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SUBANALYTIC SHEAVES AND SOBOLEV SPACES

Stéphane GUILLERMOU, Gilles LEBEAU, Adam PARUSINSK]I,
Pierre SCHAPIRA and Jean-Pierre SCHNEIDERS

Abstract. — Sheaves on manifolds are perfectly suited to treat local problems, but
many spaces one naturally encounters, especially in Analysis, are not of local nature.
The subanalytic topology (in the sense of Grothendieck) on real analytic manifolds
allows one to partially overcome this difficulty and to define for example sheaves of
functions or distributions with temperate growth, but not to make the growth precise.

In this volume, one introduces the linear subanalytic topology, a refinement of the
preceding one, and constructs various objects of the derived category of sheaves on
the subanalytic site with the help of the Brown representability theorem.

In particular one constructs the Sobolev sheaves. These objects have the nice prop-
erty that the complexes of their sections on open subsets with Lipschitz boundaries
are concentrated in degree zero and coincide with the classical Sobolev spaces.

Another application of this topology is that it allows one to functorially endow
regular holonomic D-modules with filtrations (in the derived sense).

In the course of the text, one also obtains some results on subanalytic geometry and
one makes a detailed study of the derived category of filtered objects in symmetric
monoidal categories.

Résumé (Faisceaux sous-analytiques et espaces de Sobolev). — Les faisceaux sur les
variétés sont parfaitement adaptés a ’étude des problémes locaux, mais de nombreux
espaces que 'on rencontre naturellement, en particulier en Analyse, ne sont pas de
nature locale. L’utilisation de la topologie sous-analytique (au sens de Grothendieck)
sur les variétés analytiques réelles permet de surmonter partiellement cette difficulté
et de définir par exemple des faisceaux de fonctions ou distributions & croissance
tempérée, mais pas de préciser cette croissance.

Dans ce volume, on introduit la topologie sous-analytique linéaire, un raffinement
de la précédente et I'on construit divers objets de la catégorie dérivée des faisceaux
sur le site sous-analytique & ’aide du théoréme de representabilité de Brown.

On construit en particulier les faisceaux de Sobolev. Ces objets ont la bonne pro-
priété que les complexes de leurs sections sur les ouverts a frontiére Lipschitz sont
concentrés en degré zéro et coincident avec les espaces de Sobolev classiques.

© Astérisque 383, SMF 2016
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Une autre application de cette topologie est qu’elle permet de munir fonctorielle-
ment les D-modules holonomes réguliers de filtrations (au sens dériveé).

Dans le cours du texte, on obtient aussi des résultats de géométrie analytique
réelle et ’on fait une étude détaillée de la catégorie dérivée des objets filtrés dans les
catégories monoidales symétriques.
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RESUMES DES ARTICLES

Construction de faisceaux sur le site sous-analytique
Stéphane Guillermou & Pierre Schapira ............... ... ... ... ... 1

Sur une variété analytique réelle M nous construisons la topologie de Grothen-
dieck linéaire Mg, et le morphisme naturel de sites p de My, vers Mgy, ou Mg,
est le site sous-analytique usuel. Notre premier résultat est que le foncteur dérivé
de I'image directe par p admet un adjoint & droite, ce qui nous permet d’associer
fonctoriellement un faisceau (au sens dérivé) sur M, a un préfaisceau sur My,
satisfaisant certaines propriétés, ce faisceau ayant les mémes sections que le pré-
faisceau sur tout ouvert & bord Lipschitz. Nous appliquons cette construction a
divers préfaisceaux sur des variétés réelles, tels que le préfaisceau des fonctions
& croissance tempérée d’un ordre donné le long du bord ou & croissance Gevrey
le long du bord. (Dans un article séparé, Gilles Lebeau utilisera ces techniques
pour construire les faisceaux de Sobolev.) Sur une variété complexe munie de la
topologie sous-analytique, les complexes de Dolbeault associés a ces nouveaux
faisceaux nous permettent d’obtenir divers faisceaux de fonctions holomorphes a
croissance. Comme application, nous pouvons munir fonctoriellement les Z-mod-
ules holonomes réguliers d’une filtration, au sens dérivé.

Espaces de Sobolev et faisceaux de Sobolev
GillesLebeau ........ ... .. 61

Soit M une variété analytique réelle. Le site sous analytique My, est consti-
tué des ouverts sous analytiques relativement compacts de M, les recouvrements
étant finis & extraction prés. Pour s € R, soit Hy} (M) 'espace de Sobolev usuel
sur M. Pour tout s € R,s < 0 nous construisons un objet ¢ de la caté-
gorie dérivée DT (Cyy,,) des faisceau sur Ms,, qui vérifie la propriété suivante :
pour tout ouvert U € Mg, a frontiére lipschitzienne, 5#°(U) := RT'(U; ) est
concentré en degré 0 et coincide avec l'espace de Sobolev usuel H*(U). Cette
construction utilise les résultats de S. Guillermou et P. Schapira contenus dans
ce volume.

Dans le cas ot M est de dimension 2, nous explicitons le complexe 7°(U).
Nous démontrons qu’il est toujours concentré en degré 0, mais ne s’identifie pas
toujours & un sous espace de distributions sur U.



Xii RESUMES DES ARTICLES

Ensembles réguliers sous-analytiques
Adam ParusinsKi ... e 95

Soit U un ouvert sous-analytique relativement compact d’une vraiété analy-
tique réelle M. Nous montrons qu’il existe un « recouvrement linéaire fini » (au
sens de Guillermou-Schapira) de U par des ouverts sous-analytiques homéomor-
phes a une boule ouverte.

Nous montrons aussi que la fonction caractéristique de U peut s’écrire comme
une combinaison linéaire finie de fonctions caractéristiques d’ouverts sous-
analytiques relativement compacts de M homéomorphes, par des applications
sous-analytiques et bi-lipschitz, & une boule ouverte.

Catégories dérivées d’objets filtrés
Pierre Schapira & Jean-Pierre Schneiders ........................... ... ... 103
Pour une catégorie abélienne % et un ensemble préordonné filtrant A, nous
prouvons que la catégorie dérivée des objets filtrés de ¥ indexés par A est équiv-
alente & la catégorie dérivée de la catégorie abélienne des foncteurs de A dans €.
Nous appliquons ce résultat a ’étude de la catégorie des modules filtrés sur un
anneau filtré d’une catégorie tensorielle.
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ABSTRACTS

Construction of sheaves on the subanalytic site
Stéphane Guillermou & Pierre Schapira .................... ... ..., 1

On a real analytic manifold M, we construct the linear subanalytic Grothen-
dieck topology Mg, together with the natural morphism of sites p from Mg,
to Mg, where M, is the usual subanalytic site. Our first result is that the
derived direct image functor by p admits a right adjoint, allowing us to associate
functorially a sheaf (in the derived sense) on Mg, to a presheaf on My, satisfying
suitable properties, this sheaf having the same sections that the presheaf on
any open set with Lipschitz boundary. We apply this construction to various
presheaves on real manifolds, such as the presheaves of functions with temperate
growth of a given order at the boundary or with Gevrey growth at the boundary.
(In a separated paper, Gilles Lebeau will use these techniques to construct the
Sobolev sheaves.) On a complex manifold endowed with the subanalytic topology,
the Dolbeault complexes associated with these new sheaves allow us to obtain
various sheaves of holomorphic functions with growth. As an application, we can
endow functorially regular holonomic Z-modules with a filtration, in the derived
sense.

Sobolev spaces and Sobolev sheaves
GillesLebeau ............ ... 61

Sobolev spaces H{ (M) on a real manifold M are classical objects of Analysis.
In this paper, we assume that M is real analytic and denote by Mj, the associated
subanalytic site, for which the open sets are the relatively compact subanalytic
subsets and the coverings are, roughly speaking, the finite coverings. For s €
R, s < 0, we construct an object 7#* of the derived category DT (C,y,, ) of sheaves
on Mj, with the property that if U is open in My, and has a Lipschitz boundary,
then the object s#°(U) := RI'(U; .##*) is concentrated in degree 0 and coincides
with the classical Sobolev space H*(U). This construction is based on the results
of S. Guillermou and P. Schapira in this volume.

Moreover, in the special case where the manifold M is of dimension 2, we will
compute explicitly the complex ##*(U) and prove that it is always concentrated
in degree 0, but is not necessarily a subspace of the space of distributions on U.



Xiv ABSTRACTS

Regular subanalytic covers
Adam ParusinsKi ... e 95

Let U be an open relatively compact subanalytic subset of a real analytic
manifold M. We show that there exists a “finite linear covering” (in the sense of
Guillermou-Schapira) of U by subanalytic open subsets of U homeomorphic to
an open ball.

We also show that the characteristic function of U can be written as a finite
linear combination of characteristic functions of open relatively compact suban-
alytic subsets of M homeomorphic, by subanalytic and bi-lipschitz maps, to an
open ball.

Derived categories of filtered objects
Pierre Schapira & Jean-Pierre Schneiders ................................... 103

For an abelian category ¥ and a filtrant preordered set A, we prove that the
derived category of the quasi-abelian category of filtered objects in % indexed
by A is equivalent to the derived category of the abelian category of functors
from A to €. We apply this result to the study of the category of filtered modules
over a filtered ring in a tensor category.
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INTRODUCTION

(1) Sheaves on manifolds are perfectly suited to treat local problems, but many
spaces one naturally encounters, especially in Analysis, are not of local nature. As
noticed in [5], it is sometimes possible to overcome this difficulty by enlarging the
category of sheaves to that of ind-sheaves, or to a special class of ind-sheaves which
is sufficient for many applications, the subanalytic sheaves, and by extending to ind-
sheaves or to subanalytic sheaves the machinery of sheaves (the six Grothendieck
operations).

The idea of the subanalytic topology is extremely natural: the usual topology
contains too many open sets, most of them being pathological (from the point of view
of algebraic topology) and it is natural to look for families of reasonable open subsets.
The family of open subanalytic subsets of a real analytic manifold M provides an
excellent candidate. One then defines the subanalytic presite associated with M as
the category Op,, of relatively compact subanalytic open subsets, the morphisms
being the inclusions. Moreover, the usual coverings on M are too fine: if one wants
for example to treat “properties at the boundary” such as functions with polynomial
growth at the boundary or temperate distributions, it is natural to ask that if {U;};cr
is an open covering of U, then the boundary OU is contained in the union of the
boundaries OU; and this union is locally finite. The subanalytic site, denoted Mg,, is
the presite Op,, endowed with the Grothendieck topology for which the coverings
are, roughly speaking, the finite coverings.

Sheaves on Mg, have been intensely studied in [5], as particular cases of ind-sheaves,
and allow one to define new sheaves which would not exist in the usual topology. For
example, one has the sheaf ¢y ’;p of ¥*°-functions with temperate growth, the sheaf
@bg&sa of temperate distributions or the sheaf CKAO/Z ’:V of Whitney functions. On a
complex manifold X, using the Dolbeault complexes of the first two ones, one obtains
the sheaf ﬁ;’sa (in the derived sense) of holomorphic functions with temperate growth.
This last sheaf is implicitly used in the solution of the Riemann-Hilbert problem by
Kashiwara [3, 4] and is also extremely important in the study of irregular holonomic
Z-modules (see [6, § 7]).

However, the subanalytic topology is still too rough to treat more sophisticated
spaces of analysis, such as the % °°-functions of a given growth, the Gevrey functions
of a given order, or, more important, the Sobolev spaces.



xvi INTRODUCTION

The aim of this volume is two-folds: to give the mathematical backgrounds to
construct these new sheaves and then to apply this theory in order to obtain the
Sobolev sheaves.

(2) The first task is performed in the paper “Construction of sheaves on the sub-
analytic site” by Stéphane Guillermou and Pierre Schapira (see [1]). In their pa-
per, the authors modify the subanalytic topology by introducing what they call the
linear subanalytic topology, denoted Mg,), as well as the natural morphism of sites
Psal: Msa — Ms,). The presite underlying the site Mg, is the same as for My,, namely
Op,y,,, but the coverings are the linear coverings. Roughly speaking, a finite family
{U;}ier is a linear covering of their union U if there is a constant C such that the
distance of any z € M to M \ U is bounded by C-times the maximum of the distance
of x to M\ U; (i € I).

Let k be a field. One easily shows that a presheaf F' of k-modules on Mg, is a
sheaf as soon as, for any open sets U; and Us such that {U;,Us} is a linear covering
of Uy U Uy, the Mayer-Vietoris sequence

(0.1) 0—>F(U1UU2)—>F(U1)@F(U2)—>F(U10U2)
is exact. Moreover, if for any such a covering, the sequence
(0.2) O—>F(U1UU2)—>F(U1)@F(U2)—>F(U10U2)—>0

is exact, then the sheaf F' is I-acyclic, that is, R['(U; F') is concentrated in degree 0
for all U € Op,,_ . Then the authors prove the two results below:

(A) the functor Rpsar, : D (kar,) — D* (kar,,) admits a right adjoint pl,,,
(B) if U has a Lipschitz boundary, then the object Rpsa,ky is concentrated in
degree 0.

The proof of (A) is based on the Brown representability theorem and the proof of
(B) makes an essential use of the paper [8].

It follows that to a presheaf F' on Mj, satisfying a natural condition (namely
the exactness of 0.2), one can now associate an object of the derived category of
sheaves on Mj, which has the same sections as F' on any Lipschitz open set. The
authors give applications of their theory by defining and studying various sheaves: the
sheaf €y;"* of €>°-functions with polynomial growth of order s > 0 at the boundary
and the sheaves €y, °0:8e¥(8) and Gt co.8ev{s} o % _functions with Gevrey growth (i.e.,
exponential growth) of type s > 1 at the boundary. By using a refined cut-off lemma
(which follows from a refined partition of unity due to Hérmander [2]), they prove
that these sheaves are I'-acyclic. Then, on a complex manifold X, by considering the
Dolbeault complexes of the sheaves of ¥ °°-functions considered above, they obtain
new sheaves, namely the sheaf 0%  of holomorphic functions with growth of order
s > 0 and the sheaves ﬁgev(s) and ﬁgev{s} of holomorphic functions with Gevrey
growth of type s > 1.

ASTERISQUE 383



INTRODUCTION xvii

The sheaves €y;’° (s > 0) on the linear subanalytic site define the filtered sheaf
Foo‘ﬁ;/z ’;p. Then, on a complex manifold X, by considering the Dolbeault complex
of this filtered sheaf, they obtain the L*°-filtration Fy, ﬁza on the sheaf ﬁ;fsa. The
Riemann-Hilbert problem, as solved in [4], is equivalent to saying that given a regular
holonomic Zx-module .#Z and denoting by G the perverse sheaf of its holomorphic
solution, the natural morphism .# — p_}(G, ﬁ;’s&) is an isomorphism. Replacing
the sheaf ﬁza with its filtered version F ﬁ;?sa, one gets that any regular holonomic
Px-module .# can be functorially endowed with a filtration F,,.#, in the derived
sense on the manifold X.

Note that the category of filtered modules over a filtered ring is quasi-abelian in the
sense of Schneiders [10] and one needs some tools to manipulate the derived categories
of such modules on the sites M, or Mg,;. This is achieved in [9].

(3) Using the tools elaborated in [1], the Sobolev sheaves on Mg, are constructed by
Gilles Lebeau in the paper “Sobolev spaces and Sobolev sheaves” ([7]). More precisely,
the author constructs for s < 0 a sheaf Y* on Mj, such that the sequence (0.2) is
exact as soon as {Uy, Uz} is a linear covering of U; U Us. Applying the functor péal,
he obtains the sheaf (in the derived sense) ¢} , an object of D (Cyy,,). This sheaf
has the property that if U € Op,, has a Lipschitz boundary, then RT'(U, /., ) is
concentrated in degree 0 and coincides with the classical Sobolev space H*(U). One
shall be aware that the definition of the Sobolev space Y*(U) may differ from the
classical one when U is not Lipschitz. Finally, the author gives a detailed study of
these sheaves in dimension 2.

The fact that Sobolev sheaves are objects of derived categories and are not concen-
trated in degree 0 shows that when dealing with spaces of functions or distributions
defined on open subsets which are not regular (more precisely, which have not a Lip-
schitz boundary), it is natural to replace the notion of a space by that of a complex
of spaces.

(4) In his paper “Regular subanalytic covers” (see [8]), Adam Parusinski proves
that any open relatively compact subanalytic subset of a real analytic manifold M
admits a finite covering for the linear subanalytic topology by open subsets which are
topologically trivial. This is essential for proving that the open sets with Lipschitz
boundary are acyclic for the functor pg,, in [1]. He also obtains a decomposition of
the characteristic functions of subanalytic open sets.

(5) The paper “Derived category of filtered objects” by Pierre Schapira and Jean-
Pierre Schneiders (see [9]) is a complement to the classical paper [10] on quasi-abelian
categories. It develops the necessary tools used in the construction of the object
Feo ﬁ;{;a of the derived category of filtered Z-modules on a complex manifold Xs, and
of the functorial filtration on regular holonomic Z-modules on X.

These authors prove that for an abelian category % and a filtrant preordered set A,
the derived category of the quasi-abelian category of filtered objects in % indexed by
A is equivalent to the derived category of the abelian category of functors from A

SOCIETE MATHEMATIQUE DE FRANCE 2016
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to €. They apply this result to the study of the category of filtered modules over a
filtered ring in a tensor category.

1]
2]

3]

[4]

[5]
[6]

7]
18]
[9]

[10]
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Abstract. — On a real analytic manifold M, we construct the linear subanalytic
Grothendieck topology Mg, together with the natural morphism of sites p from Mg,
to Mga1, where Mg, is the usual subanalytic site. Our first result is that the derived
direct image functor by p admits a right adjoint, allowing us to associate functorially a
sheaf (in the derived sense) on Mg, to a presheaf on Mg, satisfying suitable properties,
this sheaf having the same sections that the presheaf on any open set with Lipschitz
boundary. We apply this construction to various presheaves on real manifolds, such as
the presheaves of functions with temperate growth of a given order at the boundary
or with Gevrey growth at the boundary. (In a separated paper, Gilles Lebeau will use
these techniques to construct the Sobolev sheaves.) On a complex manifold endowed
with the subanalytic topology, the Dolbeault complexes associated with these new
sheaves allow us to obtain various sheaves of holomorphic functions with growth.
As an application, we can endow functorially regular holonomic Z-modules with a
filtration, in the derived sense.

Résumé (Construction de faisceaux sur le site sous-analytique). — Sur une variété
analytique réelle M nous construisons la topologie de Grothendieck linéaire My, et
le morphisme naturel de sites p de Mg, vers Mg,), ot Mg, est le site sous-analytique
usuel. Notre premier résultat est que le foncteur dérivé de I'image directe par p
admet un adjoint a droite, ce qui nous permet d’associer fonctoriellement un faisceau
(au sens dérivé) sur Ms, & un préfaisceau sur Mg, satisfaisant certaines propriétés, ce
faisceau ayant les mémes sections que le préfaisceau sur tout ouvert & bord Lipschitz.
Nous appliquons cette construction a divers préfaisceaux sur des variétés réelles, tels
que le préfaisceau des fonctions & croissance tempérée d’un ordre donné le long du
bord ou a croissance Gevrey le long du bord. (Dans un article séparé, Gilles Lebeau
utilisera ces techniques pour construire les faisceaux de Sobolev.) Sur une variété
complexe munie de la topologie sous-analytique, les complexes de Dolbeault associés
a ces nouveaux faisceaux nous permettent d’obtenir divers faisceaux de fonctions
holomorphes & croissance. Comme application, nous pouvons munir fonctoriellement
les Z-modules holonomes réguliers d’une filtration, au sens dérivé.

2010 Mathematics Subject Classification. — 16W70, 18F20, 32C38, 32560, 58 A03.
Key words and phrases. — Grothendieck topologies, sheaves, moderate cohomology, filtrations, D-
modules.
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Introduction

Let M be a real analytic manifold. The Grothendieck subanalytic topology on M,
denoted Mg,, and the morphism of sites ps,: M — Mg,, were introduced in [13]. Recall
that the objects of the site My, are the relatively compact subanalytic open subsets
of M and the coverings are, roughly speaking, the finite coverings. In loc. cit. the
authors use this topology to construct new sheaves which would have no meaning on
the usual topology, such as the sheaf ‘51\040 ’:p of ¥*°-functions with temperate growth
and the sheaf @bg&sa of temperate distributions. On a complex manifold X, using
the Dolbeault complexes, they constructed the sheaf ﬁ;&a (in the derived sense) of
holomorphic functions with temperate growth. The last sheaf is implicitly used in the
solution of the Riemann-Hilbert problem by Kashiwara [8, 9] and is also extremely
important in the study of irregular holonomic Z-modules (see [14, § 7]).

In this paper, we shall modify the preceding construction in order to obtain sheaves
of ¥"*°-functions with a given growth at the boundary. For example, functions whose
growth at the boundary is bounded by a given power of the distance (temperate
growth of order s > 0), or by an exponential of a given power of the distance (Gevrey
growth of order s > 1), as well as their holomorphic counterparts. For that purpose,
we have to refine the subanalytic topology and we introduce what we call the linear
subanalytic topology, denoted Mj,;.

Let us describe the contents of this paper with some details.

In Chapter 1 we construct the linear subanalytic topology on M. Denoting
by Op,,, the category of open relatively compact subanalytic subsets of M, the
presite underlying the site M, is the same as for Ms,, namely Op,, , but the
coverings are the linear coverings. Roughly speaking, a finite family {U;};cs is a
linear covering of their union U if there is a constant C such that the distance of
any ¢ € M to M \ U is bounded by C-times the maximum of the distance of z
to M\ U; (i € I). (See Definition 1.1.) In this chapter, we also prove some technical
results on linear coverings that we shall need in the course of the paper.

Chapter 2. Let k be a field. One easily shows that a presheaf F' of k-modules
on My, is a sheaf as soon as, for any open sets U; and Us such that {U;,Us} is a
linear covering of U; U Us, the Mayer-Vietoris sequence

(01) 0—>F(U1UU2)—>F(U1)EBF(U2)—>F(U10U2)
is exact. Moreover, if for any such a covering, the sequence
(02) 0—>F(U1UU2)—>F(U1)EBF(U2)—>F(U10U2)—>0

is exact, then the sheaf F is T'-acyclic, that is, R['(U; F') is concentrated in degree 0
for all U € Opy,__ .

There is a natural morphism of sites pg,1: Mgy — Mg, and we shall prove the two
results below (see Theorems 2.30 and 2.49):

(1) the functor Rpsa1, : D*(kas,) — D (kays.,,) admits a right adjoint p.,
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(2) if U has a Lipschitz boundary, then the object Rpsa, ky is concentrated in
degree 0.

Therefore, if a presheaf F' on Mg, has the property that the Mayer-Vietoris se-
quences (0.2) are exact, it follows that RT'(U; p.,, F') is concentrated in degree 0 and is
isomorphic to F(U) for any U with Lipschitz boundary. In other words, to a presheaf
on M, satisfying a natural condition, we are able to associate an object of the de-
rived category of sheaves on Mg, which has the same sections as F' on any Lipschitz
open set. This construction is in particular used by Gilles Lebeau [21] who obtains
for s < 0 the “Sobolev sheaves 7 ,” objects of D*(Cpy,,) with the property that if
U € Opy,,, has a Lipschitz boundary, then RI'(U; )} ) is concentrated in degree 0
and coincides with the classical Sobolev space H*(U).

The fact that Sobolev sheaves are objects of derived categories and are not concen-
trated in degree 0 shows that when dealing with spaces of functions or distributions
defined on open subsets which are not regular (more precisely, which have not a Lip-
schitz boundary), it is natural to replace the notion of a space by that of a complex
of spaces.

In Chapter 3, we briefly study the natural operations on the linear subanalytic sites.
The main difficulty is that a morphism f: M — N of real analytic manifolds does not
induce a morphism of the linear subanalytic sites. This forces us to treat separately
the direct or inverse images of sheaves for closed embeddings and for submersive maps.

In Chapter 4 we construct some sheaves on Mg, . We construct the sheaf ¢y;°

of ¥>-functions with growth of order s > 0 at the boundary and the sheaves %AO/Z gev(s)

al
and ‘ff\}o ’jev{s} of ¢ °°-functions with Gevrey growth of type s > 1 at the boundary. By
using a refined cut-off lemma (which follows from a refined partition of unity due to
Hérmander [6]), we prove that these sheaves are I'-acyclic. Applying the functor pl,;,
we get new sheaves (in the derived sense) on M, whose sections on open sets with
Lipschitz boundaries are concentrated in degree 0. Then, on a complex manifold X,
by considering the Dolbeault complexes of the sheaves of % °°-functions considered
above, we obtain new sheaves of holomorphic functions with various growth.

As already mentioned, Sobolev sheaves are treated in a separate paper by G. Lebeau
in [21].

Finally, in Chapter 5, we apply these results to endow the sheaf ﬁ;ia with a
filtration (in the derived sense) that we call the L*°-filtration.

Denote by F %y, the sheaf P, := psa1 P of differential operators on Mg,, en-
dowed with its natural filtration and denote by F %, the sheaf s, := psal D,
endowed with its natural filtration. For = M, Mg,, Ms,), the category Mod(FZ24)
of filtered Z-modules on .7 is quasi-abelian in the sense of [32] and its derived cate-
gory DT (FZ27) is well-defined. We shall use here the recent results of [31] which give
an easy description of these derived categories and we construct a right adjoint p!sai1
to the derived functor Rpgay, : DT (F%.,) — DT (F %, )-
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4 S. GUILLERMOU & P. SCHAPIRA

By considering the sheaves €);"° (s > 0) we obtain the filtered sheaf Foo @y, ;tlp.
Then, on a complex manifold X, by considering the Dolbeault complex of this filtered
sheaf, we obtain the filtration Fy, ﬁ;?sa on the sheaf ﬁ’za.

Recall now the Riemann-Hilbert correspondence. Let .# be a regular holonomic
Yx-module and let G := RHom, (.#,0x) be the perverse sheaf of its holomor-
phic solutions. Kashiwara’s theorem of [9] may be formulated by saying that the
natural morphism .# — p_'R%om (G, ﬁ}’;a) is an isomorphism. Replacing the
sheaf ﬁ;{;a with its filtered version F., ﬁ;fsa7 we define the filtered Riemann-Hilbert
functors RHF s, and RHF,, by the formulas

RHFOOvsa : Dgolreg(‘@X) - D+(F9Xsa)’
M — FRHAom (Sol(A), Fy ﬁ;?sa),
RHF. = p3,'RHFy ca: Df o, (Zx) — D*(FZx)

a
and we prove that the composition

Dbotres(Zx) == D¥(FZx) = D¥(Zx)
is isomorphic to the identity functor. In other words, any regular holonomic Zx-mod-
ule .#Z can be functorially endowed with a filtration F,,.#, in the derived sense.
We also briefly introduce an L2-filtration better suited to apply Hérmander’s theory
(see [5]) and present some open problems.

Acknowledgments. — An important part of this paper has been written during two
stays of the authors at the Research Institute for Mathematical Sciences at Kyoto
University in 2011 and 2012 and we wish to thank this institute for its hospitality.
During our stays we had, as usual, extremely enlightening discussions with Masaki
Kashiwara and we warmly thank him here.

‘We have also been very much stimulated by the interest of Gilles Lebeau for sheafi-
fying the classical Sobolev spaces and it is a pleasure to thank him here.

Finally Theorem 2.43 plays an essential role in the whole paper and we are ex-
tremely grateful to Adam Parusinski who has given a proof of this result.

1. Subanalytic topologies

1.1. Linear coverings

Notations and conventions. — We shall mainly follow the notations of [11, 13]
and [15].

In this paper, unless otherwise specified, a manifold means a real analytic manifold.
We shall freely use the theory of subanalytic sets, due to Gabrielov and Hironaka, after
the pioneering work of Lojasiewicz. A short presentation of this theory may be found
in [2].

For a subset A in a topological space X, A denotes its closure, Int A its interior
and OA its boundary, 04 = A\ Int A.

ASTERISQUE 383



CONSTRUCTION OF SHEAVES ON THE SUBANALYTIC SITE 5

Recall that given two metric spaces (X,dx) and (Y,dy), a function f: X — Y is
Lipschitz if there exists a constant C' > 0 such that dy (f(z), f(z')) < C - dx(z,z’)
for all z,2' € X.

All along this paper, if M is a real analytic manifold, we
choose a distance dp; on M such that, for any z € M and
any local chart (U,p: U < R™) around z, there exists a
neighborhood of x over which dj; is Lipschitz equivalent to
the pull-back of the Euclidean distance by (. If there is no
risk of confusion, we write d instead of dj,.

(1.1)

In the following, we will adopt the convention
(1.2) d(z,2) = Dy + 1, for all z € M,

where Dy = sup{d(y, 2); y,z € M}. In this way we avoid distinguishing the special
case where M = J,.; U; in (1.4) below (which can happen if M is compact).
The site Mg,. — The subanalytic topology was introduced in [13].

Let M be a real analytic manifold and denote by Op,, the category of relatively
compact subanalytic open subsets of M, the morphisms being the inclusion mor-
phisms. Recall that one endows Op,, with a Grothendieck topology by saying that
a family {U; }ics of objects of Op,, is a covering of U € Op,, if U; C U foralli € I
and there exists a finite subset J C I such that Uje ;U; = U. It follows from the
theory of subanalytic sets that in this situation there exist a constant C' > 0 and a
positive integer N such that

(1.3) diz, M\ U)N < C - (meajc d(z, M\ U;)).

One shall be aware that if U is an open subset of M, we may endow it with the
subanalytic topology Us,, but this topology does not coincide in general with the
topology induced by M.

We denote by psa: M — Mg, (or simply p) the natural morphism of sites.

The site Mgy
Definition 1.1. — Let {U;}icr be a finite family in Op,, . We say that this family is
1-regularly situated if there is a constant C' such that for any x € M
(1.4) d(z, M\ | JU)) < C-maxd(z, M\ ;).
iel i€l
Of course, this definition does not depend on the choice of the distance d.

When M = R™ and U C R™ we have d(z, M \ U) = d(z,0U), for all x € U. In
general we have the following comparison result.

Lemma 1.2. — LetU € Op,,_ be such that OU is non empty (that is, U is not a union
of connected components of M ). Then there exists C > 0 such that for all x € U we
have

dlz, M\ U) <d(z,0U) < Cd(z, M\ U).
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6 S. GUILLERMOU & P. SCHAPIRA

Proof. — The first inequality is clear and we prove the second one. If it is false,
there exist =, € U, n € N, such that d(z,,0U)/d(z,, M \ U) "%, 0. Since
U is compact, up to taking a subsequence we may assume that x, converges to a
point z € U. We see easily that z € OU. We take a chart around z as in (1.1).
Since dgn(y,0U) = drn(y,M \ U) for y in the chart near z, we can not have

(2, 0U) /d(zpn, M\ U) 277, o0, which proves the result. O

Example 1.3. — Let U;,Uz € Op,,  be two disjoint open sets. We prove that
{U1,Us} is l-regularly situated. We set U = U; UUs. We argue as in the proof of
Lemma 1.2 and assume by contradiction that there exists a sequence z,, € U, n € N,
such that d(z,, M \ U)/ max;—1 2{d(zn, M \ U;)} converges to co. We may as well
assume x, € U; for all n. Up to taking a subsequence we may assume that z,, con-
verges to a point z € U;. We see that € OU;. We take a chart around z as in (1.1).
Then, for n > 0, dga(x,, M \ Uy) is realized by a point y,, € OU;. Since UsNOU; = @
we have in fact y, € M \ U. Hence dga(zn, M \ Uy) = dga(xn, M \ U). Since d is
Lipschitz equivalent to dga, the quotient d(z,, M \ U)/max;—12{d(z,, M \ U;)}
remains bounded and we have a contradiction.

Example 1.4. — On R? with coordinates (z1,z2) consider the open sets:

Ui = {(z1,22); 2o > —22, 21 > 0},

Uy = {(x1,22); 2o < 23, 21 > 0},

Us = {(x1,22); 21 > —x3, 2 > 0}.
Then {U;,Us} is not 1-regularly situated. Indeed, set W:=U; UU; = {z1 > 0}. Then,
if z = (21,0),21 > 0, d(z,R?\ W) = z; and d(z,R? \ U;) (i = 1,2) is less that z?.
On the other hand {Uy,Us} is 1-regularly situated. Indeed,

d(z,R?\ (U, UUs)) < V2max(d(z,R?\ Uy), d(z,R? \ Us)).

Definition 1.5. — A linear covering of U is a small family {U; };cr of objects of Op,,
such that U; C U for all ¢ € I and

{there exists a finite subset Iy C I such that the family

(1.5) {U;}ie1, is 1-regularly situated and UZ.GI0 U, =U.

Let {Ui}ier and {V}} e be two families of objects of Op,, . Recall that one says

that {U,}icsr is a refinement of {V;};cs if for any ¢ € I, there exists j € J with
U; C ij
Proposition 1.6. — The family of linear coverings satisfies the axioms of Grothendieck
topologies below (see [15, § 16.1]).
COV1: {U} is a covering of U, for any U € Opy,_ .
COV2: If a covering {Ui}icr of U is a refinement of a family {V;}jes in Opyy .
with V; C U for all j € J, then {V;};cs is a covering of U.
COV3: If V. C U are in Opy, . and {Us}icr is a covering of U, then {V N U,}ier
is a covering of V.
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COV4: If {Ui}ier is a covering of U and {V}}je is a small family in Op,, — with
V; C U such that {U; NV, }jes is a covering of U; for all i € I, then {V;}ey is
a covering of U.

Proof. — We shall use the obvious fact stating that for two subsets A C B in M, we
have d(z, M \ A) < d(xz, M \ B).

COV1: Is trivial.

COV2: Let Iy C I be as in (1.5). Let o: I — J be such that U; C V), for
all i € I. Then, for all x € U; we have d(z, M \ U;) < d(x, M \ V). It follows
that o(Iy) satisfies (1.5) with respect to {V;},ec.

COV3: Let Iy C I be as in (1.5) and let C be the constant in (1.4). Let x be a
given point in V. NU. We have d(z, M \ (VNU)) < d(z, M\ U). We distinguish
two cases.

(a) We assume that d(z, M \ (V NU;)) = d(z, M\ U;), for all i € Iy. Then
we clearly have d(z, M \ (VNU)) < Cmax;ey, d(z, M \ (VNU;)) and I
satisfies (1.5) with respect to {V N U, }ier.

(b) We assume d(z, M \ (VNU;)) < d(z, M \ U,,) for some iy € Iy. We
choose y € M \ (V NU,,) such that d(z,y) = d(z, M \ (VNU,,)). Then
we have d(z,y) < d(z, M \ U;,). We deduce that y € U;, and then that
ye€ M\V.Hencey € M\ (VNU) and d(z, M\ (VNU)) < d(z,y). Then

dz, M\ (VNU)) <d(z,M\ (VNU))

<rzrg}xd(m M\ (VNU)).

We obtain (1.4) for the family {V N U,};c, with C = 1.

COV4: Let Iy C I be asin (1.5) and let C' be the constant in (1.4). For each i € I,
let J; C J satisfying (1.5) with respect to U; for the family {U; N V;},es and
let C; be the corresponding constant. We set Jy = Uz‘elo J; and B = max{C - Cj;
i € Ip}. Then we have

d(z, M\ U) < C’maxd(x,M \Ui)
< C'max(C; maxd(:v M\ (U;NV;)))

i€l JjEJ;

< Bmax maxd(z, M \'V})
i€ly jEJ;

<Bmaxd(x M\V;),

j€Jo
which proves that Jy satisfies (1.5) with respect to {V;};e.. O

As a particular case of COV4, we get

Corollary 1.7. — If {U;}icr is a linear covering of U € Opy, and I = |, 4 Lo is @
partition of I, then setting Us :=U;c; Ui, {Uataca is a linear covering of U.

The notion of a linear covering is of local nature (in the usual topology). More
precisely, we have:
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Proposition 1.8. — Let V € Opy, . and let {U;}icr be a finite covering of V in Ms,.
Then {V N U, }icr is a linear covering of V.

Proof. — Set U = |J, U; and let W € Op,,  be a neighborhood of the boundary oU
such that V N W = &. Let us prove that the family {W, {U,};cs} is a linear covering
of WUU. We set f(x) = max{d(x, M \ W),d(x, M\ U;),i € I} and Z = {z € M,
dlz, M\ (WUU)) > d(z,U)}. Then Z is a compact subset of W U U. Hence there
exists € > 0 such that f(z) > e forall z € Z.

We also see that U C Z. Hence f(x) = d(x, M \ W) for = ¢ Z. Moreover, for a
given x € Z we have d(z, M\ W) < d(z, M \ W UU)) < d(z,U) by definition of Z.
Hence a given y € M \ W realizing d(xz, M \ W) can not belong to U and we obtain
dlz, M\ (WUU))=d(z, M\ W). Finally d(z, M\ (W UU)) = f(z) for z & Z.

Now we deduce that d(z, M\ (W UU)) < Cf(z) for some C > 0 and for all x € M,
that is, {W,{U;}ic1} is a linear covering of WU U.

Taking the intersection with V' we obtain by COV3 that {V N U, }icr is a linear
covering of V. O

Corollary 1.9. — Let {U;}icr and {Bj}jcs be two finite families in Op,, . We set
U =, U; and we assume that Uc Uj Bj. Then {U;}icr is a linear covering of U if
and only if {U; N\ B,}icr is a linear covering of U N B; for all j € J.

Proof. — (i) Assume that {U;}; is a linear covering of U. Applying COV3
to B;NU C U we get that the family {U; N B, }ics is a linear covering of U N B; for
all j € J.

(ii) Assume that the family {U; N B,}cs is a linear covering of U N B; for all j € J.
By Proposition 1.8 the family {U N B, }c is a linear covering of U. Hence the result
follows from COV4. O

Definition 1.10. — (a) The linear subanalytic site Mg, is the presite Mg, endowed
with the Grothendieck topology for which the coverings are the linear coverings
given by Definition 1.5.

(b) We denote by psar: Mga — Mga and by pg: M — My, the natural morphisms of
sites.

The morphisms of sites constructed above are summarized by the diagram

Psa
M —— M,
Psl J/psal
s
May.

