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FACTORIZATION OF NON-SYMMETRIC OPERATORS
AND EXPONENTIAL H-THEOREM

M.P. Gualdani, S. Mischler, C. Mouhot

ABSTRACT. — We present an abstract method for deriving decay estimates on the
resolvents and semigroups of non-symmetric operators in Banach spaces in terms
of estimates in another smaller reference Banach space. This applies to a class of
operators writing as A + B where A is bounded, B is dissipative and the two
parts satisfy a semigroup commutator condition of regularization. The core of the
method is a high-order quantitative factorization argument on the resolvents and
semigroups. We then apply this approach to the Fokker-Planck equation, to the ki-
netic Fokker-Planck equation in the torus, and to the linearized Boltzmann equation
in the torus.

We finally use this information on the linearized Boltzmann semigroup to
study perturbative solutions for the nonlinear Boltzmann equation. We intro-
duce a non-symmetric energy method to prove nonlinear stability in this context
in LLL (1 4+ |0|%), k > 2, with sharp rate of decay in time. Our result drastically
improves the class of functions considered in the literature, it also provides optimal
rate of convergence and our proof is constructive.

As a consequence of these results, we obtain the first constructive proof of ex-
ponential decay, with sharp rate, towards global equilibrium for the full nonlinear
Boltzmann equation for hard spheres, conditionally to some smoothness and (poly-
nomial) moment estimates. This improves the result in [46] where polynomial rates
at any order were obtained, and solves the conjecture raised in [119], [43], [110]
about the optimal decay rate of the relative entropy in the H-theorem.

REsuME. — Nous présentons une méthode abstraite pour démontrer des es-
timations de décroissance sur les résolvantes et les semi-groupes d’opérateurs
non-symétriques dans des espaces de Banach, a partir d’estimations dans un autre
espace de Banach de référence plus petit. Cette méthode s’applique a une classe
d’opérateurs s’écrivant A + B avec A borné et B dissipatif, et sous une condi-
tion de régularisation sur un commutateur au niveau des semi-groupes. Le cceur
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de la méthode est un argument de factorisation quantifiée d’ordre élevé sur les
résolvantes et semi-groupes. Nous appliquons ensuite cette approche a 1’équation
de Fokker-Planck, a I’équation de Fokker-Planck cinétique dans le tore, ainsi qu’a
I'équation de Boltzmann linéarisée dans le tore. Nous exploitons enfin Iinfor-
mation ainsi obtenue sur le semi-groupe linéarisé de Boltzmann pour étudier les
solutions perturbatives du probleme non-linéaire. Nous introduisons une méthode
d’énergie non-symétrique pour prouver la stabilité non-linéaire dans ce contexte
dans LLLS(1 + [0]¥), k > 2, avec taux de décroissance en temps précis. Notre
résultat améliore grandement les résultats précédents par la classe de fonctions
considérée, il fournit également le taux de convergence optimal, et la preuve est
constructive. Comme conséquence de ces résultats, nous obtenons la premiére
preuve constructive de la relaxation exponentielle vers I’équilibre avec taux optimal
pour I’équation de Boltzmann non-linéaire compléte, pour des interactions de type
sphéres dures, conditionnellement a des bornes de régularité et de moments poly-
noémiaux. En particulier, cela étend les résultats de [46], ou des taux de relaxation
polynoémiaux avaient démontrés a tout ordre, et résoud la conjecture formulée
dans [119], [43], [110] sur le taux de relaxation optimal de I’entropie relative dans
le théoréme H.
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CHAPTER 1

INTRODUCTION

1.1. THE PROBLEM AT HAND

This book deals with

(i) the study of resolvent estimates and decay properties for a class of generators
and associated semigroups in general Banach spaces, and

(ii) the study of relaxation to equilibrium for some kinetic evolution equations,
which makes use of the previous abstract tools.

Let us give a brief sketch of the first problem. Consider two Banach spaces E C &,
and two Cp-semigroup generators L and L respectively on E and & with spectrum
Y(L),X(L) ¢ C. Denote S(t) and S(¢) the two associated semigroups respectively
in E and &. Further assume that £z = L, and E is dense in &. The theoretical
question we address in this work is the following:

Can one derive quantitative informations on (L) and S(t) in terms
of informations on (L) and S(t)?

We provide here an answer for a class of operators £ which split as
L=A+8,
where the spectrum of B is well localized and the iterated convolution (ASg)*"
maps & to E with proper time-decay control for some n € N*. We then prove that

(i) £ inherits most of the spectral gap properties of L;

(i) explicit estimates on the rate of decay of the semigroup S(t) can be computed
from the ones on S(t).

The core of the proposed method is a robust factorization argument on the resol-
vents and semigroups, reminiscent of the Dyson series.

In a second part of this book, we then show that the kinetic Fokker-Planck oper-
ator and the linearized Boltzmann operator for hard sphere interactions satisfy the
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above abstract assumptions, and we thus extend the known spectral-gap properties
from the standard linearization space (an L? space with Gaussian weight prescribed
by the equilibrium) to larger Banach spaces (for example L? with polynomial decay).
It is worth mentioning that the proposed method provides optimal rate of decay and
there is no loss of accuracy in the extension process from E to & (as would be the
case in, say, interpolation approaches).

Proving the abstract assumption requires significant technical efforts for the
Boltzmann equation and leads to the introduction of new tools: some specific
estimates on the collision operator, some iterated averaging lemma and a nonlinear
non-symmetric energy method. All together, we are able to prove nonlinear stabil-
ity of Gaussian equilibrium and of space homogeneous solutions for the Boltzmann
equation for hard spheres interactions in the torus in a LLLY(1 + |v[F), k > 2,
framework with sharp rate of decay in time. That result drastically improves the
class of functions considered in the literature since the seminal work by Ukai [120]
and provides (for the very first time) optimal rate of decay. The method of proof is
also completely constructive.

1.2. MOTIVATION

The motivation for the abstract part of this book, i.e. enlarging the functional
space where spectral properties are known to hold for a linear operator, comes from
nonlinear PDE analysis.

The first motivation is when the linearized stability theory of a nonlinear PDE
is not compatible with the nonlinear theory. More precisely, the natural function
space where the linearized equation is well-posed and stable, with nice symmetric
or skew-symmetric properties for instance, is “too small” for the nonlinear PDE in
the sense that no well-posedness theorem is known (and conjectured to be false)
in such a space. This is the case for the classical Boltzmann equation and therefore
it is a key obstacle in obtaining perturbative result in natural physical spaces and
connecting the nonlinear results to the perturbative theory.

This is related to the famous H-theorem of Boltzmann. The natural question
of understanding mathematically the H-theorem was emphasized by Truesdell and
Muncaster [119, pp. 560-561] thirty years ago:

“Much effort has been spent toward proof that place-dependent solutions
exist for all time. [...] The main problem is really to discover and specify the
circumstances that give rise to solutions which persist forever. Only after
having done that can we expect to construct proofs that such solutions exist,
are unique, and are regular.”

MEMOIRES DE LA SMF 153



1.2. MOTIVATION 9

The precise issue of the rate of convergence in the H-theorem was then put
forward by Cercignani [43] (see also [44]) when he conjectured a linear relation-
ship between the entropy production functional and the relative entropy functional,
in the spatially homogeneous case. While this conjecture has been shown to be false
in general [24], it gave a formidable impulse to the works on the Boltzmann equa-
tion in the last two decades [38], [37], [114], [24], [123]. It has been shown to be
almost true in [123], in the sense that polynomial inequalities relating the relative
entropy and the entropy production hold for powers close to 1, and it was an im-
portant inspiration for the work [46] in the spatially inhomogeneous case.

However, due to the fact that Cercignani’s conjecture is false for physical mod-
els [24], these important progresses in the far from equilibrium regime were unable
to answer the natural conjecture about the correct timescale in the H-theorem, in
order to prove the exponential decay in time of the relative entropy. Proving this
exponential rate of relaxation was thus pointed out as a key open problem in the
lecture notes [110, § 1.8, p. 62]. This has motivated the work [97] which answers
this question, but only in the spatially homogeneous case.

In the present book we answer this question for the full Boltzmann equation
for hard spheres in the torus. We work in the same setting as in [46], that is un-
der some a priori regularity assumptions (Sobolev norms and polynomial moments
bounds). We are able to connect the nonlinear theory in [46] with the perturbative
stability theory first discovered in [120] and then revisited with quantitative en-
ergy estimates in several works including [66] and [100]. This connexion relies on
the development of a perturbative stability theory in natural physical spaces thanks
to the abstract extension method. Let us also mention here the important papers
[9], [5], [128], [129] which proved for instance nonlinear stability in spaces of the
form LL WP (1 4 |v|*) with s > 3/p and k > 0 large enough, by non-constructive
methods.

We emphasize the dramatic gap between the spatially homogeneous situation
considered in [97] and the spatially inhomogeneous one studied here. In the first
case the linearized equation is coercive and the linearized semigroup is self-adjoint
or sectorial, whereas in the second case the equation is hypocoercive and the lin-
earized semigroup is neither sectorial, nor even hypoelliptic.

The second main motivation for the abstract method developed here is consid-
ered in other papers [85], [10]. It concerns the existence, uniqueness and stability
of stationary solutions for degenerate perturbations of a known reference equation,
when the perturbation makes the steady solutions leave the natural linearization
space of the reference equation. Taking advantage of the theory developed in the
present work, the first existence result in a collisional regime for spatially inhomo-
geneous granular gases has been recently obtained in [118]. More generally, the
present work has inspired a large number of papers, among which [35], [116], [40],

[39], [117], [88], [51], [41], [31], [30], [34], [42], [87], [90].
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1.3. MAIN RESULTS

We can summarize the main results established in this book as follows:

Chapter 2. — We prove an abstract theory for enlarging (Theorem 2.1) the space
where the spectral gap and the discrete part of the spectrum is known for a cer-
tain class of unbounded closed operators. We then prove a corresponding abstract
theory for enlarging (Theorem 2.13) the space where explicit decay semigroup esti-
mates are known, for this class of operators. This can also be seen as a theory for
obtaining quantitative spectral mapping theorems in this setting, and it works in
general Banach spaces.

Chapter 3. — We prove a set of results concerning Fokker-Planck equations. The
main outcome is the proof of an explicit spectral gap estimate on the semigroup in
LL (14 |v]¥), k > 0 as small as wanted, for the kinetic Fokker-Planck equation in
the torus with super-harmonic potential (see Theorems 3.1 and 3.12).

Chapter 4. — We prove a set of results concerning the linearized Boltzmann
equation. The main outcome is the proof of explicit spectral gap estimates on the
linearized semigroup in L' and L with polynomial moments (see Theorem 4.2).
More generally we prove explicit spectral gap estimates in any space of the form
Wy WP (m), o < s, with polynomial or stretched exponential weight m, includ-
ing the borderline cases LY, (1 + [0|>™0) and LLLY (1 + [0]*T0). We also make use
of the factorization method in order to study the structure of singularities of the
linearized flow (see Subsection 4.10).

Chapter 5. — We finally prove a set of results concerning the nonlinear Boltzmann
equation in perturbative setting. The main outcomes of this section are: (1) The con-
struction of perturbative solutions close to the equilibrium or close to the spatially
homogeneous case in W, ?W;'? (m), s > 6/p with polynomial or stretched exponen-
tial weight m, including the borderline cases L, (1 + |0|°*%) and LLLY (1 + [v|*T0)
without assumption on the derivatives: see Theorem 5.3 in a close-to-equilibrium
setting, and Theorem 5.5 in a close-to-spatially-homogeneous setting. (2) We give
a proof of the exponential H-theorem: we show exponential decay in time of the
relative entropy of solutions to the fully nonlinear Boltzmann equation, condition-
nally to some regularity and moment bounds. Such rate is proven to be sharp. This
answers the conjecture in [46], [110] (see Theorem 5.7). We also finally apply the
factorization method and the Duhamel principle to study the structure of singular-
ities of the nonlinear flow in perturbative regime (see Subsection 5.7).

MEMOIRES DE LA SMF 153
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We give below a precise statement the main result established in this book.

THEOREM 1.1. — The Boltzmann equation
Of +v-Vof =0(f.f), t20, xeT veR3,

O(f. f) : //[fxv Flxol) = f(x.0) fx.v)] - o - vl do. do

o= g(v o) +glolo-oul), o= g0+ o) - glolo -,
with hard spheres collision kernel and periodic boundary conditions is globally well-
posed for non-negative initial data close enough to the Maxwellian equilibrium p or to
a spatially homogeneous profile, in the space LLL? (1 4 |v|*), k > 2.

The corresponding solutions decay exponentially fast in time with constructive esti-
mates and with the same rate as the linearized flow in the space L1 LY (1 + |v|¥). Fork
large enough (with explicit threshold) this rate is the sharp rate A > 0 given by the
spectral gap of the linearized flow in L (,u_% ).

Moreover any solution that is a priori bounded uniformly in time in H (1 + [v]%)

with some large s,k satisfies the exponential decay in time with sharp rate O(e *t)
in L' norm, as well as in relative entropy.
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CHAPTER 2

FACTORIZATION AND QUANTITATIVE SPECTRAL
MAPPING THEOREMS

2.1. NOTATION AND DEFINITIONS
For a given real number a € R, we define the half complex plane

Aa::{ZEC;Rez>a}.

For some given Banach spaces (E, ||.||g) and (&, ||.||lg) we denote by %B(E, &) the
space of bounded linear operators from E to & and we denote :
> |I.lls(g, &) or || lle—e the associated norm operator. We write %B(E) = B(E, E).
> G(E, &) the space of closed unbounded linear operators from E to & with dense
domain. We write 6(E) = 6(E, E) in the case E = &.
> For a Banach space X and a generator A on X, we denote by S (¢), t > 0, its
semigroup, by Dom(A) its domain, N(A) its null space and R(A) its range.

> We also denote by ¥(A) its spectrum, so that for any z belonging to the re-
solvent set p(A) := C\X(A) the operator A — z is invertible and the resolvent
operator

Ra(z) = (A—2)7"
is well-defined, belongs to %(X) and has range equal to D(A).

We recall that ¢ € X(A) is said to be an eigenvalue if N(A — &) # {0}. Moreover
an eigenvalue & € X(A) is said to be isolated if
E(A)O{ZGC; |z —¢&| < r} = {&} for some r > 0.
In the case when £ is an isolated eigenvalue we may define IT5 ¢ € %B(X) the asso-
ciated spectral projector by
1
(2.1) Hp g i=—-— Ra(z)dz

2177.' |z—§|:r’

with 0 < r’ < r. Note that this definition is independent of the value of 7" as the
application C \ ¥(A) — %B(X), z — Ra(z) is holomorphic. For any & € 3(A)
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isolated, it is well-known (see [77, III-(6.19)]) that
I3, =Tag,
so that I, ¢ is indeed a projector, which commutes with Sy.
When moreover the algebraic eigenspace
M(A = &) :=R(Ilp ¢)
is finite dimensional, we say that ¢ is a discrete eigenvalue, written as
£eXq(N).

In that case, Ry is a meromorphic function on a neighborhood of &, with non-
removable finite-order pole &, and there exists ag € N* such that

MA-E)=NA-§% =N(A-§&* forany a > .
Finally for any a € R such that
Z(A) N Aa = {fl, ... ,fk}

where &1, . .., & are distinct discrete eigenvalues, we define without any risk of
ambiguity
Mpq =g g + -+ 1a g

2.2. FACTORIZATION AND SPECTRAL ANALYSIS

The main abstract factorization and enlargement result is:

THEOREM 2.1 (Enlargement of the functional space). — Consider two Banach spaces E
and & such that E C & with continuous embedding and E is dense in &. Consider an
operator L € B(E) such that

L:=(L)g € 6(E).
Finally consider the set A, defined as above. We assume:

(H1) Localization of the spectrum in E
There are some distinct complex numbers &1,...,& € A, k € N (with the
convention {&1, ..., &} = @ ifk = 0) such that

S(L)NAg={&,....&} c Sq(L) (distinct discrete eigenvalues).

(H2) Decomposition
There exist A, B operators defined on & such that

L =A+8, Dom(8)=Dom(L)

and:

MEMOIRES DE LA SMF 153
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(i) B € B6(8E) is such that Rg(z) is bounded in B(E) uniformly onz € A,
and ||Rg(z)llgs(g) — 0 asRe z — oo, in particular

L(B)NA, =g

(i) A € B(E) is a bounded operator on &E;

(ili) there isn > 1 such that the operator (AR g (z))" is bounded in B(E, E)
uniformly onz € A,.

Then we have in &:
(i) The spectrum of L satisfies (L) N A, = {&1, ..., &}
(ii) Foranyz e Ay \{&1,..., &} the resolvent satisfies

n—1

(22)  Re(2)= Y .(-1)Ra(2)(ARs(2) + (-1)"Re(2) (AR5 (2)"
€=0

(iii) Forany& e S(L)N A, =X(L)NAg i=1,...,k, we have

(Mg g)e =g
and hence also

Vm>1, N(L-&)"=N(L-&)" and M(L-&)=M(L-§&).

REMARKS 2.2. — 1) In words, assumption (H1) is a weak formulation of a spectral
gap in the initial functional space E. The assumption (Hz2) is better understood in
the simplest case n = 1, where it means that one may decompose £ into a regular-
izing part A (in the generalized sense of the “change of space” A € B(E, E)) and
another part 8 whose spectrum is “well localized” in &: for instance when B — a’
is dissipative with a’ < a then the assumption (H2)-(i) is satisfied.

2) There are many variants of sets of hypothesis for the decomposition assump-
tion. In particular, assumptions (H2)-(i) and (H2)-(iii) could be weakened. However,

(a) these assumptions are always fulfilled by the operators we have in mind,

(b) when we weaken (H2)-(i) and/or (H2)-(iii) we have to compensate them by
making other structure assumptions.

We present later, after the proof, a possible variant of Theorem 2.1.

3) One may relax (H2)-(i) into
S(B)NA, c{é&,. .., &)

and the bound in (H2)-(iii) could be asked merely locally uniformly in
AISS Aa\{fl, .. -’§k}~

4) One may replace A, \ {&1,..., &} in the statement by any nonempty open
connected set 2 ¢ C.

SOCIETE MATHEMATIQUE DE FRANCE 2017
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5) This theorem and the next ones in this section can also be extended to the
case where E is not necessarily included in &. This will be studied and applied to
some PDE problems in future works.

Proof of Theorem 2.1. — Let us denote

Q= A\ {E,. . &)

and let us define for z € 2
n-1

U(2) == ) (-1)'Ra(2)(AR5(2))" + (-1)"R.(2) (AR5(2))".

=0
Observe that thanks to the assumption (Hz), the operator U(z) is well-defined and
bounded on &.
Step 1. —U(z) is a right-inverse of (L — z) on §)

For any z € (), we compute

n-1

(£ -2)UE) = Y (-1) (A + (8 - 2)) R (2) (AR5 (=)
= +(-1)"(£ - 2) R (2)(ARs(2))"
n—1

= Y (1! (AR "“+Z {(ARg(z2))"
+( )" (ARs(z))"

Step 2. — (L — z) is invertible in & for all z € )
First we observe that there exists zg € € such that (£ — zp) is invertible in &.
Indeed, we write
L -z = (ARg(20) +1dg) (B - 29)
with || A Rg(z0)|| < 1forzg € €, Re zg large enough, thanks to assumption (H2)-(i).
As a consequence (A Rg(zp) + Idg) is invertible and so is £ — z( as the product of

two invertible operators.
Since we assume that (£ — zq) is invertible in & for some z( € (2, we have

RL(Z()) = (L{(Zg).

And if
IR £ z0)ls(ey = [ U0l = €
for some C € (0, ), then (£ — z) is 1nvertible on the disc B(zg, 1/C) with
(2.3) Vz € B(20,1/C), Rp(z) =Re(z0) D (20— 2)" Re(z0)",
n=0

MEMOIRES DE LA SMF 153
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and then again, arguing as before, R » (z) = U(z) on B(zp, 1/C) since U(z) is a left-
inverse of (£ — z) for any z € Q. Then in order to prove that (£ — z) is invertible
for any z € (2, we argue as follows. For a given z; € () we consider a continuous
path I from z( to z; included in €2, i.e. a continuous function I' : [0, 1] — € such
that I'(0) = zg, ['(1) = z;. Because of assumption (Hz) we know that (ARg(z))¢,
1<¢<n-1,and Rr(z)(ARg(z))" are locally uniformly bounded in (&) on €,
which implies

sup [ U(z)||y5(, = Co < .
ze([0.1])

Since (L — zp) is invertible we deduce that (£ — z) is invertible with R (z) locally
bounded around zp with a bound Cy which is uniform along I' (and a similar series
expansion as in (2.3)). By a continuation argument we hence obtain that (£ — z)
is invertible in & all along the path I' with

Rr(z) =U(z) and ”RL(Z)H%(S) = ||(L((z)||93(8) < Cp.

Hence we conclude that (£ — z1) is invertible with R £ (z1) = U(z1).

This completes the proof of this step and proves that 3(£) N A, is contained
in {&,. .., &} together with the point (ii) of the conclusion.

Step 3. — Spectrum, eigenspaces and spectral projectors

On the one hand, we have

N(L—fj)aCN(.L—gj)a, jzl,...,k,O(EN,
so that {&1,..., &} € X(£L) N A,. The other inclusion was proved in the previous
step, so that these two sets are equals. We have proved
S(L)NA;=3%(L)NA,.

Now, we consider a given eigenvalue £; of L in E. We know (see [77, §1.3]) that

in E the following Laurent series holds

“+o0
RL(z) = Z (z=&) Co, Co=(L-E)I MLy, —to << -1,
t=-{y

for z close to £; and for some bounded operators C; € B(E), £ > 0. The operators
C-1,...,C_g, satisfy the range inclusions

R(C_go) Cc---C R(C_Q) C R(C_1).

This Laurent series is convergent on B(;,r)\{{;} € A,. The Cauchy formula for
meromorphic functions applied to the circle {z, |z — ;| = r} with r small enough
thus implies that

HL,§j =(C_q1 sothat C_1 #0

since ¢; is a discrete eigenvalue.
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18 CHAPTER 2. FACTORIZATION AND QUANTITATIVE SPECTRAL MAPPING THEOREMS

Using the definition of the spectral projection operator (2.1), the above expansions
and the Cauchy theorem we get for any small r > 0

(_1)n+1 )
2im ‘/|Z_§j _, Ri(2)(ARs(2)) dz

_1\n+1 -1
= L/ | Z Ce (Z—fj)g(ﬂﬂg(z))ndz
z=5il=r =",

H£,§j =

2im

n+1
s Zcf (- £) (AR5 ()" &z,

|=r =
where the first integral has range included in R(C_l) and the second integral is zero
since the integrand is holomorphic. We deduce that

M(L - &) =R(Ilz g) cR(C-1) =R(ILg) = M(L-§).
Together with
M(L-¢&)=N(L-§)"™ c N(L-§&)%™ cM(L - &) for some ag > 1

we conclude that M(L — &) = M(L-¢;) and N((L - &)%) = N((L-¢&;)*) for any
j=1,...,kand @ > 1. Finally, the proof of Il ; ;g = Il is straightforward
from the equality

r(z)f =Ri(z)f when f €E

and the integral formula (2.1) defining the projection operator. O

Let us shortly present a variant of the latter result where the assumption (Hz2) is
replaced by a more algebraic one. The proof'is then purely based on the factorization
method and somehow simpler. The drawback is that it requires some additional
assumption on B at the level of the small space (which however is not so restrictive
for a PDE’s application perspective but can be painful to check).

THEOREM 2.3 (Enlargement of the functional space, purely algebraic version). —
Consider the same setting as in Theorem 2.1, assumption (H1), and where assump-
tion (H2) is replaced by
(H2") Decomposition. — There exist operators A, B on E such that L = A+ B (with

corresponding extensions A, B on &) and

(i") B and B are closed unbounded operators on E and &, Dom(8) = Dom(L),

Dom(B) = Dom(L), and
YB)NA,=X(B8)NnA,=2.
(i) A € B(8E) is a bounded operator on E.

(ili) There is n > 1 such that the operator (ARg(z))" is bounded from & to E for
anyz € A,.

Then the same conclusions as in Theorem 2.1 hold.
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2.2. FACTORIZATION AND SPECTRAL ANALYSIS 19

REMARK 2.4. — Actually there is no need in the proof that (B — z)™! for z € A,
is a bounded operator, and therefore assumption (H2’) could be further relaxed to
assuming only (B — z)™'(E) ¢ Dom(L) c E (bijection is already known in & from
the invertibility of (8 — z)). However these subtleties are not used at the level of
the applications we have in mind.

Proof of Theorem 2.3. — The Step 1 is unchanged, only the proofs of Steps 2 and 3
are modified.
Step 2. (L — z) is invertible on 2

Consider zy € Q. First observe that if the operator (£ — zg) is bijective, then
composing to the left the equation

(L —2z0)U(zp) = 1dg
by (£ —z9)™! = R(20) yields Rz (z0) = U(z0) and we deduce that the inverse

map is bounded (i.e. (L —zp) is an invertible operator in &) together with the desired
formula for the resolvent. Since (£ — zp) has a right-inverse it is surjective.

Let us prove that it is injective. Consider f € N(L —zp) c &:
(L-20)f =0 andthus (Id+ G(20))(B—-z0)f =0
with G(z9) := ARg(z0). We denote
f=(8B-z)f€é&
and obtain
f=-6@)f = f=(-1)"G(20)"f .
Therefore, from assumption (Hz2’), we deduce that f € E. Finally
f=Rg(z0)f = Rp(z0)f € Dom(L) C E.
Since (L — zp) is injective we conclude that f = 0.

This completes the proof of this step and proves (L) N A, c {&,...,&}
together with the point (ii) of the conclusion.

Step 3. Spectrum, eigenspaces and spectral projectors

On the one hand, one has
N(L-&) cN(L-§), j=1,...k

so that X(L) N A, D {&,...,&}. Since the other inclusion was proved in the
previous step, we conclude that

(L) NA, =%(L)NA,.
We deduce from E ¢ & that more generally
N(L-§)* cN(L-&)% j=1....k, aeN,
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20 CHAPTER 2. FACTORIZATION AND QUANTITATIVE SPECTRAL MAPPING THEOREMS

and we claim that the inverse inclusions
N(L-&)*cNL-&)*, j=1....k,aeN,

hold true. We argue by induction on a. We first remark that, similarly as in the
previous step, for any £ € Ay, g € E and f € & such that

(L-Of =g
there holds - - -
f=-6&)f+g with f:=(B-9§)f.

By iterating this formula we deduce
F=)(16E) 9+ (-1)"G(&)"f € E.
=0
That proves the claim for @ = 1, because if f € N(L — ;) ¢ &, we have

(L-&)f =0€E,
and then f € E. Next, we assume that the claim is proved at order « and we consider
f € N(L - &)*"L. We may write
(L-&[(L-&)f] =(L-g) T f =0,
and by the induction hypothesis, we get (L —¢&;) f € E, which in turn implies f € E.
That concludes the proof of the inverse inclusions, and thus

N(L-&)*=N(L-&)* VYa=1,Vj=1,...,k

Finally, the relation I ¢ = Il ¢, follows from Rz (z)(f) = Ri(z)(f) when
f € E and the formula (2.1) for the projector. ]

2.3. HYPODISSIPATIVITY

Let us first introduce the notion of hypodissipative operators and discuss its
relation with the classical notions of dissipative operators and coercive opera-
tors as well as its relation with the recent terminology of hypocoercive operators
(see mainly [125] and then [100], [71], [50] for related references).

