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LOCAL-GLOBAL COMPATIBILITY FOR [ = p, II

BY THomas BARNET-LAMB, Toy GEE, Davib GERAGHTY
AND RicHARD TAYLOR

ABSTRACT. — We prove the compatibility at places dividing [ of the local and global Langlands
correspondences for the [-adic Galois representations associated to regular algebraic essentially (con-
jugate) self-dual cuspidal automorphic representations of GL,, over an imaginary CM or totally
real field. We prove this compatibility up to semisimplification in all cases, and up to Frobenius
semisimplification in the case of Shin-regular weight.

RESUME. — Nous prouvons la compatibilité entre les correspondances de Langlands locale et glo-
bale aux places divisant [ pour les représentations galoisiennes l-adiques associées a des représenta-
tions automorphes cuspidales algébriques régulieres de GL,, sur un corps CM ou totalement réel qui
sont duales de leur conjuguée complexe a un twist prés. Nous prouvons cette compatibilité a semi-
simplification prés dans tous les cas, et a semi-simplification de Frobenius prés lorsque le poids est ré-
gulier au sens de Shin.

Introduction.

Thanks to the work of (among others) Chenevier, Clozel, Harris, Kottwitz, Labesse,
Shin and R.T., given F' an imaginary CM field or totally real field, and (II, x) a regular,
algebraic, essentially (conjugate) self-dual automorphic representation of GL,,,(Ar), if [ is
prime and we fix some 2 : Q, = C, then there is a semisimple I-adic Galois representation
r1,(Il) : Gp — GL,,(Q;), where G is the absolute Galois group of F. This representation
is uniquely determined by the requirement that it satisfies local-global compatibility at the
unramified places. It is also expected to satisfy local-global compatibility at all finite places;
this has been established for the places not dividing / by Caraiani ([10]), building on the work
of Harris-Taylor, Taylor-Yoshida, Shin and Chenevier-Harris.
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It is important in some applications to have this compatibility at places dividing /; for ex-
ample, our original motivation for considering this problem was to improve the applicability
of the main results of [4]; in that paper a variety of automorphy lifting theorems are proved
via making highly ramified base changes, and one loses control of the level of the automor-
phic representations under consideration. This control can be recovered if one knows local-
global compatibility at primes dividing /, and this is important in applications to the weight
part of Serre’s conjecture (cf. [2], [1]).

Our main result is as follows (see Theorem 1.1 and Corollary 1.2).

THEOREM A. — Let F be animaginary CM field or totally real field, let (11, x) be a regular,
algebraic, essentially (conjugate) self-dual automorphic representation of GL,,(Ar) and let
1:Q, = C. Ifv|lis a place of F, then

WD (ry,(I) |G, ) 22 rec(IL, ® | det |1 7™)/2)s,
Furthermore, if 11 has Shin-regular weight, then
tWD(r,(TT)| g, )F'Ss = rec(Il, ® | det |(1_m)/2).

Here WD(r) denotes the Weil-Deligne representation attached to a de Rham [-adic
representation r of the absolute Galois group of an [-adic field; and rec denotes the local
Langlands correspondence; and F-ss denotes Frobenius semi-simplification. (See Section 1
for details on the terminology.) In fact, we prove a slight refinement of this result which
gives some information about the monodromy operator in the case where II does not have
Shin-regular weight; see Section 1 for the details of this.

The proof of Theorem A is surprisingly simple, and relies on a generalization of a base
change trick that we learned from the papers [17] and [21] (see the proof of Theorem 4.3
of [17] and Section 2.2 of [21]). The idea is as follows. Suppose that IT has Shin-regular
weight. We wish to determine the Weil-Deligne representation *WD(ry,(IT)| ¢, )F°. The
monodromy may be computed after any finite base change, and in particular we may make
a base change so that IT has Iwahori-fixed vectors, which is the situation covered by [3];
so it suffices to compute the representation of the Weil group W, . It is straightforward to
check that in order to do so it is enough to compute the traces of the elements o € Wg, of
nonzero valuation (that is, those elements which map to a nonzero power of the Frobenius
element in the Galois group of the residue field). This trace is then computed as follows: one
makes a global base change to a CM field E/F such that there is a place w of E lying over v
such that BC g, p(II),, has Iwahori-fixed vectors, and o is an element of Wg, < Wg,. By
the compatibility of base change with the local Langlands correspondence, the trace of o
on tWD(ry,(I)| ¢, )¥*° may then be computed over E, where the result follows from [3].

