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DIFFRACTION FROM CONORMAL SINGULARITIES

BY MAARTEN DE HOOP, GUNTHER UHLMANN AND ANDRAS VASY

ABSTRACT. — In this paper we show that for metrics with conormal singularities that correspond
to class C, o > 0, the reflected wave is more regular than the incident wave in a Sobolev sense. This is
helpful in the analysis of the multiple scattering series since higher order terms can be effectively ‘peeled
off’.

REsSUME. — Dans cet article nous montrons que, pour une métrique avec des singularités conor-
males qui correspondent a la classe C***, o > 0, I’onde réfléchie est plus réguliére que I’'onde incidente
dans un sens Sobolev. Cela s’avére utile a ’analyse des séries de diffusion multiple, les termes d’ordres
les plus élevés pouvant étre 6tés de maniere effective.

1. Introduction

In this paper we show that for metrics with conormal singularities that correspond to
class C1, a > 0, the reflected wave is more regular than the incident wave in a Sobolev
sense for a range of background Sobolev spaces. That is, informally, for suitable s € R and
€p > 0, depending on the order of the conormal singularity (thus on «), if a solution of
the wave equation is microlocally in the Sobolev space H) _“° prior to hitting the conormal
singularity of the metric in a normal fashion, then the reflected wave frontisin H; , while the
transmitted front is just in the a priori space H;, _“. (This assumes that along the backward
continuation of the reflected ray, one has H}  regularity, i.e., there is no incident H}
singularity for which transmission means propagation along our reflected ray.) Such a result
is helpful in the analysis of the multiple scattering series, i.e., for waves iteratively reflecting
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352 M. DE HOOP, G. UHLMANN AND A. VASY

from conormal singularities, since higher order terms, i.e., those involving more reflections,
can be effectively ‘peeled off” since they have higher regularity.

Here the main interest is in o < 1, for in the C1! setting one has at least a partial
understanding of wave propagation without a geometric structure to the singularities of
the metric, such as conormality (though of course one does need some geometric structure
to obtain a theorem analogous to ours), as then the Hamilton vector field is Lipschitz,
and automatically has unique integral curves; see Smith’s paper [17] where a parametrix
was constructed, and also the work of Geba and Tataru [2], as well as Taylor’s book [21,
Chapter 3, Section 11]. We also recall that, in a different direction, for even lower regularity
coefficients, Tataru has shown Strichartz estimates [19]-[20]; these are not microlocal in the
sense of distinguishing reflected vs. transmitted waves as above. However, the approach
of Tataru’s work is to allow L'L> behavior of the second derivatives of the metric, with
L' behavior being in time, L> in space. Our case has some microlocal similarities, with the
L! behavior being in a spatial variable (microlocally) normal to the submanifold at which our
metric is singular, which should behave similarly for normally incident rays. We also mention
that the L' L™ analysis of Tataru’s also influenced the work of Smith and Sogge on spectral
clusters [18].

In order to state the theorem precisely we need more notation. First suppose X is a
dim X = n-dimensional C*° manifold, and Y is a smooth embedded submanifold of
codimension

codimY = k.

With Héormander’s normalization [7], the class of Lagrangian distributions associated to the
conormal bundle N*Y of Y (also called distributions conormal to Y'), denoted by 17 (N*Y),
arises from symbols in §¢+(dim X=2k)/4 \when parameterized via a partial inverse Fourier
transform in the normal variables. That is, if one has local coordinates (z,y), such that Y’
is given by z = 0, then u € I?(N*Y') can be written, modulo C*° (R"), as

en* [erta e ds,  ae s

For us it is sometimes convenient to have the orders relative to delta distributions associated
to Y, which arise as the partial inverse Fourier transforms of symbols of order 0, as in [4],
thus we let

I[—so] (Y) — I—So—(dim X—21@)/4(]\/v»<yv)7
so elements of I[=%](Y") are s, orders more regular than such a delta distribution. For
any C*° vector bundle over X one can then talk about conormal sections (e.g., via local
trivialization of the bundle); in particular, one can talk about conormal metrics.

Thus, if X is a C'*° manifold, Y an embedded submanifold, and g a symmetric 2-cotensor
which is in I1=%0](Y") with s > k = codim Y (here we drop the bundle from the notation
of conormal spaces), then g is continuous. We say that g is Lorentzian if for each p € X,
g defines a symmetric bilinear form on T}, X of signature (1,n — 1), n = dim X. (One would
say g is Riemannian if the signature is (n, 0). Another possible normalization of Lorentzian
signature is (n — 1,1).) We say that Y is time-like if the pull-back of g to Y (which is a C*°
2-cotensor) is Lorentzian, or equivalently if the dual metric G restricted to N*Y is negative
definite.
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DIFFRACTION FROM CONORMAL SINGULARITIES 353

A typical example, with Y time-like, is if X = X x Ry, where X, is the ‘spatial’ manifold,
Y = Yy x R, g = dt? — go, go is (the pull-back of) a Riemannian metric on X, which is
conormal to Yp, in the class I1=°0)(Yy), where so > codimy Y = codimx, Yp. In this case,
one may choose local coordinates (z,y’) on Xg such that Yj is given by z = 0; then with
y = (¥',t), (x,y) are local coordinates on X in which Y is given by = 0. Thus, the time
variable t is one of the y variables in this setting.

Before proceeding, recall that there is a propagation of singularities result in the mani-
folds with corners setting [23], which requires only minimal changes to adapt to the present
setting. This states that for solutions of the wave equation lying in Hg’T(X ) for some r € R,
WFll)’m propagates along generalized broken bicharacteristics. Thus, for a ray normally inci-
dent at Y, if all of the incoming rays that are incident at the same point in Y and that have the
same tangential momentum carry H™*! regularity, then the outgoing rays from this point
in Y with this tangential momentum will carry the same regularity. In other words, in princi-
ple (and indeed, when one has boundaries, or transmission problems with jump singularities
of the metric, this is typically the case) H™*+! singularities can jump from a ray to another ray
incident at the same point with the same tangential momentum (let us call these related rays),
i.e., one has a whole cone (as the magnitude of the normal momentum is conserved for the
rays) of reflected rays carrying the H™ %1 singularity. Here we recall that for r > 0, H, i’T (X)is
the subspace of H!(X) consisting of elements possessing r b (i.e., tangential to Y) derivatives
in H(X); forr < 0 these are distributions obtained from H*(X) by taking finite linear com-
binations of up to —r derivatives of elements of H'(X). In particular, one can have arbitrar-
ily large singularities; one can always represent these by taking tangential derivatives, in par-
ticular time derivatives. Via standard functional analytic duality arguments, these estimates
(which also hold for the inhomogeneous equation) also give solvability, provided there is a
global time function ¢. Phrased in terms of these spaces, and for convenience for the inhomo-
geneous equation with vanishing initial data, for f € H_ 1’TJrl(X ) supported in ¢ > tg there
exists a unique u € H&’T(X) solving the equation Ogu = f such that suppu C {t > to}.

The object of this paper is to improve on this propagation result by showing that, when
so > k + 1 (thus II=*/(Y) ¢ C™* for a < sy — k — 1) in fact this jump to the related
rays does not happen in an appropriate range of Sobolev spaces. As above, let (z,y) denote
local coordinates on X, Y given by z = 0, and let (£, ) denote dual variables. Let ¥ C T*X
denote the characteristic set of the wave operator [ = [g; this is the zero-set of the dual
metric G in T* X

THEOREM 1.1. — Suppose codimY =k = 1, k+ 14+ 2¢) < spand0 < ¢g < s <
so — €0 — 1 — k/2. Suppose that v € L2, Ou = 0,

qdo = (07 y07§07770) S 27 50 7é Ou

and the backward bicharacteristics from related points (0,y0,&,m0) € X are disjoint from
WEF*™(u), and the backward bicharacteristic from the point qq is disjoint from WF* (u). Then
the forward bicharacteristic from (0, yo, 0, n0) is disjoint from WF? (u).

REMARK 1.2. — The theorem is expected to be valid for all values of k, and the limitation
on k in the statement is so that it fits conveniently into the existing (b-microlocal) framework
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354 M. DE HOOP, G. UHLMANN AND A. VASY

for proving the basic propagation of singularities (law of reflection) without too many tech-
nical changes. This is discussed in Section 4, and is to some extent ‘orthogonal’ to the actual
main ideas of the paper; it is only used to microlocalize the ‘background regularity’, H*~ <.
If one does not want to microlocalize the background regularity, i.e., assumes u is in H5~¢°
at least locally, we prove the result for all codimensions, see Theorem 1.4.

Thus, the limiting Sobolev regularity s that one can obtain, if sq is slightly greater
than 1+ k, i.e., 2 in the case of a hypersurface, which is the minimum allowed by the first con-
straint, is just above k/2. On the other hand, if sp > 1+ & then forany 0 < s < sg—1—k%/2,
one can choose ¢y > 0 sufficiently small so that all the inequalities are satisfied, so the
theorem always provides interesting information on wave propagation for a range of values
of s, providing at least some improvement over the basic propagation of singularities result
(which would not allow better regularity than that on backward rays from (0, yo,&,70) € Z,
e, H™ ),

COROLLARY 1.3. — Under assumptions as in the theorem, the terms of the multiple scat-
tering series have higher regularity, in the sense of Sobolev wave front sets, with each iteration,
until the limiting regularity, Hso~1-k/2 s reached.

In view of the propagation of singularities along generalized broken bicharacteristics, 1.e.,
that singularities can spread at most to related rays, Theorem 1.1 is in fact equivalent to the
weaker version where one assumes H; _“ regularity not just on related rays. Thus, as we show
in Section 4, it suffices to prove the following theorem, which is what we prove in Section &:

THEOREM 1.4. — Suppose thateg > 0, k+1+2¢g < sgpand —k/2 < s < sp—eg—1—k/2.
Then for u € HY©, Ou € HE ', WF*(u) is a union of maximally extended bicharacteristics
in 3.

Note that if so > 1 + k, then first taking —k/2 < s < s — 1 — k/2, and then ¢g > 0
sufficiently small, all the inequalities in the Theorem are satisfied.

This theorem is proved by a positive commutator, or microlocal energy, estimate. The
key issue is that as the wave operator does not have C* coefficients, the commutator of a
pseudodifferential microlocalizer with it is not a pseudodifferential operator; instead it is
a sum of paired Lagrangian distributions associated to various Lagrangian submanifolds
of T*(X x X). Thus, the main technical task is to analyze these Lagrangian pairs, including
their Sobolev boundedness properties.

The plan of the paper is the following. In Section 2 we recall the structure of positive
commutator estimates, in particular the robust version due to Melrose and Sjostrand [14, 15],
used in their proof of propagation of singularities at glancing rays on manifolds with a
smooth boundary. In Section 3 we describe the structure of the bicharacteristics, in particular
their uniqueness properties. In Section 4 we recall the already mentioned b-Sobolev spaces
and the ‘standard’ propagation of singularities theorem based on these, also discussing how
these can be used to reduce Theorem 1.1 to Theorem 1.4. Section 5 is the technical heart
of the paper in which we analyze paired Lagrangian distributions relevant to the positive
commutator estimates in our setting. Section 6 gives microlocal elliptic regularity in this
setting, and is used as a warm-up towards the positive commutator estimate. Section 7 gives
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DIFFRACTION FROM CONORMAL SINGULARITIES 355

the proof of the key analytic estimate towards the proof of the propagation of singularities,
which is completed in Section 8 in the form of Theorem 1.4.

2. The structure of positive commutator estimates

In order to motivate our proof, we recall the structure of the standard positive commu-
tator estimate, in the formulation of Hérmander [8], Melrose and Sjostrand [14, 15], giving
propagation of singularities for the wave operator (J on a C* Lorentzian manifold (X, g)
(and indeed more generally for pseudodifferential operators of real principal type).

We state at the outset that since all results are local, one may always arrange that the
Schwartz kernels of various operators we consider have proper support, or even compact support,
and we do not comment on support issues from this point on. Similarly, all Sobolev spaces in
which distributions are assumed to lie are local, and we do not always show this in the notation
explicitly.

One arranges that for an appropriate operator A € ¥2571(X)

i[0,A)=B*B+E+F, BecV*X), EcU*(X), FecU*2%(X),

with €y > 0 (typically ¢y = 1/2), where the solution is a priori known to lie in H* on WF'(E)
(this is where we propagate the estimate from), and lie in H*~ on WF'(F) (which is typically
equal to WF’(A)). Then one gets for u with Ou = 0 (or even Cu = f),

2.1 (i Au, Ou) — (i0u, A*u) = ([0, Alu, u) = |Bul|®> + (Eu,u) + (Fu,u),

provided that w is sufficiently nice for the pairings and the adjoint (integration by parts) to
make sense; then one can estimate Bu in L2, and thus u on the elliptic set of B in H® in terms
ofuon WF'(E) in H*,w on WF’(F) in H*~¢0 and u itself in any Sobolev space H ¥ globally
(the latter is to deal with smoothing errors). A standard regularization argument gives that
u € H*® actually on the elliptic set Ell(B) of B even without stronger a priori assumptions.

The desired commutator then is arranged by choosing some symbol a in §25~!, such that,
with p denoting the dual metric function, which is the principal symbol of [J,

(2.2) H,a = —b* + e, modulo S22,

and letting a, b, e be the principal symbols of A, B and E respectively. We recall how to do
this in a robust manner, following the presentation of [22, Section 7], though with the more
convenient notation of constants of [23] and [24]. Fix p to be a positive elliptic symbol of
order 1 locally in the region where we are considering, e.g., p = (£) in canonical coordinates
(z, ) based on local coordinates x on the base space X. Let

H, = plep,

so H, is homogeneous of degree zero. Homogeneous degree zero functions can be regarded
as functions on $* X, and correspondingly H, can be considered a vector field on S*X. One
can actually arrange local coordinates (g1, g2, - - - , g2n—1) on S*X such that H, = %—this
is not necessary, but is a useful guide. First let 7 € C°°(S*X) be a function with

(2:3) 1(q) = 0, Hpii(g) > 0.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



356 M. DE HOOP, G. UHLMANN AND A. VASY

Thus, 77 measures propagation along bicharacteristics; e.g., 7 = ¢; works, but so do many
other choices. We will use a function w to localize near putative bicharacteristics. This
statement is deliberately vague; at first we only assume that w € C*°(S*X) is the sum of

the squares of C*° functions ¢;, j = 1, ..., 2n — 2, with non-zero differentials at g such that
dijand doj, j =1,...,2n — 2, span T3.5* X, and such that

2.4 Hpo;(q) = 0.

Such a function w is non-negative and it vanishes quadratically at g, i.e., w(g) = 0 and

dw(q) = 0. Moreover, w'/2 4 |7j| is equivalent to the distance from ¢ with respect to any
distance function given by a Riemannian metric on S*X. An exampleisw = g2 +---+¢2,,_;
with the notation from before, but again there are many other possible choices; with this
choice H,w = 0. We now consider a family of symbols, parameterized by constants ¢ € (0,1),
e € (0,1], 8 € (0,1], of the form

3) o= (r (20 %) ) (50 4+1)).

where

1
=0+ %UJ,
xo(t) = 0ift < 0, x0(t) = e tift > 0,x1 € C®(R), x1 > 0, /X1 € C(R),
supp x1 C [0, +00), supp(l — x1) C (—00,1], and F > 0 will be taken large. Here / is used
to deal with technical issues such as weights and regularization, so at first reading one may
consider it fixed. We also need weights such as p?*~! where s € R is as above; in a product
type Lorentzian setting these can be arranged Hamilton commute with p by taking p = ||
and thus can be ignored, otherwise taking f large will deal with them in any case. Thus, the
actual principal symbol of A is

(2.6) o25-1(4) = > x0 (F_l (26 ?)) xa (f];rsé " 1) '

We analyze the properties of a step by step. First, note that ¢(g) = 0, H,4(q) = H,7(g) > 0,
and Xl(% + 1) is identically 1 near g, so H,a(g) < 0. Thus, H,a has the correct sign, and
is in particular non-zero, at q.

Next,

g € suppa = ¢(q) < 266 and 7j(q) > —9 — €d.
Since € < 1, we deduce that in fact 7 = 7j(¢) > —26. Butw > 0,50 ¢ = ¢(q) < 2636 implies
thatj = ¢ — e 2671w < ¢ < 285 < 26. Hence, w = w(q) = €26(¢ — 1) < 4€252. Since
w vanishes quadratically at g, it is useful to rewrite the estimate as w!/? < 2¢§. Combining
these, we have seen that on supp a,

(2.7 —§—ed <7 <285and w'/? < 26
Moreover, on supp a N supp x},
—§—ed <7< —6andw'/? < 2.

Note that given any neighborhood U of g, we can thus make a supported in U by choosing §
sufficiently small (and keeping ¢, 3 < 1). Note that supp a is a parabola shaped region, which
is very explicit in case 7 = ¢; and w = ¢ + - -+ + ¢3,_;. Note that as e — 0, but J fixed,
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DIFFRACTION FROM CONORMAL SINGULARITIES 357

the parabola becomes very sharply localized at w = 0; taking 5 small makes a localized very
close to the segment 7j € [, 0].
So we have shown that a is supported near g. We define

2.8) = o (F‘l(2ﬁ—(§>) H, <X1<ﬁ€—;5+1>>,

so the crucial question in our quest for (2.2) is whether H,¢ > 0 on suppa. Note that
choosing §o € (0,1) sufficiently small, one has for 6 € (0,d0], ¢ € (0,1], 8 € (0,1],
Hyfi > co > 0 where |fi| < 28, w/? < 26p. So Hy¢ > <@ > 0 onsuppaif § < 6o,
€, 3 < 1, provided that |H,w| < %‘)625 there, which is automatically the case if one arranges

(2.9) Hpg; =0forj > 2, and 0; = g;+1,

ie., any € > 0 works. Note that if H,¢ > % on supp a then one can let

(2.10) b=r 262V Hpdy [xG <F—1(2ﬂ— §)>\/X1 (ﬁ;rsdﬂ);

thus (2.2) holds with s = 1/2 and ¢ = 1/2.

However, we do not need such a strong relationship to H,,, which cannot be arranged (with
smooth o;) if one makes p have conormal singularities at a submanifold. Suppose instead
that we merely get w ‘right’ at g, in the sense that

(2.11) w=Y 02, Hyo;(q) =0.
Then, H,o; being a C*°, thus locally Lipschitz, function,
(2.12) IHpo;] < Co(w/? + 7)),

s0 [Hpw| < Cwl/?(w'/? + |7j|). Using (2.7), we deduce that |Hyw| < €26 provided that
2e2§ > C"(€6)4, i.e., that € > C’4 for some constant C’ independent of €, § (and of j).
Now the size of the parabola at 77 = —§ is roughly w'/? ~ §2, i.e., we have localized along a
single direction, namely the direction of H,, at q.

By a relatively simple argument, also due to Melrose and Sjostrand [14, 15] in the case of
smooth boundaries, one can piece together such estimates (i.e., where the direction is correct
‘to first order’) and deduce the propagation of singularities. We explain this in more detail in
the last section of the paper.

This argument would go through if one manages to arrange this with F' having just the
property that F' : H5=¢ — H~5%¢ je,  the ps.d.o. behavior of F does not matter as long as
one has H*~ < background regularity—indeed, one only needs the H*~¢° regularity on the
wave front set of F'.

