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Abstract. — We consider the quasi-periodic Jacobi operator Hx,ω in l2(Z):
(Hx,ωφ)(n) = −b(x+(n+1)ω)φ(n+1)− b(x+nω)φ(n−1)+a(x+nω)φ(n) = Eφ(n),
n ∈ Z, where a(x), b(x) are analytic functions on T, b is not identically zero, and ω
obeys some strong Diophantine condition. We consider the corresponding unimodular
cocycle. We prove that if the Lyapunov exponent L(E) of the cocycle is positive
for some E = E0, then there exist ρ0 = ρ0(a, b, ω,E0), β = β(a, b, ω) such that
|L(E) − L(E′)| < |E − E′|β for any E,E′ ∈ (E0 − ρ0, E0 + ρ0). If L(E) > 0 for
all E in some compact interval I, then L(E) is Hölder continuous on I with Hölder
exponent β = β(a, b, ω, I). In our derivation we follow the refined version of the
Goldstein-Schlag method [3] developed by Bourgain and Jitomirskaya [2].
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636 K. TAO

1. Introduction

We consider the quasi-periodic Jacobi operator Hx,ω in l2(Z):

(1.1) (Hx,ωφ)(n)

= −b(x+ (n+ 1)ω)φ(n+ 1)− b(x+ nω)φ(n− 1) + a(x+ nω)φ(n)

= Eφ(n), n ∈ Z,

where a(x), b(x) are real analytic functions on T, b is not identically zero. Set

A(x,E, ω) =
1

b(x+ ω)

(
a(x)− E −b(x)

b(x+ ω) 0

)
.

MN (x,E, ω) = M[1,N ](x,E, ω)

= A(x+ (N − 1)ω,E, ω)A(x+ (N − 2)ω,E, ω) · · ·A(x,E, ω).

Define the unimodular matrix

M̃N (x,E, ω) = M̃[1,N ](x,E, ω) :=
M[1,N ](x,E, ω)

|detM[1,N ](x,E, ω)| 12
.

As

detA(x,E, ω) =
b(x)

b(x+ ω)
,

then

(1.2) detM[1,N ](x,E, ω) =
N−1∏
n=0

b(x+ nω)

b(x+ (n+ 1)ω)
=

b(x)

b(x+Nω)
,

and

log ‖M̃[1,N ](x,E, ω)‖ = log ‖M[1,N ](x,E, ω)‖ − 1

2
log | b(x)

b(x+Nω)
|.(1.3)

Remark 1.1. — (1) Note that

‖A(x,E, ω)‖ ≤ C(a, b, E)

|b(x+ ω)|
,

where the constant C(a, b, E) satisfies

C(a, b, E0) = sup
|E|≤E0

C(a, b, E) < +∞.

Therefore,

1

N
log ‖M[1,N ](x,E, ω)‖ ≤ logC(a, b, E)− 1

N

N∑
n=1

log |b(x+ nω)|.
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HÖLDER CONTINUITY OF LYAPUNOV EXPONENT 637

In this paper we always assume that |E| ≤ E0, where E0 depends on a, b.
For that matter we suppress E from the notation of some of the constants
involved.

(2) log ‖M̃[1,N ](x,E, ω)‖ ≥ 0, since M̃[1,N ](x,E, ω) is unimodular.
(3)

0 ≤ 1

N
log ‖M̃[1,N ](x,E, ω)‖

=
1

N
log ‖M[1,N ](x,E, ω)‖ − 1

2N
log | b(x)

b(x+Nω)
|

≤ logC(a, b, E)− 1

N

N∑
n=1

log |b(x+ nω)| − 1

2N
log | b(x)

b(x+Nω)
|.

(4) It is a well-known fact that if b is an analytic function not identically
zero, then (log |b|)2 is integrable. Set

D =

∫
T

log |b(θ)|dθ.

Therefore,∫
T

∣∣∣∣ 1

N
log ‖M̃[1,N ](x,E, ω)‖

∣∣∣∣ dx =

∫
T

1

N
log ‖M̃[1,N ](x,E, ω)‖dx

≤ C ′(a, b)−D := C ′′(a, b).

Similarly, ∫
T
(

1

N
log ‖M̃N (x,E, ω)‖)2dx ≤ C̃(a, b).

(5) Combining (4) with (1.3), we conclude that 1
N log ‖M[1,N ](x,E, ω)‖ is

integrable, and
1

N

∫
T

log ‖MN (x,E, ω)‖dx =
1

N

∫
T

log ‖M̃N (x,E, ω)‖dx.

Set

LN (E,ω) =
1

N

∫
T

log ‖MN (x,E, ω)‖dx =
1

N

∫
T

log ‖M̃N (x,E, ω)‖dx.

Note that LN (E,ω) > 0. Set

B(x,E, ω) :=

(
a(x)− E −b(x)

b(x+ ω) 0

)
,

and

TN (x,E, ω) = T[1,N ](x,E, ω)

:= B(x+ (N − 1)ω,E, ω)B(x+ (N − 2)ω,E, ω) · · ·B(x,E, ω).
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638 K. TAO

Then

M[1,N ](x,E, ω) = T[1,N ](x,E, ω)
0∏

n=N−1

1

b(x+ (n+ 1)ω)
,

M̃[1,N ](x,E, ω) =
|b(x+Nω)| 12
|b(x)| 12

M[1,N ](x,E, ω)

=
|b(x+Nω)| 12
|b(x)| 12

N−1∏
n=0

1

b(x+ (n+ 1)ω)
T[1,N ](x,E, ω),

(1.4)

(1.5) ‖M̃[1,N ](x,E, ω)‖ =
N−1∏
n=0

1

|b(x+ nω)b(x+ (n+ 1)ω)| 12
‖T[1,N ](x,E, ω)‖,

and

log ‖M̃[1,N ](x,E, ω)‖ = log ‖T[1,N ](x,E, ω)‖ − 1

2

N−1∑
n=0

log |b(x+ nω)b(x+ (n+ 1)ω)|.

Note also for future reference that

|detT[1,N ](x,E, ω)| =
N−1∏
n=0

|b(x+ nω)||b(x+ (n+ 1)ω)|.(1.6)

Combining (1) with Remark 1.1, we conclude that 1
N log ‖T[1,N ](x,E, ω)‖ is

integrable,

JN (E,ω) :=
1

N

∫
T

log ‖T[1,N ](x, ω)‖dx = LN (E,ω) +D.(1.7)

Due to the subadditive property, the limits

L(E,ω) = lim
N→∞

∫
T

1

N
log ‖MN (x,E, ω)‖dx = lim

N→∞

∫
T

1

N
log ‖M̃N (x,E, ω)‖dx

= lim
N→∞

LN (E,ω),

(1.8)

(1.9)

J(E,ω) = lim
N→∞

∫
T

1

N
log ‖TN (x,E, ω)‖dx = lim

N→∞
JN (E,ω) = L(E,ω) +D

exist. Moreover, L(E,ω) ≥ 0. Fix some α > 1. Throughout this paper we
assume that ω ∈ (0, 1) satisfies the Diophantine condition

(1.10) ‖nω‖ ≥ Cω
n(log n)α

for all n.

It is well known that for a fixed α > 1 almost every ω satisfies (1.10).
The main theorem in this paper is
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Theorem 1.2. — Assume L(E0) > 0. Then there exists ρ0 > 0 depending
on a(x), b(x), ω and E0 such that for any E,E′ ∈ (E0 − ρ0, E0 + ρ0), the
following holds:

|L(E)− L(E′)| = |J(E)− J(E′)| < |E − E′|β ,

where the constant β depends on a(x), b(x), ω; i.e., β = β(a, b, ω), but does not
depend on E0.

For the Schrödinger equation:

(Sx,ωφ)(n) = φ(n+ 1) + φ(n− 1) + V (x+ nω)φ(n) = Eφ(n), n ∈ Z,

Goldstein and Schlag [3] proved that if ω is Diophantine and V (x) is ana-
lytic, then the Lyapunov exponent L(E) is Hölder continuous. They developed
two powerful tools, the Large Deviation Theorem and the Avalanche Principle,
which was always used in the proof of the continuity of the Lyapunov exponent
in the subsequent papers. Similar results were proved in [1] by Bourgain, Gold-
stein and Schlag for underlying dynamics being a shift or skew shift of a high
dimensional torus. When ω is an irrational number, Bourgain and Jitomirakaya
show that the Lyapunov exponent is jointly continuous in E and ω in [2]. Later,
for the general analytic quasiperiodic cocycles with constant determinant, Jit-
omirskaya, Koslover and Schulteis ([5]) proved that the Lyapunov exponent is
continuous. The author gave a proof of this result for the high dimensional
torus in [8]. The jointly continuous dependence of the Lyapunov exponent on
the cocycle with no restrictions on the determinant was established in [7].This
improved an earlier,weaker version in [6]. Obviously, the Schrödinger equation
is a special case of the Jacobi equation for b(x) = −1, but the result here is
better than that in [3], as the Hölder constant here only depends on a(x), b(x)

and ω, but not on E. The key to get a better result is Theorem 2.5 (Theo-
rem 3.8 in [4]) and the uniform estimate from LN (E) to L(E). In [4], Goldstein
and Schlag proved that the Fourier coefficients of a subharmonic function only
depend on the supremum of the subharmonic function, not on the infimum. In
Section Three of this paper, there are several lemmas and theorems which em-
phasize the uniform estimate. Actually, if the potential function in Schrödinger
equation is a small perturbation of a trigonometric polynomial function of de-
gree k, Goldstein and Schlag proved that the Lyapunov exponent is Hölder

1
2k0
− κ continuous for any κ in [4].