The subtlety in this argument is that the field £/F need not be Galois, so one cannot
immediately appeal to solvable base change. However, it will have solvable normal closure, so
that by a standard descent argument due to Harris, together with local-global compatibility
for the p-adic Galois representations with p # [, it is enough to know that for some prime ',
the global Galois representation 7 ,+(II) is irreducible. Under the additional assumption
that IT has extremely regular weight, the existence of such an I’ is established in [4]. Having
thus established Theorem A in the case that IT has extremely regular and Shin-regular weight,
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we then pass to the general case by means of an [-adic interpolation argument of Chenevier
and Harris, [13] and [12]. The details are in Section 3.

Notation and terminology

We write all matrix transposes on the left; so A is the transpose of A. We let B,,, C GL,,
denote the Borel subgroup of upper triangular matrices and 7;,, C GL,, the diagonal torus.
We let I,,, denote the identity matrix in GL,,.

If M is a field, we let M denote an algebraic closure of M and G, the absolute Galois
group Gal (M /M). Let ¢; denote the l-adic cyclotomic character.

Let p be a rational prime and K/Q, a finite extension. We let @k denote the ring of inte-
gers of K, pr the maximal ideal of O, k(vgk) the residue field Ok/prK,
vk : K* — Z the canonical valuation and | |, : K* — QX the absolute value given
by |z|x = #(k(vk)) V@), We let | |}(/2 : K* — RZ, denote the unique positive un-
ramified square root of | |x. If K is clear from the context, we will sometimes write | |
for | |x. We let Frobg denote the geometric Frobenius element of G,y and Ik the kernel
of the natural surjection Gx — Gy(,,). We will sometimes abbreviate Frobg, by Frob,,.
We let Wik denote the preimage of Frob%( under the map Gk — Gy, (k)), endowed with a
topology by decreeing that Ix C Wy with its usual topology is an open subgroup of W
Welet Art i : KX 5 f(b denote the local Artin map, normalized to take uniformizers to
lifts of Frobg.

Let Q be an algebraically closed field of characteristic 0. A Weil-Deligne representation
of Wk over Q is a triple (V,r, N) where V is a finite dimensional vector space over 2,
r: Wik — GL(V) is a representation with open kernel and N : V' — V is an endomorphism
with r(0)Nr(o)~! = |Art z'(0)|xN. We say that (V,r, N) is Frobenius semisimple if
r is semisimple. We let (V, 7, N)¥-55 denote the Frobenius semisimplification of (V, r, N) (see
for instance Section 1 of [23]) and we let (V,r, N)* denote (V,7°%,0). If 2 has the same
cardinality as C, we have the notions of a Weil-Deligne representation being pure or pure of
weight k — see the paragraph before Lemma 1.4 of [23]. (If N = 0 then the representation is
pure if the eigenvalues of Frobenius are Weil numbers of the same weight, but if V is nonzero
then the definition is more involved.)

We will let rec i be the local Langlands correspondence of [16], so that if 7 is an irreducible
complex admissible representation of GL,, (K), then recg (7) is a Weil-Deligne representa-
tion of the Weil group Wy . We will write rec for recx when the choice of K isclear. If pisa
continuous representation of Gx over Q; with [ # p then we will write WD(p) for the corre-
sponding Weil-Deligne representation of Wi . (See for instance Section 1 of [23].)

If m > 11is an integer, we let Iw,, x C GL,,(@x) denote the subgroup of matrices which
map to an upper triangular matrix in GL,,, (k(vk)). If 7 is an irreducible admissible super-
cuspidal representation of GL,,(K) and s > 1 is an integer we let Sp ,(7) be the square
integrable representation of GL,,s(K) defined for instance in Section 1.3 of [16]. Similarly, if
r: Wik — GL,,(Q) is an irreducible representation with open kernel and = is the supercus-
pidal representation recy’ (r), we let Sp,(r) = reck (Spy()). If K'/K is a finite extension
and if 7 is an irreducible smooth representation of GL,, (K) we will write BC g/, () for the
base change of 7 to K’ which is characterized by reck(7x+) = recg (7)|w,, -
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If p is a continuous de Rham representation of Gx over @p then we will write WD(p)
for the corresponding Weil-Deligne representation of Wi (its construction, which is due to
Fontaine, is recalled in Section 1 of [23]), and if 7 : K — @p is a continuous embedding of
fields then we will write HT, (p) for the multiset of Hodge-Tate numbers of p with respect
to 7. Thus HT . (p) is a multiset of dim p integers. In fact, if W is a de Rham representation
of Gk over Q, and if 7 : K < Q, then the multiset HT (W) contains ¢ with multiplicity
dimg (W @7,k K (i))9x. Thus for example HT, (¢;) = {—1}.

