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RINGS OF MICRODIFFERENTIAL OPERATORS
FOR ARITHMETIC 2-MODULES

CONSTRUCTION AND AN APPLICATION
TO THE CHARACTERISTIC VARIETIES FOR CURVES

BY TOMOYUKI ABE

ABSTRACT. — One aim of this paper is to develop a theory of microdifferential oper-
ators for arithmetic Z-modules. We first define the rings of microdifferential operators
of arbitrary levels on arbitrary smooth formal schemes. A difficulty lies in the fact that
there is no homomorphism between rings of microdifferential operators of different lev-
els. To remedy this, we define the intermediate differential operators, and using these,
we define the ring of microdifferential operators for Zt. We conjecture that the char-
acteristic variety of a 2T-module is computed as the support of the microlocalization
of a ZT-module, and prove it in the curve case.

Introduction

This paper is aimed to construct a theory of rings of microdifferential oper-
ators for arithmetic Z-modules. Let X be a smooth variety over C. Then the
sheaf of rings of microdifferential operators denoted by &x is defined on the
cotangent bundle T* X of X. This ring is one of basic tools to study Z-modules
microlocally, and it is used in various contexts. One of the most important and
fundamental properties is the equality

(V) Char(.#) = Supp(&x Qr-19, A )
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36 T. ABE

for a coherent Zx-module .#, where w : T*X — X is the projection. One
goal of this study is to find an analogous equality in the theory of arithmetic
Z-modules.

We should point out two attempts to construct rings of microdifferential
operators. The first attempt was made by R. G. Lopez in [13]. In there, he
constructed the ring of microdifferential operators of finite order on curves.
However, the relation between his construction and the theory of arithmetic
Z-modules was not clear as he pointed out in the last remark of [13]. The
second construction was carried out by A. Marmora in [23]. Our work can be
seen as a generalization of this work, and we explain the relation with our
construction in the following.

Now, let R be a complete discrete valuation ring of mixed characteris-
tic (0,p). Let 2" be a smooth formal scheme over Spf(R), and we denote the
special fiber of 2" by X. For an integer m > 0, P. Berthelot defined the ring of
differential operators of level m denoted by .@;ZL?@ He also defined the charac-

teristic varieties for coherent 9( ?@-modules in almost the same way we define
the characteristic varieties for analytic (or algebraic) Z-modules. It is natural
to hope that there exists a theory of microdifferential operators, and that we
can define the ring of microdifferential operators c;")\%n ()@ of level m associated

with 9( ?@ satisfying an analog of (V). When 2" is a curve (and m = 0), this
was done by Marmora in his study of Fourier transform. He fixed a system
of local coordinates, constructed the ring of microdifferential operators using
explicit descriptions as in [8, Chapter VIII], and proved that the construction
does not depend on the choice of local coordinates. In this paper, we use a
general technique of G. Laumon of formal microlocalization of certain filtered
rings (cf. [22]) to define the ring of naive microdifferential operators of level m
denoted by é"’\ (QT é (cf. 2.9). One advantage of this construction is that we do not
need to choose coordinates. It follows also formally using the result of Laumon
that for a coherent @(m) -module .#, we get an analogous equality of (V)

(%) Char™ (.#) = Supp(éa(m) ® _ 190 n L)

in TM*X = Spec(gr(@&m))), where m: T(™*X — X is the projection, and
Char(™ denotes the characteristic variety (cf. 2.14).

Before explaining the construction of sheaves of microdifferential operators
associated with @E{’Q, let us review the theory of Berthelot, and see why we
need to consider @%’Q—modules. Berthelot proved that many fundamental the-
orems in the theory of analytic Z-modules hold also for @égt?@—modules. For ex-

ample, he defined pull-backs and push-forwards, and proved that push-forwards
of coherent modules by proper morphisms remain coherent (cf. [7]). However,
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RINGS OF MICRODIFFERENTIAL OPERATORS FOR ARITHMETIC 2-MODULES 37

the analogue of Kashiwara’s theorem, which states an equivalence between the
category of coherent @??@—modules which are supported on a smooth closed

formal subscheme 2 of 2" and the category of coherent .@gjé—modules, does
not hold. This failure makes it difficult to define a suitable subcategory of holo-
nomic modules in the category of @g’?@—modules. To remedy this, Berthelot

took inductive limit on the levels to define the ring @)L% o and proved an ana-

logue of Kashiwara’s theorem for coherent :@}{,Q—modules (cf. [7, 5.3.3]). As
in the analytic Z-module theory, we need to consider holonomic modules to
deal with push-forwards along open immersions, and we need to define charac-
teristic varieties to define holonomic modules. When a coherent @Eg’@—module
possesses a Frobenius structure (i.e., an isomorphism .# — F*.#), Berthelot
defined the characteristic variety. He reduced the definition to a finite level
situation using a marvelous theorem of Frobenius descent, and proved Bern-
stein’s inequality by using the analogue of Kashiwara’s theorem. However, in
the absence of Frobenius, the situation is mysterious.

In this paper, we propose a new formalism which allows us at least con-
jecturally to interpret this characteristic varieties by means of microlocaliza-
tions, and use them to define the characteristic varieties for general coherent
@f%y(@—modules which may not carry Frobenius structures. We also prove the
conjecture in the case of curves (cf. Theorem 7.2). Let us describe a more precise
statement and difficulties to carry this out.

One of the difficulties in defining microdifferential operators associated with
91 is that there are no transition homomorphism (cf. 4.1)

(Tn) p(m+1)
& éa%Q

compatible with Q(e?) :@(mH) This makes it hard to define the ring
of microdifferential operators corresponding to 9;5»@ in a naive way.
-1g(m)

Let w: T*Z — Z be the projection. To remedy this, we define a 7 o gral

gebra é?%n (’@m ) for any integer m’ > m called the “intermediate ring of micro-
differential operators of level (m,m’)” so that there exist homomorphisms
of W‘l.@ -algebras

plm,m/+1) _ B(m,m) pmm’)y | S(m+1,m)
Er 0 —éyq Corn  —Cro ’

and éa(m ™ _ éa(m) We define
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38 T. ABE

On this level, we have a transition homomorphism cféén é ) cg’é;n 6 Lh compat-

ible with @g/’f @“"“) We define

(gjg Q= hmcg’(m D,

Unfortunately, contrary to (%), we no longer have the equality

Char™ (.#) = Supp(éa% m.1) ®_ 194, )

for a coherent @gf"?@—module A in general (cf. 7.1). However, we conjecture
the following.

Conjecture. — Let 2 be a quasi-compact smooth formal scheme over R, and
M be a coherent @ggn?@—module. Then there exists N > m such that for any
m' > N,

Char(™ (@ é @<m) M) = Supp(é”(m 1) ® _ 150 ).

This conjecture implies that Car(.Z) = Supp(éa 9.0 ® A) for a coherent

F —@}K’Q—module M where Car denotes the characteristic variety defined by
Berthelot. It is also worth noticing here that if this conjecture is true, the
characteristic varieties for coherent 9( Q—modules stabilize when we raise the
level m, and in particular we are able to define characteristic varieties for co-
herent @%@—modules even without Frobenius structures. In the last part of
this paper, we prove the following.

Theorem 7.2. — When 2 is a curve, the conjecture is true.

Finally, let us point out one of the most important applications of this the-
orem. The construction of the rings of microdifferential operators in this paper
and Theorem 7.2 are crucial technical tools for the proof of the product for-
mula for p-adic epsilon factors in [3]. Especially, the results of this paper is
used to establish the theory of p-adic local Fourier transform and the “principle
of stationary phase”. While the present paper is on the review, this product
formula was used as one of the most important ingredients to establish the
“Langlands correspondence” of overconvergent F-isocrystals in [2] and [1]: In
the celebrated paper of Lafforgue [20], Langlands correspondence for function
field is established. This is a certain correspondence between /-adic Galois rep-
resentations and cuspidal automorphic forms. A natural question is if there is
any analogous correspondence for overconvergent F-isocrystals. In [1], a similar
correspondence is established, and the conjecture of Deligne [12, 1.2.10 (vi)] (or
more precisely [11, 4.13]) is proven for curves as an application.
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RINGS OF MICRODIFFERENTIAL OPERATORS FOR ARITHMETIC 2-MODULES 39

To conclude the introduction, let us see the structure of this paper. In §1,
we review the theory of formal microlocalization of certain filtered rings, and
single out some basic cases where these rings are Noetherian (according to
Definition 1.9). Using these results, we define the naive ring of microdifferen-
tial operators & égfn 6, and prove some basic facts in the next section § 2. Before
proceeding to the definition of the intermediate rings of microdifferential op-
erators, we study some properties of gr(& gfn é) in §3. These are used to study
the intermediate rings, which are defined in §4. In §5, we prove the flatness
of transition homomorphisms and related results. One of the most important
properties of & gf Q?r ) is that its sections over a strict affine open subscheme form
a Fréchet-Stein algebra. In § 6, we prove a finiteness property of certain sheaves
of modules, which may be useful to deal with sheaves on formal schemes. In
the last section, we formulate the conjecture, and prove it in the case of curves.
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Conventions

In this paper, all rings are assumed to be associative with unity. Filtered groups
are assumed to be exhaustive (cf. 1.1.1), and modules are left modules unless
otherwise stated. In principle, we use Roman fonts (e.g., X) for schemes, and
script fonts (e.g., Z) for formal schemes.

If the reader is opening this paper in order to read [3], he might notice
that the version of this paper used in it is not final. However, we notice
that the numbering has not been changed since [3] was published.

1. Preliminaries on filtered rings

The aim of this section is to review the formal construction of the microlo-
calization of certain filtered rings due to O. Gabber and G. Laumon. To fix
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40 T. ABE

notation and terminology, we begin by reviewing well-known definitions and
properties of filtered modules.

1.1. — The reader can refer to [10, III, § 2] and [18] for more details.

1.1.1. — An increasing sequence {G, },cz of subgroups of a group G is called
an increasing filtration on G. The filtration is said to be positive if G,, = 0 for
all n < 0. We say that the filtration is separated if (", G, = {e} where e is
the unit. If G,, are normal subgroups of G for all n, the filtration defines a
canonical topology, which makes G a topological group (cf. [10, III, §2.5]).
Unless otherwise stated, we always assume that filtrations are ezhaustive (i.e.,

U Gi = Q).

Let A be a ring (not necessary commutative), and {A;};cz be a filtration of
the additive group A. We say that the couple (A, {A;}icz) is a filtered ring
if A;-A; C Ajqj, and 1 € Agy. If there is no possible confusion, we ab-
breviate it by (A, A;). Let M be an A-module, and {M;};cz be a filtration
of the additive group M such that A; - M; C M;;; for any 4,5 € Z. Then
the couple (M, {M;}icz) is said to be a filtered (A, A;)-module. We often de-
note (M,{M,}icz) by (M, M;) for short.

1.1.2. — Let A be a ring, and I be a two-sided ideal. We put A, := [~"
for n <0, and A, := A for n > 0. The couple (A, {A,}ncz) is a filtered ring,
and the filtration is called the I-adic filtration.

Let (M, M;) be a filtered (A, A;)-module. We say that the filtration { M, };cz
of M is good if there exist mq,...,ms € M and ki,...,ks € Z such that
M, =37 An_k, -m; for any n.

1.1.3. — A filtered homomorphism f: (A, A;) — (B, B;) is a ring homomor-
phism f: A — B such that there exists an integer n satisfying f(A;) C Bty
for any integer 7. Such a homomorphism is continuous with respect to the topol-
ogy defined by the filtration on A and B. The filtered homomorphism f is said
to be strict if f(A;) = f(A) N B; for any i € Z.

1.1.4. — For a filtered ring (A4,A4;), we put gr,(A):= A;/A;_1, and
gr(A) := @, gr;(A). The module gr(A) is naturally a graded ring, and
it is called the associated graded ring. We define the principal symbol
map o: A — gr(A) in the following way: let = € A. If z € (), A;, then we
put o(z) = 0. Otherwise there exists an integer ¢ such that z € A; and z & A;_;.
We define o(x) to be the image of z in gr;(A4) C gr(4).
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RINGS OF MICRODIFFERENTIAL OPERATORS FOR ARITHMETIC 2-MODULES 41

1.1.5. — We introduce the completion of a filtered ring. We refer to [18, Ch. I,
§ 3] for the details. Let (A, A;) be a filtered ring. Let A[v,v~!] be the ring of
Laurent polynomials with one variable v over A, graded by the degree of v.
Here, the element v is in the center by definition. We define the graded sub-
algebra of A[v,v~!] denoted by A,, called the Rees ring of (4, A;), by the

formula
A, = @ A; -Vt
i€Z
For an integer n > 1, we define a graded ring A,, = A,/v"A, =

D,z Ai/Ain - vi. For i € Z, we put A;, = A;/Ai_,, the part of de-
gree 1 of A, ,. We get a projective system of graded rings

— Ao,n+1 — Ao,n — e — A.71 &~ gr(A).
We define a module and a ring by

A\i = lim Azn (g lim Ai/Ai—n)a A\:: lim Ai-
— ) — —

n—oo n— 00 1— 00

The couple (A, {A; }icz) is a filtered ring, and is called the completion of (A, A;).
This definition coincides with [18, Ch. I, 3.4.1] by [18, Ch. I, 3.5, (d) and (e)].
We note that the completion is separated, and the canonical homomorphism
gr(4) — gr(A\) is an isomorphism by [18, Ch. I, 4.2.2]. We say that the fil-
tered ring (A, A;) is complete if the canonical homomorphism A — A is an

isomorphism of filtered rings.

1.1.6. — We say that a filtered ring (A, A;) is left (vesp. right, two-sided) Noethe-
rian filtered if the Rees ring A, is left (resp. right, two-sided) Noetherian. If
A is a Noetherian filtered ring, the associated graded ring gr(A) is Noetherian
since gr(A) & A, /vA,. If A is a complete filtered ring, A is Noetherian filtered
if and only if gr(A) is a Noetherian ring (cf. [18, Ch. II, 1.2.3]). This shows that
the completion of a Noetherian filtered ring is Noetherian filtered. Moreover,
if (A, A;) is a Noetherian filtered ring, the canonical homomorphism A — Ais
flat by [18, Ch. I, 1.2.1]. We say that a Noetherian filtered ring is Zariskian if
any good filtered module is separated. Any Noetherian filtered complete ring
is known to be Zariskian (cf. [18, Ch. II, 2.2.1]).

1.1.7. — Let X be a topological space or, more generally, topos. The termi-
nologies defined so far except for those defined in 1.1.6 and principal symbol
in 1.1.4 can be defined also in the language of sheaves by replacing “ring” by
“sheaf of rings on X” and so on. See [8, A.IIL.2] for more details.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



42 T. ABE

1.2. —Let (A, A;) be a filtered ring which is complete and the associated graded
ring gr(A) is commutative. Let S; C gr(A) be a homogeneous multiplicative set
(i-e., a multiplicative set consisting of homogeneous elements). Let ¢, : Ao p —
A1 = gr(A) be the canonical homomorphism. We put

—{xeA.n|cn 651}

By [22, A.2.1], the multiplicative set S, satisfies the two-sided Ore condition
(cf. [21, 4. § 10A]). We define a graded ring by

A, =8 A0 2 AunS

This defines a projective system of graded rings {4, , }. Let us denote by A ,
the part of degree ¢ of A’., . We define

. / !’ 1: /
A = lim Alns A= lim A].
n—00 1—00

The filtered ring (A’, A}) is complete. We denote this filtered ring by (4, 4;)s,,
and we call it the microlocalization of (A, A;) with respect to Sy. If gr(A)
is Noetherian, then A{, and A’ are Noetherian and the canonical homomor-
phism A — A’ is flat by [22, Corollaire A.2.3.4].

Let us describe elements of A’ concretely. Put S := {a € A | o(a) € 1},
and take s € S. By definition, s is invertible in (A4, A4;)s,. Given an ele-
ment a € A, there exist ar, € A;, and s, € SN A, _y (thus ay 3;1 € A)
for each integer k <, such that a = 3, ., ax s,?l, where the sum is infinite
and we consider the topology defined by the filtration of A (cf. 1.1.1). More-
over, assume that o(s) € gry(A) and S; = {o(s) }n>0. Then for any s’ € S,

there exists an integer [ such that o(s’) = o(s)'. Since a := s' — s’ € An;_1,
sTl=s"1. Zkzo(as_l)k. Thus for any o’ € Al, there exist an integer ng > 0
and aj, € Agynn, such that @’ =37, aj s7"".

1.3. — Let (A, A;) be a complete filtered ring whose associated graded ring is
commutative. The constructions in the previous subsection can be carried out
in almost the same way also for filtered (A, A;)-modules. For the details see
[22, A.2]. For example, for a filtered A-module (M, M;) and a homogeneous
multiplicative system S; C gr(A), we are able to define the microlocalization
of (M, M;) with respect to S; denoted by (M, M;)s,, which is complete.

1.4. — Let us sheafify the results. Let (A, {4;}icz) be a positively filtered ring
such that the associated graded ring gr(A) is commutative. Let R := gr(A) be
the positively graded commutative ring. Note that Ay = Ry is a commutative
ring by assumption. We let X := Spec(Ry), V := Spec(R), P := Proj(R).
Let s: X — V be the morphism defined by the canonical projection R — Ry.
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RINGS OF MICRODIFFERENTIAL OPERATORS FOR ARITHMETIC 2-MODULES 43

We put V := V'\ s(X). We have the following canonical commutative diagram
(cf. [16, II, 8.3]).

V\ v—2 -p
\p\¢/

s— X

We define a topological space V' in the following way: as a set, V' := V. The
topology of V' is generated by the basis of open sets

{D(f) | fE€Rand fis homogeneous}.

We denote by €: V — V'’ the identity map as sets, which is continuous. In
the sequel, various sheaves are defined naturally on V’. A general strategy of
[22] is to define sheaves on V, which are final outputs, by taking e~!. Now, let
us denote by O(T), for a topological space T, the category of open sets of T'.
The canonical functor e=*: O(V') — O(V) admits a left adjoint denoted by e..

For U € O(V), this functor can be described as €.(U) = U,¢g, , AU where

1

Gm,x acts on V naturally. Using this functor, e™" can clearly be calculated:

let &’ be a sheaf on V’. Then we have
(1.4.1) (6_19/)([]) = 97’(6.(U))

by [22, A.3.0.2]. Thanks to this equality, many properties of & " also automati-
cally be applied to that of e 1J".

Having this strategy in mind, let us define first important sheaves on V.
Let Oy := €, 0y. For n € Z, we denote by Oy (n), the subsheaf of Oy consist-
ing of the homogeneous sections of degree n. We put 0y (n) := e~ (0 (n)), and
Ov (x) := @,z Ov(n). We note that Oy (x) = e e, Oy. We get Oy (n)|;, =
¢ 1Op(n) for any integer n by [22, A.3.0.5]. By [22, A.3.0.5], we also have

(1.4.2) POy (%) 2 s 0y (x) 2 R

where 7 denotes the associated quasi-coherent ©)x-module.

1.5. — Let (@, 4;) be the filtered quasi-coherent @x-algebra associated
to (A,4;) on X. Let f be a homogeneous element of gr(A4), and we put
S1(f) == {f™}m>0 C gr(A). Let S,(f) be the multiplicative set of A, , con-
structed from S1(f) (see 1.2), and define A, , (f) := Sn(f) ' Asn. We define
a sheaf @l,,n on V' to be the sheaf associated to the presheaf D(f) — A ,,(f)
over the open basis of V' consisting of D(f) with a homogeneous element f
in gr(A). By [22, A.3.1.1], we know that

(1.5.1) L(D(f), Ban) = Avn(f)-
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We define
@; := lim @;n, A = lim Qf;.
P ) -

~

Then we have an isomorphism of complete filtered rings (A, 4i)s, sy —
L(D(f), (B, B;)) for a homogeneous element f of gr(A) by [22, (A.3.1.2)].
Now, let us use the general machinery to define a filtered sheaf of rings on V'
as follows:
(B, B;) == e (B, B,).

There is a canonical homomorphism of filtered rings ¢: p~ (%, &;) — (B, B;)
on V. The filtered ring (B, B;) is called the microlocalization of (&, @;). By
[22, A.3.1.6], we have canonical isomorphisms of graded rings

(1.5.2) gr,(B) = Oy (n), gr(B) = Oy ().