DEFINITION 2.5 (Hypodissipativity). — Consider a Banach space (X, ||.||x ) and some
operator A € €(X). We say that (A — a) is hypodissipative on X if there exists some
norm |||.|||x on X equivalent to the initial norm ||.||x such that

(2.4) Vf € D(A), 3¢ € F(f) such that Re (¢, (A—a) f) <0,

where (., .) is the duality bracket for the duality in X and X* and F(f) c X is the
dual set of f defined by

E(f) = Fyn(f) == {e e X5 (0. /) = IFIIE = lell%-}.
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2.3. HYPODISSIPATIVITY 21

REMARKS 2.6. — 1) An hypodissipative operator A such that |||.||[x = ||.|lx in the
above definition is nothing but a dissipative operator, or in other words, —A is an
accretive operator.

2) When |||.|||x is an Hilbert norm on X, we have F(f) = {f} and (2.4) writes
(2:5) VfeD(A). Re(Af.fx <allflx.

where ((.,.))x is the scalar product associated to |||.||[x. In this Hilbert setting such
a hypodissipative operator shall be called equivalently hypocoercive.

3) When |||.||lx = || ||x is an Hilbert norm on X, the above definition corresponds
to the classical definition of a coercive operator.

4) In other words, in a Banach space (resp. an Hilbert space) X, an operator
A € 6(X) is hypodissipative (resp. hypocoercive) on X if A is dissipative (resp.
coercive) on X endowed with a norm (resp. an Hilbert norm) equivalent to the initial
one. Therefore the notions of hypodissipativity and hypocoercivity are invariant
under change of equivalent norm.

The concept of hypodissipativity seems to us interesting since it clarifies the termi-
nology and draws a bridge between works in the PDE community, in the semigroup
community and in the spectral analysis community. For convenience such links are
summarized in the theorem below. This theorem is a non standard formulation of
the classical Hille-Yosida theorem on m-dissipative operators and semigroups, and
therefore we omit the proof.

THEOREM 2.7. — Consider X a Banach space and A the generator of a Cp-
semigroup Sp. We denote by Ry its resolvent. There exist two constants a € R
and M > 0 such that the following assertions are equivalent:

(i) A - a is hypodissipative;

(ii) the semigroup satisfies the growth estimate
Ve 20, [[Sa(t)]lgyx) < Me®;

(i) X(A)NA, =2 and
M

Ve da [Ra@" < G

(iv) X(A)N(a, o) = & and there exists some norm |||.||| on X equivalent to the norm
Il-1I:
vieX, fIE<IIfIF < MIFI,

such that

VA>a, Vf e D(A), [[(A=AFf]] = *A-a)llfll.
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22 CHAPTER 2. FACTORIZATION AND QUANTITATIVE SPECTRAL MAPPING THEOREMS

REMARKS 2.8. — 1) We recall that A — a is maximal if
R(A-a)=X.

This further condition leads to the notion of m-hypodissipative, m-dissipative, m-
hypocoercive, m-coercive operators.

2) The Hille-Yosida theorem is classically presented as the necessary and sufficient
conditions for an operator to be the generator of a semigroup. Then one assumes,
additionally to the above conditions, that A — b is maximal for some given b € R.
Here in our statement, the existence of the semigroup being assumed, the maximal-
ity condition is automatic, and Theorem 2.7 details how the operator’s, resolvent’s
and the associated semigroup’s estimates are linked.

In other words, the notion of hypodissipativity is just another formulation of the
minimal assumption for estimating the growth of a semigroup. Its advantage is that
it is arguably more natural from a PDE viewpoint.

3) The equivalence (i) & (iv) is for instance a consequence of [106, Chapter 1,

Theorem 4.2] and [106, Chapter 1, Theorem 5.3]. All the other implications are also
proved in [106, Chapter 1].

Let us now give a synthetic statement adapted to our purpose. We omit the
proof which is a straightforward consequence of the Lumer-Philipps or Hille-
Yosida theorems together with basic matrix linear algebra on the finite-dimensional
eigenspaces. The classical reference for this topic is [77].

THEOREM 2.9. — Consider a Banach space X, a generator A € 6(X) of a Cy-semi-
group Sy, a € R and distinct &,...,& € Ay, k = 1. The following assertions are
equivalent:

(i) There exist gi,...,9m linearly independent vectors so that the subspace
Span{gi, .. .,gm} is invariant under the action of A, and

Vie{l,...,m}, Jje{l,....k}, gie M(A-§&).

Moreover there exist ¢1, . . . , o, linearly independent vectors so that the subspace
Span{¢1, ..., @m} is invariant under the action of A*. These two families satisfy
the orthogonality conditions (p;,g;) = 0;; and the operator (A — a) is hypodis-
sipative on Span{¢1, ..., pm}*:

Vf e [ )Ker(p:) N D(A), 3f* € Fy (), Re(f",(A-a)f) <0.
n=1
(i) There exists a decomposition X = Xo@® - - - ® Xy where 1) Xy and (X1 + - - -+ Xk)

are invariant by the action of A, 2) foranyj = 1,...,k X| is a finite-dimensional
space included in M(A — &;), and 3) A — a is hypodissipative on X:

VfeD(A)NXo, 3f* € Fyy(f), Re(f",(A-a)f) <0.
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(iii) There exist some finite-dimensional projection operators 11y, . .., IIx which com-
mute with A and such that 11; I1; = 0 if i # j, and some operators

Ty =¢ldy, + N;
with Y; := R(Il;), N; € B(Y;) nilpotent, so that the following estimate holds

k
(2.6) Vi >0, ||SA(t) - e, || S Cae
=1

B(X
for some constant C, > 1.
(iv) The spectrum of A satisfies
S(ANA, ={&,.... &) e Xq(A) (distinct discrete eigenvalues)
and A — a is hypodissipative on R(I — I ).
Moreover, if one (and then all) of these assertions is true, we have
Xo =R(I -T1I4,,),
Xj=Y;=MA-§),
Iy g =11,
Ty = Al g
As a consequence, we may write
Ra(z) = Ro(z) + Ri(z),
where Ry is holomorphic and bounded on A, for any a’ > a and

k . B Nm
Ru(e) = Z (zli[]szj - Z mr{j)‘

j=1 n=2

REMARK 2.10. — When X is a Hilbert space and A is a self-adjoint operator, the
assumption (i) is satisfied with k = 1, & = 0, as soon as there exist gy,...,gx € X
normalized such that g; L g; if i # j, Ag; = Oforalli=1,...,k, and

VfeEXy:= Span{gl,...,gk}l, (Af, ) <alf.f).

2.4. FACTORIZATION AND QUANTITATIVE SPECTRAL MAPPING THEOREMS

The goal of this subsection is to establish quantitative decay estimates on the
semigroup in the larger space &. Let us recall the key notions of spectral bound of
an operator £ on &:

s(L) :=sup{Re &; £ e X(L)}
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and of growth bound of its associated semigroup

w(L) = inf ~log ([[s2(1)])) = lim_+ log ([lsz(1)]).

It is always true that s(£) < w(Z£) but we are interested in proving the equality
with quantitative estimates, in the larger space &. Proving such a result is a partic-
ular case of a spectral mapping theorem.

Let us first observe that in view of our previous factorization result the natural
control obtained straightforwardly on the resolvent in the larger functional space &
is a uniform control on vertical lines. It is a classical fact that this kind of control is
not sufficient in general for inverting the Laplace transform and recovering spectral
gap estimates on a semigroup from it.

Indeed for semigroups in Banach spaces the equality between the spectral bound
and the growth bound is false in general when assuming solely that the resolvent is
uniformly bounded in any A, with a > s(£) (with bound depending on a). A clas-
sical counterexample [52, Chap. 5, § 1.26] is the derivation operator Lf = f’ on
the Banach space Co(R) N L' (R, e® ds) of continuous functions that vanish at
infinity and are integrable for e® ds endowed with the norm

+o0
171 = sup(5)| + /0 £ (s)]e* ds.

Another simple counterexample can be found in [4]: consider 1 < p < g < oo and
the Cy-semigroup on LP(1,c0) N L9(1, o0) defined by

(T(t)f)(s) = e'/9f(se’), t>0,s>1.

However for semigroups in Hilbert spaces, the Gerhart-Herbst-Priiss-Greiner
theorem [58], [73], [108], [3] (see also [52]) asserts that the expected semigroup
decay w(L) = s(L) is in fact true, under this sole pointwise control on the
resolvent. While the constants seem to be non-constructive in the first versions
of this theorem, Engel and Nagel gave a comprehensive and elementary proof
with constructive constant in [52, Theorem 1.10, Chapter V]. Let us also mention
on the same subject subsequent works like Yao [133] and Blake [16], and more
recently [70].

The main idea in the proof of [52, Theorem 1.10, Chapter V], which is also used
in [70], is to use a Plancherel identity on the resolvent in Hilbert spaces in order to
obtain explicit rates of decay on the semigroup in terms of bounds on the resolvent.
We will present in a remark how this interesting argument can be used in our case,
but instead our proof will use a more robust argument valid in Banach spaces, which
is made possible by the additional factorization structure we have. The key idea is
to translate the factorization structure at the level of the semigroups.

We shall need the following definition on the convolution of semigroup (corre-
sponding to composition at the level of the resolvent operators).
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DEFINITION 2.11 (Convolution of semigroups). — Consider some Banach spaces X7,
X, X3. For two one-parameter families of operators

S1 € L' (Ry; B(X1,Xs)) and Sy € LY (R ; B(X2, X3)),
we define the convolution So * S € L'(R 1 ; B(X1,X3)) by

Vi>0, (So2xS1)(t):= '/Oth(s) Si(t —s)ds.

When §; = S92 and X; = Xs = X3, we define recursively $(+0) = 1d and
G0 = 55 SN forany € > 1.

REMARKS 2.12. — 1) Note that this product law is in general not commutative.

2) A simple calculation shows that if S; satisfies

vVt > 0, ||Si(t)||93(xi,xi+1) < Ci taieait

for some a; € R, @; € N, C; € (0, ), then

ta1+a2+1 emax(al,ag)t_

Ve 20, [|S1#S2(t)]lgyx, x) < C1C2 (a1 + a2)!

THEOREM 2.13 (Enlargement of the functional space of the semigroup decay). — Let
E, & be two Banach spaces with E C & dense with continuous embedding, and consider
Le B(E), L € 6(E) with L|g = L and a € R. We assume the following:

(A1) L generates a semigroup el onE,L—ais hypodissipative on R(1d — 11y, ,) and
S(L)NAg :={&,..., &Y c Xq(L) (distinct discrete eigenvalues)
(with{&1,..., &} = @ ifk =0).
(A2) There exist A, B € B(E) such that L = A+ B (with corresponding restrictions
A,BonE), somen > 1 and some constant C, > 0 so that
(i) (B - a) is hypodissipative on E;
(i) A € B(E) and A € B(E);
(i) T, := (A Sg)"™ satisfies 1T (t)llg(g,) < Cae®.
Then L is hypodissipative in & with

k
’ -1 t
(2.7) Vi > 0, H Se(t) —;SL(t) Hg.g ”%(8) < C,max{1,t"""}e%,

for some explicit constant C,, > 0 depending on the constants in the assumptions.
Moreover we have the following factorization formula on the semigroup Sy on &:

n-1

k
28)  Se(t) = ZsL(t)nL,gj + > (=17 4)Ss * (ASs) " (1)

j=1 £=0
+ [(1d =TI 0)SL] * (AS8) ™" (1).
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REMARKS 2.14. — 1) It is part of the result that B generates a semigroup on & so
that (A2)-(iii) makes sense. Except for the assumption that L generates a semigroup,
all the other assumptions are pure functional, either on the discrete eigenvalues of L
oron L, B, A, Aand T, and do not require maximality conditions.

2) Assumption (A1) could be alternatively formulated by mean of any of the
equivalent assertions listed in Theorem 2.9.

Proof of Theorem 2.13.. — We split the proof into four steps.

Step 1. — First remark that since B= L—A, A € B(E), and L is m-hypodissipative
then B is m-hypodissipative and generates a strongly continuous semigroup Sg on E.
Because of the hypodissipativity of B, we can extend this semigroup from E to &
and we obtain that B generates a semigroup Sg on &. To see this, we may argue as

follows. We denote by |||.|||z @ norm equivalent to ||.||g so that B — b is dissipative
in (E,||I.llg) and |||.|ll¢ a norm equivalent to ||.||g so that B — b is dissipative in
(&, ll-lll), for some b € R large enough. We introduce on E the new norm

A llle == M flle + €l fllle
so that |[||.|||¢ is equivalent to |||.|||g for any € > 0. Since B — b is m-dissipative in
(E, Ill-llle)> the Lumer-Phillips theorem shows that the operator B — b generates a
semigroups of contractions on (E, |||.||l¢), and in particular

Vf€E V20, ISw-n)(Of s + ellSw-n (O [l < MFllle + elllf -
Letting € going to zero, we obtain
VEeE vt>0, |ISs(t)fllg < e lifllle.

Because of the continuous and dense embedding E C &, we deduce that we may
extend Sg(t) from E to & as a family of operators S(¢) which satisfies the same
estimate. We easily conclude that S(¢) is a semigroup with generator 8, or in other
words, B generates a semigroup Sg = S on &.

Finally, since £ = A + B and A € B(E), we deduce that L generates a semi-
group.

Step 2. — We have from (A2)-(i) that
(2.9) V>0, |Ss(t)]|g g < Ce
and we easily deduce (by iteration) that
T, = (ASe)"), >1,
satisfies
(2.10) V>0, V€ >1, HTf(t)”@,(s) < Cptitedt

for some constants Cy > 0.
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Let us define
Uy = (Idg—HL,a)SB*(ﬂSB)(*{), 0<¢<n-1.
From (2.9) and (2.10) and the boundedness of II ; ,, we get

(2.11) V20, [[Ue(t)||yg) < Cete®, 0<C<n-1.
By applying standard results on Laplace transform, we have for any f € &
—+o0
Vze A, / e U (1) fdt = (=1)H (g - TT7.0) R(2) (AR ()" f.
0
Then the inverse Laplace theorem implies that for £ = 0,...,n—1and foralla’ > a,
it holds
(_1)€+1 a’+ioco . p
ﬂg(t)f: Sim (Idg _HL,a) . e Rg(z)(ﬂﬂg(l)) fdz
(-1)f+t a'+iM ;
(2.12) = lim —— (Idg =1z 4) / e Rg(z)(ARg(z)) fdz,
M- 2im ’ a'—iM

where the integral along the complex line {a’ + iy, y € R} may not be absolutely
convergent, but is defined as the above limit.

Let us now consider the case ¢ = n and define
Uy, (t) := (ldg — Tz o) [St * (ASg) ™| = [(1dg — 11, 4)St| * (A Sg) ™.

Observe that this one-parameter family of operators is well-defined and bounded
on & since (A S gg)(*") isbounded from & to E by the assumption (A2)-(iii). Moreover
for f € &, the assumption (A3)-(iii) implies

[(AS) (1) f |l < Cae®lflle

and since from (A1)

|[(1dg — 1, 4)SL] (t)QHE < Cle|glle
for g € E, we deduce, together with E C &,

(2.13) 1Un(0)fllg < €2 el flle
(for some constants C,, C,,, C./ > 0). Finally observe that
“+o0
Vz e A, / e_Zt(IdE - HL’a)SL(t) dt = —(IdE - HL’a)RL(Z)
0

by classical results of spectral decomposition.

Therefore the inverse Laplace theorem implies that for any a’ > a close enough
to a (so that a’” < min{Re ¢1, ...,Re &}), it holds

Un(t) f = Nlliinwwn,M(t)f’
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with

_1\n+1 a+iM
(2.14) Upm(t)f = ( ;) (Idg — 111, 4) ‘/, e?! RL(Z)(ﬂRB(z))nfdz.

T —iM

Step 3. — Let us prove that the following representation formula holds

k n
(2.15) VFEE VE20, Sp(t)f =Y Spg(f + ) Ue(t)f,
i=1 =0

where Sy ¢ (t) = S(t)llg s and Iz ¢ is the spectral projection as defined
in (2.1).
Consider f € D(£) and define

fe=5c)f
From the first step and the boundedness of A we deduce
(2.16) t— fi €C'(R;8) and |Ifille < Coe® Iflle,

and we may assume b > a (otherwise the proof is finished). Therefore the inverse
Laplace theorem implies for b" > b

—+o0
(2.17) Vze Ay, r(z):= fie#dt = -R,(2)f
0

is well-defined as an element of &, and

1 pbtie 1 pb+iM
(2.18) Vt>0, fi= —/ e’'r(z)dz ;== lim — e?' r(z) dz.
2im b —ico M—co 20T b —iM

Combining the definition of f; together with (2.18) and (2.17), we get

(2.19) Sc(t)f == lim Ty

where
1 petim

Vee R\Re(2(L)), Iem:=—-— e R, (2)f dz.
2in c—iM
Now from (Az2)-(iii), we have that (ARg(z))" defined as

(2.20) (~1)" (AR (2))" = / e T, (1) dt

0

is holomorphic on A, with values in %(&, E). Hence the assumptions (H1)-(Hz2)
of Theorem 2.1 are satisfied. We deduce that

S(L)NA,=%(L)NA,,

with the same eigenspaces for the discrete eigenvalues &1, . . ., &.
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Moreover, thanks to (A1) and (A2)-(i) we have
sup ”RL(Z)”%(E) < Ca,es
ZGKa/,{.

sup [|Rg(z)llm(s) < Ca,

ZEAa/

Va' > a, Ve > 0,

with
Koo :=Ag \ (B(&1,€) U...UB(&,e¢)).

As a consequence of the factorization formula (2.2), we get

Va' > a, Ve >0, sup HRL(Z)”@,(& < Cqe.

ZGKaI’é.
Thanks to the identity
V2 0(L), Re() =2 [-1d+Re(z) L]

and the above bound, we have (remember that f € D( L))

' R 0.
o V5 o
Re z>d’

We then choose a’ € (a, b) close enough to a and ¢ > 0 small enough so that
B(&1,6) U ... UB(&,¢) € Ay

Since R s is a meromorphic function on A, with poles &1, .. ., &, we compute by
Cauchy’s theorem

k
(2.22) Iy v = 1o m — ZSL,§j f+eaM),
j=1
with
1 b ( i )t ) y=
a(M) = [o— [ eCHIR (xpig)fax] T —0
2im a y=-M

as M — oo thanks to (2.21).
On the other hand, because of Theorem 2.1, we may decompose
1 a+iM n

-1
(2.23) lom=— e Y (~1)! Ry (z) (ARs(2)) f dz
20 Jo—im =

—1)" a+iM i
" (2173 /M e R1(2) (AR (2))"f dz.
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Note that the limit in (2.23) as M goes to infinity is well defined. Hence (2.19), (2.22)
and (2.23) yield

n-1

Zsu, f+ﬂ/a+m ”Z D Ry (2) (ARs(2)) f dz

(_1)n+1 a’+ioco n

o [ R (AR
2ir a—ico

Since Z}C:l Sr.&(t) =1z oS p(t) we deduce that the sum of the last two terms in

the equation above belongs to R(Idg — IT ). Hence

k
(t)f =) Sc.e)f
j=1
a'+ico n—1
fo [ e S () (s - T )R (2) (AR (2) f dz

2im a’—ico =0

_1\n+1 a’ +ico
+( 1? . / ’ e* (g — Ty, o) RL(2) (AR5 (2))" f dz.

2ir —ico

As a consequence of (2.12) and (2.14), we deduce that

k n
VFeD(L), YVt 20, Sp(t)f =) Se®)f + ) Uelt)f
j=1 £=0

Then using the density of D( L) C &, we obtain the representation formula (2.15).
We have thus established (2.8).

Step 4. Conclusion. — We finally obtain the time decay (2.7) by plugging the decay
estimates (2.11) and (2.13) into the representation formula (2.15). O

REMARK 2.15. — There is another way to interpret the factorization formula at the
level of semigroups. Consider the evolution equation d; f = L f and introduce the
splitting

k
f - Zsﬁ,ﬁfin +f1 -+ .. +f‘n+2,
i=1

with
of' =Bf' fio=(d=-1La)fin.
hfl =8f +AfTY, fl=0, 2<t<n,
Ofmtt = LM+ (d-Tlg )Af", frth =0,
o fn+2 £fn+2 + HL aﬂf fn+2 =0.

m
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This system of equations on (f¢)1<;<pto is compatible with the equation satisfied
by f, and it is possible to estimate the decay in time inductively for f¢ (for the last
equation one uses "2 =, ,f""2 = Tl z (f' + - - + ') and the decay
of the previous terms).

We made the choice to present the factorization theory from the viewpoint of
product of resolvents and convolution products of semigroups as it reveals the al-
gebraic structure in a much clearer way, and also is more convenient for obtaining
properties of the spectrum and precise controls on the resolvent in the large space.

Let us finally give a lemma which provides a practical criterion for proving as-
sumptions (A2)-(iii) in the enlargement theorem 2.13:

LEMMA 2.16. — Let E,& be two Banach spaces with E C & dense with continuous
embedding, and consider L € G(E), L € 6(E) with L|g = Landa € R. We
assume:

(A3) There exist some “intermediate spaces” (not necessarily ordered )
E=&5, &1, ...,8,E =8, J=2,
equipped with there norm denoted by ||.||s, such that
(i) (Bg, — a) is hypodissipative and A|g; is bounded on &; foreach 1 < j < J.

(i) There are some constants {y € N*,C > 1,K € R, a € [0,1) such that

eKt

vt 20, ”Tfo(t)“gs(aj,sjﬂ) sC
forl < j < J—1, with the notation Ty, := (A Sg)(*fo).

Then for any a’ > a, there exist some explicit constantsn € N, Cp» > 1 such that

Vi 20, [[Ta(t)llgysp < Cae®t.
Proof of Lemma 2.16. — Hypothesis (A3)-(i) implies for 1 < j < J — 1 that
(2.24) “Tl(t)“%(aj) < Cge®
and next
(2.25) I Telln(e,) < Cat™'e® VEx1.

On the other hand, for n = p £y, p € N*, we write
Tu(t) = (Teo * -+ Tg, ) (t)

p times
t tp-1 to
= / dtp_l / dtp_g ce / dt; Tgo (517) <o Tgo (51)
0 0 0

01=1t, Oo=t—1t1, ..., 51,_1 =tp-1 —tp-2 and 513 =t—1tp1.

with
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We claim that for p > J, there exist at least J— 1 increments &,,, ..., d,,_, such that
<t/(p-J)forany 1l < j < J—1;indeed, assuming that there exist dg,, . ..,
such that §;, > t/(p — J), one arrives at the contradiction

ap-J

t

-7

Using (A3)-(ii) to estimate [|T¢(5r,)lls(g,. ;. ,) and (2.25) to bound the other terms
IT¢(6r )|l (e, in the appropriate space, we have, with Q := {ry,...,r;-1},

t tp-1
T () leg . s/o dtp_lfo dtp_y - / dty | | Cadf

r¢@ qe@

1
C thoP=1)c) e ateKPJ/dtp 1/ dtp—o- / dtll_[(s_a
=17
<(Ce (a+p ])t Lo(p—J)+p- ]0‘/ dup 1/ dup_z / duy
0

t=01+ 468628+ +8,,>P-J]) —

p-1
X H - <
=1 (wjp1 —uj)”
with the convention u, = 1. Since the last integral is finite for any p € N, we

conclude by taking p (and then n) large enough so thata + KJ/(p— J) < a’. o
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CHAPTER 3

THE FOKKER-PLANCK EQUATION

Consider the Fokker-Planck equation
(3.1) Of=Lf:=Vy- (va +Ff)’ fo(L) = fin(L),

on the density f = f;(v), t > 0, v € R? and where the (exterior) force field
F = F(v) € R takes the form

(3.2) F=Vy+U,
with confinement potential ¢ : R? — R of class 62 and non gradient force field
perturbation U : R? — R? of class €' so that
(3-3) VoeR?, V,- (U(v)e_‘ﬁ(v)) =0.
It is then clear that a stationary solution is
p(v) = e 9,
In order for y to be the global equilibrium we make the following additional clas-

sical assumptions on the ¢ and U:

(FP1) The Borel measure associated to the function p and denoted in the same way,
u(dv) := e %) do, is a probability measure and the function ¢ is €2 and
satisfies one of the two following large velocity asymptotic conditions

v
. liminf(— - V,
(3-4) im ind (Ivl ¢(v)) >0
or
(3.5) v e (0,1) llirrllinf(v [Vod|? = Ayg) > 0

while the force field U satisfies the growth condition
Vo eRY,  |U(v)| < C(1+|Vod(v)]).
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It is crucial to observe that (FP1) implies that the measure y satisfies the Poincaré
inequality

6o [

for some constant Ap > (. We refer to the recent paper [13] for an introduction to
this important subject as well as to the references therein for further developments.
Actually the above hypothesis (FP1) could be replaced by assuming directly that (3.6)
holds. However, the conditions (3.4) and (3.5) are more concrete and yield criterion
that can be checked for a given potential.

Vv(j;r)rp(dv) >2Ap /Rdfz,u_l(dv) for /Rdfdv =0,

The fundamental example of a suitable confinement potential ¢ € C%(R¢) which
satisfies our assumptions is when

37) ¢ ~all’ and Vo)~ ayvlol'? as [v] - +oo
for some constants @ > 0 and y > 1. For instance, the harmonic potential
$(v) = 3lvl* - (3d) In(27)

corresponds to the normalised Maxwellian equilibrium p(v) = ( 2n)_%d exp(—3[v]?).

3.1. THE FOKKER-PLANCK EQUATION: MODEL AND RESULTS

For some given Borel weight function m = m(v) > 0 on R, let us define L? (m),
1 < p < 2, as the Lebesgue space associated to the norm

sty = Ul = [ pPom(op ao) "

For any given positive weight, we define the defect weight function

o [Vm|?  Am 1y .. Vm
(38) lﬁm,P —(p—l) m2 +7+(1_1—))d1VF—F7

Observe that 1,-1/2 5 = 0: Y, quantifies some error to this reference case.

Let us introduce two more assumptions:

(FP2) The weight m satisfies L (,u_%) C LP(m) (recall p € [1,2]) and the condition

limsup Y p = am,p < 0.

|v|—>c0
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(FP3) There exists a positive Borel weight mg such that L? (,u_%) c L9(my) for any
q € [1,2] and there exists b € R so that

sup Vmo,q < b,

q€[1,2], veR4

Amo |Vm0|2
sup |—— — 5—) <D
xeRd * M0 mg

The typical weights m satisfying these assumptions are

m(v) ~ e*?
with k € [0,1], m(v) = exlv” with g € [0,1] and k > 0 appropriately chosen, or
m(v) ~ (v)k, at large velocities.

Here is our main result on the Fokker-Planck equation.

THEOREM 3.1. — Assume that F satisfies (FP1) and consider a C? weight function
m > 0 and an exponent p € [1,2] so that (FP2) holds if p = 2 and (FP2)~(FP3) holds if
p € [1,2). Then for any initial datum fi, € LP(m), the associated solution f; to (3.1)
satisfies the following decay estimate

39 V20 |fi =g il < e fin = 1 Find o ()

With Ap,p = Ap if Ap < |ampl, and Ay p < |am,p| as close as wanted to |am, | else,
and where we use the notation

(fin) == / fin do.
R4
REMARKS 3.2. — 1) Note that this statement implies in particular that the spectrum
of L in LP(m) satisfies for a as above:
(L) c {z € C; Re(z) < a} U {0},

and that the null space of £ is exactly Rp.
2) When m = m(¢) and divU = U - V¢ = 0, an alternative choice for the defect
weight function associated to the weight m and p € [1, 2] could be

1 2
l//m,p = l//m,p =+ l//m,p

with
1
T 2p—2
¢m’p_Pm2uP V”'[”pmp V”(m2p—4)]’
s (=1 o U 1
¢m,p_ P m? VU'[m2P—4Vv‘(m2y)]'
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Notice that again i,-1/2 , = 0. The first part gb,ln p is related to the change in the
Lebesgue exponent from 2 to p, and the second part lﬁi » is related to the change of

weight from ,u_% to m.

