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ABsTRACT. — We consider the quasi-periodic Jacobi operator Hy,. in 1%(Z):
(He,wd)(n) = =b(z+ (n+ Lw)(n+1) —b(z + nw)p(n—1) + a(z + nw)é(n) = E¢(n),
n € Z, where a(z), b(z) are analytic functions on T, b is not identically zero, and w
obeys some strong Diophantine condition. We consider the corresponding unimodular
cocycle. We prove that if the Lyapunov exponent L(E) of the cocycle is positive
for some E = Ejy, then there exist po = po(a,b,w, Ep), 8 = B(a,b,w) such that
|L(E) — L(E")| < |E — E'|® for any E,E' € (Eo — po, Eo + po). If L(E) > 0 for
all £ in some compact interval I, then L(E) is Holder continuous on I with Hélder
exponent 8 = fB(a,b,w,I). In our derivation we follow the refined version of the
Goldstein-Schlag method [3] developed by Bourgain and Jitomirskaya [2].
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636 K. TAO

1. Introduction

We consider the quasi-periodic Jacobi operator H, ,, in (?(Z):

(L1)  (Hewo)(n)
= —b(z + (n+ Dw)¢(n + 1) = b(z + nw)d(n — 1) + a(z + nw)¢(n)
= E¢(n), n € Z,
where a(z), b(z) are real analytic functions on T, b is not identically zero. Set

_ 1 (a@)-E-b@)
A(x’E’w)_b(m+w)<b(x+w) 0 )

MN(ZC,E,LU) = M[LN](.Z‘,E,LU)
= Az + (N — lw, E,w)A(x + (N —2)w,E,w)--- A(z, E,w).
Define the unimodular matrix
M[l,N]($7an)
| det M}y ny(z, E,w)|?

MN($7an) = M[l,N](xaE7w) =

As
det A(z, E,w) = b(z)
b(z + w)
then
N-1
b(z + nw) b(x)
1.2 det M Ew) = =
(12) et My (@, B, 0) EO e+ (n+Dw) b+ Nw)’
and
(1.3) log || M}y ni(z, E,w)| = log | My n(z, E,w)|| — llo | b(z) |
. g [1,N]\L) L&y = log [1,N]\Ly &y ) g b( —|—Nw) .
REMARK 1.1. — (1) Note that
C(a,b, E)
Az, B, w)|| < or——,
[b(z + w)|
where the constant C(a, b, E) satisfies
C(a,b,Ey) = sup C(a,b,E) < +oo.
|E|<Eo
Therefore,
1o | My (2, E,w)| < logC(a,b, E) — Zlo b(z + nw)|.
N g [1,N]\Ly &y g g

n=1

TOME 142 — 2014 — N° 4



HOLDER CONTINUITY OF LYAPUNOV EXPONENT 637

In this paper we always assume that |E| < Ey, where Ey depends on a, b.
For that matter we suppress E from the notation of some of the constants
involved.

(2) log ||.7\;[[17N] (z, E,w)|| > 0, since M[LN] (z, F,w) is unimodular.

(3)

1 -
0< N IOg ||M[1,N](I7E)w)||

b(z)

1
=N10g“M[1’N](m’E’w)| m|

T oON 0g|

1 Y 1 b(z)
<logC(a,b, B) = 1 > log |b(x +nw) ~on 8l vy

n=1
(4) Tt is a well-known fact that if b is an analytic function not identically
zero, then (log |b])? is integrable. Set

D=/10g|b(6)|d0.
T

Therefore,
/

Similarly,

1 .
N log || M1, ny(z, E, w)|

1 .
dw:/ﬁlog ||M[17N](:c,E,w)||dac
T

< C'(a,b) — D := C"(a,b).

/ (L 1og |31 (2, B, ) ) de < Cla,b).
r N

(5) Combining (4) with (1.3), we conclude that 3 log ||M[; nj(z, E,w)]| is
integrable, and

1 1 ~
E / log [ My (2, E,w)|lde = — / log || Mn (z, B, w) | de.
N Jp N Jr

Set
1 1 ~
In(E.w) = 1 [ togMn(e, Bw)lde = - [ 1og (e, B,
N T N T
Note that Ly(E,w) > 0. Set
_E—
B(e, Byw) =  “7) ~ B b))

b(r+w) 0

and
TN(x)an) = T[I,N](xaE)w)
=B(z+ (N -1)w,E,w)B(z+ (N —2)w, E,w) - B(z, E,w).

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



638 K. TAO

Then
0 1
M E =T FE. w —_—
1,3z, E,w) = Th ny(z, B,w nzl;[ B )
~ b(z + Nw)|?
My n (2, B,w) = WM[LN](%E,W)
(14) 1 N—
|b( :U—I—Nw 2
= T 7E7 9
b(z n[IO bz + n+1) L (@ )
5 N-1 1
1.5) ||M z, B w)| = =T z, B W),
(1.5) || M1,wy( )| nl;[g |b(x+nw)b(:r,+(n+1)w)|§” 1,7 ( i
and
: L N-1
log | ¥iuv) (2, B, )| = 1og | Ty (@, B )| = 5 3 Tog o+ no)b(e + (m + 1))
n=0
Note also for future reference that
N-1
(1.6) |det T}y vy(z, B,w)| = [] Ib(z + nw)||b(z + (n+ 1)w)|.
n=0

Combining (1) with Remark 1.1, we conclude that + log || T}, n(z, E,w)| is
integrable,

1
(1.7) JIN(E,w) = N/logHT[LN](:L’,w)Hd:L’ = Ly(E,w)+ D.
T

Due to the subadditive property, the limits

(1.8)
. 1 . 1 ~
L(E,w)= ngnoo/T NlogHMN(x,E,w)Hd:c = I&Enoo/TNlogHMN(ac,E,w)de
= lim LN(E,(.U),
N—o0
(1.9)

1
J(E,w) = ]\}Elloo/qr Nlog ITn(z, E,w)||dx = A}Enoo JIn(E,w) = L(E,w)+ D

exist. Moreover, L(E,w) > 0. Fix some o > 1. Throughout this paper we
assume that w € (0, 1) satisfies the Diophantine condition

Co
(1.10) |nw| > ———— for all n.
n(logn)®

It is well known that for a fixed o > 1 almost every w satisfies (1.10).
The main theorem in this paper is

TOME 142 — 2014 — N° 4



HOLDER CONTINUITY OF LYAPUNOV EXPONENT 639

THEOREM 1.2. — Assume L(Ey) > 0. Then there exists pg > 0 depending
on a(x),b(z),w and Ey such that for any E,E' € (Eg — po, Eo + po), the
following holds:

IL(B) - L(E)| = |J(B) - J(E')| < |E - E'|,

where the constant B depends on a(z),b(x),w; i.e., B = B(a,b,w), but does not
depend on Ejy.

For the Schrédinger equation:
(Sz.w@)(n) = p(n+1) + ¢(n — 1) + V(z + nw)p(n) = E¢(n), n € Z,

Goldstein and Schlag [3] proved that if w is Diophantine and V(z) is ana-
lytic, then the Lyapunov exponent L(E) is Holder continuous. They developed
two powerful tools, the Large Deviation Theorem and the Avalanche Principle,
which was always used in the proof of the continuity of the Lyapunov exponent
in the subsequent papers. Similar results were proved in [1] by Bourgain, Gold-
stein and Schlag for underlying dynamics being a shift or skew shift of a high
dimensional torus. When w is an irrational number, Bourgain and Jitomirakaya
show that the Lyapunov exponent is jointly continuous in E and w in [2]. Later,
for the general analytic quasiperiodic cocycles with constant determinant, Jit-
omirskaya, Koslover and Schulteis ([5]) proved that the Lyapunov exponent is
continuous. The author gave a proof of this result for the high dimensional
torus in [8]. The jointly continuous dependence of the Lyapunov exponent on
the cocycle with no restrictions on the determinant was established in [7].This
improved an earlier,weaker version in [6]. Obviously, the Schrédinger equation
is a special case of the Jacobi equation for b(z) = —1, but the result here is
better than that in [3], as the Holder constant here only depends on a(z), b(z)
and w, but not on E. The key to get a better result is Theorem 2.5 (Theo-
rem 3.8 in [4]) and the uniform estimate from Ly (E) to L(E). In [4], Goldstein
and Schlag proved that the Fourier coefficients of a subharmonic function only
depend on the supremum of the subharmonic function, not on the infimum. In
Section Three of this paper, there are several lemmas and theorems which em-
phasize the uniform estimate. Actually, if the potential function in Schrédinger
equation is a small perturbation of a trigonometric polynomial function of de-
gree k, Goldstein and Schlag proved that the Lyapunov exponent is Holder
— & continuous for any x in [4].

