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L-GROUPS AND THE LANGLANDS PROGRAM
FOR COVERING GROUPS

Wee Teck Gan, Fan Gao & Martin H. Weissman

Abstract. — This volume proposes an extension of the Langlands program to covers
of quasisplit groups, where covers are those that arise from central extensions of
reductive groups by K. By constructing an L-group for any such cover, one may
conjecture a parameterization of genuine irreducible representations by Langlands
parameters. Two constructions of the L-group are given, and related to each other in
a final note. The proposed local Langlands conjecture for covers (LLCC) is proven for
covers of split tori, spherical representations in the p-adic case, and discrete series for
double-covers of real semisimple groups. The introduction of the L-group allows one to
define partial L-functions and functoriality, including base change, for representations
of covering groups.

Résumé (L-groupes et le programme de Langlands pour les revétements de groupes re-
ductifs.) — Ce volume propose une extension du programme de Langlands aux revéte-
ments des groupes réductifs quasi-déployés qui proviennent des extensions centrales
de ces groupes par Ks. On construit un L-groupe pour un tel revétement, et on
conjecture une paramétrisation de ses représentations irréductibles « spécifiques» (en
anglais, « genuine ») par les paramétres de Langlands a valeurs dans ce L-groupe. En
fait on donne deux constructions du L-groupe, qui sont reliées 'une & ’autre en fin
d’article. La conjecture de Langlands locale proposée pour ces revétements (LLCC)
est prouvée pour les revétements de tores déployés, les représentations sphériques dans
le cas p-adique et les séries discrétes pour les revétements doubles de groupes semi-
simples réels. L’introduction du L-groupe permet de définir des fonctions L partielles
et d’exprimer la fonctorialité, y compris le changement de base, pour ces représenta-
tions de revétements.
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RESUMES DES ARTICLES

L-groupes et le programme de Langlands pour les revétements de groupes réductifs :
une introduction historique
WEE TECK GAN & FAN GAO & MARTIN H. WEISSMAN ............... 1

Dans cette introduction au présent volume de la série Astérisque, nous allons
donner une bréve discussion historique de I’étude des revétements non linéaires
des groupes réductifs, concernant leur structure, la théorie de leurs représenta-
tions et la théorie de leurs formes automorphes. Cela constitue une motivation
historique et définit le cadre pour les contributions de ce volume.

L-groupes et parameétres pour les revétements de groupes
MARTIN H. WEISSMAN ... 33

Nous intégrons des revétements de groupes réductifs quasi-déployés dans le
programme de Langlands, en définissant un L-groupe associé & un tel revéte-
ment. Nous travaillons avec tous les revétements qui résultent d’extensions de
groupes réductifs quasi-déployés par Ko — la classe étudiée par Brylinski et
Deligne. Nous utilisons ce L-groupe pour paramétrer des représentations irréduc-
tibles spécifiques dans de nombreux contextes, incluant les revétements de tores
déployés, les représentations sphériques, et les séries discrétes pour les revéte-
ments doubles de groupes semi-simples réels. Une appendice étudie les torseurs
et gerbes sur le site étale, puisqu’ils sont utilisés dans la construction du L-groupe.

Le programme de Langlands- Weissman pour les extensions de Brylinski-Deligne
WEE TECK GAN & FAN GAO ..ot 187

Nous décrivons une extension conjecturale, en evolution, du programme de
Langlands pour une classe de revétements de groupes réductifs d’origine al-
gébrique, étudiés par Brylinski et Deligne. Nous décrivons, en particulier, la
construction, due & Weissman, d’une extension de L-groupe d’un tel revétement
de groupe (au-dessus d’un groupe réductif déployé). Nous étudions certaines de
ses propriétés et discutons d’une variante de celui-ci. En utilisant cette extension
de L-groupe, a l'aide du travail de Savin, McNamara, Weissman et W.-W. Li,
nous décrivons une correspondance de Langlands locale pour des revétements
des tores (déployés) et pour les représentations non-ramifiées spécifiques. Nous

© Astérisque 398, SMF 2018



xiv

RESUMES DES ARTICLES

définissons ensuite la notion de L-fonctions automorphes (partielles) attachées
aux représentations automorphes spécifiques pour les groupes de Brylinski et
Deligne. Enfin, nous verrons comment le formalisme de L-groupe explique cer-
taines anomalies dans la théorie des représentations des revétements de groupes
réductifs et examinons quelques exemples de fonctorialité de Langlands tels que
le changement de base.

Une comparaison des L-groupes pour les revétements de groupes réductifs déployés

MARTIN H. WEISSMAN ... e 277

Dans un article, 'auteur a défini un L-groupe associé & un revétement de
groupes réductifs quasi-déployés sur un corps local ou global. Dans un autre ar-
ticle, Wee Teck Gan et Fan Gao définissent (suite & une lettre inédite de 'auteur)
un L-groupe associé & un revétement de groupes réductifs quasi-déployés sur un
corps local ou global. Dans cette courte note, nous donnons un isomorphisme
entre ces L-groupes. De cette maniére, les résultats et les conjectures discutés
par Gan et Gao sont compatibles avec ceux de 'auteur. Les deux soutiennent les
mémes conjectures de type Langlands pour les revétements des groupes.
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ABSTRACTS

L-groups and the Langlands program for covering groups: a historical introduction
WEE TECK GAN & FAN GAO & MARTIN H. WEISSMAN ............... 1

In this joint introduction to the present Astérisque volume, we shall give a
short discussion of the historical developments in the study of nonlinear covering
groups, touching on their structure theory, representation theory and the theory
of automorphic forms. This serves as a historical motivation and sets the scene
for the papers in this volume. Our discussion is necessarily subjective and will
undoubtedly leave out the contributions of many authors, to whom we apologize
in earnest.

L-groups and parameters for covering groups
MARTIN H. WEISSMAN ..o 33

We incorporate covers of quasisplit reductive groups into the Langlands pro-
gram, defining an L-group associated to such a cover. We work with all cov-
ers that arise from extensions of quasisplit reductive groups by Ks—the class
studied by Brylinski and Deligne. We use this L-group to parameterize gen-
uine irreducible representations in many contexts, including covers of split tori,
unramified representations, and discrete series for double covers of semisimple
groups over R. An appendix surveys torsors and gerbes on the étale site, as they
are used in the construction of the L-group.

The Langlands- Weissman Program for Brylinski-Deligne extensions
WEE TECK GAN & FAN GAO ..ot 187

We describe an evolving and conjectural extension of the Langlands program
for a class of nonlinear covering groups of algebraic origin studied by Brylinski
and Deligne. In particular, we describe the construction of an L-group extension
of such a covering group (over a split reductive group) due to Weissman, study
some of its properties and discuss a variant of it. Using this L-group extension, we
describe a local Langlands correspondence for covering (split) tori and unramified
genuine representations, using work of Savin, McNamara, Weissman and W.-W.
Li. We then define the notion of automorphic (partial) L-functions attached
to genuine automorphic representations of the covering groups of Brylinski and
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Deligne. Finally, we see how the L-group formalism explains certain anomalies
in the representation theory of covering groups and examine some examples of
Langlands functoriality such as base change.

A comparison of L-groups for covers of split reductive groups
MARTIN H. WEISSMAN ...ttt e 277

In one article, the author has defined an L-group associated to a cover of a
quasisplit reductive group over a local or global field. In another article, Wee
Teck Gan and Fan Gao define (following an unpublished letter of the author) an
L-group associated to a cover of a pinned split reductive group over a local or
global field. In this short note, we give an isomorphism between these L-groups.
In this way, the results and conjectures discussed by Gan and Gao are compatible
with those of the author. Both support the same Langlands-type conjectures for
covering groups.
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L-GROUPS AND THE LANGLANDS PROGRAM
FOR COVERING GROUPS:
A HISTORICAL INTRODUCTION
by
Wee Teck Gan, Fan Gao & Martin H. Weissman

Abstract. — In this joint introduction to the present Astérisque volume, we shall give
a short discussion of the historical developments in the study of nonlinear covering
groups, touching on their structure theory, representation theory and the theory of
automorphic forms. This serves as a historical motivation and sets the scene for the
papers in this volume. Our discussion is necessarily subjective and will undoubtedly
leave out the contributions of many authors, to whom we apologize in earnest.

Résumé (L-groupes et le programme de Langlands pour les revétements de groupes réductifs :
une introduction historique)

Dans cette introduction au présent volume de la série Astérisque, nous allons
donner une bréve discussion historique de I’étude des revétements non linéaires des
groupes réductifs, concernant leur structure, la théorie de leurs représentations et
la théorie de leurs formes automorphes. Cela constitue une motivation historique et
définit le cadre pour les contributions de ce volume.

1. Generalities

A locally compact group will mean a locally compact, Hausdorff, second countable
topological group. Let G be a locally compact group and A a locally compact abelian
group. We are interested in central extensions of G by A. Let us first define this
notion; our treatment in this section follows the classic paper of Moore [83].

2010 Mathematics Subject Classification. — 11F70; 22E50.
Key words and phrases. — Covering groups, Langlands program, L-groups.

We thank our NUS colleague Tien Cuong Dinh for his help in providing French translations of the
title and abstract of this paper.
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2 W. T. GAN, F. GAO & M. H. WEISSMAN

1.1. Definition. — A central extension of G by A is a short exact sequence:

1 A—‘sE-2.qG 1
such that

— FE is a locally compact group;
— 4 is continuous and i(A) is a closed subgroup of the center of F;

~

— p is continuous and induces a topological isomorphism E/i(A4) & G.

Equivalently, the third condition above can be replaced by the requirement that p is
continuous and open (cf. [80, p.96]). We will ultimately be interested in the case when
A is finite.

1.2. Definition. — Let F; and F> be two extensions of G by A. An equivalence from
FE4 to E5 is a continuous homomorphism ¢: E; — F, inducing the identity maps
on A and G:

1 A E, 2 @ 1
O
1 A E, 2. @ 1.

By the open mapping theorem, an equivalence is necessarily a topological isomor-
phism.

Let the set of equivalence classes of central extensions of G by A be denoted
by CExt(G, A). The set CExt(G, A) has a natural abelian group structure, as we now
explain.

Given two extensions E; and Es of G by A, we set

E = {(h1,h2) € E1 X Ez : p1(h1) = p2(h2)}/d(A)

where §(a) = (a,a™!) is the skew diagonal embedding. This is the quotient of the fiber
product E; xg E5 by the skew diagonal embedding. Then E is a central extension
of G by A,

1 AL E -2 ,@q 1,
by defining i(a) = (a,1) = (1,a) € E and p(h1, h2) = p1(h1) = p2(h2).

This E is the so-called Baer sum of E; and E,, written E; 4 E, and this operation
makes CExt(G, A) into an abelian group. In other words, the equivalence class of E
depends only on the equivalence classes of F; and Ej.

