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UNIFORM RESOLVENT ESTIMATES
FOR A NON-DISSIPATIVE HELMHOLTZ EQUATION

BY JULIEN ROYER

ABsTrACT. — We study the high frequency limit for a non-selfadjoint Helmholtz equa-
tion. This equation models the propagation of the electromagnetic field of a laser in an
inhomogeneus material medium with non-constant absorption index. In this paper the
absorption index can take negative values and we only use a damping condition on the
classical limit of the problem. In this setting we first prove the absence of eigenvalue on
the upper half-plane and close to an energy which satisfies this damping assumption.
Then we generalize the resolvent estimates of Robert-Tamura and prove the limiting
absorption principle. We finally study the semiclassical measures of the solution when
the source term concentrates on a bounded submanifold of R™.

1. Introduction and statement of the main results

The purpose of this paper is to study on R", n > 1, the high frequency limit
for the Helmholtz equation in a non-dissipative setting. After rescaling, this
equation can be written

(1.1) (Hy, — E)up = fr, where Hj, = —h%*A + Vi(z) — ihVa(x).

We recall that this equation models for instance the propagation of the electro-
magnetic field of a laser in an inhomogeneus material medium. In this setting
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592 J. ROYER

Vi(z) — E is linked to the refraction index, Va(z) is the absorption index and
fn is the source term. The parameter h > 0 is proportional to the wavelength.
In this paper we are interested in the asymptotic behavior of the solution wuy,
when h goes to 0.

All along this paper, we assume that V; and V5 are bounded and go to 0
at infinity. This implies in particular that the essential spectrum of Hj on the
Sobolev space H%(R") is R, as for the free Laplacian. Our purpose is to study
the resolvent (H,—2z)~!, where h > Oissmallandz € C; = {z € C : Imz > 0}
is close to E' € R’,. We prove some estimates for this resolvent uniform in the
spectral parameter z, in order to obtain the limiting absorption principle and
then existence and uniqueness of an outgoing solution u; for (1.1). We also
control the dependence in h of these estimates, which gives an a priori estimate
for the size of u; when h goes to 0. Note that it is not clear that the resolvent is
well-defined. More precisely the operator H;, may have eigenvalues in a strip of
size O(h) around the real axis. Therefore we first have to prove that it cannot
happen where we study the resolvent.

Let § > 1. In the self-adjoint case (V2 = 0) it is known that there exist a
neighborhood I of E > 0, hg > 0 and ¢ > 0 such that
(1.2) Vh €]0, hg],  sup H<x>_6 (Hh — 2)71 <x)_5” <<

Rezel 2(L2(R)  h
Im 2#0

if and only if the energy E is non-trapping (see (1.5) below). Here we de-
note by H! the self-adjoint Schrédinger operator —h?A + Vi (z), by £(L?(R"))

the space of bounded operators on L*(R"), and (z) = (1 + |z|)?. D. Robert
and H. Tamura [23] proved that the non-trapping condition is sufficient and
X.P. Wang (31| proved its necessity. In fact, if the non-trapping condition is
not satisfied then the norm in (1.2) is at least of size [Inh| /h (see [4]).

For this result and all along this paper the potential V; is assumed to be of
long range: it is smooth and there exist constants p > 0 and ¢, > 0 for « € N
such that

(1.3) Va € N* Vx € R", |0“Vi(z)| € ¢q (x)‘p_|"" _
Let p: (z,€) — £2+Vi(z) be the semiclassical symbol of H! on R?" ~ T*R"

and ¢! the corresponding Hamiltonian flow. For any w € R?", t — ¢t(w) =
(X (t,w),E(t, w)) is the solution of the system

X (t,w) = 2E(t, w),
(1.4) KE(, w) = =V (X (t,w)),
#°(w) = w.
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UNIFORM RESOLVENT ESTIMATES 593

We recall that £ > 0 is said to be non-trapping if
(1.5) vwep t({E}), |X(t,w)] P +-00.

For I C R, we introduce the following subsets of p~*(I):

QF(I) = {w € p (1) : sup | X (£t,w)| < oo} ,

>0

Qu(I) = @, (1) N (D),

Qf (1) = {w ep t(I) : | X(%t,w)] P +oo}.

In [26] we considered the dissipative case V2 > 0. We proved (1.2)
for Im z > 0 under a damping assumption on trapped trajectories:

(1.6) vw e UW({E}),IT € R, Vo(X(T,w)) > 0.

Notice that this generalizes the usual non-trapping condition: when Vo = 0
then (1.6) is equivalent to (1.5).

To prove this result we developed a dissipative version of Mourre’s the-
ory [20], which we applied to the dissipative Schrédinger operator. For this we
constructed an escape function as introduced by Ch. Gérard and A. Martinez
[14], using the damping assumption to allow trapped trajectories. Note that
L. Aloui and M. Khenissi also proved some resolvent estimates for a dissipa-
tive Schrédinger operator in [1]. They needed a similar assumption but used a
different approach (see below).

We know that assumption (1.6) is both sufficient and necessary in the dissi-
pative setting. Our purpose is now to relax the dissipative condition, allowing
negative values for the absorption index V5. In this case, the damping assump-
tion need reformulating. The condition we are going to use in this paper is the
following:

(1.7) Yw € Q({E}),3T > 0, /T Vo (X (t,w)) dt > 0.

This condition is in particular satisfied if V5 > 0 and (1.6) holds. From this point
of view, the results we are going to prove here are stronger than those given in
the dissipative setting. With Assumption (1.7) and compactness of Q,({E}),
we can prove that for all w € Q,({E}) we have

T
lim inf %/ Va(X (t,w))dt > 0,
0

T—+4o00
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594 J. ROYER

which means that we have a damping condition “on average in time” on bounded
trajectories. See Proposition 2.3 for a more precise statement. The relation be-
tween asymptotic spectral properties of the non-selfadjoint Helmholtz equation
and the average of the absorption index on classical trajectories has already
been studied on compact manifolds by J. Sjostrand in [30].

In this setting we cannot use the dissipative version of Mourre’s commuta-
tors method. We use the same approach as in [1] instead. The idea is due to
G. Lebeau [19] and N. Burq [6]. It is a contradiction argument. We consider a
family of functions which denies the result, a semiclassical mesure associated
to this family and finally we prove that this measure is both zero and non-zero.
This idea was used in [6] for a general self-adjoint and compactly supported
perturbation of the Laplacian. In [17], Th. Jecko used the argument to give a
new proof of (1.2) with a real-valued potential. The motivation was to give a
proof which could be applied to matrix-valued operators. To allow long range
potentials, the author introduced a bounded “escape function” which we use
here. The method was then used in [8] for a potential with Coulomb singulari-
ties and in [18, 13, 10] for a matrix-valued operator.

Let us now state the main results about the resolvent. An important dif-
ference with the dissipative case is that we do not know if the resolvent is
well-defined, even on the upper half-plane C . However, our operator Hy, is a
relatively compact perturbation of the Laplacian, so according to Weyl’s The-
orem [21, §XIII.4], its essential spectrum is Ry and it can only have isolated
eigenvalues on C,. So in the results we state now, we first claim that Hj has
no eigenvalue in the considered region and then give an estimate for the re-
solvent. The first theorem is about spectral parameters whose imaginary parts
are bigger than Sh for some § > 0:

THEOREM 1.1. — Suppose V5 is smooth with bounded derivatives and
Va(z) — 0 when |z| — +oo. Let E > 0 be an energy which satisfies the
damping assumption (1.7) and 8 > 0. Then there exist a neighborhood I of E,
ho > 0 and ¢ > 0 such that for h €]0, ho] and

2€Crpp={2€C: Rezel,Imz > hf}

the operator (Hy, — z) : H?(R") — L?(R™) has a bounded inverse on L*(R™)

and
c

|| (Hn — ZYle(L%Rn)) S e

Theorem 1.1 is obvious when Hj, is self-adjoint or at least dissipative. We
can take ¢ = B! in these cases. The statement remains easy in the non-
dissipative setting when 8 > ||V2|| . (see (3.3)), and the point of the theorem is
to prove it for any 8 > 0. Notice that we can deduce an estimate of size O(h~3)
for (H, — 2)~! as an operator in £(L*(R"™), H?(R")).

TOME 142 — 2014 — N° 4



UNIFORM RESOLVENT ESTIMATES 595

In a second step we study the resolvent up to the real axis, generalizing (1.2).
Now V5 has to be of short range, which means that there exist p > 0 and
constants ¢, > 0 for o € N such that

(1.8) Va € N Vx € R", |0“Va(z)| < ca <m>—1—p—|a\ )

THEOREM 1.2. — Assume that Va5 is of short range. Let E > 0 satisfy the
damping assumption (1.7) and § > % Then there exist a neighborhood I of E,
ho > 0 and ¢ > 0 such that for h €]0, ho] and

z€Cry={2€C:Rezel,Imz >0}

the operator (Hy, — z) has a bounded inverse on L?(R"™) and

-6 —1 -5 c
@7 =27 @7, L < 5

The proof of this theorem is inspired from [17]. In particular we use a
bounded escape function at infinity to prove that the semiclassical measure
we study is non-zero. But contrary to the selfadjoint case (this could also be
done in the dissipative case) we cannot use this escape function to prove that
this measure is supported in a compact subset of R?". We use instead the es-
timate for the outgoing solution of the Helmholtz equation in the incoming
region proved in [24].

As in the dissipative case we have only given a result on the upper half-plane.
Here we have no assumption about the sign of V5, but there still is a damping
condition in (1.7). The difference with the dissipative context is that we recover
a symmetric situation under the stronger non-trapping condition (1.5), so that
the result we have proved for Im z > 0 now holds when Im z < 0:

COROLLARY 1.3. — Assume that Va is of short range. Let E > 0 be a non-
trapping energy and § > % Then there exist a neighborhood I of E, hg > 0 and
¢ = 0 such that for h €]0,hg], Rez € I and Im z # 0 the operator (Hy, — z) has
a bounded inverse on L?(R™) and

c

)" (= 27 @7 <3

2L2@R™Y)) - h

Once we have the uniform resolvent estimates, we can prove the limiting
absorption principle. This question has been studied for a long range self-
adjoint Schrodinger operator in [15] and [29]. It is proved that the equation
(H — E)u = f has a unique outgoing solution v € HZ _(R") N L*»~°(R") when
f € L?%(R™), and this solution is given by the limit in L?~%(R"™) of (H —z)~' f
when 2z € C, goes to E (we do not work in the semiclassical limit here, so we
only consider the case h = 1). Here we denote by L?°(R™) the weighted space
L2( (w>25 dm). An outgoing solution is a solution which satisfies a radiation con-
dition of Sommerfeld type at infinity (see Definition 6.2). The strategy is to
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596 J. ROYER

prove first uniqueness of an outgoing solution. This is used to prove resolvent
estimates, and then we can get the limiting absorption principle.