1
2ko
2. Large Deviation Theorem

It is convenient to replace a(z), b(z) by p(e(z)) and q(re(z)) (with
e(r) = e*™®) where p(z),q(z) are analytic functions in the annulus

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



640 K. TAO

A,={2€C:1—-p<|z| <1+ p} which assume only real values for |z| = 1.
With this convention in place, we will use the notation B(z), Tj1 n)(2), ete.

w6 - -a)\ | _ g,
q(ze(w)) 0
where C = C(p,q), and C(p,q) is the same as in (1) of Remark 1.1.
(2) sup.ea, 1B < prersa

LEMMA 2.1. — (1) sup,ca, [[B(2)l| =sup,ca,
2 2

la(ze(w))q(2))]

Proof. — (1) is obvious.

0 z
(2) det B(2) = glze(w))a(z), and B~ (2) = L (_q(ze o) p(j)‘_) E)
that implies (2). O
So
LEMMA 2.2. — For any z € Ag,
2.1)

—C1(p, q) +log |q(2)q(ze(w))| < log || Ti1, w1 (2)]] — log || Tj1,ny(ze(w)) ||
< Ci(p,q) — loglg(ze((N — 1)w))q(ze(Nw))|.
Proof. — Tp nj(ze(w)) = B(ze(Nw))Tji ni(2)B~(2),50 || T n(ze(w))|| <
C(p, )T, 3 ()| ey immplies
log || Ti1, v (2e(w)) || < 21og C(p, q) + log [|T11,n1(2) || — log |q(2)gq(ze(w))]-
Similarly, we have
log || T}y, n(2)]| < 21og C(p, q) + log || Tj1 v (2e(w))|| — log |g(ze((N — L)w))g(ze(Nw))|.
Thus

—Cy + log la(=)aze(@))] < 1og [T w1 (2)]| — log | Ty, w1 (ze())]
< Cy —log|g(ze((N — 1)w))g(ze(Nw))],

where Cy = C1(p, q). 0
COROLLARY 2.3. — (1) We have
K0+ 3 logla(ze((m + w)aze((m)e)
" < ok T (9] — g T ek
<kCy - Zi)log la(se((N +m — D)a(ze(N +m)w)],
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HOLDER CONTINUITY OF LYAPUNOV EXPONENT 641

(2)
KO+ Z

log |q(ze(kw))q(ze((k + 1)w))|

K
1
< log || Ty, m ()l = & > 1og [T ny (ze(kw))|

K-1

SKcl—ZK_

k=0

log |g(ze((k — 1+ N)w))gq(ze((k + N)w))|.

Proof. — (1) is obvious.
(2) For 1<k <K,

k—1

kC1+ Z —log|q(ze((m+ Dw))g(ze((m)w))]

< K10g||T[1 N @) = log T2, 57 (ze(kw)) ||
k—1
< B3 2 logla(ze((N 4+ m — 1jw))a(ze((N + m)w))].
m=0
As
K k-1
S 3 & logla(ze((m + e)a(ze((m)w)
k=1 m=0
K-—1
= > = Flogla(ee((k + De)alze((K)e)]
k=0
and
K K
YL <Y a= kG,
k=1 k=1
then
K
tog 51 ) ()l = 3 108 1Tju vy (e (k)
= K—-1 k}
> _KCy + log [q(ze((k + 1)w))q(ze((k)w))].
k=0

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



642 K. TAO

Also
1
log || 71, w1 (2)|| — Z X log || Ty, ny(ze(kw)) |
k=1
K-
Z log|q ze((k — 14 N)w))g(ze((k + N)w))|. O
LEMMA 2.4. — Letu : Q — R be a subharmonic function on a domain Q C C.

Suppose that O consists of finitely many piece-wise C' curves. There exists
a positive measure p on 0 such that for any Q1 € Q (i.e., Q1 is a compactly
contained subregion of Q),

(2.2) u(z) = /ﬂ log |z — ¢| dy(€) + h(2),

where h is harmonic on Q1 and p is unique with this property. Moreover, u
and h satisfy the bounds

(2.3) 1() < C(Q,9Q1) (supu — supu),
Q N
(2.4) lh — sup ul| Lo (0,) < C(Q,Q1,Q0) (supu - sgp u)

for any Qs € Q.
For the proof see Lemma 2.2 in [4].

THEOREM 2.5. — Let u be a subharmonic function deﬁned in the annulus A,,.
Suppose furthermore that |u(z)| < 1. Then for any 1 — 5 <r <14 £,

(2.5) mes ({z: |Zu(re(x—kw))—n < wu(re(-)) > | > dn}) < exp(—con+sy,),
k=1

where < u(re(:)) >:= fol u(re(y))dy, s, < C(logn)4 for general n and

sn, < Clogn if n = q; for any j.

For the proof see Theorem 3.8 in [3].

REMARK 2.6. — (1) The constants ¢, C' here do not depend on .
(2) Actually, the condition |u(z)] < 1 can be replaced by u(z)=
[ log |z — ¢|du(¢) + h(2), with ||u|| + ||h]| < C, see the proof of Theo-
rem 3.8 in [3]

In what follows we will use the following version

TOME 142 — 2014 — N° 4



HOLDER CONTINUITY OF LYAPUNOV EXPONENT 643

THEOREM 2.7. — Let u be a subharmom'c function defined in the annu-
lus A,. Suppose furthermore that u( flog|z — ¢|ldu(¢) + h(z), with
n(Az) + ||h||Loo(Ap < C. Then for any 1 -£<r<1+5,

M:

(2.6) mes({z:|) wu(re(z+ kw))—n<u(re(:))>| > dén}) < exp(—cdn),

ES
Il

1

where ¢ = ¢(C,w).

Set un(z, B,w) = % log||Tn (2, E,w)||, in (2, E,w) = + log | My (z, E,w)]|.
Sometimes we use uy(z) or uy for short; and similarly for @n(z, E,w).
Let Ly (E) = <un(re(:))>, D, = <loglq(re(:))|>, Jnr(E) = <un(re(:))> =
Ly, (E)+ D,. For r = 1 we use the notation Ly(E), D, Jn(E).

LEMMA 2.8. — Function uy(z) is subharmonic in A, and obeys un(z) < C(p,q).

Proof. — Since B(z) is analytic in A,, so is Tn(z). Therefore, un(z) =
+1og ||Tn(2)| is subharmonic in A,. The estimate un(z) < C(p,q) follows
from Lemma 2.1. O

LEMMA 2.9. — There exists C3(q) < +00 s.t.

sup uy (e(z)) = —Ca(q).
z€T
Proof. — One has ||A||?> > |det A| for any 2 x 2 matrix. So

N-1
un(2) 2 5 log |det T (2)| = 7 2, logla(ze(ma))a(zel(n + D),

see (1.6). Recall that log |g(e(z))] is integrable. So, 2 log|g(e(z))q(e(z +w))| is
integrable. So,

(2.7) JAE

log [g(e(x))q(e(z + w))|| dz = Ca(q) < +oo.