In the context of abstract groups, the abelian group CExt(G, A) was first studied
by Schur (1904) who introduced the notion of Schur multipliers. In modern language,
Schur had introduced the cohomology group H?(G, A). We will however not go so far

back in time in our historical discussion; a modern survey of the central extensions of
finite groups of Lie type can be found in [88§].
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1.3. Categorical point of view. — If we fix G and A as before, define CExt(G, A) to be
the category whose objects are central extensions of G by A, and whose morphisms
are equivalences. Since all equivalences are isomorphisms, the category CExt(G, A) is
a groupoid. The Baer sum is functorial,

+: CExt(G, A) x CExt(G, A) — CExt(G, A),

making the category CExt(G, A) into a (strictly commutative) Picard category [34,
Définition 1.4.2]
The neutral object in this category is the direct product G x A. Given an object
E € CExt(G, A), a splitting of E is an equivalence (i.e., a morphism) from F to G x A.
If j: H - G is a continuous homomorphism of locally compact groups, and
(E,i,p) € CExt(G, A), then we may pull back the extension E to define

J*E ={(h,e) € Hx E :j(h)=p(e)}.

Then j*E € CExt(H, A) by defining i': A — j*FE by i'(a) = (1,i(a)) and p'(h,e) =

p(e).
If f: A — B is a continuous homomorphism of locally compact abelian groups, we
may push out the extension (E,i,p) to define

f+E = (B x E)/((f(a),i(a)7") : a € A).
Typically, f will be a closed map, and so it will not be necessary to take the closure in
the quotient above. Then f,E € CExt(G, B) by defining i": B — f.E by i"(b) = (b,1)
and p”: f.E — G by p”’(b,e) = p(e).
Pullback and pushout define additive functors of Picard categories,

fe: CExt(G, A) — CExt(G, B), f*: CExt(G,A) — CExt(H, A).

For isomorphism classes, these define homomorphisms of abelian groups,

f«: CExt(G, A) — CExt(G, B), f*: CExt(G,A) — CExt(H,A).

1.4. Cohomological interpretation. — After the foundational work of Mackey [73],
Moore wrote a series of papers [82, 84, 85] developing a cohomology theory for topo-
logical groups analogous to that for abstract groups. We summarize some of their
results.

Moore defines for each n > 0 a cohomology group H"(G, A) using measurable
cochains. These groups are functors which are covariant in A and contravariant in G.
Note however that since the category of locally compact abelian groups is not an
abelian category, this cohomology theory is not a derived functor cohomology theory.
We describe the low degree cohomology groups concretely. Note that we are only in-
terested in the case where A is trivial as a G-module. The 0-th cohomology group is
H°(G,A) = A. The first cohomology H!(G, A) is the group of continuous homomor-
phisms G — A.

We describe H?(G, A) in more detail. Let Z?(G, A) be the group of measurable
normalized 2-cocycles z: G x G — A; this means that z(g,1) = 2(1,g9) = 1 for all
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g € G, and
2(9192,93)2(91, 92) = 2(g1, 9293)2(g2, g2) for all g1, 2,93 € G.

Let C'(G, A) be the group of normalized 1-cochains: measurable functions from G
to A such that f(1) = 1. If f € C1(G, A) is a measurable function, its coboundary
Of € Z*(G, A) is defined by

af(g1.92) = f(g2) - fl9r92) ™" Flgr) ™"

The resulting cohomology group H?(G,A) = Z?%(G,A)/0C (G, A) is naturally
isomorphic to CExt(G, A).

This can be understood categorically as follows. Consider the (small, strictly com-
mutative Picard) category H?(G, A), with objects set Z?(G, A), and where a morphism
2] — 29 is defined to be an element ¢ € C*(G, A) such that 2z = z; + dc. The Picard
category structure arises from the abelian group structures on Z%(G, A) and C*(G, A).
The isomorphism classes in H?(G, A) form the cohomology group H?(G, A).

Describe a functor from H2(G, A) to CExt(G,A) as follows: for an object z €
Z2(G, A), define an extension of G by A by E = G x A, with multiplication

(glaal) : (92702) = (9192,(11@2 '2(91,92)),

and maps
i:a— (l,a) e E and p:(g,a)—geq.

A theorem of Mackey [73, Théoréme 2| gives E a natural topology such that the
above defines a locally compact group, and an extension of G by A. If ¢: z; — 25 is
a morphism in H?(G, A), i.e., 20 = 21 + Oc, then c defines an equivalence of central
extensions F1 — FEy by the formula f(g,a) = (g,c(g) - a). The work of Mackey and
Moore implies that this gives an equivalence of Picard categories, which we like to
call “incarnation”

Inc: H*(G, A) — CExt(G, A).
A consequence is the isomorphism of abelian groups, H?(G, A) = CExt(G, A).

Surjectivity of this isomorphism is obtained as follows. Given a central extension
A — E — G, Mackey proves that one can find a measurable section s: G — FE (i.e., so
that pos = id). This is the best one can hope for: one cannot find a continuous section
in general. From s, one defines a measurable 2-cocycle by:

2(g1,92) = 5(g192) - s(91) " s(92) 7"
The map (g,a) — s(g) - i(a) gives an isomorphism from Inc(z) to E.
1.5. CExt(G, —) as amoduli functor. — For another perspective, fix a locally compact
group G. The assignment A — CExt(G, A) gives a functor,
CExt(G, —): LCA — Ab,

where LCA denotes the category of locally compact abelian groups and Ab de-
notes the category of (abstract) abelian groups. Indeed, we have seen above that
CExt(G, A) has a natural abelian group structure and functoriality comes from
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pushout. Given f: A — B in LCA, pushout defines a group homomorphism
f«: CExt(G, A) — CExt(G, B).

Regarding CExt(G, —) as a functor LCA — Ab, it is natural to ask:

Question. — Is the functor CExt(G, —) representable? If so, describe the representing
object 7m1(G) of LCA explicitly.

As we shall see in the next section, this is the central motivating question behind
the initial study of central extensions, as developed by Steinberg [104], Moore [83],
Matsumoto [74], Raghunathan-Prasad [90, 91, 92] and others.

If 71(G) exists, we call it the fundamental group of G, in which case we have
isomorphisms, functorial in A:

H2(G, A) = CExt(G, A) 2 Hom(m,(G), A).

Note that this functorial isomorphism can only be unique up to automorphisms
of 71 (G). Also, observe that if A = S' (the unit circle), then

71(G) = the Pontryagin dual H*(G, S")Y of H*(G, S").

1.6. Universal extensions. — Suppose that 71 (G) exists. Then since
CExt(G, m1(G)) &2 Hom(71(G), 71 (Q)),

there is an element G of CExt(G, 71 (G)) corresponding to the identity automorphism
of 71(@G). This extension

1 —— m(G) G G 1

is called a universal central extension because it has the following universal property:
given any central extension F of G by A, there exists a unique continuous homomor-
phism ¢: G — E lying over the identity on G:

1 —— m(G) G 1

G
flnl(c)l fl :l
E G 1.

The existence of such a universal central extension is equivalent to the representability
of CExt(G, —).

1 — A

1.7. Condition for representability. — Now let us consider the question about exis-
tence of m1(G). There is an obvious necessary condition for this existence. Indeed,
consider the trivial extension G' x S where S is the unit circle. If 7 (G) exists and
G is a universal central extension, then we have a unique map of extensions

f:G— Gx8.
However, if ¢ : G — S' is any continuous homomorphism, then the map

fo 97 f(9)-(1,9(p(9))
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is another morphism of extensions. Thus the uniqueness of f implies that
Hom(G, S') = 0. In other words, if m; (G) exists, then H'(G, S1) = 0, or equivalently,
[G,G] is dense in G, in which case we say that G is topologically perfect.

One may ask if the necessary condition above is sufficient for the existence of 71 (G)?
Moore has given examples to show that it is not in general. We highlight some positive
results in this direction due to Moore [83]:

Proposition 1.1. — In the following cases, m1(G) exists:
(i) G is a discrete group which is perfect (equivalently, topologically perfect, since
the topology is discrete);
(ii) G is topologically perfect and H?(G,S?) is finite;
(iii) the component group G/G° of G is compact and G = [G,G] (i.e., G is perfect).

Recall that when 71 (G) exists, 71 (G) & H?(G, S')V.
1.8. Relative fundamental groups. — One may also consider the problem of classifying
the central extensions of G which are split over a subgroup H C G. Here, H need not

be a closed subgroup; there are applications in which H is even dense in G. Thus we
are interested in the representability of the functor LCA — Ab given by

A Ker(H?*(G,A) — H?(H, A)).
One has the following result [83, Lemma 2.8]:

Proposition 1.2. — Suppose that 71 (G) and 71 (H) both exist. The map i : H — G
induces iy : m(H) — 71(G). Define

m(G, H) = m(G)/ix(m (H)).
Then there is an isomorphism, functorial in A:
Ker(H?(G,A) — H?(H, A)) = Hom(71(G, H), A).
In other words, the above functor is represented by m (G, H).

We call 71 (G, H) the fundamental group of G relative to H.

1.9. Restricted direct product. — Given a countable collection (G,, K,), v € S, where
each G, is a locally compact group and K, is an open compact subgroup of G, one
may form the restricted direct product

¢ =T[ (G )

which is still a locally compact topological group.

The following proposition (based on [83, Theorem 12.1]) gives natural conditions
under which 7 (G) exists.
Proposition 1.3. — Write i,,: K,, — G, for the inclusions. Assume that

- m1(Gy) exists for all v;
- m1(K,) exists for almost all v;
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— s (m1(Ky)) is open in w1 (G,) for almost all v.

Then 1 (G) exists and is equal to the restricted direct product

7T1(G) = H, (WI(Gu)a iv* (7’['1 (KU))) ‘

v

This concludes our discussion on generalities about central extensions and fundamen-
tal groups.

2. Abstract Chevalley Groups

In this section, we shall specialize to the case where G = G(k), with G a connected
reductive group over a field k. In particular, when G is split, we give a summary of the
beautiful work of Steinberg [104, 105], Moore [83] and Matsumoto [74] which describes
the fundamental group of an abstract Chevalley group.

To begin, let G be a split, simple and simply connected linear algebraic group over
an infinite field k. Set G = G(k) regarded as an abstract group (with discrete topol-
ogy). In this case, G is known to be perfect. Thus 71 (G) exists by Proposition 1.1(i)
and there is a universal central extension

1 — 7T1(G) EG G 1.

2.1. Steinberg’s construction of E;. — In [104], Steinberg gave an explicit construc-
tion of the universal central extension F¢ using generators and relations. Fix

TcB=T -U"cgG,

a split maximal torus contained in a Borel subgroup of G. This gives rise to a root
system ® with a set A of simple roots. For each a@ € ®, one has a root subgroup
U, = G,. If an isomorphism z,: U, — G, is chosen for every a € ®, we define
families of elements of G by

{wa(t) = 2a(O)T_a(—t"Nzalt),
ha (t) = Wq (t)wa(l)il

for ¢t € k*.

In [105, Chapter 6], Steinberg demonstrates that there exists a family of isomor-
phisms {z, : @ € ®} such that G is generated by {z(t) : @ € ®,t € k} modulo the
relations

(A) za(s+1t) = z0(8)xa(t). o

(B) [zalt);zs(s)] = [I; ; Tia+js(na,p,,5t's’) where the product is taken over (i, j)
in lexicographic order and the n, g ;’s are certain integers which we will not
make precise here.

(B') wao(t)2a(8)we(t)™! = x_o(—st72).