Remark 1.11. — Let M and N be two real analytic manifolds and let f: M — N be
a topological isomorphism such that both f and f~! are subanalytic Lipschitz maps.
Then f1: OpMSa — Opy_, induces an isomorphism of sites Nga = Mal.
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1.2. Regular coverings. — We shall also use the following;:

Definition 1.12. — Let U € Op,,_. A regular covering of U is a sequence {U; }ic[1,n
with 1 < N € N such that U = U, ) Ui and, for all 1 < k < N, {Uiticp is a
linear covering of U, ;< Ui-

We will use the following recipe to turn an arbitrary covering into a linear covering
by a slight enlargement of the open subsets. For an open subset U of M, an arbitrary
subset V' C U and € > 0 we set

(1.6) vel = {z e M; d(z,V) <ed(z, M\ U)}.

Then VU is an open subset of U. If the distance d is a subanalytic function on M x M,
U € Op,, . and V is a subanalytic subset, then VeV also belongs to Op M..- We see
easily that (UNV)c VeV cU.

Lemma 1.13. — We assume that the distance d is a subanalytic function on M x M.
Let U € Opy,,, and let V. C U be a subanalytic subset. Let 0 < e and 0 < 6 < 1. We

set g’ = if(s. Then

(i) for any x € VU and y € M such that
d(z,y) < 6d(x, M\ U) ord(z,y) < dd(y, M\ U),
we have d(y,V) < e'd(y, M\ U), that is, y € V<"V,
(ii) for any z € VoU we have d(z, M \ VE'"U) > §d(z, M\ U),
(iii) {U\V,Ve"U} is a linear covering of U.

e+d

We remark that any ¢’ > 0 can be written ¢’ = {5 with ¢, as in the lemma.

Proof. — (i) The triangular inequality d(z, M \ U) < d(z,y) + d(y, M \ U) implies
{d(z,M \U) < (1-90)"Yd(y,M\U), ifd(z,y)<ddxz,M\U),
dz, M\U) < (1+6)d(y, M\ U), if d(z,y) < dd(y, M\ U).
Since 1 +6 < (1 — 6)~! we obtain in both cases
(1.7) d(z, M\ U) < (1-0)"td(y, M\ U).

In particular we have in both cases d(z,y) < §(1—3)"'d(y, M\ U). Now the definition
of VU implies

d(y,V) < d(z,y) + d(z, V)
<6(1—8)"Yd(y, M\ U) +ed(z, M\ U)
< (e +8)(1-8)~\d(y, M\ V),
where the last inequality follows from (1.7).

(i) By (i), if a point y € M does not belong to V<"V, we have d(z,y) > & d(x, M \U).
This gives (ii).
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(iii) Since d is subanalytic, the open subset veUs subanalytic. We also see easily
that U = (U\V)U VeV, Now let z € M.

(a) If z ¢ V=V then (1.6) gives d(z,V) > ed(z, M \ U). Since d(z,M \ (U \V)) =
min{d(z, M \ U),d(z,V)}, we deduce d(x, M \ (U \ V)) > min{e, 1}d(z, M \ U).

(b) If z € VU, then (i) gives d(z, M \ Ve'V) > §d(z, M \ U).

We obtain in both cases

max{d(z, M \ (U\ V)),d(z, M\ V="U)} > Cd(z, M\ U),
where C' = min{4, €}. This proves (iii). O

Lemma 1.15 below will be used later to obtain subsets satisfying the hypothesis of
Lemma 4.15. We will prove it by using Lemma 1.13 as follows. Let Uy,Us € Opy,
and let U = Uy U Us. For € > 0 we set, using Notation (1.6),

(1.8) U = (U \U)*V = {2 € Up; d(z,U1 \Us) < ed(z, M \ U1)},
(1.9) Us = (U \Uh)*Y2 = {z € Uy; d(z,Us \ U) < ed(z, M \ Us)}.
Lemma 1.14. — (i) Fori=1,2 and for any e > 0, the pair {UF,U1NUz} is a linear

covering of U;.

(ii) For any e,e’ > 0 such that e’ < 1, we have U NUS NU = 2.

(iii) Lete > 0,0 < d < 1 and set &' = ifg, = Ell%g. We assume ec” < 1. Then,
for any x € M,

d(z,U5) > 6d(x, M\ U,) ifze U,
d(z,US) > §d(x, M\ Uy) ifz ¢ U .

Proof. — (i) By symmetry we can assume ¢=1. By Lemma 1.13, the pair

{U1\ (U1 \ Uz),Uf} is alinear covering of U;. Since Us is open we have U \(U; \ Uz) =
Ui NUs and (i) follows.
(ii) We have

UsNUcC{zeU,; dzU \Us) <ed(z,M\U)},
U NU C {z e U; d(z,Uy \Uy) < &' d(z, M\ Us)}.
We remark that d(xz, M \ Us) < d(z,U; \ Uz) and d(z, M \ Uy) < d(z,U; \ Uy) for

any z € M. Let z € Uf NUS NU and set dy = d(z,Us \ Uy), dy = d(z, Uy \ Uy). We
deduce d; < e€’d;, for ¢ = 1,2. Since e’ < 1 we obtain d; = dy = 0. Hence =z ¢ U;

and z & Us. Since U = U; U Uy, this proves (ii).
(iii) By Lemma 1.13 (i), we have d(z, M \ Uf") > dd(z, M \ U) for any z € US .
By (ii) we have U5 € M \ Uf" and the first inequality follows.

By Lemma 1.13 (i), if z ¢ Ut and z € U§, then d(z, z) > 6 d(z, M\ Uy). This gives
the second inequality. U

Lemma 1.15. — Let Uy,Us € Opy,  and set U = Uy U U,. We assume that {Uy, Uz}
is a linear covering of U. Then there exist U] C U;, i = 1,2, and C > 0 such that
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(1) {U;,U1 N Uz} is a linear covering of U; (i = 1,2),
(i) Uy NnUSNTU =2, o
(iii) setting Z, = (M \U)U U/, we have Z1 N Zy = M\ U and

d(z,Z1 N Zy) < C(d(z, Z1) + d(x, Z3)), for anyxz € M.

Proof. — We set e =6 = 1/3, ¢’ = €2 = 1 and &’ = El'jg = 2. Using the nota-
tions (1.8) and (1.9) we set U] = Ug, i =1,2.

(i) and (ii) are given by Lemma 1.14 (i) and (ii).

(iii) The equality Z; N Z2 = M \ U follows from (ii). Let C’ be the constant in (1.4)
for the family {U;,Us}. We set C; = max{1,6 1C'}. Let x € M and let x; € Z; be
such that d(z,z;) = d(z, Z;). By the definition of Z;, if z; ¢ F{, then z; € M\ U.
Hence d(z, Z1) = d(z, M \ U) and the inequality in (iii) is clear.

Hence we can assume z; € 7{ and also x5 € @ by symmetry. Then we have
d(z,Zy) +d(z, Zy) = d(z,Uf) + d(z,US). Since ee” = 2/3 < 1, Lemma 1.14 (iii) gives
d(z,Uf)+d(z,U5) > 6d(x, M\ Uy). The same holds with M \ U; replaced by M \ Uy
and (1.4) gives

d(z, UT) + d(z,U3) > 6 max{d(z, M\ Us)} > Cy 'd(z, M\ U),
so that (iii) holds with C' = C. O

Lemma 1.16. — We assume that the distance d is a subanalytic function on M x M.
Let {U;}Y, be a 1-regularly situated family in Opy,  and let C > 1 be a constant
satisfying (1.4). We choose D > C and 1 > € > 0 such that eD < 1 —e. We define
UL, Vi, U} € Opy, inductively on i by U =V; =U{ = U, and

U ={z € Us; d(z, M \ (U; UV;_1)) < Dd(z, M\ U;)},

Vi =Via uly,

Ul = (U2)*Y"  (using the notation (1.6)).

Then Vi = Ui\il U; and, for allk =1,...,N, we have U}, C Uy, V = Ule U! and
{UYe_, is a 1-regularly situated family in Op,,._ .

Proof. — (i) Let us prove that U, C Uy. Let z € U], and let us show that = € Uy.
By (1.6) we have = € Vj, and there exists y € U such that d(z,y) < ed(z, M \ V).
We deduce d(z,y) < e(d(z,y) + d(y, M \ V})) and then

(1.10) d(z,y) < (¢/(1—¢))d(y, M\ Vi).
On the other hand we have U C Uy, hence Vj, C Uy, U Vj_;. Since y € Uy we deduce
(1.11) d(y, M\ Vi) <d(y, M\ (Ux U Vi_1)) < Dd(y, M \ Uy).

The inequalities (1.10), (1.11) and the hypothesis on D and € give d(z,y) <d(y, M \ Uy).
Hence z € Uy.

SOCIETE MATHEMATIQUE DE FRANCE 2016



12 S. GUILLERMOU & P. SCHAPIRA

(ii) We have V; = V;_; UU. Hence Lemma 1.13 implies that {V;_1, U/} is a covering
of V; in Mj,. Let us prove the last part of the lemma by induction on k. We imme-
diately obtain that V; = Ule U/. Moreover, {Vi_1,U}} being a covering of Vi, we
get by using COV4 that, for all k = 1,..., N, {U/}r_, is a l-regularly situated family
in Opyy.. -

(iii) It remains to prove that Vy = va=1 U;. It is clear that Vi C Uf\il U;, for
allk=1,...,N.Letz € Uf\il U;. Since {U;} Y, is 1-regularly situated, there exists ig
such that d(z, M \ Uf\il U;) < Cd(z, M\ U,,). In particular € U;, and moreover
d(z, M\ (Ui, UViy—1)) < Cd(z, M\ Uy,) < Dd(z, M \ Uy,). Therefore 2 € U2 . By
definition UZ% C Vi, C Vn. Hence z € Vv and we obtain Vi = UZ\; U;. O

In particular, we have proved:

Proposition 1.17. — Let U € Op,, . Then for any linear covering {U;}icr of U there
ezists a refinement which is a regular covering of U.

2. Sheaves on subanalytic topologies

2.1. Sheaves

Usual notations. — We shall mainly follow the notations of [11, 13] and [15].

In this paper, we denote by k a field, although most of the results hold under
the hypothesis that k is a commutative unital Noetherian ring with finite global
dimension. Unless otherwise specified, a manifold means a real analytic manifold.

If ¥ is an additive category, we denote by C(%’) the additive category of complexes
in . For x = 4+, —,b we also consider the full additive subcategory C*(%) of C(%)
consisting of complexes bounded from below (resp. from above, resp. bounded) and
C"P(%) means C(%) (“ub” stands for “unbounded”). If ¢ is an abelian category, we
denote by D(%) its derived category and similarly with D*(%) for * = +, —, b, ub.

For a site .7, we denote by PSh(ks) and Mod(ks) the abelian categories of
presheaves and sheaves of k-modules on 7. We denote by ¢: Mod(ks) — PSh(k~)
the forgetful functor and by (*)? its left adjoint, the functor which associates a sheaf
to a presheaf. Note that in practice we shall often not write ¢. Recall that Mod (k) is
a Grothendieck category and, in particular, has enough injectives. We write D*(k )
instead of D*(Mod(k«)) (*x = +, —, b, ub).

For a site .7, we will often use the following well-known fact. For any F' € D(k )
and any i € Z, the cohomology sheaf H!(F) is the sheaf associated with the presheaf
U — HY(U; F). In particular, if H(U; F) = 0 for all U € .7, then H*(F) ~ 0.

For an object U of 7, recall that there is a sheaf naturally attached to U (see
e.g., [15, § 17.6]). We shall denote it here by ky o or simply kg if there is no risk of
confusion. This is the sheaf associated with the presheaf (see loc. cit. Lemma 17.6.11):

V — &y—-yuk.
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The functor “associated sheaf” is exact. If follows that, if V' — U is a monomorphism
in .7, then the natural morphism ky &+ — ky o also is a monomorphism.

Sheaves on M and Mg,. — We shall mainly use the subanalytic topology introduced
in [13]. In loc. cit., sheaves on the subanalytic topology are studied in the more general
framework of indsheaves. We refer to [27] for a direct and more elementary treatment
of subanalytic sheaves.

Recall that ps,: M — Mg, denotes the natural morphism of sites. The functor pg,,
is left exact and its left adjoint p_,! is exact. Hence, we have the pairs of adjoint
functors

Psa s Rps&*
(21) MOd(kM) <:> NIOd(k]\/[sa)7 Db(kM) <:> Db(kMsa).
Pea Pra’

The functor p,, is fully faithful and p;lps., =~ id. Moreover, p!Rps., =~ id and
Rpsay in (2.1) is fully faithful.
The functor p_;! also admits a left adjoint functor ps,,. For F € Mod(kys), psaiF is

the sheaf on Mj, associated with the presheaf U — F(U). The functor pg,, is exact,
fully faithful and commutes with tensor products.

Proposition 2.1. — Let U € Op,,  and let F' € Mod(kys). Then
RI'U;Rpsa, F) ~ RI'(U; F).

Proof. — This follows from RI'(U;G) ~ RHom (ky, G) for G € Mod(kz) (7 = M
or 7 = Ms,) and by adjunction since p_'kyar, =~ k- O

Also note that the functor pg,, admitting an exact left adjoint functor, it sends
injective objects of Mod(kys) to injective objects of Mod(kay, ).

One denotes by Modg_.(kps) the category of R-constructible sheaves on M. One
denotes by D}__(kas) the full triangulated subcategory of D (k) consisting of objects
with R-constructible cohomologies.

Recall that pg,, is exact when restricted to the subcategory Modg.(kys). Hence
we shall consider this last category both as a full subcategory of Mod(kys) and a full
subcategory of Mod (k.. ).

For U € Op,, , we have the sheaf kys,, ~ psa, kv on Mg, that we simply denote
by kU.

Sheaves on M and Mg,. — Recall Definition 1.10. The functor pg,, is left exact and
its left adjoint p;a} is exact since the presites underlying the sites M, and Mg, are
the same (see [15, Th. 17.5.2]). Hence, we have the pairs of adjoint functors

Psal « Rpsal.
(22)  Mod(k,,) == Mod(kag,,), D (kar,) = D (kag,,).
Psal Psal

Lemma 2.2. — The functor psa1, in (2.2) is fully faithful and p;a%psal* ~ id. Moreover,
Pt Rpsar, = id and Rpsar, in (2.2) is fully faithful.
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14 S. GUILLERMOU & P. SCHAPIRA

Proof. — (i) By its definition, p;a}psal*F is the sheaf associated with the presheaf
U (psa1 F)(U) ~ F(U) and this presheaf is already a sheaf.
(i) Since py,) is exact, p;,|Rpsal, is the derived functor of p_,] psal,- O

In the sequel, if K is a compact subset of M, we set for a sheaf F' on M, or Mg,:

[(K;F) = lim T(U; F), U €Opy,.
KCU

Lemma 2.3. — Let F € Mod(kyys,,,). For K compact in M, we have the natural iso-
morphisms

I'K;F) =~ I‘(K;ps_a}F) o, F(K;ps_llF).
Proof. — The first isomorphism follows from Proposition 1.8. The second one
from [13, Prop. 6.6.2] since p;' ~ plpol. O
The next result is analogue to [13, Prop. 6.6.2].

Proposition 2.4. — Let F' € Mod(ky,,,). For U open in M, we have the natural iso-
morphism

[(U;py'F)~ lim T(V;F),V € Opy,,.

vccu
Proof. — We have the chain of isomorphisms, the second omne following from
Lemma 2.3:
T(U;p ' F)~ lim T(V;py'F)~ lim T(V;F)~ lim T(V;F). O
vccu vccu vccu

The next result is analogue to [13, Prop. 6.6.3, 6.6.4]. Since the proof of loc. cit.
extends to our situation with the help of Proposition 2.4, we do not repeat it.

Proposition 2.5. — The functor psjl admits a left adjoint that we denote by pg.

For F € Mod(kyr), psii F is the sheaf on Mg, associated with the presheaf U — F(U).
The functor ps, is exact and fully faithful.

Sheaves on Mg, and Mg,
Proposition 2.6. — Let U € Opy, . Then we have psa,kvm,, =~ kun,, and
ot KUM= KUM,, -

Proof. — The proof of [13, Prop. 6.3.1] gives the first isomorphism without any
changes other than notational. The second isomorphism follows by Lemma 2.2. [

Proposition 2.7. — Let U € Op,,  and let F € Mod(kyy,, ). Then
RI'U; Rpsal, F) ~ RI(U; F).

The proof goes as for Proposition 2.1.
In the sequel we shall simply denote by ky the sheaf kys for 7 = Mg,
or .7 = My,.
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Proposition 2.8. — Let 7 be either the site Mg, or the site Mg,). Then a presheaf F
is a sheaf if and only if it satisfies:
(i) F(o)=0,
(ii) for any U1,Us € Opyy,, such that {Uy, Uz} is a covering of Uy UUs, the sequence
0— F(Ul U Ug) — F(Ul) D F(UQ) — F(U1 N UQ) s exact.

Of course, if 7 = Mg,, {U1,Us} is always a covering of U; U Us.

Proof. — In the case of the site M;, this is Proposition 6.4.1 of [13]. Let F be a
presheaf on Mg, such that (i) and (ii) are satisfied and let us prove that F' is a sheaf.
Let U € Op,,, and let {U;}ics be a linear covering of U. By Proposition 1.17 we
can find a finite refinement {V;};c; of {U;};cr which is a regular covering of U. We
choose o: J — I such that V; C U, ;) for all j € J and we consider the commutative
diagram

0 F(U) - @iel F(UZ) - @i,jel F(Uz)
N
0 F(U) Dircs F (Vi) — DBy 1es F(Via),

where a and b are defined as follows. For s = {s;}ic; € @;c; F(U;), we set
a(s) = {trtres € Bpey F(Vi) where t; = So(k)]y, - In the same way we set
b({si;}ijer) = {sa(k)a(kal}MEJ. The proof of [13, Prop. 6.4.1] applies to a regular
covering in Mg, and we deduce that the bottom row of the diagram (2.3) is exact. It
follows immediately that Keru = 0. This proves that F' is a separated presheaf.

It remains to prove that Kerv = Imu. Let s = {s;}ic1 € @,.; F(U;) be such
that v(s) = 0. By the exactness of the bottom row we can find ¢t € F(U) such
that a(u(t) — s) = 0. Let us check that ¢ y. = Si for any given i € I. The family
{Ui NV }res is a covering of U; in Mg,). Sinée F is separated it is enough to see that
for all k € J. Setting W = U; NV, we have

:Si

t
U;NVy U;NVy

ty = So) |y = (8o(k) = (si

U,-mUa(k))|W UiﬂUa(k))|W = Sify

where the first equality follows from a(u(t) — s) = 0 and the third one from v(s) = 0.
O

Lemma 2.9. — Let T be either the site Mg, or the site M. Let U € Opy, —and
let {F;}icr be an inductive system in Mod(k o) indezed by a small filtrant category I.
Then

(2.4) lim [(U; ;) % T(U; lim F).

3 (2

This kind of results is well-known from the specialists (see e.g., [13, 3]) but for the
reader’s convenience, we give a proof.
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Proof. — For a covering ./ = {U;}; of U set
07 F) =Ker([[F(:) = [[ F(VinUy)).

ij
Denote by “11_11}1” the inductive limit in the category of presheaves and recall that

lim F; is the sheaf associated with “lim” F;. The presheaf “lim” Fj is separated. Denote

by Cov(U) the family of coverings of U in 7 ordered as follows. For .7 and %
in Cov(U), %1 % S if A is a refinement of .#. Then Cov(U)°P is filtrant and
NU;lim F;) ~  lim T'(Y; “lim” F;)
sininy — -
4 S €Cov(U) i
~ lim lim I'(.%; F;)
— =
B
~ limlim I'(¥; F;) ~ lim I'(U; F;).
R =
Here, the second isomorphism follows from the fact that we may assume that the
covering . is finite. O

Example 2.10. — Let M = R? endowed with coordinates z = (z1,3). For £, A > 0
we define the subanalytic open subset

(2.5) Use ={z; 0 <21 <&, —A2? < 75 < Az?}.

We define a presheaf F' on Mg, by setting, for any V' € Op,,_,

F(V) = k if for any A > 0, there exists ¢ > 0 such that Uy . C V,
~ |0 otherwise.

The restriction map F(V) — F(V'), for V' C V, is idy if F(V') = k. We prove that
F is a sheaf in (iii) below after the preliminary remarks (i) and (ii).

(i) For given A,eo > 0 we have d((g,0), M \ Ua,) > (A/4)e?, for any £ > 0 small
enough. In particular, if F(V) = k, then

(2.6) d((,0), M\ V)/e? = 400 when & — 0.

(ii) Let us assume that there exist A > 0 and a sequence {e,}, n € N, such that
€n > 0, €, — 0 when n — oo and V contains the closed balls B((e,,0), Ac2) for
all n € N. Then there exists € > 0 such that V contains Uy . \ {0}.

Before we prove this claim we translate the conclusion in terms of sheaf theory (in
the usual site R?). Let p: R? — R be the projection (z1,rs) — z;. Then, for z; > 0,
the set p~1(z1) NV NU,4, is a finite disjoint union of intervals, say I,...,In. If
p~(z1) NV contains p~1(z1) NUa,, then N = 1, I; is closed and RT'(R; ky,) = k.
In the other case none of these Ij,...,Iy is closed and HO(R; kr,) =0, for all
j=1,...,N. By the base change formula we deduce that V contains Uy \ {0} if

and only if Rp*(kVﬁm)ho g ko,
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We remark that, for ¢ < 1, we have Rp*(kVnﬁ)|]0,€] ~ Rp*(kV”ﬁ,l)ho,s]' The
sheaf Rp.(ky~z,) is constructible. Hence it is constant on ]0,e] for € > 0 small
enough. Since (Rp.(ky ~z77))e, = k by hypothesis, the conclusion follows.

(iii) Now we check that F' is a sheaf on M, with the criterion of Proposition 2.8.
Let U,Uy,U; € Opy,, such that {Uy,Us} is a covering of U.

(iii-a) Let us prove that F(U) — F(U;) ® F(Us) is injective. So we assume that
F(U) = k (otherwise this is obvious) and we prove that F(U;) = k or F(Us) = k.
Let A > 0. By (2.6) and (1.4) there exists €g > 0 such that

max{d((g,0), M \ Uy),d((g,0), M \ Up)} > Ae?, for all € €]0,¢0][.

Hence, for any integer n > 1, the ball B((1/n,0), A/n?) is included in U; or Us. One
of Uy or U must contain infinitely many such balls. By (ii) we deduce that it contains
Uay,, for some e4 > 0. When A runs over N we deduce that one of U; or Us contains
infinitely many sets of the type Ua.,, A € N. Hence F(U;) =k or F(Us) = k.

(iii-b) Now we prove that the kernel of F/(U,)®F(Us) — F(U12) is F(U). We see easily
that the only case where this kernel could be bigger than F(U) is F(U;) = F(Uz) =k
and F(Uy2) = 0. In this case, for any A > 0, there exist €1,e2 > Osuch that Us ., C Uy
and Ug ., C Us. This gives UA,min{El,EQ} C Ui which contradicts F(Uys) = 0.

(iv) By the definition of F' we have a natural morphism u: F' — pga1,kyo} which is
surjective. We can see that p_(u) is an isomorphism. We define N € Mod(ky,,,) by
the exact sequence

(2.7) 0— N — F — psakioy — 0.

Then ps_a%N ~ 0 but N # 0. More precisely, for V' € Op,, , we have N(V) = 0 if
0eVand N(V) = F(V)if0¢ V.

2.2. T"-acyclic sheaves

Cech complezes. — In this subsection, .7~ denotes either the site Mg, or the site Mg,.
For a finite set I and a family of open subsets {U, }ic; we set for @ # J C I,

UJ = ﬂ []_7
jed
Lemma 2.11. — Let F be either the site Mg, or the site Mg,. Let {U1,Us} be a
covering of Uy UUs. Then the sequence
(28) 0— kU12 — kU1 D kU2 — kU1UU2 — 0

1s exact.

Proof. — The result is well-known for the site Mg, and the functor pg,;, being left

exact, it remains to show that ky, ® ky, — ky,uv, is an epimorphism. This fol-

lows from the fact that for any F' € Mod(kys,,,), the map Hom, (kv ,uv,, F) —
sal

Hom, — (ku, ®ku,, F) is a monomorphism. O
sal
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Consider now a finite family {U;}:cs of objects of Op,, and let N := [I|. We
choose a bijection I = [1, N]. Then we have the Cech complex in Mod(k ) in which
the term corresponding to |J| =1 is in degree 0.

(2.9) ki, =0~ P k0L L P ky ®es—0.

JCI,|J|=N JCI,|J|=1

Recall that {e;} s is a basis of A" ZN and the differential is defined as usual by
sending ki, ®e s to @iel kUJ\{Z.} ®e;| e using the natural morphism kg, — kUJ\{i}.

Proposition 2.12. — Let 7 be either the site Mg, or the site Mg,. Let U € Opy,
and let % :={U;}; € I be a finite covering of U in F (a regular covering in case
T = Mga1). Then the natural morphism k,, — ky is a quasi-isomorphism.

Proof. — Recall that N = |I|. We may assume I = [1, N|. For N = 2 this is nothing
but Lemma 2.11. We argue by induction and assume the result is proved for N — 1.
Denote by %’ the covering of U’ :=J; <;< y_; Ui by the family {U;}icp1,... n—1)- Con-
sider the subcomplex F; of k;, given b_y_

(2100 F=0—> P kuouS 5 P ky,®es—0.
NeJCL|J|=N NeJCI,|J|=1

Note that Fj is isomorphic to the complex kJ}/,mUN — kg, where kg, is in degree 0
and we shall represent F} by this last complex. By [15, Th. 12.4.3], there is a natural
morphism of complexes

(2.11) u: kg 1] = (kynuy, — kuy)
such that k,, is isomorphic to the mapping cone of u. Hence, writing the long exact
sequence associated with the mapping cone of u, we are reduced, by the induction
hypothesis, to prove that the morphism

kunuy — kv @ kuy

is a monomorphism and its cokernel is isomorphic to kg . Since {U’,Un} is a covering
of U, this follows from Lemma 2.11. O

Acyclic sheaves. — In this subsection, .7 denotes either the site Mg, or the site Mg,.
In the literature, one often encounters sheaves which are I'(U; «)-acyclic for a
given U € 7 but the next definition does not seem to be frequently used.

Definition 2.13. — Let F € Mod(kys). We say that F is I'-acyclic if we have
HF(U;F)~0forallk>0andall U € 7.

We shall give criteria in order that a sheaf F' on the site .7 be I'-acyclic.
Let U € Op,, . and let % :={U;}; € I be a finite covering of U in .7 (a regular
covering in case .7 = My,;). We denote by C* (% ; F) the associated Cech complex:

(2.12) C*(%;F):=Hom, 1(k;”,F).
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One can write more explicitly this complex as the complex:

(2.13) 0— P FUNees L& P FU)®es—0
JcI,|J|=1 JCI,|J|=N

where the differential d is obtained by sending F'(U;)®e; to D,c; F(UsNU;) ®@e;Aey.

Proposition 2.14. — Let J be either the site My, or the site Mg, and let FeMod(k ).
The conditions below are equivalent.

(i) For any {U1,Us} which is a covering of Uy UUs, the sequence 0 — F(U;UUy) —
F(Uy) ® F(Uy) — F(U; NUsz) — 0 is exact.
(ii) The sheaf F is I'-acyclic.
(iii) For any ezact sequence in Mod(k o)

(2.14) G =0— Pku,—>— P kv, -0

i9€Ag iNEAN

the sequence Hom, (G*,F) is ezact.
(iv) For any finite covering % of U (regular covering in case J = Msa)), the mor-
phism F(U) — C* (% ; F) is a quasi-isomorphism.

Proof. — (i)=(ii) (a) Let U € Op,,,,. Let us first show that for any exact sequence

of sheaves 0 — F 2 F' 5 F” — 0 and any U € Op,,_, the sequence 0 — F(U) —
F'(U) — F"(U) — 0 is exact. Let " € F”(U). By the exactness of the sequence
of sheaves, there exists a finite covering U = vazl U; and s; € F'(U;) such that
P(sh) = s"|Ui. In case . = M,,, we may assume that the covering is regular by

Proposition 1.17. For k = 1,...,N, we set V;, = Ule U;. Let us prove by induction
on k that there exists ¢}, € F'(Vy) such that ¢(¢}) = SH|Vk' Starting with ] = s} we
assume that we have found ¢ . Since our covering is regular, {Vj,Uk+1} is a covering
of Vit1. We set for short W = Vi, N Ugy1. We have ’l[)(t;€|W) = 1/1(s§€+1|w). Hence
there exists s € F'(W) such that ¢(s) = t§€|W — 811 |- BY hypothesis (i) there exists
sy € F(Vi) and sy € F(Ugy1) such that s = SV |y~ SU| Setting ¢}, =t} — ¢(sv)
and sy; = 83,y —¢(su) we obtain ty,| = s},|  and we can glue ¢;;| and sy|  into

thr1 € F'(Viy1). We check easily that 9(t;, ;) and the induction proceeds.

— S”|
Vi1
(i)=(i) (b) Denote by _# the full additive subcategory of Mod(k) consisting of
sheaves satisfying the condition (i). We shall show that the category # is I'(U; *)-in-
jective for all U € Op,, . The category # contains the injective sheaves. By the
first part of the proof, it thus remains to show that, for any short exact sequence of
sheaves F* :=0 — F' — F — F” — 0, if both F’ and F belong to _#, then F”
belongs to 7.
Let Uy,Us as in (i) and denote by k,, the exact sequence 0 — ky,nu, —
ky, ® ky, — ky,uv, — 0. Consider the double complex Homkg(ké/,F' ). By the
preceding result all rows and columns except at most one (either one row or one
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column depending how one writes the double complex) are exact. It follows that the
double complex is exact.

(ii)=>(iii) Consider an injective resolution I"° of F, that is, a complex I"° of injective
sheaves such that the sequence I*'":=0 — F — I° is exact. The hypothesis implies
that T(W; 1" ") remains exact for all W € Op,, . Then the argument goes as in the
proof of (i)=(ii) (b). Recall that G* denotes the complex of (2.14) and consider the
double complex Hom, _(G*,I"'*). Then all its rows and columns except one (either
one row or one column depending how one writes the double complex) will be exact.
It follows that all rows and columns are exact.

(iii)=-(iv) follows from Proposition 2.12.
iv)=-(i) is obvious. O
(iv)=(i)

Corollary 2.15. — Let T be either the site Mg, or the site Mg,. A small filtrant
inductive limit of I'-acyclic sheaves is I'-acyclic.

Proof. — Since small filtrant inductive limits are exact in Mod(k), the family
of sheaves satisfying condition (i) of Proposition 2.14 is stable by such limits by
Lemma 2.9. O

Definition 2.16. — Let .7 be either the site M, or the site Mg,. One says that
F € Mod(kz) is flabby if for any U and V in Op,, with V' C U, the natural
morphism F(U) — F(V) is surjective.

Lemma 2.17. — Let 7 be either the site Mg, or the site Mg,;.

(i) Injective sheaves are flabby.
(ii) Flabby sheaves are I'-acyclic.
(iii) The category of flabby sheaves is stable by small filtrant inductive limits.

Proof. — (i) Let F' be an injective sheaf and let U and V in Op,, with V C U.
Recall that the sequence 0 — ky — ky is exact. Applying the functor Hom, (=, F)
we get the result.

(if) If F € Mod (k) is flabby then it satisfies condition (i) of Proposition 2.14.
(iii) The proof of Corollary 2.15 also works in this case. O

2.3. The functor p!,;. — In this section we make an essential use of the Brown repre-
sentability theorem (see for example [15, Th 14.3.1]).

Direct sums in derived categories. — In this subsection, we state and prove some
elementary results that we shall need, some of them being well-known from the spe-
cialists.
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Lemma 2.18. — Let € be a Grothendieck category and let d € Z. Then the cohomology
functor H% and the truncation functors 7<% and 72% commute with small direct sums
in D(€). In other words, if {F;}icr s a small family of objects of D(¥), then

(2.15) P ='F = r={PF)

and similarly with 72¢ and H¢.

Proof. — (i) The case of H? follows from [15, Prop. 10.2.8, Prop. 14.1.1].
(ii) The morphism in (2.15) is well-defined and it is enough to check that it induces an

isomorphism on the cohomology. This follows from (i) since for any object Y € D(%),
H3(759Y) is either 0 or H7(Y). O

Lemma 2.19. — Let € and €’ be two Grothendieck categories and let p: € — €' be
a left exact functor. Let I be a small category. Assume

(1) I s either filtrant or discrete,
(ii) p commutes with inductive limits indexed by I,
(iii) inductive limits indexed by I of injective objects in € are acyclic for the func-
tor p.
Then for all j € Z, the functor Rip: € — €' commutes with inductive limits indexed
by I.

Proof. — Let a: I — % be a functor. Denote by .# the full additive subcategory
of € consisting of injective objects. It follows for example from [15, Cor. 9.6.6] that
there exists a functor ¢: I — .# and a morphism of functors & — 1 such that
for each ¢ € I, a(i) — (i) is a monomorphism. Therefore one can construct a
functor ¥: I — C*(#) and a morphism of functor &« — ¥ such that for each i € I,
a(i) — (i) is a quasi-isomorphism. Set X; = (i) and G; = ¥(i). We get a qis
X; — G, hence a qis

lim X; — lim G, .

rad -
On the other hand, we have

lim R p(X,) = lim B (G ))
~ Hp(lim G;")
where the second isomorphism follows from the fact that H7 commutes with direct
sums and with filtrant inductive limits. Then the result follows from hypothesis (iii).
O

Lemma 2.20. — We make the same hypothesis as in Lemma 2.19. Let —oo< a< b <00,
let I be a small set and let X; € DI*Y(€). Then

(2.16) D Ro(X:) = Ro(D Xi).
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Proof. — The morphism in (2.16) is well-defined and we have to prove it is an iso-
morphism. If b = a, the result follows from Lemma 2.19. The general case is deduced
by induction on b — a by considering the distinguished triangles

HYX,))[-a] = X; — 720t x; 2 O
Proposition 2.21. — Let € and €’ be two Grothendieck categories and let p: € — €’

be a left exact functor. Assume that

(a) p has finite cohomological dimension,
(b) p commutes with small direct sums,
(¢) small direct sums of injective objects in € are acyclic for the functor p.

Then

(i) the functor Rp: D(¥) — D(€") commutes with small direct sums,
(ii) the functor Rp: D(%) — D(%") admits a right adjoint p': D(¢") — D(%),
(iii) the functor p' induces a functor p': D¥(€¢") — DT (%¥).

Proof. — (i) Let {X;}icsr be a family of objects of D(%). It is enough to check that
the natural morphism in D(%”)

(2.17) D Ro(x:) — Ro(EP X:)

il iel
induces an isomorphism on the cohomology groups. Assume that p has cohomological
dimension < d. For X € D(¥) and for j € Z, we have

T2 Rp(X) ~ 729 Rp(r27 =471 X).
The functor p being left exact we get for k > j:
(2.18) H*Rp(X) ~ H*Rp(r=Fr=97971X).
We have the sequence of isomorphisms:

H*Rp(EP X;) ~ H*Rp(r=<Fr27 41 (P X;)

K3

~ HkRp(@ TSkTZj_d_lXi)

3

~ EB HkRp(TSkTZj_d_lXi)

~ P H*Rp(X;).

The first and last isomorphisms follow from (2.18).
The second isomorphism follows from Lemma 2.18.
The third isomorphism follows from Lemma 2.20.

(ii) follows from (i) and the Brown representability theorem (see for example [15,
Th 14.3.1]).

(iii) This follows from hypothesis (a) and (the well-known) Lemma 2.22 below. [
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Lemma 2.22. — Let p: € — %' be a left exact functor between two Grothendieck
categories. Assume that p: D(€) — D(%") admits a right adjoint p': D(€") — D(%)
and assume moreover that p has finite cohomological dimension. Then the functor p'
sends DT(€") to DY (¥).

Proof. — By the hypothesis, we have for X € D(%¢) and Y € D(%¢”)
Hom o) (p(X),Y) = Homp ¢ (X, p'(Y)).

Assume that the cohomological dimension of the functor p is < 7. Let Y € D29(%").
Then Hom p o) (X, p'(Y)) =~ 0 for all X € D<7"(%¥). This means that p'(Y") belongs
to the right orthogonal to D<~7(%) and this implies that p'(Y") € D=~"(%"). O

The functor RT'(U; «)
Lemma 2.23. — Let 7 be either the site Mg, or the site Mg, and let U € Opy, . Let I
be a small filtrant category and a: I — Mod(ks) a functor. Set for short F; = «(i).
Then for any j € Z
(2.19) lim H'RT(U; F;) - HRL(U; lim F;).

i i
Proof. — By Lemma 2.9, the functor I'(U; ¢ ) commutes with small filtrant inductive

limits and such limits of injective objects are I'(U; ¢ )-acyclic by Lemma 2.17. Hence,
we may apply Lemma 2.19. O

Proposition 2.24. — Let U € Opy, . The functor I'(U; +): Mod(kys,,) — Mod(k)
has cohomological dimension < dim M.

Proof. — We know that if F € Modg..(kys), then H'RT(U; F) ~ 0 for j > dim M.
Since any F' € Mod(ky,, ) is a small filtrant inductive limit of constructible sheaves,
the result follows from Lemma 2.23. O

Corollary 2.25. — Let ¢ be the subcategory of Mod(kay,,) consisting of sheaves which
are T'-acyclic. For any F € Mod(kyy,, ), there exists an exact sequence 0 — F — F° —
-+ — F™ — 0 where n = dim M and the F?’s belong to ¢ .

0 .
Proof. — Consider a resolution 0 — F — I% % J1 — ... with the I’’s injective and
define F/ = I7 for j < n—1, F7 =0 for j > n and F" = Kerd". It follows from
Proposition 2.24 that F™ is I'-acyclic. O

Proposition 2.26. — Let I be a small set and let F; € D(kyy,,) (¢ € I). ForU € Op,,_,
we have the natural isomorphism

(2.20) P Rr(U; F) =5 RI(U; P F) in D(k).
iel el
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Proof. — The functor I'(U; +) has finite cohomological dimension by Proposi-
tion 2.24, it commutes with small direct sums by Lemma 2.9 and inductive limits
of injective objects are I'(U; «)-acyclic by Lemma 2.17. Hence, we may apply
Proposition 2.21. U

The functor Rpsal,

Lemma 2.27. — Let ¢ be the subcategory of Mod(kaz,,) consisting of sheaves which
are T-acyclic. The category Z is psa,-injective (see [11, Def. 1.8.2]).

Proof. — Let 0 » F' — F — F” — 0 be an exact sequence in Mod(kyy,, ).

(i) We see easily that if both F” and F belong to _#, then F” belongs to ¢#.