We finally indicate how one deals with regularizers and weights. Let p is a positive elliptic
symbol of order 1 as above. It is convenient to write

a :ps—l/2\/6E Ss—1/2

with @ as in (2.5), and let A € ¥*~1/2 have principal symbol a@, WF’(A) contained in the
conic support of @, and be formally self-adjoint (e.g., take Ay to be a quantization of a in
local coordinates, and then take the self-adjoint part, A = (A + A*)/2), and let A = A2.
We also let A, 7 € [0, 1], be such that the family is uniformly bounded in ¥°(X), A, € ¢!
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358 M. DE HOOP, G. UHLMANN AND A. VASY

forr > 0,and A, — Id in V¢ for € > 0, and A, formally self-adjoint. For instance, one can
take A, to be a (symmetrized) quantization of ¢, = (1 + rp)~L. Let

A, =ANAA,, a, = gb,z.p%*la.

Recalling that H, = p~1H, is homogeneous degree zero, the principal symbol of i[(J, 4],
as a family with values in ¥?2%, is

$7p°°(Hpa) + ag2p®((2s — 1) = 2r,p)(p~ 'Hpp).

Now, |[ré¢,-p| < 1 while p~'H,p is bounded, being a symbol of order 0, so the second term is
bounded in absolute value by Ca¢?p?s. Now, given M > 0, for sufficiently large f , not only
is Hpa of the form —b? + e, but

¢72«P23(Hpa +((2s—1) - 27"¢rp)(pialP)a) = —b7 — M?pa, + e,

with e, = ¢2p%e, e as before. This is due to xo(t) = t2x4(t) for t € R, so, in Oth order
symbols,
2.13)

F ()G <F‘1(2ﬁ - f))
- (((23 —1) = 2ré.p)(p~ ' Hpp) + M2)XO <F1 <2ﬁ —~ ?))

=57 (4,) = (25— 1) = 20000) (07 o)+ 20) 5 (26— 2)°)

<o (£ (20-2)).

and |26 — §| < 4 on supp a, so for sufficiently large / (independent of 4, ¢, 8 € (0, 1] as long
ase > C'§, C’' as above), the factor in the large parentheses on the right hand side is positive,
with a positive lower bound, and thus its square root ¢,., defined near supp xo N supp X1, sat-
isfies that ¢, € S° uniformly, and c, is elliptic on supp xo Nsupp x1. Now with E,. = A, EA,.,
E as before with wave front set in the conic support of a, and taking B, a family, uniformly
bounded in ¥*, with (uniform, or family) wave front set in the conic support of a and with
principal symbol

(2.14) b = @pscr\/xé (f (28~ ?)) \/’<1 (n:é& " 1)’

we have

2[[]’147'] = _B:Br - M2(Ar)*Q*QAr + Er + Fm Ar = AA’I‘)

with Q € ¥'/2 with symbol p'/? (thus elliptic), with F,. uniformly bounded in ¥2*~', and
with uniform wave front set in the conic support of a. Now for r > 0 applying this expression
to u and pairing with w, as in (2.1), makes sense provided WF*~1/2(x) is disjoint from the
conic support of a, and we obtain

(2.15) IBrull® + M?[|QAul® < 2[(Au, Ou)| + (Eru, u)| + [(Fru, u)].
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DIFFRACTION FROM CONORMAL SINGULARITIES 359

Further, with G a parametrix for Q with GQ = Id+R, R € ¥~°,
2/(Apu, Du)| < 2(QAu, G* A,Ou)| + 2|(RA,u, A,Cu)|

(2.16) A o
< QA u|)? + |G* A, Tu® + 2|(RA,u, A, 0],

and the first term on the right hand side now can be absorbed into M?2||QA,u|? (if we
chose M > 1). Letting r — 0 we get a uniform bound for || B,u/||, and thus by the weak
compactness of the unit ball in L? plus that B,u — Byu in distributions, we conclude that
Bou € L?, completing the proof that the elliptic set of By, i.e., where xo (and thus x{) and
X1 are positive, is disjoint from WF?(u).

One completes the proof of the propagation estimate by an inductive argument in s,
raising the order s by 1/2 in each step. During this process one needs to shrink the support
of a so that, denoting the replacement of a given in the next step of the iteration by a’, at
every point of supp o’ either b is elliptic (the b corresponding to the original a), or one has a
priori regularity there (which is the case on supp e). This can be done by reducing S which
shrinks the support as desired. We refer to [9, Section 24.5], in particular to last paragraph
of the proof of Proposition 24.5.1, for further details.

3. Bicharacteristics

Since g is not C*°, we need to discuss the behavior of bicharacteristics, i.e., integral curves
of H,, in some detail. When g € Il=20](Y") and codimY + 1+ a < s¢ < codim Y + 2 (with
0 < a < 1), which is the main case of interest for us, then g is C**, and thus H,, is a C%.
Thus, the standard ODE theory ensures the existence of bicharacteristics, but does not ensure
their uniqueness (as Holder-a, o < 1, is insufficient for this; Lipschitz would suffice).
Nevertheless, for normally incident rays at a codimension one hypersurface Y one has local
uniqueness. In this setting, locally, H, is transversal to T3 X, i.e., the codimension codim Y’
submanifold Upey T, X of T* X, and using local coordinates (z,y) such that Y = {z = 0}
and dual coordinates (&, 7), H, is continuous in  and C* in (y, £, 1), so the following lemma
gives this conclusion:

Lemma 3.1. — If I C Ry, is an open interval containing 0, O C R:/_l open containing 0,
V = 3", Vi(x)d; is a continuous real vector field on O x I with V; € C(I;C*'(0)) and
with V,,(0) # 0 then there exists Q@ C O x I open containing 0 and § > 0 such that for any
given (0 € Q, there is a unique C" integral curve z : (—6,8) — O x I with z(0) = (0.

Proof. — Since the other sign works similarly, we may assume that V,,(0) > 0, and also at
the cost of shrinking I and O then V,, > ¢ > 00on O x I.

Being an integral curve means that %(t) = V;(z(t)). We consider another sys-
tem of ODE, namely writing Z(s) = (2(s),s), with (=d',8") C I, so € (=¢',4'),
2 € CY(=08",6");0), 2z, € CH(=0",8');R), z = (2, 2,,).

3.1 dz(s) = F(2'(s),s), 2(s0) =2 € O’ x I,

ds
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with
Fj(y):&((z))7.7:17 7n_]-7
(3.2) "

soF € C((—4",8")s;C%1(0)). The key point here is that F'(2'(s), s) on the right hand side of
(3.1)isindependent of z,(s), i.e., (3.1) is of the type %(s) = ®(2(s), s), with ® continuous in
the last variable and Lipschitz in the first. Thus, the standard ODE existence and uniqueness
theorem applies, giving the local existence and uniqueness of solutions to (3.1), provided
O’ x I is a sufficiently small neighborhood of 0.

Now if z = =z(t) is a C! integral curve of V, and we let T' be the inverse function of
T, = x,(t) near 0, which exists and is C* by the inverse function theorem as %(t) =
Va(z(t)) > ¢ > 0, with T'(s) = y—argeyy» then 2 = (2/,2,) with 2/ = 2’/ o T, 2, = T,
satisfies (3.1) with sg = 2,,(0) = (z(©),,, 29 = (2/(0),0) = ((z(?)",0). Indeed, z is C" as x
and T are such, and

dzj_ dz; ,_VjoxoT .
E_(WOT)T_W’]_L””_L
dz, 1

ds VpoozoT’

which, as z,, 0T (s) = s, is a rewriting of (3.1). One can also proceed backwards, starting with
a solution of (3.1), by letting x,, be the inverse function of z,, and then letting z; = z; o =y,
forj=1,...,n—1.

Thus, if one has two solutions z(¢) and Z(t) of %(t) = V;(z(t)) with (0) = 20, then
defining T', resp. T, as the inverse functions of z,,, resp. Z,, we have solutions z, resp. Z of
(3.1) with initial conditions ((z(®))’, 0) and time (z(?)),,. Thus, by the uniqueness part of the
ODE theorem, z = Z. The nth components give then T' = T, hence x,, = #,, and thus the
other components yield z; = &;, completing the proof. O

As mentioned, an immediate consequence is, if one lets & be the glancing set, i.e., where
H, is tangent to Ty X:

COROLLARY 3.2. — SupposeY has codimension 1. Then the integral curves of H, in X\ J
through a given point are unique.

Proof. — Suppose there are two solutions z(t) and Z(¢) with the same initial condi-
tion z(9) at time 0. Assuming that z(t) # #(t) for some t > 0, let ¢y be the infimum of
positive times such that z(t) # Z(t), so any neighborhood I of ¢y contains ¢t € I such that
z(t) # Z(¢t) but, as z and Z are continuous z(tg) = Z(tg). (The last assertion is clear if
to = 0;if to > 0 it follows as x(t) = Z(¢) for t € [0,%o) by definition of ¢y.) Then the local
uniqueness result stated above yields a contradiction. Since negative times are dealt with
similarly, this completes the proof. O
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4. Law of reflection: standard propagation of singularities

We now recall from [23] the basic law of reflection. In [23] this is shown in the setting of
manifolds with corners with Dirichlet or Neumann boundary conditions. However, the same
arguments go through in our setting, where we consider the quadratic form domain H} _(X).
Generalized broken bicharacteristics (GBB) are defined in this setting to allow reflected rays
as follows.

For simplicity consider Y of codimension 1 (this is all that is needed for Theorem 1.1,
and Theorem 1.4 does not need this at all). Since the results are local, we may assume that
Y separates X into two manifolds X4 with boundary Y. Each of X comes equipped with
the so-called b-cotangent bundle, ®T* X, . This is the dual bundle of the b-tangent bundle,
whose smooth sections are C™ vector fields on X tangent to Y, denoted by 91, (X4).
Over C*°(X ), these are locally spanned by z9, and d,,, j = 1,...,n — 1, and correspond-
ingly, a local basis for smooth sections of PT™* X is dm—z anddy;,j =1,...,n — 1. One may
thus write smooth sections of PT* X as

4.1) o(z,y) d;w + ) i@, y) dy;;

so (x,y,0,n) are local coordinates on *T*X. As ¥,,(X+) C ¥(X4), there is a dual map
7y @ T*Xy — PT*X.; the kernel at p € Y is given by N;Y (which is the span of
the differential dz of the defining function z of Y in 7}; X), and the range can be naturally
identified with T;Y = T, X1 /N;Y. Concretely, if one uses canonical dual coordinates
(z,9,€,m) on T* X, writing one-forms as

E(z,y)dz + Y m;(@,y) dy;,

J
then
Wi(xayagan) = (m7y7x£an)7

corresponding to the identification £dx = (x€) df. The same constructions can be per-
formed directly on X, working with C*° vector fields tangent to Y, which we denote
by 1, (X;Y). The so obtained cotangent bundle *T* X, which is a C* vector bundle, when
restricted to X, gives PT* X, and again comes with a natural map 7 : T*X — PT*X.

In particular, one can now consider the characteristic set ¥ C 7™ X of [J, and its image
¥} C PT* X under 7; this is called the compressed characteristic set. A GBB 7 is defined to be
a continuous map from an interval to 3 satisfying a Hamilton vector field condition, namely
that for all f € C°°(PT*X) real valued,

i sup LG = £(i(s0))

s— 8o §— 8o

< sup{(Hy7"f)(q) : ¢ € &, m(q) =F(s0)}-

Thus, C* integral curves of H,, in ¥ C T* X are certainly generalized broken bicharacteristics
(i.e., their image under 7 is), but more generally, any two integral curve segments of Hp,
say v+ defined on [0, sg) and y_ on (—s{, 0], can be combined into a single GBB provided

7(74(0)) = (- (0)).
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For a Lorentzian metric g, T*Y can be regarded as a subset of 7" X, identified as the
orthocomplement of the spacelike N*Y'. In fact, one may arrange that the dual metric G
is

G = A,9)02+ Y 2C;(z,4)0:0,, + Y _ Bij(x,)0,,0,,,
J ij
with
C;(0,y) =0, A(0,y) <0, B(0,y) Lorentzian on T}Y,
see [24, Section 2]. We write

B(0,y)n-n=Y_ Bi;(0,y)n:m;
ij
for the dual metric function of B. Then T*Y is identified with points with z = 0 and £ = 0.
We recall from [23] and [24] that X = % U & is the union of the hyperbolic and the glancing
sets at PTy X with

HNPTp X =72\ T*Y), NPTy X = n(SNT*Y).
Concretely, in coordinates on a chart %, using the b-coordinates (z, y, o, 7),
H NPTy X = {(0,50,0,m0) € Ty X+ B(0,y0)m0 - 110 > 0},
G0 Ty X = {(0,50,0,m0) € Ty X : B(0,y0)m0 - 110 = 0}.

If g0 = (0,y0,&0,m0) € X is not a glancing point, then locally all GBB 4 with 4(0) = ¢o
are of the form discussed above, i.e., the concatenation of two integral curves of H,,. Indeed,
such GBB stay outside PT} X for a punctured time interval, i.e., there is € > 0 such that
A(s) ¢ PTy X for s € (—€,€) \ {0}, 50 v = F](0,6)> 7= = Fl(—e,0) are integral curves of Hy;
see [24, Lemma 2.1]. In view of the kernel of the map T* X — PT* X at Y, this means exactly
that GBBs allow the standard law of reflection, i.e., the incident and reflected rays differ by
a covector in N*Y'.

In order to state the propagation of singularities theorem, we need a notion of wave front
set in PT* X \ o. This is a simple extension of WFll)’m(u) introduced in [23] for manifolds
with corners to a manifold with a codimension one hypersurface Y replacing the bound-
ary, as above. This wave front set in turn is based on the so-called b-pseudodifferential
operators. In the setting of manifolds with boundaries, or indeed, corners, such as X, these
are just the totally characteristic, or b-, pseudodifferential operators introduced by Melrose
[11], see also [12], and discussed by Melrose and Piazza [13, Section 2]. We also refer to [23]
for a concise description of the background. In our setting, to work on X with these oper-
ators, we recall that the Schwartz kernels of ¥y,(X ), Up.(X ) are tempered distributions
on X, x X, which are conormal on the blow-up [X; x X,;0X. x 0X.] to the front
face and the lifted diagonal, in the sense of being either the partial Fourier transforms of
symbols in the case of Uy,.(X ), or those of classical (one-step polyhomogeneous) symbols
in the case of ¥y, (X ), which extend smoothly across the front face (to which the diagonal
is transversal, and thus this makes sense), and vanishing to infinite order on the side faces,
i.e., the lifts of X, x 80X and 80X x X,. Concretely, fixing ¢ € C°(R), identically 1
near 0, supported in (—1/2,1/2) and a coordinate chart (z,y), a large subset of elements
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of ¥ (X) and ¥P*(X,) (and indeed, all modulo smoothing operators, i.e., elements
of ¥ °(X1) = ¥, (X)) have the form

4.2)
(A+’U)($,y)
L , _ da' dy' do d
_ (QF)—n/ez(o 5 s (i =) ¢<x x/x >a+(x,y,o', n) (', y) %,
where

at € S™([0,00)z x RZ_l;RZ,n)v resp. a4 € Sgt'([0,00)5 X RZ_1§RZ,7;)

if Ay € U (Xy), resp. Ay € UPP(X,). (Here the symbol notation denotes symbolic behav-
ior in the variables after the semicolon.) Note that ¢ is identically 1 near the diagonal lifted
to [X2;(0X4)?], i.e., it does not affect the diagonal singularity at all; its role is to localize
away from the side faces. Here the image of ay in S™/S™~1, orif a. is classical, the homo-
geneous degree m summand in its asymptotic expansion, is the principal symbol o, , (A+)
of A, ; this is naturally a function (or equivalence class of functions) on ®T* X, \ o (with o
the zero section) regarding (o, n) as fiber coordinates on this bundle as in (4.1).

An operator A} € ¥ (X, ) maps C™ (X ) to itself, similarly an operator A_ € ¥ (X_)
maps C*°(X_) to itself, so if we consider the operator

4.3) A=efAiry+e A r_,

where r is restriction to X1 and ey is extension as 0 from X to X, it maps C*°(X) to
functions on X which restrict to C*° functions on X, but which typically have a jump at Y.
In order to eliminate this, following [12], we consider the indicial, or (Mellin transformed)
normal, operators

N(Ay)(0): C®(Y) = C*®(Y), 0 € C,
defined for ¢ € C*(Y) by taking v € C*°(X ) with v|y = v, and letting

N(A)(0) = (a7 Aa'v)]y.

Here 277 A,z € ¥ (X ) maps C*®(X;) — C*°(X), and the restriction (77 ALz v)|y
only depends on %, not on v. (It does depend on the choice of dz|y via conjugation by a
positive function; N (A )(0) does not even depend on that.) The operator N(A,)(o) only

depends on a, via a+|bT; X, - as can be seen directly by replacing 2’ by s = in the

!

integral (4.2); conversely N (A;) determines the Schwartz kernel of A, at the front face
of [X2;Y?], thus avr; x, in our local parameterization.

One defines N(A_)(0)¢ = ((—z) " A_(—x)"?v)|y similarly, keeping in mind that —z is
the boundary defining function of X_. Letting C,..(X) be the set of continuous piecewise
C* functions, i.e., continuous functions v on X with v|x, being C*°, we see that A defined
as in (4.3) acts on CF5,..(X) provided N(AL)(0) = N(A_)(0). Note that this is not a
serious restriction in that given ax € S™(PT*X.) with atlorzx, = a—|opyx_ there
exist Ay € Wy,.(X4) with principal symbol ay and matching indicial operators for all o;
indeed (4.2) and its analogue for X_, where z,z’ are replaced by —z, —’, produces such
an operator. (We remark here that the requirement N (A4) = N (A_) is even independent of

the choice of dzl|y.)
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We then define 7' (X, Y) to consist of operators A acting on C,..(X), via (4.3), where
the pair of operators (A1, A_) € ¥ (X ) x U (X_) arises from a symbol a € S™(PT*X)
restricted to X, , resp. X_, modulo ¥ *° (X ) x ¥y *°(X_), and satisfies N (A, ) = N(A_).
Such an operator A has Schwartz kernel on X2 supported in (X)? U (X_)2, conormal

on [X?;Y2]. Thus, modulo ¥}, *°(X,Y), with ¢ as above, these operators are of the form

(Av)(z,y)
= (QW)_"/ei(”%fl‘f‘Zj Uj(yj—y})) ¢<:L‘ ;/x ) a(z,y,0, 77)1)(27/,:[//)

where

dz' dy’ do dn

xl

a€ S™Ry x Ry RE ), resp.a € ST (R, x Rp~HRY )

if A € Up(X,Y), resp. A € ¥,(X,Y). Note that the support condition on ¢ implies that
% < 5 < % on supp ¢, so in particular z and z’ have the same sign, which means that
A preserves the class of distributions supported in X, as well as those in X _.

The key property of U9 (X,Y) is given in the following lemma:

LEMMA 4.1 (cf. [23, Lemma 3.2]). — Any A € V0 (X,Y) of compactly support is bounded
on H*(X), with norm bounded by a seminorm in ¥) (X,Y). By duality, the analogous state-
ment holds on H=*(X) as well.