(C) ha(st) = ha(s)ha(t).
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The condition (B’) is not necessary if G # SLg. The elements h,(t) for @ € A
generate the group T, and the elements () for @ € ®*, t € k, generate the group
U™. Similarly, {z4(t) : « € ®~,t € k} generates the opposite unipotent U~ = U~ (k).

Steinberg considered the group G generated by elements 7, (t), for a € @, modulo
the (analogous) relations (A), (B) and (B’) above (ignoring (C)). There is clearly a

natural surjection

pg:G— G
given by Z,(t) — z4(t).
From relations (A) and (B), it can be seen that z,(t) — Z,(t) extends to a homo-
morphism o*: U+ — G splitting pg, i.e., pg o o = Id.
Define elements @ (t) and ho(t) analogously to we () and he(t) above. We let T
denote the subgroup of G generated by the hq(t)’s. Steinberg showed ([105, Chapter 7,
Theorem 10)):

Theorem 2.1. — The group Ker(pg) is central in G, and
1 — Ker(pg) - G — G — 1

is a universal central extension of G. In particular m(G) = Ker(pg). Furthermore,
U (G) cT.

2.2. Steinberg’s cocycles. — In [83, p.194], Moore described a 2-cocycle which rep-
resents the universal extension G, depending on choices of Weyl representatives and
an ordering of the simple roots. Let N (respectively N) denote the subgroup of G
(resp. G) generated by the Wq(t)’s (resp. wq(t)). Then

N/T=N/T=W
is the Weyl group of G. For each w € W, we fix a representative @ € N and denote
its projection pg(w) € N by w.

Each element g € G lies in a unique Bruhat cell BwB, and can be uniquely repre-
sented as:

g:uw'w't'u7 t:Hha(ta)ET7UEU+aquUw: HUa~
a€cA a>0
wa<0
We define a section s : G — G by setting
$(g) =ty -W-h-@

where @, = 0¥ (uy) and @ = o (u) and h = [[,cp ha(ta). Here we must fix an
ordering of the simple roots, in order for this product to make sense.
This gives a 2-cocycle byniv: G X G — 71(G), given by

buniv (91, 92) = 5(91)s(g2)s(g192) "
We call this the universal Steinberg cocycle of G.
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Given any central extension £ € CExt(G, A), there is a unique homomorphism
f: G — E lying over the identity map on G. Defining sp = f o s we have a section
sg: G — E, and from this a cocycle

CE(91792) = f(buniv(glvg2)) €A
which incarnates E. We call cg the Steinberg cocycle of E.

2.3. Moore’s upper bound for 7, (G). — After Steinberg’s construction of the universal
central extension by generators and relations, one can hope for an explicit presentation
of m1(@G). This question was taken up by Moore in [83]. His results are summarized in
the following theorem (cf. [83, Lemma 8.1, Theorem 8.1, Lemma 8.2 and Lemma 8.4|).

Theorem 2.2. — (i) m1(G) is generated by the elements buniv(ha(8), ha(t)) for a € A
and s,t € k*. In fact, if we fix a long root ay, then w1 (QG) is generated by the elements
buniv(Pag (8), hag (t)) for s, t € k.

(if) If ¢ = f o buniv is a Steinberg cocycle valued in A (with f: m1(G) — A), then
c is completely determined by its restriction to T x T. In fact, if o is a long root and
T, the I-dimensional torus generated by h,(t), then c is completely determined by its
restriction to T, X T,.

Corollary 2.3. — Let « be a long root in ® and let G, = SLy be the subgroup generated
by U, and U_,,. Then for any A, the natural map
H?*(G,A) — H?*(Gq, A)
is an injection. Equivalently, the natural map
m1(Go) — m1(G)
18 surjective.
This corollary is the key tool in the analysis of extensions of a split group.

The theorem significantly reduces the number of generators needed for 71 (G).
Indeed, in view of the theorem, we fix a long root o and set

buniv,a(57 t) = buniv(ha(s>7 ha(t))
so that
buniv,a : k‘x X kx — 71'1(G).
We know that m1(G) is generated by buniv,«(s,t) for s,t € k*. Moreover, Moore

showed that under a simple condition, the function byniv,q is bimultiplicative:

Proposition 2.4. — If there exists a root 8 such that (8Y,c) = 1, then buniy,a is bi-
multiplicative. This condition holds as long as G # Spy, (n > 1). If G = Sp,,, (e.g.,
if G = SLy), then byniv,a may not be bimultiplicative.

Now we want to know what are the relations satisfied by the byniv,« (s, t). By work-
ing explicitly with the group SLs, Moore was able to show (cf. [83, Theorem 9.2]):
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Theorem 2.5. — If G = SLo, then w1 (G) is the group generated by the b(s,t) :=
buniv,a (S, t) subject to the relations:

(1) (normalized cocycle identities)

b(st,r)b(s,t) = b(s,tr)b(t,r), b(s,1)=10b(1,s)=1.

(2) b(s,t) =b(t71,s).
(3) b(s,t) = b(s, —st).
(4) b(s,t) =0b(s, (1 —9)t) if s # 1.

There is in fact some redundancy in these relations: under (1) and (4), (2) and (3)
are equivalent.

2.4. Definition. — We call functions ¢ : k* x k* — A satisfying the above identi-
ties (1)-(4) A-valued Steinberg cocycles on k™. We denote the set of such functions
by St(k*,A). Since the universal cocycle byniv,o is bimultiplicative if G # Sp,, (k),
we define a subgroup St°(k*, A) C St(k*, A) consisting of those A-valued Steinberg
cocycles which are bimultiplicative.

The elements of St°(k*, A) can be more simply described as those maps c: k™ x
k* — A satisfying just two conditions:

(1) (bimultiplicative) c(rs,t) = c(r,t) - c(s, t) and c(r, st) = c(r, s) - ¢(s,t).
(2) e(s,1—s)=1if s # 1.
The relations (1’) and (2) are important in algebraic K-theory. Namely, they occur
in the definition of the Milnor-Quillen Ko-group [80]. This is the abelian group
k)( ®Z k)(
(z@(1—z):z#1)

Thus St°(k*, A) = Hom(K2(k), A). A corollary of the above discussions and Pon-
tryagin duality is:

Ky (k) =

Corollary 2.6. — (i) For G # Spy, (k) (resp. G = Spy,(k)) and any A, there is a
natural inclusion

H?(G,A) — St°(k*,A) (resp. St(k*, A)).

(if) If G = Spy,, (k), then w1 (G) is a quotient of the group generated by bupiv.(S,t)
subject to the relations (1)—(4) of Theorem 2.5.
(iii) If G # Spg,(k), then w1 (G) is a quotient of the group Ka(k).

However, for a general Chevalley group G, Moore was unable to determine whether
the relations in the corollary are enough to define m;(G), or whether more relations
are necessary.
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2.5. Matsumoto’s determination of 71 (G). — In [74], Matsumoto was able to complete
Moore’s results by showing:

Theorem 2.7. — (ii) If G = Sp,,,(k), then m1(G) is isomorphic to the group generated
by buniv,a(s,t) subject to the relations (1)—(4) of Theorem 2.5. Thus

H?*(G,A) = St(k*, A).
(iii) If G # Spg,(k), then w1 (G) is isomorphic to Ko(k). Thus,
H?*(G,A) = St°(k*, A).

We remark that since we have an upper bound H?(G,A) — St(k*,A) (or
St°(k*, A)) from Moore, to show that this upper bound is attained is a question
of construction of central extensions. Namely, given an element of f € St(k*, A) or
St°(k*, A), one needs to construct a central extension of G by A whose associated
Steinberg cocycle gives rise to f. This was what Matsumoto did.

3. Groups over Local Fields

In this section, we consider the main problem highlighted in the first section for
groups over local fields. Let k be a local field and let G be a (algebraically) simply-
connected semisimple group over k. We set G = G(k), so that G is a topological
group and we are interested in its topological central extensions.

If G is k-isotropic, it is known that G is topologically perfect, so that there is a
chance that 71 (G) exists. The main result we want to highlight here is:

Theorem 3.1. — Suppose that k is non-archimedean. Assume that G is absolutely
simple and k-isotropic. Then

H*(G,8%) = u(k),
where u(k) denotes the finite group of roots of unity contained in k. In particular,

m1(G) exists and is equal to p(k).

We make several remarks:

(1) The assumption that & is non-archimedean is for convenience: it allows us to
give a simple statement. Over R or C, the situation is completely understood.

(2) The condition that G be absolutely simple is not crucial. If G is just semisimple
and simply-connected, then

G~ H Reski/kGi
i
with G; absolutely simple. Thus if each G; is k;-isotropic, the theorem implies that

m1(G) = Hu(ki)'

(3) The theorem is the culmination of the work of Steinberg [104], Moore [83],
Matsumoto [74], Deodhar [37], Prasad-Raghunathan [90, 91, 92|, Prasad-Rapinchuk
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[93], G. Prasad [89] and Deligne [36]. In the rest of the section, we will describe some
ideas in its proof.

(4) If G is anisotropic, absolutely simple, and simply-connected, then G = SL; (D)
where D is a division algebra over k. In this case, one can still demand to compute
H?(G,S'), even though G is not perfect. Such a computation was done by Prasad-
Rapinchuk. We will not discuss this here.

3.1. The case of split groups. — When G is split, the theorem was proved by the
combined work of Moore and Matsumoto, which made decisive use of the analysis of
the abstract universal central extension given in the last section. Let Gy, denote G (k)
regarded as an abstract group (with discrete topology). Then since any topological
central extension is an abstract extension, we have a natural map

H*(G, A) — H?*(Gabs, Aabs)-

It turns out that this natural map is always an inclusion (for any topological group G),
so that there is a natural surjection

T1(Gaps) — m1(G).
By Theorem 2.7, we know that
H?(Glaps, Aabs) = St(k*, A) or St°(k*, A).

Thus it remains to determine which A-valued Steinberg cocycles correspond to topo-
logical extensions. The following result is both simple (to absorb) and natural:

Theorem 3.2. — Let E € CExt(Gaps, Aabs). Then the following are equivalent:

(i) The Steinberg cocycle cg : G x G — A of E is Borel measurable.
(ii) cg is continuous on T x T.
(iif) cg is continuous on Ty, X Ty,. (o a long root as before.)
(iv) E is a topological central extension.

Thus, to classify topological central extension, we are reduced to classifying the
set Steont (K™, A) of continuous A-valued Steinberg cocycles. This problem was solved
by Moore (cf. [83, Chapter 2]). To describe his answer, we first recall that there is
a natural supply of elements of Stcont(k*,A) arising from local class field theory.
Namely, if we let = #u(k), there is a surjective p-power residue symbol

(—, =)k x B — p(k).
Moore observes [83, Chapter II.(3)] that (—, —) is an element of Stg_ . (k*, u(k)).
Now given any A and a homomorphism f : u(k) — A, we obtain an element
fo(—,—) €Ston(k*, A) C Steont (K™, A).
Thus we have a map
Hom(u(k), A) — Steons (K, A).
The result of Moore [83, Theorem 3.1] is:
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Theorem 3.3. — The natural map above is bijective:
Sto (anA) = StCOHt(anA) = HOI’II(/,I,(k),A)

cont
In particular, each element of Steont(k*, A) is bimultiplicative (recall that k is non-
archimedean here) and 71 (G) = p(k).