The result has been extended to the non-selfadjoint case in [28]. Y. Saito
proves that when the potential has a short range imaginary part, the result
can be extended where we have uniqueness of the outgoing solution, which no
longer holds for any F > 0.

Here we use the fact that we already have uniform resolvent estimates to
obtain uniqueness of the outgoing solution and then the limiting absorption
principle. With Theorem 1.2 we obtain the following result:

THEOREM 1.4. — Let Vo, E and § be as in Theorem 1.2. Then there exist
a neighborhood I of E and hy > 0 such that for any h €]0,hg], A € I and
f € L¥3(R") the limit

lim (Hp —2)"'f

zZ—A
2€Cr 4+

exists in L>~9(R™) and defines the unique outgoing solution for the equation
(Hp, — N)u = f (see Definition 6.2).

Note that when the dissipative part V5 is non-negative we can prove directly
uniqueness of the outgoing solution and hence we can proceed as in the self-
adjoint case, and V, can be of long range in this case (see Proposition 6.9).

Now that the outgoing solution

Up = (Hh — (E + iO))_lfh

is well-defined in L?~%(R"™) for any h €]0,ho] (ho > 0 being given by Theo-
rem 1.4) and f;, € L*%(R"), we can study its semiclassical measures when the
source term f;, concentrates on a submanifold of R™. We recall that a measure p
on the phase space T*R"™ ~ R?" is said to be a semiclassical measure for the
family (un)nejo,no) if there exists a sequence (hu,),,cn €]0, ho]" such that

hm —— 0 and Vg€ CSO(RQ"), <Op’fl’muhm,uhm> _ qdu.
m— o0 m—oo R2n
Here Opj, (g) denotes the Weyl h-quantization of the symbol g¢:
1 G x + Yy
w = — (w ny)
Op}, (9)u(=) Grh) /n /n en q( 5 ,E)U(y) dy d§.

We will also use the standard quantization:
1 i
Omnl@)ute) = Gz [ [ R 9ate ute) dy e

The first paper about this problem is [2], where fj, is assumed to concentrate
on I' = {0} as h goes to 0 (see also [7]). This was extended in [9, 33] to the
case where f, concentrates on an affine subspace I' in R™. J.-F. Bony gave
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UNIFORM RESOLVENT ESTIMATES 597

in [3] another proof for the case I' = {0} using different assumptions and
above all a different approach. We used this point of view in [27] to deal with
the case where the absorption index is non-constant and I' is any bounded
submanifold of dimension d € [0,n—1] in R™. Trapped trajectories of energy E
for the classical flow were allowed under assumption (1.6). Our purpose here
is to check that this result still holds —under Hypothesis (1.7)— when V5 takes
negative values. The proof is actually approximately the same. We will have
to prove the estimates in the incoming region in this non-dissipative setting
(see Theorem 4.1) and be careful with the fact that the semi-group generated
by Hj, is no longer a contraction semi-group.

Throughout this paper we denote by C§°(R™) the set of smooth and com-
pactly supported functions on R”, Cg°(IR™) is the set of smooth functions whose
derivatives are bounded and J(R"™) is the Schwartz space of rapidly decaying
functions. For § € R, we denote by J( <x>5) the set of symbols a € C>°(R?")
such that

Vo, € N*,3e, 5 > 0,V(z, &) € R?",

0200a(2, )| < cayp (2)”
We also denote by J;(R?™) the set of symbols a € C°°(R?") such that

Vo, € N, 3ea s > 0,¥(x,6) € B, |020fa(z,6)] < cas ()1

For R > 0 we denote by Bgr the open ball of radius R in R", by B% its com-
plement in R™, and by Sgi the sphere of radius R, endowed with the Lebesgue
measure. We also set B, (R) = {(x,€) : |z| < R} C R?"™.

In Section 2 we recall some properties of the flow ¢! defined by (1.4) and
discuss assumption (1.7). Section 3 is devoted to the proof of Theorem 1.1.
Before giving a proof of Theorem 1.2 in Section 5, we state a non-dissipative
version for the estimate in the incoming region of the outgoing solution for the
Helmholtz equation (see Section 4). With the uniform resolvent estimates, we
prove the limiting absorption principle in Section 6. We finally show in Section 7
that the result known about the semiclassical measure for the outgoing solution
of (1.1) when the source term concentrates on a bounded submanifold of R™
remains valid in our non-dissipative setting.

2. More about classical dynamics and the weak damping assumption

The good properties of the flow at infinity come from the fact that for any
v > 0 there exists &£ > 0 such that

(2.1) Vz R, |z|> R = |Vi(z)| + || [VVi(2)| < v.

This implies that far from the origin the refraction index has low influence on
the flow and hence classical trajectories behave as in the free case.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE
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In particular for J = [Ey, Es] C R% and R so large that (2.1) holds for
some v € ]0,221[, we have 0} |X(t,w)|* > 8Ey — 12v > 0 if p(w) € J and
| X (t,w)] = R. As a consequence a classical trajectory of energy F € J which
leaves B, (%) cannot come back and goes to infinity. This implies that

P~ (J) = QF (1) UL W) = 9, (1) UL (J) = Q(J) UL () U QL ().

Moreover QF (J) is closed in R?" and Q4(J) C B,(XR) is compact. If B4 is a
bounded subset of Qi (J), we choose ® such that (2.1) holds for v = % and
By C B, (R) to prove that the set

{¢* (w),t > 0,w € By}

is bounded in R2?".

For R >0,d >0 and ¢ € [-1,1] we denote by
Z+(R,d,0) = {(2,€) € R* : |z| > R, |¢| > d and + (z,€) > +o || [¢]}

the incoming and outgoing regions. The proposition we prove now ensures that
a trajectory starting outside some incoming region and far enough from the
origin stays away from the influence of V; and hence has a “nice” behavior:

PROPOSITION 2.1. — Let E5 > E; > 0, J C [E1, E3] and o € [0,1] be such
that 02Ey < Ey. Then there exist > 0 and cg > 0 such that

Yt > 0,¥(z,€) € ZL(R,0,F0)Np 1 (J), |X(%t,z,&)| > co(t+ |z|).

Proof. — Let & be such that (2.1) holds for v € ]0, 22+ so small that

~ 2E2+V

vi=1—0c"———— > 0.
El—%l/

Let & be greater than @/ﬁ and (z,€) € Z4(R,0,F0) N p~*(J). Suppose
there exists ¢ > 0 such that | X (¢, z,£)| < R and let
to = inf {t > 0,|X (t,2,)| < R} .

Let E3 = E1—3v > 0. For t € [0,t0] we have 97 | X (£, z,€)|> > 8F;5 and hence
2 2 2 2 o2 ¢ 2~ 52
| X (£t,2,8)|” > |z|” — 4to |z] |§] + 4E3t* > |z|" [ 1 — 5. >zl >R .
3

This gives a contradiction when t = t3, and proves that these inequalities
actually hold for all ¢ > 0. We also have

Vi > 20 |z||€|Es, | X (£t 2,6)* — |z)° — 2Est? > 2t(Est — 20 |z| |€]) >0,
which concludes the proof. O
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We now discuss assumption (1.7). We still denote by Vo the function
(z,€) — Va(z) on R?>". We first remark that since (z,£) and (x,—¢§) are
simultaneously in Q({E}), Assumption (1.7) could be equivalently formulated
looking at trajectories in the past:

(2.2) (1.7) <= YweNW({E}),IT R, Vo(X(-T,w))>0.
Using compactness of Q,([E/2,2E]), we can also check that assumption (1.7)

is an open property:

PROPOSITION 2.2. — If assumption (1.7) holds for some E > 0, then it also
holds for any A in some neighborhood of E.

We now prove that assumption (1.7) ensures that the absorption is positive
on trapped trajectories “on average” in time, as mentioned in introduction.

PROPOSITION 2.3. — Let J C R be such that assumption (1.7) holds for any
X € J. Then for all compact K C Qif(J) there ewist co > 0 and C > 0 such
that

t
Vt > 0,Vw € K, / (Vo 0 ¢%*)(w) ds > cot — C.
0
REMARK 2.4. — This proposition implies that

t
Yw € Ql:)t(J), ltim_&nf%/ (Voo ¢is)(w) ds > 0.

The claim that the average in time of the absorption is positive on trapped
trajectories becomes clear on periodic trajectories. If w € p~(J) and T > 0
are such that ¢ (w) = w, then

T
/0 (Vo 0 ¢')(w) dt > 0.

To prove this we only have to apply (1.7) to wg = ¢ (w) € Qp({E}), where
to € [0,T] is the time for which ¢ — fg V2(X (s, w)) ds reaches its maximum.

Proof of Proposition 2.3. — 1. Since K is compact we can assume without loss
of generality that J is a compact subset of R . Let w € {;(.J). By assumption
there exist T, > 0 such that

T
/ (Vo 0 %) (w) ds > 2.
0

Since the left-hand side is a continuous function of w, we can find a neighbor-
hood ¥/, of w in R?" such that for all v € ¥, we have

T
| 0o swds .
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As Q4(J) is compact, it is covered by a finite number of such sets ¥,,. Hence
we can find T7,7; > 0 such that

t
Yw € Qp(J), 3t € [0,T7], / (Vg 0 ¢F%)(w) ds > 1.
0

2. Let v = 2”;% and Tp = T (1 4+ v), where m_ := — infgn V5. Let w € Q3 (J).
We set tg = 0 and for all k£ € N we consider by induction tg41 €|t tx + T1]
such that
tht1
[ tae st wyds >
tr

We necessarily have ti11 >t + 71/ ||Va||, for all £ € N, and hence ¢, — +oo
(if V5 = 0 the statement of the proposition is empty). In particular any ¢ > 0
belongs to |tx,tx + T1] for some k € N. Let ¢ > T, and N € N such that
t €ltn,tny + T1]. We have N > v and hence

/Ot(woqsisxw) ds > ]:Z:_O/

k

tr41

(Va o =) () ds + / (Va o %) () ds

>vyy —Tim_.

This proves that
t
Yw € Qp(J),Vt > Ty, / (Va0 %) (w) ds > 2.
0
3. By continuity, there exists a neighborhood % of €(J) such that
T>
Yw € U, / (Vg 0 ¢F%)(w) ds > 1.
0

4. Now let K be a compact subset of Qbi(J ). We prove by contradiction that
there exists Tx > 0 such that ¢ (w) € % for all w € K and t > Tk. If it is
not the case we can find sequences (t,),,cy and (wm),,cy With w,, € K and
tm — oo such that ¢*m (w,,) ¢ %. Each term of the sequence (¢*'™ (w))men
belongs to the bounded set |, ¢t (K), so after extracting a subsequence if
necessary, we can assume that it converges to

Weo € QE(J)\ U C QL (R).