Proof. — If u € Cg,,(X) (which is a dense subspace of H 1(X)), then the compactly
supported Au restricts to a C* function on both X and X_, namely A;u|x,, whose
restriction to the boundary is the indicial operator N(A4)(0) applied to u|y, and thus
these two C'*° functions coincide at Y. As first derivatives of such a continuous piecewise
C* function are given by the (no longer necessarily continuous, but still locally bounded)
C* functions given by differentiating the restrictions to each half-space separately, and
as ||Axulx,|lgr < Cllu|x,||g: by [23, Lemma 3.2], with C' bounded by a continuous
seminorm on U9 (X ), the claim follows. O

We in fact need to generalize the coefficients of ¥y, (X,Y) to allow conormal singularities
if g;; are not simply piecewise smooth, i.e., have C'*° restrictions to X . The key point is
that one can allow more general conormal behavior at the front faces, i.e., allow a to satisfy
symbolic bounds in x:

((@D2)* DD, 0) @y 0m)| < Crap(om) ™17

denote by ¥p,..(X,Y) the resulting space. With such coefficients, in general, A € ¥? _(X,Y)
no longer preserves H', though if one requires A = Ay + A; with 4 € U9 (X,Y) +
z¥) (X,Y), the H' bounds remain valid. However, L? bounds are valid in general (and
general b-Sobolev space bounds also hold: as usual the issue with H'! is only the normal

derivative at Y'), and Uy,..(X,Y) is closed under composition with
A€ UL (X,Y), Be UL (X,Y) = AB € Ui™ (X,Y), [4,B] € Upi™ "X, Y),

bcce

with principal symbols given by

Ot (AB) = 04 ()00, (B, 0 (4, B]) = +{0,m(A), 0, (B)},
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with {.,.} being the Hamilton bracket lifted to ®T* X . Note that if f € Il=*/(Y) then the
operator of multiplication by f is in ¥9 _(X,Y) provided s > 1.

The propagation of singularities theorem is then the following:

THEOREM 4.2. — Suppose r,m € R, u € H&:fOC(X) and Ou € Hb_,llc;Z”H(X). Then
WF%)’m (w) is a union of maximally extended GBB.

This theorem is proved by using b-ps.d.o’s, A € ¥y.(X) (so no conormal coefficients
allowed), as microlocalizers, gaining regularity relative to H (X). One works with the
quadratic form as was done in [23] for the Neumann boundary condition and in [24] for
differential forms. That is, similarly to Section 2, one considers (i[(J, A]u, u), but one thinks
of O : Hé:l’gc — Hy 110’2”, i.e., written out explicitly as L? pairings, this means one considers
with A = A%, A = A* (with the adjoint taken with respect to the L? inner product), and
writes

(tAu, Ou) — (i0u, Au) = (ig;;D;Au, Dyu) — (igi; Dju, DiAu).

In order to compute the commutator, one must commute A past D; and D;, which works
exactly as in these papers, as well as commute A through g;; € I [=s0], However, the com-
mutator [4, g;;] € Upee(X,Y) need not be further commuted through the derivatives D;,
i.e., one can keep this commutator as a coefficient of D;: this is how [24, Proposition 3.10]
organizes this commutator in the setting of differential forms. (Here the potential problem is
commuting the normal derivative to Y through g;;; tangential derivatives are harmless.) One
can then follow the proof given in [24], see in particular Proposition 5.1 and Proposition 6.1
there, thus the proof of Theorem 4.2 can be completed as in [24].

REMARK 4.3. — Note that in particular Theorem 4.2 holds for transmission problems;
indeed, these do not even require the introduction of ¥y..(X,Y), i.e., are in this sense
technically a bit easier than our, more regular, problem!

Thus, if ¢o = (0,y0,&0,M0) € WFé’m(u), then there is a GBB 74 with 4(0) = ¢o which
is in WFé’m(u). If qp is not glancing, this states that for small e > 0, one of the backward
integral curve segments of H,, defined over (—e, 0], is in WF,la’m(u). Since WF,la’m(u) is just
WEF™ " (u) outside Y, we thus have that if ¢, € VVF,ID”" (u), then there is a backward integral
curve segment from g which is in WE™*4! () over (—¢, 0).

As a corollary we can now prove that Theorem 1.4 implies Theorem 1.1:

Proof of Theorem 1.1 given Theorem 1.4. — By assumption, for some § > 0, u is in H*~¢°
along the backward bicharacteristics from go, i.e., WF*™ (u) N 7|50y = @ for all § with
5(0) = qo; note that for § > 0 sufficiently small, these are disjoint from T} X. The wave
front set being closed, there is a neighborhood U of these bicharacteristic segments disjoint
from WEF*~°(u). Let ¢ be a global time function, which thus has a derivative with a definite
sign along H, depending on the component of the characteristic set. Since the other case is
similar, we assume that ¢ is increasing along H, in the component of go. Now let to = ¢(qo),
and let

Ty = sup{t(7(—36/4)) : ¥a GBB, 7(0) = qo} < to,
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and let Th € (15, to). Let
K ={3(s): t(5(s)) € [T2, Ta], ¥ a GBB, 5(0) = o},

which is thus compact, and if (s) € K thens € (—4,0), so ¥(s) ¢ WF°* “(u), so
KNWF* “(u) = @ and U is a neighborhood of K (disjoint from WF*~“ (u) by the above
discussion). Let xo € C*°(R) be such that xo = 1 near (—oo, T3], and xog = 0 near [T}, ),
and let x = xqot. Let Djrl denote the forward solution operator for [J, i.e., given f supported
int > ¢, v =0} ' f is the unique solution of Ov = f with ¢ > ¢; on suppv. Then

U= Xu — D_T_l[D,X]’U,,

since both sides solve Jw = 0 and the difference is supported in ¢t > T,. Similarly, with 0~*
the backward solution operator,

uw=(1—-x)u—-001-xu=(1-x)u+0"0 x]u,

SO
w= (02" = 0740, Xu.

Moreover, for any f, v = (OZ' — O7")f solves Ov = f, and as WFé’m(Dll)(f) is
contained in points from which some backward GBB enters WF bm=1(£), and analogously
WFll)’m (OZY)(f) is contained in points from which some forward GBB enters WF, 1m=1 (f),
WEF ™ (v) is contained in GBB through WF;, »" ().

So now let @ € ¥°(X) be such that WF'(Q) C U and WF'(Id —Q) N K = @, and let
up = (02" = 07HQ[0, Xu, wi = (O = 071 (1d -Q) [0, xu.

We treat ug and u; separately.

We start with u;. We note that backward bicharacteristics from ¢y cannot enter
WF'(Id—-Q) N Tf,,, a4, X, for if 7 is such a backward bicharacteristic from go and
3(s) € Tipp ay X then t(5(s)) € [Tz, Th], so 4(s) € K, which is disjoint from WF’'(Id —Q).

Correspondingly
g0 & WF,™ (w1),

and WFll)’oo (uq) is disjoint from forward bicharacteristic segments from gq, in particular, for
sufficiently small s > 0, for which 7(s) ¢ PT3 X, 7(s) ¢ WF(uy).

Now we turn to ug. As WE*~ ([0, x]u) € WF* ™ (u) N T

X is disjoint from U
supp dx ’
we deduce that Q[[J, xJu € H*~%~1, and thus

up = (07" — O07HQ[D, xJu € Hyp ' (X).

In particular, ug € L2 ass — e > 0. By Corollary 8.4, ug € H; _°. Moreover, with
7o denoting the integral curve of H, through (0, yo, £0,70). Y0l(-5,0) is disjoint from WEF* ()
since the analogous statement is true for u. Thus, Theorem 1.4 is applicable to ug, giving
that all of vp is disjoint from WF?®(ug). Combining with the result on w;, Theorem 1.1 is

proved. O
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5. Paired Lagrangian distributions

The class of distributions that plays the starring role below is that of paired Lagrangian
distributions associated to two cleanly intersecting Lagrangians with the intersection
having codimension k; these were introduced by Guillemin and Uhlmann [6] following
the codimension 1 work of Melrose and Uhlmann [16]. In the model case where these La-
grangians are Ay = TyR” and A; = N*{z” = 0} in T*R" where the coordinates on R" are
z = (2/,2") € RF x R"*, these (compactly supported) elements of I?"}(Aq, A;) are defined
in [6], modulo C2°(R™), by oscillatory integrals of the form

(5.1) /ei[(’”,_s)g/+x//4l,+s”]a(m, s,(,0)dsd(do,

a being a product type symbol a € SMM'(Rrtk R RE) with M = p — n/4 + k/2,
M’ =1 — k/2 and with compact support in z, s, and in general via reduction to this model

Lagrangian pair via a Fourier integral operator. Here a € SMM' (R +* R?, R¥) means that

(Dg.DZDYa)(,5,(,0)| < Cagy (M1 ()M =11,

Such a distribution is, microlocally away from AgN A1, in I?(A; \ Ag) and in TPt (Ag\ Ay). It
is important to realize that these distributions are not a simple extension of these two classes
of Lagrangian distributions, and in particular it is not the case that I?T{(Ay) C IP*(Ag, Ay)
for all p, I, though this inclusion of course holds away from Ao N A;. In fact, what is true is

IP(Ag) C IP7R/2R/2(Kg, Ay);

we show this below in Lemma 5.2. On the other hand, Ip([xl) - Ip»l([xo,ixl), so there
is a fundamental asymmetry between the two Lagrangians with A; acting as the ‘main’
Lagrangian.

Indeed, this model can be simplified as follows. A distribution w is in 17! (]\0, 1~X1), modulo
Cg°(R™), if it can be written as

/ei[wlgl+m//<.//]b(x, C) dé_’

1.e., is essentially the inverse Fourier transform of b, with b satisfying the following estimates
with M = p—n/4+k/2, M’ =1 —k/2 as before: First, in the region |{'| < C’|¢"|, [¢"| > 1,
the conditions on b amount to

(52) |(@b)(x, )] < O MM
whenever @ is a finite product of differential operators of the form
(5.3) D¢, ¢iD¢,» G5 Dy

i.e., standard product-type regularity, when localized to this region. (Note that by localizing
to the region where ¢/, for instance, dominates the other ¢/, one may simply replace ¢} by ¢/,
as may be convenient on occasion.) On the other hand, in the region where || < C”|¢'|,
[¢'] > 1, which maps to Ao away from the intersection of Ao and A; and is not of too much
interest, one has standard symbolic regularity, i.e.,

(Qb)(x, Q)| < C(¢/YM+M’
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whenever () is a finite product of differential operators of the form

D¢, GiDey-

Alternatively, altogether, without any localization, one has bounds

(5:4) (@) (=, )] < C{OM ()M
whenever (@ is a finite product of differential operators of the form
(5.5) D, ¢;D¢,, Deyy 6Dy, » GiDey -

One direction of this equivalence claim is easily shown by starting from (5.1) by taking
be,0) = [ ata,s, o) dsdo = [(70)(w,¢ ~ 0.¢.0) do

where & is Fourier transform in the second slot (so ¥’a is Schwartz in this variable!) and
directly checking the stability estimates. For the converse, if b is supported in |{’| < C’|¢"|,
as one may assume, one can take

a($7 s, ¢, O') = (ZW)_kb(‘/m g, CH)X(<C/>/<CN>)XO(S)7

where y € C2°(R) isidentically 1 on [0, 2C”], while xo € C2°(IR¥) is such that if b is supported
in |z| < R then xo(s) is identically 1 on |s| < 2R. Here the localizer y makes a into a symbol
of the desired product type in ({, o), while ¢ localizes the support in s. With this definition
of a,

[T 0w,¢ — 0,600 ds = (€I [ bw,0,¢") ) 50l = 0) o

by the support conditions on x and b and as xq is Schwartz, dropping the factor y only causes
a Schwartz error to obtain b(z, ) = [ b(z,,¢")(27) *%0(¢’ — o) do. Now,

/ ¢ <b(z,¢") d¢’ = xo(a) / e b, ") d¢' = / ¢ <b(z,¢") d¢’,

so the distributions defined by a and b differ by an element of C*°(R") as claimed.

Since it is helpful in understanding the geometry, we remark that, although we do not
emphasize this point of view here, the regularity statement (5.4)-(5.5) for b, when localized
to the relevant region [¢'| < C|¢”| where it is equivalent to (5.2)-(5.3), amounts to the
statement that b is a conormal function on the blow-up of R} x Wg, with the second factor

radially compactified, at R} x BRZT", i.e., at infinity in ¢ where ¢/ = 0, with order M on

the front face, and order M + M’ on the lift of R® x OR", where M = p — n/4 + k/2,
M' = 1| — k/2 as before. See Figure 1. Indeed, to see this one just needs to recall that
conormality on a manifold with corners means iterative regularity with respect to the vector
fields tangent to the boundary hypersurfaces, the set of which in this region is spanned by the
lifts of the vector fields (5.3). For instance, near the corner (the boundary of ff) one can take
local ‘coordinates’ z, |¢/| 72, ||<C,/,|‘, é:l, éx‘ corresponding to a local product identification
with R” x [0,1) x [0,1) x S¥~1 x S*=*~1 with ‘|§,’,ll defining the front face and |¢’|~! defining
the lift of R® x OR™, and compute the lifts directly (using actual projective coordinates on
the sphere factors).
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ff

Rk//

FIGURE 1. The blowup of R} x RZ at R x 0RE,, with k& = n — k, with the
factor R™ not shown. Here ff denotes the front face of the blowup. The thick line
meeting the interior of ff is ng,, (i.e., ¢’ = 0), while the thin lines are its translates,
i.e., lines (really submanifolds) along which ¢’ is constant. The thin lines meeting the
other boundary hypersurface are lines along which |¢’|/|¢”| is constant. A defining
function of the front face, at least in a neighborhood such as [¢'|/|¢"] < C,
is (¢')/|¢"”|, while that of the other boundary hypersurface is (¢')~*. Thus, |¢”| ™' is
the product of these two defining functions, i.e., is, locally, a total boundary
defining function.

Indeed, a further argument shows that first, modulo C*°(R"), the =" dependence of b can
be eliminated via expanding b in Taylor series around 2/ = 0 and noting that (z") be-
comes (—1)'0“D2‘/, after an integration by parts, so in view of the symbolic estimates in ¢
corresponds to reduced p, with an asymptotic summation argument completing the argu-
ment. Next, modulo I?(A;), the 2’ dependence of b can be eliminated by a similar argu-
ment, expanding in Taylor series in z’, which via integration by parts gives (—1)*Dg, thus
reducing [, which via an asymptotic summation argument completes the claim. Hence, it may
be assumed that, modulo a term in I?(A;), a paired Lagrangian distribution is the inverse
Fourier transform of a conormal function on the blow-up of R” at 9R™, ¥, i.e., at infinity in ¢
where ¢/ = 0, with order M on the front face, and order M + M’ on the lift of OR", where
M=p—n/4+k/2, M' =1— k/2 as before.

One immediate consequence is:

LEMMA 5.1. — prl < D2 andp1 + ll < p2 + 12 then IP1,l1 (Ao,Al) - Ip2’l2(A0,A1).

Proof. — It suffices to consider the model pair, (Ag, A1). Since the class of differential
operators under which one has stability in the two cases is the same, one just has to remark
that for py < ph, py +11 < ph +15,

(OPHCYE < (QPHEN ()PP < (P B QP8 = ()= (¢ O
Another immediate consequence is:

LEMMA 5.2. — We have
IP(Ag) € IP7R/2R/2(Ag Ay).
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Proof. — Again, it suffices to consider the model pair, (Ag, A1). An element of I?(Aq) can
be written, modulo C* (R™), as the inverse Fourier transform of a symbol in S?~% (R"). But

SP~% (R™) is conormal on R, of order p — %, hence on its blow-up at 8]1%257’“, with order

M = M+M' = p—n/4 both on the front face, and on the lift of 9R™. In terms of 17/ (Ay, A;)
this corresponds to orders § = p — k/2, I = k/2, proving the lemma.

To phrase the proof less geometrically, one notes that the regularity of symbols in SP~% (R™)
is with respect to a class of vector fields that includes (5.3) locally in the relevant re-
gion |¢’'| < C|¢"| (indeed, this larger class also includes ¢} D/ ), so in particular the inclu-
sion of this symbol class into that of (5.2)-(5.3) holds with M = p—n/4, M’ = 0, completing
the proof. O

Note from the proof that one cannot lower p = p — k/2 even by increasing =k /2. In
fact, on the one hand, for an element of 577 the growth rate at the front face is determined
by 7 alone, and on the other hand for u € I?(A,), the growth rate at this place is determined
by p in general (i.e., there is no extra decay at the front face compared to other directions).

One can now easily describe the principal symbol on A; in general (without homogeneity
discussions as in [6]). For this purpose it is useful to work with half-densities to avoid
having to tensor with bundles that vary with the particular problem we want to study (such
as half-density bundles from the base space X, or a factor of the base space on product
spaces X = X, x Xg). Since the half-density bundles are trivial, from now on, without
further comments, we trivialize them on the base manifold, as well as its factors, so as
to regard distributions (e.g., elements of IP'(Ao,A1)) as distributional half-densities, and
distributions with values in densities on the right factor Xgr (which are the Schwartz kernels
of operators acting on functions) also as distributional half-densities.

LEMMA 5.3. — Supposeu € IP'(Ag, Ay) given by an inverse Fourier transform I b, bsat-
isfies (5.2)-(5.3), M = p—n/4+k/2, M’ = |—k/2 as before, andbis supportedin (') < C(¢").
( Equivalently, b is conormal on the blow-up of [@, 8RZ,T’“] supportedin (¢'y < C(¢"), with or-
der M on the front face, and order M + M’ on the lift of OR™.)

Let a = (F')~'b, where I is partial Fourier transform in the primed variables. Then
(5.6) a € SPTAR2(RETR IMTE(RE, N*{0})),

and the equivalence class of a modulo SP~™/4+k/2=1(RE, \ 0; R?,/_k) satisfies

(n—2k)

(5.7) [(27) "7 alorzo |da’[Y21dC" Y] = op\agp (1),

with the right hand side being the standard principal symbol of a (microlocal) element of I? (A1).
The equivalence class of

(n—2k)

(2m) "7 alda’|M? |dC" Y2 modulo SPTIT/ AR (RETE, [MHIHE (RE,; N*{0}))

is the principal symbol of w on Ay, which is well-defined.
Furthermore,

a € SPTIT/ATRI(RYTE, M (RE L N*{0})) = w € [P (g, Ay),

while if
G € SPMATR2(RYTR, P (RE,; N*{0}))
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then there is u € IP'(Ag, A1) such that the principal symbol of u on Ay is @.

Proof. — Note that elements of SM-M" with the stated support condition are exactly
the functions on R”™ with a bound |b| < C(¢”)M(¢’)M" which is stable upon iteratively
applying finite products of (} D¢, , D¢s , i/ Derr, Dy 1o b, so it consists exactly of elements
of SM(RY;*; SM '(R¥)) with the stated support. Since the partial inverse Fourier transform
in the primed variables maps S™'(RF,) continuously to I™'+% (RE,; N*{0}), (5.6) follows
immediately. As the standard parameterization of a conormal distribution in I?(A;) is

(27r)_(”+2("_k))/4/eiw//'c//d(x’,x",C") d¢”,

with @ € Sp+(n=2(n=k)/4(R, R?,Tk) with principal symbol given by the equivalence class
of the restriction of a to ' = 0, while

u = (2m) "+ / e (T (¢ d¢

with (7)71b(2’,¢") in SM(RY*; C*(R* \ 0)), (5.7) follows.
Since conversely we have that the partial Fourier transform in the primed variables maps
n— 4k * n— ! : - !
SM.(RC,, FIMTE(RE; N{0})) to SM(RE K SMI(RF)), if u = b, and b € SMM
satisfies
()7"b e SMTRY K TR (RE; NT{0}),
then b € SM-LM'+1 and thus u € P~ 1+, Further, if
~ —n n— 4k *
a € SPTMATRR(RETR MR (RE,; N*{0}))
then defining b to be (27r)‘(n12k)(97/d)x, where x is a symbol on R", with support
in (¢') < 2(¢"), identically 1 on (¢') < (¢"), then b — (2m)~ T2 (F'a) € SM-NM'+N for
every N > 0, and thus

(n—2k) ,

@m) "7 ()b —ae SMTYRETE 1M I (RE,; N*{0}))
as claimed. O

This description of paired Lagrangians is rather convenient for describing what happens
when Ag and A are interchanged.

