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ABSTRACT. — A celebrated theorem by Herman and Yoccoz asserts that if the rotation
number a of a C°°-diffeomorphism of the circle f satisfies a Diophantine condition,
then f is C°*°-conjugated to a rotation. In this paper, we establish explicit relationships
between the C* norms of this conjugacy and the Diophantine condition on «. To obtain
these estimates, we follow a suitably modified version of Yoccoz’s proof.

RESUME (Estimées de la linéarisation de difféomorphismes du cercle)

Un célébre théoréme de Herman et Yoccoz affirme que si le nombre de rotation
a d’'un C*°-difféeomorphisme du cercle f satisfait une condition diophantienne, alors
f est C°°-conjugué a une rotation. Dans cet article, nous établissons des relations
explicites entre les C* normes de cette conjuguée et la condition diophantienne sur
«. Pour obtenir ces estimées, nous suivons une version convenablement modifiée de la
preuve de Yoccoz.
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674 M. BENHENDA

1. Introduction

In his seminal work, M. Herman [5] shows the existence of a set A of Diophan-
tine numbers of full Lebesgue measure such that for any circle diffeomorphism
f of class C¥ (resp. C*) of rotation number a € A, there is a C*-diffeomor-
phism (resp. C°°-diffeomorphism) A such that hfh~! = R,. In the C*° case,
J. C. Yoccoz [14] extended this result to all Diophantine rotation numbers. Re-
sults in analytic class and in finite differentiability class subsequently enriched
the global theory of circle diffeomorphisms [9, 8, 7, 13, 6, 15, 4, 10]. In the
perturbative theory, KAM theorems usually provide a bound on the norm of
the conjugacy that involves the norm of the perturbation and the Diophantine
constants of the number « (see [5, 12, 11] for example). We place ourselves in
the global setting, we compute a bound on the norms of this conjugacy h in
function of the class of differentiability k, of norms of f, and of the Diophan-
tine parameters 8 and Cy of « (an irrational number o € DC(Cy, 3) satisfies
a Diophantine condition of order # > 0 and constant Cy > 0 if for any rational
number p/q, we have: |a —p/q| > C4/q*>*?). The dependency in Cy is particu-
larly interesting to study, because for any fixed 8 > 0, the set of Diophantine
numbers of parameter 8 has full Lebesgue measure. It follows that the control
of the conjugacy for a typical diffeomorphism, with fixed norms, is approached
as Cy — 0.

To obtain these estimates, we follow a suitably modified version of Yoccoz’s
proof. Indeed, Yoccoz’s proof needs to be modified because a priori, it does not
exclude the fact that the following set could be unbounded for any fixed X > 0:

Ex = {|Dhly /3f € Difft (T"), f = h"'Ryh,
a € DC(B, Cq), max (k, B, Ca, | D flo, W(f),|Sflk-3) < X}

where Diffﬁ_ (T!) denotes the group of orientation-preserving circle diffeomor-
phisms of class C*, Df denotes the derivative of f, W(f) the total variation
of log Df, and Sf the Schwarzian derivative of f.

These estimates have natural applications to the global study of circle dif-
feomorphisms with Liouville rotation number: in [2], they allow to show the
following results: 1) there is a Baire-generic set A; C R such that for any
f € D>(T?!) of rotation number o € Aj, there is a sequence h, € D>(T?)
such that A !fh, — R, in the C*-topology. 2) There is a Baire-generic set
Ay C R such that for any f € D> (T?!) of rotation number o € A, and any g of
class C* with fg = gf, f and g are accumulated in the C*°-topology by com-
muting C'*°-diffeomorphisms that are C'°°-conjugated to rotations. Moreover, if
B is the rotation number of g, R, and Rg are accumulated in the C'*°-topology
by commuting C'°°-diffeomorphisms that are C*°-conjugated to f and g.
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ESTIMATES OF THE LINEARIZATION OF CIRCLE DIFFEOMORPHISMS 675

1.1. Notations. — We follow the notations of [14].

— The circle is denoted by T!. The group of Z-periodic maps of class C"
of the real line is denoted by C™(T'). We work in D"(T'), which is the
group of diffeomorphisms f of class C" of the real line such that f —Id €
C"(T%). It is the universal cover of the group of orientation-preserving
circle diffeomorphisms of class C". Note that if f € D"(T!) and r > 1,
then Df € C™~1(T?).

— The Schwarzian derivative Sf of f € D3(T!) is defined by:

Sf=D?logDf — %(Dlong)?

— The total variation of the logarithm of the first derivative of f is:

n

W(f) = sup > " |log Df(ai41) — log Df(as)].
0<ao<<an<1375

— For any continuous and Z-periodic function ¢, let:
|¢lo = ll¢llo = sup |p(x)]-
z€R

— Let 0 <4/ < 1. The map ¢ € C°(T?) is Holder of order v/ if:
[¢(z) — o(y)l

|a: — y|’Y' < +o00.

6l = sup
z#Y
Let v > 1 be a real number. All along the paper, we write v = r + '
withr € Nand 0 <4/ < 1.
— A function ¢ € CV(T!) if ¢ € C™(T') and if D"¢ € C7'(T"). The set
C7(T*) is endowed with the norm:

61, = mas  max 107611, 1D7l,).

If y =0 or v > 1, the C7-norm of ¢ is indifferently denoted |/¢||, or
|¢|. Thus, when possible, we favor the simpler notation |¢|.
— If z € T! and % is a lift to R, then:

x| = inf |Z .
o] = inf |3+ p

— Forz,y e R, if z <y, [z,y] denotes {t e R,z <t <y} andif z > y, [z, y]
denotes {t e R,y <t < z}.
— For a € R, we denote R, € D*°(T") the map = — z + a.
— An irrational number a € DC(Cy, 3) satisfies a Diophantine condition of
order 8 > 0 and constant Cy > 0 if for any rational number p/q, we have:
P Cy
‘a - q‘ S
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676 M. BENHENDA

Moreover, if 8 = 0, then « is of constant type Cy.
— Let a_3 = a, a_; = 1. For n > 0, we define a real number «,, (the Gauss
sequence of o) and an integer a, by the relations 0 < o, < a,—1 and

Qp_2 = ApOp—1 + Q.
— In the following statements, C;[a, b, . ..] denotes a positive numerical func-
tion of real variables a, b, ..., with an explicit formula that we compute.
Cla,b,...] denotes a numerical function of a,b, ..., with an explicit
formula that we do not compute.
— We use the notations a Ab = ab, e(™ Az the ntl-iterate of z — expz, |z]

for the largest integer such that |z| < z, and [z] for the smallest integer
such that [z] > z.

We recall Yoccoz’s theorem [14]:
THEOREM 1.1. — Let k > 3 be an integer and f € D*(T'). We suppose that
the rotation number o of f is Diophantine of order 8. If k > 20 + 1, there

erists a diffeomorphism h € DY(T') conjugating f to R,. Moreover, for any
n >0, h is of class C*~1=8—n,

1.2. Statement of the results
1.2.1. C! estimations

THEOREM 1.2. — Let f € D3(T!) be of rotation number o, such that « is of
constant type Cq. Then there exists a diffeomorphism h € D*(T!) conjugating
f to R, which satisfies the estimation:

CI[W(f)>|Sf|O])
Cq ’

The expression of C1 .o is given in page 681.

|Dh|0 <eA (

More generally, for a Diophantine rotation number a € DC(Cy, ), we have:

THEOREM 1.3. — Let k > 3 be an integer and f € D¥(T?!). Let o € DC(Cy, B)
be the rotation number of f. If k > 28 + 1, then there exists a diffeomorphism
h € DY(T?) conjugating f to R., which satisfies the estimation:

(1) |Dh|0 SC2[kaﬁaCd7 |Df|0aW(f)7|Sf|k—3]

The expression of Co is given in page 693.
Moreover, if k > 38+ 9/2, we have:

(2)  |Dhlo <e® A (C3[B1CA[CIC5[ID flo, W (f), 1S Flo]C6lIS fl38+3/21]) -
The expressions of Cy,Co,Cs, Cy are given in page 695.
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Let =k —28—1. When § — 0, we have:

1
(3) |Dhlo <e® A ((7207[1@

Ca D S1o, W (11,11 + S Clk, Cu, DSl W), 191 15115])

where C[0] —5—0 0. The expression of Cs3 is given in page 695.

REMARK 1.4. — Katznelson and Ornstein [8] showed that the assumption k >
26 + 1 in Yoccoz’s theorem is not optimal (instead it is k& > 8 + 2). Therefore,
the divergence of the bound given by estimation (3) is because we compute the
bound of the conjugacy following the Herman-Yoccoz method.

REMARK 1.5. — Let «, be the Gauss sequence associated with a. Yoccoz’s

proof already gives the following result: if kK > 35 + 9/2 and if, for any n > 0,
(70

(4) > Gyl b, W(£), 1 Fli—s),

then:

|Dhlo < exp (Colk, W (), |S fli—s]“@) IDFI3.

The expressions of Cg, C 5, C1 5 are given in page 696.

1.2.2. C" estimations

THEOREM 1.6. — Let k > 3 be an integer, n > 0 and f € D¥(T!). Let a €
DC(Cy4, B) be the rotation number of f. If k > 23+ 1, there exists a diffeomor-
phism h € D*=1=8=71(T1) conjugating f to R, which satisfies the estimation:

(5) ||Dh|lk—2-p_y < e([og((k—2—=p)/n)/ log(1+1/(26+3))1)
N (011[777 k7 /8>Cd7 |Df|0) W(f)a |Sf|k—3]) .
The expression of Cs is given in page 712.
Moreover, if k > 38+ 9/2, we have:

(6) IDRl_»x___1

2(6+2) 2
< e A (ClRE® A 2+ Co[BICa[CalCalI D flo, W (£), IS Flo]Call S fle—s])) -
If a is of constant type, for any k > 3, we have:

Cra[W(£),15f10]1*
- G } )

(M) DA sm(@[k] (Coal W (£), 151

1
2
The expression of Cr is given in page 711.

REMARK 1.7. — In [3], we specify the dependency CIk] in the parameter k of
the C¥-estimates (u=%k—1—8—nor ﬁ + %), a dependency that is not
given in this paper.
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678 M. BENHENDA

2. Preliminaries

Let f € D°(T') be a homeomorphism and z € R. When n tends towards
infinity, (f™(z)—z)/n admits a limit independent of z, which is denoted by p(f).
We call it the translation number of f. Two lifts f and f’ of a given circle
homeomorphism f only differ by a constant integer, so this is also the case for
their translation numbers. We call the class of p(f) mod Z the rotation number
of f (and of f). We still denote it p(f). It is invariant by conjugacy.