3.2. Deodhar’s work for quasi-split groups. — Using a similar generators-relations ap-
proach based on a Chevalley-Steinberg system of épinglage, Deodhar [37] was able to
extend Moore’s results to the case when G is quasi-split. In particular, he obtained
an upper bound for 71(G), namely that

w(k) - m(G).

Once again, to establish that this is a bijection, one needs to construct topological
central extensions. Thankfully, in this case, one does not need to give new construc-
tions of central extensions. One can finesse the difficulty by using an observation of
Deligne (unpublished) to reduce to the case of split groups.

Deligne’s observation makes use of one consequence of Matsumoto’s work which is
useful to know. Suppose we have an embedding

1:SLy — G.

Let H be a maximal split torus of SLs and T a maximal split torus of G containing
i(H). There is then an embedding of Z-modules:

X (H) — X, (T).

Fix a Weyl group invariant inner product {(—, —) on X, (T)® R such that for any long
root a (so that oV is short),

(aV,a") =1.
Now take any generator u of X, (H) = Z and set

n(i,G) = (p,p) = 1.
Consider the induced map
i* . H*(G, A) — H?(SLy, A).

Then the following lemma follows from [74, Lemma 5.4] and its proof.

Lemma 3.4. — The image of i* is n(i,G) - H*(SLa, A).

Now Deligne showed that for each quasi-split G, one can find
— a split group G’ containing G,
— an embedding i : SLy, — G
such that n(i, G’) = 1. Thus the composite
H*(G', A) — H?*(G, A) — H?(SLy, A)

is surjective. In particular, one can deduce that H?(G,A) = HZ?(SLy,A) <
Hom(u(k), A).
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3.3. The work of Prasad-Raghunathan for general k-isotropic groups. — When G is
k-isotropic but not quasi-split, then the above strategy is not feasible because we do
not have an explicit description of 71 (Gaps) to begin with. In this case, Prasad and
Raghunathan [90, 91] have to resort to more geometric ideas (using the Bruhat-Tits
building of G) in order to compute H?(G, S*). The details are too intricate to discuss
here. In the end, they showed that 71 (G) is a quotient of p(k) with kernel at most of
size 2. This was then strengthened to an isomorphism using the results of [36] and [93].

4. Adelic Groups

In this section, suppose that k is a global field and let A be its adele ring. For each
place v of k, let k, be the corresponding completion of k. Let G be a simply-connected
semisimple group over k. We set

Gr=G(k), Gin=G(A), G,=G(k).

If S is a finite set of places of F, one may also work with the S-adeles Ag; then
Gy, is the restricted product of the G, for v ¢ S. There is a natural diagonal map
i : G — Gag, and one is interested in classifying topological central extensions
of Ga, which split over i(Gy). These are classified by

M(S,G) = Ker(H*(Gyg, S') — H*(G, SY)).

This group is called the S-metaplectic kernel. If S = 0, we call it the absolute metaplec-
tic kernel and denote it simply by M(G). The computation of M (S, G) was achieved
after a long series of papers by Prasad-Raghunathan [90, 91, 92| and Prasad-Rapinchuk
[93].

One reason for focusing on central extensions of G which become split over Gy, is
that one is eventually interested in the theory of automorphic forms of coverings Ga
of G,: these are functions on i(G})\G4. Another reason is that the computation
of M (S, @) arises in the study of the congruence subgroup problem.

4.1. Local-to-global. — If G is k-isotropic, then 71(G,) exists for all v by Theo-
rem 3.1. Moreover, it is known that if K, is a hyperspecial maximal compact subgroup
of G,, then K, is perfect, so that 7 (K,) exists for almost all v by Proposition 1.1(iii).
Moreover, for almost all v, the natural map

iv* : 7"'1(}:{1)) — 71'1(6;’1))

is the zero map. Thus by Proposition 1.3, 71(Ga,) exists and is equal to

m(Gas) = P m(Gy).

vgS
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Further, the discrete group Gy is perfect so that m(Gy) exists also. Thus, using
Proposition 1.2, we have the relative fundamental group

m1(Gag,Gi) = <@ Wl(Gv)> i (m1(Gr))-

vgS

Given all these, one deduces that the functor
A M(S,G,A) = Ker(H*(Gpg, A) — H?*(Gy, A))
is represented by 71 (Ga4, Gk), so that
M(S,G) = Hom(7;(Gag, Gr), SY).

Thus, if G is k-isotropic, the problem of computing M (S, G) is the same as com-
puting the relative fundamental group 71 (Gag, Gi). Since we know the local 71 (G,)’s
very explicitly, one approach to computing m1(Gag, G) is to describe as explicitly as
possible the closure of the image of 71 (G},). For this, one would need to know 71 (Gy)
very explicitly. As we noted in Section 2, we have this explicit description when G is
quasi-split, thanks to the work of Steinberg, Moore, Matsumoto and Deodhar. When
G is not quasi-split, such an approach to computing 7 (Ga 4, Gk) is not feasible. This
is why for non-quasi-split groups, Prasad-Raghunathan and Prasad-Rapinchuk have
to resort to completely different ideas to solve this problem.

In any case, the main global theorem of [93] is:

Theorem 4.1. — Let G be an absolutely simple, simply connected semisimple group
overk. If G is a special unitary group over a noncommutative division algebra, assume
a certain conjecture (U). Let S be a finite (possibly empty) set of places of k. Then
we have:

(i) M(S,G) c u(k)".

(ii) If S contains a non-archimedean place v where G, is isotropic or a real place

where Gy, is not topologically simply-connected, then M(S,G) = 0.
(i) If S =0, then M(S,G) = u(k)".

As for the local theorem, this theorem is the culmination of the work of many
people, culminating in the eventual work of Prasad-Rapinchuk [93].

5. Brylinski-Deligne Theory

As our brief discussion of the historical development of the structure theory of
covering groups shows, much of the earlier work is focused on determining the fun-
damental group or the universal central extension. This almost immediately restricts
one to the case when G is a simply-connected linear algebraic group over a field k.
The disadvantage of this is that it is a common strategy in Lie theory to prove re-
sults by induction through Levi subgroups of parabolic subgroups. However, the Levi
subgroups are only reductive groups and not semisimple. Thus the structure theory
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of (topological) central extensions obtained in previous sections does not apply to the
Levi subgroups of G.

When G is not simply-connected, for example if G is a special orthogonal group,
a typical way of obtaining central extensions of G = G(k) is to fix an embedding
G — SL, and then to pullback some known central extensions of SL,.. For example,
one may embed GL, into SL,;1 as an r x r block, and pullback a (topological) central
extension of SL,.;1; this gives an extension which has been studied in some detail by
Kazhdan and Patterson [54] and is one member of a family of covers of GL, known
as the Kazhdan-Patterson covers.

While such constructions give examples of covering groups, with some control on
their structure through one’s knowledge of the relevant 2-cocycles on SL,, they do
not amount to a systematic theory or classification.

In their 2001 IHES paper [17], Brylinski and Deligne approached the subject from
a different angle. They returned to the very neat results obtained in the split simply-
connected case by Steinberg, Moore and Matsumoto, where one has an extension of
abstract groups

1 —— Ky(k) G G=G(k) — 1,

which is universal if G is not of type C. Their idea (from our perspective) is to
“remove the k” in the above short exact sequence. More precisely, regarding Ko and
G as sheaves of groups on the big Zariski site of Spec(k), they consider the problem
of understanding or classifying the central extensions of group sheaves

1 K, G G 1.

Such a G is also called a multiplicative Ky-torsor over G and the problem is to give
a classification of the Picard category of such multiplicative Ko-torsors with G fixed,
i.e., to describe this category in simpler terms. Brylinski-Deligne managed to give
a very reasonable answer to this classification problem which depends functorially
on G. Their results will be summarized and described in the papers in this volume.

Suppose one has a multiplicative Ka-torsor G over a local field k. Then on taking
k-points, one obtains a central extension of discrete groups

1 — Ky(k) —— Gk) —— G(k)=G —— 1.

Here the sequence remains exact on the right because Hy, (k,Kj3) = 1. If one pushes
this sequence out via the norm residue symbol Ky(k) — p(k), then one obtains a
topological central extension

1 w(k) G G 1.

Thus, multiplicative K-torsors over local fields give rise to topological central exten-
sions. Such topological central extensions are thus of “algebraic origin”.

Now suppose k is a global field with ring of adeles A. Then the analog of the above
construction shows that one inherits a central extension

1 u(k) Ga Ga 1
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from a multiplicative Ko-torsor over k. A key feature of the Brylinski-Deligne theory is
that this central extension of G4 comes equipped with a canonical splitting Gj, — Gy;
this follows from reciprocity for norm residue symbols. In other words, a multiplicative
K-torsor over a global field gives rise to a topological central extension of the adelic
group G, together with a splitting over G. This means that one is immediately in a
position to begin the study of automorphic forms of Gy.

6. Representation Theory and Automorphic Forms

In this section, we shall give a brief discussion of several representative works on
the representation theory, harmonic analysis and the theory of automorphic forms on
covering groups.

Shortly after the middle of the last century, the classical theory of integer weight
modular forms on the upper half plane was recast in the framework of automorphic
representations on the group SLs. On the other hand, it has been known that frac-
tional weights modular forms exist and play a significant role in classical modular
form theory. One early example is the Jacobi theta function (a weight 1/2 modular
form), or more generally the theta function associated to an integer lattice of odd
rank. It was then observed that such modular forms should correspond to automor-
phic representations on covering groups of SLo(A). This gives a strong impetus for a
systematic study of covering groups of adelic groups.

6.1. Segal-Shale-Weil representation. — One of the first systematic study of represen-
tations of a covering group is the work of Weil [116] on the so-called Segal-Shale-Weil
representations (also called the oscillator representations) of the unique 2-fold cover
of Sp,,, (k) (where k is a local field). This 2-fold cover is called the metaplectic group
Mp,,, (k). Weil and others after him (such as Kubota [56] and Rao [94]) gave a com-
prehensive study of the 2-cocycles describing the metaplectic groups and its Weil
representations. Weil’s goal for developing this was to reformulate the theory of theta
functions in the representation theoretic framework and to express previous results of
Siegel (such as the Siegel mass formula and Siegel-Weil formula) in this language [117].
The Weil representations subsequently became a key ingredient in Howe’s theory of
dual pair correspondence (or theta correspondence).

6.2. The work of Kubota and Patterson. — In the late 1960s, almost concurrently as
Moore and Matsumoto were doing their groundbreaking work, Kubota initiated a
systematic study of the coverings of SLy or GLy (beyond the 2-fold cover), giving
precise 2-cocycles for these covers [56, 57]. He was also interested in constructing
analogs of Jacobi’s theta function for these higher degree covers, using the residues of
Eisenstein series. Patterson made a detailed study of the Fourier expansion of some
of these theta functions on higher degree covers, noting that they contain interesting
arithmetic information. In particular, for the 3-fold cover of GLa, he showed in [86, 87|
that the Fourier coefficients of the cubic theta function are cubic Gauss sums. Using

SOCIETE MATHEMATIQUE DE FRANCE 2018



18 W. T. GAN, F. GAO & M. H. WEISSMAN

this connection, Heath-Brown and Patterson [51] showed the equidistribution of the
angular components of cubic Gauss sums. This suggests that one might find arithmetic
applications by studying the Fourier expansion of interesting automorphic forms on
covering groups. We will discuss some other of these arithmetic applications later on.