3) Concerning the weight function m, other technical assumptions could have
been chosen for the function m(v), however the formulation (FP2)-(FP3) seems to
us the most natural one since it is based on the comparison of the Fokker-Planck
operators for two different force field. In the case U = 0, p = 2 and m = e2? the
condition (FP2) is nothing but the classical condition (3.5) with v = % In any case,
the core idea in the decomposition is that a coercive 8 in & is obtained by a negative
local perturbation of the whole operator.

4) By mollification the €2 smoothness assumption of m could be relaxed: if m(v)
is not smooth but m(v) is smooth, satisfies (FP2)-(FP3) and is such that
c1m(v) < m(v) < cam(v),

then it holds
If: = plle < Cllf = pllieimy < C' e fin = wlliomy < €7 e Ml fin — plle-

5) It is easy to extend the well-posedness of the Fokker-Planck equation to mea-
sure solutions, and using the case p = 1 in the previous theorem (under appropriate
assumptions on the weight) we deduce the following decay estimate

Ve> 0, Ifi = g Fdllr mety < Ce 1| fin = g find st (1)

where M!(m™!) denotes the weighted space of measures with finite mass.

For concrete applications, for ¢ satisfying the power-law asymptotic condi-
tion (3.7), we have the following decay rates depending on the weight m and the
exponent y in (3.7):

PROPOSITION 3.3. — Assume that ¢ satisfies (3.7) with exponenty > 1, then:

(W1) Exponential energy weight. — For all y > 1, the weight m = e*? is allowed,
where k satisfies k € (0, 3] whenp =2 andx € (0,3) whenp € [1,2).

Moreover, in these spaces the estimate we obtain on the exponential decay rate is the
optimal Poincaré constant

Amp :=Ap when y >1

while in the critical casey = 1 it is given by Ap, , = Ap when Ap < k(1 — px), and by
any 0 < Ap,p < k(1 = px) else (which degenerates to zero as k — 0). The constant in
front of the exponentially decaying term in (3.9) blows-up as Ap, , — k (1 —px) in the
last case.

kl|o)f

(W2) Stretched exponential weight. — Forally > 1, the weightm = e is allowed

foranyk >0,pe[l,2]and2 -y < f<y.
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Moreover, in these spaces the estimate we obtain on the exponential decay rate is the
optimal Poincaré constant
Am,p :=Ap when y + f > 2,
while in the critical case p = 2 — y it is given by A, = Ap if A\p < xPy, and by any
0 < Am,p < KPy else (which degenerates to zero as k goes to zero). The constant in
front of the exponentially decaying term in (3.9) blows-up as A, — xpy in the last
case.

(W3) Polynomial weight. — For all y > 2, the weight m = (v)* is allowed for the
Lebesgue exponent p € [1,2] under the condition

(3.10) (y—2+d)(1—})) <k.

Moreover, in these spaces the estimate we obtain on the exponential decay rate is the
optimal Poincaré constant
Amp :=Ap when y > 2,
while in the critical case y = 2 it is given by A, = Ap if A\p < 2k —2d(1—-1/p), and
by any0 < Ap,p < Ap else(which degenerates to zero as k goes to zero). The constant in
front of the exponentially decaying term in (3.9) blows-up as A, , — 2k —2d(1-1/p)
in the last case.

REMARKS 3.4. — 1) Observe how the polynomial weights are sensitive to the
Lebesgue exponent p in the condition (3.10). We believe the restriction on the
polynomial weight (depending on p, y and d) to be optimal. Accordingly we expect
that in the case y = 2 the optimal value of the spectral gap is given by

A2 := max {AP . ok — 2d(1 - }))}

This is still an open question that needs to be proven, or disproven. However we
can give a partial positive answer: for potentials ¢ satisfying (3.7) with y = 2, and
polynomial weights m = <v)k, then the constant A,, 2 = 2k - d, k > %d, coincides
with the value of the spectral gap explicitly computed by Gallay and Wayne in [56,
Appendix A].

2) Observe furthermore that in the case of a polynomial weight we require the
confinement potential to be quadratic or over-quadratic. This is reminiscent of the
logarithmic Sobolev inequality, however this is strictly weaker than asking the con-
finement potential to satisfy the logarithmic Sobolev inequality. It is an open ques-
tion to know whether a spectral gap still exists when the potential is sub-quadratic
(y € [1,2)) and the weight is polynomial.

3) When y > 2, p = 1 and the weight is polynomial any k > 0 is allowed, which
means that it almost includes L' without weight. We expect that in the limit case L'
there is no spectral gap and the continuous spectrum touches zero in the complex
plane.
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4) Another strategy for proving the decay of the semigroup could have been the
use of interpolation between the exponential relaxation in E together and a uniform
bound in L! (provided by mass conservation and preservation of non-negativity).
However, first, it would not recover optimal rates of decay, and second, most impor-
tantly, it would not apply to semigroups which do not preserve non-negativity (and
consequently do not preserve the L' norm), such as those obtained by linearization
of a bilinear operator that we consider see later in this book.

We give a simple application of our main result, related to the remark 2) above.

COROLLARY 3.5. — Assume that ¢ satisfies (3.7) with exponent y € [1,2). Then for
any k > 0, there exists C = C(k,y,d) € (0,00) such that for any initial datum
fin € L*({0)¥), the solution to the initial value problem (3.1)-(3.2) satisfies the decay
estimate

(3.11) Vi>0, ||fi-p(fudl, <Ct

REMARK 3.6. — A similar result has been proved in [115, Theorem 3] under the
additional and fundamental assumptions that fi, is non negative and has finite
energy and entropy. Moreover the decay rate obtained in [115] was only of or-
der t~(k=2)/(2(2=¥)) and remains valid for y € (0, 1).

Kk
2—

i = i) oy

3.2. PROOF OF THE MAIN RESULTS

The proof of Theorem 3.1 is based on the combination of the spectral gap in the

space L2 (;1_%) given by Poincaré’s inequality together with the extension to func-
tional spaces of the form L?(m), by applying Theorem 2.13.

Before going into the proof of Theorem 3.1, let us remark that most of the inter-
esting external forces and weights do satisfy our assumptions, as detailed below.

LEMMA 3.7. — When ¢ satisfies (3.7) and U = 0, conditions (FP1)-(FP2)-(FP3) are met
under conditions (W1), (W2) and (W3) in the statement of Proposition 3.3.

Proof of Lemma 3.7.. — For the sake of simplicity we assume

p(v) =o', y >0,
for |v| large enough, and we show that the large velocity behavior properties in
(FP1)-(FP2)-(FP3) hold under the suitable conditions. The proof in the general
case (3.7) is exactly similar.

First we compute for large velocities
Vé=yulol ™, divF=A¢ =y(d+y-2)lo]" 7

and we observe that both conditions (3.4) and (3.5) (for any v € (0, 1)) are satisfied
when y > 1, so that condition (FP1) holds.
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Step 1. Exponential weight
We consider m := exp(x [v]#), k, f > 0, and we compute for large velocities
Vm=xBolol*m, Am=xp(f- 1)/ m+ > 0> m.
We observe that in that case

Vm|2 A v
Vml”  Am _ g, Ym
m m

(pm,p ~ (p - 1) m2
~ (P _ 1) K2ﬁ2 |,U|2ﬂ—2 + K2 ’B2 |U|2ﬁ—2 _ Kﬁ)’ |v|ﬁ+y—2
~ pi® B2 [o*P 2 = kBy [0 Y2

since the third term is always smaller that the fourth term when f > 0 and using
the asymptotic estimates. The condition 2 -y < f comes from (and is equivalent to)
the fact that the last term does not vanish in the large velocity asymptotic and the
condition f < y comes from (and is equivalent to) the fact that the last term is not
negligible with respect to the first term in the large velocity asymptotic.

When § = y, we find

Ymp ~ ky* (px = 1) [0]72,
from which we get the condition px < 1, and we conclude to a,,, = —cowheny > 1
while a,, , = k (pk — 1) when y = 1. However in order to have LQ(,u_%) c LP(m),
we find the additional condition x € (0, 3).
When f < y, we find

¢m,p ~ —Kkfy |U|ﬁ+y_2,
so that a,, , = —co when f§ > y — 2 and a,, , = —(xfy) when f =y — 2.
Finally, condition (FP3) is always satisfied for y > 1 with mg := e*%, k € (0, %)

Step 2. Polynomial weight. — We consider m := (v)*, k > 0, and we compute for
large velocities

Vm =kov @2 Am~k(d+k- 2) (vyk-2,
{ Vo =yov @) Apry(d+y-2) ()2
It holds
Ymp ~ (1= 7) A= 9 T2 x (1= 1)y (d v —2) @) 2 -k @),
p m p

since the first and second terms are negligible as soon as y > —1. We assume y > 2
so that the limit is non-zero. We easily deduce the condition (3.10) and a,,, = —
when furthermore y > 2 while ay, , := 2d (1 - 1/p) — 2k when y = 2. o
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LEMMA 3.8. — Under the assumptions (FP1)-(FP2), there exists M, R such that
B:=L-A, Af:=Myrf
satisfies the dissipativity estimate

(3.12) VEz 0 S5O f oy < €7 1flp .

Proof of Lemma 3.8. — We calculate
[enisesmean= [ aniesm oo
R4 R4

—I—/ div (F ) |fIP2f mPdv =: T} + To.
R4
For the first term T7, we compute
h= ‘/ V(fIP2fmP) - Vf do
R4
- ‘/ [V(F1P72f) -V f mP 4 pIf1P 2 f mP ™ V- Vim] do
R4
=-(p- 1)/ IVFI? fP2mP do + / | fI? div (mp_1 Vm) dv
R4 RrRd
thanks to two integrations by parts. For the second term, we write
T, = / (div F) |f|Pdev+/ (F-Vf) |FIP~2f mP dv
R4 R4
1
= [ nrao-= [ 5P Ent)d
R4 P Jrd

by integration by parts again. All together, we obtain the following identity and
estimate

/ (L) IfIP2f m do = (1-p) / IVFI2f72 mP do + / 1P mP Yo p o
R4 R4 Rd
< /R 1P m Y p o

From (FP2), for any a > a,,p, we may find M and R large enough so that

Vo e RY, VUm,p — M xr < a.

As a consequence, we deduce

/ (BF) 1fFP2f mP do < a / 1P mP do,
R4 R4

from which (3.12) immediately follows. O
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We now shall prove a lemma about the regularization properties of the Fokker-
Planck equation. It is related to the notion of ultracontractivity and is well-known;
we include a sketch of its proof for clarity and in order to make the constants explicit.

LEMMA 3.9. — Under the assumptions (FP3), there are b,C > 0 such that for any p, q
withl < p < q < 2, we have

(3.13) Vi 20, [S5(t)f]lLa(mg < Ce** G i

As a consequence, under the assumptions (FP2)-(FP3), there are b,C > 0 such that
foranyp,q withl < p < q < 2, we have

(3.14) Ve 2 0 [T o < € e E G 1)

with € = 1 when LP (m) C LP(mg) and with { = 2 in the general case.

Proof of Lemma 3.9. — From condition (FP3) on ¢, », by arguing as in the proof of
Lemma 3.8 we obtain for any p € [1, 2]

(3.15) vt 20, ”SB(t)f”LP(mg) < Cpp I fllo(mg)s  Cpp := €.

In order to establish the gain of integrability estimate we have to use the non
positive term involving the gradient in a sharper way, i.e. not merely the fact that
it is non-positive. It is enough to do that in the simplest case when p = 2. Let us
consider a solution f; to the equation

o'?tft = Bft, fo € L2(m0).

From the computation made in the proof of Lemma 3.8, we have

d ft2 2 9 o ) )
- Jt _ _ v M

——/ |V(ﬁm0)|2dv
Rd

Vmol2 Am
/ft {¢m02 |m0| + O_MXR}m(z)dv

mo
/ IV (fimo)|” dv+2b/ fim

Using Nash’s inequality (see [78, Chapter 8])

4

e} [ mara L
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(for some constant Kz > 0 depending on the dimension) applied to g = f; mg, we get

d ft2 2 -1 ~a 22
T —mgdo < -Kj (‘/de|ft|modv) (‘/Rd|ft| modv)

R4 2
+2b / fim? do.

d+2
d

We then introduce the notation
X() = 1fillZagmgy Y(8) = el mo)-
Since Y; < CYj for t € [0, 1] by the previous step, we end up with the differential
inequality
(3.16) YO<t<1l, X'(t)< —2KYO_%X(t)1+% + 2b X (1),
with K € (0, o). On the one hand, if

2b\ 34
X, > (E)Q Y2

we define

T := sup {t € [0,1]; Vs € [0,t], X(s) > (%b)%d } € (0,1],

and the previous differential inequality implies
_4
Vie (0,7), X'(t) < -KY, 9 X(t)'*4,
which in turns implies
4
2KY,“ t)—;d
g .

On the other hand, when 7 < 1 (so that X(7) = (2b/K)%d Y$), which includes
the case 7 = 0 and Xy < (2b/K) %dYg, we simply drop the negative part in the right
hand side of (3.16) and get

(3-17) vte (0,7), X(t) < (

2b\ 34
(3.18) Vte(r,1], X(t) < e(t_T)%(?b)2 3.
Gathering (3.17) and (3.18), we obtain
(3.19) vt € [0,1], X(t)% < Ct_idethYo.

Putting together (3.19) and the estimate (3.15) with p = 2 for the later times ¢t > 1
we conclude that

_1
Vt > 0, HSB(t)f||L2(mU) < Ci9 Hf”Ll(mo)’ Cig := Ce2bty—ad,
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Using twice the Riesz-Thorin interpolation theorem on the operator Sg(¢) which
acts in the spaces L' > 1,12 > [2and L' — L2, we obtain

2-2/p 2/q-1 ~2/p-2
“SB(t)f”Lq(mo) < Copllflie(mo)s  Cap 7= Coy /pc1{q C1£p /q’
for any 1 < p < g < 2, which concludes the proof of (3.13). ]

Proof of Theorem 3.1. — Let us proceed step by step.

Step 1. The L? case for energy weight
Let us first review the spectral gap properties of the Fokker-Planck equation in
the space L? (,u_% ). On the one hand, performing one integration by parts, we have

. _ . _ 1 _
[ av@nurisao= [ av ot fPaors [ v verpe
= %Ad div (Up) (g™t £)? do = 0.

It is then immediate to check thanks to the Poincaré inequality (3.6) that

2ReWf. P = [ L Fi @)+ [ L Fi(do)

__Q/Rd Al

Vo= ’,u(dv
()l mae)
<-21p | futdo

R4

when (f) = 0. For any fi, € LQ(,U_%) such that (fi,) = 0 and then (f;) = 0 for
any t > 0, we deduce that the solution f; to the Fokker-Planck equation satisfies

d
a||ft||L2(y_1/2) < =Ap [l fillge sz

from which we obtain estimate (3.9) in the case of the small space E := L? (,u_%).

Step 2. The L? case with general weight
Let us write & = L%(m) with m satisfying (FP2) and E = L? (,u_%), and denote
by £ and L the Fokker-Planck when considered respectively in & and E. We split
the operator as £ = A + B with
Af :=Myrf and Bf :=div(Vf+Ff)—-Myrf.

We then have A € %B(E,E) and, thanks to Lemma 3.8, we know that 8 — a is
dissipative for any fixed a > a,, 2. We can therefore apply Theorem 2.13 withn = 1
which yields the conclusion.

SOCIETE MATHEMATIQUE DE FRANCE 2017



44 CHAPTER 3. THE FOKKER-PLANCK EQUATION

Step 3. The LP case, p € [1, 2]

With the same splitting we have A € B(E) as well as T,(¢) satisfies condition (iii)
in Lemma 2.16 thanks to Lemma 3.9. We can conclude by applying Theorem 2.13
withn = 2. ]

Proof of Corollary 3.5. — We proceed along the line of the proof of [115, Theorem 3].
Without loss of generality, we may assume that (fi,) = 0. For any R > 0, we split
the initial datum as

fin = f;l + 1317
far = fin Voi<r = (fin Tjol<R)>
f2 = fin Vo|2r = (fin Tjo|2R)s
and we denote by f! and f? the two solutions of the Fokker-Planck equation re-
spectively associated with the initial data f} and f2. Since f;. belongsto L' (e ol )
and satisfies ( flb = 0, we may apply Theorem 3.1 and we get
RZTY

1 erory < Ce™ M finllpn erozry < Ce_me? | finlles ey

On the other hand, the mass conservation for the Fokker-Planck equation implies

1
If2 e < il < RE [VAEesE

We conclude by gathering the two estimates and choosing R such that R*™Y = At.
O

3.3. THE KINETIC FOKKER-PLANCK EQUATION IN A PERIODIC BOX

Consider the equation

(3.20) of=Lf:=V,- (va + ¢f) -v-VYef,  fo(.) = fin(\)s

for f = fi(x,v),t > 0,x € T4 the flat d-dimensional torus, v € R?, and for some
velocity potential ¢ = ¢(v).

(KFP1) The function ¢ is 62 and such that p(dv) := e ?(®) dv is a probability
measure and

W¢('U) = %Avgb — %|VU¢|2 m —090,

Moreover we assume that

V5 ¢()]

0 for s=2,...,4.
|Vv¢(v)| |v|—4o0

(3.21)
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(This assumption is needed when deriving hypoelliptic regularization estimates
which involves taking velocity derivatives of the equation.)

Observe that the condition (KFP1) is satisfied for any

2\37
$(v) =Cy(1 +|0]7)>", y>1
(but does not cover the borderline case ¢ ~ |v| for the Poincaré inequality). And as

before it implies that the probability measure y satisfies the Poincaré inequality (3.6)
in the Velocity space for some constant Ap > 0. It also implies the stronger inequality

p(do) > 2/1p/ (f— /Rd f(vs) dv*)Q(l + Vo) it (do)

for some constant Ap > 0 (see [102] for a quantitative proof).

For simplicity we normalize without loss of generality the volume of the space
torus to one. Let us denote the probability measure p(x,v) = e %(®). Let us con-
sider the functional space

Pt = {rerrixrd); [

TdxR4

Futdxdo < +oo},

equipped with its norm

1
1f 2 ::/ 2 dedo).
e ([ #7509

It is immediate to check that L(y) = 0 and

Re(Lf, f)r2(,1/2) :—/Td y Lffy‘ldxdv+/ Lf fptdxdo
X

TIxR4
fie2
= L S12y = — Vo (= <0.
Re(Lf, f)r2(,-1/2) /mm' (u)| pdxdo <0
We also similarly define the weighted Sobolev spaces
B (8) i= {F € B (TOXRY) 5 VU S5, fraa (09F) 7 dx do < o),

for s € N and j € N¢ multi-index (with |j| = j; + - - - + jq), equipped with its norm

1
W llgs 12y = ( Z /d d(ajf)%u_1 dxdv)Q.
ljfss ¥ TR

Let us first prove an hypocoercivity result on the kinetic Fokker-Planck equa-
tion in the torus. The proof is a variation of the method developed in the recent
works [49], [50], partly inspired from the paper [71]. In [50] the kinetic equation
is studied in the whole space with confining potential. This result is also related to
the works [72] and [125] on the kinetic Fokker-Planck equation in the whole space
with a confining potential.
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THEOREM 3.10. — Assume that ¢ satisfies (FP1)-(FP2). Then for any initial datum
fin € L? (,u_%), the solution to the initial value problem (3.20) satisfies

vt > 0, ”ft —H «ﬁn» ||L2(/1—1/2) < Ce_AKFPt ||f1n —H «fiH»”LQ(‘u*l/Q)’

for some constructive constant C > 0 and “hypocoercivity” constant Axgp > 0 depend-
ing on @, with the notation

i) = /T o e

Moreover the proof below provides a quantitative estimate from below on the optimal
decay Axpp.

REMARKS 3.11. — 1) More generally for s € N*, if ¢ is C972 and satisfies (FP1)-(FP2),

then for any initial datum f;, € H® (,u_%), the solution to the initial value prob-
lem (3.20) satisfies

VE> 0, ||fi —p (fiud]

w2y S C | fin = Cfiad (s 172

2) Note that this statement implies in particular in L? (,u‘%) (and in fact also in

H¥(y~2)) that
(L) c {z € C; Re(z) < —Akpp} U {0}
and that the null space of L is exactly Rp.

3) Observe that, on the contrary to the previous spatially homogeneous case, the
optimal rate of decay Akpp is in general different from the Poincaré constant of ®. It
depends for instance on the size of the spatial domain.

Proof of Theorem 3.10. — Without loss of generality we assume that ((fin)) = 0. Let
us denote by

T =0V, L:=Vy (Y +¢)

and let us introduce the projection operator

tf = ([ ool

and the auxiliary operator
U = (d + (7I0)*(7T11)) " (T10)".
Then one can check by elementary computations that

II9II =0 and U =1IU
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and
d/1 9
(5 I vy + € UL Ppoor2))
=(Lf, f>L2(/f1/2) +e <7/l7-Hf’ f>L2(/f1/2)
+e(UT U =T0)f, £) 2,172
- & <T(L[f, f>L2(IJ_1/2) +¢ <7/I.Zf, f>L2(IJ_1/2)

(observe that (U f, Zf)Lz(”_m) = 0 since U = IIU).

By explicit computation one can show that U, 7U, UT and UL are bounded,
by using that the operators

Vi(l—aAy)™ and (1-aA,)'V, with a—/ lo|u do
R4

are bounded in LJZC. This implies, for some constant C > 0,
e(UT(L=IDf . f) 212y = EXT UL Progury = e CULS, P2z
2
< AP“(1 - H)f”Lz(”—uz) + C€2||Hf||§2(y-1/2)-

Finally one uses the Poincaré inequality on the velocity variable

~(Lf, Phizgevey < =240 (L= T f][Fag 1o,

and the formula

UTTLf = (1-aAy) o (aAy)p)p  where p= fdv
R4
which implies that
(UTTLS, f)Lz(y—1/2) <=2 ||Hf||L2(y‘1/2)
(we have used here ((f;)) = 0 for all times ¢ > 0) with
all,
1+ all,

’

where A7, > 0 is the Poincaré constant for the Poincaré-Wirtinger inequality on the
torus. This concludes the proof of hypocoercivity by choosing some ¢ chosen small
enough. m]

Let us now consider some given Borel weight function m = m(v) > 0 on R¢ and
the associated Banach space L (m), p € [1, 2], equipped with the norm

1p
e T
X
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48 CHAPTER 3. THE FOKKER-PLANCK EQUATION

We consider again the defect weight function ¥y, », (see (3.8)) and we shall as-
sume again (FP2)-(FP3). Pairs of potential-weight functions (¢, m) satisfying these
assumptions are detailed in Proposition 3.3.

The main result of this section is the following theorem:

THEOREM 3.12. — Assume thatm, p € [1,2], F € C? satisfy (KFP1)-(FP2)-(FP3). Then
for any initial data fi, € LP(m) the corresponding solution to (3.20) satisfies

Ve 200 [l = i Chid oy < Ce 0 [ fin = 1 Fin) sy

With Am,p = Axrp if Akep < |@m,pl, OF Am,p < |am,p| is as close as wanted to |apm, |
else. From Proposition 3.3 we deduce the same estimates on the rates Ap, ;, depending on
the choices of ¢ and m as in the spatially homogeneous case, but where Ap is replaced

by Axrp.
REMARK 3.13. — Note that this statement implies in particular in L”(m) that
Y(L) c{z€C; Re(z) < —Am,p} U{0}

and the null space of L is exactly Ry. All the other remarks after Theorem 3.1
and Proposition 3.3 extend as well (in particular the remark on measure solutions).
However the open questions raised in these remarks are probably harder in this
spatially inhomogeneous setting.

Before going into the proof of Theorem 3.12, let us again prove a lemma about
the regularization properties of the kinetic Fokker-Planck equation at hand. This
result is related to the notion of hypoellipticity, it is folklore but hard to find so we
include a sketch of proof (following closely the methods and discussions in [125,
Chapter A.21]) for clarity and in order to make explicit the estimate.

LEMMA 3.14. — Under the assumptions (KFP1)-(FP2) the semigroup of the equa-
tion (3.20) is well-defined in the space L' (;1_%) and satisfies

Cr
||S£(t)f||L2(H—1/2) < t_§ ||f||L1(ﬂ—1/2)
for some constant { > 0.

Proof of Lemma 3.14. — The estimate

d
f,u_% dxdv:/

- fw¢p-%dxdvsc/ fp?dedo
dt Jyaxra TdxR4

T9xR4
easily ensures that the semigroup is well-defined in L! (;1_% ).

We rewrite the equation on h = f /i € L? (the unweighted Lebesgue space)
and we consider the functional

H(1) = |2 + @IIVohl2% + 26(V(DER), Vo(DLR)) o + 2|V
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for some constants a, b, ¢ € R, where D, := (1 — Ax)%. Since
1
(Vx(DZh),V o(D3h) Ve = (Vxh. Vo (D3h)>

(04
< gnvxhnp ||v o,

for any a > 0, it is clear that H is equivalent to
IBII72 + 1Vhl7> + 1IVohllF

as soon as ¢ < ab. Then computations lead to

d
SO < K (s + Vel + V2] 2)

for some constant K > 0 by using the Poincaré inequality (3.22) in the velocity
variable, the regularity assumption (3.21) in (KFP1) and the mixed-term estimate

%(V,C(D,%h),VU(D,%h»L2 = —”V,CD,%h”i2 + error terms.

Then by interpolation with the L! norm of h we deduce that
H1+8
iq—( 1) < =K &

() <
dt (k4
which concludes the proof of the first inequality. O

Proof of Theorem 3.12. — The proof is similar to that of Theorem 3.1. We first write
L=L+T, L=V - (Vof+¢f), T:=-v-Vuf

in L? (m) and the corresponding splitting £ = £ + 7 in L?(u~ ) The operator £
is symmetric in L? (™2 1) since

Ergm [, wll)

TdxRd

v, (ﬁ) pdx do.
U
The operator 7~ is skew-symmetric both in L? (,u_%) and L?(m).
Then we define the decomposition £ = A + B with
Af = ypMf and Bf := Lf - yrMf

and yr = yr(v) is the characteristics function of v € B(0, R). The rest of the proof
is strictly similar to that of Theorem 3.1. ]
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3.4. SUMMARY OF THE RESULTS

Let us conclude this section with a summary of the results we have estab-
lished, both for the Fokker-Planck equation (3.1) or the kinetic Fokker-Planck
equation (3.20) in the torus with velocity potential

$(v) ~ (v)”
at infinity. The constant A, > 0 denotes either Ap for the Fokker-Planck equation,
or Agpp for the kinetic Fokker-Planck equation in the torus.