2. Large Deviation Theorem

It is convenient to replace a(x), b(x) by p(e(x)) and q(re(x)) (with
e(x) = e2πix), where p(z), q(z) are analytic functions in the annulus
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640 K. TAO

Aρ = {z ∈ C : 1− ρ < |z| < 1 + ρ} which assume only real values for |z| = 1.
With this convention in place, we will use the notation B(z), T[1,N ](z), etc.

Lemma 2.1. — (1) supz∈A ρ
2

‖B(z)‖ = supz∈A ρ
2

∥∥∥∥∥
(
p(z)− E −q(z)
q(ze(ω)) 0

)∥∥∥∥∥ ≤ C,
where C = C(p, q), and C(p, q) is the same as in (1) of Remark 1.1.

(2) supz∈A ρ
2

‖B−1(z)‖ ≤ C(p,q)
|q(ze(ω))q(z))|

Proof. — (1) is obvious.

(2) detB(z) = q(ze(ω))q(z), and B−1(z) = 1
q(z)q(ze(ω))

(
0 q(z)

−q(ze(ω)) p(z)− E

)
,

that implies (2).

So

Lemma 2.2. — For any z ∈ A ρ
2
,

−C1(p, q) + log |q(z)q(ze(ω))| ≤ log ‖T[1,N ](z)‖ − log ‖T[1,N ](ze(ω))‖
≤ C1(p, q)− log |q(ze((N − 1)ω))q(ze(Nω))|.

(2.1)

Proof. — T[1,N ](ze(ω)) = B(ze(Nω))T[1,N ](z)B
−1(z),so ‖T[1,N ](ze(ω))‖ ≤

C(p, q)‖T[1,N ](z)‖ C(p,q)
|q(z)q(ze(ω))| implies

log ‖T[1,N ](ze(ω))‖ ≤ 2 logC(p, q) + log ‖T[1,N ](z)‖ − log |q(z)q(ze(ω))|.

Similarly, we have

log ‖T[1,N ](z)‖ ≤ 2 logC(p, q) + log ‖T[1,N ](ze(ω))‖ − log |q(ze((N − 1)ω))q(ze(Nω))|.

Thus

−C1 + log |q(z)q(ze(ω))| ≤ log ‖T[1,N ](z)‖ − log ‖T[1,N ](ze(ω))‖
≤ C1 − log |q(ze((N − 1)ω))q(ze(Nω))|,

where C1 = C1(p, q).

Corollary 2.3. — (1) We have

−kC1 +
k−1∑
m=0

log |q(ze((m+ 1)ω))q(ze((m)ω))|

≤ log ‖T[1,N ](z)‖ − log ‖T[1,N ](ze(kω))‖

≤ kC1 −
k−1∑
m=0

log |q(ze((N +m− 1)ω))q(ze((N +m)ω))|,
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(2)

−KC1+
K−1∑
k=0

K − k
K

log |q(ze(kω))q(ze((k + 1)ω))|

≤ log ‖T[1,N ](z)‖ −
1

K

K∑
k=1

log ‖T[1,N ](ze(kω))‖

≤ KC1 −
K−1∑
k=0

K − k
K

log |q(ze((k − 1 +N)ω))q(ze((k +N)ω))|.

Proof. — (1) is obvious.

(2) For 1 ≤ k ≤ K,

−kC1

K
+

k−1∑
m=0

1

K
log |q(ze((m+ 1)ω))q(ze((m)ω))|

≤ 1

K
log ‖T[1,N ](z)‖ −

1

K
log ‖T[1,N ](ze(kω))‖

≤ kC1

K
−

k−1∑
m=0

1

K
log |q(ze((N +m− 1)ω))q(ze((N +m)ω))|.

As

K∑
k=1

k−1∑
m=0

1

K
log |q(ze((m+ 1)ω))q(ze((m)ω))|

=
K−1∑
k=0

K − k
K

log |q(ze((k + 1)ω))q(ze((k)ω))|

and
K∑
k=1

kC1

K
≤

K∑
k=1

C1 = KC1,

then

log ‖T[1,N ](z)‖ −
K∑
k=1

1

K
log ‖T[1,N ](ze(kω))‖

≥ −KC1 +
K−1∑
k=0

K − k
K

log |q(ze((k + 1)ω))q(ze((k)ω))|.
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642 K. TAO

Also

log ‖T[1,N ](z)‖ −
K∑
k=1

1

K
log ‖T[1,N ](ze(kω))‖

≤ KC1 −
K−1∑
k=0

K − k
K

log |q(ze((k − 1 +N)ω))q(ze((k +N)ω))|.

Lemma 2.4. — Let u : Ω→ R be a subharmonic function on a domain Ω ⊂ C.
Suppose that ∂Ω consists of finitely many piece-wise C1 curves. There exists
a positive measure µ on Ω such that for any Ω1 b Ω (i.e., Ω1 is a compactly
contained subregion of Ω),

(2.2) u(z) =

∫
Ω1

log |z − ζ| dµ(ζ) + h(z),

where h is harmonic on Ω1 and µ is unique with this property. Moreover, µ
and h satisfy the bounds

µ(Ω1) ≤ C(Ω,Ω1) (sup
Ω
u− sup

Ω1

u),(2.3)

‖h− sup
Ω1

u‖L∞(Ω2) ≤ C(Ω,Ω1,Ω2) (sup
Ω
u− sup

Ω1

u)(2.4)

for any Ω2 b Ω1.

For the proof see Lemma 2.2 in [4].

Theorem 2.5. — Let u be a subharmonic function defined in the annulus Aρ.
Suppose furthermore that |u(z)| ≤ 1. Then for any 1− ρ

2 ≤ r ≤ 1 + ρ
2 ,

(2.5) mes ({x : |
n∑
k=1

u(re(x−kω))−n < u(re(·)) > | > δn}) < exp(−cδn+sn),

where < u(re(·)) >:=
∫ 1

0
u(re(y))dy, sn ≤ C(log n)A for general n and

sn ≤ C log n if n = qj for any j.

For the proof see Theorem 3.8 in [3].

Remark 2.6. — (1) The constants c, C here do not depend on δ.
(2) Actually, the condition |u(z)| ≤ 1 can be replaced by u(z) =∫

log |z − ζ|dµ(ζ) + h(z), with ‖µ‖ + ‖h‖ ≤ C, see the proof of Theo-
rem 3.8 in [3]

In what follows we will use the following version
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Theorem 2.7. — Let u be a subharmonic function defined in the annu-
lus Aρ. Suppose furthermore that u(z) =

∫
log |z − ζ|dµ(ζ) + h(z), with

µ(A ρ
2
) + ‖h‖L∞(A ρ

2
) ≤ Ĉ. Then for any 1− ρ

2 ≤ r ≤ 1 + ρ
2 ,

(2.6) mes ({x : |
n∑
k=1

u(re(x+ kω))− n<u(re(·))>| > δn}) < exp(−cδn),

where c = c(Ĉ, ω).

Set uN (z, E, ω) = 1
N log ‖TN (z, E, ω)‖, ũN (z, E, ω) = 1

N log ‖M̃N (z, E, ω)‖.
Sometimes we use uN (z) or uN for short; and similarly for ũN (z, E, ω).
Let LN,r(E) = <ũN (re(·))>, Dr = <log |q(re(·))|>, JN,r(E) = <uN (re(·))> =
LN,r(E) +Dr. For r = 1 we use the notation LN (E), D, JN (E).

Lemma 2.8. — Function uN (z) is subharmonic in Aρ and obeys uN (z) ≤ C(p, q).

Proof. — Since B(z) is analytic in Aρ, so is TN (z). Therefore, uN (z) =
1
N log ‖TN (z)‖ is subharmonic in Aρ. The estimate uN (z) ≤ C(p, q) follows
from Lemma 2.1.

Lemma 2.9. — There exists C2(q) < +∞ s.t.

sup
x∈T

uN (e(x)) ≥ −C2(q).

Proof. — One has ‖A‖2 ≥ |detA| for any 2× 2 matrix. So

uN (z) ≥ 1

2N
log |detTN (z)| = 1

2N

N−1∑
n=0

log |q(ze(nω))q(ze((n+ 1)ω))|,

see (1.6). Recall that log |q(e(x))| is integrable. So, 1
2 log |q(e(x))q(e(x+ ω))| is

integrable. So,∫
T

∣∣∣∣12 log |q(e(x))q(e(x+ ω))|
∣∣∣∣ dx = C2(q) < +∞.(2.7)

Therefore∫
T

∣∣∣∣∣ 1

2N

N−1∑
n=0

log |q(e(x+ nω))q(e(x+ (n+ 1)ω))|
∣∣∣∣∣ dx ≤ C2(q) < +∞.

Hence,

sup
x∈T

1

2N

N−1∑
n=0

log |q(e(x+ nω))q(e(x+ (n+ 1)ω))| ≥ −C2(q).
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Lemma 2.10. — One has

uN (z) =

∫
log |z − ζ|dµ(ζ) + h(z),

where

µ(A ρ
2
) ≤ C3(p, q), ‖h‖L∞(A ρ

2
) ≤ C3(p, q).

Proof. — The statement follows from Lemmas 2.8, 2.9, and (2.3), (2.4).

Remark 2.11. — By (2.7), we have

sup
x∈T

1

2
log |q(re(x))q(re(x+ ω))| ≥ −C2(q).

Then by Lemma 2.9, and (2.3), (2.4), we have

1

2
log |q(re(x))q(re(x+ ω))| =

∫
log |z − ζ|dµq(ζ) + hq(ζ),

where

µq(A ρ
2
) ≤ Cq, ‖h‖L∞(A ρ

2
) ≤ Cq.

By Theorem 2.7 and Lemma 2.10, we have

Lemma 2.12. — For any 1− ρ
2 ≤ r ≤ 1 + ρ

2 , δ and K,
(2.8)

mes ({x : |
K∑
k=1

uN (re(x+ kω))−K < uN (re(·)) > | > δK}) < exp(−cδK),

where c = c(p, q, ω).