Remark. — Note that g.(0y (n)) = Op(n) (resp. Oy (n)) is a quasi-coherent
Op-module (resp. @y (0)-module). However, caution that, a priori, ¢.(3|;)
and ¢.(Bily) do not have Op-module structure, nor do #|;, and @;|; have
Oy -module or Oy (0)-module structure.

1.6. — Let (M, M;) be a filtered (A, A;)-module such that M; = 0 for i < 0
(and J;cz, Ms = M). Let (M, M;) be the quasi-coherent )x-module associated
to the filtered module (M, M;). This is a filtered (%, &;)-module.

Using exactly the same construction (cf. [22, A.3.2]), we are able to define
a (B, B;)-module (V', ") on V' such that we have an isomorphism of com-
plete filtered modules (M, M;)s,(5) — L(D(f), (N, ;) for a homogeneous
element f of gr(A). We define a filtered (%, B;)-module by

(W, H3) = (A, 7).
There is a homomorphism ¢y : p~ (M, M;) — (N, N;) over .

1.7. Lemma. — Let gr(JM) be the quasi-coherent Oy -module associated with the
gr(A) = R-module gr(M). Suppose gr(M) is finitely presented over gr(A). Then
we have the following equalities in V :

Supp(gr(M)) = Supp(gr(V)) = Supp(B @,-14p~ " M).

Proof. — The first equality follows from [22, Proposition A.3.2.4 (i)]. Let us
show the second one. Let U := D(f) with a homogeneous element f of gr(A).
Since I'(U, ") is complete, it is in particular separated with respect to the
filtration. Thus, T'(U, #") = 0 if and only if I'(U, gr(V)) = gr(T(U, A7) = 0
where the first isomorphism follows from [22, A.3.2]. Combining this with [22,
Proposition A.3.2.4 (ii)], the lemma follows. O
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Definition. — Assume M is an %-module of finite type. Then there exists a
good filtration {M;}icz (cf. [8, A.III 2.15]) of M. Suppose gr(A) is Noetherian.
The above lemma implies that Supp(gr(#)) does not depend on the choice
of good filtrations. We call this the characteristic variety of U and denote
by Char ().

1.8. Remark. — These construction localize and are functorial. In particular,
we may globalize the definitions of microlocalizations on schemes not necessary
affine (cf. [22, A.3.3]).

1.9. — Now, we collect some basic facts on Noetherian conditions.

Definition. — Let X be a topological space, & be a sheaf of rings on X, and B
be an open basis of the topology.

(i) The ring @ is said to be left Noetherian with respect to 9B if it satisfies
the following conditions.

1. It is a left coherent ring (i.e., locally, any finitely generated left ideal of &
is finitely presented).

2. For any point z € X, the stalk &, is a left Noetherian ring.

3. For any U € B, T'(U, @) is a left Noetherian ring.

In the same way, we define a right (resp. two-sided) Noetherian ring with respect
to B. When there is no possible confusion, we abbreviate two-sided Noetherian
sheaf of rings with respect to B as Noetherian ring.
(ii) A filtered ring (¥, ;) is said to be pointwise left (resp. right, two-sided)
Zariskian if the stalk @, is left (resp. right, two-sided) Zariskian for any =z € X.
(iii) An @-algebra B is said to be of finite type over @ if for any z € X, there
exists an open neighborhood U of z and a surjection @[T4,...,T,]lv - Blv.

Remark. — This definition of Noetherian ring is slightly different from that
of [19, Definition 1.1.1], who replaced 3 by Condition (c): for any open set U
of X, a sum of left coherent #7|y-ideals are also coherent. In §6, we show that
a stronger property than Condition (c) holds for some of the Noetherian rings
defined in this paper.

Example. — Let X be a Noetherian scheme. Let 8 be the open basis consisting
of affine open subschemes of X. Then @x is a Noetherian ring with respect
to B. More generally, let 2" be a locally Noetherian adic formal scheme (cf. [16,
I, 10.4.2]) and € be the open basis consisting of affine open formal subschemes
of 2. Then 04 is Noetherian with respect to € by [16, I, 10.1.6].
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1.10. — The following lemma is a generalization of [5, 3.3.6] to filtered rings.

Lemma. — Let (&,{%;}icz) be a filtered ring on a topological space X. Let B
be an open basis of the topological space X . Suppose that the following conditions
hold:
1. For any U € B, the filtered ring (F(U, @),T(U, ﬁl)) is complete.
2. The graded ring gr(@) is left Noetherian with respect to B.
3. For V,;U € B such that V C U, the restriction homomorphism
(U, egr(8)) — I'(V,gr(&)) is right flat.
4. For any U € B, the canonical homomorphism gr(T'(U, &)) — T'(U, gr(&))
is an isomorphism.

Then, for any x € X, the canonical homomorphism
(1.10.1) G, — G,

is right faithfully flat, where ~ denotes the completion with respect to the fil-
tration on @,. Moreover, (@, G;) is pointwise left Zariskian, and @ is left
Noetherian with respect to B. The statement is also valid if we replace left
(resp. right) by right (resp. left).

Proof. — We only deal with the left case, and modules are always assumed to
be left modules. Let z € X, and take U € B such that = € U. Let us check
that the restriction homomorphism

(1.10.2) r: (U, @) — @)
is flat. Indeed, consider the following commutative diagram

gr(T(U, &) ——T(U, gr(%))

=T

gr(ty) ——— gr()s

gr(4,)

where the vertical homomorphisms are the restriction homomorphism of &
and gr(&). The upper horizontal homomorphism is an isomorphism by condi-
tion 4. The right vertical homomorphism is flat by condition 3, and thus gr(r)
is flat as well. Since the filtered rings I'(U, &) and ., are complete and their
associated graded rings are Noetherian by conditions 2 and 4, these filtered
rings are in fact Noetherian filtered (cf. 1.1.6). Since the source and the target
of r are Noetherian filtered complete rings, r is flat by the flatness of gr(r) and
[18, Ch. II, 1.2.1]. By taking the inductive limit over U, (1.10.1) is flat.

We say that an @,-module M is monogenic of finite presentation if there
exists a surjection @, — M such that the kernel is a finitely generated ideal
of @,. By |5, 3.3.5], to check that (1.10.1) is faithful, it suffices to show that for
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any @,-module M monogenic of finite presentation such that ﬁ;\ Q@M =0, we
get M = 0. Therefore, we assume M to be monogenic of finite presentation such
that @) ® M = 0. By this assumption, there exist U € 8 and a T'(U, &)-mod-
ule My monogenic of finite presentation such that @, ® My = M. We fix a
surjection ¢: Gy := I'(U, &) — My. This induces a good filtration on My. We
define an @y-ideal K by the following short exact sequence

0— K — ﬁUﬂMUHO.

We consider the induced filtration from @y on K. Then we have the following
exact sequence

0 — gr(K) — gr(Gy) Z2% gr(My) — .

Since gr()) is flat over gr(@y) = T'(U, gr(%)), the sequence

(1.10.3) 0 = gr(6) @gu(a) gr(K) — gr(62) — gr(2) Dy 1(Mu) — 0
is exact. The sequence

(1.10.4) 0— ) ®u, K— ) @4, Gy — 0

is also exact by the flatness of r in (1.10.2) and the hypothesis on M. We
endow these two modules with the tensor filtrations (cf. [18, p.57]). Consider
the following diagram:

0 — gr(@;) ® gr(K) gr(y)

| -

gr(t, ® K) —— gr(, ® Gy)

gr(tdy) ® gr(My) —=0

where the vertical homomorphisms are canonical ones. The right vertical ho-
momorphism is an isomorphism by [18, Ch. I, 6.15]. Since the upper row is
exact and

gr(a,) ® gr(K) — gr(, ® K)

is surjective by [18, p.58], a is injective. This implies that the homomor-
phism (1.10.4) is strict by [18, Ch. I, 4.2.4 (2)], and « is an isomorphism.
Thus, by diagram chasing, ( is also an isomorphism, and

gr(.) ® gr(My) = gr(@,) ® gr(My) = 0.

Since gr(@,) = (gr(@)),, this shows that there exists V € B such that x € V,
V cU, and

L'(V,gr(#)) ®rw,gr(a)) gr(My) = 0.
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Let My :=TI'(V, &) ®rw,u) Mv, and equip it with the tensor filtration. Since
the filtration on My is good, the filtration on My is also good by [18, Ch. I,
6.14]. Since the canonical homomorphism

L(V,gr(@)) ®rwgr(ay) 8r(My) = gr(T(V, @) Qgr(r(v,m)) gr(My) — gr(My)
is surjective, here the first isomorphism comes form condition 4, we have
gr(My) = 0. Since I'(V, &) is complete and the filtration on My is good,
we obtain that My = 0 (cf. 1.1.6). Since M = @, ®yg, My = 0, the fully
faithfulness follows.

Since gr( &, ) is Noetherian, &, is Zariskian by [18, Ch. II, 2.1.2 (4)], and in
particular &, is Noetherian. To show that & is Noetherian, it remains to prove
that & is coherent. For this, it suffices to check the conditions of [5, 3.1.1]. We
have already checked (a). The flatness of the restriction I'(U, &) — I'(V, &) for
open subsets V' C U in B follows by [18, Ch. II, 1.2.1], thus (b) is satisfied,
and the lemma follows. O

1.11. Lemma. — We use the notation of 1.4 and 1.5, and we further assume
that gr(A) is a Noetherian ring.

(i) The rings Oy (0) and Oy (x) are Noetherian. Moreover, Oy (n) is a co-
herent Oy (0)-module on V' for any integer n.

(i) The microlocalization B is Noetherian and pointwise Zariskian on V.
Moreover, ¢ is flat.

Proof. — Let us check (i). By [16, II, 2.1.5], the ring Ay is also Noethe-
rian, and gr(A) is of finite type over Ag. Then by the same argument as
[22, A.3.1.8], Oy (0) and Oy (x) are Noetherian. Now, since Op(n) is a co-
herent Op = Op(0)-module and Ox (x) is of finite type over Ox(0), the second
claim follows.

Let us check (ii). Applying Lemma 1.10 to the microlocalization 8 on f/, Bis
a Noetherian ring and pointwise Zariskian on 1% by (1.5.2). Let us show B is
in fact Noetherian and pointwise Zariskian on V. It is pointwise Zariskian
on the zero section by (1.4.1) (or more directly by [22, A.3.1.5]). To check
condition (i)-2 of Definition 1.9, we apply (1.4.2), and for (i)-3, we apply (1.4.1).
It remains to show that B is coherent, which follows directly from [5, 3.1.1].
The flatness follows by [22, A.3.1.7]. O

1.12. Lemma. — Let (A, {A;}icz) be a filtered ring such that Ay is Noetherian
filtered, @, gr;(A) is Noetherian. Then A is Noetherian filtered.

Proof. — By [16, II, 2.1.5, 2.1.6], gr,(A) is finitely generated over Ay for
any i € Z. Then the statement is nothing but [19, Proposition 1.1.5] apply-
ing in the case where the topological space is just a point. O]
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1.13. Lemma. — Let (%, &;) be a pointwise Zariskian filtered ring on a topo-
logical space X. Let (M, M;) be a good filtered (&, &;)-module. Then the filtra-

tion {M;} is separated (i.e., lim ;= 0).

Proof. — Since lim M; — I, we get the following commutative diagram for
any z € X.
(i, )y i,
P ’
Since @ is pointwise Zariskian, lim M; , = 0, and thus, lim M = 0. O
—i ) —;

2. Microdifferential sheaves

We apply the results of the previous section to the theory of arithmetic
Z-modules, and define the ring of naive microdifferential operators of finite
level.

2.1. — Let S be a scheme over Z, (which may not be locally of finite type).
Let X be a smooth scheme over S, and let m be a non-negative integer. Then
we may consider the sheaf of S-linear differential operators of level m denoted

by 9)((7723 on X. We often abbreviate this as @g(m). For the details of this sheaf,

we can refer to [5, 6, 7]. For i € Z, let @)(g? be the sub-f)y-module consisting
of operators whose orders are less than or equal to 4 in _@)((m) (cf. [5, 2.2.1]).
By definition, _@)(gli) =0 for ¢ < 0. Then {@)((ml)}z ¢z 1s an increasing filtration
of 9)((7”), which we call the filtration by order. By [5, 2.2.4], the ring gr(:@)((m))
is commutative. Let )

T(W*X = Spec(gr(2Y”)),  PU™*X = Proj(gr(7")).

We call these the pseudo cotangent bundles of level m. When we need to em-
phasize the base, we denote T(™*X by T(™*(X/S). When m = 0, we de-
note T™*X and P(™*X by T*X and P*X respectively, which are nothing
but the usual cotangent bundles of X. Let T(™*X := T(m*X \ s(X) where

(1) We warn the reader that the notation T(")*X is used in [5] for the associated reduced
scheme (Spec(gr(@&m))))

red’
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s: X — T()*X denotes the zero section. Then there exist the canonical mor-
phisms (cf. 1.4) as follows:

T(m)* x Tm*x — g s plm)*x
Recall the notation Opm).x(n) for n € Z of 1.4 which is a subsheaf
of Op(my-x(*) consisting of homogeneous elements of degree m. There is a

canonical isomorphism ¢~@pen« x () = Opomyx(n) on T*X for any inte-
ger n (cf. 1.4). We remind that Opm)-x does not coincide with Opm)- x (%).
The following lemma is immediate from Lemma 1.11.

Lemma. — The rings Orm«x (0), Opmy«x () are Noetherian, and O my. x ()
is a coherent Oy x (0)-module for any integer n. Moreover, O (m). x (*) is an
Oy« x (0)-algebra of finite type.

2.2. — We can consider the microlocalization of (@)((n/z)s,@gggz) denoted
by (é;@g.,é;(g;z) using the technique of 1.4. We often abbreviate this

as (5’)(;”),5)(;2)). This is a filtered ring on T(™*X. Then there exists a
canonical homomorphism of filtered rings

om: T (DY, D)) — (687, ET).
By (1.5.2), we have canonical isomorphisms
(22.1) g (65") = Opem-x(n),  x(6") = Opomex (4):

Since gr(.@&m)) is a Noetherian ring by the proof of [5, 2.2.5], é")((m) is point-
wise Zariskian and Noetherian, and moreover ¢,, is flat by Lemma 1.11. Since
the canonical homomorphism 7, Ts Opmy« x (%) — Opomy«x (%) is injective,
gr(pm) is injective as well, and thus ¢, is strictly injective by [18, Ch. I, 4.2.4

@)I-

Remark. — The 7! @ x-modules (gﬁ’)((m) and (g’)((":) do not possess O my« x-mod-
ule structure (cf. Remark 1.5).

2.3.Lemma. — We assume that S and X are affine, and S = Spec(4).
Let S' := Spec(B) be an affine scheme finite over S. We put X' := X xg S5,
and we have the base change isomorphism T(™*(X'/S") = T(M*(X/S) xg S’
(cf. 5, 2.2.2]). Let f be a homogeneous section of T(T"™* X, Orcmy«x), and f’
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be the image in T(TT™* X’ Opmyvx). We put U := D(f) and U’ := D(f’).
Then there exists a canonical isomorphism of filtered rings

LU, (674, 6x74,)) ®a B = DU (675, 607, )

Proof. — We may assume that deg(f) > 0. By [5, 2.2.2], there exists an iso-
morphism
(m)  (m) ~ (m)  g(m)

(23]‘) F(X? (@X/S? QX/SJ)) ®A B - F(XI7 (@X’/S” QX//s/,i))'

We denote T'(U,(&¢™,607)) by (Ex,Ex,), and T(X', (2%, 2%7))
by (Dx/,Dx ;). The isomorphism (2.3.1) induces a homomorphism of fil-
tered rings (Dx/,Dx/;) — (Ex,Ex,;) ®4 B. Since B is finite over A,
(Ex,Ex,;) ®a B is a complete filtered ring by [18, Ch. II, 1.2.10 (5)]. By the
universality [22, Proposition A.2.3.3], (Ex,Ex ;) ® 4 B is the microlocalization
of (Dx+,Dx-;), and the lemma follows. O

Remark. — Consider the general situation of 2.1, and let S’ — S be a fi-
nite morphism. Put X’ := X xg S’. We have the base change isomorphism
o Tem*(X'/8") = T*(X/S) xg S, and using the lemma, we have the
following isomorphism:

- (m)  p(m) ~ (m) (m)
FH(EY)5: 6x)50) @5 Os1) = (61750, Exr s )

Note, however, that since é")((m) and éa)((":) are not quasi-coherent, a priori,
the tensor product does not commute with global section functor over affine
schemes. In this sense, the assertion of the lemma is slightly stronger than this
global version.

2.4. — Now, we pass to the limit. Let R be a complete discrete valuation ring
of mixed characteristic (0,p) whose residue field is denoted by k. We denote
the field of fractions by K, and let w be a uniformizer of R. For a non-negative
integer i, we put R; := R/(7**!). From now on, we use these notation freely
without referring to this subsection.

Let 2" be a smooth formal scheme over R. We denote by X; the reduction
of 2 over R;. We define T(™* 2" and P(™*2 by the limit of T0™*X; and
P(™)* X, over i respectively. We also define O my« o (%) (resp. Oy« 5-(n)) to
be the limit of Oy« x, (*) (resp. Opwmy-x,(n)) over i, and put Opomy« o o(*)
(resp. Opm« g o(n)) to be Opwyg(x) ® Q (resp. Opu g (n) @ Q).
Let €.: O(V) — O(V’) be the functor in 1.4 where V = T(™)* 2",
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Definition. — (i) Let B’ be the open basis of V' consisting of D(f) in T(™* 2"
over an affine open subscheme 7% of 2" where f is a homogeneous element
of T(T™*% | Op(my-q). An open subset % C T™*% is said to be strictly
affine if % € B'.

(if) We define an open basis B8 of V' to be the set consisting of U € O(V)
such that €.(U) € B’.

Lemma. — The rings Opemy« g-(0) and Openy« o- (%) are Noetherian with respect
to B, and Opmy. o-(n) is a coherent Opny. o-(0)-module for any integer n.
Moreover, Oz (my« o (%) is an Opm. o-(0)-algebra of finite type.

Proof. — The proof is the same as Lemma 1.11, so we only sketch here.
We put ¥ := T(M*2 and ¥ := T(™*2". To check that O (n) is a co-
herent f).;(0)-module, it suffices to point out that ©)pom)« g (1) is a coherent
Opmy« 20 = Opmy« 5-(0)-module. The proof that §).;(x) is of finite type is the
same. It remains to show that @4 (0) is Noetherian. The only remaining thing
we need to check is the coherence of @y (0) and Oy () around the zero section,
and for this, apply [5, 3.1.1] as Lemma 1.11. O

We define a sheaf of rings on the topological space T™* 2" ~ T(™)* X,
(= denotes the canonical homeomorphism of topological spaces) by
& gfn )= lim éa)((m)
For j € Z, we also define
£35 = lim @%(Sf}

We remark that the “filtration” &, (m)4 of éa is not exhaustive. We define a
submodule (which is in fact a ring by Lemma 2.5 (iii) below) by

&Y = lim &5 c &y,

j— o0
There is a canonical homomorphism of rings on T(™)* 2"
(2.4.1) Bm: T DG — EG.
This homomorphism is injective by the injectivity of ¢,, in 2.2. Since
Om(m _1@(7")) é”gl, ¢m|ﬂ,1@(m> induces a homomorphism of mod-
; w2y

ules ﬂ_lg(m) & ébym). We abusively denote this homomorphism by ¢,,.
We see from the following Lemma 2.5 (iii) that this homomorphism is in fact
a homomorphism of rings.
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2.5. Lemma. — Let 2" be a smooth formal scheme over R. Let % be an open
formal subscheme of T(™* % belonging to B. Let i be a non-negative integer,
and we denote % ® R; by U;.

(i) The ring F(%,é"’\g}) is w-adically complete and flat over R. Moreover,
the canonical homomorphisms ggf") R R; — éa)((m) and ggn) R R; — éa)((m) are
isomorphisms.

