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PROPAGATION OF SINGULARITIES AROUND A LAGRANGIAN
SUBMANIFOLD OF RADIAL POINTS

BY NIcK HABER & ANDRAS VASY

ABsTRACT. — In this work we study the wavefront set of a solution u to Pu = f,
where P is a pseudodifferential operator on a manifold with real-valued homogeneous
principal symbol p, when the Hamilton vector field corresponding to p is radial on
a Lagrangian submanifold A contained in the characteristic set of P. The standard
propagation of singularities theorem of Duistermaat-H6rmander gives no information
at A. By adapting the standard positive-commutator estimate proof of this theorem,
we are able to conclude additional regularity at a point ¢ in this radial set, assuming
some regularity around this point. That is, the a priori assumption is either a weaker
regularity assumption at g, or a regularity assumption near but not at q. Earlier results
of Melrose and Vasy give a more global version of such analysis. Given some regular-
ity assumptions around the Lagrangian submanifold, they obtain some regularity at
the Lagrangian submanifold. This paper microlocalizes these results, assuming and
concluding regularity only at a particular point of interest. We then proceed to prove
an analogous result, useful in scattering theory, followed by analogous results in the
context of Lagrangian regularity.
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680 N. HABER & A. VASY

REsSUME (Propagation des singularités prés d’une sous-variété Lagrangienne des points
radiauz)

Dans cet article on étudie le spectre singulier, WF (u), pour les solutions de ’équa-
tion Pu = f, oi P est un operateur pseudo-différentiel sur une variété de la classe
C*, X, avec symbole principal homogéne p, si le champ Hamiltonien de p est radial
sur une sous-variété lagrangienne, A, contenue dans I’ensemble caractéristique de P.
Le théoréme classique de Duistermaat et Hérmander ne fournit aucune information
sur A. Nous adaptons la preuve de ce théoréme utilisant des commutateurs positifs,
et prouvons que la solution posséde d’une régularité additionelle prés d’un point g
si on suppose certaine régularité au fond. C’est & dire, I’hypothése a priori est soit
une hypothése de régularité plus faible a g, soit une hypothése de régularité prés de,
mais pas & q. Les résultats plus anciens de Melrose et Vasy donnent une version plus
globale de cette analyse. Cet article fournit une version microlocale des résultats de
ces auteurs; on suppose et prouve la régularité seulement prés du point d’intérét, g.
Nous prouvons aussi un résultat similaire qui est utile dans la théorie de la diffusion,
et aussi des résultats de la régularité lagrangienne.

1. Introduction

This paper studies the wavefront set of a solution u to Pu = f, where P
is a pseudodifferential operator on a manifold with real-valued homogeneous
principal symbol p, when the Hamilton vector field corresponding to p is radial
on a Lagrangian submanifold contained in the characteristic set of P. Accord-
ing to a theorem of Duistermaat-Hormander, see [3], singularities propagate
along bicharacteristics of this Hamilton vector field. This theorem gives us no
information about the wavefront set when the Hamilton vector field is radial.
Melrose in [13] and Vasy in [16] gave a global analysis of the propagation of sin-
gularities around a Lagrangian submanifold of radial points. By adapting the
standard positive commutator estimate proof of this theorem, we microlocalize
these results. (This had been done in a special case by Vasy in [15].)

After proving such a result, we proceed to prove an analogous result, use-
ful in scattering theory, in particular in resolvent estimates. Analogous to the
standard propagation of singularities, microlocal Sobolev bounds on u, which
are uniform in 7 € [0,1] or (0, 1] propagate forward along bicharacteristics, as-
suming uniform Sobolev bounds for (P — iT)u, where now P is of order 0 (see,
for instance, [13]). We prove a corresponding statement around a Lagrangian
submanifold of radial points, generalizing to solutions of P — iQ,, with P, Q-
of equal order (not necessarily 0), with suitable boundedness and positivity
assumptions on ). This is again a microlocal result which generalizes a global
result given in [13].
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PROPAGATION AROUND A LAGRANGIAN SUBMANIFOLD OF RADIAL POINTS 681

Lastly, we prove analogs in the context of Lagrangian regularity, essentially
replacing “u is microlocally H*(X)” with “u is microlocally a Lagrangian dis-
tribution”. This follows the analyses of Hassell, Melrose and Vasy in [5] and [6].

It should be emphasized that these results are completely local. That is, in
order to conclude regularity for u at a point ¢ in this Lagrangian submanifold,
we need only have regularity for f in an arbitrarily small neighborhood of q.
At times we also need regularity assumptions on u around the bicharacteristics
approaching the smallest conic subset containing the R -orbit containing g,
and at other times we also need a priori regularity assumptions on u-—it is
important to note that these requirements are again local around ¢. Thus we do
not, for instance, require regularity assumptions around the whole Lagrangian
submanifold.

Under the nondegeneracy assumption dp # 0, the largest-dimensional sub-
space on which a Hamilton vector field can be radial is a Lagrangian subman-
ifold. This occurs naturally in many applications, including geometric scatter-
ing theory. Indeed, these results generalize a series of results in [13|. For the
treatment of the opposite extreme, that is, that of an isolated radial point,
see for instance the paper of Guillemin and Schaeffer [4], as well as the above
mentioned papers of Hassell, Melrose and Vasy [5, 6]. The works of Herbst and
Skibsted [7, 8] also study cases of this last scenario, while Bony, Fujiié, Ramond
and Zerzeri in [1] study a semiclassical version of this last scenario.

In Section 1.1, we introduce basic microlocal terminology. We then state
the standard (principal-type) propagation of singularities theorems and discuss
radial points in Section 1.2. In Section 1.3, we discuss the cosphere bundle as
a quotient of the cotangent bundle (excluding the zero section). As it is at
times easier to discuss dynamics on the cosphere bundle than it is on the
cotangent bundle, we regard certain conic sets, such as wavefront sets, to be
subsets of the cosphere bundle. We then state the main theorems of the paper in
Section 1.4, leaving out the more technical statements of Theorems 6.3 and 6.4
and instead giving Theorem 1.7, a simplified version. In Section 1.5, we sketch
the proofs of these theorems. The theorems contain ‘threshold’ values (sg, s1)
that have explicit values which are complicated to state in generality but can
be refined considerably under additional assumptions. We thus delay discussing
these values until Section 1.5.1. We then proceed to prove Theorem 1.5 in
Sections 2, 3, and 4. Theorem 1.4 follows as a special case. In Section 2, we
analyze the Hamiltonian dynamics around the radial points. In Section 3, we
give the positive commutator proof of Theorem 1.5, assuming the existence of
certain operators. In Section 4, we construct these operators. In Section 5, we
adapt these constructions for Theorem 1.6. In Section 6, we review the notion
from [5] of iterative regularity, in the context of Lagrangian regularity, state
and prove Theorems 6.3 and 6.4.
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682 N. HABER & A. VASY

In proving these theorems we make arguments which are intended to be
adaptable to other situations. In particular, it may be possible to find a more
explicit normal form for the Hamilton vector field around a Lagrangian sub-
manifold of radial points, with Lemmas 2.1 and 2.2 as easy consequences. These
lemmas are, however, closer to the bare minimum needed to prove the main
theorems, and thus indicate how the proofs might be adapted in cases where
such a normal form cannot be found. As remarked after Lemmas 3.2 and 3.3,
we can assume that certain error terms (F;) are smoothing, which is stronger
than the lemma statements. This is, however, not needed for the proof of The-
orem 1.5, and requires a bit more work. An analogous error term improvement
is needed in the proof of Theorem 1.6, and we prove this in Section 5.2.

Acknowledgements. — The authors would like to thank the anonymous referee
for the many comments, which led to a significantly improved manuscript.

1.1. Basic Setup. — We recall several definitions so as to fix notation. Analysis
will take place on X, an n-dimensional manifold without boundary. Given P €
P™(X), the mth order pseudodifferential operators on X, we let

om(P) € S™(T*X)/S™ 1 (T*X)

denote the principal symbol of P, where S™(T*X) is the set of m-th order
Kohn-Nirenberg symbols on 7% X.

Let o be the 0-section of T*X . Denote by p: T*X \ o xRy — T*X \ o the
natural dilation of the fibers of T*X \ o: given v € T X, v # 0, u((z,v),t) =
(z,tv). We call a subset of T*X \ o conic if y acts on it. We call a function f
on T*X \ o homogeneous of order m if

()" )2, 0) = " f(x, v)
and a vector field V on T*X \ o homogeneous of order m if
(1)) V (2, 0) = ™V (2, v).

At times we will assume that P € ¥™(X) has a homogeneous (of order m)
principal symbol p (i.e., a homogeneous representative for o,,(P) - note that,
if this exists, it is unique), defined on T*X \ o. Given such a p, real-valued, we
let H, be the associated Hamilton vector field on T*X \ o. Note that then H,
is homogeneous of order m — 1.

Given P € ¥™(X), let ¥(P) C T*X \ o denote the characteristic set of P,
and let Ell(P) C T*X \ o be the complement. Note that if we assume that P
has a homogeneous principal symbol p, (P) = p~*(0). Given u € 9'(X), we
let

WF*(u) = N 2(A)

A€¥s (u),AueL? (X)

loc
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PROPAGATION AROUND A LAGRANGIAN SUBMANIFOLD OF RADIAL POINTS 683

be the Sobolev wavefront sets of u. That is, ¢ ¢ WF?®(u) if there exists an
A € U*(X), elliptic at ¢, with Au € L} (X).

Given A € ¥™(X), let WF'(A) be the microsupport of A, that is ¢ ¢
WF'(A) if there exists a B € ¥9(X) with ¢ € Ell(B) and BA € ¥~ If
At € LOO([O, 1]t,\11m), then

q ¢ WF'(4)

if there exists such a B with ¢ € El(B) and BA; € L*([0,1], T~>°(X)).
Similarly, given a € S™(T*X), we let the essential support of a be denoted
by esssup(a) CT*X \ o, that is,

q ¢ esssup(a)

if there is a conic open neighborhood of ¢ on which a satisfies order —oo bounds.
Given a; € L*([0,1]¢, S™(T* X)), let

q¢ esSSUP 1,0 ([0,1]) (at)

if there is a conic open neighborhood of g on which a; satisfies order —oco bounds
independent of ¢.

If u = (ur)rep,1y € L([0,1], 7' (X)), then say that

q¢ WFsLoo([o,u)(U)

if there exists an A € ¥¥(X) with ¢ € Ell(4) and Au, € L>([0,1],, L (X));
with the obvious modification if u = (u;),¢(0,1]- We can relax the requirement
of a fixed A, making it 7-dependent, as follows. Given A, € L*°([0,1],, ¥*(X))
with choice of principal symbol a, € L* (][0, 1], S*(T* X)), then in local coordi-
nates (z, &), we say that

A

(#,&) € Ellgeojo,1) (Ar)

if, in a conic neighborhood U C T*X \ o of ¢, |ar(z, &) > C(E)
for sufficiently large £, with C' and U independent of 7. We then have
q & WF 7 ((o,1)) () if there is such an A; with g € Ellpe~ (1)) (A7)

Note that all the sets defined in the preceding paragraphs are conic subsets
of T*X \ o. Shortly, we shall regard them as subsets of the cosphere bundle -
more on those in Section 1.3.

1.2. Standard Propagation of Singularities. — We now recall a standard result
([3])- As is customary, we refer to the integral curves of H), as bicharacteristics.
We do not limit ourselves to bicharacteristics within ¥(P) when using this
term; we will specify inclusion in ¥(P) in theorem statements.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



684 N. HABER & A. VASY

THEOREM 1.1 (Duistermaat-Hormander, [3, Theorem 6.1.1])
Suppose P € U™ (X) with real-valued homogeneous principal symbol p. Then
given u € 9'(X),
WEF*(u) \ WF*~"(Pu)
is a union of mazimally extended bicharacteristics in L(P) \ WF*™™%1(Puy).

O

We now recall an analogous result, useful in scattering theory. Statements
similar to this can be found in many places (see, for instance, [13]). The semi-
classical version of this is proved in [2] (Lemma 5.1), and the proof carries over
without difficulty.