Remark 2.13. — (1) By Remark 2.11 and Theorem 2.7, for any 1− ρ
2 < r <

1 + ρ
2 , δ and K, we also have

mes ({x : |
K∑
k=1

1

2
log |q(re(x+ kω))q(re(x+ (k + 1)ω))| −K

<
1

2
log |q(re(x))q(re(x+ ω))| > | > δK}) < exp(−cqδK).

(2) It is well-known that
∫ 1

0
|log |q(re(x))|| dx ≤ C ′q, for any 1− ρ

2 ≤ r ≤ 1+ ρ
2 ,

if b(x) is analytic.
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(3) Due to (1) we have

ũN (re(x)) = uN (re(x))− 1

2N

N∑
k=1

log |q(re(x+ kω))q(re(x+ (k + 1)ω))|.

Hence,

mes {x : |
K∑
k=1

ũN (re(x+ kω))−K<ũN (re(·))>| > δK}

≤ exp(−cδK) +K exp(−cqδK).

Moreover, there exists Ǩ = Ǩ(p, q, δ), s.t. for any K ≥ Ǩ,

mes {x : |
K∑
k=1

ũN (re(x+ kω))−K < ũN (re(·)) > | > δK} ≤ exp(−ĉδK).

Lemma 2.14. — For any 1− ρ
2 ≤ r ≤ 1 + ρ

2 , δ and K,

mes ({x : |
K−1∑
k=0

K − k
K

log |q(re(x+ kω))q(re((x+ k + 1)ω))| − (K + 1)Dr| > δK})

≤ K exp(−cqδK),

where cq is as in Remark 2.13.

Proof. — Set

Xr := {x : |
K−1∑
k=0

K − k
K

log |q(re(x+kω))q(re((x+k+1)ω))|−(K+1)Dr| > δK},

and

Qr(x) = log |q(re(x))q(re(x+ ω))| −
∫
T

log |q(re(x))q(re(x+ ω))|dx

= log |q(re(x))q(re(x+ ω))| − 2Dr.

Note also that
∑K−1
k=0

K−k
K = K+1

2 , and

K−1∑
k=0

K − k
K

log |q(re(x+ kω))q(re((x+ k + 1)ω))| − (K + 1)Dr

=
K−1∑
k=0

K − k
K

Qr(x+ kω).

So ∣∣∣∣∣K−1∑
k=0

K − k
K

log |q(re(x+ kω))q(re((x+ k + 1)ω))| − (K + 1)Dr

∣∣∣∣∣ > δK
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⇔ |
K−1∑
k=0

K − k
K

Qr(x+ kω)| > δK, and < Qr >= 0.

Define Sk,r(x) =
∑k−1
j=0 Qr(x+ jω), then

K−1∑
k=0

K − k
K

Qr(x+ kω) =
1

K

K∑
k=1

Sk(x).

Set Xk,r := {x : |Sk,r(x)| > δK}, then

Xr ⊆
K⋃
k=1

Xk,r, mes (Xr) ≤
K∑
k=1

mes (Xk,r).

Note that

Xk,r = {x : |
k−1∑
j=0

log |q(re(x+ jω))q(re(x+ (j + 1)ω))|

− k
∫
T

log |q(re(x))q(re(x+ ω))|dx| > δK}.

Thus, by Remark 2.13

mes Xk,r = {x : |Sk,r(x)| > δK =
δK

k
k}) ≤ exp(−cq

δK

k
k) = exp(−cqδK).

Thus

mes Xr ≤ K × exp(−cqδK).

Theorem 2.15. — There exists Ň(p, q, ω) such that for any N ≥ Ň , any
1− ρ

2 ≤ r ≤ 1 + ρ
2 and δ < 1,

mes ({x : | 1

N
log ‖TN (re(x))‖ − JN,r(E)| > δ}) < exp(−čδ2N),

where č = č(p, q, ω).

Proof. — Set

Yr := {x : | 1

N
log ‖TN (re(x))‖ − 1

N

∫
log ‖TN (re(x))‖dx| > δ}.
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Then

Yr ⊆ {x :

∣∣∣∣∣ 1

K

K∑
k=1

uN (re(x+ kω))−<uN (re(·))>
∣∣∣∣∣ > δ

2
}

⋃
{x : uN (re(x))− 1

K

K∑
k=1

uN (re(x+ kω)) >
δ

2
}

⋃
{x : uN (re(x))− 1

K

K∑
k=1

uN (re(x+ kω)) < −δ
2
}

:= Y0,r

⋃
Y+,r

⋃
Y−,r.

Set K = C4δN . By Lemma 2.12,

mes Y0,r < exp(− c
2
δK) = exp(−C4 × cδ2N).

We need to estimate mes Y±,r. Due to part (2) of Corollary 2.3, we have

Y+,r ⊆ {x : KC1−
K−1∑
k=0

K − k
K

log |q(ze((k−1+N)ω))q(ze((k+N)ω))| > Nδ

2
},

Y−,r ⊆ {x : −KC1 +
K−1∑
k=0

K − k
K

log |q(ze(kω))q(ze((k + 1)ω))| < −Nδ
2
}.

Set C4 <
1

4C1
, then

KC1 −
K−1∑
k=0

K − k
K

log |q(ze((k − 1 +N)ω))q(ze((k +N)ω))| > Nδ

2

⇒
K−1∑
k=0

K − k
K

log |q(ze((k − 1 +N)ω))q(ze((k +N)ω))| < −δN
4

= − K

4C4
.

K−1∑
k=0

K − k
K

log |q(ze((k − 1 +N)ω))q(ze((k +N)ω))|

−
K−1∑
m=0

2
K −m
K

∫
T

log |q(re(x))|dx

=
K−1∑
k=0

K − k
K

log |q(ze((k − 1 +N)ω))q(ze((k +N)ω))| − (K + 1)Dr

< − K

4C4
− (K + 1)Dr.

(2.9)
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Recall that
D̃ = max

1− ρ2≤r≤1+ ρ
2

|Dr| < +∞.

Let C4 < 1
8|D̃| to make 1

4C4
+ Dr = C5,r > D̃ > 0. Note that C5,r is also

continuous in r. Thus,

C5 = min
1− ρ2≤r≤1+ ρ

2

C5,r > 0.

Then there exists C ′5 = C ′5(p, q) > 0, s.t.
K

4C4
+ (K + 1)Dr = C5,rK +Dr ≥ C5K +Dr ≥ C ′5K

for any K. Thus, Lemma 2.14 applies for δ = C ′5,

mes (Y+,r) ≤ K exp(−cq × C ′5K) = C4δN exp(−cq × C ′5 × C4δN).

As y exp(−ξy) ≤ ξ−1 for any y, ξ > 0,

mes (Y+,r) ≤ C4δN exp(−cq × C
′
5

2
× C4δN)× exp(−cq × C

′
5

2
× C4δN)

<
2

cq × C ′5
exp(−cq × C

′
5

2
× C4δN) < exp(−cp,qδN),

for N ≥ Ň , where Ň depends on cp,q and C ′5, i.e., Ň = Ň(p, q, ω). Similarly,

mes (Y−,r) < exp(−cp,qδN).

So for N ≥ Ň(p, q, ω)

mes Yr < 2 exp(−cp,qδN) + exp(−C4 × cδ2N) < exp(−čδ2N),

where č = č(p, q, ω).

Remark 2.16. — (1) Recall that

ũ(z) = uN (z)− 1

2N

N−1∑
n=0

log |q(re(x+ nω))q(re(x+ (n+ 1)ω))|,

< ũN (z) = <uN (z)>−Dr;

see (1). By Remark 2.13, Theorem 2.15, for any N ≥ Ň ,

mes ({x : |ũN (re(x))− LN,r(E)| > 2δ})
< exp(−cqδK) + exp(−čδ2N) < exp(−4c̃δ2N),

where LN,r(E) = JN,r −Dr. Hence for any N ≥ Ň ,

(2.10) mes ({x : |ũN (re(x))− LN,r(E)| > δ}) < exp(−c̃δ2N).

(2) Once again let us note that the constants c, c̃ here do not depend on δ.
In particular, one can choose δ depending on N .
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Lemma 2.17. — Let 1 > ρ > 0 and suppose u is subharmonic on Aρ such
that supz∈Aρ u(z) ≤ 1 and

∫
T u(re(x)) dx ≥ 0. Then for any r1, r2 so that

1− ρ
2 ≤ r1, r2 ≤ 1 + ρ

2 we have

|〈u(r1e(·))〉 − 〈u(r2e(·))〉| ≤ Cρ |r1 − r2|.

Proof. — See [4] Lemma 4.1.

Remark 2.18. — It is easy to see that this lemma also holds for uN (z) with
Cρ = Cρ(p, q, ω). Thus,∣∣∣∣∣

∫ 1

0

uN (re(θ))dθ − JN,1(E)dθ

∣∣∣∣∣ ≤ Cρ|r − 1|

for any 1− ρ
2 < r < 1 + ρ

2 .

Lemma 2.19. — For any N ≥ Ň(p, q, ω),

1

N
log ‖TN (e(x), E)‖ ≤ JN,1 + C6(

logN

N
)

1
2 ,(2.11)

where C6 = C6(p, q, ω) and Ň is as in Theorem 2.15.

Proof. — Let 0 < δ < ρ
4 be arbitrary. Note that e(x+ iy) = e−2πye(x), 1− ρ

4 <

1− δ
C′ρ
≤ e−2πy ≤ 1 + δ

C′ρ
< 1 + ρ

4 , if |y| ≤
δ

4πeC′ρ
, where C ′ρ = max(1, Cρ) and

e = exp(1). By Remark 2.18 we have∣∣∣∣∣
∫ 1

0

uN (re(θ))dθ − JN,1(E)dθ

∣∣∣∣∣ ≤ δ, if |y| ≤ δ

4πeC ′ρ
.(2.12)

Set
By := {x : |uN (e(x+ iy))− JN,1| > 2δ}.