Weight admissible p | admissible y spectral gap A
m= e#/? p=2 y=>1 A+ (optimal)
m=e ke (0,3) 1<p<2 y=1 min {,; k(1 - px) + 0}
m:ek‘v|ﬁ,1<,ﬂ>0 1<p<2 |2-y<f<y A« (optimal)
m= eV x >0 1<p<2 | f+y=2 min {A.; kBy + 0}
m = (v)k, k>d(1—1l)) 1<p<2 y>2 A« (optimal)
m = (v)*
k>(y-2+d)1-1) | 1sp=2 y =2 min {A,; 2k - 2d(1 - ) + 0}

The optimality of the estimates in the 2d, 4th and 6th line is open.
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CHAPTER 4

THE LINEARIZED BOLTZMANN EQUATION

Consider the Boltzmann equation for hard spheres in the torus in dimen-
sion d = 3, which writes

(4.2) 0if =Q(f . f) v Vuf,

for f = fi(x,v) = 0, x € T? (3-dimensional flat torus), v € R3, and where the
collision operator Q is defined as

62 Q9= [ [ 1Fe)9) = fR)glo)] - o vl do. do

In (4.2) and below, we use the notations

(43) U/:%(U+U*)+%O-|U_U*|’ U;:%(U‘FU*)—%O'h)—U*l,
with cos@ = o - (v — v,)/|v — v.|. We assume without loss of generality that

the torus has volume one. Then global equilibria are absolute Maxwell functions
which depend neither on time nor on position (see [44, Chap.II, Sect. 7] for instance).
By normalization of the mass, momentum and energy, we consider the following
equilibrium

]. _1 |Z)|2

(4.9 H(o) = —— e
(27)3

Consider the linearization f = p + h, then at first order the linearized equation
around the equilibrium is

(4:5) Oth= Lh:= Lh-v-Vyh,
for h = h(t,x,v) = h:(x,v), x € T3, v € R® and

Lh _/Rs /Sz ")+ p(0) h(v]) = p(vs) h(v) = p(v) h(v,)] - | = v.] dos do.
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Following standard notations, we introduce the collision frequency

v(v) :=4rx /R3 p(v.) lv = v, do, = dr(p = |.]) (V)
which satisfies for some constants vy, v; > 0
VoeR3, 0<w <vo(l+ o)) <v(v) <wvi(l+ o).
REMARK 4.1. — The collision frequency satisfies in fact the explicit bounds
Vo € R®, 47 max {|v|, 2/(671')} <v(v) < 4x(|v| +2)

that we shall use in the sequel. Indeed, on the one hand, the lower bound follows
from the Jensen inequality

v(v) > 4”‘./R3(U - v,) p(vy) do,

V‘Ev) y /m —ol21 #lor) do. 2 /|w|>1 (0) dor

\/7/e2*r dr. > \/7/e2*r*dr*:w/

One the other hand, we have

Vo) < / [v| p(v,) do, +/ 11+ [0s|?) p(v:) dos = [0] + 2.
R3 R3

=4 |v]

and

4.1. REVIEW OF THE DECAY RESULTS ON THE SEMIGROUP

Let us briefly review the existing results concerning the decay estimates on the
semigroup of L for hard spheres in the torus.

In the spatially homogeneous case, the study of the linearized collision opera-
tor £ goes back to Hilbert [74], [75] who computed the collisional invariant, the
linearized operator and its kernel in the hard spheres case, and showed the bound-
edness and complete continuity of the non-local part of £. This operator is self-
adjoint non- posmve and generates a strongly continuous contraction semigroup in
the space L2 (u~ ) Carleman [36] then proved the existence of a spectral gap for L
by using Weyl’s theorem and the compactness of the non-local part of £ proved
by Hilbert. Grad (see [61], [62]) then extended these results to the so-called “hard
potentials with cutoff”. All these results are based on non-constructive arguments.
The first constructive estimates in the hard spheres case were obtained only recently

n [15] (see also [96] for more general interactions). Note that these spectral gap
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estimates can easily be extended to the spaces H;, (,u_%), s € N*, by reasoning as in
the proof of Lemma 4.14 below when we introduce derivatives.

Let us also mention the works [126], [18], [20] for the different setting of Maxwell
molecules where the eigenbase and eigenvalues are explicitly computed by Fourier
transform methods. Although these techniques do not apply here, the explicit for-
mula computed are an important source of inspiration for dealing with more general
physical models.

The complete linearized operator L is the sum of the self-adjoint non-positive
operator £ and the skew-symmetric transport operator —v - Vy. It was first estab-
lished in [120, Theorem 1.1] that it has a spectral gap in the Hilbert space L2 HS (,u_% )s
s € N, by non-constructive arguments. Then using an argument initially due to
Grad [63] for constructing local-in-time solutions Ukai [120], showed that the spec-
tral property also holds in LS HE ((1+ |v|)k/f% ),k > 3. In[100, Theorems 1.1 & 3.1],

quantitative spectral gap estimates are established in Hj’x(,u_%), s € N, following
partly ideas from [65], [66], [67], [125].

For the spatially homogeneous case, in [9] the decay estimate of exp(t.L) was
extended to L! with polynomial weight by an intricate non-constructive approach:
the decay bound on the resolvent is deduced from the spectrum localization with
no constructive estimate, and then the decay of the semigroup is obtained by some
decomposition of the solution. This argument was then extended to L? spaces in
[128], [129]. In [97], this decay estimate was extended to the space L!(m) for a
stretched exponential weight m, by constructive means, with optimal rate. Let us
also mention that in [5] some non-constructive decay estimates were obtained in
a Sobolev space in position combined with a polynomially weighted L™ space in
velocity (integrating first in x and then taking the supremum in v, which is remi-
niscent of the norms we shall use in the sequel). We also refer to the paper [92] by
M. Mokhtar-Kharroubi and the more recent paper [93] for an overview of the spec-
tral analysis and the semigroup growth estimate available for the linear Boltzmann
equation as it appears in neutron transport.

4.2. THE MAIN HYPODISSIPATIVITY RESULTS

For some given Borel weight function m > 0 on R3, let us define LIL% (m),
1 < p,q < oo, as the Lebesgue space associated to the norm

1Rl a2y = [ 1AC ) e m(2) || 4
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We also consider the higher-order Sobolev subspaces W,, W, (m) for o,s € N
defined by the norm

O T D Y | (Lo
i,jeNd
li|<o,|jl<s
li|+]j|<max{oc;s}

L (m)’

This definition reduces to the usual weighted Sobolev space W;jg(m) when g = p
and o = s, and we recall the shorthand notation

HS = W2,

We present now our set of hypodissipativity results for the semigroup associated
to the linearized Boltzmann equation (4.5).

THEOREM 4.2. — Consider the space & = W, TWg'? (m) withs,o € N, o < s, and
with one of the following choices of weight and Lebesgue exponents:
(W1) m=p2,qg=p=2;
(W2) m= e"|v|ﬁ, k>0,p€(0,2) andp,q € [1,+0];
(W3) m= ()< k> k; andp,q € [1, +00], where
3 V49 - 48/q
q- 2
Then there are constructive constants C > 1, A > 0, such that the operator L defined
in (4.5) satisfies in &:
(L) c{z€C; Re(z) < -1} U{0}
{ N(L) =Span{y, vy p, ..., vap, [o* p},
and is the generator of a strongly continuous semigroup
hy := Sz (t)hin in &,
solution to the initial value problem (4.5), which satisfies:

Vi >0, ||h —hi|, < Ce ™ ||hin — Thyy|

le &

where I1h;, stands for the projection onto N( L) defined by (2.1), or more explicitly
) { Mg := ( froyps 900 dxdv)go s+ - + ( fro, s 9 04 dx do)pa p,
po=1, p=v;, 1 <i<3, pg = %8(|0|2—3).

Moreover A can be taken equal to the spectral gap of L in H® (,u_%) (withs € N as
large as wanted) in the cases (W1)-(W2). This is still true in the case (W3) when k is
big enough (with constructive threshold).
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REMARKS 4.3. — 1) An important aspect of this decay result is that the rate A is equal
to the spectral gap in the smaller space H® (,u_%). This is an optimal timescale. For
weights of the form (W3) such optimality requires k large enough.

2) Another important point of Theorem 4.2 is the spectral analysis of the lin-
earized Boltzmann equation in Lebesgue spaces associated to a polynomial weight
function. Apart from the non-constructive works [9], [5], all the previous works
were considering spaces with Gaussian decay in velocity dictated by the equilib-
rium y, or more recently stretched exponential weights in [97], [85], [89]. We also
refer to [33], [32] where polynomial weights are considered for a fragmentation
equation.

3) Observe that we could replace kj by the slightly better exponent k;* < kg
defined as the solution to the equation ¢¢(k3") = 1 with
4 )1/q( 4 )1—1/q
p .

Palk) = (k+2 -1

This last condition comes from a careful application of the Riesz-Thorin interpola-
tion inequality, as will be seen in the proof.

4) Observe that the thresholds kg, kg* (related to the decomposition of the oper-
ator) are k] = ki* = 2 in the case ¢ = 1 and k3, = k' = 5 in the case g = +o0.
It is remarkable that on both cases these numbers correspond to the threshold for
the energy to be finite. For g € (1,4o0) the asymptotic velocity decay suggested
by the finiteness of the energy is k™ = 5 — 3/q and our thresholds exponents
ky > ki* > ki™ = 5 — 3/q are close to it. There is a further loss 1 — 1/q on the
threshold for the spectral gap (due to the fact that the reminder estimates in the
decomposition are applied with the negative weight v=1/7', see later in the proofs),
which leads to the conditions k > 2 when ¢ = 1 and k > 6 when g = +oco. The
optimality of these conditions is an open question suggested by our study.

5) As for the Fokker-Planck equation in the previous section, we observe a thresh-
old condition on the polynomial degree to recover the optimal spectral: the weaker
the growth of the weight function is, the more the semigroup “ignores” some dis-
crete eigenvalues in the sense of having time decay worse than these eigenvalues,
with eventually a time decay worse than the spectral gap and degenerating to zero.
This suggests a “tide” phenomenon for the continuous spectrum, i.e. that depends
on this weight and moves towards zero as the weight is weakened and approach to
the critical “energy space” L in velocity. Let us also mention that interestingly such
a phenomenon has also been observed by Bobylev in [18] for the linearized spatially
homogeneous Boltzmann equation associated to Maxwell molecules. In this case an
explicit calculation (by mean of Fourier transform analysis) can be performed.
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6) We note that even if our main goal here is to relax the tail decay condition
on the solution, our general method is also useful for relaxing the regularity con-
dition on the solution. As a side result, it hence provides an alternative strategy to
[71], [50] in order to study the linearized semigroup without regularity assumptions
in various hypocoercive contexts. We refer to [132], [131] where some aspects of
these works are revisited in this spirit, with in particular a crucial use of our iterated
averaging lemma (see below). In this book we will give some applications of this
regularity side of our method in order to understand the structure of propagation
of the singularities for the Boltzmann equation.

4.3. STRATEGY OF THE PROOF

4.3.1. Methodology. — The strategy is inspired from the methodological approach
in [97, Theorem 4.2]; it crucially uses the abstract enlargement Theorem 2.13. The
starting point is the quantitative hypocoercivity theorem in a small Hilbert space
setting from [100], and we use a decomposition of £ found in [97]. We fundamen-
tally extend [97, Theorem 4.2] in several aspects:

1) we include spatial dependency in the torus,

2) we enlarge to L! spaces with polynomial weights, and

3) we enlarge to L™ spaces with polynomial or exponential weights.

Extensions 2) and 3) result from new estimates on the remaining operator Bg

in Lf)(m), see Lemma 4.14 below, while extension 1) also takes advantage of the
new abstract extension Theorem 2.13 and a new result of smoothness for iterated
velocity averages for solutions to kinetic equations, see Lemma 4.19.

4.3.2. Steps of the proof. — Consider a decomposition of the operator
L=A+B where A=As and B=8"+ 8]

are suitable operators which are defined through an appropriate mollification-
truncation process, described later on. As a first step we estimate the remainder
term Bg and show that it is small in various norms. The estimate in L' ((v)¥), k > 2,
is obtained by carefully exploiting a refined version of the Povzner inequality. The
estimate in L*((v)¥) is obtained by using a representation of the gain term for
radially symmetric functions inspired from the physics literature, which has been
used for the Boltzmann equation for Bosons gas in [112], [113], [54], [53]- As a
second and easier step we deduce that A has smoothing effect in the v-variable and
that 8 — a is dissipative with a < 0. In a third step, we prove some new regularity
estimates on iterated velocity averages of a solution to a kinetic transport equation
and we deduce some regularity estimates in both position and velocity variables on
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the iterated time-convolutions of As Sg, (t). The new feature of these regularity
estimates is that they hold for solutions merely L', whereas classical averaging
lemmas [59] are well-known to degenerate in L!. Finally, the known spectral
analysis of the linearized Boltzmann equation in Hi’v (/f%) proved in [120], [100],
the space extension theory developed in section 2 and all the preceding steps yield
the full proof of Theorem 4.2.

4.3.3. The decomposition of the linearized operator. — Let us first recall the
usual decomposition

Q9. f) = 0% (9.f) -0 (9. f)

of the bilinear collision operator with

)= / L f@) g o= vl do.do

/ /f ) |v — vi| do, do.

We introduce the decomposition of the linearized operator used in this section.
For any § € (0,1), we consider O5 = O5(v, vy, o) € C* bounded by one on the set

{|v| <é6'and 26 <|v—v.] <86 and |cosh| <1 —25}
and whose support is included in

{lvl <261 and §<|v—-v,] <25 and |cosf| <1 —5}.
We define the splitting

(4.8)

Lh= ﬁ5h+§5h
with

Ash(v ./[Rd /§d 1 Os[p(v] + u(©") h(v]) = h(ve) p(v)] - v = vi| dvs do.

Thanks to the truncation, we can use the so-called Carleman representation
(see [122, Chapter 1, Chapter 4.4]) and write the truncated operator As as an
integral operator

(4.) FAsh(v) = / ks(0,0.) h(v.) do,

for some smooth kernel k5 € C°(R% x R?).

Deﬁning the corresponding remainder operator

(4.10) / / (1-0y5)
R4 §d 1

[#(00) h(v") + u(v") h(v)) = h(v.) p(v)] - [0 = v.] dvs do,

SOCIETE MATHEMATIQUE DE FRANCE 2017



58 CHAPTER 4. THE LINEARIZED BOLTZMANN EQUATION

we have therefore the representation 85 = —v + 8 %. We can then write a decom-
position for the complete linearized operator £ = As + Bs with

As=As, Bs=8B'+8;, B ' =-v-v-V, B;=83

We also define the nonnegative operator @g by

(4.11) @gh(v) = /[Rd ‘/Sd_l(l - 0Bys)
x [p(©0) h(v") + p(v") h(2)) + h(v.) p(v)] - o = .| dos do.

It is obvious that |(B3h)(v)| < (§§|h|)(v), and therefore any control in weighted
Lebesgue space on @g implies a similar control on Bg.

4.4. INTEGRAL ESTIMATES WITH POLYNOMIAL WEIGHT ON THE REMAINDER

Let us first prove some smallness estimates on the remainder term Bg in the norm
L' (v()*) = L)),

as & goes to zero. Since the position x is just a parameter for the operator 82, we
restrict the analysis to the velocity variable only without loss of generality. This
estimate improves on the estimate [97, Proposition 2.1] since it handles polynomial
weights instead of stretched exponential weights. This dramatically enlarges the
functional space in which we can control the semigroup, and it is also more natural
from the perspective of the Cauchy problem for the fully nonlinear equation. The
cornerstone of the proof'is a careful use of a Povzner inequality with sharp constants.

LEMMA 4.4. — For any k > 2 and § € (0,1), the remainder collision operator Bg
defined in (4.10) satisfies

4
(412)  Vhe L'(@)**h),  ||B3hllLi(oyr) < (m + Ek(5)) Al oyr)s
where e (8) is a constructive constant depending on k and approaching zero as § goes
to zero.

Before going into the proof of Lemma (4.12) we shall review a classical tool in the
Boltzmann theory, i.e. a sharp version of the Povzner (angular averaging) lemma. The
key estimate we use was implicit in [130], [21] or [91, Lemma 2.2], and was made
explicit with sharp constants in [22], from which we adapt the following statement.
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LEMMA 4.5 (Sharp Povzner Lemma). — For any k > 2, we have
Yo, v, € R3, / [l0/1% + [0'|* = [0.]* = [o]¥] do
SQ
< Cr (|0 oul + [0] - o) = (47 = yie) o],

where y == 167 /(k + 2), so that in particular yr — 0 ask — oo, andCx > O isa
constant depending on k.

Proof of Lemma 4.5. — We know from [22, Cor. 3 and the remark that follows it]
that for any k > 2, it holds

1
(4.13) /S (101F + [021%) do < yie(lol? + [o.]?) 25,

from which we deduce that
LTt 1 = o = o] dor
S2 1
Lk
< ¥ [(loe? + 1013) 2" = [ou* = [0lF] = (47 = yi) (Jo]* + [0.]F).

We conclude the proof by using the elementary inequality

[N

(y —+ Z)%k — y%k — Z%k <2 k (y%k_% Z% -+ y% Z%k_%)’
for any y,z > 0, in order to bound the first term. O

Let us now go back to the proof of Lemma 4.4.

Proof of Lemma 4.4. — Since (v)* < (1 + |v|F) < 95k (vYk, it is enough to prove
the result with the weight m := 1 4 |v|F. We compute

1B3Al 1 () < / (1-0s) [ W+ 1 1B + plhil] - |0 = v mdo do, do.
R3XR3xS2

We first crudely bound from above the truncation function as follows

||B§h”L1( )< / bl - [m + ml +m.] - v —o.|dvdo, do
" {lcos 0] €[1-58.1]}
—|—/ ,u*|h|-[m’—|—mfk—|—m*] v —vi| dvdo, do
{lv-v.|<6}

+ [ [KI”) + 1K)+ ] - o = v, mdo do, do
{lv|2671 or |v—v.|2671}
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where the change of variable (v”,v],0) — (v, v,, o) has been used in the two first
integral terms, so that

1
(414) [IB3A]| 1) gzzk(/ da+5)/ pe0 )T |R] (0) T do do,
{|cos 0|€[1-6,1]} R3xR3
[ e W R ] o= o mdo do. do

R3xR3xS2

where ys-1(v,v,) is the characteristic function of the set

(VIR + o2 2 8 or [v -] 2871}

The first term in the right hand side of (4.14) is easily controlled as O(5) | Al|.1 (v m)-
In order to deal with the second term we write

(4.15) / ot [ W)+ 1 ) + IR - o = v, mdo do. do
R3xR3xS?2
=/ oot [ W)+ 1/ B) = o, 1Bl = 1Al Jo = o, m do do, do
R3XR3xS?2
+ 47'[/ Xs-11«|h] - |[v — v mdo do,
R3xR3
+ 87[/ Xs-11|v — vy| - || mdo do,,
R3xR3

and the first term in the right hand side of (4.15) is bounded thanks to Lemma 4.5 as

(4.16) / xo-t[pilh’| + w' IR = plhi] = pelhl] - [o = 0.l mdo do. do
R3xR3xS?
= / X5-1‘u*|h| (/ [|U;|k + |v’|k _ |’U*|k _ |v|k] dCT)
R3xR3 R3XR3xS2
X |v — v,| dv do,
< / X1t Bl Ce ([ - ol + o] - [o, <) o - v.] do do,
R3xR3
~(r=p) [ xen(lhl ol o - vl dodo.
R3xR3
(observe that our characteristic function ys-1 is invariant under the usual changes

of variables as it only depends on the kinetic energy and momentum).

Now using the elementary inequality

X5-1(0,02) S Vgpzis 4 Vg 151 <26 (Jo] 4 o)),
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we easily and crudely bound from above the second and third terms of the right hand
side in (4.15), and the first term of the right hand side in (4.16), in the following way

4.17) 4r s-1|0 — v.| pem v do,
(417) 4 Ko 10 = 0l pram ] do d
R3xR3
—|—87r/ Xs5-1 v — vi| map || do do,
R3xR3
k-1 k-1
+ck/ st 1o = vl (11 0] + [o] - [o.*1) o |h] do do
R3xR3
< 47‘[/ Xs-1 () |h] - [0]F - v = v.| do do,
R3xR3
+ 87[/ 5 (|o| + |vil)|v = vi| Mmyps |h| do do,
R3xR3

ey / 5(10] + [0.1) [0 = val 0051 @)1 g, |h] do do,
R3xR3

<ax [ gp () - ol o - ol dvd. + O(O) Al
R3xR3

Putting together the estimates (4.14), (4.15), (4.16) and (4.17), we get

IB3hIIL: (my < ORIl (vm) + Yk/

R3x
< (0(5) + }/k) ||h”L1(vm)
which concludes the proof. O

Xs-1p(vs) || - |U|k v — v dvdo.
R3

4.5. POINTWISE ESTIMATES ON THE REMAINDER

The goal of the subsection is to establish estimates on Q" in L* spaces with
polynomial and exponential weights. As a preliminary step, we shall first establish
a representation result for the gain part of the collision operator Q* when applied to
radially symmetric functions. The following result is adapted from [54, Lemma 3.6],
see also [112], [113]. We give however a full proof of the result for several reasons:
the statement as well as the step 1 of the proof are modified, and the final step 4 of
the proof below was omitted in the quoted papers.

LEMMA 4.6. — Let F and G € L'(R3) be some non-negative radially symmetric func-
tions. Then

Q" (G,F) = Q" (F.G)

defined in (4.8) is radially symmetric and, denoting r = |v|, we have

“+o0 —+o00
(4.18) O (G, F)(r) = / / Vs (yzore BG() () dr’ dr,
0 0

SOCIETE MATHEMATIQUE DE FRANCE 2017



62 CHAPTER 4. THE LINEARIZED BOLTZMANN EQUATION

with

rlrl
B := 6472 —* min {r, r*,r',r;}, Py 1= \/(r’)2 + (r))% —r2.
r
Proof of Lemma 4.6. — We proceed in several steps.

Step 1. Integral representation of the operator on the whole domain
We claim that

(4.19) Q" (F,G)(v —8‘/[@/“%3‘/[RS . 0c, dv, dv’ do;

where

Cm = {(v,0.,0",0]) € (R*)*; v+ v, =0 + 0]},

Ce = {(v,0,0",0)) € (R*)?; Jo? + [o.|* = [0/ + oL}
In order to prove the claim, we use the identity (see [23, Lemma 1])

(4.20) V® e C(R3), Vw € R,

1
/§2 o (|lwlo —w)do = — » d(y) Syt L ly[2=0 9Y-

[l

The proof is straightforward by completing the square in the Dirac function

/R?,‘I’@) 5y~w+;|y|2ody—/R3 ©(Y) 81 (jy+of2-lf2)=0 9Y»

then changing variables to the spherical coordinates y = —w +ro

/ '/82 a)—I—rO' %(|r|2_|w|2):0 r2 dO'dr,

and finally performing the change of variable s = %(r2 —|w|?) on the radial variable

/ / (~w+ro)ds—grdods = |w|/ (lwlo — @) do
w2 Js?

We start from the definition (4.8), (4.3) of O and we write

QM (G,F)(v) = / |v—v*|G( - (lwlo =w))F(v + (|lw| 0 = w)) dv. do

_2/RS /R3 (v +Y)G(vs = y) 6y 1 jy2—0 d0x dy

=2 /Rs /R3 ,/Rs 0+ Y) G(0: = 2) 8.1 11yj2=0 Fy-2=0 dvs dy dz

where we have set w : 2 (v - v*) and we have used (4.20). We conclude by per-
forming the change of vamables v’ := v +y, v] 1= v, — z and observing that

5y-w+%|y|2=o Oy—z=0 = 45cm oc.

MEMOIRES DE LA SMF 153



4.5. POINTWISE ESTIMATES ON THE REMAINDER

because d,_.—o = dc,, and for all (v,v],v],v]) € Cp,

2 2 2 2 2 2 2 2
1P+ 1002 = 1o = [o.f?) = {1 (10" =0 = vf* + [0 = [o]? = [o.]?)

=H@w -v) - v-v)+ | -0} =y -w-

63

11,02
§|y| .

Step 2. — The fact that QT (G, F) is radially symmetric when applied to two radial
functions F and G is straightforward by using rotational changes of variable in the
collision integral. The identity O (F,G) = Q1 (G, F) is obtained by the change of
variable ¢ — —o in (4.19). We can then write for radially symmetric functions F

and G
—+o00 —+o0 “+o0
QT (G, F)(r) = / / / Kéc, G(r]) F(r') dr.dr’ dr]
0 0 0
with

(4.21) —8(r* r’) '2/ / / 8¢c,, do. do’ do,
S22 JS? JS2

with the transparent notation

r=lv|, r=lvl, r'=1|, rl=|vll,
Vs , v , U

Oy = o = —
" o |

Using the distributional identity

1
Orz=(ry2(rt)e—r2 Ir20 = 570, _ e e V)4 ()220
we obtain
“+oo —+o0
(4.22) Q™ ( / / ()24 (r)?>r2 5 G(r;) F(r’)dr’dr,

where now r, is defined by r. := /(r')% + (r])2 - r2.

Step 3. — Let us prove that

2
(4.23) / / / dc,, doy do’ do, = 327
s2 Js2? Js2 rr*r V*

with

e . N ., du
A= sin(ru) sin(r.u) sin(r'u) sin(rju) —
0 u

We use the following representation of Dirac masses on R3:

1 7 ’ ’
S _ i(z,v+v,—0'-0)) d
cn = a7 Lo ’
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which yields, thanks to a spherical change of variable on z with u = |z| and
e =1z/|z|,

// d¢c,, do,do’ do;
S2 JS2 JS2
1 oo ; o
= @ )3/ ////e’“("’v+v*_v_”*)deda*da’da;u2du.
JT 0 S2 JS2 JS2 JS2

Observe that this formula is invariant under rotation of the variable v: this can be
proved by using appropriate rotations on the integration variables e, 0., ¢, o/. We
can therefore add an average over o = v/|v|, and then remove the spherical average
over e, which is no more necessary:

///5Cm do. do’ do;
S2 JS2 JS2
1 Feo .
:W/ ////e’“(eo’v+v*_v/_v;) do do, do’ do’ u? du
T 0 S2 JS2 JS2 JS2

for some fixed unit vector ey € S? (the volume of the two spherical averages re-
moved and added cancel). We then compute

/ el do = 27 /ﬂe"“'wl“’se sin0dg — “Zsinwl)
S2 0

|wlu
and straightforwardly deduce (4.23).

Step 4. — We claim that for any r,r.,r’,r, > 0 satisfying the conservation of
energy condition r? 4 r2 = (r')? + (r)?, it holds

(4.24) A= %n min {r, e, 7', r;}

Indeed, by Lebesgue dominated convergence theorem, we have

00 d
A= lin(l)Ag with A, := / sin(ru) sin(r.u) sin(r'u) sin(r,u) —Z
E— £ u

Using the identities sinz = & (e* — e %) and cos z = 1(e’* + e~%*), we have
4 sin(ru) sin(r.u) sin(r'u) sin(ryu)
= cos ((r +r.+r + r;)u) — cos ((r +re+r - r;)u)
—cos((r+ri—r"+r))u)+cos((r+r.—r" —r))u)
—cos((r=re+r"+r))u)+cos((r—ri+r" —r))u)

+cos((r—re=r"+r))u) —cos ((r—r. —r" —rl)u).
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We observe that thanks to an integration by part, for any a € R, we have

oo du cos(ae) < du
/g cos(au) 2=, ¢ /g sin(au) —
1 oo d
= ——a/ sin(au)—u+0(a2£)
0

& u
1
=-- % la] + O(ae).

All together, we get
8

8
——A=-—1limA,
T T >0

=lr+r+r+r-lr+r+r -1l
—lr+r-r+rl+lr+r-r-ri
—lr=ret+r+rl+lr—-rit+r —rl
+lr=ri—-r' +rl-|r=-ri—-r' —-rl.
Now assume first r > r., ¥’ > r] and r > r’, so that the energy conservation
condition implies that r > r’ > r, > r,, and in particular r — r, > r’ —r, > 0. Hence

any of the terms r, r.,r’, r] is smaller than the sum of the three other terms. Using
all these inequalities, the above expression then simplifies into

—;A:(r—l—r*+r'+r;)—(r—i—r*+r’—r;)
—(r+r—-r'+r)+lr+ri-r' —-ri
—(r=rit+r'4+r)+r—-rit+r' —-r))
+lr—ri—-r'+r]l+r-ri-r'-r))
=-2r, = 2r, +|(r=7") = (rl = r)| + |(r =) + (r = 1)

= -2r, — 2r] + 2max {r -r'r - r*}.