(ii) It remains to prove that if F’ € ¢, then the sequence 0 — pga1, F' — psal F' —
psal F" — 0 is exact. Let U € Op,, . By Proposition 2.7 and the hypothesis, the
sequence 0 — pgal F'(U) = psa1 F(U) = psar, F”(U) — 0 is exact. O

Applying Corollary 2.25, we get:
Proposition 2.28. — The functor ps,, has cohomological dimension < dim M.

Proposition 2.29. — Let I be a small set and let F; € D(kypy,) (i € I). We have the
natural isomorphism

(2.21) P Rosar. Fi =5 Rpsar (P Fi) in D(kar,,)-
iel iel
Proof. — By Proposition 2.28, the functor ps,, has finite cohomological dimension

and by Lemma 2.9 it commutes with small direct sums. Moreover, inductive limits
of injective objects are pg,1,-acyclic by Lemmas 2.27 and 2.17. Hence, we may apply
Proposition 2.21 (i). O

Theorem 2.30. — (i) The functor Rpsa,: D(kar,) — D(kar,,) admits a right adjoint
Prar: D(Knr,,) = D(Ka,,).
(ii) The functor p.,, induces a functor p.,: D¥ (kar.,,) — D¥(kar,).

Proof. — These results follow from Propositions 2.21, 2.29 and 2.28. O
Corollary 2.31. — One has an isomorphism of functors on DV (kar,):
(2.22) id 2 L Rp,.

Proof. — This follows from the fact that (Rpsa,,pl,;) is a pair of adjoint functors
and that Rpsa, is fully faithful by Lemma 2.2. O

Remark 2.32. — (i) We don’t know if the category My, has finite flabby dimen-
sion. We don’t even know if for any F € DP(kjs,,) and any U € Opyy,,, we have
RI(U; F) € DP(k).

(ii) We don’t know if the functor p.,: D¥(kas,) — D*(kas,) constructed in Theo-

rem 2.30 induces a functor p.;: DP(kar,,) — DP(kas, ).
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2.4. Open sets with Lipschitz boundaries

Normal cones and Lipschitz boundaries. — In this paragraph R™ is equipped with
coordinates (z’,x,), 2’ € R""! z, € R.

Definition 2.33. — We say that U € Op,, has Lipschitz boundary or simply that
U is Lipschitz if, for any x € 9U, there exist an open neighborhood V of z and a
bi-Lipschitz subanalytic homeomorphism v : V' =% W with W an open subset of R™
such that (V. NU) =W N {z, > 0}.

Remark 2.34. — (i) The property of being Lipschitz is local and thus the preceding
definition extends to subanalytic but not necessarily relatively compact open subsets
of M.

(ii) If U; is Lipschitz in M; (i = 1,2) then U; x Us is Lipschitz in My x M.

(iii) If U is Lipschitz and z € 9U, there exist a constant C > 0 and a sequence
{Yn}nen, yn € U, such that d(y,,z) — 0 and d(yn,z) < Cd(y,,0U), for all n € N (in
the notations of the definition, assume (z) = (z’,0) and set y,, = ¥~ 1(2’,1/n)).

Example 2.35. — (i) Lemma 2.37 below will provide many examples of Lipschitz open
sets.

(ii) Let (z,y) denotes the coordinates on R2. Using (iii) of Remark 2.34 we see that
the open set U = {(z,9);0 < y < 22} is not Lipschitz.

Lemma 2.36. — Let U € Op,, . We assume that, for any z € OU, there exist an
open neighborhood V' of x and a bi-analytic isomorphism ¥: V == W with W an
open subset of R™ such that y(VNU) = W N {(z',z,); n > @(a’)} for a Lipschitz
subanalytic function p. Then U is Lipschitz.

Proof. — We define ¢;: R" — R”, (¢/,z,) — (2', 2, — p(z’)). Then ¢, is a bi-Lip-
schitz subanalytic homeomorphism and we have (11 09)(VNU) = 1 (W)N{z, > 0}.
Hence U is Lipschitz. O

Lemma 2.37. — LetV be a vector space and let v be a subanalytic proper closed convex
cone with non empty interior. Let U € Opy_ . Then the open set U + has Lipschitz
boundary.

Proof. — Let p € (U + ). We identify V with R™ so that p is the origin and v
contains the cone vg = {(2',2,); z, > ||2’||}. We have in particular

(2.23) Y0 C (U+7) € (R"\ (=0))-
For 2/ € R"! we set I,y = (U+~v)N({2'} xR). Then I,/ = I, + [0, +o0[. By (2.23) we
also have l,» # @ and l,» # R. Hence we can write l,» = Jp(z'), 400, for a well-defined

function ¢: R"~! — R whose graph is (U + 7).

Let us prove that ¢ is Lipschitz. Let 2’ € R"~! and let us set ¢ = (2, p(z')) € (U + 7).
We have the similar inclusion as (2.23), (¢ + o) C (U +~) C (R™\ (¢ — v0)). Hence
O(U+7) € (R™\((g+70)U(g—0))). For any y’ € R"~! we have (v, ¢(y")) € (U +7)
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and the last inclusion translates into |¢(y') — ¢(2')| < ||y’ — «'||. Hence ¢ is Lipschitz
and U + + is Lipschitz by Lemma 2.36. O

We refer to [11, Def 4.1.1] for the definition of the normal cone C(A, B) associated
with two subsets A and B of M.

Definition 2.38. — (See [11, § 5.3].) Let S be a subset of M. The strict normal
cone N, (S) and the conormal cone N}(S) of S at z € M as well as the strict normal
cone N(S) and the conormal cone N*(S) of S are given by

N, (S)=T,M\C(M\S,S), an open cone in T, M,
N;(S) = N(S)° (where ° denotes the polar cone),
N(S) = U N, (S), an open convex cone in T'M,

zeM

N (S) = | N;(9).

zeM

By loc. cit. Prop. 5.3.7, we have:

Lemma 2.39. — Let U be an open subset of M and let x € OU. Then the conditions
below are equivalent:

(i) N (U) is non empty,
(ii) Ny (U) is non empty for all y in a neighborhood of x,
(iii) NX(U) is contained in a closed convex proper cone with non empty interior
in T* M,
(iv) there exists a local chart in a neighborhood of x such that identifying M with
an open subset of V, there exists a closed convex proper cone with non empty
interior v in V such that U is y-open in an open neighborhood W of x, that is,

Wn({(UnNW)++v)CU.

Definition 2.40. — We shall say that an open subset U of M satisfies a cone condition
if for any « € U, N, (U) is non empty.

By Lemmas 2.37 and 2.39 we have:

Proposition 2.41. — Let U € Op,, . If U satisfies a cone condition, then U is Lip-
schitz.

Remark 2.42. — One shall be aware that our definition of being Lipschitz differs from
that of Lebeau in [21]. By Lemma 2.36, if U is Lipschitz in Lebeau’s sense, then it is
Lipschitz in our sense.
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A wvanishing theorem. — The next theorem is a key result for this paper and its proof
is due to A. Parusinski [26].

Theorem 2.43. — (A. Parusinski) Let V' € Op,, . Then there exists a finite covering
V =U,cs Vj with V; € Opyy,, such that the family {Vj}jes is a covering of V in Msa
and moreover H*(Vj;kpr) ~ 0 for all k>0 and all j € J.

Recall that one denotes by pga: Mgy — My, the natural morphism of sites.

Lemma 2.44. — We have Rpsa1, k., >~ ks,

sal *

Proof. — The sheaf H®(Rpsa,kar,) is the sheaf associated with the presheaf
U — H*(U;kyyz,). This sheaf if zero for k > 0 by Theorem 2.43. O

Lemma 2.45. — Let M = R"™ and set U =]0,+o00[ x R"~1. Then we have Rpsa ky ~ ky.

Proof. — (i) The sheaf H*(Rps.,ky) is the sheaf associated with the presheaf
V — H*(V;ky). Hence it is enough to show that any V € Op,,,, admits a finite
covering V = UjeJVj in My, such that Hk(Vj;kU) ~ ( for all £k > 0. We assume
that the distance d is a subanalytic function. Let us set Vo = V N (J]—00,0[ x R"~1)
and V' = V<16V, where we use the notation (1.6) with € = 1. In our case we can
write (1.6) as follows

V={zeV;dzV\U)<dz,M\V)}.
This is a subanalytic open subset of V. By Lemma 1.13 we have

(2.24) {V', V. NU} is a covering of V in Mg,.

(ii) Let us prove that RI'(V';ky) ~ 0. We denote by (z1,z') the coordinates
on M =R". For z = (z1,2") with z; > 0, we have d(z,V\U) > d(z, M\ U) = z;. If
(z1,2") € V' we obtain d(z, M \ V) > z1, hence B(z,z1) C V, where B(z,z1) is the
ball with center z and radius z;. This proves that V' N U is contained in the right
hand side of the following equality
(2.25) V'NU ={x = (z1,2') € V; z; > 0 and B(z,z;) C V}
and the reverse inclusion is easily checked. It follows that, if (z1,2') € V' N U, then
(y1,2") € V' N, for all y; € [0,z1]. Let g: R® — {0} x R"~! be the projection. We
deduce:

(a) ¢ maps V' NU onto VN AU,

(b) ¢~ *(x) NV’ NU is an open interval, for any z = (0,2') € V N oU.
For any ¢ < 0 < d we have RI'(J¢, d[; kjo,q) = 0. Hence (a) and (b) give Rg.RI'v ky ~ 0,
by the base change formula, and we obtain RT'(V’; k) ~ RT'(R*~1; Rg, Ry ky) ~ 0.

(iii) By Theorem 2.43 we can choose a finite covering of VNU in Mg, say {W;};e,
such that H¥(Wj;ky) ~ 0 for all k& > 0. By (2.24) the family {V’,{W,};c,s} is a
covering of V' in My, . By (ii) this covering satisfies the required condition in (i),
which proves the result. O
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We need to extend Definition 2.33.

Definition 2.46. — We say that U € Op,,  is weakly Lipschitz if for each x € M
there exists a neighborhood V' € Op,, of z, a finite set I and U; € Op,,_, i € I,

such that U NV = {J,; U; and

for all @ # J C I, the set Uy =[;c; U; is a disjoint union
of Lipschitz open sets.

(2.26) {

By its definition, the property of being weakly Lipschitz is local on M.

Example 2.47. — The open subset U = R?\ {0} of R? is not Lipschitz but it is weakly
Lipschitz: setting Uy = {(z,y) € R?; £y > —|z|} we have U = Uy UU_ and U, U_,
U, NU_ are disjoint unions of Lipschitz open subsets.

Proposition 2.48. — Let U € Op,, and consider a finite family of smooth submani-

folds {Z;}ic1, closed in a neighborhood of U. Set Z = \J,_; Z;. Assume that

(a) U is Lipschitz,

(b) Z;NZ; NOU = @ for i # j, OU is smooth in a neighborhood of Z N OU and the
intersection is transversal,

(¢) in a neighborhood of each point of Z N U there exist a local coordinate sys-
tem (z1,...,Zn) and for each i € I, a subset I; of {1,...,n} such that
Zi = ﬂjeli{x;xj = 0}

Then U \ Z is weakly Lipschitz.

i€l

Proof. — Since the property of being weakly Lipschitz is local on M, it is enough to
prove the result in a neighborhood of each point p € U.

(i) Assume p € OU. We choose a local coordinate system (z1,...,z,) centered at p
such that U = {z;2, > 0} and Z = {z;21 = --- = z, = 0} (with r < n).
For 1 < i <, define U; = {z;z, > 0,z; # 0}. Then the family {U;};=1,.. , satis-
fies (2.26).

(ii) Assume p € U. We choose a local coordinate system (z1,...,%,) such that
Z; =Nj,er,{z;2j, = 0}. For each j; € I; and &; = £1, define US9 = {x; g, x5, > 0}
Set A =[[,c;({£1} xI;) and for o € A set Uy = [;c; Ui Then the family {Uqs}aca
satisfies (2.26). O

Theorem 2.49. — Let U € Op,,  and assume that U is weakly Lipschitz. Then

(1) Rpsarkunm,, >~ psar ko, =~ ko, is concentrated in degree zero.
(ii) For F € D®(kypy,,,), one has RT(U; pl, F) ~ RI(U; F).
(iii) Let F € Mod(ka,, ) and assume that F is T-acyclic. Then RT(U;p. F) is

concentrated in degree 0 and is isomorphic to F(U).

Note that the result in (i) is local and it is not necessary to assume here that U is
relatively compact.
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Proof. — (i)—(a) First we assume that U is Lipschitz. The first isomorphism is a
local problem. Hence, by Remark 1.11 and by the definition of “Lipschitz boundary”
the first isomorphism follows from Lemma 2.45. The second isomorphism is given in
Proposition 2.6.

(i)—(b) The first isomorphism is a local problem and we may assume that U has a
covering by open sets U; as in Definition 2.46. By using the Cech resolution associated
with this covering, we find an exact sequence of sheaves in Mod (k.. ):

0—-L,—---—Ly—ky—0

where each L; is a finite sum of sheaves isomorphic to ky for some V € Op,, with
V Lipschitz. Therefore, Rpsa1, L; is concentrated in degree 0 by (i)—(a) and the result
follows.

(ii) follows from (i) and the adjunction between Rpsa1, and pl,;.
(iii) follows from (ii). O

Example 2.50. — Let M = R? endowed with coordinates z = (x1,3). Let R > 0
and denote by Bg the open Euclidean ball with center 0 and radius R. Consider the
subanalytic sets:

U, = {IL‘ € Br;z1 > 0,24 <.’E%}, Us = {SC € Br;x1 > 0,22 > —l‘%},
U12:U1ﬂU2, U:U1UU2={IEEBR;I1>O}.

Note that {U;,Us} is a covering of U in Mg, but not in M, . Denote for short
by p: Mg, — Mj,) the morphism pg,. We have the distinguished triangle in D”(kj/_,):

(2.27) Rp.ku,, — Rouku, ® Rp.ky, — Rpky 5 .

Since Uy, Us and U are Lipschitz, Rp.ky is concentrated in degree 0 for V = Uy, U, U.
It follows that Rp.ky,, is concentrated in degrees 0 and 1. Hence, we have the dis-
tinguished triangle

(228) p+kuv,, — Rp.ky,, — Rlp*kUm [_1] — .

Let us prove that R!p.ky,, is isomorphic to the sheaf N introduced in (2.7). We
easily see that there exists a natural morphism ki — N which is surjective. Hence
we have to prove that the sequence

kU1 EBkU2 —ky—> N
is exact. This reduces to the following assertion: if V' € Op,, satisfies V' C U and
N(V) =0, then {VNU;,VNUsy} is a linear covering of V. We prove this claim now.
Let V C U be such that N(V) = 0. By the definition of N, there exists A > 0 such
that Ug. ¢ V for all ¢ > 0, where Uy is defined in (2.5). Hence there exists a
sequence {(1,n,Z2,n)}nen such that 1, > 0, 21, — 0 when n — oo, |z2n| < A3,
and (21, %2,,) € V, for all n € N. We define f(z) = d((z,0),M \ V), for z € R.
Then f is a continuous subanalytic function and f(z1,) < Aasin, for all n € N. The
set {r €]0,1[; f(x) < Az?} is subanalytic and relatively compact, hence it is a finite
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disjoint union of points (but it is open) and intervals. Since it contains a sequence
converging to 0, it must contain some interval |0, zo[. We have then f(z) < Az? for
all x € )0, zo[. We deduce, for any (z1,z2) € R? with z; € ]0, zq],

(2.29) d((z1,22), M\ V) < |zo| + d((x1,0), M\ V) < |zo| + Az?.
On the other hand we can find B > 0 such that, for any (x1,z2) € U,
(2.30) max{d((z1,22), M \ Uy),d((z1,z2), M \ Us)} > |zo| + Bx?.

We deduce easily from (2.29) and (2.30) that {V NU;,V N Uz} is a linear covering
of V.

3. Operations on sheaves

All along this chapter, we follow the convention (1.1).

In this chapter we study the natural operations on sheaves for the linear subanalytic
topology. In particular, given a morphism of real analytic manifolds, our aim is to
define inverse and direct images for sheaves on the linear subanalytic topology. We
are not able to do it in general (see Remark 3.20) and we shall distinguish the case
of a closed embedding and the case of a submersion.

3.1. Tensor product and internal hom. — Since M, is a site, the category Mod (kay.,,)
admits a tensor product, denoted *« ®  and an internal hom, denoted sZom . The
functor ® is exact and the functor sZom admits a right derived functor. For more
details, we refer to [15, § 18.2].

3.2. Operations for closed embeddings

f-regular open sets. — In this section, f: M — N will be a closed embedding. We
identify M with a subset of N. We assume for simplicity that dj; is the restriction
of dn to M and we write d for djs or d. We also keep the convention (1.2) for d(z, &).

Definition 3.1. — Let V € Opy_ . We say that V is f-regular if there exists C' > 0
such that

(3.1) dlz, M\ MNV)<Cd(z,N\V) forallze M.

— The property of being f-regular is local on M. More precisely, if M = |J,.; U;
is an open covering and V' € Opy,_ is f|U‘—regular for each ¢ € I, then V is

f-regular.
— If V and W belong to Opy_ with fF7YUV)=f"Y(W),V C WandV is f-regular,
then W is f regular.

Lemma 3.2. — Let f: M — N be a closed embedding. The family {V € Opy_; V is
f-regular} is stable by finite intersections.
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Proof. — We shall use the obvious fact which asserts that for two closed sets F; and
F5 in a metric space,

d(z, Fy U Fy) = inf(d(z, Fy), d(z, F3)).

Let V1 and V2 be two f-regular objects of Opy_ and let C;7 and C be the corre-
sponding constants as in (3.1). Let z € M. We have

dlz, M\ (M NViNW)) = irgf dlz, M\ (M NV;))

< inf(C; - d(z, N\ V7))

< (max Cy) - (inf d(z, N \ Vi)

= (max Cy) - d(z, N \ (V1 N V2)). O
Lemma 3.3. — Let f: M — N be a closed embedding and let U € Op,, . Then there
exists V € Opy__ such that V' is f-regular and M NV =U.
Proof. — We choose Vj € Opy_ such that U C V. We set

§ =inf{d(z, N\ Vp); z € U}

and V=(W\(VWWNM))uU. We have § >0. Let € M and y€ N be such
that d(z, N\ V) =d(z,y). f y € M, then d(z, N\ V) =d(z, M \U). If y ¢ M, then
d(z, N\ V) =d(z,N\ Vo) > 4. In any case we have d(z, N \ V) > min{d(z, M \ U), é}.
Hence (3.1) is satisfied with C = max{1, D/d}, where D = max{d(z, M \U); z€ M} < cc.

O

Lemma 3.4. — Let f: M — N be a closed embedding. Let V € Opy_, be an f-regular
open set and let {V;}icr be a linear covering of V', that is, a covering in Opy_ . Then
there exists a refinement {W;};cs of {Vi}ier such that {W;};cs is a linear covering
of V.and W; is f-regular for all j € J. We can even choose J =1 and W; C V;, for
allie 1.

Proof. — Let C be a constant as in (3.1). Let Iy C I be a finite subset and let C’ > 0
be such that

(3.2) d(z, N\V)<C'- r;(l;}xd(:c,N \V;) forallze N.
1elo
Then, for any x € M we have
dlz, M\ (M NV))<C-dz,N\V)

(3.3) <cc’ ~m%xd(x,N \ Vi)
1€lo

We set D = 2CC". For i € Iy we define W; € Opy_ by
W,=(V;\M)U{z e MNV; dlx, M\ (M NV)) < Dd(z,N\V;)}

and for s € T\ Iy we set W, = @.
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(i) Since D > CC’, the inequality (3.3) gives V' = [J;c; Wi. Let us prove that
{W;}ie1, is a linear covering of V. We first prove the following claim, for given £ > 0,
1€ lyand x € N:

it d(z, N\ W;) <ed(z, N\ V),
then d(z, N\'V;) < (e(1+ &) + £)d(z, N\ V).

If d(z, N\ W;) = d(z, N\ V;), the claim is obvious. In the other case we choose y € N
such that d(xz, N \ W;) = d(z,y). Then we have y € V; \ W;. Hence y € M and the
definition of W; gives d(y, N \ V;) < D~ Yd(y, M \ (M NV)). We deduce

d(z, N\'V;) < d(z,y) +d(y, N\ V;)
<d(z,y) + D d(y, M\ (M NV))
<d(z,y)+CD Yd(y, N\V)
< (1+CD Yd(z,y) + CD td(z, N\ V)
<(e(1+CD )+ CD Hd(z, N\ V),

(3.4)

which proves (3.4).
Now we prove that {W;}cy, is a linear covering of V. We choose ¢ small enough
so that (e(1 + %) + %) < & (recall that D = 2CC") and we prove, for all z € N,

(3.5) d(z, N\V)<et. max d(z, N\ W,).

1clo
Indeed, if (3.5) is false, then (3.4) implies d(z, N\ Vi) < &d(z, N\ V) for some z € V
and all ¢ € Iy. But this contradicts (3.2).

(ii) Let us prove that W is f-regular, for any ¢ € Iy. We remark that W;\ M = V;\ M.
Hence d(zx, N\W;) = d(z, N\V;) or d(z, N\W;) = d(z, M\ (M NW,)), for all x € M.
In the first case we have, assuming z € M N W, (the case © € M N W; being trivial),
In the second case we have obviously d(z, M \ (M NW;)) < d(z, N \ W;). Hence (3.1)
holds for W; with the constant max{D, 1}. O

Thanks to Lemma 3.2, to f we can associate a new site.

Definition 3.5. — Let f: M — N be a closed embedding.
(i) The presite N7 is given by Opys = {V € Ny; V is f-regular}.
(ii) The site stal is the presite N endowed with the topology such that a family
{Vi}icr of objects Op s is a covering of V in N if it is a covering in Ny,

One denotes by ps: Nga — N, S’; | the natural morphism of sites.
Proposition 3.6. — The functor f': Opys — Opy, , V — F~Y(V), induces a mor-
sal sa

phism of sites f: Mg, — stal. Moreover, this functor of sites is left exact in the sense
of [15, Def. 17.2.4].
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Proof. — (i) Let C be a constant as in (3.1). Let {V;};cr be a covering of V in N,
and let Iy C I be a finite subset and C’ > 0 be such that

d(y,N\V)SC’-I_réa}xd(y,N\Vi) for all y € N.
i€lp

We deduce, for x € M,
dlz, M\ MNV)<C-d(z,N\V)

<cc'- mz}xd(w,N \ Vi)
1€lo

<Ccc’- Ixéz}xd(m,M\Mﬂ Vi).

(ii) We have to prove that the functor f*: Op NS, T Op),,, is left exact in the sense

of [15, Def. 3.3.1], that is, for each U € Op,,_, the category whose objects are the
inclusions U — f~1(V) (V € Opy, fl) is cofiltrant.

This category is non empty by Lemma 3.3 and then it is cofiltrant by Lemma 3.2.
O

Hence, we have the morphisms of sites

Nsal

(3.6) L”f

Msal ﬁNf
f

sal”

Now we consider two closed embeddings f: M — N and g: N — L of real analytic
manifolds and we set h:=go f. We get the diagram of presites:

Ny —2-p9-"
pft
(3.7) N/ S P
~ g
f
i "
M., LINLk,

where the objects of LINL" are the open sets U € Op L., Which are both g-regular and
h-regular, g is induced by g and Ay, is the obvious inclusion. We will use the following
lemma to prove that the direct images defined in the next section are compatible with
the composition.

Lemma 3.7. — (i) Let W € Opyn. Then WN N € Opys.
(ii) Let W € Opy, be such that NNW € Opyys. Then W € Opyn.
(iii) Let W € Opr, and V € Oppys be such that V.C N N W. Then there exists
U €Opres NOppn such that U CW and V C NNU.
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Proof. — (i) By hypothesis there exists C' >0 such that d(z, M\ M NW) <
Cd(z, L\ W), for any z € M. Since d(z, L\ W) < d(z, N\ N N W) we deduce (i).

(ii) By hypothesis there exist C7,Cs > 0 such that, for any z € M,
dlz, M\ MNW) < Cid(z, N\NNW) <C1Cod(z, L\ W),
which proves the result.

(iii) By Lemma 3.3 there exists Uy € Op;, such that NNUy =V. Then U = Uy N W
is g-regular by Lemma 3.2 and NNU = V. Hence U is also h-regular by (ii). O

Inverse and direct images by closed embeddings. — Let us first recall the inverse and
direct images of presheaves.

Notation 3.8. — (i) For a morphism f: .7 — . of presites, we denote by f, and f1
the direct and inverse image functors for presheaves.
(ii) We recall that the direct image functor f, has a right adjoint f*: PSh(kz,) —
PSh(k #) defined as follows (see [15, (17.1.4)]). For P € PSh(kz,) and U € Op g, we
have (f*P)(U) = lim  P(V).

frv)—uU
Lemma 3.9. — Let f: M — N be a closed embedding and let G € Mod(k s ). Then,

sal

using the notations of (3.6), we have pﬁG € Mod(ky_,,)-

Proof. — We have to prove that, for any V' € Opy_ and any covering of V' in Nga,
say {V;}ic1, the following sequence is exact

(3.8) 0— lim GW) > ][] lim ¢Wi)— [[ lm GWiy),
WCV el WiCV; i,jel Wiz CVinV;

where W, W;, W;; run respectively over the f-regular open subsets of V', V;, V; N V;.
The limit in the second term of (3.8) can be replaced by the limit over the pairs
(W, W;) of f-regular open subsets with W C V, W; ¢ W N V,. Then the family
{WNV;}ier is a covering of W in Ng,). By Lemma 3.4 it admits a refinement {W}};cr
where the W/’s are f-regular and W/ C V;. We may as well assume that W; con-
tains W/, for any ¢ € I. Then {W;};cs is a covering of W in N,
term of (3.8) can be replaced by

m m J[ G0

WCV {Witier i€l

Sal Hence the second

where W runs over the f-regular open subsets of V' and the family {W;};c; runs over
the coverings of W in stal such that W, c W NV,.

Now in the third term of (3.8) we may assume that W;; contains W; N W; and the
exactness of the sequence follows from the hypothesis that G € Mod(k sfal). O

Definition 3.10. — Let f: M — N be a closed embedding. We use the notations
of (3.6).
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(i) We denote by fsaix: Mod(Msa) — Mod(Nga) the functor p; o }; and we call
fsalx the direct image functor.

(i) We denote by fS;f : Mod(Nga1) — Mod(Msa) the functor f_l opys, and we call
fs_ad1 the inverse image functor.

For F' € Mod(M;a1), G € Mod(Nsar), U € Opy,, and V € Opy_ , we obtain

(3.9) L(V; fsaieF) =~ lim F(MnWw),
WEOpr,WCV
(3.10) TU; f1G) ~ lim G(W).

—
WeOp s, WNM=U

Lemma 3.11. — Let f: M — N and g: N — L be closed embeddings and let h = go f.
We use the notations of the diagram (3.7). There is a natural isomorphism of functors

(3.11) Guo ply 25 M) 07,
Proof. — The morphisms of functors Ap, o g« © pfv ~ g,0pf O pi; — 7, gives by

adjunction the morphism in (3.11). To prove that this morphism is an isomorphism,
let us choose G € PSh(kys) and W € Op;,. We get the morphism

(3.12) L(W; (3 0 p})(G)) = T(W; (A} 2 7.)(G)),
where T(W; (G, o p})(G)) =~ lim G(V) and T(W;(Al 0 3,)(Q)) =~
VEOp, s, VCNNW
lim G(N NU). Then the result follows from Lemma 3.7. O

UEOpLh, ucw

Proposition 3.12. — Let f: M — N and g: N — L be closed embeddings and
let h =go f. There is a natural isomorphism of functors gsals © fsalx == Rsalx-

Proof. — Applying Lemma 3.11, we define the isomorphism as the composition
pgog*OPfOf*—wgo)\iog*Of*—phoh O

Theorem 3.13. — Let f: M — N be a closed embedding.

(1) The functor fsa« is Tight adjoint to the functor fs;l
(ii) The functor fsax 1s left exact and the functor fs;l is exact.
(iii) If g: N — L s another closed embedding, we have (g o f)salx = gsalx © fsalx and

1
(g o f)sal = -fsal gsal

Proof. — (i) We have fgq. = pi o f* and f al = f Yo py,. Since (f f*) and
(s, pf}) are pairs of adjoint functors between categories of presheaves and since the
category of sheaves is a fully faithful subcategory of the category of presheaves, the
result follows.

(ii) By the adjunction property, it remains to show that functor fsal is left exact, hence

that functor f ! is exact. By Proposition 3.6, the morphism of sites f Mg — N a] 1S
left exact in the sense of [15, Def. 17.2.4]. Then the result follows from [15, Th. 17. 5 2.
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(iii) The functoriality of direct images follows from Proposition 3.12 and that of inverse
images results by adjunction. O

3.3. Operations for submersions. — Let f: M — N denote a morphism of real an-
alytic manifolds. In this section we assume that f is a submersion. If f is proper,
it induces a morphism of sites M, — Nga1, but otherwise, it does not even give a
morphism of presites. Following [13] we shall introduce other sites My, (denoted My,
in loc. cit.), similar to Mg, but containing all open subanalytic subsets of M, and
Mgy, similar to Mg,;. Then Mg, has the same category of sheaves as Mg, and any
submersion f: M — N induces a morphism of sites fsp1: Mgsp1 — Ngpl-

Another subanalytic topology. — One denotes by Op,,, the category of open suban-
alytic subsets of M and says that a family {U;};cs of objects of Op,,  is a covering
of U € Opy,,, if U; C U for all ¢ € I and, for each compact subset K of M, there
exists a finite subset J C I such that UjeJ U; N K =UnN K. We denote by My, the
site so-defined. The next result is obvious (and already mentioned in [13]).

Proposition 3.14. — The morphism of sites Mg, — Mg, induces an equivalence of
categories Mod (ks ) ~ Mod(kays,)-

Similarly, we introduce another linear subanalytic topology Mg, as follows. The
objects of the presite Mgy, are those of My, namely the open subanalytic subsets
of M. In order to define the topology, we have to generalize Definitions 1.1 and 1.5.

Definition 3.15. — Let {U;}icr be a finite family in Op,, . We say that this family
is 1-regularly situated if for any compact subset K C M, there is a constant C' such
that for any z € K

(3.13) d(z, M\ U U;)<C- mealxd(m,M \ U;).

i€l

Definition 3.16. — A linear covering of U € Op,,  is a small family {U; };cs of objects
of Opy,, such that U; C U for all i € I and

for each relatively compact subanalytic open subset W C M there
(3.14) exists a finite subset Iy C I such that the family {W N U, }icy, is
L-regularly situated in W and ., (UiNnW)=UNW.

Proposition 3.17. — (i) The family of linear coverings satisfies the azioms of
Grothendieck topologies.
(ii) The functor p. associated with the morphism of sites p: Mgy — Mga1 defines an
equivalence of categories Mod(kpz,,) ~ Mod(kpz,,).

The verification is left to the reader.
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Inverse and direct images

Proposition 3.18. — Let f: M — N be a morphism of real analytic manifolds. We
assume that f is a submersion. Then f induces a morphism of sites fsp1: Mgspr — Ngbl-

Proof. — Let V € Opy,, and let {V;}ics be a linear covering of V. We have to prove
that {f~1V;}scs is a linear covering of f~'V. As in the case of M,, the definition of
the linear coverings is local (see Corollary 1.9). Hence we can assume that M = N x L.
We can also assume that dp/((z,y), (', y")) = max{dy(z,2’),dr(y,y")}, for z,2' € N
and y,y’ € L. Then for any (z,y) € M we have dy/((z,y), N\ f~1V) =dn(z, N\ V)
and the result follows easily. O

By Propositions 3.17 and 3.18, any submersion f: M — N between real ana-
lytic manifolds induces a pair of adjoint functors ( fsgll, fsalx) between Mod(Mg,1) and
Mod(Nga1) and we get the analogue of Theorem 3.13:

Theorem 3.19. — Let f: M — N be a submersion.
(1) The functor fsa« is Tight adjoint to the functor fsgll,
(ii) The functor fsa« is left exact and the functor fs_ad1 is exact.
(iii) If g: N — L is another submersion, we have (g © f)salx = Gsals © fsalx and
(9 et = faal © ear
Remark 3.20. — Our two definitions of fs.1. for closed embeddings and submersions

do not give a definition for a general f by composition. For example let us consider
the following commutative diagram

M = R2 : R3
P q
R ! _N=R?

where i(z,4) = (¢,,0), p(z,4) = 7, 4(&,4,2) = (¢, 2) and j(z) = (¢,0). For V' € Opy,,
we define two families of open subsets of f~1(V):

L={MnW;We OpRsb, W C ¢~ 'V, W is i-regular},
L={p"(RNV'); V' €Opy,, V' CV,V'is jregular}.
Then, for any F' € Mod(Mgp,1) we have

(3.15) L(V; gsateisare F) = T(q™ ' V3ian F) = lim F(U),
Uel;
(316) F(V;jsal*psal*F) = lgl F(Rﬂ V/;psal*F) = lﬂl F(U)
V/CV,V’ j-regular Uel,

Let us take for V the open set V = {(z, z); 2 > 22}. Then the two families I; and I,
of open subsets of f~1(V) = {(z,y); = > 0} are not cofinal. Indeed the set W, C R?
given by Wy = {(z,y, 2); 2 > y?>+ 2%} is i-regular. Hence M NWy = {(z,y); 3 > y?}
belongs to I;. On the other hand we see easily that, if V' is j-regular and V' C V,

SOCIETE MATHEMATIQUE DE FRANCE 2016



38 S. GUILLERMOU & P. SCHAPIRA

then RNV’ C Je, 400, for some € > 0. Hence M N W), is not contained in any set of
the family Is.
Let us define F' = lim Kjg ] x {03 € Mod(Msp1). Taking U = M NWy in (3.15) we can

e>0
see that T'(V; gsaixfsaix F') ~ k. On the other hand (3.16) implies I'(V; jsar«Psar« F') =~ 0.

Hence gsalxisal« i JsalxPsalx-

4. Construction of sheaves

On the site My,, the sheaves ‘KAO/Z :p and @b'}\lﬁ}sa below have been constructed in [12,
13]. By using the linear topology we shall construct sheaves on Mg, associated with
more precise growth conditions.

All along this chapter, we follow the convention 1.1.

4.1. Sheaves on the subanalytic site

Temperate growth. — For the reader’s convenience, let us recall first some definitions
of [12, 13]. As usual, we denote by €55 (resp. @) the sheaf of complex valued func-
tions of class € (resp. real analytic), by Dby (resp. #ar) the sheaf of Schwartz’s
distributions (resp. Sato’s hyperfunctions) and by %, the sheaf of finite-order differ-
ential operators with coefficients in .@7j;.

Definition 4.1. — Let U € Op,, and let f € €37 (U). One says that f has polynomial
growth at p € M\ U if it satisfies the following condition. For a local coordinate system
(z1,...,2n) around p, there exist a sufficiently small compact neighborhood K of p
and a positive integer N such that

N
(4.1) sup (d(z, K\ U))" |f(z)| < cc.
ze KNU
We say that f is temperate at p if all its derivatives have polynomial growth at p. We
say that f is temperate if it is temperate at any point p € M \ U.

For U € Op,,_, we shall denote by €y;"*P(U) the subspace of €5¢(U) consisting
of temperate functions.

For U € Op,,_, we shall denote by @bg\Z(U ) the space of temperate distributions
on U, defined by the exact sequence

0 — Tanu (M; Dbag) — T(M; Dbag) — Db (U) — 0.

It follows from (1.3) that U — €57*P(U) is a sheaf and it follows from the work of
Lojasiewicz [22] that U + b2 (U) is also a sheaf. We denote by G, :p and @b?}sa
these sheaves on M,. The first one is called the sheaf of ¥ *°-functions with temperate
growth and the second the sheaf of temperate distributions. Note that both sheaves
are I-acyclic (see [13, Lem 7.2.4] or Proposition 4.4 below) and the sheaf @bs\f}sa is
flabby (see Definition 2.16).
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We also introduce the sheaf €77 of ¢*>°-functions on M, as
Gt = PsaxCpr -

We denote as usual by &), the sheaf of rings of finite order differential operators
on the real analytic manifold M. If ¢p;: M — X is a complexification of M, then
Dt = 1yf Dx. We set, following [13]:

(4.2) Dot = psa1 ar.

£ ¢
The sheaves €;>", €3; and Dby, are Py, -modules.

Remark 4.2. — The sheaves €, :p and @bg\l/}sa are respectively denoted by €ye*" and
Db, in [13].
A cutoff lemma on Mg,. — Lemma 4.3 below is an immediate corollary of a result

of Hérmander [6, Cor.1.4.11] and was already used in [12, Prop. 10.2].

Lemma 4.3. — Let Zy and Zs be two closed subanalytic subsets of M. Then there
exists P € Cyy'P(M \ (Zy N Zy)) such that 1 = 0 on a neighborhood of Zy \ Zy and
¥ =1 on a neighborhood of Z \ Z;.

Proposition 4.4. — Let .7 be a sheaf of %ﬁ:p-modules on Mg,. Then .F is I'-acyclic.

Proof. — By Proposition 2.14, it is enough to prove that for U;,Us in Op,, , the
sequence 0 — F(U; UUy) — Z(U1) @ F(Uz) — F(Up NUz) — 0 is exact. This
follows from Lemma 4.3 (see [12, Prop. 10.2] or Proposition 4.18 below). O

Gevrey growth. — The definition below of the sheaf ¢y, is inspired by the defini-
tion of the sheaves of ¥"*°-functions of Gevrey classes, but is completely different from
the classical one. Here we are interested in the growth of functions at the boundary
contrarily to the classical setting where one is interested in the Taylor expansion of
the function. As usual, there are two kinds of regularity which can be interesting: reg-
ularity at the interior or at the boundary. Since we shall soon consider the Dolbeault
complexes of our new sheaves, the interior regularity is irrelevant and we are only
interested in the growth at the boundary.

We refer to [20] for an exposition on classical Gevrey functions or distributions
and their link with Sato’s theory of boundary values of holomorphic functions. Note
that there is also a recent study by [4] of these sheaves using the tools of subanalytic
geometry.

In § 4.2 we shall define more refined sheaves by using the linear subanalytic topol-

ogy.

Definition 4.5. — Let U € Op,, and let f € €37 (U). We say that f has 0-Gevrey
growth at p € M\ U if it satisfies the following condition. For a local coordinate system

(z1,...,2n) around p, there exist a sufficiently small compact neighborhood K of p,
h >0 and s > 1 such that
(4.3) sup (exp(—h-d(z, K \U)'™®))|f(z)| < cc.

e KNU
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We say that f has Gevrey growth at p if all its derivatives have 0-Gevrey growth at p.
We say that f has Gevrey growth if it has such a growth at any point p € M \ U.