It follows from (2.12) that for |y| ≤ δ
4πeC′ρ

, the following holds:

By ⊆ {x : |uN (e(x+ iy))−
∫ 1

0

uN (e(θ + iy))dθ| > δ}.

Due to Theorem 2.15 we obtain mes By ≤ exp(−čδ2N). The function
uN (e(x+ iy)) is subharmonic, for e(x + iy) ∈ Aρ. Let x0 be arbitrary and
y0 = 0. Then e(x0) ∈ A ρ

4
. Due to subharmonicity we have for any t0 < ρ

4 ,

uN (e(x0))− JN,1 ≤
1

πt20

∫∫
|(x,y)−(x0,0)|≤t0

[uN (e(x+ iy))− JN,1]dxdy

=
1

πt20

∫
|y|≤t0

∫
|x−x0|≤

√
t20−|y|2

[uN (e(x+ iy))− JN,1]dxdy.
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Furthermore∫
|x−x0|≤

√
t20−|y|2

[uN (e(x+ iy))− JN,1]dx

=

Ç∫
{|x−x0|≤

√
t20−|y|2}

⋂
By

+

∫
{|x−x0|≤

√
t20−|y|2}\By

å
[uN (e(x+iy))−JN,1]dx.

Note that

|uN (e(x+ iy))− JN,1| ≤ 2δ, if x 6∈ By and y <
δ

4eπC ′ρ
.

So ∣∣∣∣∣
∫
{|x−x0|≤

√
t20−|y|2}\By

[uN (e(x+ iy))− JN,1]dx

∣∣∣∣∣ ≤ 2δ × (2
»
t20 − |y|2).

Due to Cauchy-Schwartz inequality,∣∣∣∣∣
∫
{|x−x0|≤

√
t20−|y|2}

⋂
By

[uN (e(x+ iy))− JN,1]dx

∣∣∣∣∣
≤

Ç∫ 1

0

|uN (e(x+ iy))− JN,1|2dx
å 1

2

(mes By)
1
2 ≤ C7 exp(− č

2
δ2N).

Set t0 = δ
4eπC′ρ

, then

uN (e(x))− JN,1 ≤
1

πt20

∫
|y|≤t0

[C7 exp(− č
2
δ2N) + 2δ × (2

»
t20 − |y|2)]dy

≤ 1

πt20
× C7 exp(− č

2
δ2N)× (2t0) + 2δ

=
8eC7C

′
ρ

δ
exp(− č

2
δ2N) + 2δ.

Set δ = (C8 logN
N )

1
2 , where C8 >

2
č . Then exp(− č

2C8 logN) < 1
N , and

uN (e(x)) ≤ JN,1 + 8eC7C
′
ρ × (

N

C8 logN
)

1
2 × 1

N
+ 2(

C8 logN

N
)

1
2 ≤ JN,1 + C6(

logN

N
)

1
2 .

Lemma 2.20. — For any 0 ≤ x ≤ 1 and any N ≥ Ň , the following is true:

log ‖M̃N (e(x), E)‖ ≤ NLN + C6(N logN)
1
2 −NFN (x),

where

FN (x) =
1

2N

N−1∑
n=0

Q(x+ nω), Q(x) = log |q(e(x))q(e(x+ ω))| − 2D.
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Proof. — We have

log‖M̃[1,N ](e(x), E)‖

= log ‖T[1,N ](e(x), E)‖ − 1

2

N−1∑
n=0

log |q(e(x+ nω))q(e(x+ (n+ 1)ω))|

≤ NJN (E) + C6(N logN)
1
2 − 1

2

N−1∑
n=0

log |q(e(x+ nω))q(e(x+ (n+ 1)ω))|.

(2.13)

Recall that

JN (E) = LN (E) +D.

Then due to (2.13) we have

log ‖M̃N (e(x), E)‖ ≤ NLN + C6(N logN)
1
2 −NFN (x).

Remark 2.21. — Note that Lemma 2.20 implies in particular that

NLN + C6(N logN)
1
2 −NFN (x) ≥ 0

for any x for large N .

Lemma 2.22. — For any 0 ≤ x ≤ 1 and any k ≥ Ň , the following holds∣∣∣log ‖M̃N (e(x+ kω), E)‖ − log ‖M̃N (e(x))‖
∣∣∣

≤ 2kLk(E) + 2C6(N logN)
1
2 − kFk(x)− kFk(x+Nω).

Proof. — One has

M̃N (e(x+ kω), E)M̃k(e(x), E) = M̃k(e(x+Nω), E)M̃N (e(x), E).

Then∣∣∣log ‖M̃N (e(x+ kω), E)‖ − log ‖M̃N (e(x))‖
∣∣∣

≤ log ‖M̃k(e(x), E)‖+ log ‖M̃k(x(x+Nω), E)‖,

because ‖A−1‖ = ‖A‖ ≥ 1 if detA = 1. Due to Lemma 2.20,

log ‖M̃k(e(x), E)‖+ log ‖M̃k(e(x+Nω), E)‖

≤ 2kLk(E) + 2C6(N logN)
1
2 − kFk(x)− kFk(x+Nω).
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Remark 2.23. — Due to Lemma 2.1,

uN (e(x), E) ≤ logC(p, q)

for any x ∈ T, any N and any E. Similarly,∣∣∣log ‖M̃N (e(x+ kω), E)‖ − log ‖M̃N (e(x))‖
∣∣∣

≤ 2k(logC(p, q)−D)− kFk(x)− kFk(x+Nω)

for any x ∈ T, any N , any k and any E.

3. Using the avalanche principle

Proposition 3.1. — Let A1, . . . , An be a sequence of 2 × 2--matrices whose
determinants satisfy

(3.1) max
1≤j≤n

|detAj | ≤ 1.

Suppose that

min
1≤j≤n

‖Aj‖ ≥ µ > n and(3.2)

max
1≤j<n

[log ‖Aj+1‖+ log ‖Aj‖ − log ‖Aj+1Aj‖] <
1

2
logµ.(3.3)

Then

(3.4)
∣∣∣log ‖An · . . . ·A1‖+

n−1∑
j=2

log ‖Aj‖ −
n−1∑
j=1

log ‖Aj+1Aj‖
∣∣∣ < C

n

µ

with some absolute constant C.

Proof. — See [3].

Remark 3.2. — For the rest of the paper, we do not use e(x+ iy) with y 6= 0.
For that reason we write x instead of e(x) in all expressions. Moreover, unless
specified otherwise, N ≥ Ň and N ≥ Ǩ from now on (δ in Ǩ will be defined
in Lemma 3.8).

Lemma 3.3. — Let c̃ be as in (2.10). Let LN (E) > 100δ > 0, where δ < 1 is a
constant not depending on N , and L2N (E) > 9

10LN (E). Let N ′ = mN , m ∈ N
and m ≤ exp( c̃4δ

2N). Then

|LN ′(E) + LN (E)− 2L2N (E)| ≤ exp(−c̃′δ2N) +
2

9m
LN (E),

where c̃′ = c̃′(p, q, ω). If exp( c̃10δ
2N) ≤ m ≤ exp( c̃4δ

2N), we have

|LN ′(E) + LN (E)− 2L2N (E)| ≤ exp(−ĉδ2N),(3.5)

where ĉ = ĉ(p, q, ω).
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Proof. — By (2.10), we have, for 0 ≤ j ≤ m− 1,

|ũN (x+ jNω,E)− LN (E)| < δ,

|ũ2N (x+ jNω,E)− L2N (E)| < δ

for x ∈ G1, with

mes (T\G1) ≤ 2m× exp(−c̃δ2N) < exp(−2c̃

3
δ2N).

Thus when x ∈ G1,

‖M̃N (x+ jNω,E)‖ > exp(N(LN (E)− δ)) > exp(
99

100
NLN (E)),

and ∣∣∣log ‖M̃N (x+ jNω,E)‖+ log ‖M̃N (x+ (j + 1)Nω,E)‖

− log ‖M̃N (x+ jNω,E)M̃N (x+ (j + 1)Nω,E)‖
∣∣∣

< 4Nδ + 2N |LN (E)− L2N (E)| < 6

25
NLN (E).

(3.6)

Since 0 ≤ LN (E)− L2N (E) < 1
10LN (E), we have

M̃N ′(x,E) =
1∏

j=m

M̃N (x+ (j − 1)Nω,E).

The avalanche principle applies for µ = exp( 1
2NLN (E)). Integrating over G1,

we obtain

(3.7)
∣∣∣∣ ∫

G1

ũN ′(x,E)dx+

∫
G1

m−1∑
j=2

ũN (x+ (j − 1)Nω,E)dx

−
∫
G1

m−1∑
j=1

ũ2N (x+ (j − 1)Nω,E)dx

∣∣∣∣ ≤ C m

N ′
exp(−1

2
NLN (E)),

where N ′ = m × N . We want to replace integration over G1 by integration
over T. Recall that, due to (4) in Remark 1.1,∫

T
ũ2
n(E)dx ≤ C̃(p, q)

for any n and any E. Hence, by Cauchy-Schwartz inequality,∣∣∣ ∫
B
ũK(E)dx

∣∣∣ ≤ C̃(p, q)
1
2 (mes B)

1
2(3.8)

for any K, any E and any B ⊆ T. Hence∣∣∣ ∫
T\G1

ũK(E)dx
∣∣∣ ≤ C̃(p, q)

1
2 exp(− c̃

3
δ2N)
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for any K and any E. Thus

(3.9)
∣∣∣∣ ∫

T\G1

ũN ′(x,E)dx+
1

m

∫
T\G1

m−1∑
j=2

ũN (x+ (j − 1)Nω,E)dx

− 2

m

∫
T\G1

m−1∑
j=1

ũ2N (x+ (j − 1)Nω,E)dx

∣∣∣∣ ≤ 4C̃(p, q)
1
2 exp(− c̃

3
δ2N).