2

Therefore

| N2

/ — Z log |g(e(z + nw))q(e(z + (n + 1)w))|| dz < Ca(q) < +o0.
T|2N =
Hence,
| N2
> — .
s g 3 ogla(e £ alele + (v D2 ~Cola): D

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



644 K. TAO

LEMMA 2.10. — One has
un(z) = [logz = lau(¢) + h(2),

where
1(Azg) < C3(p,q), ”h”LOO(Ag) < Cs(p, ).

Proof. — The statement follows from Lemmas 2.8, 2.9, and (2.3), (2.4). O

REMARK 2.11. — By (2.7), we have

sup - log lg(re(x))a(re(z + )| > ~Ca(a).
zeT

Then by Lemma 2.9, and (2.3), (2.4), we have

S 1oslatre(e)atre(o+ )| = [ 1081z = Cldg(€) + ho(©),

where
nq(Ag) < Cy, ||h||L°°(A§) < Cq.

By Theorem 2.7 and Lemma 2.10, we have

LEMMA 2.12. — Forany1 -4 <r<1+4+%,0 and K,
(2.8)

K
mes ({z : |ZuN(re(x +kw)) — K <un(re(-)) > | > K}) < exp(—cdK),
k=1

where ¢ = ¢(p, q,w).

REMARK 2.13. — (1) By Remark 2.11 and Theorem 2.7, for any 1 — § <r <
1+ £, 0 and K, we also have

K
mes ({z : | Z %log lg(re(z + kw))g(re(z + (k + 1)w))| — K
k=1

< %log|q(re(m))q(r6(m +w))| > | >0K}) < exp(—cgdK).

(2) It is well-known that fol [log|g(re(x))||dx < Cy, forany 1- 5 <r <1+
if b(z) is analytic.

(Vi)

)

TOME 142 — 2014 — N° 4



HOLDER CONTINUITY OF LYAPUNOV EXPONENT 645

(3) Due to (1) we have
N

uy(re(z)) = un(re(z)) — % > loglg(re(z + kw))g(re(z + (k + 1)w))|.
k=1
Hence,
K
mes {z : | Z an(re(z + kw)) — K<ty (re(-))>| > 6K}
k=1

< exp(—cdK) + K exp(—cgdK).

Moreover, there exists K = K(p, q,6), s.t. for any K > K,
K
mes {z : | Y in(re(z + kw)) — K < iiy(re(-)) > | > 6K} < exp(—0K).
k=1

LEMMA 2.14. — Forany 1 - 5§ <r <1+ %,6 and K,

mes ({z : |Z

log lg(re(z + kw))g(re((z + k + 1)w))| — (K + 1)D,| > K })

< K exp(—cy0K),

where ¢4 is as in Remark 2.13.

Proof. — Set
K—1

X, = {z:| log lq(re(a-+kw))q(re(a+k+1)w)) | ~(K+1)D,| > 6K},
k=0

and

Qr(z) = log|g(re(z))gq(re(z + w))| —/10gIQ(Te(w))Q(Te(Hw)Ndw
= log|q(re(z))q(re(z + w))| — 2D

Note also that S 5 % = K+ and

K-1

> KI; i log |g(re(z + kw))g(re((z + k + 1)w))| — (K + 1)D,
k=0

K—k
= —_ T + kw
2R Q:( )
So
K-1 K —
> = logla(re(z + kw))g(re((@ + k + 1)w))| = (K + 1)D,| > K
k=0
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646 K. TAO

K-1
K-k
<:)|Z % ——Qr(z+kw)| > K, and <@, >=0.
k=0

Define S ,(z) = Zf Qr(x + jw), then

K-1

Nr—t

K
K k
(x + kw) = Z Si(z).
k=0 k=1

Set Xy :={x : |Sk,r(z)] > 6K}, then

K K
U Xk,r, mes(X,) < Zmes (X,r).

k=1
Note that
k—1
Xpr ={z: | loglg(re(z + jw))g(re(z + (j + Lw))|
j=0

- k/Tlog lg(re(z))g(re(x + w))|dz| > 6K }.
Thus, by Remark 2.13
mes Xpp = {2 ¢ |Sp.r(2)] > 6K = %Kk}) < exp(—cq%Kk) — exp(—cy0K).
Thus

mes X, < K x exp(—cg0K). O

THEOREM 2.15. — There exists N(p,q,w) such that for any N > N, any
1-8<r<1+%andé <1,

mes ({z : | - log [T (re(a))|| — Jv (B)] > 6}) < exp(~e°N),

where ¢ = ¢(p, q,w).

Proof. — Set

Vo= o Iy log ITw(re(@)ll = 5 [ log ITv(re(e)lds] > 6}

TOME 142 — 2014 — N° 4



HOLDER CONTINUITY OF LYAPUNOV EXPONENT 647

Then
K

ZUN(re(:r + kw)) — <un(re(-))>| > g}

k=1

= : K

U{w cun(re(z)) —

un(re(z + kw)) > g}

| =
M=

=
Il
—

U{x cun(re(z)) — %

= Yo, | JYer Yo

Set K = C40N. By Lemma 2.12,

M=

un (re(z + kw)) < —g}

=
Il
—

mes Yq , < exp(—géK) = exp(—Cy x cd°N).

We need to estimate mes Y4 ,.. Due to part (2) of Corollary 2.3, we have

K-1

Voo o KC- 3 B Flog a(ee((h— 14+ N)u)a(ze((k+ M) > 203,
k=0
K-1
Yo, e KO+ Y T M logla(eeho)a(ee((h + D)) < 0,
k=0
Set Cy < 40 , then
K-1
KCi — Z KI; k log|q(ze((k — 1+ N)w))q(ze((k + N)w))| > N75
k=0
= SN K
log|g(ze((k — 1+ N)w))g(ze((k + N)w))| < — Yl TR
k=0
(2.9)
K-lp
> 7o logla(ze((k — 1+ N)w))g(ze((k + N)w))|
k=0
K1 g
mzz 2 /Tlog|q(re(x))|dx
K-k
= 7o logla(ze((k — 1+ N)w))q(ze((k + N)w))| = (K +1)D;
k=0

K
<—-— —(K+1)D,.
1C, (K+1)
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648 K. TAO

Recall that

D= max |D,| < +o0.
1-5<r<1+ 4

Let Cy < S‘D‘ to make 4c +D, =Cs, > D > 0. Note that Cs,r is also
continuous in r. Thus,

Cs = min Csr > 0.
1-8<r<14%

Then there exists Cf = Cf(p,q) > 0, s.t.

K
E"‘(K-‘rl)D —Cer+D >05K+DTZC%K
4

for any K. Thus, Lemma 2.14 applies for § = C{,
mes (Y4 ) < Kexp(—cq x CtK) = C40N exp(—cy x Cg x C40N).
As yexp(—£&y) < &1 for any y, & > 0,

! !
XG5 CudN) x exp(—2 X Cs

_cg X Cy
cqg X Cf exp( 2
for N > N, where N depends on ¢p,q and Cf, ie., N = N(p, ¢,w). Similarly,
mes (Y_ ;) < exp(—cp,q0N).

mes (Y, ) < C46N exp(—-2 x C4dN)

x C40N) < exp(—cp q0N),

So for N > N(p,q,w)
mes Y, < 2exp(—c, ,0N) + exp(—Cy x c§’>N) < exp(—¢6>N),
where ¢ = &(p, ¢, w). O
REMARK 2.16. — (1) Recall that
N-1

i(2) = un(z) — 5= 3 log la(re(a + nw))a(re(z + (n + 1)w),
n=0

< an(z) = <un(z)> — Dy;

see (1). By Remark 2.13, Theorem 2.15, for any N > N,
mes ({z : |in(re(z)) — Ly (E)| > 20})
< exp(—c,0K) + exp(—E6°N) < exp(—4é5>N),
where Ly ,(E) = Jn,» — D,. Hence for any N > N,
(2.10) mes ({z : |in(re(x)) — Ly ,(E)| > 6}) < exp(—&°N).