Let R be such that (2.1) holds for v = (inf J)/3 > 0 and K U {weo} C By (R).
There exists T, > 0 such that |X(FTw,ws)| > 2R. By continuity and
properties of &, we can find a neighborhood ¥ C B, (&) of we such that
| X (Ft,v)] > 2R for all v € ¥ and t > Tw. Hence for large m we have
#Ft=(Y)N K = @, and in particular ¢**m(w,,) ¢ V. This gives a contra-
diction.
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UNIFORM RESOLVENT ESTIMATES 601

5. Let w € K, t > Tk and N be the integer part of t_TZK. We have

[ 0o 5= )w) s
0

N-1

Tk TK+(k+1)T2
> [T eswias+ Y [ (Vs 0 6%*)(w) ds
0

k=0 Y T +kT>

s [ egtw)as

Tk +NT;
> -Tgm_~+ N —Tom_
t—T
> —Txm_ + K 1-Tym_.

2

Since this integral is not less than —Txm_ when t € [0,Tk], this gives the
result with ¢g =1/T5 and C =1+ (Tx + To)m_ + Tk /Ts. O

We are going to use in Section 7 a more precise result:

PROPOSITION 2.5. — Let R > 0 and J C R% such that assumption (1.7) holds
for any X € J. Then for any compact subset K of p~1(J) there exist co,C > 0
such that

t
Vt>0,Yw € K, /(‘@oqﬁis)(w)ds}cOt—C or | X(xt,w)| = R.
0

If K C QFf(J) this comes from Proposition 2.3, and if K C QX (J), the
second conclusion holds for ¢ large enough, uniformly in w € K, and the first
conclusion is always true for finite times. The problem therefore comes from
the boundary between QF (J) and QZ (J).

Proof. — As above we may assume that J is compact. Since the conclusion is
stronger if & is taken larger, we may assume that (2.1) holds for v = (inf J)/3.
Let K = K NQF(J). K is a compact subset of QFf(J). We use the nota-
tion introduced in the proof of Proposition 2.3. We know that there exists
Tx > 0 such that ¢**(w) € % for all w € K and t > Tk. By continuity
of the Hamiltonian flow, there exists a neighborhood ¥ of K in K such that
¢*TTx (w) € U for all w € V. We now prove that there exists T > 0 such that
for all w € ¥\ K C Q£ (J) we can find 7, > T which satisfies:

(2.3) Vte [Tk, T, ¢ (w)e U and Vt>7,+Ty |X(xt,w)| >R

This means that even if we cannot say when a trajectory coming from 9\ K
will leave B, (&), we control the time it can stay in B, (&) \ %. Assume that we
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cannot find T'% such that (2.3) holds. Then there exists a sequence (w.y,)
of elements in 9\ K and times t,, > Tk, 0, > m for m € N such that

gzﬁit’”(wm) ¢ U and | X(E£(tm + Om), wn)| < K.

After extracting a subsequence if necessary, we may assume that w,, converges
t0 Woo € K. If weo € QX (J) then there exist T, > 0 and a neighborhood W
of wo such that | X (+t,v)] = R for all ¢ > Ty, and v € W, which is impos-
sible. This means that the limit w., actually belongs to K. If the sequence
(tm)men is bounded we can assume, after extraction, that t,, — to > Tk,
which cannot be true since we would have ¢*tm (w,,) — ¢ (ws) € % and
hence ¢**m(w,,) € U for m large enough. Extracting again a subsequence,
we can assume that t,, — +0o. Let v, = ¢ (wy,). The sequence (vim),,en
is bounded so without loss of generality we can assume that it converges to
some vo, € p~1(J). Since ty, 0, — 0o and the sequences (¢T'™ (v,,))men and
(¢%% (vm))men are bounded, we obtain as before that vy, € Q4(J), which gives
a contradiction and hence proves (2.3). The complement K \ V is a compact
subset of QE (J). Choosing T larger if necessary, we can assume that

Vwe K\ V,Vt > Ty, |X(£t,w) > R.

meN

As a consequence, given w € K and t > 0 such that |X(+t,w)| < R, we

have ¢**(w) € U for all s € [Tk,t — Ty and hence, as we did in the proof of

Proposition 2.3, we obtain

t—Tx —Typ
T

and conclude the proof. O

t
/ (Va0 ¢F%)(w) ds > —m_Tx + —1—-Tom_ —Tgpm_
0

3. Resolvent at distance of order / from the real axis

In this section we give some general properties about the semiclassical mea-
sures we consider and prove Theorem 1.1.

PROPOSITION 3.1. — Assume that Vo € C°(R™). Let (zm),,en € CV and
(hm)men €10, 11N be sequences such that

hpm —— 0, Ap:=Rezp, —— E >0 and ﬂm::h;flmzm—>ﬂ€R.

m—0o0 m—0Q0 m—0o0

Consider § >0 and a sequence (vm),,cy € H2(R™)N such that

||Um||L2v*5(Rn) =1, |(Hz, — Zm)vaL?v&(R") = mgoo(hm)a
and
(31)  VgeCFE®™), (Opy, (0)vm vm) 2 ——— /R L adp
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for some (non-negative) measure u on R?". Then we have the following two
properties.
(i) If g € d( <x>_26) is supported outside p~1(J) for some neighborhood J
of E we have

<Opﬁm (Q)Um, Um>L2(]R") — 0.

m— 00

In particular p is supported on p~*({E}) and for x € C°(R™) we have

<va7v’m>L2(Rn) — X(ZU) du($a€)

m— oo R2n

(ii) For g € C$*(R*™) and t > 0 we have

62 [ ad= | @odew (—2 /0 (Va+ B) 0 6° ds) an.

Proof. — (i) For m large enough (such that A, € J) we set:
a(, ) ()
p(l‘, 6) — Zm

Since g vanishes on p~!(J), we have a,, € d( <§>_2) uniformly in m. We can

write

a’m(mv 5) =

<Op;zum 'Uma'Um> < HOph UmHLz 5(R7)
< HOph (Im Hh — Zm vm”Lz —5(Rn) + m—0>oo(hm)
||Oph (am)(Hp,, Zm)UmHsz&(Rn) + m—0>oo(hm)
— 0,

which proves the first assertion. Applied with ¢ € C§°(R?"), this proves that u
is supported on p~}({E}). Now let x € C§°(R") and consider ¥ € C§°(R")
such that R™ x supp(1 — x) does not intersect p~1({E}). Then

(Opy,, (x(@)(1 = X()) v, vm) —— 0,

and hence
Jim (@) m) =l (OB (x(2) X)) = [ X()TO) du.)

- / x(@) du(z, €).
R2n

(ii) Let ¢ € C§°(R?") and t > 0. For 7 € [0,¢] and w € R?" we set
¢
g(m,w) = q(¢" 7 (w)) exp (—2/ (Va+8)(¢° 7" (w)) dS) ~
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Since UTE[O,t] supp(go¢?~7) is bounded in R?" we can use differentiation under
the integral sign:

d

d
E R2n ( /]RZ" dT ( )d‘u /Rzn (2(‘/2 +ﬂ)q(7-) - {paq(T)}) dﬂ

)
= hm < h (2(Va + B)a(1) = {p, a(T)}) vy V)
- Jim <(2<v2 + )P, (a(r)) = 7= [}, O, (a(r))]) )

m— 00 m

= tim " ((OpY, (7)) (Hn,, — 2n) — (Hi, — 2n) OB, (a(r)) vimsvm)

m—0o0 m

=0.

This gives statement (ii). Here we do not have to worry about decay properties
of v,,, since we only work with compactly supported symbols. O]

We now turn to the proof of Theorem 1.1. We first remark that it is easy
when 8 > m_ = — infg= V5 since

Hy, —z= (Hh — ihm,) — (z — ihm,)

and Hj — thm_ is maximal dissipative. This proves that if Imz > hm_ the
resolvent (Hj — z)~! is well-defined and

1

Imz—hm_"

-1
(3:3) [(Hn - 2) ”f(L?(]R")) <

As said in introduction we proceed by contradiction to prove the general case.
So we assume that we can find sequences (vm),,cny € H2(R™N, (2im)nen € CV
and (hm),,cy €]0,1]" such that

hm — 0, Ap:=Rezn = E, By:= hr_nl Im 2, 2 B, ||Um||L2(Rn) =1

and
(F, = 2m)emlzany =, 0 ()

We are going to prove that such a sequence (vp),,cy cannot exist. First
considering a sequence of eigenvectors, this will prove that for A small enough,
H; has no eigenvalue with real part close to E and imaginary part larger
than h(. But the essential spectrum of Hj is Ry, so if z € C, belongs to
the spectrum of Hj it must be an (isolated) eigenvalue. Thus, the resolvent
(Hp, — 2)7! is well-defined as a bounded operator from L2?(R") to H?(R")
when A is small enough, Im z > hf and Re z is close to E. Applying again the
argument now gives the estimate of Theorem 1.1.

Since we already have the result for large 3, the sequence (8,,),,cy is nec-
essarily bounded. After extracting a subsequence if necessary, we can assume
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that B,, — 3 > 3. Since a bounded sequence in L2 (R™) always has a semiclas-
sical measure (see [5, 34]), we can assume after extracting another subsequence
that (3.1) holds for some nonnegative Radon measure p on R™. Our purpose is
now to prove that p is both zero and non-zero to get a contradiction.

PROPOSITION 3.2. — The measure p is non-zero.

Proof. — As V, goes to 0 at infinity, there exists R > 0 such that Va(z) > -8
for all x € B. We have

/ (Va() + Bm) |vm(x)|2 dz = _h;ml Im ((Hp,, — zm)ym7vm>L2(R“) —0
Rn

m—00
and hence, for x € C§°(R",[0,1]) equal to 1 on Bpg,

g:g Rn(l— x(2)) |vm(x dx—|—ﬂ/ x) |vm (x | dx

B

< [ (@) + )1 = x@) fon @) do+ 5 [ x@) (@) d

Rn

< [ (B -ve@) —n) x@ lom @ do+ o)
< <§+m,) /nx(:zz) lom (@) dz+ o (1)

m—-+oo

This proves that
/ x(z) du(z, &) = hrn / ) [vm()|* dz # 0. O
RZn

We now prove that p is actually zero. Note that by Proposition 3.1 we
already know that y is supported on p~1({E}).

