945,55

J1,J2€Z+

Proof. — Suppose that §(A, p) is nonempty. Let u; be a sequence in F(A, p), and for
each i € {0,...,¢}, let lfIij be the associated sequence of bilipschitz embeddings. Since
the space of bilipschitz embeddings is locally compact in the uniform topology, there
exists a convergent subsequence uj, — u € Bgn (0, 1) with ﬁzn — H? uniformly for
all 4. The maps H’ are bilipschitz embeddings, with H? covering H:~!, and Lip(H} —
A) < @. Since the /-jet j“® is a closed subset of J¢(R", R™), the limiting map H’
preserves j‘®. Hence u € §(4, p), and so G(4, p) is compact.

Lemma 7.1 implies that for each u, and each ¢ there exists a C"™" diffeo-
morphism H! satisfying the first two properties. Let ¢ = m(DoH.)/11. Fix
Aj, € GL(JY(R™,R™)) such that |DoHS — Aj,|| < e. A simple estimate shows
that |DoHY. — Ay || < ™) Next, fix jo such that Lip(DoHY — HY) < ™)
on Begm gny (0,5 "). Then Lip(4;, — H.) < % on Bje(gn gmy (0,75 ), which
implies that u € G(A;,,j;"). Hence:

BR”(O,l) = U g(AjujZ_l)v

J1,J2€Z4

completing the proof of the lemma. O
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Since Bg~(0,1) is a Baire space, there exist integers j;, j» such that G(4;,,j2"")
has nonempty interior. Let U be an open ball contained in (A4, , jgl). For each pair

4 . ~ 21
u,u/ € U and i € {0,...,£}, we set H(Z = H!, o H: , which is defined on a

w,u’)

neighborhood of ji® in J*(R", R™). We thus obtain:

Lemma 7.3. — There exists p > 0 such that, for every pair z = (u,u’) € U x U, the
following hold:
— for eachi € {0,...4}, H! is a bilipschitz homeomorphism, defined on a p-neigh-
borhood of ji®,
— H! covers H:=1 under the projection J{(R™,R™) — J:=1(R" R™),
— writing HY (v,w) = (h,(v,w), g.(v,w)), we have h,(u, ®(u)) = ', and:

HEGE®) = jh. (v.0(0) @

for every v such that j5® € B jegn gmy(ju®, p), and
— Lip(I = HZ) < § on Byen zm) (359, p).-

Let K = 3/2, which is a bound, over all z = (u,u’) € U x U, for the Lipschitz
norm of H on BJe(Rn)Rm)(jﬁQ, p). Since ® is assumed to be at least C, there exists
a constant C' > 0 such that, for all u,v’ € U,

1700 — j9,®| < Clu — /|

Fix a point ug € U, and let @ = d(ug,R™ \ U) (which depends uniformly on wyg).
Since j*® is continuous, if u is sufficiently close to uo (uniformly in ug), we will have
JL® € Byerm pn)(jh, @, p).-

Let uy € U be such a point. Fix N € Z, such that:

@ e
————— < |ug —up| < =——.
CK(N+1)~ i = wol < Gy
We construct a sequence of points ug, U1, us,...,uy in U inductively as follows.
The points up and u; have already been defined. For i € {1,...,n — 1}, we set

zi = (ug,u;) € U x U and u;y1 = hy,(u1,P(ur)). We need to check that if u; is
contained in U, then w;4; is also contained in U.
To see this, note that, for i < N, we have:

[Pz, (w1, @(u1)) — bz, (wo, @(uo))]
K|j9, @ — jg, ®|
KC|U1 - U0|

[ui — ui—1]

<
<

Hence, for ¢ < N, this implies that |u; — ug| < KCi|u; — ug| < «, so that u; € U, for
allie{l,...,N}.
Then, for each i:

ju,® —jn_® = H.(j, ®)— H. (s, ®)
= ju ®—ji ®+ (H. —Id)(j5, @) — (H. — 1d)(j.,®)
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Summing these equations from ¢ = 1,..., N, and taking the norm, we obtain:
Gan® = i ®l = Nlji, @ - ji, @]

N

=Y |, - )G, @) - ('Y, - 1a) (L, ®)
i=1

N, . )

> 517 ® = Jug®l;
since Lip(Hfi —Id) < %, fori=1,...,N.

Since j*® is continuous, by assumption, there exists a constant M > 0 such that
|jt®| < M, for all v € U. Then:

. . 2 . .
G ® = Gug @ < Sl ® = @

AM

< -

= N

_ AMCK(N +1) o

B no CK(N +1)
12MC

< lug — wol.

From this it follows that u — jﬁ@ is Lipschitz at ug; since ug was arbitrary, the map
is locally Lipschitz on U. Hence j‘® is differentiable almost everywhere on U C V.
C**!-homogeneity of V now implies that j¢® is differentiable everywhere on V. Taking
a point of continuity for the derivative of j*®, and applying C**!-homogeneity one
more time, we obtain that j*® is C!, and so V is a C**! submanifold of R” x R™.
This completes the inductive step of our proof, and so completes the proof that N is
a C* submanifold of R™*",

8. Journé’s theorem, re(re)visited.

Journé’s theorem [19] is widely used in rigidity theory to show that a continuous
function is smooth. The theorem states that any function that is uniformly smooth
along leaves of two transverse foliations with uniformly smooth leaves is smooth. This
theorem is typically applied in the Anosov setting as follows: according to Proposi-
tion 4.7, the graph of a continuous transfer function ® for a smooth coboundary ¢
is bisaturated, i.e., saturated by leaves of the unstable and stable foliation for the
skew product f4. Since fg is smooth, the leaves of these foliations are smooth graphs
over the corresponding foliations for f. This implies that the function ® is smooth
along leaves of the stable and unstable foliations %*° and W" for f. In the Anosov
setting, these foliations are transverse, so applying Journé’s theorem, we obtain that
® is smooth (see [31]).

Here in the partially hyperbolic setting, we reproduce this argument in part. Indeed,
by the same argument, any continuous transfer function ® of a smooth coboundary
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¢ is smooth along leaves of W° and W". Since the stable and unstable foliations are
not necessarily transverse, we cannot apply Journé’s theorem at this point. The idea
is to use accessibility and center bunching to show that the restriction of ® to leaves
of a center foliation is also smooth. One then applies Journé’s theorem twice, first to
the pair of foliations W and W", and then to the pair W and W*, to conclude
that ® is smooth.

If one assumes that f is dynamically coherent, then it is possible to turn this idea
into a rigorous argument, as we outlined above in Section 1. Here are a few more
details on how one can show that ® is smooth along leaves of W in the dynamically
coherent setting. Bisaturation of ® implies that the graph of ® when restricted to
the W*-manifolds is invariant under the W} and W -holonomy maps between lifted
‘W;—manifolds. The strong bunching hypothesis on f implies that these holonomy
maps are smooth when restricted to center manifolds of f4. Each center manifold
‘W;(p, t) of f, is the product W°(p) x R of a center manifold for f with R, and the
‘W; and ‘M/g—holonomies between ‘W;—manifolds covers the corresponding W° and
W"-holonomies between W°-manifolds. Since f is accessible and @ is bisaturated, any
two points on the graph of ® can be connected by an su-lift path. Corresponding to any
such su-lift path is a composition of (W“; and ‘M/Z—holonomy diffeomorphisms between
‘W;—manifolds that preserves the graph of ®. Putting all of this together, we get that
the graph of ® over any given center manifold W*°(p) is a smoothly homogeneous
submanifold of %(p) x R and so by Theorem B is a smooth submanifold. Hence the
restriction of ® to W leaves is also uniformly smooth.

If we do not assume dynamical coherence, then this argument falls One can at-

tempt to use in place of a center foliation a local “fake” center fohatlon W as is done

in [9] to prove ergodicity. However, the fake center foliation (Wm available to us is
not sufficiently canonical to allow a dynamical proof that the graph of ® is smoothly
—c

homogeneous over W, leaves. Another difficulty is that the fake center foliation and
the unstable foliation 9" are not jointly integrable, and so we cannot apply Journé’s
theorem in the two steps outlined above. Fortunately, both problems can be overcome,
and it is possible to employ the fake foliations of [9] to prove Theorem A. The key
observations that allow is to do this are:

1. the fake center foliation /‘W; and the fake unstable foliation /‘)/l\/z are jointly

integrable,
2. one can show that ® has continuous “approximate jets” along leaves of /‘M\/Z and

—~cC

-, and
3. Journé’s theorem has a stronger formulation in terms of “approximate jets”.

We detail the argument in the next section. In this section, we describe the stronger
formulation of Journé’s theorem and what we mean by “approximate jets.”

Definition 8.1. — Let D be a domain in R™, C > 1, a > 0 and £ € Z,. A function
1: D — R™ has an (¢, o, C)-expansion at z if there ezists a polynomial p, of degree
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< ¢ such that:
[¥(z') — p=(2")] < Clz — 2/|F*,
for all 2/ € D.

The following theorem was proved by Campanato (in a more general context):

Theorem 8.2. — [10] For £ € 7, and o € (0,1], a function ¢ : R™ — R™ 4s C< if
and only if, for every compact set D € R™, there exists C' > 0 such that 1 has an
(¢, a, C)-expansion at every z € D.

Furthermore, ¥ is a polynomial of degree < £ if and only if there exists o > 1
such that, for every compact set D € R™, there exists a C > 0 such that ¥ has an
(¢, a, C)-expansion at every z € D.

Definition 8.3. — A parametrized C%? transverse pair of plaque families is a pair of
maps (w,wY), with

WMt s [ S R™ and WV I x I — R

)

of the form:

wl(z) = 2+ (2,80 (), and w!(y)=z+ (B (v),9),
for z € I™*" where BE € CH(I™,R™) and BY € CH*(I",R™) have the following
additional properties:
1. B2(0) =0 and BY (0) = 0, for all z € I™*™,
2. ﬂ(lé,o)(x) =0 for every x € I, and ,3(‘670)(@/) =0, for every y € I"™,
3. The maps z — B2 € CH*(I™,R") and z — wY € CH*(I",R™) are continuous.

If (wH,w") is a parametrized C** transverse pair of plaque families, we define the
norm ||(w#,w")|ls.o as follows:

W™ W)l := sup 1B lctia(rm rny + 18Y [t (rn gm)-
zeIm+n

Remark: A pair of transverse foliations with uniformly C*® leaves, after a C*®
local change of coordinates, becomes a parametrized transverse pair of plaque families.
Similarly, a pair of continuous plaque families (where the plaques depend continuously
on the their center point in the C“ topology) transverse at every point gives a
transverse pair of plaque families.

Theorem 8.4. — Fiz ¢ € Zy and o € (0,1). Let (w,wY) be a parametrized C**
transverse pair of plaque families in I"™™ C R™ x R™. For every C > 0 there exist
C'=C'(C, |(wH,w)le.a) and p = p(C, || (wH,wY)|¢.a) such that the following holds.
Suppose that ¢ : I"™™ — R has the properties:
(1) for every z € I™*" there exists a polynomial p : I™ — R of degree < £ such
that, for all x € I™:

[P(wi () — 2 (2)] < Cl2]F + [o[ ),

z
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(2) for every z € I™*™, there exists a polynomial p! : I" — R of degree < £ such
that, for ally € I™:

(W () = pY W) < Oyl + [2[),
Then v has an (¢, a, C")-expansion at (0,0) in Bgm+a (0, p).

Remark: Note that the hypotheses of Theorem 8.4 are weaker than requiring that
Y owl and ¢ o w! be C%¢ for every z € I™*™. They are also weaker than requiring
that 1 o w and 9 o w¥ have (¢, a, C)-expansions about 0 for every z. This latter
condition corresponds to the stronger conditions:

[Y(wi (2)) = o2 ()| < Clz|*®,  and  [p(w) () - 02 (v)| < Clyl™,

for every (z,y). Note also that the conclusion of Theorem 8.4 is in some aspects very
weak: it does not even imply that 1 is continuous (except at the origin).

One can recover Journé’s original result from Theorems 8.4 and 8.2 as follows.
Suppose that 1) is uniformly C%* along the leaves of two transverse foliations with
uniformly C*® leaves. Fix an arbitrary point z; in local coordinates sending z to 0,
the transverse foliations give a parametrized C%® transverse pair of plaque families.
In the coordinates given by this parametrization, 1 has a Taylor expansion at every
point with uniform remainder term on the order £+ «. This implies that conditions (1)
and (2) in Theorem 8.4 hold, for some C that is uniform in the point z. Theorem 8.4
implies that ¢ has an (¢,,C’) expansion (in these coordinates) at x, where C’ is
uniform in z. Since = was arbitrary, Theorem 8.2 then implies that 1 is C*.

We also remark that whereas Theorem 8.2 holds for & = 1, Theorem 8.4 is false
for a =1, if £ > 1 (see [33] for an example with o =1, £ = 1).

Proof of Theorem 8.4. — The proof amounts to a careful inspection of the main re-
sult in [19]. We follow the format in [30], where the structure of the original treatment
in [19] has been clarified. We retain as much as possible the notation from [19, 30],
though there are some small changes. The two differences in the way the result is
stated here and the way it is stated in [19] are the following:

1. In [19], the transverse plaque family arises from a transverse pair of local folia-
tions ¥ and &,,; this is not assumed here. An extra lemma (Lemma 8.9) deals
with this.

2. In [19], it is assumed that 1 is C** along leaves of the foliations &, and .
This is replaced by (1) and (2). A slight adaptation of the proof of Lemma 8.11,
part 1, deals with this.

As in [19] and [30], we give the proof for m = n = 1; the proof for general m,n is
completely analogous. We first reduce Theorem 8.4 to the following lemma.

Lemma 8.5 (cf. [30], Lemma 4.4). — Under the hypotheses of Theorem 8.4, there is
a polynomial p = () of degree < £ with the following property. Given k > 0
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and the cone K, = {(u,v) € R? : |[v| < klu|}, there exist positive constants C; =
C1 (5, C, @™, 0¥ la) and p1 = 1 (5, C, (@ 0¥ ) stuch that:

(26) (=) — p(2)] < Cilzl®,  forz € & N B(0, p).

We first prove Theorem 8.4 using Lemma 8.5. Fix k > 2. Applying Lemma 8.5 to
the cones X = {(u,v) € R? : |v| < kl|u|} and K" = {(u,v) € R? : |u| < &|v|} (with
the roles of u and v switched), we obtain polynomials p and ' of degree < £ and
constants C’, p such that

[9(2) — p(2)| < C'|z|*T*, forz e £ N B(0,p),

and

[Y(2) — @' (2)] < C'|z|Fe, forz e K" N B(0,p).
Note that V' = B(0,p) N X N K’ has nonempty interior. But then p and g’ must
agree because they have contact higher than ¢ on V. Hence ¢ has an (£, a,C") jet
on Bgz2(0, p). This completes the proof of Theorem 8.4, assuming Lemma 8.5. O

Proof of Lemma 8.5. — Replacing ¢ by ¥(z,y) — ¥(z,0) — (0, z) +1(0,0), we may
assume that 1 vanishes along the z-and y-axes. For z € I let 7% (2) = wH (I™)
and let 7V (2) = wY (I").

The structure of the proof is as follows. We construct a sequence of degree (£+ 1)
polynomials p,,, on I? that interpolate the values of ¢ on a carefully chosen collection
S of (£ 4 1)? points in R?. The terms of degree < £ in g, converge to a degree £
polynomial p that satisfies (26) on a cone K.

Sar Sok+1 Sokt2

FiGURE 1. The geometry of the sets Sy,, when ¢ = 3.

We say more about the selection of sets S,,. Each set S, is the union of four
subsets S, = {(0,0)}U(H, x {0})U ({0} X Vi) U J,p, where H,,, and V,,, each contain
£ distinct real positive numbers. The sets S,,, are chosen with several properties:

— the minimum and maximum distance between any two points in S, are com-
parable by a fixed factor B > 1 and are both O(r™/?), for some fixed r € (0, 1),
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— J,, is approximately the cartesian product H,, x V,,, with error o(r™/?),

— any “vertical” collection of £ 4+ 1 points in S,, lies on a vertical & V-plaque, and
any “horizontal” collection of £+ 1 points in .S, lies on a horizontal & H—plaque,

— S and S,,41 agree on ¢ (horizontal or vertical, depending on the parity of m)
collections of £ + 1 points.

These properties, combined with properties (1) and (2) of ¥ ensure both that the
degree < ¢ terms in the polynomials p,, converge and that the limiting polynomial is
a good approximation to ¥ on any cone KX .. We will say more about the construction
of S,, shortly; we note that it will be necessary to construct more than one such
sequence, in order to prove that p is a good approximation at all points in X, and
not just those points on which 1 was interpolated.

The starting point in Journé’s argument is to prove a higher dimensional version
of the following interpolation lemma.

Lemma 8.6 (Basic interpolation lemma. [19]). — Fiz £ > 1. For each B > 1, there
exists Co = Co(B) > 0 with the following property. If the collection of points
{20,21,-..,2¢} C R satisfies R/n < B, where

R =suplz;| and n= inf |z; — z;],
j J#3’

Then for any values {bo,...,be} C R, there exists a unique polynomial

¢
p(z) = Z cpa?
p=0
such that p(z;) = b;, for 0 < j < £. Moreover,

Z lep| RP < C'sup |b;].
» J

Journé’s generalization of Lemma 8.6 allows one to interpolate values of a function
on a collection of (¢ + 1) points in R? that lie in a rectangle-like configuration —
like the sets S, described above — by a degree (£ + 1)? polynomial whose C° size is
controlled on the scale of the grid:

Lemma 8.7 (Rectangle interpolation lemma. [19], Lemma 1; cf. [30], Lemma 4.5)

Fiz £ > 1. For each B > 1, there exist 0y = 6o(B) > 0 and Cy = Cy(B) > 0 with
the following property. If the collections of points {zj, : 0 < j < 4,0 <k <{} C R?,
{z; :0<j <t} CR and {yr: 0 <k <L} CR satisfy:

R/n < Ba and |Zj,k - (xjvyk‘)l S 0077’
where

R=sup|zx| and n= |25k — 257,01

inf
j,kt (j’k)i(j/vk/)
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Then for any values {bj : 0 < j < £,0 < k < {} C R, there exists a unique
polynomial
p(z,y) = D cpga”y’
0<p,q<t
such that p(2; ) = bjk, for 0 < 4,k < L. Moreover,

> lepg RPT < Cosup [bj k-
p,q Ik

As mentioned above, to create the sets S,,, we will intersect plaques of our trans-
verse plaque families. The next lemma gives control over the location of the intersec-
tion of two transverse plaques.