THEOREM 1.2 (Datchev-Vasy, [2, Lemma 5.1]). — Given P € ¥™(X),Q =
(Qr)refo,1) € L=([0,1], ¥™(X)), and u, € L=([0,1],, D'(X)) such that
— P has real-valued homogeneous principal symbol p,
— Qr has real-valued (choice of) principal symbol g, > 0,
— P —14Q, is elliptic for 7 > 0 (so in particular we can choose g > 0
forT>0),

then
WFiw([O,l])(uT) \ WFi_oor?[_&ll])((P - iQr)ur)
is a union of mazximally backward-extended bicharacteristics in

E(P)\ WFz;T?[_&ll])((P —iQ-)ur).

Note that, while regularity propagates both forward and backward along
bicharacteristics in Theorem 1.1, regularity only propagates forward along
bicharacteristics in Theorem 1.2.

DEFINITION 1.3. — We call the vector field f(-) — <|,—of(u(-,t)) the radial
vector field. We say that Hj, is radial at a point ¢ € X(P) if H, is a scalar
multiple of the radial vector field at ¢, and we then call g a radial point of H,,.

Equivalently, if we choose local canonical coordinates (z,¢) for 7% X, then
H, is radial at ¢ if it is a scalar multiple of £-0; at g. Note then that Theorem 1.1
and Theorem 1.2 say nothing at radial points: if ¢ is a radial point, then H,
is also radial along ¢’s orbit under y (by the homogeneity of H,). Thus the
bicharacteristic going through ¢ is a conic set. As WF*(u) \ WF*~""!(Puy) is
conic, the theorem says nothing here.

It is worth pointing out that if the order m of P is nonzero, then this as-
sumption that ¢ € X(P) is automatically fulfilled. Indeed, as p is homogeneous
of degree m,
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PROPAGATION AROUND A LAGRANGIAN SUBMANIFOLD OF RADIAL POINTS 685

whereas Jg,p = 0 for all ¢ at a radial point.

It turns out, however, that we can conclude more about the regularity of u
at the R -orbit of a radial point ¢, depending on the dynamics of H, around
the orbit of g. We restrict our attention to the case where H,, is radial on a
Lagrangian submanifold A of 7*X \ o. As mentioned in the introduction, this
is the largest submanifold on which P is radial, assuming H,, does not vanish
here. To see this, note that the identity #x w = 0 implies that w vanishes on
a submanifold for which H, is radial and non-vanishing. That is, all manifolds
for which a Hamilton vector field is radial and non-vanishing are isotropic.

Before stating the results, we make some further definitions (some slightly
nonstandard) to avoid making statements in terms of the R, orbit of a point
or bicharacteristics approaching such an orbit.

1.3. The cosphere bundle picture. — Let
k:T*X \No— (T"X \ 0)/Ry =S5*X

be the quotient map identifying the orbits of u. We identify (7% X \ o)/R, with
S* X, the cosphere bundle of X. Given ¢ € S* X, let U be a conic neighborhood
of k~1(q) with ¢ : U — R, homogeneous of degree 1 and non-vanishing. On U,
we can then define the vector field W, = (*~™H,,. This is then homogeneous
of degree 0, so it pushes forward to a vector field on k(U) C S*X (which we
will at times also call W,,). Note then that H,, is radial at x~*(g) if and only if
k« Wy vanishes at g.

It is of course possible to have such a ( globally defined on T*X \ o (we
can, for instance, let { be the norm on the cotangent fibers induced by the
choice of a Riemannian metric), and thus taking a globally well-defined W,
and g € §*X, let

Fy={zeS*X\ ¢ |tll>Igo exp(tk.Wy)(z) = q or tlirgo exp(—tr.Wp)(z) = ¢}.

As we will see below, in our setting, the Lagrangian submanifold of radial
points is a submanifold of either sources or sinks; hence, only one of the two
limits is needed in the above definition. Note that while W, depends on the
choice of (, the integral curves do not (different choices of ¢ correspond to
different parameterizations of these integral curves). In particular, if we define
¢ only locally, then the integral curves of the locally-defined W, agree with the
globally-defined ones.

If U has a coordinate chart ¢ = ¢g x ( : U — Vy x R4 where ¢¢ is homo-
geneous of order 0 (and ¢ homogeneous of order 1), then 9, is radial. If we
set Uy = k(U), then ¢ induces a coordinate chart ¢ : Uy — Vp determined

by g o k = ¢g.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



686 N. HABER & A. VASY

Since WF*(u), WF'(A), Ell(A), esssup(a) and their L>°([0, 1])-counterparts
are conic subsets, it is natural to regard these as subsets of the cosphere bundle,
and from here on we elect to do so:

WF*(u), WF'(A),Ell(A),esssup(a) C S*X.

We set, for P € ¥™(X), f)(P) = k(X(P)), and fixing a Lagrangian submanifold
Aof T*X, L = k(A).

Assuming H, is radial on a conic Lagrangian submanifold A C T*X, W,
vanishes on L. If we assume further that dp # 0 on A, then L is either a sink
or a source for W, . In fact, if we look at the linearization of W, |, at a point
q € L, it has two eigenvalues: a nonzero )¢ corresponding to the conormal
bundle of L, and 0. We will see this quite explicitly in Section 2.1; for a more
general discussion on why this must be true, see, for instance, [6, Section 2|.

1.3.1. The compactified cotangent bundle picture. — This section is optional
and is included in order to give a nice picture of the classical (H,) dynamics
involved. In further sections we will work in the cotangent bundle and the co-
sphere bundle, and use this for supplementary commentary. We denote by T°X
the (fibre-) compactified cotangent bundle of X. See [13] for an introduction to
this, and in particular a proof that it is globally well-defined; here we simply
state the essential properties of it and give a local coordinate chart.

T" X is a disk bundle over X , constructed by compactifying each fiber of T* X
to a (closed) disk. There is an inclusion j : T*X < T X, and the boundary
OT" X can be identified with the cosphere bundle S*X. Given g € §* X, along
with conic open neighborhood U = k~1(Up) C T*X \ o of k~1(g) and coordi-
nate chart ¢ as above, we can give a coordinate chart ¢ : U — U x [0,1], for
an open neighborhood U C T" X of ¢ as follows. Given w € U, let p(j(w)) =

((bo(w),%(w)), and for w € S*X, let p(w) = (¢o(k™*(w)),0). We have a
boundary-defining function = defined by x = % on the interior and z = 0

on the boundary.

Again taking the vector field W, = ¢('*~™H, defined on U, W, extends
uniquely (see [13]) to a vector field on U, which we will also denote by W,. W,
is tangent to the boundary 9T X, i.e., W, € V»(U) (the Lie algebra of vector
fields tangent to the boundary). W,|s-x then agrees with x.W), as defined in
Section 1.3.

As noted at the end of Section 1.3, L is either a sink or a source for Wp|s. As
we will see in Section 2.1, more is true: L is in fact a sink or a source for Wp|s,
where ¥ = XU C T X. The linearization of this has the same eigenvalue \g
corresponding to any boundary defining function. Our proofs of the following
theorems depend on the behavior of W, near L not just in the cosphere bundle
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but also in the interior of T~ X , and that L is a source or sink in this sense will
be very important.

1.4. Statement of Theorems. — First, we state a simple version, valid, for in-
stance, when P € ¥} (X). Here we choose a density on X in order to define
P*; however sy in the statement below does not depend on this choice. See
Section 1.5.1 for more on this independence. In particular, the homogeneous
requirement on o, (25 ") does not depend on the choice of density.

THEOREM 1.4. — Given P € U™ (X) with a real-valued homogeneous princi-
pal symbol p such that Hy, is radial (and non-vanishing) on a conic Lagrangian
submanifold A C X(P), with the additional assumption that am_l(PEiP*) has
homogeneous representative, then given q € k(A), there exist so € R such that

— For s < sg, if there is an open neighborhood Uy C S*X of q disjoint from
WEF*™ ™ (Pu) and from Ty N WF*(u), then ¢ ¢ WF*(u).

— For every s > s1 > so, ¢ ¢ WF*'(u) implies ¢ ¢ WF°(u) \
WEF*~ ™+ (Puy).

Next, we state a more general version, taking away the assumption

pP—pP*
)

on o,—1(

THEOREM 1.5. — Given P € V™ (X) with a real-valued homogeneous princi-
pal symbol p such that H, is radial (and non-vanishing) on a conic Lagrangian
submanifold A C X(P), then given q € k(A), there exist sg,s1 € R such that

— For s < sq, if there is an open neighborhood Uy C S*X of q disjoint from
WEF*~™ % (Pu) and from T'y N WF*(u), then ¢ ¢ WF*(u).
- If s > s1,then g ¢ WF*' (u) implies ¢ ¢ WF*(u) \ WF*~™"(Puy).

We next state a theorem useful in scattering theory. As noted above, L is
either a submanifold of sinks or a submanifold of sources for W,,. As a technical
assumption, we take as given a choice of density on X. This is needed for the
positive-semidefinite assumption below; as discussed below, some more effort
should allow this to be removed.

THEOREM 1.6. — Given P € ¥™(X),Q = (Q7)rep0,1) € L>=([0,1],,¥™(X)),
and
u, € L([0,1],, D'(X)) such that
— P has a real-valued homogeneous principal symbol p such that H, is radial
(and non-vanishing) on a conic Lagrangian submanifold A C X(P),
- @ is positive-semidefinite for T > 0, and
- P —iQ; is elliptic for T > 0,
then for g € k(A), there exist sg,s1 € R such that
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688 N. HABER & A. VASY

— if k(A) is a sink for Wp|s-x, then for s < s, the existence of an open
neighborhood Uy C S*X of q disjoint from

and from
Fq N WFSL‘X’([O,I]) (UT)

implies ¢ & WE7 o (0,17 (ur)-
— if k(A) is a source for Wy|g«x, then for s > s,

4 ¢ WF o0 (0,1 (ur) \ WETZ00 ) (P = Q7 )ur).

The value of sy for Theorem 1.6 is the same as in Theorem 1.5, and s; can
be taken to be the lower bound on what s; can be in Theorem 1.5.

REMARK. — Note that, unlike the statements of Theorems 1.4 and 1.5, the
analogous assumption ¢ € WF7% (u,) is not required for the s > s; statement.
Implicit in this statement is that such regularity is assured by the assumption
q ¢ WFE;’&S:}])((P — iQ;)u,) for any s > s;1. Also, note that the lack of
symmetry in the statement with respect to sources and sinks is due to the
arbitrary choice of sign P —iQ, with Q. positive. If we had instead chosen the

sign P + i@, the source/sink condition would switch.

It is worth noting that we can relax the assumption that @, is positive-
semidefinite for 7 > 0. If we have a choice of ¢,,,(Q) that is positive for 7 > 0,
then we would like to be able to apply a sharp Garding inequality @, > Q.
for Q. of lower order. If we can make @’ independent of 7, or at least give it
some uniform control in 7, then @’ can then be absorbed in P, and the net
effect would be a shift in sg and s;. We elect not to pursue such a uniform
sharp Garding inequality in this paper, as it is besides the central point. It is
easier to relax this positive-semidefinite assumption in special circumstances,
though. If, for instance, Q, = 7@ with a choice of ¢,,,(Q) positive, then we
may simply apply sharp Garding or a related construction and again absorb a
term into P.

For all three theorems, sg and s; are determined entirely by crm_l(P ;lP )

and dp around x~1(q). We give explicit formulas for them in Section 1.5.1, but
it is helpful to motivate their formulas in the following sketch.

As mentioned above, two more theorems are contained in Section 6. We post-
pone their statements, as the results require further definitions, and state a sim-
plified version here. We denote by I (S)(X ,A) the L2-based space of Lagrangian
distributions of order s associated to A. That is, we say that u € I(*)(X, A)
if Aj...Apu € H* for all A; € U1(X) with A C X(4;), 1 < i < k, for all k.
Note that this differs slightly from the standard (Besov space based) definition
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of Lagrangian distributions (see [9, 12]) due to the different spaces relative to
which regularity is measured, but one has the containments:

I 3)(X,\) C I*(X,A) c I~ 179(X A),
for all € > 0. Here n is the dimension of X.

THEOREM 1.7. — Given P € U™ (X) with real-valued homogeneous principal
symbol p such that H, is radial (and non-vanishing) on a conic Lagrangian
submanifold A C X(P), then given q € k(A) and sg, s1 as in Theorem 1.5, we
have the following.

— For s < sq, if there is an A € ¥O(X) elliptic at q such that APu €
IG=m+) (X A) and WF(Au) C A, then for all B € ¥°(X) with WF'(B)
contained in a sufficiently small neigborhood of q, Bu € 1) (X, A).