Suppose, moreover, that f € D?(T'). When a = p(f) is irrational, Denjoy
showed that f is topologically conjugated to R, . However, this conjugacy is not
always differentiable (see [1, 5, 6, 15]). Its regularity depends on the Diophan-
tine properties of the rotation number « and the regularity of f (see Yoccoz’s
Theorem 1.1).

Let « be an irrational number. Let ||a|| denote the distance from « to the
closest integer, i.e.:

= inf |o — p|.
lall = in o —

Forn >1, a, > 1. Let a = Go + 1/(@1 + 1/(d2 + - - -)) be the development
of « in continued fraction. We denote it a = [ag, 41, do,...]. Let p_o =¢_1 =0,
p_1=¢q_o = 1. For n >0, let p, and ¢, be:

Pn = dnpn—l + Pn—2
qn = dnqn—l + Gn—2.

We have g9 = 1, ¢, > 1 for n > 1. The rationals p,/q, are called the
convergents of a. They satisfy the following properties:

L an = (=1)"(gno — pn);

2. an =||gnal|, for n > 1;

3. 1/(gn+1 + gn) < an < 1/gn41 for n > 0;

4. apio < %an, Qn+2 = 2qy, for n > —1.

The set of Diophantine numbers of constants G and C; is denoted
by DC(Cg4,3). The elements of this set are characterized by any of the
following relations:

1. |a = pn/gn| > Ca/q?T# for any n > 0;

2. Gpe1 < Cidq;? for any n > 0;

3. qui1 < Cidq}fﬁ for any n > 0;

4. apy1 > CqaltP for any n > 0.

All along the paper, we denote C/, = 1/Cy.

—Forz e R, let T(z) =« — 1, fpo(z) = f@TP(z), mp(z) = |fo(z) — 2|,

n > 1, let M,, = max,er my,(z) and m,, = minger m,(z) .
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ESTIMATES OF THE LINEARIZATION OF CIRCLE DIFFEOMORPHISMS 679

— For any ¢, € C7(T'), we have:

(8) |99l < ll9llol]y + 8][40
(9) ¢¢lly < l¢llolibly + 1811412 ]lo-

In the rest of the paper, for any integer i, C’if denotes a constant depending
only on W(f) and |Sf|o (ie., Cif is a numerical function of these variables).
Cif’k denotes a constant depending only on k, W(f), |Sflo and |Sf|x—3. C;

denotes a constant that might depend on k, W(f), |Sflo, |Sf|x—3 and also
and Cj.

2.1. C! estimations: constant type. — The proof of Theorem 1.2 is divided in
three steps. The first step is based on the improved Denjoy inequality, which
estimates the C%-norm of log D f%. In the second step, we extend this estima-
tion to log DfY for any integer N. To do this, following Denjoy and Herman,
we write N = Ef:o bsqs, with bs integers satisfying 0 < bs < ¢s41/¢s and
we apply the chain rule. In the third step, we derive a C-estimation of the
derivative Dh of the conjugacy h.

The first step is based on the Denjoy inequality:

PROPOSITION 2.1. — Let f € D3(T') and x € R. We have:
[log Df (z)| < W(f).

Proposition 2.1 is used to obtain an improved version of Denjoy inequality
[14, p. 342]:
LEMMA 2.2. — Let f € D3(T'). We have:
(10) [log Df|y < Cf;M}?
(11) IDfe —1]o < Cf, M.

Moreover, we can take:

Cfy = 2v2(2e" ) + 1)V D (S f]y) /2

and

of, = 6v2e3W DS 1|/,

In the second step, we estimate D log DfY independently of N. This step is
based on the following lemma:
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680 M. BENHENDA

LEMMA 2.3. — Let f € D3(T'). We have:

S VM < ——

120 ofs - ¢,

with
¥ 1
(12) Cys= 7
1+ e Cis

and:
(13) Cfs = 6v2¢2V D) (max (1S£[y%,1)) -
Proof. — To obtain this lemma, we need the claim:

CLAIM 2.4. — Let f € D?(T') be of rotation number «, and let p,/q, be the
convergents of a. Then for every x € R, we have:

[z, fir2(2)] C [z, fi2)].

Proof. — By topological conjugation, it suffices to examine the case of a rota-
tion of angle a. It is also sufficient to take x = 0.
Reasoning by contradiction, suppose that 0 < g — p; < 2(qi420¢ — Pry2).

Then —qi200 + pry2 < (@ — @42)a — (1 — Pi42) < @420 — pry2. Therefore,
0 < |(g1+2 — @) — (Pi42 — p1)| < |@i+20 — pi+2|. This contradicts the fact that

g2l = inf{]lgal|/0 < g < qi42}. a

Let I be an interval of length |I|. Lemma 2.2 implies the estimation:

[fre2 (D] ol

-

Let z € R be such that M5 = |f%+2(x) —z — pi42| and let I = [z, fir2(x)].
The former estimation implies:
Foasl/2
7102 () = 12 (2)| 2 eI My
By applying claim 2.4, and since M,, < 1, we obtain:
1/2

_f _f
Mpio+e 6 Myyg < Myyg+e CioMb2 M, 0 < M,

Therefore, for any [ > 0,

(14) M, < (Cf5)""
with )
050.3 = 7
1+ e e
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ESTIMATES OF THE LINEARIZATION OF CIRCLE DIFFEOMORPHISMS 681

Estimation (14) above giveS'

SV < -

= \/04‘31 \/053 =Vl —cl,

Hence we get Lemma 2.3. O

Now, let N be an integer. Following Denjoy, since « is of constant type, we
can write N = Y ;_big;, with b; integers satisfying 0 < b, < ¢i41/q < Cd_l.
By the chain rule and by Lemma 2.2, since for every y € R, Df~(y) > 0, then:

s bg
log D(fN)(y)| = |log D(f2i=0") ()| = | Y 3 log Df o fitt(y)]

=0 i=0

< sup blZ|log|D (f)ol < Ctcls > M.
0<I<s 1>0

By taking the upper bound on y € R and N > 0, we obtain an estimation

of supy>g |log D(fM)|.
We turn to the third step: we relate the norms of Dh and DfV. By [14], h
is C! and conjugates f to a rotation. Therefore, we have:

log Dh —log Dho f =log Df.
Hence, for any integer n:
log Dh —log Dh o f™ =log D(f").
Since there is a point z such that Dh(z) = 1, then we have:
|log Dheo f*(2)] = [log D(f")(2)| < sup|log D(f")lo-

Moreover, since (f"(z))n>0 mod 1 is dense in T, and since Dh is continuous,
then we obtain:
|log Dh|o < sup |log D(f*)lo.
>0

We conclude:

(15)  |Dhlo < exp (cd—lcfﬁx/ Clemax(M/”, M%) 41 (/M + \/Ml)) .

Finally, since max(Mol/Q,Mll/Q) < 1, we obtain:

|Dhlo < exp (C{Q/C’d)

where Cf , = 20{6 V€16 + 1. We recall that:
0{6 = 6v2e2V ) (max (|Sf|(1)/2, 1)) .

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



682 M. BENHENDA

COROLLARY 2.5. — Since m < exp (Supi20|logD(fi)|0), the proof
above also provides an estimation on m:

ming Dh < exp (C{_Q/Cd) .

3. C! estimations: non-constant type

We have max,>o |Df"|o < max,>oM,/my, by [14, p. 348|. Therefore, in
order to prove Theorem 1.3, we can estimate M, /m,,. To that end, we proceed
in two steps: first, we establish some preliminary results. An important result
is Corollary 3.6, which gives an estimation of M, 1/M, in function of M,,
Qnt1/an and a constant C{l’k. This estimation is already given in [14, p. 345],
but we still recall the steps to reach it, because we need to estimate the constant
Cink in function of k, W(f), |Sflo and |Sf|k—s.

In the second step, we establish an estimation of the C'-conjugacy, based
on a modification of the proof given in [14]. The main idea is to establish
an alternative between two possible situations for the sequences M,, and a,:
the “favorable” situation (R,) and the “unfavorable” situation (R) (Proposi-
tion 3.10). The “unfavorable” situation only occurs a finite number of times,
due to the Diophantine condition on « (Propositions 3.13 and 3.15).

In the “favorable” situation (R,,), we can estimate M, 1/ap4+1 in function
of M, /o, (see estimation (31)) and likewise, we can estimate ou,y1/Mni1
in function of «,/m,. Therefore, we can estimate M,/m, in function
of M,,,/mny,, where ny is the integer such that for any n > ny4, only the

2

any

favorable case occurs (see Proposition 3.20). We relate M,,, /m,, to Df|,
(Proposition 3.18), and we compute a bound on «,, (Proposition 3.16).
Yoccoz’s proof needs to be modified because in its original version, it does not
allow to compute a bound on a,.

3.1. Preliminary results. — We recall the following lemmas, which are in [14]
(Lemmas 3,4 and 5):

LEMMA 3.1. — Forl>1 and x € R, we have:

Gny1—1 -1
i l f Mn
2, (Pre) < Gl oy

with CL.(1) = eW (),
REMARK 3.2. — This lemma is obtained by applying Denjoy inequality.
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LEMMA 3.3. — Let f € DF(TY), k > 3. For any z € R, any n € N, any
0 < p < gn+1, we have:

My,

(16) S£7 @) < O3
M,/?

(17) [Dlog Df* ()] < Cly s

with Cfs = |Sfloe®™ ") and Cf, = 9,/2[S floe™ ().
LEMMA 3.4. — For1<r<k—-1,n2>0,0<p<qnt1, z € R, we have:
ML/ }

M (T)

(18) D" log Df?(x)| < Cfy(r) {

with
Clo(1) = Cf7, CLy(2) = 82|Sfloe®™ )
and, forr > 3:

r!

Cfo(r) = [82(2r)*" (max (1, [Sf|,—2))” eV A)]

In particular,

_ (k—1)!
CfiF = Cly(k — 1) < [100(2k — 272 (max (1, |Sf|4—s))? BV

Proof of Lemma 3.4. — The proof follows the line of [14], Lemma 5. See Ap-
pendix 5 for details. O

The important preliminary result, Corollary 3.6, is obtained from the fol-
lowing proposition. It is obtained by computing the constants in Proposition 2
of [14]:

PRroPOSITION 3.5. — Let
(19) CHi* = (k +3) DI (max(1, 15 f]-)) .