(2) Once again let us note that the constants ¢, ¢ here do not depend on §.
In particular, one can choose § depending on N.
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LEMMA 2.17. — Let1 > p > 0 and suppose u is subharmonic on A, such
that sup,c 4, u(z) < 1 and Jru(re(z))dz > 0. Then for any r1,r5 so that
1-8<r,ry <1+ 5 we have

[(u(rie(-)) — (u(rze())| < Cplr1 —ra.
Proof. — See [4] Lemma 4.1. O

REMARK 2.18. — It is easy to see that this lemma also holds for uy(z) with
C, = C,(p,q,w). Thus,

1
/ un(re(8))d0 — In1(E)dO| < Cplr — 1]
0

forany 1 — £ <r <1+85.

LEMMA 2.19. — For any N > N(p, q,w),
logN

(2.11) Nlog | T (e(z), B)|| < Jn.1 + Cs( )z,

where Cg = Cs(p, q,w) and N is as in Theorem 2.15.

Pmof — Let0<d< % be arbitrary. Note that e(z +1iy) = e >™e(z), 1 -2 <
S <e T <14 C/ <1+ 4, if [yl < where C, = max(1,C,) and
e= exp(l) By Remark 2.18 we have

)
47'reC;, ’

1
(2.12) / un(re(0))d0 — Jn1(E)dO | <4, if |y| < d
0 ’ 4meC)’

Set
= {z: |un(e (gH_iy)) — JIn| > 26}

It follows from (2. 12) that for |y| < 47reC’ , the following holds:

B, C {z: |un(e(z + iy)) —/0 un(e(d + iy))db| > &}.

Due to Theorem 2.15 we obtain mes B, < exp(—¢§*N). The function
un(e(z +4y)) is subharmonic, for e(x + iy) € A,. Let zy be arbitrary and
yo = 0. Then e(zg) € Ay . Due to subharmonicity we have for any ¢y < 2,

un(e(zo)) —JIn1 < —5 2 // [un(e(z +iy)) — JIn,1|dzdy
Tty [(z,y)—(20,0)|<to

[un(e(z +1y)) — In,1]dzdy.

7T’fo ly|<to J lz—zo|<\/B—Tu]?
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Furthermore

uy(e(z +1y)) — Ina]dx
[ (e i) =

= (/ +/ ) [un(e(z+iy)) —JIn1]dx.
{lz—zo|<A/t3—[ylP} By 7 {lz—z0l<y/t§—|yl2}\By
Note that
]
denCl’

lun(e(z +iy)) — Ina1| <26, f £ ¢ B, and y <

So

[un (e(z +iy)) — In1]dz| < 28 x (24/83 — |y|?).
/{|mzo|<\/t§|yz}\]ﬂgy

Due to Cauchy-Schwartz inequality,

[un(e(z +iy)) — In1]d

‘/{|w—w0|§\/t§—|y|2}nBy
1 3 y
< (/ lun (e(z + iy)) — JN,1|2dw> (mes B,)z < Cy exp(—%éQN).

Set tg = C, , then
1 é
un(e(r)) — JIna1 < ﬁ/ [Cr exp(—f52N) +26 x (24/13 — |y|?)]dy
0 Jy|<to
< - x Cy exp(—féz ) X (2tg) + 26
8eC,C! ¢
= it exp(—EdzN) + 24.
é 2
Set 6 = (CSI%N)%, where Cg > 2. Then exp(—5$Cslog N) < 3;, and
N 11 Cglog N |1 logN . 1
un(e(z)) < Jna +8607C;, X (08 logN)2 X N + Q(T)z < Jna+ Cg( N )z,
LEMMA 2.20. — For any 0 < z <1 and any N > N, the following is true:

log | Mn(e(z), E)|| < NLy + C(Nlog N)? — NFy(a),

where

N-1
v) = g 3. Q) Q) = logla(e(r))alela + )] — 2D,
n=0

TOME 142 — 2014 — N° 4



HOLDER CONTINUITY OF LYAPUNOV EXPONENT 651

Proof. — We have

(2.13)

log|| M1,y (e(x), B)|
N-1

= log ||T}y vy (e(2), B)|| — % > loglg(e(z + nw))g(e(z + (n + 1)w))|
1n7 1=
< NJy(E)+ Co(Nlog N)* = o 3 log lq(e(z + nw))g(e(z + (n + 1)w))|-
n=0

Recall that
Jn(E)=LN(E)+ D.
Then due to (2.13) we have

log | My (e(z), E)|| < NLy + Co(Nlog N)¥ — NFy(a). m

REMARK 2.21. — Note that Lemma 2.20 implies in particular that
NLy + Cs(Nlog N)? — NFy(z) >0

for any x for large NN.

LEMMA 2.22. — For any 0 < z <1 and any k > N, the following holds

log [| My (e(z + kw), E)|| — log | My (e(x))
< 2kLy(E) 4 2C4(Nlog N)? — kFy(z) — kFy(z + Nw).

Proof. — One has
My (e(z + kw), B)My(e(z), E) = My(e(x + Nw), E) My (e(z), E).
Then
log [| My (e(z + kw), E)|| — log | My (e(2))
< log | My (e(z), E)|| + log | My (z(z + Nw), E)||,
because ||[A7!|| = ||A]| > 1 if det A = 1. Due to Lemma 2.20,

log || M (e(x), E)|| + log || M (e(x + Nw), B)|
< 2kLi(E) 4 2C(Nlog N)? — kFy(z) — kFy(z + Nw). O
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REMARK 2.23. — Due to Lemma 2.1,
un (e(z), E) <log C(p,q)
for any z € T, any N and any E. Similarly,
log || M (e(z + kw), E) || —log | M (e(2))|
< 2k(log C(p,q) — D) — kFy(z) — kF(x + Nw)
for any x € T, any N, any k and any E.

3. Using the avalanche principle

PROPOSITION 3.1. — Let Aq,..., A, be a sequence of 2 X 2--matrices whose
determinants satisfy

. 4 < 1.
(3.1) max |det A;| <1

Suppose that

. i Al >
(3.2) i lA;| > u>n and
1
(3.3) max [log |[Aj1]| + log [[4; ] — log [[4;+145]] < 5 log .
Then
n—1 n—1 n
(3.4) log [|Ap .. ALl + > log[|A;] = > log || A1 45| < c;
j=2 j=1

with some absolute constant C.
Proof. — See [3]. O

REMARK 3.2. — For the rest of the paper, we do not use e(z +iy) with y # 0.
For that reason we write z instead of e(z) in all expressions. Moreover, unless
specified otherwise, N > N and N > K from now on (6 in K will be defined
in Lemma 3.8).

LEMMA 3.3. — Let ¢ be as in (2.10). Let Ly(E) > 1006 > 0, where 6 <1 is a
constant not depending on N, and Lon(E) > & Ln(E). Let N' =mN, m € N
and m < exp(£62N). Then

2
|Ln/(E) + Ly(E) — 2Lon (E)| < exp(—&'6°N) + %LN(E),
where & = & (p, q,w). If exp(562N) < m < exp(£6°N), we have
(3.5) |Ln/(E) + Ln(E) — 2Laon (E)| < exp(—26°N),
where ¢ = é(p, g, w).
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Proof. — By (2.10), we have, for 0 < j <m — 1,
lin(z + jNw, E) — Ly (E)| < 6,
laon (2 4+ jNw, E) — Loy (E)| < 6
for x € Gy, with
mes (T\G;) < 2m x exp(—é&*N) < exp(—%ézN).
Thus when z € Gq,
Wiz + jNw, E)| > exp(N(Lx(E)  8)) > exp(-rs NL(E),
and
log || My (z + jNw, E)|| +log | My (2 + (j + 1)Nw, E)|
(3.6) —log | My (z + jNw, E)Mn(z + (j + 1)Nw, E)||
< 4N6 + 2N|Ly(E) — Lan(E)| < %NLN(E).

Since 0 < Ly (F) — Lan(E) < LLN(E) we have
1
My (z,E) = H N(z+ (j—1)Nw, E).