FI1GURE 2. Lemma 8.8

Lemma 8.8 (Local product structure). — For every K, 6 > 0, there exist po = po(K) >
0 and py = p1(K,0) > 0 with py < po such that, for any parametrized C** trans-
verse pair of plaque families (W, w") with ||[(WH,w")|1 < K, and any 21,20 €
Bgm+n (0, po), the manifolds wY (I™) and wf (I™) intersect transversely in a single
point [z1,z2] € I™*™. Moreover, if |(z,y)| < p1, and |(z',y")| < p1 then

(=, 9), (0,5)] = (=,9) < 0((z, y)| + ¥/,

and

(2", 0), (z,9)] = (&, 9)| < O(|(z,y) + |z")).
Proof. — This is a simple consequence of the fact that the transverse plaque families
are continuous in the C! topology. O
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Fix K >0 and k > 1 and let py = po(K). Fix (wf,w") such that ||[(w,w")|s,a <
K . We now define the base grid:

Go = Gow™,0") = ({7 Yiez, v(o0p {TH Irez,Ugo0})
of horizontal and vertical plaques from which we will eventually construct the sets
Spm. We fix r € (0,1), and let 72 = 77(0,0) and 7Y, = 77(0,0), and for j, k > 1
set 9;/ =Y (r7,0) and 7} = 7V (0,r%).
For each (nonzero) w € Brm+n (0, pg), we also define a new grid &, as follows. We
choose j = j(w) € Z4 such that the quantity

|[wa (Oa 0)] - Tj|

is minimized. The grid &, is then the same as {,, except that the vertical leaf & y
in 7, is redefined: 9;-/ = "V (w). This is illustrated in Figure 3.

Ficure 3. Grid substitution

Each grid F = ({9;/}, {T}) defines sequences of points {2k }jkez, C R? and
{z;}Am} € Rvia: {2} = 97 0T, (25,0} = 75 NI, and {(0,3)} =
FY N T} For each pair (j, k) with |j — k| < 1, we then define

Hjp=Hjp(9) ={zj 5 <J <j+ 0 Vie=Vin(G) ={yw : k<K <k+ 8}
and

Tjw = Jin(§) ={zpw 1§ <7 <j+ 0 k<K <k+0}.

Lemma 8.9 (Grids are good). — For every K > 0 and k > 1, there exists py =
p2(K,K) > 0 such that if ||(wH,w")|1 < K, then for every 0 > 0, there exists an
integer ko = ko(K, k,0) > 0 such that: for all k > ko, for all j with |j — k| < 1, and
for all w € Brm+n (0, p2) N K, the grid G, has the following properties.

-2
Rjk/njk < 6r°"°, and sup  [zjr ke — (T, i) < Ok,
Zj/,k/GJj,k
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where
Rjy = sup |z| and mjp=  inf |z—2|
2€Jd; k 2,2'€Jj 1, 27#%

Moreover, R;;, < 3rk—1,

Proof of Lemma 8.9. — Let K > 0 and « > 1 be given, and suppose that
(W, W) < K.

We choose ps such that for all w € Bgz(0,p2) N K, and for j sufficiently large
(greater than some jo), if 7 minimizes the quantity |[w, (0,0)] — 77|, then |w| < 2(1 +
k)rJ. This is possible, by Lemma 8.8.

Let 8 > 0 be given; we will describe below how to choose a constant 8; = 01 (K, &, 0).
Assuming this choice has been made, let p; = p1 (K, 61) be given by Lemma 8.8. We
choose ko > jo such that max{2(1+x)r*~1 R, } < p1, for all |j —k| <1 and k > ko.

Let w € Bgm+n(0,p2) N Ky, and consider the grid &, . For j,k € Z, satisfying
|7 — k| <1, and k > ko, fix a point z € J;j i, which by definition is the point of
intersection of 9’;5 and 9’5, for some k — 1 < j' k' < k+ £+ 1. Write z = (z,y)
and w = (z’,y’). There are two possibilities. Either 9;5 is in the base grid &, or
g5 =" (w).

In the first case, since z € 9’}/; N 95, we have |z| < p;. Lemma 8.8 implies that

110,0), (z, )] = (0,9)] = lyw — vl = Ir¥ —y| < 01](z,v)|
and
[(2,9), (0,0)] = (z,0)] = |aj — a| = [’ — 2| < 64](w,)|.

and so |z — (zj/,yr)| < |z — x| + |yp — y| < 2601]2]. Since |(zj,yx )| < 2rF71, we
therefore have, for #; sufficiently small:

(27) 2] < 3kl
and
(28) 2 — (zjr, y)| < 6601771

Suppose, on the other hand, that 9;/ = 7" (w). Then the point (z;7,0) = [w, (0,0)]
has the property that

— ’I"jl+1| = 7(1 — ’r) i’ ’r]

.7 ]_ .7
|z —r? | < =|r? .
2 2 2

J

v

Since w € Bgz(0, p2) N K, and j’ > ko, we have that |w| < 2(1+)r? =1 < p;. Hence
Lemma 8.8 implies that |z; — 2’| = |[w, (0,0)] — (z,0)| < 61 (Jw| + |2|); This implies
that |z; — /| =< 61 (Jw| + |2']) < 261 |w| < 46,(1 + &)r? 1.

Now z = [w, (0,7¥")] and |[w, (0,7%)] — (z',r¥)| < 61 (Jw| + r*¥') < 01 (3 + 2K)rk~1.
Using the triangle inequality, we conclude that, for 8; sufficiently small, we have

(29) 2| < R
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and

(30) |z = (2, u0)| < |2 = (@7 + oy — '] < 01(7+ 6k)r" 7,
Hence, in either case, we conclude that

(31) Rjp < 3kt

and

(32) sup |z — (@i, k)| < 01(7 + 6k)rF1L,

Z50 1! er,k

On the other hand,

(33) Mk = inf fyp —yel = sup [z — (T4 yw)]
J'#3 zj/YkIEJj,k
(34) > R 9 (74 6k)rF T,

and for 0; sufficiently small, we get 7, > r****1/2. Combining this with (31), we
have R;x/nj, < 6r=2. Combining (33) with (32) we also get:

< 60, (7 + 6k)rF—1
sup |Zj/’k/ — (.’]jj/,yk/)| = Nk R 91(7 T Gﬁ)Tk_l .

Zjl’kler,k

Choosing 6, = 61(K, k,0) small enough, we obtain that
sup [z 1 — (x50, yrr )| < Onjiks
Zj1 gt EJj,k

which finishes the proof. O

Let B = 6r°~2 and let py = p2(K, k) > 0 be given by Lemma 8.9. Let 6y = 6(B) >
0 and Cy = Cy(B) > 0 be given by Lemma 8.7. Now let kg = ko(K, k,00) > 0 be
given by Lemma 8.9.

Fix w € Brm+n(0, p2). We now define the sequence S,,, of rectangles associated to
the grid &, . For |j — k| < 1, we set:

Sjk =10,0} U (Hj, x {0}) U ({0} X Vjk) U Jj.

Now, let So; = Sk and let Sopy1 = Sk kt1. Define the sets H,,, V,,,, and J,, anal-
ogously, for m € Z,. Let R,, = sup,c; |z and let n,, = inf, .icj, .22 |2 — 2|
Lemma 8.9 implies that for m > 2kg, we have |R,,| < 3r(m=1/2 and R../nm < B.

By Lemma 8.7, there exists a constant Cy = Cy(B) > 0 such that for each m >
2kg, and any function 1, there exists a unique (degree (£ + 1)?) polynomial gp,, =
pm (W, 0"),w,):

om(@,y) = > o afy’

0<p,g<?
that interpolates ¥ on the rectangle S,,. Furthermore:
(35) > e |REFT < Cosup{w(2) : 2 € S},

Psq
where R,, is defined above.
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Lemma 8.10. — For every K,C > 0, there exist constants C; = C1(K,C) > 0 and
p = p(K,C) > 0, such that for all (W ,w") with ||[(wH,w")|ee < K, for all w €
Bg2(0, p2) N K and for all ¢ satisfying hypotheses (1) and (2) of Theorem 8.4 for this
value of C, the sequence ;' = c;?q(ﬁw,d)) has the following property.

Let ©,,(2,y) = > piq<i o q®Py?. Then there exists a polynomial § such that p =
lim,— 00 @, (uniformly on compact sets). Furthermore:

B(2) — (2)] < Cilzlt* for ze K | Ty N Brmsn(0,p).
k>ko

We first finish the proof of Lemma 8.5, assuming Lemma 8.10. Let C' > 0 and v be
given satisfying hypotheses (1) and (2) for this value of C. Let C; = C1(K,C) > 0 and
p = p(K,C) > 0 be given by Lemma 8.10. Given w € Bg2(0,p) K, let o = ©(7,,,¥)
be given by Lemma 8.10. By construction of the grid &, , we have that w € (i, 9,‘!.
This implies in particular that

[B(w) — (w)| < Cylw] .

Let w' € Bg2(0,p) N K be another point, and let §' = ©(G,,,%). By the same
reasoning,

[P/ (w') = ()] < Crfw'[.
Note that the sequences c;'.(¥,,,%) and ¢! (§,,,¢) differ in only finitely many
places. This implies that ' = . The polynomial p = p satisfies the conclusions
of Lemma 8.5. This completes the proof of Lemma 8.5. O

Proof of Lemma 8.10. — The proof follows the proof of Lemma 4.4 in [30] very
closely; the only slight change occurs in the proof of Lemma 8.11, part (1) below,
which corresponds to Lemma 4.8 in [30]. We outline the proof and refer the reader
to [30] or [19] for the details.

Fix k and let p = gy and ' = @), ; be the interpolating polynomials on Sz, =
Sk and Sagy1 = Sk k+1, respectively. Denote their coefficients by ¢, , and ¢, , re-
spectively. Let T, = 3r*~1. We will show that

t+a—p—
|Cp,q _c;,q| = O(Tk TP,

By Lemma 8.7, it is enough to consider the polynomial p — ¢’ and find an upper
bound for |p — g'| on Sk x+1. Note that p and g’ agree on Sk ky1, except at the ¢
points zj k¢, k < j < k+ £. On these points we have '(2; x1¢) = (2 k+¢). Hence
we need only estimate |¢(2; k4e) — ©(2j,k+¢)|, for k < j < k + £. For such a j, write
9";/ as a graph of a function of the second coordinate: 9;/ = {(z;(v),y): y € I},
and let z;(y) = (z;(y),y). Notice that, in the case where j = j(w), we have z;(y) =

wy (Y — Yw), where w = (24, Yy ); otherwise, z;(y) = "‘)ch,o) (y). Note that in either

case, z;(0) = z;, and the function z;(y) would be constant if the curve 9Xk were
truly vertical. The following estimates would be trivial if x; were a constant function.
The hypothesis that (w¥,w") is uniformly C%® will be used as in [19, 30] to estimate
the C“° size of z;(y).
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Choose a constant Cy > 0 so that {z;(y) : y € Iy} contains all the points
in w&j 0)(1) N Skr N K, for all k > ky and k < j < k + ¢, where I is the in-
terval Iy := [—CyT}, CoTy]. We next show that [1(2;(y)) — p(2;(y))| = O(TET®),

for k < j < k+/¢and any y € Ij. Fix such a j. For h: I? — R, write h(y) for h(z;(y)).
We will restrict attention to the domain Ij.

Lemma 8.11. — There exists C3 > 0 such that if k > ko, k < j<j+4{, andy € I},
then:

1.
- B df ~ N N
(¥ = 6) (W) < Cs W(p) Tt + CsT ™,
2. if p,g <L and p+q> ¢, then
df ——a
e AT [NEYerty e E A
3. ifp+q <L, then
dl
’ dT/gx?(Z/)yq < (s,
4. and therefore
dz 5 ——«
deﬁ) < Csllwjliceeny Z o, T +Cs Z |ep,ql-
* ptg>L ptq<t

Proof. — To prove (1), recall that z;(y) = wh(y — yw), if j = j(w), and z;(y) =
‘*’(‘;j,o) (y) otherwise. The hypotheses of Theorem 8.4 imply that
b(2(y)) = Dl (y — v0)) = p¥ (y = yo) + 77 (¥ = o),
where 29 € {w, (z;,0)} and yo € {0, 9w}, and |} (y — yo)| < C(|2[F* + |y — yol“T*).
Now |z9] = O(Tx) and |yo| = O(Tk) (since w € K), which implies that |7']V(y)| =
O(T,f+°‘), for y € I,.
Writing the Taylor expansion of of the C“* function @ about 0, we have

o(y) = Qy) + R;(v),

where @ is a degree ¢ polynomial and |R;(y)| = O(|y[***

o] )= ot | e ).
for y € Iy. Recall that, since £k < j < k + ¢, the polynomial g interpolates 1
on the £ + 1 points in Sk 41 N 9V(xj,0). Therefore the degree ¢ polynomial
Qy) = Qy) — p¥, (y — yo) on I, takes the value 7 (t;) + R;(t;) at the £+ 1 points

{O =t1g,t1,--- ,te} = (chj,O))_l (Sk’k+1 n gv(.’bj,())) .
Lemma 8.8 implies the points {0,%¢1,...,t,} in I are spaced ©(T}) apart. Since
QU < IrY (t) + By ()] = O(TEe + Tf*e || £.6| ), for i € {0, €}, Lemma 8.6
(e

dy?
then gives the desired inequality in (1).
The last three parts are proved in [30] (part (4) follows from (2) and (3)). O
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Given § > 0, we may assume that ky > 0 was chosen sufficiently large so that
llz;llce.or,) < 6. Then we have

(¥ — ) (2; ()] < CsTET +C38 Y epglTET+Cs > lep ol T,
p+g>~L p+q<{

for all y € Ij. Plugging y = z; x4 into this equation (and recalling that p'(2; k+¢) =
¥(255+2)), and using (35) for p — o' on Sis1, we get:

+ ¢ + ¢
Z |C;),q - Cp,q|Tlf <0y Tk+a +0 Z |Cp,q|Tl§7 ! Z |Cp,q|Tk+a
psq p+g>L p+q<t

(cf. equation (4.11) in [30]).
Now the proof proceeds exactly as in [30], and we obtain a polynomial p satisfying
the conclusions of Lemma 8.10. O

9. Saturated sections of partially hyperbolic extensions

We recast Theorem A, part IV as a more general statement about saturated sections
of partially hyperbolic extensions.

Definition 9.1. — Let f : M — M be C* and partially hyperbolic. A C* partially
hyperbolic extension of f is a tuple (N, B, m, F), where N is a C*° manifold, m: B —
M is a C™ fiber bundle over M with fiber N, and F : B — B is a C*, partially
hyperbolic diffeomorphism satisfying:

1. toF = fom, and

2. E¢ = Tw_l(EJS).

We say that (N, B,w, F) is an r-bunched extension if there exists a Riemannian
metric < -,- > on B and functions v, 0,7y, and 4 on B satisfying (4)-(6) such that,
for every x € M:

sup v(z) < inf ){'y(z),’yr(z)}, sup ©P(z) < inf {%(2),5"(2)},

zem—1(z) zem~1(z zem—1(z) zem—1(z)

—S.upzeﬂq(m) v(2) < inf A"(2), and —S'upzeﬂq(z) ij(z) < inf  A4"(2).
1nfz€7r*1(m) 7(2) zem~1(x) lnfzeﬂ'*l(z) 7(2) zen—1(x)

If (N, B, 7, F) is an r-bunched extension of f, then f is r-bunched. To see this, we
construct a Riemannian metric on M in which the inequalities in (8) and (9) hold.
This is achieved by fixing a horizontal distribution Hor C T'B, transverse to ker T'r
and containing E% @ E%, and defining, for v € T, M, the metric < -,- >’ by <
v1,v9 >h=sup < wi,wy >,, where the supremum is taken over all w; € T~ (v;) N
Hor(z), with 2 € 7=1(x). In this metric, the r-bunching inequalities hold for f, with
I/(.’E) = SUP,er—1(x) V(Z), ﬁ(.’E) = SUP,er—1(z) ﬁ(z)’ ’Y(x) = infz€7r—1(ac) ’Y(z)a and "A)/(CL') =
inszﬂ'—l(w) :Y(z)
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If (N, B,n,F) is a partially hyperbolic extension of f, it follows that 8 — M
is an admissible bundle with Wy, = W% and Wy, = Wy. We say that a section
o : M — PBis bisaturated if it is bisaturated with respect to these lifted foliations (see
Definition 4.1). We have the following theorem.

Theorem C. — Let f : M — M be C*, partially hyperbolic and accessible, for some
integer k > 2. Let (N, B,n,F) be a C* partially hyperbolic extension of f that is
r-bunched, for somer <k—1 orr=1.

Let 0 : M — B be a bisaturated section. Then o is C”.

Remark: One might ask whether the same conclusion holds if ¢ is instead assumed
to be a continuous F-invariant section. The answer is no. De la Llave has constructed
examples of an r-bunched extension of a linear Anosov diffeomorphism with a contin-
uous F-invariant section that fails to be C''. What is more, this section is C(1/7)—¢,
for all € > 0, but fails to be C'/" (see [31], Theorem 4.1).