We denote by G (U) the subspace of €37 (U) consisting of functions with Gevrey
growth and by €y, "*®" the presheaf U +— G (U) on M,.

The next result is clear in view of (1.3) and Proposition 4.4.

Proposition 4.6. — (a) The presheaf €y *" is a sheaf on M,
(b) the sheaf €y 5% is a D, -module,

(c) the sheaf €y %" is a ‘K]sz;tp—module,

(d) the sheaf €y; 5" is T-acyclic.

4.2. Sheaves on the linear subanalytic site. — By Lemma 2.27, if a sheaf .# on M, is
T-acyclic, then Rpsa, % is concentrated in degree 0. This applies in particular to the
sheaves 5;"'P, Dbl and €y 5.

In the sequel, for 7y, one of the sheaves @y, ’:lp, @bg\l/}m, 5, Gy, we set
ngal = psal*nga'
Temperate growth of a given order
Definition 4.7. — Let U € Opy, , let f € €37(U) and let t € Ryo. We say that f
has polynomial growth of order <t at p € M \ U if it satisfies the following condition.
For a local coordinate system (x1,...,x,) around p, there exists a sufficiently small
compact neighborhood K of p such that

t
(4.4) sup (d(a, K\ U))"|f(2)] < oo.
ze KNU

We say that f is temperate of order ¢ at p if, for each m € N, all its derivatives of
order < m have polynomial growth of order < ¢+ m at p. We say that f is temperate
of order t if it is temperate of order ¢ at any point p € M \ U.

For U € Op,,_, we denote by €, (U) the subspace of €5 (U) consisting of func-
tions temperate of order ¢ and we denote by %1\0405 ’atl the presheaf on Mg, so obtained.
The next result is clear by Proposition 2.8.

Proposition 4.8. — (i) The presheaves (5;;):1 (t > 0) are sheaves on Mga),
(i) the sheaf ‘KAO/ZS is a sheaf of rings,

(iii) for t >0, %ﬁj:l is a CKE’S -module and there are mnatural morphisms
oo,t c0,t’ oo, t+t’
Cngal ®c€]‘\)4057:l %Msal - Msar :
We also introduce the sheaf
oco,tpst . 1. 00,t
M1 T lli>n<g]\4sal'
t
(Of course, the limit is taken in the category of sheaves on Mg,.) Then, for 0 < ¢ < ¢/,
there are natural monomorphisms of sheaves on Mj,; :

00,0 0, t co,t’ oco,tp st oco,tp
(4'5) Cngal - (ngal - %Msal - %Msal - %Msal :
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Note that the inclusion %y, tlp s G tlp is strict since there exists a function f (say
on an open subset U of R) with polynomlal growth of order < t and such that its
derivative does not have polynomial growth of order < ¢+ 1.

Gevrey growth of a given order
Definition 4.9. — Let U € Op,,_, let s € |1, 400 and let f € €37 (U). We say that
f has 0-Gevrey growth of type (s) at p € M \ U if it satisfies the following condition.
For a local coordinate system (x1,...,x,) around p, there exists a sufficiently small
compact neighborhood K of p such that
(4.6) sup (exp(—h~d(as,K\U)1_s))|f(:c)| < o0
ze KNU

for all h € ]0,4+00[. We say that f has Gevrey growth of type (s) if all its derivatives
have 0-Gevrey growth of type (s) at p. We say that f has Gevrey growth of type (s)
if it has such a growth at any point p € M \ U.

Similarly, one defines f of Gevrey growth of type {s} when replacing (4.6) for all
h €]0, +oo[ with the same condition for some h € ]0, 4o00].

Definition 4.10. — For U € Op,, and s € ]1,+oo[, we denote by GS\Z)(U) and
GE}(U ) the spaces of functions of Gevrey growth of type (s) and {s}, respectively.
We denote by ‘5]\7 ’aglev(s) and ‘5]\7 ’aglev{s} the presheaves on Mg, so obtained.

Clearly, the presheaves €, ’jev(s) and €y ’jev{s} do not depend on the choice of
the distance.

Proposition 4.11. — (i) The presheaves €y, ’gev(s) and %ﬁﬁev{s} are sheaves
on Msal;
(ii) the sheaves €y ’gev(s and €yr ’gev{s} are ‘Kiip-modules,

(iii) the presheaves ‘5 ’gev(s and ‘5 ’gev{ Yoare I'-acyclic,

(iv) we have natural monomorphzsms of sheaves on Mg, for1 <s< s’

(g;[o,gev(s) AN cgoo,gev{s} N %oo,gev(s') N (goo,gev{s/}'

sal Misar Msar Mia
Proof. — (i), (ii) and (iv) are obvious and (iii) will follow from (ii) and Proposi-
tion 4.18 below (see Corollary 4.19). O
We set

oco,gevst | 1: oco,gev{s}
Cngal = lim %Msal .
s>1
Hence, we have monomorphisms of sheaves on My, for 0 <tand 1 < s
,0 )t Jtp st b
%oo ‘KI\OJO — %ﬁf P s ‘500 P
sal sal sal sal
00,gev(s) oo,gev{s} 0o,gev st 00,gev
[N [N [N (SN (SN
%Msal Cngal Cngal %Msal .

sal’

) . 00,t 00,tp st 00,gev(s) oo,gev{s}
Definition 4:.12. — If P, is |one of the sheaves €, €y, P, G~ G

0o0,gev s oar o ! or

or %Msal , we set Fa = pi
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Let us apply Theorem 2.49 and Corollary 4.19. We get that if U € Op,,_ is weakly
Lipschitz and if %), _, denotes one of the sheaves above, then

sal

RI(U; Fu,,) = T(U; Fu,,)-

We call %]\O/Z:, ‘KJ\O/ZSP st ‘glfz;gev(s), %I\szgev{s} and %XZ’feVSt the sheaves on Mg,
of €°-functions of growth ¢, strictly temperate growth, Gevrey growth of type (s)
and {s} and strictly Gevrey growth, respectively. Recall that on Ms,, we also have
the sheaf CKAO/Z fp of ¥*°-functions of temperate growth, the sheaf @b;ﬁ}sa of temperate
distributions and the sheaf ‘KAO/Z ’agev of €>°-functions of Gevrey growth.

Rings of differential operators. — Let M be a real analytic manifold. Recall that &,
denotes the sheaf of finite order analytic differential operators on M and that we have
set in (4.2)

(4.7) D, = PsarZm -
Now we set
(48) ‘@Msal = psal*-@Msa-

Hence, %y, is the sheaf on Mg, associated with the presheaf U — %, (U) and M,
is its direct image on Mg, . We define similarly the sheaves 24 (m) of differential
operators of order < m on the site = M, Mg,, Mg.;.

Lemma 4.13. — There are natural morphisms Py, (m) ® CKJ\O/Z; — %X’Z’;—"m making
Crp 0% and Gy left D

sal

The sheaves %ﬁfev(s) and ‘waz;glev{s} are naturally left Par,, -modules.

-modules.

Proof. — This follows immediately from Definitions 4.7 and 4.9. O

By using the functor p.,;, we will construct new sheaves (in the derived sense)
on M, associated with the sheaves previously constructed on Mg,;.

Theorem 4.14. — (i) The functor psa,.: Mod(Zn.,) — Mod(Zhy,,,) has finite co-
homological dimension.
(if) The functor Rpsal,: D(Zar.,) — D(Zn,,,) commutes with small direct sums.
(iii) The functor Rpsal, in (i) admits a right adjoint p.,: D(Zu..,) — D(Zu..)-
(iv) The functor p.,, induces a functor p.,: D¥(Z..,) — DT (Zar..)-

Proof. — Consider the quasi-commutative diagram of categories
Mod(Z,,) ————=Mod(Z,,,)
for J/ for J/
Mod(Cyy,,) ——=*—~ Mod(Cpy,,,).-
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The functor for: Mod(Zas,,) — Mod(Cyy,,) is exact and sends injective objects to
injective objects, and similarly with Mg, instead of Mg,. It follows that the diagram
below commutes:

Rpsal .

D(Zm.,) ———— D(Zm..)

for \L for 1/

Rpsal s
D(Cas,) —— D(Chr,,)-

Moreover, the two functors for in the last diagram above are conservative. Then
(i) and (ii) follow from the corresponding result for Cjs, -modules.

(iii) and (iv) follow from the Brown representability theorem (see Proposition 2.21).
O

4.3. A refined cutoff lemma. — Lemma 4.15 below will play an important role in this
paper and is an immediate corollary of a result of Hormander [6, Cor.1.4.11]. Note
that Hormander’s result was already used in [12, Prop. 10.2] (see Lemma 4.3 above).

Hormander’s result is stated for M = R™ but we check in Lemma 4.16 that it can
be extended to an arbitrary manifold.

Lemma 4.15. — Let Z, and Zy be two closed subsets of M :=R"™. Assume that there
exists C > 0 such that

(4.9) d(x,Z1 N Zy) < C(d(z, Z1) + d(x, Z3)) for any x € M.
Then there exists ¢ € €yy'°(M \ (Z1 N Z3)) such that ¥ = 0 on a neighborhood
of Z1\ Zs and v = 1 on a neighborhood of Zy \ Z;.

Lemma 4.16. — Let M be a manifold. Let Zy and Z5 be two closed subsets of M such
that M \ (Z1 N Z3) is relatively compact and such that (4.9) holds for some C > 0.
Then the conclusion of Lemma 4.15 holds true.

Proof. — We consider an embedding of M in some R and we denote by dys, dg~
the distance on M or RY. We have a constant D > 1 such that

DildRN(xay) < dM(Iay) < Dd]RN(‘Tvy)a for all z,y €M \ (Zl N ZQ)

Let € RY and let ' € M such that dg~(z,2') = dg~(z, M). In particular
dp~ (z,2") < dg~(x,Z1). Then we have, assuming x’ & Z; N Zy,

dpn (2,21 N Z3) < dpn (z,2") + Ddp(2!, Z1 N Zs)
<dgn(z,2") + DC(dp (2, Z1) + dps (2, Z5))
< dpw (z,2") + D*C(dg~ (2, Z1) + dpn (2, Z3))
< (14 2D?*C)dgn (z,2") + D?*C(dgn (z, Z1) + dgn (z, Z2))
< (14 3D?C)(dgn (x, Z1) + dpn~ (2, Z2)).
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If ' € Z1 N Zs, then dyn(x,Z1 N Z3) = dpn(z, M) < dgn(z,Z1) and the same

inequality holds trivially. Hence we can apply Lemma 4.15 to Z;, Zo C RY and obtain

a function ¢ € ‘KH@’O(RN\(Zl NZ)). Then 1/J|M\(Z Za) belongs to €’ (M\(Z1NZy))
1 2

and satisfies the required properties. O

Lemma 4.17. — Let Uy,Us € Opy, . and set U = Uy U Uy. We assume that {Uy, Uz}
is a linear covering of U. Then there exist U] C U;, i = 1,2, and ¢ € cK;’VIO’O(U) such
that
(i) {U},U1 NUy} is a linear covering of U,
(ii) Y|, =0and ), =1
1 2

Proof. — We choose U, C U;, i = 1,2, as in Lemma 1.15 and we set Z; = (M \U)UU.
Then the result follows from Lemmas 1.15 and 4.16. ]

Proposition 4.18. — Let .F be a sheaf of ‘K;Za? -modules on Mg, . Then & is I'-acyclic.

Proof. — By Proposition 2.14, it is enough to prove that for any {U;, Uz} which is a
covering of U U Us, the sequence 0 — F(U; UUs) — F(U1) & F(Uz) » F(U1NU2) — 0
is exact. This follows from Lemma 4.17, similarly as in the proof of [12, Prop. 10.2].
The only non trivial fact is the surjectivity at the last term, which we check now.
We choose U] C U;, i = 1,2, and ¢ € %ﬁ’O(U) as in Lemma 4.17. Let
s € T(Uy NUy; F). Since {U],Uy N Uz} is a linear covering of U;, ¢ = 1,2, we can
define s; € I'(Uy; %) and sq € I'(Us; %) by
=1 -s, 31|U{=0 and 82|, =(1-14)-s, 82|U§=0'

= s, as required. O

S
Yo, nU,

Then s S
e, nvs + 21, n0,

Corollary 4.19. — The sheaves €y P, Gp'®, DO, |, Gt (t € Rxo), Gyp 5"

oco,gev{s} 00,gev st 00,gev _ .
and €7 (s>1), €y and €0 are I-acyclic.

Let Fpp,, denote one of the sheaves appearing in Corollary 4.19 and let

FMon = Py FMny € DT(Zr,.). Then, if U is weakly Lipschitz, RI'(U; Zps,) is
concentrated in degree 0 and coincides with Zr_, (U).

4.4. A comparison result. — In the next lemma, we set M := R™ and we denote
by dx the Lebesgue measure. As usual, for « € N™ we denote by DY the differential
operator (0/9;,)** ---(0/9d;,)* and we denote by A = Y7 | 8?/0x? the Laplace
operator on M.

In all this section, we consider an open set U € Op,, . We set for short

d(z) =d(z, M\ U).
For a locally integrable function ¢ on U and s € R>(, we set

(4.10) lelloo = sup (@), llellee = lld@)* ()]l
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Proposition 4.20. — There exists a constant C, such that for any locally integrable
function ¢ on U, one has the estimate for s > 0:
(4.11) IDZ el < Ca(llells + IADg o[5S 1+2).

Proof. — We shall adapt the proof of [12, Prop. 10.1].
(i) Let us take a distribution K (x) and a ¥ function R(z) such that

0(z) = AK(z) + R(x)

(where §(z) is the Dirac distribution at the origin) and the support of K (z) and the
support of R(z) are contained in {z € M; |z| < 1}. Then K(z) is integrable. For ¢ > 0
and for a function v set:

Ye(z) = P(c ), K.=c>"K, and R, = ¢ "R,.
Then we have again
5(z) = AK.(z) + Re(z) .
Hence we have for any distribution
(412) v(a) = [ R — @0y + [ ol )iy

Now for z € U, set ¢(z) = d(z)/2. We set
Au(@) =| [ Ruto @~ 9)(BD50) )],
B (z) = I/ﬁc(x)(x —y) Dy p(y)dy|.

Since [ Ko@) (@ — y)|dy = c(2)? [ 1K (&5 — v)ldy, we get

/ B ooy (2 — p)ldy < Crd(x)?

for some constant C;.
(ii) We have

A@) < (s (D580)W)) [ 1Rutwe— 0)ldy

le—y|<c(z)

<o swp  [(DFAR)W)) - d@)

le—y|<c(x)
Hence,
d(x)erla\Aa(:c) <C ( sup |(D§‘A¢)(y)|> ,d(x)s+|al+2
lz—y|<e(z)
i (g, o 0300)

< 2t 0 |ADg g1,
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Here we have used the fact that on the ball centered at  and radius c¢(z), we have
d(z) < 2d(y).
(iii) Since R.(z — y) is supported by the ball of center z and radius ¢(z), we have

Ba@ =1 [ Dyl — ey
B(z,c(x))

= c(z) 1| c(2) (DS R) o) (z — y)o(y)dy|
B(z,c(x))
<el@) ™ sup  lo@)- / DS R(y)|dy.
lz—y|<c(z)

Here we have used the fact that Dy R.(,)(y) = c(x)_‘a|(D§‘R)C(x)(y).
As in (ii), we deduce that

d(z)**1*IB,(x) < Cy  sup  |d(y)*e(y)]
(4.14) o —y|<e(a)
< Callellss-

for some constant Cs.

(iv) By choosing ¢ = D2y in (4.12) the estimate (4.11) follows from (4.13) and (4.14).
O

4.5. Sheaves on complex manifolds. — Let X be a complex manifold of complex di-
mension dx and denote by Xp the real analytic underlying manifold. Denote by X
the complex manifold conjugate to X. (The holomorphic functions on X are the anti-
holomorphic functions on X.) Then X x X is a complexification of Xg and O is
a 9 ,x-module which plays the role of the Dolbeault complex. In the sequel, when
there is no risk of confusion, we write for short X instead of Xg.

Notation 4.21. — In the sequel, we will often have to consider the composition
Rpsal, © psar- For convenience, we introduce a notation. We set

(4.15) Pslk! = Psalx © Psal-
Sheaves on complexr manifolds. — By applying the Dolbeault functor
ijom@? l(psl*!ﬁy, °)

to one of the sheaves

cgoo,tp st %oo,tp %oo,gev(s) %oo,gev{s}
X X

c0,gev st 00,gev 1%
) sal Xsal ’ Xsal ) CgX ’ %Xsal ’ Cngal ’

sal sal

we obtain respectively the sheaves

tp st tp gev(s) gev{s} gev st gev
ﬁxsal ) ﬁxsal’ ﬁxsal ) ﬁX ) ﬁXsal ’ ﬁXsal ’ ﬁX

sal sal*

All these objects belong to D (Zx.,,). Then we can apply the functor p., and we
obtain the sheaves

tp st tp gev(s) gev{s} gev st gev
ﬁXsa ’ ﬁxsa’ ﬁXsa ’ ﬁXsa ’ ﬁXsa ’ ﬁxsa’ Ox

sa’
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Note that the functor p!sal commutes with the Dolbeault functor. More precisely:
Lemma 4.22. — Let € be an object of D+(.@Xml). There is a natural isomorphism
(416)  PuRAOm (PO Exn) = RAOM . (poasOss s

Proof. — This follows from the fact that the Zx-module 0% admits a global locally
finite free resolution. O

Recall the natural isomorphism [12, Th. 10.5]
ﬁ;’sa =5 R#om D (psa1 O, @bg?sa).

Proposition 4.23. — The natural morphism
OX0 = OX.,

is an isomorphism in DT (Zx_,)).

Proof. — Let U € Op,,_. Consider the diagram (in which M = R?")

0 ——=TL(U; €5 ) 2= T(U; €55 ) ——0

| |

0 ——=T(U;E5pP) — 2= T(U; 657 ') ——= 0.

As in the proof of [12, Th. 10.5|, we are reduced to prove that the vertical arrows
induce a qis from the top line to the bottom line. We shall apply Proposition 4.20.
(i) Let ¢ € T(U; %]izzp) with Ag = 0. There exists some s > 0 such that ||d(z)*¢[e < oo.
Then ||d(z)*T1*! D] o < oo by (4.11).

(ii) It follows from [12, Prop.10.1] that the arrow in the bottom is surjective. Now
let ¢ € F(U;%ACZ:IP *%). There exists ¢ € F(U;‘ﬁﬂz;ﬁp) with Ay = 9. Then it follows

. cpoo,tp st
from (4.11) that p € T(U;%,°"""). O
Remark 4.24. — 1t is natural to expect that the morphism
X ™ O%

is an isomorphism in D™ (Zx_,). The proof of Proposition 4.23 can be adapted with
the exception that one does not know if the map A: € #V(U) — € #V(U) is
surjective.

Solutions of holonomic P-modules. — The next result is a reformulation of a theorem
of Kashiwara [9].

Theorem 4.25. — Let ./ be a regular holonomic Px-module. Then the natural mor-
phism

R #om Px.. (psar A, ﬁ;?sa) — Rs#om Px.. (Psar#,Ox_,)

is an isomorphism.
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The next result was a conjecture of [14] and has recently been proved by
Morando [25] (see also [16] for a rather different proof) by using the deep results of
Mochizuki [24] (completed by those of Kedlaya [17, 18] for the analytic case).

Theorem 4.26. — Let .# be a holonomic Px-module. Then for any G € DH%_C((CX),
P R om (G RAom , (puar-, 632.)) € D (Cx).

It is natural to conjecture that this theorem still holds when replacing the
sheaf ﬁ;?sa with one of the sheaves ﬁ)gfs:(s) or ﬁi‘;{s}.

In [14], the object sZom Px.. (Psar# ﬁ;}za) is explicitly calculated when X = C
and, denoting by ¢ a holomorphic coordinate on X, .# is associated with the opera-
tor t20; + 1, that is, .# = Px exp(1/t).

It is well-known, after [28] (see also [19]), that the holomorphic solutions of an
ordinary linear differential equation singular at the origin have Gevrey growth, the
growth being related to the slopes of the Newton polygon.

Conjecture 4.27. — Let .# be a holonomic Zx-module. Then the natural morphism
RAtom ,  (psar#,0%) = RAom (psar#, Ox.,)

is an isomorphism, or, equivalently,
R.#om 7. (psar# , 0% ) =5 Rpa RHom , (M, O).

Moreover, there exists a discrete set Z C Ry; such that the morphisms
RAom , (M, ﬁii:(s)) — RAtom , (M, ﬁ)g(i:(t)) are isomorphisms for s<t
in the same components of R+ \ Z.

5. Filtrations

5.1. Derived categories of filtered objects. — In this section, we shall recall results
of [32] completed in [31].

Complements on abelian categories. — In this subsection we state and prove some
elementary results (some of them being well-known) on abelian and derived categories
that we shall need.

Let € be an abelian category and let A be a small category. As usual, one denotes
by Fct(A,€) the abelian category of functors from A to €. Recall that the kernel of
a morphism u: X — Y is the functor A — Keru()) and similarly with the cokernel
or more generally with limits and colimits.

Lemma 5.1. — Assume that € is a Grothendieck category. Then

(a) the category Fct(A, %) is a Grothendieck category,
(b) if F € Fct(A, €) is injective, then for A € A, F()\) is injective in €.
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Proof. — The category Fct(A, %) is equivalent to the category PSh(A°P, %) of pre-
shaves on A°P with values in . It follows that, for any given A € A, the functor
Fct(A,€) — €, F — F()) has a left adjoint. We can define it as follows (see e.g., [15,
Not. 17.6.13]). For G € € we define G € Fct(A, €) by

Ga(p) = @ G.

Hom , (\,u)
Then we can check directly that
(5.1) the functor € 5 G — G, € Fct(A, €) is exact,
(5.2) Hom g5 ) (G, F) = Homg, (G, F (X)) for any F' € Fct(A,€).

(a) Applying e.g., Th. 17.4.9 of loc. cit., it remains to show that Fct(A, €) admits a
small system of generators. Let G be a generator of €. It follows from (5.2) that the
family {Gx}xea is a small system of generators in Fct(A, ¥).

(b) Follows from (5.2) and (5.1). O

We consider two abelian categories ¢ and ¢’ and a left exact functor p: € — €.
The functor p induces a functor

(5.3) p: Fet(A,€) — Fet(A,€").

Lemma 5.2. — Assume that € is a Grothendieck category.

(a) The functor p is left exact.

(b) Let I be a small category and assume that p commutes with colimits indexed by I.
Then the functor p in (5.3) commutes with colimits indexed by I.

(c) Assume that p has cohomological dimension < d, that is, R7p = 0 for j > d. Then
p has cohomological dimension < d.

(d) Assume that p commutes with small direct sums and that small direct sums of
injective objects in € are acyclic for the functor p. Then small direct sums of
injective objects in Fct(A,€) are acyclic for the functor p.

Proof. — (a) is obvious.

(b) follows from the equivalence Fct(I,Fct(A, %)) ~ Fct(A,Fet(I, %)) and similarly
with &”.

(¢) By Lemma 5.1 (a), the category Fct(A,%4) admits enough injectives. Let
F € Fct(A, %) and let F — F'° be an injective resolution of F', that is, F'* is a complex
in degrees > 0 of injective objects and F' — F* is a qis. By Lemma 5.1 (b), for A € A,
F*()) is an injective resolution of F'(\) and by the hypothesis, H?(p(F " (\))) ~ 0
for j > d and A € A. This implies that R/ p(F) ~ H’(p(F"*)) is 0 for j > d.

(d) For a given A € A we denote by i{ the functor Fct(A, %) — €, F +— F()). Then
i¥ is exact and, by Lemma 5.1 (b), we have i o Rj ~ Rpoi?. Let F € Fct(A, %) be
a small direct sum of injective objects. Since i‘f commutes with direct sums, it follows
from Lemma 5.1 (b) again that i{ (F) is a small direct sum of injective objects in %.

By the hypothesis we obtain R’p o i{ (F) = 0, for all j > 0. Hence i¥ o RIp(F) ~ 0,
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for all j > 0. Since this holds for all A € A we deduce R/p(F) ~ 0, for all j > 0, as
required. O

Abelian tensor categories. — Recall (see e.g., [15, Ch. 5]) that a tensor Grothendieck
category % is a Grothendieck category endowed with a biadditive functor ®: ¢ x ¢ — €
satisfying functorial associativity isomorphisms. We do not recall here what is a
tensor category with unit, a ring object A in %, a ring object with unit and an
A-module M. In the sequel, all tensor categories will be with unit and a ring object
means a ring object with unit.
We shall consider
a Grothendieck tensor category % (with unit) in which

{ small inductive limits commute with ®.

(5.4)

Lemma 5.3. — Let € be as in (5.4) and let A be a ring object (with unit) in €. Then
(a) The category Mod(A) is a Grothendieck category,

(b) the forgetful functor for: Mod(A) — € is exact and conservative,

(c) the natural functor for: D(A) — D(%) is conservative.

Proof. — (a) and (b) are proved in [31, Prop. 4.4].

(c) Since D(A) and D(%) are triangulated, it is enough to check that if X € D(A)
verifies t:c\)/r(X) ~ 0, then X ~ 0. Let X be such an object and let j € Z. Since for is
exact, forH? (X) ~ HY(for(X)) ~ 0. Since for is conservative, we get Hi(X)~0. O

Derived categories of filtered objects. — We shall consider
a filtrant preordered additive monoid A (viewed as a tensor
(5.5) category with unit),
a category € as in (5.4).
Denote by Fct(A,%) the abelian category of functors from A to ¥. It is

naturally endowed with a structure of a tensor category with unit by setting
for My, M, € FCt(A,%),
(M1 ®@Mz)(A) = lim  Mi(Ar) ® Ma(Az).
A1 +A2<A

A A-ring A of ¥ is a ring with unit of the tensor category Fct(A, %) and we denote
by Mod(A) the abelian category of A-modules.

We denote by Fp € the full subcategory of Fct(A, €) consisting of functors M such
that for each morphism A — X in A, the morphism M () — M()\’) is a monomor-
phism. This is a quasi-abelian category. Let

t: FAG — Fct(A,6)

denote the inclusion functor. This functor admits a left adjoint x and the category
FA ¥ is again a tensor category by setting

M1 ®F M2 = H(L(Ml) [ L(MQ))
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A ring object in the tensor category Fp % will be called a A-filtered ring in % and
usually denoted FFA. An FA-module FM is then simply a module over FA in Fp ¢
and we denote by Mod(F A) the quasi-abelian category of F'A-modules.

It follows from Lemmas 5.1 and 5.3 that Mod(¢F'A) is a Grothendieck category.

Notation 5.4. — 1In the sequel, for a ring object B in a tensor category, we shall write
D*(B) instead of D*(Mod(B)), * = +, —, b, ub.

The next theorem is due to [31] and generalizes previous results of [32].

Theorem 5.5. — Assume (5.5). Let FA be a A-filtered ring in €. Then the category
Mod(FA) is quasi-abelian, the functor v: Mod(FA) — Mod(«FA) is strictly exact
and induces an equivalence of categories for * = ub,+, —, b:

(5.6) v: D*(FA) == D*(LFA).

Notation 5.6. — Let A and ¢ be as in (5.5). The functor lim : Fct(A, %) — € is
exact. Let F'A be a A-filtered ring in F,%) and set

(5.7) A:=1lim A(N).
A

(For short, we write A()) instead of F'A(}).) The functor lim induces an exact functor
(5.8) lim : Mod(F'A) — Mod(4),

thus, using Theorem 5.5, for * = ub, 4+, —, b, a functor

(5.9) lim : D*(FA) — D*(A).

Since one often considers F'A as a filtration on the ring A, we shall denote by for
(forgetful) the functor lim:

(5.10) for: D*(FA) — D*(4), for:=lim.

Complements on filtered objects

Lemma 5.7. — Let A and € be as in (5.5) and let €' be another Grothendieck tensor
category satisfying the same hypotheses as €. Let FB be a A-filtered ring in €.

(a) Let 0: €' — € be an exact functor of tensor categories (see Definition 4.2.2
in [15]). Denote by o: Fct(A,€") — Fct(A,€) the natural functor associated
with o. Then

(i) FA:=0(FB) has a natural structure of a A-filtered ring with values in €,
(ii) the functor ¢ induces an exact functor op: Mod(tF'B) — Mod(¢F A) hence
a functor op: Mod(FB) — Mod(FA).

(b) Assume moreover that the functor o has a right adjoint p which is fully faithful
(hence p is left exact and op ~ ids). Denote by p: Fct(A,€) — Fct(A,€”") the
natural functor associated with p. Then

(1) p is fully faithful and right adjoint to &,

SOCIETE MATHEMATIQUE DE FRANCE 2016



52 S. GUILLERMOU & P. SCHAPIRA

(ii) p induces a left exact fully faithful functor py: Mod(¢+FA) — Mod(.FB)
right adjoint to op and a fully faithful functor ps: Mod(FA) — Mod(F'B)
right adjoint to op.

(¢c) The diagram below, in which the horizontal arrows are the forgetful functors,
is commutative when composing horizontal and down vertical arrows, or when
composing horizontal and up vertical arrows

Mod(FA) —— Mod(tFA) —— Fct(A, F)

Mod(FB) — Mod(:F'B) — Fct(A, €”).

Proof. — (a) We first recall that a A-ring A of a tensor category % is the data
of A(\) € ¥, for each A\ € A, morphisms M;’X: A @ A(XN) - AN+ X)), for
all A, € A, and €4: 1¢ — A(0), where 1lg is the unit of ¥ and 0 the unit
of A. These morphisms satisfy three commutative diagrams (which we do not re-
call here) expressing the associativity of u4 and the fact that 4 is a unit. Similarly
a module M over A is the data of M()\) € €, for each A € A, and morphisms
,ui/’[)‘/ cAN) @ M(N) — M(A+ X), for all A\, N € A, satisfying two commutative dia-
grams left to the reader.

Let us go back to the situation of the lemma. For a A-filtered ring F'B of ¢’ and
an F'B-module N, setting F'A = 6(F' B), the morphisms ,u?‘v’)‘/ induce

B3 AN © (N(V)) = 0(B() & N(X) = o(N (A + V).

For N = (F B we obtain uz’)‘/. We define e4 = o(ep). We leave to the reader the
verification that €4, 1} and ua( N) satisfy the required commutative diagrams. This
defines the functor op. We see easily that o, is exact. Since F'B is A-filtered, the
exactness of o implies that F'A is A-filtered and that o induces the functor o, of
the lemma.

(b) The statement (i) is straightforward. Let us define gp. For a tF A-module M the
data of

i s o (BN @ p(M(X))) = A\ @ M(N) — M(A+ N)

give by adjunction ,u%a\//[): B(A) @ p(M(XN)) — p(M(X+ X)) and define a structure
of tF'B-module on p(M). Since p is left exact pa induces pa. The adjunction properties
are clear, as well as gppp ~ id and oppp ~ id. Hence pp and pp are fully faithful.

(c) is clear. O

Theorem 5.8. — (1) We make the assumptions of Lemma 5.7 (a)-(b) and assume
moreover that

(i) p has cohomological dimension < d,
(ii) for any M € Mod(.FA), there exists a monomorphism M — I in Mod(+F A)
such that I(X) is p-acyclic, for all X € A.
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Then the derived functor Rpp: D*(FA) — D*(FB) (x = ub,+) exists. It is fully
faithful and admits a left adjoint p;': D*(FB) — D*(FA) (+ = ub, +).
(2) Assume moreover that

(iii) p commutes with small direct sums,
(iv) small direct sums of injective objects in € are acyclic for the functor p.

Then the derived functor Rpp: D(FA) — D(FB) commutes with small direct sums
and admits a right adjoint p\: D(FB) — D(FA). Moreover, p)\ induces a func-
tor DY (FB) — DV (FA).

(3) We make the assumptions of Lemma 5.7 (a) and assume moreover that o is
fully faithful and has a right adjoint p which is exact. Then the derived func-
tor op: D*(FA) — D*(FB) (x = ub,+,b) is well defined, is fully faithful and admits
a right adjoint pp: D*(FB) — D*(FA) (* = ub, +,b).

Proof. — By Theorem 5.5, it is enough to prove the statements when replacing F'A
and F'B with +F'A and +F B, respectively and pp with py.

(1) Let us first prove that ps: Mod(¢FA) — Mod(¢F B) admits a derived functor and
has cohomological dimension < d.

We let .# be the subcategory of Mod(:F'A) which consists of the I € Mod(:F A)
such that I()) is p-acyclic, for all A € A. Using the hypothesis (iv) and the relation
for o pp =~ p o for we see that the subcategory .# is pp-injective. Hence Rpp exists.
We also see that for(.#) is a p-injective family. Hence for o Rpy ~ Rp o for. Now the
assertion on the cohomological dimension follows from Lemma 5.2-(c).

By Lemma 5.7, the functor 5y is right adjoint to 4. This functor & induces g, "
on the derived category which is left adjoint to Rps. The relation gppa ~ id gives
PrlRpa =~ id. Hence Rpy is fully faithful.

(2) By the Brown representability theorem, it is enough to prove that

(5.11) Rpp commutes with small direct sums.

We consider the functor p: Fct(A,¢) — Fct(A,%”). The hypotheses of Proposi-
tion 2.21 are satisfied by Lemma 5.2. Therefore the functor p has cohomological
dimension < d and the functor Rp: D(Fct(A, %)) — D(Fct(A,%”)) commutes with
small direct sums.

Now we prove (5.11). Let {X;};cr be a family of objects of D(¢F'A). There is a
natural morphism P, ; Rpa(X;) — Rpa(D,;c; Xi) in D(tFB) and it follows from
Lemma 5.3 that this morphism is an isomorphism.

(3) is obvious. O

5.2. Filtrations on Ox_,,. — In the sequel, if F'M is a filtered object in € over the
ordered additive monoid R, we shall write F'*M instead of (FM)(s) to denote the
image of the functor FM at s € R. This induces a functor D(Fgr ¢) — D(%) denoted
in the same way FM — F°M.
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The filtered ring of differential operators. — Recall that the sheaf 2, of finite order
differential operators on M has a natural N-filtration given by the order.
Recall that the rings 2y, and P, as well as the sheaves %, (m) and

D, (m) are defined in (4.7) and (4.8). We remark that p,'(Zpr., (m)) =~ Zar(m)
and 31 (71, (m)) = Par,, (m).

Definition 5.9. — Let 7 be the site M or M, or Mg,. We define the filtered
sheaf FZ 5 over A = R by setting:

F° P9 = 27([s])

where [s] is the integral part of s and Z([s]) is the sheaf of differential operators
of order < [s]. In particular, F*Z4 = 0 for s < 0. We denote by Mod(FZ~) the
category of filtered modules over Z 5.

Let Mo be either M, My, or Mg,. In the sequel, we look at Mod(Cys,.) as an
abelian Grothendieck tensor category with unit and at F%,;,, as a A-ring object
in Fp%¢ (with A =R) and ¥ = Mod(Cjy.,, ). Note that Definition 5.9 is in accordance
with Lemma 5.7 (a) (i).

Since pt(Zr..(m)) ~ Za(m) and p_}(Zar,,(m)) ~ P, (m) we can apply
Lemma 5.7 (a) with the exact functors o = p3l or o = ps_a} We obtain the func-
tors

Pt Mod(FZyy.,) — Mod(F %),

(5.12) o
Pgal - MOd(F@Msal) — MOd(F@Msa).

We will also use the fully faithful right adjoint of p,] given by Lemma 5.7 (b)
(513) Psal - MOd(F@Msa) — MOd(F@Msal).

Theorem 5.10. — (i) The functor psa, in (5.13) admits a right derived functor
Rpsal,: D*(FZus.,) — D*(FPas.,,) (x = ub, +) which is fully faithful and admits
a left adjoint functor pi;: D*(FZar.,,) — D*(FZar.,) (* = ub,+).
(ii) The functor Rpsa, (* = ub,+) commutes with small direct sums and admits a
right adjoint p.,: D*(F%ar.,,) — D*(F%,,) (* = ub, +).
(iii) The functor pl: DT (F%a,) — DY (F%) has a fully faithful right adjoint
Rpsar: DT (FPy) — DY (F2as,)-

Proof. — (i)—(ii) We shall apply Theorem 5.8 (1)-(2) with % = Mod(Cyy,,),
€' =Mod(Cur,)); P=psalsr, 0=pg, A=R, FA=FPy,.,, FB=FZ,. Let
us check hypotheses (i)—(iv) of Theorem 5.8. Hypothesis (i) follows from Proposi-
tion 2.28. The hypotheses (iii) and (iv) follow from Lemma 2.9. By Lemma 5.3 we
know that Mod(¢F %y, ) has enough injectives. Hence to check the hypothesis (ii) it
is enough to prove that if I € Mod(:F%,,._,) is injective, then I(A) is psa1.-acyclic for
any A € A.
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By Lemmas 2.27 and 2.17 it is enough to prove that I(\) is flabby. For
any U € Op,,  we have

(5.14) D(U;1(N)) = Hom yoa,p0,, (75 )0, 1),

where .@J[\;s:] denotes the object (F %), with the filtration shifted by A, that is,
FSQJ[V;S?] = F*~*9)y,; this isomorphism sends a section s of I()\) to the morphism
1 +— s (which is filtered because 1 € F )\91[\252])' Hence the flabbiness of I(\) follows

from the injectivity of I and the exact sequence 0 — (@J[\}ia)U — (@][\j\[ia)v, for any
inclusion U C V. This completes the proof of (i)—(ii).

(iii) We apply Theorem 5.8 (3) with p = p.l, 0 = pgar- O

We define a functor

Fotom : Modg.(Cpr) x Mod(F%2y.,) — Mod(F%.,)
by setting for G € Modg ¢(Cyps) and F.Z € Mod(F%,,.,)
Hom (G, FM)(\) = Hom (G, #(N)).
Using Theorem 5.5, this functor admits a derived functor
FR.#om : DR_.(Car) x DY (FZy.) — DT (F2u,.).
Recall the functor for in (5.10).

Lemma 5.11. — Let G € DY_(Cyr) and let F.tt € DY (FPay,,). Then
F*R#om (G,F.#) ~ R#om (G, F .4,
forFR#om (G, F.#) ~ R#om (G, forF.Z).

Proof. — The first isomorphism follows directly from Lemma 5.1 (b) and we only
prove the second one.