PROPOSITION 5.4. — Forl < —k/2 and N € N such thatl + N < —k/2 one has
1P (Mg, Ay) C IP(Ag) + IP7N=ENFTE (A A).
On the other hand, forl > —k/2,
1P (Ao, Ay) C IPTH3 (Aq, Ao).

In both cases the inclusion maps are continuous, i.e., in the first case, when restricted to
distributions with support in a fixed compact set, for any M there is M' and C > 0 such that
Soru € IPY(Ag, A1) there are uy € IP(A1) and uy € IP*N’%N+§(A1,A0) with u = u1 + usg
and

(5.8) lwall ey + lluell < Cllullreag,an);ms

k k
PN =2 NT5 (A Ao); M

where ||.||1p(A,);m, etc., denotes the Mth seminorm giving the topology on IP (A1), etc.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



372 M. DE HOOP, G. UHLMANN AND A. VASY

Note that when ! > —k/2, IP(A;) C IP!(Ag, A1) (recall that the second Lagrangian is the
‘main’ Lagrangian!) is included in I PG (A1, Ap) by Lemma 5.2 and Lemma 5.1, while the
same conclusion does not hold when ! < —k/2 necessitating the addition of I?(A;) explicitly

to the right hand side.

Proof. — As usual, it suffices to consider the model Lagrangians. It is straightforward
to write down an explicit homogeneous symplectomorphism, and quantize it as a Fourier
integral operator, microlocally near AgNA; . Explicitly, where C|¢ o1 > (£),as one may always
arrange microlocally near a point in the intersection by suitably picking the index ¢, letting
eq be the corresponding coordinate unit vector, one can take the symplectomorphism
5 ! " z' - 5 ' "1

'+ eq, 4T

_571,1,7 S(III af )a

(ml,xl/,g/,fll) — (

and quantize it as
F’u,(y) _ /ei(y”—m”+(x'-y')eq)f”|£;’|k/2 ’LL(SL‘) dz df”
= [ g gy € de,

where the symbol |¢//|*/2 is chosen to make F elliptic of order 0. Thus, for u € IP!(Aq, Ay ),

assuming as we may that u is the inverse Fourier transform of an element b of S?"!" with
p'=p—n/4+k/2,I' =1~ k/2,and with support in [¢| < C|§7], €] > 1,
(5.9

Fu(y) = / eV el R 2p(—gly ) de" = / W EHVTED k2 (G (¢ € dE,
b(¢’,¢") = (¢, ¢,
where

I'hE €") = (2m) 7" / e b€ d!

is the partial inverse Fourier transform of b. Thus, Fu is (up to a constant factor) the inverse
Fourier transform of

a(€,€") = e [FA(TB)(E,€") = €A (T B ((E))1EL €)= (T b)(E, €,

with & defined by the last equation, and in order to prove the proposition, we only need to
show that (withp’ =p—n/4+k/2,I' =1—k/2)
I'> —k= G 8P c g++k/20
(510) ~ ! ’ gt ’ ’
I'< k=g 8P c §P-k/2(Rn) 4 gP ~N=k/2N

with continuous inclusions. We first prove the first implication as well as the second in the
special case N = 0, when the first term on the right hand side can be absorbed in the second.
Since it is straightforward to check that the differential operators under which we require
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iterative regularity transform properly, the main issue is to obtain sup bounds. But
(5.11)

(@0 e1 < Iy [ enlac < 1e7+72 [y g a¢
< |g! p'—k/2 dc’ /l’d 1\ < g1’ —k/2 1 ml'+k ’
<igre(f +/1SCISC|%,| CF d’) Sl 24 g1y

so the conclusion immediately follows. (We remark that if I = —k, a logarithmic term in [£/|
would appear on the right hand side, so in terms of spaces with polynomial weights, we would
have to lose ¢ > 0 to end up in SP' ~#/2+¢0 which is the result one obtains if one simply
replaces I’ by I’ + € and applies the statement in that case, hence not stating the case [ = —k /2
separately.) Now, for general N > 1, we expand (¥ lb) (&',¢") in Taylor series around £’ = 0
toorder N — 1,

(THEE) = Y () 0(TH0.¢)
la<N-1

(5.12) N
- [eaTe% =
= 3 5 [ a-oreren@ e e
|a|=N
and check that the two terms are respectively in S?' ~*/2(R") and 87" ~N~*/2.N when mi-
crolocalized to [¢'| < C[¢]/|. Here the key point is that

€D (T'0) (€)1, €") = (~1)leef |71l (" (M) b)) (&) 1€, €7,
where M is multiplication by the jth primed coordinate function, with (M') then defined
by the standard multiindex notation, so (M’)*b € SP"*'*lel and thus, in view of (5.10) with
the already proved case, N = 0, the ath term in (5.12) is in StV +¥/2lel if ' 4 |o| > —k, and
in SP'~lel=k/2lelif |’ 4 |o| < —F, with the additional information (in view of the evaluation
at ¢ = 0) that if |a| < N then in fact the ath term is in S7 /' Hl+k/2(R7) if I 4 |a| > —F,
and in S? ~¥/2(R") if I' 4+ |a| < —k. This proves (5.10) when N > 0 is an integer with
I + N < —k, and thus the proposition. O

COROLLARY 5.5. — Forl < —k/2 and for e > 0,
IPY(Ag, Ay) C TP(Ay) 4 IPTHFE=1¢(A, Ag),
with continuous inclusions.

Note that the second summand has order p on Ay, i.e., it did not increase when reversing
the order of the two Lagrangians, while it has order p 4+ [ + € on Ay, so it only increased by €
as compared to the left hand side. This is an affordable loss when A is thought of as carrying
a ‘small singularity’, while any loss on A; is unaffordable.

Also note that in view of Lemma 5.1, the corollary indeed becomes stronger if one de-
creases e.

Proof. — Ifl = —k/2—e— N forsome N € Nand ¢ > 0, then this is just Proposition 5.4.
Below we assume that seminorms are actually norms, as we may (by including the weighted
sup norm without derivatives on the symbol in all of them), and that they get stronger with
increasing index M. Let 1%, */7¢(Ao, A) denote the completion of IP=#/2=¢(Ag, A;) with
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respect to the M’th norm, so the result is a Banach space; thus, for M"” > M’, the identity
map on I»—5/2=¢(Ay, A1) extends to a continuous map

IR (N, Ay) — T8 F/2 74 (Mg, Ay),
and the completeness of I?~%/2=¢(A(, A1) as a Fréchet space means that
1P 7R27¢ (A, Ay) = Mg 15527 (Ao, Av).

Indeed, if v € ﬂMlﬁ,}_k/ 2_E(AO,Al) then for each M there is a Cauchy sequence in
IP—k/2=¢(Ay, A1) converging to u; we may assume that this Cauchy sequence is of the
form {uns 5352, with [luar; — ullar < 277. Then the diagonal sequence u; = u;; is Cauchy
with respect to all norms M, and it converges to u in all of these, so by the completeness
of IP=k/2=¢(Ag, A1), u € IP—*%/2=¢(Ay, A1). We use similar notation for completions of
other spaces with respect to various norms below.

The complex interpolation spaces for T2, */>7¢(Ag, A;) and I%,7%/27"N (Ag, Ay) are
127R2= N0 (Ao A1), 6 € [0,1], since in the interpolation only the weight corresponding
to Ag is changed, and the seminorms are weighted L°° bounds, i.e., the interpolation is
actually for a family of multiplication operators. Similarly, the complex interpolation spaces
between 12, /2F/2(Ay | Ag), and I8, NTR/ZNTRZ (AL NG, are 12, NOTRANOTRZ (AL NG,
6 € [0,1]; now both weights are interpolated, but this still is interpolation for a family of
multiplication operators. In view of the continuity of the inclusion map

TP RN (NG ALY e TP(Ay) + TP NTR/ZNFRIZ(A L AY)

for N € N, for all M there is M’ such that the inclusion map extends to a map from the M’th
completion of the left hand side to the M th completion of the right hand side. Thus, complex
interpolation is applicable, and yields that

Iy F 7 N0 (Mg, Ay) o Th (Ay) + I VOTRENOERZ (A1 ), 0 € [0,1).
In particular, as
[Pk NO (NG Ay € I PN (M, Ay),
the inclusion map extends to

PR NO (N Ay) e IR (Ay) + Ty VOTRENOFRZ (A A), 6 € [0,1],

for all M, with the spaces on the right becoming stronger with M. Since the intersections of
these spaces are IP(A;) + [P~ NO—k/2N0+k/2( A, Ay), we deduce that

IR NG (N, Ay) > TP(Ay) + TP NOTRIBNOTRIZ (A A), 6 € [0, 1].
As N € N is arbitrary,
PR (N Ay) C IP(Ag) + TP R2mERI2 (A Ag)

when m > 0 real, which is just a rewriting of the statement of the corollary. O

We also recall the composition rule of Antoniano and Uhlmann [1] for flow-outs, with A;
the flow-out of Ay = N*diag, as referred to in [3, Proposition 1.39], namely (with & the
codimension of the intersection)

(5.13) TP (Ao, Ay) o IP Y (Mg, Ay) C IPHPHR/ZIHT=R/2(N ALY

4¢ SERIE - TOME 48 — 2015 - N° 2



DIFFRACTION FROM CONORMAL SINGULARITIES 375

where the elements in the classes are understood to have compact wave front set (in the
cosphere bundle identification) within the flow-out. We recall the set-up of flow-outs here,
phrased in the general codimension case as in Greenleaf and Uhlmann [3]. Thus, one of
the Lagrangians is the conormal bundle N*diag of the diagonal, and the other is a flow-
out A = Ar corresponding to a conic, codimension k, involutive (i.e., coisotropic) I' C T*R™.
Such a T is defined by the vanishing of k functions p; which Poisson commute on I'; Ar is
then the set of points ((z,£), (y, —n)) € T*R?" such that (y,n) = exp(}_t;H,,)(z,§) for
some t € R¥. We give a concrete example: if I' = T5 X with Y defined by 2’ = 0, 2’ € R¥,
then one can take 1, ..., z} as the Poisson commuting functions, and then Ar consists of
points ((z,£), (y,n))suchthatz =y € Y (ie, 2’ =0=y¢', 2" =y”")and { +7n € N}Y (i.e,
5// _ _77//)’ ie.,

AF — N*{x/ — 0 — yl7 xll — y/l}'
Another example, considered in [3], is with T given by & = 0, so
(5.14) A=Ap={((2,), () : € =0=1, " =", 2" =y"}.

For purposes of considering elements of I7/(Ag, A;) as operators on functions or distri-
butions on R™, it is important whether the Lagrangians intersect T*R"™ X ogr 0or ogn X T*R"™,
with og» denoting the zero section of T*R". Our first example, withI' = Ty X, Ag = N*diag
and A; = Ar contains covectors of both types, namely points like

{a'=0=y, 2" =y" "=-—0"=0,¢=0,7"#0}
and

{o'=0=y",2"=y", " =—"=0,7=0,¢ # 0}
these are in the intersections of N*{z' = 0 = ¢/, 2”7 = y"”} with N*{y = 0} resp.
N*{z’ = 0}. The behavior at these intersections is best considered in terms of another
Lagrangian pair, discussed below after (5.36), and for now we assume that the wave front

set of the elements of IP!(Ag, A1) we consider is disjoint from T*R"™ x og» and ogn x T*R".
We write

(5.15) I**(Ag, A1) = {K € I"* (Ao, A1) :
WF(K) N (T*R™ x ogn) = @, WF(K) N (ogs x T*R"™) = @}.
If one reverses the order of the Lagrangians, i.e., Ag is the flow-out of A; = N*diag, then
for l,I’ < —k/2, one has
IPY (Ao, A1) C IP(Ay) + IPTHFEI¢(A) Ap),

with a similar decomposition for I (Ao, A1). Now, by (5.13) in the last case (and in fact
all the other, simpler, statements can be reduced to this using Lemma 5.2),

IP(Ay) oIp'(A1) C Ip+p’(A1),
IP(Ay) o [P Femt=e(Ay Ag) € PP Fe=l=c(A, A),
[rrire=i=e(7Ny, Ag) o IP'(Ay) C [PHPHFe=l=c(A; Ay)
)

- ~ 1 ’ fod / ’ 4
Ip+l+e’_l_E(A1,A0) o JP V' +e—l _E(AlyAO C [PtP I+ +2e+k/2,—1-1 _2E_k/2(A1,A0).
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Thus,
TP (Mg, A)o PV (Ag, Ay) C TPV (Ay)4TPHP U Fe—tme (A Ag)JPHe/tlrel—c(A, Ay,

which suffices for our purposes. (Note that the order of the two Lagrangians is reversed on
the two sides!)
We now recall a result of Greenleaf and Uhlmann:

ProrosITION 5.6 (See [3, Theorem 3.3]). — With Ay = N*diag, Ag its flow-out, an
operator A € IPY(Ay, Ao) (with, say, compactly supported Schwartz kernel) is continuous
Hml — Hm !f

k
p+§§m’—mandp+l§m'—m.

Note that the first condition is exactly the boundedness condition for elements of I?(Ay),
while the second one is that of elements of TP+ (A;).

There is actually an error in the proof of [3, Theorem 3.3]. Recall that the proposition is
reduced to the case of m = m’ = 0 and equality holding in one of the two inequalities. The
p+1=0(and thenl > k/2,s0 p < —k/2) case is the problematic one in the proof; note that
this means that the order on the flow-out, Ay, which is regarded as the main Lagrangian,
is small compared to that on A;, the conormal bundle of the diagonal. This is a problem
since Id € I°(A;) is assumed to be IP*(Ay, Ag), but as we remarked after this only holds
forp = —k/2,1 = k/2, and not for smaller values of p. However, this can be fixed: by
Lemma 5.1,if p+ 1 =0, p < —k/2, then

Ip’l(Al, A(]) - I_k/Q’k/2(A1, A()),
so one may assume that p = —k/2,1 = k/2, in which case the rest of the argument goes

through.
In view of Corollary 5.5, we deduce:
PROPOSITION 5.7. — With Ay = N*diag, Ag its flow-out, f*’*(Ao,Al) as in (5.15),
K € IPY(Ag, Ay) is bounded from H™ to H™ if
li I k
p<m' —m, p+l<m —m-g.

Note that the assumptions are the criterion (except that equality is also allowed in the
criterion) for elements of IP(A;), resp. IP*!(Ay), to be bounded in the stated manner.

Proof. — If 1 < —k/2 then Corollary 5.5 gives that for all € > 0,
IPH(Ag, Ay) C IP(Ay) + IPTHETIE(A Ap).
Now, elements of IP(A;) are bounded from H m’ to H™ when p < m' — m, while those
of IPtite~l=¢(A, Ag) are bounded from H™ to H™ when
k
p+l+e+§ <m' —mandp <m' —m,

taking € > 0 sufficiently small (so that e < m’ —m — & — p — I, note that the right hand side
is positive), the proposition follows.

If I > —k/2 then for € > 0, using I + k/2 + € > 0, and thus in view of Lemma 5.1:

IPH(Ag, Ay) C IPHHRZHETRR (7 Ay),
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50 by the first part of the proof I?*(Ag, A;) is bounded from H™ to H™ when

k

p+l+k/2+e<m' —m, p+l<m'—m—§.
Taking 0 < e < m' —m — g — (p + 1), the inequalities are satisfied, and the proposition
follows. O

However, while boundedness is important for our purposes, we also need to show that the
classes I?!(Ag, A1) satisfy a composition law. For this, as well as other, purposes, we consider
another model of cleanly intersecting Lagrangians, related to the I' = T3 X case considered
above.

This other model of a cleanly intersecting Lagrangian pair is, in 7*R™ \ o, where
R” = RE, x R"*7¢ x RS,

(5.16) Ao = N*{z' =0, 2" =0}, Ay = N*{2" = 0}.

One may assume (via localization in the double primed dual variables, and using that one
is near the intersection Ag N A;) that one is working in the region where |§;/| > C(€), and
then this pair is reduced to the standard Lagrangian pair (Ao, A;) considered above via the
homogeneous symplectomorphism

" ‘5/// 5/// g 5// 5” ///)
5// €q)— 5// ’
q

(.’L'/ m/l l_//l fl §/I 5///) — (wl .TH +
which is quantized by the elliptic Oth order FIO

Fu(y) = /ei[(y’fx’)-§'+(y”fx”)-5"+(m"’-y"’)eq-5”]|§"|d/2u(m) dr.

The characterization of IP!(Ag, A;) as inverse Fourier transforms modulo I?(A;) of ele-
ments of SP! gives that they can also be described, modulo IP(A;), by oscillatory integrals

(5.17) / Wy ¢ g de! de
where b € SP—i+i+i l‘*(R iy R, k—d, R’“ ). Thus, one has the inverse Fourier trans-

form in the primed and double primed varlables, with the triple primed parameters serv-
ing as parameters, i.e., one can add parametric variables to the above parameterization
using N*{z’ = 0,2” = 0} and N*{z” = 0} at the cost of shifting the orders appropriately.
The principal symbol of (5.17) on A; is then, with &’ the inverse Fourier transform in the
primed variables,

(5.18) (2m) (T ) oLy |2 (g2 fdy|

in

(519) Sp—n/4+k/2+d/2(R Rg// k—d, Il—f(Rk N*{O}))

_ qp—n/4+k/2+d/2 mpn—k—d, kid
= SP (Rg,, ;I

T (REM, N {y = 0}))

modulo
Sp—n/4+k/2+d/2—1(R ///,R?H k—d. Il+1—7(Rk N*{O}))
— Sp—n/4+k/2+d/2—1(Rg/jkfd;Il+1—m(Rk d/u,N {y _ 0}))
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With this parameterization it is straightforward to see, as was shown by Greenleaf and
Uhlmann in [4, Lemma 1.1], that if Y and Z are transversal manifolds of codimension d,
resp. dg, in R™, then the product of distributions conormal to Y and Z, respectively, is a sum
of paired Lagrangian distributions associated to the pairs (N*(Y N Z), N*Y) and (N*(Y N
Z),N*Z). More precisely,

W1 (z) c IW#(y 0 Z,Y) + I # (Y 0 Z, Z),
where
(5.20) [y 0 2,Y) = #2310+ F (N*(Y N Z), N*Y).

(Here the left hand side is denoted by I** (Y,Y N Z),Y NZ = Y, C Y1 = Y in [4]
just after Equation (1.4). Then the equality in (5.20) is the extreme left hand side of the
first displayed equation after Equation (1.4) being equal to the extreme right hand side. The
middle expression in this equation is not equal to the extreme right hand side.)