What is true is the following. Suppose that (N, B, w, F) is an r-bunched partially
hyperbolic extension of f. Then there exists a critical Hélder exponent oy > 0 such
that, if o is an F-invariant section of N that is Holder continuous with exponent
Qy, then o is bisaturated, and hence C". The exponent «y is determined by v, ¥ and
the norm and conorm of the action of TF on fibers of N. When F' is an isometric
extension of f (as with abelian cocycles, or cocycles taking values in a compact Lie
group), then ap = 0, and any continuous invariant section is bisaturated. In general,
if F' is an r-bunched extension, then ag < 1/r, but it can be smaller, as is the case
with isometric extensions. The proof of these assertions is similar to the proof of
Proposition 4.7; see also ([31], Theorem 2.2).

9.1. Proof of Theorem A, Part IV from Theorem C. — Suppose that f is
C*, accessible and strongly r-bunched and that ¢ is C*¥, for some k > 2 and r < k—1
or r = 1. Then the skew product fs: M x R/Z — R/Z is a C*, r-bunched, partially
hyperbolic extension of f. If ® is a continuous solution to (2), then Proposition 4.7
implies that ® is bisaturated. Then the map z — (z, ®(x) (modl)) is a bisaturated
section of M x R/Z. Theorem C implies that this section is C". This implies that ®
is C".

10. Tools for the proof of Theorem C

We finally delve into the details of the proof of Theorem C, which is the heart of
this paper.

10.1. Fake invariant foliations. — Recall that to prove Theorem A, part IV,
when f is dynamically coherent, one can make use of the stable and unstable holonomy
maps for f and F' between center manifolds; more generally this strategy can be used
to prove Theorem C when f is dynamically coherent. Since we do not assume that
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f is dynamically coherent, we use in place of the center foliation a locally-invariant
family of center plaques (see [18], Theorem 5.5). The stable holonomy between center-
manifolds is replaced by holonomy along locally-invariant, “fake” stable foliations, first
introduced as a tool in [9]. These foliations are defined in the next proposition.

Proposition 10.1 (cf. [9], Proposition 3.1). — Let f : M — M be a C" partially hyper-
bolic diffeomorphism. For any € > 0, there exist constants p and p; with p > p1 > 0

such that, for every p € M, the neighborhood By(p, p) is foliated by foliations W,
—8 —~C —~CUu —~CS
W,, W,, W, and W, with the following properties:

1.

Almost tangency to invariant distributions: For each ¢ € By(p, p) and

o~k A~k
for each x € {u,s,c,cu,cs}, the leaf W,(q) is C' and the tangent space T, W ,(q)
lies in a cone of radius € about E*(q).

. Local invariance: for each q € Bp(p, p1) and x € {u, s, ¢, cu,cs},

FW,(g,p1)) € Wiy (£()), and F~1(W, (g, 1)) € Wps(py(F2(9)).

. Exponential growth bounds at local scales: The following hold for all

n > 0.
(a) Suppose that g; € By (pj,p1) for0<j<n-—1.
Ifq, S (M/p(Q7 pl): th’en quz S (Wp(qrupl)7 CL'de

A(qn, 4},) < va(p)d(a,q').
Ifq; e /(M\/:s(qj,pl) for0<j<mn-—1,theng, € /(I/P;s(qn), and
d(gn,9,) < An(p)~'d(g,q).

(b) Suppose thatq ;i € Bu(p— J,pl) f0r0<j <n-1.
If ¢’ E‘W (g,p1), then g~ nEW (q—n,p1), and

A(q—nrd_p) < P—n(p)~'d(q,).
Ifq ;€ /(M\/:u(q_j,pl) for0<j<mn-—1,thenq. , € /()/l\/;u(q_"), and
d(q-n:q-,) < v-n(p)d(q,q")

4. Coherence: /(W; and /‘W; subfoliate /(M\/;s; /‘1/17: and /‘I/l\/; subfoliate /(M\/:u
5. Uniqueness: W, (p) = W’ (p,p), and W ,(p) = W*(p,p).
6. Leafwise regularlty The followmg regulamty statements hold:

(a) The leaves of ‘W and ‘W are uniformly C", and for x € {u,s}, the

leaf ‘Wp( x) depends continuously in the C" topology on the pair (p,x) €
M x BM(p»pl) ou —cs .
(b) If f is r-bunched, then the leaves of W, , W, and W, are uniformly

C", and for x € {cu,cs,c}, the leaf /‘I/Pp(x) depends continuously in the
C" topology on (p,x) € M x B (p, p1).
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7. Regularity of the strong foliation inside weak leaves: If f is C* and
r-bunched, for somer < k—1 orr =1, and k > 2, then each leaf of Wp 18

C" foliated by leaves of the foliation /(W;, and each leaf of /(W;u is C" foliated by
leaves of the foliation /(l/pz

Furthermore, the distribution E;(x) = Tm/‘bl?; is C" inx € /‘M\/;S(p), and the
map x — E\; (z) on /‘W;s (p) depends continuously on p € M in the C" topology.
The dﬁitribution E\;‘(m) = Tw/‘]/pz isClinz € /(M\/;u(p), and the map = — E\;‘(x)
on ‘M/p (p) depends continuously on p € M in the C" topology.

Proof. — The proof of parts (1)—(5) is contained in [9]. We review the proof there,
as we will use the same method to prove parts (6) and (7). Some of the discussion
below is taken from [9].

Suppose that f is C”, for some r > 1. After possibly reducing &, we can assume
that inequalities (3)—(6) hold for unit vectors in the e-cones around the spaces in the
partially hyperbolic splitting.

The construction is performed in two steps. The first step is to construct foliations
of each tangent space T), M. In the second step, we use the exponential map exp,, to
project these foliations from a neighborhood of the origin in T, M to a neighborhood
of p.

Step 1. In the first step of the proof, we choose py > 0 such that exp;1 is defined
on Bp(p,2p0). For p € (0, po], we define, in the standard way, a continuous map
f,: TM — TM covering f, which is uniformly C” on fibers, satisfying:

1. f,(p,v) = exp;(lp) of oexp,(v), for [|v| < p;

2. £,(p,v) = T, f(v), for |[v]| > 2p;

3. If,(p,-) —Tpf(-)|lcr — 0 as p — 0, uniformly in p;

4. p— f£,(p,-) is continuous in the C" topology.

Endowing M with the discrete topology, we regard TM as the disjoint union of
its fibers. if p is small enough, then f, is partially hyperbolic, and each bundle in
the partially hyperbolic splitting for f, at v € T, M lies within the ¢/2-cone about
the corresponding subspace of T, M in the partially hyperbolic splitting for f at p
(we are making the usual identification of T,,T, M with T,M). If p is small enough,
the equivalents of inequalities (3) will hold with T'f replaced by Tf,. Further, if f is
r-bunched, then f, will also be r-bunched, for p sufficiently small.

If p is sufficiently small, standard graph transform arguments give stable, unstable,
center-stable, and center-unstable foliations for f, inside each T, M. These foliations
are uniquely determined by the extension f,. and the requirement that their leaves be
graphs of functions with bounded derivative. We obtain a center foliation by intersect-
ing the leaves of the center-unstable and center-stable foliations. Since the restriction
of f, to T, M depends continuously in the C" topology on p, the foliations of T}, M
depend continuously on p.
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The uniqueness of the stable and unstable foliations implies, via a standard ar-
gument (see, e.g., [18], Theorem 6.1 (e)), that the stable foliation subfoliates the
center-stable, and the unstable subfoliates the center-unstable.

We now discuss the regularity properties of these foliations of T'M. Recall the
standard method for determining the regularity of invariant bundles and foliations.

Theorem 10.2 (cf. C” Section Theorem ([18], Theorem 3.2)). — Let X be a C" mani-
fold, let m: E — X be a C" Finslered Banach bundle, and let g: E — E be a C"
bundle map covering the C" diffeomorphism h : X — X. Assume that the image of
the 0-section under g is bounded.
Assume that for every x € X there exists a constant k, such that
sup |ke| < 1,
zeX
and for every y,y' € 7 4(@), 9() — 90 )lx- s (hiey) < Kally—'ln1 oy Then there is
a unique bounded section o: X — M such that g(0(X)) = 0(X), and o is continuous.
Moreover, if
sup — < 1, where Ay = m(T,h)
zeX /\
then o is C".

This theorem is used to prove the C" regularity of the stable and unstable foliations
for a C” partially hyperbolic diffeomorphism f, once the C! regularity has been
established (via Lipschitz jets, or some similar method). We review this argument, as
it is prototypical.

Assume that the leaves of W" are C'. Note that since the leaves of %" are tangent
to the continuous distribution E*, this automatically implies that the map z — Wu(w)
is continuous in the C* topology.

To prove that the leaves of ‘WZ are uniformly C” for r > 1, one fixes a C™ ap-
proximation TM = E° @ E¢ & E" to the partially hyperbolic splitting. One then
takes the C! manifold X to be the disjoint union of the leaves of the unstable fo-
liation and the fiber of the bundle E over x to be the space Lz(E“,ECS) of linear
maps from E* (z) to Ecs(x). The linear graph transform on the bundle E covers the
original partially hyperbolic diffeomorphism f|x, contracts the fiber over = by k, =
|7 flges||/m(T: flEw) < 1, and expands X at z by at least A\, = m(T, f|g«) > 1.

Since the ratio
'%i — ||Tzf|E°S||/m(Tzf|E“)

is bounded away from 1, Theorem 10.2 implies that the unique invariant bounded sec-
tion of 0: X — E is C'. But at the point z € X, the graph of the map o (z): E"( ) —
Ecs(x) is precisely the bundle E%(x). Since E* is C! along X, the manifold X is C2.

Repeating the argument, using 2-jets of maps from E* to E° instead of 1-jets,
shows that X is C3. An inductive argument using the £ — 1 jet bundle shows that X
is C*, for every integer £ < r To obtain that X is C", one applies Theorem 10.2 in its
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Holder formulation to show that the || jet bundle is C"~L"). The leaves of W" vary
continuously in the C” topology because the jets of E* along W"(x) are found as the
fixed point of a fiberwise contraction that depends continuously on x. This fiberwise
contraction preserves sections that depend continuously on x, and so the invariant
section depends continuously on x as well.

Returning to the map f,, we see that the stable and unstable foliations for this
map have uniformly C” leaves, and for each p € M the leaves vary continuously
inside of T, M in the C" topology. Moreover, since p — f,(p,-) is continuous in the
C" topology the leaves of unstable foliation for f, also depend continuously on p in
the C™ topology.

When f is r-bunched, a similar argument shows that the center-stable, center-
unstable and center leaves for f, are uniformly C". The condition 7 < 4" is an r-normal
hyperbolicity condition for the center-unstable foliation, which implies that the leaves
of this foliation are uniformly C" (see Corollary 6.6 in [18]). In this application of
Theorem 10.2, the base manifold X is the disjoint union of center-unstable manifolds,
and the bundle E consists of jets of maps between the approximate center-unstable
and approximate stable bundles. The fiber contraction on £ — 1-jets is & = 7/4*~! and
the base conorm of the bundle map on X is A = 4. The condition k/\ = /4 < 1
implies that the invariant section on £ — 1 jets is C!, and so the center unstable
leaves are C*, for all £ < r. As above, one obtains that the center-unstable leaves are
uniformly C".

Similarly the condition v < 4" implies that the leaves of the center-stable foliation
are uniformly C"; intersecting center-unstable with center-stable leaves, one obtains
that the leaves of the center foliation for f, are uniformly C”. The leaves of the center,
center-stable and center-unstable foliations for f, along T, M also depend continuously
on p € M in the C" topology.

When k > 2, and f is r-bunched, for r < £k — 1 or r = 1, another argument using
Theorem 10.2 proves the C" regularity of the unstable bundle along the leaves of
the center-unstable foliation. The manifold X is the disjoint union of the leaves of
the center-unstable foliation for f,, and the bundle E consists of linear maps from
the approximate unstable into the approximate center-stable bundles. Note that X
is uniformly C" by the previous arguments, and the first |r| derivatives of f, vary
(r — |r])-Holder continuously from leaf to leaf. Since X and E are C", we may apply
the C" section theorem directly (without inductive arguments).

In this case, the graph transform bundle map has fiber constant x = /4 and
the base conorm A of f, restricted to center-unstable leaves is bounded by 7. The
r-bunching hypothesis 7 < 49" implies that x/\" < 1, and so the unstable bundle
for f, is C" when restricted to X. Moreover the jets of the unstable bundle along the
center-unstable leaf vary (r — |r|)-Holder continuously. Notice that we need k—1 > r
to carry out this argument, because the bundle map we consider is only C*~1 (in the
fiber it is a linear graph transform determined by the derivative of f,, and we lose a
derivative in this argument).
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Similarly, this argument shows that the bunching hypothesis v < v4" implies that
the stable bundle for f, is a C” bundle over the leaves of the center-stable foliation,
and we have (Ho6lder) continuous dependence of the appropriate jets on the basepoint.
The details are described in [33, 34| in the case r = 1 and k = 2. The argument for
general r, k is completely analogous.

Step 2. We now have foliations of T, M, for each p € M. We obtain the foliations
/‘WZ, /(Wp, /‘W;, /‘W;u, and /‘WZS by applying the exponential map exp,, to the correspond-
ing foliations of T}, M inside the ball around the origin of radius p.

If p is sufficiently small, then the distribution E*(q) lies within the angular /2-cone
about the parallel translate of E*(p), for every x € {u, s, ¢, cu,cs} and all p,q with
d(p,q) < p. Combining this fact with the preceding discussion, we obtain that property
1. holds if p is sufficiently small.

Property 2. — local invariance — follows from invariance under f, of the foliations
of TM and the fact that exp,)(f,(p,v)) = f(exp,(p,v)) provided [jv]| < p.

Having chosen p, we now choose p; small enough so that f(Ba(p,2p1)) C
By (f(p),p) and f~1(Bum(p,2p1)) C Bum(f~1(p),p), and so that, for all ¢ €
B (p, p1),

S8

¢ € Wyla,p1) = d(f(a),f(d)) <wvlp)dla,q),
¢ €Wyla.p) = d(f(a).f71(¢) <2/ (0)) dla4),
¢ €W, (a,p) = d(f(a),f(d) <4(p) " da.q), and
¢ eW, (@) = dfa)fd) <) dla,q).
Property 3. — exponential growth bounds at local scales — is now proved by an
inductive argument.
Properties 4.— 7. — coherence, uniqueness, leafwise regularity and regularity of
the strong foliation inside weak leaves — follow immediately from the corresponding
properties of the foliations of TM discussed above. O

Since there is no amblgulty in domg s0, we write W (:U), /()/l\/cu( ), and /(l/l\/c( ) for
the corresponding manifolds W (m) W (x) and W, (@) If f is C* and r-bunched,

for k> 2 and r < k—1 or r = 1, then the collection of all w (z)-manifolds forms a
uniformly continuous C” plaque family in M, but not in general a foliation.

Henceforth we shall assume that B is the trivial bundle B = M x N. All of the
definitions and arguments that follow can be made for a general bundle 98 by fixing a
connection on 3, at the expense of more cumbersome notation and the need to localize
some of the objects, such as the fake foliations for F' in the following lemma. Since
Theorem C concerns the local property of smoothness, this simplifying assumption is
benign.
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Lemma 10.3. — Letk>2andr =1 orr <k—1. If F is a C*, r-bunched extension
of f, then we can construct the fake foliations Wp ,, Wp ,, Wg ,, Wg, and Wg,
—~8 ——U —~CS8 —~CUu —~C
for F and Wp, (Wp, Wp ,Wp and Wp for f so that:
— for eachp € M and z € 7~ *(p), the fake foliations @F’Z for F' are defined in the

entire neighborhood 7~ (Bas(p, p)) of 7= 1(p) and are independent of z € 7~ 1(p);
— for x € {cs, cu,c}, we have:

W) =771 (W, (m(w))),

for allp € M, all z € 7=(p), and all w € 7= (B (p, p));
— for x € {s,u}, we have:

7 (W o (w)) = W,y (x(w)),

for allp € M, all z € 7= (p), and all w € 7~ (B (p,p)); and
— the conclusions of Proposition 10.1 hold for the fake foliations of F' and f.

Proof. — Let N be the fiber of 8. Fix pg > 0 such that the exponential map
exp, is a diffeomorphism from Br,2/(0,p0) to Bas(p, po), for every p € M. Note
that m=1(Bas(p, po)) is a trivial bundle over Bys(p,po), for each p € M. Denote
by Bras(0, po) the po-neighborhood of the 0-section of TM. The bundle B pulls back
via the exponential map exp: Brp(0, p0) — M to a C” bundle 7y: %0 — Bra(0, po)
with fiber V. The bundle %o is trivial over each fiber @T,,M(O, p0) of Brar(0, po) and
pulls back to the original bundle $ under the inclusion M < Br (0, po) of M into
the 0-section of TM. Elements of %O are of the form (p, v, z) C Brm(0,p0) X B such
that 7(2) = exp,(v), and the projection 7y sends (p,v, z) to (p,v). Extend %0 to a
C" bundle 7: % — T'M over TM in such a way that % is also a C" bundle over M
(with fiber R™ x N), and the restriction of B to T, M is a trivial bundle, for every
pe M.

_In the proof of Proposition 10.1, we define F,. slightly differently, using the bundle
B, rather than TPB. Fix p; < po such that f(Bu(p,p1)) C Bu(f(p),po), for all
p € M. Let £: Bpp(0,p1) — Bra(0, po) be the map:

f(p,v) = exp;(lp) of oexp,(v).
The map F : B — B induces a map F: @~ (Brp (0, p1)) — 71 (Bras (0, po)), cover-
ing f, defined by:
F(p,v,2) = (f(p,v), F(2))-
Since %|TM is a trivial bundle, we can write elements of #~(T,M) as triples
(p,v,y), where v € T,M and y € 7~ 1(p) = N; we can choose this trivialization to de-

pend smoothly on p. We also metrically trivialize the fibers %|Tp wm of this bundle, using
the product of the sup metric < -,- >/ on T, M defined at the beginning of this section
with the induced metric < -,- > on the fiber 7=%(p). If F is an r-bunched extension
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of f, then the r-bunching inequalities hold for this family of metrics on %| Brar(0,p)
if p is sufficiently small.
Then for each p > 0 there exists a C” bundle isomorphism

F,: B — B,
covering the map f,: TM — TM constructed in the proof of Proposition 10.1, with
the following properties:

- F,(p,v,y) = F(p,v,y) if ||v]|] < p; in particular, we have F,(p,0,y) =
(f(0),0,F(y)),
= Fo(p,0,9) = (f(p), Tpf (v), F(p, pv/|v]l,y)) if [[o] = 2p,
- SupveTpM dCT(Fp(pa v, )7F(pa Oa )) — 0 as p— 07
— the C” diffeomorphism F,(p, -, -) depends continuously on p in the C” topology.
The construction of F, is straightforward, once one has proven the following lemma,
and we omit the details.