(ii) Let j be an integer, and k be a positive integer. Let & be one of éagff;Jrk,
é"gfn), é"\gn) We have

(m)y ~ (m) (m) (m) ~ 1 (m) (m)
D(w,&)&y ;) = I‘(ﬁi/,é”‘)/l“(?/,éaggj), ££j+k/é”%7»rfj = @gxﬁj-s-k/gxi,j'
(iii) Let j and k be integers. Then ggfn; : éﬁ%n,)c - £$;+k n gg), and in
particular, (cg’é;n), {@”’égrf;}jez) is a filtered ring. Moreover, the w-adic completion
of fgn) is isomorphic to égg)

(iv) The filtered rings <§’)((m) and gégfn) are complete with respect to the filtra-
tion by order.

Proof. — For a projective system {&;};>0 on a topological space T' and for an
open subset U of T,

(2.5.1) (U, lim 7;) —%yL_nF(U, Ii)
by [16, Or, 3.2.6]. For an inductive system {&;};>0 on a Noetherian topological
space T and for an open subset U of T',

(25.2) lim T(U, 7;) < T(U, lim 7,
by [15, Ch. II, 3.10]. Since % is an open subset of an affine formal scheme
e(%), % is a Noetherian space.

By (2.5.1) and the definition of &5 in 2.4, (%, &) = lim T'(U;, &¢7).
Since T'(U;, a?’)(g?)) is flat over T'(U;, _@)(?;)) (cf. 2.2), the ring T'(U;, éd)(;:l)) is flat
over R;. Thus we get first two claims of (i) by Lemma 2.3 and the following
Lemma 2.6. For cg’ézfn) ®R; = 6")((21), we show cg’gfj) R, = 6’)(;"; for any j € Z
by the same argument, and take the inductive limit over j.

Let us prove (ii) for the & = 5$;+k case. By (1.5.1),

T(U;, 68, JE) 2 DU, 68, ) /DU, 6.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



54 T. ABE

Since the projective system {F(Ui, & )((mz)}zzo satisfies the Mittag-Leffler con-
dition by (i), the sequence
0 — Lm D(U;, £0)) = Im D(Uy, 7)) — m D(U;, 647, /EX1) = 0
i i i
is exact. Considering (2.5.1), this shows that
(2.5.3) I, Jim gg”] W/ ES) =W, EG DT, ESY).

Thus, since B is a basis of the topology, the canonical homomorphism
& é;n ; /€ 5(;” 3 — liﬂli éa)((mg / @@)((mg is an isomorphism, and the second equality
of (ii) follows. The first equality of (ii) follows by using (2.5.3) once again.
To deal with the & = ggn) case, just replace é”)((m;+k (resp. 5$;+k) by éa)((m)
(resp. (%’,")) in the argument above. For the & = é"gfn) case, use (2.5.2) and
the & = £$;+k case.

The first claim of (iii) follows since é’)((m) is a filtered ring. By (i), é’;(g" ) is
the m-adic completion of 53(;1).

Let us prove (iv). The completeness of c%(;?) follows by definition. Let us see
the completeness of & gfn ). For an open affine subscheme 7% in 9B, consider the
following exact sequence

0—D(%,EF)ET) = DU, 64 |EG) - T(U, 637 |65",) — 0
for integers k > j. The last surjection is deduced by using (ii). Since the
projective system {I‘(% ,éagf" ) /é"g]’ 3)}] satisfies the Mittag-Leffler condition
by (ii), the following sequence is exact:

0 — lim lim LESAIES) — — lim_lim, ES 16T — lim_lim, E1ET —0

: (m) / p(m) (m) #(m) s p(m)
llnj Eo ' |Eq Eqr Eq ' [Eg

where j — —oo and k — co. The middle vertical homomorphism is an isomor-
phism as well by the commutativity (2.5.1) and the fact that two projective
limits commute. Thus the lemma is proven. O

2.6. Lemma. — Let {E;};>0 be a projective system of R-modules such that for
each i, E; is a flat R;-module. Assume that the homomorphism E;11 ® R; — E;
induced by the transition homomorphism is an isomorphism for any non-
negative integer i. Let E := llnz E;. Then the canonical homomorphism
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E ® R, — E; is an isomorphism for any non-negative integer j. Moreover,
E is w-adically complete and flat over R.

Proof. — We leave the proof to the reader. O

2.7.Lemma. — Let ¥ :=T™*2 . Let G = D,z i be a graded 0).;(0)-alge-
bra of finite type on ¥ such that G; is a coherent 0.5 (0)-module for any i € Z.
Then for any V C U in B, the restriction homomorphism T'(U, &) — T'(V, &) is
flat, and @ is Noetherian with respect to B.

Proof. — We put ©) := ©.,(0). Let us check the conditions of Definition 1.9 (i).
Condition 2 follows since @ is of finite type over ©). Let U be an open subset
of ¥ in B such that there exists a surjection ¢: O[T1,...,T,]|ly — @ly. We
claim that the homomorphism

(U, O[Ty,...,T,]) — T(U, &)

is surjective. Indeed, since &; is a coherent H-module for any i, Ker(¢) is an
inductive limit of coherent @)|;-modules. Since U is Noetherian and separated,
HY (U, —) commutes with inductive limit by [15, Ch. II, 4.12.1], and we have
H'(U,Ker(¢)) = 0, which implies the claim. Thus condition 3 is fulfilled. It
remains to show that & is a coherent ring. For this, it suffices to check the
conditions of [5, 3.1.1]. For V' C U in B, we have the restriction isomorphism
L(V,0) ®@rw,0) LU, &;) = T(V, &;) for any i since @; is a coherent f-module
using (1.4.1). This induces an isomorphism

L(V, 0) ®r(w,0) T'(U, &) = T(V, @)

Since the restriction homomorphism I'(U, ) — I'(V, 9) is flat, this isomor-
phism shows that I'(U, &) — I'(V, &) is flat as well. Thus the claim follows. O

2.8. Proposition. — Let 2~ be a smooth formal scheme over R.

(i) The rings é’g’l), g’}?), é"é;n% are Noetherian with respect to 8.

(ii) The homomorphism ., of (2.4.1) is flat.

(iii) Let & be either gégng or gg) or gé;n) For any open subsets % D V
in B, the restriction homomorphism I'(% ,&) — T'(V, &) is flat.

Proof. — Let us prove (i). First, we show the claim for @@L%n) and é"é;n% Let us
check the conditions of Lemma 1.10 for (g,égn) (resp. 5%"%) on ¥ =T+
Conditions 1 and 4 hold by Lemma 2.5. By Lemma 2.5 (ii), gr(g%")) = 0,(%)
as graded rings. By Lemma 2.4, this implies that gri(é’égn )) is a coherent
)., (0)-module on ¥ for any i € Z, and gr(cg’gfn)) (resp. gr(cg’g}%)) is an
) (0)-module of finite type on . Thus by Lemma 2.7, conditions 2 and 3
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are fulfilled. This implies that cg’égn ) and éag(gn ()] are Noetherian with respect
to B on ¥. Using [18, Ch. II, 1.2.1], 3, is flat, and (ii) follows. It remains to
check that the rings are Noetherian around the zero section. By using (1.4.1),
we only need to prove the coherence. This follows from [5, 3.1.1].

For ggfn), let us endow with the m-adic filtration {w‘ic;@\gl)}i@ (cf. 1.1.2).
Since é?%n ) is m-torsion free by Lemma 2.5 (i), the homomorphism @@)((’:) T] —

gr(é?é?t )) sending T to w € grl(%? )) is an isomorphism. It is straightforward
to check the conditions of Lemma 1.10. We remind that the m-adic filtration
can also be used when we apply Lemma 1.10 to show that éag" ()) is Noetherian.

To prove (iii), it suffices to apply (i) and [18, Ch. II, 1.2.1]. O

Remark. — By the proof, we can moreover say that é"%m ) and é"%n ()) are point-
wise Zariskian with respect to the filtration by order on Tm* , and & gfn ) and
éaébl” ()) are pointwise Zariskian with respect to the 7-adic filtration on Tm* .

2.9. — Now, we define
@Z%;:éé;”@@, 5{%76:25{%”@@.
Note that ®(Q commutes with global section functor over Noetherian space
by [5, 3.4]. The homomorphism @,, of (2.4.1) induces a canonical injective
homomorphism
Pm QQ: W%l.@%?@ — ggf'?@
If there is no risk of confusion, we sometimes denote $,, ® Q abusively by @,,.

We call the sheaves éa)(gf), gfé" ), gg é the rings of naive microdifferential op-
erators of level m. Proposition 2.8 implies the following.

Corollary. — The rings é"};l ()@ and g"\g’ ()@ are Noetherian with respect to B.
Moreover, ., ® Q and the restriction homomorphism T'(% ,&) — T'(V, &) are
flat for % OV in B, where & is either éag% or @@é;né

2.10. — Let us describe sections of rings of microdifferential operators explic-
itly. We use the notation of 2.4. Suppose in addition that 2" is affine, and
possesses a system of local coordinates {z1,...,24}. Let {81, .. .,ad} be the
corresponding differential operators, and {51, N ,§d} be the corresponding ba-
sis of I(T* %2, O+ o). Let k be a positive integer. We have a differential oper-
ator 8i<k>(m) forany 1 <i<din @)((n:) for any integer [ > 0 or in @gf) (cf. [5,
2.2.3]). Write k = p™q + r with 0 < r < p™. Recall that there is a relation
(ct. [5, (2.2.3.1)])
Kol = qrof.
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Now, these operators define elements in gr(@)((’?)) by taking the principal sym-
bol (cf. 1.1.4). We denote U(8§k>(m)) by §i(k>(m) in grk(‘@g?)) C gr(@g?)). From
now on, we use the multi-index notation. For example, for k = (ki, ..., kq) € N%,
we denote by é@ﬁ’“ = ékl)("‘) ...Eflkd>(m>, AL Gfkm"" ...8c<lkd>(’"), and
|k| := k1+---+kq. We denote by k > k' if k; > k} for any 1 <4 < d. For n € Z,
we sometimes denote (n,...,n) by n if there is no possible confusion.
Let
OcT(T"%,Ora)
be a non-zero homogeneous section of degree n. We consider 7,1 0 5 as a sub-
ring of Op(my« 5. This section induces a section ©™) € T(T"™)* 2 Opmy« o)
for any integer m > 0 as follows: we may write
(2.10.1) 0= ) at"
|k|=n
where k € N and a;, € I'(2, 02 in a unique way. We put
m m my Nk
em .— Z ab) (P )=,

|E|=n
The homogeneous element © induces also elements in @fg) or @)(21). We put
I

|E|=n
where the subscript “le” stands for “left”. Since @gg@ = %ng for any non-

negative integer m’, we sometimes consider these operators as sections of @F;%

Let % be the open affine subset of T(™*2 defined by ©™). We claim

that the operator @1(:1) is invertible is T'(%, & gfn )). Indeed, the inverse of @1(:1)

in éa)((T) has degree —np™ for any [. Since the inverse of él(gn) is unique in é”)(gln),
L—np™ = O —npm

Let {by;} be a sequence in I'(2", 04) for k € N? and i € N such that the

following holds: for each integer N, let Bn,; := Sup||=inpm N |bk,il, where |- |
denotes the spectral norm (cf. [5, 2.4.2]) on I'(Z, O4). Then

(2.10.2) lim By, =0, lim sup{fy,} = 0.
i—00 N—+o0

these elements induce an element of lim & )((m) & cCé& ég-n).
1

In the sequel, we consider the ring erll@)(g) (resp. ’/T,;léé?)) as a subring
of é‘}((T) (resp. é‘)AgL)) for any I by ¢, of 2.2 (resp. @,, of (2.4.1)). The sum

(2.10.3) oo > b g (@)

NEZ |k|—inpm=N
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converges in I'(Uj, éa)(;ln)) for any I. We note that the order of 9w ((:)l(én))’l
is N, > \g|—inpm—n - is a finite sum by the first condition of (2.10.2), and

k|—inpm=n - = 0 for N > 0 by the second condition. Since these ele-
ments form a projective system over [, we have an element in I'(% ,ggfn )).
Even though the sum of (2.10.3) does not converge in I'(% ,g’\é’? )) with re-
spect to the m-adic topology in general (), we abusively denote by (2.10.3) the

operator in I'(%, c?é?))

Lemma. — For any element P € F(%,gg)), there exists a sequence {by;}
for k € N® and i € N satisfying (2.10.2) such that P can be written as
(2.10.3). Moreover, if P € I'(%, éagn;) for some integer j, we can take by ; =0
for |k| — inp™ > j.

This is called a left presentation of level m. We remind here that presentation
s not unique.

Proof. — Since F(%,é‘)gn;) and F(%,ég)) are flat over R and w-adically

complete by Lemma 2.5 (i), it suffices to show that any element of T'(%, é)}((?)j)
can be written as

DD DR LN CHE

NEZ |k|—inpm=N

with ¢;,; € I'(Xo,0x,) such that the following holds: for each integer N,
cg.i = 0 for almost all couples (k,i) € N® x N such that |k| —inp™ = N, and

¢g,i = 0 for any |k| — inp™ > j. This follows from 1.2. O
Remark. — Instead of using (:)1(:1), we can also use
(:)Sn) = Z (Q<p’">(m))ﬁa2m7
|E|=n

to get right presentations. The construction is essentially the same, so we leave
the details to the reader.

(2 However, we are able to define a reasonable weaker topology on I'(%, 6";”)) such that
this sum converges. In the curve case, see [3, 1.2.2].
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2.11. — We used (:)l(én) to describe elements of c?é;n) We may also use a variant

of él(:lﬂ) for j > 0 to describe them. Suppose © is written as (2.10.1). Then
we put

@m:m+j) . Z a p™t f(l’ >(m)) , (m m+J) Z a pmt 3(1’ (m))

|k|= |E|=
If there is no risk of ?onfusz'on, we sometimes abbreviate él(;n) (resp. (:)l(;n’m ))
as O™ (resp. @mm) ),
Lemma. — Let m' > m be an integer and we put j :=m' —m.
(i) Let T i= (@™1) - (™)' € Z,. Then Om) =pn . @(m),
(ii) The operator @lén’m ") s invertible in %, é"gfb ).

Proof. — We know that for any 1 < i < d,

m 5 m’ ,
(gi(iﬂ >(m))p S — 'fi<p ) (m. )
Since 7, ms does not depend on 4, we get (i) by definition. For the proof of (ii),
just copy the proof of the invertibility of (:)l(gn) in 2.10. O

Let m’ > m be an integer. We claim that any S € I'(Z, c;@\g")) can also be

written as
Y @@ @)

NEZ |k|—inp™'=N
with a sequence {cj;} in I'(2,04) for k € N? and i € N, such that the
following holds: for each integer IV, let vy ; := SUD | | =inpm’ + N |ck,i]- Then

li = li 1 =0.
Jim Bn,i =0, N irilmsgp{VN,z} 0

The verification is left to the reader.

2.12. — Assume further that © is of the form ¢ko + ZE(LE§E where
ar €ET(Z,09), |kg| >0, and k runs through k € N¢ such that |k| = |k,|
and k # ko Then we can check that I'(D(®), Opem-x, (%)) is a free

I'(X;, Ox,)-module with basis {§<E>“"> - (©mm))= where

i}(E,i)GI
I:={(k,i) € N¢ x Z|E—pmlko is not > 0}.

Let m’ > m. Using this basis, we define a continuous homomorphism of left
(%, O 4 )-modules

¢ F(D(@), @T(m>*%(*)) - F(D(@)’é&gfn))
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by sending §<@<’"> A(Omm)) =i to §kIm) -((:)fgn’ml))_i. Now, take P, belonging
to T(%, Opmy« 9-(k)) for each k € Z such that limg_,o |Pix| = 0. Then the
infinite sum ), ¢(P)) makes sense in I'(%, (Zfa\gf)) as (2.10.3). Conversely, we
have the following lemma whose verification is similar.

Lemma. — For any element P € F(%,é"AgL)), there exists a unique P, €
D(%, Opny« 9-(k)) for each k € Z such that limy_.o0 |Py| =0, and P =), ¢(Py).

2.13. Example. — Consider the case where dim(.2") = 1, and £ possesses a local
coordinate. Let % := T(™*2 \ s(2°) where s is the zero section. Take k > 0,
and write k = ¢-p"™—r where 0 < r < p™. Put 9{"Flm) .= §(mem) . (9P em)) =
which is defined in I'(%, g%n)) Then any element of T'(%, @gég")) can be written
uniquely as Ekez ar - 0F) ) with ay, € (%, 04 ) such that limg_, ar = 0.

2.14. — Let us clarify the relation between the characteristic varieties and the
supports of microlocalizations. Let .# be a coherent @gg@—module. Let us recall
the definition of the characteristic variety of .# defined in [7, 5.2.4]. First, we
take a w-torsion free coherent @é?)—module A’ such that A4’ ® Q = . using
[5, 3.4.5]. Then, .#'/7 is a coherent _@;Z)—module. Now, we can check that
Char(.#'/n) C T"*X, (cf. Definition 1.7) does not depend on the choice
of .#'. This Char(.#'/~) is called the characteristic variety of .# denoted ®
by Char™ (.#). By using the canonical homeomorphism T(™* X, ~ T(m)* 2",
we consider that the characteristic varieties are in T(")* 2",

Let us define another subvariety of T0™*2 defined by .#. Consider the
following coherent (?égn é—module

g{ggnf()@(///) = (;(”}grf()@ ®ﬂ,;b1@(g;% 7T;L1.///,

which is called the microlocalization of ./ . Note here that since &, é;n (6(/// ) is an

gé;fé—module of finite type, the support Supp(gégf()@(///)) c T™* 2 is closed
by [16, Or, 5.2.2] 4.

2.15. Proposition. — Let .# be a coherent .@fg?@—module. Then, we have the
following equality of closed subsets of T(™* % :

Char™ (.#) = Supp(c?g'fé(///)).
(3 We warn that the characteristic variety Char(™) (.#) is denoted by Car(™) (.#) in [7].
) In [16], only commutative case is treated, but the same argument can be used also for

non-commutative case.
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Proof. — Take a coherent @g/fn)—module A" flat over R and 4’ @ Q =2 .
Let us calculate the support of the microlocalization. Since & gn ) is pointwise
Zariskian with respect to the m-adic filtration by Remark 2.8, the m-adic filtra-
tion on (oggn) ® L4 is separated by Lemma 1.13, and thus

Supp(gégn)(}bw;l///’) = Supp(é‘))gm)@ﬂ;ll///') = Char(.#'®k) =: Char'™ (.4,

where the second equality holds by Lemma 1.7. Moreover, since é?%m ) is flat over
ot @%n), @Egn) ® A’ is m-torsion free. This implies that Supp(%%(/z)) =
Supp(g g(gn ) ® n.1#"), and the proposition follows. O

2.16. Remark. — P. Berthelot pointed out to the author another method to

define & gfn ). Let 2" be a smooth affine formal scheme over R. Let © be a

homogeneous section of I'(T* 2", O« o). For each i > 0, there exists an inte-

él(m,m')
e

ger m’ > m such that is contained in the center of .@;’:). Note that in

this case, él(gnm ) = ég"m ). Let A be a ring, and S be a multiplicative system
of A consisting of elements in the center of A. We can construct the ring of
fractions S™'A as the commutative case. (The details are left to the reader.)

Using this, we define

D(D©O™), 29" = S5t ., T(DO™), 7' 7™,

where Sg(m.m/) denotes the multiplicative system generated by él(:l ™) We can
check easily that this does not depend on the choice of m’ and defines a sheaf.
By taking the completion with respect to the filtration by order, we get é")((m)

By definition, the sheaf & ‘@)(gl) is a Noetherian ring.

3. Pseudo cotangent bundles and pseudo polynomials

3.1. — Recall the notation of 2.4. Let A be a commutative R-algebra, m be a
non-negative integer, and d be a positive integer. We define
. PYmy | o .

Algr,.. 8™ = AL | =1,...,d, i=0,...,m] /I,
where & ;pm'"’ is an indeterminate for any ¢ and j, and I, is the ideal generated
by the relations
H_l)! @Y (my
(e
for 1 < j <dand 0 <4< m. We note that (p*!!) - (p'1)"P € Z,. We define
deg ({;p >(’")) := p*, which makes A[¢1, ..., &)™) a graded ring. We call this the

ring of pseudo polynomials over A. We denote by A{¢1,...,&4}™) the m-adic

(é-;Pi>(m) )p _ (p
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completion of A[¢1,...,&4)(™). We call this the pseudo Tate algebra over A. We
note that for an R-algebra A,

A QR R[El) cee 7§d](m) = A[gla s 7§d](m)

Lemma. — Let A be a commutative R-algebra. For any non-negative inte-
gers m' > m, there exists a unique isomorphism of graded rings

Al & Q5 Al -, 6™ ®Q
sending gi(l)(m) to §;1>(m/> for1<i<d.