PRrOPOSITION 3.3. — The total measure of u is finite.
Proof. — Let g € C§°(R?",[0,1]). We have
10k (@)l 2 (z2mm)) < Clldll e (rany + O (Vhin)

where C only depends on the dimension n (see for instance Theorem 5.1 in [34]),
and hence:

[ adu=1im (00t @vmsvm) < 1msup C gl gy lom 22 e <
R2n m— oo m— 00

Considering g;, equal to 1 on the ball Bg:« (k) of radius k¥ € N in R2" proves
that p(Bgzn(k)) < C for all k € N. O

PROPOSITION 3.4. — p =0 on Q({E}).
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Proof. — Let q¢ € C§°(R?",[0,1]) supported in Q3 (R*) There exists T > 0

such that for w € suppq and s > T we have Vo(X(—s g Put
T
C = sup exp(—Q/ (Va4 B)og™ ds)
supp q 0

According to (3.2) and Proposition 3.3, we have for all ¢t >

t
0</R2nqdl£=/2n(QO¢t)exp <—2/0 (‘/2+/6)°¢t_8d5> du

t
p(R*") sup exp (—2/ (Va+8) chsds)
0

supp q
< Cu(R™) exp (~(t — T)B)
— 0.
t—+o0
This implies that the integral of ¢ is zero and proves the proposition. O]

PROPOSITION 3.5. — p =0 on Q; ({E}) and hence on R*".

Proof. — We follow the idea of the previous proof, now using the absorption
assumption on trapped trajectories. Let ¢ € C5°(R?™,[0,1]). Since u is sup-
ported on 2, ({E£}) we have for all ¢t > 0:

t
0</R2nqdll:/Rzn(QO¢t)exp<—2/0(V2_|_ﬁ)o¢t—sds) dp

t
< u(R*™) sup  exp (—2/ (Vo+B)op™" d8> :
0

Q, ({E})Nsupp ¢

Now using Proposition 2.3, we can conclude that the integral of ¢ is zero. [

Propositions 3.2 and 3.5 give the contradiction which proves Theorem 1.1.
We remark that assumption (1.7) is stronger than necessary to prove Proposi-
tion 3.5, since we did not use the fact that Im z,, is allways greater that 8. We
can actually prove the following result:

COROLLARY 3.6. — Let E > 0 and B > 0 such that

Yw € Qy({E}),3T > 0, /T (Va(X (=s,w)) + B8) ds > 0.
0

Then there exist a neighborhood I of E, hg > 0 and ¢ > 0 such that for h €]0, h]
the operator Hy, has no eigenvalue in Cy pg and

Cc

Vz € Crng,  ||(Hi = 2)7 | pp2gan)) < h
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As explained before Corollary 1.3, we obtain results on the lower half-plane
under the more “symmetric”’ non-trapping condition:

COROLLARY 3.7. — Let E >0 be a non-trapping energy (see (1.5)) and
B > 0. Then there exist a neighborhood I of E, hg > 0 and ¢ > 0 such that
for h €]0,ho], Rez € I and |Im z| > hf the operator (Hp, — z) has a bounded
inverse on L2(R™) and

c

|| (Hh — Z)_IHZ)(L2(]R")) S n

Proof. — We only have to apply Theorem 1.1 to H}, and its adjoint Hy. [

4. Estimate in the incoming region

In this section we prove an estimate for the outgoing solution of the
Helmholtz equation in the incoming region.

THEOREM 4.1. — Assume that Vo is of short range (see (1.8)). Let I C R,
ho > 0,6 > %, ¢ >0, k € N and suppose that for h € |0, ho] and z € Cr 1 the
resolvent (Hy, — 2)~! is well-defined and

(@) =27 @),

Let Ry > 0,d > d; >0 and 0,01 €] — 1,1] such that 01 < 0. Then there exists
R > Ry such that for z € Cr 4, w € J,(R?"™) supported outside Z_(Ry,d1,—01)
and w_ € Jo(R?™) supported in Z_(R,d,—c) we have

(@)% 0Py (w-) (Hi = )71 Opy(w) ()|

<
(L2(®r))  hE’

O (h%),

£(L2R™)  h50
and the size of the rest is uniform in z € Cr . If the limiting absorption
principle holds in L(L*?(R™), L>~%(R")) for X\ € I and h > 0 small enough,
then the estimate remains true for (Hp — (A +i0))™1, A € I. Moreover if
suppw C By (r) for some r > 0, then the weight (1’)_5 can be replaced on both
sides by (x)ﬁ for any B € R.

REMARK 4.2. — We are going to use this result for a small perturbation of a
dissipative Schrodinger operator in order to prove Theorem 1.2 (see Proposi-
tion 5.3). Then, once Theorem 1.2 is proved, we can use Theorem 4.1 for the full
non-dissipative Schréodinger operator Hy, we are interested in (see Section 7).
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The result being stronger in this case, we can assume without loss of general-
ity that d; is non-zero. The proof of this theorem follows that of the dissipative
analog given in [27]. We recall the sketch of the proof for the reader convenience
and refer to [24, 32, 27, 25] for more details.

Let dy €]0,d;[ and o €] —1,01[. There exist Ry > 0 and ¢ € C*°(R?") such
that

(41) V(2,6 € Z_(Ro,do,—00), [Vud(z, &) + Vi(2) = |¢”
and, for some p > 0:

Y(z,€) € R*" Vo, 8 € N,

0208 (8(2,€) — (2,))| < coo {2) 71

(see [16]). As explained in [32], we can assume that the constants c, 3 > 0
for a,, 8 € N™ are as small as we wish as long as we replace ¢ by

(4.2) (2, = (6(@,8) = (@, )x (5) + (@0

for R > 2Ry large enough and x € C*°(R") such that x(z) = 0 for |z| < 1/4
and x(z) = 1 for |z| > 1/2. In this case (4.1) remains valid on Z_ (R/2, dy, —09).

For all (z,£) € R?™ we denote by t — r(t,x,£) € R™ the solution of the
problem

8tr(t7xa§) = V$¢(T(tax7§)’§)7
r(0,z,§) = x.

We can check that this defines a smooth function on R x R?™. If R was chosen
large enough in (4.2), then for (z,£) € Z_(0,d1, —o1) and ¢ > 0 we have

|T(—t,$,€)| > C(](t + |$L'|),

for some ¢y > 0. Moreover for a, 3 € N™ with |a|+ |G| > 1 there exists cq,3 > 0
such that

agafr(—t,x,g)] < cap(t+ (z)) ()71
Fort > 0 and (z,¢) € Z_(0,d1, —01) we now set
F(t,z,£) = Aud(r(t, z,§), &) — Va(r(t, z,))
and define on Z_(0,d;, —o7) the symbols

ag(x,&) = exp <— /000 F(—2s,z,¢) ds)

and, for j > 1:
+o00

a;(z,€) =1 Axaj_l(r(—QT,x,f),f) exp (—/ F(-2s,x2,¢) ds) dr.
0 0
These functions are solutions of the transport equations

2Vaa0 - Vi + agAzd —agVo =0
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and, for j > 1:
2anj . qub + (lemqb — aj‘/g — iA;,;aj,1 =0.
Moreover a; decays as a function of f_ (R2") and there exists ¢y > 0 such that

($7£) € Z—(07d17_01)7 |(10(ZE £)| Co-
Note that V5 has to be of short range here but the sign does not matter.

Since we work on Z_ (0, dy, —01), we now introduce a cut-off function as fol-
lows. We choose R and R3 such that max(R;, R/2) < Ry < R3 < R, dy and d3
such that d; < d2 < d3 < d and finally o9 and o3 such that o1 < 03 < 03 < 0.
Then we consider x1,x2,x3 € C*(R,[0,1]) such that x1(s) = 0 for s < R,
Xx1(s) =1 for s > R3, x2(s) = 0 for s < da, x2(s) = 1 for s > ds, x3(s) =0
for s < 09 and x3(s) =1 for s > 3. We fix N € N. Let us define

N

=3 Way and b ) = el (-5 ) ate.6.m).

=0
We also consider
p() = 3 (I929f" + Vi = € )b(h) + (2Vb(h) - Vo + b(h) A — b(R)V2) = ihA,b(h).

The symbols b(h) and p(h) are supported in Z_(Rs,ds, —03) and for o, 8 € N”
there exists a constant c, g > 0 such that for h €]0, 1] we have

V(w,€) € Z_(Rz,da, —02), 030 p(w,€,1)| < cap (@)

0200b(z, €, h)| +

and

V(Zli,f) € Z—(R3a d37 _03)a

Cp(a,,h)| < cag AN (@) NI
If R is chosen large enough, Rs €]R3, R[, d5 €]ds,d[ and o5 €]os, o], then
we can construct (see [32, Lemma 4.5]) a symbol e(h) = Z;V:O hie; such that
ej € d_j(]RQ") is supported in Z_(Rs,ds, —o5) for all j € [0, N] and
In(e(h), 9)In(b(h), )* = Opy(w-) + Y1 0py, (r(h)),
where r(h) € J_ 5 (R?") uniformly in h €]0,1] and for u € J(R™) we have set

I, 00u(o) = g [ [ OO0, pu(y) e dy

For any ¢t > 0 we have

In(b(h), )*Un(t) = Ug (t)In(b(R), )" — /O UL (s)In(p, 9)*Un(t — ) ds,
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and hence

Opy, (w_)Un(t) = =T 0p,, (r(h))Un(t) + In(e(h), ) UL () In(b(R), ¢)*
- / In(e(h), &)U (5)In(p(R), 6)Un (¢ — 5) ds.

Contrary to the dissipative case, we cannot write

(Hy —2)"' = 1/ e W (Hh=2) gy — 3/ R (1) dt
h Jo h Jo
for any z € C,, but this is at least possible when Im z > h||Vz]| . For such

a z, we obtain from the previous equality:

(@)™ Opy, (w=)(Hy, — 2) " 0py (w) (z)
= —hH ()™ Opy, (r(h))(Hy, — 2)"'0py, () (2)

by @)™ [ R, U (O (601, )" Opy () ()"
0

—(z)~° / eI (e(h), $) UL (5)Tn(p(h), )" (Hy — =) Opi(w) (@)~ ds.

This equality is proved for Im z > ||V3||, but the two integrands decay with
time uniformly in z € C;y. Each term is holomorphic on C; ;, so for
any h €]0, ho] this equality remains valid on C; 4 by unique continuation.
Then it only remains to chose N large enough and estimate each term of the
right-hand side to conclude (we use the assumption on resolvent estimates
here). This can be done as in the dissipative case, using Propositions 3.2 and
3.5 of [32].