If F'is a number field and v a prime of F', we will often denote Frobr,, k(vg,) and Iw,, g,
by Frob,, k(v) and Iw,, ,. If 0 : F — @p or C is an embedding of fields, then we will
write F,, for the closure of the image of . If F’/F is a soluble, finite Galois extension and
if 7 is a cuspidal automorphic representation of GL,,(Ar) we will write BC g, p(7) for
its base change to F”, an automorphic representation of GL,, (Ax/). If R : Gr — GL,,(Q,)
is a continuous representation, we say that R is pure of weight w if for all but finitely
many primes v of F, R is unramified at v and every eigenvalue of R(Frob,) is a Weil
(#k(v))¥-number. (See Section 1 of [23].) If F' is an imaginary CM field, we will denote its
maximal totally real subfield by F'*+ and let ¢ denote the non-trivial element of Gal (F/F+).

1. Automorphic Galois representations

We recall some now-standard notation and terminology. Let F' be an imaginary CM field
or totally real field. Let F'™ denote the maximal totally real subfield of F. Bya RAECSDC (if
F is imaginary) or RAESDC (if F is totally real) (regular, algebraic, essentially (conjugate)
self dual, cuspidal) automorphic representation of GL,,(Ar) we mean a pair (II, x) where

— II is a cuspidal automorphic representation of GL,,(Ar) such that II,, has the same
infinitesimal character as some irreducible algebraic representation of the restriction
of scalars from F' to Q of GL,,,

- x : AL /(FT)* — C* is a continuous character such that x,(—1) is independent
of v|oo,

—and II° 2 IIV ® (x o Np/p+ o det).

If x is the trivial character we will often drop it from the notation and refer to II as a
RACSDC or RASDC (regular, algebraic, (conjugate) self dual, cuspidal) automorphic
representation. We will say that (II, x) has level prime to I (resp. level potentially prime to 1)
if for all v|l the representation II, is unramified (resp. becomes unramified after a finite base
change).

If Q is an algebraically closed field of characteristic 0 we will write (Z™)Hom (F:2):+ for the

setof a = (a,;) € (Z™)Hom () gatisfying
r1 2+ 2 Qrym.

Let w € Z. If F is totally real or imaginary CM (resp. if Q = C) we will write (Zm)g‘)m (£

for the subset of elements a € (Z™)Hom (F92) with
Gri+ Qroe,m41—i = W
(resp.

Gri+ Qcorm4+1—i = ’LU)
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(These definitions are consistent when F' is totally real or imaginary CM and 2 = C.) If
F'/F is a finite extension we define ap: € (Z™)Hom (F'.Q).+ py

(aF’)r,i = CQr|p,i-

Following [20] we will be interested, inter alia, in the case that either m is odd; or that m is
even and for some 7 € Hom (F, Q) and for some odd integer ¢ we have a, ; > a,;+1. If either
of these conditions hold then we will say that a is Shin-regular. (This is often referred to as
‘slightly regular’ in the literature. However as this notion is strictly stronger than ‘regularity’
we prefer the terminology ‘Shin-regular’.) Following [4], we say that a is extremely regular if
for some 7 the a,; have the following property: for any subsets H and H' of {a, ; +n—4},
of the same cardinality, if ), ., h = >,y h then H = H'. (The condition of extreme
regularity will be used in order to apply Theorem 5.5.2 of [4], in order to guarantee that a
Galois representation associated to an automorphic representation is irreducible.)

If o € (Zm™)Hom (FO).+ et 2, denote the irreducible algebraic representation of GLE™ (
which is the tensor product over 7 of the irreducible representations of GL,, with highest
weights a,. We will say that a RAECSDC automorphic representation IT of GL,,,(Ar) has
weight a if Tl has the same infinitesimal character as EY. Note that in this case a must lie
in (Z™)aem (0 for some w € Z.