— For s > s; + 1, if there is an A € V(X)) elliptic at q such that
APy € TG+ (X A) and WF*' (Au) = @, then for all B € ¥°(X)
with WF'(B) contained in a sufficiently small neigborhood of gq,
Bu € I®(X,A).

As mentioned in Section 6, we believe that the restriction s > s; + 1 is
artificial, and other methods could improve this to s > s.

1.5. Sketch of Proofs. — In this section, we sketch the proofs that follow. This
should help motivate the theorem statements, as well as help the reader to
separate the essential details of the proofs from the technical details which
can be arranged more easily. In the proofs of these statements, we adapt the
positive commutator argument that is now standard in microlocal analysis (see,
for instance, [10], Proposition 3.5.1).

In particular, in order to prove Theorem 1.5, we would like to construct
families of pseudodifferential operators A, G+, Ga, Et, F; so that

1
Z(AtP - P*Ay) =x(Gi,+G3,) + E: + F,
where all are of acceptably low order when ¢ > 0 (we can take order —oo when
s < 8g, but when s > s1, we must stay at or above this threshold). That way,
we can make sense of the following pairing with u for ¢t > 0:

1 * * *

5@7 (AeP — P*A)u) = (u, (£(G7 ;G1t + G3,Ga ) + By + Fy)u)

Im((Agu, Pu)) = £(|G1eull® + |Go,eul®) + (u, Bew) + (u, Fru)

We have implicitly chosen (in writing these inner products and P*) a density
for X-—as we will argue later, it does not matter which. As t — 0, we would like

Go,; to approach an operator of order s, elliptic at the point ¢ € L which we
would like to prove is not in WF?(u). This is accomplished if we can bound the
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left hand side of the above equation, as well as (u, Fru) and (u, Fru). We bound
the left hand side by requiring that A; not only have the correct order but also
microsupport contained in some open neighborhood Uy C S*X on which we
assume that Pu has regularity. We bound the F; term by requiring that F;
have microsupport contained in some neighborhood where we can assume u
has regularity. Lastly, we bound the F} term by requiring that F} has order
2s —1, and work by induction, assuming that Uy AWF*~2 (u) = @. Notice that
|G1,+ul|* gets bounded for free here, since it is of the same sign as |G ul|?.
Its inclusion is simply meant to make the operator constructions easier.

We construct these operators by quantizing real-valued symbols at, g1,¢, g2+,
e; so that

*

1
§Hpat+0‘m71( a, = i(g%,t+gg,t)+et'

To do that, we further assume that U has a coordinate chart ¢ = ¢g x ( : U —
Vo x Ry as in Section 1.3. In order to localize to U, we take

ar = (x(60))?(pe(¢))*.

Here x : Vo — R is a cutoff function localizing to U, and p; gives us the correct
order properties (so for ¢t = 0, it is the correct power of ¢, and for ¢t > 0, of
suitably lower order in (). Taking a; to be a square fixes its sign; as argued in
the sketch of Theorem 1.6, there is a better reason for making this a square.

Define
A=—Hy.
This is a symbol, homogeneous of degree m — 1, defined on U. Under the
assumption that dp # 0 on A (and hence that H, # 0 on A), we may assume,
possibly after shrinking U, that A is elliptic on U. The thresholds sg,s; are
chosen precisely so that when s < sg,

(1) (60?500 + o (F5 )00

2

and A are of the same sign, and when s > s1, they are of opposite sign. Note that
pt(€) = p:(¢, s) depends on our choice of s. Shortly, we give explicit formulas
for these, (1.2) for the s < sq case, and (1.3) for the s > s; case. For both cases,
we need only have this condition satisfied for ¢ sufficiently large (as we only
need to determine our operators up to order —c0), and we may also shrink U.
We develop explicit formulae in Section 1.5.1.

Note that since H,, is radial at ¢, H,(x(¢0)?) must vanish at g, so the

XG0 Hy(pu()?)
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term must be what contributes to g%t. This also explains the inclusion of

Um—1(7p 2Z.P )at
in the definitions of sg and s; above. As we assume no control over this term, we
must dominate it by %Hpat. In the positive commutator proof of Theorem 1.1,
we can dominate this term with p? H,(x(¢0)?), but here, this is not an option,
and we must rely on the growth rate of p; to dominate this term.

As we shall see in Section 2.1, £, Wp|ps(= k«(¢*"™H,)|s,) is a sink or source
depending on whether X is negative or positive (see also Section 2.1.1, for what
is perhaps a clearer picture). Thus in the s < s case, the sign of (1.1) does
not match with the sign of p,H,(x o ¢g) everywhere. We must then have the
regularity assumption on u in some deleted neighborhood of ¢. As we will show
below in Section 2.2, this amounts to assuming regularity on bicharacteristics
which approach g, as stated in Theorem 1.5. When s > s1, the signs of these two
terms can be made to match everywhere on the characteristic set, and we no
longer need this assumption. In regularizing, however, we cannot pass through
this threshold s; as ¢ — 0, as the sign would switch, taking away any hope
of getting the desired bound. Thus we need an a priori regularity assumption
q ¢ WF?®'(u), and we regularize from that level. This a priori assumption also
allows us to have the inductive assumption UNWF*~ 2 (u) = @, as we can start
the induction at s = s; + % (if the expected conclusion is to be stronger than
this), but as we shall see below in Section 5.2, this is for convenience rather
than necessity, as we can actually take Fy € U™°(X).

We use a similar argument in the proof of Theorem 1.6. One key difference is
that, by assumption, P — i@, is elliptic for 7 > 0, so elliptic regularity implies
some regularity for u, for 7 > 0. In a sense, this regularizes for us, and we
can use our limiting, ¢ = 0, operators (hence in what follows we take away the
subscripts and write, for instance, A for Ag). This allows us to take away the
a priori assumption ¢ ¢ WF?! (u). In taking away this a priori regularity, we
can no longer have the inductive assumption U AWF*~2 (u) = @ (which would
control the (u, Fou) term), as we cannot start our induction at s = s; — 3.
As mentioned above, though, with greater care in symbol construction, we can
actually take F' € W~°° so this is not a real issue.

Another key difference is that, as we have regularity on (P—iQ, )u, we modify
the argument to involve the “commutator” % (A(P —iQ,) — (P* +iQ,)A) (note
that since @, is positive semidefinite, we assume Q* = @, ). This gives us an
extra term:

1

5 (AP = Q) = (P +iQ0)A) = (AP — P*A) = _ (AQ + Q. A)
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We must be careful with this extra term: for 7 > 0, it is one order higher than
we would like G5 to be, so the only way to control it is to ensure that it is,
up to two orders lower, of the same sign as £(G? + G3) (i.e., have them both
positive semidefinite or negative semidefinite). We chose, arbitrarily, A to have
nonnegative principal symbol, but in order to get another order of control, we
take (as this is easy to arrange) A = B% with B* = B. We can then construct
operators so that:

1 : )
5; (B*(P —iQ7) — (P +iQ;)B?) = +(G1 + G3) — BQ-B+ E+ F-.

BQ,B is a positive semidefinite operator, so we must ensure that the &+ above
is a —. As a result, the s < sy argument works only when A < 0, and the s > s;
argument works only when A > 0; hence the sink/source assumptions in the

statement of Theorem 1.6.

In order so that we do not need to construct A; for the proof of Theorem 1.5
and then go back and construct B so that Ay = B2 for the proof of Theorem 1.6,
we simply work with By, the quantization of by, throughout.

1.5.1. Ezxplicit formulas for sg,s1. — Here we give explicit formulas for the
thresholds sy and s;, using the coordinates and definitions of Section 1.5. At
the end of the section, we argue that the formulas are independent of choices

made. In the formulas below, we choose any representative for o, (5~ )
Pp

and write it simply as o, —1( ). In the homogeneous case of Theorem 1.4,

the homogeneous choice is umque

We start by determining the values for Theorem 1.5. As noted in the above
sketch, we choose sy so that (1.1) remains the same sign as A on U, for all

€ [0,1], and we choose s; so that (1.1) has sign opposite to that of A. This
does not depend on the form of p;, but only on its order of growth in (. A quick
calculation verifies that at a point w € U, the critical order is the following:

P—pP*
Om—1 2 )C
@

fw) =

That is, at a point w € U, (1.1) is the same sign as A if and only if Z—i(((w)) <
%(w)7 and of the opposite sign as that of X if and only if Z—% > %(w)

As noted in Section 3, we need By to have order 25—%“ in both the s < sg
case and the s > s; case. We then define sg so that on the support of the
symbols, s < f + mT_l We may, of course, make the supports as small as we
like, so long as g2, is nonzero on k~1(q), and further, as the values of the
symbols are irrelevant for ¢ < (y(in the sense that order —co error terms are
irrelevant), we only need this to hold for { > {, > 0. It is thus optimal to
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choose (and so we take as definition)

< m — 1)
1mn .
U} CUp with geU},¢o>0 \{weU|x(w)€Uq,¢(w)>Co}

If we assume that o, (% glp *) has homogeneous representative, then this

simplifies. With that choice for o, 1 (£ ;ZP ) in the definition of f, f is homo-

geneous of degree 0, so we may consider it a function on S*X, and take

so= s flwy+ "=

m—1
so= f(q) + -
To be concrete, we note that in the s < sy case, we take
2s—m+1
(1.2) pe(C) = ¢ 2 X(¢0),

where X € C°(R) is identically 1 in a neighborhood of 0. The reader may
explicitly verify that the above choice of sy works.

In the s > s; case, we must regularize so that g, ; has, for ¢ > 0, order s;
because of the assumed a priori regularity ¢ ¢ WF®!(u). For ¢ > 0 we must then
have b; of order 251_27"“'1 Thus we must have s; > f+ mTfl on the supports of
the symbols. As above, we may shrink the supports of the symbols, and further
this only need be valid for ¢ > ¢y > 0. It is thus optimal to choose (and so for
Theorem 1.5 we take as the defining requirement) any s; such that

-1
(Thm 1.5) s > inf < sup fw) + m>.
U§CU0,q€U§,60>0 \ {weU|r(w)el},¢ (w)>Co} 2

P—P*
21

If we assume that oy, —1(
again simplifies:

) has homogeneous representative, then this

51>f(Q)+mT_1

where since f is then homogeneous of degree 0, we take it to be a function
on S*X. Hence, as in the statement of Theorem 1.4, we may choose any s; > sg.
To be concrete, we note that when s > s1, we take

2s—m+1

(1.3) pe(Q) =C 2 (1 40)" "

The reader may again explicitly verify that any such above choice of s; works.

In order to prove Theorem 1.6, we do not need to regularize, and we simply
take the operators and symbols with ¢ = 0. Thus the value of sq is the same in
this case, and we can take s; to realize the lower bound for s; in Theorem 1.6:

m—1
(Thm 1.6) s = inf < sup fw) + )
U§CU0,9€U3,60>0 \ {wel | r(w) €Uy, ¢ (w)>Co} 2
In the case where 0,,_1 (P%Z.P*) has a homogeneous choice, we can take sg = s7.
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The above determined values of sy and s; may appear to depend on the
choices of ¢, representative of om_l(Pgif*) (when o1 (£5F ") is not assumed
to have a homogeneous choice), and density on X (which determines P*). The
values are (as one should hope) independent of such choices.

— If we instead chose any other (; : U — Ry, homogeneous of degree 1,
then we would have {; = g(¢o)¢ for some g : Vo — R;. As X\ depends
on ¢, we would define a different

AL = _HpCI
= —CHpg(¢0) — 9(¢po)HpC
= —CHpg(¢o) + g(do)A

As H,, is radial along s~ !(g), the first term vanishes on x~!(g), so it does
not contribute in the formulas. Further, the g(¢o) factors cancel in the
fraction. Thus our formulas are independent of choice of .

— That our choice of representative for am,l(P%f*) does not affect the
values of sg and s; is clearer: the choice is determined up to one order
lower, which does not contribute in the limit {; — oo.

— If we chose a different density, then the adjoint operator to P would be
of the form f~'P*f, where P* is the adjoint from the original density
choice, and f € C(X). We have f~'P*f = P*+ f~![P*, f]. Since H, is
radial at K~ 1(q), Hyf = 0, s0 0,1 (f~1[P*, f]) vanishes at £~1(g). This
difference does not contribute in the formulas for sy and s;.