For higher degree covers, however, the structure of the Fourier coefficients of the
generalized theta functions becomes much more complicated. This was subsequently
explained by Deligne [35] as a consequence of the fact that Whittaker models are not
unique for higher degree covers of SLj.

6.3. Shimura’s correspondence. — One of the key milestones in the theory of auto-
morphic forms on covering groups is Shimura’s 1973 Annals paper [102], in which
he developed a theory of Hecke operators for half integer weight modular forms and
proved a correspondence between half integer weight modular forms and integer weight
modular forms. Shimura proved the correspondence which bears his name by using
the converse theorem of Weil. To do so, he introduced another innovation in his paper:
a Rankin-Selberg integral for the standard L-function of a half-integer weight modu-
lar form. A slight variant of this Rankin-Selberg integral gives the symmetric square
L-function of an integer weight modular form, which was used by Gelbart-Jacquet in
their work on the symmetric square lifting from GLs to GL3.

This influential paper of Shimura is the first to establish a lifting from Hecke
eigenforms of a covering group to those of a linear group. It led to two independent
lines of development, as we recall below. Both of these arise from the attempt to
formulate Shimura’s results in the setting of automorphic representations.

6.4. Kazhdan-Patterson covering and Flicker-Kazhdan lifting. — The first line of de-
velopment from Shimura’s paper is the work [39] of Flicker, who used the trace formula
approach to prove the Shimura correspondence. More precisely, Flicker compared the
trace formula of a particular degree n cover of GLy constructed by Kubota with that
of GLs and proved a one-to-one correspondence between cuspidal automorphic repre-
sentations of @Lg and cuspidal representations of GLs whose central character is an
n*" power. Thus, his work went beyond what Shimura did as he considered not just
2-fold covers of GLy. In this adelic treatment of the Shimura correspondence, there
is a local correspondence between genuine representations of the local covering group
and those of the linear group GLs. This local correspondence is expressed by a local
character identity.

Following up on this work, Kazhdan-Patterson [54] considered degree m covers
of GL, which are obtained by pulling back from the degree n cover of SL,y; (with
GL, embedded in SL,; in a standard way) and a standard twisting operation. Such
covers are now called Kazhdan-Patterson covers and they generalize the Kubota covers
of GLs. In [54], Kazhdan and Patterson were largely interested in extending the
results of Kubota noted above to the higher rank case of GL,; in particular, they
constructed generalizations of theta functions as residues of Eisenstein series. Further,
their paper also laid the groundwork for an extension of Flicker’s results from covers
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of GL4 to the Kazhdan-Patterson covers of GL,. This extension was initiated in their
subsequent paper [55] and pursued further in the paper [40] of Flicker-Kazhdan. In
[40], the authors used a simple trace formula to prove a correspondence between
cuspidal automorphic representations of the Kazhdan-Patterson covers of GL, and
cuspidal representations of GL, under some simplifying local conditions (which allow
the use of the simple trace formula). As in the GL2 case, subordinate to this global
correspondence is a local correspondence of representations based on a local character
identity.

Somewhat unfortunately, it has been noted by several people that there are some
errors in the papers [54] and [40]; given the subtlety of the structure theory of covering
groups, this is quite understandable and certainly does not detract from the pioneering
nature of these papers. The authors of [40] and [54] have however not provided an
account and erratum for these errors. This is quite unfortunate, as there is no doubt
that most of the results there must be true, at least if one imposes some conditions on
the degree of the cover. Some further work in this direction, which cleared up some
of the issues, were carried out by A. Kable [53], P. Mezo [79, 78] and by Banks-Levy-
Sepanski [11] among others.

6.5. The work of Waldspurger. — Another line of development originating from
Shimura’s 1973 paper is the work of Waldspurger which uses the technique of
theta correspondence. In two papers [112, 114], using the theta correspondence
for Mp, x SOz, Waldspurger obtained a complete description of the automorphic
discrete spectrum of the metaplectic group Mp, in terms of that of PGLy = SO3. In
particular, over local fields, Waldpsurger obtained a classification of the genuine rep-
resentations of Mp, in the style of the local Langlands correspondence. Moreover, his
description of the automorphic discrete spectrum of Mp, is in the style of the Arthur
conjecture [7], i.e., using local and global packets and having a global multiplicity
formula.

What is especially intriguing is that the global multiplicity formula involves the
global root number of a cuspidal representation of PGL,. It should be noted, however,
that at a critical point of his work, Waldspurger had needed to appeal to Flicker’s
results [39] obtained by the trace formula mentioned above. As a consequence, Wald-
spurger showed the existence of nonvanishing of central L-value of quadratic twists
of automorphic L-functions of GLs. Nowadays, however, one can avoid appealing to
[39], as Bump, Friedberg and Hoffstein have independently proven the necessary non-
vanishing of central L-values. For a more detailed discussion of Waldspurger’s work
in light of Bump-Friedberg-Hoffstein [19, 20, 44|, the reader can look at [47].

The work of Waldspurger has led to other significant arithmetic applications. For
example, in [113], he obtained a formula expressing the Fourier coefficients of half
integral weight modular forms in terms of the central critical L-value of its Shimura
correspondent. This result was applied by Tunnell [111] to provide a solution to the
congruence number problem modulo the Birch-Swinnerton-Dyer conjecture.
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It is natural to ask for an extension of Waldspurger’s work to Mp,,, by using the
theta correspondence for Mp,,, X SOg,,+1. This has come slowly over the past 35 years.
In the local setting, the local Shimura correspondence, giving a classification of the
genuine representations of Mp,,, in terms of the representations of SOg,,+1, was shown
by Adams-Barbasch [3] over R in the 1990’s. The analogous result for p-adic fields was
only shown fairly recently by Gan-Savin [49]. Over number fields, a conjectural ex-
tension of Waldspurger’s results to Mp,,, was given in [48] and [46]. A recent preprint
of Gan-Ichino gives a classification of the part of the automorphic discrete spectrum
of Mp,,, associated to tempered A-parameters, thus proving the conjecture formulated
in [48]. The reason for this long lapse in extending Waldspurger’s results to Mp,,, is
because that it requires recent advances in the theory of theta correspondences as well
as the recent results of Arthur [7] on the automorphic discrete spectrum of classical
groups. The result of Waldspurger on Fourier coefficients of half-integral weight mod-
ular form was extended to the setting of the Whittaker-Fourier coefficients of cuspidal
representations of Mp,,, in a recent series of papers by Lapid-Mao [63, 65, 64].

6.6. Fourier coefficients of metaplectic Eisenstein series and generalized theta functions.
— The work of Kubota and Patterson on the Fourier coefficients of generalized theta
functions and metaplectic Eisenstein series was continued by several mathematicians
in the 1980’s and 1990’s, most notably Bump, Friedberg, Hoffstein and their students
or collaborators. An early work is the paper [23] of Bump-Hoffstein which shows
that cubic L-functions occur in the Fourier expansion of Eisenstein series on a 3-fold
Kazhdan-Patterson cover of GL3. Several conjectures were highlighted and formulated
in the paper [26] of Bump-Hoffstein and some further works in this direction include
[25, 10, 106, 107|. There are complementary local results [21] on Whittaker functions
of unramified genuine representations, analogous to the Casselman-Shalika formula in
the linear case. These results on Fourier coefficients have found many stunning arith-
metic applications, concerning nonvanishing of central values of twists of automorphic
L-functions, such as [19, 20, 14].

These early works ultimately led Brubaker, Bump, Friedberg and Hoffstein to de-
velop the theory of Weyl group multiple Dirichlet series in a series of papers (see for
example, [13, 15]), together with important contributions from Chinta and Gunnells
[31, 32]. This theory of Weyl group multiple Dirichlet series has found surprising con-
nections with combinatorics, statistical physics and quantum groups. The local theory
of the Casselman-Shalika formula culminated in the recent papers of Chinta-Offen and
McNamara [33, 75, 77].

Automorphic descent in the covering setting is also explored by Friedberg and
Ginzburg [43, 42]. Some other recent work on the Fourier coefficients of metaplectic
Eisenstein series is contained in [16, 41, 45], and also the thesis work of Y.Q. Cai
[28, 27].

6.7. Automorphic L-functions. — Another active area of research concerns the theory
of automorphic L-functions for metaplectic forms. To have a definition of automorphic
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L-functions, one would need to have an understanding of unramified representations
and a notion of the dual group of a covering group. For Mp,,, and the Kazhdan-
Patterson covers of GL,, (under some conditions on the degree of covering), one has
a natural candidate for the dual group. For Mp,,, the natural dual group is Sp,, (C)
and for the Kazhdan-Patterson covers, it is GL,, (C), at least under some assumptions
on the degree of cover. For these examples of covering groups, one can define Satake
parameters for unramified representations and thus define the notion of partial auto-
morphic L-functions. To show the usual analytic properties of these L-functions, one
would try to find some Rankin-Selberg integrals for these automorphic L-functions.
Some early work in this direction include [24, 25, 18]. On the other hand, the thesis
work of D. Szpruch [108, 109] develops the Langlands-Shahidi theory for Mp,,,. A more
recent preprint of Cai-Friedberg-Ginzburg-Kaplan [29] gives a sketch of a generaliza-
tion of the doubling method of Piatetski-Shapiro-Rallis, which gives a Rankin-Selberg
integral for the standard L-function of covers of classical groups.

Metaplectic forms have also proved useful in constructing Rankin-Selberg inte-
grals for automorphic L-functions of linear groups. The prime example is the work of
Bump-Ginzburg [22] which extended Shimura’s original work to give a Rankin-Selberg
integral for the symmetric square L-function of cuspidal representations of GL,,, using
an Eisenstein series on a double cover of GL,,. Based on their work, the case of twisted
symmetric square L-function is treated by Takeda [110].

6.8. Savin’s Hecke algebra correspondence. — In another direction, Savin studied
and determined the structure of the Iwahori Hecke algebra for covers G of simply-
connected groups G [100, 101] and showed that they are isomorphic to the Iwahori
Hecke algebra of an appropriate linear group. This gives a bijection between the irre-
ducible genuine representations of G with Iwahori-fixed vectors and those of the linear
group. He did the same for the spherical Hecke algebra, thus obtaining a correspon-
dence of unramified representations. These papers of Savin were the first to attempt a
systematic development of the representation theory of general covering groups, going
beyond treating families of examples. It gives strong suggestions for the dual groups
of covers of simply-connected groups.

6.9. Character identitites. — The Flicker-Kazhdan local correspondence suggested
that lifting of representations between covering and linear groups can be formulated
in terms of local character identities. Such local character identities, in the context of
Kazhdan-Patterson covers and other covering groups such as Mp,,,, were studied by
J. Adams in a series of papers in the 1990’s [1, 2]. Most of Adams’ work is focused on
coverings of real groups. It culminates in a long paper of Adams and Herb [5] which
establishes such local character identities in a very general setting of coverings of real
groups.