We recall (see for Example Theorem 1.2 of [5]) that to a RAECSDC or RAESDC auto-
morphic representation (I, x) of GL,,(Ar) and 2 : Q; = C we can associate a continuous
semisimple representation

F,C)

71.(I) : Gal (F/F) — GL,,(Q)).
This representation satisfies
i (M) 27, (I)Y @ ¢ " () e

where 1,(x) : Gp+ — @lx is the de Rham character with the property that

| G eArtp)(@) ] @@ | =x@) ] G2

T€Hom (F+,C) T€Hom (F+,C)
where a € ZHom (F*.C) is determined by the property that

Xl(p+yxyo 1@ — H (r)*".
T€Hom (F+,C)

For v|l a place of F, the representation r; ,(IT)| g, is de Rham and if 7 : F < Q; then
HT, (r;, (7)) ={awr1+m—1,a,,2+m—2,...,a4rm}
If v f I, then the main result of [10] states that
TWD (11, (ID) g, )™ 2 rec(IL, ® | det |1=™)/?),

Let p be a prime number, K/Q, be a finite extension and let 2 be an algebraically
closed field of characteristic 0. Let ./ denote the set of equivalence classes of irreducible
representations of Wy over  with open kernel, where s ~ s’ if s & s’ ® x o det for some
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unramified character x : K* — Q*. Let p = (V,r, N) be a Weil-Deligne representation
of Wx over Q2. We decompose
V=PVl

UEJ

where Vo] is the largest Wx-submodule of V' with all its irreducible subquotients lying
in 0. Then each Vo] is stable by N and p[o] := (Vo],7|v(e], Nlv[s) is a Weil-Deligne
subrepresentation of (V,r, N). For each o € 4/ with V[o] # (0), there is a unique decreasing
sequence of integers mi(p,0) > - -+ > My (o) (p,0) > 1 with

n(p,0)

Pl = D S (e (5:)

i=1
s; € o for each 7. If p’ is another Weil-Deligne representation of Wi over 2, we say that

/

p=p
if p* = (p')*® and if for each o € 4 we have
ml(ﬂ, U) +oee +mi(pao) < ml(pl,g) +oee +mi(pl,0')

for each ¢ > 1. The goal of this paper is to establish the following local-global compatibility
result at places dividing I, our main theorem.

THEOREM 1.1. — Let (I, x) be a RAECSDC automorphic representation of GL.,, (Ag) and
letv:Q, = C. If v|l is a place of F, then

ZWD(Tl,z(H”GFU)F-SS < rec(Il, ® | det |(1=™)/2),
Furthermore, if 11 has Shin-regular weight, then
ZWD(TZ,@(H)|Gpv)F-SS = rec(Il, ® | det |(1_m)/2)_

The following corollary follows immediately using base change as in Proposition 4.3.1 of
[14].

COROLLARY 1.2. — Let (I1, x) be a RAESDC automorphic representation of GL,,(Ar)
and let v : Q, = C. If v|l is a place of F, then
tWD(r,(TT)| g, )F'SS < rec(Il, ® | det |(1_m)/2).
Furthermore, if 11 has Shin-regular weight, then

WD(ry,(IT)|ap, )E-88 = rec(II, ® | det |1=™)/2),
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2. The extremely regular, Shin-regular case

We start by treating the special case where, thanks to the irreducibility results of [4], we
can give a direct argument. We use an analogue of the trick of [17] and [21] (see the proof of
Theorem 4.3 of [17] and Section 2.2 of [21]), but in a situation where we need to use a non-
abelian, indeed non-Galois, base change. Because of this the argument makes essential use
of the irreducibility results of [4], and hence at present can only be made in the extremely
regular case.

THEOREM 2.1. — Let m > 2 be an integer, | a rational prime and 1 : @l =5 C. Let F be
an imaginary CM field and (11, x) a RAECSDC automorphic representation of GL, (Ar). If
I1 has extremely regular and Shin-regular weight and v\l is a place of F, then

WD (r,(TT)| g, YE-s8 o rec(IT, @ | det |(27™)/2),

Proof. — We first reduce to the RACSDC case: using Lemma 4.1.4 of [14] we choose an
algebraic Hecke character ¢ : Ay /F* — C* such that ¢ - (Y o ¢) = X;f o Np/p+. Then
IT ® 9 o det is RACSDC and the theorem holds for IT if and only if it holds for IT ® v o det.
We may therefore assume that IT is RACSDC.

To prove the theorem, it suffices to establish the weaker result that
WD (ry,(I) |G, ) 22 rec(IL, ® | det |1 7™)/2)s,

(Suppose this weaker result holds. By Proposition 1.1 of [3], it suffices to prove that
WD(r,,(I)| @, ) is pure. This is established in Corollary 1.3 of [3].)