For any x € R, we have:

(20)  |mnsa(@) — 2, (x)

< O [MFD 2, (2) + MY Pmp i ()]

O
COROLLARY 3.6. — We have
Oén+1 + CgikMy(Lk_l)/2
(21) Mn+1 S Mn S & 172
1— iy
On 41 _ Cf,kMT(Lk—l)/2
(22) Mn41 > My L 2

1+ ClF M
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684 M. BENHENDA
The proof of Proposition 3.5 combines the following three lemmas [14, pp.
343-344] (Lemmas 6, 7 and 8):

LEMMA 3.7. — For any x € R, there exists y € [z, fn(2)],2 € [z, fo+1(2)]
such that

«o
Mpt1(y) = ;H My (2).
n

LEMMA 3.8. — Suppose that m,41 is monotonous on an interval I, =
(2, fn(2)), z € R. Then, for any x € R, for any y € I, (I, = (z, fu(x))), we
have:

Mn+1(Y) —1l< C{ékMﬁ/z
Mp+1(T
with
C3s" = 2°(k + 2)e AV ID () cf;.
LEMMA 3.9. — If m,41 is not monotonous on any interval of the form I, =

(2, fn(2)), z € R, then for any x € R, y € I, we have:
(M1 (y) = Mg (2)] < CLEMEDm, (2)

with

(k/2+2W () _ 1\ "}
k e
CLF = (€ (k — 1))V D) (e(k/2+2)W(f)(1 4 W) T )

Proof of Proposition 8.5. — The proof of Proposition 3.5 from these three lem-
mas is also found in [14, p. 344]. Let z € R and y € I, z € [z, fr+1(z)] the
points given by Lemma 3.7. By combining Lemmas 3.8 and 3.9, we obtain:

M1 (y) = Mg (2)] < (max (CF, CLF)) (M 2mpsa () + MED2m, (2))
Moreover, by Lemma 2.2, we have:
[ma(2) = ma(2)] < M2z — 2| < OL M2 (2).
By applying Lemma 3.7, and since a1/, < 1, we get:

an—l—l

e’
< (M) — ;+1mn(z)

n

Mg () — + [mn(2) — my(z)]

Qn

Qp41
Mpt1(z) — o my ()

- < g1 (y) = magr (@)] + [mn(2) — ma(z)].-

Therefore, we have:

o
Mpt1(T) — ;H M ()
n

with CJ}* = max(Cf3F, Cgék) +cf.
Finally, we compute an estimation of sz;lk. Details can be found in [3]. O

< O (MY mnsn (2) + MEDPm, ()
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ESTIMATES OF THE LINEARIZATION OF CIRCLE DIFFEOMORPHISMS 685

3.2. Estimation of the C''-conjugacy. Proof of Theorem 1.3. — We choose an in-
teger ni such that for any n > ny, we have:

n—1

(23) Cii* M,/ < 037 (C45)"F < 1/2.
We can take:
K
[ —10g (2¢f*/(c{)1/?) |
ny = .
| wg(cf2) |
We choose a parameter ¢ such that (k+1)/2—-6 > (1+ 58+ 0)(1+ ) (for
the interpretation of this parameter 6, see the remark after Proposition 3.10.

For example, we cannot take § = 0 because we need that the infinite product
:gol (1+ MY) converges). We can take:

e o= (12 (5) (2 () )

(in the proof of estimation (2), we take § = 1/2 instead).

Forz>0,1+z<e”andfor0 <z <1/2,log(1/(1—-z)) <z/(1—-=z) < 2z.
We apply estimation (14), we use the definition of n; and the fact that < 1/2.
We get:

Too o0 1
IT (@ +82) <exp ( > va) < exp <zogf(1 - (c{3>9>>

n=ni n=ni

I () <o (3 2oftany 1

—— | <exp 2C5; M}L 2) < exp () .
n=ni 1- CinkMTIL/2 n=ni ]‘ - (05.3)1/2
Therefore,
+oo 9
1+ M, 2
(25) 11 (W) < exp (m)
n=n, 1- C2i Mn 1- (02,3)
Let:
2
Cos = exp () .
1-(C45)°

Let:
(26) C26 = max ((4Cgik) CEDIEDES Czs) ~

Let: )

—log (2(C:
Cor — g(—<f26>) ey
log C 5

For any

(27) n Z 027
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we have:

f yn—1 1
(28) M, < (0f0)" < 5o
We use this estimation in the second step of the proof, to which we come
now. Let:

(29) ng = max(nq, fig)
where
. 4
(30) ng = {027 + log 2 log(1/Ca) + 2J .

Having defined the integer ny, we can present the alternative between the
“favorable” case (R, ) and the “unfavorable” case (R)).

Let an, = 1/((Ca6)?). Let 1 > 1, > 0 be a sequence such that a,, = ai;q".
For any n > no, we can define a sequence a,, by: if

n 1+ M?
(Rn) CgikMT(Lk-&-l)/Z—e < Mn% then anyi = a"+7knl/2
Qn 1- Cin M,
and if

k — On41
(R.) CLFMF+D/2=0 5 M, g+ then an 1 = an.
n

We can also define a sequence p,, such that M,, = a,of".

PROPOSITION 3.10. — We have 1/((C2)?) < a, < 1/Cas and p, < 1.

Moreover, if (R,) holds, then ppt1 > pn + mn(1 — pp), and if (R]) holds,
then pny1 > ((k+1)/2 —0)(1 — np)pn- In particular, the sequence (pp)n>n, @S
increasing.

REMARK 3.11. — The threshold between the alternatives (R,) and (R]) is
controlled with a parameter 6, which could be freely chosen such that § > 0
and (k+1)/2—-60 > (14+ 8+ 0)(1 +0). When 0 increases, the number ng of
occurrences of (R]) increases. When nj increases, all other quantities being
equal, the bound on the norm of the conjugacy increases. Moreover, if 6 gets
too large, we can no longer show that ng is finite (see Proposition 3.15), and
therefore, we can no longer estimate the norm of the conjugacy.

On the other hand, when 6 decreases, Csy5 increases. It increases the number
ny above which we consider the alternatives (R,) and (R],). Ca2g increases too
(see Proposition 3.20). When Cs5 and Chg increase, all other quantities being
equal, the bound on the norm of the conjugacy increases. Moreover, when
0 — 0, Cy5 — 400, which makes this bound on the conjugacy diverge.

Thus, the variation of # has contradictory influences on the bound of the
norm of the conjugacy, and there is a choice of § that optimizes this bound.
However, in this paper, we do not seek this optimal 6, since it would complicate
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further the expression of the final estimate. Instead, in estimation (2), we fix
0 = 1/2, which allows simplifying the expression of the estimate. In estimation
(3), we take § — 0, which also allows simplifying the estimate.

Proof of Proposition 3.10. — For any n > ns, since ny > ny,
+o00 /]
1 1+ M > Cos 1
a <a,<a — " ) <2< —
T2 C n na ngl (1 _ C 1/2 C226 026
and since

alr > apnabn = M, > a,
then p, < 1.
Second, if (R,,) holds, then by applying Corollary 3.6, we have:
1 + Mg M Op41

31 My < .
(31) ntl = 1— clF v "y

Therefore,

n—1 (I=nn)(pn—1)
M1 = app10 < apgr0np108" ™ = appianqia, 00"

and then:
pt+1— 12> (1 =n,)(pn — 1)
hence the estimation:
Pr+1 > P+ 1Mn(1 = pn).
If (R])) holds, since Cf kM2 < 1/2, then by applying Corollary 3.6, we
obtain:
My < 40§ MHD/270,
Moreover, since a,, < 1/Cy < 1, then:

alk+D/2=0 < GU+B+0)(140) _ g o (1+6+6)(140)-1 4n Gn
< a, = nlp < (+5+0)1+0)-1 S E
s 405

Therefore, by combining these two estimations, we obtain:

An1087H = My < ACHFMFH1/2-0
< 4CTE /270000 (5+1)/2-0) < g o on((k+1)/2-6)

Moreover, since a,+1 = a,, then
1 < (pn((k+1)/2 9))(1 nn) Pn+1

hence the estimation:
pr+1 2> (pn((k+1)/2 = 0))(1 — n). O
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The reader can notice that until now, we have not used the Diophantine
condition on « yet. Now, we introduce this condition in order to estimate pp,,
from below (Proposition 3.12), and in order to determine a bound p above
which (R,,) always occurs (Proposition 3.13).

ProPoOSITION 3.12. — If B > 0, we have the estimation:
S log 2
Pre = (W B+ = D)log(1/Ca) [B°

If 8 =0, we have the estimation:

S log 2

P2 = (ng + 1) 10g(1/Ca)
Proof. — Since « is Diophantine, we have: ani1 > CgaltP. Therefore,
for 6 > 0,

1 log(1/C log(1/C
tog () + /%) < (1.4 ) (1o 1/, + EL/C))
Un+1 B B

and since a_; = 1, then by iteration, for any n > 0,

log (1/ay) < ((1+ 8)"! — 1) log(lﬁ/cd).

If 8 =0, we have:
log (1/a,) < (n+1)log(1/Cy).

Moreover, since p,, = —log(M,,/an,)/log(1/ay,) and M,,/a,, < 1/2,
then we get Proposition 3.12. O
PROPOSITION 3.13. — Let 8, = 3+ %. If

P
(32) mZ a2 "

then (R,) occurs.

REMARK 3.14. — Note that p < 1, because (k+1)/2—60 > (1+8+6)(1+0)
and B < 8 +1/2.

Proof. — Since o, < (1/2)%1, then

log Cy <= log Cy

33 0< .
(33) log o, — ”T_llogZ

1
Furthermore, since a1 = an ™ > C’doz}fﬁ, then

1 log ay, > 1log Cy + (1 + 8) log auy,
—

TOME 142 — 2014 — N° 4



ESTIMATES OF THE LINEARIZATION OF CIRCLE DIFFEOMORPHISMS 689

and since log o, < 1 for n > 0, then by (33),

log C log(1/C
1-mn, log o, 5= log 2
Therefore, if estimation (32) holds, then
k-1 ) 1
—— =0 ppt+1-— >
< 2 potl=g——20

and therefore,

1\ (7 =0)pnt1-=
(=) =

Qn

Q41 Apt1 kg bl g 1 (L9
M, = anaﬁni > ana; 2~ _ M,2> an (%9

k+1 k+1_p k+1 _
> M,,? 90262 0 12]\4n2 002(é+ﬁ+6)(1+0) 1.
Therefore,
Btl
M, 2L > ofk g, 0 O
PROPOSITION 3.15. — Let n3 be the number of times the alternative (R),)
occurs. We have:
lo n
(34) ng —ng < max | 0, %
log ( 1+81 )

Proof. — If p,, > p, then (R),) does not occur for any n > ny. We suppose
Py < p. For any n > ng, since

(k+1)/2—-0
k+1)/2—-6)(1—-mn,) > ———
(k+1)/2=6)1—mn) > 115
then
E+1)/2-6\"""
o (020,
1+ 5
Moreover,
E+1)/2-0\"""
(Ernoy™,
+ 61
when log(p/pn)
og(p/pn
" (EpTy -
0g 1461

The next proposition gives a lower bound on «,,, which allows computing
a bound on the C*'-conjugacy.
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PROPOSITION 3.16. — Let ny > 0 be the smallest integer such that for any
n > nyg, (R,) occurs. We have:

tn, > ORI/ (=) (146)

Proof. — First, we suppose nyg > no + 1 We need the lemma:

LEMMA 3.17. — The set

{p=n2 / D na=nz—mna+p/(1-p)}

n=nsa

is not empty. Let ns be its minimum. We have pp,+1 > p. In particular, for this
integer ny, we have that for anyn > ns+1, (R,) occurs. Moreover, ns > ny—1.