Note that here the codimension of the intersection of the two Lagrangians N*Y
and N*(Y N Z) is do within either of these two Lagrangians, and thus using

M) = 3 -5(NY), 1W(2) = ¥+ 3 -1 (N 2),

one has
(5.21) IM(N*Y)I* (N*Z) C I"F'*%(N*(Y N Z),N*Y) + I*#+% (N*(Y N Z),N*Z).

We remark here that one must be careful in ordering the Lagrangians, as mentioned above;
this is the correct ordering. Thus, the ‘main’ Lagrangians are the original ones, N*Y
and N*Z; N*(Y N Z) carries a relative singularity only.

While not stated explicitly in [4, Lemma 1.1], the proof given there also yields that the
principal symbol of the product uv, u € I*(Y), v € I* (Z), at N*Y is, with 7 : N*Y — Y
its bundle projection,

(5.22) ol (wv) = oY (u)m vy

In local coordinates (z/,2”,z"") € R x R4 x R*~41~% of (5.16) in which Y is given
by z”/ = 0, Z is given by ' = 0, this principal symbol is in

(5.23)
SHHETF (R, B0 R, VT (RS NT{0))) = SHTEF (RG; T (R N {2 = 0}))
modulo

(5.24) SrrE-F LRI B R, POV E T H(RE; N{0})
= AT RGO RN (o = 0)).
A special case of the model of (5.16) in R?™ = R? x RY (note the change of dimension!),

with R® = R¥, x R”* is, with (&, 7) the dual variables of (z,y),

z.//
M={d =y, 2" =y &=—n, & =—"} = N'diag,

(5.25) .
A() — {m/ — O — y/7 :L_/l — y//’ 5” — _,’7//} — N {1_/ — 0 — y/, xl/ — y//}’
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with codimension & intersection; this corresponds to the flowout withI' = T3 X, Y = {2’ = 0},
discussed above. Then the parameterization of IP!(Ag, A1), modulo IP(A;), is

F(RE RE;RE),

!

/ei[(w'—y’)~€’+(z”—y”)~€”+$'~n’]a(x”’ ¢, n)dedn', a € gpil—

with a conic neighborhood of " = 0 in (R} x ]Rf]/) \ 0 corresponding to a neighborhood
of the intersection Ag N A; (so £ is the ‘large’ variable on the parameter space, note that it
is indeed the variable in the parameterization of the conormal bundle of the diagonal), and
the =" dependence can be replaced by y” dependence. (To see this form of parameterization,
write 2"’ =z —y, 2 =2/, 2" = 2" then A; = N*{z" = 0}, Ao = N*{2' =0, 2" =0}.
Replacing z’ and z” by 3’ and y” in the definition of 2z’ and 2" gives the other parameteri-
zation.) Here the principal symbol is, with &’ the Fourier transform in the last variable, 7/,

(5.26) 2m)" TR (T a |da' |2 |de|M? |da" M2
in
n— n -k * n -2 mn *
(5.27) SP(RY R I % (RE; N*{0})) = SP(RE; 1'% (R; N* {2’ = 0}))
modulo

SPTU R RE I8 (RE; N*{0}) = P (R I3 (R N* {2 = 0})).

2!

In order to simplify the statement of the following proposition, we make the definition
that for [,1’ € Rwith [ +1' < 0, we let

L =max(,I',1+1' + k/2)
ifeither I,I’ # —k/2,0orl = —k/2and I’ < —k/2,0rl' = —k/2,1 < —k/2, and let
L > max(l,I',1+1' + k/2)
ifeither ! = —k/2and !’ > —k/2,orl’ = —k/2 and [ > —k/2. In particular,
I,I! < —k/2 = L = max(l,l).
Writing out the composition we have:
PROPOSITION 5.8. — With A, = N*diag, Ao its flow-out, the subset I**(Ag, A1)
of I** (Ao, A1) defined in (5.15), satisfies that if | + 1" < 0 then
(5.28) 1P (Mg, Ay) o TPV (Mg, Ay) € IPHPL(Ag, Ay).

Furthermore, with —(1 +1') > 6§ >0, <1, and§ =5 ifl+U' < -1,8 >5ifl+1U' > -1,
modulo

SPHPO R R RY; TEH T (RE N*{0})) = SPHY AR, I (R N (o' = 0}))
the principal symbol on A1 = N*diag in
SPY (REE RE; TP (RE; N*{0})) = SP+(RE,; T2 % (R?; N* {2 = 0}))

of the composition of two operators is the product of their principal symbols.
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REMARK 5.9. — As one can always decrease the second order [ at the cost of increasing
the first order p, see Lemma 5.1, this result also gives that if [ +1’ > 0 then forany £ > [ + ',
with L = max(l — £,I',1 — £+ 1" + k/2) (or for any L strictly greater than this max if there
are coincidences with —k /2 as discussed before the statement of the proposition),

(5.29) Y (g, Ay) o TPV (Mg, Ay) € PP HEL (A Ay).

However, the increase of the order on A; relative to the [ +1’ < 0 case makes this a much less
useful result.

REMARK 5.10. — The constraint [+’ < 0 is exactly the constraint under which elements
of SP(Ry,; I'~% (Ry; N*{a’ = 0})) and s7' (RZ; IV =% (R N*{z’ = 0})) can be multiplied
in view of the lack of smoothness of these symbols in z’. Namely, the issue is multiplication
for elements of I'~% (R?; N*{z/ = 0}) and I ~% (R?; N*{z’ = 0}) which come from
partial inverse Fourier transforms in z’ of symbols of order | — k/2, resp. I’ — k/2. Typical
members of these classes are asymptotically homogeneous of degree [ — k/2, resp. I’ — k /2, so
their partial inverse Fourier transforms in z’ are, modulo smooth functions, homogeneous of
degree —k/2 —1, resp. —k/2 — 1. The restriction [ + 1’ < 0 means that the total homogeneity
is > —k, i.e., is strictly greater than that of a delta distribution on z’ = 0. Marginally
disallowed products are thus, in the case £k = 1, a delta distribution and a step function at
a hypersurface; any more smoothness than that of the step function (in terms of conormal
order) means that the functions are continuous and may be multiplied by the § distribution.
Thus, in this sense, this proposition is sharp.

Proof. — Let
A€ P! (Mg, Ay), B e IV (Ag, Ay);
we may assume that A and B both have wave front set near the intersection of the two
Lagrangians. Write A resp. B as an oscillatory integral with the amplitude independent of
the right, resp. left, base variable, i.e.,

(AU)(J}) _ /ei[(z’7y').§’+(a:”7y").§”+z’.n’]a(x//,5/75//’77/) df dn/v(y) dy,

_E

a €SP (R M RERE),
resp.

(B’LL)(y) = / ei[(yl7z,>4cl+(y”7Z”).C”+ZI.HI]b(zﬂa Cla Cﬂa :U'/) dC d,u'/ U(Z) dZa
U=k n—k. pn.mk

be SP N TE(RY Y RE; R ),
with

|€] > 1,[n'| < €l¢| on suppa, and [¢| > 1, [u'| < €[¢] on suppb,
for e < 1/2. Note that the wave front set of the Schwartz kernel of A (over 2’ = y' = 0,
z" = y") is contained in the set of covectors of the form (¢’ + 7', £"”, —¢', —€”) such that a is
not Schwartz in the direction (¢, £”,7'), i.e., (¢/,£”, ') is not in the microsupport of a. Since
we do not want covectors of the kind o x T*R" in the wave front set, we need (¢’ + 7', £")
bounded away from 0 on the microsupport of a when (¢/,£”) # 0, which is accomplished by
our requirement that e < 1/2.
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Thus, with & denoting the Fourier transform on R",
(Av)(x) = / el a0 €€ ) (T0)(€) de dif
while Bu is the inverse Fourier transform in ¢ of
/ei[le'g,fzn'clurz,'“/] (2m)"b(2", ¢, ¢ p) dp' u(z) dz.

Therefore,

(ABu)(z) = / il =) (@ =) € a2 ]

@m)"a(z", &, ", n")b(z", &, €", u') d€ dn’ dp' u(2) dz,
i.e., the Schwartz kernel of AB is given by the oscillatory integral
/ == St (g rae”, €1, €7 b, €€ ) dE ' dyd
We rewrite the phase as
(@ =2 (€ —p) + (@ =2") - & + 2’ (' + 1)

Letting v’ = n' + p/, ' = & — i/, ¢" = ¢ (for convenience of notation later), we deduce
that the Schwartz kernel of AB is

/ei[(w’—z’)-(’+(w”—z”)~§”+z’»1/]c(x//7Z//’</7£//,V/) dC/ df” dl//,

c(x/,7 Z/I7 C’? §/17 l/,) = (27‘{')" / a(m/l7 C’ + M/’ €//7 I/l - I'Ll)b(zl/’ C/ + ul7 5/17 I'L,) d/“‘L/'
Thus, to show (5.28), we merely need to show that
(5.30) c e SPHLoR/2 (R  ROTR RERE),

and then the composition result follows. Note that in view of the support conditions on a
and b, on the support of the integrand of ¢, [/ — /|, |1'| < €|¢+ /| (here ¢ = (¢',¢") € R™),
thus || < $%=|¢], |/| < 27%=|(¢|, and thus the integral is certainly convergent, without
restrictions on 1,1', with ¢ supported in || < 2|¢|, and moreover |¢ + /| is bounded from
above and below by positive multiples of |¢|. For [ + I’ < 0, one gets, for an absolute

constant C' > 0, and with ||al| o StCes denoting Oth symbol norms (sup norms),

k
S;D,l—2,

+p’ 1 NI=k/27, N\NU—K/2 ;1.
6301l < Cllall gy bl g (P [ ) 2 g

here for v/ in a compact set, one gets uniform bounds for the integral as the integrand is then
bounded by C i)+ =*; | + 1’ < 0 is used here strongly. (If one does not assume [ + I’ < 0,
one needs to use that || < |¢| on the support of the integrand, so R* can be replaced by
the ball B¢|(0), and one obtains a positive power of || as a result when integrating, which
allows one to obtain a paired Lagrangian symbolic estimate but with the rather undesirable
increase of the order p + p’ on A;. See also Remark 5.9.) Further, for [ + 1’ < 0, the integral
on the right hand side can be estimated, uniformly as [/| — oo, by

(5.32) C'(W)YH 4 ()R YRy < oy BRI,
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if 1,I' # —k/2, with (/)/=%/2 replaced by (v/)\=*/2+<' ¢ > 0,if ! = —k/2, and a
similar change if | = —k/2, keeping the right hand side unchanged. Indeed, for |v/| < 1,
say, we already explained this estimate. Otherwise we break up the region of integration
into /| < |v/|/2, resp. v/ —u'| < |v']/2,vesp. [v']/2 < |1], [v'— | < 2], resp. 20| < |1,
resp. 2|v/| < |v' — u/|. Note that the last two regions are not disjoint, but the union of the five
regions is R¥. On the first, resp. second of these, (v/ — p'), resp. (i) is bounded from above
and below by a positive multiple of (¢/), so the corresponding weight can be pulled outside
the integral, so in the first case one is reduced to the estimate

[ wrrar sae w4k,
By,r1/2(0)

(one has log |/| in place of |v/|'+*/2 if | = —k/2, which causes the strict inequality in the
definition of L) resulting in an overall bound

|V/|l/,k/2(1 + |I/,|l+k/2),

yielding that (5.32) is satisfied in this case, with a similar estimate in the second case. In the
third case, both (¢’ — ') and (') are bounded from above and below by a positive multiple
of ('), and one obtains a bound < [/|'"*¥'. In the fourth, resp. fifth case, (/ — p'), resp.
(u') is bounded from above and below by a positive multiple of (i), resp. (v' — u'}, so in the
fourth case one is reduced to the estimate

/ <‘u/>l+l'7k d,u’ < <V/>l+l'
~ b
/22|

with a similar bound in the fifth case; these use I + I’ < 0. This proves (5.32), and thus gives
the Oth seminorm estimate of the claimed SP+7" L (R", % x R7*; Rg; RE,) statement, (5.30),
for c.

The derivatives can be handled easily, with this being immediate for ¢, 2’/ and 2" deriva-
tives, while for 1/5.8,,,2 derivatives one writes 1/3.8,,,2 =] - /‘3)8% + p;»(?,,;c under the integral,
then the first term is handled by the symbol bounds for a, while for the second one rewrites
W0, aas —p0,, a+ ;0 a, integrates by parts for the first term to use the symbol estimates
of b, while the symbol estimates for a plus the bounds for u' in terms of ¢ + u’ handle the
second term. Proceeding inductively, one deduces that (5.30) holds.

To prove the principal symbol property, take N > 1 integer. (Here N = 1 suffices;
taking N larger than one, we can obtain further terms in the A;-symbolic expansion of the
composition.) We expand a, b in Taylor series in their second argument, ¢’ + u/, around ¢’
with the integral remainder formula involving Nth derivatives. In case of a, this gives terms

1 o (67
)@)€ — )
with |a| < N in the expansion, and the remainder is a sum of integrals with |a| = N:
'N
| - 0N W) @a) "¢+ € — )
0 o

similar expressions hold for b, with (/' )58?, being the relevant derivatives. The («8)th term
(with |a| < N, |8] £ N) in c inside the integral has bounds (with ¢ = ({’,£") as before)
< (PP el =Bl R 2 Y el 4Bk 2,

~
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Thus the argument of our sup norm estimate above gives that if [ +1' + |a| +|3] < 0, then
apart from relevant integer coincidences (namely if either | = —k/2 and I’ +|a|+|3| > —k/2,
orl'+ |a| +|8] = —k/2 and | > —k/2) the contribution to cis in

gpp'—lal=IBl.Las =5 with
Log = max(L,I' + |a| + |8, + '+ |a] + |B] + k/2) < L+ |of + |8].
In the case of the just mentioned integer coincidences, the SP7 ~lal=I8l.Las— 5 membership
always holds with L,g increased by any ¢’ > 0, thus the Sp+p'—lal=|Bl,L—5 membership
holds even then because under these conditions L was also increased by some ¢’ > 0 except
if I/ + k/2 is a negative integer and [ > —k/2, in which case, however, L = I, Log = | + €/,
ol + 18] = 1.
If I+ 1 + |a| + |B] > 0, then, letting
M=—6+|a|+ |8 > 1+ +|a|+ 8| >0,
so M < |a| + |8|, and using
<M/>l/+\a|+|ﬁ\—k/2 < <<>M<M/>l’+|a|+|ﬁ|—k/2—M
(by the support conditions), we obtain that the contribution of the («8)th term to c is in
Sp-i-p'—la\—\ﬁ\-i-M,iag—%, with
Lop = max(l,' + |a] + |8 = ML+ 1+ |a| + |B] + k/2— M) < L+ |a| + || — M,
apart from integer coincidences, in which case increasing L, by an arbitrarily small constant

makes the SP+P ~1ol=181+M.Las—5 ]| true; introducing 6’ > 4 in the proposition takes care
of this.

As § < 1, this gives in both cases that modulo SP+?' ~8L=5+6" ¢ is given by the convolu-
tion

(27T)"/a(w"76’,€”,1/—u')b(Z",C’,ﬁ”,u’)du'~

Taylor expanding b in 2" around z” and integrating by parts in £” gives that further this can
be replaced by

5(.7}”, C/’é-ll7 l//) — (27‘(‘)”/0/(.%”, <I7§II’ l/l _ u/)b(.ﬁﬁ’cl’gﬁ’ul) d/l/l

modulo SP+P ~LL=5+1 The A1-principal symbol of the distribution corresponding to ¢é
is (2m)"~* times the partial inverse Fourier transform in v/ of &. Since the inverse Fourier
transform of a convolution in R* is (27)* times the product of the inverse Fourier transforms
of the factors, we deduce that this principal symbol is

@2m)"H(F) 1) [d¢' 12 |dg" ) = (2m)"R(T7) T a) (2m) " TR((T7) o) ¢ | g2,

i.e., it is the product of the principal symbols of a and b, as claimed. O

REMARK 5.11. — Note that the proof we just gave also shows that if

e SP(RY;I'™H(RY; N* {2’ = 0})), be SP(RE; I~ % (RY; N*{a’ = 0})),
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with [ 41’ < 0, then with L defined as before Proposition 5.8, so L = max(I,I’,l + 1" + k/2)
apart from certain integer coincidences,

ab € SPP(RE; IF% (RY; N*{z’ = 0})).

This does not require a conic support condition on the partial (z’-)Fourier transforms a,
resp. b, of @, resp. b like one we did above; one is estimating a partial convolution ¢ of a and bin
the dual variable i’ of 2/, and the estimates boil down to (5.32) being satisfied for the integral
on the right hand side of (5.31). Further, this shows that

(5.33) ||<15||SZ,+,J,UL,%);O < 0||a||5p(,l,%);0||B||Sp,(1,,,%);0,

where we used a short hand notation for the symbol spaces discussed above to simplify
the notation. Now, the higher order product-type symbol norms for the partial Fourier
transform, of the partial convolution c are equivalent to a product of ¢,, £x0¢;, Oz, u} 6% ,
0, being applied iteratively to ¢ and the zeroth Sp+P.L=5 norm being evaluated. As c is
the partial Fourier transform of @b in 2/, this means O¢;» Ek0k,» Oq, 8903_ x}., x}, being applied
iteratively to @b, and the zeroth SP*?"-L=% norm of the partial Fourier transform of the result
being evaluated. (Here z, can be dropped if one assumes compact support for a or b; one can
also replace 890;:% by x;ﬁw; .) Using Leibniz’ rule, which is valid by the density of order —oo
symbols in /, resp. order —oco conormal distributions in z’, and using (5.33), the seminorms
of @b in SP*'(I*~%) are bounded by

(5.34) ||aB||Sp+p,(IL,%);k < ck||a||sp(1,,%);k||E||Sp,(ﬂ,_%);k.

We record here a statement regarding square roots of conormal distributions that will
be useful later; it allows us to construct square root of the principal symbols of paired
Lagrangian distributions.

LEMMA 5.12. — Suppose that a € SP(R?;Il_%(R:;N*{ml = 0})) withl < —k/2, and
with a > c|¢|P, ¢ > 0, for |§| > R, on a conic open setT' C R¢. Let ' € (I, —k/2). Then

b=+ae S 1"~ (R N*{z' = 0})).

Note that under the assumptions, a is the inverse Fourier transform in p/, the dual variable
of 2/, of a symbol of order I — k/2 < —k, so a is actually continuous, and indeed Holder «
for 0 < a < —(I + k/2). Thus, the pointwise statement a > c|¢|P actually makes sense.

Proof. — Note that the statement is a consequence of the positive ellipticity of a away
from 2’ = 0, so we may work in an arbitrarily small neighborhood of ' = 0 as is convenient.
Given € > 0, we first decompose a = a; + as with

a1 € SP(RE; C(Ry)) = SP(Ry, RE),

ay € SP(RY; IV (R N (o’ = 0})),
and with a; > (c¢/2)|¢[P, for |¢| > R, on T C R?, while ||ag||Sl,(R?;qu%);0
shorthand notation as in the above remark). To do so, we note that

a=ag+7,'b be SPITFARITFRERE), ag € SP(RE; C(RD)).

!

< € (here we use
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Now, given ¢ > 0, the standard approximation argument, using bg = bgp(u'/R), where
¢ = 1 near 0, has compact support, letting R — oo gives b € 5P~ such that
16— billgpir—r/2,9 < €. Then,asl’ — k/2 < —k, with by = b — b},

sup [(€) P T, ba| < Collbalgp.ir—k/20 < Coe'.