Lemma 10.4. — Let N be a compact manifold and let {F,: N — N},ep,.(0,2) be a
family of diffeomorphisms of N such that (v,y) — Fy(y) is C".

Then for every p € (0,1), there exists a family {F, ,: N — N},eBum(0,0) of diff-
eomorphisms with the following properties:

- (U’y) = Fp,v(y) is CT;

— Fou=Fy, if v < p;

= Fpo = Fyyj), if 0]l > 2p; and

— sup,cpn dor (Fpv, Fo) = 0 as p — 0.

Proof of Lemma 10.4. — We construct F), , as follows. Consider the family of vector
fields { Xy }yeBym (0,2) on N defined by

d
Xo(y) = %|t:0Fv+tv(y)v

and let ¢, ; be the flow generated by X,. For v € R", let v, = pv/||v]|.
For p € (0,1), let B,: R™ — [0,1] be a smooth radial bump function vanishing

outside of Brm(0,2p) and identically 1 on Bgr(0,p) with derivative |Dg,| bounded
by 3p. We then define:

{F,, it ol < p

Fp,v = .

Pu, 8@ (10ll—p) © Fo, I 0]l > p.

Then the family {F), , },cr= has the desired properties. O

Having constructed F,, the proof then proceeds exactly as in Proposition 10.1, ex-

cept to construct the fake foliations for F', we consider the bundle 8 over M (rather
than TM over M) and take the disjoint union of its fibers. For p sufficiently small,
F, is partially hyperbolic and r-bunched, if F' is an 7-bunched extension of f. The
fake foliations for F' are constructed by first finding invariant foliations for F, on 3.
One verifies as in Proposition 10.1 that these foliations have the required regularity
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properties. To construct the fake foliations for F', we first restrict these foliations
to the bundle #=!(Bra(0,p)) C B. Fix p € M. On @ *(Br,m(0, p)), the projec-
tion (p,v,z) +— z is a diffeomorphism onto 7~(Bj(p, p)); the image of the invari-
ant foliations for F, under this projection gives the fake invariant foliations for F'
on 7~ (Bum(p, p))-

To construct the fake invariant foliations for f, we take instead the image of the
invariant foliations for F, in #=!(Br, (0, p)) under the map (p, v, z) — exp, (v). This
construction ensures that the desired properties hold. O

Fix € > 0 small and let the fake foliations for f and F' be defined by the preceding
lemmas. . .

Since it does not depend on z € 7~ (p) we write Wy, ,(w) for Wy, (w), for * €
{s,u,cs,cu c} As with the fake fohatlons for f, for x € {cs, cu,c} and d p € M, we will

denote by ‘WF( ) the plaque ‘WF( )= 1((1/1/*( )) in B; it is the WF leaf through
any z € 7~ 1(p).

By rescaling the Riemannian metric on M, we may assume that p; > 1, so that
all of the objects used in the sequel are well-defined on any ball of radius 1 in M.

10.2. Further consequences of r-bunching. — Here we explore in greater depth
the properties of an r-bunched partially hyperbohc dlffeomorphlsm The goal is to

bound the deviation between the fake foliations ‘W and ‘W for q € (M/ (p). In the

dynamically coherent case, ‘M/p(q) and ‘M/q (g) coincide for ¢ € w (p). In a sense, the
results in this section tell us that r-bunched systems are dynamically coherent “on
the level of r-jets.”

Throughout this and the following subsections, we continue to assume that F is a
C*, r-bunched extension of f, where k > 2 and r < k — 1 or » = 1. In the statements
of some of the lemmas, we will remind the reader of these hypotheses. We fix as
above a choice of fake foliations and fake lifted foliations (we will not specify here the
choice of € > 0, but will indicate where it is relevant). Let m = dim(M), s = dim E?,
u = dim E%, and ¢ = dim E°¢, so that m = s+ u + c.

Fix a point p € M. We introduce C" local R* x R® x R¢ - coordinates (z*,z°, z)

—~CS8 —~CUu
in the p-neighborhood of p, sending p to 0, W (p) into the subspace z* =0, W (p)
into z° = 0, W*(p) to z* = z° = 0, W’ (p) to z* = ¢ = 0, and W"(p) to x* = z° = 0.
—~u
This is possible because all of the submanifolds in question are C". Since W, is a C”
—~CUu —~S —~CS
subfoliation of W (p), and W, is a C” subfoliation of W (p), we may also choose
—U —~Cu
these coordinates so that each leaf W,,(q), for ¢ € W (p) is sent into an affine space

—S8 —~CS8
r® = 0,2° = z§ and each leaf W (¢'), for ¢ € W (p) is sent into an affine space
u Cc — c/
=0,z =zj .
We can choose these coordinates to depend uniformly on p. We call these coordi-
nates adapted coordinates at p. Whenever we refer to adapted coordinates at a point
p, we implicitly assume that they are chosen with a uniform bound on their C” size.

T

ASTERISQUE 358



THE COHOMOLOGICAL EQUATION 131

Ficure 4. Coordinates adapted to the fake foliations at p.

According to Proposition 10.1 the leaves of the fake center, center-stable and center-
unstable manifolds at each point z can be expressed using parametrized C” plaque
families:

HES . M % Ic+s — R™ @cu: ™ % Ic+u — R™
and
w: I™ x I¢ —- R™,
—~CUu —~CS8 —C
where W (z) = @S4(I°t™), W (2) = ©(I°T¥) and W (z) = ©5(I¢). The map &°
is obtained from @ and ©°* using the implicit function theorem. We may assume
these maps take the form:

@(Z:S(xc’ :L.S) =z + (B;s($67$3)7x87$6) wgu($c7$u) =z + (B;u(xu7$C)’xu’xC)’

and
G2(a%) = 2 + (B°(a%), 2°),
where <% € CT(I¢t* R®), 35 € C™(I°T%,R%), and (B¢ € C™(I¢,R*T%), and 2 — (3}
is continuous in the C™ topology. Moreover, we have (}(0) = 0 and &f = 0 for * €
{cs, cu, c}.
We now derive further consequences of the r- -bunching hypothesm on f. The first

concerns the behavior of the plaque families w (y) fory € w (x), for * € {cs, cu, c}.

—cCcu

Lemma 10.5. — For each v = (0,v°,v°) € w” 0), w = (w*,0,w®) € W (0), and
= (0,0,2°) € W (0), and for every positive integer £ < r, we have:

168571 = o([v°1"™%),  1igBi'l = o(jw’"™), and |jgBs] = o(|2°["~")
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All of these statements hold uniformly in the coordinate system based at p.

Proof. — We prove the assertion for Bc“; the argument for Bcs is the same but with
f replaced by f~1. The assertion for 3¢ follows from the first two.

As in the proof of Proposition 5.2, we will use the convention that if ¢ € M
and j € Z, then ¢; denotes the point f7(g), with go = g. For a positive function
a: M — R, we also use the cocycle notation described there.

Endow the disjoint union Mp = |Un>0 B(pP—n,p) with the C" adapted coordinate
system based at p_,, in the ball B(p_,, p). We thereby identify M, with the disjoint
union | |,>o({™)—r. This coordinate system is not invariant under f, but certain
aspects of it are; in particular, the planes z* = 0 and z°® = 0 are invariant, as
are the families 2% = 0,2° = z§ and z° = 0,2° = x§. Moreover, we may assume
(having chosen £ > 0 small enough in the application of Proposition 10.1) that for
any point of the form (0, z*, z¢) € B(p;, p), writing f(0,z°, z¢) = (0,25, x5), we have
that |z5| < v(p;)|z®| and v(p;)|z¢| < |z§| < 4(p;)~*|z¢|. Similarly for any point of
the form (z%,0,2¢) € B(piy1, p), writing f~1(z%,0,2¢) = (z%,0,2°,), we have that
2,1 < 5(po) 2] and 3(pi)[a°] < |2, | < ¥(pi)~Vac].

Let M,(1) = | |,>, B(p—n,1), and note that f(M,(1)) C M,. Let ¢ be the change
of coordinate ¢(z*, z®, z¢) = (z¢, 2%, %), and let f=¢ofop ! Now write, for z €

M,(1):
Dﬂm=<§ ?>7

where A, : Ret* — Rt B : R — Rt C,: R°T* — R® and K,: R® — R%. We
may assume that € > 0 was chosen small enough in the application of Proposition 10.1
that for every z € f~1(B(p_n4+1,1)) N B(p_n, 1), we have that m(A,) > v(p_,) and
|K.|| < v(p—n) , and ||B|| and ||C.|| are very small. The partial hyperbolicity and
r-bunching hypotheses v < v and v < 4" then imply that, for all £ < r:

Azl (| Kl
m(K,)’ m(Am)Z} <l

sup max {
z€ M,

Fix 0 < £ < r, and let k = max{vy~¢,vy~1}. Also fix a continuous function § <
min{1,~} such that x < §"~¢; this is possible since f is r-bunched.
Consider the C*~¢ induced map

s My(1) x J§RT,R®)g — M, x JE(RET,R®),
defined by:
Ty, 35) = (f (@), 56¥"),
where ¢’ € T§(RT% R?), satisfies:

f(x + graph(+)) = f(x) + graph(¢’)

Lemma 6.4 implies that there is a metric | - |1 on J§(R“*%,R®)y such that for
alln > 0, all z € B(p_n_1,1) C M,(1) and all jov, 5oy’ € JE(IT¥,R®)o, with
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l70%|L, 1do¢’ | < 1, we have:
(36) |9fc(x,jow) - ( sJo) L < K(p-n)ljo¥ — jot| -

Given a point w = (w",0,w®) € w (p), we choose n € Z, such that |w¢| =
O(6_,(p)~t). This is possible, since § < 1 is a continuous function (remember that
§_p is the product of reciprocal values of §, and so §_,,(p) ! is less than 1). The planes

® = 0,2° = z§ lie in an e-cone about the center-stable distribution for f. Hence
under iteration by f~', the part of z° = 0,2° = z§ that remains inside of M, (1)
for n iterates is a smooth plane that remains in the e-cone about the center-stable
distribution. Write w_,, = f~"(w) = (w*,,,0,w",,). Since |w¢| = O(§_,(p)~!) and
|lw*| = O(1), and ¥ < dy < 1, Proposition 10.1, parts (1)-(3) imply that |w®,,
O(P_n(p)™t) = 0(1) and |w,| = O(0_,(p) " v_n(p)) = o(1); in particular, we have
that w_; € B(p—;,1), fori=1,...,n.

Now consider the orbit of (w_n,jg,/;’;ﬁn) € M, (1) x JE(RH* R®)o under ?fc. Local

invariance of the (/]/\l/p plaque family implies that
L\™ 0 Acu 0 Acu
(7%7)" (w-n,d5B5") = (w, 3685")-
On the other hand, since f leaves invariant the planes z® = 0, we have that
<9§) (w_p,0) = (w,0) . But now (36) implies that

1363 L < Kon(p)™? |j£Bfl}in |z

= O(k-n(p)™)
On the other hand, & < 6%, and |w°| = ©(6_,(p)~'). This implies that |j¢35"| =
o(|we|"=*), completing the proof of Lemma 10.5. O

The next consequence of r-bunching we derive concerns the discrepancy between
the leaves of the real and fake stable (or unstable) foliation originating at a given
point. To state these results, we introduce a parametrization of the fake stable and
unstable foliations as follows. We are inferested in the restriction of the fake stable
foliation W to the center-stable leaf W' (x)

As ab/clvse, fix an adapted coordinate system at p. Proposition 10.1 implies

—~CS

that ‘Wp is a C" subfoliation when restricted to W (p). We are going to give a

different parametrization of w” (p) to reflect this fact. Recall our definition above:
wes(z°, x®%) = z4+(8% (x¢, %), 2%, ), and O (z¢, %) = z+(z¥, B (2, x*), z¢). Using
the implicit function theorem, we can write instead:

O (a%,3°) = 2+ (B (2°, %), 2%, B3 (2%, 2°)),
and R R

it (z", 2%) = 2 + (2" 67° (2%, %), B (2%, z")),
with the property that for fixed x¢ € I¢:

—~Uu

W (z, I%) = /‘I/DZ(QCS(:UC,O)), and @ (z¢I") = W, (0%(24,0)),

z
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and such that z — 85 = (5%, 85¢) € CT(I¢ x I*,R**¢) and z — % = (B»*, B°) €
C™(I¢x I'*,R*%¢) are all continuous in the C” topologies. We may further assume that
B2¢(x¢,0) = z¢ = g°(x,0). Our choice of coordinates also implies that 3§ = 0 and
~ =S U

BY = 0. Finally, note that ©¢%(0,1%) = W (z) = W’(z,p) and &%(0,I%) = W, (2) =
Wz, p).

Wcu(z)

(0, 25))

(0, 3% (2°,0)

Weu(z) N {z* = 0}

4

’ A\
.
.
,
{z" =25}

FIGURE 5. Parametrizing the fake unstable foliations at (0, 0, 2°).

Fix z¢ € I°. We are interested in the deviation between the true stable leaf
@05 0,2¢)({0} x I*) and the fake stable leaf ©G*({2°} x I°); this is measured by the
distance between the functions 5(80’0#3)(0, -) and 3§(z¢,-) at a point z° € I°. We are
interested not only in the C°-distance between these functions, but in the distance
between their transverse jets. By our choice of coordinate system, we have that 5§
is identically 0; hence we will estimate just the jets of ,8(30 0,2°) in the z¢ direction

at ¢ = 0 and a fixed value of z°.
Lemma 10.6. — For z¢ € I¢, x° € I* and x* € I* we have:

36 (2% = Biog.co (@, 2%))| = Ia7] - 0(127~),
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and
|38 (° = o 0,000 (@5, 3) | = la™] - (117,

for every £ <.

Remark: Consider the transversals z* = 0 and 2" = z§ to the foliations @\Vg and
/‘]/17?070,%). If we restrict to the space z* = z® = 0 inside the first transversal (which
corresponds to the center manifold w (p)), then the holonomy map for /‘1/17:|@cu ) to
the second transversal is trivial in these coordinates, sending (0, 0, z¢) to (z§, 0, z¢). If

—U
we consider instead the holonomy map for ‘W(QO,zc) |/‘W ) between these transver-

“(0,0,2¢
sals, then the point (0, 5“*(x¢,0), 2°+ z°) is sent to (zy, Blo,0,2¢) (@ z4)) The £-jet of
this holonomy at (0,0, 2¢) (measured in the z¢ coordinate) is precisely the quantity
7§ (wc — BE‘O o ZC)(IC, zg)) estimated by Lemma 10.6.

Proof of Lemma 10.6. — We continue to adopt the conventions and notations in the
proof of Lemma 10.5, we define Mp and Mp(l) as in that proof, and use the same
coordinate system defined there. We prove the assertion for B"; the proof for ,35 is
the same, but with f replaced by f—!. .

Denote by fo the restriction of f to | |,>1 (M/c(p,n) C M,(1), which we regard
locally as a map from I¢ to I°. We now focus attention on a single neighborhood
B(p_n,1), for some fixed n > 1, and regard z¢ € I°¢ as coordinatizing z* = 0,2° = 0
and (z%,z°T¢) C I x I**t¢ = I™ as coordinatizing points in this neighborhood.

In local coordinates respecting the decomposition I™ = I* x I5*¢, write:

f(xu’xs—i-c) = (fu(mu’xs-irc), fsa(xu7xs+c))'

In a neighborhood of each point, this map acts on graphs of C! functions from
I* to R*t¢ by the usual graph transform, which is a contraction on the fibers
of b0 JU(I* R5t¢) — JO(I¥,RS*€) = I* x R**¢. Unstable manifolds for f are
sent to unstable manifolds under this graph transform, and, locally, fake unstable
manifolds are sent to fake unstable manifolds. For each point (0,0,2¢) € I™, we
will consider a C*¢ family of such 1-jets, expressed as a function of the coordinate

2° transverse to the fake unstable foliation in W' (p—n) = {z* = 0}; we study the
variation of such graphs through points (0,0, z¢ + z¢) near z¢ = 0.