5. Uniform resolvent estimates

We now prove the uniform resolvent estimates for the non-dissipative
Schrédinger operator up to the real axis. In order to use Theorem 4.1 we
assume that V5 is of short range. But we expect Theorem 1.2 to be true under
a weaker assumption on V3, so we are going to give the other arguments only
assuming that V5 € C*°(R") is of long range with a short range negative part:
there exist p > 0, C' > 0 and constants c, for a € R™ such that for all z € R
we have

(5.1)  Va(z) > -C{(z) ™" and VaeN", |0°Va(z)| < ca (z) 177,

As for Theorem 1.1, we proceed by contradiction. We suppose that Theo-
rem 1.2 is wrong and consider sequences (Um),,cy € H2(R™)Y, (2m)meny € CV
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and (hm),,cy €]0,1]" such that if we set Ay = Rezp and B = hy,' Imzy,

1 1+p

then for some § € ] 5

[ we have
hin =0, An = E, 0<Bn—0, |vmllpz-sgn =1

and

[(Hh = 2m)vmll 25y = 0 (hm).
We remark that v,, is assumed to be in H2(R") for all m € N, but is only
uniformly bounded in L*~9(R™).

As for Theorem 1.1, we show that such a sequence (vy,),,cy cannot exist,
which proves first that for h small enough, H; has no eigenvalue with real part
close to E and positive imaginary part, and then the estimate of Theorem 1.2.

If there exists a subsequence (mg),cy such that 8, > 6> 0 for all k € N,
then we obtain a contradiction with Theorem 1.1. Therefore we can assume
that

Bm —— 0.

After extracting a subsequence if necessary, we can assume that (3.1) holds for
some non-negative Radon measure p. We already know that u is supported
in p~!({E}). In order to get a contradiction, we prove that u =0 and p # 0.

Let Wy = Vo+2C (z) """ > C (z) ", the constant C being given by (5.1).
We first prove that p # 0. The proof relies on the existence of an escape function
in the sense of [17]:

PROPOSITION 5.1. — Let E > 0. There ezist f € C;°(R*™,R), x € C°(R™,[0,1])
and x € C§°(R,[0,1]) equal to 1 in a neighborhood of E such that

V(@ &) R, {p, fHe, &) = (1 - x(2)X(p(z, ) (z) "
The proof of this proposition is postponed to Appendix A.
PROPOSITION 5.2. — The measure (4 is non-zero.

Proof. — 1. Let 8 € C§°(R", [0, 1]) be supported in By and equal to 1 on Bj.
For R > 0 we set Og(z) = 9(%) If there exists R > 0 such that

(5.2) / () () dia, ) # 0
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then the proposition is proved. Otherwise, according to Proposition 3.1, we
have for any R > 0

lim su )P v, O,
msup | ((2) ) oo

. 717p
<limoup | (0 ()77 o)
+ lim sup <(1 —0R) (@) v, v >
—— " L)
26— 1—p 26—1—p
< - < ’
< H(@ 1 9R)HL°°(]R") S B
This proves that
—1-p
(5.3) () Um’vm>L2(R") e
and hence:
(5.4) Bon 10|72 gy + H\/;2 m’ L2(R")
= —hy T (Hh,,, = Zm)Vm, Um) 12 (n)
—1—p
+2C <<1’> Um’vm>L2(Rn) mtoo 0

Since both terms of the left-hand side are non-negative, this means that each
goes to 0 as m goes to +00. Moreover /W is smooth and all its derivatives of
order at least 1 belong to J( <x>_6), so for any f € Cg°(R*") we have

HFOph vm‘ H ph(f)\/Wzm‘

2. Let x € C§°(R™,[0,1]), X € C§°(R,[0,1]) and f € C;°(R*",R) be given by
Proposition 5.1. For m € N we have:

1= <<(L’>_26 vm,vm>
= (&) x(@)vm, vm) + (Op, ((2) % (1 = x(2))((1 = %) © 1)) Vm, V)
+(0pp, ({2) 7 (1= x(®))(X © P)) U, Vrm )

According to Proposition 3.1, the second term goes to 0 as m goes to +00. We
now show that this also holds for the third term in order to prove that

/R @) x(@) du(r,€) = T (@) X(@)om, vm) = 1 £0.
3. We have

7}, b, (1)) = b, ({2, £1) + K09, (ra(fn),

(hm) —— 0.
L2(R™) m— oo m— o0

L2(R™)
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where 73(h) € J((z)~' ") uniformly in h €]0,1], and hence

(Opy (1 = x()) (&)~ (X 09)) v vm) = (0D} ({D, F})Vm, vm))
= 5 ([}, Opg, (Mo vm) + O (B).

Since vy, € H2(R™) for all m € N and according to (5.3)-(5.5) we have
(5.6)

(0py (% 0 p)(1 = X(@)) (€)™ Y0, V)
= " (((Hn, = 2m)*ODE. (f) = ODY. (f)(Hn,, — 2m)) Vo) + 0 (1)

hm m—0o0

— 0,
m— 00

which concludes the proof. O

Let
H? = —h?A + Vi (z) — ihWy(x).
The Schrédinger operator H ,% is dissipative and its dissipative part is positive

on trapped trajectories of energy E, so there exist a neighborhood I of F,
ho > 0 and Cy > 0 such that for h €]0, ho] and z € C; 4 we have

H<x>76 (H}% - Z)_l <$>76HZ’(L2(R")) S %

(see [26]). Since 26 < 1+ p we can write 2C (z) ' " = Wj + Wy where
W, € C§°(R™) and
Vo € R, (2)* [Wa(z)| < 20,
Put
H} = —h?A + Vi(z) — ihWy(x) + ihWs(z) = Hf 4+ ihWs(z).
Let z € C; 1. By a standard perturbation argument, we know that for & €]0, h]
the resolvent (Hp — z)~ ! is well-defined and

(5.7) [ @ =27 @7, L <

As a result we can apply Theorem 4.1 with H,% on Cr 4 (we recall that V3 has
to be of short range here). We use this result to prove that the semiclassical
measure p is supported outside Q3 ({E}):

PROPOSITION 5.3. — p =0 on Q ({E}).
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Proof. — Let J C IN|E/2,2E[ be a neighborhood of E. We first check that
u = 0 in the incoming region Z_(R,0,—1/2) for some R large enough. Let R,
be such that supp Wy C Bg,, d €]0,1/E/2[and o = 1. Let R be given by Theo-
rem 4.1 applied to H3, and finally w_ € C§°(R?") supported in Z_(R,d, —1/2).
For m large enough the operator (H ,‘;‘m — zm) has a bounded inverse, so we can
write
Opj,, (w-)vm = Opy,, (W-)(H, = 2n) " (Hh,, — 2m)Vm
—ihmOpy, (w_)(Hgm — Zp) T Wy,

According to (5.7) and Theorem 4.1 we obtain

(5.8)

100, (0 Yom |

& w ) —4 — —6
= (@) Opi(w-) (@) || [ @) @R, = zm) ™ @) 1HR = 2l 2 ey

+ i (@) ODR (@) = 200) ™ Wi @ | Iomll 2 ey

— 0.
m— 00

This proves that
<Op’}L7,Um (w*)vﬂh Um>L2 (R™) —_— Oa

m—00
and hence 4 = 0 on Z_ (R, d, —1/2). Now let ¢ € C§°(R?") supported in Q (J).
For t > 0 large enough we have ¢~*(suppq) C Z_(R,d,—1/2). According to
Proposition 3.1 we obtain

t
/ qdu=/ (q0¢t)eXp<—2/ V20¢>t‘sd8> dp =0,
R2n RZn 0

which proves that =0 on Q_ (J). O

When (5.2) holds for some R > 0, then Proposition 5.2 is proved but
not (5.6). So we cannot use it to show that u is zero at infinity as in the
self-adjoint case (see [17]).

PROPOSITION 5.4. — pu=0 on Q, ({E}).
Proof. — This proposition is proved as Proposition 3.5, even though the total

measure of y is no longer necessarily finite. Let ¢ € C§°(R?",[0,1]). We know
that p is supported in Q, ({E£}), so according to Proposition 3.1 we can write

t
[ adu= [ tozqeylaoden (—2 / V20¢t_sd8) n.
R2n R2n 0
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Since the set

U ¢ “(suppq N ({E}))

t>0
is bounded, there exists ¢ > 0 such that for all £ > 0
t

/ qgdp < c sup exp <—2/ V20¢_8d5> .
Rz ({ED 0

supp ¢NQ,

Then we can conclude with Proposition 2.3. O

6. Limiting Absorption Principle

After having proved resolvent estimates on Cy 1, we can show the limiting
absorption principle and study existence and uniqueness of an outgoing solution
for (1.1). Before giving more precise statements, we introduce some notation.
Let

Cir={¢eC:Re(>0,Im¢ >0}.
For u € H'(R") we set on R" \ {0}:

. -1 Or

ﬂ, @ru:&nu—knju and VLu:Vu—x Y.
|| 2|zl ||

This defines functions in L?(R™\ ¥) for any neighborhood 9 of 0. We are going

to use the following standard properties of these operators:

Oru =

PROPOSITION 6.1. — Let u,v € H(R™) and assume that u is compactly sup-
ported outside a neighborhood of 0. We have

<@ru>v>L2(Rn) = —(u, @rv>L2(Rn) )

and

-1 —
(Ort, 0r0) 2 gy = (Drtt, Drv) p2(gny + W%U .
4|z| L2(R")

If moreover u belongs to H?(R™) we also have

1
0,Viu(z) =——V u(z) + VL 0u(z).

|z
In this section we consider a Schrodinger operator
H=-A+Vi(z) —iVa(x)

with domain 9(H) = H?*(R"). V; and Vs are bounded and real-valued. We
assume that

(6.1) Vi—iVy =W —iWy + Wy,
where:
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(i) W1 and Wy are differentiable,

(ii) for all z € R™ we have Wi(z) € R, Wa(z) > 0 and Ws(z) € C,
(iii) there exist p €]0,1] and ¢ > 0 such that for all z € R™ we have
(6.2)
Wi(@) + Wa(z) < c(e) ™ and  [TWi(2)] + [VWa(2)] + [Waa)] < efa) ™"

For x € Bf we also set

Ws(z) = Wa(z) + W

DEFINITION 6.2. — Let ¢ € C,., f € L2 _(R"), and suppose that

loc
u € H2 _(R™) is a solution for the equation

(6.3) (H— = /.

Then we say that u is an outgoing solution for (6.3) if there exists § > % such
that (9, —i¢)u € L?°~1(BY).

Let 6 € ] %, % + g[ be fixed for all this section, p being given by (6.2). Let K
be a compact subset of C4 . such that K = K NC;. We set K* = K NCj.