(i) Since the problem is local on M, we may assume that G has compact support.
(i) By standard arguments, we may then reduce to the case where G = Cy,
U € Opy, -

(i) Using Theorem 5.5, we may replace F.# € DT(F%Z).,) with an object
M €Dt (Fet(R,Mod(Cpy.,)))- Let us represent M by a complex of injective objects
I® € CT(Fct(R,Mod(Cyy,,)))- Then,

forFR.#om (Cy,F.) = lim RI'(Cy, .4)
~limT(U;1")
iy

~ T(U;limI") ~ RO(U;lim ")
(2) - (b) -

~ RI'(U;lim .#) ~ RI'(U; forF.Z).

Isomorphism (a) follows from Lemma 2.9 and isomorphism (b) follows from
Lemma 5.1 (b) and Corollary 2.15. O
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On a complex manifold X, we endow the Zx-module Ox with the filtration FOx
given by

if
(5.15) prog =0 <0
ﬁX if s Z 0.

By applying the functors ps,, and pg.,, we get the objects psaOx and pg, Ox
of Mod(FZx,,) and Mod(F Zx.,,), respectively. One shall be aware that these ob-
jects are in degree 0 contrarily to the sheaf Ox_, (when dx > 1).

The L -filtration on %Azzp. — Recall that on the site Mg,, the sheaf ‘ﬁfz;tlp g
endowed with a filtration, given by the sheaves €y :1 (t € R>p). We also set

%XZ’:IZOfort<O.
Using Lemma 4.13 and Theorem 5.10, we set:

Definition 5.12. — (a) We denote by FOO‘KJOMZZP the object of Mod(F%yy.,,) given by
the sheaves Gy;" (t € R).
(b) We set Foo @)y tp = p. 1 Foo @y, an object of D¥(FZy,.,).
We call these ﬁltratlons the Loo ﬁltratlon on €,y tp and %Oo’ , respectively.

Hence,
_ s oo0utp _ 00,8
FXC, =€y, for s €R, t t
— we have morphisms F" 2y, @ EL € " — B 67,
: : t tp st i . .
- using Notation 5.6, forF,@y;" " ~ €"P*" and similarly with Mg, instead
of Msa1~

If U € Op,,,, is weakly Lipschitz, we thus have for s > 0:
(5.16) RI(U;FL Gy 'P) ~ 6y (V).

Remark 5.13. — One could have also endowed %), tlp with the L?-filtration con-
structed similarly as the L*-filtration, when replacmg the norm in (4.10) with the
L?-norm:

(5.17) ||80||2=(/U|80(~T)|2d$)1/27 lellz = lld(z)* ()2

One gets the filtered sheaves FQ%ACZ ’:lp and FQ%XZ ’:p.

The L*>-filtration on ﬁ;{;al. — On a complex manifold X, we set:
(5.18) Fyo ﬁtpsal = RJfomF@?Sal (psi1 O Foo(g;:;tp) e D" (FZx..,),
(5.19) F,O0F = RAompg_ (psaO%, F ¢y ™)

~ p!Sal Fooﬁ;)sal e DY (F2x.).
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Proposition 5.14. — The object Fosoﬁ;ial is represented by the complexr of sheaves

R .
on X,

(520) 0— F:ofgz;fo,o) i F:oJrlcg;Oy(O,l) NN F;oerX(g)CZ;EO,dX) 0.

sal

Proof. — Recall that the Spencer complex SPx(%x) is the complex of left Zx-mod-
ules

dx
(5.21) SPx(Zx) = 0— Zx®, \Ox & — Ix ®, Ox — Ix — 0.
Moreover, there is an isomorphism of complexes, in any local chart,
(522) SPx(gx) ~ K.(.@X; ~81, ey '8dx)

where the right hand side is the co-Koszul complex of the sequence 01, . . ., 04, acting
on the right on Zx. This implies that the left Z-linear morphism Zx — Ox induces
an isomorphism SPx(%x) =~ Ox in DP(Zx).

If we endow Zx @, \* Ox, k =0,...,dx, with the filtration F*(Zx ®, \* ©x) =
F=%(2x) ®,4 A" ©x, then SPx(Zx) gives a complex in Mod(FZ~) and we obtain
SPx(2x) =% Ox in DP(F%x). Applying this to X and using the Definition (5.19)
we obtain the result. O

Corollary 5.15. — Let U C X be an open relatively compact subanalytic subset. As-
sume that U is weakly Lipschitz. Then the object RT'(U; ES, ﬁ’;{;a) is represented by the
complex

(5.23) 0 — 72O () & gt ON() o ... st 0l @y g,

Applying the functor p_!, one recovers the filtration introduced in (5.15):

(5.24) P B OF ~FOx.
5.3. A functorial filtration on regular holonomic modules. — Good filtrations on holo-

nomic modules already exist in the literature, in the regular case (see [10, 1,29, 30])
and also in the irregular case (see [23]). But these filtrations are constructed on each
holonomic module and are by no means functorial. Here we directly construct objects
of DT (F%x), the derived category of filtered Z-modules.

Denote by Dgolreg(@X) the full triangulated subcategory of D®(Zx) consisting of
b

holreg
Sol(A) :=RA#om (M, Ox).
We know by [7] that Sol(.#) belongs to D2__(Cx), that is, Sol(.#) has C-constructible

cohomology. Moreover, one can recover .# from Sol(.#') by the formula:

(5.25) M~ pL RAom (Sol(A), OFF ).

objects with regular holonomic cohomology. To .# € D (Zx), one associates

This is the Riemann-Hilbert correspondence obtained by Kashiwara in (8, 9].
Using the filtration Fy ﬁ;ia on Ox,_ we can set:
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Definition 5.16. — Let .# be a regular holonomic module. We define the filtered
Riemann-Hilbert functors RHF s, and RHF,, by the formulas

RHFo 50 Dijoeg(Zx) — DT (FZx,,),
M FRAom (Sol(M),Fs OF ),
RHF,, = p,'RHFy ca: D (2x) — D¥(FZx).

Note that RHF, ¢, and RHF,, are triangulated functors.
Recall Notation 5.6 and the functor for.

Proposition 5.17. — In the diagram below
RHF,,
DEolreg (-@X)

the composition is isomorphic to the identity functor.

B, DHEF2x) 25 D (2y)

Proof. — Since pg,! commutes with inductive limits, the diagram below commutes:
RHF. ca for
holreg(‘@X) D+(F‘@Xsa) D+(9Xsa)

—1 -1
I

D+(F2x) —%~ D (Zx).

Now let .Z € Dholreg(gx) and set for short G = Solx (.#). By using Lemma 5.11 we
get

forFR#om (G, Fou 02 )

R

Rtom (G, forFy ﬁ;?sa)
~ Rtom (G, 0% )
and we conclude with (5.25). O

Notation 5.18. — The module .# endowed with the filtration obtained by applying
the functor RHF s, or RHF,, will simply be denoted by Fy sa.# or Foo . #, respec-
tively.

Example 5.19. — Let D be a normal crossing divisor in X and let .#Z be a regular
holonomic module such that Sol(.#) ~ Cx\ p. Let W € Opy_ with smooth boundary
transversal to the strata of D so that W \ D is weakly Lipschitz. Set U := W \ D.
Then, by Lemma 5.11, RT(W;ES, ,.#) ~ RT(U;FS, 0% ) and therefore the object

00,84

RI'(W;EZ .#) is represented by the complex (5.23).

Remark 5.20. — By using the filtration Fy on ¢y ;p (see Remark 5.13), one can

also endow ﬁ;?sal with an L2-filtration and define similarly Fy& sal Unfortunately,
Hérmander’s theory does not apply immediately to this situation. More precisely,
for U open in R", denote by L?(U;loc) the space of functions ¢ which are locally
in L? for the Lebesgue measure and define

(5.26) L**(U) = {p € L*(U;loc); ||¢ll3 < oo},
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where ||| is defined in (5.26).
For U relatively compact and open in C™, denote by WQ’S’(Z”‘?)(U) the space
of (p, q)-forms with coefficients in L%*(U) and set

WE D (W) = (p € W0 U);3p € WD (D)
Now we define F ﬁ;fsal as the Dolbeault complex

El

B0, )=0— w0 w) & w0 @) -,

Then [5, Th 2.2.3] asserts that if U is pseudoconvex, F§ ﬁ;’sal(U) is concentrated in

degree 0. However F™Zx_, does not send W' to W*™ " and ﬁ‘gﬁ;’;a] is not
defined as an object of D(FZx,,,).

Given a regular holonomic Zx-module .#, natural questions arise.
(i) Does there exist an integer r such that H(FS.¥) — HY(FS.¥) is the zero
morphism for s > 0 and j # 0.
(ii) Is the filtration HO(F..#) a good filtration?
(iii) Does there exist a discrete set Z C R>g such that the morphisms S .# — FL .#
(s < t) are isomorphisms for [s, ¢] contained in a connected component of R>¢\Z?

Note that it may be convenient to use better the L?-filtration (see Remark 5.20).
One can also ask the question of comparing these filtrations with other filtrations
already existing in the literature.

References

[1] D. BARLET & M. KASHIWARA — “Le réseau [ d’un systéme holonome régulier”, Invent.
math. 86 (1986), p. 35-62.

[2] E. BiErsTONE & P. D. MILMAN — “Semi-analytic and subanalytic sets”, Publ. Math.
IHES 67 (1988), p. 5-42.

[3] M. J. EpmunDO & L. PRELLI — “Sheaves on -topology”, Journ. Math. Soc. Japan
68 (2016), p. 347-381.

[4] N. Honpa & G. MORANDO — “Stratified Whitney jets and tempered ultradistibutions
on the subanalytic site”, Bull. Soc. Math. France 139 (2011), p. 923-943.

[5] L. HORMANDER — “L’-estimates and existence theorems for the & operator”, Acta
Mathematica 113 (1965), p. 89-152.

, The analysis of linear partial differential operators I, II, Grundl. der math.
Wiss., vol. 256, 257, Springer, 1983.

[7] M. KASHIWARA — “On the maximally overdetermined systems of linear differential
equations I”, Publ. Res. Inst. Math. Sci. 10 (1975), p. 563-579.

[6]

[8] , “Faisceaux constructibles et systémes holonémes d’équations aux dérivées par-
tielles linéaires & points singuliers réguliers”, Séminaire Goulaouic-Schwartz (1980), exp.
n° 19.

[9] , “The Riemann-Hilbert problem for holonomic systems”, Publ. RIMS, Kyoto

Univ. 20 (1984), p. 319-365.
[10] M. KasHIWARA & T. Kawal — “On holonomic systems of microdifferential equations
ITI. Systems with regular singularities”, Publ. Rims, Kyoto Univ. 17 (1981), p. 813-979.

SOCIETE MATHEMATIQUE DE FRANCE 2016



60

[11]
[12]

[13]
[14]

[15]
[16]

[17]
[18]

[19]

[20]
[21]
[22]
23]
[24]
[25]
[26]
[27]

[28]
[29]

[30]
[31]
[32]

S. GUILLERMOU & P. SCHAPIRA

M. KAsHIWARA & P. SCHAPIRA — Sheaves on manifolds, Grundl. math. Wiss., vol. 292,
Springer, 1990.

, Moderate and formal cohomology associated with constructible sheaves, Mé-
moires Soc. Math. France, vol. 64, 1996.

_, Ind-sheaves, Astérisque, vol. 271, Soc. Math. France, 2001.

, “Microlocal study of ind-sheaves I: micro-support and regularity”, Astérisque
284 (2003), p. 143-164.

, Categories and sheaves, Grundl. math. Wiss., vol. 332, Springer, 2006.

, Regular and irregular holonomic d-modules, London Math. Society Lecture
Notes, Cambridge Univ. Press, 2016.

K. S. KEpLAYA — “Good formal structures for flat meromorphic connections, I: Sur-
faces”, Duke Math. J. 154 (2010), p. 343-418.

, “Good formal structures for flat meromorphic connections, II: Excellent
schemes”, J. Amer. Math. Soc. 24 (2011), p. 183-229.

H. KoMATSU — “On the regularity of hyperfunction solutions of linear ordinary differ-
ential equations with real analytic coefficients”, J. Fac. Sci. Univ. Tokyo 20 (1973),
p- 107-119.

, “Ultradistributions I. Structure theorem and a characterization”, J. Fac. Sci.
Unwv. Tokyo 20 (1973), p. 25-105.

G. LEBEAU — “Sobolev spaces and Sobolev sheaves”, this volume.

S. LojaciEwicz — “Sur le probléme de la division”, Studia Math. 8 (1959), p. 87-136.
B. MALGRANGE — “Connexions méromorphes II, le réseau canonique”, Invent. math.
124 (1996), p. 367-387.

T. MocHIZUKI — “Good formal structure for meromorphic flat connections on smooth
projective surfaces”, 54 (2009), p. 223-253.

G. MORANDO — “Constructibility of tempered solutions of holonomic D-modules”,
preprint arXiv:1311.6621.

A. PARUSINSKI — “Regular covers of open relatively compact subanalytic sets”, this
volume.

L. PRELLI — “Sheaves on subanalytic sites”, Rend. Sem. Mat. Univ. Padova 120 (2008),
p- 167-216.

J.-P. Rawmis — “Dévissage Gevrey”, Astérisque 59-60 (1978), p. 73-204.

M. SaiTo — “Modules de Hodge polarisables”, Publ. Res. Inst. Math. Sci. 24 (1988),
p- 849-995.

, “Mixed Hodge modules”, Publ. Res. Inst. Math. Sci. 29 (1990), p. 221-333.
P. ScHAPIRA & J.-P. SCHNEIDERS — “Derived category of filtered objects”, this volume.
J.-P. SCHNEIDERS — Quasi-abelian categories and sheaves, Mém. Soc. Math. Fr., vol. 76,
1999.

S. GuiLLERMOU, Institut Fourier, Université de Grenoble I, BP 74, 38402 Saint-Martin d’Héres,

France e FE-mail : Stephane.Guillermou@ujf-grenoble.fr

P. ScHAPIRA, Sorbonne Universités, UPMC Univ Paris 6 Institut de Mathématiques de Jussieu, F-

75005 Paris France e FE-mail : pierre.schapira@imj-prg.fr

ASTERISQUE 383


http://arxiv.org/abs/1311.6621

Astérisque
383, 2016, p. 61-94

SOBOLEV SPACES AND SOBOLEV SHEAVES

by

Gilles Lebeau

Abstract. — Sobolev spaces H{ (M) on a real manifold M are classical objects
of Analysis. In this paper, we assume that M is real analytic and denote by My,
the associated subanalytic site, for which the open sets are the relatively compact
subanalytic subsets and the coverings are, roughly speaking, the finite coverings.
For s € R,s < 0, we construct an object #° of the derived category DV (Cpy,,)
of sheaves on Mg, with the property that if U is open in Ms, and has a Lipschitz
boundary, then the object #°(U) := RI'(U;#°) is concentrated in degree 0 and
coincides with the classical Sobolev space H®(U). This construction is based on the
results of S. Guillermou and P. Schapira in this volume.

Moreover, in the special case where the manifold M is of dimension 2, we will
compute explicitly the complex #°(U) and prove that it is always concentrated in
degree 0, but is not necessarily a subspace of the space of distributions on U.

Résumé (Espaces de Sobolev et faisceaux de Sobolev). — Soit M une variété analytique
réelle. Le site sous analytique Mg, est constitué des ouverts sous analytiques
relativement compacts de M, les recouvrements étant finis & extraction prés. Pour
s € R, soit H? (M) I'espace de Sobolev usuel sur M. Pour tout s € R,s < 0 nous
construisons un objet #° de la catégorie dérivée DT (Cpy,,) des faisceau sur Msa,
qui vérifie la propriété suivante: pour tout ouvert U € Mg, a frontiére lipschitzienne,
H®(U) := RI(U; H?) est concentré en degré 0 et coincide avec I'espace de Sobolev
usuel H*(U). Cette construction utilise les résultats de S. Guillermou et P. Schapira
contenus dans ce volume.

Dans le cas ou M est de dimension 2, nous explicitons le complexe #°(U). Nous
démontrons qu’il est toujours concentré en degré 0, mais ne s’identifie pas toujours a
un sous espace de distributions sur U.
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1. Introduction

Let M be a real analytic manifold. Let us recall that for s € R, and zg € M one
says that a distribution u € 9'(M) belongs to the space H3 (M) iff there exists a
properly supported pseudodifferential operator P of degree s, elliptic at g, such that
Pu € L (M). As usual, we denote by H (M) the space of distributions v on M

such that w € H; (M) for all zg € M . For U open and relatively compact in M, we
define the space H*(U) by

H*(U)={f € P'(U), 39 € Hj,.(M), glv = f}.

Following [3], we endow the real analytic manifold M with the subanalytic topology
and denote by M;, the site so-obtained. Recall that the open sets of this Grothendieck
topology are the relatively compact open subanalytic subsets of M and the coverings
are the finite coverings. As usual, one denotes by DT (Cjy,,) the derived category of
sheaves of C-vector spaces on Mg, consisting of spaces bounded from below.

In this paper, we address the following question:

Let s € R be given. Does there exists an object #° of D*(Cyy,, ), such that the
following requirement holds true:

If U is open, Lipschitz, and relatively compact, then the complex J°(U)
is concentrate in degree 0 and is equal to H*(U).

(1.1)

If 1.1 holds true, then we will say that the object #° of DT (C,y.,) is a “Sobolev
sheaf”. Clearly, this problem depends on the parameter s € R. It turns out that
the answer to the above question is a straightforward byproduct of a theorem of A.
Parusinski [5] for the values s € |—1/2,1/2[. More precisely, for s € |-1/2,1/2[, U
H*(U) is a sheaf on Mg,, with cohomology concentrated in degree 0 (see Lemma 5.2
in Section 5).

In this paper, we will construct the Sobolev sheaf #* for any s < 0; this construc-
tion is based on the results of S. Guillermou and P. Schapira in [1]. Moreover, in the
special case where the manifold M is of dimension 2, we will compute explicitly the
complex J*(U) for any bounded subanalytic open subset of M; it turns out that
in dimension 2 and for s < 0, #°(U) is always concentrated in degree 0, but is not
always a subspace of @' (U). We will address the existence of the Sobolev sheaf J°
for s > 0 in a forthcoming paper.

Let us recall that for any object & of D (Cyy,), if we denote by HY(U, ) the
jth cohomology space of the complex & (U), one has the exact long Mayer Vietoris
sequence, where U,V are two open subanalytic relatively compact subsets of M

(1.2) — W (UUV,T) — (U, Tel (V,7) - B (UNV,T) - Bt UUV,T) —

The construction of a Sobolev sheaf #° is a purely local problem near any point
of M. In fact, all the Sobolev spaces introduced in this article are C§°(M) modules.
Hence we may and will assume M = R™ in all the paper.
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The paper is organized as follows:

In Section 2, we recall some basic facts on Sobolev spaces on R™, and we introduce
the spaces H*(U), H§[U], U C R™ open, and the spaces Hy.,, FF C R™ closed.

In Section 3, we study the Sobolev spaces H*(U) when U is an open bounded subset
of R™ with Lipschitz boundary. The main result in this section is Proposition 3.6. From
the requirement (1.1) and the exact long Mayer Vietoris sequence (1.2), the validity
of Proposition 3.6 is a necessary condition for the existence of a Sobolev sheaf J#*.

Section 4 is devoted to the study of the auxiliary spaces X*(U) and Y*(U). The
main result in this section is Proposition 4.11 which implies that the sheaf U — Y*(U)
is I'-acyclic on the linear subanalytic site.

Section 5 is devoted to the construction of the Sobolev sheaf %° in the case s < 0.
In Subsection 5.1, using Proposition 4.11, the construction of the Sobolev sheaf J°
for s < 0 becomes a simple byproduct of the results of S. Guillermou and P. Schapira
in [1]. In Subsection 5.2, we compute explicitly the cohomology of the complex J¢°(U)
on R? for s < 0. In particular, we verify that this complex is in degree 0, but H° (U, #*)
is not always a subspace of @' (U).

Finally, in the appendix, we give in Section 6.1 some results about interpolation
spaces, and we recall in Section 6.2 the “classical” definition of Sobolev spaces given
in the book of Lions and Magenes [4], and their relations with our spaces.

In all the paper, we shall use the following notations:

B(z,r) = {y € R", |y — z| < r} is the open Euclidean ball with center x and
radius 7.

For s € R, we denote by [s] be the integer part of s and {s} = s — [s] € [0,1].

We will denote by H’*(U) the jéme cohomology space of the complex #*(U).

Acknowledgement. — We warmly thank Pierre Schapira for the numerous discussions
we have had about the possibility of sheafying the Sobolev spaces and defining them
as complexes of sheaves, or more precisely as objects of a derived category.

2. Notations and basic results on Sobolev spaces

Let us first recall that for s € R, the Sobolev space H*(R™) is the space
of tempered distributions f such that the Fourier transform f is in L2

i and
(1+ |€2)%/2f(¢) € L2(R™). It is an Hilbert space with the norm

113 = / (1+ €2)°1F(©)Pe.

Let us recall (see [2], Section 7.9) that for s > 0, with k = [s] and r = {s}, one has
f € H*(R")) if and only if 8*f € L*(R") for all o, |a| < k, and (in the case 7 > 0),
0°1(@)-0"1(3) ¢ 12

= (R™ x R™) for all o, || = k. Moreover, the square of the H* norm
lw—y|n/2+
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is equivalent to

a 8a 6"‘fy 2
(2.1) Z/ 0°f(@)]? dz + 1,50 D / | |m_y|n+2f ) dzdy.

|| <K o=k 7 R XR™
If F' is a closed subset of R, we denote by H3, the closed subspace of H*(R™)
(2.2) Hi ={f € H°(R"), support(f) C F'}.

If U is an open subset of R™, we denote by H§[U] the closure of C§°(U) for the
topology of H*(R"). Obviously, HG[U] is a closed subspace of H.

For U open in R”, we denote by H*(U) the subspace of @' (U)
(2.3) H*(U)={f € 9'(U),3g € H*(R"), glv = f}.
We put on H*(U) the quotient topology:

(2.4) [l ey = nf(llgll = mn), glv = f)-
Then one has the exact sequence

(2.5) 0 — Hgn\y = H*(R") - H*(U) — 0
which defines an Hilbert structure on H*(U).

Remark 2.1. — The definition of H*(U) given by (2.3) is not the “usual” definition of
the Sobolev space on U given in [4]. However, we will see in Section 6.2 that when U is
Lipschitz and bounded, (2.3) coincides with the usual definition for all values of s € R,
except for s = —1/2 — k,k € N. Observe also that with the definition (2.3), it is
obvious that for any s and ., the derivation 8* maps H*(U) into H*~1*/(U). However,
(see Section 6.2, Lemma 6.6) the map f +— 0,f does not map (!) H'/?(]0,00[) into
H='/2(]0, 00[) with the usual definition of H=/2(]0,00]) given in [4].

Let U be an open subset of R™, s € R and ¢ = —s. There is a natural duality pairing
between the spaces H*(U) and HE[U]. It is defined for f € H*(U) and ¢ € HE[U] by
the formula

(2.6) <f,>= lim <g,9n>, g€ HR"), glv = f

where 9, € C§°(U) is a sequence which converges to ¢ in H*(R™). One has obviously
from the above definitions

(2.7) |<f, > < N fllas @) 1Yl g o

From (2.7), the canonical map j from H{[U] into the dual space of H*(U) defined
by j(¥)(f) = <f,%> is continuous, and the map j from H*(U) into the dual space
of Ht[U] defined by j(f)(v) = <f, > is continuous.

Lemma 2.2. — The map j is an isomorphism of H[U] onto the dual space of H*(U).
The map j is an isomorphism of H*(U) onto the dual space of HE[U].
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Proof. — 1t is sufficient to prove that j is an isomorphism. One has C§°(U) C H{[U]
and H*(U) c 9'(U). By (2.6), j(f) = 0 implies f =0 in 9'(U), thus 7 is injective.
Let ! be a continuous linear form on H{[U]. Since H}[U] is a closed subspace
of H'(R"), there exists a continuous linear form [ on H*(R™) such that I(¢)) = ()
for all ¢ € H{[U]. Thus there exists g € H*(R™) such that I(¢)) = <g,> for all
¥ € HE[U). Let f = gly € H*(U). From (2.6) this means exactly [ = j(f), thus 7 is
surjective. ]

Let U C V be two open subsets of R™. Then using the identification of dual spaces
given by Formula (2.6) and Lemma 2.2, one easily verifies that for any ¢ € R, the dual
map of the inclusion map

(2.8) Hy[U] — Hy[V]
is the restriction map ry with s = —t
(2.9) H*(V)— H*(U).

Let us now describe what is the dual space of Htﬁ. Let s = —t and let E be the
closed subspace of H*(R"™) defined by

E={ge H*(R"), <g,¢>=0 Ve H;}C Hin\ -
Let H*(U) be the Hilbert space defined by
(2.10) 0— E — H*R") — H*(U) — 0.

The pairing < f, > is obviously defined for f € H*(U) and 1 € Htﬁ It is easy to see

like in the proof of Lemma 2.2 that this gives an isomorphism from H 5(U) onto the
dual space of Htﬁ. One has obviously a canonical surjection

H*(U) S H*(U) — 0.

Observe that H*(U) is a subset of 9’ (U) if and only if 7 is injective, which is equivalent
to H{[U] = Htﬁ or F = H]f{n\U. Therefore one gets the following corollary.

Corollary 2.3. — The space C§°(U) is dense in H (i.e one has the equality Hi[U] = HY)
iff for any g € Hsn\U and any Y € Htﬁ, with t = —s, one has <g,¥> = 0.

Example 2.4. — For example, with U = R\ 0, one has H% = HY(R), HHQ\IU = {Cép},
and HY[U] = {f € H'(R), (0) = 0} # HY.

3. The case of Lipschitz U

Let us first recall the following definition.
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Definition 3.1. — A non void open set Q in R™ is Lipschitz iff for any qo € Q\, there
exists an orthonormal system of coordinates (z1,...,Tn_1,Ty) = (2',2,) centered
at qo, a constant a > 0, and a Lipschitz function f(z') defined on {|z’| < a}, with
Lipschitz constant K (i.e |f(z') — f(y')| < K|z’ —y'|), such that f(0) =0 and

(3.1) QNCox ={(",zn) € Cox, zpn < f(z')}
where Cq i is the cylinder
(3.2) Cox ={(@,2,), |2'] <a, |zn| < (1+ K)a}.

It is obvious that if  is Lipschitz, its boundary 2 = Q\Q has Lebesgue measure 0,
and that R™\ € is also Lipschitz (except in the trivial case {2 = R"). There is a useful
characterization of Lipschitz open sets by a cone condition. Let S"~! = {w € R", |w| = 1}
be the unit sphere in R™. For w € S, b € ]0,v/2[ and r > 0, let I'“*® be the open
truncated cone

(3.3) It ={z=pv, pe]0,r, ve S |v—w| < b}

Then a non void open set € is Lipschitz iff for any ¢ € €, there exists e > 0, w € S*71,
b €]0,+/2[ and 7 > 0, such that

(3.4) Ve € QN B(g,e), z+TcqQ.
The following lemma is elementary.

Lemma 3.2. — Let Q be a Lipschitz open subset of R™ and qo € Q \ Q. Then, with
the notation of Definition 3.1, for any r € 10,a], QN (g0 + Cr k) is Lipschitz and
homeomorphic to the unit ball of R™.

Proof. — One verifies easily that Q. x = QN C; g is homeomorphic to the unit ball
of R™. In order to verify that Q. i is Lipschitz, it is sufficient to prove the following: for
any po = (x(, f(z()) with z, = rwo, |wo| = 1, there exists o > 0,e > 0,9 > 0,5 > 0,
such that for any p = (2/, z,) € Q, k with |z’ —z(| < 6 and |z, — f(z()| < 6, one has

P+t e Qrk, V(tE) €]0,t0] x { € R, [§ — (awo, —1)| < €}

A simple calculation shows that this property holds true: choose first & > 0 such that
a(l +2K) < 1. Then take € € 10, and finally choose to and J small enough . We
leave the details to the reader. O

Remark 3.3. — The above lemma will be false if one replace Q N (g0 + Cr k)
by QN B(qo,r). Let us indicate how to construct a Lipschitz Q C R? such that
there exists a sequence T, — 0 such that Q N B(0,r,) is disconnected and not
Lipschitz. Take a € ]0,7/4] and let v = cos(a)(cos(a) — sin(ex)). For k € N, set
Py = (v*cos(a),7*sin(a)) and Qr = (7*/cos(c),0). Then define the function f
on R by f(z) =0 ifz < 0 or z > 1/cos(a), and on the interval [0,1/ cos(a)],
the graph of f is the union of the segments [Py, Qol, [Qo, P1], [P1,@1],-.. Then f is
Lipschitz and the disk B(0,~*) is tangent to [Py, Qx] at Py. The Lipschitz open set
Q={(z,y),y > f(x)} does not give an example, but it is sufficient to modify slightly
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the function f above near each Py to get an example. We leave the details to the
reader.

Lemma 3.4. — Let U be a Lipschitz open and bounded subset of R™. For all t € R,
one has the equality Htﬁ = H{[U]. In particular, by Lemma 2.2, Htﬁ is isomorphic to
the dual space of H*(U) with s = —t.

Proof. — Let 9 € Htﬁ. Let (¢j)i<j<n be a smooth partition of unity with
¢; € C§°(R") and Y ¢; = 1 in a neighborhood of U. It is clearly sufficient to prove
¢ € H{[U] for all j. Thus with the notation of Definition 3.1 and © = U, me may
assume that ¢ is supported in QN C,. x withr < a/2. Let e = (¢/ = 0,e, = —1) € R™.
If T is a distribution on R™, let T, be the translation of T by ee (i.e fe(z) = f(z —ee)
for a function f). With this notations one has lim. g%, = % in the space H!(R™)
and for £ > 0 small, support(¢,) is a compact subset of Q = U. Thus by a classical
regularization argument, one has 1. € H{[U], and since H{[U] is closed in H*(R™)
we get ¢ € HEU. O

The following lemma, is a byproduct of Proposition 6.5, which gives equality of the
space H*(U) and the “usual” Sobolev space on U defined in [4] in the case s > 0 and
U Lipschitz and bounded.

Lemma 3.5. — Let U be a Lipschitz open and bounded subset of R™. Let s > 0 ,
k=1s], r={s} =s—[s] €[0,1]. Then one has f € H*(U) iff for all |o| < k one has
0%f € L2(U) and (in the case r € 0, 1[)

0°f (=) — 0*f(y)I?
dzxdy < oo.
I w5

Proof. — If f € H*(U), there exists g € H*(R™) such that g|y = f, and thus the
integral condition follows from (2.1). On the other hand, by Proposition 6.5 and the
usual definition of the Sobolev space (see Section 6.2), we may assume s € ]0,1].
The problem is local near any point zy € OU, and there exists r > 0 and a bi-Lipschitz
diffeomorphism ® defined on B(zg, 2r) such that ®(U N B(zo,7)) = {z € B(0,r),z, > 0}.
Since the spaces L? and H' are invariant by bi-Lipschitz diffeomorphisms , we may
assume U = {z € B(0,7),z, > 0} and f with support in U N {|z| < r/2}. Then if
the integral condition on U x U is satisfied for f, it is satisfied on R™ x R"™ for the
function f € L?(R™) defined by the even reflection of f across x,=0, and therefore
by (2.1) one has f € H*(U). O

The validity of the following proposition, in the subanalytic case, is a necessary
condition for the existence of a complex #*" such that 1.1 and 1.2 hold true. The
proof below is interesting since it does not use any subanalyticity assumption.

Proposition 3.6. — Let U,V be two Lipschitz bounded subsets of R™ such that UNV
and UUV are Lipschitz. Then for any s € R, the following sequence of Hilbert spaces
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s exact
(3.5) 0— HY(UUV) S HU)® HY(V) L H(UNV) -0

Proof. — Obviously, the map f — i(f) = flu @ f|v is injective . The fact that the
map f g j(f ®9g) = flunv — glunv is surjective is an obvious consequence of
the Definition 2.5 of the spaces H®(U). Therefore, we just have to verify the following
assertion

(3.6)

If f € @' (UUV)is such that f|y € H*(U) and f|y € H*(V), one has f € H*(UUV).

We will prove this result separately in the two cases s > 0 and s < 0.

The case s > 0

Let (¢j)1<;j<n @smooth partition of unity, ¢; € C§°(R™) and Y ¢; = 1near U U V.
It is clearly sufficient to prove that (3.6) holds true for all f; = ¢, f. Therefore, one may
assume that f is supported in any small neighborhood of a given point go € U U V.
The only non trivial case is the case go € (U \ U) N (V \ V). With the notation of
Definition 3.1 applied to Q = UUV, we will thus assume f € @' (UUV), fly € H*(U),
flv € H*(V) and support(f) C (UUV)NC, x with r < a/2 (recall that support(f)
is a closed subset of U U V).

When s = k is an integer, the hypothesis f|y € H*(U), f|y € H*(V) is equivalent
to (see Lemma 3.5) 0% f|y € L*(U),0%f|v € H*(V) for all |a| < k, which is equivalent
to 0% f € L2(UUV) for all |a| < k, which is equivalent to f € H*(UUV) by Lemma 3.5
since U UV is Lipschitz. By the same argument, and Lemma 3.5, we are thus reduced
to the case s € ]0,1[. Recall that for Q Lipschitz and s € |0, 1], one has f € H5(Q) iff

fw)l?
3.7 fe L2 ) and // ———="—dzdy < oco.
3.7 axQ |$ - y|n+2S

Since f € H*(V), there exists g € H*(R") such that g|y = f|v. Since support(f) C C k,
we may assume support(g) C Cp g with r < r’ < a/2. If one replaces r by r’ and f
by f — glvuv, we may thus assume f|y = 0. One has clearly f € L>(U U V), and it
remains to verify

|f(z) = f)?
(38) //(UUV)X(UUV) |z — y|nt+2s drdy < oo

Since fly =0, flv € H*(U), and support(f) C Cy k, dist(Cr,x,R™ \ Cy 1) > 0, we
just have to verify

d
(3.9) / |f(x)|2/ Y dr < oo,
2€(U\V)NCr 1 ye(V\U)NCa.xc 1T =Yl

Since V is Lipschitz, one has measure (V \ V) = 0), and since f|y € H*(U), we are
reduced to prove that there exists Cy > 0 such that

(3.10)
dy dy

Vo e (U\V)NCrx, I(x) :/ W co/ W
ye(V\U)NCa.xc 1T — Y| T28 yeuny |T —y[nt2s
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For an open set W, we will use the notation W, x = WNCy . Weset Q=UUV.
Let us first prove that there exists C; > 0 such that

(3.11) Ve € Uyk, Yy € Vor, |z—y|l>Cid(z,UNV).

For z,y € Qq i, let distq, , (z,y) = inf, fol |7/ (s)|ds, where the infimum is over all
C' map v from [0, 1] into 2, g such that v(0) = z,v(1) = y. Since by Lemma 3.2, ,
is Lipschitz connected and bounded, the function distq, , (,y) is bounded on 2, x x
Q. k and there exists ¢y > 1 such that

(3.12) Yo,y € Qare,  cole —y| > dista, (2, y) > [z —y.

Let ¢ € Uy x and y € V, x be given. Take ¢ > 0 small and v, : [0,1] — Qg x
such that v.(0) = z,7.(1) = y and [ |7.(s)|ds < diste, . (2,y) + e. Since [0,1] is
connected, and {s,7:.(s) € U} U {s,7(s) € V} = [0,1], there exists sy € [0,1] such
that z = v.(so) € UNV. One has

S0
dz,UNV) < |z —2] < / Iv.(s)|ds < dista, . (z,y) + € < colz —y| +&.
0
Therefore, (3.11) holds true with C; = ¢;*. O

Let us now prove (3.10). Let x € (U\ V)N C.x and 2 € UNV such that
d(z,UNV) = |z — 2| = p. One has p > 0 since z ¢ V, and by (3.11) one gets
(3.13)

d d d
I(z) = 7yn+255/ 7yn+gs:/’_28/ e
ye(V\U)NCa, k lz -yl C1p<|z—y| |z -yl |lw|>C1 |w]

Since UNV is Lipschitz and bounded, there exists § > 0,b > 0 and foranyp e U NV,
a unit vector w = w(p) € S"~! such that p + I“;’b cUnNV.Since UNYV is non void,
one has meas(U NV) > 0, and therefore from (3.13), we get that (3.10) holds true
for p > 4. Let us now assume p < 8. Let w = w(z) and ' = b/2. Let 6 be the unit
vector such that  — z = pf. Since p < 0, and = ¢ z + Fg”b one has |6 —w| > b and

F“l“’b/ C F‘g’/’l/’;. Therefore we get

dy dy 9 dw
(3.14) / = / ——2>p I
yeunv |z — y|nt+2s yez 4T |z — y|nt+2s wery?’ |0 — w|n+2s

There exists constants ¢;(b,b’) = ¢; > 0 such that for all || = 1,]0 — w| > b, one has

dw
3.15 < ——— < ¢o.
(3.15) a = /ﬂerf’b' 60— w|ntes = €2

Therefore, (3.10) is consequence of (3.13), (3.14), (3.15).
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The case s <0
Let t = —s > 0. By duality and Lemma 3.5, it is equivalent to prove the exactness

of the sequence

t
(3.16) 0— H:

o t t T t
— Hg ® Hyy — Hggr — 0

where o(f) = f® (—f) and 7(f ® g) = f + g. The map o is obviously injective.
Let f &g € Hf ® H{ such that 7(f © g) = 0. Then there exists h € Hf;_ such that
f = —g = h, and it remains to verify h € HZW, which follows from the following
lemma.

Lemma 3.7. — Let U,V be two bounded and non void open sets in R™, such that UUV
is Lipschitz. Then UNV =UNV.

Proof. — Assume that there exists go € UNV,and g0 ¢ U NV. Let (z,)n>1 € U and
(Yn)n>1 € V be two sequences such that limz, = limy, = go. Let @ = U U V. The
open set €2 is Lipschitz and one has gy € Q\ 2. With the notations of Lemma 3.2, for
all 7 > 0 small, there exists N(r) such that for all n > N(r) one has z, € QN C, x
and y, € QN C, g. By Lemma 3.2, Q N C, g is connected. Thus there exists a
continuous path 7, : [0,1] — QN C, g with 7.(0) = zn,.,7%(1) = yn,. One has
[0,1] = -1 (U)U~,-1(V) and therefore, there exists s, € v, 1(U) N~ (V). Then one
has z, = v.(s;) € C, kN(UNV) and lim,_,q 2z, = go. This contradicts go ¢ UNV. O

It remains to prove that 7 is surjective. Let h € HEW This means h € H*(R™)
and support(h) C UUV. As before, we may assume that h is supported in an ar-
bitrary small neighborhood of a given point go € (U\U)N (V\V) Cc UNV. Let
Q=R"\ (UNYV) and let C, x be the cylinder associated to go and Q as in Defini-
tion 3.1. Let O = QNCy x = Cy,k \U N'V. The open set O is Lipschitz and connected.
We may assume support(h) C C, g with 7 < a/2. Let 6 be the function define on O
by the formula

O(z) =h(z) if 2¢VNO

1
(8.17) f(z)y=0 if zeVNO.