Proof. — Left to the reader. O

3.2.Lemma. — Let & = Spf(A) be an affine smooth formal scheme over R
possessing a system of local coordinates {x1,...,xq} on Z'. Let A; .= AQgrR,;.
Then there exists a unique isomorphism of graded rings

Ailer, . €)™ S (X5, gr(250))

sending f;#)(m) to 0(6;p1>(m)), where o denotes the principal symbol (cf. 1.1.4),
for1 <k <d.

Proof. — To construct the homomorphism of graded rings, use [5, 2.2.4]. This
homomorphism is surjective by [5, 2.2.5]. To check the injectivity, it suffices to
show that, for any k > 0, the parts of degree k of both sides are free over A;
with the same ranks. The detail is left to the reader. O

3.3. —Let X be a smooth scheme over k, and m > 0 be an integer. Let X (™) :=
X Q, e k where F;**: k — k is the m-th absolute Frobenius homomorphism
(i.e., the homomorphism sending = to " ). By [7, 5.2.2], we have a canonical
isomorphism
(T* X ) peq = X X xmy) T*X ™

where ;04 denotes the associated reduced scheme. The scheme T*X (™) is de-
duced from T*X by the base change X(™ — X. This induces the canonical
morphism of schemes (which may not be a morphism over k)

(T™* X ) peq — T*X

such that the underlying continuous map is a homeomorphism of topological
spaces.

Now, let 2" be a smooth formal scheme over R. Since the topological space
of T(™* X is homeomorphic to that of T("™)* 2", we also get a canonical home-
omorphism T(™* 2 ~ T*2% . Consider the situation as in 2.10. The affine
open subset of T*.2 defined by © and that of T("™* 2 defined by ©("™) are
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homeomorphic under this canonical homeomorphism. From now on, we identify
the spaces T* 2, T™* 2", T*X;, and T"™*X; using these homeomorphisms.
In particular, we consider éagn ) etc. as sheaves on T*.2 or T*X;. We denote
the projection 7: T* 2" — % . The notation “n” is the same as the uniformizer
of R, but we do not think there is any confusion. This identification also induces
the identification of topological spaces

P*% ~ P* X~ P X, n P 2

3.4.Lemma. — Let 2 be an affine smooth formal scheme over R of dimen-
sion d. We use the notation and the identifications in 3.3. We take non-negative
integers m' > m.
(i) For any integer k, there exist integers ay, by > 0 such that the following
holds: let © e T(T* X, Or+2°) be a homogeneous section of degree n.
(a) The operator
I CR
which is a priori conta,ined in T'(D(0), ggfn(g) by Lemma 2.11 (i), is con-
tained in F(D(@),é’gp )) for any |l —inp™ > k. If dp™*! < k, we may
take ap = 0.
(b) The operator
is in F(D(@),é’égn)) for any |I| —inp™ < k. If k < p™*', we may take
b, = 0.
(ii) Let © e I(T* 2", Or« o) be a homogeneous section. Take an integer m”
such that m < m” < m'. Suppose P = a - Q@(m) (@(m*m/))_i with o € R s
contained in I'(D(O), co@é? )). Then it is also contained in I‘(D(@),é“égn )),

Proof. — First, let us show (i). Since the proof for (b) is essentially the same,
we concentrate on proving (a). We show the following.

Claim. — Let m’ > 0 be an integer. For integers m, a, k such that m’ > m > 0,
m’ —m > a > 0, there exists an integer oy m,q > 0 such that, for any © and
| — inp™ > k, prmadDm (@mm)) =i s equal to a - 9 m+e) (@(mFa.m)y—i
with some o € Zj,. If k& > dpm/‘*l, we can take oy m,q = 0.

Once this claim is proven, the lemma follows by taking a = m’ — m.
Proof of the claim. — Let b:=m’—m —1 > —1. We show the claim using the
induction on b. When b = —1 or more generally a = 0, we can take o m,q = 0.

Since we can take o ;. q = Qkm+1,a—1+ ¥k m,1, it suffices to show the existence
of aj m,1 by the induction hypothesis.
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There exists a number ¢ € Z; such that
g(m:m’) _ cpnpb . @(m+1m’).

For I’ € N%, we put

o)=Y ]

j=1
where [a] denotes the maximum integer less than or equal to . Then
e — pg(D 9 m+1)

with ¢’ € Ly, Since

we get the inequalities

d
. k 1l L
b =z E J _
R o {pm“} =90

Thus,
Q(D(m) (@(m7ml))_i — cl c_ipg(L)_inpb Q(l)(m+1) (@(m+17m/))_i7
and we may take a1 = max{O, [d— kp—(m+1) 4 1]} Thus, we conclude the
proof of the claim. O
Let us prove (ii) on D(©). We get
@(m,m’) —u (pm'—m ‘)n . @(m',m')
where n denotes the order of ©, and v denotes a number in Z;. Thus, for m <1< m/,

m’ —m |)n

(3.4.1) (—)(m’ml) = (p . @(lvm/) = p™ - @(l,m’)

where v’ and u; denote numbers in Z5, and a; is equal to n - (pm'_l +--+ pml_m_l).
We also get

(3.4.2) OE ) = o/ pht 9k ) b = Z Z [0~ k5]

Now, we define two functions f,g: [m, m'] — R. The function f is the contin-
uous function such that it is affine on the interval [I,I + 1] for any integer [
in [m,m’[, and

d 1
f() :==ordy(a) + b = ord,(a) + Z Z [p"k;],
j=1i=m+1
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where ord, denotes the p-adic order normalized so that ord,(p) = 1. The func-
tion ¢ is the continuous function such that it is affine on the interval [I,] + 1]
for any integer ! in [m,m’[, and

g(l) =1 a; = ni - (pm’_l +pm’—l+1 4. —{—'pm/_m_l).
Since the operator %) em (O(™m)) =% is a section of &4, we have g(m) < f(m).
< fd

By (3.4.1) and (3.4.2), it suffices to show that if g(m’) < f(m/'), then g(I) < f(I)
for any integer I in [m,m']. We put

d
Df() =)~ fU=1) =D [p" k], Dg(l) = g()) — g1 — 1) = nip™ ~".

Jj=1

For any a €R, we have p~'-[a] > [p~ta]. Indeed, p~'a > [p~'a], and
a>p-[p~ta]. Since p - [p~la] is an integer, we get what we want by the
definition of [-]. This implies that p~* - [p~'k;] > [p~(*Yk;], and thus
p~ - Df() = Df(I+1).

In turn, we have p~! - Dg(l) = Dg(l + 1). Suppose there exists an integer [
in Jm,m’] such that f(I) < g(I) and f(a) > g(a) for any integer a in [m, ![. This
shows that Df(l) < Dg(l). Thus, Df(b) < Dg(b) for any | < b, which implies
f(m') < g(m'). This contradicts with the assumption, and we conclude that
g()) < f(l) for any m <1< m'. O

1

3.5. — Let M and M’ be w-torsion free R-modules. A p-isogeny ¢: M --» M’
is an isomorphism

o MRQ>M®Q
such that there exist positive integers n and n' satisfying
p" - do(M) C M Cp™™ - po(M).

Here ¢q is called the realization of the p-isogeny. We say that the p-isogeny is
a homomorphism if we can take n to be 0.

Lemma. — Let M and M’ be w-torsion free R-modules, and let ¢: M --» M’
be a p-isogeny. Then this induces a canonical p-isogeny
(Z: M» -5 M'".

where © denotes the m-adic completion. If the given p-isogeny is a homomor-
phism, the induced p-isogeny is also a homomorphism.

Proof. — Let ¢g: M @ Q —» M’ ® Q be the realization of the isogeny. By
definition, there exists an integer n such that p"-¢g induces a homo-
morphism M — M’. We denote this homomorphism by ¢,: M — M’.
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Let C := Coker(¢,). Since ¢ is a p-isogeny, C is a 7™ -torsion module for
some integer n’ > 0. We have an exact sequence of projective systems

0— {C};Zn, — {M®Ri}i2n' — {M/ ®Ri}i2n' — {C}isn — 0,

where {C}/-,, denotes the projective system {--- - C & C 5 C — ---},
and {C};>n is the projective system { —cYdcd oo } Since

any projective system appearing in the short exact sequence above satisfies the
Mittag-Lefler condition, the exact sequence induces an exact sequence

0=M2 M —C -0
by taking the projective limit. Thus, we get a p-isogeny q}@ = p‘"-g/é; : ]\7@@ —

M' ® Q as desired. By construction, the homomorphism ¢g does not depend
on the choice of the integer n. O

Let .#, #' be m-torsion free R-modules a topological space X. Then ex-
actly in the same way, we can define p-isogeny ¢: .# --+ ./#'. Namely, it is a
homomorphism of sheaves of modules ¢g: # @ Q — .4’ @ Q such that there
exist positive integers n and n’ satisfying p™ - ¢po(.#) C A" C p ™ éo(A). We
say that the p-isogeny is a homomorphism if we can take n to be 0.

3.6. —Let 2" = Spf(A) be an affine smooth formal scheme over R, and assume
that it possesses a system of local coordinates {z1,...,z4}. We identify the
ring of global sections of Opemy« 5 with A{&1,...,&4}™) using Lemma 3.2.
Let © be a homogeneous element of A[¢, ..., &,] whose degree is strictly greater
than 0. For a commutative graded ring A and a homogeneous element f € A,
we denote the submodule of degree n of the graded ring Ay by A(s)(n). Then
by construction of Op«m) 4,

T(D4(8), Op-cm 2 () = (Al - €al gy, (M)

where " denotes the m-adic completion, and we used the notation of [16, II,
(2.3.3)]. For m’ > m, we note that

(3.6.1) (ALt €al{Bmn () = (Al - €l gty (W),
since there exists Q € A[¢y,. .., &4)(™) such that
(@(m))p”"’" = 0mm) 4 pQ.

Lemma 2.11 (i) and the isomorphism A[¢y, ..., £q]™®Q = A[¢y, ... 7€d](m,)®@
of Lemma 3.1 induces the following homomorphism

Al &S0 = Aler, . €70, ® Q.

TOME 143 — 2015 — ~N° 1



RINGS OF MICRODIFFERENTIAL OPERATORS FOR ARITHMETIC 2-MODULES 67

Using Lemma 3.4 (i)-(b), this homomorphism defines a p-isogeny

A[§17 ) gd] @(m/))( ) - A[§17 s 7§d]Eg()m,m/))(n)

for any n € Z. For n < p™*t!, this p-isogeny is moreover a homomorphism by
the same lemma. This defines a p-isogeny

(A€ Eal gy (M) = (Al €l ) (1))
by Lemma 3.5. Composing this with (3.6.1), we get a canonical p-isogeny

(A[gla e agd]gg(ly)n'))(n))/\ -2 (A[gla cee 7£d](@(m))( ))/\7

which is a homomorphism for n < p™*!. By construction, this p-isogeny is
compatible with restrictions. Moreover, since b,, of Lemma 3.4 does not depend
on O, this induces a p-isogeny of sheaves. Summing up, we obtain the following
lemma.

Lemma. — Let m’ > m be non-negative integers. For any n € Z, there exist
canonical p-isogenies of sheaves of modules

Opimy g (1) ==> Opeim) o (n), Orenny g-(n) == Opeim) o (1)
on the topological spaces P*Z and % respectively. These are homomor-

phisms for n < p™t1.

3.7.Lemma. — By using the homomorphism of Lemma 3.6, Op.m) 9 can be
seen as an O p.m) o -algebra. Then Op.m) - is a coherent O p.im) 4 -algebra.

Proof. — Let © be a homogeneous element of A[¢q,...,&;] whose degree is
strictly greater than 0. First of all, let us show that the homomorphism of rings
(11 (A&l O = (Al €l (D, )

is finite. By construction of (3.7.1), it suffices to show the finiteness of the
homomorphism

A[gla R ’gd]gg('r)n/))(o) - A[é.lv () ’gd]gg()m,ml))(o)'
Let

= {(k,k’,z’) € N x Nd x 1y | Ki < P for any j, [K| < ord(6), and}.

k| + [K'|p™ = ip™ ord(©)
The condition |k| + |E'|p™ = ip™ ord(©) means that the order of

§<E+E,Pm/>(m) (@(m,m'))—i
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is equal to 0. Obviously, #S < oco. Let
T:={keN |k € p™ N%, k| = ip™ ord(©) for some integer i}.

The set T is a submonoid of the commutative monoid N?. For any k € T, there
exists u € Z,, such that

(3.7.2) B o (@mm)y=i = . B my (@m))

Let
U= {E e N¢ | k| = ipm/ ord(©) for some z}

This is also a submonoid of N¢. Let
S = {L e N¢ | there exists (k,k’,7) € S such that [ = E—i—pm/ki'}.

The monoid T is a submonoid of U, and S’ is a finite subset of U. We claim
that U = T + S’. Indeed, take [ € U. We can write [ = i + p™ i’ such that
i, € N¢ and i; < p™ for any j. Now, there exists k’ such that |[k’| < ord(©),
i > K for any j, and

&' = |K'| = [|¢'] - (0rd(©))~"] - ord(©)

where [a] denotes the maximum integer less than or equal to a. We put k := 4.
Then there exists an integer i such that |i|+p™ |k’| = ip™ ord(©). By construc-
tion (k,k',i) € S, and p™ - (i’ — k') € T. Since L = p™ - (i’ — k') + (k+ p™ &),
the claim follows. Considering (3.7.2), this implies that the homomorphism

@ Agla -'7€d (@(m/))( )_>A[gla"')gd]gg()m,m'))(o)

les

sending 1 sitting at the (k,k’,4) € S component to §<E+E/pm >(””(@(m’m/))_’ is
surjective. Thus the homomorphism (3.7.1) is finite.

Let us prove the coherence. Let = be another homogeneous element
of Aly,...,&4) whose degree is strictly greater than 0. Let % be the affine
open subset of P*2" defined by ©, and %’ by that of = - ©. It suffices to show
that the canonical homomorphism

(3.7.3) T(%, Opeim) 2) ®r(w,0 ) (%', Opuinry g7) = T(U', Opeimy o)

p*(m’) g
is an isomorphism. By changing © and = to some powers of © and = respec-
tively, we may assume that ord(E) = ord(©). We put

=(m")
_ (m”) =
_A[é.lv"wé.d](@(m’))( ) U= e(m’)’
% E(m) , E(m,m/)
= Al il (0, = o @i= oo
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Let ¢: & — B be the canonical homomorphism. Firstly, ® = ¢(¥) in B by
Lemma 2.11 (i). Secondly,
(Ba)" = (Bor)"
by the same reason as (3.6.1). Thirdly,
%qg(\p) ~ BRy Gy.

Combining these, (B ®y Gy)" = (Be)". This is implies that the m-adic com-
pletion of the left hand side of (3.7.3) is isomorphic to the right hand side.
However, by the finiteness of (3.7.1), the left hand side of (3.7.3) is already
m-adically complete by [16, Or, 7.3.6], and as a result, (3.7.3) is an isomorphism.
Thus we obtain the lemma. O

3.8. — Let 2" be an affine smooth formal scheme over R possessing a sys-
tem of local coordinates. For any n € Z, the module Op.om) 4 (n) is an
O(m) o (0)-module on T*2, and by using Lemma 3.6, O.(n) 4 (n) can be
seen as an Oj.n 4 (0)-module.

Corollary. — The O.m) o (0)-module Oj.m 5-(n) is coherent.

Remark. — We show in Lemma 4.3 that the O;. ()4 (0)-module structure
on O.(m 5 (n) does not depend on the choice of local coordinates, and the
corollary can be globalized.

4. Intermediate microdifferential sheaves

In Section 2, we defined the ring of naive microdifferential operators. How-
ever, we do not have any natural homomorphism é"v(z Q é"gﬂ 5 D as shown

in 4.1. To remedy this situation, we con51der the intermediate ring of microdif-
ferential operators denoted by &, (m m’ for m’ > m, which is the “intersection”

of & gfn 6 and & (én o- In this sectlon, we define these rings and prove some basic
properties.

4.1. — To start with, let us show the non-existence of a homomorphism
& ég 0= — Ey (mH) compatible with the canonical homomorphism @%YLQ @ mH .

Suppose the homomorphism existed. Then, for any coherent @gﬁ?@—module M,
we would get

Char™ () > Char™ (G ED @ oy M)

by Proposition 2.15. However, this does not hold as the following example
shows:
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Example. — Let 2~ := ;&}%, X be the special fiber, x be the canoni-

cal coordinate, and O be the corresponding differential operator. We put
500) 500

M =9 )T (9~ ). Then,

1. Char@(.#) = s(X), where s: X — T*X is the zero-section.
2. Char(l)(@%{(@ ® MYNT*X + @.

75(0)
P20

Proof. — Since .# is a coherent €z g-module, the first claim follows. Let
70 M F# 0.
Let f, € K{z} (i.e., the Tate algebra), and >, -, fnol" € F(%,@i@’@). We
get

us check the second claim. First, let us prove that @;{Q ®

S fa 0@ —2) =3 (F0 0 - £ 0 — £, 001

n>0 n>0

=Y (nfac1 — & fn — fryr) O

n>0
Assume <, fn o™l . (8 — x) = 1. Then there exist g,, h, € K[z], deg(g,) <
n — 1 and deg(h,) < n, such that the equality
(—1)"fn = ($n_1 +9n) + (@" + ha) - fo

should hold for any n > 0. However, there is no fy € K{z} such that
Ynso fn0" € T(2°, 2}, ) (since |f,| = max{1,|fo|} by the equality), and
Dy o ® M #0.

Now, let e be the element of I'(Z", #) defined by 1 € I'(Z, @;?Q) As an
0 o g-module, .# is free of rank 1. Since

9" -e = (z" + (polynomial in K[z] whose degree is less than n)) - e,

the @L(gg))@-module structure on .# does not extend continuously to a
@%),Q—module structure. This shows that the canonical homomorphism
M— MV = @‘%}7@ ® # is not an isomorphism.

Garnier shows in [14, 5.2.4] that for any coherent @g),@—module M , the char-

acteristic variety Char(?) (.#) satisfies the Bernstein inequality (i.e., the dimen-
sion of the characteristic variety is greater than or equal to 1 unless .Z = 0).
Using the relation of characteristic varieties of Frobenius descents (cf. [7, 5.2.4

(iii)]), the Bernstein inequality also holds for any coherent @gﬁ?@—module. Thus

there are three possibilities for the characteristic variety V of .#(1): either @
or [X]or VNT*Z # @. Since .41 is not 0, V is not empty. If V = [X], .4
would be a coherent @)z g-module, and since .# is a coherent @) g g-module
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of rank 1, we would get that .# = .#) which is a contradiction. Thus the
second claim follows. O

4.2. — Before going to the main theme of this section, let us fix some frequently
used notation. Consider the situation where an open subscheme % of T* %2 is
given. For non-negative integers i’ > ¢, we put

DY =T(x(%),2%), DY =Tx(%),2%,), ED:=T(%,&P),

BY =T@,60q), B¢ =r@,65"),  E{T =1 650,
E@) . (9 g(ivil) E\(i,i/) — U é’a\(i;i,) ECY . gy gt
: ( y O g ), Q . ( .0 )7 Q . ( ’ %,Q)

The last 5 rings are defined in 4.11. The first 6 rings are considered to be filtered
rings.

4.3. — Let 2" be a smooth formal scheme over R. For a non-negative integer m,
we defined the filtered ring (gg‘), ggnzl) By (2.2.1) and Lemma 2.5 (ii),

(4.3.1) Opmre g (n) = EG") JEST .
Let m’ > m be an integer. Consider the canonical homomorphism
S DG — PG,
This homomorphism becomes an isomorphism if we tensor with Q.