The avalanche principle applies for u = exp(iN Ly (E)). Integrating over Gq,
we obtain

(3.7)

/ iy (z, E)dx + ZuN (z+ (j —1)Nw, E)dz
G G j= 2

m—1
1
_/ S dian (@ + (j — 1) Nw, E)dz gc% exp(— 5 NLy(E)),
G

1 j=1

where N’ = m x N. We want to replace integration over G; by integration
over T. Recall that, due to (4) in Remark 1.1,

[ @@ < o0
for any n and any E. Hence, E)Ty Cauchy-Schwartz inequality,
(3.8) | [ax(Byiz| < Co0)* mes B
for any K, any F and ;Eny B C T. Hence

‘/ ﬂK(E)dw‘ < C(p,q)* exp(—6°N)
T\G:1 3
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for any K and any E. Thus

m—1

/ un(z, E)d.r—}— ZuN (z+ (j —1)Nw, E)dz
T\G1 M JIT\G: =5

(3.9)

m—

/T\GIZ ~n(@+ (j —1)Nw, E)dz

Combining (3.7) with (3.9), we have

< 4C(p, q)? ex (—ga%v).

() + " 2 () - 2V g ()
é(p, Q)7 ex (—25%\7) + 0% exp(—%NLN(E)) < exp(—&62N).
Thus
(3.10)

2
|Ln/(E) + Ly (E) — 2Lon (E)| < exp(—&62N) + E|LN(E) — Loy (E)|
< exp(—&§*N) + 2. iLN(E)
m

< _& 82N 1"
< exp(—c'é )+45 C"(p,q),

where C”(p, q) is the same as in (4) of Remark 1.1. If exp(:502N) < m, then
(3.11) |Ln/(E) + Ly (E) — 2Lon(E)| < exp(—¢6°N). O
Now, we can prove

LEMMA 3.4. — Let ¢é be as in (2.10), é be as in Lemma 8.3. Assume that
Ly, (E) > 1005 > 0 and exp(—&§2Ng) < &, where § < 1 is a constant not de-
pending on Ny, and Lan,(E) > 1—0LN0 (E). There exists Ny = No(p, q,8, Ny) <
(exp(%dzNo) + 1)Ny such that for any N > Ny, the following holds:

L (E) + Ly () — 2L, (B)| < exp(—/82No),
where ¢ = ¢ (p, q,w). Furthermore,
(3.12) |L(E) + Ly (E) — 2L, (E)| < exp(—25>No),
where ¢ = ¢(p, q,w).
Proof. — We first prove the second part. By Lemma 3.3 for Nj = mNy,
exp(£62Np) < m < exp(£6%No) + 1, we have
(3.13) |Ln:;(E) + Ly,(E) — 2L, (E)| < exp(—é6°No)
and

|Lan; (E) + L, (E) — 2Lan, (E)| < exp(—é5°No).
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In particular
|Ln; (E) — Lan; (B)| < 2exp(—¢6*No).
Since 0 < Ly, (E) — Lan, (E) < 15Ln,(E), we obtain using (3.13) that
Lyj(E) > Ly (E) = 2(Ln, (E) = Lan, (E)) — exp(—¢5° No)
4

> gLNO(E) — exp(—&62Ny) > 796,

and
2 1
A52
Ly (E) = Lon; (E)| < 2exp(—0"No) < 20 < oo Ly (B) < 75 L (E).
Set &' = 30, then Ly;(E) > 1008’, and Lemma 3.3 applies for N5 = my Ny,
exp(§5’2N{) <m; < exp(gd’QN{) +1,
|Lny(E) + Ly; (E) — 2Lan; (E)| < exp(—2§"Ny).
Also
Lyy(E) > Lyj(E) — 2|Ln;(E) — Lan; (E)| — exp(—20" N1)

4
> Ly, (E) - 6 exp(—2d2No) > 796 > 1008,
|Lan; (E) + Ly (E) — 2Lan; (E)| < exp(—é6”Ny),
|Lny(E) — Lany (E)| < 2exp(—&§"Ny).
Since N{ > 8N, we have

0 2.

2
exp(—¢d’?Nj) = exp(—é%N{) < (exp(—&62Ny))? < (ﬁ

This implies in particular that
1
|Ln;(E) — Lan; (E)| < 2exp(—&6"N7y) < 26 < ol (E).
Then Lemma 3.3 applies for Nj = mgNéj exp(£62Nj) < my <~exp(§5'2N§)+1.
E.T.C. We obtain N/ ; = m;N/, exp(50’°N]) < m; < exp($6’?N]) + 1 with
the same ¢’. Then
Lz, (E) + Li;(E) = 2Ly (B)| < exp(—&8"Nj),

Ly, (B) > Ly;(E) — 2Ly, (E) — Loy (B)| - exp(~&"NY)

4 ‘1
> =Ly (B) = 2(5)35 > 796 > 508 = 1006’
j=1

|Lony, , (E) + Ly; (E) — 2Lon; (E)| < exp(—&82N;),
L, (E) = Lowy, (E)| < 2exp(~28™2NY),
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1.
4exp(—¢d”N)) < (5)”'15,
and
1
|LN15+1(E) — L2N1(+1(E)| <20 < ELN{H(E)'

Moreover,

(3.14)

[Ln;,, (E) — Ly;(E)|

< |Ln;,, (E) + Ly;(E) = 2Lan; (E)| + 2|Ln;(E) — Lan; (E)|
< exp(—&6"2N)) + dexp(—&6">N]_;) < 5exp(—¢d>N!_;), i>2
|Lny(E) = Ly (E)| < 5exp(—25° No).
Since Ly, — L(E) with i — oo, we have

(3.15)
|L(E)+Ln, (E) — 2Lan, (B)|

= | > (Lwy,, (B) = Ly (E)) + Ly, () + Ly (B) - 2Lan, (E)

i>1

<> 1Ly, (B) = Ly (B)| + |Lnj (E) + L (B) — 2Lan, (B))|

s>1

= Z ILn:, (E) = Ly, (E)| + |Ln; (E) — Ly; (E)|
s>2

+|Ln;(E) + L, (E) = 2Lan, (E)|
< Z 5exp(—¢d>N;_,) + 5exp(—d2Ny) + exp(—&62Ny)

§>2
< exp(—e62Np).

This proves part two. We prove now the first part. Note that just as in (3.15),
we obtain

(3.16) |Ln/(E) + L, (E) — 2L, (E)| < exp(—26®No)

for i > 1. Let N > Ng := N7 be arbitrary. Find ¢ such that N] < N < N{_ ;.
Recall that

c c
Nj=m; 1N/ 4, exp(§5/2 i) <mi < eXP(géaNilfl) +1,

¢ c
Niiy =m;Nj, eXP(g(s/QN{) <m; < eXP(§5/2Ni/) + 1,
where N{j := Ny for convenience. Consider two cases:
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(1) N < exp($6™2N/_,)N/_,. In this case, it < =2
Then find 7, m;_1 < m < exp(£6’2N/_,), such that
AN, < N < (m+ )NL,.
Then by Lemma 3.3,
(317)  |Lmn:_ (E)+ Ly;_ (E) = 2Lyn (E)| < exp(—é82N;_,).

Note that

< exp(—§0"”N/_,).

N =N, N,
and by Remark 2.23,
log | My (z, B)|| —log || Man; (2, B)||| < log | My—mn; , (z+mN{_;w, B)|
< N{_;(log C(p,q) — D) — (N — mNz‘/—l)FN—mNi'il(x + mN;_w).
We know that
mes ({z : [kFy(z) — k < Fi(z) > | > kd}) < exp(—cik)
for any k. Since < Fj, >= 0, we have
(3.18)
log || My (z, B)|| = log || Man;_, (z, E)||| < N;_1(log C(p,q) — D) + Nj_,
< C'(p,q)N/_;,

if £ ¢ B, mes B < exp(—cN/_,). Integrating (3.18) over T\B and us-
ing (3.8), we obtain

(3.19)
mN!_
|Ln(E) — LN (B)]
. N/ N
< C'(p, q)ﬁ1 +2C(p,q)% x exp(—gN{_l)
<C'(p.q) exp(—§5’2NLl) +2C(p,q)% x exp(—gNLl)
< exp(—¢16”N]_,).
Note that
mN!_, N-—mN/_, NI, é
1— Gk Uit Gt P —=§2N'_ ).
N N S— = exp( 5 i—1)
Thus,
(3.20) |Ln(E) — Ln:_, (B)| < exp(—0"N]_;).