6.10. Real groups. — In Harish-Chandra’s work on the invariant harmonic analysis of
real Lie groups, he did not in fact limit himself to the case of linear algebraic groups,
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but allowed finite central covers of these. Hence, Harish-Chandra’s classification of
discrete series representations and his Plancherel theorem giving the decomposition
of the regular representation L?(G) were shown for covers of real Lie groups. Likewise
the technique of cohomological induction (the theory of Zuckerman functors) was also
developed in this same setting.

Hence, one understands a lot more about the genuine representation theory of
real covering groups. Indeed, there is a classification of such genuine representations
called Vogan duality and some representative works in this direction are those of
Renard-Trapa [98, 99] and Adams-Trapa [6], which led to a Kazhdan-Lusztig algo-
rithm relating the irreducible characters of covering groups and those of standard
modules. The recent paper [4] relates the unitary duals of covering groups and those
of an appropriate linear group.

6.11. Invariant harmonic analysis, Eisenstein series and trace formula. — Our discus-
sion above gives the impression that many results in the representation theory or the
theory of automorphic forms on covering groups are based on the study of examples.
While this is true to some extent, we would now like to highlight some general results
which are necessary ingredients for a systematic theory.

We begin with invariant harmonic analysis as developed by Harish-Chandra. As
mentioned above, Harish-Chandra’s work on the invariant harmonic analysis of real
Lie groups applies to finite covers of linear groups, such as his classification of discrete
series representations and his Plancherel theorem giving the decomposition of the
regular representation L?(G). His analogous results for p-adic groups were written
up by Silberger [103] and also Waldspurger [115], but only in the context of linear
reductive groups. Recently, many of these foundational results are extended to the
covering case (with largely the same proof) by W.-W. Li [67] (character theory, orbital
integrals and Plancherel theorem). Some other results, such as the theory of R-groups
and the Howe’s finiteness conjecture for invariant distributions, were extended to
covering groups by C.H. Luo in his thesis work [72]. For smooth representation theory,
many standard results developed in [30], such as the Langlands classification and the
Casselman square-integrability or temperedness criterion, were extended to general
covering groups by Ban-Jantzen [8, 9]. It is worth noting that the theory of Bernstein
center also works in the same way as in the linear case, as noted by Deligne in his
rendition [12] of the theory of Bernstein center.

Likewise, in the global setting, the Langlands theory of Eisenstein series was already
developed in the setting of covering groups in Moeglin-Waldspurger’s monograph [81].
In a striking series of recent papers [69, 67, 68, 70|, W.-W. Li has developed the theory
of the Arthur-Selberg trace formula for general covering groups, bringing it to the
stage of the invariant trace formula.
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7. A Langlands program for Brylinski-Deligne extensions

After the historical account of the previous sections, it is natural to ask if the frame-
work of the Langlands program can be extended to the setting of covering groups. The
classical Langlands program is built upon the rich and functorial structure theory of
linear reductive groups. Such a structure theory of covering groups has now been de-
veloped in the work of Brylinski-Deligne and it is our belief that the Brylinski-Deligne
theory serves as a good starting point for a systematic extension of the Langlands
program to covering groups.

7.1. What constitutes a Langlands program? — Before one begins, it may be good to
ask what exactly constitutes a Langlands program. For this, one can do no better
than to turn to the starting point of the classical Langlands program, which is con-
tained in the famous letter of Langlands to Weil. The key new ideas introduced in
this letter are the notions of the dual group GV and the L-group “G of a connected
reductive group G. Langlands subsequently reworked in his monograph “Euler Prod-
ucts” [59] the theory of spherical functions and the Satake transform, reinterpreting
Satake’s results in the framework of the L-group. This allows him to classify the
unramified representations of a quasi-split p-adic group in terms of unramified local
Galois representations valued in the L-group, which immediately suggests (at least
with hindsight) the local Langlands correspondence: classifying all irreducible repre-
sentations of G(k) by local Galois representations valued in “G. This unramified local
Langlands correspondence also allows him to introduce the notion of “automorphic
L-functions attached to a finite-dimensional representation of the L-group”.

Thus, a key ingredient for a Langlands program is undoubtedly the notion of a
dual group and an L-group, and a first test for any such candidate dual group or
L-group is whether it gives a natural formulation of the Satake isomorphism, leading
to a classification of unramified representations.

A second key realization of Langlands in the initial stage of the classical Langlands
program is the difference between conjugacy and stable (or geometric) conjugacy in
a reductive group [60]. More precisely, for a connected reductive group G defined
over a local field k, say, one may consider a coarser equivalence relation than the
usual notion of conjugacy in G(k). This coarser equivalence relation is conjugacy by
elements of G(k*°P), where k%P is a separable closure of k. This led him to develop
the theory of endoscopy, including the definition of endoscopic groups [58, 61] and the
definition of transfer factors with Shelstad [62].

To summarize, the two key ingredients for a Langlands program are, in our views:

— a definition of dual groups and L-groups;
— a theory of stable conjugacy and endoscopy.

We note that both these ingredients in the classical Langlands program require one
to start with a reductive group G over k, and not just the topological group G(k). For
example, suppose that k' /k is a separable finite extension of local fields, G a reductive
group over k' and H := Res;/ /G, so that G(k') = H(k) as topological groups, and
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there is no difference between the representation theories of G(k’) and H(k). The
dual groups and L-groups of G and H are however different, even if they can both be
used to classify the irreducible representations of the same group. Similarly, the notion
of stable conjugacy only makes sense because one has the notion of k*P-points of a
reductive group G over k, with an inclusion G(k) — G(k°¢P). This suggests that to
have these two ingredients in the setting of covering groups, one might need to work
with covering groups of algebraic origin, such as those provided by the Brylinski-
Deligne theory.

7.2. Dual Groups. — We now discuss some prior work on the two key ingredients
of a Langlands program highlighted above. As we mentioned in the previous section,
people knew what the dual groups of some examples of covering groups should be,
such as for Mp,,,, some Kazhdan-Patterson covers and also covers of simply-connected
groups. A systematic and general theory was developed in the work of Finkelberg-
Lysenko [38] and Reich [95] in the context of the Geometric Langlands Program. This
was followed in the classical context by the work of McNamara [76] and independently
Weissman [121] who defined the modified dual root datum associated to a Brylinski-
Deligne cover, using the invariants associated to such a multiplicative Ky-torsor by
[17].

7.3. Endoscopy. — The theory of endoscopy for covering groups was initiated by the
work of Adams [1] and Renard [96, 97] in the context of Mp,,, (R). The thesis work of
J. Schultz considered the case of Mp, over p-adic fields. The general case of Mp,,, over
any local field was completed in the thesis work of W.-W. Li [66], with the endoscopic
groups of Mp,,, being the groups SOg441 X SOgp+1, as (a,b) vary over ordered pairs
of non-negative integers such that a + b = n. In particular, Li established the transfer
of orbital integrals from Mp,,, to its endoscopic groups, the fundamental lemma for
the unit element of the spherical Hecke algebra and the weighted fundamental lemma
[71]. In his thesis work, C.H. Luo has shown the fundamental lemma for the whole
spherical Hecke algebra, as well as established the expected local character identities
for the local L-packets of Mp,,, defined by the local Shimura correspondence of [49].
Based on his theory of endoscopy, Li has begun the stabilization of the invariant trace
formula for Mp,,,. It remains to see whether the case of Mp,,, is an anomaly or is an
example of a theory of endoscopy which encompasses a large class of covering groups,
such as the Brylinski-Deligne covers.

7.4. This volume. — This brings us to the current volume.

One of us (M.H.W.) has been thinking about using the Brylinski-Deligne theory
as a starting point for the Langlands program for covering groups for some time. The
paper [119] is an initial attempt to bring the Brylinski-Deligne structure theory to
bear on the genuine representation theory of covering tori, whereas the paper [120]
describes the interaction of the Brylinski-Deligne structure theory with the Bruhat-
Tits theory of open compact subgroups, answering a question raised at the end of
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[17], while the paper [52] applies this to the depth zero genuine representation theory
of Brylinski-Deligne covers. The paper [121] gives a definition of the dual group and
L-group of a Brylinski-Deligne cover of a split group, using the language of Hopf
algebras. This turns out to be overly complicated, making the theory hard to use.
Moreover, with hindsight, the candidate L-group there is not always the right one,
as it does not make use of all the Brylinski-Deligne invariants. These initial attempts
and ideas were communicated in a series of letters between M.H.W. and Deligne over
the period 2007-2014 and Deligne’s ideas and comments have been extremely helpful
in every stage of the development. The interested reader can find this series of letters,
which documents the evolution of some of the ideas discussed in this volume, in [118].

These efforts culminate in the first paper of this volume (by M.H.W.) which defines
the L-group of a Brylinski-Deligne cover of a quasi-split group using the language of
étale gerbes, and tests this L-group for the purpose of representation theory, including
the Satake isomorphism and classification of unramified representations as well as the
classification of discrete series for covers of real groups. The second paper (by W.T.G.
and F.G.) specializes to the case of covers of split groups and introduces another
construction of the L-group also due to M.H.W, which is more down-to-earth, as it
avoids the language of étale gerbes. There is some overlap between the second paper
and the first, as the second paper also conducts the necessary tests for the legitimacy of
the L-group, namely the Satake isomorphism and the representation theory of covers
of split tori. This second paper then goes on to explore some cases of Langlands
functoriality such as base change. As a consequence of these two papers, one can now
define partial automorphic L-functions for automorphic representations of a Brylinski-
Deligne cover. In a followup [50] to this work, one of us (F.G.) has extended the results
of Langlands’ “Euler Products” [59] to the covering setting, using the constant terms of
Eisenstein series to show the meromorphic continuation of some of these automorphic
L-functions (those of Langlands-Shahidi type). Finally, the third paper (by M.H.-W.)
of this volume shows that the two notions of L-groups used in the first two papers
are in fact the same (for covers of split groups). Since the papers in the volume come
with their own extended introductions, we shall refrain from giving a more detailed
introduction here.

Finally, we note that this volume is simply a beginning, and we have only discussed
one of the two key ingredients of a Langlands program. We have not addressed the
issue of stable conjugacy and endoscopy, except for a brief speculative section in the
second paper. We hope that this volume will stimulate further research in this area,
leading one day to a fulfillment of the hope expressed by Deligne in his letter [118] to
M.H.W. (Dated Dec. 14, 2007):

“For me, the aim is to understand “metaplectic” forms on semi-simple groups, the
hope being that they are not “new” object, but rather correspond to usual automorphic
forms on some other groups, on which they give new information. I would like to
have precise conjectures on the hoped for correspondence, and I view my paper with
Brylinski as setting a landscape in which conjectures should fit.”
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L-GROUPS AND PARAMETERS FOR COVERING GROUPS

by

Martin H. Weissman

Abstract. — We incorporate covers of quasisplit reductive groups into the Langlands
program, defining an L-group associated to such a cover. We work with all covers
that arise from extensions of quasisplit reductive groups by Ks—the class studied
by Brylinski and Deligne. We use this L-group to parameterize genuine irreducible
representations in many contexts, including covers of split tori, unramified representa-
tions, and discrete series for double covers of semisimple groups over R. An appendix
surveys torsors and gerbes on the étale site, as they are used in the construction of
the L-group.