To establish the weaker result, it suffices to show that
tr (WD (ry, (I, ) = tr (clrec(TL, @ | det |*=)/2)

for every 0 € Wr, mapping to a non-zero power of Frob, € Gy (). (This follows from the
proof of Lemma 1 of [19].) Fix such an element ¢ € Wg,. We can and do choose a finite
extension E, /F, inside F,, such that

- o€ Wg, C Wg, and
- BCp,/p, ()™= # {0},

(If we write WD(ry,(IT)|c, ) = (V,r, N), we could take E, to be the fixed field of the sub-
group of W, generated by o and the kernel of 7|y, .) Let E; / E,, denote the normal closure
of E,/F,. Choose a finite CM soluble Galois extension F’/F such that for each place w|v
of F', F,/F, = E,/F,. Let lIp: = BC p//p(II). By Theorem 5.5.2 of [4] we can and do
choose a rational prime I’ and ¢’ : Qy — C such that ry v (ILps) is irreducible. Choose
a prime w|v of F' and an F,-embedding F!, — F,. Let E = F' N E, C F!, be the fixed
field of Gal (F),/E,) C Gal(F'/F). The inclusion E — E, determines a prime u of E.
By Lemma 1.4 of [5] (which we can apply because ry/ ,»(I/) is irreducible), there exists a
RACSDC automorphic representation Il g of GL,, (Ag) with ryy ,,(Ilg) = 7y, (II)| ¢, and
hence ry,(TIlg) = 71, (IT)| g . Local-global compatibility for vy - (TI1g)|a, and ry . (I1)| gy,
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(which is part of the main theorem of [20]) shows that Il , = BC g, /5, (II,). Then Theo-
rem 1.2 of [3] (which we can apply by our assumption above that BC g/, (I,)"m.2e £ {0})
implies that
tr (o[eWD(r,.(I)|cy, ) = tr (o|eWD(ri,(E)lcx, )
= tr (olrec(l g, ® | det |17™)/2))
= tr (o|rec(Il, ® | det |1=™)/2)),

and the result follows. O

3. The general case

We will prove the next result using Theorem 2.1 and the methods of [12] and [6]. It
establishes the first statement of Theorem 1.1.

THEOREM 3.1. — Let m > 2 be an integer, | a rational prime and 1 : @l 5 C. Let F be an
imaginary CM field and (11, x) a RAECSDC automorphic representation of GL, (Ar). If v|l
is a place of F', then

ZWD(”,z(H”GFU)F-SS < rec(Il, ® | det |(17m)/2).

Before giving the proof, we first deduce the second statement of Theorem 1.1 as a
corollary.

COROLLARY 3.2. — Let m > 2 be an integer, | a rational prime and v : @l 5 C. Let F be
an imaginary CM field and (11, x) a RAECSDC automorphic representation of GL,, (A). If T
has Shin-regular weight and v\l is a place of F, then

"WD(ry, (1) |G, )7 = rec(Ilp, ® |det |27™)/2).

Proof. — This follows immediately from Theorem 3.1 together with Corollary 1.3 of [3]
and Proposition 1.1 of [3]. O

Let p be a prime number, K/Q, be a finite extension and let ) be an algebraically
closed field of characteristic 0. In Section 1, we introduced a relation p < p’ on Weil-
Deligne representations of Wy over 2. Following[12, §3.10], we now introduce another such
relation <; which will play a role in the proof below. See [12, Lemme 3.14] for the relationship
between < and <. Let /; denote the set of equivalence classes of irreducible representations
of I over Q with open kernel. Let p = (V,r, N) be a Weil-Deligne representation of Wy

over §2. We decompose
V= vl

UEJI
where Vo] is the o-isotypical component of V|, . Then each V[o] is stable by N and I.
For each o € /; we let p;(p, o) denote the partition of the integer dim V[o]/ dim o which
determines the conjugacy class of the operator N on V[o]. (See[7,§7.8.1]) If p' = (V/, 7/, N")
is another Weil-Deligne representation of Wi over €2, we say that

p=rp
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if V|1, = V'|1, andif for each o € 4, we have pr(p,0) < p1(p/,0). Afp=(m1 >my > ...)
and p’ = (m} > m} > ...) are partitions of some integer d, we say p < p’ if mi+---+m; <
m}y + -+ m) for all ¢ 2 1)

Proof of Theorem 3.1. — As in the proof of Theorem 2.1, we may assume that II is
RACSDC. Replacing F' by a suitable finite soluble CM Galois extension in which v splits
we may also assume that:

— [FT : Q] is even;

— F/F7 is unramified at all finite places;

— all places of F'* dividing [ are split in F;

— if IT,, is ramified, then w|g+ is split in F;

— ifw # v then Ty ™" # {0}.

Since [F* : Q] is even, we can and do choose a unitary group U/F™ such that:

- U xp+ F=GL, /F;

— U x g+ FF is quasi-split for each prime u of F'T;

— U(F;) is compact for each o : F+ — R.