Now, from the elementary inequality
Vx,y > 1, x2+y2—1 < (x+y—1)2,

we deduce that

roor

’
—+—*—1|:r'+r;—r*
re o Ts

r’\2 ri\2
r=r. (—) +(—) -1<r
T s
where we have removed the absolute value due to the inequalities above. We thus
obtain max{r — r’,r; — r.} = r. — r.. As a consequence, we get

8

——A=-2r.-2r,+2(r; —r.) = =4r. = =4 min{r,r,,r’, r }.
4
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We then conclude (4.24) by using symmetries: the casesr < r.,r’ <r.,andr < r’
are treated by using the three swappings v & v,, v’ & v/ and (v,v,) < (v, 0])
leaving invariant the energy conservation identity.

Step 5. Conclusion. — We conclude by gathering (4.22) with (4.21), (4.23) and (4.24).
m|

We can now prove the pointwise estimates with polynomial weight on the colli-
sion operator.

LEMMA 4.7. — Assumek > 3. Then we have the following bilinear estimate on the Q"
operator defined in (4.8): for all f, g € L®({(v)*+1),

(4.25) ||Q+(f’g)”L°°((U>k)
< (k) (||f||Loo(<v>k+1) . ||g||Lm(<v>k) + ||g||L°°((v)k+1) . ||f||L°°((v)k))

for some constant C(k) > O depending on k. Moreover, we have, for any k > 3
and & > 0, the following more precise linear estimate on the remainder operator B§

(defined in (4.10)):

(4.26) Vh e L°°(<0>k+1), ||B§h||Lm(<v>k) < (k 1 + U(k, 5)) ”hHL""(v (v)k)»

for some constructive n(k, §) such that n(k,8) — 0 as§ — 0 with k fixed.

REMARK 4.8. — Observe that a similar estimate is easily proved for the loss part of
the collision operator Q™ (g, f) as soon as k > 3. These estimates for Q™ recover,
by another method, some estimates in [5], in a more precise form and with the
sharp constant (and weaker moment condition). They are different in nature from
convolution-like estimates

@27) QT (9l qoyry < CUlIglL oy 1 fllz oy
1 F gt oykst) - Ngllzoqopesny)

which hold for any k > 2 and any f, g € (L' N L®)((v)kT!), as proved for instance
in [8] or in [104, Theorem 2.1 and Remark 3].

Proof of Lemma 4.7. — We split the proof in two steps along the two parts of the
statement.

Step 1. The bilinear estimate (4.25). — Define the functions
Vr>0, F(r):= sup |f(v), G(r):= sup |g(v)

lvl=r lol=r

B

so that
07 (9. f) ()] < Q*(G. F)(lol).
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Observing that now F and G are radially symmetric functions, for (r’,r]) € R%
we get

{(r’)2 +(r))? > r2} c{r> r/\/§} u{r, > r/\/§}
We can estimate Q" (G, F) by using the representation formula in Lemma 4.6 and
the following splitting

r r

<@ ) r’ ) riG(r'YF(rl) r' (r])?
0" (G.F)(r) < //ﬁd /0 drlG(r") F(r) ¥ ()

CO ® /‘/00 ’ ’ ’ N2 ../
+ — dr, dr’'G(r") F(ry) (r')=r,
P are e )

=hL+Db

where we have used min{r,r.,r’,r.} < r] in the first term, min{r,r.,r’,r.} < r’
in the second term and we have set Cy := 64 2.

For the first term, we set my. := (1+|v|?) 2k and we remark that as soon as k > 3,
we have, for r > 1,

n= ([ rarar) ([ wre

[sup(Gmk+1)] . [sup(ka)] /+°° r’dr’l
R, Ry V2 (14 (rz)2)5(k+1)

< Co
“r(k-3)

1
Co 221 1
< : . _ .
< e e 1) W,

so that

Co 2%(k_1)
Vr >0, IL(r)mg(r) < k-1)(k=3) NGl (myeir) = N 1L (my) -

Because the terms [; and I, are symmetric (the change of variable (r’,r) — (rl,r’)
exchanges the role played by F and G), we obtain the same estimate for I where we
exchange the role played by f with g, and this concludes the proof of (4.25).

Step 2. — Let us prove the following linearized estimate

16
@28) 1Q" (1 )+ Q" (] Totstllumqupsy S (T27 +1068)) I ll(oprony

for some constant n(k,5) — 0as§ — 0, for k > 3 fixed. It implies the desired
inequality (4.26) since

1
477.'(1 + |U|2) 21 |U|25—1 < 47‘[(1 + |U|)ﬂ |U|Z5’1 < V(’U) + 47'[ 1 |v|25’1 < V(U) + 5 V(U).
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Setting G := pand F := m_~ , we have

k+1
|Q+(l’l f | < ||f||L°° (v)’ﬁLl) Q+(G9F)’
T (f, )| < f o oyrsny Q7 (F, G)

and since Q7 (G, F) = Q" (F,G) (cf. Lemma 4.6), it is enough to establish the esti-
mate (4.28) for the term Q™ (G, F) only.

Forany ¢ € (0,1) and (r',r]) € Ri, we have
{2+ )22 c{r 2Verbu{rl>(1-e)r},

so that we may estimate Q (G, F) thanks to the following splitting

Q+(G,F)(r)s—°/ dr/ drl G(r')F(r)) ¥ (r))?
r Jyer
CO ’ tee ’ ’ ’ N2 .7
+ — / dr*/ dr' G(r'F(r)) (r')°ri =L + L,
rJa-e)r 0

where we have used min{r, r.,r’,r.} < r] in the first term, and min{r, r., 7", r.} < r’
in the second term.

For the first term, we have
; CO(/+oo r/e—%(rl)Q ; ’) (/+oo (r;)Q dr; ) . Co e—%er )
1= — —_— qar S — T/
r or (2”)% 0 (1 + (r;)Q)%(kH) r 271)% k-2
with © € (0,1). On the other hand, for the second term, we have for any r > 1

CD tee ’ e—%(r’)Q ’ e r; ’
12 = —(/ (r )2 3 dr )(/ l(kJrl) dr*)
r 0 (27‘[)2 (1-¢e)r (1 +( ) )2

G 1 _ 16z 1 1
drr(k=1) (1 1 (1= 2220 T k=1 (1=e)f rmiea(r)

where we recall that Cy = 6472.
By combining these two estimates together, we get for any r > 1

167

0" (G, F)(r) me(r) 254 < =

with ¢ = ¢1 + ¢2 and

+¢(k 5, ¢)

$1(k,8,¢) = k01 [< L ml(r)—1],

Co 1.2
pa(k,8,¢) := 5| sup my(r)e”2 ],
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for some numerical constants C1,Cy > 0. We deduce that (4.28) holds with

n(k,dé) := ¢(k,8,0)

for instance.

Step 3. — Coming back to the definition of th we split it into three pieces
B30 < [ oten (i W1+ 4 1) o= 0] do.do
R3xS?2
4 [ Toisn(1=0) (s W1+ 4 ) fo = o] do. dor
R3xS2

—i—/ Toj<r(1=Os) plhi] - v —vi|dvsdo =1 [} + I + I5.
R3xS?

For the first term I; we use (4.28) and we get

167
Il (oyry = sup (I (r) me(r)) < i n(k,R™).
r=

For the second term I, we use the sharp form of the convolution inequality (4.27) as
stated in [104, Theorem 2.1] and we get for k > 3

L(r)me(r) < mi(R)|[(QF (1, |RI) + Q5 (1], p) ﬂ|v|<R||Lm

< Cmi(R) ||hllgeo((pyxy su // ———|v—v|dv.do
() WAl ot ’U|£)R R3 Js2 (U’>k<U >k

1-065
S CmelR) Il ) sup [/ v~ .| do, do
R3Js2 (1+ |v

v|<R 12+ [l ?) 2"
1-0s
< Cmg(R) ||hl oo (& sup/ / v — v,| dv, do
P poizr e sz (14 ol + o f2) B

for some constant C > 0. Observe that we can also write the same control on the
third term I3 by a simpler argument:

I(r)my(r) < Cmy(R) [|All o (oyk) sup /R3 /82 (v)k(v >k - v, do, do

|v|<R
1-05

< Cmg(R) [|All o (o) sup/ / |v — v,| do, do.
L)) re Js2 (14 |o]2 + Jo,|2) 3%

We then use

(1 - 95) S (]] lo—v, 2871 + ﬂlv—wlﬁ?ts + ﬂcos@21—25)

which gives rise to three terms to be controlled. The term associated with the third
part is o(§) thanks to the L' integration on the sphere, the second term is O(5)
thanks to the term |v—v,| in the collision kernel, and for the first term, if we assume &
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small enough so that 5! > 2R, then we deduce that |v,| > %5‘1 which gives a
decay O(5%~2). We finally deduce that

21l ((oy%) + 131l Lo ((oyr)y < 0(8) N1RllLeo((oyky-

Then the proof of (4.26) follows by gathering the preceding estimates on I, I, I.
i

REMARK 4.9. — The reader can check that the above proof fails for Lebesgue
spaces L1, g € (1,4+00): in fact the loss of weight in a bilinear inequality of the
form L9 x LY — L7 seems strictly greater than what is allowed by v.

Let us now consider the case of a stretched exponential weight.

LEMMA 4.10. — Consider the weight m = ex1oV ithic > 0, B € (0,2). Then we have
the following bilinear estimate on Q" defined in (4.8):

@29) 1079 Nloqpmy < CUF Miosmy Mgl cum) + Mgl gmy 1F lzesomy)

for any f,g € L®(vm) and for some constant C > 0 depending on m. Moreover, for
any & > 0, we have the following linear estimate on the remainder operator Bg:

(4-30) Vhe L*(vm), (B3l (m) < 1(8) 1AllL (vm),

for some constructive constant n(8) such thatn(§) — 0 as§ — 0.

REMARK 4.11. — Observe that by inspection Q7 (h, y) is bounded in L*(m). How-
ever again such estimates are new for Q" to our knowledge. They complement
the L! integral estimates in [97]. These estimates show that the bilinear operator O
is bounded for the norm L*(vm) for § € [1,2).

Proof of Lemma 4.10. — We prove (4.29) in step 1 and (4.30) in step 2.

Step 1. The bilinear estimate (4.29). — We proceed as in step 1 of Lemma 4.7. Con-
sider f,g € L®(vm) and introduce the associated radially symmetric functions F, G
as before. We may estimate Q" (G, F) given by Lemma 4.6 thanks to the following
splitting

—+o0 +c>o
O (G,F)(r) < — / 24 (r)2zr2 Lren G(r') F(r)) r’ (r)2dr’ dr!
+oo

Co [Tt
+ —O / 1](,, )24(r0)2 >r2 ﬂr/>r/G( )F( ) (I’/)2 r; dr’ dr; =L+

where we have used min{r, r.,r’,r.} < r] in the first term, min{r, r.,r’,r.} < r’in
the second term and we have set again Cy := 64 2.
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We estimate the two terms in a symmetric way as
L(r) < gl my I f L= ym) J(r),
L(r) < gl (oym) 1f i my J(r),
with
1= [ [ttt ) (20 0
where we denote p? := (r')? + (r/)?. We introduce the notations

x:=r'/p, y:=r]/p,

and we remark that by inspection
Vx €[0,1/V2], x4+ (1-x2)P2 1>yt

for some explicit n = n(f) € (0,1). As a consequence, making the change of
variables (r’,r]) — (r’, p) and noticing that the condition r’ < r] is equivalent to
the condition x < 1/V2, we get

C oo p/\r r—Krﬂr
=% [ [ e 2

o0 —xrP
< CO\/_/ e xr’ dp/ e ()’ (r')?dr' < C c ,
r r 0 rp

for some constant C which depends on Cy, S, k.

Notice that in order to get the last inequality above we may proceed as follows:

> If B € (1,2) we use the inequality 1 < pf~1/rf~1 and we simply integrate
exactly the resulting function by using its anti-derivative

+oo 5 +oo 5 e—lcr/”
/ e P dp < rl_ﬁ/ pﬂ_1 e P dp = ri=p .
r r ﬁ -1

> If € (0, 1), we write

feo oo 5
I(r) ::/ e P dp = / pt P pP e *P" dp
r r

—xpf 1o

- [pl ’ e—K,B ) ﬁ/ phe - d
1 ﬁe_xpﬁ _ﬁ(l ﬁ

< 7 + 7 I(r)
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which implies for r > ry with ro_ﬁ(l - B)/(kp) < %:

/ et gy < 2Rl
. =T P

The estimate for small values of r, say r € [0, rg], is a consequence of (4.25). This
thus concludes the proof of (4.29).

Step 2. The linearized estimate. — Estimate (4.29) implies the following linearized
estimate

(4.31) 10T (1. h) + QT (h, )] T10|5R ”Lw(m) < 0(8%) ||h||L°°(vm)'

We then proceed as in the Step 3 of Lemma 4.7:
B2 < [ oton (e W1+ 4 1) fo - 0] do.do
R3xS?2
b otsr (1= O9) W+ 4 1) fo - o] do.dor
R3xS?2
+/ ﬂ|v|§R(1—@5)y|h*|-|U—U*|dv*d0' =L+ Db+I.
R3xS2
The estimate (4.31) implies

il (my < O(87) |11

Then the same estimates as in the Step 3 of the proof of Lemma 4.7 yield

(vm)’

21l (m) + 1 3llze(m) < 0(8) Al ((oyr

(the truncation 1,<g means that any weight can be chosen on the left hand side)
which concludes the proof of (4.30). O

4.6. DISSIPATIVITY ESTIMATE ON THE COERCIVE PART

Let us summarize in the following lemma the estimates available for Bg.

LEMMA 4.12. — Consider p,q € [1, 0] and a weight function m satifying one of the
conditions (W1), (W2), (W3) of Theorem 4.2. Then the remainder collision operator Bg
(defined in (4.10)) satisfies

(4-32) Vh e LE(vm), ||B§hHLZ(m) < Amg(6) ”h”Lg(vm)’

(433) Vhe LELE(vm),  [|B3hll g0y < Amg(®)[|Bll g 120 m)-

where A, ¢(8) is some constructive constant (depending on m and q) such that
> Am,q(6) — 0asd — 0 for the conditions (W1) and (W2);
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> A q(8) — ¢q(k) as 5 — 0 for the condition (W3) when m := (v)k, k > 2,
where

9q(k) := (k i 2)1/q(k f 1)1_1/q'

REMARK 4.13. — Remark that ¢, (k) goes to zero when k goes to +oco and

. 3++/49-48/q
k>kq::f = ¢q(k) < 1,
by the arithmetic-geometric inequality: we have
4 \Vay 4 \1-1/¢ 1 4 1, 4
= R I o
k+2 k-1 gk +2 qg k-1
and 1 4

+( 1) 1 <l & k>k
q k+2 q/ k-1 T
Proof of Lemma 4.12. — We analyse separately the conditions (W1), (W2) and (W3)
on the function m.
Case (W1) : p = q = 2 with Gaussian weight

Arguing as in [97, Proposition 2.3] one can prove the following
(4-34) ”th HLZ(H—l/Q) < A(9) ||h||L2(”—1/2), A(6) > 0asd — 0.

Let us recall the core of the proof, which relies on the careful inspection of the ex-
plicit bound from above on the kernel of 82, inspired by the celebrated calculations
of Hilbert and Grad, as reported for instance in [45, Chapter 7, Chapter 2]:

| B2h(v) | < /R KS(0.0/) ()| dv
with (when y = (Qn)‘% e—%|v|2)
lo—v'>  (lol* - |v’|2)2]

c , -1
K(S(U,U)SC(l—@(S) {IZ)—Ul exp[— ] - 8lv — v'|2

(lol* + IU'IZ)”

+|v—v'|exp[— 1

from which (4.34) is easily deduced.
Cases (W2) and (W3)
Recall that [97, Proposition 2.1] establishes that for the stretch exponential weight
m = e*1*” it holds

(4-35) Yh e Ll(vm)’ “ th ||L1(m) < Am’q((S) “h“Ll(vm)’ Am’q(é) 5__)60’

where however the definition of O is slightly different from ours. But it is imme-
diate to extend the proof to the present situation.
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Estimate (4.32) is then obtained by piling up (4.12), (4.26), and (4.30), and us-
ing the Riesz-Thorin interpolation theorem in order to obtain the L? estimate
when 1 < g < oo.

Estimate (4.33). — Now observe that all the estimates previously established
on Bg are valid (with the same proofs) for Bg. Then, since Bg is a nonnegative
operator acting only in v, we have

|5’§§h|dxsf§§(/ hldx) and  sup |B2h| < B (sup Ih])
™ ™ x€T3 x€T3

and therefore by interpolation
(436) |83, < B5 (Il )
for any p € [1, +c0]. We then conclude thanks to (4.32) (used on f?g):

”8§h||LZL§(m) s ||§§h||LZL£(m) s ”gg(”h“Lﬁ)“Lg(m) < Am,q(6) ||h||LgL§(m)'
O

Let us now prove dissipativity estimates for the operator Bs.

LEMMA 4.14. — Consider a weight m and the space
& == Wy WP (m)
withp,q € [1,4o0] and o,s € N, o < s. Then:

(W1) When m = p_%,p = q = 2, there is Ay = Ao(m,5) € (0,vy) such that
Ao(m, ) — vo as 8 — 0 and (Bs + Ao) is dissipative in E.

(W2) Whenm = e*l?/ x>0, p ¢ (0,2) and p,q € [1,+o0|, there is Ag = Ag(m, §)
in (0, vp) such that Ao(m,8) — vy as § — 0 and (Bs + Ao) is dissipative in &.

(W3) When m = (v)X with any p,q € [1,+o0] and k > kg, there is Ao = Ao(k,q,9)
in (0, vy) such that

Ao(k,q,6) — Ai(k,q) € (0,v9) when 6 — 0,
A(k,q) — vo when k — o0,

and (Bs + Ao) is dissipative in E.

REMARK 4.15. — As in the previous statements, k > kj; could be relaxed down
tok > kg".

Proof of Lemma 4.14. — We consider separately each case. Observe first that the x-
derivatives commute with the operator 85, therefore without restriction we do the
proof for s = 0.
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Case (W1): p = q = 2 with Gaussian weight. — We consider a solution h; to the
linear equation

Oihy = Bshy = Bihy — vhy — v - Vihy,
with given initial datum hy. We consider first ¢ = 0, and we calculate

d
—||A <2 2pl - |h| dx do — 2 h?vdxd
dt” t“Lz -1/2y = / - |B5 | | | X dv ./TSX[RS 14 v

since the term involving v - V, cancels from its divergence (in x) structure. This
implies

|| tIILg(,,_m < —-2(vp — A(9)) ||ht||§2(p_1/2), A(8) > 0as§ — 0,

and concludes the proof of dissipativity. Since the x-derivatives commute with the
equation we have in the same manner

d
L1082y < =200 = A 92l

Then we consider the case of derivatives in v, say first 0 = 1 and s > 1. Note that
we can reduce to the case s = 1 by differentiating in x the equation (using that in
the definition of the norms (4.6) we sum over derivatives 42,4, with |i| < o, |j| < s,
li| 4+ |j| < max{o;s}). We compute the evolution of the v-derivatives:

9oh = —v - Vedyh — Oeh + Oy (B2h — vh) = Bs(Ouh) — dxh + Rh
with
(4-37) Rh := Q(h, dupt) + Q(Bupt, h) — (9,As) (h) + As(duh),

((0,As)(h) means that one differentiates the kernel of the operator as opposed to
its argument h) where we have used twice the relation

Bih = Q" (h,pt) + QT (. h) = Q™ (h, p1) = As(h),
and the property

(4.38) 3,0%(f.9) = Q*(0.f.9) + Q*(f. 09
following from the translation invariance of the collision operator. We deduce that
_” v ||L2( —1/2) = 2(V0 - ( ))“V h||L2( -1/2)
—/ Voh - Vehp tdxdo
T3xR3
‘l’ “RhllLQ(#—l/?) ||Vvh||L2(y—1/2)~

Using one integration by parts and the regularizing property of the operator As,
we have

1(A) @722y + 100 ()22 172y < CNRIE, 1o
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for some constant C = Cs > 0 (depending on §). Moreover using the computation
of Hilbert and Grad (see above or again [45, Chapter 7, Section 2]), we have

_ 2
” Q+(h’ avll) + Q+(av/1> h) - Q (8vy, h) ||L2(H_1/2) < C ||h||§2(p—1/2)

for some constant C > 0. Therefore the operator R is bounded in L? (,u_%). Intro-
ducing the norm

[

Il i (I ey + VB2 s + € 1V )

|
Hy (0 2)

for some given ¢ > 0, we deduce

d
a”h”?ﬁ,v(ﬂ_lﬂ)s < _Q(VO - A(S)) (||h||§2(p-1/2) =+ ||Vxh||i2(y—1/2) +¢€ ”Vvh”;(u—uz))
e l[Vohlla /o) Vel 22y + CellVohll ooy 1Al 2 /ey
= 2(v0 = A8) = CVE) (IAI22 12y + 1Vl 12y + € IVohl o 02)
< _2(1’0 - A(5) - C\/E) ||h||12_1;’v(},—1/2)g,

which concludes the proof by taking both § and ¢ small enough. The higher-order
estimates can be performed with the norm

Al ey, = (25 1000

li|<o, |jl<s
|i|4]j|<max{c;s}

[N

for some ¢ to be chosen small enough.

Cases (W2) and (W3): p,q € [1,4o0] with stretched exponential and polynomial
weights. — The proof of these two cases are identical. We denote by m either a
polynomial weight or a stretched exponential weight, using the respective estimates
established previously.

We consider again only the case s = 0 since x-derivatives commute with the
equation, and we also look first at the case o = 0.

Consider first 1 < p, g < +0c0 and denote
®’(z) := |z|P~* sign(z).

We compute

q

L iml AT ( ( (B (h))CD’(h)dx)( |h|de)5‘1quv)
de LR (m) L380m) \ Jpo \ Jps 0 - :
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Observing that

.AJBAM%FMMM=:LJ&§M»¢%M—VMW—%U-WHMHLM

(430) < /T NEHO dx)’l’ ( /T MLl dx)l_‘l’ —v / |hlP dx,

we deduce that

d
i Wligiginy < Wy (L N3 - 15 m 00)

—(jgsvnmggquvﬂ.

Denoting H = ||A|| 1h We obtain thanks to (4.36)

d

i Weligizi < ULy ([ B0y m bt et 19 o)

—/ vHYIm%dov
R3 ]

= “h”LqLP m) [”‘@g(H)”LZ(mv‘l/q’) IH HLq(mvl/q

—/ vHYm?do|.
[R3 A

L918 m)

Using then (4.33) and

-1
1All2 12y < Vo MBIl 12 (rysa:

we finally deduce that

wa0) o lellgup iy < DRIy [ g8 = 1] IR

1/q-1
</ Ayt (8) = 1] - WAl 12 i
<= (1= Apyyrrar o (O] - IPellya 1o oy

which concludes the proof of dissipativity in this case.

The cases p = +o0 and g = +oo are then obtained by taking the corresponding
limits in the above estimate. The v-derivatives can be treated with the same line of
arguments as in the case (W1). Arguing as before we obtain

d 1/g-1
a(”h“LZLf;(m) + ||Vxh”LZL§(m)) = _Vo/q [1 - Amv-l/q’,q(5)]
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and
4w, < /1A IEA
N Vehllarzim < =" [1 = Apyrsa g (O)] - IVohllg o )
+ ”Vxh”Lng(m) + ||Rh||LZL£(m)’

where R is defined in (4.37). Using the Lemmas 4.4 and 4.7 when m is a polyno-
mial weight, and (4.35) and Lemma 4.10 when m is an exponential weight, and the
regularization property of the operator As, we prove that

1
q
IRkl 317y < C( [ Il vt o)

for some constant C = Cs > 0 (depending on §). We then introduce the norm

||h||‘/‘/1 qwlp(m — ||h||Lqu(m + IIV hHLqu(m +£”V h”LqLP m),

for some ¢ > 0 to be fixed later, and we deduce

d 1/g-1
3 Mzt gy, < /T 1= Amv,l/q,’q(a)]

/ Il v m? dv / 19:hllZ, vm dv)

1

Ty / ||Vvh||qpvquv)q]
RB Lx

1

+c£(/RB 1R, v m clv)E + & [|Vhll g 1o ()
< (v T 1= Apyrsar (6 >] ole))

1
/ ||h||q,,vquv) ( A h||q,,vquv)q

Q=

1

Ty Rdnv A, quv)]

< - (vé/q_1 1- Amv—l/q’,q( )] = o(e)) ”h” LIWwhP (m),

which concludes the proof by taking ¢ small enough in terms of §. The higher-order
estimates are performed with the norm

Ihllysazrom, = 2, 1050kl gpp
li|<o, |jl<s

|i|+|j| <max{oc;s}

for some ¢ > 0 to be chosen small enough (in terms of J). O
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4.7. REGULARIZATION ESTIMATES IN THE VELOCITY VARIABLE

In this section we prove a regularity estimate on the truncated operator As,
which improves the result [97, Proposition 2.4]. In the latter paper, it was es-
tablished in [97, Proposition 2.4 (iii)], for a slightly weaker truncation function O
(and the same proof would apply here), the boundedness of the operator As from
L*({v)Y) into the space of W' functions with compact support. We prove here:

LEMMA 4.16. — For any s € N the operator As maps L1 ((v)) into H, functions with
compact support, with explicit bounds (depending on §) on the L. ({(v)) — HS norm
and on the size of the support. More precisely, there are two constants Cs s5,Rs > so
that

Vhe Ly, ((v)), suppAsh C B(O,Rs), [ Ashllas < Cs.5 1Al (o)

Proof of Lemma 4.16. — On the one hand, it is clear that the range of the opera-
tor As is included into compactly supported functions thanks to the truncation,
with a bound on the size of the support related to J.

On the other hand, the proof of the smoothing estimate is a straightforward con-
sequence of the regularization property of the gain part O of the collision operator
discovered by P.-L. Lions [79], [80], and we only sketch it. Let us recall that

Ash = Qf (. h) +Qp (h,pt) = Qg (1, h)

where Q;; (resp. Qﬁa) is the gain (resp. loss) part of the collision operator associated
to the mollified collision kernel Bs = ©s B. More precisely, we have

Q35 (f.9) / / Os (V") g(v.) |[v — vs]" b(cos 0) dv, do

and, since we can decompose the truncation as O5 = O} (v) 03 (v — v,) O3 (cos 0),
we have the formula

Qp, (1 h) : //@5;1 h(v) v — v.]¥ b(cos 0) dv, do

= u(v) O5(0) (f *v5)(v), vs € Ce(R?).
The regularity estimate is trivial for Qg (i, h) thanks to the truncation and convo-

lution structure, and the regularity estimate for Q;a follows immediately from the
result discovered in [79], [80] in the form proven in [104, Theorem 3.1]. O

4.8. ITERATED AVERAGING LEMMA

In this section we prove the key regularity results for our factorization and en-
largement theory. We begin with an “averaging lemma” (in the spirit of [59], [25])
for the free transport equation. This first result requires additional regularity in the
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velocity variable. Even if this lemma will not be used later since we will introduce
an improved iterated averaging lemma in order to get rid of this regularity assump-
tion, we still present this results for its own independent interest and the simplicity
of its proof with the help of the vector field D, introduced below.