Proof. — First, let us show the existence of ns. By absurd, suppose that
—+o0
> e <nz—na+p/(1-p).
n=ns3

For any 1 > = > 0,

1 ( L )< “”
o .
& l—2/ " 1—2x

Therefore, for any integer p > ny + 1,

() <o (S 52 )

n=nsa n=ns

Moreover, ﬁ <1+ B4 for any n > 1. Therefore,

p—1
> g S (g —matp/(L= )1+ ).
n=ns n
Since 1, < 1, then 222:—01 7 < ng. Therefore,
p—1 "
1 _"77 < (n3+p/(1 = p))(L+ B1).
n=0 n

Moreover, since ag = a > Cy then for any p > ng + 1:
0y = alli=o(=7) 5 cop((nato/ (=) (+01),
However, since a; > 20,42, then o, — 0 when p — +oo. Hence the contra-
diction and the existence of ns. Note that ns + 1 > ngy.
Second, let us show that p,, 11 > p. If there is ng < ns such that p,, > p,
then pn,4+1 > p because the sequence p, is increasing. Otherwise, for any
n < ng, we have: p,, < p.
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Let By = {ns > n > ny /(R,) occurs} and Fy = {ns > n >
ng / (R],) occurs}.
We have:
ns
n3_n2+££ Z NMn = Z Nn + Z M < Z Nn + N3 — Na.
n=ng nek; nekE; nek;
Therefore,

> na>p/(1-p).
nek;
Since p,, is increasing and p,, < p, we get:
ns

Prs+1 = Pny T Z Prn+1 = Pn

n=ns
Prs+1 = Pny T Z Prtl — Pn 2 Py, + Z (1- pn)nn
nek, neE,
> oy +(1=p) > 1 > p. O

nekq

Now, let us show Proposition 3.16. Since 7,, < 1 for any n, then we have:

ns
n3—n2+1+1i> ZnnZns—anrL.
—p 1-p
n=ns
Since
p ns n4—1
_p n=nsg n=nsz

then by proceeding in the same way as in the first part of the proof of
Lemma 3.17, we obtain:

(35) Oy > CZXP(("3+1+P/(1_F7))(1+,81)).

Finally, if ny < ng, then as in the proof of Lemma 3.17,

ng—1 1
Qn, = o "=° (=) > Cdexp(nz(l-i'ﬂl)).
Therefore, the estimation given in Proposition 3.16 still holds. O

Having bounded «,, from below, we show how this bound is related
to My, /m, (and therefore, how this is related to the conjugacy).

ProproOSITION 3.18. — Letn > 1. For any j <mn,
M. 2
—L <3|Dflg"-
m;

Proof. — We need the following lemma, which is in [15, p. 140]:
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LEMMA 3.19. — For any z € R, let J, = [f;1(x), fu(z)]. The intervals
fiT*(J,), 0 <4 < guy1, k € Z, cover R.

First, note that since f(z + 1) — f(z) = 1, then |Df|p > 1. Let z,y € R be
such that M,, = m,(z) and m,, = m,(y). Let 0 < i < ¢,+1 and k € Z be such
that x € fiT%(J,). We have:

Fmr(y) —k+pn <z < f(y) —k—pn
F'y) =k < fulz) < f1729 (y) — k — 2p,.
Therefore, [z, f9(x)] C [f*~9 (y) —k+pn, f729 (y) —k—2p,,]. This implies:
M, < f20(y) —k —2pp — [ (y) =k +pn
My, < f720(y) — fH0 (y) + F757 (y) — fy) + () — £ (y) — 3pn
My, < fH (i (y) — A (y +pa) + £ (" () — £ (y + pn)
+ (W) = f(y + pa)
M, < (IDf** %o + |Df*|o + |Df* =" 0) (f™ (y) — y — Pn)
and therefore,

Mﬂ i i i— ntdn
< (IDFF o+ [Dfo + |IDFTo) < 3D

n

Since ¢ + Gna1 < 2¢p11 < %, and since ., is decreasing, we obtain Propo-

sition 3.18. O
ProrosIiTION 3.20. — For anyn > 1,
M, M,
(36) — < Cp—=
n mn4
with:

210 _ 1 (Cf,)m2—1)0 f \(na=1)/2
(37) Chog = exp (2(2026) 1(Cy.5) f7k(02.3)> .

+
(2C%)° =1 1—(Ci,)° - (cf )2

Proof. — Since for any n > ng4, (R,) occurs, then by Corollary 3.6, we have:

Mn+1 < 1+ MS Qn 41
My ~1-cffm)? an
Mnp41 > 1- Mz On41

Therefore,

My /mns1 _ 14+ Mg 1+ CH M2

38 .
(38) My/mn = 1=MEq — cfFpn/?
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Therefore, for any n > ny4,

M, _ My, ﬁ 1+ MY 1+ CfF M)
My ~ M, Pt 1— MJ‘? 1— Cgiijl/Q.

We finish the proof of estimation (25), using that ngy > ng) and for j > ng,
M; < 1/(2C%). Detailed computations are in [3]. O

Proof of estimation (2). — By combining Propositions 3.18 and 3.20, and
since by [14, p. 348], | Dhlo < sup,,»q Mp/mn, we get:
2
(39) |Dhlo < Ca9|Dflg™
with
Cag = 3C5s.

We estimate Cag: since (22 —1)/(z—1) =2+4+1/(x—1), since (05.3)("2_1)9 <

1/(2(C2)?)? and since § < 1/2, then:

ex ; i 1
Cas < exp ((2 T @Cayryr —1 T3 ) (2(Ca6)?)°(1 — (05.3>">> '

Since Cﬁl.s > 1, we get:

2
(40) |Dhlo < Cs0|Df[g™,
with

. S Y :
Cio = 3e A <(2+ e =1+ k) (2(Cae)2)°(1 - (05”.3)9)) |

We estimate C3o using expressions of 6 (see (24)), of 05.3 (see Lemma 2.3)
and of Cy (see (26) and Proposition 3.5).

We estimate «,, using Propositions 3.16, 3.15, 3.13, 3.12, and the expressions
of nay (see (2)) and estimates of 6, 05_3 and Cyg. We get:

|Dh‘|0 S CZ(k:?ﬁa Cd7 |Df|0a W(f)7 |Sf|k‘—3)
where Cs is the combination of the following functions:
—1/2
1. 05.3 = (1 +eA (—6\/§e2w(f) (max (|Sf|é/2,1)))) / (since [Sflo <

|Sf|k—3, we can estimate 05.3 in function of W (f),|Sf|k—3);
2. C«gik _ (k + 3)(k+3)!e(k+3)!W(f)(maX(L |Sf|k_3))(k+1)!;

3. 0 = min (1/2,(#) (_1+ 1+%));

2
TN KN\ T
4. 026 — max (el (C5 3) , (40{1 )(1+5+9)(1+9)—1 );

_ log(2C35) | 2log(1/Ca) 2cdi*) .
5. ng = Lmax (— longz + 910g2d +272+W Jy
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ﬁ ﬂ+ 21og(1/Cyq) .

(n2—1)log2’

ng = [W (n2(1 +log(1+ B)) + log (%))];

1+61

P = k 5
= Can (e ((ns+1+ 225) (14 50));
10. o = 3e A ((“ e +308") 1 );
2

5990.\'.@
m

(2(C26)2)? (1-(C{ ,)?)

11. |Dhly < Cso|Df|y "

Note that we have a bound a;, < ayn,, but we do not know the value
of an,. O

In order to obtain relatively simple estimates, we can take the parameter 6
(defined in (24)) either vanishingly close to 0 (estimation (3)), or fixed inde-
pendently of the other parameters (estimation (2)).

3.3. Proof of estimation (2). — When 8 is fixed independently of the other pa-
rameters, we need to assume that k — 23 — 1 is sufficiently large, in order to
keep (k+1)/2—0 > (1+ 8+6)(140). To illustrate this case, we take § = 1/2,
which requires k > 38 + 9/2 (for any fixed 6, we cannot obtain an assumption
of the form k > 20 + u for some number u: we necessarily have £k > A3 + u
with A > 2).

To simplify the function Cs, we successively estimate Coag, o
tails of the computations are in [3]. We have:

!
n, and na. De-

36+1
Caog < exp (0262 )

where Cys and Cag defined in Proposition 3.20 and (26) respectively. We also
have:

(41)
1 1
< (07) NeA ((ﬁ+ 3/2) (2 (3/2) (2+log(1+ 5) + loglog(l/Cd)))>
(42)
nz < Ca1(W(f), S flo) (k + 4)1(1 + log(max(1, [S fx-3)))(1 + log(1/Ca))

with:

Cu2(W(f),|Sflo) = € A BW(f) + 2log(max(L, |Sflo)) +4) -
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By combining these estimates, and after some computations (that can be
found in [3]), we obtain:

(43) [Dhlo < e® A (84 3/2)(8+ 3)(k +4)!1Cs(1 +1og(1/Ca))?
(1 + log(max(1, |Sflx-3))))

with Cy = 10(1 + log® (|Df]0))e® A (3W(f) + 2log(max(L,|Sf|o))) + 2).
This estimation of |Dh|y is increasing with k. Therefore, to obtain a bound
as low as we can, we take k = [35 + 9/2]. We obtain:

|Dhlo < e® A (C2[B]Ca[CCa[|D flo, W (), IS£lo]C2l|S fI3p43/21])
with:
L. Go[B] = ([38+21/2])}
2. Co[Cy] = (1 +1log(1/Cy))?%;
3. Co[|Dflo, W(f),|Sflo
= 10(1 +10g® (| D f]0))e® A (3W(f) + 2log(max(1, ]S flo))) + 4);
4. Co[|Sfl13p+3/21] = 1 + log(max(L,[Sf|[3p+3/27))-

3.4. Proof of estimation (3). — Let 6 = £k — 25 — 1 and 8 > 0. We make a
Taylor expansion with § — 0 (since k > 3, this implies automatically 5 > 0).
To estimate |Dh|y, we successively estimate na, n3, p/(1 — p) and «},,. Details
of the computations can be found in [3].