(We write Ff for the completion of F' with respect to the absolute value induced by o.)
For each place u of F* which splits in ' and w|u a prime of F', we fix an isomorphism
1 U(FF) =5 GL,,(F,) such that e = b6 If o : FY — R and 7 : F — Cextends o,
we fix an embedding +5 : U(F,") — GL,(F5) which identifies U (F,") with the set of all g
with tg¢ - g = 1,,,. By Corollaire 5.3 and Théoréme 5.4 of [18], there exists an automorphic
representation mg of U (A g+ ) such that:

— if uis a prime of F* which splits as ww® in F', then 7 ,, = II,, 0 14}

— ifuisa prime of F'* whichisinertin F, then IT,, is given by the local base change of 7 ,,

(see [18]);

—ifo : F* — Rand ¢ : F — C extends o, then there is an irreducible algebraic
representation W5 of GL,, (F) such that my , = W o15. Moreover, if W5 has highest
weight az = (az,1,. . .,a5,m), then IT has weight a = (az)z. roc.

We now follow the arguments of [12]. We have chosen to closely follow [12] even when
we could somewhat simplify the argument in the case of interest to us, in order to ease
comparison with that paper. We note however that we take the prime p of [12] to be the prime
of this paper. Make the following definitions: let S (resp. S, ) denote the set of primes of F
dividing { but not equal to v or v° (resp. S, = {v vc}) Let R denote the set of primes w of F
not dividing [ and with IT,, ramified. Set S = S UR. Let S;, Sy, R and S denote the sets of
primes of F'* lying under Sl, Sv, Rand S respectively. For each u € S; U S, fix a prime u
of F dividing u such that & = v when u = v|p+. We will henceforth identify U(F,) and
GL,,, (Fy) viasg foru e S;US.

Fix embeddings 7o, : Q — Cand# : Q — Q, such that204; = 1. For u|l a prime of F*,
following [12], we let £(u) € Hom (F*,Q,) denote the set of embeddings inducing u and
let ¥ (u) = 2X(u) C Hom (FT,R). Let W, denote the representation €S a0 (v] py ) T0,0
of [oexy o)) VES)-

Let K = [Tugs Ku CU (A%O;S) be a compact open subgroup with

- K, =Iwpzifues;
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- K, a hyperspecial maximal compact subgroup of U(F,") otherwise.

Let #°°% = Z[U(AS;5Y5)//KS95r] denote the commutative spherical Hecke alge-
bra. For w a finite place of F*, let #(U(F;")) denote the Hecke algebra consisting of
smooth, compactly supported functions on U(F;") with values in Z. Foru ¢ S U S, let
ew = lg, € #(U(F;)) be the idempotent corresponding to K.

Choose a finite Galois extension E/Q in Q such that II; can be defined over E for each
u € S.Foru € S, let B, denote the subcategory of the category of smooth E-representations
of GL,,, (F) determined by the supercuspidal support of II; (see Proposition-définition 2.8
of [9]). Let 3, denote the center of the category B,. Foru € R, lete, = liw,, , denote
the idempotent in # (GL,,, (Fy)) corresponding to Iw,, z. For u € S, = {v|p+}, choose an
idempotent e,, in #(GL,,(F,)) such that

— bye, = e, where b, € #(GL,,(F,)) is the projector to B,;

— eI, 7é {0}’

— for every irreducible 7 € B, ®g .. C, if e,m # {0}, then
rec(m) <y rec(Il,).

(We refer to Section 3.6 of [12] for the fact that one can choose such an idempotent e,;
the definition of the relation <; is recalled in the discussion preceding this proof.)

Extending F if necessary, we may assume that e,, is defined over E for each u € S and we
set e = ®), 4, eu, an idempotent in the algebra

H = F5US (29 (® E 3u)-
u€eSs

Let Ly denote the Galois closure (over Q;) of the closure of 4;(EF) in Q;. Let T denote
the diagonal maximal torus in [],,c g GLm(Fy) and let & = Hom (T, G}#) denote the rigid
analytic space over (Q; parametrizing continuous /-adic characters of T'.

Let & denote the set of automorphic representations 7 of U(A p+ ) for which e(7>°)Esi # {0}
and ®gex, (v],4)To = Weo. If 7 € @, then I acts on e(m>51) through an E-algebra ho-
momorphism ¢c(r) : # — C (this follows from the fact that 7%« is 1-dimensional
for u ¢ S U S; while 3, acts on , through a character for u € S). We define ¢ (7) : # — Q,
to be 27! o the(m).