Lemma. — There exists a unique strictly injective homomorphism of filtered
rings

Y 8570 = 657
such that the following diagram is commutative:

’ Pt @Q
m’,m —1(m)
=~ 7 ‘@(%,Q

owt | Jo-

(m)
2.0

where we refer to 2.4 for om. For m” > m/ > m, Yumm: © Ym/ mr = Ymmrr.
By using (4.3.1), gr,,(¥m m/) can be identified with the p-isogeny in Lemma 3.6
locally.
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Proof. — Once the existence and the uniqueness is proven, the compatibility
Ym,m' © Ym/ m» = Ym,m automatically holds by the compatibility of ¢p, .
Let us prove the uniqueness first. Since the problem is local, we may assume
that 2 possesses a system of local coordinates, and it suffices to show the
uniqueness for the ring of sections over D(©) where © € I'(Z", O+ o) is a ho-
mogeneous element. Suppose there are two homomorphisms 1, ¢’ satisfying the
condition. By the commutativity of the diagram, ¢(©(™)) = ¢/ (©(™)) = ¢.
By the uniqueness of the inverse of 6, ((©(™))~1) = ¢/((©(™))~1). Since 1)
and 1’ are filtered homomorphisms, these homomorphisms are continu-
ous with respect to the topology defined by the filtrations (cf. 1.1.1).

Let E be the subring of I'(D(©), éaégml)) generated by I'(D(©), _@gfn,))

and (©(™))~1. Then, 9|g = ¢'|g. Since F(D(@),cg’égfé) is separated and

E is dense in T'(D(0©), é"%ﬂl)), we get 1 = 9’, and the uniqueness follows.
Now, let us check the existence. Since the problem is local by the unique-

ness, we may suppose that 2 1is affine. Let ©® be a homogeneous ele-
ment of I'(Z, Or+a), and let % := D(O). It suffices to construct ¢, m

on % := D(O). We use the notation of 4.2. Let D(Sml) be the microlocal-
ization of D(™") by using the multiplicative set S of gr(D(m/)) generated
by ©™) € gr(D(™)) (cf. 1.2), and let (Egn))’ be the completion of E&n)
with respect to the filtration by order. Since ©(™™") is invertible in (E((@m))’ ,

©(™") is also invertible by Lemma 2.11 (i). Thus, by the universal property
of the microlocalization [22, A.2.3.3|, there exists a unique homomorphism

of filtered rings «: D(Sml) — (E(gn))’ factoring the canonical homomorphism
Dm) (E(gn))’. For any n, there exists an integer N such that the homo-
morphism p? - a,, induces a homomorphism Dg;i) — E,Sm) by the concrete
description Lemma 2.10 and Lemma 3.4 (i)-(b). Let (Dg::))’\ be the m-adic
completion of Dgﬁ;). Since Efzm) is m-adically complete, this induces the
homomorphism (pV - a,)": (Dgf;;))/\ — E{™. We define

Gn=p N (V- an): (D) = B Q.

By construction, we have @n41|ps = @n where D)) := (DA(;T:;))/\. On the other
hand, we have 3, : (Dg?;,))/\ =, g, Indeed, by Lemma 2.3, Dg’?:;) ®R; =
L(%,& )((m;z), and since Efzm/) is m-adically complete, the isomorphism follows.
Thus, we obtain

lim (o, 0 B, 1): B — B,

which is what we are looking for.
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Finally, let us check that 9, n, is strictly injective. By construction, locally,
gr,, (¥m m/) coincides with the p-isogeny of Lemma 3.6 for any n. This implies

that the canonical homomorphism gr(é”égfb /)) — gr(éz’{(%m ()@) is injective. Since

éaé;n ) s separated with respect to the filtration by order, we get the strict
injectivity by [18, Ch. I, 4.2.4 (5)]. O

4.4, — We preserve the notation. For non-negative integers m’ > m, we define
a sheaf of rings

e =gl (&S nET,

where the intersection is taken in fgng By definition, é’gn’m) = &;@). We

denote gém’m/) ® R; by cg’)((T’ml). Let % be an open subset of T*2 . Then the
left exactness of the functor I' implies that

L%, &5 =yl (BM)nE™) ¢ BS™)
using the notation of 4.2.
Since Y, m/ (éogfl/)) and é’gfb) are sub—ﬂ_lgg)—algebras of é"gfné, the ring

zaﬁgfn’m/) is also a ﬂ_lggn)—algebra on T*Z . Moreover, by putting

(m,m")y _ -1 (m) (m")
Egry = (Egrm) NEy s

m,m/’

we may equip é”gn’m ) with a filtration, and we consider ggn,m ) as a filtered
ring. By Lemma 4.3, 9y, is a strict homomorphism, and the canonical ho-
momorphisms of filtered rings

(G, &G = (650,650, (5™, 65T — (65, &5 )

are also strict injective homomorphisms. By the explicit presentation
Lemma 2.10 and Lemma 3.4 (i)-(b), ¢m,m’(@@gf73) - é"gﬂi for n < pmtl,
and in particular

(4.4.1) EGm) = g4,
4.5. Lemma. — Assume 2 to be affine, and let © be a homogeneous section

of O« a-. We put % := D(O).
1. For non-negative integers M' > M > m' > m, (@MM))-1 ¢
T, 5™
2. For non-negative integers M’ > M and M’ > m/ > m, (@M-M))~1 ¢
D%, 5.
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Proof. — For any integer m’’ such that m” > m’ > m, (@(ml”””))’1 € F(%,ggn)).
Indeed, there exist a non-negative integer n and a unit u of R such that
e m") — yp=n . @(mm") by Lemma 2.11, and thus
@' mN=L = y~tpn (@M Nl e p(, £5V).
This yields the first claim.
In turn, for any integer m” such that M’ > m”, we can check that

(@MM)) =1 e T(7, éfgfné)), which implies the second claim. O
4.6. — Let ¢: é"gfn) — Cop';;né be the canonical inclusion. Take an integer n.
Consider the following commutative diagram
(4.6.1)
0 éa(mvm/) g(m/) g(m) Gn-17= g(m)
X n—1 X n—1 ® X n—1 (% Dretstn_1) ( %,Q)ﬂ—l
0 (go(m’ml) éa(m') ® éa(m) Oni= éagm) .
Z'n Z'n Zn (.t st ( JyQ)
whose rows are exact sequences.
Lemma. — Let inc: (ggfn()@)n_l — (6"??@),, be the canonical inclusion. The

following sequence is exact:
0 — Im(an_1) — (5" Y)n-1 ® Im(an) — (ESY)n,

where the second (resp. last) homomorphism is induced by (ay—_1,inc)
(resp. inc — ay,).

Proof. — Since the statement is local, we may suppose that 2 is affine and
possesses a system of local coordinates. Moreover, it suffices to show the exact-
ness for the modules of sections over % := D(O) where © is a homogeneous
section of I'(T* %", Or+ ). We use the notation of 4.2. We also denote ¢, m/
by ¥ and (¥ m’)n by (¥)n for short.
An operator P of @ggn?@ is said to be homogeneous of degree l if we can write
P =3 k= a8 with a), € Oy . Take S € Im((¢))n,tn). Using a left
presentation, we can write
§ = (3 Pa(@)) + 3 Qua(@ )

k<n k<n

=4 i€Z
where the first sum is an element of Eﬁbm/) and the second sum is one
of E,(lm), and Py ;,Qk,; are homogeneous operators of degree k — ipmlord(@)
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in @gf"é and @EGZL?@ respectively with some convergence conditions. Suppose
S e (E(g"))n_l. We need to show that this element is contained in Im(ay,_1).
Since lim; 400 Pry = 0 in .@glg and by Corollary 3.8, there exists a finite

subset I C Z such that
03 Pas(®™)) € EC.
il
This is in fact contained in Efzm) n w(E,(zm,)). Then for N > 0, there exists
ar €T(2,04) for |k| = n+ Np™ord(©) =: M and k > 0 such that

S Pu(0m) e 37 a®en @) N 4 B") 4 (p7H(E) N )

il |k|=M

and aEQ@(W)( 0(m)=N g y=1(EM) for any |k| = M and k > 0 such that
a # 0. By the same argument for E() and increasing N if necessary, we
may also suppose that there exists by € I'(2",04) for |k| = M such that
bEQ<E>(m>(6(m’m/))_N ¢ E(™") for any by, # 0, and

3 Q0™ e 3 b a®em @mm) TN L B 4 (p(BI™)) 0 BG)

|k|=M

in E(g"). However, since S € (E(g"))

(4.6.2)
3 ax@® e (@) N 4 b g® e (00 )N ¢ (BI), Ly + (W(E™)) n BLM).
|k|=M

n—1,

The finite set {éﬁ (@(m’))’N}lkle in Op« 4 o(n) is linearly independent
over 04 . Thus, by the choice of a; and by, (4.6.2) is possible only when
ap = by = 0, and the lemma is proven. O

Corollary. — We have

gr(ET ™)) = gr ()~ (gr(E5™)) Ngr(ES™)

where the intersection is taken in the ring

é;(;né @ @T*% Q QT* %,Q(*)

iE€EZ

Proof. — The canonical homomorphism Im(ay,)/Im(e,—1) — (é”g%)n/(éag%)n_l
is injective by the lemma above. Thus, the corollary follows by (4.6.1). O
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4.7. Lemma. — Let m’ > m be non-negative integers. We have an inclusion
gé;n_l’m ) (g;(m ™) 5}”& Moreover, there exists a unique strict injective

homomorphisms of filtered 71'71.@(?’? -algebras a: 5;" '+ éagn ™) such

that wm,m’ ca = wm,m’—i-l'

Proof. — Let us show the first claim. It suffices to show that ,,_1 n :

é”ég”_l m') gng) factors through the composition o@(mm) — o@g/n) —

éaé;n(@l) We consider éa(m L) and O@(m ™) as subrings of é”( Q usmg these
injections. We may assume 2 is afﬁne and let % := D(©) where © is a homo-
geneous section of T'(T* 2", Or« o). Let us use the notation of 4.2. It suffices to
show that E(™~1™") is contained in E(™™). Take P € (E(™~1™))y for some
integer N. We inductively define P; € (E(m_l’m/))N_i and Q; € (E(m’ml))N_i
such that P41 = P, — Q; for i > 0. Put Py := P. Assume P; is constructed.
We can write

o(P) = Z GIE§<E>(7U71) (@(m—LM'))—n

|E|=N—i
with ap, € T'(Z", O4) and n € Z. By Corollary 4.6, this is contained in both
gr(E(™=1) and gr(E™)). Thus, Lemma 3.4 (ii) is shows that
Qii= Y, Mo (entm)m
|k|=N—i

is in E(mm), By construction, P;,; := P; — @; is contained in (E(m’l’m/))N_i_l.
The filtered ring E(™™) is complete by (4.4.1) and Lemma 2.5 (iv). Thus,

P = ZiZO Q; € E(mm) The second claim can be checked similarly, and left
to the reader. L]

4.8. Lemma. — For any n € Z, gr,, (5(m o )) is a coherent Opmy« 5 (0)-mod-

ule on T*2 . Moreover, on T*%, Do gri(é”gn’m/)) and gr(éagn’ml)) are
Oy« - (0)-algebras of finite type, and they are Noetherian.

Proof. — The modules grn(@‘"gl)) and grn(é"gfn/)) are coherent Oy /). 5 (0)-mod-
ules on T* 2" by Corollary 3.8 and (4.3.1). Since
81 (8570) = Oreme g o(n) = D9~ Orcmre o (n),
i>0
there exists an integer 7o such that grn(éaéén)) +gr, (ggfn/)) C p " Opimy« o (n).
Since the intersection of two coherent modules in a coherent module is coherent,

grn(ggn))ﬂgrn (éigf”l)) is also a coherent O (m/). 5-(0)-module, and gr,, (é”é?’m,))
is coherent as well by Corollary 4.6.
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Claim. — Let @ = @, @ be a finitely generated ) := D). 5 (0)-algebra
such that @; are coherent ©-modules for all i. Let B := @ieZ B; be a sub-
D-algebra of & such that B; C @; and B; are coherent ©-modules for all .
Assume @ is finite over 6. Then B is a Noetherian ring and finitely generated
over 0.

A proof is similar to that of Lemma 2.7 using [4, 7.8]. For any integer m” > 0,
Do gri(o@g”)) is finitely generated O (m). 4 (0)-algebras by Lemma 2.4,
O1my+- 2-(0) is a coherent ) (m) 4 (0)-module on T*2 by Corollary 3.8, and
Di>o8r (éa(m)) is finite over B, 8r; (éaér )) by Lemma 3.4 (i)-(a). Using
the claim, this shows that @, gr-(éa(m o )) is an O ). o (0)-algebra of fi-
nite type and Noetherian. Now, since P, gr; (@@(m o )) D08 (éa )
an Oy« - (0)-algebra of finite type, gr(é‘igg m) ) is finitely generated as well.

Applying the claim again to both & and $ being equal to gr(cfgn’m,)), we
conclude that the ring is Noetherian. O

4.9. Proposition. — (i) The filtered ring (éa(m ™) ggrfhml)) is complete.
(ii) The rings éaégj(’)m ) and g%n,m ) are Noetherian on T* 2 .

(iii) For open subsets T*2 > % > ¥V in B, the restriction homomorphism
DN%,8) - T(V,&) is flat. Here & denotes é”g'jg)’" ) or @@é}"’m ).

Proof. — We have already used (i) but we rewrite the statement because of the

5’(mm) é"(m) for any n < p™+t!

importance. This follows from the fact that
by (4.4.1) and Lemma 2.5 (iv). We also get (ii) and (iii) for & = ggfnom) by
Proposition 2.8.

Let us prove (ii) for & (mm) et us check the conditions of Lemma 1.10

for the filtered ring (éa(m ™) <§’(m o )) The first condition is nothing but (i).
The second and the third condltlons follow from Lemma 2.7 together with
Lemma 4.8. The last condition follows from Lemma 2.5 (ii) and Corollary 4.6.

Hence éaébym’m/) is a Noetherian ring. Thus, for any open subscheme % in B,

T(%,&5™™)) is Noetherian, and (iii) holds by using [18, Ch. II, 1.2.1. O
Remark. — By the proof, we can moreover say that c%(gn ™) s pointwise

Zariskian with respect to the filtration by order on T* % . This implies that
é”)((mm ) is also pointwise Zariskian with respect to the filtration by order for

any integer ¢ > 0 on ™.
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4.10. Lemma. — Let 2 be an affine smooth formal scheme. Let % C T* 2 be
an open set in B, and 4 be a finite B-covering (i.e., a covering consisting of

subsets in B) of % . Let & be either 5;;”’"1/) éo(m ™). Then H;ug(il, £)=0

for i € Z. Here H;ug denotes the augmented Cech cohomology (cf. ]9, 8.1.3]).
In particular, H* (% ,&) = 0.

Proof. — Let V,WW € 9B. Since e.(VNW) = e.(V) Ne. (W), we may assume
that % is strictly affine and 4 is a finite strictly affine covering (cf. Defini-

tion 2.4). Let us show that H? (4, éagf,’cm,)) = 0 for any k. By Lemma 4.8,

aug

é(,(m m )/éo(m ";l) is a coherent ©)p(m« 5 (0)-module. Thus,

AL W, &5 165m)) = 0

for ¢ € Z. By the coherence, the projective system { (7, £’(m " )/5(m o )}n>0

satisfies the Mittag—Lefﬁer condltlon for any strictly affine open subset ¥’. This
shows that Cf,. (U, &, (m ™) /Ey (m m ) satisfies the Mittag-Leffler condition for

any q € Z. Thus

A (W, E5™)) 2 HE (U, lim &5 /65 m)) 2 tim A

aug aug

(W, &5 /a5y = 0

for i € Z, where the first equality holds since & é}n }gm s complete by Proposi-
tion 4.9 (i). Thus, we get what we wanted.

Now, since éfggn’m,) = lim éfé?’;cml), we have H;ug( ,éa;?“m,)) = 0 by
)

using (2.5.2). The vanishing for éagn@m
E = é’(m ™) case. Finally, let us prove H'(%,&) = 0. We know that
HY %, @@) hm H'(%0, &) where 0 runs over open coverings of %. Given

an open covering EU of % , there exists a refinement 2’ which is a B-covering.
Thus the statement follows from the first claim. O

follows immediately from the

Remark. — We may also prove that H*(%,&) = 0 for i > 0. This can be
proven in the same way by using [16, Oy 13.3.1].

4.11. — We define

ggfn,m/) = liineg())(g?’ml), g(m m ) — éa(m m’) ® Q
These are W‘lég;n)—algebras and the latter is moreover a W‘léggﬁ?@—algebra. We
ggn7m’)

call and ggfn (’@m) the intermediate rings of microdifferential operators
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of level (m,m’). Let % be an open subset of T* % in B. Applying Lemma 4.10
to the exact sequence

’ i+1 ’ /
0— g%n,m) 7" éaég”ym) N é@)((:n)m) N 0,

we get an isomorphism
(4.11.1) T, 2T (%,5™)) @ R;,

~

and by taking the projective limit over ¢, we have F(%,é?(g(?’ml)) =]
F(%,é"g”m))A, where " denotes the m-adic completion. By Lemma 2.6,
(%, 6™ ) ® Ry = T(%,6¢"™)), and thus 5™ @ R; = £¢™™), in
particular, & égn ™) s m-adically complete. We also define
(m,t) . 1 Z(m,m’)
Sy = Hm Syq

This is a ring on T* %2 . Note that there exists a canonical homomorphism
ggg) — ggélﬂr) of rings by Lemma 4.7. We define

f o i gl
Swo= 1M Sygo-

m—00

For a quasi-compact open subscheme % of % , (2.5.2) shows

D%, &l )= lim T(%,8550).

m’— oo

4.12. Proposition. — The rings g"\g’m/), gg@m’) are Noetherian on f*%, and
Proposition 4.9 (iii) and Lemma 4.10 are also valid if we take & to be either
pmm’) . a(mm’)

x Z,Q

Proof. — It suffices to show the proposition for & = gf@m ™), First, let
us check Lemma 4.10 for this &. Since cfgn ™) s r-torsion free, we have
I;Igug(u, 6’)((7?’"1/)) = 0 by (4.11.1) and Lemma 4.10. The projective system
{r(7, Cgo)(fT,M/))}po satisfies the Mittag-Leffler condition for any # € B again
by (4.11.1), and we conclude that

(U, 85 )) 2 H g (U, lim 607™)) 2 lim B (81,677 = 0.

To prove that gg’ ™) s Noetherian, we check the conditions of Lemma 1.10
for the m-adic filtration. Conditions 2 and 3 follow from the fact that & gﬂ m)
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is Noetherian by Proposition 4.9. Condition 4 follows from (4.11.1). Proposi-
tion 4.9 (iii) for & = é?g” ™) follows directly from the & = 5’%” ™) case by
using [5, 3.2.3 (vii)], and we finish the proof. O

Remark. — By the proof we can moreover say that é?'gn ™) g pointwise

Zariskian with respect to the m-adic filtration on .

4.13. Lemma. — For non-negative integers m' > m, the canonical homo-

morphism c;("\é;n@m) — ggf?@ is injective, and the canonical homomorphism

ggn,m’)/ggbm’) — gg’)/é"g% is a p-isogeny.

Proof. — We omit subscripts 2~ (e.g., é’o(m) instead of éa‘%n())) Consider the
following diagram whose rows are exact:

0 @(()O(m,m') &Llm,m') N éo(m,m’)/go(m,m’) -0

_— ]

0 &™) &) &m /&

Since the injective homomorphism & (mm) _, ©(m) g strict, v is injective
as well. Moreover, by Lemma 3.4 (i)-(a), there exists an integer a such that
Coker(7) is killed by p®. Since g(m’m,)/éao(m’m/) is m-torsion free, this implies
that v is a p-isogeny.

Thus we get the following commutative diagram, whose rows are exact

0 N (go(mvm/))/\ R ;@\(m,m’) N é/g(m,m')/é/a\o(m’m,) =0

| | )

~

)

where ”* denotes the m-adic completion. By 3.5, 7 is also a p-isogeny, and in

particular, it is an isomorphism after tensoring with Q. Since é”o(m) and é”o(m’m,)
are already complete with respect to the w-adic topology by Lemma 2.5 (i) and
éao(m’m) — é”o(m) is injective, the left vertical homomorphism is injective as
well. O
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4.14. — Let the situation be as in 2.10. Let m” > m/ > m be non-negative
integers. We have the following concrete description:

m(D(%, &S5 — T(w, &)

:{ Y d®en @) Y g g @)

( )}
|| —inp™" <0 |k|—inp™" >0

() Let £ € N i > 0, ag; € I'(2,04 ). For an integer N, put
QN,i = SUP|g|minpm” +N lag,;]. Then lim, . an; = 0 for any N,
limy_ o sup,{an,;} = 0, and there exists a real number C' > 0 such that
C > sup;{an,} for any N < 0.