2. Classical Dynamics

In order to prove Theorem 1.5, we first must have some understanding of
the symplectic geometry. First, we choose some convenient coordinates, then
as a consequence we derive a geometric lemma useful for the s < sy case. From
now on, we fix P as in Theorem 1.5, and set

% =%(P).

2.1. Choice of coordinates. — Let Joy = {f € C®(XENU)| fla = 0}, the
ideal of smooth functions on ¥ NU which vanish on A, where U is a conic open
subset of T*X \ o. Using the facts that H), is radial on A and that A is conic,
we have

H,:Irv— Iru

and thus, as would be a consequence with any such vector field,
2 2
Hp:I\u— v
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so we have the induced
H,:C*(ENU)/Iy — C®(ENU)/ Iy

Our goal in this section is to choose coordinates which correspond to eigenvec-
tors of this map, for a particular choice of U. We assume that P € ¥™(X) is
as in the statement of Theorem 1.5.

LEMMA 2.1. — There ezists a conic open neighborhood U C T*X \ o of k™ 1(q)
with coordinate chart

¢:U—V CRy xR xR X Ry ¢
such that k7 1(q) = {no = 0,a = B =0}, ANU = {n = 0, = 0}, and

YNU = {no = 0}, with ¢ is homogeneous of degree 1 and no, e, 3 homogeneous
of degree 0 (with respect to the Ry action p); in addition,

A
(21) L*Hpai € ZO@' + jin
(2.2) VHyBi € I3y

(2.3) Hy¢( = -\

with A € S™(U) elliptic, where v : X(P)NU — U is the inclusion map.

REMARK. — If U’ is any other conic open neighborhood of k~1(g), then UNU’
also has such a coordinate chart, i.e., we can always shrink U, so long as it still
contains £~ !(q), and it will still have the desired coordinate chart. This will be
useful as we prove Theorem 1.5.

Proof. — We start off by choosing U, an open conic neighborhood of k~1(g),
so that it has a canonical coordinate chart ¢ : U — V' C R? x R?, such that

e(ANU)=V'NnN*{z, =0} \oand k (q) ={z=0,&4 = ... = &1 =
0,¢, > 0}, where N*Y is the conormal bundle of Y C X, so in this case
ANU=U'"n{z, =0, =...=¢&,-1 = 0}. This choice can be made: see, for

instance, [11], Theorem 21.2.8. We shrink U so that &, > 0 on U.
Define an intermediate coordinate chart

¢r1: V' >V CRITN xR, x Ry~ x Re

by
yl:.Z'“Z<'I’L
z =z,
9i:§i<n
&n
¢=¢&n,
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S0 ¥, z, 0 are homogeneous of degree 0, and ({ is homogeneous of degree 1.
In what follows we sometimes write p for po ¢! o qﬁl_l, and similarly for
other functions, in order to make formulas less cluttered. We have

1
¢)1*8§i = Z

0;
$1.0¢, =0 — ) Zae,-

(1 1)*d&; = (db; + 0;d¢
(p7")*d€, = d¢

(991.,Z'<n

and thus

n—1

1
¢1*<P*Hp = anaz + C(Z(gzazp -0 ,p)ael + 30117(3 i 918Z)> —(8217)6(

If we let w be the standard symplectic form on T*R", we have

i=1

n—1
(e logr ") w=dzAdC+ Y dy; A (Cdb; + 0;dQ).
i=1
Noting that ¢1(¢(A)) = {z = 0,0 = 0}, p|a = 0 implies that 9,,p = dcp =0
on ¢1(¢(A)). In order that H, be radial on A, we must have that Jg,p = 0
on ¢1(¢(A)) as well. In order for nondegeneracy dp # 0 to hold, we must have
9.p # 0 on A. After potentially shrinking U further (and so also shrinking V'
and V"), there is, by the implicit function theorem, an

f{y,0,0)| Iz with (y,2,0,() e V'} - R

such that
p(91 (4, £(4.0,),6,0)) = 0

and f(0,0,1) = 0. As p is homogeneous, we have d.f = 0, and using the
above conditions on p at A, we have 0y, f = 0p,f = 0 on ¢1(p(A)), for all
i, so in particular f(y,0,¢) = 0. As this implies that 09,0, f = 0,,0,,f = 0,
f(y,0,¢) € Ji,U (considered a function on XNU because y, §, ¢ are coordinates
for ¥ NU). Thus we have the following:

P 910,50 € Ja

L@ 9100, € InU

We choose a; = ¢*0; and 19 = ﬁ.

choose S;(y,0) with d,,8; = ;5 on A and

To finish the lemma, it suffices to

o oy | Y 0;0.p 8,58+ 09,0 0,,8: | € IAu

J
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This is easy to accomplish: we can, for instance, let

6= " = L, £(0.0),0)

. . do,p .
where we above omit dependence on (, since 69 ’If is homogeneous of degree
z

0. Lastly, in order to assure that A = ¢*¢7(9,p) is elliptic, we may need to
shrink U. L]

2.1.1. The compactified cotangent bundle picture, continued. — This section
is optional and meant to give a nice picture of the dynamics involved. Let ¥ =
SUSCT*XUS*X =T X,and A =AUL CT X. Then given coordinates
as in Lemma 2.1, we define z, a boundary defining function defined on U =
UUk(U) C T X, as in Section 1.3.1: & = % on U, and z = 0 on the boundary
k(U). Further, 79, a, and (3 extend to U , and together with = give a coordinate
chart for U. W, = 2™ 1H, extends to a vector field on U, tangent to the
boundary (that is, W, € ¥,(07)), and for this section we take W, to be this
extension.

The eigenvalue Ay mentioned in Sections 1.3 and 1.3.1 is the value of ™A\
at ¢ (note that C% is homogeneous of order 0, so it extends to U ), so here we
define g = ™\ € C®(U). If we set Jxo=1f € C®(ENU)| f| =0} and
Is: ST X inclusion, then

sWpai € Moo + j%,(}
W, B € S5 5
Wpx = Aox.

In particular, the linearization of W, |ss at ¢ has two eigenvalues, Ag(g) (of mul-
tiplicity n) and 0 (of multiplicity n — 1). Thus we see the sink/source behavior
at L.

2.2. Geometric Lemma. — We now state and prove a lemma which takes the
regularity assumed on u in the s < so case in the statement of Theorem 1.5,
and gives us regularity in an open subset of S* X. This essentially depends on
the fact that the flow lines of k. W, are well-behaved close to L. As before, we
take 3 = k(X). We take P as in the statement of Theorem 1.5, and @, as in
the statement of Theorem 1.6. Recall that, by definition, I'; does not contain q.

LEMMA 2.2. — Given an open neighborhood W C ¥ of I'yNUy for some open
neighborhood Uy C S*X of q, there is an open neighborhood W' C by of q
such that W' \ L C {exp(tk.Wp)w | w € W,t > 0} if L is a sink for k. W,
(respectively, t < 0 if L is a source for K, W, ).
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>

-

P

FIGURE 1. ¥, in the case where L is a sink, using the coordinates z, a, .

Proof. — We first shrink Uy so that Uy = x(U) with U as in Lemma 2.1. Using
the coordinates given by Lemma 2.1, we have a coordinate chart
P:UgNE — Ve CRE X RE

Here

i (ks Wp)gy = Zj Aa, B) (i + wi(a, B))da, + i(a, B)p,

where w;,r; € Ji’UO (where we define, analogously, .y, = {f € C®(X N
Uo) | fl = 0}). To analyze this, we introduce a blow up of L N Uy with
blowdown map
B:[UsN3UNL —UyNE.

This can easily be described in terms of coordinates: [Uoﬁf]; UpNL)] is diffeomor-
phic to a neighborhood of {r = 0,3 =0} in R, , x S7=2 x Rg_l. In these coor-
dinates and the coordinates (a, ) for $NUy, B is the map (r,w,B) — (rw,B).
We then have r as a boundary defining function for B=!(L).

%+ Wyp|s, then lifts uniquely to a vector field on [Uy N%; Uy N L], and in these
coordinates, it is of the form

(A(T7wa ﬁ)?" + w(r,w, /B))ar + ’LUZ'(T', w, ﬂ)awl + 7”7;(7“,&), ﬂ)aﬁl
where w, w;,r; € Ji. This is of the form

TVJ_
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ag...0n 1

%
|
— L
s/ =
|
»Q' = ~
5

FI1GURE 2. The blow up construction

Flow lines of V| B7HI) > {0} B7Y(L) x {1}

||
i

IRV,
()
S

||
I

[Up n S;Up N L] B~Y(L) x [0,1]
FiGure 3. The map v

where V| is transverse to B~*(L). The lifts of the integral curves of £, W)|s
are the same as the flow lines of V| away from B~!(L), so to prove the lemma
we may simply study the latter.
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As is standard ODEs (see, for instance, Chapter 1 of [14]), the flow of V|
gives a diffeomorphism

0:W" CUyn%;UyN L] — B~YL) x [0,1]

which extends the ‘identity’ B~'(L) — B~1(L) x {0} (and W" is an open
neighborhood of B~1(L)).

The set W in the assumption of the lemma gives an open set U’ C B~}(L)
of B~1(q) such that

U x {1} C p(B~1(W)).
Note that by the compactness of B~1(q), U’ contains B~1(V) for some neigh-

borhood of ¢ in L. Hence B(¢~!(U’ x [0,1))) contains an open neighborhood
W’ C ¥ of q as desired. O

COROLLARY 2.3. — If WF*(u) N Uy N Ty = @ for some open neighborhood
Up C S*X of ¢ with WF*™™ " (Pu) N Uy = @, then WF*(u)N (W' \ L) = @
for some open neighborhood W' C X of q.

Proof. — Since WF*(u) is a closed set, Uy \ WF?(u) is such a W as in the
statement of Lemma 2.2. The result then follows from Lemma 2.2 and Theo-
rem 1.1. O

COROLLARY 2.4. — If L is a sink for k. W}, and WF 1o ([0,1)) (u-)NUgNTy = @
for some open neighborhood Uy C S*X of q with WFZ;’?[%'}”)((P —iQ)urs) N
Uo = @, then WF (0,1 (ur) N (W' \ L) = @ for some open neighborhood

W' ¥ ofq.

Proof. — This follows in the same way as the above corollary, this time apply-
ing Lemma 2.2 and Theorem 1.2. O

3. Commutator Argument

In this section, we introduce the operators which we will construct in Sec-
tion 4, and then assuming their construction, prove Theorem 1.5. First, we
need a general lemma regarding families of pseudodifferential operators. This
will help when regularizing.

LEMMA 3.1. — If Ay € L*=([0,1]¢, ¥"(X)) for any r € R, with Ay — Ao in
the topology of W™9(X) for some § > 0, then A; — Ag in the strong operator
topology of operators H*(X) — H*~"(X), for all s € R, for any density choice
for X.
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Proof — If v € H*t%(X), then given the continuity assumption A; — Ag
and the fact that the standard map ¥"+%(X) — L(HT(X), H* "(X)) is
continuous, we have that A;v — Agv in the topology of H*~". The assumption
Ay € L*>([0,1];, ¥"(X)) implies that, if v € H*(X), then A,u is bounded
in H57"(X). As H**°(X) is dense in H*(X), Aju — Agu in H*""(X). O

3.1. s < sg case

LEMMA 3.2. — Given an open neighborhood Uy C S*X of q, there exist
00 2s—m+41
B = (Bi)teo,) € L=([0,1];, ¥~ =2 (X)),

G1.t)tel0,1]>

Gat)icfo,1) € L([0, 1], ¥°(X)),
E)epo,1) € L2([0,1]¢, ¥**(X)),
Fiepo) € L2([0,1];, T 7H(X)),
Hi)icpo) € L([0, 1], ¥°~ (X)),
J)eeo,) € L([0,1],, ¥**7™(X)),

KAmHTJij
I

= (
= (
(
(
= (
= (

such that
B2p — P*B?
% =sgn(A)(G1 ,G1¢ + G3,Ga) + By + Fy
Btz == GQ,th + Jt
and

1. all operators are in W=>°(X) fort > 0,

2. By, Gj; are continuous in the topologies of ¥
spectively, for all § > 0,

all operators have WF’LOO([O,”) contained in Uy,
WF e o1y (Bt) N L = &,

B} = B; (assuming a choice of density for X ),
qc EH(GZQ)

25— m+1

(X)), UsH9(X), re-

S o W

REMARK. — More is true: we can actually take Fi, J; € L°°([0,1];, T—°).
This is not needed in this proof of Theorem 1.5, but we prove an analogue in
Section 5.2 which carries over.