If 7 € @, we now associate to it an algebraic character x(7) € & (Lg) as in Section 1.4
of [12]; this character records the highest weights of the representations 7, for ¢ € X, (u)
andu € ). Ifu € Sy and 0 : F — Q, is an embedding inducing 1, let k, denote the highest
weight of the representation W,,. Thus k, = (ko.1,...,Ke,, ) With ke, > -+ > K, . We
regard k. as an Lj-valued character of T as follows:

m
Ko 1t = (tu)ues, — H(otu7i)“”’i.
i=1

(Here we denote the extension of ¢ to an embedding F; — @Q; again by 0.) We then take
k(m) = [] ko where the product is over all ¢ : F — Q, inducing u for some u € 5. By
definition, we may regard x(7) as an element of & (Lg).

If u € S; and 7z is an irreducible smooth representation of GL,, (F) with W-Iﬁw’"’ﬂ # {0},
an accessible refinement of w3 is an unramified character xg : T,,(Fz) — C* such that
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gi”(}%ﬁ) Xz- (Such a character always exists.)

If 7 € @, then an accessible refinement of 7 is a character

x=]] xa:T=]] TuFz) - Q

u€S, u€S

myz embeds as a subrepresentation of n-Ind

where each xz : T, (Fz) — @lx is unramified and uxg is an accessible refinement
of my ® | det |1=™)/2_ Given such a pair (7, x), we associate to it the character

v(m,x) = w(m)x0y,! " det|"T" € T(Q)
as in Section 1.4 of [12].
We let
Z C Hom p(#,Q) x 7(Q)
denote the set of all pairs (¢ (), v(m, x)) where 7 € % and x is an accessible refinement of 7.

By Théoréme 1.6 of [12], the data (S;, Weo, #, €) determines a four-tuple (X, v,v, Z)
where:

X is a reduced rigid analytic space over Lg which is equidimensional of dimension
m ZuESl [FF - Qil;

¥ : H — O(X) is a ring homomorphism with w(ﬂsusl) C (X)L

— v: X — Y is afinite analytic morphism;

Z C X(Q) is a Zariski-dense accumulation subset of X (Q;) such that the map

X(Q) — Hom g(#,Q;) x I(Q,)

which sends z — (h — % (h)(z),v(z)) induces a bijection Z —— Z. (A subset
Z C X(Q) is said to be an accumulation subset if for each z € Z and each open
affinoid neighborhood U in X of z, there exists an open affinoid V' C U containing z
such that ZNV is Zariski dense in V. (See [12, §1.5].)) We henceforth identify Z and Z.

If # € @, then by Corollaire 5.3 of [18] there exists a partition m = m; + ... +m, of m
and conjugate self-dual discrete automorphic representatlons I1; of GL,,, (A r) such that
.= IT, - - -H11, is a strong base change of 7. Let 3 = S USl and let Fy; denote the maximal
extension of F which is unramified outside . Let G, = Gal (Fx/F). By Theorem 3.2.5 of
[13] and the argument of Theorem 2.3 of [15], there is a continuous semisimple representation
1.(7) : Gy — GL,,(Q;) with

ZWD(T’l,z(WMGF )5S = rec( w ® |det| (1- m)/2)

for each prime w 1 [ of F. Moreover, there is a unique continuous m-dimensional pseudo-
representation T : Gpy — O(X) such that T, = tr (r;,, (7)) for each z = (¢(n),v(m,x)) € Z.
(Here, for any 2 € X(Q,;), T, denotes the composition of T with the evaluation map
O(X) — Q;;9 — g(z).) The existence of T follows from the proof of Proposition 7.1.1 of
[11] together with Proposition 7.2.11 of [6] (which shows that §(X)<! is compact, as & is
nested and v is finite) and the fact that ¢ (#° USl) C O(X)=!. By Theorem 1 of [22], for any
z € X(Q,), there is a unique continuous semisimple representation r, : Gps — GL,,(Q;)
with T, = tr (ry).
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Now, let v = v|z+ and recall that & = v. By Proposition 3.11 of [12], there is a unique
m-dimensional pseudo-character

T(B“ : WFa — 3u

such that for each irreducible smooth representation 73 of GL,, (F;) in B, ®g,,_, C, if ng
denotes the composition of T?* with the character 3, — C giving the action of 3, on 7z,
then

T?g = tr (rec(my ® | det |(17™)/2)).