2
Since B > 0, then for § sufficiently small, Cog = e'~“22° . This makes the
dependence on k and |Sf|x—3 disappear. We have:

4 2log(1/C 1 1
ng = 7 + og(1/ d)>—|—0().
(log 02.3)2 ].Og2 0 0

We denote C3y =

21 1
m and C33 = %. We also have:
08 a3

(1+B)*(Cs3 + C32) 1
92(4+3;ﬁ) : +0<97)'

Moreover, p/(1 — p) = 0o(1/82) (we recall that 1/ = o(1/§?%)).

(44) ng <

We have: o )
oz en (G oo (2))
with:
~ (k+5)%(k+1)3 2log 2
Calks Cas WU 181 = =500 ( (oo e +10801/Ca) )

We recall that:
sz.s = (1 +eA (—6\/§e2w(f) max (|Sf|(1)/27 1)))—1/2 .
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We have:

|Dh|o < Cs0|Dflo A (e A (e A (5%03 + 0(1/62)))> :

Since |loglog | D f|o| < e°(1/%*) and |log Cs0| < eAeA(0(1/6%)), we conclude:
1
DIy < @ & (O, Ca WP 1SFlo] + 0(1/5%)).

In estimations (2) and (3), three iterations of the exponential appear. This
calls for explanation. A first exponential comes from the estimation |Df™|y <

2/an . .
C|\Df |0/ *, where n4 is the rank above which the “favorable” case always
ng—1 1
occurs. A second exponential comes from writing oy, = aj "=’ (1’"”). We

bound each 1—1n using the Diophantine condition, and a third exponential

comes from the estimation [],cp <#) < C™7 ™2 where F5 is the set and
2 \1-n,
n3 — ng is the number of “unfavorable” cases.

This number is bounded logarithmically, by C'log Cy. However, Cqq is
bounded by an exponential of the parameters. Indeed, when § is small,
Cy6 ~ €3, which gives estimation (3). Otherwise, Cag ~ Cgl’k. In this case,
Cgik ~ CF. Indeed, in Lemma 20, we need k — 1 iterations to estimate
|D*~Ylog DfP(x)|o (p < @ni1), an estimation that, in turn, gives an estimate
of Cgik. This gives estimation (2). Thus, we have explained the occurence of
three exponentials in the estimates.

Since the number of “unfavorable” cases drives the dominant term of these
estimates, they can be substantially improved when the “favorable” case always
occurs. In Remark 1.5, we make this assumption, together with the assumption
k > 38 + 9/2. Thus, we can take # = 1/2, and a sufficient condition for the
occurrence of the “favorable” case is:

"> O (Cf) "V = Csln b 5, (D), IS 1ks)
which decreases geometrically with n.
We recall that:

—-1/2
02f.3 = (1 +eA (—6\/§e2w(f) max (|Sf|é/2, 1))) /
CLiF = (ke + 3) ) eFHWW (max(1, |S f|—s)) F T,

We obtain the following estimation:
|Dhlo < exp (C5lk, W(£),|Sfle-s]“>) |Df[3
with:

38+1
5

Cusll W) 15 las] = max (=17 40f ), Crslp) =
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Note that numbers of constant type do not always satisfy (8) for any n (they
only satisfy it above some rank). Moreover, there are numbers satisfying (8)
that are not of constant type.

4. CF estimations

In this section, we compute estimates of higher order derivatives of the con-
jugacy h in function of bounds on the first derivative of h. We compute the
values of some of the constants appearing in Yoccoz’s proof [14] (we do not
compute the dependency in k). However, in order to obtain our result, we need
to modify slightly the proof of Proposition 5 in the work of Yoccoz [14]. If we
strictly followed Yoccoz’s proof, we would find an estimate that depends on the
C'-norm of h, and on k, 3, Cq, W(f),|Sf|x—3, |D¥~*1log D f|o, but this estimate
would diverge as f gets closer to a rotation.

The proof has four steps. We let real numbers 0 < 79 < 71 < g(70), with
9g(v0)=((1+B)vw+k—(2+08))/(2+ B), and we let an integer N. In the first
three steps, we compute ||log DfV||,, in function of sup,s || log Df? |, (es-
timation (45)). In the first step, using convexity estimations (Proposition 4.7)
and a consequence of the Faa-di-Bruno formula (Lemma 4.6), we establish an
estimation of || log Df%||., for 0 <y <k —1 (Lemma 4.8).

In the second step, we obtain an estimation of ||log Df"%|,, 0 < n <
gs+1/gs for 0 < v < v, (estimation (58)).

In the third step, we write N = Zf:o bsqs, with bs integers satisfying
0 < bs < gs41/4gs, in order to get an estimation of || log Df"||, in function
of sup,> || log D f?|,,. Thus, in these three steps, the aim is to establish the
following proposition:

PROPOSITION 4.1. — Let 0 < 9 < 71 < g(70) = w. We have:

(45) [llog DfN],,
4
<eA (%(kﬂ) <log<c;1> + O+ C(k) (1 +sup || log Dfpllv(J)) ) :
p>0

The expressions of Cgs and Cfék are given in page 710. C(k) denotes a
positive numerical function of the variable k£, with an explicit formula that we
do not compute, and this is why it does not have a sub-index.

In the fourth step, we iterate this reasoning: the inductive step is given
by Proposition 4.1: if we have an estimate of supys [|log DfY
can get an estimate of supysg ||log DfV||y.,, for v < vip1 < g(7i). We can
initiate the induction with '}Z) = 0, because we have C! estimates. We take
Yi+1 = 5(g(7i) + i) and we have:

~;> then we
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lim; 4o 7; = k—2— 8. Thus, we can obtain an estimation of | Dh||x—2—g—y.
In all the rest of the paper, we denote:

M’ = exp <Sup |log D(fi)|0)

i>0
M = exp (SEIO) || IOgD(fi)||70> :

Note that M > M’ > 1.

The constants C(k) only depend on k. This dependency is not specified. C
denotes a numerical constant (independent of all parameters) of unspecified
value. Numbered constants C;, i integer, can depend on constants C(k) or C.

4.1. Estimation of || log Df%|,, 0 < v < k — 1.— The following lemma is a
converse of the implication used in [14, p. 348], according to which if M,,/m,,
is bounded, then the conjugacy of f to a rotation is C':

LEMMA 4.2. — Let M’ = exp (sup;s¢ |log D(f%)]o). Then we have the follow-
ing estimation:

% < M.

m,
Proof. — Let € > 0, z,y be such that M,, = |f?(z) — = — p,| and m,, =
£ (y) =y — pnl-

Since fP(y)p>0 mod 1 is dense in T', then there is a positive integer | and

an integer k such

that |f!(y) — z — k| < min (m,e). Moreover, m,, = |fi¥(y — k) — (y —
k) = pnl.
Then we obtain:
£ (z) — = — pal
< |fo (@) = fo (f'ly) = I+ Iy = k) = flly =R+ 1 (y — k) — 2]
< |Df'olf* (y — k) = (y — k) — pu| +2¢ < M'm,, + 2¢
for every € > 0. O

The C7-norms, when +y varies in R™, are related with each other by convexity
inequalities (also called interpolation inequalities):

PROPOSITION 4.3. — Let 73,73 € RT with 0 < 7y, < 3 and 3 > 0. For any
¢ € C3(T1), we have:

J3 -2 2

18]l < Cy3) lIllo ™ ligllss -
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Using these convexity inequalities, we establish various relations, among
which is the important Corollary 4.5, which relate the norms of log D f™ and
those of Df™ — 1.

For0<v <y <k-—1, v #0, and n € Z, Proposition 4.3 gives:

(46) g Df"[ly, < C(92)M )| log D" 33/
(47) IDF" =1y < Clya)M COD|Df™ — 1|7/,
For n > 0, j € Z, we have:
(48) I(DfYllo < Mt
and, for 0 < ' < 1, since |Df" — 1|, = |Df"|:
(49) (Df"Y ]y < 1GIM VD™ = 1]
Therefore, for 0 <~ < 1, ¢ € C7'(T'), we get, by the relations (8) and (9):
(50) 1D gl < CHM D (1]l + DS = 1l lIgllo)

where C(j) denotes a positive numerical function of the variable k, with an
explicit formula that we do not compute, and this is why it does not have a
sub-index.

Let A = X7' .. -lel be a monomial of [ variables, such that [ = 22:1 Dip =
1. Let 0 <+ < 1, n € Z. We estimate ||A|,, when X; = D*log Df™ or when
X; = D1 f" supposing that | ++' < k — 1.

The relations (8) and (9) allow estimating ||Al|,» by a sum of less than 2!
terms of the form || X, |4/ [|A/Xpllo, 1 < p <1, jp # 0. By relation (46), we
have:

ID”1og D™y < CMED | log D f" |77/ ¢+
||Dp+1fn||’yl < C(Z)Mc(l) ”Dfn 1||(P+7 )/ (1+~")
” A(DlogDf™,...,D'log Df")

Drlog Dfn .
A(D?2f™, ..., D) cu n _q)|0-p)/ ()
H Dp+1fn 0 s M ()”Df 1||l+’Yp ’

Scheme of the proof. — The first two estimates are straightforward. For the
third estimate, we write

A(DlogDf™,..., D'log Df™)
Drlog D fm
= (Dlog Df")"* - (D"log Df"y" - (D'log Df")"
we apply estimation (46) to each D%log D f™ and we use that 3 jx <.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



700 M. BENHENDA

The proof of the fourth estimate is analogous, by noting that for ¢ > 1,

DYDf"™ —1) = Dt fn, O
Therefore, when X; = D*log Df"™, we get:

(51) 1A], < COMEY || log Df™[|is+

and when X; = D1 fn,

(52) 1A, < COMEDDF™ = 114y

Using Appendix 6, this allows obtaining the following lemma:

LEMMA 4.4. — Let P be one of the polynomials of Appendix 6. P is a polyno-
mial of | variables X1, ...,X;, homogeneous of degree | if X; has a degree of i.
For every n € Z, every 0 <+’ < 1, we have:

IP(Dlog Df", ..., D'log Df™)||y < CYM V][ log D f™ 14+
2 rn I4+1 £n
P DJ ,...,D /
Dfr Dfr

COROLLARY 4.5. — Forn € Z, 0<y<k—1,v=|v]+79,0<~+y < 1. we
have:

(CMED)THDf™ =1l < [[log Df* ||y < C(y)MED[Df™ — 1],

< COMODIDF™ =114y

'Y/

Scheme of the proof. — For 0 < v < 1, we prove the estimates directly, using
that logz <z — 1.

When v > 1, for the right-hand side of the estimation, we use formula (77)
in Appendix 6 and the second estimate of Lemma 4.4.