The space of all such /-jets of 1-jets at the point z¢ = 0 is the bundle
JE(J1. (I*,R**¢)). Elements of this “mixed jet bundle” are of the form j§(jl.p),
where 8(z¢,z%): I¢ x I* — R*T¢ is defined in a neighborhood of {0} x I“, the map
B(x¢,-) is C1, and the map z¢ + jl.B(x¢,-) is C*. In particular, if 8 is C**1, then
this property is satisfied. We denote this space Fg(IC,F}u (I*,R+¢)) of such local
functions by r?ol}xlu (I¢ x I*,R**¢). We also denote j5(jl.3) by jgiiuﬂ and the

bundle J§(J. (I, R3*¢)) by Jib g (I° x %, R¥+),
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Note that in our parametrization 3%: I"™ x I ¢ x I* — I°%¢ of the fake unstable
subfoliations, the set G%(z¢, I") is the leaf of ‘l/l/ through the point wS*(z°,0) =
z + (0, B<%(z°)); if z = (0,0, 2°), then the unique point of ‘M/ intersecting z* = 0
is of the form (0,z%,2° + z°). Because the sets {z* = 0,2° = const} are invariant
under f in our coordinate system, the image of the point (0,z°%,2° + z) is of the
form (0, 2%, fo(2¢ + x¢)). This is the unique point on the leaf of /(M\/;(z) intersecting
a" = 0, which in turn lies in the set 8% ,({fo(z + ) — fo(2%)} x I"). We will

thus define the natural action of f on I¢ x Fiol}xI“ (I¢ x I*,I°%°) so that it sends

(20, B{f,0,0) ({2} X I*)) t0 (fo(20), Bs(0.0,00) ({fo (2 +2) = fo(2)} x I*)).
For (2¢,0) € I°x rét (I°x I*,R*%¢), we would like to define the map I (2¢, 8) €

{0} x1™
I‘iol}”u (I¢ x I*,R**¢) implicitly by the equation
(37) (2% B) (fo(2° + 2°) = fo(2°), fu(z®, B(z°, ") + (0, 2°)))
(38) = fsc(B(z®, ") + (0,2°)) — (0, fo(2));

if such a map exists, then we will have:

T (2% By 0,0y (1)) = Bloo, o (07 (Fo (@ + 2°) = fo(a®), I*).
To check local invertibility, we must check that the map

gze (2%, 2") = (fo(2° + 2°) — fo(2%), fu(z", B(z%, 2*) + (0, 2°)))

on I¢ x I* is invertible in a neighborhood of (0,z*). The derivative of this map
at (0,z%) is

Dgzc(o,xu) _ < DfO(ZC) 0 > ,

C K

where

3fu Ofu

(0,2%) +(0,2%) + 52 (2%, 8(0,2%) + (0, 2

07 (0,24

and

€= o (", B0,4) + (0,2) 51 (0,4").

83:“ (O,x“) is sufficiently small. Let & (2¢, 3) be defined by

(37) on this subset.
Next, for 0 < £ < k — 1, consider the map

Tt It x g

{O}XI’“(IC x ¥ Rs+c> — R x 0}><[u(IC % Iu,RS+C),

defined (in a neighborhood of the 0-section) by

T (2%,56 (28)) = (£o(2°), 3§ (3. (e ay T (25.8)) ) -
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Recall that we have been working in a single coordinate neighborhood B(p_n,1).
We combine these definitions of & fc’il over all neighborhoods to define a global map

Tt | (10 x T (I x I, RY))

n>1

—-n

— L (77 x T (0 < 1 REH))

n>0

—-n

(where the —n subscript denotes the neighborhood B(p_,, p) in the disjoint union).
This map is fiberwise C* ¢~ (in particular, it is C' if £ < k—1) and has the property
L1, 01 A 2,1 3
that 7 (2,J(,0002) = (f(2),Jg . (0,00 Ff ()
A calculation very similar to the one in the proof of Lemma 6.4 shows that there

is a norm |- | on Jfbl}xlu(lc x I*,R*T¢) such that, for all n > 0, 2¢ € I¢, 4,
z®€I?, 4, and all jfélzu)ﬂ, jfélzu)ﬂ' € J{e(’)l}xlu (I¢ x I, R*¢)_,,_; sufficiently close

to the 0-section, we have:
61, ¢ 4,1 01, ¢ 4,1
(39) gf (Z 7](07wu)ﬂ) - l7}’ (Z ’J(O,z“)ﬁ,) L

(40) < R P-n) [y = o8| -

where k = max{v/(v¥%),v/(v¥)}. The r-bunching hypothesis implies that & < 1.
Having made these preliminary estimates, we finish the proof of Lemma 10.6. Fix
0 < ¢ <r and a continuous function § < min{1,~} such that:

k<6t and P4l <7

this is possible since f is partially hyperbolic and r-bunched. Fix a point z¢ € I and
an integer n > 0 such that |2¢| = ©(d_,(p)~1). Let z = (0,0, 2¢) € IJ*. By our choice
of n, we have that for 0 < i < n, |f;*(2°)] < 7-i(p)|2°] < 7-i(p)O(0_n(p)™!) < 1,
if |2¢| sufficiently small (uniformly in p). Thus we may assume that z_; = f~%(z) €
M, (1), for 0 < i < n.

Next, fix a point ¥ € I*, and consider the point w = &¢*(0, z¥) = (z¥, 5°(0, z¥),
2 4 3%°(0, %)), which is the point of intersection of the unstable manifold W"(z)
s ;). Since w lies on the

u c
i w

with 2% = zf. For 0 < i < n, write w_; = (w®,,w*,,w
unstable manifold of z, which is uniformly contracted by f~!, and since z_; € Mp(l)
for 0 < ¢ < n, we have that w_; € I, for 0 < ¢ < n.

We also will use a sequence of “twin points” in our calculations. The twin w’ is
defined w’' = (z¥,0, 2¢); notice that w’ € /‘)/V;(Z) We then set w’ , = f~%(w’), and
write w’_; = (w*,’,0,w¢,’), for 0 < i < n — 1. Since w € W*(z), and w’ € /()/l\/:(z), it
follows that

W =W’ < Jwop = fT ()] + Wl = ()] < 2020 (p) a5 .

The vector w — w’ lies in a cone about the center-stable distribution for f at w’.
Since this cone is mapped into itself by Tf~!, acting as a strict contraction,
it follows that w_; — w’,; lies in this cone as well, for 0 < ¢ < n. Recall
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that vectors in this cone are contracted/expanded under f by at most 47!.
Since |w_, —w’,| = O@_,(p)~1), it follows from a simple inductive argument
that |w_; — w’' ;| = O@_n(p)  Hi(pn) tz¥]), for i = 0,...,n. In particular,
lw —w'| = O(ﬁ—n(p)_l%(pn)_1|$8|) = O(l?_n(p)_l’?_n(p”w“b). Since 1)'?_1 <47,
and [2¢] = O(d_,(p)~'), we obtain that |w — w'| < |z¥|o(|2¢]"). But w — w' =
(Bw5(0,z%),0, 3%<(0,z*)), and so we have shown that |3%(0,z°) < |z&|o(]z¢|"),
proving the lemma for the case ¢ = 0.

We next turn to the case £ > 1. Consider the points (zin,j(eé}wgn),é’gfn) and

c 41 . c 4,1 c u TpSsS+c
(z—nj(o,wﬁn’)o) in (I°¢ x J{o}xlu(I x T% R8T€)) _,,.

To simply notation, we write “9” for 9’?1 and jil,@" for j(zélwu _),@;‘_i. The nota-
tion | - | is the fiberwise norm on I¢ X J{e’ol}xlu (I¢ x I*,R*T¢) defined above (hence

|(z, 35 B)|L = 135" BlL). Having fixed this notation, we next estimate, for 0 < i < n:

T (254,55 B")|L
T (22,351 5%) — 9(Z5i7jféfwﬁi)0)|L

c ~Z,1
+|9(27i7.7(07w1i)0)|1ﬂ

21 A
72541 (B%) |

IN

We estimate the first term in this latter sum using (39):
2,14 2,1 2,1 4
|(Ziiajfi/8u) - g(ziia.]((),wgi)o)h < Kv(p—i)|.77iﬂu|L-

The second term is estimated using two facts. First, we have that the map & is
fiberwise C! (since £ < r < k — 1), and so

c 4, c 4, ~ 1A _
|T (250 G 10) = T (245G O = Ofwi = wli]) = 00— (p)*4s(p—n) ™)

Second, we note that & (zc i,jfbfwz,))0> = (zc_i_s_l,j(e()}wziﬂ,)()). Hence:

c .2, c £, c £,
|g(zfi7.7(0ngi)O)|L < |‘7(zfi7.7(01wvii)0) - g(zfivj(()%wzi/))g)h

= O@W_n(p) MHilp_n)™h),

for i = 0,...,n. Combining these calculations, we have, for 0 < i < n:

13500 (BY) |2 = O(k(p—)) | 151 8% |1 + O () " Ai(p—s) ")
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By an inductive argument, we obtain:

367 (B = O Kimn(P) " 0-n(P) " Hilp-n) )
= O(Zdz—n( - Tﬁl n(p)ilﬁi(p—n)ﬁi(p—n)il)

= O(Z 5i—n(p)é_rﬁi—n(p)_15i (p—n)r)

i=0

= 0(0-.(M"),
where we have used the facts that x < 6"~¢, and #/4 < §". Since |2¢| = O(6_,(p) 1),
and recalling our notation for jg’iu ,@j , we obtain that

¢
(41) G0 (B*) | = | dorauBY | = o(l2"7),
for all zy € I™.

We are not quite done yet, as (41) is not exactly what is claimed in the statement
of Lemma, 10.6. To finish the proof, we note that if 3 is C**1, then by the equality of
mixed partials, we have that j;u:xg (5beoB) = jg(jigﬂ) = jO muﬂ The quantity we
want to estimate is

6 (2 = By g,2ey 2|
Consider the function ¢: I* — J§(R¢, R**) given by
C(@") = jo(z® = By 0,00 (2%, 7))
The value {(zf) can be obtained by integrating its derivative along a smooth curve
~v(z"), tangent to ‘W"(z) from 0 to z¥ . But note that, since 5¥ is a C**! function,

we must have jl.¢ = ]0 1. B; (41) implies that ¢(z¥) < |z¥]-o(|z¢|"~%), for all ¥ € I*.
This completes the proof of Lemma 10.6. O

We remark that the same estimates hold for the lifted fake foliations /‘M\/; if Fis
C* and r-bunched, for k >2and r=1orr < k — 1.

10.3. Fake holonomy. — In the discussion that follows, we define holonomy maps
for various fake foliations between fake center manifolds. Because we are interested
in local properties, we will be deliberately careless in referring to the sizes of the
domains of definition. For example, if x and z’ lie within distance 1 on the same
stable manifold, and 7 and 7/ are any smooth transversals to /‘l/l\/i inside /‘M\/CS (z), then

there is a well-defined /(1/1\/8 holonomy map between a p’-ball B.(z,p') in 7 and 7/, if
o is sufﬁc1ent1y small. We will suppress this restriction of domain and just speak of
the W -holonomy map between 7 and 7. This abuse of notation is justified because
all of the holonomy maps we consider will be taken over paths of bounded length,
and all foliations and fake foliations are continuous. Hence the restriction of domain
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can always be performed uniformly over the manifold. This will simplify greatly the
notation in the sections that follow.
Let z € M and ' € W’(z,1). We define a C" diffeomorphism

—~cC —~C

higery: W (z) — W (2')
as the composition of two holonomy maps: first, /‘WZ holonomy between the C”
—~C —~CS —~Cu U
manifolds W (z) and W (z) N W (z’), and second, the W, holonomy between
W ()nW (z') and W ().
We also define for 2’ € W?*(x,1) the lifted fake holonomy map

ﬁ(z,x’): WF(SC) - (WF(‘T,)

by composing /‘W;x holonomy between /‘I/P;(x) = 7r_1(/(l/176(:n)) and /‘WF( )N
WF (a: ) = 7T_1(‘W (x) nw' (a: )), and /(M\/;w, holonomy between /‘I/DCF( n WF (z')

and ‘WF( N=m 1(‘1/1/ (z')). Lemma 10.3 implies that 7 o H(x o) = h(x 27) O .
We similarly define, for x € M and 2’ € W"“(z,1) a map

}Al(w z’) " /(M\/c(x) - /(M\/c(x,)

as the composition of ‘)/l/ holonomy between ‘W (x) and /‘]/l\/cu(:c) nw” (z'), and @il

holonomy between W ( )n w (m’ ) and W (). Finally, we define, for x € M and
' € W (z,1),

—~ —~C —~C
H(z,a:’): (M/F(x) - (WF(:LJ)
to be the natural lift of ﬁm’z/), as above.
Proposition 10.1, parts (6) and (7) and Lemma 10.3 immediately imply:

Lemma 10.7. — Suppose f is C* and r-bunched, for some k > 2 and r < k — 1 or
r = 1. Then for every x € M and ' € W*(x,1), for x € {s,u}, the map ﬁ(m =) 15 a
C" diffeomorphism and depends continuously in the C" topology on (z,x’) .

If F is a C*, r-bunched extension of f, then H(I 2y 18 a C" diffeomorphism for
every x € M, ' € W*(, 1) and x € {s, u}and depends continuously in the C”
topology on (z,z'). Moreover, H(m,z/) projects to h(m’m/) under .

The definitions of h and H readily extend to (k, 1)-accessible sequences by compo-
sition (cf. Section 4 for the definition of accessible sequence). Note that any su-path
corresponds to an (k, 1)-accessible sequence if one uses sufficiently many successive
points lying in the same stable or unstable leaf. Lemma 4.5 implies that if f is accessi-
ble, then there exists a K; € Z such that any two points in M can be connected by a
(K1,1 ) accessible le sequence. For J = (yo,...,yr) a (k, 1)-accessible sequence, we deﬁne

hy: W (yo) - (yk) by hd = My _) @ O Py gy and Hyy: WF(yo) — WF(yk)
by Hy = Hey, ;)0 0 hiyoy)-
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Lemma 10.8. — If F and f are C* and r-bunched for k>2 andr =1 orr <k —1,
then hy and Hy are C" diffeomorphisms that depend continuously in the C” topology

on .

We next define the notion of a shadowing accessible sequence. This concept will
be crucial for proving that the C" diffeomorphisms H, can be well-approximated by
homeomorphisms that preserve the image of any saturated section o.

We(z) We(z!)

FIGURE 6. The shadowing accessible sequence (z,z’),. The distance be-
tween v = A0 (y) and ¥’ = h(, . (y) is O(d(z,y)"); the distance be-
tween z’ and y’ is O(d(z,y)) (see Lemma 10.9).

—~c

Let # be an arbitrary point in M, let 2’ € W"(x,1), and let y € W (x). The
shadowing accessible sequence (x,z"), is defined as follows. Let w” be the unique point
of intersection of W"(y) with Uze?f(x/) Whyo(2), and let y” be the unique point of

—~C
intersection of Wy, (w”) and W (2'). We set (z,2'), = (y,w"”,y"); it is an accessible

sequence from y to a point y” € /'M\/c(x' ). See Figure 6.

We have defined (z,z'), for 2’ € W*(z,1) and y € /‘]/l\/c(:n) Similarly, for 2’ €
W*(z,1), and y € /(I/Pc(a:), define the shadowing accessible sequence (z,z’), =
(z,w",y"), where w” is the unique point of intersection of W°(y) with
Uze/qic(x/) Wy .(2), and y” is the unique point of intersection of W) .(w”) and
/‘M\/C(x’ ). It is an accessible sequence from y to a point y” € /‘M\/C(az’ ). Notice that
(z,2), is a (2,1) accessible sequence, whereas (z,z’) is a (1, 1)-accessible sequence.
We may regard (z,z’) as a (2,1) accessible sequence by expressing it as (z,z’,z’).
Then it is natural to say that (z,z'), — (z,2') as y — z.
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We extend the definition of shadowing accessible sequences to all (k, 1)-accessible
sequences by concatenation. This defines, for each (k, 1)-accessible sequence ¢J con-
necting x and z’, and for each y € /‘Wc(m), a (2k, 1)-accessible sequence ¢, connecting
y to a point y' € J°(x'). The (k, 1) accessible sequence may be regarded as a (2k, 1)
accessible sequence by repeating the appropriate terms in the sequence. With this
convention, we have that f, — ¢ as y — x. Let K = 2K;; henceforth we will restrict
our attention to (K, 1)-accessible sequences.

Now, for ' € W*(x,1) or 2’ € W’ (x,1), we define the map:

hgan: W () = W ()

by hze)(y) = ﬁ(x,x/)y (y); in other words, h(, ) sends y to the endpoint of (z,2’),,.
Notice that h(; ;) is a local homeomorphism, but not a diffeomorphism. However,
we will show that h(, .y has “an r-jet at 2” (Lemma 10.9); we will make this notion
precise in the following subsections.

Similarly define J, 4 : /‘1/17;(310) — /‘M\/;(:c’) for 2’ € W*(z,1) or 2’ € W’(x,1)
by H(z)(2) = %(ww’)w(z) (2). The definitions of h and H# extend naturally
o (K, 1)-accessible sequences by composition; for J a (K, 1)-accessible sequence
from z to 2’, we denote by h: /()/l\/c(x) — W («') and H 4: /‘]/p;(x) — /()/l\/;(:v’) the
corresponding maps.

Note the simple observation that if f is a (K, 1)-accessible sequence from z to z’,
then fzd(a)) =1’ = hg(z), and for every z € 7 1(2), ;\{d(z) = I 4(2).

The next lemma is an important consequence of Lemmas 10.5 and 10.6. It tells
us that the endpoint of the accessible sequence (z,z’), is a very good approximation
to ﬁ(m,z/)(y), and this is true even on an infinitesimal level.

Lemma 10.9. — If f is C* and r-bunched, for k > 2 andr =1 orr < k — 1, then

—cC
for every (K, 1) accessible sequence connecting x to x’, every y € W (z), and every
integer 0 < £ < r:
07 —£

Moreover, if F is also C* and r-bunched, then for any z € m—1(x) and any w €

By(z,1) N~ (y):
Iy = Gy, |l = o(d(z,w)"~°),

where the distance is measured in a uniform coordinate system containing the su-path
Y-
Proof. — This is almost a direct consequence of Lemmas 10.5 and 10.6 in the previous

subsection. We prove it for accessible sequences of the form = (z,z') with 2’ €
W*(z,1); the general case follows easily

Fix z, ' € W*(z,1) and y € w (z). Write (z, x) (y,w”,y"”), as in the defini-
tion. Let v’ be the unique point of intersection of ‘M/ () and W (2'), and let v’ be
the unique point of intersection of W"(y) and W (:U ). See Figure 7.
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F1Gure 7. Points in the proof of Lemma 10.9

Fix a coordinate system adapted at x as in Subsection 10.2, sending « to the origin
—~CUu

inI™ W (z)to {z* —O}, ()to{x —O}, ()to{xszo},{xuzﬂ},and

and W, |Acu
() ()
0,2° = const} and {z°®* = 0,z" = const} respectively. Suppose that y corresponds to
the point z = (0,0, 2¢) and y” corresponds to the point z” in the adapted coordinates
at . e

In the coordinate system at x, we parametrize W (z ) by z¢ — &§(z°) = (0,0, z°)

sending the fake foliations ‘W |Acs to the affine foliations {z* =

and w (y) by z¢ +— &, (z). Similarly we parametrize w (z') by ¢ — (0,0,z°) and
w (y") by ¢ — &, (2°). We want to compare the ¢-jets of z¢ — h(w 2(0,0,z¢) with
¢ = ﬁ(z,x/)y 0@, (z¢) at the point ¢ = z°. We first observe that, by Lemma 10.5,
we have that j%.@, (2¢) = o(|2¢|"~%) = o(d(z,y)"~%); hence we are left to compare the
£-jets of the holonomies ﬁ(w,w/) and ﬁ(z,z/)y in the coordinates adapted at x, at the
point z.