Combining (3.7) with (3.9), we have

|LN ′(E) +
m− 2

m
LN (E)− 2(m− 1)

m
L2N (E)|

≤ 4C̃(p, q)
1
2 exp(− c̃

3
δ2N) + C

m

N ′
exp(−1

2
NLN (E)) ≤ exp(−c̃′δ2N).

Thus

|LN ′(E) + LN (E)− 2L2N (E)| ≤ exp(−c̃′δ2N) +
2

m
|LN (E)− L2N (E)|

< exp(−c̃′δ2N) +
2

m
× 1

10
LN (E)

≤ exp(−c̃′δ2N) +
1

45m
C ′′(p, q),

(3.10)

where C ′′(p, q) is the same as in (4) of Remark 1.1. If exp( c̃10δ
2N) ≤ m, then

(3.11) |LN ′(E) + LN (E)− 2L2N (E)| ≤ exp(−ĉδ2N).

Now, we can prove

Lemma 3.4. — Let c̃ be as in (2.10), ĉ be as in Lemma 3.3. Assume that
LN0

(E) > 100δ > 0 and exp(−ĉδ2N0) ≤ δ
12 , where δ < 1 is a constant not de-

pending on N0, and L2N0
(E) > 9

10LN0
(E). There exists Ñ0 = Ñ0(p, q, δ,N0) ≤

(exp( c̃8δ
2N0) + 1)N0 such that for any N ≥ Ñ0, the following holds:

|LN (E) + LN0
(E)− 2L2N0

(E)| < exp(−c̄′δ2N0),

where c̄′ = c̄′(p, q, ω). Furthermore,

|L(E) + LN0
(E)− 2L2N0

(E)| < exp(−c̄δ2N0),(3.12)

where c̄ = c̄(p, q, ω).

Proof. — We first prove the second part. By Lemma 3.3 for N ′1 = mN0,
exp( c̃8δ

2N0) ≤ m < exp( c̃8δ
2N0) + 1, we have

(3.13) |LN ′1(E) + LN0(E)− 2L2N0(E)| < exp(−ĉδ2N0)

and
|L2N ′1

(E) + LN0
(E)− 2L2N0

(E)| < exp(−ĉδ2N0).
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In particular
|LN ′1(E)− L2N ′1

(E)| < 2 exp(−ĉδ2N0).

Since 0 ≤ LN0
(E)− L2N0

(E) < 1
10LN0

(E), we obtain using (3.13) that

LN ′1(E) > LN0(E)− 2(LN0(E)− L2N0(E))− exp(−ĉδ2N0)

>
4

5
LN0(E)− exp(−ĉδ2N0) > 79δ,

and

|LN ′1(E)− L2N ′1
(E)| ≤ 2 exp(−ĉδ2N0) < 2δ <

2

79
LN ′1(E) <

1

10
LN ′1(E).

Set δ′ = 1
2δ, then LN ′1(E) > 100δ′, and Lemma 3.3 applies for N ′2 = m1N

′
1,

exp( c̃8δ
′2N ′1) ≤ m1 < exp( c̃8δ

′2N ′1) + 1,

|LN ′2(E) + LN ′1(E)− 2L2N ′1
(E)| ≤ exp(−ĉδ′2N ′1).

Also

LN ′2(E) > LN ′1(E)− 2|LN ′1(E)− L2N ′1
(E)| − exp(−ĉδ′2N1)

>
4

5
LN0

(E)− 6 exp(−ĉδ2N0) > 79δ > 100δ′,

|L2N ′2
(E) + LN ′1(E)− 2L2N ′1

(E)| ≤ exp(−ĉδ′2N ′1),

|LN ′2(E)− L2N ′2
(E)| < 2 exp(−ĉδ′2N ′1).

Since N ′1 > 8N0 we have

exp(−ĉδ′2N ′1) = exp(−ĉ δ
2

4
N ′1) < (exp(−ĉδ2N0))2 < (

δ

12
)2.

This implies in particular that

|LN ′2(E)− L2N ′2
(E)| < 2 exp(−ĉδ′2N ′1) < 2δ <

1

10
LN ′2(E).

Then Lemma 3.3 applies forN ′3 = m2N
′
2, exp( c̃8δ

′2N ′2) ≤ m2 < exp( c̃8δ
′2N ′2)+1.

E.T.C. We obtain N ′i+1 = miN
′
i , exp( c̃8δ

′2N ′i) ≤ mi < exp( c̃8δ
′2N ′i) + 1 with

the same δ′. Then

|LN ′
i+1

(E) + LN ′
i
(E)− 2L2N ′

i
(E)| ≤ exp(−ĉδ′2N ′i),

LN ′
i+1

(E) > LN ′
i
(E)− 2|LN ′

i
(E)− L2N ′

i
(E)| − exp(−ĉδ′2N ′i)

>
4

5
LN0

(E)−
i∑

j=1

(
1

2
)jδ ≥ 79δ > 50δ = 100δ′,

|L2N ′
i+1

(E) + LN ′
i
(E)− 2L2N ′

i
(E)| ≤ exp(−ĉδ′2N ′i),

|LN ′
i+1

(E)− L2N ′
i+1

(E)| < 2 exp(−ĉδ′2N ′i),
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4 exp(−ĉδ′2N ′i) < (
1

2
)i+1δ,

and

|LN ′
i+1

(E)− L2N ′
i+1

(E)| < 2δ <
1

10
LN ′

i+1
(E).

Moreover,

|LN ′
i+1

(E)− LN ′
i
(E)|

≤ |LN ′
i+1

(E) + LN ′
i
(E)− 2L2N ′

i
(E)|+ 2|LN ′

i
(E)− L2N ′

i
(E)|

< exp(−ĉδ′2N ′i) + 4 exp(−ĉδ′2N ′i−1) < 5 exp(−ĉδ′2N ′i−1), i ≥ 2

(3.14)

|LN ′2(E)− LN ′1(E)| < 5 exp(−ĉδ2N0).

Since LN ′
i
→ L(E) with i→∞, we have

|L(E)+LN0
(E)− 2L2N0

(E)|

=
∣∣∣∑
i≥1

(LN ′
i+1

(E)− LN ′
i
(E)) + LN ′1(E) + LN0

(E)− 2L2N0
(E)
∣∣∣

≤
∑
s≥1

|LN ′
s+1

(E)− LN ′s(E)|+ |LN ′1(E) + LN0
(E)− 2L2N0

(E)|

=
∑
s≥2

|LN ′
s+1

(E)− LN ′s(E)|+ |LN ′2(E)− LN ′1(E)|

+ |LN ′1(E) + LN0(E)− 2L2N0(E)|

<
∑
s≥2

5 exp(−ĉδ′2N ′i−1) + 5 exp(−ĉδ2N0) + exp(−ĉδ2N0)

< exp(−c̄δ2N0).

(3.15)

This proves part two. We prove now the first part. Note that just as in (3.15),
we obtain

|LN ′
i
(E) + LN0(E)− 2LN0(E)| ≤ exp(−c̄δ2N0)(3.16)

for i ≥ 1. Let N ≥ Ñ0 := N ′1 be arbitrary. Find i such that N ′i ≤ N < N ′i+1.
Recall that

N ′i = mi−1N
′
i−1, exp(

c̃

8
δ′2N ′i−1) ≤ mi−1 < exp(

c̃

8
δ′2N ′i−1) + 1,

N ′i+1 = miN
′
i , exp(

c̃

8
δ′2N ′i) ≤ mi < exp(

c̃

8
δ′2N ′i) + 1,

where N ′0 := N0 for convenience. Consider two cases:
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(1) N ≤ exp( c̃4δ
′2N ′i−1)N ′i−1. In this case, N

′
i−1

N ≤ N ′i−1

N ′
i
≤ exp(− c̃

8δ
′2N ′i−1).

Then find m̃, mi−1 ≤ m̃ ≤ exp( c̃4δ
′2N ′i−1), such that

m̃N ′i−1 ≤ N < (m̃+ 1)N ′i−1.

Then by Lemma 3.3,

|Lm̃N ′
i−1

(E) + LN ′
i−1

(E)− 2L2N ′
i−1

(E)| < exp(−ĉδ′2N ′i−1).(3.17)

Note that
N − m̃N ′i−1 ≤ N ′i−1,

and by Remark 2.23,∣∣∣log ‖M̃N (x,E)‖ − log ‖M̃m̃N ′
i−1

(x,E)‖
∣∣∣ ≤ log ‖M̃N−m̃N ′

i−1
(x+m̃N ′i−1ω,E)‖

≤ N ′i−1(logC(p, q)−D)− (N − m̃N ′i−1)FN−m̃N ′
i−1

(x+ m̃N ′i−1ω).

We know that

mes ({x : |kFk(x)− k < Fk(x) > | > kδ}) < exp(−cδk)

for any k. Since < Fk >= 0, we have

∣∣∣log ‖M̃N (x,E)‖ − log ‖M̃m̃N ′
i−1

(x,E)‖
∣∣∣ ≤ N ′i−1(logC(p, q)−D) +N ′i−1

< Ĉ ′(p, q)N ′i−1,

(3.18)

if x 6∈ B̂, mes B̂ < exp(−cN ′i−1). Integrating (3.18) over T\B̂ and us-
ing (3.8), we obtain

|LN (E)−
m̃N ′i−1

N
Lm̃N ′

i−1
(E)|

< Ĉ ′(p, q)
N ′i−1

N
+ 2C̃(p, q)

1
2 × exp(− c

2
N ′i−1)

≤ Ĉ ′(p, q) exp(− c̃
8
δ′2N ′i−1) + 2C̃(p, q)

1
2 × exp(− c

2
N ′i−1)

≤ exp(−c̃1δ′2N ′i−1).