For the left-hand side, we apply formula (76) in Appendix 6, the first estimate
of Lemma 4.4, relation (50) with ¢ = DLYI+1f7/Df™ and j = 1, the left-hand
side of this estimate of Corollary 4.5 with v < 1, and relation (46) twice. [

Using mainly the Faa-d-Bruno formula, we have the lemma [14, p. 350]:
LEMMA 4.6. — Letyg >~ >0, ¢ € D™x)(TY) ¢ € CV(T'). We have:
c
160 %lly < CIDYICT 1yl ]l

We have: f* = hR,oh~!. We apply Lemma 4.6 with ¢y = h~! and ¢ =
hR,o —h — na. To estimate ||hAR,o — h — nel|,, we use the C7-norm of Dh.
We get:

PROPOSITION 4.7. — Forn € Z, 0 < v < 79, we have:
1" = id — nall, < C(Y)M ) |nal.
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Let o, = (—=1)"(gn — pn) and let A, = ||[D*~Llog Df% o + a; (the role of
this additional ay is explained at the end of the proof of Lemma 4.12). We could
also have taken A, = max (||D’“*1 log D f4s o,ozs)). By applying Lemma 3.4,
and since M;_1 < M'as_1, 1/ms—1 < M'/as_1, and as_1 < 1/q,, then we
have:

(53) Ay < (CfFM R 4 1)gfF /2,

Using Proposition 4.7 when v < 79 — 1, using Corollary 4.5, Proposi-
tion 4.3(with v3 = k, 72 = v+ 1, 71 = 70), Proposition 4.7, and Corollary 4.5
again when v > 79 — 1, we obtain the following lemma:

LEMMA 4.8. — Let v € [0,k — 1] and s > 0. We have:

7t+1-70

llog Df% |, < C(k)YM Mgl (gusr Ag) ™ 707,

We make a remark on the method and notation: in this Lemma 4.8, we esti-
mate the C7-norm for 0 < v < k — 1, instead of only estimating the C"'-norm,
because of two reasons: first, this lemma is used to obtain Lemma 4.9, in which
we need an estimation of all the norms of order v < k — 1. Second, in the proof
of Proposition 4.10, we need an estimate of || log D f4:

k—1-

4.2. Estimation of || log D f"%||,,0 < n < ¢o41/¢s, 0 < v < k — 1. — We use
Lemma 4.8 to estimate ||log D f"%|.,, 0 < v < k—1 (Lemma 4.9) and second,
we bootstrap this estimate (Lemma 4.12). This bootstrapping allows getting a
higher degree of differentiability v; at the end (see estimation (59)).

The Diophantine condition on « implies gs+1 < Cd_lq;“a . Therefore, by
applying estimation (53), we get:

(54) (Asgsr1)Fqrt < C3a(0)gs "

1/k
With e = £ — 1522 > 0 and C34(0) = [(CLFM D +1)0Y] *

The preceding estimates give the lemma:

LEMMA 4.9. — Let v € [0,k —1]. For s >0, 0 <n < gsy1/¢s, we have:
|| log D ™% |, < C(k)MC®) C34(0) [Vqul(qs+1As)(7+1)/k'

Scheme of the proof. — This lemma is shown by induction on r = |y]. If r = 0,
we write log D ™% = Z?z_ol log Df% o f* and we apply Lemma 4.8.

Suppose the lemma holds for r — 1 ++/, with 0 < 4/ < 1. We have, using the
expression (80) in Appendix 6, and using estimations (8) and (9):

r—1n—1

o< Z Z(A“ + B+ Ciy)

1=0 =0

(55) ||ID" log D f™
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with:
Aiy = | D" og Df% o f19= ||/ (D f*9)" " o ET llo
By = ||D"'log D% o f*4||o|(D f*4*)" ! | /|| B |lo
Cia = |ID" " log Df% o f* o[ (D)~ lol| ET ||
El = E(Dlog Df'=,..., D'log D fi%).

We estimate E] with Lemma 4.4 (with the polynomial P = EJ), with (46)
(for B;;) and with the induction assumption. We estimate ||D"~'log Df?% o
fias %, 4 = 0 or 4/, by applying Lemma 4.6 with ¢ = D"'log Df% and

= f¥% an applying Lemma 4.8. We estimate s\l wit .
¥ = f#:, and by applying Lemma 4.8. Wi (D fio) =]y with (48)
For |(Df%=)""!|,,, we apply (49), Corollary 4.5, (46) and the induction as-
sumption. We get:

r=l4y/41 | 141
— % t&

Ay < C(k)MC® C34(0) g5l a5 (Asgssn)

r7l+1+l+'y,+l
k

Biy < C(k)M ™M C34(0) gt 05 " (Asgotr) F
Cia < C(R)MO® C34(0) g7 105 (Augagn) 5 T 7
Thus, we have:

Aig+Big+Ciy < C(/‘J)Mc(k)034(0)lq;+11qs_1(Asqs+1)7T+l+1/k~

We conclude using estimation (34), and using the fact that the sum (55) has
rn < |v]|gs+1/gs terms. O

By applying this Lemma 4.9, together with estimate (34), Lemma 4.8 and
Lemma 4.4, we get the proposition [14, p. 355]:

PROPOSITION 4.10. — The sequence (Ag/qs)s>0 is bounded by Css.

Cj5 is defined by the following:
C3e = C(k)MC®) Cy4(0)F !
Css = C" M) ﬁ <1 + %> :
=0 qs
Proof. — We slightly modify Yoccoz’s proof. Let A’ ; = 0 and, for s > 0:
Al = sup{|D* 'log Df% o f™(Df™)* 0,0 <t < s5,m > 0}.

For s > 0, we have: A; < Al + a5 (this implies A; < C’A'S when f is not a
rotation, but contrary to Yoccoz’s proof, we do not use this estimate, because
~ ~ k—1
the constant C is of the form C =1+ W%Wflo’ which diverges as f gets
closer to a rotation). We compute a bound on (Al + a;)/gs.
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Let s > 0 (this is another difference with Yoccoz’s proof, which only considers
s > 1). We have: gs41 = Gs+19s + gs—1 (we recall that ¢_; = 0). Using formula
(79) in Appendix 6 with g = f9%-1 and h = f4+19 we can write:

(Dk—llongqs+1 ° fm)(Dfm)k—l — X/ +Y/ + Z/
with
X' = (Dk—llong%fl ° f&s+1qs+m)(Dfds+1qs ° fm)k—l(Dfm)k—l
Y/ — Dk:—l ].Og Df&erlqs o f’m(Dfm)k—l
k—2
7' — Z(Dk—l—l log Df%1 o f&s+1qs+m)(Df&s+1qs o fm)k—l—l

=1
(Df™)*1GFTH(Dlog D+ % o f™, ..., D'log Df%+19% o ™).

‘We have:
X0 < ALy,

Using formula (80) in Appendix 6 with g = f9, we have:

k—2asy1—1

Y = (DF 1= og Df% o frastm)(p frastm)k—1-1

-Ef 7Y (Dlog Df™,...,D'log Df"%) o f™(Df™)" ZYZ

(with the convention EF~' = 1). We have: |Y{|o < Gs11A%.

For | > 1, we estimate E;~'(Dlog Df"%,..., D'log Df™%) o f™(Df™)!
using Lemma 4.6 (with ¢ = f™ and v = 0), Lemma 4.4 (with P = Elk_l),
Lemma 4.9 (with v =) and estimation (34). We get:

|Ef " (Dlog Df",..., D'log Df"%) o f™(Df™)']o

< C(R)YME™ (C54(0)" (Asgss1) g5 "

By applying Lemma 4.8 (with v = k — 1 — [ and vy = 0), and using that
As < AL+ ag, we get:

/o < asp1 (AL + ) C (k)M ™ (C54(0)) g <.

Therefore,

|Y/|0 S ds+1Als + &s+1(A; + as)036qg€'
Likewise, we can show that, for s > 1:

k=1l
2|0 < Ca6q5 05" (qsDs1) F (gsg186)7F .
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(Yoccoz concludes the estimation of |Z’|g here, using the fact that q;_l/k <
q;ﬁ/k and using the fact that A; < CN'AQ,t = s — 1,s. We don’t use these

facts.)
Since Ay < Al + oy, t = s —1,s, and since AL,_; < Al we get:

1/k
1Z'|o < Cs6q5 ¢ (qq—+1> (AL +ae ) (AL + )

S

1-1/k
—es+1 / Qs—1 7~ % s

Z'|o < Caeq; € A <<1 )( )) '

1Z"]o < Cseq; @ (A +as) (\ 1+ AL +as / \gsy1

Since A’ > 0, and since ds41 < gs+1/qs < 24541 and as_1 < 245415, We
get:
|Z']o < 4C36q; ‘41 (A} + o) .

If s =0, Z' = 0. This estimate still holds.
Therefore, for s > 0,

(56)  asr1+[(DF M log D%t o f) (D™ g
< g1+ AL+ as 1AL + asi1 (AL + as)5Cs6q; ©
Qg1+ [(D* M log Df%+t o f™) (D™
< g1 — b1 + ALy 4 Gsp1 (AL + ) (1+5C56q; ) -

Moreover, we have: as_1 = Gsy105 + asy1. Therefore, for s > 1, since
sy < %Ots_l, then

Osp1 — 054105 = 2as+1 —0s5-1 <0< a,g.
Therefore,

ass1+[(D¥Hog Df4e+t o f™)(D ™) o

Oét—f—Al

< e ORI ) g
_t:nslg)l(’s s (qs 1+a's+1qs)( +5C36q5 )

Since gs—1 + @s+19s = gs+1, We get:
asy1+ |(DFlog D9+t o f™)(Df™) o < max 2T A
qs+1 T t=s—1,s g+

(1 + 5036(];6) .

If s =0, we have:

Oél—l—All <a0+A6

q1 q0

at-&-A;
qt

(1+5C36).

Let 05 = maxo<i<s

. The preceding estimates give:
95+1 < 93 (1 + 5036q5_6) .
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Moreover,
A/
(M> <1+ M*1|D¥ 1log Df|o.
do

Therefore, for any s > 0,

A =

= < (14 M* ' [D¥1og Dflo) [T (14 5Cs647) -

S s=0

To conclude, we apply the claim:
Cram 4.11. — Let C{(’)k be defined in Lemma 3.4. For any k > 3, we have:
|D*log Df|o < Cao(k, |Sflk_3) < CF.

Proof. — First, we recall the observation (see e.g., [14]) that if z( is a point
where (Dlog Df)? is maximal, then we have:

15710 > 13 f(a0)| = | D* log D (a0) ~ 5(Dlog D (a0))

_ ‘;(D]og D f(x0))? % 0

~|5Dr0e sy

To prove the claim, we proceed by induction on k, using the fact that
|Dlog Df|o < 4/2|Sf|o and by applying formula (70) in the appendix.
If k=3,

1
|D?log Dflo < |Sflo+ §|(D10ng)2|0 < 2[Sflo-

Suppose the estimate holds for every r < k — 1. By formula (70), we have:
D¥logDf = D*"2Sf — Gx(Dlog Df,...,D* tlog Df).