We write the maps B(%w/) and ﬁ(w)zz)y as compositions of several holonomy maps,
and we compare the distance between the ¢-jets of the corresponding terms in the
compositions. First, we write

;L(z z') = hs, o hu

where h%: /‘M\/C( ) — ‘W ( )ﬂ ‘W (m’) is the W -holonomy and h?, is the /‘M\/Z/
holonomy between w (:U) nw' ( ") and w (2'). Next, we write:

ha,ar), = hyn 0y 0 hy o hy
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where hu,ﬁ' ( )—> ( )W (y), he: /Wcs(x)ﬂ/‘l/pcu(y)/\—;t W)W @)

and hy,: W ( ) nw (m/) - Wcu(y) N /(M\/CS(y”) are W, holonomies, and

Yy
b w (y)n ( " — Ac(y”) is /(I/P:,,—holonomy.

The term h’;’ in the second composition is expressed in the charts at = by the
map (wS(z°),z°) — (z°,0,Z°), where (z°,Z°) are defined implicitly by the equation
Bos(z¢,z°) = 0 Lemma 10.5 implies that |j,@% — j,05%| and |j,e@¢ — j,-&f| are
both o(|z¢])"~%, and so in these charts, |jthﬁ — jbid| = o(]z°)"¢.

We may choose the coordinate system adapted at x so that z’ is sent to the point

—~CS
(2§,0,0) and W (z') is sent to z* = z§, and we may do this in a way that the C" size
of the chart is bounded independently of z, z’; thls uses the fact that p — W (p) is

continuous in the C" topology. Consider the ‘M/ and ‘M/ holonomies between z* = 0
and z¢ = zf, corresponding to the holonomies

CS

—~CS8 —~CS8 —~CS —
hy: W (z) — W (2'), and hy: W (z) = W ()
In the coordinates at x, these maps are expressed by the functions
(0,2%,2%) > wg*(s°,2"), and  (0,a",2) > wE (2, 2%)

Lemma 10.6 implies that [j,@S*(-, %) — 7, @§° (-, z*) = o(|z¢|)"~*; in the charts at =
we therefore have:

152 (hy) — g ()| = o(|2°)"* = o(d(z,7)"™).

Consider the image points v" = hi(y) and v" = hy(y) of these two holonomy maps
in M. Since the distances d(v’,v"”) and d(v’,y’) are both o(|z¢|") = o(d(z,y)"), the
transversality of the bundles in the partially hyperbolic splitting implies that d(v”, w")
and d(w”,y") are also o(d(x,y)") (see Figure 7). Hence the distance from y” to z is
O(d(a’,y') +d(y',y")) = O(d(z, y) +d(z,)") = O(d(z,y)), and similarly d(z, ") and
d(z,w") are O(d(z,y)).

We are left to deal with the final terms in the compositions above: hy, o hZ,b
and hZ,. All of these are C" holonomy maps over very short distances, on the order
of o(d(x,y)"). It follows that their ¢-jets are close to the identity — within o(d(z, y)" %)
—once we have shown that the transversals on which they are defined have ¢-jets within
o(d(x,y)" %) of the vertical foliation {(z*, at“) = const}

Lemma 10.6 implies that the €—Jets of w ( ") and w ( ) coincide along W" (x).

In particular, in these coordinates, w (z') and the plane {z®* = 0,2% = z{} are
tangent to order £ at a’. Furthermore, since d(z’,v"), d(z', w"), d(z', v ) d(x ,y)and
d(z',y") are all 0( (, )) Lemma 10.6 1mphes that the mamfolds w (y)N w (m’)
, W (z)n W' (a:’), W' ( n W (y”)7 w (y') and w (y") can all be expressed in
the coordinates adapted at z as graphs of functions from {z* = z§,z* = 0} to I5t*
whose (-jets at v, v/, w”, y' and 3" respectively, are o(d(x,y)"~*). Hence all of the
the transversals for hy , h;,, and hy, have {-jets within o(d(z,y)*) of the vertical
foliation {(z°,z") = const} at their basepoints in the compositions. It follows that
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o (R 0 B ) = Guid| = o(d(x,y))"~* and |j5,h3, — jbid| = o(d(z,y)) ", and so
|J§h(z,a:’) - ]éh(z,w’)y| = O(d(xay))r_£7 as desired.
The proof for the maps # (; 5y and H (z,2'), are completely analogous. O

10.4. Central jets. — Let (N, B, 7, F) be a C*, r-bunched partially hyperbolic
extension of f, for some k > 2, where 8 = M x N. We fix Riemannian metrics
on M and N. Let exp: TM — M be the exponential map for this metric (which
we may assume to be C°°), and fix pg > 0 such that exp, is a diffeomorphism from
Br, 1 (0, po) to Ba(p, po), for every p € M. As in the proof of Lemma 10.3, the bundle

% pulls back via exp: Br(0,p0) — M to a C" bundle 7 : %0 — Brp(0, po) with
fiber N, where Br(0, po) denotes the po-neighborhood of the 0-section of TM. As

in the proof of Lemma 10.3, we fix, for each p € M a trivialization of QfolngM(o,pO),

depending smooth/l\y on p € M. Any section o: M — B of B pulls back to a section
G: Bty (0, p0) — Bo via 6(v) = (v, o(exp(v))).

Let TM = E*®E®E® be a O approximation to the partially hyperbolic splitting
for f. Observe that T M is a C'"*° bundle over E° under the map 7¢: TM — E° that
sends v + v° 4 v° € BV (p)® Ec(p) @ E* (p) tov® € Ec(p). This splitting will give us
a global way to parametrize the fake center manifolds @C (p).

If f is r-bunched, for r = 1 or 7 < k—1, and the approximation TM = E'@E‘®E°
to the hyperbolicNSplitting is sufficiently good, then Proposition 10.1 implies there
exists a map ¢°¢: @EC(O, p) — Brar(0, po) with the following properties:

1. g°is a section of 7°: Br,m(0,p) — B5.(0,p),

2. the restriction of g¢ to Bgc(p)(o,p) is a C" embedding into T,M, depending

continuously in the C" topology on p € M,

—c

3. for p € M, the image g°( (0,p)) coincides with exp, (W (p)).

B
Let 7€ = m€o7: By — BEC (0, p). The bundles and the relevant maps are summa-
rized in the following commutative diagram.

-~ projg
By —— B

exp
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Note that 7¢: %0 — Bz, (0,p) is a C* bundle. A different choice of exponential map
or approximation to the partially hyperbolic splitting gives an isomorphic bundle and
a different section g¢’ related to the first by a uniform graph transform on fibers.

Consider the restriction By, of By to any fiber Bg. () (0,p) of B, (0,p) over

p € M. For every positive integer ¢ < r, we define a C*~¢ jet bundle jf — M whose
fiber over p € M is the space J§(7°: Bo,p — Bgc(p)(()? p))-
Suppose now that o: M — B is a section of B, and that £ < r. We say that o

has a central £-jet at p if there exists a C* local section s = s,, € Fép (7
BEC(p)(O,p)) such that, for all v € B~C(p) (0,p)):

: ﬁo,p —

(42) dy(projy 0 & o g°(v), projy o 5(v)) = o(Jv[).

It is not hard to see that o: M — B has a central /-jet at p if and only if the restriction
of o to /‘M\/C(p) is tangent to order £ at p to a C* local section o : /(M\/C(p) — @. Ifo hasa
central /-jet at p, for every p € M then o induces a well-defined section j¢0® : M — je
that sends p to j§s,,. We call jo° the central £-jet of o, and we write ']K(Tc for the
image of p under j%o°. It is easy to see that the existence of a central (-jet for o
is independent of the choice of smooth approximation to the partially hyperbolic
splitting and independent of choice of exponential map. In general there is no reason
to expect the central (-jet j°o¢ to be a smooth section, even when ¢ itself is smooth,
because g€ is not smooth.

Remark: If o has a central ¢-jet at p, then (in a fixed coordinate system about p),

—~c
o has an (£ —1,1,C) expansion on W (p) at p. If j0° is continuous, and the error
term in (42) is uniform in p, then C can be chosen uniformly in a neighborhood of p.

In the proof of Theorem C, we will focus attention on the pullbacks j |Ac( |

of JZ to various fake center manifolds over M. The central observation we will
make use of is that, for each £ € M, there is an isomorphism I, between the

bundles jﬂ@c(w) and J¥(7: @;M\/c(z) — /‘1/1\/0(:5)) To compress notation, we will
write Je(/(M\/c(x),N) for J(m: %/‘Wc(x) — /(M\/c(x)) For x € M, the isomorphism
I: jﬂ@c(z) — JE(/‘M\/C(Q:), N) is defined:

Lu(y, o¥) = gy (idgye ), projy o9 o o expyt).

10.5. Coordinates on the central jet bundle. — Fix ¢ < r. We describe here a
natural | system of C"* coordinate charts on j based on adapted coordinates on M.

Let E° @ E° @ E" be a C™ approximation to the hyperbolic splitting to M. Fix
a point p € M and let (z*, 2%, z°) be a C" adapted coordinate system on By (p, p)
based at p. Next fix C" local trivializing coordinates (z™,v°) € R™ x R¢ for E°¢ over
B (p, p), covering the adapted charts at p and sending B (0, 01)|Bas(p,p) to I™ X I°.
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Let (z,v) € I™ x I"™ be the corresponding charts on Bras(0, p1)|B,,(p,p)- In these
charts, the projection 7¢ sends (™, v, v*,v°) to (z™,v°).

We choose these charts such that the exponential map on By (0, p1) over Bas(p, p)
in these coordinates sends (z™,v) to ™ 4+ v € I™ (these charts are not isometric,
nor do they preserve the structure of T M as the tangent bundle to M, but they can
be chosen to be uniformly C”). Also fix C" coordinates (z™,q) € R™ x N for B over
B (p, p) sending 7= (Bps(p, p)) to I™ x N, with (2™, q) = ™.

The induced coordinates on B over B+:(0,p0)| By (p,p) take the form (2,2, ¢+
v¢,v¢,q) € I™ x N. We may further choose these coordinates so that, 7 and 7 are
the projections onto the I™ x I¢ and I™ coordinates, respectively. These coordinates
give a natural identification of jé|B(p,p) with I™ x J&(I¢, N).

Finally, for each point ¢ € N, we fix C" coordinates 2" e R™, sending ¢q to 0
and By(q,p) to I". In this way, we define, for each z € By, an adapted system of
coordinates (z%,z® z¢ + v°, v, 2") € R™ x R® x R™ sending z to 0 and B%O (z,p)
to I™ x I¢ x I"™.

In local coordinates, each element of je can thus be uniquely represented as a tuple
(z™, p), where ™ € I™ and p € P%(c,n). If o has an /-jet at p for every p, we can
thus represent locally the section j’c¢ as a function from I™ to P*(c,n), using the
adapted charts in a neighborhood of o(p).

Consider the set I¢ x Jg(IC, N). We may regard this as a natural object associated
to p € M in either of two ways. First, I¢ x J§(I¢, N) embeds as the subset {z% =
0,z° = 0} x Jo(I¢,N) in an adapted coordinate system for je|B(p7p), which gives an

identification of I¢ x J§(I¢, N) with jzkm\/c( X Second, in the same adapted coordinate
P

system, we have the identification of I¢ x J§(I¢, N) with J*(W (p), N). We will use
both identifications in what follows. We can further put local coordinates on I¢ X
J§(I¢,N), as follows. Given a point z € 7~ !(z), we fix an adapted coordinate system

(z¢,2™) € I¢ x I™ for /‘M\/;(z), sending z to 0. This gives local coordinates (z¢, p) €
I¢ x P*(c,n) on I¢ x J§(I¢,N) sending 2 (regarded as an element of JJ(I¢, N) —
J§(I¢,N)) to (0,0).

Let us give a name to these adapted coordinates and define them more precisely.
For z € B, fix an adapted chart ¢,: I™ x I¢ — Bg(z,p) at z, sending (0,0) to z,

sending {z* = 0,2° = 0} to /(I/P;(z), and so on. We may further assume that the
projection I"™ x I¢ — I™ is conjugate to m under ¢. The maps ¢, induce adapted
coordinates ¢, = mo @, ov: I™ — By(w(z),p) at w(z), where ¢ is the inclusion
™ — (2™,0). We will denote by &¢ the parametrization of /‘1/176 manifolds in the ¢,

coordinates. Let 0, : I° — Bgc(ﬂ(z))(o, p) be defined by:

0.(z%) = 7° o exp, ) (02(0,0,2°)).
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We now define the parametrizations 7, and v, of the bundles jﬂ@c( ) and

Je(/()/pc(ﬂ'(z)) N) discussed above. Let 1, : I¢ x Pt(c,n) — S~ be defined by

W (x(2))
0=, 0) = (02(0,0,2%), 35 (i, _(5.0.5ey)> P=(0,0,021, (67" — ),

(recall here that elements of @op are of the form (v,2) € Bg,,(0,p) % B with
exp,(v) = m(2)). Finally, let v,: I¢ x P(c,n) — Jz(‘W (m(2)), N) be the map:

V(2% 0) = dg,_0,000) (P © (027", 9 (Projre 0 o7 1 — z°))).

We make all of these choices uniformly in z. Strictly speaking, all of these
parametrizations are defined only on a neighborhood of the zero-section in P¢(c,n),
but as with the holonomy maps, we will ignore restriction of domain issues to simplify
notation.

Recall the isomorphism I : je|/%\/c( — JYW ( (x) N) constructed in the previous

—~cC
subsection. For w € Wp(z, p), consider the map I, ,,: I¢ x P(c,n) — I¢ x P%(c,n)
given by I, = v to I (z) o n.. We have constructed these coordinates so that
I. . =idiey pe(c,n)- The following lemma is a direct consequence of Lemmas 10.5 and
10.5.

Lemma 10.10. — For every z € B and w € /‘l/pF(z,p), and £ < r, we have:
0L = didrex pe(e,my| = 0(d(z,w)" ™).
10.6. Holonomy on central jets. — Let J be a (K, 1)-accessible sequence from x

to z’. In this subsection, we will define, for each 0 < £ < r, and each (K, 1) accessible
sequence from z to z’, two bundle maps

~L —C —C
H oy JHW (z),N) = J(W (2'),N)
and
£ . 4L — 4 o .
ﬂd'j |<W (CE) _)j |(W ($/)7
we will make use of the identification I, between Je(/‘)/pC (x),N) and jﬂfwc(z) to com-

pare these maps. (Recall that “Je(/‘l/lx/C (z), N)” is shorthand notation for the jet bundle
Ul B, 9/
JE(n: Q;‘W @ W (x))).

Py —~
The map # o 1s just the action on ¢-jets induced by the diffeomorphism H 4, defined
by:

~L ~
H g (G) = 3§y Hor 0¥ 0 b

—~Z1 ~
Then J ; is a C™~* bundle map, covering h, (see Section 6.3). Lemma 10.8 implies:
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Lemma 10.11. — If F and f are C* and r-bunched fork >2 andr=1orr <k—1,
then Hfj is a C"~* diffeomorphism that depends continuously in the C"* topology on
the (K, 1)-accessible sequence .

Fix a point z € 771(z) and let 2’ = H 4(2). In coordinates on JZ(@C(Q;),N) and
Je(‘]/l/c(x’), N) induced by the adapted coordinates at z and 2/, we have a map

—~1 1 ot ¢ ¢
ﬂd,z:l/z_’ oﬂdoyz:ICXP(C7n)_)ICXP(C’n)’

Similarly, if J connects = and z’, we set /Au,z (z¢) = w;,llAw 0@, I¢ — I°.
Writing P*(c,n) = IIY_, L%, . (R, R™), we have coordinates

sym
(.’IT ap) = (xc’@m'“apf)
on I¢ x P*(c,n), where p; = Di.p. Denote by f[d (z¢, p); the Lt (R¢,R™)-coordi-

sym
N
nate of # 5 ,(z°, p), so that

—~/ —~1 ~
ﬂgj,z(xcv @) = (hd,Z(xc)’ﬂd,z(mc7 @)07 s ’ﬂd,z(xc7 P)Z);

~t —~
where ﬂd,z(xcv W)O = ﬂd,z (:L.c, @0)
The following is an immediate consequence of the discussion in Section 6.3.

Lemma 10.12. — For every £ < r, there exists a C"~¢ map
R':R° x P*"!(c,n) — L%, (R, R")

such that, for every (z¢, p) € R® x P*(c,n), we have:

OH 4 N
yZ c . chh . -1
300 (2% p0) - pe o ( ,2)

~1
ﬂd,z(xc’ p)f = Re(xc’ §0y - pffl) +

We have now defined, for each (K, 1)- acce551ble sequence d connecting = and 7/,
a natural hft of the C" diffeomorphism ﬂd (WF(iL’) ‘M/F(x') to a C"* diffeo-

morphism ﬂd: JZ(‘W (x),N) — Je(‘M/ (z'),N) on the corresponding central ¢-jet

bundles. We have also derived in Lemma 10.12 the important fact that H ; has an
upper trlgmngular form with respect to the natural local adapted coordinate systems
on JY(W (z),N) and Je(‘W ('), N).