Let 2y € Z be a point corresponding to my together with the choice of some accessible
refinement. Let Z*¢ C Z denote the subset associated to pairs (7, x) where 7o is Shin-
regular and extremely regular. (If 5 : F' — C and o := 7|+, then 7, o025 is the restriction of
an irreducible algebraic representation of GL,, (F5) of highest weight bz, say. We say 7o is
Shin-regular or extremely regular if b := (bz)z has the corresponding property.) Then Z*°&
is a Zariski-dense accumulation subset of X (Q;). Choose an open affinoid  C X such that
zo € Q and Z™& N Q is Zariski-dense in €. Let T denote the restriction of T to Q. By
Lemme 7.8.11 of [6], there exists a reduced, separated, quasi-compact rigid analytic space Y’
and a proper, generically finite, surjective morphism f : Y — € such that there exists an
Oy -module M which is locally free of rank n and carries a continuous action of G 5; whose
trace is given by f* Tq.

By Proposition 3.16 of [12] (a result of Sen), the (generalized) Hodge-Tate weights
of My|q,_ are independent of y € Y (Q,). (This follows from the quoted result and the
fact that the Hodge-Tate weights of Tz|GF§ are independent of z € Z.) Moreover, by the
improvement to Theorem C of [§] made in Corollary 3.19 of [12], there exists a finite Galois
extension Fy/Fy such that if F; ; C F denotes the maximal subfield which is unramified
over Q, then the Oy ®q, Fquo-module

L G 7
Dy (M) := (M ®g, By) "

is locally free of rank m and satisfies the following: if y € Y (Q,), then the natural map
DSI:}: (M), — Dslza (M) is an isomorphism (and hence M|, is semistable).

The diagonal action of G, on M ®q, By induces an @y -linear, Fqg’o-semilinear action
of Gg, on Dié (M). We define an Oy ®q, Fé,o-linear action 7y of Wg, C G, on Di’é (M)
by letting g € W, act as g o ¢*(9) where w(g) € Z is the power of Frob; to which g maps
in GF, /Ir.. We have that N o rz(g) = [“@rz(g) o N on Diﬂ (M). For each continuous
embedding 7 : F. ; — Lg, we let

FL
WDE,T = Dstu (M) ®?)y®QpF1§,1®T @y.
Then WDy - is locally free of rank m as an &y-module and N o rz(g) = 1*Drz(g) o N
on WDg . Moreover, ¢ induces an isomorphism WDz -oryob, = WDg » compatible
with rz and N. We let WDy denote WDy, for some choice of 7, regarded as a Wy, -mod-
ule with an operator N. We note that for each y € Y(Q;), WDz, is the Weil-Deligne
representation associated to My|g,._. It follows that N™ = 0 on WDg. Let

TY% = tr (rz(-)|WDg) : Wg, — Oy.
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We claim that

TV = f*ogpo TP .
This is proved as follows: let y € f~1(Z™8 N ) and let z = f(y). Then z corresponds
to a pair (m, x) where 7 € € is Shin-regular and extremely regular (and x is an accessible
refinement of 7). Theorem 2.1 together with the regularity conditions satisfied by 7 and the
construction of the representation r; ,() in the proof of Theorem 2.3 of [15] show that

WD(r1,(m)|Gp, )™ & 0 rec(m, 015" @ | det |(177)/2).
Since M;® = r, = ry,(7), we deduce that TY%(g) and f*(w(Tg“ (9))) agree on y € Y (Q;)
for each g € Wg_ . The claimed result now follows from the Zariski-density of f~1(Z*&¢NQ)
nY.
We now choose some yo € Y (Q;) with f(yo) = zo. Since r,(I1) = r;,,(m0) = 75, = M,
the result just proved shows that

tWD(r,,(ID)| g, )** = rec(Il ® | det |(1=m)/2)
We deduce from this that
ZWD(TZJ(HNG%)F'SS < rec(Ily @ | det |2=™)/2),
as follows: By Lemma 3.14(ii) of [12], it suffices to show that
ZWD(HJ(HHG%)F'SS <y rec(llz ® | det |[(1=™)/2),
For each y € f~1(Z*& N Q) with f(y) corresponding to a pair (r, x), we have
zWD(M;S|GFﬁ)F.ss & rec(my © 151 ® | det |(17m)/2) <7 rec(Ily ® | det |(17m)/2)

(where the last relation follows from the choice of idempotent e,). By the proof of
Proposition 7.8.19(iii) of [6] and the Zariski-density of f~'(Z™& N Q) in Y, we have
WWD(MS| . )T <1 rec(llz @ |det |(=™)/2) for ally € Y(Q;). Taking y above zo gives
the required result. O
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