LEMMA 4.17. — Consider f € L'([0,T]; L*(T¢ x R%)) and fi, € LY(T? x R?)) such
that V,, fin € L'(T? x R%)) and (in the weak sense)

f +v-Vof =0 0n [0,T) x T xR, fi—o = fin on T x R%.

For any fixed ¢ € D(R?), let us define

poltix)i= [ fi(xi0) plo) do.

Then p,, satisfies
1
(4.41) [l (t Myt < (1 + ;) lollwre - (Ifinllze , + Vo finlla ,)-

REMARK 4.18. — It is worth mentioning that a similar result holds in L?. It may
be compared with the classical averaging lemma for the free transport equation: a
typical statement (see [27], [26] as well as [59], [48], [107], [76] and the references
therein for more details) is

(4.42) loo(e. )y < (1 6) llolhwre - follzz

Hence the gain of derivability in the x variable is weaker compared to (4.41), but
there is no regularity assumption on the initial datum. However, it is well known
that (4.42) is false for p = 1 (see the discussion in [59] and the related work [60]).
In the estimate (4.41) we can cover the critical L! case at the price of assuming more
initial regularity on the velocity variable. It shares some similarity with the results
in [25]. The proof makes use of the “gliding norms” introduced in [105].

Proof of Lemma 4.17. — Introducing the differential operator

(4-43) Dy = tVy + Vs,

we observe that D; commutes with the free transport operator d; + v - Vy, so that
9 (Def) +v - Vu(Def) = 0.

From the mass preservation for the free transport flow on f; and D; f;, we deduce

ve 20, lfill = lfollc,  |IDefilln = [Dofolly = Vo follr-
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Finally we calculate
Vopoltx) = [ (=) filx0) p(o) do
1
= - ‘/Rd (th)(t,x, v) p(v)dov + /Rd f(t,x,0) Vyp(v) do,

t

and we conclude the proof thanks to the previous estimates. O

semigroup generated by the operator 85. We remind the reader that the T,,(¢) oper-
ators are merely time-indexed family of operators which do not have the semigroup
property in general.

Let us recall the notation T, (t) := (AsSs, )™ for n > 1, where Sg,(t) is the

LEMMA 4.19. — Consider s € R, and a weight m so that the assumptions of
Lemma 4.14 are satisfied (hence B; is dissipative in W,f:;,l(m) fors’ €]0,s+ 4] NN).
Then the time indexed family T, of operators satisfies the following: for any
Ay € (0,A0) where Ag is provided by Lemma 4.14, there is some constructive con-
stants C = C(A(,d) > 0 and R = R(5) such that for anyt > 0

supp T, (t)h € K := B(0,R),

At
e "o _
(4-44) T2 ()R |yt ) < C——llrllysimy szl
-7 .
(4.45) [ T2(t)h||W;,+vl/z,1(K) < Ce M hllysr y  if520.
REMARK 4.20. — Our proof extends verbatim to the case of W,fjg spaces in (4.45),

with p € [1, +o0). The important aspect of our estimates is the optimal time decay.
The core idea is to exploit correctly the combination of a v-regularizing operator As
and a transport semigroup Sg;. However the usual averaging lemma degenerate
in L', where only a mere compactness property in space is retained. We here show
that by using the propagation of a time-dependent phase space regularity (thanks
to the introduction of the operator D;), one can still keep track of some velocity
regularity, and transfer it to the space variable, while preserving at the same time
the correct time decay asymptotics.

Proof of Lemma 4.19. — Let us consider h € W,f”zl,(m), s € N. We have from
Lemma 4.16 and the fact that the x-derivatives commute with T (t):

|| Tl(t)h ||W,?’1W5+1’1(K) = || As 535(1‘) ho ||W;’1W5+1’1(K) <C || Sgﬁ(t) h ”W;_’,})(m).
Using that 8 + A is dissipative in W,f”zl)(m), with g > 0, from Lemma 4.14, we get
(4.46) T3kl g1 ey < € Ml (.

S,

Assume now h € Wx’lwg +11 (m) and consider for any || < s the function

gr = S, (t)(95h).
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Such function satisfies

019t +v - Vxgr = Q1. 9¢) + Q(gr, ) — AsGs.

Using 1) that the operator D, defined in (4.43) commutes with the free transport
equation, and 2) the translation invariance property (4.38) of the collision operator,
we have

0¢(Degr) + v - Vx(Digr) = Q(Vop, g:) + Q91 Vop)
+ Q. Dege) + Q(D:gr, ) — D (Asge).-
With the notation of (4.9), we rewrite the last term as

D;(Asg:) = Dy /3 ks(v,v) g:(vs) dos
R

= / Voks (v, vs) ¢ (vi) dos — / ks(v,v.) Vo, g: (vs) do,
R3 R3

+ ./[R3 ks(v,vx) (DGt )(vs) do

= ﬂégt + ﬂggt + As(D:g:),

where we have performed one integration by part in the term of the middle and
where ﬂ(ls stands for the integral operator associated with the kernel V, ks and ﬂg
stands for the integral operator associated with the kernel V,, ks. All together, we
may write

(4.47) 0:t(Dtgr) = Bs(Digr) + Js(9:)
with
Js.f = Q(Voit, ) + Q(f Vop) + A f + AZ.

On this last term we have the following §-dependent estimate obtained by gathering
Lemmas 4.4 and 4.16:

s fllr(my < Cs lf 1Lt (vm)-

Then arguing as in Lemma 4.14, we have

Ao
R |D¢gi|mdxdv < —— ID:gr| vmdx do + CllgllLr (vm)s
t JT3xRr3 Vo JT3xR3
d A
—/ |gt|mdxdvs——0 |g:| v mdx do.
dt Jsxms3 Vo JT3xR3

Combining that last two differential inequalities we obtain, for any Aj € (0, A9)
and for ¢ small enough

d ALt
a(e 0 /T3><R3 (5 |D:g:| + Igtl) mdxdv) <0,
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which implies

(4.48) VE2 0, [IDegell i gy + 19l 2(my < €7 €70 [l et -

Then we write

IO = [ Ks(0,0) [ (Dig) = Vg |00 do.

=As (Dtgt) + ﬂf;gt,
so that thanks to (4.48)

[ VaTa () (TR (|1 i) < C LIDegell 1y + 1G] 1 oy ]

< Cete ot Hh”w)i*lwvl’l(m)'

Together with estimate (4.46) and Lemma 4.16, for s > 0, we conclude that

’

Ce—/l t

T () (O h) 11w+ iy < TO [Pl vzt oy

which in turns implies (4.44).

We now interpolate between the last inequality for a given s € [0, 1], i.e.

Ce—/l'ot

I Ta(6) () “W,f“’lwgﬂ’l(K) S ”h”W)f’lwvl’l(m)

and
-2
[ Te()h ||yt pysrra gy < Ce™ O lRllysy 11
obtained from (4.46) written for the same s, which gives

e Aot

1 1
(449 IT(Oll e/ < C(S==)7 (7)Aot o)

Ce ! (7|
< s.1q,,1,1 .
\/E W W, (m)
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Putting together (4.49) and (4.46), for s € [0, 1], we get

t
” TQ(t)h ”W;,er)l/Z,l(K) < ‘/0 ” Tl(t - T) T (T)h ”W,f,tl/z’l(K) dr

t e—A’O(t—r)
< C/ —)1 HTl(T)h”W,f’lWZ}’l(m) dr
0

t—17)2

t e—/lg)(t—r) s
SC(_/O e ’ dT) Aoyt

N t a=(Ao-2p) 7
< ce /0 Wdf) WAl 2 m)

A
< e Al

for some other constant C’ > 0, which concludes the proof.

O

REMARK 4.21. — The case when the Lebesgue integrability exponent p € (1, +0) is
different from p = 1 is less degenerate, and the regularization result in finite time
can also be obtained thanks to classical averaging lemmas [59]. However we both
need the precise asymptotic estimates and the case p = 1 in the sequel of this paper.

Let us explain briefly the alternative argument for the regularity in the simplest
case, namely when p = 2 and s = 0. The classical averaging lemma (see [27,
Lemma 1] and the proof of [26, Theorem 2.1]) can be stated as follows in its simplest
form: any solution f € C([0, T]; L?>(T3 x R?)) to the kinetic equation

atft+v'vxft:gt, ﬁt:0:h7

satisfies for any ¢ € D(R?) the estimate

I/

where L? means the L2 norm on the whole real line of times.

fr(x,v.) ¥(vy) doy

L?(H;/Z) <C (”hHL?CU + ”gHL%xv)

fi = Sg,(t)h satisfies the above kinetic equation with

and that

gr = Bsfi = —vf, - Bifs

191122 (m) < C 1 felli2(v2m) < C e Ihll2 (u2m)s

we deduce that
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Now, using the Cauchy-Schwarz inequality, we have

t
||T2(t)h||H%(K) < lIllz2(v2m) /0 ”Tl(t‘s) ||L2(v2m)—>H1/2(K) ' ”Tl(s) ||L2(v2m) ds

t 1 t 1
< [lhll2 oo ( /O 1T ot 85) - /0 171 220y 05)
<C ||h||L2(v2m)

which allows to recover pointwise in time estimates.

4.9. PROOF OF THE MAIN HYPODISSIPATIVITY RESULT

We may now conclude the proof of Theorem 4.2. We consider p, g, s, o and m that
satisfy the assumptions of the theorem. We set

E=w"WP(m) and E:= H;zv(,u_%)
with s’ € N* large enough.
We apply Theorem 2.13. On the one hand, for s’ large enough, we have E C &.
Then we see that (A3) is fulfilled and (A1) is nothing but [100, Theorem 3.1]. On the
other hand, assumption (A2) is a direct consequence of Lemma 4.16, Lemma 4.14 and

Lemma 4.19, together with Lemma 2.16. Indeed, from Lemma 4.19 and Lemma 2.16
we have for instance

1Tl (s, < €0 AL (oy2)s
so that
| Taga(0)R|; < Ce™ e
This proves the exponential decay on the semigroup in &. Then one obtains a rate
of decay in & equal to the one in E as soon as Ay (provided by Lemma 4.14) is strictly
greater than the spectral gap A € (0, vp) in E (which required the condition k is large
enough on the exponent of the weight in case of a polynomial weight), which also

then allows to take A, strictly greater than the spectral gap in E in Lemma 4.19 and
Lemma 2.16. This proves the last claim in the statement of Theorem 4.2.

4.10. STRUCTURE OF SINGULARITIES FOR THE LINEARIZED FLOW

From the previous study of the decay rate of the linearized flow, we have obvi-
ously the following decomposition of the solution h; := Sy (t)hiy:

hy =1l ¢ ohin + (ht - HL,Ohin)-

In this decomposition the first part is infinitely regular, say in H® (,u_%), and the
second part decays like O(e™*!), where A > 0 denotes the optimal spectral gap

SOCIETE MATHEMATIQUE DE FRANCE 2017



86 CHAPTER 4. THE LINEARIZED BOLTZMANN EQUATION

(for polynomial moments this requires the condition k > k). We shall now make
more precise the singularity structure of the second part, showing on the one hand
that its dominant part in this asymptotic behavior is as regular as wanted, and on the
other hand that its worst singularities are supported by the free motion characteris-
tics. One way to understand these statements is through a spectral decomposition of
the semigroup, and the method we expose here can be considered as a quantitative
spectral decomposition in this context.

4.10.1. Asymptotic amplitude of the singularities. —Let us consider for
instance the space L}C,U(m) where the weight m satisfies the assumptions of Theo-
rem 4.2. Other spaces can be considered, provided that they fall within the scope of
Theorem 4.2. We start from the following decomposition formula of the semigroup

H£o+Z C(d-Tz,0)Sg * (ASg) ‘(t)
+ (-1)"[(1d - II1,0)Sz| * (ASg) " (1)

that has been proved. We then use on the one hand that, given any s € Nand ¢ > 0,
there is n large enough so that

1(AS8) " ()l vr2) < Ce™ 0 il ¢
thanks to the previous study, and
1[4 = TT2.0)Se bl 172 < Ce™ Whlsgy )

with the optimal rate A. Since vy > A, by choosing ¢ > 0 small enough we deduce
that

”[(Id—HL,o)SL] ﬂSB h|

(p1/2) < Ce_/lt ”h”L}CU(m)

with the optimal rate A. On the other hand, for all the other terms in the decompo-
sition we use the decay of Sg(t) with exponential rate as close as wanted to —vy to
deduce that, for any ¢ > 0

” Z £(1d=Tlz o) Sg * (ASg) " (1)h

< Ce (I Y|
L1, (m)

This thus shows that for any s € N and ¢ > 0 there is a decomposition of the
linearized flow as

Sp(t) =Ilg0+ Sz (t) + Sp(1)
where 57, (¢) satisfies

Iz 6) Rl o

u/2) S <C ||h||L1 o(m) €
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with the sharp rate A > 0 and where S’ () satisfies

ISz Al oy <€ Al (e 070,

In words, the part S° is as smooth as wanted, with Gaussian localization as in the
small linearization space, and decays in time with the sharp rate A, and the part S”
decays in time exponentially fast in the original space L}C,U(m) with a rate as close
as wanted to vy, which corresponds to the onset of the continuous spectrum. The
latter part S” carries all the singularities of the flow.

4.10.2. Localization of the L? singularities. —We consider now the space
L2 ,(m) with a weight m so that the assumptions of Theorem 4.2 are satisfied.
(Again other spaces could be considered). We know that the solution h; to the
linearized problem remains uniformly bounded in this space along time. We now
consider the decomposition

L=K-v - Vyi—v:=K+ B
and apply our decomposition at order 1:
SL(I‘) = HL,O —+ (Id — H_[:’[)) 530 (t) — [(Id — HL,O)SL] * (WSBO)(t).
Then one checks with the help of the explicit formula
Sg, (H)h(x,0) = e V@) h(x — vt,v)
that the second term in the right hand side propagates the singularity along
the characteristic lines of the transport flow while damping their amplitude
like e~V(®)¢. Finally for the third term we use that by interpolation and averaging
lemma (as in [104] and [27])
C
H(‘KSBO)(t)h”H;m < (1) IRl , (m)

for some small but non-zero ¢ > 0 and some 8 > 0. This proves the decomposition

Se(t)he g0+ 1d-1Iz o) (e h(x - vt,0))| + O(t™) H®

x,v,loc

where HY | denotes some function which belongs to the fractional Sobolev

lo
space Hy , when restricted to any compact set. This captures the localization of L?

singularities.
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CHAPTER 5

THE NONLINEAR BOLTZMANN EQUATION

In this section, we are concerned with the proof of the main outcome of our
theory: two new Cauchy results for the nonlinear Boltzmann equation with optimal
decay rates, and the proof of the exponential H-theorem under a priori assumptions.

5.1. THE MAIN RESULTS

We consider the fully non-linear problem (4.1), first in the close-to-equilibrium
regime, then in the weakly inhomogeneous regime, and finally the far-from-
equilibrium regime with a priori bounds. Here and below we call normalized
distribution a distribution with zero momentum, and mass and temperature nor-
malized to one (remember that the volume of the torus is normalized to one, and
therefore this definition is unchanged for spatially homogeneous distributions).
This normalization induces no loss of generality thanks to the conservation laws of
the nonlinear flow. Let us first define the notion of solutions we shall use

DEFINITION 5.1 (Conservative solution). — For some non-negative inital data
fin € LLLY (1 + [of),
we say that for T € (0, o0,
0< fely ) ([0.7),LLY (14 [o*)) N CX([0,T), LLY (1 + [o]"))
is a conservative (distributional) solution on [0, T) if it satisfies
{ Otf +v-Vief =0QO(f, f) in the sense of distributions,

fit=0 = fin almost everywhere,

and satisfies the conservation law

Vi >0, ‘/1r3 i, fi(x,0) (1 + |v|?) dx do = / fin(x,0) (1 + [0]?) dx do.

T3xR3
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REMARK 5.2. — The solutions can also understood in the renormalized sense and in
the mild sense, that is in the sense of the almost everywhere equality

t

flw0) = ful=ot0) + [ QUfe f)lx =0l = £),0)

Observe that thanks to the bilinear estimates available on Q, for solutions in
Lt ([0,T),LLL®(1 + |v|?)), the last term of the right hand side is always well-

t,loc
defined as a measurable function.

THEOREM 5.3 (Nonlinear stability). — We divide our main result into:

(D) A priori properties of conservative solutions

Consider a conservative solution as defined above on [0,T), T € (0,+co|, with a
uniform bound from below on the initial distribution

(5.1) Vxe T3, veR3, fin(x,v) 2 e(v) 20, / ¢(v)dv € (0, +00).
R3
Then this solution satisfies for any positive time t > 0:

Vk >0, |Ifelli 4oy < +oo,
Ve T veR?,  fi(x,0) > Kje Kelol

for some K1,Ka > 0. In the case of a global solution (I = +o00), these estimates are
uniform as time goes to infinity.

Moreover when the initial data belongs to LLW,}O”l(l + |v|?) the moment estimate
can be (strongly) improved into

“ft ”L})W??*l(eklvl) < to0

for some x > 0. However for higher-order exponential moments L})W;M(e"'“'ﬁ),
B € (1,2], k > 0, if they are not finite initially they remain infinite for all times.

Finally these conservative solutions are a priori unique (without perturbative as-
sumptions) at least when restricted to

L LV (14 Jof) n QL L (1 + o)), k> 2,

t,Jloc-vx

or, in the critical case k = 2, when restricted to

L} LWL+ o) n COLLWE (1 + [v]).

t,Jloc™v

(IT) Nonlinear stability

For any k > 2, there is some constructive constant € = e(k) > 0 such that for any
normalized non-negative initial data satisfying

| fin = 1 ||L;L;°(1+|u|k) < e(k),
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where u is the Maxwellian equilibrium defined in (4.4), there exists a unique global
conservative solution in LYLLLY (1 + [0]%) N COLLL to (4.1) with initial fi,, which
satisfies

Ve>0, fe = plliyreaqiopr) < Ci e |l fin - ML L (1410 l%)

where A is the optimal linearized rate in Theorem 4.2 and for some explicit con-
stant C1 > 1.

(IIT) Stability in stronger norms
Consider forp, q € [1,40) any functional space

& =wW2'wWeP (m) n Wy WP (m) € LLY (1 + [o]?)

withs,0 € N, o0 <'s,s > 6/p and m satisfying one of the assumptions (W1), (W2),
(W3) in Theorem 4.2. In the case p = oo one can consider the same spaces but
including additionally the case s > 0. Finally in the case ¢ = o0 of (W2) or (W3))
then consider the simpler functional spaces

& = WS WP (m) € LyLY (1 + [of).

Then there is some constructive constant € = €(&) > 0 such that if the previous
initial data satisfies furthermore || fin — pille < €(E), we have the estimate

¥i 20, |Ifi - plle < Coe™ l|fin = plle-

with the optimal rate A and for some constructive constant Co > 1.

REMARKS 5.4. — 1) The rate A and constants in Theorem 5.3 on the nonlinear flow
are obtained in a constructive way and the rate is the same as for the linearized
flow. In turn we have given sufficient conditions in Theorem 4.2 for this rate to
be the same as the sharp rate in the space L2 (,u_%). Finally in the latter space, the
decay rate and constants were proved in [121] by non-constructive argument based
on Weyl’s theorem, and then the series of papers [15], [96], [98], [100] provided
constructive proof with explicit constants and estimates on the rate 1.

2) Some refinements of these theorems could be considered: (i) extend these re-
sults to variable hard potentials (y € (0, 1]); (ii) extend these results to solutions
MIWg'? (m) that are merely measures in the velocity variable, by using the recent
works [82], [83] at the spatially homogeneous level. ! We did not include these
natural extensions in the statement as it is already long enough.

3) It seems also that in the spatially homogeneous setting the optimal rate in
W2 n w9 (m), o > 0, q € [1, 400, with m satisfying (W3), provided by Theo-
rem 5.5 is new (whereas it was proved in the case (W2) in [97]).

1. Note that in this case the lower bound assumption (5.1) should be changed into: ¢ non-negative
measure with positive mass and different from a single Dirac mass.
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4) The fact that Gaussian moments do not appear in part (I) justifies the need for
enlarging the functional space of the decay estimates on the linearized flow. An
interesting open question is to clarify whether the nonlinear Boltzmann equation
(starting with the spatially homogeneous case) is indeed ill-posed in L? (,u_%) in the
non-perturbative regime.

THEOREM 5.5 (Weakly inhomogeneous solutions). — Consider a normalized non-
negative spatially homogeneous distribution

gin = gin(v) € LL(1 + 0[¥), k> 2.
Then there is some constructive constant € > 0 depending on the mass, energy
and k-moment of gi,, such that for any normalized non-negative initial data
fin € LLL2 (1 + |0|%) satisfying

Il fin = gin||L})L;°(1+|U|k) <€

there exists a unique global conservative solution in

LYLLLY (1 + [of”) N CILG LY (1 + [ol)
to (4.1) with initial data fi,, which satisfies
(52) Vi 0, fi —9ell o (i4j0p2) < Ces

where g; is the unique conservative solution to the spatially homogeneous Boltzmann
equation starting from gi,, as well as the properties (I) above and

V20, Ife = pllisieasiop) < Ce ™

where A > 0 is the optimal linearized rate in Theorem 4.2 and for some constant C > 0.

REMARKS 5.6. — 1) It is possible to prove a posteriori estimates on f; in spaces of the
form

W2AWEP (14 1o)%) n Wy WP (1 + o¥) < LLLY (1 + [o]F)
(with the conditions (W3) on s, 0, p, g and k), by using some refined technical con-
volution inequalities on the collision operator from [104]. We leave this question,
as well as that of a general a posteriori regularity theory, to further studies.

2) Theorems 5.3 and 5.5 provide the largest class of unique solutions constructed
so far to our knowledge (in L} L? (14 |v]|?19) close to equilibrium or close to spatially
inhomogeneous solutions). It is an interesting open question whether existence and
uniqueness can be obtained in the space LL LY (1 + |v|?) (or LL W2 (1 + |0|?) where
we have proved above that a priori uniqueness holds for conservative solutions)
with a perturbation condition.

THEOREM 5.7 (Exponential H-theorem with a priori bounds). — Let (f;):>0 be a
normalized non-negative smooth solution of (4.1) such that for k, s large enough

Sug (Hft”Hs(deRS) + ||ft”L1(1+|-U|k)) < +oo,
t>
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and such that its spatial density

Vx € T3, pin(x) = / fin(x,0)dv > a >0
Rd

is uniformly positive on the torus. Then this solution satisfies for allt > 0

Ifells g o2y < Ce ™ and / f; log It dedo < cet
o TdxR3 H

for some constructive constant C > 0, and where A > 0 is the optimal linearized rate
in Theorem 4.2.

REMARK 5.8. — Our relaxation rate in LLLY(1 + |v|?) norm is optimal. However
the linearization of the relative entropy would suggest the relaxation rate O(e~2%?)
for the relative entropy since

/ ftlogﬁdxdv:/ (ﬁ 1ogﬁ—ﬁ+1)dxdv
T4xR3 H TdxR3 \ Y H H

andzlogz—z+1 ~ %22 at z = 1. This statement needs however proper justifica-
tion; first of all in order to be true it would require for the solution f, to have tails
decaying as y, which is expected to be wrong outside specific perturbative regimes.
Therefore it is an interesting open question to know whether the relaxation rate of
the relative entropy for perturbative solutions with polynomialtail lies between e~
and e~2**. The importance of tail’s decay was already outlined by Cercignani in his
conjecture [43].

5.2. STRATEGY OF THE PROOF OF THEOREM 5.3

Part (I). — The moment bounds are inspired by the arguments in the spatially
homogeneous case [84], [97], [82], [2] and more precisely by the techniques de-
veloped in [2]. The lower bounds is obtained from the results in [109], [94], [91],
[1], [28]. The a priori uniqueness is inspired by the proof of uniqueness in the spa-
tially homogeneous case [91], [81], [82]: more precisely it extends to the spatially
inhomogenenous case the method presented by Lu in [81] (see also [82]).

Part (IT) and (III). — The study of the nonlinear stability is based on energy methods.
Such methods are often used in nonlinear PDE’s, and use the coercivity properties of
the linearized operator. However in the present situation the time decay estimates
obtained on the linearized semigroup do not imply coercivity inequalities on some
Dirichlet form due to the absence of symmetry structure. To resolve this issue we
introduce a new non-symmetric energy method. We introduce in the next subsection
a dissipative Banach norm, for which some suitable coercivity is recovered. This
norm involves the linearized evolution flow for all times. More precisely we prove:
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1) Bilinear estimates to control the nonlinear remainder in the equation for any
given initial datum g;, € W, (m).

2) The key a priori estimate for k > 2 moments which provides the “linearisation
trap”.

3) A local-in-time existence result.

We then conclude the proof by standard continuation method.

The proof of Theorem 5.5 is based on the previous linearized stability estimates in
functional spaces large enough to be compatible with the Cauchy theory of the spa-
tially homogeneous equation in the large, and a classical argument on the dynamics,
inspired from [5]. It is sketched in Figure 1: the spatially homogeneous solutions
are represented as a subset a general solutions. By proving local-in-time stability
in L1 L% spaces, we can capture a general solution around this subset. If this time
is large enough, which is granted if the perturbation between fi, and gj, is small
enough, then f; is driven towards equilibrium thanks to the relaxation estimates
known for g;. Finally we use the linearized stability estimates once the stability
neighborhood is entered by f;.

Stability neighborhood
Subset of spatially homogeneous solutions ¥ nelg

F1GURE 1. Sketch of the construction of weakly inhomogeneous solutions.

5.3. PROOF OF THEOREM 5.3, PART (I)

5.3.1. A priori moment bounds. — Polynomial moments estimates are now a clas-
sical tool in the theory of the spatially homogeneous Boltzmann equation. Expo-
nential moments estimates for the spatially homogeneous Boltzmann equation are
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more recent, see [21], [22], [57] and the references therein. In the latter references
exponential moments (in integral or pointwise forms) are shown to be propagated.
In the papers [86], [97], [82], [2] a theory of appearance of exponential moments
was developed, still in the spatially homogeneous case. We shall extend this theory
to the inhomogeneous framework, taking advantage of the a priori bounds on the
solutions.

LEMMA 5.9. — Consider for T € (0, 40| a conservative solution

0<fell, ([0,T),LLLS (1 + [0]?)) n ([0, T), LLLS (1 + |0]))

t,loc > HuTx > HuTx

with initial datum bounded uniformly from below as in (5.1). Then the solution f has
the following properties: for any k > 2 and T’ € (0,T) there is an explicit constant
C(k,T’) > 0 depending on k > 2, on the L([0,T’],LLLY(1 + |v|)) norm of the
solution, on the lower bound (5.1) on the initial datum and on T’, so that

1
(5-3) vt € (0,T], / fi(x,v) [v|f dx do < C(k, T”) max {—,1}.
T3xR3 tk=2

REMARK 5.10. — Observe that our moment estimate is not uniform in time. This
is due to the lack of known uniform-in-time estimates from below on solutions to
the nonlinear Boltzmann equation with such a low regularity. This will however
not cause any problem for our uniform-in-time stability results since the “trapping
mechanism” around the linearized regime takes over in finite time for the solutions
we considered.

Proof of Lemma 5.9. — Using the Duhamel formulation and the above bounds on
the solution we have for T’ € (0, T): for all t >€ [0,T’], x € T? and v € R?,

filxv) = e h @ Unflvltn)o)dr ¢ (6 p )
t T — ’ ’
+/ e~ Jo Q Uenfe)xo(r=)0)de" o+ (£ £)(x —o(t — 1), 0) dr
0
> e ¢IHA+OD 4 (v)

for some constant ¢(T’) > 0 depending on T’ through the L ([0, T’], LLLY (14 |v]))
norm of the solution.