(3.19)

Note that

1−
m̃N ′i−1

N
=
N − m̃N ′i−1

N
≤
N ′i−1

N
≤ exp(− c̃

8
δ′2N ′i−1).

Thus,

|LN (E)− Lm̃N ′
i−1

(E)| ≤ exp(−c̃2δ′2N ′i−1).(3.20)

Combining (3.17) with (3.20), we obtain

|LN (E) + LN ′
i−1

(E)− 2L2N ′
i−1

(E)| < exp(−c̃3δ2N ′i−1).(3.21)
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(2) N > exp( c̃4δ
′2N ′i−1)N ′i−1. Find m̃′ such that

m̃′N ′i ≤ N < (m̃′ + 1)N ′i .

Thus,

m̃′ >
exp( c̃4δ

′2N ′i−1)

exp( c̃8δ
′2N ′i−1) + 1

<
exp( c̃4δ

′2N ′i−1)

2 exp( c̃8δ
′2N ′i−1)

=
1

2
exp(

c̃

8
δ′2N ′i−1).

Since N < N ′i+1, then m̃′ < mi. It implies, due to Lemma 3.4, that

(3.22) |Lm̃′N ′
i
(E) + LN ′

i
(E)− 2L2N ′

i
(E)| < exp(−c̃′δ′2N ′i) +

2

9m̃′
LN ′

i
(E).

As in Case (1), we have

|LN (E)− Lm̃N ′
i−1

(E)| < Ĉ ′′(p, q)

m̃′
≤ exp(−c̃4δ′2N ′i−1).(3.23)

Combining (3.22) with (3.23), we obtain

|LN (E) + LN ′
i
(E)− 2L2N ′

i
(E)| < exp(−c̃5δ′2N ′i−1).(3.24)

Combining (3.16) with (3.21) or (3.24), as in (3.15), we obtain

|LN (E) + LN0
(E)− 2LN0

(E)| < exp(−c̄′δ2N0),

where c̄′ = c̄′(p, q, ω).

Lemma 3.5. — Assume L(E0) > 0. There exists Č(p, q, E0) such that with
ρ′0(E0, N) = L(E0)

200 exp(−Č(p, q, E0)N), we have

|LN (E0)− LN (E)| < L(E0)

100
,

for any |E − E0| < ρ′0(E0, N) and any N .

Proof. — Note that

∣∣∣‖TN (x,E0)‖ − ‖TN (x,E)‖
∣∣∣ ≤ ‖TN (x,E0)− TN (x,E)‖

≤
N−1∑
j=0

(‖B(x+ (N − 1)ω,E0)× · · · ×B(x+ (j + 1)ω,E0)‖

×‖B(x+ jω,E0)−B(x+ jω,E)‖ × ‖B(x+ (j − 1)ω,E)× · · · ×B(x,E)‖)

≤ NC(p, q)N−1|E0 − E|;

(3.25)
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see (1) in Lemma 2.1. By (1.5), we have∣∣∣‖M̃N (x,E0)‖ − ‖M̃N (x,E)‖
∣∣∣

=
N−1∏
n=0

1

|q(x+ nω)q(x+ (n+ 1)ω)| 12
∣∣‖TN (x,E0)‖ − ‖TN (x,E)‖

∣∣
≤ NC(p, q)N−1|E0 − E|∏N−1

n=0 |q(x+ nω)q(x+ (n+ 1)ω)| 12
.

(3.26)

Assume, for instance, that ‖M̃N (x,E0)‖ ≥ ‖M̃N (x,E)‖. Then

∣∣ log ‖M̃N (x,E0)‖ − log ‖M̃N (x,E)‖
∣∣

= log
‖M̃N (x,E0)‖
‖M̃N (x,E)‖

= log(1 +
‖M̃N (x,E0)‖ − ‖M̃N (x,E)‖

‖M̃N (x,E)‖
)

≤ ‖M̃N (x,E0)‖ − ‖M̃N (x,E)‖
‖M̃N (x,E)‖

≤ ‖M̃N (x,E0)‖ − ‖M̃N (x,E)‖

≤ NC(p, q)N−1|E0 − E|∏N−1
n=0 |q(x+ nω)q(x+ (n+ 1)ω)| 12

.

(3.27)

Due to (1) in Remark 2.13, for any δ and any K,

mes ({x : |
K∑
k=1

1

2
log |q(x+ kω)q(x+ (k + 1)ω)| −K<1

2
log |q(x)q(x+ ω)|>|

> δK}) < exp(−cqδK).

Thus, ∣∣∣∣N−1∑
k=0

1

2
log |q(x+ kω)q(x+ (k + 1)ω)|

∣∣∣∣
< N | < 1

2
log |q(x)q(x+ ω)| > |+ 800C̃(p, q)

1
2

L(E0)cq
N

= |D|N +
800C̃(p, q)

1
2

L(E0)cq
N = Ĉ(q, p, E0)N,

(3.28)

if x 6∈ B1, mes B1 < exp(−cq × 800C̃(p,q)
1
2

L(E0)cq
N) = exp(− 800C̃(p,q)

1
2

L(E0) N), where the
constant C̃(p, q) comes from (4) in Remark 1.1. The same estimate holds if
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‖M̃N (x,E0)‖ ≤ ‖M̃N (x,E)‖. So∣∣∣ log ‖M̃N (x,E0)‖ − log ‖M̃N (x,E)‖
∣∣∣

≤ NC(p, q)N−1|E0 − E| exp(Ĉ(p, q, E0)N)

≤ exp(Č(p, q, E0)N)|E0 − E|,

(3.29)

if x 6∈ B1, mes B1 < exp(− 800C̃(p,q)
1
2

L(E0) N). Set ρ′0 = L(E0)
200 exp(−Č(p, q, E0)N).

Then, if |E − E0| ≤ ρ′0,∣∣∣log ‖M̃N (x,E0)‖ − log ‖M̃N (x,E)‖
∣∣∣ < L(E0)

200
,

if x 6∈ B1, mes B1 < exp(− 800C̃(p,q)
1
2

L(E0) N),∣∣∣∣∣
∫
T\B1

log ‖M̃N (x,E0)‖ −
∫
T\B1

log ‖M̃N (x,E)‖
∣∣∣∣∣ < L(E0)

200
.(3.30)

Due to (3.8), ∣∣∣ ∫
B1

ũNdx
∣∣∣ ≤ C̃(p, q)

1
2 exp(−400C̃(p, q)

1
2

L(E0)
N)

for E or E0. As y exp(−ξy) ≤ ξ−1 for any y, ξ > 0. Thus,∣∣∣ ∫
B1

ũNdx
∣∣∣ ≤ L(E0)

400N
≤ L(E0)

400
(3.31)

for E or E0. Combining (3.30) with (3.31), we have

|LN (E0)− LN (E)| < L(E0)

200N
+ 2

L(E0)

400
≤ L(E0)

100
.

Lemma 3.6. — Assume L(E0) > 0. There exists ρ′0 = ρ′0(p, q, E0, ω) > 0 and
Ñ0 = Ñ0(p, q, E0, ω) < +∞ such that for any N ≥ Ñ0 and any |E − E0| < ρ′0

|LN (E)− L(E)| < 1

20
L(E),

11

10
L(E0) > L(E) >

9

10
L(E0).

Proof. — One has limn→∞ L(E0) = L(E0). Therefore, there exists N0 =

N0(p, q, ω,E0) s.t. |Ln(E0) − L(E0)| < L(E0)
100 for n ≥ N0(p, q, ω,E0). It im-

plies that LN0
(E0) − L2N0

(E0) < L(E0)
100 , as L(E0) ≤ L2N0

(E0) ≤ LN0
(E0).

Set δ = min( 1
200L(E0), 1

2 ). We can assume also that exp(−ĉδ2N0) ≤ δ
12 ,

exp(−c̄δ2N0) < 1
50L(E0) and exp(−c̄′δ2N0) < 1

50L(E0), where ĉ is as in
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Lemma 3.3, c̄ and c̄′ are as in Lemma 3.4. Using Lemma 3.5 applied to N0

and 2N0, we have for |E − E0| < ρ′0(E0, 2N0),

(3.32) LN0
(E) ≥ L(E0)− |LN0

(E)− LN0
(E0)| − |LN0

(E0)− L(E0)|

> L(E0)− L(E0)

100
− L(E0)

100
=

49

50
L(E0),

and

|LN0
(E)− L2N0

(E)| ≤ |LN0
(E)− LN0

(E0)|+ |LN0
(E0)− L2N0

(E0)|
+ |L2N0(E0)− L2N0(E)|

<
L(E0)

100
+
L(E0)

100
+
L(E0)

100
=

3

100
L(E0) <

1

10
LN0

(E).