PROPOSITION 6.3. — Assume the resolvent (H — (2)~! is defined for all
¢ € K* and the equation (H — ¢*)u = 0 has no non-trivial outgoing solution
when ¢ € K.

Let A\ € KNR* and f € L*°(R"). Then (H—(?)~1f converges in L*»~°(R™)
to the unique outgoing solution for the equation (H — A\?)u = f when ¢ € K*
goes to A.

Moreover, there exists a constant C > 0 such that for any ( € K and
f € L>%(R™), if we denote by u the unique outgoing solution for the equation
(H — (®)u = f then we have for all R > 0 the following estimates:
(6.4)

lull sy + 1(Dr = i)l o1y + B Nl ooy < C 1l -

We denote by (H—(A?+40)) ! f the unique outgoing solution u € HZ (R™)N
L?>79(R") for the equation (H — A\?)u = f. To prove this proposition, we study
the behavior of (H—(2?)~1f, ¢ € K*, at infinity. In a compact subset of R, the
estimates we need are given by interior regularity (see for instance [12, §6.3.1]):

PROPOSITION 6.4. — Let z € C and R > 0. There exists C' > 0 such that if
f €L (R") and u € HE (R™) is a solution for the equation (H — 2)u = f
then we have

lullgz sy < € (£l 5, + Il 5., ) -
Moreover C is uniform for (z,R) in a compact subset of C x R...
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The difficulty is to give some estimates of (H — ¢2)~!f uniform when ¢
approaches R’} . For some fixed ¢ € K* we have the following lemma:

LEMMA 6.5. — Let f € L*%(R"), ¢ € K* and v = (H — ¢?)~'f. Then u and
Vu belong to L?%(R™).

Proof. — Let x € C§°(R™) be supported in By and equal to 1 on Bj.
For any R > 0 we set xp : = +— X(%). Then we have to check that

[XR <x>6 , (H — ¢?)71] is bounded uniformly in R > 0. We prove similarly that
Xr (z)° 8;u is in L2(R™) uniformly in R > 0 for all j € [1,7]. O

The self-adjoint version for the first estimate of the following result is
Lemma 4.1 in [29]:

LEMMA 6.6. — There exists C' such that for { = ¢, +ils € K*, f € L*%(R")
and u = (H — ¢?)~1f we have

Co lull sy < C (Il o -samy + 1(Dr = i)l 51 gy + 1| 2oy

and

HW I

< C (llull 2ms zny + 1(Pr = iC)ull p2.s-1mg) + 1|2 @my) Iull 2.5z -

2, l—&(]Rn

Proof. — Let x € C*(R™,[0,1]) be equal to 1 outside Bs and equal to 0
on By. For R > 1 we set xg : © — x(z) — x(z/R). Let a €] — 00,1 — 4],
(=C+iCe K*, f e L*(R") and u = (H—(?)"'f € H*(R"). Forall R > 1
we can write

(CH = ), @) (14 12 ey = (£ @) (1 [2)0) o -

Taking the imaginary part in this equality gives

2
v,

< ”f”L?"S(]R") ||u||L2,2a—6(Rn) + ”’U’HLQ’—‘;(]R”) ||W3U||L2,2a+6(mn)
+ [IxrOrul 25 @y | (200 + |21)**0, xR + 20(1 + |$|)2O‘_1XR)U\\L2,5(Rn)

2
+2G:1G2 [XRull 2.0 (g0

Q(Rn)

c (||f||L2»5(R") + 1(Dr = iQ)ull 2.5-1gn\ ,) + ||u||L2,—6(Rn)) [ull p2.20+5-1(gny »

where ¢ does not depend on R. Then we can let R go to infinity in the left-hand
side. Proposition 6.4 and this inequality with a = 1 — § give the first estimate.

We take o = % — 4 to obtain the second. O
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For all ( € K* and = € R™ the complex number ¢2 + iW5(x) belongs to C
and hence has a unique square root (w(z,¢) = (1(x,¢) + ila(x,¢) in Cyy.
Moreover there exists C' > 0 such that for all { = {; +i(; € K* and x € R"”
we have

(6.5) C1(2¢1 62 + Wa(2)) < (o2, 2) < C(2616 + Wa(z))
and

IVaw (,Q)l < Ca) ™77,
where p > 0 is given by (6.2). For { € K* we set

@5 - @T‘ - ZCW($7C)

PROPOSITION 6.7. — There exists C such that for (= (1 + il € K*,
f€L?>R") and u = (H — ¢?)~'f we have

(D7 = iC)ull g2.5-1 ) + IV Lull 25155y < C (Il gomsggeny + 11| 2o em))

The proof is inspired from the self-adjoint version given in [29], to which we
refer for some additional details. The new difficulty here is to take into account
the long-range imaginary part W5 of the potential.

Proof. — 1. Since
WQ (.’E)

< Wa(z),

we have

||(@r — ic)u”L?,é—l(Rn) < H @fu +c ”u”L?v*‘;(R”) ’

L2:6—1(Rn)

where ¢ > 0 denotes different constants which do not depend on { € K* or
f € L*%(R"). It is therefore enough to prove the proposition with (2, — i)
replaced by @E.

2. We consider x : ¢ — X(|z|), where x € C*(R,[0,1]) is non-decreasing,
equal to 0 on ] — 0o, 1] and equal to 1 on [2,+oo[. For R > 1 we set xr(z) =
lz]) — %1z — ). Let ¢ = G +iCs € K*, f € L*3(R™) and u = (H — ()1,
It is enough to consider the case A", < N 4, where

Nu = llull g2 -s@ny + 1 fll 2.5 gy

and

N g = max (H)(@gu

L25-1(Rn)’ HXVLuHLQ"S’l(R")) ’

TOME 142 — 2014 — N° 4



UNIFORM RESOLVENT ESTIMATES 619

According to Proposition 6.1 we can write for any R > 1:
Re (f,x%(1+ [2)? " Diu)
= Re ((H — (*)u, xi(1 + |2)* " Diu)
= Re (Dru, Doxh(1 + [2))? ™ Diu) + Re (Viu, VixG(1 + |2)) 7 Du)
+Re (W1 (2)u + Wa(z)u — Cw (2, 0)?u, xh (1 + [a])* 7! Diu)

=: A1(R) + A3(R) + A3(R) + A4(R) + As(R).
3. We have
A1(R) + As5(R) = Re (Diu, Doxh(1 + [2)* 7 Du)

+Re (~i(0rCw (2, 0) + Cw (@, ) DE)u, x5 (1 + [2) " Dlu) .
According to Lemma 6.5, 9%u belongs to L*%(B¢) and hence
lim inf Re (DSu, Dyxh(1 + |2))2 " Diu)

R—oo
= Ltiminf (9, 0, (R (1 + o)1) Du)
2 R—oo T r
1 2 2
> ((5 - 7) Hx@fu —c H@gu .
2 L2:6-1(Rn) L2(B3NBY)
Moreover

lim inf Re (=i(0,Cw (@, ) + Cw (2, Q) DS )u, (1 + |2]) 2~ D)

> lim inf Re (=10, Cw (, O, xR (1 + |2)) P~ Dbu)

)x@ﬁu

> _CHU’HL?v*l*PJﬂ;(R”) L2:5-1(Rn) :

According to Proposition 6.4, these two estimates give

(6.6)  liminf(A1(R) + As(R)) > (5 - %) wau

)—CWqu.

L2,6—1(Rn

With the same kind of argument and using the last property of Proposition 6.1
we prove that

lim inf 45(R) > (g - 6) XV LullF2 s (gny — €N uN a.
Using (6.5) and Lemma 6.6 we show that

hRHLioIéf A3(R) > —c N N g.
We have the same estimate for A4(R) and

VR>1, Re(f,xh(1+|z)* ™ Diu) < cH W4,
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so we finally have

3 9 1 ¢ 12
(5 — (5) ||VLU||L2'5*1(B§) + <(S - 5) HX@TU L2’5*1(B§) < CWqu,
which, together with Proposition 6.4, concludes the proof. O]

As in the self-adjoint case we also use the following estimate:

PROPOSITION 6.8. — There exists C' such that for R > 1, ¢ € K*, f € L*%(R")
and v = (H — (?)71 f we have

2 - 2 2
HUHL%—S(B]C%) < CR'™% (HUHL%—S(W) + ||f||L2»5(R")) :
Proof. — For all r > 0 we have

6.7) [(Dr —iQ)ulz,
= |Dru+ Gulf + (T [ulf, +2G (Vou,u) g+ 4G |lullh, + 26 Tm (fu) 5
In particular
2 . 2 2
Gt [ul2, <1(Dr = iQula, +2C1 [ Fll 2.0 gny Iull 2.5 gny + el T2, zn)

We multiply by (1+7)~2% and integrate from R to 4-oc to prove the proposition.
O

With all these estimates and uniqueness of the outgoing solution for the
equation (H — A\?)u = 0 we can now conclude that the limiting absorption
principle holds as in the self-adjoint case.

Proof of Proposition 6.3. — The first step is to prove that if we have the
estimates (6.4) on K*, then we have the limiting absorption principle.
We refer to [29, Lemma 2.6] and recall briefly the idea. If {,, — X and
Um = (H —¢2)7'f, then a subsequence of (up),,cy converges to some u
in L2 (R™) according to Proposition 6.4. We obtain convergence in L%~ (R™)
according to the last estimate of (6.4). Using again Proposition 6.4 we also
have convergence in HI%C(R”). The limit u is necessarily an outgoing solution
for the equation (H — A?)u = f. And since we have uniqueness for such a
solution, we actually have convergence of the whole sequence.

To apply this result, we still have to check the first estimate of (6.4).
This is a contradiction argument: we assume that we can find sequences
(fm)men € L2 (R™)N and (2m),,cn € (K*) such that

m o NEKORL, [(H = 2m) a0 =1
and

”meLM(Rn) = mg (1).

oo
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All the estimates of (6.4) hold for this sequence and hence (H — z,,) "' fn
converges to an outgoing solution for the equation (H — A\)u = 0, which must
be zero. This gives a contradiction (see the proof of Theorem 2.3 in [29]). O

For the dissipative Schrodinger operator everything holds as in the self-
adjoint case on the upper half-plane:

PROPOSITION 6.9. — If V5 > 0 then the assumptions and hence the conclu-
sions of Proposition 6.3 hold for any compact subset K of Cy 4.