Combining (3.17) with (3.20), we obtain
(3.21) |Ln(BE) + Ly:_ (E) = 2Lyn: (E)| < exp(—38°N;_).
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(2) N > exp(£6"”N/_,)N/_,. Find 7/ such that
m'N] < N < (m/ + 1)N].
Thus,

exg(§6/2N{—l) eXp(ng’QNi/—l) — lexp(éélQNi/_l).
exp(g02N/_;)+1  2exp(§0?N;_;) 2 8

~/

Since N < Nj,,, then /' < m;. It implies, due to Lemma 3.4, that

2
9m/

(3.22)  |Lyvn:(E) + Ly:(E) — 2Lan: (E)| < exp(—&6”N]) + — L/ (E).

As in Case (1), we have

C"(p,q)

,r’hl

(3.23) |Ln(E) — L < exp(—é&40"N/_,).

L (B)] <
Combining (3.22) with (3.23), we obtain
(3.24) |Ln(E) + Ly:(E) = 2Lon: (E)| < exp(—&56 Nj_).
Combining (3.16) with (3.21) or (3.24), as in (3.15), we obtain
|Ln(E) + Ly, (E) — 2L, (E)| < exp(—'6°No),

where & = @ (p, q,w). O

LEMMA 3.5. — Assume L(Eg) > 0. There exists C(p,q, Eo) such that with

ph(Eo, N) = EE0) exp(—C(p, g, Eo)N), we have

200
L(Ey)
100 ’

|Ln(Eo) — Ln(E)| <

for any |E — Ey| < py(Eg, N) and any N.
)

Proof. — Note that
(3.25)

< DB+ (N — 1w, Ep) x -+ x B(z + (j + 1)w, Eo) ||
§=0
x||B(z + jw, Eo) = B(z + jw, E)[| X [|B(z + (j = Yw, E) x --- x B(z, E)|))

< NC(p,q)" " '|Eo — EJ;
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see (1) in Lemma 2.1. By (1.5), we have

132 (2, Eo)| - | ¥ (2, B)|

N-1 1
eeo) = ey @ ol ~ T e B

NC(p,q)N!|Ey — E|
T IS la(z + nw)g(z + (n + 1w)|2

Assume, for instance, that || My (z, Eo)|| > || My (z, E)||. Then

(3.27)
| log || M (z, Eo)|| — log || Mn (z, E)]||
[ My (z, E)| [ My (z, E)|
| My (2, Eo)|l — | My (z, E)| v v
< = < ||Mn(z, Ep)|| — ||My(z, E
F VBN < it o, £~ 3. )

NC(p, q)N71|E0 - E|
T IS la(z + nw)g(z + (n + 1w)|2

Due to (1) in Remark 2.13, for any ¢ and any K,

K

1 1
mes ({z: ] 5 logla(z + kw)g(z + (k + Nw)| - K< log|g(2)q(z + w)|>|
k=1
> 0K}) < exp(—cg0K).
Thus,
N-1,
Z 3 log |g(z + kw)q(z + (k + 1)w)|
k=0
~ 1
(3.28) 1 800C(p, q)?
< N|< 5 log |q(z)g(x + w)| > | + “L(Bo)er
800C (p, q)2 R
= |D|N + wl\[ = C(q7p7 EO)Na

L(Eop)c,

~ 1 - 1
if x ¢ By, mes B; < exp(—cq X %N) = exp(—%N), where the

constant C’(p, q) comes from (4) in Remark 1.1. The same estimate holds if
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1M (2, Bo)l| < | M (, E)|. So
log || M (x, Eo)|| - log || My (z, E)|

(3.29) < NC(p,q)""*|Ey — E|exp(C(p, q, Eo)N)
< exp(C(p,q, Eo)N)|Ey — E|,

~ 1 .
if z ¢ By, mes B; < exp(—%N) Set pp = LQ(OEOO) exp(—C(p,q, Eo)N).
Thena if |E - E0| < p67
L(Ey)

200 ’

[10g |12y (@, Eo)| — log |13 (=, E) | <

if x &€ By, mes By < exp(—émf((#N),

L(Ey)
200 °

(3.30)

[ 1ogltne Bl - [ tog |t (z B)
T\B: T\B1

Due to (3.8),

400C (p, q)%
L(Ep)

M\H

xp(— N)

‘/B ﬂNdm‘ C’(p, q)2 e

1

for E or Ey. As yexp(—£y) < ¢71 for any y,£ > 0. Thus,

Eo) L(Eo)
31
(3:31) ‘/Bl ndz| < 400N = 7400
for E or Ey. Combining (3.30) with (3.31), we have
L(Ey) | ,L(Eo) _ L(Ey)
Ly(FEy) — Ly(E 2 < .
[ (Eo) = In(B) < 5008 + 27500 = 100 -

LEMMA 3.6. — Assume L(Ep) > 0. There exists p0 = py(p,q, Ep,w) > 0 and

Ny = No(p,q,Eo7 ) < 400 such that for any N > Ny and any |E — Ey| < p}

L(E) 11L(E ) > L(FE) > 9 L(Ey)
T 100"

L(B) - L(B)] < o

Proof. — Onme has lim, . L(Eg) = L(Ep). Therefore, there exists Ny =
No(p, q,w, Ey) s.t. |L,(Eg) — L(Ep)| < LfoEg) for n > No(p,q,w, Ep). It im-
plies that Ly, (Eo) — L2NU(E0) < U0 a5 L(Ey) < Lang(Eo) < L, (Eo).
Set § = mln(QOOL(EO) 1). We can assume also that exp(—é§?Np) < -3,
exp(—cd2Ny) < L(EO) and exp(—¢'6>Nog) < = L(Eo), where ¢ is as in
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Lemma 3.3, ¢ and ¢ are as in Lemma 3.4. Using Lemma 3.5 applied to Ny
and 2Ny, we have for |E — Ey| < py(Eo, 2Np),

(3.32) Ln,(E) 2 L(Eo) — |Ln, (E) — L, (Eo)| — | L, (Eo) — L(Eo)|
L(Eo) L(Eo) _ 49

L(E,) —
> L(Eo) 100 100 50

and

(3.33)

|Lno (E) — Lan, (E)| < |Ln, (E) — Ly (Eo)| + [Ln, (Eo) — Lan, (Eo)|
+ |Lan, (Eo) — Lan, (E)|

L(Ey) = L(Eo)  L(Eo) 3

— 3 (B < LLx ()
100 100 100~ 1007 (F0) < TgLno(E)

Thus, Lemma 3.4 applies for Ly,(F), §, Ny and E, then there exists Ny =
No(p,q,6, No) < (exp(£62Np) + 1) Ny such that for any N > Ny the following
is true:

L (B) + L, (E) — 2Lan, (E)| < exp(~&8°No),

and
(3.34) |L(E) + Ly, (E) — 2Lan, (E)| < exp(—&6*Ny),

where & = ¢ (p, q,w) and ¢ = ¢(p, ¢,w) are as in Lemma 3.5. These imply

(3.35) |L(E) — Ly(E)| < exp(—¢62Ny) + exp(—662N0)
1 1

—L(E L(E
50 ( 0)+5 (Eo) = 25

Combining (3.32), (3.33) with (3.34), we obtain

— L(Ey).