Thus, with az = T'ba, a1 = a —az = ag + 7,0}, a1 > (c — Coe')|é|P. Now
let ¢ = min(e, ¢/(2C)); then a1 and as satisfy all conditions.
We note that as a; is elliptic on ', with a positive elliptic lower bound,

Va1 € 8P%(Tg; O (R™)),
a=a7lay € SO(Te; I' T (RY; N*{z' = 0})).
We write

b= a1+ (a7 'az),

and we are reduced to showing that

(5.35) Vitae ST IV~ % (R N*{z' = 0})).

We expand f = /1 + . in Taylor series, with radius of convergence 1. By Remark 5.11,
N e 8%(Dg; IV~ % (R N*{z' = 0})),

with

cNHall,

~N
||a’ ||SO(III_%)O = S0 IZI_Z)(]’

which follows from (5.33) by induction. This shows that, provided ||a|| 4, ( Iu_j) o < c!
(which holds if 2¢/c¢ < C~1), the Taylor series converges in the Oth S°(I' ~ % )-norm. Then
differentiating the Taylor series with respect to operators giving rise to the symbol topology,
as discussed in Remark 5.11, preserves the S°(I'' ~%)-estimates in view of the chain rule for
derivatives, which gives (f' o @)(Va), where V' is one of ¢, , £k0k;, Ox;, #},0 , @}, and the
fact that Va satisfies S°(I'~)-estimates as well, plus the fact that f’ also has Taylor series
with radius of convergence 1. Iterating this argument proves (5.35), and thus the lemma. [

As we already mentioned, a different model for the Lagrangians in R?", used by Greenleaf
and Uhlmann [3], is the pair (N*diag, Ar) when T given by ¢’ = 0, so

A:Af‘:{ CL’,& ) y777)) § :0:777 5//:_77//’ .Z'N:y”}.
With this model, paired Lagrangian distributions in I?/( N*diag, A) are given by oscillatory
integrals

/ il =y =) ) sl gy s, ¢ 0) ds dC do,

with a € SMM (R2+k R RF) M = p + k/2, M' = | — k/2 (there is a typo in [3]
in their definition of the first order after (1.31)). Note here that the flow-out is the second
Lagrangian, reversed as compared to Proposition 5.8, which is convenient to apply the results
of Antoniano and Uhlmann, but is not convenient in our case.

Since the structure of the projection maps of the left and the right factors matters for
composition purposes (i.e., just because all Lagrangian pairs can be put to a model form
via a symplectomorphism on R?", it does not follow that they all have the same composition
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properties!), we also need another special case of the model of (5.16) in R?" = R” x Ry, with
R” = R, x R™* and with (&, 7) the dual variables of (z,y), as before. This is

AM={z'=0,¢=01n=0n"=0}=N"{z' =0},

(5.36) )
A() — {m/ _ O — y/’ :L'N — y//’ é—// — _77//} _ N {x/ — 0 — y/’ xl/ — y//}’

this time with codimension n intersection. Note that here A is the same ‘flow-out’ La-
grangian as in (5.25), but A; a Lagrangian of the form A’i X Ogn, With Aﬁ1 Lagrangian
in T*R™ \ og~, which means that if an operator with Schwartz kernel in I”(A;) is applied to
even a C2°(RY) function, the result is not C°°, merely Lagrangian on Ag. (There is a dual
phenomenon if one reverses the « and the y factors, namely then the operator cannot be
applied to all distributions.) For this pair, the parameterization, modulo I?(A;), is

(5.37) /ei[z,'gl_y,"’/+(z”_y”)'"”]a(:v",f’,n’, n")d¢ dn, a € S”"’HT_IC”_%(RQ,TIC;R?/;RZ%

where a conic neighborhood of Ag N A; corresponds to a conic neighborhood of n = 0
in R’g, x R} (sonow & " is the ‘large variable’ on the parameter space), and the z”” dependence
can again be replaced by y”’ dependence, and one can allow dependence on both z” and y”.
(To see this form of parameterization, write 2" = z/, 2’ = (—y/,2"” — y"), 2’/ = 2" then
Ay = N*{z" =0}, Ao = N*{z' =0, 2 = 0}. Replacing z” by 3" in the definition of 2"
gives the other parameterization.)

We first note the action of pseudodifferential operators applied from either factor to this
pair:

LEmMMA 5.13. — Let Ao, Ay as in (5.36), with x’s being the left variables. Then for
Q € U*(R™) (of proper support), and for K € IP'(Ag, A1), QK € IPT5Y(Ag, Ay) while
KQ e Ip’l+S(A0,A1).

Proof. — Asbefore, it suffices to consider kernels K of the form (5.37), or its "’ -dependent
analogue, for kernels in IP(A;), as well as those in I7+!(A) with wave front set disjoint from
Ag N Ay (thus away from covectors with vanishing dual-to-y components), can easily be
treated by standard results.

In order to find QK, write K in the form (5.37), but with z” dependence replaced by
y” dependence. Writing Q) as left quantization,

Qu(z) = (2m)™" / el g (o N T o) (¢ ¢ d de”,

and using that (5.37) with z”-dependence replaced by y”'-dependence gives, when applied to
a C¢° function wu,

<g€1’n// </ ei[—y’.n/_y//.n//]a(y//’ ¢, 77”) u(y/7 y,,) dn dyf dy”)) (x/7 x”)’
we conclude that
QKU(Z) :(271-)7”/ei(zl‘CI‘FZ”*C”—y'.nliy//.cl/)

q(z',2", ¢, ¢Maly”, ¢ ', ") uly' y") dn' dy' dy” d¢’ d¢”,
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so the Schwartz kernel of QK is given by the oscillatory integral

V(2" ¢ ¢Maly", ¢, ¢") dy' ¢’ d¢,

QK _ (271-)_” / ei(z’~<’—y’-’r['+(2”—y”)-C”
which is of the desired form.

Composition from the right can be checked similarly, using (5.37) as stated, with z’'-de-
pendence. O

Most crucially we need mapping properties of these operators on Sobolev spaces.

PROPOSITION 5.14. — Let Ag, Ay as in (5.36), with x’s being the left variables. Then for
K € IPY(Ag, A1) with wave front set disjoint from ogn x T*R", and for m,m’ € R,

(5.38) p+l<m+m'—gandp<m—gﬁKef(Hm,,H_m).

REMARK 5.15. — Note that the first condition of (5.38) is almost exactly the statement
that a distribution in I7+(Ag) with wave front set away from Ag N A; is bounded from H™
to H~™, with ‘almost’ referring to the loss of the normally allowed equality, cf. Proposi-
tion 5.7 and the remarks afterwards. On the other hand, the second condition in (5.38) is
exactly the condition that an element of I? (A1) maps distributions (or even just C*°, for that
matter) into H~"".

Proof. — We first remark that (5.38) is equivalent to the combination of the two condi-
tions: either

(539) e B M andpt<mm - L
or

k
(5.40) l<m'—§+gandp<m—g.

Indeed, (5.38) automatically implies these two, and conversely, if I > m' — % + 5 then
subtracting the first inequality from the second yields p < m — & while if | < m’ — % + 5
then adding the inequalities yields p + 1 < m +m/ — £.

Now, in view of Lemma 5.13, at the cost of replacing p by p — m and [ by | — m/, as we
now do, it suffices to consider L?-boundedness. Further, one may assume that K is of the
form (5.37), with a supported in the region (n) < (¢’). We claim that if we let A(z"”,n") be

the operator on R¥, given by

(A" ) w') = [ el € o Yty €y, w € C2F(RY),
and if either set of conditions (5.39), resp. (5.40), is satisfied then
(5.41) A€ SORETERITR; £(LA(RY), L2 (RF))),

i.e., it is an operator-valued symbol of order 0, which thus by the operator-valued version of
the standard calculus, see [9, Section 18.1, Remark 2], gives a bounded operator

L(LAR™F; L2(RF)); L2(R™F; L2(RY))) = £(L*(R™), L*(R™)),

proving the proposition.
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But with &' denoting the Fourier transform in the primed variables,
(A6 ) = @0 ()7 et T ) ) @),

ie, 7' A(F)~! has Schwartz kernel (27)*a(z”, &, n',n"), with the action in the primed
variables. First we check that A(.,.) is a uniformly bounded family of bounded operators
(and indeed, a uniformly bounded family of Hilbert-Schmidt operators). This follows if we
show that

a(e”, ¢ i ") € LRV LA(R2,)),
which in turn follows if for some 6 > 0,
()5 ) 5 0 € L2 (R).
But
(5.42) (€)Y EF0 (/) 5+ |g| < C(g/yP—mHEHI ()l =gt 49
Now, if | — m/ — 2% > 0 then ()= —EERHS < (g)lmm =3R40 and
(5.43) (¢ye +5< '3 +5|a| < C<£/>p+l—m—m’+%+25’

and thus is bounded since p + I — m — m/ + % < 0 means that one can take sufficiently
small § >0 to still have p+1—m —m’ + £ +26 < 0. On the other hand, if | —m’ — 5% < 0
then p—m+ 5 < 0 as well, so one may choose > 0 sufficiently small so that the right hand
side of (5.42) is bounded.

Since D,,;_/, i Dy, Dx;_/ preserve the symbolic order of a, analogous properties follow
when these differential operators are applied to A(., .) iteratively, implying that (5.41) holds,
which in turn completes the proof of the proposition. O

If the role of the x and y variables is reversed one has

M={y=0,7"=0,¢=0 ¢ =0} = N*"{y =0},

(5‘44) Ap — A o1 e N NRf () — o] "o
o={z'=0=y,2"=y", " ="} =N"{2' =0=9, 2" ="},

as the modified model. Either essentially repeating the arguments given above, or noting that
if K € I»!(Ag, A;) then its adjoint is in IP!(Ag, A1), and thus via dualization one obtains
mapping properties of K from Proposition 5.14; one has

PROPOSITION 5.16. — Let Ao, Ay as in (5.44), with ©’s being the left variables. Then for
K € IP(Ag, Ay) with wave front set disjoint from ogn x T*R™, and for m,m’ € R,

k !’
(5.45) p+l<m+m'—§andp<m'—g:>Kef(Hm,H_m).

Even if a distribution is Lagrangian associated to Ay (i.e., has no singularity at A,), the
fact that Ay intersects T*R™ x og~» means that the standard results on mapping properties
do not apply. However, one can regard this distribution as a paired Lagrangian associated
to (Ag, A1) and apply the previous propositions:
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COROLLARY 5.17. — Let Ay be as in (5.36), with x’s being the left variables. Then for
K € IP(Ag) with wave front set disjoint from ogr x T*R™ and for m,m’ € R,

k ,
(5.46) p<m+m'—§andp<m:>K€Z’(Hm,H_m).
In case K € IP(Ag) with wave front set disjoint from T*R™ X ogn, then the conditions become

k !’
(5.47) p<m+m'—§andp<m'=>KEf(Hm,H*m).

We remark that mapping properties of certain Lagrangian distributions with canonical
relations intersecting the zero section were studied in a different setting by Greenleaf and
Uhlmann [5].

Proof. — With A; as in (5.36), Ag N A; has codimension n in either of these two La-
grangians, and thus by Lemma 5.2, I?(Ag) C IP~%'% (Ao, A;). Thus by Proposition 5.14,
K is bounded as claimed provided p < m + m’ — g and p < m, which completes the
proof. O

As an example, with codim Y = k, dim X = n, consider
f c I[—so] (Y) _ I—SO—(dimX—Qk)/4(N*Y).
Then the pullback 77 f of f to X x X, via the left projection to X, is in
170y x X) = [7o074mY/2(N*(Y x X)).

Since for A € ¥*(X) one has K4 € I°(N*diag) (with K 4 denoting the Schwartz kernel
of A), the Schwartz kernel K4 of fA is (n} f)Ka, and by (5.21), keeping in mind that
X x X is 2n-dimensional, one has
(5.48) Kia EIS’_s°+k/2(N*(diag N (Y x X)), N*diag)

+ [oomdimY/ 2 4n/2(N* (diag N (Y x X)), N*(Y x X)).
Similar results apply to Af, with the left and the right factors interchanged.

In the special case A = Id we get
(5.49) Kiua EIO’_S°+k/2(N*(diag N (Y x X)), N*diag)
+ [0~ dimY/2n/2(N* (diag N (Y x X)), N*(Y x X)).

In this case one could write the multiplication also as a multiplication from the right factor,
and thus deduce that the second summand can be dropped. (This also follows directly from
[3].) However, this has no impact on the following consequence:

PROPOSITION 5.18. — Multiplication by f € Il=(Y) = [~so—(dimX=2k)/4(N*Y) jg
bounded H® — H* provided sg > codimY and —sg + k/2 < s < sg — k/2.

Note that this proposition is a special case of the C'“ multiplier boundedness on H?, since
f € C*fora < so — k/2, so this result follows from C'* being a multiplier on H* when
a > s > 0. However, it is included here as its proof will be paralleled in our pseudodifferential
arguments in the following sections.
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Proof. — In view of (5.49) and Propositions 5.7 and 5.14 and Corollary 5.17, multiplica-
tion by f is bounded H® — H* provided:

1. For 1%—s0+k/2(N*(diag N (Y x X)), N*diag) microlocally away from

N*(diag N (Y x X)) N (ogn x T*R"UT*R™ X opn), —So + k/2 < —k/2

using Proposition 5.7.

2. For [%=%0+k/2(N*(diag N (Y x X)), N*diag) microlocally near
N*(diagN(Y x X))N(T*R" x ogn) = N*(Y x X), —so+k/2 < —k/2and —spo+k/2 < —s
by the first half of Corollary 5.17.

3. For IO —%0+k/2(N*(diag N (Y x X)), N*diag) microlocally near
N*(diagN (Y x X))N(ogn X T*R™) = N*(X xY),—so+k/2 < —k/2and —sg+k/2 < s
by the second half of Corollary 5.17.

4. For [~s0—dmY/2n/2(N*(diag N (Y x X)),N*(Y x X)), the only new region is
microlocally near N*(Y x X) C T*R™ X ogn, and there we have boundedness if

—so+k/2< —k/2and —so+k/2< —s—n/2,

by Proposition 5.14.

In summary, the constraints are:
— 80+ k/2< —k/2,
—so+k/2<s,
—so+k/2< —s,

which gives exactly the constraints in the proposition. O

6. Elliptic estimates

In this section we discuss microlocal elliptic estimates, which help take care of the regions
of phase space one would like to think of as ‘irrelevant’ for wave propagation purposes. Here,
and in the next section, we denote the position (base) variable by x, the dual variable by &,
and use local coordinates in which Y is given by {z’ = 0}.

So suppose that g € Il=*1(Y), codimY = k, with G the dual metric. For simplicity, we
reduce the problem from [ to

P = (det9)"/?0=">" Dy(det 9)"/*Gy;D;.
ij
If Ou = f € H*, then by Proposition 5.18 multiplication by (det g)*/? € Il=%](Y") preserves
Hsif
so > k,

6.1
©.1) —so+k/2<s<sy—k/2.

Thus,
Pu = (det g)'/2f € H;
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so under these constraints, we may instead study the equation Pu = f. We write
(6.2) gi; = (det 9)'/*Gyy, P = ZDigiija

ij
and note that P is formally self-adjoint with respect to the Euclidean inner product.

For A € ¥25~2(X), we need to compute the Schwartz kernel of PA (or AP) as a (sum
of) paired Lagrangian distribution(s). The Schwartz kernel Kp, 4 of D; A is D; 1 K 4 (Where
the subscript L denotes the derivative acting on the left factor of X x X)), while the Schwartz
kernel K 4p, of AD; is —D; rK 4, we deduce that the Schwartz kernel of PA, resp. AP, is

Kpa = Z D; 19i,1Dj 0K, Kup = Z D; rgijrRDi rKa.
Here g;j,1, resp. gij,r, is the pullback of g;; from the left, resp. right, factor. Now,
Ka € I*72(N*diag), so D; K4, D; gKa € I*7(N*diag). As g;; € I%)(Y), by
(5.48) (with the left and right factors interchanged in the first case),
9ijrDi R K a €171 750 k/2(N*(diag N (X x Y)), N*diag)
 [eomdimY/22sm14n/2 (N (diag N (X x Y)), N*(X x Y)),
and
9ijnDi L Ka €3~ L750Fk/2(N*(diag N (Y x X)), N*diag)
A [ oomdimY 22512 (N (diag N (Y x X)), N*(Y x X)),
so in particular away from the intersections, these are Lagrangian associated to the conormal
bundles of X x Y (or Y x X), diag, as well as their intersection, (Y x Y') Ndiag, with orders
I[—so] _ I—so—QdimY/4’ 1[25—1] = 1251 and I[—30+23—1] — I_SO+28_1+k/2. Applylng Dj R
resp. D; 1, increases the orders on all Lagrangians, i.e., in terms of paired Lagrangians it

increases the first order (corresponding to the main Lagrangian, i.e., the second in the pair,
dictating the singular behavior) by 1, see in particular Lemma 5.13. Thus, we conclude:

LEMMA 6.1. — For g € II=*0/(Y), A € ©?*=%(X) with compactly supported Schwartz
kernel,

K ap €I?5750FR/2(N*(diag N (X x Y)), N*diag)

(6.3) .

+ I_so+l_dlmY/2’28_1+n/2(N*(diagﬂ (X ~ Y)),N*(X x Y)),
and
64 Kpa €I?5750Fk/2(N*(diag N (Y x X)), N*diag)

4 [so+imdimY/22s=14n0/2(N* (diag N (Y x X)), N*(Y x X)).
Now we consider boundedness properties:

LEMMA 6.2. — For g € II=°/(Y), A € ©?=2(X) with compactly supported Schwartz
kernel, PA, AP are, microlocally away from N*diag, bounded from H*=< to H=5T¢ ¢, > 0,
provided

(6.5) k+2<sg, s>—-so+e+1+k/2 and s<syp—e—k/2.

is satisfied.
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REMARK 6.3. — Notice that the inequalities in (6.5) imply (6.1).
Moreover, if the first inequality holds then

—sote+1+k/2<—-k/2—e+1<1—k/2,

so when s > 1 — k/2, the second inequality in (6.5) is automatic when the first holds.
Moreover, if the stronger inequality 1 + k + 2¢9 < s is assumed in place of the first in
(6.5) (we need the stronger inequality below in the hyperbolic setting), then for s > —k/2 it
assures that the second one holds.

Proof. — We consider K 4p, proceeding as in Proposition 5.18, using (6.3). Thus, we have
the H5~ to H—**¢0 bound provided:

1. For 1?$—%0tk/2(N*(diag N (X x Y)), N*diag) microlocally away from
N*(diag N (X x Y)) N (opn x T*R™ UT*R" x ogn), 25 — so + k/2 < 25 — 2e0 — k/2,
using Proposition 5.7, keeping in mind that being microlocally away from N *diag means that
the condition 2s < 2s — 2¢g corresponding to N*diag is unnecessary (i.e., one is really using
the mapping property of elements of 125~%0T%/2(N*(diag N (X x Y))) in this region).
2. For 1?5 —%0+k/2(N*(diag N (X x Y)), N*diag) microlocally near
N*(diag N (X x V)N (T*R"™ x ogn) = N*(Y x X),
25 —so+ k/2<2s—2e¢g—k/2and 2s — sg + k/2 < s — €,
by the first half of Corollary 5.17.
3. For I?%—0tk/2(N*(diag N (X x Y')), N*diag) microlocally near
N*(diagN (X x Y)) N (ogn x T*R™) = N*(X x Y),
25 —so+ k/2<2s—2e¢g—k/2and 2s — sg + k/2 < s — €,

by the second half of Corollary 5.17.
4. For [~so+1-dimY/2.2s=1+n/2( N* (diag N (X x Y)), N*(X x Y)), the only new region
is microlocally near N*(X x Y) C og» x T*R™, and there we have boundedness if

2s—so+ k/2<2s—2¢g—k/2and —sp+1—dimY/2 < s—¢ —n/2,
by Proposition 5.16.
In summary, AP is bounded from H*~¢ to H~T% provided
2s —sg+ k/2 < 25— 2¢9 — k/2,
(6.6) —so+1—dimY/2 < s— e — g and
—so+ 25+ k/2 < s — e,

which gives the constraints (6.5). An analogous (in some sense, dual) computation applies
to PA, using Proposition 5.14 in place of Proposition 5.16, and yielding the same constraints,
(6.5). This completes the proof of the lemma. O

Microlocal elliptic regularity is now a straightforward consequence.