For now, we assume this lemma and proceed to prove the s < sy case of
Theorem 1.5.

Proof of s < sg case of Theorem 1.5. — We may assume, by shrinking U, if
necessary, the following:
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_ WFS_%(u) NUy =@, as q ¢ WFS,(u) for some s’ and we can inductively

improve regularity by %, each time making Uy smaller.
- WF(u) NN (Up \ L) =@, by Corollary 2.3
- WE ™ (Pu)N Uy = &

As in the sketch of the proof, we begin by choosing a density for X, which
gives us distributional pairings. In order to avoid some complications with
pairings, we if necessary modify the constructed operators to have compactly
supported Schwartz kernels. For ¢t > 0, the following pairings are well-defined,

and equality holds:

1
2w (BfP — P*B})u) = sgn(\)((u, G} ;G1 ¢u) + (u, G5 ;G2 4u))
+ (u, Eyu) + (u, Fyu).

We have (u, G ,u) = ||G; ;ul|*, and on the left-hand side,

1
|5<u,B§P — P*BZu) (u, B?Pu) — (B2 Pu,u))|
1

F -

-(¢
(u, B2 Pu)|
Im((u, G2 1 Hi Pu) + (u, JyPu))|
(
(
Im(

Im((Ga,su, Hi Pu) + (u, JyPu))|
Im(u, JyPu)| + ||Go,cu| || H Pul|

IA

IN

m(u, J; Pu)| + f||G2 wul|? + —C||HtPu||2
for any ¢ > 0, which we choose to be < 2. We then have

c 1
1G1all> + (1 = DIGzeul® < 5| HePull? + [m(u, JiPu)
+ Ku, Evu)| + [(u, Fyu)l

By the assumed regularity of Pu, |H;Pu| and (u, JiPu) remain bounded as
t — 0. Since WFpw (o 1)) (Et) N WF*(u) = & (away from 33, too, by elliptic
regularity), (u, Eyu) remains bounded as ¢ — 0. Lastly, by assumption on the
regularity of w in xK(U), {u, Fyu) remains bounded. Thus G; yu and G2 tu remain
bounded in L?(X). By Banach-Alaoglu, G5 ;u has a weakly convergent sequence
Ga24,u in L?(X). On the other hand, by the continuity assumption on Ga .,
G21u — Gjou in the sense of distributions. Thus Ga1,u — G2 u in L?(X),

so Gaou € L?(X). Thus Ell(G2) N WF*(u) = &, so ¢ ¢ WF*(u).
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3.2. s > s case
LEMMA 3.3. — Given an open neighborhood Uy C S*X of q, there exist
2s—m+1

2 (X)),

B = (Bt)tejo,1) € L=([0,1];, ¥
G = (Gl t)te[o 1]»

= (Ga,t)tepo,1) € L([0, 1], ¥ (X)),
= (Bi)ieo) € L=([0, 1]s, ¥ (X)),
(Fo)ieon) € L([0, 1], ¥*7H(X)),
(H; )te 0,1 € L ([0, 1], ¥*~ m+1(X))
= (Jt)tepo,1) € L([0, 1], U(X),

kmﬁbﬁ
I

such that
B2P — P*B? . .
% = —sgn(N)(G1,G1t + G3,Ga) + By + Fy
Bt2 = GQ’th + Jt
with
1. fort >0, B,V (X),G,t € U5 (X),E; € U21(X),
F, € 22 -1(X), H, € U™+ ], € U20-m(X),
2. By, Gj; are continuous in the topologies of \II%H(X), U9 (X), re-
spectively, for all § > 0,
. all operators have WF'Loo([Oyl]) contained in Uy,
. WFI w([O,l])(Et) ﬁ 2 == @,
B} = B; (assuming a choice of density for X ),
. q€ EHS(G270).

2s] —m+1
2

o Ut W

REMARK. — As with Lemma 3.2, we can actually take

F;, Je € L*°([0, 1], T™°(X)).

As above, we assume this lemma is true and proceed to prove the rest of
Theorem 1.5.

Proof of s > s1 case of Theorem 1.5, — We may assume, by shrinking Uj if
necessary, the following:
- WFSf%(u) NUy = @, as ¢ ¢ WF®'(u), and we can inductively improve
regularity by %, each time making Uy smaller.
- WF(u)NUp =@
- W™ (Pu)NUy = @
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As before, we choose a density for X, which gives us distributional pairings,
and again we may take the constructed operators to have compactly supported
Schwartz kernels. For ¢ > 0, the following pairings are well-defined (here we
use WF*! (u) N Uy = @), and equality holds:
1 . . .
Z<uv (B1€2P - P B?)”) = Sgn()‘)«ua Gl,tGl,tu> + <U, G2,tG27tu>)
+ <u7 Etu> + <ua Ftu>a

To deal with the left-hand side, we need a lemma:

LEMMA 3.4. — Fort >0,
(u,(B?P — P*B?)u) = (u, B:Pu) — (B?Pu,u).

Proof. — It is tempting to simply conclude this immediately, but note that it
is not clear just by the regularity assumptions that (u, P* B?u) is well-defined.
This was not a problem in the s < s¢ setting because there B; € ¥~°(X)
for t > 0, but now the order is higher. Thus to prove this, we regularize again.
This is a fairly standard argument, but since there are several details that
need to be verified in order to be sure that it works in this instance, we write
the argument out in some detail. Let Ay € L*(]0,1]y, ¥°(X)) be such that
Ay € U=°(X) for t >0, and Ay — Id as ' — 0 in ¥(X) for § > 0.
Fixing ¢ > 0, then for ¢’ > 0, we have
(u, Ay (BZP — P*B2)u) = (u, Ay B2 Pu) — (u, P*BZ Apu)
+ <u7 [P*vaAt’]u>
= (u, Ay BPu) — (Ay B2 Pu, u)

+ (u, [P*B}, Ap]u).

Note that, as ¢ — 0, [P*B2, Ay] — 0 in ¥21+°(X) for § > 0.

Let A’ € U9(X) be such that WF'(A’) C Uy and WF'(Id —A") N WF'(B;) =

&. Then
(u, Ay BEPu) = (A'u, Ay B?A' Pu) + (u, (Id —A™*) Ay B2 A' Pu)
+ (u, Ay B2 (1d —A") Pu).
Since we have not assumed any regularity for u outside Uy, we include two copies
of A’ in the above, so that Sobolev pairing is well-defined. We have B? A’ Pu €
H*=21(X) C¢ H ' (X), (Id—A")AyB2A’P € L*>([0,1]y,¥~°°(X)), and
ApB2(Id —A")P € L*([0,1]y, ¥=°°(X)). Thus, we can apply Lemma 3.1, and
obtain
(u, Ay B Pu) — (u, B? Pu)
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as t' — 0. Handling the other terms similarly, we have

(u, Ay (B{P — P*Bf)u) — (u, (B} P — P*B})u),

(A B2Pu,u) — (B?Pu,u)
(u,[P*B2, Ay]u) — 0
as t' — 0. This proves the lemma. O
Finishing the proof of Theorem 1.5, we have, as in the s < sg case,
(B, Pu)| < [T, JoPu)| + & |G ull + o[ H Pl
for any ¢ > 0, which we again take to be < 2. We then have, for ¢ > 0,
Gl + (1= DGl < o[ HPull> + [m{u, J,Pus)
+ [{u, Eyu)| + [{u, Fiu)|

All terms on the right side remain bounded as ¢ — 0 (the only difference
from the s < so case is that WFw (g 1)) (Er) N 3 = @, so (u, Eyu) remains
bounded simply by elliptic regularity). As in the s < sy case, we conclude that
Gaou € L*(X), so ¢ ¢ WF?(u). O

4. Construction of Operators

Here we prove Lemmas 3.2 and 3.3. To do this, we construct symbols sup-
ported in U = k=1 (Up), and quantize these. For this section, we do not need
to be too careful about our choice of quantization. We require that our quan-
tization ¢ satisfies

WF’Lw([O’l])(q(at)) = esSSUP 00 [0,1](at),
where a; € L*°([0,1],57(X)). We also require that if a € S™(T*X) is real-
valued, g(a) — q(a)* € ¥"~1(X). These are both easy to accomplish: the stan-
dard left and Weyl quantizations in R™ satisfy this, and we can simply patch
either of these together.

Before proving these lemmas, we aim to give a heuristic for why these sym-
bols are as they are, building on the discussion of Section 1.5. To simplify this
discussion, we assume that P € U!1(X), i.e., m = 1, and that we can choose a
density on X so that oo(P— P*) is identically 0 (this implies that sy = 0, for in-
stance). In constructing the symbol b; of the commutant B;, we must have that
bg is elliptic of order s in order to run the commutator argument which proves
that u has regularity of order s. In addition, b; must microlocalize around the
point ¢ of interest. For simplicity, we assume that

by = xpt(s)

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



706 N. HABER & A. VASY

where x is a cutoff of order 0 and pi(s) is the weight of order s, not nec-
essarily microlocalized. We would like to construct this so that H,b7 has a
term which is of definite sign around ¢, plus an error term, which we must
control with assumptions. The first essential difference between commutator
arguments around radial points and principal-type commutator arguments is
that, at the radial points, the only term contributing to Hp,b? is 2b,xH,p:,
whereas the other term 2b;p;H,x vanishes when H,, is radial. In other words,
at radial points, the only contribution to a definite sign from the commutant is
its growth in (. Thus, the definite sign is determined by whether p; has posi-
tive order or negative order. Given that, in the compactified cotangent picture,
Lagrangian submanifolds of radial points are always sinks or always sources,
then, when p; is of positive order, 2b;x H,p; and 2b;p, H,x can be made to have
signs which agree, and when p; is of negative order, these cannot have the same
sign everywhere.

Thus, in the low regularity case, we define b; to localize with a cutoff such
that, when these signs do not agree, we have the assumed regularity on the
flow lines I';. The symbols g; and g, are then defined to collect the terms
of %Hpbt2 which are globally of the same sign as H,b? is at q, whereas the term
e collects the part of opposite sign. We add the further wrinkle that b7 = g ;h,
so as to accomodate that extra part of the commutator argument involving the
operator H, but this is not difficult to set up.

In the high regularity case, H,b? can then be made to have definite sign on
the whole characteristic set, provided that p; never has negative order. This is
where the s;-regularity requirement for u is used, as we must regularize starting
(with ¢t > 0) at this positive order. We then choose g; and gs to collect the
terms of %Hpbt2 which agree in sign with it at ¢, and e collects the opposite
sign terms, supported off the characteristic set.

In switching back to the general m case, this simply provides a shift in what
order b; must be to prove that u has s-regularity. This thus shifts the values
of sp and s;. Removing the assumption that o,,—1(P — P*) vanishes, we see
another way in which commutator arguments are essentially different at radial
points than in the principal-type setting. In the principal-type setting, we can
always choose the cutoff for the commutant so that it rises or falls quickly
enough to dominate the o,,—1(P — P*). In the radial setting, the derivative of
the cutoff x vanishes at ¢, and the only thing which can dominate this term is
2b.xHpps. This thus gives an extra shift in sg and s;.
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4.1. Proof of Lemma 3.2. — It suffices to produce symbols

b= (b)iepo,n) € L([0,1),, 875 (17 X)),
g1 = (91,t)tef0,1]), 92 = (92,t)tef0,1] € L=([0, 1]¢, S*(T™ X)),
= (et)ee1) € L=([0, 14, $2(T* X)),
= (ht)icpo.n) € L([0, 1], S~ FHT* X)),
such that
SHB + om (P52 = sgn(N) (g + gB.) + e
b? = go,thy
with:

1. all symbols of order —oo for ¢ > 0,

2. b;, g5+ are continuous in the topologies of S
respectively, for all § > 0,

supp(b: ), supp(es),supp(g;..) C £~ (Uo),
esssup e ([o0,17)(et) VA = &,

all symbols real-valued,

q € Ell(g2,4).