Proof. — If V5 > 0 then the operator H with domain H?(R"™) is maximal
dissipative, so its resolvent (H — z)~! is at least well-defined for Imz > 0.
Moreover, if u € H2_(R™) N L%~%(R") is an outgoing solution for the equation
(H — ¢*)u = 0 for some ¢( € K then, according to (6.7), ¢ € R and u van-
ishes on the support of V5, and hence is an outgoing solution for the equation
(H; — ¢?)u = 0, where H; = —A+V;(x) is the self-adjoint part of H. We know

from [29, § 3] that such a solution must be zero. O

In the non-dissipative case we do not have such a systematic result. In order
to prove Theorem 1.4 we use the fact that for » > 0 small enough and z € C;
we already have existence and uniform estimates for the resolvent (Hj, — z)~1.

Proof of Theorem 1.4. — Let 6y > 0 be such that Va(z) + 6o (z) "' ~” > 0 for
all z € R™. There exist a neighborhood I of E, hy > 0 and C > 0 such that for
all h €]0, ho), z € C; 4+ and 0 € [0, 65] we have

(@ =27 @)

where Hf = Hy, — ih8 (z)7' 7. Indeed, Theorem 1.2 gives such an estimate for
any fixed 6 € [0, 6], and the perturbation argument already used to prove (5.7)
gives an estimate uniform for # in a neighborhood of 6. Now let 61 € [0, 6]
and assume that v = 0 is the unique outgoing solution for the equation
(HY — 2)u =0 when 6 € [01,60], z € C;+ UI and h €]0,ho]. Let h €]0, ho],
z€Cr4+UI 0 € [6—C/2,60,] and let u € HZ _(R™)NL%~°(R") be an outgoing
solution for the equation (HY — 2)u = 0. We have

(HP* — 2)u = —ih(6) — 0) (x) ' " u € L29(R™).

< €7
L(L2(R™)) h

According to Proposition 6.3, the outgoing solution for the equation
(H Zl —2)u = f is given by the limiting absorption principle if z € I and
hence in any case we have

C 1 1
Jull -z < - || 161 = 0) (@)1 4 < 5 lull s ooy

L2:8 (R™)
This proves that u = 0. O
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7. Semiclassical Measure

We study in this section the semiclassical measures for the outgoing solution
of (1.1) when the source term f}, concentrates on a bounded submanifold of R™,
V1 is of long range and V5 is of short range. We adapt to this setting the proof
given in [27] for the dissipative case.

Let T be a (bounded) submanifold of dimension d € [0,n — 1] in R™. We
consider A € C§°(T'), S € J(R™) and define

r—z

(1) fuw) = | 4@ (57) don(e),

where or is the Lebesgue mesure on I'. We can check that f; is microlocalized
on NT' and || fa |l z2.6(gny = O(v/h) for any & > 3. Let E > 0 be an energy which
satisfies assumption (1.7). We assume that

(7.2) Vzel, Vi(z)<E.
Let
Ngl'= NI'np~'({E})
={(2,§) €T xR" : £1T.T and |¢]° = E - Vi(2)} C R,

where T,I" is the tangent space of I' at point z. Assumption (7.2) ensures
that NgI' is a submanifold of dimension n —1 in R?". The Riemannian
structure g on NgI' is defined as follows. For (z,£) € NgI' and (Z,E),
(Z,é) S T(Z7§)NEF C R?" we set

g(z,f)((Z7 E)’ (Z’é)) = <Z7 Z>]Rn + <EJ_7éJ_>Rn,

where 2,2 are the orthogonal projections of 2,2 € R” on (T.,T ® REL =
Te(({z} x R™) N NgI'). We denote by on,r the canonical measure on NgI'
given by g, and assume that

(7.3) ongr ({(2,€) € NgT' : 3t > 0,¢"(2,€) € NgT'}) = 0.
With all these assumptions we can prove the following result:
THEOREM 7.1. — Let f; be given by (7.1) and uy, be the outgoing solution

for the Helmholtz Equation (1.1). Let assumptions (1.3), (1.7), (1.8), (7.2)
and (7.3) be fulfilled.

(i) There exists a non-negative Radon measure p on R*" such that

(7.4) Vg € C§°(R?™),  (Op} (q)un,up) Pl qdpu.
e d R n
(ii) This measure is characterized by the following three properties:
a. p is supported in p~1({E}).

TOME 142 — 2014 — N° 4



UNIFORM RESOLVENT ESTIMATES 623

b. For any o €)0, 1] there exists R > 0 such that yu = 0 in the incoming
region Z_(R,0,—0).
c. u is solution of the Liouville equation

n IS
(7.5) {p, u} +2Vop = m(2m)* " JA(2)” 17" [8(6)"owir,
(ili) These three properties imply that for q € C§°(R?*™) we have

7.6 d
19 [ adu
oo & - K 8,2 S
=[] st AR 7 S e e B o g

NgT

Note that as in [3, 27] we can let E depend on h : Ej, = Eg+hE;+o(h) € Cg,
where Ey > 0 satisfies assumption (1.7) and Im Ej, > 0. Then V2 has to be
replaced by Vo 4+ Im E; in (7.5) and (7.6).

We recall the sketch of the proof, discuss differences with the dissipative
case and refer to [3, 27| for details (see also [25]). We first remark that the
limit (7.4) is zero when ¢ € C$°(R?") is supported outside p~1({E}). For ¢
supported close to p~1({E}) the idea is to replace the resolvent which defines
up, by the integral over finite times of the propagator. More precisely, for T' > 0
and h €]0, 1] we set

i [ it _
up = E/ xr(t)e” »H=E) gy
0

where x7(t) = x(t — T) and x € C*(R,[0,1]) is equal to 1 in a neighborhood
of | — 00, 0] and equal to 0 on [rg, +00[ for some 7y > 0 small enough (see [27]).
Then we can study separately the contribution of different times. For small
times we proceed exactly as in the dissipative case, using a W.K.B. approxima-
tion of the propagator (see below). For intermediate times, and then to prove
that u;{ is in some sense a good approximation of uj for large T' and small A,
we need a non-selfadjoint version of Egorov’s Theorem.

According to (3.3) and Hille-Yosida Theorem (see for instance Theorem I1.3.5
in [11]) we know that H}, generates a continuous semi-group, which we denote
by Up(t), and

VE20, [Un®)llppeqny) <™

(we recall that m_ = —inf V). Let Wy, Wy € C°(R™,R), W = Wy + Wy and,
for t € R:

Uzh(t) — e~ WUHI—ihW2)  anq szh(t) — e~ W (H —ihW2)

The usual Egorov’s Theorem extends without modification to the non-
dissipative case:
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THEOREM 7.2. — Let a € C{°(R?*™). There exists a family of symbols a(t)
for j € N and t € R such that:

(i) Forallt € R, N € N and h €]0,1] we have
~ N .
U3 (1) Opy ()03 (8) = Y W Opyy (a;(t)) + AV Ry (2, h),
3=0
where Ry (t, h) is bounded on L?(R™) uniformly in h €]0,1] and t € [0, T]
for any T > 0.
(ii) We have
ag(t) = (aod')e” Jo wee' 4,
(iii) Fort € R and j € N we have
supp a;(t) C ¢ *(suppa).

Let w e R**, T > 0 and 0 < tw1 < -0 < by T < T + 19 be the times
between 0 and T + 79 for which ¢~t»*(w) € Ng['y = NgI' N (supp A x R™).
For 7, > 0 small enough we consider x,, € C§°(]0, 27, [) equal to 1 in a neigh-
borhood of 7. For k € [1, KI] we prove that in L%(R")

i

b it
E / XT(t)Xw(t - tw,k + Tw)ei%(HhiE)fh = Bg,k(h) + hOO (\/ﬁ)’
0 e d

where Bi x(R) is a Lagrangian distribution of Lagrangian submanifold

Ag,k = {¢t(z7§)a (Zag) € NEl—‘vt E]tw,k‘ - Twatw,k + T’w[}-

This means that there exist N € N, bg)k € C°(R™ ) and a non-degenerate
phase function ¢ € CP°(R"*V R) (if Vp9(z,0) = 0 for some (z,0) € RV,
then the N linear forms d(, ¢y0,¢ : RN — R, 1 < i < N, are linearly
independent) such that

1 i
By i (h) = Y /R N eV @bz, 0)db,

and
{(z, Vo3 (x,0)) for (x,0) € R"" such that Veu(z,0) =0} C AL,

(this replaces what is said in [27]). This is proved by direct computations when
tw,r is replaced by 7, (and N = 0 in this case), and then we use the fact
that for any ¢ > 0 the propagator Ux(t) can be seen as a Fourier Integral
Operator and maps, up to O(h*°), a Lagrangian distribution of submanifold A
to some Lagrangian distribution of submanifold ¢*(A). We know that for such

TOME 142 — 2014 — N° 4



UNIFORM RESOLVENT ESTIMATES 625

a Lagrangian distribution there exists a smooth and non-negative function I/Z:’ k
on Aak such that
Vg € G, (Opp(@)BL. (1), BL.(1) — | a(@)u(@)doyr (@),
- Aw,k ©

where o7 . is the Lebesgue measure on Ag, - According to Egorov’s Theorem,
times far from 0 and tg,k (k € [1,KT]) do not give any contribution around w
at the limit A — 0, so we can prove that (7.4) holds for some measure pr if up
is replaced by u?.

It remains to study the contribution of large times. In [27, Prop. 2.3] we

used the fact that the damping factor exp ( — fot Vs 0 ¢° ds) is a non-increasing
function of ¢, which is no longer the case. We use Proposition 2.5 instead:

PROPOSITION 7.3. — Let J be a neighborhood of E such that assumption (1.7)
holds for all X € J. Let K1 and Ko be compact subsets of p~1(J) and ¢ > 0.
Then there exists Ty > 0 such that for q1,q2 € C§°(R?™) respectively supported
in K1 and K9 we have

VT > To, 111;1 Sup 0Py (41)Un(T)Opy (a2) | p(z2®ny) < € lla1llo 221100
Proof. — Let q1,q2 € C§°(R?") be respectively supported in K; and Ko.

Let t +— U} (t) denote the unitary group generated by the self-adjoint part H}
of Hy. According to Egorov’s Theorem we have for all T' > 0:

0Py (a1)Un(T)Op}, (42) || 12 (my)
= vt @) opi (a1) U (1)0p} (@)

w — Vood® ds
:Hoph a(q 0" )e Jg vees )

£(L2(R™))

+ O (h)
L(L2(R™)) h—0

+ hQO (\/E)’

<C sup |ga(w)qr (87 (w))e” J, va(xX(s,w)) ds

weR2™

where the size of the rest depends on T, q; and g2. The constant C' only
depends on the dimension n. According to Proposition 2.5 there exists Ty such
that for T' > Ty and w € K9 we have

T
Ce Jo vaX (s ds <e or ¢ (w) ¢ K.