[L(Eo) = L(E)| < |L(E) + Lg, (E) = 2Ly, (E)|

(3.36) + |L(Eo) — Ly, (B)| + 2|L g, (E) — Ly, (E)
510L(E0)+ L(E0)+2130L(E0) 110L(E0)
It implies
(3.37) EL(EO) > L(E) > —L(EO)
and
\L(E) — Ly (E )|<%L(E) %xlg—OL(E) 425L(E)<%L(E). O
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LEMMA 3.7. — Assume L(Ey) > 0. Let pj be as in Lemma 3.6. Fiz any
0< k<1l Let K = Q—’BN. Then there exists N1 s.t. N > Ny and for any

E € (Ey — pb, Eo + pp), the following holds:
1 K
mes {z : |iy(z,E) — I ZﬂN(x + kw,E)| > kL(E)} < exp(—c"kL(E)N),
k=1
where the constant ¢’ depends only on p,q,w, but not on Eq or E or k. The
number Ny depends on p,q,w,FEy and k.

Proof. — Choose Ny s.t.

800(log C(p,q) — D) 20Cs 1 -
20, —, N
K)2L(E0) 7,{12L(E0)7 Oaﬁ:a 0)7

(3.38) Ny > max(

where (log C(p,q) — D) is as in Remark 2.23, Cg is as in Lemma 2.19, Ny is as
in Lemma 3.6. Thus,

1

25 LAE),

(3.39) Lx(E) < (1+
for any K > Ny and any E € (Eq — p), Eo + pp)- Finally, we assume that
(3.40) log K < Ko

if K > Ny. Using Lemma 2.22 and Remark 2.23, we obtain

K
lin(z, E) — ZuN z+ kw, E)|
Ic 1
1 No K K L
< %N (> 2k(logC(p,q) — D)+ Y 2kLi(E)+ > 2Cs(klogk)?]
k=1 k:]\_]0+1 k:]\_/0+1
1 K
— ﬁ k_l(ka(ﬂ';) + ka(IE + NW))
= (I) + (D).
Take N > Ng, K = £ N. Note that Nok > 1,50 K = £N > 3¢ > N Thus,

(3.39) and (3.40) hold. We have

N3(logC(p,g)—D) , 21 K  CeK3(logK)=

(3.41) (I) < i A LE)
KkL(Ep) kL(Ep) 1 _
< 20 + L(E) + 20 < §/<;L(E),
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see (3.38), (3.39), (3.40) and Lemma 3.6. If

Zka (z,E) < —@nL(E)

then
N
3k, st. kFy(z, E) < —ZRL(E).
We know that
mes ({z : |[kFg(z) — k < Fx(z) > | > kd}) < exp(—cdk).

Since <Fip> =0,

mes ({z : kFi(z) < —gRL(E)})

< mes ({z: |[kF(z)| > gnL(E)}) < exp(—c%k(E)k) = exp(—cek NL(E)).
So
= KN
mes {z: Y kFi(z) < —= L(E)}

k=1
< Kexp(—cakNL(E)) = K exp(—c220K L(E)).

Since y exp(—£&y) < €71 for any &, y > 0, we have

(3.42)
K
mes {z :Z kFg(z) < —IZ—NL(E)} < Kexp(—c220K L(E))
k=1
= K exp(—c210K L(E)) exp(—CQIOKL(E))

exp(—c210KL(E)) = eXp(—%QKL(E)N)

1
< - -
- 1002L(E)
< eXp(—CIQK)L(E)N),

10¢ L(E)

if N is large enough depending on L(Ej) and  (see Lemma 3.6 and (3.38)).
Combining (3.41) with (3.42), we have

mes{z : |in(z, E) N(z + jw, E)| > kL(E)}

|Mw

E
< 2exp(—cysNL(E)) < exp(—c"kL(E)N),
where the constant ¢’ depends only on p, ¢, w. O
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LEMMA 3.8. — Assume L(Ey) > 0. Let p}, be as in Lemma 8.6, N1 be as in
Lemma 8.7 with k = i. Then for N > Ny and any E € (Ey — pi, Eo + pj),
the following holds:

mes{z : |in(z, E) — L(E)| > %f)} < exp(—cL(E)N),

where the constant ¢ depends only on p, q,w, but not on E or Ey.

Proof. — Due to Remark 2.13 for K > K, the following holds:
K
mes {z: | Y in(z+kw,E) — K <iin(-, E) > | > 0K} < exp(—e0K),
k=1
where é = é(p, q,w). Set § = %JOE). Thus K = K(p,q, Ey,w). Due to Lemma 3.6,
Ln(E) < (14 55)L(E) if N > Ny, where Ny is as in Lemma 3.6. Note that if

1
|E iy (7 + kw, B)— < an(, E) > | <4,
k=1
then
1 & 1 &
|EZQN($+JUJ;E)—L(E)| < |EZQN($+JUJ,E)—LN(E)|
j=1 j=1
3.43 1
( ) +|Ly(E)—L(E)| <6+ %L(E)
1 1 3
= —L(E)+ —L(E)= —L(FE
40()+20() 0L ®)
Therefore,

mes {z : Z N+ j B) ~ L(B)| > S I(E)) < exp(~ 1 L(E)K).

Let K = % as in Lemma 3.7, with k = ﬁ. Then for N > Ni, the following
holds:
K L(E) ¢!
mes {z : |in(z, F) Z (x + kw, E)| > W} < exp(—EL(E)N).

Recall that Ny > Ny with K = 2 (see (3.38)). Let N > Ny. Then

mes{z : |in(z, E) — L(E)| > %}

A /!

< exp(—mL(E)N) + exp(—Z—OL(E)N) < exp(—csL(E)N),
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where ¢4 depends only on p,q,w. Here, we replace ¢4 with ¢ for notational
convenience. O

LEMMA 3.9. — Assume L(Ey) > 0. Let pj be as in Lemma 8.6, Ny be

as in Lemma 8.7 with k = 4—10, c be as in Lemma 8.8. Let N > N;

and E € (Ey — py, Eo + pp) be arbitrary. Let N' = mN,m € N and
exp({5L(E)N) <m < exp({L(E)N). Then
(344) |LN’ (E) + LN(E) - 2L2N(E)| S exp(—cﬁL(E)N),

where ¢g = cg(p, ¢, w).
Proof. — Let
. . 1
Gj ={z:lan(z +jwN) - L(E)| < 1, L(E)}
- . 1
N{z : |tan(z + jwN) — L(E)| < 1—0L(E)}
By Lemma 3.8, mes (T\G;) < 2exp(—cL(E)N) for any j. Set G = o< j<m—1 G;-
Then mes (T\G) < exp(—%L(E)N). We have

5 ‘ 9
18y (@ + jNw, B)| > exp(35 NL(E)),

and

(3.45) |log||Mn(z + jNw, E)|| +log | My (2 + (j + 1)Nw, B)|
—log | My(z + jNw, E)My(z + (j + 1)Nw, E)||

1 1 1 2
—NL(E)+ —NL(E)+ —2NL(E) = -NL(E
< 1 NI(E) + 1 NL(E) + 12N L(E) = - NL(E),

for any z € G, 0 < j < m. We have

My/(2,E) = || Mn(z+ (j — 1)Nw, E).

j=m

If z € G, the avalanche principle applies with g = exp(l%N L(E)). So

m—1
| 10g |11+ (2, B) | + Y log | M (& + ( = 1)New, )|
=2
= ~ m 9
= X log | ¥ax(w + (j = DNw, B)| < O = Cmexp(~35 NL(E)).
j=1
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Dividing by N’ and integrating over G, we obtain

(3.46) |/GfLN/ (37, E)dZU + 711/@ 2 ’INLN(I' + (] — I)Nw, E)d:L’

m—2
2
=2 [ 3 tante+ G - )N, Bl
mJjg =1

9 9
< O35 exp(— ;s NL(E)) < Cexp(— s NL(E)).

m
N’
Due to (3.8),

- ~ 1 c
‘ / Ugdx ‘ < C(p,q)> exp(—gL(E)N)
™G

for any K. Thus,

m—1

1
(3.47) ) /T . i (z, E)dz + — e > in(z+ jNw, E)dx
=2
m—1
2 -
— 2 S an(z + jNw, E)dx( < 4C(p, q)? exp(—<L(E)N).
m T\G =1 3

Combining (3.47) with (3.46), we have

m- 2LN(E) - 2(mm_1)LzN(E)’

'LN,(E) +

< 40(p,0)* exp(~ SL(E)N) + C oxp(— 15 NL(E)) < exp(~es L(E)N).
As exp(55L(E)N) < m, then
(3.48) |Ln/(E) + Ly (E) — 2Lan(E)| < exp(—cs L(E)N),

where ¢g = c6(p, q,w). O

LEMMA 3.10. — Assume L(Ey) > 0. Let pj, be as in Lemma 3.6, Ny be as in
Lemma 3.7 with k = 5. Let N > Ny and E € (Eo — p, Eo + pj) be arbitrary.
Then

(3.49) IL(E) + L (E) — 2L (E)| < exp(—cL(E)N),
where ¢ = ¢(p, q).