(3.33)

Thus, Lemma 3.4 applies for LN0(E), δ, N0 and E, then there exists Ñ0 =

Ñ0(p, q, δ,N0) ≤ (exp( c̃8δ
2N0) + 1)N0 such that for any N ≥ Ñ0 the following

is true:

|LN (E) + LN0
(E)− 2L2N0

(E)| < exp(−c̄′δ2N0),

and

|L(E) + LN0
(E)− 2L2N0

(E)| < exp(−c̄δ2N0),(3.34)

where c̄′ = c̄′(p, q, ω) and c̄ = c̄(p, q, ω) are as in Lemma 3.5. These imply

(3.35) |L(E)− LN (E)| ≤ exp(−c̄′δ2N0) + exp(−c̄δ2N0)

<
1

50
L(E0) +

1

50
L(E0) =

1

25
L(E0).

Combining (3.32), (3.33) with (3.34), we obtain

|L(E0)− L(E)| ≤ |L(E) + LÑ0
(E)− 2L2Ñ0

(E)|
+ |L(E0)− LÑ0

(E)|+ 2|LÑ0
(E)− L2Ñ0

(E)|

<
1

50
L(E0) +

1

50
L(E0) + 2

3

100
L(E0) =

1

10
L(E0).

(3.36)

It implies

11

10
L(E0) > L(E) >

9

10
L(E0),(3.37)

and

|L(E)− LN (E)| < 1

25
L(E0) <

1

25
× 10

9
L(E) =

2

45
L(E) <

1

20
L(E).
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Lemma 3.7. — Assume L(E0) > 0. Let ρ′0 be as in Lemma 3.6. Fix any
0 < κ < 1. Let K = κ

20N . Then there exists N1 s.t. N ≥ N1 and for any
E ∈ (E0 − ρ′0, E0 + ρ′0), the following holds:

mes {x : |ũN (x,E)− 1

K

K∑
k=1

ũN (x+ kω,E)| > κL(E)} < exp(−c′′κL(E)N),

where the constant c′′ depends only on p, q, ω, but not on E0 or E or κ. The
number N1 depends on p, q, ω,E0 and κ.

Proof. — Choose N̄0 s.t.

N̄0 > max(
800(logC(p, q)−D)

κ2L(E0)
,

20C6

κ2L(E0)
, 20,

1

κ
, Ñ0),(3.38)

where (logC(p, q)−D) is as in Remark 2.23, C6 is as in Lemma 2.19, Ñ0 is as
in Lemma 3.6. Thus,

LK(E) < (1 +
1

20
)L(E),(3.39)

for any K ≥ N̄0 and any E ∈ (E0 − ρ′0, E0 + ρ′0). Finally, we assume that

logK < K
1
6(3.40)

if K ≥ N̄0. Using Lemma 2.22 and Remark 2.23, we obtain

|ũN (x,E)− 1

K

K∑
k=1

ũN (x+ kω,E)|

≤ 1

KN

[ N̄0∑
k=1

2k(logC(p, q)−D) +
K∑

k=N̄0+1

2kLk(E) +
K∑

k=N̄0+1

2C6(k log k)
1
2

]
− 1

KN

K∑
k=1

(kFk(x) + kFk(x+Nω))

= (I) + (II).

Take N ≥ N̄3
0 , K = κ

20N . Note that N0κ > 1, so K = κ
20N >

N̄2
0

20 ≥ N̄0. Thus,
(3.39) and (3.40) hold. We have

(I) <
N̄2

0 (logC(p, q)−D)

KN
+ 4

21

20
L(E)

K

N
+ +

C6K
1
2 (logK)

1
2

N
(3.41)

<
κL(E0)

20
+
κ

4
L(E) +

κL(E0)

20
<

1

2
κL(E);
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see (3.38), (3.39), (3.40) and Lemma 3.6. If

K∑
k=1

kFk(x,E) < −KN
4
κL(E),

then

∃k, s.t. kFk(x,E) < −N
4
κL(E).

We know that

mes ({x : |kFk(x)− k < Fk(x) > | > kδ}) < exp(−cδk).

Since <Fk> = 0,

mes ({x : kFk(x) < −N
4
κL(E)})

≤ mes ({x : |kFk(x)| > N

4
κL(E)}) < exp(−cNκL(E)

4k
k) = exp(−c2κNL(E)).

So

mes {x :
K∑
k=1

kFk(x) < −KN
4
L(E)}

≤ K exp(−c2κNL(E)) = K exp(−c220KL(E)).

Since y exp(−ξy) ≤ ξ−1 for any ξ, y > 0, we have

mes {x :
K∑
k=1

kFk(x) < −KN
4
L(E)} ≤ K exp(−c220KL(E))

= K exp(−c210KL(E)) exp(−c210KL(E))

≤ 1

10c2L(E)
exp(−c210KL(E)) =

1

10c2L(E)
exp(−c2

2
κL(E)N)

≤ exp(−c′2κL(E)N),

(3.42)

if N is large enough depending on L(E0) and κ (see Lemma 3.6 and (3.38)).
Combining (3.41) with (3.42), we have

mes {x : |ũN (x,E)− 1

K

K∑
k=1

ũN (x+ jω,E)| > κL(E)}

≤ 2 exp(−c′2κNL(E)) < exp(−c′′κL(E)N),

where the constant c′′ depends only on p, q, ω.
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Lemma 3.8. — Assume L(E0) > 0. Let ρ′0 be as in Lemma 3.6, N1 be as in
Lemma 3.7 with κ = 1

40 . Then for N ≥ N1 and any E ∈ (E0 − ρ′0, E0 + ρ′0),
the following holds:

mes {x : |ũN (x,E)− L(E)| > L(E)

10
} < exp(−cL(E)N),

where the constant c depends only on p, q, ω, but not on E or E0.

Proof. — Due to Remark 2.13 for K > Ǩ, the following holds:

mes {x : |
K∑
k=1

ũN (x+ kω,E)−K < ũN (·, E) > | > δK} ≤ exp(−ĉδK),

where ĉ = ĉ(p, q, ω). Set δ = L(E)
40 . Thus Ǩ = Ǩ(p, q, E0, ω). Due to Lemma 3.6,

LN (E) < (1 + 1
20 )L(E) if N ≥ Ñ0, where Ñ0 is as in Lemma 3.6. Note that if

| 1

K

K∑
k=1

ũN (x+ kω,E)− < ũN (·, E) > | ≤ δ,

then

| 1

K

K∑
j=1

ũN (x+ jω,E)− L(E)| ≤ | 1

K

K∑
j=1

ũN (x+ jω,E)− LN (E)|

+ |LN (E)− L(E)| < δ +
1

20
L(E)

=
1

40
L(E) +

1

20
L(E) =

3

40
L(E).

(3.43)

Therefore,

mes {x : | 1

K

K∑
j=1

ũN (x+ jω,E)− L(E)| > 3

40
L(E)} < exp(− ĉ

40
L(E)K).

Let K = N
800 as in Lemma 3.7, with κ = 1

40 . Then for N ≥ N1, the following
holds:

mes {x : |ũN (x,E)− 1

K

K∑
k=1

ũN (x+ kω,E)| > L(E)

40
} ≤ exp(− c

′′

40
L(E)N).

Recall that N1 > Ñ0 with K = N
800 (see (3.38)). Let N ≥ N1. Then

mes {x : |ũN (x,E)− L(E)| > L(E)

10
}

< exp(− ĉ

32000
L(E)N) + exp(− c

′′

40
L(E)N) < exp(−c4L(E)N),
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where c4 depends only on p, q, ω. Here, we replace c4 with c for notational
convenience.

Lemma 3.9. — Assume L(E0) > 0. Let ρ′0 be as in Lemma 3.6, N1 be
as in Lemma 3.7 with κ = 1

40 , c be as in Lemma 3.8. Let N ≥ N1

and E ∈ (E0 − ρ′0, E0 + ρ′0) be arbitrary. Let N ′ = mN,m ∈ N and
exp( c10L(E)N) ≤ m ≤ exp( c4L(E)N). Then

|LN ′(E) + LN (E)− 2L2N (E)| ≤ exp(−c6L(E)N),(3.44)

where c6 = c6(p, q, ω).

Proof. — Let

Gj = {x : |ũN (x+ jωN)− L(E)| ≤ 1

10
L(E)}

∩ {x : |ũ2N (x+ jωN)− L(E)| ≤ 1

10
L(E)}.

By Lemma 3.8, mes (T\Gj) ≤ 2 exp(−cL(E)N) for any j. Set G =
⋂

0≤j≤m−1 Gj .
Then mes (T\G) ≤ exp(− 2c

3 L(E)N). We have

‖M̃N (x+ jNω,E)‖ > exp(
9

10
NL(E)),

and

(3.45) | log ‖M̃N (x+ jNω,E)‖+ log ‖M̃N (x+ (j + 1)Nω,E)‖

− log ‖M̃N (x+ jNω,E)M̃N (x+ (j + 1)Nω,E)‖|

<
1

10
NL(E) +

1

10
NL(E) +

1

10
2NL(E) =

2

5
NL(E),

for any x ∈ G, 0 ≤ j ≤ m. We have

M̃N ′(x,E) =
1∏

j=m

M̃N (x+ (j − 1)Nω,E).

If x ∈ G, the avalanche principle applies with µ = exp( 9
10NL(E)). So

∣∣∣ log ‖M̃N ′(x,E)‖+
m−1∑
j=2

log ‖M̃N (x+ (j − 1)Nω,E)‖

−
m−1∑
j=1

log ‖M̃2N (x+ (j − 1)Nω,E)‖
∣∣∣ ≤ Cm

µ
= Cm exp(− 9

10
NL(E)).
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Dividing by N ′ and integrating over G, we obtain

(3.46) |
∫
G
ũN ′(x,E)dx+

1

m

∫
G

m−1∑
j=2

ũN (x+ (j − 1)Nω,E)dx

− 2

m

∫
G

m−2∑
j=1

ũ2N (x+ (j − 1)Nω,E)dx|

≤ C m

N ′
exp(− 9

10
NLN (E)) ≤ C exp(− 9

10
NLN (E)).

Due to (3.8), ∣∣∣ ∫
T\G

ũKdx
∣∣∣ ≤ C̃(p, q)

1
2 exp(− c

3
L(E)N)

for any K. Thus,

(3.47)
∣∣∣ ∫

T\G
ũN ′(x,E)dx+

1

m

∫
T\G

m−1∑
j=2

ũN (x+ jNω,E)dx

− 2

m

∫
T\G

m−1∑
j=1

ũ2N (x+ jNω,E)dx
∣∣∣ ≤ 4C̃(p, q)

1
2 exp(− c

3
L(E)N).

Combining (3.47) with (3.46), we have∣∣∣∣LN ′(E) +
m− 2

m
LN (E)− 2(m− 1)

m
L2N (E)

∣∣∣∣
≤ 4C̃(p, q)

1
2 exp(− c

3
L(E)N) + C exp(− 9

10
NL(E)) ≤ exp(−c5L(E)N).

As exp( c10L(E)N) ≤ m, then

(3.48) |LN ′(E) + LN (E)− 2L2N (E)| ≤ exp(−c6L(E)N),

where c6 = c6(p, q, ω).