Résumé (L-groupes et parametres pour les revétements de groupes). — Nous intégrons des
revétements de groupes réductifs quasi-déployés dans le programme de Langlands, en

définissant un L-groupe associé & un tel revétement. Nous travaillons avec tous les
revétements qui résultent d’extensions de groupes réductifs quasi-déployés par Ko —
la classe étudiée par Brylinski et Deligne. Nous utilisons ce L-groupe pour paramétrer
des représentations irréductibles spécifiques dans de nombreux contextes, incluant les
revétements de tores déployés, les représentations sphériques, et les séries discrétes
pour les revétements doubles de groupes semi-simples réels. Une appendice étudie
les torseurs et gerbes sur le site étale, puisqu’ils sont utilisés dans la construction du
L-groupe.

Introduction

Constructions and conjectures. — Let G be a quasisplit reductive group over a local or
global field F'. In [18], Brylinski and Deligne introduce objects called central extensions
of G by Ko, and they express hope that for “a global field this will prove useful in
the study of ‘metaplectic’ automorphic forms”. We pursue their vision in this paper,
and elaborate below.

Let n be a positive integer and let u,, denote the group of nth roots of unity in F.
Assume that p, has order n. Let G’ be a central extension of G by K, in the sense

2010 Mathematics Subject Classification. — 11F70; 22E50, 22E55.
Key words and phrases. — Covering groups, Langlands program, L-groups.
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of [18]. We call the pair G := (G, n) a “degree n cover” of G. Fix a separable closure
F/F and write Galr = Gal(F/F). Fix an injective character e: p, — C*.

Associated to G', Brylinski and Deligne associate three invariants, which we call Q,
2, and f. The first is a Weyl- and Galois-invariant quadratic form on the cocharacter
lattice of a maximal torus in G. The second is a central extension of this cocharacter
lattice by ¥, (in the category of sheaves of groups on Fg;). The third is difficult to
describe here, but it reflects the rigidity of central extensions of simply-connected
semisimple groups.

Part 1 of this article defines the L-group "G of such a cover G, from the three in-
variants Q, 2, and f (as well as n, &, and F). It is an extension of Galp by GV, where
GV is a pinned complex reductive group, on which Galp acts by pinned automor-
phisms. Unlike Langlands’ L-group, ours does not come equipped with a distinguished
splitting—although a noncanonical splitting often exists. Throughout the construc-
tion of "G, the arithmetically-inclined reader may replace C by any Z[1/n]-algebra
Q endowed with e: p, — Q*, without running into much difficulty. The dual group
GV has been considered by other authors, and it appears in various forms in [26],
[51], [60], and [1]. We tabulate the dual groups; each comes equipped with a 2-torsion
element 7g(—1) in its center ZV.

In our previous article [78], we limited our attention to split reductive groups, and
constructed an L-group by bludgening Hopf algebras with two “twists”. The construc-
tion here is more delicate, and more general. The “first twist” of [78] is encoded here
in the following way. The quadratic Hilbert symbol may be used to define a canonical
2-cocycle, yielding an extension ug — aﬁp — Galp which we call the metaGalois
group. The metaGalois group may be of independent interest—one might look for its
representations in nature, e.g., in the étale cohomology of a variety over Q(¢) equipped
with twisted descent data to Q. Pushing out the metaGalois group via the central
2-torsion element in G yields the first twist,

(0.1) 7V < (10)+Galp — Galp .

The “second twist” of [78] provided the greatest challenge there and here. There, it
was defined by twisting the multiplication in a Hopf algebra. After attempting many
reformulations (e.g., a Tannakian approach), we found the gerbe E.(G) on Fg;, which
applies to covers of quasisplit groups and serves as the second twist here. It is a bit
different from gerbes that typically arise in the Langlands program, and so we include
an appendix with relevant background on torsors and gerbes. The étale fundamental

group of this gerbe provides the second twist,
(0.2) ZV — 1¢(E.(G)) — Galp.

The Baer sum of (0.1) and (0.2) gives an extension of Galp by ZV. Pushing out
to GV (respecting the Galp-action throughout) yields the L-group

é\/ — Lé - Galp,
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of Part 1. In addition to its construction, we verify that this L-group behaves well
with respect to Levi subgroups, passage between global fields, local fields, and rings
of integers therein, and that the L-group construction is functorial for a class of “well-
aligned” homomorphisms.

The construction of the L-group allows us to consider Weil parameters. When F is
a local or global field, we consider the set ®.(G/F) of GV-orbits of Weil parameters
Wp — “G. When O is the ring of integers in a nonarchimedean local field, we consider
the set ®.(G/0) of GV-orbits of unramified Weil parameters %p — “G. One could
similarly define Weil-Deligne parameters, (conjectural) global Langlands parameters,
etc.

In a set of unpublished notes, we constructed an L-group for split groups without
using the gerbe discussed above. This “E; + Es” construction has been studied further
by Wee Teck Gan and Gao Fan in [29] and [30]. The construction of this paper agrees
with the F; + Fs construction for split reductive groups; this is proven in a short note
at the end of this volume.

With the construction of the L-group complete, we turn our attention to repre-
sentation theory in Part 2. The cover G and character ¢ allow us to define e-genuine
irreducible representations of various sorts. The set IT. (G /e) is defined in three con-
texts.

F alocal field: Brylinski and Deligne construct [18, §10.3] a central extension p,, —
G — G = G(F), and we consider the set II.(G/F) of equivalence classes of
irreducible admissible e-genuine representations of G.

F aglobal field: Brylinski and Deligne construct [18, §10.4] a central extension
tn — Gy — Gi = G(A), canonically split over G(F), and we consider the
set II.(G/F) of equivalence classes of e-genuine automorphic representations
of GA.

O the integers in a nonarchimedean local field F: Brylinski and Deligne construct
[18, §10.3, 10.7] a central extension u, — G — G = G(F), canonically
split over G° = G(0). We consider the set II.(G/0) of equivalence classes of
irreducible G°-spherical representations of G.

Part 2 introduces these classes of representations, reviewing or adapting founda-
tional results as needed. These include old results, such as the basic theory of admis-
sible, unitary, and tempered representations, and results which are recent for covering
groups, such as the Satake isomorphism and Langlands classification. Some new fea-
tures arise for covering groups: we introduce the notion of “central core character”
which is a bit coarser than “central character”. We place irreducible representations
into “pouches” which should be subsets of L-packets in what follows later.

The remainder of the paper is devoted to supporting the following “Local Langlands
Conjecture for Covers” (LLCC), an analog of the local Langlands conjectures (LLC).
For the LLC, we refer to the excellent survey by Cogdell [21].
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Conjecture 0.1 (LLCC). — When F' is a local field, there is a natural finite-to-one
parameterization,

Z.: I.(G/F) — ®.(G/F).

Such a conjecture is nearly meaningless, without defining the adjective “natural”.
Naturality in the (traditional) local Langlands conjectures (LLC) includes compatibil-
ity with the bijective parameterizations for split tori (class field theory) and unramified
representations (the Satake isomorphism), and with parabolic induction (the Lang-
lands classification). In [11, §10], it is suggested that naturality includes desiderata
which specify how central characters and twisting by characters should correspond
to various properties of and operations on Weil parameters. One could add to these
desiderata today, specifying for example how the formal degree (of discrete series)
should correspond to adjoint ~y-factors for Weil parameters (see [37]), or how the
contragredient operation should correspond to the Chevalley involution (see [3]).

For covers, we can make a similar list of desiderata for the LLCC. We expect a finite-
to-one parameterization for covering groups, compatible with our results for split tori
(described in Part 3), with the unramified case (described in Part 4), with parabolic
induction (via the Langlands classification for covers) and central core characters and
twisting by characters (described in Part 2), and with formal degrees and adjoint
~-factors.

Unlike the LLC, we have not attempted to characterize the image of our conjectural
parameterization in this paper, i.e., we have not identified the “relevant” parameters
for covering groups. The cases of split tori and discrete series for real groups should
suggest a characterization in the future.

Part 3 focuses on the case of “sharp” covers of split tori. For such a sharp cover
(over a local or global field, or in the unramified setting), we define a bijective param-
eterization

Z.: TI.(T/e) — ®.(T/e).

This parameterization is natural for pullbacks of covers via isomorphisms, for isomor-
phisms of covers of a given split torus, and for Baer sums of covers. This case constrains
and guides many others, and it occupies the largest part of this article. The “sharp”
case quickly leads to the general case of split tori, where the parameterization may
no longer be surjective.

Part 4 includes three more cases where a precise parameterization is possible. First
is the spherical /unramified case. When G is a cover of a quasisplit group over 0, we
define a bijective parameterization

Z.: I.(G/0) — &.(G/0).

This parameterization follows from the Satake isomorphism (for covering groups), the
parameterization for sharp covers of split tori above, and careful tracking of the Weyl
group actions.
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In [29], Gan and Gao have verified the LLCC for split tori and unramified represen-
tations of split reductive groups, in the context of the L-group given by the E; + E5
construction.

Second, we consider an anisotropic torus T over R (i.e., T'= T(R) is compact) and
a sharp double cover T of T. In this case, we define a bijective parameterization

Z.: II.(T/R) — ®.(T/R).

This case—when T is a torus in the oldest-fashioned sense and the representation
theory is dead-simple—is interesting from the standpoint of parameterization. It val-
idates our choice of gerbe, since the equivalence class of the gerbe must be exactly
right to correspond to the correct lattice of characters.

Third, when G is a double cover of a semisimple quasisplit group over R, we define
a finite-to-one parameterization of discrete series,

Z.: I (G/R) — ®L*°(G/R).

This is based on the Harish-Chandra parameterization of discrete series, our param-
eterization for anisotropic tori, and careful tracking of involutions in the Weyl group.

Further questions. — As in the original Langlands conjectures, Conjecture 0.1 sug-
gests directions for further investigation. Here are a few examples, within reach.

1. (Inspired by recent work of Wee Teck Gan and Fan Gao [29] on PGLy). When
G is a cover of a split group with trivial first invariant (@ = 0), one can find
a z-extension (in the sense of Kottwitz [42]) H — G for which the pullback
cover H is isomorphic to the trivial cover. This identifies genuine representations
of G with ordinary representations of H satisfying a constraint on the central
character. This identification should be reflected on the side of Weil parameters,
and the LLCC for such covers G should relate to the LLC for H.

2. (Inspired by a conversation with Wee Teck Gan). When G is a group over C,
there are nontrivial covers é, but the resulting covers of complex Lie groups split
canonically. In this way, the genuine representations of G correspond to ordinary
representations of GG. This should be reflected on the side of Weil parameters,
and the LLCC for G should relate to the LLC for G.

3. (Inspired by the work of Adams and Vogan [3]). When G is a cover of G, a
group over a local field F', one may define an inverse cover G°P with respect to
the Baer sum. If 7 is an e-genuine representation of G, then the contragredient
representation of 7 is naturally an e-genuine representation of the inverse cover
G°P. The dual groups of G and G°P are the same, but the L-groups may not be.
The contragredient should be reflected on the side of Weil parameters, extending
the Chevalley involution of the dual group to a map connecting the L-group of G
with the L-group of the inverse cover Geor,

Much broader investigations are possible as well, given the L-group constructed
in this paper. Even restricting to the local case, examples include: the study of pure
inner forms (strong inner forms for real groups) and “stability” for covering groups;
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endoscopy for covering groups; the completion of the local Langlands conjectures for
covers of reductive groups over R; base change for covering groups; Langlands-Shahidi
L-functions for covering groups (initiated by Fan Gao in [30] and Szpruch [71]); the
parameterization of Iwahori-spherical and depth-zero representations; etc.