One has 6(z) = 0 for all z € O\ U UV, thus 6 € L?(0). Moreover, § € Hf (0O) and
for |a] <t
0%0(x) =0%h(z) if z¢VNO

1
(3.18) 8°0(z) =0 if zeVNO.

If t = k is an integer, this proves § € H*(O). Thus there exists f € H!(R") such
that flo = 6. One has support(d) C support(h) C C, k, thus we may assume
support(f) C C, k. This implies support(f) C U, and therefore f € Htﬁ Moreover,
one has support(h — f) C V, hence g=h — f € Htv Therefore we get h = 7(f © g).
If ¢ is not an integer, the same argument allows to reduce the problem to the case

ASTERISQUE 383



SOBOLEV SPACES AND SOBOLEV SHEAVES 71

t €]0,1[, and it remains to prove § € H*(0), i.e

o)
3.19 // ———————dzdy < 0.
(3.19) 0x0 |f'3 - y|n+2t
Since h € H*(R™), by the Definition (3.17) of 6, it is sufficient to verify
dy
(3.20) / |h(a:)|2/ ——dz < .
z€UNO yevno |z =yt

As in the case s > 0, let us denote by disto(z,y) the distance in the connected
Lipschitz open set O. There exists ¢y > 0 such that

(3.21) Vz,y € O, |z —y|>co disto(z,y).

Let z € UNO. One hasx ¢ V. Let y € VNO and let «y : [0,1] — O a path connecting
x to y in O. Since there is no points of U NV on ~, gamma is not contained in UU V.
Let W =R"\ (UUYV). Then there exists s € [0, 1] such that v(s) = 2 € W, and one
has

(3.22) |z —y| > co do(z,y) > co do(x,2) > co dist(z, W).

Set p(x) = dist(z, W) > 0. From (3.22), we get VN O C R™\ B(x, cop(x)) and

dy dz ot
(3.23) [ o< &< Cpa) 2,
yeVNO |l‘ - y|n+2t |z|>cop(x) |z|n+2t

Thus, it remains to verify

(3.24) / |h(x)]?p(x) 2" dz < oo.
zeUNO
For z € UN O, take w = w(z) € W such that p(z) = dist(z, W) = |z — w(z)|. Then

w(z) varies in a compact set @ of W. Since W is Lipschitz, there exists r > 0,b > 0

and for all w € @, a unit vector w(w) such that w + 1™ « W. Since h € H'(R™)
and h|lw = 0, one has

dw
(3.25) / |h(m)|2/ M <o
£eUNO wew |T — w[n+2t

and (3.24) follows from (3.25) and

dw dw
(3.26) / _dw / > Gyl — w(a)| 2
wew |‘?j - w|n+2t wEw(m)Jer(w) b |$ - w|n+2t "

The proof of Proposition 3.6 is complete.
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4. The spaces X*(U) and Y*(U)

4.1. The spaces X*(U). — Let U be an open subset of R". Let dy be the function
on R”

(4.1) dy(z) = dist(z, R" \ U) = inf cpn\y|z — 9.

One has dy(z) = 400 in the case U = R™, and for U # R", dy is finite, Lipschitz with
Lipschitz constant 1. One has U = {z,dy(z) > 0}. Let x — g(z) > 0 be a measurable
function on R™ such that g(z) < oo for almost all z. For any m > 0, the measurable
function gd;;™ is defined on R™ by the rule: for x ¢ U g(z)d;™(z) = 0 if g(x) =0
and g(z)d;™(z) = +oo if g(x) > 0. In particular

/ g(x)dy;™ (x) dx € [0, 00].
]Rn

is well defined, and equal to 0 if g(z) = 0 for almost all z € R™. Thus, the statement
gdy™ € L*(R™) makes sense. Moreover, gd;;” € L*(R") implies g(z) = 0 for almost
allz e R"\ U.

Definition 4.1. — Let U be an open subset of R™, and t > 0. We define the space
X*(U) as the subspace of H'(R™) of those f € H'(R™) such that for all a,|a| < [t],
the following holds true.
i) Any measurable function fo(z) equal to 0“f in the space L%*(R™) satisfies
fa(z) =0 for almost all z € R*\ U.
i) |0°f|di* ™" € L2(R™).

Observe that one has X*(R™) = H'*(R™). Observe also that the condition i) im-
plies that X*(U) is a subspace of Htﬁ, but is stronger than f € Htﬁ in the case

meas(U \ U) > 0. An important fact for us will be that for f € X*(U) one has the
identities in 9'(R™)
(12) 140 f = 0°f = 0°(1uf), Vla] < [f].

The canonical map f — f|y from X*(U) into L?(U, dz) is injective, and is a bijection
for t = 0.

Lemma 4.2. — X'(U) is an Hilbert space for the norm

(4.3) 1%y = 102y + > Ol ™ 12 -

le| <[]

Proof. — Let fm,, be a Cauchy sequence in X*(U) for the norm |.|xt ). We
have to show that there exists a subsequence f,, and f € X'(U) such that
limg o0 || frmi — fllxt(wy = 0. Since f, is a Cauchy sequence for the norm ||.|| g¢(gn),
there exists a unique f € H*(R") such that lim,, . || fm — f|| #t(rn) = 0. Thus, there
exists a subsequence fy,, such that 0%f,,, (z) — 0%f(x) for almost all z € R™ and
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all |a| < [t]. In particular, % f(z) = 0 for almost all x € R™ \ U. By Fatou’s lemma,
one has

/ 0% finy — 0% 227" dar < likminf/ 10% finy — 0% fomy [2d2 % dz — 0, 1 — 0.
R» —00 R™

This shows that |[9°f|d}7) " € L2(R™). Thus f € X*(U) and lim oo || fm, — fllx+w) = 0.
The proof of Lemma 4.2 is complete. O

Lemma 4.3. — For any t > 0, and any o, |a| < [t], the map f +— O0%f is continuous
from Xt(U) into Xt~ 1o/(U).

Proof. — This is an obvious consequence of the definition of the space X*(U). O
By Definition 4.1, one has C§°(U) € X*(U), with continuous injection.
Lemma 4.4. — For any t > 0, the space C5°(U) is dense in X*(U).

Proof. — We may assume U # R™. Let § be a Whitney regularization of dy. This
means that d(z) = 0 for x ¢ U, §|y € C®(U), for any (3, there exists C such that

for all € U one has |0°6(z)| < C’gd,lj_lm(m), and there exists a constant D > 1 such
that

(4.4) D7 '$(z) < dy(x) < Dé(z), Yz €R™
Let x € C*°(R) such that 0 < x(u) <1, x(u) =0 for u <1, x(u) =1 for v > 2, and

X' (u) >0 for u €]1,2[.
For f € X*(U) and € € ]0,1], let f. be the function on R™ defined by

f@) =xE) @) itzev, f@)=0 ifagU.

For a > 0 set U, = {z € U, §(x) > a}; one has U, C {z € U, §(x) > a}. Then
f- = f on Uz and f. = 0 on R\ U.. For any ¢ € ]0,1], one has x(2) € C*(R")

and all its derivatives are bounded on R™. Moreover, support(x(2)) C U.. Thus

one has f. € Hltff Since for any a > 0 H[tj—a C XYU) with continuous embed-
ding, one get f. € X*(U). Let ¢,(z) = p~"¢(z/p) an approximation of identity with
peC(lz| < 1), [¢p(z)dz=1and ¥ € C§°,¢(x) =1in |z| < 1. Forn > 1 and p < /2,
set frn.pe = Y(nz)(¢, * fc). Then one has f, , . € C§°(U), support(fn,pe) C f/z and
lim, 0 limy, oo || fn,p,e = fellzt@n) = 0. Thus we are reduced to prove

(4.5) lim I fe = fllx¢@w) = 0.

Observe that for |v| > 1, there exists a constant C,, such that

4 —v
(4.6) 10"x (D) (@)] < Cody” (2)15(0)ele 221
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Set go,e = (1 —X(g))(?af for |a| < [t] and ho g = d;'“*5'15€[5,2€]8ﬁf for 8 < o and
|a| < [t]. Using Leibnitz formula for derivatives, (4.1), Definition 4.1, (4.3), and (4.6),
we are reduce to verify the following statements, when € — 0:

(4.7) Goed?™ 5 0in L2(R™), and  hgpedi" — 0 in L2(R™)

and if r = {t} > 0,
(4.8)

[o% - Ya 2 ho‘ _ha ’
L B L
Rn xRn |z -yl Rn xR |z =yl

One has |ga | ™" < 162 1d ™" and lim, ¢ ga.d}>' () = 0 for almost all z € R™.

One has also |ha,g’€|d‘[}l|_t < |8'6f|d|,§3|_t and lim._,q |ha,5,€|d‘5|_t(m) = 0 for all

x € R™. Thus (4.7) is a consequence of Lebesgue dominated convergence theorem.
In the case r = {t} > 0, let us first prove the first item of (4.8). We have to verify

2
(4.9) / LGl
zeU,y¢U |IL‘ - y|
B 2
(4.10) / 92,6(7) = oW 4,
2€UyeU,|z—y|>dy (y) /4 |z -yl
_ 2
z€U,yeU,|z—y|<du (y)/4 lz -yl

Since 0 f € H"(R™), and 0% f(y) = 0 for almost all y ¢ U, one has by Fubini theorem

1 0 f(2)[?
4.12 / 8 f(z)|? / ———dy) dz = / —— dxdy < co
( ) zeU I f( )| ( ygeU |£L‘ - y|n+2'r y> T y|n+2'r v

€U,y¢U |z —

thus (4.9) is consequence of the Lebesgue theorem as above. Observe that, since

1 1
S / Ly < cdye)
/y¢U |z — y[" 2" ly—a|>du (z) T = Y["T3"

the inequality (4.12) is in fact weaker that what we get from 8> fd;;” € L*(R"), since
we have

(4.13) /eU |0% f () |2dy (z) " < oo.

To get (4.10), it is obviously sufficient to prove

9o, (@) + |gae ()]

4.14
(4.14) |z — y|"+2r

2
/ dxdy — 0.
zeUyel,|z—y|>dy (y)/4
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Since |z — y| > dy(y)/4 implies |z — y| > dy(x)/5, the result follows as above from
the Lebesgue theorem and

1
o ( [ ) e
/weU ( yeU,ly—al>dy (2)/5 [T = Y[+ )
1
415 s/ 10° f ()2 / L ) d
(4.15) €U <|y—w|zdu<x)/5 |z —y|+2r )

< Cte/ |0% f(x)|?dy (z) 2" < 0.
zeU

Let us now verify (4.11). One has goc(2) — 9oe(y) = L(z,y) + I (z,y),

L(z,y) = 0:(2)(9°f () — 0°f(y)), ILc(z,y) = (8=(2) — 0=(y))0* f () with 0. = (1 - x(2)).
By Lebesgue theorem, one has

I 2
/ LACY) 6‘3”’51'% dzdy — 0.
2€UyeU oyl <du (v)/4 1% = Y|

The ball B(y,dy(y)/4) is contained in U and for z in this ball, one has 3dy(y)/4 <
dy(z) < bdy(y)/4. From (4.6), we get that there exists 0 < ¢g < ¢; such that for all
y € U and all z € B(y,dy(y)/4)

|65(£L’) - GE(y)| < Cte 15(y)€[c06,c16] |$ - y| dU(y)_l‘
Thus one get
(4.16)

11, 2
/ LEACR
ceU el [o—y|<dy (y)/4 1T = Y|

< Cte/ § 15(y>e[cOe,ms]Iaaf(y)l2du(y)‘2(/ [ — 720" dz) dy
ye

lz—y|<du(y)/4

< Cte / 10° £ (4) Pdur (4) 2 dy
yeU,5(y)€E[coe,c1e]

and we conclude by the Lebesgue theorem. The verification of the second item of (4.8)
is similar. The proof of Lemma 4.4 is complete. U

Remark 4.5. — By Lemma 4.4, we get that X*(U) is a subspace of H{[U], with con-
tinuous and dense injection. The equality X*(U) = HE[U] is not always true, even
when U is subanalytic. For ezample, in R?, one has X'(R? \ {0}) = {f € H*(R?),
and % € L*(R?)}, which is a strict subspace of Hi[R? \ {0}] = H'(R?).

Lemma 4.6. — Let U be a Lipschitz open and bounded subset of R™. One has for all
t > 0 the equality
HiU] = X'(U).

Proof. — Set t = k+r,k € N,r € [0,1]. Since by Lemma 3.4, one has H}[U] = Htﬁ,
one has to verify that for any f € Hy, one has ao‘fdlgl_t € L2 for |a| < k. Let us
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first assume k = 0. The result is obvious for » = 0 and follows from the characteriza-
tion (2.1) of the H" norm and |, VeU Wdy ~ dg;*"(z) for z € U,r € ]0,1[. For

the general case kK > 1, by induction on k, it remains to verify det € L?. We may
assume that f is supported near a point of OU, where U is defined by an inequation
of the form z,, > F(z') with F' Lipschitz. Since f = 0 on the set z,, < F(z'), Taylor
formula implies for z,, > F (:U’ )

/ (xn—F k—1/9k o sz _s
) = 2 /(1 F1E F)(@, s + (1— 8)F(a'))ds

Observe that (z,, — F(z’ )) ~ dy(x). Thus the result follows from the case k = 0 since
the function z — g,(z) = 1y(8% f)(2/, sz, + (1 — 5)F(z')) belongs to H; and satisfy
llgsll - < s7Y/2||0% f|lg-. The proof of Lemma 4.6 is complete. O

For m € R,m > 0, we denote by C°™(U) the space of smooth functions ¢ on U

such that for any 3, there exists Cz such that
10°¢(z)| < Cpdy™ Pl(z), VzeU.

For ¢ € C™(U) and f € X'(U) with 0 < m < t, we define the function

f € L2(R™) by the formula
Vf(z) =y@)f(z)ifz e U, o¢f(x)=0ifz¢U.

The following lemma is easy but fundamental. It will be untrue if one replace the
space X'(U) by the space H{[U] or by the space Htﬁ As an example with t=1, one
has with U = R? \ 0, H3[U] = H = H'(R?); the function f(z) = sin(z/|z|) belongs
to C°*9(U), and for ¢ € C$°(R?) C H*(R?), one has f¢ € H'(R?) iff ¢(0) =0
Lemma4.7. — For any 0 < m < ¢, and any p € C*™(U), the map f — f is
continuous from X*(U) into X*=™(U).

Proof. — We keep the notation of the proof of Lemma 4.4. By definition of the
distribution 1 f € L?(R"), one has by the Lebesgue theorem

vf = Jim x(6/ev1uf.

Set t—m = k+r,k = [t—m]. By (4.2), one has 0" (1y f) = 1y 0¥ f for |v| < [¢t]. Using
Leibnitz rule to compute derivatives, one gets for |a| < k

O*(Wf) = lim 3 CLO*P(x(6/e)) 1w  f

e ﬁ<a

By (4.6), there exists C' independent of & such that [0 (x(§/e)y)| < C’dam_la_m.
Therefore 98 (x(6/e)1)1y0” f converges in L?(R™) to 0% # ()10 f by Lebesgue
theorem. Thus we get the equality in 9'(R")

(4.17) 0% f) = CRo*P(y)1,0° f.

B<La
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Since the right member of this identity belongs to L2(R"), this shows 8% (v f) € L?(R"),
and any measurable representative of 9%(%f) is equal to 0 for almost all z ¢ U.
Then the point ii) of Definition 4.1 follows easily. Since 9~ (¢)) € Com+le=Bl and
P f e Xt 18l(U), it remains, in the case r > 0, to verify the following statement:
for € ™' f e Xt'(U), t' —m/ =r €]0,1], one has with g = 1y¢ f

_ 2
(4.18) / M dzxdy < oo.
Roxke [T — Y|Pt

The proof of (4.18) is almost the same as the proof of Lemma 4.4. The only minor
difference is in the estimation of the term

(¥ (=) — v fW)I*

Ix _ y|n+2r

/ dxdy.
z€U,y€eU,|z—y|<du (y)/4

Since the ball B(y,dy(y)/4) is contained in U, one has for x € B(y,dy(y)/4),

1
0(e) = 5(0) = @ =v). | Vily + @~ s
Thus it is sufficient to prove

(VY (y + s(z —y))) f(y)?

(4.19) sup 5 = g2

s€[0,1] /EGU,yEU,IwySdU (y)/4

Since for |z — y| < dy(y)/4 one has dy(y + s(z — y)) > du(y)/2, (4.19) follows from

/ 1 /
f())Pdy(y)~2™ 2 / ———— dz)dy < Ctel|fd;™ ~"||2 < 0.
/yeU| WFdow) ( fo—yl<dy (y)/4 |2 = y|" 22 ) 7™ Neecwy

Thus we have proven ¢ f € X‘~™(U). Since the map f +— 9 f from X*(U) into L?(R")
is obviously continuous, and since the injection X!~™(U) C L?(R") is continuous,
the continuity of the map f — v f from X*(U) into X*~™(U) follows from the closed
graph theorem. The proof of Lemma 4.10 is complete. O

dxdy < oo.

Let U C V be two open sets in R™. One has for all z € R" dy(z) < dy(z), thus,
for f € X*(U), one has f € X*(V), and the canonical injection X*(U) — X*(V) is
continuous.

The following proposition is proven in [1] (Proposition 5.7) in the situation where
U +— F(U) is a sheaf on the linear analytic site which is a C°° module. For the
convenience of the reader, we recall the proof here in the special case of the spaces
X*(U). (observe that U — X*(U) is not a sheaf but is a cosheaf)

Proposition 4.8. — Let U,V be two open sets in R™ and t > 0. Consider the complex
of Hilbert spaces

(4.20) 0 X (UNV)S XU e XH(V) D XHUUV) -0

where the first arrow is i(f) = f ® f and the second arrow is T(f ® g) = f — g. Then
i is injective, Ker(t) = Im(i), and Im(7) is dense in X' (U UV).
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If moreover, there exists a constant C' such that
(4.21) dyuv (z) < Cmax(dy(z),dy(z)), VzeR"

then T is surjective, i.e the sequence of Hilbert spaces (4.20) is ezact.

Proof. — The injectivity of i is obvious. Let f € X!(U),g € X%V) such that
f—g=0, then f = g € X*(U) N X*V). Thus, for |a| < [t], and any measurable
representative f, of 0% f, one has f,(z)=0 for almost all z ¢ UNV. In order to prove
f € Xt{(UNYV), it remains to show |3af|d|[?r‘;,t € L%(R"), for |a| < [t], but this is
consequence of f € X*(U) N X*(V) and of the obvious identity
dUﬂV = min(dU, dv)

Thus one has Ker(7) = Im(7). By the classical partition of unity theorem, any function
heCP(UUV)isof theformh=f—g, f € C(U) Cc X' (U), g€ CC(V) C XH(V).
Therefore, by Lemma 4.4, Im(7) is dense in X*(U U V).

Let us now assume that (4.21) is satisfied. We may assume U # R™ and V # R",
since otherwise, the sequence (4.20) is trivially exact. Let G, F' be the closed sets in R™

G={zeR"dy(z) <dy(z)/2}, F={zeR" dy(z)<dy(z)/2}.

By a result of Whitney (see [2], Corollary 1.4.11, for a proof and the notes therein),
there exists a function ¢ € C*°(R™ \ (F N G)), such that ¢y = 0 near G\ (F N G)),
1 = 1 near F'\ (FFNGQ)), and such that for any «, there exists C,, such that, with
d(z) = max(dist(z, F'), dist(z, G)), one has

(4.22) Ve ¢ FNG, [0%(x)| < Cod(z)™1o,

One has FNG = {z € R",dy(z) = dy(x) = 0} = R™\ (U U V). Observe that
R™\U C G, and R*\V C F, hence dist(z, G) < dy(z) and dist(z, F') < dy (z). Thus
one has

d(z) < max(dy(z),dv(x)), VxeR"™.
Let x € U\ V; one has x € F. Let z € G such that d(z) = dist(z,G) = |z — z|.
Since = ¢ V, one has dy(z) < |z — z|. Thus we get

dy(z) <z —z|+dy(2) < |z — 2|+ dv(2)/2 < 3|z — 2| /2 = 3d(z)/2.

Let x € UNV such that dy (z) < dy(z). let z € G such that dist(z, G) = |z — z|. One
has

1
dy(z) <|z—2z|+dy(z) < |z — 2| +dv(2)/2 < |z — 2| + E(dv(m) + |z — z]).
Therefore we get dy(z) < 3dist(z, G) < 3d(x). Thus, we have proven
d(z) < max(dy(z),dyv(z)) < 3d(z), VoeR"™.

Since (4.21) holds true, one has ¢ € C>*°(UUV). Let f € X*(UUV). By Lemma 4.7,
one has ¢ f € X*(UUV). By (4.17) and (UUV)\U C G, any measurable representative
of 0%(¢ f) vanishes for almost all x ¢ U and |a| < [¢]. Moreover, for all « such that
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Pf(xz) # 0, one has z ¢ G, hence dy(x)/2 < dy(z) and this implies 2dy(z) >
max(dy (z),dyv(x)). Thus one has ¢f € X*(U). Similarly, (1 — ¢)f € X*(V). The
proof of Proposition 4.8 is complete. O

4.2. The spaces Y*(U). — In this section, s € |—00,0] is given and t = —s > 0.

Definition 4.9. — Let U be an open set in R™. We define the space Y*(U) C 9’ (U)

by

(4.23) TeY*(U) uf 3C, |<T,¢>| < Clglxtw), Vo€ g ().

For T € Y*(U), we define |T|lysw) as the infimum of C such that (4.23) holds true.
It is clear from the definition and from Lemma 4.4, that for T € Y*(U) the duality

<T,¢> extends continuously and uniquely to a duality <T, f> with f € X*(U), and

one has

(4.24) I<T, f>1 < I Tlly= @)l flxe@)-

From Lemma 4.7, we get that for 0 < m < —s, ¢ € C™(U), and T € Y*T™(U),

the distribution ¢T € 9'(U) defined by <oT,¢> = <T,v¢>, ¢ € C(U), belongs
to Y*(U), and the map T +— 9T is continuous from Y**™(U) into Y*(U).

Lemma 4.10. — The duality <T, f> identifies Y*(U) to the dual space of X*(U). In
particular, Y°(U) is an Hilbert space. Moreover, H*(U) is a dense subspace of Y*(U).

Proof. — This is obvious. Let E be the dual space of Xt(U). Since X*(U) is a dense
subset of H{[U], by Lemma 2.2, H*(U) is a dense subset of E. The map T + <T,.>
defines an isometric injection j from Y*(U) into E. Let e € E. Then ¢ — e(¢),
¢ € C§°(U) defines a distribution T € 9'(U), which satisfies |<T, ¢>| < |le|| |||l x(v)
thus one has j(T') = e and therefore |le|g = |T|ys)- O

Let U C V be two open sets in R™. Since we have a canonical imbedding
Xt'(U) — X*V), we deduce by duality and Lemma 4.10 a canonical continuous
restriction map v,y

(4.25) Y (V) "% ys(U)
and for U C V C W, one has rw,y = rw,yrv,u. From Proposition 4.8, we deduce:

Proposition 4.11. — Let U,V be two open sets in R™ and s < 0. Consider the complex
of Hilbert spaces

(4.26) 0o Y (UUV)SYH ()@Y (V) S Y (UNV)—0

where the first arrow is 7(f) = r(f) & —r(f) and the second arrow is i(f & g) =
r(f) 4+ r(g). Then T is injective, i is surjective, and Im(7) is dense in Ker(7).
If moreover, there exists a constant C' such that

(4.27) dyuv(z) < Cmax(dy(x),dv(x)), VzeR"
then Im(7) = Ker(7) i.e the sequence of Hilbert spaces (4.26) is ezact.
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Proof. — This is an obvious consequence of Proposition 4.8, since (4.26) is the dual
sequence of (4.20). O

5. The sheaf #*

Let M be a real analytic manifold. In [3], M. Kashiwara and P. Schapira endow M
with a Grothendieck topology, denoted Mj,, as follows. Denote by Op,, the category
of open subsets of M (the morphisms are the inclusions) and denote by Op,, the full
subcategory consisting of relatively compact subanalytic open subsets of M. These
are the open sets for this new topology. Then a family {U; };cs in Op M., is a covering
of U € Op,,, if U; C U for all i € I and there exists a finite subset J C I such that
U ;es Ui = U. Roughly speaking, the coverings are the finite coverings.

One denotes by Mod(Cj;) the abelian category of sheaves of C-vector spaces on M
and one uses a similar notation for sheaves on M,. Note that a presheaf F' on M,
is a sheaf if and only if for any {Uy,Us} in Op,, , the sequence 0 — F(U; UUs) —
F(U,) ® F(Uy) — F(Uy; NUs) is exact. Denote by DT (Cj;) the bounded from below
derived category of sheaves of C-vector spaces on M and by D(Cj,) the full subcat-
egory consisting of bounded complexes. Define similarly the categories D*(Cj.,) and
DP(Cyy., ). There is a natural morphism of sites

Psa s M — Ms,,
which defines the pair of adjoint functors (pZ!, Rpsa,) (inverse and direct images):

Rpsa

D" (Cur) D"(Cas,)-

Pea
and similarly with DP replaced with D+.

We start with the following lemma, which is a byproduct of a theorem of A. Parusin-
ski in [5]. Let us recall from [1] the following definition of a I'-acyclic sheaf on the
analytic site Mg,.

Definition 5.1. — A sheaf U — F(U) on the analytic site My, is T-acyclic iff for any
relatively compact open subanalytic subsets U,V of M, the following sequence is exact
0 FUUV)— FU)®F(V)— F({UNV) — 0.

It is proven in [1] that if F is T-acyclic, then HY (U, F) = 0 for any j # 0.

Lemma 5.2. — For any s € |-1/2,1/2[, U — H?*(U) is a I'-acyclic sheaf on the
analytic site Mg, .

Proof. — Let W be Lipschitz, relatively compact, open subset of M, and let 1y be
the characteristic function of W. It is well known that for any f € H{ (M), one has
lwf € H{ (M) for all s € |-1/2,1/2[. By Theorem 0.1 in [5], the set of relatively
compact open subanalytic subsets of M is an algebra generated by the Lipschitz
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relatively compact open subanalytic subsets. Hence, if U is a relatively compact open
subanalytic subset of M, the characteristic function 1y is a linear combination of
functions of the form 1y, --- 1w, , where the W, are Lipschitz relatively compact
open subanalytic subsets of M. Thus, for any f € H (M), one has 1y f € HY (M)
for all s € ]—1/2,1/2]. As an obvious consequence, if U,V are two relatively compact

subanalytic subsets of M, the sequence
0—-HUUV))—-HU)®H*(V)—>H(UNV)—0
is exact for all s € ]—1/2,1/2]. O

5.1. The sheaf #° for s < 0. — Let d be a Riemannian distance on M. Let (U;); be
a finite family of relatively compact open subanalytic subsets of M and U = U;U;. It
follows from the theory of subanalytic sets that there exist a constant C' > 0 and a
positive integer N such that

(5.1) diz, M\U)N < C- (meaic d(z, M\ U;)).

Let {Ui}icr be a finite family in Op,, . One says that this family is 1-regularly
situated if there is a constant C' such that for any x € M

(5.2) d(z, M\ | JU)) < C - maxd(z, M\ U).
il el
In [1], M. Guillermou and P. Schapira introduces a new Grothendieck topology
on M, denoted My, for which the open subsets are the same as for Mg, but the
coverings are those for which one can extract a finite 1-regularly situated covering.
There is a natural morphism of sites

Psal * Msa - Msal-

and denoting as above by D¥(Cyy,,,) and DP(Cyy,,,) the derived categories of sheaves
on Ms,1, we have again a pair of adjoint functors (p;a}, Rpsal,):

Rpsalx

D*(Cy,,) =——=D"(Cu,..)-

Psal
and similarly with DP replaced with D+.

Similarly as on the site Mg,, a presheaf on Mj, is a sheaf on Mg, if and only if, for
any {U;,Us} which is a covering of Uy U Us in Mg,), the sequence 0 — F(U; UUs) —
F(Uy) @ F(Uz) — F(Uy NUs) is exact. If moreover the sequence 0 — F(U; UU;) —
F(Uy) ® F(Uz) — F(Up NnUz) — 0 is exact, one says that F' is I-acyclic and this
is equivalent ([1, Prop. 1.3.4]) to saying that H*(U;F) ~ 0 for all ¥ > 0 and all
U € Opy,, . (Of course, the cohomology is calculated in the category of sheaves
on Msal-)

Let us recall the following theorems from [1].
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Theorem 5.3. — [1, Th. 2.3.13] The functor Rpsa,: DT (Cp,) — DV (Cypy,,) admits
a right adjoint p ;: D (Cyys,,) — DH(Car,)-

In particular, we get that if U € Op,,_, then
RHom (CUMsa7 p!salF) ~ RHom (Rpsal*CUM

sa’?

One says that U € Op,,  is weakly Lipschitz if for each x € M there exists a
neighborhood V' € Op,,  of x, a finite set I and U; € Op,,  such that UNV = J, U;
and

e Uj is a disjoint union

(5.3) {for all @ # J C I, the set Uy =)

of Lipschitz open sets.

Theorem 5.4. — [1, Th. 2.4.15] Let U € Op,,  and assume that U is weakly Lipschitz.
Then
1. RpsaCounm., = psalCoun., =~ Cuns,, s concentrated in degree zero.
2. For F € D*(Cypy,,,), one has RI'(U; p.,,F) ~ RI(U; F).
3. Let F € Mod(Cyy,,,) and assume that F is T-acyclic. Then RT(U;p. F) is
concentrated in degree 0 and is isomorphic to F(U).

Note that in this theorem, part (1) follows from a result of A. Parusinski [5].

As a corollary of Proposition 4.11, U — Y*(U) is a presheaf on the site Ms,, and a
sheaf on the site Mg,;. Moreover, on Mg,), this sheaf is I'-acyclic. Thus the construction
of the Sobolev sheaf U — J¢°(U) follows now easily. Let us denote by Y¢ the I'-acyclic
sheaf U — Y*(U) on Mg, -

Definition 5.5. — For s < 0, we define the object #° of DT(Cypy,) by
(5.4) H® = p'Y®.

In particular, for any relatively compact subanalytic open set U, the complex 5°(U)

is defined by
H*(U) = RT(U, p'Y™).

From Lemmas 2.2 and 4.6, one has Y*(U) = H*(U) if U is Lipschitz. Hence, from
Theorem 5.4, the requirement (1.1) holds true.

We end this subsection by the following lemma, which tell us that the above con-
struction does not work for s > 1.

Lemma 5.6. — Let n = dim(M) > 2 and s > 1. There is no I'-acyclic sheaf Y*
on Mg, such that Y*(U) = H*(U) when U s Lipschitz.

Proof. — We may assume M = R2. Let Y° be a I-acyclic sheaf on My, such that
Y*(U) = H*(U) when U is Lipschitz. We argue by contradiction, and we keep the
notation of the case (o) in Proposition 5.7. Observe that V3 U V2 = B} is a linear
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covering, and V3 N Va = U, (v1,74) U Ur(7y3,7v2) with U,.(71,74), Ur(73,v2) Lipschitz
and U,(y1,74) N Ur(7y3,72) = &. Therefore the sequence

0 =Y (ViuVa)—H*(V1) @ H* (Vo) = H*(Ur(71,74)) © H*(Ur(73,72)) — 0

is exact. This implies that any f@&g € H*(U,(v1,74))®H?* (U, (73, 72)) is the restriction
to U(71,74) U Ur(73,72) of some function h € H*(R?), and this implies f(0) = g(0),
which is not always true: a contradiction. ]

5.2. The sheaf #° on R?, with s < 0. — Let us recall that a relatively compact open
set U € R? is subanalytic iff U has a finite number of connected components U;, and
for all j, the boundary of U; is a finite union of points and semi-analytic curves.

Let po = (0,0) and B, = B(po, r) the open disk centered at the origin and of radius

r > 0. If U is a subanalytic open set in R? we set U, = U N B,.. Then for r > 0 small
enough, and if U is locally connected near pg, U, is of one of the following form (all
semi-analytic curves v below have pg as left extremity, v\ po is an analytic curve for r
small enough, and % denotes the unit vector tangent to v at the left extremity pg):

— Trivial cases: U, = B,. (iff pp € U) or U, = & (iff po ¢ U).

- Case (0): U, = B} = B, \ po.

— Good case: There exists two semi-analytic curves 71, vz, such that v; # 72 and
U, = Ur (71, 72) is the subset of B, of points between ; and 72 (one has y; € St
and we take the direct orientation on S!). For example, if v; = (z > 0,y = 0)
and v = (z = 0,y > 0), one has U.(y1,72) = B, N{z > 0 and y > 0} and
Ur(v2,m) = B-N{x <0 ory <0}

— S case: There exists two distinct semi-analytic curves -1,y such that v; = 7s
and U, is the subset of B, of points between ~; and <. For example,
if vy =(x>0,y=0) and y2 = (¢ > 0,y = 2°), one has U,(y1,72) =
B,N{z>0and 0 <y < z?}.

— B case: There exists two distinct semi-analytic curves 71,2 such that v; = ~s
and U, = B, \ UT(71772)'

— C case: There exists a semi-analytic curve v such that U, = B, \ 7.

Let U be a bounded semi-analytic open subset of R? such that pg € OU. Since we
are working in R?, the above classification of the geometry of U near p, is simple.
As a consequence, we will get that the complex #°(U) satisfying (1.1) is entirely
determined by the long exact Mayer Vietoris sequence (1.2).

Proposition 5.7. — Let U C R? be a semi-analytic open set, v > 0 small, and
U.-=UnNB,.

i) If the connected components of U near py are the U;,1 < j < N, then
(5.5) H(U,) = @)L, H°(U; N By).

il) If U is locally connected near pg

— Trivial cases: If U, = B, then *(B,) is concentrate in degree 0 and isomorphic
to H*(B,). If U, = @ then #*(2) =0 .
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— Case (0): Let v;,1 < j < 4 be algebraic curves with v; # i for j # k. Assume
that Vi = U,(71,72) and Vo = U,(y3,74) satisfy Vi UVa = B and Vi NV, =
U, (71,74)UU,(73,72). Observe that U,.(v1,7v4)NU,(v3,72) is void. Then *(B})
is the complex

d_y s s 0 s s 1 2
(5.6) ---— 0= H (V1)@ H*(Va) & H (U, (71,74)) ® H (Up(73,72)) 205 -

— Good case: If there exists two algebraic curves yi1,7v2 such that y; # 2 and
U, = U.(71,72), then U, is Lipschitz and #°(U.(v1,72)) is concentrate in degree
0 and isomorphic to H*(Uy(v1,72))-

— S case: In that case, there exists two distinct algebraic curves 71,72 such that
Y1 = v2 and U, is the subset of B, of points between ;1 and 5. Let v3 and
Y4 such that v; # i for 2 < j # k < 4, and such that with Vi = U, (71,73)
and Vo = Ur(y4,72) one has Vi NVo = U, and V1 U Vy = U,(V4,73). Then
H*(Ur(71,72)) is the complex

(5.7) S 0B H VU B HI (W e H(Va) B0 B
— B case: In that case, there exists two distinct algebraic curves 1,72 such that
Y1 = Y2 and U, = By \ Up(71,72). Let v3 and v4 such that v; # i for 2 <
j # k < 4, and such that with V1 = U,(v2,73) and Vo = U,(vy4,71) one has
ViUVe=U and Vi N Vy = U,(y4,73). Then °(Ur(v1,72)) is the complex

(5.8) S 0B H W e H (V) BHWViN) B0% ...

— C case: In that case, there exists an algebraic curves v1 such that U, = B\ 71.
Take o and 3 such that v; # i for j # k, and such that with Vi = U, (y1,73)
and Vo = Ur(y2,71) one has Vi1 U Vo = U and Vi N Vo = U,(v2,73). Then
FHE(Ur(71,72)) is the complex

(5.9) S 0B H W e H V) B HWViN) BB ...

Proof. — This proposition is an easy byproduct of the requirement (1.1) and of the
long exact Mayer Vietoris sequence (1.2). Observe that (5.5) follows from #°(2) =0
and (1.2). O

The following proposition shows that in R? and for s < 0, the sheaf #° is concen-
trated in degree 0.

Proposition 5.8. — With the above notations, one has
(5.10) H*(U,) =0, Vj#0
and H%*(U,.) = Y*(U,) except in the S case.

Proof. — First observe that in all cases, except the S case, the open set U, is weekly
Lipschitz. Hence the proposition follows from Theorem 5.4, and in the S case from
the fact that the map H*(Vy U V,) — H*(V1) @ H*(V2) is always injective. O
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Observe that from Proposition 5.8, the only non trivial cohomology space H®*(U,.)
is a subspace of @'(U ), except in the S case. Thus, we end this subsection by the
following example which shows that H%*(U) is not always a subspace of 9'(U).

Example 5.9. — Let U = {(z,y) € R?, -2 <y < 22, 2% +y? < 1}. Then for any
s € 1-3/4,—1/2[ the canonical map

H**(U) — 2'(U)
is not injective.

Proof. — Let Vi = {(x,y), >0, Fy < 2%, 22 +y> < 1}. One has V, NV_ =U
and V; UV_ =V = {(z,9), z > 0, 2% + y? < 1}. From (5.7), the canonical map
H(Vy)® H(V_)/Im(d_,) = K%*(U) — 9'(U) is given by

IyoT-— Ty —T-ly, T:€H*(Vy).

Thus it is sufficient to find a distribution 7' € 9'(V) such that T|y, € H*(Vy),
T|ly. =0, and T ¢ H*(V). We define a distribution T € 9'(V) by the formula:

<To> = [ o pa)p(e, s, o e CE(V),
0

Here, 8 € ]1/2,1] and p is a smooth non negative function such that p(z) = 0 for
x>1/4 and p(x) = 1 for £ < 1/8. One has obviously T|y. = 0. Let us assume
T € H°(V) with 0 < 0. Then, there exists a constant C such that

[<T,¢>| < Cllgllioire), Vo € G5 (V).