LEMMA 6.4. — Suppose that (6.5) holds. If uwe€ H_®, Pue€ HS.% then we have
WF? (1) C $UWF™2(4),
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Proof. — Consider gy ¢ ¥. We shall assume that g ¢ WF*~'/2(u), thus there is a conic
neighborhood O of gy on which u is microlocally in H*~'/2; we may take O disjoint from X.
With p the principal symbol of P, p(go) # 0, and we may assume that sign p is constant on O.
We take A € ¥25~2(X) with principal symbol a3 elliptic at go, supported close to go, in the
region where sign p is constant, with WF'(4) € O and A = A*. By (5.22), the principal
symbol of AP on N*diag, corresponding to the first term in the decomposition (6.3), is

agp € S%(RE; I *0~/4k/2(R1 N* {2/ = 0})) = 825 (RE; II7)(RY; N* {2 = 0})).
By assumption,
p € SARE I~ AHE2(RY; N* o’ = 0}))

has a fixed (non-zero) sign, sign p(go), on supp ag, so by Lemma 5.12, for ¢; > 0 (which we
take as small as convenient),

adp = (signp(qo))b®, b= ag\/|p| € S*(Rg; I~ *o~"/4Tk/2rer (R N*{a = 0})).

Let
B e [ %0tk/24a (N* (diag N (X x Y)), N*diag)
with principal symbol b; then by Proposition 5.8, taking into account that
2(—so + k/2) < —k — 4¢p < —1 so there is a full order gain in the symbolic calcula-
tion,
AP = (signp(qy))B*B+ F
with
F e~ bl=sotk/24e(N*(diag N (X x Y)), N*diag)

(6.7) .
[ eotlmdimY 2257 14n/2(N* (diag N (X x V), N*(X x Y)),

so F has order corresponding to ¥25~1(X) on the conormal bundle of the diagonal, and
elsewhere it has the same orders as AP had, apart from the €; > 0 loss from the symbolic
construction of B.

We claim that with ¢ = min(1/2,¢9) and e; > 0 sufficiently small, F is bounded
from H*~< to H~*% (here we possibly reduced € to €, in order to deal with the diagonal
singularity, which we thus far ignored), if (6.5) holds.

Indeed, as compared to AP in Lemma 6.2, the order of F' at N*(diag N (X x Y))
is increased by €; > 0 near the conormal bundle of the diagonal giving the constraint
2s —s0 + k/2 4+ €1 < 2s — 2¢g — k/2; for sufficiently small €; > 0 this holds under the
assumption 2s — so+ k/2 < 2s—2¢g — k/2 in (1) of the proof of Lemma 6.2. All other orders
except those corresponding to the conormal bundle of the diagonal are the same as for AP
in Lemma 6.2, so the only change is that we must enforce the condition at the conormal
bundle of the diagonal in (1) of the proof of the Lemma when applying Proposition 5.7; this
condition becomes 2s — 1 < 2s — 2¢(, satisfied as e{; < 1/2. This proves our boundedness
claim on F' subject to these limitations on €, so and s.

In particular, if u € H{_® N HS-"/? = HZ.%, then (Fu,u) is bounded by the a priori

loc loc

assumptions. However, we only have uw € H{_“; u is only microlocally in H*~*/2. To deal
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with this, since the s — 1/2 regularity assumption is purely due to the diagonal singularity
of F, it is convenient to write

F=F +F",
(6.8) F' g [~ bl=sotk/24e (N*(diag N (X x Y)), N*diag),

jadd c Ifso+17dim Y/2,2s—14n/2+e€1 (N* (dlag N (X % Y)), N*(X % Y)),

with the wave front set of F’ in a prescribed arbitrary conic neighborhood of N*diag—note
that away from N*diag, elements of

[ bisotk/2He (N* (diag N (X x Y)), N*diag)

are in [—sot1-dimY/2.2s—1+n/24e (N*(diag N (X x Y)),N*(X x Y)), so can always be
regarded as part of F". Concretely, as WF'(A) C O, so the wave front set of K 4p inter-
sects N*diag only in O x O’, we demand, as we may, that

WF(Kg), WF(Kp/) C O x O,

where the prime on O denotes the usual twisting, i.e., the switch of the sign of the second
covector. (Note that this means in particular that WF(Kr/) does not contain covectors
in (T*X \ o) xoand ox (T* X \ 0).) With such a decomposition, for €; > 0 sufficiently small,
F" is bounded from H*~ to H 5t so (F"u, u) is bounded, while u being in H*~/2 on O,
(F'u,u) is bounded by the a priori assumptions. This completes the proof of the claim that
(Fu,u) is indeed bounded by the a priori assumptions.

Further, with Q@ € ¥*~2(X) elliptic with positive principal symbol ¢, with parametrix
G € ¥275(X) with positive principal symbol g, such that GQ = Id +R, R € ¥~°°(X), and
foré > 0,

[{Au, Pu)| < |{G*Au, QPu)| + |(Au, RPu)]

6.9
© < 66 Aul + 6~ [QPul? + |(Au, RPu)|,

where the last two terms are bounded by the a priori assumptions. In order to absorb the
G*A € ¥*(X) term, to deal with the regularizer, as well as to facilitate the direct translation
to a wave front set statement, it is convenient to replace B* B by

(6.10) BiB; + B3 By + ¢*(G*A)*(G* A)
where ¢ > 0 is a small constant,

B; € I°(N*diag),

By € I3 50Fk/2Fe (N* (diag N (Y x Y)), N*diag).
This is achieved as follows. Let p be a positive elliptic homogeneous degree 1 function
on T*X \ o. Since suppag is compact, disjoint from %, [p| > ¢2p? on it for some
co > 0. Further, the principal symbol § of G* satisfies |[§] < C’p*>~°, and that of ag
satisfies |ag| < C”p*~1, so the principal symbol adg? of (G*A)*(G*A) is then bounded

by C?p?a§. Then let ¢ = £%, so the symbol of ¢?(G*A)*(G* A) is bounded by %pza%. Now
let

c 02 1/2
0 — _
b= 4 aop, by = <|p|p P~ clag’p 2) agp.
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Then on supp ayp, the factor inside the parentheses is a homogeneous degree zero C*° func-
tion bounded below by a positive constant, thus the square root is C*°. Taking B; with prin-
cipal symbols b, (6.10) has principal symbol |p|a3, hence

AP = (signp(qo)) (B By + B3 By + ¢*(G*A)*(G* A)) + F,
with F' satisfying (6.8) (but possibly different from the F' given by B*B). Then
(Pu, Au) = (APu,u) = (sign p(qo)) (| Brul® + | Baul® + ¢l G* Au||*) + (Fu, u),

which we justify via a standard regularization argument, recalled below, so using (6.9) to
estimate the left hand side from above, and taking § > 0 sufficiently small, §||G* Aul|? can be
absorbed in the right hand side. This gives the conclusion that Bju € L? for j = 1,2, which
allows us to conclude that WF* (u) is disjoint from the elliptic set of Bj.

Finally, the regularization argument is to replace A by A, = A.AA,, r € [0,1], where
A, € ¥~ forr > 0, A, is uniformly bounded in ¥°, and A,. — Id in ¥¢ for € > 0, and thus
strongly in L2; one may take A, formally self-adjoint for convenience. (One can for instance
take A, to be a quantization of (1 + rp)~1, and then replace it by its self-adjoint part which
does not affect the principal symbol or the boundedness and convergence properties, as in
Section 2.) Then A, AA, P has the same principal symbol, uniformly in ¥2%, as

A (signp(ao)) (B{ By + B3 By + c(G* 4)"(G*A) ) A,
and correspondingly
(Pu, Ayu) = (A, Pu,u) = (signp(qo)) (||BlATu||2—|— | BoA || +c||G*AATu||2) + (Fru,u),

where F,. is uniformly bounded in ¥25~!, and is in ¥2°~3 for » > 0. Here the calculations
such as the first equality and ||A,Byul|? = (A,.BiBiA,u,u) follow since for r > 0
on O, which contains the (conic or essential) support of ag, u is in H*~/2 by the a priori
assumptions, and the sum of the diagonal orders of the operators involved is < 2s — 1. Now
letting r — 0 gives uniform bounds for || BjA,ul| 2, and thus proves B;u € L? in view of the
weak compactness of the unit ball in L? and since BjA,u — Bju in distributions. As ¢y €
was arbitrary, the proof of Lemma 6.4 is complete. O

Now one can iterate this, gradually increasing s by < 1/2; here we also return to (J instead
of P:

PROPOSITION 6.5. — Suppose that k + 1+ 2¢y < sg and —k/2 < s < sg —€g — k/2. If
u€ HP- Ou e HE?, then WF*(u) C 3.

loc loc ~

Proof. — First apply Lemma 6.4 with s’ = min(s — €y + 1/2,s) < s in place of s (and
€p unchanged); then

§>s—€+1/2>—-k/2—€e+1/2—(sg—k—1—2¢) > —59+k/2+ ¢+ 1,

so the second inequality in (6.5) holds, and all others hold because s’ < s. Since u € H,, _“°
implies that WF* ~1/ %(u) = @, the conclusion of the lemma gives WF* (u) C X. Now repeat
this argument with s = min(s’ 4+ 1/2,s) € [¢/, s], so (6.5) holds for s” in place of s, to
conclude WF*" (1) C ¥. An inductive argument gives WF®(u) C 3 in a finite number of
steps, as desired. O
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7. Propagation estimate

We now return to the positive commutator propagation estimates, but unlike the smooth
coefficients in Section 2, we consider g € Il=%I(Y), codimY = k. We again work with
the reduced operator P = Zij D, g;;D; given by (6.2), replacing Ju = f € H®*"! by
Pu = (det g)*/2f € H*! provided (in view of Proposition 5.18)

so >k,

7.1
.1) —so+k/2<s—1<sy—k/2.

So suppose that A € ¥2~1(X); we need to compute the Schwartz kernel of [P, A] as a
(sum of) paired Lagrangian distribution(s). By the remarks at the beginning of Section 6, and
writing

[P, A] =) _[Di, Algi;Dj + ) _ Dilgij, AID; + ) Digij[D;, Al,
the Schwartz kernel of [P, 4] is
Kipa=— Z D; rgij,r(Di,r + Di r)Ka + Z D; 1.9ij,.(Dj + Djr)Ka
- Z D;,1.Dj r(9ij,L — 9ij,r) K a.
As before, g;;.1., resp. g5 r, is the pullback of g;; from the left, resp. right, factor. Now,
K4 € I**71(N*diag), and D; 1, + D; g is tangent to the diagonal, so (D; 1, + D; r)Ka €

I?s71(N*diag) still. Now as g;; € I[7°0I(Y), by (5.48) (with the left and right factors
interchanged),

(7.2)

9ij.r(Dip + Dig)Ka € I?*7L790FR/2(N* (diag N (X x Y)), N*diag)
I omdmY/ 2251402 (N (diag N (X x Y)), N*(X x Y)),

and applying D; g increases the orders on all Lagrangians by 1, see in particular Lemma 5.13.
Thus,

(7.3) Z D; r9ijr(Dir + Dir)Ka € I*>750tE/2(N*(diag N (X x Y)), N*diag)
4 [oo+1mdimY/2.25=14n/2(N* (diag N (X x V), N*(X x Y)).

The right hand side is exactly the same space as what we obtained in (6.3) and (6.4). As in
Lemma 6.2, we deduce that microlocally away from N*diag, (7.3) is bounded from H*~
to H—st¢0 provided (6.5) holds.

An analogous computation applies to Y D; 1.9:5,.(Dj . + D; r)K 4, yielding the same
constraints, (6.5).

A similar computation applies to D; . D; r(gij.. — 9ij,r)K a, i.¢., when g;; is commuted
through A. However, while the order on N*diag is the same as in the above cases, the order
on the other Lagrangians is just that of D; 1 D; rgi;, . K4 and D; 1 D; rgi; K4, i.e., the
commutator does not prove additional help as compared to the product. This means a loss
of 1 order on N*(diag N (Y x Y)) as compared to (7.3), but no extra loss on N*(Y x X)
since D; g is characteristic there. Concretely, as above,

gij R K a € 1?7750 k/2(N*(diag N (X x Y)), N*diag)
+ I_so_dimY/2’2S_1+n/2(N*(diagﬂ (X % Y)),N*(X % Y))7
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and so, using Lemma 5.13 for the second summand on the right hand side,
D; 1 D; rgij rKa € T?TH=50Fk/2(N* (diag N (X x V), N*diag)
 [ootlmdimY 22540 /2 (N (diag N (X x Y)), N*(X x Y)).
Similarly,
D; 1 D; rgij . Ka € I**FH=50 R/2(N*(diag N (Y x X)), N*diag)
+ I—so+l—dimY/2,23+n/2(N*(diag N (Y « X)),N*(Y x X))7
and so, in principle,
Dir.D; r(9ij,r. — gij,r)Ka € I TL=50FR/2(N*(diag N (Y x 1)), N*diag)
A [ootlmdmY 22t n/2 (N (diag N (X x Y)), N*(X x Y))
ool mdmY 2250 n/2 (N (diag N (Y x X)), N*(Y x X)).
However, using (5.22) we see that the principal symbol on N*diag in
SQS+1 (I—so+k/2—n/4)/s2s (I—so+k/2+1—n/4),
where we used short hand notation so that e.g.,
525+1(I—so+k/2—n/4) — SQS+1(R?; I—so+k/2—n/4(Rg; N*{Qﬁl _ 0}))’

vanishes since it is given by (the equivalence class of) &;£;g:i(z)a(z,§) for both
D; 1. Dj rgij,. Ka and D; 1, D; rgij rRK 4, so by Lemma 5.3,

Di 1D r(gijr — gijr)Ka € 2750 1Hk/2(N*(diag N (Y x Y)), N*diag)
(74) + I_SO+1_dimY/2’2s+n/2(N*(diag N (X x Y)), N*(X ~ Y))
4 [0t 1=dimY/2.254n/2 (N (diag N (Y x X)), N*(Y x X)).

Thus, the only change compared to the previous calculations for boundedness
Hé—¢ — H—st¢ away from N*diag is that (6.6) is replaced by

—S0+2s+1+k/2<25—2¢)—k/2

(7.5) —so+1—dimY/2<s—eo—gand
—s0+2s+14+k/2 < s— e,

thus (6.5) is replaced by
k+1+2¢ < sg

(7.6) s> —so+e+1+k/2and

s<sp—€ —1—k/2.
Note that these inequalities imply (7.1). The first of these inequalities implies
—sot+e+1+k/2<—k/2— ¢,

so again, when s > —k/2, the second inequality automatically holds if the first holds. In
summary we have proved:
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LEMMA 7.1. — For A € ¥%~1(X),
Kipa) € 1?70 1Hk/2(N* (diag N (Y x Y)), N*diag)
(7.7) 4 [0t 1-dimY/22540/2(N*(diag N (X X Y)), N*(X x Y))
oot lmdimY 2254 n/2 (N (diag N (Y x X)), N*(Y x X)).

In addition, microlocally away from N*diag, K(p 4] is a bounded operator H®~< — H~5t<0
provided (7.6) holds.

We next check that the principal symbol of [P, A] on N*diag is as expected:

LeEMMA 7.2. — The principal symbol of K;ip ) on N*diag is Hya in
528 (R I7*0 FH/2H AR N* (o = 0)))

modulo
52571(R2; Ifso+k/2+2fn/4(RZ; N*{.’E, = 0}))

Proof. — We use the decomposition of K;(p 4) corresponding to (7.2). The principal sym-
bols of (¢ times) the first two terms can be computed directly from (5.22), giving g;;€; He, a,
resp. gi;§iHe;a (as D; 1, has symbol §; on N*diag, while D; r has symbol —¢;), since the
(D; 1 + D; r)K 4 is the Schwartz kernel of [D;, A], and A is a standard ps.d.o. For the last
term we write

1
(9i5.L — 9i,8) (@, y) = i (%) — 9i5(y) = Z(ﬂﬁk - yk)/ (Orgij)(te + (1 = t)y) dt,
k 0

and use that, with Y locally given by 2’ = 0 in X/ ,»,

[t z,y) = fi(z,y) = (Orgiz)(tx + (1 — 1)y)

is conormal to

Y, ={tz’+ (1 —t)y =0} C X x X,
in the class I[=so—1l (Y;), with the order being —sy — 1 due to the derivative. Now,
Kp = i(xx — yr) K4 is the Schwartz kernel of i[zy, A] = H,,a by the standard ps.d.o.
result. Since Y; is transversal to the diagonal for ¢ € [0, 1], by (5.22), the principal symbol
of fyKp on N*diag is the principal symbol of B times the restriction of f; to diag, pulled
back to the conormal bundle, i.e., 0xg;;(z), independently of ¢. Further, since the structure
of the product distribution f; Kp is given by (5.21) (with Y = N*diag, Z = Z; = N*Y; in
the notation of (5.21)), and since N*(Y; N diag) is independent of ¢, so microlocally near
N*diag N N*(Y; N diag) the structure is uniform in t, we conclude that the principal symbol
of i(gi,r — 9ij,R)Ka is Y, Ok(9ij, 1. — 9ij,r))Hz,a. The derivatives D; 1, and D; g, being
pseudodifferential operators on X x X, simply multiply the principal symbol by &; and &;.
Since

Hy=3 (gijfngj + 9i;€He, + Zfifjakginzk),

ij k

summing up the three contributions proves the lemma. O

Now, the actual propagation estimate is the following:
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LEmMA 7.3. — Suppose that (7.6) holds. Let o = min(1,ap) € (0,1], ap < so — 1 — k,
and let U C X be coordinate chart (identified with a subset of R™). For any K C ¥ NTHX
compact there exist 5 > 0and Cy > 0 such that the following holds. Ifu € H{ ., Pu € H ',
§ € (0,80) and qo € K and if the Euclidean metric ball around qo +6H,,(qo) of radius Cod*+2 is
disjoint from WE?® (u), and the Euclidean metric tube (union of metric balls ) around the straight
line segment connecting qo and qo+6H,(qo) of radius Co6*+ is disjoint from WF*~ Y2 () then
qgo ¢ WF?(u).

The analogous conclusion also holds with qo + 6H,(qo) replaced by qo — §H,(qo).

Proof. — In order to streamline the presentation, we present the proof in the notation
of K = {q}. For arbitrary K, the difference between the union of the statements for
various qg € K, and the statement of the Lemma is the uniformity in the latter in gq.
However, this follows immediately from the proof given below since the constants in (7.14)
and (7.11) are uniform, thus C’ below (7.14) is uniform as well.