As in the proof of Lemma 3.4 (see [3] for details), and by applying the
induction assumption, we have:

_ 2(k = 1)) / ~ k

Gr(Dlog Df,...,D*"log Df)| < ((27k))(020(k7 |Sf|k—3)) .

We conclude as in the proof of Lemma 3.4. oo

With Proposition 4.10, and by using the Diophantine condition gs+; <
C;'qi*P, we can generalize estimation (34) and Lemma 4.9, for 7o > 0. The
generalization of estimation (34) is:

B+2

(57) (Asgss1)*100g71 < Ca(v0)gs ™°

1 —1
with 034(")’0) = 0;5_70 C;_’YO .
The generalization of Lemma 4.9 is:
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LEMMA 4.12. — Lety € [0,k —1]. For s >0, 0 < n < gs11/qs, we have:

g
iz )

log Df™ 5 < C(k)ME® (Caa(70)) M g5 (gapr A) (55

Scheme of the proof. — We give the scheme of the proof in order to explain
the additional a; in the definition of A, (this additional «; makes necessary
our modification of Yoccoz’s proof of Proposition 4.10).

If v — 1 <~ <1, we proceed as in Lemma 4.9. If y <7y —1 and v < 1, we
apply Corollary 4.5 and Proposition 4.7. The induction step is analogous to the
proof of Lemma 4.9, except the end: indeed, by proceeding as in Lemma 4.9,
we have:

r—l+’v’+l—'yo)+max(0 I4+1-79

A < C(k)MC(k)C34(70)lqs_+l1q;1(Asqs+1)max(0’ F=70 D)

’
r—l+1—v9 )+max(0, +v"+1—¢ )

B;; < C(k)Mc(k)034(70)1%321(1;1(Asqs+1)max(0’ *=70 *=0

r—l+1—v, 4y +1—~
Ci,l S C(k)MC(k) 034(,)/0)lq8—_&1q8—1(A8qs+1)max(O,ﬁoo)quax(O,ﬁoo).
We have:

—14+1- l T+ 1 —
max (max (0, Hivo) + max (0, M) ,

k= k—
—_— I — —
max(O,r [+y +1 70>+max(0,u>>
k= k—
Smax<0,7+l_70>+ ! .
k—o k=

Moreover, since 2¢s11As > 2gsy10s > 1, then

yt+1-70 1
0 )Jrkf'vo

Aig+ Big+ Ciy < C(k)MO®) Cs4(70)' 47105 (Agosn) ™™ 770

This is why we define A, = |D*llog Df% |y + as: if we defined A, =
|D*~1log Df%|q and if |D*~!log Df%|y was too small, we could not do this
last estimate. O

By using estimation (57) and Lemma 4.12, we obtain, for 0 < n < (gs+1)/gs,
and 0 < v < [14, p. 357]:

(58) llog Df"% ||, < C(k)M ™ (Csa(y0)) 7+ g2

with
(2 + B) max(0, (v + 1 — %))
k-

-1

p(7,%) =

Notice that for any

1+ B8)v+k—(2+0)
2+

we have p(y1,70) < 0 (we will take y1 = 3(9(70) +70))-

(59) 11 < 9g(v) =
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This implies ) > qé’(%’%) < +00, which will allow estimating || log D fV||,,

as we will see in the next subsection.

A remark on the method and notation: we establish estimate (58) for any
0 < v < 7 (and not just for v1) because we need it for the estimate of the
quantity Z defined below.

4.3. Estimation of || log Df"||,,

PROPOSITION 4.13. — Let N be an integer and let us write y1 = r + 71, with
0 <~ <1 and r integer. We have:

(60) [|log D™ |y,

< C(k)MCE®) (Cay (7o) L1 ﬁ <1 i C(k)MC(k)(034(70))HlJ+1) o

qS_P('Yl ,70)

s=1

Scheme of the proof. — We write N = Zf:o bsqs with 0 < b, < qzi and by
integer. Let Ny = >°7_o big: for 0 < s < 5. Moreover, let us write v = 7 + 71,
with 0 <4 < 1 and r integer. By formula (79) in Appendix 6, we can write
Drlog DfNs = X +Y + Z with:

X = (D" log D>% o fNo=t) (DN )

Y = D"log DfNe-1;

r—1
Z ="y (D" log Df*% o fNt) (DN )G
=1
G} = G} (Dlog DfN+=,...,D'log DfN+-1).

We successively estimate X and Z. For X, we use estimate (50), Corollary 4.5
and Lemma 4.6 with ¢ = D" log Df%% and ¢ = fNs-1. We also use estimate
(58), and the fact that qg(T’W) < qé)ml 70) We get:

X ly; < Ck)M®) (Caa(70)) ' gf 1) (1 + || log DFNo-2 ;).
We estimate Z. By applying estimation (9), we have:

r—1

||Z||’7{ < Z |(Dr—l longbsqs ° st—l)(Dst—l)T—l|0|G;‘|’y{
=1

+ (D" log DP9 o fNo=) (D fNe=1)" 1 |GT o
As with X, we have:
I(D™ " log Df*d= o fN==2)(DfN==1) ||
< C(k) MM (Cs4(70))" T g0 (1 + | log DF o= l.0).
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Moreover, by estimate (58), we also have:
(D" log D% o fNo=1)(D fNe=1)" "o < C(k)M ™ (Csa(70)) g~
< Ck)MO®) (O (70)) 11+ g 0r70),

For G}, we use Lemma 4.4 with the polynomial P = G} (see Appendix 6).
We estimate ||Z]|,; by applying estimation (46) twice. We get:

1Z]1; < C(k)M®) (Caa(70)) g2 7| log D fNe1 |,

S
Therefore, since [|Y||,; = || D" log D fN+=*||.,, we get, for s > 1:
ID" log D™+ ||; < || log Df ™|l
k MC(k) r+1
< (14 9™ (Caa(0)) |D" log DfNe=1|.,.
qs—p(%,%) 1

Moreover, by estimate (58), since Ny = by, we also have:

ID" log D™ |, < C()MO® (Cs4(70))" .

We conclude that:

log DF¥ 1, < CRIMO® (a0 [ (1 . 0<k>Mc<’“><034(vo)V+l>

q;P(Vl,Vo)

= 037. L]

s=1

In order to complete the proof of Proposition 4.1, we need to estimate Ch.
This is done in the next paragraph.

4.3.1. Computation of the estimations: proof of Proposition 4.1.
Proof of Proposition 4.1. — We estimate C. We have:

Con < ﬁ <1 N C(k)MC(k)(CM(%))%H) . ﬁ (1 N C(k)MC’(k)(CM(,YO))k) |

o qs—ﬂ(% ,70) qs—P(Wl,’Yo)

s=0

Moreover,

[Cs4(70)]" ™ = €' C35 < C(R)YMCPICT Ot
00 C(k) k—1
11 <1 + C(k) M~ (C54(0)) )

o qs

[Csa(70)]" ™ < ﬁ (1 + C(k)MC(k)Cgékcd‘l(034(0))k—1)
- qs
s=0

(C34(0))*" < C()M BT Of".
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Therefore,
k

C(k)MC®) (Cgékcd—l)z] (=

Cn < ﬁ 1+ g£0) ﬁ [1 +
s=0

o qs
Let
k
(61) 1 = m,
let Cas = C(k)ME® (CfFC7")”. Let also
(62) €, = min <e, #> .
2(6+2+n)

We have: €; < min(e, —p(y1,70)) and for any v < k — 2 — § — 1, we have

k
T > F—o"
We have:
T1
oo 122, (1 + S
C‘)') S H 1+ ( = qs )
s=0 ds
Since g, > (v/2)°~!, we get
\/§Hs>0 (1 + \/59138) 1
- 257
Cn < H 1+ pes

s>0
In order to obtain the final estimation, we need the claim:
CLam 4.14. — Let T > 10. For any 2 > u > 1, we have:

[e.e]
I1 (1 + 3) < et logT)?,
u™/

n=

[=}

Proof. — For T > 10.
Zlog(l +T/u") = Z log (1 +T/u™)+ Z log (14 T/u™)

= nsitg > -1
logT logT
< log(1+T T/u" < —=— (log(1+T)+1
< Toga BT+ Z [0 < gy Qo+ D) +1)
n>10gu—1
22/3
< log T)2. O
_lgu(og )

By applying this proposition twice, we get the claim:
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CLAM 4.15. — Let T >10,2>u>1, 7 > 1. We have

[Tnso (1+5)" cr?
};[0 (1 + Oun) <eA (W(logT)4> .

Let Csg = v/2C35. We apply claim 4.15 with T = Csg, u =273, 7 = 7. We
obtain:

Cr?
(63) Cn<eA (eg(log 039)4> .

Moreover, let

Cr?
(64) Cio = —5.
€1

By using the definitions of €; (see (62)) and 71 (see (61)), since € =

. k—(1428)
J = 2k
and since n < k — 2 — 3, we have:
k2
Cin<C k= (28+1) 3
(mln ( % AFEI) ))
k5
(65) <C

(min(k — (28 + 1),k — (8 + 2)))° = Cy1(k, B).
Therefore, we get:
(66)

with

4
I log DfN]|, < e (065<k B) <log( Y+ el +Ok) <1 + sup||log Dfp||fm>> )
=z

CLF = W(f) + log (max(1, S f|4—3))

Hence Proposition 4.1.

4.3.2. Proof of Theorem 1.6: estimation (6). — By Corollary 4.5, we have

1D e~y < C(RIMEP (14 | log D

2

2 k+2)_1)'
Moreover, HDh”sz) 1 < 8UPN>g DN
(67)

_1 We get:

k
2(8+2)
IDRI ey < e (Cos(k, B) (log(Cy
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Proof of estimation (6). — We suppose k > 33 + 9/2. Let:

043(/8>Cd7 |Df|0’ W(f), |Sf|07 |Sf|k*3) =
e® A (Ca(B)C2(Ca)Co(IDflo, W (£),15f10)Ca (IS fle-3))
i.e., we consider the bound given by estimation (2), except that we replace
|Sflr3p+3/2) with |[Sflr—3.
C{ék depends on k, |Sf|r—3 and W(f). We have:
log Coo(k, |Sflk-3, W(f)) < C(k)log C20(38 +9/2,|Sflk—3, W(f)) < C(k)log Cn.
Since M’ < Cp, we get:

| DAl < e (O(F) (log Om)") -

_1
ST 3

Since 2 > 2log 2, we conclude:

1 <eA (C(k)e@)
A (2+ C2(B)C2(Ca)Ca(|Dflo, W(f), 1S flo)C2(IS flr—3))). O

Proof of estimation (7). — If 3 = 0, we can use the C'! estimate. We have:
log M' < C1.5/Cy and therefore, by using estimation (67), we obtain:

CialW(f),[Sflo]]*
IDhlls_y <en (O[k] W (), 7l-o) + L2 15T )
with:
C7IW(f),15f k3] = log(max(1,|Sf[k—3)) + W(f). O
4.4. Iteration of the reasoning: proof of estimation (5) of Theorem 1.6. — To ob-

tain an estimation of the C*~1~8~"_norm of the conjugacy, we iterate estima-

tion (45). We take v9 = 7; and 71 = vi41 = %(g(%) +7i). Thus, vit+1 < g(7:)
and

lim; s400v: = k— 2 — 8. We need to estimate the rank above which ~; >
k—2—-0—mn:

CLAIM 4.16. — Let Cay = 20y =528y

B+3/2
,8+2 ) 2(8+2)

o) s ()
n >lo (7 log | =— ) = Cyg,
=08 n(1 — Cua) /og Cug 40
we have v, > k—2—0—n.