We deduce that there are constants K(T’) > 0 and K’(T’) > 0 so that
(5.4) Vte[0,T], xe T3, veR3, / fe(x,0:) [o = 0| doy = K(T') (1 + [0]),
R3

and

(5.5) Vit e [0,T'), x € T3, / fi(x,0,) [v.]? do, = K'(T").
R3
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Consider now the moments of the solutions
Mlf)i= [ fimo) (el dedo, k>0,
T3xR3

and apply Lemma 4.5 to get for k > 2 the following inequalities in the sense of
distribution:

d ’ ’
T Melfi] = / filx o) filx v [l0]F + 1 = Jol* = o]
T3xR3xR3xS2

X |v = vi| dv dv, do dx

< 2ck/ fi(x,0) fi(x,0.) (1 + [0F) (1 + |o.]) dx dodo,
T3xR3xR3

- 2/ fr(x,0) fi(x,04) [o|* - v - v.|dxdvdo, ;=1 + I,
T3xR3xR3

where Cy is the constant of Lemma 4.5. We now estimate I; and I separately. Using
the fact that f;, € L°([0,T), LLLY (1 + |v])) we get

L < 2Ck”ft||L°°([0,T),L%,L?(l+|v|) ﬁ(x, ’U) (1 + |U|k) dx dov
=C(k,T', fr) Mc[fz].

For I> we use (5.4) and the conservation of mass to get

I < —2K(T')/ fi(x,0) [o]* (1 + |v]) dx dov
T3xR3

) T3xR3

< 2K(T’") ‘/1T3><R3 fir(x,v)dxdo - 2K(T')/T fi(x,0) (1 + |v|k+1) dx dov

3XR3
< K(T’, fin) — K(T", )My 11 [f3].

Summarizing we get the differential inequality

ML) < RO fin) + COGT fOMELi] = KOk, T) M1 ]

Together with Holder inequality
k

M[fi] < Mol 7T - My [fi] 55
and the uniform lower bound (5.5) on the local energy Ms|f;], we get

ML) < RO, fin) + COGT fMLf] — — a5,
K/(T7)

IN]

Y
)

and the study of super-solutions of differential inequality y’ < cg+c1y—coy' t1/(k=2)

for some constants ¢y, ¢1,c2 > 0 and y > 0 show that for small :

C
Mi[fi] < ek
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for some constant C > 0 that depends onk > 2,7’ > Oand || f2 |l (0, 1), L1 12 (14 10]))
and the lower bound on the initial datum. o

LEMMA 5.11. — Consider for T € (0, +co] a conservative solution

0< f €Ll (10.T).LLWA (1 + o)) 0 CO0.T).LLWE (1 + [o])

t,loc

with initial datum bounded uniformly from below as in (5.1). Then forany T’ € (0,T),
there exist explicit constants k,C > 0 (depending on the bounds assumed on the solu-
tion, on the lower bound (5.1) on the initial datum, and on T’ > 0) such that

(5.6) Vi€ [0.T] Nfelly st (exminenyion < C

Proof of Lemma 5.11. — As afirst step let us extend the polynomial moment bounds
to the derivatives of the solution. Let us define

Mi(t) = ) ca Mi[102£]]
|| <3
for some constants ¢, > 0 to be fixed later. Arguing as in the previous lemma and
using the Sobolev embedding wal LY, we get
d

aMk [fe] < C;< Mg [f:] - Kl,c ME%% /2]

for some constants depending on time. For the first derivatives we write (with the
notation s = sign(dy f))

d

amliosil = [ 0ufi(x.0) filx, )
dt T3XR3XR3xS?

X [|v’|ks’ + ol |*s! = Jolks — |v*|ks*] |v — v,| dv do, do dx
gck/ |0x f2 (x,0)| fi (x,0.) (1 + [0]F) (1 + [0.]?) dx do
T3xR3xR3
—2/ |0 f: (x,0)| fi(x,0) lol¥ - o - v,] dx do do,
T3xR3XR3

+2 / |0x fi (x,0)| f (x,02) (1 + [o]) (1 + |oe|*™) dx do o,
T3XR3xR3

< CieMi [ 105 f] | = Kie M1 [ 105 fe] | + CMyia [ 2]
We calculate similarly for any |o| < 3:

a1 1] < M 1024 ] -~ Ke M [ 102 il | + € 3 M [102£i .

dt !
Finally choosing suitable constants ¢, > 0, we deduce
d ~ .

SN (1) < CLM(t) — Ki M 1(0) < Gl (1) - Ky M(1)

-
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which shows that
, —~ 1
Ve (0,T, M) SCkmax{tk—_Q,l}.

We now consider exponential moments and extend the argument in [2] to spa-
tially inhomogeneous solutions in the torus. Our goal is to estimate the quantity

& k
z
Z ca/ |8 fi(x,0) |exp (z]v]) dx dv = Z caZMkH@)‘fft”F
laj<3 I TR la]<3 k=0 :
where z will depend on time. For use below let us define the truncated sum as
n k
z
E"(t,z) := Z Ca ZMk[Ié‘;‘ftl]g
la|<3 k=0
forne N, z>0,and t > 0. We also define
= caZMkH 105 fil ]k,
ler| <3

and

Se(t) = ) ca (,f)(MkH[lazm] M-k [ 102 £l
+ Me[ 10 il |- Mok [ 102 £i1]),

where k¢ is the integer part of (£ + 1).

Let us prove the following inequality: there exists some constant C > 0 indepen-
dent of n such that for any ¢y > 2 the following holds:

noo_¢
(5.7) > %Sg(t) < CE™(t,2) I"(t,2).
=ty

The first part of the sum in the left hand side of (5.7) can be bounded as:

n ke
sy %TZ (,i)MkH[wsm] M [ 105 £il ]

la|<3 €=ty " k=1

-k
Z Ca Z ZMkH |05 f+] ]— Me_i[ 105 fil ] (;_k)|
la|<3 (=0 k=1 ’
n -k
< Z CaZMkH[W ﬁl] 0 Z Me—k[|(93ft|](€z_k)'
l|<3 k=1 £=max{lo,2k-1} ’

< CIM(t,2) E"(t,2).
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We carry out a similar estimate for the other part:

nol & (e
DRI DA WA IR

la|<3 =ty " k=1
n ke 2k
= D ca Dy D Me[10Lfil ] 1y - Moo [ 102 o1
la|<3  €=o k=1 ’

(=)

k n

. i Lk
< Z ca};Mk[w)‘fﬁl] ol Z Me—k+1[|3§ﬁ|]m

|a|<3 " ¢=max{£o,2k-1}
< CE"(t,z)I"(t,z).
This concludes the proof of (5.7).

First we notice that in order to prove (5.6) it is enough to prove the following:
there are some constants Ty € (0,T) and k,C > 0 (which depend only on b and the
initial mass and energy) such that

(58) ||ft“L},W;}’1(e’<t|v|) < C fOI’ t e [0, TO]

Indeed, since the assumptions are satisfied on the whole time interval [0,T),
for t > Ty it is then possible to apply (5.8) starting at time (¢ — Ty). Hence, we aim
at proving the estimate (5.8). Let us denote

Ey = E"(0,0) = E(0,0) = ”fln”L%,Wfl
Consider x > 0 to be fixed later, n € N and define Ty > 0 as
To :=min {1, sup {t > 0; E"(t,xt) <4Ep}}.

The definition is consistent and the previous polynomial moment estimates ensure
that Ty > O for each given n. The bound of 1 is not essential, and is included just to
ensure that T is always finite. We note that a priori such Ty depends on the index n
in the sum E" but we will prove a uniform bound on it.

Choose an integer £y > 3, to be fixed later. Arguing as in [2], by classical func-
tional inequalities we have

d
Vt € [0, T), > ¢, aMg[ft] <Ay Sg(t) - KM(;+1[ft]

with Sy defined as before, K > 0 uniform, and A, positive decreasing and going to
zero as { — oo. We can extend this argument to higher derivatives at the price of
an additional error term as before:

d
VEe[0.T), £2 b, T Me[105f1]

< AcSe(t) =K M [ 102l ] + € D" M [102 il ]
p<a
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By linear combination with careful choice of the constants ¢, we deduce that
d ~ ~
Vt € [0, T), € > (g, aM[(i) <Ay S[(t) - KM[_H(t)

for some uniform K > 0 and A, positive decreasing going to zero as £ — 0.

In addition, we know from the previous polynomial estimates that

{o
(5.9) Vvt €[0,T), ZMg(t) t < Cyp.
=0

Taking any k € (0, 1) and using the product rule we get:

n.o_ K ¢
% 2 Me(t) (ft!)

(=to
n (Kt)f - L (Kt)€_1
< Z i (Ar Se(t) = K Mesa (b)) +x Z Me(t) ¢-1)!
=t =t '

n (at)[ ) {o _ (Kt)t’—l

<> o AeSe(t) + (e = K) (8 k1) + (K + k) 2 Me() (€ -1)!

=ty =1 '

e,

t={y

where we have used that ¥ < 1 and inequality (5.9) in the last step. Hence, from the
inequality (5.7) we obtain

(K + k)
t

d no_ (Kt)[
> Me(t) < I"(t,xt)[C Ag E™(t,5ct) + (k = K)] +

< Cey-
| 0
dt £ 7

Next, choose k¥ < min{1, %K} and {; large enough so that

Vt € [0,To], CAgE™(t,xt) < CAg4Ey < 1K

Hence
d v~ (kt)f K , (K + «x)
(5.10) E{Z{; Mq(t) T _ZI (t,kt) + Ce,
=to0

11K
<2 [E(E”(t, kt) — Eo) — (K + &) Cgo]
where for the last inequality we have used that (thanks to the conservation of the
total mass)
E™(t,xt) — E
I”(t, Kt) > w
Kt
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We make the additional restriction that k < Ey/(6C¢,), which together with
Kk < min {1, %K} implies that

K
— Eg > (K+K) Cgo.

4k
Then we have
d v ~ (k)
. — Mp(t <0
(511) (h;% () <

for any time ¢ € [0, Tp] for which E"(t,xt) > 2 Eg holds. This is true in particular
when }y_, ]\715(1‘) (Kt) > 2 Eg. We deduce that

(5.12) vt € [0, To), Z Mg < 2E,.

In order to finish the argument we need to bound the initial part of the full sum
(from € = 0 to £y — 1.) Indeed, we note that from (5.9),

{o—1
(5.13) vt € [0, Tp], Z M[

< Ep +kCg,,

so, recalling that 6xCy, < Eg and using (5.12) and (5.13) we get

Lo—1

n(t,xt) ZM[ Z

for t € [0, Ty], uniformly in n. Finally, gathermg all conditions imposed along the
proof on the parameter x, we choose

19
<3E0+KC50 <% — Ey

Ey
. = i 1, —> }
(5.14) K := min { 2" 6Cs,
independently of n. We conclude, from the definition of T, that Ty = 1 for all n.
Sending n — oo, we deduce the result. m]

5.3.2. Non appearance of “superlinear” exponential moments

LEMMA 5.12. — Consider for T € (0, +co| a conservative solution
0= f el ([0.T),LLWS (14 [0]*) N CY([0,T), LW (1 + [o]))

with initial datum bounded uniformly from below as in (5.1). Assume that for
in (1, 2] the initial condition satisfies

VK > O’ ||fin”L71JWS,1(eK|vlﬁ) = +-00.
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Then we have

Vt >0, Vk > 0, ||ﬁ||L;W)§,1(eK|v\ﬁ) = +-o00.

Proof of Lemma 5.12. — We only sketch the proof in the case f = 2 and leave to the
reader the general case. The key idea is to define

Zk

Ep(t2) == ), caz / og £l ( 1+|v|)2kﬂ\v|<Rdxdv)k‘

lal<3 k=0

for some parameter R > 0, and then consider Ef (¢, k(1 + k’t)) with k arbitrary and
k’ to be fixed later. Observe that E}(t,z) is always well-defined and finite for all
time and value of z due to the truncations. We calculate (dropping out the positive
terms)

L (et + 1)

dt
k
S « (k(1+x"1))
>-K ) ¢a ) (/3 N0LA] orsr (14 o) drdo) ==
lal<3 k=0 YT"XR :
(x(1+ K’t))k_1

+ Kk’ Z cakZ:l /Tr3 102 £ 1101<r (1 + [0])* dx do) -1

|| <3
We deduce that for x’ large enough

d n ’
EER(t’ k(1 +k't))

(k(1+xt))" ‘
n!

- 2n+1
K Z Ca /TgX 3|‘9 fe| o<k (1 +101) dx dv)

|a|<3

Since the right hand side goes to zero as n — +oco we deduce the a priori estimate

iE;}"(t, k(1+ «t)) > 0.

de
We hence deduce by passing to the limit R — oo that EQ (¢, k(1 + x't)) = 40
for t > 0 which concludes the proof. O

5.3.3. A priori lower bounds. —The proof of the Maxwellian lower bound in
part (I) of Theorem 5.3 is a straightforward application of [94] and we shall there-
fore skip the proof. In the paper [94] an a priori bound was assumed on the entropy
but it can be removed using the non-concentration estimates on the iterated gain
term first discovered in [91] and then developed in [1]. We refer to the more recent
preprint [28] where these issues are discussed.
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5.3.4. A priori uniqueness for conservative solutions. — This subsection is re-
lated to the Cauchy theory for unique solution to the spatially homogeneous Boltz-
mann for hard spheres in L (1 + |v|?). Let us refer first to [47] for the idea of the
key a priori estimate on moment of the difference of two solutions and [6], [7] for
the first uniqueness result in a space of the form LL (1 + |v|¥) (with k > 2). Then we
refer to [91], [81] (and later [82] following the same approach) for the more recent
optimal results. In these papers, there are mainly two approaches. The first one [91]
relies on a subtle variants of the Povzner inequality, and the second one [81] (see
also [82]) is more direct and relies on the estimate of the tail of the distribution at
initial times. We shall elaborate upon this second approach in this subsection.

LEMMA 5.13 (A priori uniqueness in LLLY(1 + [0|¥), k > 2). — Consider for T €
(0, 4+o0] and k > 2 two conservative distributional solutions

frrge € Ly ([0.7), LLLS (1 + o)) n € ([0, T), LLL¥ (1 + [o]*1))

with initial data fin, gin satisfying the lower bound assumption (5.1). Then for any
T’ € ]0,T) there is some constant C(T") > 0 (depending on the bounds assumed on the
solutions, on the lower bound (5.1) on the initial datum, and on T’ > 0) such that

(5'15) Vit e [0’ T,]’ ”ft - gtllL}C,v(1+|v|2) < C(T,) ”fln _ginllL}c’v(1+|v|2)‘
Proof of Lemma 5.13. — Arguing as before we get

vie 0,7, /ft(x,v*)|v—v*|dv*2K(T’)(1+|v|)
R3

for some constant depending on the L([0, T’], LLL®(1 + [v|*~1)) norm of f and
the lower bound (5.1) on fi,. We then write the estimate (arguing as in the previous
section)

. d
Vi € [0,T7], a||ft“L11}L?(1+|U|k)

S Cllfelly i oy - Wfelloy regoe) = K felloy o pope)
which shows that || f¢ll 1 (14,3 is time-integrable. Similarly we deduce that
g¢ 1121 152 (14 1oj2 is time-integrable on [0,7’]. Finally we obtain the continuity of
the flow in the topology LLLY (1 + |v]|?):

d
ar Il f2 — 9t||L})L§(1+|v|2)

<C (||ft||L1,L§(°(1+|v|3) + ”gtHL})L;"(lJrlvP)) e — gt”L%,Lf\?(lJrlvlz)
and thus
vt e [0,T], |Ifi- gt”L})L;"(l—l—I‘ulQ)
t
< celo Weliy iz oy H19e L s o)) 42 | fin = GinllL1 Lo (14 10p2)

and the claimed uniqueness property follows. ]
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The next lemma follows an idea first introduced for the spatially homogeneous
Boltzmann equation in [91], [81], using the reformulation in [82].

LEMMA 5.14 (A priori uniqueness in the critical case k = 2). — Consider for T €
(0, +o0] two conservative distributional solutions

frr9t € Ly 1o ((0.7), LLW2 (1 + [of*)) n C([0, T), LLW2 (1 + [0]))

wzth initial data fin, gin satisfying the lower bound assumption (5.1). Then for any

€ (0,T), there is an explicit function ¥ : Ry — Ry which depends on T’ > 0,
ﬁn and gin, which is continuous and satisfies ¥(0) = 0 and U(r) > 0 forr > 0,
such that

(5.16) Ve [0,T]  IIfe = gellir 1oy < U(Ifin = Ginllir , (1410p))-

Proof of Lemma 5.14. — We fix T” € (0, T) for the whole proof. Arguing exactly as
in the first part of Lemma 5.9, we deduce that there is a constant K(7”) > 0 so that

Jos (02 [0 = v, o, = K(T') (1 + Jo]),

Vt e [0,T], x € T, v € R3,
/RBQt x,vs) [v = o] dos 2 K(T7) (1 + |v]),

and
My (t) < Ce(T”) min {1/(¢572),1}
Mg (t) < Cp(T’) min {1/(t*72),1}

vt e (0,T7], {

for some constant C(T”) depending on T’ > 0 and k > 2, and where M was defined
in the proof of Lemma 5.9 (recall that it involves the derivatives d¢, |a| < 3).

Let us denote
di == fy—g: and s;:= f; +g;.
We have by usual calculations

i/ d;| (14 |v|?) dx do
dt ‘H'SXRS

SC(/ |dt|dxdv sup/ s 1—|—|v| dv)
T3xR3 T3

+c(/ 1, (1 + [0]) dxdv sup/ Ise] (1 + Jof? dv)
T3xR3

xeT3

<0 min{%,l} (/Tsst |dt|dxdv) +C2(/1rsst \d,] (1 + Ivl)dxdv)

which provides a simple Gronwall-like estimates for times bounded away from zero.

Let us now consider small times. Define

r := min {||din||L}C,v(1+|U|2) 7 T,}
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and let us estimate the L. (1 4 |v|?) norm of the difference for the times t € [0, r].
Then calculate: for all t € [0, r],

il ey < [ e+ RP)dxdo+2 [ @)1+ 1of) drdo
’ T3xR3 T

3xR3

s/ dm(1+|v|2)dxdv+2/ fi(1+ [v?) dx do

T3xR3 T3xR3

s/ |din| (1 + |0]?) dxdv—i—2/ fi(1 4 |v?) dx do
T3xR3 T3xR3

Sr+2/ fir(1+ [v?) dxdo + 2 fi (14 [v)?) dx do
lv|<R |v|>R

Sra2(eR) iy, +2 [ fill o) drde
! |v|>R
for some parameter R > 0 to be chosen later, where we have used the conservation
of the energy of our solutions and the inequality (d;)+ < f;.

The second term in the right hand side above can be estimated as
d

a T3xR3 |dt|ddeSC/ dt(st)*|v—v*|dxdvdv*
X

T3xR3
< (/ di| (1 + [ol) dx do).
T3xR3
Hence, for all ¢ € [0, ],
¢
lells < ldnllys o) + C’/O felley o) - 192l 1 o) d7 < C7r-

Finally the third term of the right hand side can be estimated as

2 = 02 U — Y 02 v
./|v|>th(1+|U| )dxdv—/T3XR3ft(1+| |¥) dx d /|v|st(1+| ?) dx d
T3xR3

|v]|<R

:/TS R3ﬁn(1+|v|2)dxdv—/ fin(1+ 0)?) dx do
X

|v|<R

- / / O(fs £i)(1 + [o]?) dx dodr
0 J|v|<R

< [ full+10l?) drdo+ / O (fur £)(1 + [of?) dx dvdr
0 J|v|<R

|o|>R
< / fin(1+ [0]?) dx do + C”'r(1 + R?)
|v|>R
where we have used again the conservation of energy and the evolution equation

integrated against (1 + [0]?) 1}, /<&
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Combining the three estimates we deduce that

Vt € [0’ r]a ||dt||L)1c’v(1+|v|2) <r-+ QCNV(l +R2)

+2/ fin(1 4 [0]?) dx do + C”r(1 + R?).
|v|>R
We finally choose for instance R = r=3 and define

Wo(r) ::r+2c”r(1—|—r_§)+2/ fin(1+|U|2)dXdZ)—{—C”'r(1—|-r_%)

lv|>r-1/3

which depends on the profiles f, and g, via the tail estimate in the right hand side
and also via the constants depending on the mass and energy.

We have therefore
vee[0.r],  Ndilliy 1oy < Yolr).

To conclude with the final stability estimate in the case r < T’, for all ¢t € [0, T’],

t
il 1o < Wty + [ (510 o) d

t
< Wy (r) + / (Crmin {= 1} ey, + Colldely1-101)) &

If T" > r > 1 the proof is clear by a Gronwall estimate, for r < 1 we write first
(assuming T’ > 1 for notational simplicity, the case T* < 1 is similar)

1
, dr
VEE 0T iy oo < olr) + o [ el S

T/
(€4 20y) /1 el 1oy dr

and for the second term of the right hand side we use the estimate on ||d. |1 :

dr
ety S < [ (1l 0 [ty ar)

<r|llnr|+ C/ ldellpy - [Inz’|de’.
0 LU

We thus deduce: for all t € [0, T’],
”dt”Ll S(1tol?) S \Ifo( ) +r|lnr|

1 r
w0t [ ety Dnelae 40 [ Wby oo

which yields the result for some nonlinear function ¥ = W(r) by the Gronwall
lemma. i
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5.4. PROOF OF THEOREM 5.3, PARTS (II) AND (III)

5.4.1. A dissipative Banach norm. —In this subsection we construct a Banach
norm for which the semigroup is not only dissipative, but also has a stronger dis-
sipativity property: the damping term in the energy estimate controls the norm of
the graph of the collision operator.

Observe that in this theorem, the rate of decay is possibly worse than in Theo-
rem 4.2. It shall not however cause any problem when searching for the rate of decay
of the nonlinear equation, as the latter can be recovered by a bootstrap argument
once the stability is proved.

PROPOSITION 5.15. — Consider the space & = W,;" WP (m) with the same assump-

tions as in Theorem 4.2, with a norm denoted by ||.||s, and define the equivalent norm

—+o0
(5.17) llkllle == nllklle +/0 IS (0)h]|gdr. 0> 0.

Then there exists n > 0 (small enough) and A1 € (0,A) such that for any hi, € &,
IThi, = 0O (let us recall that 11 is the projection on the eigenspace associated to the
eigenvalue 0 thanks to the formulas (2.1) and (4.7)), the solution h(t) := Sz (t)hin to
the linearized flow (4.5) satisfies:

d
Vi 20, —llhellle < =Avlihelle,

where &, := Wf’qW,f’p(vl/q m) C & and |||.||le, is defined from ||.||lg, as in (5.17):

—+o00
Ihlls, == nllhlls, + /0 I5.()h, dr.

Proof of Theorem 5.15. — From the decay property of £ provided by Theorem 4.2
we have
IS £ (D)h|| < Ce™ M |Inlle.

Therefore we deduce that

Ci(n) llklle < llkllle < Ca(n) llRlls

for some constants C; (1), C2(n) > 0 depending on n, i.e. the norms ||.||¢ and |||.||l&
are equivalent for any n > 0.

Let us now compute the time derivative of the norm |||.|||g along h; which solves
the linear evolution problem (4.5). Observe that I1h, = 0 for any time ¢t > 0 due
to the mass, momentum and energy conservation of the linearized Boltzmann equa-
tion.

Since the x-derivatives commute with the linearized operator, we can set s = 0
without loss of generality. We consider first 0 = 0 and p,q € [1,+o0). We denote
again

®’(z) := |z|P* sign(z)
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and we have

d . 1-q ’ P .q
gillnlle = nlly [ ([ 200 @b ax) by me o
o0

0
—|hiz|lg dr =: 1 + L.
[ Flheledr =0+ 1

Concerning the first term I; we have, arguing as in the proof of Lemma 4.14
(cases (W2)-(W3)):
1- , -
b=l [ ([ s+ 8 00) @' (he) ) Uy i a0
R3 T3 x
where we have dropped the transport term thanks to its divergence structure.
Thanks to the dissipativity of Bs proved in Lemma 4.14 and the bounds on A in
Lemma 4.16 we get
L <5 (Cllhlle - K llhlle, )
for some constants C, K > 0.

The second term is computed exactly:

+oo g teo g
L = /0 E||ht+r||6 dr = /o EHhH-T”S dr = —[lhlle.

The combination of the two last equations yields the desired result

d
g Melle < —Kllihele,

with K > 0, by choosing 7 small enough.
Then the cases p = +00 and ¢ = +o are obtained by passing to the limit.

Finally the case of a higher-order v-derivative is treated by an argument close to
the one in Lemma 4.14. For instance the case ¢ = s = 1 is proved by introducing
the norms

llklle. == lklle + I Vehllle + €l Vohlle.

llElle,.. == llRkllle, + MV<hlle, + € llIVohllle, .
for some second parameter ¢ > 0 small enough. Arguing as before we obtain

d
a(l”htllngLg(m) + |||Vxht|”LgL§(m))

< K1 (el 2 (1 ray + W9 12 (1)
E”IVUht“lLZL‘;(m)
< -Ko |||Vvht”|LgL§(mV1/q) + |||Vxht|”LgL§(m) + |||Rhl‘”|LZL§(m)’

where R is defined in (4.37). Using (a) the Lemmas 4.4 and 4.7 when m is a poly-
nomial weight, (b) (4.35) and Lemma 4.10 when m is an exponential weight, (c) the
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regularization property of the operator As, (d) the equivalence of the norms ||.]||
and ||.||, we prove that

Rkl 9 52 (my < C el g2 (s
for some constant C > (0. We deduce that for ¢ small enough
—|||ht|||a Kz |llh:lle,.

for some K3 > 0. The higher-order estimates are performed with the norm

— i i 5]
alls, == D> e I0LOLRI L e (.
li|<o,|jl<s
li]+]j|<max{o;s}
alle,. == > e NOLI Al 1e sy,

li|<o, ljl<s
lil+1j|<max{c;s}

for some ¢ > 0 to be chosen small enough. O

5.4.2. The bilinear estimates. — Let us summarize the bilinear estimate available
on the nonlinear term in the equation (4.1).

LEMMA 5.16. — Consider the space W, TWy'f (m) withs,c € N, o < s, s > 6/p,
s = 0 when p = +oo, with m satisfying one of the assumptions (W1), (W2), (W3) of
Theorem 4.2. Then in the case q¢ < +co we have

los. f)”w:’qw,f”’(mv”q‘l) <C (”g|lW£”1W;"’(m) 1 g vz v ra)
+ ||g||Wg’qW;’P(mv1/Q) ||f||Wg’1W;’p(m)

X gl 15 ey 1 g3 (o
19l 105 oy 1 0 o))
for some constant C > 0, which implies
0(g, f)”Wg’1W;’p(m)szf’quS’P(mvl/q’l)
< C (190wt omy - 1 g 2 (o 12 i
+ ||9||W<r WP (mv)nwS WP (mvl/a) ||f||(w" nwg Hwe? (fn))
and in the case ¢ = +oco we have simply

”Q g’ ||WGD°WSP(mV_1) <C ”gHw‘”"wsP ”f”w" ooW”’( )
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Proof of Lemma 5.16. — For 0 = s = 0 and q < oo this estimate is an immediate
consequence of the convolution inequalities on Q established in [9], together with
the inequality m(m’m’.)™' < Cm,. (For the specific case of stretch exponential

weight m = exI?l” x> 0and B € (0,2), we also refer to [97] where the proof is
explicitly written). In the case ¢ = 400 we use Lemmas 4.7 and 4.10.
Finally the x and v derivatives are treated thanks to the distributive properties

VxQ(g’f) = Q(ng’ f) + Q(g’ fo)’
VoQ(9, f) = Q(Vog, f) + Q(g, Vo f),

and Sobolev embeddings. ]

5.4.3. The a priori stability estimate

LEMMA 5.17 (A priori stability estimate). — Consider s,o € N, p,q € [1, +oo] with
o <s,s>6/p ors >0 whenp = +oco, with m satisfying one of the assumptions
(W1), (W2), (W3) of Theorem 4.2. Then consider the spaces

E1:= W)Wt (m), &1 := W) IWSP(mvt/9)  ifq < +oo,
or simply
EX =8 =WI*WP (m) ifq = +oo.