Indeed, let B; = M, Gj+ = q(9jt), Er = q(e:) and H; = g(ht). Then
025(B*P — P*B? —sgn(\)(G; ,G1,0 + G5 ;G21) — E;) = 0, so the error F is as
desired. Further, we have

25— m+1+5(

T*X) and S°F9,

S Gt W

B} = HiGoy + J;
for some J; as desired.

To construct b;, we first assume (by shrinking U := k~1(Up) if neces-
sary) that U has a coordinate chart ¢ as in Lemma 2.1. We choose functions
X0; X1, X2 € C°°(U) homogeneous of degree 0, and p; € L*([0,1];, Szyzimﬂ(X))7
so that xox1x2 functions as the cutoff x(¢g) did in Section 1.5, and p; is the
weight with desired order properties. As in Section 1.5.1, we let x € C°(R)
be identically 1 in a neighborhood of 0. Then let p, = gz“’ #2(t¢). As in
our definition of sg, choose an open neighborhood Uj C Uy of ¢, along with
Co € R4, so that

pP—- P

ptHppt + Um—l(T)p?

remains the same sign as A inside k=1 (U{) N ¢~1(({p,0)). As this is only true
for ¢ > (o, we need to include an additional cutoff (this also serves to make
homogeneous symbols smooth up to the zero-section of T7*X) 4 : U — R such
that p is identically 0 for { < {p and identically 1 for ¢ > (o + 1. We then let

by = p(¢)xox1X2P¢
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N2 = T L N2 = T m = T
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FIGURE 4. Values of 71,712 on b3}

inside U and identically 0 outside U. This will have the desired properties if:

sgn(A)x1Hpx1 is real-valued and smooth,
k(supp(xox1Xz)) is a compact subset of U].
- supp(xox1Hpx2) NA =@, and
- suppx1x2Hpxo N X = &,

To construct xo, X1, and X, let 71,72 : U — R be defined by n1 = |8|*> +
Clal?, n2 = |a|?, with C < 0 to be chosen. Recall that we define 7y = CL’" a
coordinate of ¢ in Lemma 2.1. Let x € C*°(R) so that

-x=0,

- x=1forte (—o0,¢),

- x(@t)=0for¢t>T,

- X' <0,

- V=xx' € C*(R),
with T to be chosen, and 0 < € < T arbitrary.

To choose C, T appropriately, note that, by Lemma 2.1,

A
Hym = QCZ|01|2 +2Cr +s,

where r, s are homogeneous of order m — 1 in ¢, and (*s € JXU,L*T € JiyU,
where as before we let ¢ : ¥NU < U be inclusion. Choose C' so that C’%|Oz|2 +s
is of the opposite sign as A on X N U. Then choose T' > 0 sufficiently small so
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that Hy,m; is of the opposite sign as A on supp(x(71)X(n2)X(n3)), whose image
under & is a compact subset of Uj. We then let

X0 = )2(7]8)7
X1 = >~<(771)a
x2 = X(n2)-

We then define

= p({)xaxzpe/sgn(A) xoHpXo

P —
g2t = P(¢)XoX1X2 \/Sgn(A)(PthPt + om—1( )Pt)

er = p°xox3x1 Hpx1 + A xoxixaHpxa + X3X1x2ptppr
in U, and extend these to all of X as identically 0 outside of U. Note that
the above choices of C,T, and € ensure that g;; and g2: are smooth and
real-valued, and that g € Ell(gs,0). The above choices also ensure the desired
essential support for e;, and we have
1
inb? + abf = sgn(/\)(git + g%,t) + €.
Lastly, we can set
b2 ,02
hy = —— = pxaxaXs : —
V3N (0 Hypr + 01 (E525)p7)

92t
inside U, and identically 0 outside of U. The symbols thus have the desired
properties. O]

4.2. Proof of Lemma 3.3. — It suffices to produce symbols
b= (b¢)ieo,1] € L>([0,1];, S
g1 = (g1 t)te[o 1]
= (92,t)tef0,1) € L=([0,1]¢, S*(T™ X)),
= (et)reo,1) € L®([0, 1], S**(T* X)),
= (h)iepo,) € L=([0, 1], S*~™FH (T X))

25— m+1

(T"X)),

such that
P - p*
21

1
*Hpbf + Um—l(

9 )b? = —Sgn()\)(git + gg,t) +et

b? = go,thy
up to order —oo, with:
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251 —m+1

1. fort >0,b € S~ 2z (T%X),gj+ € S*(T*X),e; € S?1(T*X), and
hy € S5 Y T*X),

2. bs and g;,; are continuous in the topologies of S el (T*X) and

S5+0(T* X), respectively, for all § > 0,

all symbols are supported in k=1 (Up),

esssup(e;) NS = @,

all symbols real-valued,

qc Ell(gg’o).

S o w

We then quantize as in Section 4.1. To construct b, we again assume (by
shrinking U = s~ !(Up) if necessary) that U has a coordinate chart ¢ as in
Lemma 2.1. We choose functions xo,x1 € C*°(V) homogeneous of degree 0,

and
2s—m+1

pt € LOO([()) 1]153‘5’ 2 (X))

to serve similar roles as in Section 4.1. As in Section 1.5.1, we let p; =
5257?“ (1 +t¢)°*~°. As in our definition of s, choose an open neighborhood

Uy C Uy of g, along with ¢y € Ry, so that

P - P*
2

)p;

pthpt + Um—l(

remains the opposite sign of X inside x=1(UJ) N ¢~1(({p,0)). We then take
p:U — R to be as in Section 4.1. We then let

by = pXoX1pt
inside U and identically 0 outside U. This will have the desired properties if:

— +/—sgn(A)x1Hpx1 is real-valued and smooth.

- k(supp(xo0x1)) is a compact subset of U.
— suppx1Hpxo N¥X = J.

To construct xo and x1, let 1 : U — R be as before, but this time we will
take C' > 0. Let x € C*°(R) be as before, with T" to be chosen. We again have
A2
Hym = 202|a| +2Cr+s
with 7, s homogeneous of order m — 1 in ¢, and t*s € ﬂi’U,L*T € Ji,U (as
before ¢ : ¥NU — U is inclusion). Choose C > 0 so that C’%|oz|2 + s has the
same sign as A on ¥ N U. Then choose T" > 0 sufficiently small so that H,n;

has the same sign as A on supp(¥(71)X(n3), whose image under & is a compact
subset of Uj. We then set, as in Section 4.1, xo = X(n2) and x1 = X(m1).
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We then let

91,6 = Pxoy/ —sgn(A)x1 Hpxa

P — pP*
21

got = ﬁXlXO\/_Sgn()‘)(Pthpt + om—1( )0%)

et = p°X1P{XoHpXo
in U, and extend these to all of X as identically 0 outside U. Note that the
above choices of C, T, and € ensure that ensure that g; ; and g ; are real-valued
and smooth, and that g € Ell(g20). The above choices also ensure the desired
essential support for e;, and we have

1
inth + abf = —sgn()\)(git + gg,t) +et

up to order —oo. We leave out xgx?p?pH,p for convenience in adapting this to
the proof of Theorem 1.6.
Lastly, we can set

b2 ) 2
he = —= = pxox1 b —
g2 V=sen N (peHypr + 01 (B5E7))
on U and identically 0 outside of U. The symbols thus have the desired prop-
erties. O

5. Proof of Theorem 1.6

In the previous proofs, we constructed an operator B; such that %(BfP -
P*B?) had some desired properties. The fact that we actually have a squared
operator in that expression did not come into play much, and in fact was not
needed. Here, however, the extra arrangement shall pay off.

5.1. Sink Case. — Using the operator definitions as in Section 4.1, let B = By,
G; =Gjo, E=Ey, M = My, F = Fy, and N = Ny. Then for all 7 € [0, 1], we
have
1 1 1
5i (B (P —iQr) = (P" +iQr)BY) = :(B°P = P'B%) = 5 (BQr +Q BY)
i i
= sgn(A)(G1G1 + G3G2) — BQ,B
1
+E+F+ 5[[33627]73]
=-G1G1 —G3;G2 —BQ.,B+E+F

+5(B,Q.], B
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where we used the fact that since ¢ is a sink, A < 0. We can assume (by
induction) that WFLOO (0, 1])(uT) N Uy = @. This time we further choose Uy to

be disjoint from WF () (P —iQ,)us) and (WF} o1y (u5) \ L)N3. The

latter can be arranged by Corollary 2.4. For 7 > 0, we pair with u. as before:

%@T, (BX(P —iQ.) — (P* +iQ.)BY)ur) = — (ur, GLGrus) — (ur, G3Gauy)
- <uTaBQTBuT> <UT7EUT>

+ (ur, (F + 3 [[B Q-], Bl)ur).

Note that for 7 > 0, these are all well-defined: since P — iQ, is elliptic
for 7 > 0, by elliptic regularity, V N WF*™!(u,) = @. Hence

(ur, Giur) = ||Gjur||?,

and

(ur, BQrBur) = (Bur, Q- Bus)
are well-defined. By the regularity assumption on w.,

WEFL (0,17 (ur) "WF'(E) = &,
so (u,, Eu,) is well-defined and remains bounded as 7 — 0. By our inductive
assumption WFi;%([O’l])(uT) NV = @, along with the fact that F,[[B,Q.],B] €
P2s-1(X),

(ur, (F + 5 [[B Q-] B])u-)

is well-defined and remains bounded as 7 — 0. Further, for 7 > 0,

%@‘ﬂ (BQ(P —iQ7) — (P* +1iQ))u,) = Im((u.,_,B2(P —iQr)ur))

is well-defined, and as before, we have
|Im<u‘r> Bz(P - ZQT)U‘T>|
, c 1 ,
< [Im{ur, N(P —iQr)ur)| + §||G2u‘r||2 + %HM(P - ZQT)UTHQ

for any ¢ > 0. By the regularity assumptions on u, and (P — iQ;)u,, both
[Tm(u,, N(P —iQ,)u,)| and || M (P — iQ,)u,|* remain bounded as 7 — 0.

C
1G ur *+(1 = D)lIGaur |* + (Bur, Q- Bu)
‘ 1 .
< |Im<uT7N(P - 1QT)UT>| + %I'M(P - ZQT)UTHQ + |<U,-,—, EU’T>|

+l{ur, (F + 5 (1B, @], Bus)|
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Since @, is positive semidefinite, (Bu,,@Q,Bu,) > 0, so since all terms on
the right hand side remain bounded, all terms on the left hand side remain
bounded, and the proof proceeds as in earlier cases. O

5.2. Source Case. — As we assume no a priori regularity on u, (as we as-
sumed g ¢ WF?! (u) in the previous theorem, for instance) the argument car-
ries over to this theorem only after some extra preparation. Specifically, we
can no longer work by induction, improving regularity by % at each step. Since
ur € L°([0,1], 2’ (X)), we only have that u, € L>°([0,1], H~N (X)) for some
N, but if we were to run the commutator argument and attempt to get regu-
larity — N + %, the sign of the G5 term would oppose the sign of BQ, B, and so
we cannot control the sum of these terms. Thus we will instead be more careful
with our operator construction and ensure that F,J € U~>°(X). As we are
controlling errors which vary in 7, we should expect that more of our operators
depend on 7. Below, G2, H, F and J become 7-dependent operators. While we
are making things more precise, we might as well construct G; and G to be
self-adjoint along with B.

We will construct operators so that we have

5 (BY(P—iQr) — (P* +iQ.)B%) = ~sen(\)(G3 + G3,,) ~ BQ,B+ B+ F,

=-Gi-G5,-BQ.B+E+F,
B?*=H.Gy, + J;

with

2s— m+

- Bev (X) with B* = B,
- G, G\I/s( )Wlth GT:GI,
- Gy = (GQ’T)TE[OJ] S L°°([0, 1]T,‘I’S(X)) with ¢ € EllLoo[071](G277—) with

G; =Gy,
- F€ \I’2S(X) with WFI(E) NY =g, and
- F € L>([0,1]-, ¥7>(X)).
= J=(Jr)repa € L ([0,1]7, ¥=*°(X)), and
- H: (H )76[01 ([ y 17, WsT m+1(X))

We want similar supports as before: all operators have WF’ (in the case of oper-
ators varying in 7, WFILOO([OJ])) contained in Uy, chosen so that WF 1,0 [,1]) (P~
lQ-,—) NUy =9
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Assuming this, the argument proceeds as usual: we obtain
c
||G1’LL7—||2+(1 - §)||G21TUT||2 + <Bu7'a QTBUT>

) 1 )
< Mm(ur, J- (P — iQr)ur)| + %”HT(P —iQr)ur||?
+ [ur, Bur)| + [(ur, Fruz)|.