Moreover, consider the situation of 2.12. The homomorphism ¢ induces
L(D(®), Oy« - (%) N Opimiye 9 (%)) — T(D(O), e:@t%n,m/))’ where the intersec-
tion is taken in @r-4 @(*). This homomorphism is abusively denoted by ¢.
Let us denote by |- |(;) the norm of O« () defined by the p-adic norm
on Bp« 9 (x). Then any element of the above image can be written uniquely
as

(4.14.1) > 6(Pr)

kEZ
where P, € I'(% , Or+ 2 o(k)) such that limy_ . | Px|(m) = 0 and there exists a
real number C such that |Py|(,,,/)y < C for any k < 0.

4.15.Lemma. — Let m’ > m be non-negative integers. The homomorphism

3 ! plm+1m/) .. L . . .
ggan ) 5;"6 ™) s injective, and induces an isomorphism

(mm)/éa(mm—Fl) ~ @@(m—}-lm)/ (m+1m+1)

Proof. — Let us check the injectivity. Since the verification is local, we may
assume that we are in the situation of 2.10. Si,nce the restriction homomor-
phisms of O« 4 () are injective, those of é?gan ) are injective as well, and the
verification is generic. Thus, we may assume that we are in the situation of
2.12, and we can use the concrete description (4.14.1). Since the description is
unique, the injectivity follows.

For the second claim, it suffices to show that the canonical homomorphism

(@@(mm ) /(éggrj@m—l-l))o (mm / mm+1

is an isomorphism. This follows from Lemma 4.13. O
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4.16.Lemma. — Let m' > m > 0 be integers. Then the canonical injection
55?51 e éa§m+1’m ) induces the isomorphism:

~,

Cgo(m-l-l m +1)/£S(m ;m’4+1) ~ g(m-ﬁ—l m )/g(m ,m )

Proof. — We have the following diagram whose rows are exact.

S(m,m/+1 m,m’+1 S(m+1,m’+1 m+1,m’+1 S(m+1,m’+1) , z(m,m’+1
0— éﬂ;(i,@ + )/(éa;({,'@ + ))0 s g;{,g + )/(éaj(%,g + ))0 s gé{’,g + )/gé(,Q +1) o 0

|

S(m,m’ m,m’ S(m+1,m’ m+1,m’ S(m+1,m’) ; p(m,m’
0—= 8 NEG T o ——= EZT O EG )0 =BG 18 —>=0

The first two vertical homomorphisms are isomorphisms by Lemma 4.13. Thus
the right vertical homomorphism is an isomorphism as well, and the corollary
follows. O

By Lemma 4.13 and Lemma 4.15, we have the following big diagram of rings
of microdifferential operators.

_1@%”(@ c _1@(m+1 c W—l@{%’m’az) c c W_l-@y@
n n n N
éﬁé}"é) c éﬁ;’gl’ﬂ c éagf&z’“ c c é‘}’(@
n n n
n n n
éz,(m m+2) c éa(m+1 m+2) c éa(m+2)
n n
g(m ,m+1) c éa('m—i-l)
n
»(m)
a0

5. Flatness results
5.1. — Let 2 be an affine smooth formal scheme, and % be a strictly affine
open subscheme of T* % . Let & be one of the rings f(m’m ) cf(m’m ) éa(m’m )

é"(QO) Let M be a finite I'(%, &)-module. We use the terminologies in [9,
9.1, 9.2] freely. Let ¥ be the Grothendieck topology (in the sense of [9, 9.1.1/1])
on % defined in the following way.
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— A subset is said to be admissible open if it is strictly affine open subset
of % .

— A covering is called an admissible covering if it is open covering in the
usual sense.

We define a presheaf M“ on (%,%) by associating I'(¥, &) ®r 6y M with
an strictly affine open subscheme 7.

5.2. Lemma. — For any finite B-covering I of U , FI; U, M*) =0 fori € 7.

ug(

Proof. — We just copy the proof of [9, 8.2.1/5] using Lemma 4.10 and
Lemma 4.12. O

5.3. Corollary. — (i) For any finite T'(% ,&)-module M, the presheaf M* de-
fines a sheaf on (% ,%), and the functor © is exact.

(ii) Let % be a strictly affine open subscheme of T2, and suppose there
exists a finite presentation on U :

(&)2)® L (8]4)® — 4 — 0.

Then we have a canonical isomorphism T(% , . #)> = A .

Proof. — Let us prove (i). Lemma 5.2 shows that the presheaf M is a sheaf.
The functor © is exact since the restriction homomorphism I'(7, &) — T'(#/, &)
is flat where # C ¥ C % are strictly affine by Proposition 4.9 and 4.12. Let us
show (ii). We put M := Coker(I'(%, ¢)). Let E :=T'(%,&). By the definition
of M, we have the following exact sequence

Da F(QZWS)

E E® o M —o0.

Taking the exact functor 2, we have an isomorphism .# = M?%. Taking the
global sections, I'(%, . #) = M, and the claim follows. O

Remark. — We did not prove that any coherent &-module on % can be writ-
ten as M% with a finite I'(%, &)-module M. We do not go into the prob-
lem further in this paper. We believe, however, that for any coherent &-mod-
ule .# on a strict affine open subscheme %, the canonical homomorphism
(%, #)> — A is an isomorphism.

Let us use the notation of 1.4. We consider the induced topology from
(T*Z") on the underlying set of %, and denote the topological space by %’.
We denote by €: Z — %' the continuous map induced by the identity. The
topology of %" is slightly finer (cf. [9, 9.1.2/1]) than ¥. Thus by [9, 9.2.3/1], the
sheaf M# extends uniquely to a sheaf on %, denoted by (M#)'. Now, we get
the sheaf e 1((M%)"). We also denote this sheaf on the topological space %
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by M?, and from now on, M indicates the associated sheaf on % unless
otherwise stated.

5.4. —Let 2 be an affine smooth formal scheme over R possessing a system of
local coordinates. Take a homogeneous element © in T'(T* 2", O7« o) such that
deg(©) > 0. Let % := D(O). In the rest of this section, we use the notation
of 4.2 freely.

Recall that we have the canonical injection
o BV, )

We define Elmm™] .= p;:m, (E\(m’m,)), and equip it with non-ezhaustive filtra-

tion by order. Since Em™) @ Q = E(gn’m,), we get Elmm’l @ Q = E(g"’mlﬂ),
See 5.7 for an account why we need to introduce this ring.

Lemma. — There ezists a subring E C Elmm] such that the following holds.
We equip E with the induced non-exhaustive filtration from E [m,m],

1. The ring E contains E(m*m"“l), and the inclusion E c E™m1 is g
p-isogeny.

2. The ring gr(E) is finitely generated over gr(E(m’m/“)).

3. The ring E and the Rees ring (Eg)e of Eo are two-sided Noetherian.

Proof. — In this proof, we denote E(mm’+1) by E for simplicity and
consider the non-exhaustive filtration by order. By Lemma 4.5, we have
(@' :m'+1))=1 ¢ E(mm’) gang (@(m m'+1))~1 ¢ Eém’m,ﬂ). This shows that
(@(m’,m’+1))—1 e Emm'l We put E to be the subring of El™™] generated
by E and 6 := (@' +1))~1,

Let us show that the inclusion E — EMm™m™] s g p-isogeny. Since
E/Ey, — E(m,m’)/Eémm') is a p-isogeny by Lemma 4.13, it suffices to
check that Eg — E([)m’m/] is a p-isogeny. Let a := aorq(9) of Lemma 3.4 (i).
Let 08 cn) (@' m'+1))~i for k > 0 and i > 0 be an operator in El™™] whose
order is less than or equal to 0. Then there exists an integer j > 0 such that the
order of 8w (@M m'+1))=i+i is strictly greater than ord(d) and less than
or equal to 0. By the choice of a, the operator p® -8@)(’”/)(@(’”/”“/“))_1'“ is
in F, and thus

p* - 8E ) (@M T ¢ B¢ C R,

Take any P in E([)m’m,]. There exists an integer b such that p® - P € E(mm/+1)
Take a left presentation (2.10.3) of level m’ + 1 such that p® - by ; € T'(2, Do)
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for any k and i. For an integer M’ and ? € {<, >}, we put
Povei= 3 30 bggd®erin (@)

NTM' |k|—inpm'+1=N

Since (@™ +1))=1.@(n"m'+1) ¢ pE the operator (P<ys - (O™ ™ +1)?) where
M =1b-ord(f) (< 0) is contained in E. Thus,

p* - P=p* Poy+p* Pcy €E+E-6° CE,

which implies that p® - E([)m’ml} C Ey, and the claim follows.

Let us check condition 2 and show that this E is left Noetherian. We
can show E to be right Noetherian similarly. We define a filtration G;
for >0 on E in the following way: we put Go(E):= E. For i >0, we
inductively define G;41(E) :=E+ G;(E)-0. Let P € E; for some inte-
ger 1. Since p"0 =u- (0™ D)1 by Lemma 2.11 where u € Z* and n
denotes the order of ©, we can write (p"60)P = P(p"0) + Y, Pe(p"0)* with
P € E(k*l)npm,+1+l71’ thus

(5.4.1) 9-PcP-0+FE_,-0.

This implies that condition 2 holds. Moreover, the filtration G is compatible
with ring structure and exhaustive. Let us show that gr®(E) is Noetherian.
Once this is shown, since G is positive, E is Noetherian as well.

We put E := E/p"E. Let A := E®@,.,E - T" be a graded ring, whose
graduation is defined by the degree of the indeterminate T', and the multipli-
cation is defined by

T-P=0OP0 YT e(P+E_)-T

for P € E; where the membership relation holds by (5.4.1). It is straightforward
to check that this gives us a ring structure. We denote by A; the homogeneous
part of degree i. Since p"0 € E, there exist the surjection E — grf(IE) for i > 1
sending 1 to #%, which defines the surjection of rings

A — gr¢(E).
It suffices to show that A is Noetherian. For Q € E, we denote by o(Q) the

principal symbol in gr(E) where the filtration is taken with respect to the
filtration by order, and for @’ € E, we denote by o(Q’) the principal symbol of
the image of Q' in E. Let us define a “symbol map” ¥: A — gr(E). Let P € A.
Then we may write in a unique way P = > P, where P; € A;. Let k be the

largest integer such that Py, # 0. We define ¥(P) to be o(Py) € gr(E). Let I
be a left ideal of A. We define

S:={3(P) | Pel}Cgr(E).
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Since, for P € Ej, we have T-P € P-T + E;_; - T in gr{(A), the set S
is closed under multiplication by homogeneous elements of gr(E). Moreover,
S is also closed under addition of two homogeneous elements with the same

degree. Let Is in gr(E) be the ideal generated by S. By the above properties,
we get that S = Is N ;e 8r;(E). Since gr(E) is Noetherian, we can take
homogeneous generators P, ..., P, € S of Is. There exist elements P, ..., Py
of A such that 3(P;) = P/ and the degrees of P; are the same d > 0 for all .
For any P € I, the completeness of E with respect to the filtration by order
implies that there exists R; € A such that P—)_ R;P; is degree less than d, and
thus contained in @, _, A;. Since @, _,; 4; is finite over the Noetherian ring E,
there exists Q1,...,Qr generating I N @,_, A; over E. By the construction,

Py ...,P;,Q1,...,Qk generate I, and in particular, I is finitely generated.

It remains to show that (Eg)e is Noetherian. Although the proof is
slightly more complicated, the idea is essentially the same. We define a fil-
tration F' on @jgo Evi: Fy is equal to 69150 Ev7, and we inductively define
F;iy:=Fy+ F; -0, namely F; = @jgo Gi(E)v’. We define the induced fil-
tration on (Eo)e from @, Ev’ also denoted by F. It suffices to show that
grf((Eg)s) is Noetherian. Let (grf(E)); denotes the image of G;(E) N E;
in gr(E), and we put N := np™ *! = —ord() > 0. Then, for i > 0, we get a
surjection

Eni®Enic1-v " @+ — grf (Eo)s) = @(gr?(E))g -,
Jj<0
sending P - 17 with P € En;; to (P-6%) - v7. We define a ring graded both by
the degree of T and v by

A = (Eo® E_, 'l/*l@.-.)@@(ENi@ENi_l-Vfl@.--)Ti

i>0
=4y =:A/
i

and define the ring structure in the same way as before using (5.4.1). If we
simply say degree, it means the degree of T. We denote by A, the part of
degree i. Since there exists a surjection A’ — grf'((Eg)s), it suffices to show
that A’ is Noetherian. Let grj;(E) := D,<;er; (E). We define a double graded
commutative ring
B = @ gr(Na—p) (B)uv ",
a,b>0
whose ring structure is defined by the canonical homomorphism

8 (Na—tb] (E) x gr[Na/—b’](E) — 8YN(ata’)—(b+b")] (E).
We claim that this ring is Noetherian. For this, it suffices to show that B is
finitely generated over gry(E). We know that €, er;(E) and @, gr;(E) are
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finitely generated over gro(E). Then the following claim leads us to the desired
conclusion.

Claim. — Let C = @,., C; be a graded commutative ring. Assume that C
is Noetherian, and that C<g := @igo C; and Csq := 691‘20 C; are finitely
generated over Cy. Let Cp; = ®j>i C;. Then for any positive integer N,
the ring Dy := @j>o C[Nj]l/Nj , where v is an indeterminate, is also finitely
generated over Cy. Moreover, the ring €D k,j>0 CiNj—k V9 ¥ is finitely generated
over Cy where v and p are indeterminates.

Proof. — It suffices to check the N =1 case. Indeed, D; can be seen as
a Dy-algebra, and D; is integral over D,,. Thus if D; is finitely generated
over Cy, Dy is also finitely generated over Cy by [4, 7.8].

It suffices to show that €, (@022- Ci) vJ C D; and D0 (@JZZZO C’i) vi C Dy
are finitely generated over Cj. Since the former one is isomorphic to C<q[v],
it is finitely generated. Let {z;};cr be a finite set of generators of Cso =
@, Civ' C Dy over Cy. Then the latter one is generated by {z;}ics and v,
and the claim follows. O

For P € A’, we can write P =) . P; with P; € A} in a unique way. Let s
be the maximal integer such that P, # 0. We denote P in A, by 7(P).
Let 7(P) =3 gcicgx Piv™" with Px # 0. We define ¥'(P) € B to be
o(Px)uv~X where o denotes the principal symbol with respect to the filtration
by order of E. Let I be an ideal of A’, and we put S’ := {X/(P) | P € I} C B.
This set is closed under addition of two elements with the same degree, and
multiplication by homogeneous element. Take a finite set {Q;} in I such that
{2'(Q:)} is a set of generators of the ideal BS’ C B. It is straightforward to
check that the set {Q;} generates I. O

5.5. Proposition. — (i) The ring E([@m’ml] .= Emm'1 @ Q is Noetherian where™
indicates the m-adic completion.

(ii) The canonical homomorphism oy, m Eém’m/+1) — E(gn’m/] is flat.

iii) The canonical homomorphism B m: : Elmm] _, glmm’) is flat.
) Q Q

Proof. — We use the notation of Lemma 5.4. Since E is Noetherian, the canon-
ical homomorphism E — E is flat and E is Noetherian by [5, 3.2.3]. Since E
is p-isogeneous to Elmm'], they are also p-isogeneous even after taking m-adic
completion by Lemma 3.5. Thus we get (i). Since Emml @ Q = E&n’mlﬂ),
the flatness of a,, s follows, which is (ii).

Let us prove (iii). We put Egy, := |J,, En. By condition 2 of Lemma 5.4 and
Lemma 4.8, @, gr;(Esn) is Noetherian. Since E is a Noetherian filtered ring
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with respect to the filtration by order by condition 3, Egq, is also a Noetherian
filtered ring by Lemma 1.12. Let Ef  be the completion of Eg, with respect to
the filtration. Then the canonical homomorphism Eg, — E%n is flat and Ef
is Noetherian (cf. 1.1.6). Thus, by taking the m-adic completion, the canonical
homomorphism Eg, — IE’;I is flat by [5, 3.2.3 (vii)] where " denote the m-adic
completion. It suffices to show that

Let E{[ﬁ’m/] =U, E™™1 Since Egy C E}Q’m/} is a p-isogeny and the m-adic

[m m’] . E([[gm,m']

completion of Ej is , we get the first isomorphism. Let us

show the second one. Note that the completion of Egg’m/] with respect
to the filtration by order is E(mm')  There exists an integer n such that
p”Ef[;:’m/} C Eq, C Ef[;:’m/]. Since these inclusions are strict homomorphisms,
the inclusions are preserved even after taking the completion with respect to
the filtration by order, and we get pmE(mm™) Ef, C E(mm) In partic-
ular, the inclusion Ef  C Emm) g g p-isogeny, which implies the second

isomorphism of (5.5.1), and the proposition follows. O

5.6. Lemma. — Let m' > m. Put F(™) .= L(E(m’ml)) NE™ where v: E(m’ml) -
E( ™) s the canonical injection. Then, for any j > 0, F(m )= Fm) g R; does
not depend on m’.

Proof. — By definition, the canonical homomorphism F' )(g:/) — Eg?) =T(%, é")(g?))
is injective. There exists m” > m’ such that ©™™") is in the center of DE(";).
Let LDE?:) be the subring of Eggf) generated by Dggj) and (G(m""”))*l, which
does not depend on the choice of m”. (In fact, LD%L) =%, f@(m)) using
the notation of Remark 2.16.) It suffices to show that LD;R) F(m )i E(m)
Since (@mm"))=1 ¢ F(m') we have LD%) C F)((T/). Let us show the opposite

inclusion. By Remark 4.14, any element of F' (m') can be written as

ZPIC @(m m’ ) _|_Zpk (..)(mm ))

k<0 k>0
@ ©)
where Py, € (Dém))k+npm//i (n := ord(®)) with some convergence condi-
tions. The sum (2) becomes finite in E;?) since limy_,oo P;; = 0. Since
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(©m"m" =1 = 0 mod pE™), (@ is also a finite sum in Eg(";), and we have

F{") c LDY. O

' +2) _, i

Corollary. — The image of the homomorphism EQ is dense

with respect to the m-adic topology on Egn’m,] for any m' > m.

Proof. — Set (m,m') of Lemma 5.6 to be (m/,m’ 4+ 1). Then F(™+1) —
E[m,’m/], and the lemma implies that the image of the homomorphism
E‘\(gn mt2) E([@m ™1 is dense. This shows that the image of the homomor-
phism (Eém,’mlw))o — (E([@m”m/])o is also dense, and so is the image of the
composition

m,m’+2 ~ m’,m’+2 Slm’,m’ ~  Blm,m’
(B ) 5 (BS ™ )0 — (B ™o & (BE™ o,

which is nothing but the canonical homomorphism (Eém’m/+2))o — (E’([[gm’m/])o.
Since

S(m,m’ 42 m,m’+2 ~  K[m,m’ Slm,m’
By g0 S BEHEG™ o,

we conclude the proof. O

5.7. — We recall the definition of Fréchet-Stein algebra. For more details, we
refer to [25]. A K-algebra A together with a projective system of K-Banach al-
gebras {4;};>0 and a homomorphism of projective systems A — {A4;} where A
denotes the constant projective system is called a Fréchet-Stein algebra (cf. [25,
§3]) if the following hold.

1. For any ¢ > 0, the ring A; is Noetherian.

2. The transition homomorphism A;;; — A; is flat and the image is dense
in Az

3. The given homomorphism of projective systems induces an isomorphism
of K-algebras A — @11 A;.

) N E((Qm’m)

In general, the image of the homomorphism E(@m’mlﬂ is not dense,

and the projective system {Eé@m’m )}m,>m does not give a Fréchet-Stein struc-

ture on E(é)m’ﬂ. We need to replace E\(é)m’m ) by E\}Qm’m I'to get such a structure
as the following theorem shows.