Therefore we have for all T > Tj:
||OP1}f(Q1)Uh(T)OPZ)(QQ)||f(L2(Rn)) <ellallo llaello + hQO (\/ﬁ)
It only remains to take the limit h — 0 for fixed T', ¢; and ¢o to conclude. [
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For the rest of the proof we proceed as in the dissipative case. We only
have to be careful with the proof of Lemma 5.4 in [27] since the resolvent
(Hp — 2z)~! cannot be written as the integral of the propagator over positive
times for all z € C,. However, for h > 0 small enough and z € C close to E,
(Hy, — 2)~1fy, is well-defined and belongs to H?(R"). Therefore we can write

Opy (q)(Hp, — 2) " fn — Op (g)e™ % =2 (H), — 2)71f,

T
oo d s .
| ovta) e ¥ i - o)
0

i [ it
=+ [ xr@0pk@e ) g
0

y oo . it
2 | 0o F ek g .
0

Note also that since ||Upn(T)l| p(r2(gn)) is no longer estimated uniformly by 1,
some rests depend on T in the proof of this lemma. This is not a real problem
since we take the limit A — 0 for fixed T'. We finally obtain that for any compact
subset K of p~!(J) and € > 0 there exists Ty such that for ¢ € C§°(R?")
supported in K we have

VT > Ty, lirilshlp |(Op¥ (q)un, un) — (Op} (q)ut , uf )| < el -

With this estimate we can check that for all ¢ € C§°(R?") the function
T — [ qdur has a limit when T' — 400, that this limit defines a non-negative
measure g on R?" and finally that (7.4) holds for this measure. All the
properties of u stated in Theorem 7.1 are proved as in the dissipative case (in
particular we use Theorem 4.1 to prove (ii) b.).

Appendix A

Construction of an escape function

In this appendix we prove Proposition 5.1. A similar result (with an inequal-
ity) is proved in [17]. The purpose was to give a proof which could be extended
for matrix-valued operators. The version we give here is much more convenient
in our context.

Let J = |£,2E[, 0 €]0,1[ and & given by Proposition 2.1. We set
Zj+=2Z4 (%,0, Fo) ﬂp_l(J).
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PROPOSITION A.1. — If R was chosen large enough, then for o, 3 € N such
that |a| + |B] > 1 there exists cq,p such that for t > 0 and (z,€) € Z 4+ we
have

(Al) a;ca?qs:tt(x’ 5) < Ca,B <t> .

We know (see for instance Lemma IV.9 in [22]) that the derivatives of the
flow ¢! are uniformly bounded as long as t stays in a bounded subset of R,
but may grow exponentially fast with time. The purpose of this proposition
is to check that if we only look at the flow far from the origin (where it
is “almost free”) then we recover a growth of size O(t) as in the free case

(z,8) — (x + 2t€,¢).

Proof. — 1. We prove the proposition for (z,€) € Z 4, the case (z,£) € Z;_
being analogous. Let

JxX(t,ac,£) J§X(t,l’,f)

JLE(t, z,£) JgE(t,x’§)> € M, (R),

At z,8) = (

where for instance J: X denotes the partial jacobian matrix of X with respect
to £. Suppose that

||A(t)||L°°(ZJ,+7M2n(R)) _

lim sup ~+00.

t——+o0o t

Differentiating the system (1.4) with respect to z and then with respect to &,
we see that

8tA(ta x, 5) = B(ta Z, 5) : A(ta Z, 5)
where
0 21,

— Hess Vi (X (¢, 2,€)) 0 ) € Mon(B),

B(t,z,§) = (
and hence:
6t2A(t’x7£) = 8tB(t,x,§)-A(t,x,§)+B(t,m,f)Q-A(t,x,f) = C(t,l‘,f)'A(t,l‘,f)

According to Proposition 2.1, there exists ¢y > 0 such that for (z,§) € Zs+
and t > 0 we have |X(t,x,&)| > co(|z| + t), so

IC(t 2,0l < 10:B(t, 2, &)l + || B(t, 2, 6)*|| < e(jz| + )77,
where ¢ depends neither on (z,£) € Z ;4 nor on ¢t > 0. For m € N let
t = i0f {t > 1 ¢ At 2,8l e (2, , aty () > T -
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Since the derivatives of ¢! are in L>°(R?") uniformly for ¢ in a compact subset
of R, we have t,,, — +00. According to Taylor’s formula we have

||A(tm)||L°°(ZJ,+,M2n(R))

tm

||A(0 ||Loc(7J o Man(®)

+ [|0: A(0) ||L°° (Z5,4,M2n (R))

+ 7/ %"‘5) 2= P“A( )||L°°(ZJ,+7M2’H(R)) ds

c+c/
0 tm

tm

<c+oeom (R+s)""ds
0

(%—{—s) =P smds

<c+emR 7,

where the different constants ¢ depend neither on m € N nor on the choice
of R. If R was chosen so large that c® 7 < 1, then the right-hand side is less
than m/2 for large m, which gives a contradiction. The case |a| + |8] = 1 is
proved.

2. We now proceed by induction on |a| + |8|. Let a,8 € N" be such that
|| + 18] > 2 and assume that the result is proved for any derivative of order
less than |a|+|3]. For j € [1,n], the differential operator 6;"6? applied to (1.4)
gives

0,007 X;(t,7,€) = 20207 Z;(t,3,€)
8t85355j(t» z,§) = — Z?:l(aﬂﬂjaxzvl)(X(ta z,§)) ao(cla?Xl(tv z,§) + ba,ﬂ,j(tv z,§),

where b, g,; is a sum of terms of the form

v
— (0,0 V1) (X (t,2,6)) [ | 05+ 05" X, (8, 2,€)

k=1

where |v| > 2, Zk Lo =, Z 1 Bx = B and for k € [1,|v|]: ji € [1,n] and
|ak| + |Bk| = 1. In particular for all k we have |ag| + |Bk| < |a| + 8], so each
term is estimated by

v

(02,0 V) (X (t,2,) T] 0202 X, (1, 2,8)

k=1
e(lz] + )71 < ellz] + )7
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where ¢ depends neither on ¢ > 0 nor on (z,§) € Z 4+, and hence
a3, (£ 2, €)] < e(lz] +1) 7177

We also have
|01ba,5,5(t, 2, )| < c(lz| + )17

If we set
0207 X1 (t,2,€) 0
820 X, (t, x, 0
Aa”fj(t,l',f) _ T E[g_ ( z f) c RQn and Daﬁ(t’x7§) = c RQn7
8?85 :1(t,$,£) ba,ﬁ,l(tyx,g)
0207 En(t, x,€) Do, (t, 2, )
we have
0tAnp(t,x,&) = B(t,x,§) - Aag(t,z,&) + Do g(t, x,€)
and

07 Aa,p(t,x,€) = O(t,2,8)-Aa p(t, 2, )+ B(t,2,€) Do p(t, 2, £)+0, Da s (t, , ).

Then we can conclude as above. Note that the matrix C is the same, and hence
the choice of £ does not depend on («, 3). O

The estimate of size O(t) for X is what was expected since this is indeed
what we have in the free case, but we can improve the result for =:

COROLLARY A.2. — For any o,B € N* there ewists copg >0 such that
fort >0 and (x,&) € Z;4+ we have

020fE(t, 3, €)| < Cap.
Proof. — Let a, 8 € N™. We have proved that

0,020, 2 (%t 2,€)

= F D (00,0, V) (X (41,2,€) 950 X, 2,) + 0_(£717),

—1 —+o00

where the rest is uniform in (z,§) € Z;4+. With the estimates we now have
on the derivatives of X this means that there exists ¢, g > 0 such that for all
(,8) € Zj+ and ¢t > 0 we have

0,020, 2 (&t,,8)| < cap ()77

It only remains to integrate in time to conclude. O
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COROLLARY A.3. — For any o,B € N* there exists cqpg >0 such that
fort >0 and (z,§) € Z;+ we have

aaaﬁ X(:bt,:c,f) ) E(:I:t,:c,f)
TUEX (2, )| [E(E @, €)|

‘ X Ca,B-

COROLLARY A.4. — Let § > %. Then for any a,3 € N" there exists cq,5 > 0
such that for allt > 0 and (z,§) € Z5+ we have

020 (X (t,2,) | < casllal + ).

Proof. — Let o, € N*. We remark that 8;’8? <X(:tt,x,§)>_26 is a sum of
terms of the form

K
—26—-K o
e (X (&t 2,8)) (X (£t,2,8))" P~ [ 00+ 07" X (¢, 2, €)
k=1
where K € [1, |a|+|8]], cx (z) = (z)**TF d‘i—KK (z) " is bounded, o = SF o
and 8 = S5, B Since (X(:I:t,a:,{))_%_K < c(|z] +t) 724K for some ¢ > 0,
we only have to apply Proposition A.1 to conclude. O]

Now we can prove Proposition 5.1 :

Proof. — Let x € C§°(R) be supported in J and equal to 1 in a neighborhood
of E. Let x4, x— € C*®(R) such that supp x+ C] — o, +o0[, supp x— C] —00,0]
and x4+ +x— =1 on R. Let x € C§°(R™,[0,1]) be equal to 1 on Bg, ;. Let

s+ 0.6 = e (575) (1= X@)R0( ) @)
and, for w € R?™:
+oo
fe(w) = i/ﬂ g+ (6T (w)) dt.

In particular the functions g4 are supported in Z ;4. Let w = (z,€) € R*".
There exists T\, > 0 such that ¢=(Z;+) N B;(2|z|) = @ for all t > T,, and
hence

Vv € By(2z|),Vt > Ty, g+ (gﬁt(v)) =0.

According to the regularity theorems under the integral sign the functions f
and f_ are smooth around w. Since this holds for any w € R?", f, and f_ are
smooth on R?”. Moreover their derivatives along the flow ¢! are given by

+oo
{p, f+} = i/o {p,gropT}dt =g..
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We now check that all the derivatives of fi are bounded. According to
the estimates proved above, for a,8 € N" there exists c, 3 > 0 such that
for (x,¢) € Z;+ and ¢t > 0 we have

0207 (9.4 © 6*")(2,6)| < carplle] + ).

Let w € R?" such that ¢T'(w) € Z; 1 for some t > 0 (otherwise the derivatives
of f4 vanish at w). Let ¢y be the maximum of such times ¢t. We have

to
agaffi(w)) </0 aﬁaf(gioqﬁ“)(w)] di

/to
0

+o0o
< caﬁ/ (R+1)"% dt.
0

220 (91 8*) (67" (w)| a

This means that f, and f_ belong to Cg°(R?",R). It only remains to set
f = fy+ + f- to conclude. O
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