Lemma 3.10. — Assume L(E0) > 0. Let ρ′0 be as in Lemma 3.6, N1 be as in
Lemma 3.7 with κ = 1

40 . Let N ≥ N1 and E ∈ (E0 − ρ′0, E0 + ρ′0) be arbitrary.
Then

(3.49) |L(E) + LN (E)− 2L2N (E)| < exp(−cL(E)N),

where c = c(p, q).

Proof. — By Lemma 3.9 for N ′ = mN , with m ∈ N, exp( c8NL(E)) ≤ m <

exp( c8NL(E)) + 1, we have

|LN ′(E) + LN (E)− 2L2N (E)| < exp(−c6L(E)N),

tome 142 – 2014 – no 4



HÖLDER CONTINUITY OF LYAPUNOV EXPONENT 667

and
|L2N ′(E) + LN (E)− 2L2N (E)| < exp(−c6L(E)N).

In particular,
|LN ′(E)− L2N ′(E)| < 2 exp(−c6L(E)N).

Pick exp( c8NL(E)) ≤ m1 < exp( c8NL(E))+1. Set N ′1 = m1N . Similarly, define
N ′2 = m2N

′
1, i.e., with N ′1 in the role of N , etc. We obtain N ′s such that

|LN ′
s+1

(E) + LN ′s(E)− 2L2N ′s(E)| < exp(−c6L(E)N ′s),

|L2N ′
s+1

(E) + LN ′s(E)− 2L2N ′s
(E)| < exp(−c6L(E)N ′s),

|LN ′
s+1

(E)− L2N ′
s+1

(E)| < 2 exp(−c6L(E)N ′s).

We have LN ′s(E)→ L(E) with s→∞. So

|L(E) + LN (E)− 2L2N (E)|

=

∣∣∣∣∑
s≥1

(LN ′
s+1

(E)− LN ′s(E)) + LN ′1(E) + LN (E)− 2L2N (E)

∣∣∣∣
≤
∑
s≥1

|LN ′
s+1

(E)− LN ′s(E)|+ |LN ′1(E) + LN (E)− 2L2N (E)|

<
∑
s≥2

5 exp(−c6L(E)N ′s−1) + 5 exp(−c6L(E)N) + exp(−c6L(E)N)

< exp(−c7L(E)N).

(3.50)

Here again we change c7 with c for notational convenience.

4. Proof of the main theorem

Proof of Theorem 1.2. — Assume ‖M̃N (x,E)‖ ≥ ‖M̃N (x,E′)‖, then

∣∣∣ log‖M̃N (x,E)‖ − log ‖M̃N (x,E′)‖
∣∣∣ = log

‖M̃N (x,E, ω)‖
‖M̃N (x,E′, ω)‖

= log(1 +
‖M̃N (x,E)‖ − ‖M̃N (x,E′)‖

‖M̃N (x,E)‖
) ≤ ‖M̃N (x,E)‖ − ‖M̃N (x,E′)‖

‖M̃N (x,E)‖

≤ ‖M̃N (x,E)‖ − ‖M̃N (x,E′)‖ =
‖TN (x,E)‖ − ‖TN (x,E′)‖∏N−1

n=0 |q(x+ nω)q(x+ (n+ 1)ω)| 12

≤ ‖TN (x,E)− TN (x,E′)‖∏N−1
n=0 |q(x+ nω)q(x+ (n+ 1)ω)| 12

.

(4.1)
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We obtain

‖TN (x,E)− TN (x,E′)‖

≤
N−1∑
j=0

(‖B(x+ (N − 1)ω,E)× · · · ×B(x+ (j + 1)ω,E)‖

× ‖B(x+ jω,E)−B(x+ jω,E′)‖
× ‖B(x+ (j − 1)ω,E′)× · · · ×B(x,E′)‖)

=
N−1∑
j=0

‖
N−j∏
m=1

B(x+ (N −m)ω,E)‖

× ‖
0∏

m=j−1

B(x+mω,E′)‖ × |E − E′|.

(4.2)

Combining (4.1), (4.2) and Lemma 2.20, we get

(4.1) ≤
N−1∑
j=0

‖
N−j∏
m=1

B(x+ (N −m)ω,E)‖ × ‖
0∏

m=j−1

B(x+mω,E′)‖

× exp(−ND)× |E − E′|

× exp

(
−
N−1∑
n=o

1

2
log |q(x+ nω)q(x+ (n+ 1)ω)|+ND

)

=
N−1∑
j=0

‖
N−j∏
m=1

B(x+ (N −m)ω,E)‖ × ‖
0∏

m=j−1

B(x+mω,E′)‖

× exp(−ND)× exp(−NFN (x))× |E − E′|.

(4.3)

Combining (3.35) with (3.37), we have

(4.4) LN (E) ≤ L(E) +
1

25
L(E0) <

11

10
L(E0) +

1

25
L(E0) =

57

50
L(E0)

for any N ≥ Ñ0 and any E ∈ (E0 − ρ′0, E0 + ρ′0), where Ñ0 and ρ′0
are as in Lemma 3.6. Let N > N2 := 2 logC(p,q)−D

L(E0) Ñ0 ≥ 2Ñ0 and
E,E′ ∈ (E0 − ρ′0, E0 + ρ′0), where (log(p, q) − D) is as in Remark 2.23,
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Ñ0 and ρ′0 are as in Lemma 3.6. Due to Lemma 2.20 and Remark 2.23, we have

(4.1) ≤

Ñ
Ñ0∑
j=1

+

N−Ñ0∑
j=Ñ0+1

+
N∑

j=N−Ñ0+1

é
‖
N−j∏
m=1

B(x+ (N −m)ω,E)‖

× ‖
0∏

m=j−1

B(x+mω,E′)‖ × exp(−ND)× exp(−NFN (x))× |E − E′|

≤

(
2

Ñ0∑
j=1

exp

Å
(logC(p, q)−D)Ñ0 +

57

50
L(E0)N + C6(

logN

N
)

1
2 −D

ã
+

N−Ñ0∑
j=Ñ0+1

exp

Å
57

50
L(E0)N + 2C6(

logN

N
)

1
2 −D

ã)
× exp(−NFN (x))× |E − E′|

≤
N∑
j=1

exp

Å
1

2
L(E0)N +

57

50
L(E0)N + 2C6(

logN

N
)

1
2 −D

ã
× exp(−NFN (x))× |E − E′|.

(4.5)

There exists N3 = N3(p, q, E0, ω) s.t. for any N ≥ N3, the following holds:

N∑
j=1

exp

Å
82

50
L(E0)N + 2C6(

logN

N
)

1
2 −D

ã
≤ exp(2L(E0)N).

It implies that for any N ≥ max(N2, N3), the following holds:

(4.1) ≤ exp(2L(E0)N)× exp(−NFN (x))× |E − E′|.

It is obvious that

(4.1) ≤ exp(2L(E0)N)× exp(−NFN (x))× |E − E′|,

when ‖M̃N (x,E, ω)‖ ≥ ‖M̃N (x,E′ω)‖. Set

B := {x : NFN (x) < −NL(E0)},

then

mes (B) ≤ mes ({x : |NFN (x)−N < FN > | > NL(E0)}) < exp(−cL(E0)N),

since < FN >= 0. It implies

(4.1) < exp(3L(E0)N)|E − E′|, if x ∈ B.
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Due to (3.8), we have

|LN (E)− LN (E′)| =
∫
T\B
|ũN (x,E)− ũN (x,E′)|dx

+

∫
B
|ũN (x,E)− ũN (x,E′)|dx

< exp(3L(E0)N)|E − E′|+ 2C̃(p, q)
1
2 exp(− c

2
L(E0)N).

(4.6)

Let N ≥ N4 := max(N1, N2, N3), where N1 is as in Lemma 3.7. Due to
Lemma 3.10,

|L(E)− L(E′)| ≤ |L(E) + LN (E)− 2L2N (E)|
+ |L(E′) + LN (E′)− 2L2N (E′)|+ |LN (E)− LN (E′)|
+ 2|L2N (E)− L2N (E′)|

< 2 exp(−c6L(E0)N) + 3 exp(6L(E0)N)|E − E′|

+ 3C̃(p, q)
1
2 exp(− c

2
L(E0)N)

< exp(−c7L(E0)N) + 3 exp(6L(E0)N)|E − E′|,

(4.7)

where c7 = c7(p, q, ω). Set ρ′′0 = exp(−(6 + c7)L(E0)N4), and ρ0 = min(ρ′0,
ρ′′0
2 ).

Then for E,E′ ∈ (E0 − ρ0, E0 + ρ0), there exists N ≥ N4 such that

exp
(
− (6 + c7)L(E0)(N + 1)

)
≤ |E − E′| ≤ exp

(
− (6 + c7)L(E0)N

)
.

It implies

|L(E)− L(E′)| < 4 exp(−c7L(E0)N)

= 4 exp
(
− N

N + 1
c7L(E0)(N + 1)

)
< 4 exp

(
− 2c7

3
c7L(E0)(N + 1)

)
< exp(−c7

2
L(E0)N) < |E − E′|β ,

(4.8)

where β = c7
12+2c7

, only depending on p,q and ω. By (1.9), we also have

|J(E)− J(E′)| = |L(E)− L(E′)| < |E − E′|β .
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