14 v
Consider a solution
fi=p+h €&
to the nonlinear Boltzmann equation, with I1h, = 0.
Then for q < +o0, h; satisfies the estimate

d 1-

(5.18) g Melles < (Clllrellgangs = K) llhelll e - ”lhtl”gg
< (Clithellganer = K) lAellles

for some constants C, K > 0, which also writes

d 1
5(5 IBellZ,) < (CllAcllgane: = K) .

When g = +oco we have the cleaner estimate

d
(5.19) g Mhellle < (CllAelles = K) lllRellle
for some constants C,K > 0.

Proof of Lemma 5.17. — Assume first 0 = s = 0 and consider ¢ € [1,+) and
p € [1,+c0), and denote
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We calculate
a|||ht|||LgL§(m) =hL+D

with
=l [ (£ Ch) ax) ThalTy? mt o

—+o00
gty [ (e () @ (er ) a)

X ||Sz(7) he ||Z§p m? dvdr,

o=l () Qb ) @ (k) dx) Ty m o

—+o00
iyl [ ([ (Se QMb)@ (e7 b ax)
R3 \JT3
X [|Sz(7) ht”Z;p md dvdr.
In Proposition 5.15 we proved that choosing n > 0 it holds

I £ -K||h; || |||ht||| for some K > 0.

LqLP LqLP 1/q)

For the second term, the Holder 1nequahty implies

/( Q(ht,ht)Q)'(ht)dx) ke )|9F md do
R3 ' JT3 L
< [ 10 Ry Ukl i do
R3 x

< NQ(he, he)llpa o (myrsa-1y - Ilhe ||Lqu J/a)

and similarly

/RS (‘/Tg(eri Q(he, hy ))‘P'(GTL h )dx) ||eTLh ”qu m? do
/ ||6T£Q h h )||Lp||e”:h ||q 1 do
< |le"* Q(hs,h g re (myrra-1ylle” eL ht||Lqu( ey

Using the bilinear estimate in Lemma 5.16 and the semigroup decay in Theo-
rem 4.2 (noticing that IIQ(h;, h;) = 0) we get the estimates

Qe ko)l 912 (myrsa-1y < CURellintorgyrse(m) Whellis 12 (moynrs 2 gmr/a)
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and, for some constant C,C’,C"” > 0,

+00
/ ||S-C (T)Q(hta ht)“Lng(mvl/q—l) dT
0 o
< C(./o § rdf) Vel g2y - We s 2 ome 22

<c” |||ht|||(L1 NLIYLE (m ”lh |||L1 L2 (mv)nLILE (mv1/a)
We deduce that

< helligty o Wellwnntyossioy - MRy oo e

and thus (using Sobolev embeddings or passing to the limit p — o)
d 1-
g llelle < (Clthellle = K) - hellg - A -

This concludes the proof in the case ¢ = s = 0, ¢ < +o0 and p = +oco. In the
case p < +o0o and 0 < o < s, one uses the distributive property of the derivatives
and Sobolev embeddings.

The case ¢ = +oo is handled similarly by using the final estimates in Lemma 5.16.
We use the previous argument with g < +o0 unchanged and take the limit ¢ — oo
in the bilinear estimates to get

amhtmL;ng(m) <-K |||ht|||ngL§(m) + |||Q(htaht)|||ngL§(mv—1)-

The bilinear estimate in Lemma 5.16 for ¢ = +0c0 and the semigroup decay in The-
orem 4.2 (noticing that IIQ(h;, h;) = 0) yield

Qe - s 12 (my 1y < C Mkl s m) - el iz oy
and
—+o0 +o0 1
/0 12 (2)Q(he, Bl g oy 47 = € /0 et dr) 1Bellzs i ()« Whells 1o ()
< C"Nhellisig(m) - Whellpsre (m)
for some constant C,C’,C” > 0. We deduce that
|||Q(ht’ht)”|L‘;°L§(mv’1) < C" |lhe ||L°°LP( )

and thus (using Sobolev embeddings or passing to the limit p — o)

d
g Melle < (CllAelles = K) - lIrellgs- O
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5.4.4. Final proof. —We consider the close-to-equilibrium regime and the
spaces & and &, as before. We will construct solutions through the following
iterative scheme

Oh" = L "+ (R R, nx>1,
with the initialization
0’ = L1, h)=h) =hin, |hinlles < Le.
The functions A", n > 0 are well-defined in & for all times ¢ > 0 thanks to the study

of the semigroup in Theorem 4.2 and the stability estimates proven below.

We split the proof into four steps. The first two steps of the proof establish the
stability and convergence of the iterative scheme, and they are mainly an elaboration
upon the key a priori estimate of the previous subsection. The third step consists
of a bootstrap argument in order to recover the optimal decay rate of the linearized
semigroup. The fourth step details the modifications to the argument for ¢ = +co.

Step 1. Stability of the scheme

Let us first assume g < +o0 and prove by induction the following control
1 t
(5.20) Vn >0, Vt >0, B,(t):= (5 |||h?|||gq +K ‘/0 |||h;’|||(q83 dr) < e

under a smallness condition on .
The case n = 0 follows from Theorem 5.15 and the fact that |||hin|||gq < (%E)q:

t
sup (IHEIIE, + K [ IREINE de) < o7
t>0 0 v

Let us now assume that (5.20) is satisfied at rank n and let us prove it for n + 1.
A similar computation as in Lemma 5.17 yields

d/1
v 1 I ) + K i
-1

< C (1A lga kY Ml + Nk llsa 1A llgs) MRy E
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for some constants C, K > 0. Hence by Hélder’s inequality we get

1 t
Buia(t) = < ITIE, + K / I, de

1
<~ |Ih m||5q+c(5up||h"||8q / I,
q
! -1/q
el [ ||h:||qur (sup||h2“||agdr) / e, d
0 0 v

1 |
Sallhmllgq—k(mm{c } ) By 9 By (1)

IA

1 .
5 “hm“(%q + (mm {C, m}) EBn+1(t)
from which it follows
2
Vt >0, Bpyi(t) < a ”hian;q < et

as soon as
e C - 1
¢ mm{ W} =2

The induction is proven.

Passing to the limit ¢ — 400 it holds

sup [[[hellle= < &
20

assuming that the initial data satisfies |||Ai||e~ < %g. Observe that the smallness
condition on ¢ is uniform as ¢ — 4o, which is crucial in this limiting process.

Step 2. Convergence of the scheme
Let us now denote by d” := h"+! — h". It satisfies for alln > 0

6tdn+1 — Ldn+1 + Q(dn+1,hn+1) + Q(hn+1,dn)
and 9,d" = L£d° + Q(h', h®). Let us denote by

n - 1 n 4 ' n 4
) = (i, + k[ o)
and let us prove by induction that
Vt>0,Vn>0, A™(t)< (Ce)i"

for some constant C > 0 uniform as ¢ goes to zero and as q goes to infinity.
The case n = 0 is obtained by using the estimate
d

-1
a(‘ 14205, ) + K 1%, < C (Ihtlea - 1hlg + tlles - I1H2s) - NI,
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and the previous bounds on KO, k! to deduce
1 t
V>0, A%t) = - ||d?||gq +K / ||d9||gq dr<Cée’<e¢
q 0 v
for ¢ small enough.

The propagation of the induction is obtained by estimating (similarly as before)
1 t
1 _ +1 1
A1) = p ld7 T Ig, + K /0 7" IIfég dr

< 2 NdnIg +C [ (12 gy - 12 s

1 t

q 0
-1

+ 7 e - IR lga) - IId;’“ng dr
v

t
-1
+C /0 (I lgs - A2 e + 142 lleq - B2 llga) - llam+H 1%, de

<2CeAMTH(E) +2C e An(t)H9 Ay (£)1/1

where we have used d} = 0 for any n > 0. Using the induction assumption on A, (t)
we deduce that

Apsr(t) <2Ce A" (1) +2CeCM e Ay ()11

and if ¢ is small enough so that 2C e < % we get

Ans1(t) <4CC" " Ay ()Y = A, (1) < (4C)2CT" g4 HD)

which concludes the proof with C = 4C.

Hence for ¢ small enough, the series };,-¢ A" () is summable for any ¢ > 0, and
the sequence h" has the Cauchy property in L}’ (&), which proves the convergence
of the iterative scheme. The limit h as n goes to infinity satisfies the equation in
the strong sense when the norm & involves enough derivatives, or else in the mild
sense.

Finally observe again that the smallness condition on ¢ is uniform as ¢ — +oo,
and by passing to the limit one gets by induction

sup [|d7 [le= < (Ce)"
t>0

which shows again that the sequence h" is Cauchy in L°(E*). This proves the
convergence of the iterative scheme.

Step 3. Rate of decay

We now consider the solution h constructed so far, first in the case ¢ < +c0. From
Step 1 we take the limit n — oo in the stability estimate and get

1 t
sup (= Wl + K [ el dr) < o0
O v

t>0
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We can then apply Lemma 5.17 to the solution h;:

d /(1
3t (G 1hellgs) < (Climelles = K) liaelii,
Cq/i¢-K
< (€Y e K Ihellfy < ——— Ihellg,,
0

where we have used the previous stability bound. This implies that

K
_2vq
lhelllga < e =0

t
”hinHSq

under the smallness condition C ql/q e — K < —K/2 on ¢. Moreover since ||h|||||lg4
converges to zero as t — +oco, we integrate the previous a priori estimate from ¢
to +oo to get

-4%
K —+o0 1 2v,
5 ey dr < S Ig, < S
which implies
BT 2 q “t q
I A EE 1 TR

We shall now perform a bootstrap argument in order to ensure that the solu-
tion h; enjoys to same optimal decay rate O(e™*?) as the linearized semigroup in
Theorem 4.2. Assume that the solution is known to decay as

(5.22) ”hfnaq < Ce Mot
for some constant C > 0, and let us prove that it indeed decays like
el < €77t

with 4 = min{Ag + K/(4v{), A}, possibly for some other larger constant C’ > 0.
Hence in a finite number of steps, it proves the desired decay rate O(e™*?).

Assume (5.22) and write a Duhamel formulation:

hy = Sy (t)hin + /tSL(t —1)Q(h;, hy) dr.
0

We go back to the original norm and we deduce from Theorem 4.2 and Lemma 5.16

t
Ihellea < Ce ™ ||hillga +C /0 e M |he|lga - [lhellga dr.
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Assume Ao < A and denote A; = min{Ao + K/(4v{),1}. We simply estimate
t t
/ e |lhe|lga - Ilhe|| o dr < / e I llgq - |y llga dr
0 v 0 !

t
< Cahit (/ T el g ) liallse
0

and then by integration by parts
t
e el o
0

t t t
< / llhzllga dr + (A - /10)/ e(A=20)7 (/ llhellga dr’) dr
0 0 T

t
< Cllinles + (i = do)( [ (¢ = 2)17Hae AR/ dr) s
0
< Cllhinllga

where in the last line we have used (5.21). All in all we deduce
el < Ce™ [|hinllga.

This proves the claim and concludes the proof of the estimate
lellga < Ce ™ ||hinllga

in the case g < +o00, where A = A(q) > 01is the sharp rate of the linearized semigroup
in Theorem 4.2, and the constant C is uniform as g — +oo.

Step 4. The case ¢ = +o0

It is obtained by passing to the limit in the previous estimate and using that
A(q) = A(o0) > 0 under our assumptions, thanks to Theorem 4.2. One gets

Il g = Ce™ linl]

with again the sharp rate A > 0 of the linearized semigroup.

5.5. PROOF OF THEOREM 5.5

We now consider the weakly inhomogeneous solutions. We split the proof into
three steps.

Step 1. The spatially homogeneous evolution

Consider the spatially homogeneous initial datum gy, € LLLY (1 + |v|F), k > 2.
From [97, Theorem 1.2] we know that it gives rise to a unique conservative spatially
homogeneous solution g; € L. (1 + |v|?) which satisfies

g = pllLy (14 1oy < Ce™

with explicit and optimal exponential rate.
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Step 2. Local-in-time stability

We consider the estimate in LLLY(1 + [0|F), k > 2. We want to construct a
solution f; that is LLLS (1 + |v|¥)-close to the spatially homogeneous solution g;
previously considered on a finite time interval.

Arguing as before we have the a priori bound
Vi>0, fi(x,0)> fin(v)e COFlRDI

where C > 0 depends on the L, LLLY(1 + |o|) norm of the solution.

Since fi, is close to a non-zero spatially homogeneous solution gi,(v), choosing
if necessary e(Mj ) small enough we have for all t > 0

‘/R3 fr(x, ) |[v— v, do, > e_C,t‘/| | Rﬁn(x, vi) |v — v, do,
v.|<

v

e_c’t(/ gin(v:) [v = vi dvs — € (1 + |U|))
R3

et Ky ~ ) (14 fol) 2 Ke™C" (14 Jo)

v

for some constants C’, K > 0. We have used
[ gn(e) o= vl do. > Ky (14101
R3

which follows from the inequalities fR3 gin(vs) [ — vi| dv, > |v| (by convexity)
and fRB gin(vx) |0« dov, > 0.

REMARK 5.18. — The constant K, depends in general on the mass, energy and
the shape of gi,, more precisely on how it concentrates at zero velocity (recall that
the momentum is normalized to zero). This is illustrated by the following counter-
example

_ 1 1 o_n+ on
gu(0) = (1= =) g0+ o - L2

n2
where ¢ approximates dy and ¢., approximates d., as n — 0, which satisfies

asn — oo
/ gndu =1, / gn|v|2dv~l, / gn |v|dv ~ 0.
R3 R3 R3

However, when a moment k > 2 is assumed on gjy, it is easy to give a bound
on K. based on the higher moments estimates since

F n\ ~= s« 0. 3 % ( 1)/(k—2)

g. (i) ) |'U |d > ([é gin(v*) |U |i d’U ) .
3 | | * g (£ < 1/(‘C 2)
([;QS ln( *) |U*| d’U*)
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We then consider k’ € (2, k) and we define the difference d; := f; — g; and the
sum s; := f; 4+ ¢g;. We then write the evolution equation

0rd; +v - Vyed; =20Q(ds, dr) +20Q(gs,dy)

from which we deduce the following a priori estimate arguing as in the previous
section

d
gl e o)

<G ||dt||L,1JL;°(1+|v|2) ’ ||dt||L})L§C"(1+|U|k'+1)
-C't
+Collgelly s rosn) el ipapiowy = Ke™ T lldelliy oo

for some constants C1,Co > 0. Observe however that here we have to keep track
of the time-dependence of the constant in the negative part of the right hand side.

Under the following a priori smallness assumption
(5.23) Cilldellpy (14 10p2) < Ke™©

we have
Ndellpy oo (14 jopey < 2€ exp (Cz /Ot gz 1L (14101 dT)
< 2€ exp (CQCg /Ot min{1, t_ﬁ}dr) <e%i2e
for some f < 1. We then define
—loge

T =Tife) = g € (0.49)
g

for Q to be chosen later, which yields

_c
Vte[O,Tl], e€9'2e <269 and Ke €' > Ke°.

We then choose € small enough so that

_C
Vi€ [0.T1), Crlldellapspyop) < Cre 2e <2679 <Ke%? <Ke

which is always possible as soon as

1 C
1-=>—
Q GO
which can be ensured (uniformly as € goes to zero) by taking Q large enough. This
then implies the smallness condition (5.23) and thus justifies the a priori estimate.
We deduce the a priori bound

VEe[0. T el pg o < 2679,
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Observe that Ty (e) — +oo as ¢ — 0. The actual construction and uniqueness of
these solutions relies on the part (I) of Theorem 5.3: one uses the continuity of the
flow (5.15) and the scheme

d n n n n n
adt“ +0-Ved T =20(d", d") +20(gs. d7).

We skip the details of these standard arguments.

Step 3. The trapping mechanism

Let & be the smallness constant of the stability neightborhood in the part (II) of
Theorem 5.3 in LLL% (1 + |0|¥). Then from the step 1 we know that there is some
time T, > 0 depending on gj, such that

Ve 2Ty, g =l gjor) S 36.
We then choose € small enough such that T; (¢) > To(M) and thus
| fr —9T2||L;,L;°(1+|v|k’) < %5’
from the step 3. It holds
1 = bl 2oy < W = 9nllis i g oy T 91 = plls oy <6

and we can therefore use the perturbative Theorem 5.3 for t > T» which concludes
the proof.

5.6. PROOF OF THEOREM 5.7

We now turn to the proof of the exponential H-theorem. Let us first recall existing
results for polynomially decaying solutions of the nonlinear equation:

THEOREM 5.19 (see [46]). — Let (f;);>0 be a non-negative non-zero smooth solution

of (4.1) such that fork,s > 0 big enough
SUIO> (I felles (raxms) + I fellpr (14 jojes1y) < C < 400
t>

with initial data satisfying the lower bound (5.1). Then for k’ € (2, k), there exists an
explicit polynomial function ¢ = ¢(t) which goes to zero as t goes to infinity such that

VE20, Ife = pllyreasor) < @)

where i is the global Maxwellian equilibrium associated with f (same mass, momen-
tum and temperature).

Proof of Theorem 5.19. — This theorem is a consequence of [46, Theorem 2] about
convergence to equilibrium for a priori smooth solutions with bounded moments
and satisfying a Gaussian lower bound, and of part (I) of Theorem 5.3 where we in-
deed establish such lower bounds. Note that the convergence in [46, Theorem 2] is
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measured in relative entropy, but it is a simple computation based on the Csiszar-
Kullback-Pinsker inequality (see for instance [124, Chapter 9]) and some interpo-
lation to translate it into stronger norms such as the one we propose in the state-
ment. a

Finally, combining all the previous results we can prove Theorem 5.7 as follows:
we use Theorem 5.19 for initial times and Theorem 5.3 for large times. The former
theorem provides an explicit time for the solution to enter the trapping neighbor-
hood in LLLZ (1 + |0]¥")) norm of the latter theorem. Then we write

/ 1, logf—}dxdv:/ (fl 1ogﬁ—£+1)udxdv
TxR3 H TdxR3 * H H R

< /
TdxR3

for some g; = g;(x,v) € [ min{p(v); f;(x,v)}, max{u(v); f;(x,v)}| from the mean-
value theorem. On the one hand, if f;(x,v) > p(v) then
|10g9t(x’v)| <lo fi(x,v)
p(v) H(v)
||ht||L°°)
p(v)
< max {1,st1ig -||ht||Loo} log u(v) ™t = K, (1+ |v|2).

log& fi —1|,udxdv
pttH

Slog(l-i—

Moreover, if f;(x,v) < p(v) one can use the exponential lower bound
fi(x,0) > Ae~@ll g 3

to get

< Ko (14 [0v]?).

’log gtlfzz)v)| < log f:g:jl)

Using the bounds on the solution we hence finally deduce

/ ftlogﬁdxdvsc/ |fe = p| (1 + [v]?) dx do
TdxR3 H TdxR3

and we conclude the proof using the estimate of convergence in LLLY (1 + |v|?).

5.7. STRUCTURE OF SINGULARITIES FOR THE NONLINEAR FLOW

Let us now study the singularity structure of the nonlinear flow provided by the
perturbative theorems 5.3 and 5.5. We shall prove the following two properties as
we did for the linearized flow: first we show that the dominant part of the flow in
the asymptotic behavior is as regular as wanted. Second, we prove that its worst
singularities are supported by the free motion characteristics.
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5.7.1. Asymptotic amplitude of the singularities. — Let us consider for instance
the space LLLY(1 + |v|¥), k > 2 (other spaces satisfying the assumption of the
perturbative theorems could be used obviously). We consider some initial data
fin = + hin > 0 in this space and assume without loss of generality that IIh;, = 0
(which implies ITh; = 0 for any later time).

We start from the decomposition of the semigroup
S¢ (t) hin = SZ (t) hin + SrL (t) hin

we have introduced in Section 4.10. Then we write a Duhamel formulation
¢
hy = Sz (t) hin + / Sp(t—1)Q(he, hy)dr
0

= (Si(t) hin + '/OtSSL(t — 1) Q(hy, hy) dr)

t
(S hin + /O ST (t=7) Qhe. he) dr)
= N°(t) + N'(t
(we have used here that IIQ(h., h;) = 0). Since
s -1
||S-C(t> h”H)sCU(P*%) < C”h”L}“v(l+|U|k)e t,

ISZ O Al oy < C ML oty e™ 7"

and the nonlinear flow is known to have the decay
-A
”ht”L;lc,v(1+|v|k) < Ce t,
we deduce that
-A
IN*(D)llgs 172y < Ce™,
HN’(t)”L)lC (4ol S Ce—min{vo—¢;21}t

(the factor 2 in the exponent of the second inequality comes from the quadratic
nature of the nonlinearity).

Then one can perform a bootstrap argument in order to deduce finally
he = N°(t) + N (1)
with
I3V (@)

we e dy SCET Nl gy = CeT07"

Let us sketch the bootstrap argument. If 21 > vy — ¢ we are done. Suppose
therefore that 24 < vy — €. Then plug the decomposition h; = N*(t) + N'(t) into
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the Duhamel formulation:
t
hy = Sg(t) hin + / Se(t—1)Q(he, hy)dr
0

§% (t =) Q(hs, he) dr)

+ 87 (t) hin + ; S (t=1) QN (1), N"(r)) dr

+ '/0 S (t—1) O(N"(r),N*(1)) dr

I
o
—~
~
N—
G
=
+
D\
2

t
+ / SrL(t -7) Q(NS(T), NS(T)) dr.
0
Then observe that in the decomposition of the linearized flow one has

< Clhll L e M,

ISRl oty = C WAl ot

1
H2)

Therefore if one defines
_ t
NE(t) = (S}(t) hin + / SSL(t —7)Q(hs, hy) dr)
0

+/O S (t = 1) Q(N*(7), N¥(z)) dr

and

one checks that

N ()]l

_1
H; (0 2)

< Ce—/lt’ Hﬁr(t)”L}c,v(lﬂvlk) < Ce~min{vo—&3A} ¢

123

(notice the factor 3 in argument of the exponential). Hence by iterating this argu-

ment a finite number of times, one gets the conclusion.

In a way similar to the linear setting, the nonlinear flow splits in two parts. The
first one has the following properties: (1) it is as smooth as wanted , (2) has Gaussian
decay in the small linearization space, (3) the exponential time decay rate is sharp.
The second part of the solution decays exponentially in time with a rate as close as
wanted to vp, the onset of the continuous spectrum, and carries all the singularities.
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5.7.2. Localization of the L? singularities. —We consider now the space
LY, (1 4 |v|%), k > 6 (again other spaces could be considered). We know that
the solution h; to the nonlinear equation remains uniformly bounded in this space
along time and decays exponentially fast to zero as time goes to infinity. We
start again from the Duhamel formula. In Section 4.10 we showed the following
decomposition of the linearized semigroup

Sr(t) hin € (1d =TIz ) (e hyy(x — vt,0)) + O(t™%) HE

x,v,loc
for some small @ > 0 and some 6 > 0. We can then prove arguing exactly as in [27]
that

t
/ S[(t—T)Q(hr,hr)dTEHgvloc
; \0,

for some small & > 0, due to the velocity-averaging nature of the bilinear collision
operator. This proves finally that the nonlinear solution satisfies

hy € (Id =TIz o) (e 7@ hyy(x — vt,v)) + O(t%) HE

x,v,loc

which captures the localization of the L? singularities.

5.8. OPEN QUESTIONS

A first natural question is whether our methods could be extended to the case of
Boltzmann equations with long-range interactions. In the case of non-cutoff hard and
moderately soft potentials, the linearized operator has a spectral gap [103], [64] and
we expect our factorization method to be applicable in this case by using a different
decomposition of the linearized collision operator, such as the one used in [96] in
order to quantify the spectral gap in velocity only. In the case of very soft poten-
tials, the linearized collision operator does not have a spectral gap anymore and the
expected time decay rate is a stretched exponential. It is an interesting question to
investigate whether our factorization method could be used when generalized co-
ercivity estimates replace spectral gap estimates. Another direction opened by this
work is the question of obtaining spectral gap estimates in physical space for kinetic
equations in the whole space confined by a potential (a work is in progress in the
case of the kinetic Fokker-Planck equation in the whole space).

We end up with what seems to us the most interesting open question suggested
by this study. In contrast with many dispersive or fluid PDE’s, the Boltzmann
equation (and kinetic equations in general) does not seem to have a clear notion
of critical space, and it has been debated whether such a notion would indeed apply
to it. Our perturbative study proves that the space L} L (1 + |0]?*0) is supercritical.
But what is more interesting is that as far as the velocity variable is concerned the
space L! (1 4 |v|?) is critical, as shown by the studies [91], [81] in the spatially ho-
mogeneous case. Therefore we can now focus on the spatial variable only in order to
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identify a critical space “below” LY. A first step in this direction would be to use av-
eraging lemma on the nonlinear flow in order to prove perturbative well-posedness
in L1 1% (14 |0|?>*0) for some p < +oo possibly large but not infinite. A natural con-
jecture is then to ask for the critical space in the variable x to be compatible with the
incompressible hydrodynamic limit (which is “blind” to the functional space used in
the velocity variable roughly speaking) and therefore to be L3 (T?) as for the three-
dimensional incompressible Navier-Stokes equations.
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We present an abstract method for deriving decay estimates on the resolvents
and semigroups of non-symmetric operators in Banach spaces, in terms of
estimates in another smaller reference Banach space. The core of the method
is a high-order quantitative factorization argument on the resolvents and
semigroups, and it makes use of a semigroup commutator condition of regu-
larization. We then apply this approach to the Fokker-Planck equation, to the
kinetic Fokker-Planck equation in the torus, and to the linearized Boltzmann
equation in the torus. Thanks to the latter results and to a non-symmetric
energy method, we obtain the first constructive proof of exponential decay,
with sharp rate, towards global equilibrium for the full non-linear Boltzmann
equation for hard spheres, conditionally to some smoothness and (polyno-
mial) moment estimates; this solves a conjecture about the optimal decay
rate of the relative entropy in the H-theorem.

Nous présentons une méthode abstraite pour démontrer des estimations
de décroissance sur les résolvantes et les semi-groupes d’opérateurs non-
symétriques dans des espaces de Banach, a partir d’estimations dans un
autre espace de Banach de référence plus petit. Le coeur de la méthode est
un argument de factorisation quantifiée d’ordre élevé sur les résolvantes et
semi-groupes, et met en évidence une condition de régularisation sur un
commutateur au niveau des semi-groupes. Nous appliquons ensuite cette
approche a I’équation de Fokker-Planck, a 1’équation de Fokker-Planck
cinétique dans le tore, ainsi qu’a ’équation de Boltzmann linéarisée dans le
tore. Grace a ces derniers résultats, et au moyen d’'une méthode d’énergie
non-linéaire, nous obtenons la premiére preuve constructive de la relaxation
exponentielle vers 1’équilibre avec taux optimal pour ’équation de Boltz-
mann non-linéaire complete, pour des interactions de type sphéres dures,
conditionnellement a des bornes de régularité et de moments polynoémiaux;
cela résoud une conjecture sur le taux de relaxation optimal de I’entropie
relative dans le théoreme H.