5.8. Theorem. — (i) The ring E(g"’ﬂ is a Fréchet-Stein algebra with respect to
the projective system {E{[@m,m’]}m

'>m’
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(ii) For a finitely presented E(gn’ﬂ—module M, we have
M ifi=0
0 ifi#0.
(iil) Let ¥ C % be strictly affine open subschemes of T*% . Then the ho-
momorphism T(% , éa(%mé)) - T(V, éa(én(&)) is flat.

Ri lln(E((@m,m ) ®Er('m’f) M) (—1 {

m/’

Proof. — For (i), combine Proposition 5.5 and Corollary 5.4. To check (ii), the
projective systems {E([@m’m] ® M}m,> and {E\(gn’m ) ® M}m,>m are cofinal

in the projective system

m

N E\(gn,murl] M — E(gn,m’+l) QM — E‘([@m,m/] QM — E‘((@m,m') QM — ---

and these three projective systems have the same R’ lim . Thus, [25, § 3 The-
m

orem| leads us to (ii). Let us prove (iii). Put E, := T'(x, ggn&)) forx e {%,V}.
Let 0 > I — E9 — M — 0 be an exact sequence of Fg -modules such that
is a finitely generated ideal. By [10, I, §4 Proposition 1], it suffices to show that
Torf% (Ey, M) = 0. Using [25, Corollary 3.4-i], since M is finitely presented,
M is coadmissible, and thus I is coadmissible as well. By [25, Remark 3.2, § 3
Theorem| and Proposition 4.12, the sequence

0—-FEyQ®p, I —Ey —EyQ®g, M—0

is exact, and we get the vanishing of Tor. O

Remark. — In (ii) of the theorem, we can more generally take M to be a
coadmissible E(gn’ﬂ—module (cf. [25, §3]).

5.9. Corollary. — Let % be a strictly affine open subscheme of 10“*35, and M

be a finitely presented I'(7%, 5’%’1’8))-m0dule. We define the presheaf M* in the
same way as 5.1. Then Lemma 4.10, Lemma 5.2, Corollary 5.3 are also valid
for & = @@égn(g),@@gg o’ and M.

Proof. — Let us check the claim for & = é’g" 6). For any strictly open sub-
scheme ¥ C %,

Rilim (D7, 855" @ M) =0
m/

for ¢ > 0 by Theorem 5.8 (ii). Let us denote by ggn@m’) ® M the coherent
é?'égn @ml)|az/—module associated with M. By Lemma 5.2, this shows that the
sequence

- 1im O, (84, ES™) @ M) — lim CLEL (8L, E) @ M) — -

aug aug
m/’ m/’
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is exact. Since

lim 4, (81, E5" ") @ M) = ¢4, (41, 5 © M)

aug
m

by Theorem 5.8 (ii), Lemma 4.10 and Lemma 5.2 for this & follows. The veri-
fication of Corollary 5.3 is similar. For the claims on éa(;f’@, we only note that

the functor lim is exact. O
—
5.10. Corollary. — Let m’ > m be non-negative integers. Then the canonical

injection é"gél’ﬂ — ggfngl’m ) induces the isomorphism:

(m+1,1) ) p(m,}) ~  B(m+1,m’) ; 5(m,m’)
Caq [€xn —Exg /€xq

Proof. — Tt suffices to show that E(gnH’T)/E(gn’ﬂ = E(gnﬂ’m/)/ﬁ(g"’m/) for
any strictly affine open subscheme % . This follows from Lemma 4.16 and the

fact that R'lim Egn’m/) = 0 by Theorem 5.8. O
—m/’
»(m,m’) 2(m+1,m’)
5.11. — Now, we argue the flatness of & " " — &5 .

Lemma. — The canonical homomorphism é"\%n[@m) — ggn&-l,m) is flat for
non-negative integers m’' > m.

Proof. — Since the verification is local, we may assume that we are in the
situation of 2.10. It suffices to check that Eém’m) — Eém“’m) is flat. The

(m,m”)

proof being similar to [5, 3.5.3], we only sketch. Let F' be the subring of EQ

generated over E(mm) by {8-<pm+1>(m“)} Since [P. 3»<pm+1><m+1)] € D™
i 1<i<d’ 1 0i

for P € D(™),

[(©) 7L, 0" ] = (gtm) =1 oV gl (@™~ e B,
m+1 ~ ’ = ’
Thus, [Q, 81-(12 >(m+1)] € E(m™) for Q@ € E(™™). This shows that
F = ZE(mJH’) : (Q<Pm+1><m+1>)ﬁ_
k

Now, define the filtration on F' by the order of Q<pm+1><m“>. Then we have a
= ’ m+1
surjection E(™ ™) [Ty, ... Ty] — gr(F) sending T; to 0(8@ >("”’1)). Thus, F

K2

is Noetherian since E(™™) is. This implies that the homomorphism F' — F” is
flat. Using Lemma 3.4 (i), we can check that F” is p-isogeneous to E«(gmﬂ’m ),

and the lemma follows. O
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5.12. — We sum up the results we got in this section as the following theorem.

Theorem. — Let m’ > m be non-negative integers.
1. The canonical injective homomorphism cg’ég m.1) g(m,m’) is flat.
2. The canonical injective homomorphism g(m m'+1) gg@m/) is flat.

3. Let A be a finitely presented g’ég ’T)-module. Then we get

.//:—)liméa(mm)@g(m,f) M.
2,0

m/’
4. The canonical injective homomorphism ggan ) ggng ) s flat.

Proof. — We restate what we have proven for 2 and 4. To check 1, it suffices
to apply [25, Remark 3.2]. Let us prove 3. Since .# is finitely presented, there
exists a strictly affine open subscheme % such that there exists a presentation
on which .# possesses a finite presentation. Then we apply Corollary 5.9. [
-1 -@(m)

Remark. — We do not know if £ Flm,m’) is flat over However, in the

curve case, this is flat by [3, 1.3. 4]

6. On finiteness of sheaves of rings

In this section, we introduce a finiteness property for modules on certain
topological spaces, and prove some stationary type theorem. This finiteness is
especially useful when we consider modules on formal schemes.

6.1. — First, let us introduce conditions on topological spaces and on sheaves.

A ringed space (X, Ox) is said to satisfy condition (FT) if the following
two conditions hold.

1. The topological space X is sober ® (i.e., any irreducible closed
subset has a unique generic point, see [17, Exp. IV, 4.2.1]) and
Noetherian (cf. [16, 01, §2.2]).

2. The structure sheaf @x is a coherent ring, and Ox , is Noetherian
for any z € X.

Let (X,0x) be a ringed space satisfying (FT), and let ¥ be a coherent
Ox-module. Let 3 := {Z;};c; be a finite family of irreducible closed sub-
sets. The module /¥ is said to satisfy condition (SH) with respect to 3 if the
following holds.

(5) In this paper, we do not use the uniqueness of generic points, and this assumption is a
little stronger than what is really needed.
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For any section s € I'(U, 1) over any open subset U, there exists a subset
I' C I such that Supp(s) = U;cp ZiNU.

We simply say that M satisfies condition (SH) if there exists a finite family 3
such that M satisfies (SH) with respect to 3.

6.2. Lemma. — Let (X,0x) be a ringed space satisfying (FT). Let M be a
coherent O x -module satisfying (SH) with respect to 3 = {Z;}icr. Then for any
sub-Ox-module K of M, there exists an open subset Z! of Z; for each i € I
such that Supp(K) = U, Z;-

Proof. — Let U be an open subset of X, and take 0 # s € T'(U,X).
Let oy : T'(U, K) — T(U, M) be the inclusion. Since ¢ is injective, Supp(s) =
Supp(py(s)). There exists a subset I; C I such that

Supp(s) = Supp(py(s)) = U Z;nU
iel,
by (SH) of M. Note that this is an open subset of |J;c; Zi. Let & =
Uvcx T'(U, X) where U runs over open subsets of X, and &; be the subset
of & consisting of the elements s such that i € I,. Now, we get

supp(#) = |J Supp(s) = (J( J Supp(s)n Z:).
SEC i€l se6;
Since Supp(s) N Z; is open in Z;, the set Z] := USEGi Supp(s) N Z; is also open

6.3. Proposition. — Let (X, Ox) be a ringed space satisfying (FT). Let M be a
coherent Ox -module, and assume that for any open subset U C X, (SH) holds
for any coherent subquotient of M|y . Now, let

KicKsCcKsC---CM

be an ascending chain of sub-0x -modules (not necessarily coherent) of M. Then
the chain is stationary.

Proof. — Let n € N and Z be a closed subset of X. We say that the chain
is stationary for (n,Z) if Kn|x\z = Ki|x\z for any i > n. We claim that if
the chain is stationary for (n,Z) with Z # @, then there exists an integer n’
and Z' C Z such that the chain is stationary for (n/, Z’). Once this is proven,
(i) follows since X is a Noetherian space.

Let us show the claim. By Lemma 6.2, there exists an integer a such that
Supp(K;) = Supp(K,) for any i > a. We may suppose that Z C Supp(K,).
Take a generic point 7 of Z. Since @x, is Noetherian, there exists
n’ > max{a,n} such that X;, = X, , for any ¢ > n’. Fix a set of gen-
erators {f1,..., fo} of Ky ;. There exists an open neighborhood U of 7 such
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that {f1,..., fo} can be lifted on U and U N Z is irreducible. We fix a set of
liftings {f1, ..., foa} in D(U, /). Let  be the sub-Ox |y-module of M|y gen-
erated by {f1,..., fa}, which is coherent since Ox is. Now, let U}, := M|y /S
be a coherent fx|y-module, and denote by j(; the image of K|y in .
We know that Supp(K;) N U D Supp(K7). By construction, n ¢ Supp(K’)
for any i > n’. By assumption, Ji;; also satisfies (SH). Let 20 := {W;},c; be
a finite family of irreducible closed subset of U such that J/;, satisfies (SH)
with respect to 20. Let J’ be the subset of J such that n ¢ W;, and we put
W'=U, ey Wj. We let

Z'=(ZnW"Hu(Z\U).

Since n € Z', we get Z' C Z. For any i > n/, by Lemma 6.2, there exists an
open subset WJ’ of W; for each j € J such that

Supp(#;) = | J W}
jeJ
We claim that W/ N Z = & for any j ¢ J'. Indeed, j ¢ J' implies n € W; and
ZNU Cc W;. If W]’ NZ # &, we would get n € W]’ since Z N U is irreducible
closed and WJ' is open in W;. This contradicts with n ¢ Supp(K). Thus,

(6.3.1) Supp(K) N (Z\W')NU = @.

Now, the chain is stationary for (n’, Z'): it suffices to check X; , = K, , for any
z€ Z\Z' = (Z\W’')NnU. However, we get j(;vz =0 for any ¢ > n’ by (6.3.1).
Thus, K; . = J, by the definition of K, which concludes the proof. O

6.4. — We show that coherent modules over some Noetherian rings we have
defined in this paper satisfy (SH). For this, we prepare some lemmas. In the
following, let (X, @)x) be a ringed space satisfying (FT).

Lemma. — Condition (SH) is closed under extensions: suppose there exists an
exact sequence of coherent Ox-modules 0 — ' — F — F" — 0 such that I’
and F" satisfy condition (SH). Then T also satisfies condition (SH).

Proof. — Left to the reader. O

6.5. Lemma. — Let M be a coherent O)x-module. The module M satisfies con-
dition (SH) if and only if there exists a covering {U;}icr of X such that M|y,
satisfies the condition on U; for any 1.

Proof. — We only need the proof for the “if” part. Since X is quasi-compact,
we may assume that the covering is finite. By assumption, for each i € I, there
exists a family {Z;},c;, of closed subsets of U; such that |y, satisfies (SH)
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with respect to this family. The module J satisfies (SH) with respect to the
family Uie I{Zj }j et Since the verification is straightforward, we leave the
details to the reader. O

6.6. Lemma. — Let (¥,%;) be a separated filtered sheaf. Suppose that gr(¥)
satisfies (SH). Then & also satisfies (SH).

Proof. — Assume that gr(<) satisfies (SH) with respect to 3 = {Z,}icr. Let U
be an open subset of X, and take a non-zero s € I'(U, ¥). There exists an
integer iy such that s € I'(U,¥;,) and s & I'(U, ¥4,—1) since the filtration
is exhaustive (see Convention) and separated. Let o(s) € I'(U,gr; (¥)) C
T'(U, gr(9)) be the principal symbol of s. Then there exists Jy C I such that
Supp(a(s)) = Ujes, Z; NU. For k > 0, we inductively define an open sub-
set U, and a subset Ji of J in the following way. We put Uy := U. Now,
let Uyy1 := Uy \ Supp(o(s|y,)). Then there exists J;_ ; such that

Supp(o(slv,,) = |J %N Ukpa-
je‘]l/c+1
We define Jy 41 := JkUJ,’cH. Obviously, Jy C J; C -+ C I. Since [ is a finite set,
this sequence is stationary. Let J := {J; J; C I. Then Supp(s) = U;c; Z; NU,
and & satisfies (SH) with respect to 3 as well. O

6.7. Definition. — Let (X, f)x) be a ringed space satisfying (FT). The ringed
space or Ox is said to be (SH)-Noetherian if condition (SH) is satisfied for any
coherent O)x|y-modules and open subset U of X. If, moreover, @)x is Noetherian
with respect to 9B, we say that €y is strictly Noetherian with respect to B.

6.8. Lemma. — Let (X, &) be a ringed space satisfying (FT), and let (&, &;) be a
filtration on &. Suppose that the filtration is pointwise Zariskian (cf. Definition
1.9). If gr(&) is (SH)-Noetherian, then so is &.

Proof. — Let ‘M be a coherent &-module. Since the verification is local by
Lemma 6.5, we may suppose that there exists a good filtration (M, M;). By
Lemma 1.13, the filtration is separated. Now by Lemma 6.6, the corollary fol-
lows. O

6.9. Lemma. — Let @ be a strictly Noetherian sheaf with respect to B
(resp. (SH)-Noetherian sheaf) on a topological space X, then so is G[T].

Proof. — It is easy to check that % is Noetherian if and only if &[T] is a
Noetherian ring since I'(U, @[T]) = I'(U, &)[T] for any open set U. Assume &
to be (SH)-Noetherian, and let /i be a coherent &[T]-module. It suffices to
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show that M satisfies (SH). Since the verification is local by Lemma 6.5, we
may assume that there exist integers a,b > 0 and a presentation

a[r)® L ar)® % m—o.

Let @, == ®,<,, G-T" and K, := p(Gy). Let Ky = K. N G in aT)®,
which is a coherent sub- @-module of @>° C @[T]®". Since @ is strictly Noethe-
rian, K, = Um20 Kmn = Ker(¢) N G, is a coherent @module by Proposi-
tion 6.3. We define a coherent -module M, by @2°/#, c . By construc-
tion, U, Mn = M, and (M, { My }nez) is a filtered (G[T],{ %y} nez)-module.

It suffices to show that gr(#) satisfies (SH) by Lemma 6.6. We have checked
gr;(M) is a coherent @-module for any ¢. By construction, the homomorphism

T: gr,(M) — gr,, (M) is surjective for any i, and we have the following se-
quence of surjections.

Mo = gro(M) — -+ — gr; (M) — gri+l(m) e

Since My is coherent and € is strictly Noetherian, this sequence is station-
ary, and there exists an integer N such that T%: gry (M) — gry;(M) is an
isomorphism for any ¢ > 0. Since @,y &r;(M) is a coherent &-module, it
satisfies (SH) with respect to a family 3. Then gr(J/) satisfies (SH) with respect
to 3. O

6.10. Corollary. — Let X be a topological space satisfying (FT), and @ be a
strictly Noetherian R-module on X with respect to B (resp. (SH)-Noetherian).
Then so is G Q.

Proof. — We only prove the strictly Noetherian case. It is easily verified that
@ ® Q is Noetherian with respect to 9B. Let &,, := Ker(# 2, @). Since % is
strictly Noetherian, the sequence @y C @; C --- C @ is stationary. Let @ :=
li_n>1n . Since 7/ is a coherent @-algebra, it is strictly Noetherian, and we
may assume that # is a flat R-module in the sequel. Let F;(@Z ® Q) := 7%
for i > 0 and F;(#®Q) = 0 for i < 0. Then it suffices to show that gr” (#®Q) is
strictly Noetherian by Lemma 6.8. Since grf' (Z® Q) is a coherent &[T]-algebra
where the action of 7' is the multiplication by 7~ € grf (% ® Q), it is reduced
to showing that @[T is strictly Noetherian, which follows from Lemma 6.9. [

6.11. Lemma. — Let X be a Noetherian scheme, and let B be the open basis
consisting of open affine subschemes of X. Then Ox is strictly Noetherian with
respect to *B.

Proof. — Condition (FT) on (X,0x) is a basic property of Noetherian
schemes. Let /i be a coherent @) x-module, and let us check (SH) for this J.
Since the statement is local by Lemma 6.5, we may suppose that X = Spec(A)
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for a Noetherian ring A. There exists a finite decreasing filtration {#; }o<i<n
on M such that My = M, M, = 0, the quotient M;/M;; is irredundant for
any 0 <17 < n, and

Ass(M;/Miv1) C Ass(M)

by [16, IV 3.2.8]. By Lemma 6.4, it suffices to show the lemma for irredundant
modules, but in this case, it follows by definition. O

Using Lemma 6.9, we have the following corollary.

Corollary. — Let X be a Noetherian scheme and @ be a quasi-coherent Ox -al-
gebra of finite type. Then @G is strictly Noetherian.

6.12. Lemma. — Let (Y, @) be a ringed space satisfying (FT), and assume
that @ is strictly Noetherian with respect to B. Let X be a sober and Noethe-
rian topological space, and f: X — Y be an open continuous map of topological
spaces. Let € be an open basis of X consisting of V' such that f(V) € B. Then
the ringed space (X, f~1 @) is strictly Noetherian with respect to €.

Proof. — Let A" be a coherent @-module satisfying (SH) with respect to 3.
Then f~'J/ satisfies (SH) with respect to f~1(3). We claim that for any
coherent f~!%-module Ji, there exists a coherent @-module " such that
M = f7Y(N). Now, the functor f, is exact since f is open. Thus, for a co-
herent f~!@-module M, the canonical homomorphism f~!f. /M — M is an
isomorphism, and f, | x) is a coherent | x)-module. Thus f~!& is (SH)-
Noetherian. We leave the details to check that it is Noetherian with respect
to €. O

6.13. Theorem. — Let 2 be a smooth formal scheme of finite type over Spf(R).
Then Ox,, O, Oa q, @;’;), @é;n), @é?’?q), @Eg?), @(%m?@ are strictly Noethe-
rian sheaves on 2 . Moreover, 6’)(("”” ), é"fxm’m ), éagf"’m ), cfé?Qm ) are strictly
Noetherian on T* % .

Proof. — Note first that 2" and T* % are Noetherian spaces. The ring Ox, is
strictly Noetherian by Lemma 6.11. To check that ) 4 is strictly Noetherian,
we consider the m-adic filtration. Since @) 4- is pointwise Zariskian with respect
to the m-adic filtration by [5, 3.3.6] and [18, Ch. II, 2.2 (4)] (or we can use
Lemma 1.10), it suffices to show that gr (0 2) =& Ox,[T] is strictly Noetherian
by Lemma 6.8 where gr,. denotes the gr with respect to the m-adic filtration
and T denotes the class of 7. This follows from Lemma 6.9. For @4 ¢ use
Corollary 6.10.
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Let X be either 2 or X; for some i > 0. Let us prove that 9§(m) is
strictly Noetherian. We consider the filtration by order. Since the filtra-
tion is positive, it suffices to show that gr(@&m)) is strictly Noetherian by
Lemma 6.8. Since gr(Z{") is of finite type over gry(2{™), and gr,(2{™)
is coherent gro(@)((m))—module for any 1, gr(@)((m)) can be seen as a coherent
Ox|[T1,...,T,]-algebra for some n, and the claim follows by using Corollary 6.9.