Since J., Fr € L*™([0,1],, T—°(X)), (ur, J(P —iQ)u,) and {u,, Fu,) remain
bounded as 7 — 0. By the regularity assumption on (P — iQ)u,, ||[H(P —
1Q;)u,|| remains bounded as well. The proof proceeds as in the previous proofs,
and we obtain G,u, € L*°([0,1], L>(X)). Thus q ¢ WE} 0.1 (ur)-

Now we must construct these operators. As we need extra control, we must
be more careful in specifying our quantization map q. Essentially, since we are
working in a coordinate neighborhood, it suffices to use the standard Weyl
quantization (we could use another quantization, but we want some operators
to be self-adjoint, and this makes that easier) in that neighborhood, and the
corresponding full symbol map. To be more precise, let 7 : T*X — X be
projection to the base. By shrinking U, we may assume that there is an open
U% C X of m(U) and canonical coordinate chart ¢ : U' = 7= (U%) —» V' C
R x RE. Let ¢x : Ux — 7(V’) be the corresponding map for the base.
Let g € C°(X,R) be identically 1 in «(U) and supported inside = (U’). We
define a quantization

q:5(U) = ¥"(X)

as follows, where S7 (U) is the space of symbols on X whose support is contained
in U. Given a € S§(U) and v € C*°(X), define

a(a)v = g (aw (™) a) (¥x")" (9v)),

extended as identically 0 outside of U’ (implicitly in the formula, we extend
(")*(gv) as 0 outside Uk, and we extend (¢)~!)*a as 0 outside of U’). Further,
we have a full symbol map

o: V(X)) — ST(RQ;RQ),

defined as follows. Given A € U"(X), we may associate with it with an element
of ¥"(RZ) by v — (¢¥x~1)*(gA(g¥%v)), extending as identically 0 outside
of Uk . We then use the standard Weyl full symbol map on this operator.
This quantization and corresponding symbol map have the following proper-
ties. First, given A € U"(X), 0,(A)|v has as a representative o(A)|y. Second,

Y*ooogq is the identity on ST (U), at least after extending the image of this map
to be identically 0 outside of U. Third, if we choose a density on X which agrees
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with the standard density on R? when pulled back by %", then if a € S§(U)
is real-valued, ¢(a) is self-adjoint. Fourth,

WE'(A)NU C ¢~ (esssup(a(A)))

for any A € U"(X). Fifth, given A € ¥"(X) and B € ¥ (X), then we have
the following asymptotic expansion, valid only inside ¢(U):

o(AoB)(z,£) ~ Z —{o(4),0(B)};(,€)

where {a,b};(z,£) := (3)7 (D¢ - Dy — Dy - Dy) a(z, )b(y, n)ly=z,n=c-

In what follows, we leave out pullbacks by ¥ and 1! so as to avoid cluttered
formulas. Let b = by, e = €, g1 = g1,0,92,s = 92,0 as defined in Section 4.2 (so
all supported within U), with an additional condition on )Z R — R. In some
small neighborhood of T, we would like ¥(t) = exp(—7;) for t < T, and
X(t) =0 for t > T. The details do not matter so much; it snnply achieves what
we really need:

- X'(t) = r(t)x(t) on t < T for some rational function r which is smooth
fort < T.
— s(t)x(t) is smooth for any rational function s which is smooth on ¢t < T.

We then let B = ¢(b),E = q(e),G1 = q(g1), and the strategy will be to
include lower-order terms for G to cancel error terms. We proceed to choose
real-valued go ,—; € L*([0, 1],Sg_j(U)) (92, has already been chosen and is
T-independent—hence if go , is elliptic at ¢, ¢ € Ellpec(0,1)(G2,7)) and then
create real-valued go € L*°([0, 1], S§(U)) with asymptotic expansion

(51) gz ~ 292,573'
=0

so that if Ga; = ¢(g2), then F; € L*([0,1];,¥~*°(X)). Note that if each
g2,s—; is real-valued, then g, can be chosen to be real valued. Thus B, F, G,
and Gq , are self-adjoint.

Let

(5.2) A= %(BQ(P —iQ,) — (P* +iQ.)B%) + G2 + BQ,B—E
— 3 (B*P— P'B?) + J[[B.Q.1. B + G} -

We would thus like to choose g2 s—; so that A+ G3 . € L>([0,1],, ¥~>°(X)).
We have the following asymptotic expansion:

(5.3) 0(A) ~ Y ane_j,az,—; € SETI(RE x RY)
=0
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where
_ ({{b, 0}, 0(P)}i — {o(P*), {6, b}1}k)
a2s—j _k_HZ:;_,’_l [ < 2%
+ {{b7U(QT)}l — {U(QT)? b}lv b}k
2
{ba {bv U(QT)}Z — {U(QT)7 b}l}k
(5.4) - : >

+Z {glagl}J

+ 60]’

up to order —oo-—we leave out all terms where a derivative is applied to p.
Note that our earlier construction ensured that ass = —g%ﬁs, up to order —oo.
The specifics of this are not so important, except that each ass_1—; is a sum of
functions of the form rx2x?gp?, where g is smooth and r is a rational function
with poles at C|3|> + |a|? = T and n2 = T (i.e., the boundary of supp(xox1))-
Denote this property by (*).

We define gy s—; recursively for j > 0:

Q25— {92,5—k> 92,51} j—k—1
(5.5) =5t ) :

92,5—5 =

2925 gcpnidiisouso 2920~k =)
Z {92,8792,5716}‘]'7]@ + {92,57k7g2,s}j7k
k)l
0<k<j 2g2,5(j — k)!

(up to order —oo-—we again leave out all terms where a derivative is applied
to p) where g s # 0 and identically 0 when g s = 0. Note that this recursive
definition makes sense: the definition for g» ,_; depends only on gs —; for I < j.
Further, these are smooth: since ass—; has property (*), and g2 is xox1p
times a non-vanishing function, we may recursively check the numerator in the
definition of g, s_; always has property (*), using the properties of x.

Lastly, note that A + G% € L*([0,1],,¥~°°(X)): we have asymptotic ex-
pansion

J(Gg): Z {92 s(Jk,_gz s_ll];j' k—1

k+1<j

(5.6) =202.025-5+ D {92’5(.’“’_92’5_11}){’”
k+1<4,k>0,1>0 J ’
Z {92 8’925 k‘}j k+{923 k’92 s}] k

(j —k)! ’

0<k<yg
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and each g» s is chosen so that 2g; ;g2 s—; cancels out all other terms of order
2s — j in the asymptotic expansion for A + G3.

To ensure that J, € L*°([0, 1], T~*°(X)), we will construct H, in a similar
way. That is, we will let H, = qr,(h,), where

(57) h'r ~ Zh57m+lijhsfm+lfj €eL> ([ ] SS mAl= ](U)),
j=0

defined recursively. For any such choice of h, we have

- b,b};
U(BZ - G2H) NZ <_hs—m+1—j92,s + {]'}j
=0
{hs—mt1-k, 92,61} j—k—1
5.8 — :
(58) 2 G- kD)
k+1<j.>0
_Z {Ps—m+1-k: 92,5 }j— k)
Y]
= (G —F)!

This gives us the formula for the recursive definition of hs_p,41—;:

(5.9) ho—mt1 by Z {hs—m+1- kag2s 1} j—k—1
: s—m i =

392 Sso (G —k—0D'g2s

_Z{hs m+1—ky 92, s}g k

k<j ( k)g2s

(up to order —oo-—we again leave out all terms where a derivative is applied
to p) when go s # 0, and 0 otherwise. As before, we may inductively conclude
that the numerators in the formula for hs_p,41—; all have property (*), so
this definition makes sense. Further, hs_y,1—; is defined so that hs_pmi1-j92.
cancels out all other terms of order 2s —m + 1 — j in the asymptotic expansion
for B2 — GoH. This completes the proof. O

6. Iterative Regularity

Here we state and prove analogs/generalizations of the above in the context
of Lagrangian regularity. This largely applies the discussion of [5, Section 6],
as corrected in [6, Appendix A]. We provide full details here instead of simply
quoting the results, in part to translate from the scattering setting, and in party
to slightly modify the assumptions.

We begin by defining this sense of regularity. Given O C S* X, let
U"(0)={A € V" (X)| WF'(4) C O}.
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DEFINITION 6.1 ([5, Definition 6.1]). — A test module in an open set O C
S*X is a linear subspace M C W¥!'(O) which (contains and) is a module
over ¥°(0), which is closed under commutators and which is finitely generated
in the sense that there exist finitely many A; € ¥!(X),0 < i < N, Ap = Id,
such that each A € i can be written as

N
A= "QiA;, Qi € T°(0).

=0

REMARK. — The generators A; need not be in /. As Id is a generator, M° =
O)cmC M ...

DEFINITION 6.2 ([5, Definition 6.2]). — Let /% be a test module in an open
set O C S*X. For u € C~>(X) we say that u € I®)(0, M) if M*u C H*(X)
for all k. We say that u € I()%(0, M) if M*u c H*.

Recall that u € 9'(X) is a Lagrangian distribution associated to Lagrangian
submanifold A if there exists s such that for any k and any Ay, ..., Ay € ¥1(X)
with 01(Aj)|A = 0,

Ay .. Agu € He.

Specifically, to find u € IP(X, A), we must let s = —p— % [12, Definition 25.1.1],
where n is the dimension of X.

We microlocalize this. Given O C S*X, P € ¥™(X) with homogeneous
principal symbol p, and a conic Lagrangian submanifold A C ¥(P) such that
H, is radial and non-vanishing on A, we let

MA(0) = {A € T(0) | 01(4) | A =0}.

We verify that this is, in fact, a test module. That M, is closed under
commutators follows from the fact that A is coisotropic, as if a and b are symbols
which vanish on a given coisotropic submanifold, then {a,b} also vanishes on
this coisotropic submanifold. For the finite generation, we can assume that
O C Uy, with Uy = k(U) as in Lemma 2.1, as we can microlocalize around
such neighborhoods, then patch together with a partition of unity. Let x €
C*(S*X) be identically 1 in O and 0 outside of x(U), and let p : U — R
be the cutoff as in the proof of Lemma 3.2 (so p vanishes in a neighborhood
of the O-section of T* X, and is identically 1 for sufficiently large ¢). We then
let A; = q(xpai€), 0 < i < n, Ag = Id, and A, = q(xp¢*~™)P, then M, is
generated by A;,0 < i < n. This is a principal symbol statement that follows
from the fact that ng, ;,i =1,...,n — 1 are defining functions for ANU.

We then have the following result. As above, we take U as in Lemma 2.1.
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THEOREM 6.3. — Given P € U™ (X) with a real-valued homogeneous princi-
pal symbol p such that Hy, is radial (and non-vanishing) on a conic Lagrangian
submanifold A C X(P), then given q € k(A) and so, s1 as in Theorem 1.5,

— for s < s, if there is an open neighborhood O' of q such that Pu €
I=m+)k (O Ap (0') and Ty N WFT*(u) N O' = @, then there exists
an open neighborhood O C O of q such that u € IG)*(0, My (O));

— for s > s1, if there is an open neighborhood O’ of q such that Pu €
IG=m+Dk (O MA(O") and u € TR0, MA(O")), then there exists
an open neighborhood O C O of q such that u € I)*(0, Mp(O));

— for s > s1 + 1, if there is an open neighborhood O of q such that Pu €
IG=m+0k(O" UA(O')) and WF (u) N O' = @, there exists an open
neighborhood O C O' of q such that u € I8)F(0, M (0)).

REMARK. — We expect that the following strengthening of part of Theo-
rem 6.3 is true.

Given P, A, s1, and p as in Theorem 6.3, for s > s1, if there is an open
neighborhood O’ of q such that Pu € I~m+DE(O! Up(O")) and WEF** (u) N
O’ = @, then there exists an open neighborhood O C O’ of q such that u €
10, MA(0)).

The methods used here appear not to be able to deal with this statement—
the difficulty comes in the second regularization below ((6.4)—(6.6)) and in
making sense of terms such as |Gz :Au|| for even ¢ > 0. This is perhaps a defect
in our methods; as the definitions are, we can only make sense of /”I/lﬁ for k a
nonnegative integer. If we could inductively improve the orders of regularity
with smaller intervals, the arguments might go more smoothly. It may be,
however, that with a more clever regularization, this machinery could handle
such a statement.