Our next task is to define, for each (K, 1)-accessible sequence  from z to z’, a lift
of the homeomorphism H 4: /(WCF(x) — /‘M\/;(m') to a map 5‘(3: jﬂwc(x) — je|@c(x/)
with two essential properties:

~
- H 3 and J 4 are tangent to order r — ¢ at x, under the natural identification
£ J4(W (z),N
of JX(W' (), N) and 'l

- H ig preserves central /-jets of bisaturated sections of 3.
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Recall that for #’ € W*(xz,1) or &’ € W*(z,1), we defined h(; . (y) = ﬁ(m)z,)y (v)
and H (z,21)(2) = H (2,27),.,(#); we then extended this definition to (K, 1)-accessible
sequences via composition. We further extend this definition to central ¢-jets. If  is
a (K, 1)-accessible sequence from z to a’, we set:

He (g, Go) =T 0Ty (I o (4,
gW: o) = I, [y 0 H g (Ix 0 (y, Go¥));

—~cC

where I,: jﬂ@c(x) — JYW (z),N) is the previously constructed isomorphism.
e g 0 .
Clearly we have that 7 ;: J |W @ g |W (av) S @ map covering H 45, under the
—~C —~C
- (W (2)) = Wg(2).

" ‘
projection ¢ |@C(I)
—~0
We now address the first important property of J¢ ig: order r — ¢ tangency to J g
For f connecting = and ', we set hy . (2¢) = ¢, o hgop,: I¢ — I°, and for 2 €

7~ 1(z), we define
j{e’z = 7];1 oﬂ&onz: I°x Pe(c,n) — I1°x Pe(c,n),

where 2/ = 3\{(/(2) = H 4(z). Chasing down the definitions, we see that in I¢ x
P*(c,n)-coordinates, the map f;;’z takes the form

~1

£ c _ 71 c
H 3,235 0) = T awe 0010 © e,y © Tot@e,900,2(5% )
where y(z°) = ¢,(0,0,z°), z(z° po) = $.(0,0,2°, po), and the maps I, ,, are defined
in the previous subsection.
—~0 ~1
Hence, by the definition of J¢ , the difference |7 ; ,(z°, p) — 5‘[872(2?6, p)| can by
estimated by bounding;:
0y .0 - 05 —1 .0 21 .
— |jsH y — ]y(mc’m)&’[ﬁz(mc’pd and |jzh(/} - jy(mc,po)hdy(zc,g,oJ which are both
o(|(z¢, po)|"~*), by Lemmas 10.5 and 10.9; and
- |jgly?$(z(zc,@0))7z/ - jgidICxP@(c,nﬂ and |jg(Iz(mc,p0),z($cvp)) - jgidlcxPl(c,n)L
which are both o|(z, po)|, by Lemma 10.10.
We thereby obtain:

Lemma 10.13. — Let J be a (K,1)-accessible sequence from z to z', and let z €

7 1(z).

For each z¢ € I°, p € P%(c,n) with |p| bounded, and for every 0 < £ < r we have:
~
A g,2(2%, ) = H5. (2, 9)| = o(| (2, 00) ).

—~1
In this sense, the maps 5‘[3 and J¢ 4 are tangent to order r — £ at .

As mentioned above, another important property of # ‘ is that it preserves central
£-jets of saturated sections.
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Lemma 10.14. — Let o: M — B be a bisaturated section. Then for every (K,1)-ac-

cessible sequence from x to x', and any y € w (x), we have H 4(0(y)) = o(hy(y)).
If, in addition 0 : M — B is Lipschitz and has a central {-jet jéoc at y for some
1 <{¢<r, then o has a central £-jet jﬁyj(y)ac at hy(y), and:

) ¢ £, .0 ¢
Tny?° = H y(3y0°)-
Proof. — Fix ¢ € M and  connecting x to z'. Let 0: M — B be a bisaturated

section. It suffices to prove the lemma in the case where ' € W*“(z,1) and J = (z, z').

Lety € /‘M\/c(x) By definition of J:‘:’d, the value %J(U(y)) is the endpoint of an su-lift
path for the foliations W} and W, covering the path (z,z’),.. The endpoint of (z, z’),
is hy(y). It follows immediately from saturation of o that H 4(o(y)) = a(hy(y)).

Next assume that o is Lipschitz and has a central /-jet jfac aty, forsome1 < £ < r.

—~c
This means that the restriction of o to W (y) is tangent to order £ at y to a C*
local section o’: W (y) — B. Let y = ﬁ(w e, (Y) = h(ee)(y). Consider the images
of o and o’ under # (, ;). Since }{(z &'y, 1S @ ct dlffeomorphlsm and covers the C*

diffeomorphism h(z 2),» the local sections }’{(z @)y ooOh( _ and ﬂ(z '), 00 Oh( N

over W' (y') are tangent to order £ at y'.
Since ﬂf$7y) is defined by the induced action of ﬂf%y)y on W (y), it suffices to

. % 71
show that the local sections # (,, ), ©0 O h(z’w,)y and 0'|j)/76(y,) are tangent to order /¢

at y’. If this is the case, then o|~c and ;\{(wﬂ)y oo’ ofAL(_zlz,)y are also tangent

W (hiaaty @)
to order £ at '; since the latter section is C*, this implies that ¢ has a central /-jet
at 3/, and moreover that jy,O' = fo’(w - )(jy o).

Lemma 10.9 implies that for all z € w (z),
dg(H (5,51 (0(2)), H (w0, (5(2))) = 0(d(0(y), 7(2))");

since o is Lipschitz, we obtain that

dg(H (2.2 (0(2))s H (.00, (0(2))) = 0(d(y, 2)").

We have already shown that for all z € /‘M\/C( ) H (a, x/)( o(z)) = a(h(x 2)(2)). Hence
A () () H (), (0(2))) = 0(d(y, 2)), and 50 H g g0y, 000h L, and o]

are tangent to order r at y’. Since £ < r, this completes the proof. (y[])
10.7. E° curves. — The final tool that we will need in our proof of Theorem C is
the concept of an E°¢-curve. As in the proof of Theorem B, we will use an inductive
argument to prove that a bisaturated section has central ¢-jets. In the inductive step
of the proof of Theorem B, we prove that the ¢-jets are Lipschitz continuous, and using
Rademacher’s theorem, we obtain £ + 1 jets. The analogue of that argument in this
context would be to show that j¢o¢ is Lipschitz and then apply Rademacher’s theorem.
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As mentioned before, this is not possible, since the function g° is not Lipschitz, even
—~c

along W mamfolds What we have shown in Lemma 10.5 is that g and its jets are

L1psch1tz along w (2) at z, and what we will show in our inductive step here is that

jto¢ is Lipschitz along ‘W (z) at z, for every x € M. This leaves the question of how
to apply Rademacher’s theorem to obtain anything at all, let alone £+ 1 central jets.
The answer is E° curves.

An E° curve is simply a curve in M that is everywhere tangent to E€. Such C!
curves always exist by Peano’s existence theorem, but we ask a little more: that they
be C". Rather gratifyingly, there is a simple way to construct such curves, and when f
is 7-bunched, Campanato’s theorem (Theorem 8.2) implies that they C. If a function
s is Lipschitz along /‘]/l\/c(:r,) at x, for every x € M, then for any E° curve (, it is not
hard to see that s must be Lipschitz along (, and so differentiable almost everywhere.
What is more, if a section o has a central /-jet j°o¢, then restricting j¢c° to an E°
curve ¢ gives the actual £-jet for o restricted to ¢ if o|¢ is C*. We will use both of
these properties of E¢ curves in our proof of Theorem C.

Lemma 10.15. — Let f be C* and r-bunched, where k > 2 andr =1 orr < k — 1.
Let V' be a coordinate neighborhood of p, and let p;* : V — W (p) be a C™ submersion.
For any C™ curve : (-1,1) — /(Wc(p) with QA‘(O) = p, there exists a C” (or O~ 11 if
r > 1 is an integer) curve ¢: (=1,1) — M such that, for allt € (—1,1):

1 () = P (),
2. ¢'(0) = ¢'(0),

8. 10 € BG(0),

4. d(C(t), (1) < O(tl), and

5. 1¢O@) = (D) < 0(|t|’“ 8, for all 1 < £ < r; what is more, the distance be-

tween the £-jets of‘W (1)) at C(t) and the L-jets of/WC(C(t)) at (t) is o(|t|" %),
forall1 <2 <r.

—cC
Moreover, for each y € V there is a C" submersion p;* : V. — N4 (y) with the

following property. For each s,t € (—1,1), there exists a point x5 € w (¢(¢)) such
that x5 is connected to p{, (((t + s)) by an su-path whose length is o(|s|"), and such
that:

(6) properties (1)-(5) hold for the curves Ci(s) = ((t+s) and (,(s) = e t)(C(t—Fs)),
and
(7) d(zs,Gi(s)) = of[s]")-

All of these statements hold uniformly in x € M.

Proof. — Let é be given and assume without loss of generality that f is unit speed. We
may also assume that we are working in C" local coordinates and that p;* is projection
along an affine plane field E*" transverse to E°. This planefield then defines for each

—~cC

y € M a smooth projection p;*: V. — W (y).
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The curve ¢ induces a vector field on (ps“)_l(CA) by intersecting FE°¢ with
(Dps“)_l(;ﬁ), (note that the two distributions meet transversely in a linefield).
Integrating this vector field, we get the E°-curve (. Clearly ( satisfies properties
(1)-(3).

To prove (4), we show first that for every s and ¢, the distance between ((t + s)
and the p(, -projection of (¢ + s) onto /‘M\/C(C(t)) is o(]s|"). The proof of this fact is
very similar to the proof of Lemma 10.5.

FIGURE 8. An E°-curve ¢ and its shadow f

Let w = ((¢), let z = {(s +t), and let 2’ = p3*(z). Let y be the unique point

of intersection of W"(x) with |J @ Wr,.(2), and let ' € W (z) be the unique
—~C

point of intersection of W), (y) and W (x) Similarly, let z be the unique point of

intersection of W*(x) with @) W) .(2), and let 2 € W (z) be the unique point

of intersection of W}, (z) and ‘/l/\l/c(:c) (note that ¢’ and 2’ do not necessarily lie on ,
but this is not important). Note that, because p3 is smooth, the distance between
z' and z is O(|s]). Continuity of the partially hyperbolic splitting and transversality
of E** to E° then imply that d(y’,w) and d(z’,w) are also O(|s|). We are going to
show that d(z,y) and d(z, 2) are both o(|s|"); continuity of the partially hyperbolic
splitting and transversality of F*“ to E° then imply that d(x,z’) = o(|s|"*¢).
Assume that we have fixed a continuous function § < {9, 1} satisfying §04~! < ~";
this is possible because f is r-bunched. Choose n > 1 such that |s| = ©(d,(w)). Apply
f? to the picture, for i = 1,...,n. Since z is connected to zy by a curve everywhere
tangent to E°, the distance between z; and w; is O(8,(w)%;(w)~!). Since y' lies
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on /‘M\/c(w), the distance between z; and v/ is also O(8, (w)%;(w)~!); these numbers
are less than 1 for all 4 = 1,...,n. So the distance between z, and gy, is less than
A, w) + (g, ) = O, ()i (w) ).

Since y € W*(y'), the distance between y,, and y/, is O(v,(w)). But 1-bunching
implies that v,(w) = 0(d,(w)¥,(w)~!), and so the distance between y, and x, is
O(8,(w)An(w)~1). Now apply f~" to this picture. Since z,, and v, lie on the same
unstable manifold, the distance between their inverse iterates is contracted by © at
each step. Thus d(z,y) = O (D (w)d, (w)A, (w)~1). But we chose § so that 609~ < 4".
Hence d(z,y) = o(4»(w)™") = o(|s|"). A similar argument replacing f by f~! shows
that d(z,z) = o(|s|"). Setting ¢ = 0 we obtain conclusion (4).

To show that ¢ is C" we use Theorem 8.2. Note that for each ¢ € (—1,1), the
projection pz?t)(: onto /(M\/C(( (t)) is the same as pz“(‘t)f ; in particular, pg@)g is uniformly

N —c

C", since ¢ and p** are C", and W ({(¢)) is uniformly C", by r-bunching of f. But

the previous calculation now implies that there exists a constant C' > 0, and for every
€ (—1,1), a C" function pc t)( (=1,1) —» M such that:

(Pg(t)g(t +5),¢(t+s)) < Cls",

for every s € (—1,1). Theorem 8.2 implies that ¢ is C” (or C"™= 11 if r > 1 and r is
an integer).

The proof of item (5) is very similar to the proof of Lemma 10.5 and is left as an
exercise.

Conclusion (6) of the lemma is immediate from the previous calculations. The
proof of conclusion (7) is very similar to the calculation above, and is also left to the
reader. O

Remark: In fact E°°, E* and E° are all C" along E°-curves. The proof uses
Campanato’s theorem again. This time the smooth approximating functions are

—~cCcu

—~CS
parametrizations of the manifolds W and W

11. Proof of Theorem C

Suppose F is a C* and r-bunched extension of f where k > 2andr =1lorr < k—1,
and let 0: M — 9B be a bisaturated section. The first step of the proof is to show:

Lemma 11.1. — o has a central |r|-jet at every point in M, and j" ¢ is continuous.

Proof. — We prove the following inductive statements, for £ € [0, [r]]:
I;. o has a central /-jet at every pomt

IT,. The central ¢ — 1-jets of o along ‘7/1/ (z) are Lipschitz at z, uniformly in z € M,
for £ > 1.
III,. The restriction of o to E€ curves is uniformly C*.
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We first verify Io--1I1y. Statement Il is empty. Since o is bisaturated, Theorem 4.2
implies that o is continuous. This implies [o--IIIy. Now assume that statements I,--1II,
hold, for some ¢ € {0,...,|r] —1}.

The central /-jets are continuous. We note that je is an admissible bundle; the
holonomy map for the accessible sequence J for x to z’ is just the restriction of

the map fr’[i; to the fibers je|{m} and je|{zf}. Lemma 10.14 implies that if o has a

central /-jet j¢o¢, then j°0° is a bisaturated section of je. Continuity follows from

Theorem 4.2.

The central /-jets of o along w (z) are Lipschitz at x. We first show that

for every z, the restriction of jo¢ to /CI/PC(:C) is Lipschitz at = (where the Lipschitz
constant is uniform in ).

By Lemma 4.4 each point x € M has a uniformly large neighborhood U, and a
family of (K, 1)-accessible sequences {(J, , }yev, such that f, , connects z to y, , ,
is a palindromic accessible cycle and lim,_,, dzy = dw,x’ uniformly in x. We may

—cC
assume that W (z) is contained in the neighborhood U, .

—c
We fix z = xp and 1 € W (z¢) and choose a sequence of points z; € Uy, as follows.
Let Uy, and {d, ,}yev,, be given by Lemma 4.4. For each i > 1, given x; € Uy,

—~C C

the accessible sequence ; = J, = determines a map h; := hy : W (zo) — W (z4),

satisfying z; = h;(zo). We set z;41 = h;(z1) € /(Wc(wz)

We now write things in adapted coordinates. Let o’ : U,, — P%(c,n) be the func-
tion satisfying jgac = U(y)(pf, (y)). Then g’ assigns in adapted coordinates the ap-
propriate central ¢-jet of o to each point in U,,. We are going to show that the

—~c
restriction p’: W (z) — P*(c,n) is Lipschitz at x.

Let ¢ f;fi : J%/;c — J%V, be the lifted “true holonomy on jets,” which covers h,s. and

0
—~C —~C

~¢
let 7 4 JHW (x0), N) — JY(W (x;), N) be the lifted “fake holonomy on jets,” which
—~/ ~1
) and j{z = ﬂdiﬁ'(ﬂ?o) on I¢ x PZ(C, Tl)

~t . ~
Write ﬂf(v,p) = (hi(v), Hf (v, p)) and H,(v,p) = (hi(v), Hf (v, p)). Observe that
Po(2:)(0,0,0) = 0 for all i > 0; let v; 41 € I° be the point satisfying ¢, (z,)(0,0,vi41) =

covers iLd This defines maps % f = 54

,0(zo

zi41. Note that [v1] = O(|z1 — 20|), |vis1] = O(|zis1 — z4]), and vi11 = hi(vy), for all
i >0.

Then, since j¢o° is bisaturated and continuous (and hence bounded) Lemma 10.14
implies:

J;(0, 95 (20)) = (0, ph(2)), and  H;(v1, ph(21)) = (vis1, 5 (Tit1)-
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~¢
By definition of #* and #*¢, we have (0, pt (zo)) = H:(0, p%(x0)); furthermore,
Lemma 10.13 implies

(43) (0, 9L (1)) — 3 (on, 98 (1)
(44) < oflzr — mol"~ + [0 (1) — £ (o) 7).

Now Lemma 10.11 implies that H f is C"*, and uniformly close to the identity map,
since (onwo is palindromic and (on,y — dwo,mo as y — xo, uniformly in zq.

Lemma 10.12 then implies that for every ¢ with |z; — z¢| = O(1), there exist
linear maps , 4; = Dh;(0): R® — R, B; = Duﬁf(o,pﬁ(xg)): R® — P¥(c,n) and
C; = Dmﬁf(o, ©’ (x9)): P*(c,n) — P*(c,n), such that

(45) vip1 = hi(v1) = Ai(v1) + o([va),
and
Hi(v1, 9 (21)) = Hi(0, 95 (20)) = Bilw) + Cilpf (1) — 94 (x0))
+o(lvi| + |5~ (21) — 95" (z0)))

Moreover, we may assume that, for all ¢ with |z; — z¢| = O(1):

1 1 1
(46) 14; = Idgell < 7 NICs = Idpe(emyll < 3, and [|Bif] < 7
By the inductive hypothes1s 11, the central ({—1)-jets of o along w (z) are Lipschitz
at z. Hence |p% 1 (z1) — p5 1 (z0)| = O(|z1 — 20]), and so combining (43) and (45) we
obtain
(1) Hi(or, 0 (1)) = Hi(0, 95 (x0))
(48) = B;(v1) + Ci(p5(21) — 95 (20)) + (|1 — o).