Proof. — By Lemma 3.9 for N’ = mN, with m € N, exp(§NL(E)) < m <
exp(gNL(E)) + 1, we have

|Ln/(E) + Ln(E) — 2Lan (E)| < exp(—csL(E)N),
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and
|Lon/ (E) + Ly (E) — 2Lon (E)| < exp(—cgL(E)N).
In particular,
|ILn'(E) — Lan/(E)| < 2exp(—cgL(E)N).

Pick exp(§NL(E)) < my < exp(§ NL(E))+1. Set Ni = m; N. Similarly, define
N} = mgyNj, i.e., with N7 in the role of N, etc. We obtain N/ such that

\Ln:,,(E) + L (E) — 2Lan, (E)| < exp(—cs L(E)N),

Loy, (E) + Ly; (E) — 2Lan; (E)| < exp(—cs L(E)Ny),

s, (E) - Lon:  (E)| < 2exp(—csL(E)N.).

We have Ly:(E) — L(E) with s — co. So

(3.50)
|L(E) + Ln(E) — 2Lan (E)|

gl(llzv;+1 (E) — Ln;(E)) + Ly (E) + Ln(E) — 2Lan (E)

< é |Ly:, (E) = Ly (E)| + | L (E) + Ly(E) — 2Lon(E)|

< Z_: 5exp(—cL(E)N!_,) + 5 exp(—cgL(E)N) + exp(—cg L(E)N)
< Zi;(—c7L(E)N).

Here again we change c7 with ¢ for notational convenience. O

4. Proof of the main theorem

Proof of Theorem 1.2. — Assume || My (z, E)|| > || My (z, E')|, then
(4.1)

v v | My (z, B,w)|
log|| My (z, E)|| - log || My (z, E')||| = log "=
[ My (z, £, w)||
Y Ry / Y Y ’
~ log(1+ |My (2, E)| IIMN(%E)II) < My (2, E)|| — || M (z, E')]|
[Mn(z, E)|| [Mn (2, E)|

|Tn (2, E)|| = || TN (2, E')|
oo oz + nw)g(z + (n+ Dw)|?

< || My (z, E)|| - | My (2, B)| =

|1 Tn(z, E) — Tn (z, E')| :
N gz + nw)g(z + (n+ Dw)|3
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We obtain
(4.2)
| Tn (z, E) — Tn(z, E')||
N-1
(|B(x+ (N —1)w,E) x ---x Bz + (j + 1w, E)||

]:0
x ||B(z + jw, E) — B(z + jw, E') |
x || B(z+ (j — Dw, E') x - - x B(z, E")]|)
N—-1 N-—j

= > I ][I Bla+ (N —m)w, B)|

0
<| J] B+mw E)|xI|E-E

N—1 N—j 0
A <Y N[ Be+ (N —mw,B) x| [[ Blz+mw, B
i=0 m=1 m=j—1

j
x exp(—ND) x |E — E'|

(4.3) X exp (— : %log lg(z + nw)g(z + (n + 1)w)| + ND)
N-1 N-—j o 0
=> I II B+ W -mw,B)| x| [ Blx+mw, E]

j=0 m=1 m=j—1

j
x exp(—ND) x exp(—~NFx(z)) x |E — E'|.

Combining (3.35) with (3.37), we have

(44)  Ly(E) < L(E)+ %L(EO) < %L(EO) + %L(EO) - %L(EO)

for any N > Ny and any E € (E; — 00, Eo + pi), where Ny and 26
are as in Lemma 3.6. Let N > N; := ZWNO > 2]\70 and
E,E' € (Ey— py, Eo + p}), where (log(p,q) — D) is as in Remark 2.23,
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Ny and pj) are as in Lemma 3.6. Due to Lemma 2.20 and Remark 2.23, we have

(4.5)

No N—Ng N N—j
@< >+ > + > I T Bz + (N = m)w, B)||
J=1  j=No+1 j=N-No+1 m=1

0
H B(z + mw, E")|| x exp(—~ND) x exp(—NFy(z)) x |E — E'|
m=j5—1

No . 57 log N .1
< 22 exp | (log C(p,q) — D)Ny + %L(EO)N + Cs( )2 =D

, N
j=1
N—No
57 log N 1 )
+ Z exp <%L(E0)N+2C6( ~ )2 — D )
j=No+1

x exp(—NFy(z)) x |E — E'|

al 57 log N 1
SJZ ( (Eo)N + 25 L(Eo)N +200(— )§—D>

x exp(—NFn(z)) x |E — E'|.
There exists N3 = N3(p, g, Fo,w) s.t. for any N > N3, the following holds:

log N

N
Zexp (%L(EO)N + 2C%( )2 D) < exp(2L(Ep)N).

It implies that for any N > max(Nz, N3), the following holds:

(4.1) < exp(2L(E)N) x exp(—NFn(z)) x |E — E'|.
It is obvious that

(4.1) < exp(2L(Eo)N) x exp(—NFn(z)) x |E — E'|,
when || My (z, E,w)|| > || My (2, E'w)||. Set

B:={z: NFy(z) < —NL(Ey)},
then
mes (B) <mes({z: [NFy(z) — N < Fxy > | > NL(Ep)}) < exp(—cL(Ep)N),
since < Fy >= 0. It implies
(4.1) < exp(3L(Eo)N)|E — F'|, if x € B.
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Due to (3.8), we have

(4.6)
In(E) = Ly(B)] = [ i, B) — iy, B
T\B

—|—/|11N(a:,E)—ﬂN(x,E')|das
B

< exp(3L(Eo)N)|E — E'| +2C(p, )} exp(—2 L(Eo)N).

Let N > N, := max(Ny, N2, N3), where N; is as in Lemma 3.7. Due to
Lemma 3.10,

(4.7)
|L(E) — L(E')| < |L(E) + Ln(E) — 2L2n (E)|
+|L(E") + Ln(E') — 2Lan (E')| + |Ln(E) — Ly (E')|
+2|Lon (E) — Lon (E)|
< 2exp(—cgL(Eg)N) + 3exp(6L(Ey)N)|E — E'|
+30(p,q)* exp(—5 L(Eo)N)
< exp(—c7L(Eg)N) + 3exp(6L(Eo)N)|E — E'|,

where ¢7 = ¢7(p, ¢, w). Set pff = exp(—(6-+cr)L(Eo)Na), and po = min(pj, %).
Then for E,E’' € (Ey — po, Eg + po), there exists N > Ny such that

exp (— (6 + c7)L(Eo)(N +1)) < |E — E'| < exp (— (6 + ¢7)L(Ep)N).

It implies
IL(B) — L(E')| < 4exp(—erL(Eo)N)
=4exp(— NL_’_le(EO)(N +1))
(4.8)

2
<dexp (- %@L(EO)(N +1))
< exp(- T L(E)N) < |E - E')°,
where 3 = 12%@’ only depending on p,q and w. By (1.9), we also have

|J(E) = J(E)| = |L(E) - L(E")| < |E — E'|". O
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