Proof. — We have: v,4+1 = C44’yn+C45 Therefore, v, = 0451 Cia . Therefore,
v — (k=2 — ﬂ|—‘0451 O

By induction on n, we can also show the claim (see [3] for details):
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Cram 4.17. — Let F(x) = ec(a+te)* - For any z,c > 1, a,b > 4, and integer
n > 1, we have:

F™(z) < e™ A ((3+n)c(a + bz)*).

We apply Proposition 4.1. In claim 4.17, we take z = log M’ a = C’Zz’k +
log(C; 1), b = C(k) (we have C(k) > 4), ¢ = Ces(k, 3). Let ny be the integer
such that: Cys + 1 > ny > Cyg. We have:

Ilog Df™¥||x—2-p—y
< e A ((3 +n7)Cos(k, B)(Cls" +log(Cy ') + C(k) log M,)4) :

Moreover, by Corollary 4.5, we have:

IDFN [lk-2-g-n < CR)MP (1 + | log DFY —2-p—n)-
Since | Dhllk—25-y < 1DV [1-2-5-y, we get;
[Dhlia gy < " A ((4+n7)Cas (k. B) [C +1o8(C7 ) + C (k) log M) ) .
Since M’ < Cy, we let:

05[777k3630d7 |Df|OaW(f) |Sf|k:—3]
= (4+n7)Coslk, B] [CL" +10g(C; ") + Clk] log o]

‘We recall that:

{log (k—2-— )/77)-‘
log (14+1/(28+ 3))
k5
Ceslk, 8] = C
= - @B D k= (1 2))°
Caa[W(f), 5 lk—s] = W(f) + log (max(1,|Sf|x—3)) -

We have:

(68) || Dh|lg—2-p—n < e(Mog((k—2—p3)/n)/ log(14+1/(26+3))1)
A (65[777 kmg,cda |Df|07 W(f)7 |Sf|k—3]) .
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5. Appendix: proof of Lemma 3.4
We follow [14] but we give more details. Let p < g,,41. The case r = 1 stems
from Lemma 3.3. For the case r = 2, we also use Lemma 3.3:
M,
M ()2 .

D?10g Df(&)| < S£7(2)] + L [Dlog D (@) < (s + 1 (C)?)

In particular, we can take
Cfy(2) = 82|SfloetV ).

For r > 2, we prove Lemma 3.4 by induction. Suppose the lemma is proved
up to r > 2. Since for any C3-diffeomorphisms g and h,

S(goh) = (Sgoh)(Dh)?+ Sh

then for p > 1,
p—1
SfP =) (Sfo f)Df)?
i=0
and by differentiating this last equality, we get, for > 0, n > 1,

r p—1
(69) D"SfP=> "> (D""'Sfo f) D) ~2F/ (Dlog Df*,...,D'log Df*)
1=0 i=0
where F]" is a polynomial in [ variables Xi,..., X;, homogenous of weight [ if

X is given the weight i. Moreover, since Sf = D?log D f — %(D log Df)? , then
for r > 2,

(70) D"2Sf =D"logDf + G.(Dlog Df,...,D" 'log Df)

where G, is a polynomial in r — 1 variables X;,...,X,_;, homogeneous
of weight r if X, is given the weight i. Therefore, in order to estimate
|D"log Df|y, it suffices to estimate F/(DlogDft,...,D'logDf*) and
G.(Dlog Df,...,D""tlog Df). These estimations are given by Lemmas 5.1
and 5.2. They are used in [14] but we recall them here in order to compute the
constants CJ(r) in Lemma 5.1 and CJg(r) in Lemma 5.2.

LEMMA 5.1. — Under the induction assumption, for 0 <1 <r and 0 < p <
Gn+1, we have:
M2 l
[E{ (Dlog Df?(z),..., D'log Df*(2))| < CLr(r) [m n(acJ

with:
(2r)!

Ch(r) = ()15 (Ch)"
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Proof. — We follow [14]. By derivating equation (69), we get:
(71)

n—1 r
Dr-l-lep _ Z Z(DT-I-l—le ° fi)(Dfi)T+1—l+2F!lT(D IOngl, . Dl IOngl)
=0 [=0
+ (D" 'S fo fYDf) "2 (r — 1+ 2)Dlog D f°
(72) -Ff(Dlongi, ...,D'log Df?)

l

Z

..,D'log DfYDit log Df{(Df¥)r—+2
(73)
p—1 r
Dr+lsfp _ Z Z(DT-I-l—le ° fl)(DfZ)T+1—l+2Fvl’r‘(D IOngZ, e Dl IOngZ)
1=0 =0
(74) + Y (DS f o fY(D ) (r — 14 3)Dlog D
=1
- F] 1(DlogDﬂ',...,DH log Df?)
r+1 1 ) ‘ ‘ )
+ ZZ Fiy Dlong’ .., D" Ylog DfYYD? log D f*(D f*)r+1-1+2,
=1 j= 2

Therefore, for 1 <1 <,

OF]
(75) FH = F 4+ (r—1+3) X, F 1+ZXJ =
o 0X;_1
for 1 =0,
Fvlr+1 — Flr
and for [ =71+ 1,
OF]
r+1 _ -1
= (r—1+3)X1F 1+Z 10X, 1’

Now, let us write

Is - - 7 3
F = E apr(in, ... 0) X7 X0
i1 +2i 4 +1lig =l

We have a; (1, ...,4) > 0. Let

ar = max  apr(i1,...,%)
i1 +2ip 4 +1lig =l
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and

Gr = 1MAX Qjr.
0<j<r

Consider 41, . . ., ¢; such that a; (i1, ...,%) = a,. By applying equation (75),
we have, for 1 <1 < r:
alr41 < app+(r+3—0aj—1, + (0 —1)(maxij)aj_1,,
<(r+3—1+12-Day, < (r+1)%a,.

For | = 0 or 7+ 1, this estimate still holds. Therefore, @,,; < (r +1)2a, and
by iteration, we obtain:

a, < (r!)2.
Moreover, since
FI(Dlog Dft,...,D'log Df?)
= > arr(in,...,i)(Dlog DY) ... (D log D f*)"
i1+2i94-+1lip =l

and since #{(il, ... ,il)/i1+2i2+' = l} < #{(il, ... ,il)/il—f—ig—i-- s =
I} = 1('2&:1))" (this classical equality can be shown by induction) then by applying

the induction assumption,

|FT(Dlog Df%(z),..., D" log Df'(x))]

(21 —1)!
T oy max
ni-1 g bl =1

< (r1)?

M2 !

(Cfo (1) -+ (Cfo (1)) {

and since the Cgo(i) are increasing with i, we obtain:

O

M2 }l

F/(Dlog Df(z),...,D" longi(x))’ < Cl(r) {m @

Likewise, the estimation of G,.(Dlog Df?,..., D'"'1log DfP) is given by the
lemma.:

LEMMA 5.2. — Foranyz € R, 0<p < gu41, T > 2,
M2 r
(G- (Dlog Df*(z)....., D' log D*(z))| < Cis(r) {m(x)}

with Cl(r +1) = 5E25(Cfy (m) !
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Proof. — The polynomial G, satisfies the following identity:

- 0G,
GT+1 - Z Xj m
Jj=2 J
We denote
G

Z br(ila

. 1 i71
i) XX

r—1
i1+2ig4-F(r—1)ip_1=r
(we have, for example, G2 = —1X7).
Let
b/)ﬂ: ) ) max |b7«(i1,...7i7«_1)|.
i1+2i+ A+ (r—1)ip_1=r
For r > 2, we have b,+1 < r(maxi<j<,—11;)b. < 72b, and therefore, b, <
(r—1)1?
.
Therefore,

|GT+1(D log Dfp(w)v ce 7DT 10g Dfp(l'))|
r+1
rl (2r)! f ) f ) Mﬁ/z
< =7 1)) ... ir
=2+ 1) i1+2i2+rlf.1.<1}§u=r+1(020( ) (Ca(r)) M (z)

Since the constants szo(’f‘) are increasing with r, we can take:

Cly(r+1) = 5 S (Chy(r)™.

O

We can now show estimation (20). By applying equation (70), we have,
for r > 2:

D" log DfP = D""'SfP — G, 1(Dlog Df?,..., D" log DfP).
Therefore, by equation (69) and Lemma 3.1,

r+1
ME?
|D" log DfP(2)| < (rCfr(r)|Sflr—1e™ W) 4 Cly(r + 1)) ( )

M ()
(2r)! M,"? Bl
D7 log D (@) < (Cao(r))" 5™ (187 eael ™10+ 0 (1) ()) |

My (x
We can show by induction on r that we can take, for r» > 3,

Cfo(r) = [C4(2)(2r)* (max(1,|S f|r_2))ef‘W(f)]’"! .
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6. Appendix: some polynomials

Lemma 4.4 is used for some specific polynomials. There exist A;, By, Gy, G},
E], polynomials of [ variables X7, ..., X; homogeneous of weight [ if X; has
weight ¢, such that, for [ > 1, and for any diffeomorphisms g and h sufficiently
differentiable, we have [14, p. 337-338]:

(76) D''g = A; (Dlog Dy, ..., D'log Dg) Dg
D2g Dl+1g
7 D'logDg =B, | ==, ...
( ) ogLg l < Dg ) ) Dg
(78) D'=28f = D'log Df + G;(Dlog Df,...,D" tlog Df).
For r > 0,

(79) D"log D(goh) = (D"log Dgo h)(Dh)" + D" log Dh
r—1
+Y D"'log Dgo h(Dh)"'G}(Dlog Dh, ..., D"log Dh).
=1
Forr >0and n > 1,

(80)
r—1n—1

D"log Dg" =Y > (D"'log Dgo g')(Dg")" " Ej (Dlog Dg', ..., D'log Dg').
1=0 =0
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