Take a test function in C§°(V) of the form ¢(z,y) = x1((x — 3¢€)/e)x2(y/e) with
X1.2 € Cg°(]—1,1]) equal to 1 near 0. One has ||¢|| g1o1 =~ e!~1l and |<T, p>| ~ !~5.
Thus we get that T' € H? (V) implies —o > . The proof will be complete if we show
that T'|y, € H?(V,) as soon as —o > 1/4 + (/2.

Let S € 9'(R?) be the distribution

<8, p> = / " () (o 2?) — pla, —a?))dz, o € CR(V).

One has obviously S|y, = T|v, . It remains to verify S € H? (R?) for —o > 1/4+ /2.
The Fourier transform of S is given by

S(&,m) = -2 /000 x Pp(z) sin(z?n)e” ¢ dz .
This is a odd function of 7 and one has in n > 0
(e = =20 w072 [ty sinu)e VT dy
By 2 integrations by part in ¥, one find the estimates

1S(v/n8,n)| < CpP=1)/2 n>1

1462’
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X B 1
1S(v/n6,m)| < Cn® 1)/21“792, n€10,1[.

Then S € H°(R?) for |o| > 1/4 + /2 follows from the two above estimates and

[[a+e+myisenr aan =2 / C(f a8 do) i
O

6. Appendix

6.1. Interpolation. — This section is devoted to the behavior with respect to inter-
polation of the spaces H*(U). Let us first recall the definition of the interpolation
space [X,Y]p where X C Y are two Hilbert spaces such that the inclusion map is
continuous, and 0 € |0, 1].

For o = % >1/2, let W (o, X,Y) be the Hilbert space
(6.1) W(o,X,Y) = {u(t), ue L*[0,00,X), t°ue L*([0,00[,Y)}.

For u € W(0,X,Y), one has (1 + t7)u € L%([0,00[,Y). Since ¢ > 1/2, the map ©
from W(o, X,Y) into Y

u O(u) = /000 u(t)dt

is well defined and continuous. Then [X,Y ]y = Im(©) C Y, and the Hilbert structure
on [X, Y] is the one of W(o, X,Y)/Ker(0). Observe that, for this definition, we don’t
need X to be dense in Y. However, when X is the domain of an unbounded self-adjoint
operator A > Id on Y, using the spectral theorem for self-adjoint operators, it is easy
to verify that [X,Y]s is the domain of A'~9.

We will use below the notation s = (1 — 6)s; + 0sy for all real s; > s2 and all
6 €10,1[.

Let us recall that H, = H°*(R™) and

(6.2) [H*'(R"), H**(R")]g = H*(R™).

Lemma 6.1. — Let U be an open subset of R™, and F a closed subset of R™. Then
one has the following continuous injections of Hilbert spaces.

0— H*(U) — [H**(U),H**(U)]s

6.3

(65) 0 — [H}, H?lo — H}.

Proof. — By definition of the spaces H*(U) and Hj,, this is an obvious consequence
of (6.1) and (6.2). O

We will now prove that for any open, Lipschitz and bounded subset U of R", and
F = U, the right maps in (6.3) are onto.
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Proposition 6.2. — Let U be a Lipschitz open bounded subset of R™. Then the inter-
polation spaces satisfy
[H*(U), H**(U)]p = H*(U)

[HS HE2)g = HE.

(6.4)

Proof. — By the duality result of Lemma 3.4, it is sufficient to prove the results for
the HZ- spaces (observe that the inclusion of Hilbert spaces H*'(U) C H*2(U) is

continuous and dense). Set F' = U. By Lemma 6.1, we just have to prove that for a
given f € Hj,, there exists u € W (o, Hi', Hz?) such that O(u) = f.

This is a local problem near any point of U, and since U is Lipschitz we may replace
F by any closed set (still denoted by F') such that F + T C F, where ' =T, b > 0,
is the closed proper cone in R™

I'={z=(2',2,), 2z, <0, |2'| < —bz,}.

We will use the following lemma, the proof of which is postponed to the end of this
section.

Lemma 6.3. — LetT° ={y € R", yu>0 VYuecTNS" '}, and let W be the open
tube in C" defined by W = R™ — i['°. There exists an holomorphic function E(z)
defined on W, continues on W, and C > 0 such that

1 _
cUFIE T <IBEGEI<C Ve W

(6.5) Im(E(2)) <0, VzeW
1

F1+12) " < |B@)| < CU+[a)" Vo e R

Let A(2) = E~1(2). One has by (6.5) Im(A(2)) > 0 for all z € W. Let ¢ > 0 such
that 2¢f(s; — s3) = 1 and p > 0 such that pg > 1. Let P(¢, \) be the function defined
for (¢,A) € Q@ =[0,00[ x {A € C, Im(X) > 0} by the formula

(6.6) P(t,\) = AP~ (40 (s1=s2) (jpa 4 \y—p
there exists a constant ¢ > 0 such that for all (¢, \) € Q one has
(6.7) [it? + Al > c(t? + |A])

Let P(t, A(D)) be the operator defined by the Fourier multiplier P(¢, A(£)). From (6.7)
and (6.5) we get for some constant C and all £ € R™ (with <€> = (1 +|¢]))
<§>p—(1+9)(51—52)

(6.8) |P(t,A(§))| <C (tq + <§>)P

Since P is holomorphic in A, from the Paley-Wiener theorem and (6.5) one has

(6.9) support(P(¢t, A(D))(u)) C T + support(u).
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Let p= 1 = fooo(l + 1t9)"Pdt # 0. One easily verifies that for any A € C, Im(\) > 0,
one has fooo P(t,\)dt = p= A0 D1=s2) Let f € Hy be given. Set

g =pAD)I=OT(f) € H?
and define u(t) by the formula
(6.10) u(t) = P(t, A(D))(9)-

Then one has by construction ©(u) = f, and from (6.8) and support(u(t)) C F, one
gets easily u € W (o, Hi*, Hz?). The proof of Proposition 6.2 is complete. O

Let us now prove Lemma 6.3. Set z = (2/, z,,), and define E(z) for z € W by

(6.11) E(z) = /l ke Ul WY

w|<a Zn+ 2 U 1

where a > 0 is small enough such that one has v, +v".u’ > 0 forv € —I'’, v’ € R
|u'| < 2a. Then H(z) is clearly holomorphic on W, and continuous on W. One has
for all z € W

B(2)| < /| @
u'|<a

(@ — ') (yn +y' v + 1)

Im(E = — du' <0
(6.12) ) /Iu’|<a |2n + 2/ +if? v
' 14 22
1+ |21?)|Im(E(z))| > 2 u/|? du’
(U EPImEE) 2 [0 =)

sof @) a
[u’|<a

with ¢ > 0. Therefore it remains to show that the third line of (6.5) holds true. One
has to study the behavior of E(x) for large real z. By rotation in z’, we may assume
z = (21,0,...,0,2,). Let A\ = |z| and set 1 = Acos(f), z, = Asin(f) . One has
for x = (Acos(6),0,...,0,Asin(d)), with e = 1/A

(6.13)

a? — |’LL'|2 +a (a2 _ u2)n/2
AE(z) = F(f,¢) = du’ = ,
(=) (0:2) /ul|<a sin(f) + uy cos(f) + ic e /—a sin(6) + uy cos(0) + ie

dU1

with v = fzeRn,2’|z|<1(1 — 2%)dz > 0. The proof will be complete if we show that
the function F(6,¢) is continuous on S* x [0,1] and F(6,0) does not vanish. The
continuity of F on S! x ]0,1] is obvious. The continuity up to the boundary is easy,
since the only possible singularity of F(6,¢) is for e = 0 and —tg(f) = +a, and comes
from u; = —tg(f) = +a in the integrand, but this is compensated by the fact that
the numerator (a? — u?)™/? vanishes at u; = +a. Thus it remains to show that the

continuous function of § € S*

+a (a2 _ u%)"/Q
(6.14) Go) = /_a sin(#) + uy cos(#) + 0 du
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does not vanish. One has G(—0) = —G(9) and G(w + §) = —G(0), thus we may
assume 6 € [0,7/2]. Let 6y € ]0,7/2[ be the unique solution of ¢tg(fy) = a, which is
the unique analytic singularity of G on [0,7/2]. One has clearly G > 0 on |6y, 7/2],
and using the formula ﬁ = vp(2) —imdy we get Im(G(F)) < 0 on [0, 6o[. It remains
to show that G(6p) # 0, which follows from

a™ +1 (1 _ zQ)n/2
(6.15) Gtn) = oo /_1 a0

The proof of Lemma 6.3 is complete.

6.2. The usual definition of Sobolev spaces. — Let U C R™ be a non void open set, and
s € R. Let us recall the usual definition of the space of distribution on U with regular-
ity H*®, for which we refer to the classical books of Lions and Magenes [4]. To prevent
notational confusions, we will denote this “usual” space by HZ(U). For s =k € N,
HE(U) is defined by derivatives in L?, i.e

(6.16) H¥U) = {f € L*(U),0°f € L*(U) Ya,|a| < k}.

In particular, H2(U) = L?(U). For s € ]0,1[, H:(U) is define by interpolation:

(6.17) H(U) = [Hi(U), L*(U)]1-s.

For k > 1 integer and s = k+ 0,0 € ]0,1[, H(U) is defined by

(6.18) HEU) ={f € L*(U),0*f € H?(U) Va, |a| < k}.

All these spaces have a natural Hilbert structure, and one has C§°(U) C HZ(U) for
all s > 0. Then for all s > 0, one denotes by H{ ,(U) the closed subspace of H;(U)
(6.19) Hg .(U) = closure of C5°(U) in H;(U).

Let us recall that for ¢ > 0, one “usually” defines H,*(U) as the dual space of H§ ,(U),
i.e Ht(U) is the set of distribution f € 9'(U) such that there exists a constant C
such that

(6.20) |<f,o>| < Cllellatwy, Yo e Cyo(U).

The subspace H_*(U) of 9'(U) , equipped with the norm ||f||H*—t(U) = the best
constant C in (6.20), is an Hilbert space.

The following lemma gives the rule of comparison between the spaces H*(U) and
H:U).

Lemma 6.4. — Let U be an open subset of R™. One has the following continuous
injections of Hilbert spaces.

(6.21) 0—H*(U)— H)(U) Vs>0
(6.22) 0— H;(U)— H*(U) Vs<O.
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Proof. — For s = k € N, the continuous injection (6.21) is obvious. Then, by the
first line of (6.3) and using interpolation we get that (6.21) holds true for 0 < s < 1.
Fors=c+k,0€]0,1], k€ Nand f € H*(U), one has for |a| <k, 0*f € H*(U) C HZ(U).
Thus (6.21) holds true for all s > 0.

Let s < 0 and t = —s. Since (6.21) holds true for ¢, we get that there exists C' such
that

(6.23) lella:wy < Cllellawy < Cllellamny, Yo € Cg°(U).

Let f € H}(U). Then by (6.20) and (6.23), f defines a continuous linear form I
on HEU] = closure of C§°(U) in HY(R™) . Let [ an extension of [ to H*(R™).

Let g € H*(R™) such that <g, o> = l(y) for all ¢ € C§°(R™). Then f = g|y € H*(U).
The proof of Lemma 6.4 is complete. O

The following proposition shows that the definition (2.3) of the H*® spaces for a
Lipschitz and bounded open set U coincide with the usual definition for all s except
s=-1/2—k,keN.

Proposition 6.5. — Let U be a Lipschitz and bounded open subset of R™.
For all s ¢ {-1/2 — k,k € N}, one has H*(U) = H:(U).

Proof. — This proposition is well known if U has a smooth boundary (see [4]). For
the convenience of the reader, we recall a proof for U Lipschitz. Since the problem is
local near any point of U, we may replace U by the Lipschitz open set (still denoted
by U)

(6.24) U={z=(2,z,) eER"' xR, z,>H(z)}

' |H(z') - H(y')| < M2’ —y'|, Va',y' e R}

with H(0) = 0. We may also assume that we work with distributions with support in
K={z=(z',z,) €R", |2/| <1, |z,|] <1+ M}.

We split the proof in the two cases s > 0 and s < 0.

The case s > 0

In order to prove our result, it is clearly sufficient to construct an extension map &
from L2(U) into L%(R™) such that
Vf € L*(U), with support(f) C K, &(f)|lv = f

(6.25) .
Vs > 0,Vf € HS(U) with support(f) C K, &(f) € H*(R").

For the construction of &, we refer to Stein [6], where (6.25) is proved for s € N
(see Theorem 5, p. 181). We recall here the Stein construction. Let F = U and
let § € C°(R™\ F) a Whitney regularization of the distance function d(z, F'). There
exists positive constants A, As, ¢, such that

Ard(z,F) < 6(z) < Ayd(z,F), Ve eR"\F

(6.26) L
|0%6(x)| < cad(z, F)'71o vz e R™\ F.
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Then § is continuous on R™ \ U and é(z) = 0 for z = (2/, H(z')). Let D > 2 large
enough such that the function §* = DJ satisfies

(6.27) 0 (2 xp) > 2(H(z') — ), V(' ,2,) ER*"\U
and let A3z > 2 such that 6* (', z,,) < A3(H(z') — z,,) for all (2’,2,) € R"\ U.

For A > 1, and z = (2/,2,) € R*\ U, set 7(z,\) = (¢, z, + A0* (2, z,)). Then
there exists ¢ > 0 such that one has for all x = (2/,z,) e R"\ F
(6.28) 7(z,A\) € U and c¢(H(x') —z,,) < d(r(z,\),R*\ F) < (A3A—1)(H(z') — z,,).
Let 9(\) be a Beurling function, i.e 1 is continuous on [1, 0o[, 1()\) € O(A™F) for all

k>1, [[Z¢(A)dr=1and [[°Ayp(A)dA =0 forall 1 <k € N. For f € L*(U) with
support(f) C K, set

8(f)(@) = f(z) VzeU,
E(f)(x) = /1 (@ 2n+ A5 (@, 2n) (AN Ve ¢ F.

Then the measurable function &(f) is defined for all z ¢ OU = {(¢/,z,), =, = H(z")},
and the first line of (6.25) is obvious. It is proven in [6] that &(f) € L?(R"), and
that the second line of (6.25) holds true for s = k € N. More precisely, it is proven
in [6] that for any k € N, C*(F) is dense in H¥(U), and there exists constants C,
such that

(6.29)

16O e @ny < Crllfllar@), Vf € CT(F).
Here, C*°(F) denotes the space of smooth functions on U with all partial derivatives
continuous on F' = U. Therefore by interpolation, we get that the second line of (6.25)
holds true for all s € [0,1]. Let now s = 0 + k with 1 < k € N and o € ]0,1].
Let f € H:(U) with support(f) C K. One has to prove &(f) € H*(R™). For |af < k,
one has 0*4(f) € L?(R™) by the Stein result. By induction on k, it remains to show
that for |a| = k, one has 0“&(f) € H?(R™). We get from (6.29)

||

(6.30) O“E(f) = E°F)+ > Tpuroni) (02 £)

p=1 (ﬁ#l“la“"”"?)eA&vP
with for all g € C°°(F)

(6.31)
T(ul,m,up)(g)(x) =0 VeeF

Tur o) (9) () = (05767 - "35”5*)/ 9(a’,n + A0" (2", 2n))N"Y(N)dA V¢ F.
1

The precise definition of the set of multi-indices A, , is irrelevant, but one has |G| > 1,
|#j] > 1, and for all p > 1

p
(6.32) 181+ > sl = lod +p, (B, p1, -, tap) € Aqp.

=1
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We already know that &(0%f) € H°(R™). Thus it remains to prove that there exists
a constant C such that for |a| = k and all (8, p1,...,H4p) € Aap, one has with
m=—p+3>7_, |u;| and all o € [0,1].

(6.33) 1Z0r, iy @0 ) < Cllgll oy Vg € C2(F).

By the proof of Stein theorem, we know that (6.33) holds true for o = 0,1, but at
this stage of the proof, we can’t use interpolation since we do not know the equality
[H Y (U), H™(U)]1—» = H*9(U). The definition of the interpolation space given
in Section 6.1, and the validity of this equality for m = 0, gives just the inclusion
[HTHL(U), H™(U))1—o C H™ 7 (U). As in the proof of the Stein theorem, we use
a Taylor expansion at order m — 1 of A — g(z/,z, + A\0*(2’,z,)), and using the
orthogonality condition floo Nap(AN)dA = 0 for all j > 1, we get

L )!/O (L—t)™"1S,(0 g) dt

(6.34) Tiur,ny)(9) = (m—1)

where the family of operators S; from C°°(F) into L?(R") are defined by S;(h)(z) = 0
for all x € F' and by the formula

(6.35)

Se(h)(z) = (6*)™(9h+ 6™ - ~85P6*)/ h(z' 2y + (14 (A —1))0* (2, 2,)) (A — 1)™APH(X)dA

1

for z ¢ F. Therefore, it remains to prove that there exists a constant C' such that for
all ¢t € [0, 1] one has

(6.36) 1Se(8) e gy < Cllbllz ), VR € C(F).

By the proof of Stein theorem, we know that (6.36) holds true for o = 0,1, and now
we can use interpolation since by definition one has HZ(U) = [H}(U), L*(U)]1—o-
This complete the proof in the case s > 0.

The case s < 0

One has to verify that the canonical map i : H3(U) — H*(U) defined by (6.22)
for s < 0 is an isomorphism if and only if s is not of the form s = —1/2—k. Let t = —s.
The dual space of H;(U) is H{ ,(U) and since U is Lipschitz, the dual space of H*(U)
is H. The dual map of i is j = ry : Hi; — H§ ,(U), and j = Id on C§°(U). One has
to prove that j is an isomorphism iff ¢ ¢ 1/2 + N.

Observe that j is injective since ¢t > 0 and mes(U \ U) = 0. Since C§° is dense both
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in Htﬁ and H{ ,(U), the fact that j is an isomorphism iff ¢ ¢ 1/2 + N is equivalent to
the statement
For ¢t > 0 the two norms ||| g+ () and |¢|| g+ @ny on C5°(U)

6.37
(6:37) are equivalent iff ¢t ¢ 1/2 + N.

By the first part of the proposition one has H*(U) = H.(U), thus (6.37) is equivalent
to

For t > 0 the two norms ||| gy < |l¢llme®n) on C5°(U)

6.38
(6.38) are equivalent iff ¢ ¢ 1/2 + N.

For t = k € N, one has [|¢|| g+ wy = [l g+ ®n), thus H% = H§ (U), and (6.37) holds
true for t = k. By (6.24) (2/,z,,) — G(z',2,,) = (v = &', yn, = z, — H(z")) is a global
bi-lipschitz diffeomorphism of R™ such that G( ) RY = {(¥',yn), yn > 0}. It is well
known (see [4]) that [Hj ,(R%), L*(R% )]s = H) (R") for 8 # 1/2. Since the proof of
Proposition 6.2, stated for bounded U, applies as well to R, we get that (6.37) holds

true for ¢ € [0,1] \ {1/2}. It is proven in [4] that one has H1/2(R”) = HI/Q(R") and
for @ = 1/2, the interpolation space H0/02*(R”) = [Hg .(R%), L*(R% )]1/2, is equal to

oo | p12
/ ﬂd:cndzt:’ < o0}

In particular, H&/OQ* (R%) is a strict subspace of H, 1/ > . (R%). Since, by the first part
of the proposition, Hi/*(R™) = HY/2(R™), (6.39) implies that for f ¢ Hylp, (R7), the
function f on R™ equal to f on R?% and equal to 0 elsewhere satisfies feHY 2(R")
and support(f) C {z, > 0}. This shows the equality

(639)  HUZ.(RM) ={f € H/(®Y) /
]Rn 1

1/2 n 1/2
Hy/7 (RY) = H[R/fi].

Thus, j is not an isomorphism for t =1/2. For t =0 + k,0 € 10,1,k € N
iy = 2 10°¢lz )
la|<k

Thus the validity of (6.37) for t > 1, and ¢ ¢ N follows from the case t € ]0, 1].
The proof of Proposition 6.5 is complete. O

We conclude this subsection by the following lemma which shows that for
s = —1/2 — k, the space HZ(]0,o0[) does not enjoy good properties.
Lemma 6.6. — Let s = —1/2 — k with k € N.
(i) There exists f € H*(R) such that f|jocc; ¢ HZ(]0,00[).
(ii) There exists f € HY/2(]0,00[) = Hi/?(]0,00]) such that 85+1f ¢ H2(]0, 00]).
Proof. — We proceed by contradiction. Assume that (i) is not true. The imbedding

of HZ(]0,00]) into H*(]0,00[) is continuous by Lemma 6.4, and the restriction map
[ = r(f) = fljo,c0 is continuous from H*(R) into H?*(]0,o0[). Then by the closed
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graph theorem, if r(H*(R)) C HZ(]0, o], r is continuous from H*(R) into H?(]0, o).
Thus there exists a constant C such that

(6.40) Ifho,00tll 220,000 < Cll Iy, Vf € H¥(R).

From (6.20) we thus get with t = —s >0

(6.41)  [<f,o>| < Clflla=®llellmtgo,0op, Ve € C5°(J0,00[), Vf e H*(R)

and this is equivalent to

(6.42) lellae®) < Cllelmgooop, Ve € C5(10,00[)

which is untrue thanks to (6.37). For (ii) we just indicate the argument for k¥ = 0:
if (i) is untrue, the map f +— f’ is continuous from H'/2(]0, o[ into H*_l/Q(]O,oo[,
(since it is continuous from H'/2(]0,00[ into H~'/2(]0, 00[ and its range is a subset
of H:l/z(]O, oo[). Thus for some constant C one has for all f € H'/2(]0,0[) and all
¢ € C5°(]0, 00])

(6.43) [<£¢/>] = [<F>] < Ol go0ep 19l 172 g0

Take f = g|]0,oo[ with g € H1/2(R) One has ||f||H1/2(]0,oo[) S ||g||H1/2(]R)' Thus (643)
implies for all g € H'/2(R) and all ¢ € C$°(]0, o)

(6'44) |<g, 90,>| < C||g||H1/2(R)”‘:0||Hi/2(]0’oo[)

which is equivalent to

(6'45) ||90I||H—1/2(]R) < C”(p”Hi/Q(]O,oo[)’ VQD € C(C))o(]oa OOD

and this will imply that (6.42) holds true for ¢ = 1/2, and all ¢ with support in z < 1,

which is false. The proof of Lemma 6.6 is complete. O
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REGULAR SUBANALYTIC COVERS

by

Adam Parusinski

Abstract. — Let U be an open relatively compact subanalytic subset of a real analytic
manifold M. We show that there exists a “finite linear covering” (in the sense of
Guillermou-Schapira) of U by subanalytic open subsets of U homeomorphic to an
open ball.

We also show that the characteristic function of U can be written as a finite linear
combination of characteristic functions of open relatively compact subanalytic subsets
of M homeomorphic, by subanalytic and bi-lipschitz maps, to an open ball.

Résumé. — Soit U un ouvert sous-analytique relativement compact d’une variété
analytique réelle M. Nous montrons qu’il existe un « recouvrement linéaire fini » (au
sens de Guillermou-Schapira) de U par des ouverts sous-analytiques homéomorphes
4 une boule ouverte.

Nous montrons aussi que la fonction caractéristique de U peut s’écrire comme
une combinaison linéaire finie de fonctions caractéristiques d’ouverts sous-analytiques
relativement compacts de M homéomorphes, par des applications sous-analytiques
et bi-lipschitz, & une boule ouverte.

Let M be a real analytic manifold of dimension n. In this paper we study the sub-
algebra (M) of integer valued functions on M generated by characteristic functions
of relatively compact open subanalytic subsets of M (or equivalently by characteristic
functions of compact subanalytic subsets of M). As we show this algebra is generated
by characteristic functions of open subanalytic sets with Lipschitz regular boundaries.
More precisely, we call a relatively compact open subanalytic subset U C M an open
subanalytic Lipschitz ball if its closure is subanalytically bi-Lipschitz homeomorphic
to the unit ball of R™. Here we assume that M is equipped with a Riemannian metric.
Any two such metrics are equivalent on relatively compact sets and hence the above
definition is independent of the choice of a metric.

Theorem 0.1. — The algebra ¥ (M) is generated by characteristic functions of open
subanalytic Lipschitz balls.
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That is to say if U is a relatively compact open subanalytic subset of M then
its characteristic function 1y is a finite integral linear combination of characteristic
functions 1y, ..., lw,,, where the W; are open subanalytic Lipschitz balls. Note that,
in general, U cannot be covered by finitely many subanalytic Lipschitz balls, as it is
easy to see for {(z,y) € R?;y? < 23,2 < 1}, M = R?, due to the presence of cusps.
Nevertheless we show the existence of a “regular” cover in the sense that we control
the distance to the boundary.

Theorem 0.2. — Let U be an open relatively compact subanalytic subset of M. Then
there exist a finite cover U = |J, U; by open subanalytic sets such that :

1. every U; is subanalytically homeomorphic to an open n-dimensional ball;
2. there is C > 0 such that for every x € U, dist(z, M\U) < C max; dist(z, M\U;).

The proof of Theorem 0.1 is based on the classical cylindrical decomposition and
the L-regular decomposition of subanalytic sets, cf. [4, 9], [10]. L-regular sets are
natural multidimensional generalization of classical cusps. We recall them briefly in
Subsection 1.6. For the proof of Theorem 0.2 we need also the regular projection
theorem, cf. [7, 8], [9], that we recall in Subsection 1.4.

We also show the following strengthening of Theorem 0.2.

Theorem 0.3. — In Theorem 0.2 we may require additionally that all U; are open
L-regular cells.

For an open U C M we denote OU = U \ U.

1. Proofs

1.1. Reduction to the case M = R™.— Let U be an open relatively compact subana-
lytic subset of M. Choose a finite cover U C |J,; Vi by open relatively compact sets
such that for each V; there is an open neighborhood of V; analytically diffeomorphic
to R™. Then there are finitely many open subanalytic U;; such that U;; C V; and 1y
is a combination of 1y,;. Thus it suffices to show Theorem 0.1 for relatively compact
open subanalytic subsets of R".

Similarly, it suffices to show Theorems 0.2 and 0.3 for M = R". Indeed, it follow
from the observation that the function

r — maxdist(z, M \ V;)

is continuous and nowhere zero on | J; V; and hence bounded from below by a nonzero
constant ¢ > 0 on U. Then

dist(z, M \ U) <C; < ¢~ *Cy maxdist(z, M \ V)

where C is the diameter of U and hence, if ¢~ 1Cy > 1,
dist(z, M \ U) < ¢~ *C; max(min{dist(z, M \ U), dist(z, M \ V;)}).
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Now if for each UNV; we choose a cover ;i Uij satisfying the statement of Theorem 0.2
or 0.3 then for x € U

dist(z, M \ U) < ¢~ 'C; max(min{dist(z, M \ U),dist(z, M \ V;)}
7
< ¢'Cymaxdist(z, M \ UNV;) < Cc™'Cy max dist(z, M \ Uy;).
i i

Thus the cover UZ j U;; satisfies the claim of Theorem 0.2, resp. of Theorem 0.3.

1.2. Regular projections. — We recall after [8, 9] the subanalytic version of the reg-
ular projection theorem of T. Mostowski introduced originally in [7] for complex
analytic sets germs.

Let X C R™ be subanalytic. For £ € R"~! we denote by m¢ : R — R"~! the linear
projection parallel to (¢,1) € R*~! x R. Fix constants C,e > 0. We say that m = e
is (C,¢e)-regular at xg € R™ (with respect to X ) if

(a) m|x is finite;
(b) the intersection of X with the open cone

(1.1) Ge(0,€) = {zo + A(n, 1); [n — §] <&, A € R\ 0}

is empty or a finite disjoint union of sets of the form

{zo +Xi(n)(n,1);In — €| < e},

where \; are real analytic nowhere vanishing functions defined on |n — &| < e.
(c) the functions A; from (b) satisfy for all |n —¢] <e

[[grad Ai(n)[| < ClXi(n)]-

We say that ¢ C R"~! defines a set of reqular projections for X if there exists C,e > 0
such that for every zo € R™ there is £ € & such that m¢ is (C, €)-regular at z.

Theorem 1.1 ([8,9]). — Let X be a compact subanalytic subset of R™ such that
dim X < n. Then the generic set of n+ 1 vectors &1,...,6p41, & € R defines a
set of reqular projections for X.

Here by generic we mean in the complement of a subanalytic nowhere dense subset
of (Rn—l)n+1.

1.3. Cylindrical decomposition. — We recall the first step of a basic construction
called the cylindrical algebraic decomposition in semialgebraic geometry or the cell
decomposition in o-minimal geometry, for details see for instance [2, 3].

Set X = U\ U. Then X is a compact subanalytic subset of R™ of dimension n — 1.
We denote by Z C X the set of singular points of X that is the complement in X of
the set

Reg(X) :={z € X; (X, ) is the germ of a real analytic submanifold of dimension n — 1}.
Then Z is closed in X, subanalytic and dim Z < n — 2.
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Assume that the standard projection m : R® — R™ ! restricted to X is finite.
Denote by A, C R"~! the union of m(Z) and the set of critical values of | Reg(X)-
Then A, called the discriminant set of w, is compact and subanalytic. It is clear that
m(U) =7(U)UA,.

Proposition 1.2. — Let U’ C n(U)\ A, be open and connected. Then there are finitely
many bounded real analytic functions p1 < pa < -+- < @y defined on U’, such that
X Na=Y(U") is the union of graphs of ¢;’s. In particular, U N 7= (U') is the union
of the sets

{(@,zn) € R™ 2" € U pi(a') < zn < i1 (2')},

and moreover, if U’ is subanalytically homeomorphic to an open (n — 1)-dimensional
ball, then each of these sets is subanalytically homeomorphic to an open n-dimensional

ball.

1.4. The case of a regular projection. — Fix z¢ € U and suppose that 7 : R — R*~!
is (C,e)-regular at zy € R™ with respect to X. Then the cone (1.1) contains no point
of Z. By [9] Lemma 5.2, this cone contains no critical point of 7| ge4(x), provided e
is chosen sufficiently small (for fixed C'). In particular, z{ = m(xo) & A.

In what follows we fix C, e > 0 and suppose ¢ small. We denote the cone (1.1) by ¢
for short. Then for C sufficiently large, that depends only on C and e, we have

(1.2) dist(zo, X \ ¢) < Cdist(z}, 7(X \ €)) < C dist(zf, Ay).

The first inequality is obvious, the second follow from the fact that the singular part
of X and the critical points of 7|g.4(x) are both outside the cone.

1.5. Proof of Theorem 0.2. — Induction on n. Set X =U \U and let m¢,,..., 7, ,, bea
set of (C,e)-regular projections with respect to X. To each of these projections we
apply the cylindrical decomposition. More precisely, let us fix one of these projections
that for simplicity we suppose standard and denote it by w. Then we apply the
inductive assumption to 7(U) \ A,. Thus let #(U) \ A, = JU] be a finite cover
satisfying the statement of Theorem 0.2. Applying to each U] Proposition 1.2 we
obtain a family of cylinders that covers U \ m*(A,). In particular they cover the set
of those points of U at which 7 is (C, ¢)-regular.

Lemma 1.3. — Suppose 7 is (C,e)-reqular at zo € U. Let U’ be an open subanalytic
subset of m1(U) \ Ar such that z = (zo) € U’ and

(1.3) dist(z), Ay) < C dist(xp, dU’),
with C > 1 for which (1.2) holds. Then
(1.4) dist(z, X) < (€)% dist(zo, 0U,),

where Uy is the member of cylindrical decomposition of U N7~ 1(U’) containing xg.
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Proof. — We decompose 9U; into two parts. The first one is vertical, i.e., contained
in 771(QU’), and the second part is contained in X. If dist(z,0U;) < dist(zq, X)
then the distance to the vertical part realizes the distance of zg to OU; and
dist(xg, 0U1) = dist(zy, 0U’). Hence

(1.5) dist(zo, OU1) = min{dist(z¢, X), dist(xq, OU’)}.

If dist(zo,dU;) = dist(zo, X) then (1.4) holds with ¢ = 1, otherwise by (1.2)
and (1.3),

(1.6) dist(zo, X \ ¥) < Cdist(xh, Ay)
< (C)2 dist(z), OU') = (C)? dist(zo, OU;). O

Thus to complete the proof of Theorem 0.2 it suffices to show that (1.3) holds if U” is
an element of the cover 7(U)\ A, = |J U/ for which dist(z}, dr(U)) < C dist(z}, dU").
This follows from the inclusion O (U) C A, that gives dist(z(, Ar) < dist(zy, 0w (U)).
This ends the proof of Theorem 0.2.

1.6. L-regular sets. — Let ¥ C R™ be subanalytic, dimY = n. Then Y is called
L-regular (with respect to given system of coordinates) if

1. if n =1 then Y is a non-empty closed bounded interval;
2. if n > 1 then Y is of the form

(1.7) Y ={(z',z,) € R"; f(2') <z, < g(2),2’ €Y'},

where Y/ C R"! is L-regular, f and g are continuous subanalytic functions
defined in Y”. It is also assumed that on the interior of Y’, f and g are analytic,
satisfy f < g, and have the first order partial derivatives bounded.

If dimY = k& < n then we say that Y is L-regular (with respect to given system of
coordinates) if

(1.8) Y ={(y,2) eRE xR ¥ 2 =h(y), y e Y'},

where Y/ C R* is L-regular, dimY’ = k, h is a continuous subanalytic map defined
on Y, such that h is real analytic on the interior of Y’, and has the first order partial
derivatives bounded.

We say that Y is L-regular if it is L-regular with respect to a linear (or equivalently
orthogonal) system of coordinates on R"™.

We say that A C R" is an L-regular cell if A is the relative interior of an L-regular
set. That is, it is the interior of A if dim A = n, and it is the graph of h restricted
to Int(Y') for an L-regular set of the form (1.8). By convention, every point is a
zero-dimensional L-regular cell.

By [4], see also Lemma 2.2 of [9] and Lemma 1.1 of [5], L-regular sets and L-regular
cells satisfy the following property, called in [4] quasi-convexity. We say that Z C R™
is quasi-convex if there is a constant C' > 0 such that every two points z,y of Z can
be connected in Z by a continuous subanalytic arc of length bounded by C||z — y||.
It can be shown that for an L-regular set or cell Y of the form (1.7) or (1.8) the
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constant C' depends only on n, the analogous constant for Y’, and the bounds on first
order partial derivatives of f and g, resp. h. By Lemma 2.2 of [9], an L-regular cell is
subanalytically homeomorphic to the (open) unit ball.

Let Y be a subanalytic subset of a real analytic manifold M. We say that Y is
L-regular if there exists its neighborhood V in M and an analytic diffeomorphism
¢ : V — R"™ such that ¢(Y) is L-regular. Similarly we define an L-regular cell in M.

1.7. Proof of Theorem 0.3. — Fix a constant C; sufficiently large and a projection
m: R® — R™"! that is assumed, for simplicity, to be the standard one. We suppose
that 7 restricted to X = OU is finite. We say that =’ € n(U) \ A, is C;-regularly
covered if there is a neighborhood U’ of z’ in w(U) \ A, such that X N7~ (U’) is the
union of graphs of analytic functions with the first order partial derivatives bounded
(in the absolute value) by Cy. Denote by U’(C4) the set of all 2’ € m(U)\ A, that are
C regularly covered. Then U’(C1) is open (if we use strict inequalities while defining
it) and subanalytic. By Lemma 5.2 of [9], if 7 is a (C, €)-regular projection at g then
xg is Ci-regularly covered, for Cy sufficiently big C1 > C1(C,¢€). Moreover we have
the following result.

Lemma 1.4. — Given positive constants C, E. Suppose that the constants C' and C are
chosen sufficiently big, C1 > C1(C,¢), C > C(C,¢) . Let 7 be (C,€)-regular at zo ¢ X
and let

V' = {z’ e R" L dist(¢', z) < (C)dist(zo, X NE)}.

Then 7= (V)NXNE is the union of graphs of v; with all first order partial derivatives
bounded (in the absolute value) by Cy. Moreover, then either 1= 1(V') N (X \¥) = @
or

dist(z(, Ar) = dist(zg, 7(X \ €)) < dist(zg, OU'(Ch)).

Proof. — We only prove the second part of the statement since the first part follows
from Lemma 5.2 of [9]. If #=*(V/) N X \ € # & then any point of 7(X \ &) realizing
dist(zf, 7(X \ €)) must be in the discriminant set A. O

We now apply to U’(Cy) the inductive hypothesis and thus assume that
U'(Cy) = J U] is a finite regular cover by open L-regular cells. Fix one of them U’
and let U; be a member of the cylindrical decomposition of U N w~1(U’). Then U; is
an L-regular cell. Let o € U;. We apply to zg Lemma 1.4.

If =1 (V)N (X \ €)= @ then

dist(zo, X) < dist(zo, X N %) < Cdist(z), dU’(Cy)) < C? dist(z)), dU"),
where the second inequality follows from the first part of Lemma 1.4 and the last
inequality by the induction hypothesis. Then dist(zo, X) < C? dist(zq, dU;) follows
from (1.5).

Otherwise, dist(z}, A;) < dist(z),dU’(Cy)) < Cdist(z),dU’) and the claim fol-
lows from Lemma 1.3. This ends the proof.
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1.8. Proof of Theorem 0.1. — The proof is based on the following result.

Theorem 1.5. — [Theorem A of [4]| Let Z; C R™ be a finite family of bounded sub-
analytic sets. Then there is be a finite disjoint collection {A;} of L-regular cells such
that each Z; is the disjoint union of some of A;.

Similar results in the (more general) o-minimal set-up are proven in [5] and [10].