(Notice that when ¢ = 0 the |5 1(x1) — p5 !(z0)| terms do not appear in these
expressions, and | so Lipschitz regularity of o is not an issue. This is due to upper
triangularity of #.)

The proof now proceeds as the proof of Theorem B. Notice here that we do not

need to assume a priori that ¢ is C'; the reason is that the derivatives of J:‘\o’f are
upper triangular, (unlike the maps H’ in the Proof of Theorem B) which allows for
more precise estimates. We choose N = O(|z1 — zo|™!). By (45) and (46), this choice
of N ensures that |y — 29| = O(1). Summing (47) from i = 0 to N — 1, we obtain:

N-1 R N-1
Hi(v1, 05 (x1)) — Hi(0, 95 (x0)) = (D Bi)(w1)
=0 i=

N
+(O_ Ci)(9h (z1) — ok (20))

i=

1
+No(|z1 — o).
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Equation (43) implies that S ' H, (v1, 9% (71)) — ﬁi(O, pf (z9)) =
-1

2

- (Hi(v1, 95 (21)) = Hi(0, 95 (x0)))
=0

+No(|z1 — x0|T_€)

> pb(@iy) — 95 (i) + No(|lzg — z|"™")

95 (zn) — P (21) + No(|z1 — zo| ™).
Hence, since r — £ > 1:

1., , - =
N(pa(xN)_pa(xl)) = N B; | (v1)

Rearranging terms and taking norms, we get

N
7 k) — b ol < |50 an) — v (o)
- 1 N-1
+ (2 Bi) ()] + o(jz1 — o)
1=0
< 03+ 4l(@ = o)l + offas — za))

using (46) and the fact that p? is continuous, and hence bounded. Again using (46)
we have that

3
> Z|Pf;(l’1) — & (x0)]-

< ZC> po .’L‘1) - po’(xO))

Combining the previous two estimates, we get:

o) b o)l < 5 (O(3) + Hi(ar — o)l + olfas o]} )

Finally, since = O(|z1 — x¢l), we obtain that

|95 (21) = 95 (z0)l = O(lz1 — wol),
which is the desired estimate. This verifies II,y;.

o is Lipschitz. If / = 0, we know that o is Lipschitz at = along @c(x) leaves, for

every z, and differentiable along W" leaves, and W*° leaves, with the partial derivatives
continuous. This readily implies that ¢ is Lipschitz.
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o has a central (¢ + 1)-jet at every point. We fix a uniform system of C” sub-

C
mersions pS*: V, — W (z) defined in coordinate neighborhoods in M. We define E¢
curves using these submersions.

Lemma 11.2. — j%0° is uniformly Lipschitz along E¢ curves.

Proof — This is a stralghtforward consequence of Lemma 10.15 and the fact that

jto¢ is Lipschitz along ‘M/ (z) at z, for every z € M.
O

Fix an E° curve ¢! inside of a coordinate neighborhood V. Since j¢o¢ is Lipschitz
along (!, it is differentiable almost everywhere. Fix a point x; = (!(t) of differentia-

bility. Then j¢c¢ has a partial derivative along (' at ;. Let PV — W (y)}yev
be the system of submersions in the nelghborhood V given by Lemma 10.15. Con-

sider the C" curve Cl (s) :== pm1 o(¢l(t+s)in W (z1). Lemma 10.15 implies that for

each s, there is a point z; € w (¢(t + s)) that is connected to él (s) by a su-path J
whose length is o(|s|"). Since j¢o° is bisaturated, we have that j5 o¢ = =" (j<1 7 o).
Lemma 10.6 implies that

C A

(32,0 5%y (%) = Ollength()) + O(d(it, W' (z.), 5ty (W' (CL ().

WE (5))) = o(|s|"*). Hence:

Z1

Lemmas 10.15 (5), implies that d(jf;sw (a:s),jgl )

A5y (50 13%,0) = ollsl") + ofls|"™*) = ofls|" ™).

Since jfo¢ is Lipschitz along w (¢(

t
d(jt,0°% 51150 = O(d(zs,((t + 5)))
have:

+ s)) at ((t + s), we also obtain that
= 0o(]s|"). Thus, in local coordinates, we

Y v v v —¢
Jer (97" T In 0" = Jeas) 0"~ In 0 ollsT);
since £ < r — 1 and j%0°¢ o ¢ is differentiable at z; = ((t), this implies that j%0° is
~ —C
differentiable at z; along the C” curve ¢} in W (z1).

Let U,, and {d;}yerl be the family of accessible sequences given by Lemma 4.4.
Since j¢o¢ is bisaturated, Lemmas 10.13 and 10.14 imply that the image of C;l under
P ~ —~C
H g is a C" path ¢} in W (y) along which jto¢ is differentiable at y. Furthermore,
Y — f; is continuous at x; in the C" topology, and and the derivative of j¢o° along
¢, at y is continuous at ;.

Now choose another E¢ curve ¢? through z, quasi-transverse to ¢! (that is, such
that the tangent spaces to ¢! and (2 at x; are linearly independent). Again j‘o° is

Lipschitz along (2, and we choose a point of differentiability 5. Since z; is a point of
continuity of the curves {C; }yele, we may assume (by choosing z5 close to z1) that
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¢? and C;z are quasi-transverse at xo; hence C;z and Cﬁz = p;ZCQ are quasi-transverse

~c
curves in W (z3) along which j¢0° has partial derivatives at xs.

Let U,, and {dz}yeyzz be given by Lemma 4.4 for the point x5. Applying the
fake holonomy J¢ 2 to the transverse pair of curves 5;2 and (22, and reusing the label
we obtain a family of pairs {(}, () }yeu.,
of quasi-transverse curves along which j¢o¢ is differentiable at their intersection and
such that y — (¢}, ¢7) is continuous at x5 in the C” topology.

Repeating this procedure ¢ = dim(E°) times, we obtain a point z., a neighborhood
U, of z., and a family of c-tuples of curves {(C;, .-+ C5)}yeu,, such that, for each

Yy € Us.:

¢! now to denote the curve H.» o (1 ,
Yy Yy T2

1
g
. the tangent lines to (

~ —~cC
-,¢y) contain y and lie in W (y);
F1
o a
. jto¢ is differentiable at y along Cys

. the curves (

,é;) at y span Ey;

e ,fg) is continuous at z. in the C” topology; and
. for each i, the partial derivative of j°c¢ along (! at z is continuous at z = z..

. the map z — (¢}

U W N =

—~c
We claim that this implies that jo° is differentiable along W (z.) at z..

Lemma 11.3. — Let z. be given as above. Then for every z € /‘M\/c(xc), there exists
a path n from x° to a point w in M with the following properties. The path n is
a concatenation of Ct paths n = 611622 ACC, with d(w,p3*(w)) = o(d(z,z.)") and
d(pze(w), z) = o(d(z, zc)).

Proof. — Denote by Cé the ¢ curve anchored at y (so that C;(O) = y). Start-
ing with z., we take the union &#; := quéic CE Similarly, for ¢ > 1, we define
Piy1 = Uqe, CA(;H. The quasi transversality of the curves ¢!,..., (¢ at every point
and continuity of (; at y = z¢ implies that there exists a point w’ € pi’i(?c) with
d(w', z) = o(d(z., 2)). Fix a point w € (p5*)~!(w') N P.. Tracing the Ci-curves in P,
back from w to z. produces the desired path 7 from z. to w. An inductive argument
using Lemma 10.15 shows that d(w’, w) = o(d(z., 2)"). O

—~cC

Let us see how this implies that j¢o¢ is differentiable along W (z.) at x.. This is

essentially the same as the proof that a function with continuous partial derivatives
is C1. We will use:

Lemma 11.4. — For every y € V and every pair of points z1, 25 € /‘M\/C(y):
d(jﬁlac,jﬁzoc) = O(d(z1,22) + d(z1,y)" " * + d(z2, )" 7).

Proof. — This follows from the facts that j¢o° is saturated and Lipschitz along E°
curves, and that p;* has the properties given in Lemma 10.15. O
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—~cC

Working in local charts on W (z°) sending z° to 0, we may assume that the curves

(i. are unit speed and correspond to the axes NM;z;{z? = 0}. Define constants a’ =
a'(z.) € P¢(c,n), fori=1...,cby

a; = lim (j%°0 {)(0).
y—ze©

We now define a linear map A: R® — P¢(c,n) by

Atl,..., Zaz

We claim that this map is the derivative of j‘0° along (Wc(mc) at z.. Let z € /‘WC(:L“C)
be given, and consiAder thAe path n from z. to w given by Lgmma 11.3. Let v; = 0,
and write n = () -C2, -+ ¢S s fori=1,...c—1, let t; satisfy ¢} (t;) = vip1 = Cf,jﬁrll( ),
and let ¢, satlsfy ¢ (t.) = w. The length of the curve nis O(Y i |t |) O(d(z¢, 2)).-
Lemma 10.5 readily implies that the distance between the ¢-jets of ‘M/ (w) at w and

w (p3*(w)) at pS*(w) is o(length(n)"~*) = o(d(z., 2)"~*). Since j’c° is bisaturated
and Lipschitz, we obtain from Lemma 10.6 that

(o0, Jpse)0®) = Old(w,p3t(w))) + o(d(e, 2))" ™)
= O(d(ze,2)") + o(d(ze, 2))" ")
= o(d(zc, 2)),

where we have used the facts that d(w, p;"(w)) = o(d(z,2.)") and £ < r — 1. Also,
since d(z,p**(w)) = o(d(z,x.)), Lemma 11.4 implies that

d(j0°, Ghen ()7°) = 0(d(2,2.)),
and so
d(jz0°, joyo) = 0(d(2, zc)).
Using the fact that ] ¢ has a directional derivative along each fi subpath of n at

its anchor point v; = § .(0), and writing things in local coordinates sending 2 to 0,
we obtain that:

c

.0 .0 ) .0
Z(]é?(ti)oc - ]é@(o)ac) + (]zoc - ]wac)

=1

£ _c L _c
120 — Jo0

(e}

= (4°0° 0 &) (0) - ti + of|z])

= A(2) +of2]).

Hence j%o° is differentiable along ‘l/l/ (z.) at z., with derlvatlve A.
Now we have that j‘o 1s differentiable at z. along ‘M/ (z.), we can spread this

—~C
derivative around using fr’{ , and we get that the derivative of j°c° along W (z) at z
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exists for every x and is a continuous function on M. We still need to show that o
has central £ + 1 jets with uniform error term.
The derivative of j°0¢ at z gives a candidate j5t1o° for a central £+1 jet at x; the

¢+ 1st coordinate in j¢T'o¢ is just the derivative at x along ‘W of the ¢th coordinate

of j¢o°. To show that o has a central £ + 1-jet at x, we must show that for every
v € B, ,y(0,p):

(49) dn (projy © & 0 g°(v), projy o ju " a(v)) = o(|v|*).

We first note that j¢o¢ is differentiable along E°¢ curves. To see this, let ¢ be an
E€ curve in M. For each t € I, Lemma 10.15 implies there exists a C" curve (;

—~C ~ ~
in W (¢(¢)) with (;(0) = ¢(t) and such that (; and {(s + ) are tangent to order
r at 0. Furthermore, the previous arguments using saturation of j¢c show that the
distance between jf(sH)oc and jg (s)oc is o(|s|"*). Since j%o° is differentiable along
t

ét at s = 0, this implies that j¢c° is differentiable along ((s +t) at s = 0. Since ¢ was
arbitrary, we see that j%o° is differentiable, and in fact C', along (.

Our induction hypothesis implies that o is C¢ along E¢ curves. We next observe
that, for any E° curve (, the ¢-jet of 0 o ( at ¢t € I satisfies:
(50)  projy oj;(00¢) = projy ©jio° 0 g (m° 0 expyy) © GiC.

To see this, let C} be given by Lemma 10.15. Since (¢ + s) and C}(s) have the same
|r| jets at s = 0, and o is Lipschitz, the functions o o {;(s) and & o {(s + t) have the
same {-jets at s = 0. But the definition of central /-jets implies that:

. 2 ; _ £y.
dn (projy 0 0 Gy(s), Projy © jg, ()0 o 7 © expy 0 (i(s)) = ofls|");

from the naturality of jets under composition, (50) follows immediately.

Now, since both j¢0¢ and j(7¢ o exp~!) are differentiable along E°¢ curves, it
follows that o is C**! along every E° curve ¢, and by Taylor’s theorem, the £+ 1 jets
of o o ¢ are given by the formula

(51) jit o) = ]d’;;oc °© Jg(t) j (7€ o expc(t)) o j/Hi¢.

Finally, let v € B~( )(0 p) be given, and let y = exp, g°(v) € w (z). Fix a

geodesic arc ¢ in w (z) from z to y, with {(0) = z and (1) = y. Let ¢ be the E°
curve given by Lemma 10.15, tangent to order r to ¢ at C( ) = z. Equation (51) now
implies that

d (projy 0 0 0 {(t), projy o j; " o%(tv)) = o([tv|**).

Since d({(t), ¢(t)) = o(|tv|"), and o is Lipschitz, we obtain (49). Hence o has a central
£+ 1 jet at z, and it is given by j5*1o°. We have verified both Ipy; and III, ;.

Proposition 11.5. — o is C".
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Proof. — If r = 1, then we have already shown that the 0-jet of o is differentiable
along W°(z) at z, for every x, and this derivative varies continuously at M. Since o
is C! along the leaves of W’ and W", this readily implies that o is C'.

Assume, then that 1 <r < k — 1. Let £ = |r|, and let @ = r — £. We first show:

— _ —~cC

jto¢ is C% at x along W (), for every z € M. The proof is a slight adaptation
— —~C

of the proof that j¢o° is Lipschitz at = along W (x), for every x € M, for £ < r; the

central observation that allows one to modify this proof is that H é(x, p) still covers

the diffeomorphism H(z, ), and for i > 1, Hg(:z:, )i is a-Holder continuous in the
(, go)-variable, and C* in the (gp1,-- -, py)-variables. (See the proof of part II of
Theorem A as well). We omit the details.

o has an ({,@,C) expansion at r along /Q/l\/c(a:), uniformly in =z € M. This is
essentially the same as the proof that o has a central /-jet at every point for ¢ < r,
except one sharpens the estimates on the remainder of the Taylor expansions along
E° curves, using the a-Holder continuity of the central /-jets.

The section o is C". Since r-bunching is an open condition, as is the condition
r < k — 1, by increasing r slightly, we may assume that r is not an integer.

We have shown that o has central /-jets, and that jzac is @-Holder continuous. Fix
a point p € M. The fake center-stable manifolds @cs(xL for x in a neighborhood U
of p, form a continuous family of C" = C% embedded disks.

Fix z in this neighborhood U, and consider the foliation {/‘Wm (y)}ye@“ ) of the

plaque /‘WCS( ) by fake stable manifolds. Since o is W saturated, it is C* along
W*(y), for anyy € M. In particular, it has a (¢, @, C)-expansion along U (y), for any

y. Fory € W' (x) corresponding to (0,0, z°) in adapted coordinates at , Lemma 10.5
implies that the distance between & ..\ (0,2%) and &§* (z°, 2°) is o(d(z, y)"). Since o

is Lipschitz, and o has a (¢,@, C)-expansion along @(50,5)(0,2°) (which corresponds

to W*(y)), this implies that o has a (£, @, C)-expansion along /‘M\/ (y) (corresponding

to w§*(z°, x®)) with an error term that is on the order of d(z,y)".
/\CS

Next consider the family of plaques {%c(y)}ye/\cs defined by W' (y) =W (z)n

W (y). This forms a continuous family of C"-embedded disks. Paired with the the

—8 —~c
W, foliation, the family of W plaques gives a C" transverse pair of plaque families

—~CS

in W (z). Lemma 10.5 implies that for each y € w" (x ) the distance between the
(-jets of /‘I/l\/cs(sc) at x and /(Wcs(y) at y is o(d(x,y)¥). Since W ( ) = w (y )ﬂ‘M/ (y),
it follows that the the distance between the (-jets at y of w (y) and W ( ) is also
o(d(x,y)¥). But o is Lipschitz, and o has an (¢, @, C') expansion at y along w' (y), for
every y. This implies that in an adapted coordinate system at = , we can write the

plaques W¢(y) as a parametrized family along which ¢ has an (¢, @, C) expansion at y
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r

—~ —~CS
along W¢(y), for every y € W (z), with an error term that is on the order of d(z, y)".

Hence we can apply Theorem 8.4 to conclude that o has an (¢, @, C)-expansion along
—~CS

W (z) at z, for every x in U, where C is uniform in z.

Now the family {@CS () }zev is a uniformly continuous family of C™ plaques in U.
Paired with the local W" foliation, it gives a transverse C*® pair of plaque fami-
lies in U. Since o is u-saturated, it is C* along W"-leaves and in particular has an
(¢,@, C)-expansion along W"“(x) at every x € U. Applying Journé’s theorem again,
we obtain that o has a (¢,@, C’)-expansion expansion at every z € U, where C' is
uniform in € U. Theorem 8.2 implies that ¢ is C” in U. As p was arbitrary, we
obtain that o is C". O

This completes the proof of Theorem C. O

12. Final remarks and further questions

The proofs here could admit several improvements and generalizations. Some are
not difficult: for example, the compactness of the manifold M was not essential.
The definition of partial hyperbolicity in the noncompact cases merely needs to be
modified to ensure that the functions v, ¥, v/v, P /4 are uniformly bounded away from
1, and the definition of 7-bunching must be similarly adjusted. Other improvements on
Theorem A are more challenging. For example, there is no counterpart in Theorem A
to the analyticity conclusions in Theorem 0.1, part IV. Another question is whether
the Holder exponent in Theorem A, part II can be improved. Finally, we ask whether
the loss of one derivative in Theorem A part IV (and Theorem C) is really necessary:
is it true that if ¢ is C", f is C", accessible and r-bunched, where r > 1, then any
continuous solution to (2) is C” (or perhaps C"~¢, for all £ > 0)?
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