Indeed, this is particularly easy to see in the Fourier transform side of Mel-
rose’s setting [13] when the operator is classical and Ag is constant along the
Lagrangian, as one should be able to construct explicit solutions v to Pv = f,
with v having the desired Lagrangian regularity. If this were done, we could
compare v to v using Theorem 1.5, and obtain this stronger result.

Proof of Theorem 6.3. — In what follows, we can assume that O’ C U, with
Up = k(U) as in Lemma 2.1. In order to prove the above statement, it suffices
to show that G,A,u € L*(X), where v € Zggl, |v| < k, G, is elliptic on O,
and

n—1
A, =] 4
i=1

Note that we do not need to include products involving A,,, as they are already
covered by the assumption on Pu. The order A;i,...,A,_1 is irrelevant, as
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products with different orders commute modulo lower order powers of the test
module (see [5, Lemma 6.3] for further details).

To prove the theorem, we use a positive commutator argument. As we show
below, positivity follows from the following property our module enjoys (see

[5, Eq. 6.15] for a more general condition under which such a statement might
hold):

6.1) A“P ZCUAJa

for i = 1...n—1, with Cy; € \I!m_l(X) for j = 0...n, 0;—1(Cij)|a = 0
for 0 < j < m. This is again a principal symbol statement which follows from
Lemma 2.1. From this it follows that, for v € Z>0 ,

1
Z[Avvp] =Ry + Z Crs4s,

sez3t, Idl=lnl
where C,5 € U (X)) with 0,,,—1(Cys)|a = 0, and

(6.2) R,y = Z D’y(SAé + E,Y(;A(;P,
18]<[v]
where D.s € U 1(X) and E,5 € UO(X).

We start with the s < sp case. We work by induction on k-—the base case
is Theorem 1.5. Assuming u € I®)F=1(0" MU, (O")) for some neighborhood
0" C O’ of g, we take B; = q(b;) as in the proof of Lemma 3.2, with WF'(B) C
O”. Below, we will shrink the microsupport, but for now, let us simply look
at what operator relations we have, given sufficiently small microsupport. We
have

1 * N2 * Ax P2
5 2. ABIAP-PALBIA,
VLIS v|=k
B2, P|+ (P — P*)B? A, P Ax P*
_ Z A*([ to ]+( )t)A _'_A*BQ[’Y? ]_'_[’Y ]

B2A
ki 2 K i 2 2 e

YELLG  Inl=k

_ oy p (BRI e-PB

v 27

A, + R:B}A, + A:BR,
YeZL =k
+ ). AIBICysAs+ A;CIsBPA,

sezLyt I5|=k

(B P

. +BfO+C*Bf>A+R*BfA+A*BER
24

TOME 143 — 2015 — N° 4



PROPAGATION AROUND A LAGRANGIAN SUBMANIFOLD OF RADIAL POINTS 721

where in the last line, we let A = (A,) and R = (R,) be column vectors,
running over all v € Z>o with |y| = k, and C = (C,s) a matrix of operators
(or rather an operator on sections of a trivial bundle over X).

Using the symbols as in the proof of Lemma 3.2, we have, up to order 2s —1,

[Bf, P] + (P — P*)B}
025(

24 + BtZC + C*Bf)vé = sgn(A) (g%,t + gg,t)é’ﬂ; + etdys

+b70m-1(Cys + Cs.,)

(the notation might be a little confusing—¢,s is the Kronecker delta with
indices v and §) where go is elliptic of order s in a neighborhood of g.
As 0—1(Cys + C5)Ia = 0, sgn(A)gs ; + biom_1(Cys + Cs,) is elliptic and
sgn(A)-definite in a neighborhood of g. Thus, if we choose the support of b to
be sufficiently small, we have

- ([BEPL+ (P~ P1)B?
2
= A* (sgn()\)( T,tGlyt + G;7tG27t) + Et + Ft)A

(6.3) + B?C + C*Bf)A

where Go, E;, and F; are matrices of operators, with G o elliptic in a neigh-
borhood of ¢, WF (o 1)(E:) Nk(A) = &, and F} uniformly (in t) of order —oo.
This last point is done to avoid using the two-step induction needed in the cor-
rection [6, Appendix A]. The same argument as in (5.1)-(5.6) works here, as the
A factors, 7 dependence in the previous setting, ¢ dependence here, and that
these are matrices of operators, are irrelevant for the construction. Further, we
can choose matrices of operators H; and J;, uniformly (in ¢) of orders s —m+1
and —oo, respectively, so that

B} = H,Ga ¢ + J;

as on the level of principal symbols, B; and G2 ; have the same cosphere cutoff
functions. That J; can be made uniformly of order —co uses the same argument
as (5.7)-(5.9).
We proceed with the positive commutator argument in the standard way.

For t > 0,
((Bf Au, APu) — (APu, Bf Au)) = sgn(N) (|G, Aul|® + [|Ga,s Aul|?)

+ (Au, B4 Au) + (Au, F1 Au)

+ (Ru, B} Au) + (B? Au, Ru).

1
24

As mentioned above, we assume that u € I()*=1(0" M\ (0")), and we

take WF7 (o 11(B:) C O” and WF'(A;) C O” for each i. We can then bound
|G;tAu|| as t — 0, using essentially the same considerations as in previous
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commutator arguments, with slight modifications. We bound the (Ru, B Au)
and (B?Au, Ru) terms with a familiar method. For ¢ > 0,

|(Ru, B Au)| = |(H;Ru, G2 Au) + (J,Ru, Au)|
1
< 2[|HRull® + S [|Ga e Aul|* + (i Ru, Au)|.

The G2 +Au term can be absorbed into the other such term we are trying to
bound, the H;Ru term can be bounded using the inductive hypothesis and the
form (6.2) of each entry of the vector of operators R, and the last term has J;
uniformly of order —oo.

We handle the so +1 > s > sg and s > sg + 1 cases together. We again
inductively assume that u € I(®):F=1(0" M, (0")), and have

(A*B}AP — P*A*B} A) = A*(—sgn(\)(G; ,G1,e + G5 ,Gay) + By + Fy) A
+ R*BfA+ A*B}R

1
23

where now we let By = q(b;) with b; as in the proof of Lemma 3.3. Ga4, Et,
and F; are matrices of operators, with G ¢ elliptic of order s and G+ of order
s1 for ¢t > 0. WF'LDC[O’” (Ey) NX(P) = @, and F; is uniformly of order —oco (we
again need to use the technique of the proof of the source case of Theorem 1.6,
but again this carries over with little change, so we provide no further details
here). As before, we also arrange that

Btz = Hth’t + Jt

with H; and J; uniformly of orders s — m + 1 and —oo, respectively. We take
all operators constructed (including each A;) to have microsupport contained
in O".

To proceed with the positive commutator estimate, we introduce a second
regularizer as in the proof of Lemma 3.4 (and for similar reasons—as it stands,
we have not yet made sense of terms such as (u, P*A*B2Au)). Let (4,) €
L>([0,1],, ¥°(X) be such that A, € =) for 7 > 0, and A, — IdasT — 0
in ¥2(X) for § > 0. For t,7 > 0, we can then make sense of

‘,_.\_/-—'

i(<ATu’ A*B2APu) — (A u, P*A*B? Au)) =
(6.4) —sgn(A)((Aru, A" ’f’tGl,tA> + (Aru, A*G;tGg,tAu))
(Au, (A*EA+ A*F,A+ R*B?A + A*BR)u).

[\

We can then manipulate each term and send 7 — 0. For instance, for ¢,7 > 0,
(6.5) (Ayu, P*A* B} Au) = (A[P, A ]u, B} Au) + (AA, Pu, B} Au).

A[P, A,] is uniformly a vector of operators in U™ (X)) M, (O")*. We then
have A[P, A;]u a vector of distributions in H*~™(X), uniformly in 7. For the
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s1 +1 > s > s; case, by assumption we have Au a vector of distributions
in H*1(X), and for s > s;+1, we have Au a vector of distributions in H*~1(X),
as A is a vector of operators in U!(X )M (O”). In either situation, we can, as
in the proof of Lemma 3.4, take 7 — 0, and in the limit we get (APu, B? Au).
All other terms follow similarly, and we have

1
2—2,(<Bt2Au,APu) — (APu, B? Au)) = —sgn(\) (|Gt Aul|?* + || G2+ Aul|?)
(6.6) + (Au, By Au) + (Au, FyAu)
+ (Ru, Bf Au) + (B} Au, Ru).

We then take t — 0 as before, completing the proof. O

We briefly note how this implies Theorem 1.7.

Proof of Theorem 1.7. — As implied by our definition, v € 9'(X) is microlo-
cally in I®)(X, A) if and only if v € I(*)¥(O, MA(0)) for all k. Note that, for
sufficiently small O’, we can choose any O whose closure is contained in O’.
This allows us to apply Theorem 6.3 for all k. O

We also have an analogue of Theorem 1.6 in this iterative regularity setting.
In order to have a transparent statement, we impose a technical condition: that
- has homogeneous principal symbol ¢, of the form

(6.7) qr = TV.
By assumption, v is homogeneous and elliptic around the point of interest q.

THEOREM 6.4. — Given P,Q,A,q,so, and s1 as in the statement of The-

orem 1.6 along with the additional assumption (6.7), and v = (u;) €
L>=([0,1]-, 2'(X)),

— if k(M) is a sumbanifold of sinks for W),
of an open neighborhood O’ such that

(P —iQ)u € L®([0,1],, =™k (O, (0"))

s+x, then for s < sq, the existence

and
T,NWE ™ u)n0' =2
implies that for some open neighborhood O C O’ of q,
u € L®([0,1],, Ik (0, 1A (0)).
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- if k(A) is a submanifold of sources for Wp|s-x, then for s > s, the
existence of an open neighborhood O’ such that

(P —iQ)u € L=([0,1],, =™k (O’ M, (0")
implies that for some open neighborhood O C O’ of q,

u € Loo([oa 1]77 I(s)’k(o’m/\(o))'
Proof. — To prove this, we adapt the A; to work well with Q.. We would like,
for 0 < i < n,
(6.8) [4;,Q] € L>([0,1],, ¥™ )My
for the positive commutator argument below. We do this by altering the coor-
dinates chosen in Lemma 2.1, and then using the above definition of A; with

the new coordinates. We begin as before, choosing canonical coordinates x, £
such that locally, A is N*{x, = 0}, with &, > 0, and sk (¢){z = 0,&, =

0,7 < n}. For convenience, we let z,, = 2,y = (y1,...,Yn) = (X1 ...Zpn_1), and
& =(&...6n—1). By (6.7) and the positive-semidefiniteness of @, we have
m ¢
v="=_4,7(29,
( fn)
locally, with v > 0. Note that if we set
y=9
z=27(0,,0)
én
&n =
7(0,y,0)
& : 0 i 07 Y, 0
§&=6& — 5n2#
Y

then 2, 9, é arefzanonical coordinates, and locally, A = N*{Z = 0} and K~ (q) =
{£=0,9=0,£ = 0,7 < n}. Further,

v==E& 1+ )

with f € Jp v, where J, v is as defined immediately before the statement of
Lemma 2.1, and U is an open set on wich these coordinates are defined. We
can thus proceed with further choices of coordinates as in Lemma 2.1, and we
get (6.8). Further, if we write, for 0 < ¢ < n,

(A, Q-] = ZCWAJ,

we have that
(6.9) Um_l(Cij,T) =2%0in S™(X)/S™™ 1 X).
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The proof then follows as a modification of the above. We use a positive
commutator estimate using “commutator”

(6.10) %(A*BQA(P —iQ,) — (P* +iQ,)A*B*A).

(6.9) allows, for sufficiently small 7, all terms involving @, other than the
positive-semidefinite A*BQ.,BA, to be absorbed into the G2 matrix of opera-
tors as in (6.3), and so we have that (6.10) is equal to

—A*(G1G1 4 G3G2)A — A*BQ,BA+ A*EA+ A*FA+ R*B?A + A*B’R
where F' is uniformly of order —oco. As in the proof of Theorem 1.6, @, regu-
larizes for us, so B need have no regularization. WF’'(E) is, in the sink case,

where we assume regularity, and in the source case, off the characteristic set.
The proof proceeds by induction as above. O]
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