Let us prove that @é?) is strictly Noetherian. Consider the m-adic filtra-
tion. Then @g/n) is pointwise Zariskian filtered by [5, 3.3.6] and [18, Ch. II,

2 (4)]. By Lemma 6.8, it suffices to show that grﬂ(@f;)) = (@&T))[T] is
strictly Noetherian where gr, denotes the gr with respect to the w-adic fil-
tration and T denotes the class of . Since we checked that @g:) is strictly
Noetherian, (.9)(?;))[T] is strictly Noetherian by Lemma 6.9, and thus @g/n) is
strictly Noetherian.

Let X be either 2 or X; for some i. Let us check that & := g)((m,m') is strictly
Noetherian on 7*.2 . Consider the filtration by order. It suffices to show that
gr(&) is strictly Noetherian by Lemma 6.8 and Remark 4.9. Let ¢ : T*X —
P*X be the canonical surjection. Then, it suffices to show that g¢.(gr(&)) is
strictly Noetherian by (1.4.1). By Lemma 4.8, we know that ¢.(gr(&)) is an
O pm)- x-algebra of finite type and g.(gr;(£)) is a coherent O p(m)- x-module for
any ¢, and we get the claim by using Lemma 6.9.

For g"t%m ™) and é"t%n [@m ) the verifications are the same as those of .@gﬂ) and

@5??@, and we leave the details to the reader. O

7. Application: Stability theorem for curves

In this section, we focus on the relation between the support of the mi-
crolocalization and the characteristic variety. We formulate a conjecture on the
relation, and prove the conjecture in the curve case.

7.1. — Recall the setting 2.4, and let 2" be a quasi-compact smooth formal
scheme over R. One might expect that, for a coherent @gé—module M,

Char™ (.27) = Supp(65"d ® __, somy 7).
Z,Q

For the definition of the characteristic varieties, see 2.14. However, this does not
hold in general. Indeed, suppose this were true. Then since Supp(&’,,- &l T) QM) D
Supp(é’égfal ) M), we would get Char™ (L) > Char(mﬂ)(@%’fal) QM).
However, this does not hold by Example 4.1. Considering these, we conjecture
the following.
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Conjecture. — Let 3&” be a quasi-compact smooth formal scheme over R, and
M be a coherent .@ @ -module. Then there exists an integer N > m such that
for any m' > N,

Char™(FG"3 ® 50m M) = Supp(655" @, 50m 77 ).

We prove this conjecture in the case where 2" is a formal curve (i.e., dimen-
sion 1 connected smooth formal scheme of finite type over R). Namely,

7.2. Theorem. — Let 2 be a smooth formal curve over R. Let ./ be a coherent
@(m) -module. Then there exists an integer N > m such that we have

Char™ /(95" ® ) = Supp(&y o ® M)
form’ > N.

This theorem is proven in the last part of this section.

7.3. Remark. — The conjecture and Theorem 7.2 may seem to be different since

(m ’T) in the conjecture and & % (@ in the theorem. However, these are

) zg’gﬁrl’f) and

we used &

equivalent. Indeed since there exists a homomorphism &l >0 mt
the topological space T* .2 is Noetherian, there exists an 1nteger a such that
for any m’ > a,

Supp(&}, o ® 4) € Supp(EY 3" ® ) = Supp(EL) © ).

We remind that these supports are closed by [16, 01, 5.2.2]. Let us show that
this inclusion is in fact an equality. Since the problem is local, we may assume
that 2" is affine, and take global generators m1,...,m, € I'(Z,.#) of .#
over .@E%n()@ Suppose that the inclusion is not an equality, and take a point
x € Supp(éa(a 1) ® .#') which is not contained in Supp( 9.0 ® ). This means

that (@ng’(@ ® M), = 0. Now, we know that

(6 o ® M)s = limy (655" © ),
by [15, Ch. II, 1.11]. Thus there exists an integer m’ > a such that the images
of my,...,my, in (éaé;nQT) ® M), are 0. Since the latter module is generated
by these elements over (é"g'fg))x, we would have (éa( N M)y = 0, which
contradicts with the assumption. Summing up, we obtam

Supp(&1, Q@ M) = m Supp( (g,(m T)®///).
m/'>m
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7.4. — Before we start proving the theorem:

Definition. — Let 2" be a smooth formal scheme of dimension 1 over R (not
necessarily quasi-compact), and let .# be a coherent 9};{ Q—module. We define

Char(AZ) = Supp(o@;{@ QM).

7.5. Corollary. — Suppose that k is perfect and there exists a lifting o : R = R
of the absolute Frobenius automorphism of k, and fix one. Let 2 be a smooth
formal scheme of dimension 1, and let 4 be a coherent F-@i@@—module, Then

Car(#) = Char(.#),
where Car denotes the characteristic variety defined by Berthelot (cf. [7,5.2.7]).
Proof. — The problem being local, we may assume that 2 is quasi-compact,
and thus a curve. Since this follows immediately from the definition of Car, we

recall it briefly. For a large enough integer m, we can take the Frobenius descent
of level m denoted by .# (™ by [6, 4.5.4], which is a coherent .@F;?Q—module with

an isomorphism @gﬁg) Q.4 ™ =5 F* g/(m) The characteristic variety of .#
is by definition Char™ (.# (™). Since we have .2 (™) .= .@ég?ék) @A™ =
Fr* /(™) Char™ (.#/ (™) = Char ™ (Lg/(m+%)) by [7, 5.2.4 (iii)]. Thus the
corollary follows by applying Theorem 7.2 to .4 (™). O

7.6. — Let us prove the theorem. To do it, we show the following proposition
first.

Proposition. — Let 2" be a smooth formal curve over R, and .# be a coherent
@(ggt?@-module. Suppose that there exists an integer N' > m such that
m')  H5(m' N &5(N'
Char™)(25") @ M) = Char ™ (D) ® )
for any m’ > N'. Then the conclusion of Theorem 7.2 holds.

The proof is given in 7.9. For an interval I C R, we denote I N Z by Iz in
the following.

7.7. Lemma. — Let 2" be a smooth formal scheme. (We do not need to assume

that X is a curve in this lemma.) Let A be a @t(;?@-module and z € T* X .
Suppose there exist integers b > a > m such that

(TS @ M) =0
for any integer b > m’ > a. Then the canonical homomorphism

(7.7.1) (ESN© Mo — (EFGY © M),
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18 split surjective for any integers b > m' > a, m’ > 1 > m, and e €
{T [m/, 00| } Here éa(ggQ means @@g/% by abuse of language. Moreover, we
get

Ker((g@\%’é M)y — (ga\g@') ®M)y) = Tor1 ( (m 0)/5’% M)z

~ (g(l,}a) ) @ 71(@@(1 ,i+1) ® %)m Zfl <a
O VI @), ifl > a.

Proof. — For e € {f,[m/, 00[;},
g%nQO)/gg-) ~ "(m )/5(1 m’)
by Corollary 5.10. We denote this quotient by 2. We get the following diagram

whose rows are exact:

Tory (E§3"), M) = Tory (2, M) 2= 800 @ .t — ES @t —~ 20 M 0

I S .

Tor, (", M) — Tori(2,M) % ES2) @ M — EF") & M — 2@ M —0

where the ® and Tor; are taken over @%’%, and we omit the pull-

back of sheaves 7!

since it is obvious where to put them Now, since

é(:m a>(m’ m
Tor;] iQ(gécVQ?’//l) = 0 by the flatness of gég(@ over _@ Q and @égé
over @Ea;"()@ (cf. Proposition 2.8 (ii) and [5, 3.5.3]), the homomorphism « is

injective. Moreover, since (5"\ gﬂ 8 ® M), = 0 by the hypothesis, the homomor-
phism «, is an isomorphism, and (2 ® #), = 0. Since « is injective, [ is
injective as well. Thus, the homomorphism (7.7.1) is split surjective and

Ker(E$) @ M — EF'3Y ® M)y 2 Tor (2,4 ), = (5“ ™) @ M ).

Let us calculate Tori (2, #),. We only treat the case where | < a, and since
the proof is similar, the other case is left to the reader. To calculate this, it
suffices to show

(EY) @ M)s = (YD © M)e D EB EXIV @ M),

We use the induction on k := m/ —a. For k = 0, the claim is redundant. Suppose
that the statement holds to be true for £k = kg — 1 > 0. Then it suffices to show
the following isomorphism for m"” = a + kq:

(172) (YR o). 2 (EYE Ve, @ @) © M)
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Indeed, we just apply the induction hypothesis to (éa\ %% Ve.un )z to get the
conclusion. Let us show (7.7.2). Note that m” — 1 > a. This isomorphism can
be shown using exactly the same method as before using the following diagram
instead:

2(,m! —1) ’ 2,m'"y 2,m! —1) ’
Torl(f;%@ , M) = Tor (2", M) —>= é’%,Q QM —>= é’%,a QM = 2'QM =0

| . b

Z(m/" —1) ’ Z(m’ —1,m’") s(m’ —1) ’
Torl(é”%@ , M) —= Tor1 (2", ) > éagq QM —>= éagl-@ QM —= 2'Q.4 =0

where

Q éa(lm—l)/g(lm),\_,g(m —1)/£(m —1,m'")
using Lemma 4.15. O
7.8. Lemma. — Let 2 be a curve. Then the canonical homomorphism

W—l@(m*’k)/@(m) g{%’f&kvﬂ/g(m 1)

is an isomorphism.

Proof. — Tt suffices to prove that the canonical homomorphism of sheaf of
abelian groups 77_19%?@ — gg‘()@/(gg”é)_l is an isomorphism. To show this,
it suffices to check that 71"1.@)((7:’) — é’)((T)/é")((T)_l is an isomorphism, whose
verification is straightforward. O

7.9. Proof of Proposition 7.6. — Consider the following diagram of sheaves
on T*Z for any integer m’ > m.
Tory(9', M) — Tori(DG 3/ DG s M) M Py M

Tor ( gf@,,//[)a’]:‘orl(ggfn&/éa(mm)'///)95)(mm ®%‘>Cg)(m)®%

Here ® and Tor are taken over @((%n?@y and we omit the pull-back of sheaves 7~ 1.

Since @é?g and & gﬂ 8 are flat over @%n?@, the left vertical arrow of the diagram

is just 0 — 0. Thus the homomorphism « is injective. Consider the following
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commutative diagram

m' m ﬁ m
Tory (647" /&S, ) —— 65D @ 4

Tory (83 /ES 3, ) —— EST) @

where the isomorphism is by Lemma 5.10. Since « is injective, 3 is also injective.
This implies that

(*)
Hmr = Ker (@ : é‘";TQP om A —>£§£‘@T) @n ')

= Torl(é"égfg)/é"gg), )

= W_lTorl(@((gg&/“@(%?@, M) — T M
Since W’légfn& is strictly Noetherian by Lemma 6.12 and Theorem 6.13, there

exists an integer N such that 7, = #y for k > N. So far we have not used
the assumption on the characteristic varieties.

By changing m if necessarily, we may assume that m = N’. Now, by this
assumption,

Z = Supp(é"%%@///) = Supp(éaéng? QM)
for any m’ > m. Take € T*2 \ Z. Then Lemma 7.7 shows that @, . (see
(*)) is split surjective. Thus, the homomorphism

Yra: (EXD @ M)y — (8D @ M)s

is also surjective for any m’ > N. Since the kernel is isomorphic to (£, / &N ),
the homomorphism ,,’ ; is an isomorphism by the choice of N. Thus using
Lemma 7.7 again,

(gg:j@m : ® M)g =0
for any integer m’ > N and m” > m/.

Let % be the complement of Z. Let ¥ C % be a strictly affine open sub-
scheme. By the above observation, we get F(ﬁl/,é"gdm ) ® M) = 0. Since

NG éﬁ%’fg)) is a Fréchet-Stein algebra, we have I'( 7, ggf?g) ®.#) = 0. Thus
the proposition follows.
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7.10. Proof of Theorem 7.2:—  We use the notation in the proof of Proposi-
tion 7.6. There exists an integer M such that 7, = ¢ for k > M. Note
that to prove the existence of this M, we did not use the assumption of Propo-
sition 7.6. Let © € T*% . Suppose there is an integer m’ > M such that

(c;“’\gg ® M) = 0. Then by using Lemma 7.7,
0= (6570 @ M)o = (EYY @ M )u] Hyw o
= (%;?@m/) ® //l)z/%m”,z - (@%Sgé’m/) ® ///)z

for an integer m’ > m” > M. However, since (Egé’m/) ® M), is gener-
ated by the image of .#, we have (ngg%,m’) ® M), = 0. This implies that
(c?gflé) ® M)y =0 for m' >m"” > M. Thus,

Supp(é?’g'f(g ® M) C Supp((;“’\é;fgl) ® M)
for m' > M.

Now suppose there exists M’ > M such that Supp(c?\éKM(;j) QM) =T .
Then there is nothing to prove. Using [14, 5.2.4] we may suppose that the
dimension of Supp(é?’égn(& ® ) is equal to 1 for any m’ > M.

In this case, for any m’ > M, there exists an open formal subscheme %,
of Z such that

Char(m/)(_@gg Q Mau,,) N T* Uy = U,

and Y O U/ +1- Let M) = @g% ® # . The module %(m,)|@m, is a co-
herent 07, , o-module. Let r,,,» be the rank as a locally projective O, , o-mod-
ule. Then we know that 7,,; > r,,/41 for any m’ > M. There exists an integer
N > M such that ry = r,, for any m’ > N. Now,

Claim. — Let % be a smooth formal scheme, and .4 be a coherent @gﬂ ()@—mod—
ule which is also coherent as an @z g-module. For m’ > m, the canonical
homomorphism

. Y Gm)
a: N — ym) = @@/,Q ®@(;% N
is an isomorphism in the following two cases:

1. A4 (™) is a coherent §z g-module with the same rank as .4

2. the @é,mé—module structure on .4 extends continuously to a @(@m(@) -mod-
ule structure.
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These claims seem more or less standard, but we provide a proof at the end
for the sake of completeness. Let us finish the proof assuming the claims first.
By the choice of N, the canonical homomorphism

My, — ™)y,

is an isomorphism for m’ > N by Claim 1. The proof of [24, 2.16] is im-
mediately translated to our situation to prove that for a smooth curve %

and a .@é,m(é—module A which is coherent as an @z g-module, if there ex-

ists an open formal subscheme ¥ such that .Z|y is a @;/mé— 2

M is a .@(@mg Y_module. Thus .# ™|y, is already a ‘@éx)@—module, and thus

MV g S @o(;;/’)Q ® M ™)|4, by Claim 2. This implies that the condition
of Proposition 7.6 holds, and we obtain the theorem.

-module, then

Finally, let us check the claims. Since the claims are local, we may assume %
to be affine. In the following, we make no difference between sheaves and the
modules of global sections. Consider the first situation. We denote by 7,
(resp. 7! ,) the Oz g-module (resp. @g(ymg -module) topology on .4 (™). Since

N (™M) is a finite B g-module (resp. @gﬂ ([,1)) -module) by assumption, it becomes
a Banach space by [9, 3.7.3/1]. By construction, Im(«) is dense with respect
to the topology 7,/,. On the other hand, Im(c) is closed with respect to the
topology ;. by [9, 3.7.3/1]. By open mapping theorem, or more precisely [9,
3.7.3/3], 7!, is equivalent to 7, , which implies that « is surjective. Since
the ranks of the both sides are the same by assumption, the homomorphism
is an isomorphism. Consider the second situation. The extended @g,n 8 -module

structure yields the homomorphism 8: 4 (™) — _#. By definition, we have
B oa =id. It remains to show that « is surjective. To check this, it suffices to

show that « is in fact a homomorphism of _@(gm 8 -modules. Since the @(mé—mod—

ule and @é, (g -module topology on A coincide and 9@ (@ is dense in @;n Q? , We
get the desired assertion by a standard continuity argument.

BIBLIOGRAPHY

[1] T. ABE —“Langlands correspondence for isocrystals and existence of crys-
talline companion for curves”, preprint arXiv:1310.0528.

[2] , “Langlands program for p-adic coefficients and the petits cama-

rades conjecture”, preprint arXiv:1111.2479.

[3] T. ABE & A. MARMORA — “On p-adic product formula for epsilon factors”,
J. Inst. Math. Jussieu (2014), p. 1-103.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE


http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#1
http://arxiv.org/abs/1310.0528
http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#2
http://arxiv.org/abs/1111.2479
http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#3

106

[4]

[5]
[6]
7]

18]

19]

[10]
[11]

12]
13]
[14]
[15]
[16]
17]
18]

[19]

[20]
21]

[22]

T. ABE

M. F. ATivaH & I. G. MACDONALD — Introduction to commutative al-
gebra, Addison-Wesley Publishing Co., Reading, Mass.-London-Don Mills,
Ont., 1969.
P. BERTHELOT — “Z-modules arithmétiques. I. Opérateurs différentiels de
niveau fini”, Ann. Sci. Ecole Norm. Sup. 29 (1996), p. 185-272.
, “Y-modules arithmétiques. II. Descente par Frobenius”, Mém.
Soc. Math. Fr. 81 (2000).

, “Introduction & la théorie arithmétique des Z-modules”,
Astérisque 279 (2002), p. 1-80.
J.-E. BIORK — Analytic Z-modules and applications, Mathematics and
its Applications, vol. 247, Kluwer Academic Publishers Group, Dordrecht,
1993.
S. BoscH, U. GUNTZER & R. REMMERT — Non-Archimedean analysis,
Grundl. Math. Wiss., vol. 261, Springer, Berlin, 1984.
N. BOURBAKI — Algébre commutative, Hermann, 1985.
R. CREW — “F-isocrystals and their monodromy groups”, Ann. Sci. Ecole
Norm. Sup. 25 (1992), p. 429-464.
P. DELIGNE — “La conjecture de Weil. II”, Publ. Math. I.H.E.S. 52 (1980),
p. 137-252.
R. GARrcia LOPEZ — “Microlocalization and stationary phase”, Asian J.
Math. 8 (2004), p. 747-768.
L. GARNIER — “Théorémes de division sur _@g)q et applications”, Bull.
Soc. Math. France 123 (1995), p. 547-589.
R. GODEMENT — Topologie algébrique et théorie des faisceaux, Hermann,
1960.
A. GROTHENDIECK — “Eléments de géométrie algébrique: 1. Le langage
des schémas”, Publ. math. de ’'THES 4 (1960).
, Théorie des topos et cohomologie étale des schémas (SGA 4),
Springer, 1972.
L. HuisHI & F. VAN OYSTAEYEN — Zariskian filtrations, K-Monographs
in math., vol. 2, Kluwer, 1996.
M. KASHIWARA & T. KAWAI —“On holonomic systems of microdifferential
equations. III. Systems with regular singularities”, Publ. Res. Inst. Math.
Seci. 17 (1981), p. 813-979.
L. LAFFORGUE — “Chtoucas de Drinfeld et correspondance de Langlands”,
Invent. Math. 147 (2002), p. 1-241.
T. Y. LAM — Lectures on modules and rings, Graduate Texts in Math.,
vol. 189, Springer, New York, 1999.
G. LAUMON — “Transformations canoniques et spécialisation pour les Z-
modules filtrés”, Astérisque 130 (1985), p. 56-129.

TOME 143 — 2015 — ~N° 1


http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#4
http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#5
http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#6
http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#7
http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#8
http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#9
http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#10
http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#11
http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#12
http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#13
http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#14
http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#15
http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#16
http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#17
http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#18
http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#19
http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#20
http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#21
http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#22

RINGS OF MICRODIFFERENTIAL OPERATORS FOR ARITHMETIC 2-MODULES 107

[23] A. MARMORA — “Microdifférentielles arithmétiques sur une courbe”, per-
sonal notes.

[24] A. Oaus — “F-isocrystals and de Rham cohomology. II. Convergent
isocrystals”, Duke Math. J. 51 (1984), p. 765-850.

[25] P. SCHNEIDER & J. TEITELBAUM — “Algebras of p-adic distributions and
admissible representations”, Invent. Math. 153 (2003), p. 145-196.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE


http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#23
http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#24
http://smf.emath.fr/Publications/Bulletin/143/html/smf_bull_143_35-107.html#25




	Introduction
	1. Preliminaries on filtered rings
	2. Microdifferential sheaves
	3. Pseudo cotangent bundles and pseudo polynomials
	4. Intermediate microdifferential sheaves
	5. Flatness results
	6. On finiteness of sheaves of rings
	7. Application: Stability theorem for curves
	Bibliography