We proceed following the outline of Section 2. As there, let

Hp, = p_ala
p a positive homogeneous degree one function, e.g., p = || in local coordinates (z, ). We
next define the function 7j measuring propagation and the transversal to the flow ‘coordi-
nates’ o; in S*X. Since g;; are conormal to Y, for s > 1 + k, p is still C", and thus H, is
continuous, and is indeed C*°, ag < so — 1 — k. Correspondingly, H,(g) is well-defined.

Since our constructions in Section 2 depended on p only via H,(g), we can repeat them. So
let 7 € C°°(S*X) be a function with

(7.8) 71(q) = 0, Hpij(q) > 0.

Further, let o; € C*(5*X), j = 1,...,2n — 2, with non-zero differentials at ¢ such that
dijand doj,j =1,...,2n — 2, span T3S* X, and such that

(7.9) Hyo;(g) = 0.

Then define w € C*°(5*X) by

Again, |7j| +w'/? is (locally) equivalent to the distance function from g corresponding to any
Riemannian metric on S*X. The main immediate change compared to Section 2 is that, as
H,o is C*°, instead of the Lipschitz type estimate (2.12), one has for & = min(1, ag) > 0,
only

(7.10) IHyo;] < Co(w? +|7])e,
SO
(7.11) IHyw| < Cw'/2(wl/? 4 7).

As in Section 2, we consider a family of symbols, parameterized by constants § € (0, 1),
€ (0,1], 8 € (0,1], of the form

(7.12) a=xo (F_l (26 - ?)) X1 (“55 + 1) ,
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where )
¢:7~7+%W7
xo(t) = 0ift < 0, xo(t) = e tift > 0,x1 € C®(R), x1 > 0, /x1 € C°(R),

supp x1 C [0, +00), supp(l — x1) C (—00,1], and F > 0 will be taken large. The properties
of a completely parallel those discussed in Section 2. First,

q € suppa = ¢(q) < 266 and 7j(q) > —0 — €.

Since € < 1, we deduce that in fact 7 = 7j(¢) > —26. Butw > 0, 50 ¢ = ¢(q) < 266 implies
thatj = ¢ — e 2671w < ¢ < 285 < 26. Hence, w = w(q) = €26(¢ — 1) < 4€252. Since
w vanishes quadratically at g, it is useful to rewrite the estimate as w'/? < 2¢5. Combining
these, we have seen that on supp a,
(7.13) —0—ed <7< 286 and w'/? < 2.
Moreover, on supp a N supp x;,

—§—ed <7< —8and w'/? < 2.
In particular, given any neighborhood U of g, we can thus make a supported in U by choosing
¢ sufficiently small (and keeping ¢, 8 < 1).

Choosing §q € (0, 1) sufficiently small, one has for § € (0, do], € € (0,1], 8 € (0,1],

(7.14) H,i > co > 0 where |7j] < 280, w!/? < 24;.

So Hy¢ > % >0 on suppaifd < dy, €, 8 <1, provided that [Hw| < 2§ there
On the other hand, using (7.13) and (7.11), we see that [H,w| < < €6 provided that
Le2§ > C"(€6)0, ie., that e > C’'6* for some constant C’ independent of ¢, 8. Taking
€ ~ 6°, the size of suppa at 7 = —¢ is roughly w'/? ~ §'*<, which still suffices for the
proof of propagation of singularities in view of @ > 0, as we have localized along a single
direction, namely the direction of H, at 4.

We then take A € ¥*~1/2 formally self-adjoint with principal symbol

- _ s—1/2 .
a=p \/av
let A= A2 e U251 5o

N+ 6
(115 oaa(A)=p*a = xo (£ (28 - 2) ) (TR 4 1)
é €d
We also let ¢, = (1+7p)~1, r € (0,1], and A, a (symmetrized) quantization of ¢,., so A, is
uniformly bounded in ¥°. We let
A, = A AA,, A, = AA,.
We also assume that
(7.16) WF'(A) C 0, O = WF*~1/2(4)°;

note that given O the d-localization of a makes this achievable.
By construction, using Lemma 7.2, the principal symbol of [P, A,] along the conormal
bundle of the diagonal, which is a bounded (in ) family in

§% (Re; T HH/2Hn AR N* (o = 0}),
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is
(7.17) ¢2p>° (Hpa) + ag?p®*((2s — 1) — 2r¢,p)(p~ "Hyp),

and further
Hpa = —b2+e,

where, as in Section 2, we define

(7.18) b= Y26"1/2 /H, \/ 2ﬂ—¢>>\/xl (":65+1)

€ SORE I otk Ry, N*{a! = 0})),

and

(7.19) e=xo (F—l(zﬂ - f)) Hy (xl(ﬁ;‘s + 1))

€ SORg; I >0+ b2HI AR, N*{a! = 0})).

Here we use Lemma 5.12, applied to H,¢, which is bounded away from 0, to see that b lies in
the indicated space; this gives the loss of €; > 0 which one can take as small as convenient,
as we did in the elliptic setting.

In order to deal with the second term on the right hand side of (7.17) as well as another
term in the final estimate we proceed as in (2.13)-(2.14) using xo(t) = t2x4(¢), t € R. Recall
that we arranged that H,¢ > ¢y/2, so we write

Hpd = b1 + 92, Y1 = co/4, P2 > co/4.

For M > 0 a constant to be specified, we let

(7.20)  biy = prby = p b /%6~ 1/Q\ﬁ\/Xo ﬁ_¢)>\/’<1(ﬁ:56+1>’

and
_ s —1/25-1/2 / 1 9 n+o
=p°¢rF 70 cu\/xo <F <2ﬁ 6))\/)(1 (65 +1

e (% - («23 —1) = 2rpé,) (p~ Hpp) + Mz)Fﬂé(%, B ?)2>1/2;

note that by , is C'*° (i.e., does not have a conormal singularity). The expression in the large
parentheses defining c . is bounded below by a positive constant (uniformly in r) for F > 0
sufficiently large as |25 — 9| < 4 on supp a. Then (7.17) gives

(7.22) §20% (Hpa) + ad?p® (25 — 1) — 2rdrp) (p~ ' Hyp) = —M2ad2p® — b3, — b3, + ;.

(7.21)

Now let
Bl,r = BlAr7 B, € IS(N*dlag) =V

By, € [9~ 0+ 1Hk/2Hea (N*(diag N (Y x Y)), N*diag),
E, € 1?7~ 50H1Hk/2(N*(diag N (Y x Y)), N*diag)
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B, uniformly bounded in 1%~ %o+1+k/2+e1 (N*(diag N (Y x Y)), N*diag), E, uniformly
bounded in 125~ %0+1+k/2(N* (diagN (Y x Y)), N*diag) and with the Schwartz kernel of B; .
and E,. having (uniform) wave front set in O x O’, such that the principal symbol of By is b1,
while the principal symbol of B; , corresponding to the conormal bundle of the diagonal
is by, and for E, the same symbol is e,. Here we may assume that the uniform wave front
sets WF(Kp, ) and WF(Kg, ) are in an arbitrary, specified, neighborhood of N*diag (by
applying a microlocal cutoff as needed), so in particular they are disjoint from ox x T* X and
T*X xox,and we could also arrange (by applying a pseudodifferential operator microlocally
the identity near N*diag but with wave front set in O x O’) that the Schwartz kernels
of By ,, E, satisfy
WF(Kp,,), WF(Kg,) C O x O,

where O’ is the usual twisted version of O (sign of the covector switched).

Let Q € U'/2(X) be elliptic with positive principal symbol p'/2, with parametrix
G € U71/2(X), such that GQ = Id+R, R € ¥~°°(X). Then by Proposition 5.8, tak-
ing into account that 2(—sg + 1 + k/2) < —k — 4eg < —1 so there is a full order gain in the
symbolic calculation (if we take €; > 0 sufficiently small),

i[P,A;] = =B} .Bi, — B} By, — M?A,Q*QA, + E, + F,,
where near N*(Y x X) U N*(X x Y), F, is uniformly (in r) in
Jsoti=dimY/2.254n/2( N*(diag N (X x YV)), N*(X x Y))
4 [0t imdimY/22s4n/2(N* (diag N (Y x X)), N*(Y x X)),

as given by (7.7) (since (7.3) has lower orders), while away from N*(Y x X) U N*(X x Y),
F. is uniformly in

25 Lmso+24k/2e (N (diag N (Y x V), N*diag).

We drop the regularization subscript for the next paragraphs to discuss boundedness
properties of Fi.. As in the elliptic setting, we break up F"

F=F +F",
F' e [P~ bmsot24k/24e (N*(diag N (X x Y)), N*diag),
F' g [~ooti=dim¥/22s4n/24e (N*(diag N (X x V), N*(X x Y))
H [ eotlmdmY 225t n/2 06 (N (diag N (Y x X)), N*(Y x X)),

(7.23)

with the wave front set of the Schwartz kernel of F’ in
WF(Kp:) C O x O
note that away from N*diag, elements of
[257Lmsot2Hk/24e (N* (diag N (X x Y)), N*diag)
arein [~ sot1—dimY/2.2s4n/24e (V¥ (diagN (X x Y)), N*(X xY)), so can always be regarded
as part of F”.
The difference between the elliptic setting, where we had (6.8), and here, is that now the

orders of F’ and F" are one order higher on N*(diag N (X x Y)); all other orders are
unchanged. Correspondingly, the H*~¢ — H %% boundedness requirements are exactly
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as in the elliptic setting except that the requirement corresponding to N*(diag N (X x Y))
becomes 2s + 1 — so + k/2 + €1 < 25 — 2¢p — k/2; for sufficiently small e; > 0 this holds
under the assumption 2s + 1 — s + k/2 < 2s — 2¢9 — k/2, which is part of (7.6).

Therefore, for ¢; > 0 sufficiently small, by the same argument as in the elliptic setting
following (6.8), F" is bounded from H*~% to H~5t¢ so (F"'u,u) is bounded. On the other
hand, again as in the elliptic case, F” is bounded from H*~1/2 to H'/2~* by Proposition 5.7,
and has wave front set in O x O’, so u being in H*~'/2 on O, (F'u,u) is bounded by the a
priori assumptions as well.

Returning to the full notation, we conclude that subject to (7.6), (E,u, u) and (F,u, u) are
bounded by the a priori assumptions.

Thus,

(iA,u, Pu) — (iPu, Aju) = (i[P, A, ]u, u)

729 — —Byyul ~ | Byl ~ MAIQAul? + (Bru,u) + (Fru,u),
so we have the following analogue of (2.15):
IBrrull® + [ Barull® + M?|QArull? < 2[(Avu, Pu)| + [(Bru, u)| + [(Fru, u)].
We now use
2|(Ayu, Pu)| < 2/(QA,u, G* A, Pu)| + 2|(RA,u, A, Pu)|
< 1QAul® + |G* A Pul|? + 2|(RA,u, A, Pu),

to control |(A,u, Pu)| above:

(7.25)

IB1rull® + || Bzrull* + M? | QA ull?
< QA + |G* A Pul® + 2/(RA u, A, Pu)| + [(Eyu, u)| + [(Fru, u)|.

Now ||QA,u||? can be absorbed in the M?||QA,u||? term on the left hand side (for M > 1).
Letting r — 0, this gives the conclusion that Bjou € L? for j = 1,2, which allows us to
conclude that WF?(u) is disjoint from the elliptic set of By o, and thus § ¢ WF*(u). O

As in the elliptic case, one can eliminate the background regularity assumption on the
metric tube; here one needs to proceed more directly, shrink the supports of the cutoffs
defining o slightly in each step of the iteration, as is standard, see [9, Section 24.5], last
paragraph of the proof of Proposition 24.5.1, and the end of Section 2. The key point in
starting the iteration is that with s’ = min(s — €9 + 1/2,s) < s,if k + 1 + 2¢g < s¢ and
—k/2 < s then

s'>s—€+1/2>—k/2—€+1/2—(so—k—1—2¢6) > —s0+k/2+ ¢ +1,

so the second inequality in (7.6) holds; all others follow at once from those of s using s’ < s.

PROPOSITION 7.4. — Suppose that k + 1+ 2¢9 < sg and —k/2 < s < sg—eg—1—k/2.
Let oo = min(1, o) € (0,1], ap < so — 1 — k, and let U C X be coordinate chart (identified
with a subset of R™). For any K C X NT X compact there exist g > 0 and Cy > 0 such that
the following holds. If w € H;, _*°, Ou € Hlsozl, 0 € (0,00) and qo € K and if the metric ball

around qo + 0H,(qo) of radius Cod*+ is disjoint from WF? (u) then qo ¢ WF* (u).
The analogous conclusion also holds with go + 6H,(qo) replaced by gy — 6H,(qo).
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8. Propagation of singularities

In order to convert Proposition 7.4 into a propagation of singularities along bicharacteris-
tics statement, we need a more precise analysis of the bicharacteristics. One has the following
lemma, which is just a version of the argument of Melrose and Sjdstrand [14, 15], see also [9,
Chapter XXIV] and [10].

LemMA 8.1 (Version of [9, Lemma 24.3.15]). — Suppose that o € (0,1] and Hy, is in C*.
Suppose that F is a closed subset of ¥ with the property that for every U C X coordinate
chart and for every K C ¥ N THX compact there exists §g > 0 and Cy > 0 such that for
allt € (—00,60) \ {0} and g0 € K N F there exists ¢ = q(t,q0) € F in the metric ball
B(qo+tH,(q0), Colt|*T*) around qo +tH,(qo) of radius Co|t|*+*. Then for every qo € F there
is a bicharacteristic vy : (t_,ty) — F with v(0) = qo and such that -y leaves every compact
subset of F whent — t4.

Proof. — One can follow the proof of [9, Lemma 24.3.15] quite closely, ignoring case (i).
Here we present a slightly different version of the argument, following [10], see also [23, Proof
of Theorem 8.1].

A standard argument based on Zorn’s lemma shows that it suffices to prove the local
assertion that for every o € F' there exists a bicharacteristic v : [—¢,¢] — X, € > 0, with
~(0) = go and such that y(t) € F fort € [—e, €]. Indeed, it suffices to do a one-sided version,
i.e,, that if gg € F' then

there exists a bicharacteristic v : [—¢,0] — X, € > 0,
7(0) = qo, ¥(t) € F, t € [—¢,0],

for the existence of a bicharacteristic on [0, €] can be demonstrated similarly by replacing the
forward propagation estimates by backward ones, and piecing together the two bicharacter-
istics v1 gives one defined on [—e, €] since at 0 they both satisfy £+, (0) = H,(go), so the
curve defined on [—¢, €] is C* with the correct derivative everywhere.

8.1)

Let % be a neighborhood of go with % C T} X so H, is Holder-a in %, and is in particular
bounded; sup ||H,|| < C’. Let % be a smaller neighborhood with closure in % and (with dg
as in Proposition 7.4) € € (0, do) such that for any g € %, ||¢’ — ¢|| < (C’ + Cpe®)e implies
q' € U.Suppose that 0 < § < ¢,q € Uy. Forq e T*X, let

(8.2) D(q,8) = B(q — 6H,(q), Co6'T*) N F.

For each integer N > 1 now we define a sequence of 2 + 1 points gin,0 < j < oN
integer, which will be used to construct points y(—52""¢) on the desired bicharacteristic
7 : [~€,0] — F through go. Namely, let § = 27 Ve, go, v = qo, and choose ¢; 11,5 € D(gjn,9);
such g;j4+1,v exists by assumption. Here one needs to check that ¢; v € % inductively
for 0 < j < 2%, but this follows as

j—1
lgj,n — qoll < Z lgi+1,8 — gl

i=0

<J(C"27Ne+ Cy(27Ne)1H ) < C'e + Cp2~ N el e,

(8.3)
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Let vy : [—¢,0] be the curve defined by yn(t) = g fort = —j27Ne, with v given by the
straight line between successive dyadic points. Thus, by an estimate similar to (8.3), yy is a
uniformly Lipschitz family with

[vwv () — v @) < (C" + Coe®)[t — ¢,

and thus there is a subsequence -y, converging uniformly to some «y; as F is closed, -y takes
values in F'. It remains to check the differentiability of v, and that %fy(t) = Hy,(y(t)). For
this it suffices to show that there is Cy > 0 such that for all relevant ¢ and &,

Y(t+8) € B(y(t) + 6Hy (v (1), Cold]"+),

which follows if we show the analogous statement for vy (with constant C, independent
of N) when t and t + 6 are both dyadic points (so § = —ke2~ is such as well). This is
straightforward to check from the definition of ~y since, with C,, the Holder-a constant
of H, on %, so [|Hy(q) — Hp(¢)I| < Callg — ¢,

Iy (¢ = ke2™) — v (t) + ke2™ Y H, (v (1)) |

E

< (= G+ 1)e2™) =y (t = je27) + 27 Hy (v (t = je27 )|

™

[}

Jj=

N

. f €2~ N|Hy (v (t — je2~N)) = Hy (v ()]

I
o

N
[u

k—1
<> Co(e2™ M) 43 " CueaN (je2 V)

=0

[e]

<.

COt 14+« —N\14+« 004 —N\14+«
< + — 2 < + 2
< (kCy . ak )(e ) < (Co 1 a)(ke ) e,

which gives the desired estimate with Co=Co+ Sraa. O

Applying the lemma with F = WF?(u), Proposition 7.4 implies Theorem 1.4, which we
restate as a corollary:

COROLLARY 8.2. — Suppose that k + 1+ 2eq < sg and —k/2 < s < sg —eg — 1 — k/2.
Then foru € HY, Ou € Hy ', WF*(u) is a union of maximally extended bicharacteristics
in 3.

A corollary of Theorem 1.4 is the following global regularity result:

COROLLARY 8.3. — Ifso > 1+k —k/2<s <s<sg—1—k/2,uc HS , Oue H"

and for each q € X the bicharacteristic through q has a point q' on it which is not in WF*(u),
thenu € Hf .

Proof. — By microlocal elliptic regularity which is valid with this s, WF®(u) C X. Now
let eg = min((sg — k —1)/2,50 —1 — k/2 — s) > 0. Then for s’ < § < s, the hypotheses
of Corollary 8.2, apart from possibly u € H3~_ are satisfied with s replaced by 5 and with
this eg. Thus, taking § = min(s, s’ + €g), all hypotheses are satisfied, so as a point on any
bicharacteristic is not in WF*(u) and thus not in WF*(u), one concludes that WF* (u) = @,
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If § = s, we are done, otherwise we have u € H lsol :r  repeat the argument, with

§ = min(s, s’ + 2¢p); in finite number of steps we conclude that u € H} . O

ie,ue H?

loc*

A further consequence is:

COROLLARY 8.4. — Suppose so > 1+k,0< s < sg—1—k/2 Let 07" f € Hy; 2 (X)
denote the forward solution for Ju = f, ie., for f € Hl;llo’c_w(X) supported int > t,
u = D;lf is supported int > tg.

If f € HE Vs supportedint > to, thenu = 07" f € HY ..

An analogous result holds with D;l replaced by the backward solution operator 1”1 and

t > to replaced by t < tg.

Proof. — First we note f € HS_'(X) implies f € H,;llo’j(X), and thusu = O7'f €
Hé’fozl(X ) C L2(X). Then we merely need to observe that every bicharacteristic reaches
t < to, where u vanishes, thus is in H{ _, so Corollary 8.3 is applicable with s’ = 0 and yields
the conclusion. O
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