Let U be a relatively compact open subanalytic subset of R™. By Theorem 1.5,
U is a disjoint union of L-regular cells and hence it suffices to show the statement of
Theorem 0.1 for an L-regular cell. We consider first the case of an open L-regular cell.
Thus suppose that

(1.9) U={(z,z,) e R"; f(z') < z,, < g(z),2' € U'},

where U’ is a relatively compact L-regular cell, f and g are subanalytic and analytic
functions on U’ with the first order partial derivatives bounded. Then, by the quasi-
convexity of U’, f and g are Lipschitz. By an extension formula of [6], see also [11]
and [1], we may suppose that f and g are restrictions of Lipschitz subanalytic func-
tions, that we denote later also by f and g, defined everywhere on R”~! and satisfying
f < g. Indeed, this extension of f is given by

f(p) = sup f(q) — L|p —ql,
qeU’

where L is the Lipschitz constant of f. Then f is Lipschitz with the same constant
as f and subanalytic. Therefore by the inductive assumption on dimension we may
assume that U is given by (1.9) with U’ a subanalytic Lipschitz ball. Denote U by Uy 4
to stress its dependence on f and g (with U’ fixed). Then
Lus, =1u, 0y +1up g0 = lupa g
and Us_1,4, Us g41. and Uy_1 g41 are open subanalytic Lipschitz balls.
Suppose now that

(1.10) U ={(y,2) € RE x K" z = h(y), y € U'},

where U’ is an open L-regular cell of R, h is a subanalytic and analytic map defined
on U’ with the first order partial derivatives bounded. Hence h is Lipschitz. We may
again assume that h is the restriction of a Lipschitz subanalytic map h : R¥ — R? ¥
and then, by the inductive hypothesis, that U’ is a subanalytic Lipschitz ball. Let

Us={(y,2) €U xR  hi(y) =1 < z; < hi(y) +1,i=1,...,n — k}.
For I C {1,...,n — k} we denote
Ur ={(y,2) € Ug; 2; # hi(y) for i € I}.
Note that each U is the disjoint union of 2!/l of open subanalytic Lipschitz balls and

that
= 3 (=),
Ic{1,...,.n—k}

This ends the proof.
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2. Remarks on the o-minimal case

It would be interesting to know whether the main theorems of this paper, Theo-
rems 0.1, 0.2, 0.3, hold true in an arbitrary o-minimal structure in the sense of [3],
i.e., if we replace the word “subanalytic” by “definable in an o-minimal structure”,
and fix M = R"™. This is the case for Proposition 1.2 and Theorem 1.5 by [3], resp.
[5], [10], and therefore Theorem 0.1 holds true in the o-minimal set-up. But it is not
clear whether the analog of Theorem 1.1 holds in an arbitrary o-minimal structure.
Its proof in [8] uses Puiseux Theorem with parameters in an essential way. Thus we
state the following questions.

Question 2.1. — Does the regular projections theorem, Theorem 1.1, hold true in an
arbitrary o-minimal strucure?

Question 2.2. — Do Theorems 0.2, 0.3, hold true in an arbitrary o-minimal strucure?

One would expect the positive answers for the polynomially bounded o-minimal
structures, though even this case in not entirely obvious.
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DERIVED CATEGORIES OF FILTERED OBJECTS

by

Pierre Schapira & Jean-Pierre Schneiders

Abstract. — For an abelian category % and a filtrant preordered set A, we prove that
the derived category of the quasi-abelian category of filtered objects in ¢ indexed
by A is equivalent to the derived category of the abelian category of functors from A
to . We apply this result to the study of the category of filtered modules over a
filtered ring in a tensor category.

Résumé (Catégories dérivées d’objets filtrés). — Pour une catégorie abélienne ¢ et un
ensemble préordonné filtrant A, nous prouvons que la catégorie dérivée des objets
filtrés de ¢ indexés par A est équivalente a la catégorie dérivée de la catégorie
abélienne des foncteurs de A dans %. Nous appliquons ce résultat a I’étude de la
catégorie des modules filtrés sur un anneau filtré d’une catégorie tensorielle.

1. Introduction

Filtered modules over filtered sheaves of rings appear naturally in mathematics,
such as for example when studying Zx-modules on a complex manifold X, Zx de-
noting the filtered ring of differential operators (see [3]). As it is well-known, the
category of filtered modules over a filtered ring is not abelian, only exact in the sense
of Quillen [7] or quasi-abelian in the sense of [8], but this is enough to consider the
derived category (see [1, 6]). However, quasi-abelian categories are not easy to ma-
nipulate, and we shall show in this paper how to substitute a very natural abelian
category to this quasi-abelian category, giving the same derived category.

More precisely, consider an abelian category ¥ admitting small exact filtrant
(equivalently, “directed”) colimits and a filtrant preordered set A. In this paper, we
regard a filtered object in ¥ as a functor M: A — ¥ with the property that all M ()
are sub-objects of lim M. We prove that the derived category of the quasi-abelian
category of filtered objects in % indexed by A is equivalent to the derived category

2010 Mathematics Subject Classification. — 16E35, 16W70, 18A25, 18D10, 18D35.
Key words and phrases. — Derived categories, filtered objects, quasi-abelian categories, filtered mod-
ules.
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of the abelian category of functors from A to %. Note that a particular case of this
result, in which A = Z and ¥ is the category of abelian groups, was already obtained
in [8, § 3.1].

Next, we assume that & is a tensor category and A is a preordered semigroup.
In this case, we can define what is a filtered ring A indexed by A and a filtered
A-module in ¥ and we prove a similar result to the preceding one, namely that the
derived category of the category of filtered A-modules is equivalent to the derived
category of the abelian category of modules over the A-ring A.

Applications to the study of filtered Zx-modules will be developed in the future.
Indeed it is proved in [2] that, on a complex manifold X endowed with the subanalytic
topology X, the sheaf Ox_, (which is in fact an object of the derived category of
sheaves, no more concentrated in degree zero) may be endowed with various filtrations
and the results of this paper will be used when developing this point.

2. A review on quasi-abelian categories

In this section, we briefly review the main notions on quasi-abelian categories
and their derived categories, after [8]. We refer to [5] for an exposition on abelian,
triangulated and derived categories.

Let € be an additive category admitting kernels and cokernels. Recall that, for a
morphism f: X — Y in €, Im(f) is the kernel of ¥ — Coker(f), and Coim(f) is the
cokernel of Ker(f) — X. Then f decomposes as

X — Coim(f) — Im(f) - Y.

One says that f is strictif Coim(f) — Im(f) is an isomorphism. Note that a monomor-
phism (resp. an epimorphism) f: X — Y is strict if and only if X — Im(f) (resp.
Coim(f) — Y) is an isomorphism. For any morphism f: X — Y,

- Ker(f) — X and Im(f) — Y are strict monomorphisms,
- X — Coim(f) and Y — Coker(f) are strict epimorphisms.

Note also that a morphism f is strict if and only if it factors as i o s with a strict
epimorphism s and a strict monomorphism 4.

Definition 2.1. — A quasi-abelian category is an additive category which admits ker-
nels and cokernels and satisfies the following conditions:

(i) strict epimorphisms are stable by base changes,
(ii) strict monomorphisms are stable by co-base changes.

The condition (i) means that, for any strict epimorphism u: X — Y and any
morphism Y’ — Y, setting X' = X Xy Y’ = Ker(X x Y’ — Y), the composition
X' — X xY' = Y’ is a strict epimorphism. The condition (ii) is similar by reversing
the arrows.

Note that, for any morphism f: X — Y in a quasi-abelian category, Coim(f) — Im(Jf)
is both a monomorphism and an epimorphism.
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Remark that if 4" is a quasi-abelian category, then its opposite category %°P is also
quasi-abelian.

Of course, an abelian category is a quasi-abelian category in which all morphisms
are strict.

Definition 2.2. — Let ¢ be a quasi-abelian category. A sequence M’ ERNY VEERNY Y
with f’o f = 0 is strictly exact if f is strict and the canonical morphism Im f — Ker f’
is an isomorphism.

Equivalently such a sequence is strictly exact if the canonical morphism
Coim f — Ker f’ is an isomorphism.

One shall be aware that the notion of strict exactness is not auto-dual.

Consider a functor F: € — %’ of quasi-abelian categories. Recall that F' is

— strictly exact if it sends any strict exact sequence X’ — X — X" to a strict
exact sequence,

— strictly left exact if it sends any strict exact sequence 0 — X’ — X — X" to a
strict exact sequence 0 — F(X') — F(X) — F(X"),

— left exact if it sends any strict exact sequence 0 — X' — X — X” — 0 to a
strict exact sequence 0 — F(X') — F(X) — F(X").

Derived categories. — Let % be an additive category. One denotes as usual by C(%)
the additive category consisting of complexes in 4. For X € C(%), one denotes by X™
(n € Z) its n’s component and by d%: X™ — X"*! the differential. For k € Z, one
denotes by X +— X|[k] the shift functor (also called translation functor). We denote
by C*(%) (resp. C~(¥), CP(%)) the full subcategory of C(%) consisting of objects X
such that X™ = 0 for n < 0 (resp. n > 0, |n| > 0). One also sets C'*®(%) := C(¥)
(ub stands for unbounded).

We do not recall here neither the construction of the mapping cone Mc(f) of
a morphism f in C(%) nor the construction of the triangulated categories K*(%)
(* = ub,+, —,b), called the homotopy categories of %

Recall that a null system .4 in a triangulated category .7 is a full triangulated
saturated subcategory of .7, saturated meaning that an object X belongs to .4
whenever X is isomorphic to an object of .4". For a null system .4, the localization
T /A is a triangulated category. A distinguished triangle X — YV — Z — X][1]
in /A is a triangle isomorphic to the image of a distinguished triangle in 7.

Let & be quasi-abelian category. One says that a complex X is

— strict if all the differentials d% are strict,
— strictly exact in degree n if the sequence X"~ 1 — X" — X" 1 is strictly exact.
— strictly exact if it is strictly exact in all degrees.

If X is strictly exact, then X is a strict complex and 0 — Ker(d%) — X" —
Ker(d%™) — 0 is strictly exact for all n.
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Note that if two complexes X and Y are isomorphic in K(%), and if X is strictly
exact, then so is Y. Let & be the full additive subcategory of K(%) consisting of
strictly exact complexes. Then & is a null system in K(%).

Definition 2.3. — The derived category D(%) is the quotient category K(%)/&. where
& is the null system in K(%) consisting of strictly exact complexes. One defines
similarly the categories D*(%) for x = +, —, b.

A morphism f: X — Y in K(%) is called a quasi-isomorphism (a qis for short) if,
after being embedded in a distinguished triangle X Ly szox [1], Z belongs
to &. This is equivalent to saying that its image in D(%) is an isomorhism. It follows
that given morphisms X Ly % Zin K(%), if two of f, g and go f are qis, then all
the three are qis.

Note that if X -V % Zisa sequence of morphisms in C(%) such that 0 — X" —
Y™ — Z™ — 0 is strictly exact for all n, then the natural morphism Mc(f) — Z is a
qis, and we have a distinguished triangle

X—-Y—>7Z- X|[1]
in D(%).
Left t-structure. — Let % be a quasi-abelian category. Recall that for n € Z, D<"(%)
(resp. DZ"(%)) denotes the full subcategory of D(%) consisting of complexes X which
are strictly exact in degrees k > n (resp. k < n). Note that D" (%) (resp. D™ (%)) is

the union of all the D="(%")’s (resp. all the D<"(%)’s), and DP(%) is the intersection
D*(%¢) ND~(%). The associated truncation functors are then given by:

X > X2 Xmt & Kerdy — 0 —
X . o 0 — Coimdy' —» X" - X" -

The functor 7<": D(¢) — D="(%) is a right adjoint to the inclusion functor
D="(¥¢) — D(%), and 72": D(¥) — D2"(%) is a left adjoint functor to the
inclusion functor D="(%) — D(%).

The pair (D=<(%¢),D=%(%)) defines a t-structure on D(%’) by [8]. We refer to [1]
for the general theory of t-structures (see also [4] for an exposition).

The heart D<0(%") N D2%(%) is an abelian category called the left heart of D(%)
and denoted by LH(%) in [8]. The embedding ¥ — LH(%) induces an equivalence

D(¥¢) = D(LH(%)).
By duality, one also defines the right ¢-structure and the right heart of D(%).

Derived functors. — Given an additive functor F: € — ¢’ of quasi-abelian cate-
gories, its right or left derived functor is defined in [8, Def. 1.3.1] by the same procedure
as for abelian categories.

Definition 2.4. — (See [8, Def. 1.3.2].) A full additive subcategory &7 of € is called
F-projective if
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(a) for any X € ¥, there exists a strict epimorphism ¥ — X with Y € &,

(b) for any strict exact sequence 0 - X' - X — X" - 0in ¢, if X, X" € &, then
X' e 2,

(c) for any strict exact sequence 0 > X' - X - X" - 0in ¢, if X', X, X" € 2,
then the sequence 0 — F(X') —» F(X) — F(X") — 0 in strictly exact in ¢”.

If F admits an F-projective category, one says that F is explicitly left derivable. In
this case, F' admits a left derived functor LF' and this functor is calculated as usual
by the formula

LF(X) ~ F(Y), where Y € K~ (#),Y 5 X in D™ (%).

We refer to [8, §1.3] for details.
If LF has bounded cohomological dimension, then it extends as a triangulated
functor LF': D(¥¢) — D(%").

3. Filtered objects

‘We shall assume

A is a small filtrant category,
(1) % is an abelian category admitting small filtrant inductive
limits, such limits being exact.

Denote by Fct(A, %) the abelian category of functors from A to %, and denote as
usual by A: ¢ — Fct(A, %) the functor which, to X € ¥, associates the constant
functor A — X and by lim : Fct(A,4") — ¢’ the inductive limit functor. Then (lim, A)
is a pair of adjoint functors:

If M € Fet(A,€), we set for short M(co) := lim M and we denote by jar(A) the
morphism M(A\) — M(oc0). If f: M — M’ is a morphism in Fct(A, %), we denote
by f(00): M(c0) — M'(c0) the associated morphism.

Definition 3.1. — (a) The category Fp € of A-filtered objects in € is the full addi-
tive subcategory of Fct(A, %) formed by the functors which send morphisms to
monomorphisms.

(b) We denote by ¢: Fp € — Fct(A, %) the inclusion functor.

Remark 3.2. — (i) Inductive limits in 4 being exact, each morphisms jys(A) is a
monomorphism. As a matter of fact, such a morphism can be viewed as the inductive
limit of the monomorphisms

M(s): M(X\) — M(X)
over the category of arrows s : A — X\ in A.
(ii) Let M be a A-filtered object of € and let A, A’ € A. Since jar(A) o M(s) = japr(N)

for any morphism s : A’ — X of A and since jps(A) is a monomorphism, it is clear that
M (s) does not depend on s. It follows that the category Fx (%) is equivalent to the
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category Fy . (¢) where A,,s denotes the category corresponding to the preordered
set associated with A, i.e., the category having the same objects as A but for which

{{pt} if  Hom ,(N,\) # 2,

Ho M) =
M Apos ) %) if Hom ,(N,\) =02.

Therefore, when we study the properties of F (%) we can always assume that A is
the category associated with a preordered set.

(iii) When A is a preordered set, M defines a increasing map from A to the poset of
subobjects of M (c0). Moreover, M (c0) is the union of the M (\)’s and we recover the
usual notion of an exhaustive filtration.

(iv) Let A be a preordered set and let A Ll {oo} be the preordered set obtained by
adding oo as a formal maximum to A. Thanks to (ii) it is clear that a AL {oo}-filtered
object of ¥ can be identified with an object of ¥ endowed with a non-exhaustive
A-filtration.

Basic properties of FA(€). — In this subsection, we shall prove that the category
FA(%) is quasi-abelian.
The next result is obvious.

Proposition 3.3. — The subcategory F (%) of Fct(A,€) is stable by subobjects. In
particular, the caterory Fo (%) admits kernels and the functor . commutes with kernels.

Definition 3.4. — Let M € Fct(A,€). For A € A, we set k(M)(A) = Imjp(A) and
for a morphism s: A — X in A we define k(M)(s) as the morphism induced by the
identity of M (c0).

These definitions turn obviously (M) into an object of F4(%) and give a functor
(2) k:Fcet(A, €) — FA(%).
Proposition 3.5. — The functor x in (2) is left adjoint to the inclusion functor v and

kot~ idp,(¢). In particular the category FA (%) admits cokernels and x commutes
with cokernels.

Proof. — Let M be an object of FA(%) and let M’ be an object of Fct(A,%).
Consider a morphism f : M’ — (M) in Fct(A,%). It induces a morphism
f(o0) : M'(00) = M(00) in €. Since the diagram

M'(A) —— M\
V) == MY
jM’()‘)l/ LJ’M(A)
NG
M'(00) = M (%)

is commutative for every object A of A and since jps(\) is a monomorphism, the
morphism f(A) induces a canonical morphism f/(A) : Im ja(A) — M(A\) and these
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morphisms give us a morphism f’: k(M') — M. The preceding construction gives a
morphism of abelian groups

Hom Fct(A,%)(M/7 «(M)) — Hom o (K(M"), M)

and it is clearly an isomorphism. Since ¢ is fully faithful, we have x o ¢ ~ idp, ¥ and
the conclusion follows. O

By the preceding results, the category Fx (%) is additive and has kernels and coker-
nels and hence images and coimages. However, if f: M’ — M is a morphism in Fj (%)
the canonical morphism from Coim(f) to Im(f) is in general not an isomorphism, in
other words, f is not in general a strict morphism and the inclusion functor ¢ does
not commute with cokernels (see Example 3.7 below).

Corollary 3.6. — Let f: M’ — M be a morphism in FA(%) and let Ker, Coker, Im
and Coim be calculated in the category Fo(%). Then, one has the canonical isomor-
phisms for A € A:

(a) (Ker f)(A) ~ Ker f(}),

(b) (Coker f)(A) =~ Im[M(X) — Coker f(c0)],

(¢) (Im f)(\) =~ Ker[M ()\) — Coker f(o0)],

(d) (Coim f)(A) ~Im f(N).

In particular,

(1) f is strict in FA(%) if and only if the canonical square below is Cartesian

Im f(A) —— Im f(c0)

.

M) —— M(0),

(ii) a sequence M’ L L M in FA(€) with f' o f = 0 is strictly exact if and
only if the canonical morphism Im f(X) — Ker f'()\) is an isomorphism for any
A €A

Example 3.7. — Let A = N, ¥ = Mod(C) and denote by C[X]=" the space of poly-
nomials in one variable X over C of degree < n. Consider the two objects M’ and M
of FA €

M': n— C[X]5",

M:nw— (C[X]S"'H.
Denote by f: M’ — M the natural morphism. Then M’(c0) =~ M (c0) ~ C[X] and
f(c0) is an isomorphism. Therefore, (Im f)(n) ~ M(n) and (Coim f)(n) ~ Im(f(n)) ~ M'(n).

Proposition 3.8. — Let 0 — M’ Lo 2 M7 = 0 be an exact sequence in Fct(A, ).
Assume that M" belongs to Fo(€). Then the sequence

~(f) (£

0— x(M') K(M") =0

K(M)
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is strictly exact in FA(€) (i.e., k(f) is a kernel of k(f’) and k(f') is a cokernel
of K(f))-

Proof. — We know that the diagram
f\) 1)

0——= M'(N) M) M'"(A) ——0
jM’(A)\L jM(A)l J'MN(A)‘/
y f(o0) f(e0) o

0 —— M'(c0) M (o00) M"(c0) —0

is commutative and has exact rows. Since the last vertical arrow is a monomorphism
it follows that we have a canonical isomorphism

KerjM/()\) =~ KeI‘jM()\)

Therefore, in the commutative diagram

0 0 0
0 —— Ker jp (A) —— Kerjpr () 0 0
0 M'(\) M(\) M"(A) ———0

0 —— K(M')(A) —— K(M)(A) —— £(M")(A) — 0

0 0 0
the columns and the two lines in the top are exact. Therefore the last row is also exact
and the conclusion follows from Corollary 3.6. O

Theorem 3.9. — Assume (1). The category F (%) is quasi-abelian.
Proof. — Consider a Cartesian square in F, (%)

N %N

o |

ML
and assume that f is a strict epimorphism in F(%). It follows from Proposition 3.3
and Corollary 3.6 (ii) that this square is also Cartesian in Fct(A, %) and that f
is an epimorphism in this category. Hence g is an epimorphism in Fct(A, %) and
Corollary 3.6 (ii) shows that g is a strict epimorphism in F,(%).
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Consider now a co-Cartesian square in Fx (%)

ML

J/U/ l/u
N 9N
and assume that f is a strict monomorphism in F (%). We know from Proposition 3.3

and Proposition 3.5 that this square is the image by x of the co-Cartesian square
of Fct(A, ¥) with solid arrow

MLt

u’ v ,
Sq

Denote by

g:M—C
the canonical morphism from M to the cokernel of f in Fj(%). Since f is a strict
monomorphism of Fp (%), C is also the cokernel of f in Fct(A, %) and there is a
unique morphism ¢’ : P — C such that ¢ ov = ¢ and ¢’ o h = 0. Moreover, one
checks easily that this morphism ¢’ is a cokernel of h in Fct(A, €). It follows that the
sequence

0-NLpLc-o
is exact in Fct(A, €). Applying & to this sequence and using Proposition 3.8, we get
a strictly exact sequence of the form:

0N LN->C—O.

This shows in particular that g is a strict monomorphism in F5 (%) and the conclusion
follows. N

The Rees functor. — From now on we assume that A is a category associated with a
preordered set. Thanks to Remark 3.2 (i), this assumption is not really restrictive.

In the sequel, given a direct sum €, ; X; we denote by o;: X; — .., X; the
canonical morphism.

i€l i€l

Definition 3.10. — For M € Fct(A, %) we define (M) € Fct(A,¥) as follows.
For \g € A and for s: \g — A1, we set

SM))= P M),

s0: Aj™ Ao
and define
E(M)(s): (M)(Ao) — Z(M) (A1)

as the only morphism such that X(M)(s) 0 05, = 0505, fOr any sg: Ay — Ao.
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Proposition 3.11. — Let M : A — % be a functor and let s: \g — A1 be a morphism
of A. Then X(M)(s): Z(M)(Ao) — Z(M)(\1) is a split monomorphism. In particular
3(M) is an object of Fp €.

Proof. — Let us define p: Z(M)(A1) — X(M)(No) as the unique morphism such that

os, if 81 = s05g for some sp: A} — Ao
poos, .
0 otherwise.

This definition makes sense since if s = s 0 ¢ for some sg: A} — Ag then such an sg
is unique (recall that A is a poset). Since

poX(M)(s)o Osog = PO 0sosyg = Osg
for any sg: A\j — Ao in A, the conclusion follows. O

Remark 3.12. — The preceding construction gives rise to a functor, that we call the
Rees functor,

Y: Fet(A,¢) > Fo@.
This functor sends exact sequences in Fct(A, %) to strict exact sequences in Fp €.

Definition 3.13. — For any M € Fct(A, €) we define the morphism ep,: L(M) - M
by letting

(3) enm(Ao): B(M)(Ao) = M (o)
be the unique morphism such that €57 (Ag) 0 05, = M(sg) for any so: Aj — Ao in A.

Proposition 3.14. — For any M € Fct(A,€) and Ao € A, the morphism (3) is a split
epimorphism of €. In particular, the morphism epr: (M) — M is an epimorphism
in Fct(A, %).
Proof. — This follows directly from

5M()\0)°0'id>\0 ZM(id,\O) :idM()\o)a Ao € A. O
Corollary 3.15. — The category Fp € is a k-projective subcategory of the category
Fct(A, ). In particular the functor

k: Fet(A, %) > FA @

is explicitly left derivable. Moreover, it has finite cohomological dimension.

Proof. — The properties (a), (b) and (¢) of Definition 2.4 follow respectively from
Proposition 3.14, Proposition 3.3 and Proposition 3.8. Hence the category Fj € is
k-projective. Since it is also stable by subobjects it follows that any object of Fct(A, %)
has a two terms resolution by objects of Fy ¢ and the conclusion follows. O
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Theorem 3.16. — Assume (1) and assume that A is a preordered set. The functor
t: FA € — Fet(A, %) is strictly exact and induces an equivalence of categories for x =
ub, b, 4+, —
t: D*(FpA €) — D*(Fct(A, %))
whose quasi-inverse is given by
Lk: D*(Fct(A, %)) — D*(FA %).
Moreover, ¢ induces an equivalence of abelian categories

LH(Fp €) ~ Fct(A, ).

Proof. — Let M*® be an object of D*(F ). Since the category Fp € is k-projective,
it is clear that

Le(e(M*®)) ~ k(e (M®) ~ M°®.
Let now N°® be an object of D*(Fct(A, %)). Since the category Fp € is k-projective
and stable by subobjects, there is an object M*® of D*(Fj %) and an isomorphism

(M®) = N*
in D*(Fct(A, %)). It follows that
M*® ~ k(1(M*®)) =~ Lk(N®)

in D*(Fx %) and that

N® ~ (M®) = (Lk(N*))
in D*(Fct(A, €)). Hence Lk is a quasi-inverse of ¢. To conclude, it is sufficient to note
that a complex M*® of C*(Fj ¥) is strictly exact in degree k if and only if «(M*) is
exact in degree k in C*(Fct(A, ¥)). O

4. Filtered modules in an abelian tensor category

Abelian tensor categories. — In this subsection we recall a few facts about abelian
tensor categories. References are made to [5, Ch. 5] for details.

Let ¥ be an additive category. A biadditive tensor product on % is the data of
a functor ®: € x € — € additive with respect to each argument together with
functorial associativity isomorphisms

axyz: (XQY)®Z XY ®Z)

satisfying the natural compatibility conditions.

From now on, we assume that % is endowed with such a tensor product. A ring
object of € (or, equivalently, “a ring in %) is then an object A of ¥ endowed with
an associative multiplication ps: A ® A — A.

Let A be such a ring object. Then, an A-module of ¥ is the data of an object M
of € together with an associative action vy;: AQ M — M.

The A-modules of ¥ form a category denoted by Mod(A). A morphism f: M — N
in this category is simply a morphism of ¥ which is A-linear, i.e., which is compatible
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with the actions of A on M and N. Most of the properties of Mod(A) can be deduced
from that of ¥ thanks to following result, whose proof is left to the reader.

Lemma 4.1. — The category Mod(A) is an additive category and the forgetful functor
for: Mod(A) — € is additive, faithful, conservative and reflects projective limits. This
functor also reflects inductive limits which are preserved by AQ «: € — €.

One easily deduces:

Proposition 4.2. — Assume that € is abelian (resp. quasi-abelian) and the functor
A® « commutes with cokernels. Then Mod(A) is abelian (resp. quasi-abelian). More-
over, the forgetful functor for: Mod(A) — ¥ is additive, faithfull, conservative and
commutes with kernels and cokernels. If one assumes moreover that € admits small
inductive limits and that A® « commutes with such limits, then Mod(A) admits small
inductive limits and the forgetful functor for commutes with such limits.

Remark 4.3. — Let A be a ring object in 4. We have defined an A-module by con-
sidering the left action of A. In other words, we have defined left A-modules. Clearly,
one can define right A-modules similarly, which is equivalent to replacing the tensor
product ® with the opposite tensor product given by X °PY =Y ® X.

Assume that the tensor category ¢ admits a unit, denoted by 1 and that the ring
object A also admits a unit e: 1 — A. In this case, we consider the full subcategory
Mod(A,) of Mod(A) consisting of modules such that the action of A is unital, which
is translated by saying that the diagram below commutes:

e®id ps
1M —AQRM

\ L”M
M.
All results concerning Mod(A) still hold for Mod(A.).

Proposition 4.4. — Let € be Grothendieck category with a generator G and assume
that € is also a tensor category with unit 1. Let A be a ring in € with unit e and
assume that the functor A® « commutes with small inductive limits. Then Mod(A.)
is a Grothendieck category and A ® G is a generator of this category.

Proof. — For any X € € the morphism

@ G- X

sEHom(g(G,X)
is an epimorphism. It follows that for any M € Mod(A.) the morphism
GB ARG —- A M

sEHom(g(G,M)

is an epimorphism. Since A has a unit, there is an epimorphism A ® M—M. O
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A-rings and A-modules. — In this section, we shall assume
A is a filtrant preordered additive semigroup (viewed as a
tensor category),

(4) % is an abelian tensor category which admits small induc-
tive limits which commute with ® and small filtrant induc-
tive limits are exact.

Definition 4.5. — For M, My € Fct(A, %) we define M1 ® My € Fct(A, €) as follows.
For A\, € A and s: M — )\ we set

(M1 ®@M)(A) = lim  Mi(A1) ® Ma(X2),
A1+A2<A
and we define (M; ® Ms)(s): (M; ® M2)(\) — (M ® M3)()\) to be the morphism
induced by the inclusion
{(AII,A/Q) eAXxA: )\/1 +A12 < )\/} C {(A1,>\2) EAXA: AN+ X < )\}
Proposition 4.6. — The functor
®: Fct(A,€) x Fet(A,€) — Fet(A, %)

defined above turns Fct(A,€) into a tensor category. Moreover, it commutes with
small inductive limits.

Proof. — The fact that the functor commutes with small inductive limits follows from
its definition. The associativity follows from the associativity of the tensor product
in ¢ and the canonical isomorphisms
(My @ Ma) @ M3)(A) = lim  (Mi(A\) ® M2(X2)) ® M3(As),
Ar+A2+A3<A
Me(MheM)(N)~  lim M) e(Mh0) o Ms(s). O
Ar+A2+A3<A
Definition 4.7. — (a) A A-ring of € is a ring of the tensor category Fct(A, %) con-
sidered in Proposition 4.6.
(b) A A-module of € over a A-ring A of ¥ is an A-module of the tensor category
Fct(A, ).
(¢) As usual, we denote by Mod(A) the category of A-modules, that is, A-modules
in € over the A-ring A.

Remark 4.8. — It follows from the preceding definitions that a A-ring of % is the
data of a functor A: A — € together with a multiplication morphism
A(M) ® A(A2) = A(A1 + A2)

functorial in A1, A2 € A and associative in a natural way. Moreover, if A is such a
ring, then a A-module of %" over A is the data of a functor M : A — % together with
a functorial associative action morphism

A(A1) @ M(A2) — M (A1 + A2).
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Remark 4.9. — Assume that the semigroup A admits a unit, denoted by 0 (in which
case, one says that A is a monoid), and the tensor category ¢ admits a unit, denoted
by 1. Then the tensor category Fct(A, ¢) admits a unit, still denoted by 14, defined

as follows:
1 ifA>0
1,(\) = -7
A { 0 otherwise.

In such a case, the notion of a A-ring A with unit e makes sense as well as the notion
of an A.-module.

Proposition 4.10. — Let A be a A-ring of €. Then, the category Mod(A) is abelian and
admits small inductive limits. Moreover, the forgetful functor for: Mod(A) — Fct(A,€)
is additive, faithfull, conservative and commutes with kernels and small inductive
limits. In particular it is exact.

Proof. — This follows directly from the preceding results and Proposition 4.2. O
Filtered rings and modules
Definition 4.11. — We define the functor
®F: FA% X FACK — FACK

by the formula

M1 ®F M2 = K,(L(Ml) X L(Mg))
where the tensor product in the right-hand side is the tensor product of Fct(A, ).
Proposition 4.12. — There is a canonical isomorphism

F:J(Ml ®M2) ~ HJ(Ml) ®F K(MQ)
functorial in My, My € Fct(A, ).
Proof. — We know that for A\, A1, 2 € A, s(M; ® M3)()\) is the image of the
canonical morphism (M; ® Ms)(A\) — (M; ® My)(co) and that x(M;)(A1) and

k(Ma2)(XA2) are respectively the images of the canonical morphisms Mj (A1) — M;(00)
and My(A2) — Ma(00). Since the morphisms

Mi(A1) — k(M1)(A1) and  Ma(X2) — K(Mz)(A2)
are epimorphisms, so is the morphism
My (A1) @ Ma(A2) — K(M1)(A1) ® K(M2)(Az2).
It follows that the canonical morphism

li_l’]f)l M]_()\]_) ®M2()\2) — h_r)n H(Ml)(Al) X K)(MQ)()\Q)
Ar+HA2 <A A1+A2<A

is also an epimorphism. Since
(M1 ® Ma)(00) = M;(00) @ Ma(00) =~ k(My)(00) ® k(Mz)(c0)
~ g(M; ® M3)(0c0)
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the conclusion follows. O

Proposition 4.13. — The functor @: FA ¢ xF5 ¢ — FAC turns FA € into a tensor
category. Moreover @ commutes with small inductive limits.

Proof. — By the preceding result we have

K((L(M1) @ L(M2)) ® L(Ms)) ~ K(u(M1) @ 1(M2)) @ r(1(Ms))
~ (M) @, M) ®, M3,
K(u(M1) @ (1(M2) @ u(Ms))) ~ k(M) ®p k(1(M2) © 1(Ms))
~ M ®p (M ®, M3).
Hence the associativity of ®,, follows from that of the tensor product of Fct(A,%).

Since x commutes with small inductive limits, a similar argument shows that @, has
the same property. O

Definition 4.14. — (a) A A-filtered ring of € is a ring object in the tensor category
FA@.

(b) A A-filtered module FM over a A-filtered ring F'A, or simply, an F' A-module F'M,
is an FFA-module in the tensor category Fp %.

(¢) As usual, we denote by Mod(F A) the category of F A-modules.

Remark 4.15. — 1t follows from the preceding definitions that Mod(F'A) is the
full subcategory of Mod(A) formed by the functors which send morphisms of A to
monomorphisms of 4. The multiplication on F'A and the action of F'A on a module
F M may be described as in Remark 4.8.

Proposition 4.16. — Let FA be a A-filtered ring of €. The category Mod(FA) is
quasi-abelian and admits small inductive limits. Moreover, the forgetful functor
for: Mod(FA) — Fp € is additive, faithfull, conservative and commutes with kernels
and inductive limits.

Proof. — This follows directly from the preceding results and Proposition 4.2. O

Proposition 4.17. — Let F A be a A-filtered ring of €. Then A:=.F A is a A-ring of €
and the functors v: FA(€) — Fct(A,€) and k: Fct(A,€) — FA(F) induce functors

ta: Mod(FA) - Mod(A) and ka: Mod(A) — Mod(FA).
Moreover k4 is a left adjoint of 4.

Proof. — This follows easily from Proposition 4.12 and the fact that & is a left adjoint
of «. O

Proposition 4.18. — Let F'A be a A-filtered ring of € and set A:=1FA. Let M be an
A-module. Then the functor X(M) of Definition 3.10 has a canonical structure of an
A-module and the morphism epr: X(M) — M is A-linear.
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Proof. — We define the action of F'A on ¥(M) as the composition of the morphisms
AM) @B(M)(A2) =AM ® D M)

S2: )\/2_7)\2

(*) ~ P AN @M

S2: )\/2—>>\2
(**) - P MO+

EPH >\I2—)>\2

(**%) - P M)
83 )\g—)A1+>\2
=X(M)(A1 + A2)

where (*) comes from the fact that ® commutes with small inductive limits, (**)
comes from the action of A on M and (**¥*) is characterized by the fact that

VO O0sy, = Oidy, +s2

where idy, +$2: A1 + A — A; 4+ Ag is the map induced by s3: Ay — Ag. It is then
easily verified that this action turns (M) into an A-module for which the morphism
epm: 2(M) — M becomes A-linear. O

The following results can now be obtained by working as in Section 3.

Corollary 4.19. — Let FA be a A-filtered ring of €. Then the category Mod(F A) is
a K a-projective subcategory of Mod(A). In particular the functor

Kka: Mod(A) — Mod(FA)
is explicitly left derivable. Moreover, it has finite cohomological dimension.
Theorem 4.20. — Assume Hypothesis 4. The functor

ta: Mod(FA) — Mod(A)
is strictly exact and induces an equivalence of categories for * = ub, b, +, —:

ta: D*(Mod(FA)) — D*(Mod(A))
whose quasi-inverse is given by
Lky: D*(Mod(A)) — D*(Mod(FA)).

Moreover, 14 induces an equivalence of abelian categories

LH(Mod(F'A)) ~ Mod(A).

Remark 4.21. — Assume that the semigroup A admits a unit, denoted by 0, and the
tensor category ¥ admits a unit, denoted by 1. Then the unit 15 of the category
Fct(A, %) (see Remark 4.9) belongs to Fy € and is a unit in this tensor category. In
such a case, the notion of a A-filtered ring F'A with unit e makes sense as well as the
notion of F'A.-module.
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Moreover, the results of Theorem 4.20 remain true with Mod(FA) and Mod(A)
replaced with Mod(F A.) and Mod(A,), respectively.

Assume moreover that € is a Grothendieck category. In this case, Mod(A,) is again
a Grothendieck category by Proposition 4.4.

Ezxample: modules over a filtered sheaf of rings. — Let X be a site and let k be
a commutative unital algebra with finite global dimension. Consider the category
% = Mod(kx) of sheaves of kx-modules and its derived category, D(kx). Let A be
as in (4). Applying the definitions and results obtained in the previous sections, we
see that:

(a) A A-filtered sheaf F.% is a sheaf # € Mod(kx) endowed with a family of sub-
sheaves { F\.Z } eca such that Fy,# C F).Z for any pair A’ < X and Uj NN =%.
(Of course, the union |J is taken in the category of sheaves.)

(b) A A-filtered sheaf of kx-algebras F.Z is a filtered sheaf such that the underlying
sheaf Z is a sheaf of kx-algebras and F)\Z ® FxZ C FaxyxZ for all \, ) € A.
(In particular, FoZ is a subring of Z.)

(¢) Given FZ as above, a left filtered module F.# over FZ is filtered sheaf such that
the underlying sheaf ./ is a sheaf of modules over #Z and F\ZQF\: M C Fxyx M
for all A\, \ € A.

(d) If Z is unital, we ask that the unit of Z# is a section of Fy%Z and acts as the
identity on each F)\.Z .

(e) The category Mod(FZ) of filtered modules over F.Z is quasi-abelian.

On the other-hand, an object F./ of the abelian category Mod(¢F.%) is the data
of a family of sheaves {F\.# } ca, morphisms Fy.A4" — Fy A4 for any pair A < X
and morphisms FAZ ® Fx'.A" — Fyxix A for all A\, € A satisfying the natural
compatibility conditions but we do not ask any more that F/.4" is a subsheaf of F.4
for A < .

By Theorem 4.20, we have an equivalence of categories for * = ub, b, +, —:

D*(Mod(F%)) = D*(Mod(:F%)).

Example 4.22. — Let (X, Ox) be a complex manifold and let Zx be the sheaf of finite
order differential operators.

We apply the preceding construction to the tensor category Mod(Cx). For j € Z,
we denote by F;Px the subsheaf of Zx whose sections are differential operators
of order < j, with F;9x = 0 for j < 0, and we denote by F%x the ring Ix
endowed with this filtration. Recall that a filtered left Zx-module F.Z is a left
P x-module .# endowed with a family of subsheaves F;.# (j € Z) and morphisms
F,.9%x Q F;.f — F;y; /# satisfying natural compatibility conditions (the F;.#’s
are thus Ox-modules) and such that (J; F;.# = .#. Therefore, F%x is a Z-ring
in Mod(Cx) and F.Z is an F'Zx-module, that is, an object of Mod(F Zx).
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