Philosophies. — A few principles are helpful when considering any putative Langlands
program for covering groups.

1. There is no e-genuine trivial (or Steinberg) representation for general covers,
and so one should not expect a single distinguished splitting of the L-group.

2. If some set of things is parameterized by cohomology in degree 2, then that set
of things should be viewed as the set of objects in a 2-category.

3. Things which “are trivial” (e.g., extensions, gerbes) can be isomorphic to trivial
things in interesting ways.
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Notation
F: A field, typically local or global.
F: A separable closure of F.
O: The ring of integers in F, in the nonarchimedean local case.

A: The ring of adeles of F', in the global case.
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Fr: The geometric Frobenius automorphism.

S: A connected scheme, typically Spec(F') or Spec(0).
5: The geometric point of S corresponding to F.
Galg: The absolute Galois group 7$t(9, 5).

X: An algebraic variety over S, or sheaf on Sz,;.

G,.: The multiplicative group.

X or Xp: The F-points X (F) for such a variety.

X: A scheme over Z.

w,,: The group scheme over Z of nth roots of unity.
tn: The group u,,(S), assumed to be cyclic of order n.
7. A sheaf on Sg;.

Z[U]: The sections of . over U (U — S étale).

¢: A local system on Sg;, of group schemes over Z.

C: A category, with objects Ob(C).

E: A gerbe on Sg;.

E[U]: The groupoid of sections of E over U.

A: An abelian group.

Apn): Its n-torsion subgroup.

Aj,: The quotient A/nA.

PART I
COVERING GROUPS AND THEIR L-GROUPS

1. Covering groups

Throughout this article, S will be a scheme in one of the following two classes:
S = Spec(F) for a field F, or S = Spec(0) for a discrete valuation ring O with fraction
field F'. In the latter case, we assume that O contains a field, or that O has finite residue
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field. We will often fix a positive integer n, and we will assume that u, = u,(S) is a
cyclic group of order n. In Section 4, we will place further restrictions on S.

1.1. Reductive groups. — Let G be a reductive group over S. We follow [35] in our
conventions, so this means that G is a smooth group scheme over S such that Gj is
a connected reductive group for all geometric points § of S. Assume moreover that
G is quasisplit over S.

Let A be a maximal S-split torus in G, and let T be the centralizer of A in G.
Then T is a maximal torus in G, and we say that T is a maximally split maximal
torus. Let 2 and % be the local systems (on Sg) of characters and cocharacters
of T.

Let N be the normalizer of T in G. Let # denote the Weyl group of the pair
(G, T), viewed as a sheaf on Sg of finite groups. Then #[S] = N(S)/T(S) (see [35,
Exposé XXVI, 7.1]). Let B be a Borel subgroup of G containing T, defined over S.
Let U be the unipotent radical of B.

Proposition 1.1. — Assume as above that G is quasisplit, and S is the spectrum of
a field or of a DVR. The group G(S) acts transitively, by conjugation, on the set of
pairs (B, T) consisting of a Borel subgroup (defined over S) and a mazimally split
mazimal torus therein.

Proof. — As we work over a local base scheme S, [35, Exposé XX VI, Proposition 6.16]
states that the group G(S) acts transitively on the set of maximal split subtori of G
(defined over S).

Every maximally split maximal torus of G is the centralizer of such a maximal
split torus, and thus G(S) acts transitively on the set of maximally split maximal
tori in G. The stabilizer of such a maximally split maximal torus T is the normalizer
N(S). The Weyl group #[S] = N(S)/T(S) acts simply-transitively on the minimal
parabolic subgroups containing T by [35, Exposé XX VI, Proposition 7.2]. This proves
the proposition. U

The roots and coroots (for the adjoint action of T on the Lie algebra of G) form
local systems ® and ®" on Se;, contained in 2~ and %, respectively. The simple
roots (with respect to the Borel subgroup B) and their coroots form local systems of
subsets A C ® and AV C ®V, respectively. In this way we find a local system on S
of based root data (cf. [11, §1.2]),

U= (2,0,A,%,0V AY).
Write #/5¢ for the subgroup of ¢ spanned by the coroots.
1.2. Covers. — In [18], Brylinski and Deligne study central extensions of G by Ko,
where G and K, are viewed as sheaves of groups on the big Zariski site Sz,,. These
extensions form a category we call CExtg(G,Kz2). Such a central extension will be

written K, — G’ — G in what follows. We add one more piece of data in the
definition below.
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Definition 1.2. — A degree n cover of G over S is a pair G = (G, n), where

1. Ky — G’ — G is a central extension of G by Kj on Sz,;;
2. n is a positive integer;
3. For all scheme-theoretic points s € S, with residue field f(s), #u,,(f(s)) = n.

Define Cov,(G) (or Cov,,,5(G) to avoid confusion) to be the category of degree n
covers of G over S. The objects are pairs G = (G',n) as above, and morphisms are
those from CExts(G,Ks) (with n fixed).

If v: Sy — S is a morphism of schemes, then pulling back gives a functor
v*: Covpy5(G) — Covy/g,(Gs,). Indeed, a morphism of schemes gives inclusions
of residue fields (in the opposite direction) and so Condition (3) is satisfied by the
scheme Sy when it is satisfied by the scheme S.

Central extensions Ky < G’ — G are classified by a triple of invariants (Q, Z, f).
For fields, this is carried out in [18], and the extension to DVRs (with finite residue
field or containing a field) is found in [79]. The first invariant Q: % — Z is a Galois-
invariant Weyl-invariant quadratic form, i.e., @ € HY (S, Sym;z(% )”). The second
invariant & is a central extension of sheaves of groups on Sg;, ¥, — Z — % . The
third invariant f will be discussed later.

A cover G yields a symmetric Z-bilinear form 8g: % ®z % — n~'Z,

Ba(y1,y2) = n"" - (Qyr +y2) — Qy1) — Qy2)) -
This defines a local system %5, C %/,

Yon={veX :Bo(y,y') €Zforally € ¥}.

The category of covers is equipped with the structure of a Picard groupoid; one
may “add” covers via the Baer sum. If G1, G, are two covers of G of degree n, one
obtains a cover G; + Gy = (G + G}, n).

When G = (G',n) is a degree n cover of G, and H — G is a homomorphism
of groups over S, write H= (H',n) for the cover of H resulting from pulling back
extensions by Ko.

In three arithmetic contexts, a cover G yields a central extension of topological
groups according to [18, §10.3, 10.4].

Global: If S = Spec(F) for a global field F, then G yields a central extension
L, G’A — (G, endowed with a splitting op: Ggp — G~’A.

Local: If S = Spec(F) for a local field F, then G yields a central extension p,, <
G — G, where G = G(F).

Local integral: If S = Spec(0), with O the ring of integers in a nonarchimedean
local field F, then G yields a central extension p, < G —» G, where G = G(F),
endowed with a splitting ¢°: G° — G.

Fix an injective character ¢: u, < C*. This allows one to define e-genuine auto-
morphic representations of G in the global context, e-genuine admissible represen-
tations of G in the local context, and e-genuine G°-spherical representations of G in
the local integral context.
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The purpose of this article is the construction an L-group associated to such a G
and . We believe that this L-group will provide a parameterization of irreducible
e-genuine representations in the three contexts above.

1.3. Well-aligned homomorphisms. — Let G; D B; D T; and Gy, D By D T be
quasisplit groups over S, endowed with Borel subgroups and maximally split maximal
tori. Let G = (G),n) and G, = (G, n) be covers (of the same degree) of G; and
G, respectively. Write #; and %5 for the cocharacter lattices of T; and T5, and
@1, Q2 for the quadratic forms arising from the covers. These quadratic forms yield
sublattices % g, » and % g, n-

Definition 1.3. — A well-aligned homomorphism i from (él, B;,T;) to (GQ,BQ,TQ)
is a pair I = (t,¢/) of homomorphisms of sheaves of groups on Sz.,, making the
following diagram commute,

KQ(—>GII4»G1

(L.1) |- [k |

KQ(—>G/24»G2

and satisfying the following additional axioms:
1. ¢ has normal image and smooth central kernel;
. ¢t(B1) € By and ¢«(T1) C T5. Thus ¢ induces a map ¢t: % — %;
(1, realizes G| as the pullback of G, via ¢;
. The homomorphism ¢ satisfies ¢«(%1,g, n) C %,Qs.n-

Remark 1.4. — Conditions (1) and (2) are inspired by [11, §1.4, 2.1,2.5], though more
restrictive. By “normal image,” we mean that for any geometric point § — S, the
homomorphism ¢: G; 5 — G s has normal image. Condition (3) implies that for all
y €, Q1(y) = Q2(¢(y)). In other words, @ is the image of Q2 via the map

c Hg (S, Sym™(22)) — HG (S, Sym”* (21)).

But Condition (3) does not imply Condition (4); one may cook up an example with
G, = G, and Gy = G2 which satisfies (3) but not (4).

Proposition 1.5. — The composition of well-aligned homomorphisms is well-aligned.

Proof. — Suppose that (t1,¢]) and (i9,t}) are well-aligned homomorphisms, with
t1: G1 = Gy and t2: Gy — Gs. Conditions (2), (3), and (4) are obviously satisfied
by the composition (2 0¢1,t504}). For condition (1), notice that the kernel of t304; is
contained in the kernel of +1, and hence is central. The only thing left is to verify that
t2 011 has normal image. This may be checked by looking at geometric fibers; it seems
well-known (cf. [43, §1.8]). O

Inner automorphisms are well-alignhed homomorphisms.
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Example 1.6. — Suppose that Gisa degree n cover of a quasisplit group G. Suppose
that Bg D Ty and B D T are two Borel subgroups containing mazimally split mazimal
tori. Suppose that g € G(S), and write Int(g) for the resulting inner automorphism
of G. As noted in [18, 0.N.4], Int(g) lifts canonically to an automorphism Int(g)’ €
Aut(G'). If B = Int(9)Bg and T = Int(g)To, then the pair (Int(g),Int(g)’) is a
well-aligned homomorphism from (é, By, Ty) to (é, B, T).

While we focus on quasisplit groups in this article, the lifting of inner automor-
phisms allows one to consider “pure inner forms” of covers over a field.

Definition 1.7. — Let G= (G’,n) be a degree n cover of a quasisplit group G, over a
field F. Let ¢ € Z},(F, G) be a 1-cocycle. The image Int(¢) in Z}, (F, Aut(G)) defines
an inner form G¢ of G. These are called the pure inner forms of G. On the other
hand, we may consider the image Int(¢)’ in Z}, (F, Aut(G')), which by [18, §7.1, 7.2]
defines a central extension G; of G¢ by Ky. The cover Ge = (G, n) of G will be
called a pure inner form of the cover G.

We have not attempted to go further in the study of inner forms for covers, but
presumably one should study something like strong real forms as in [2, Definition 1.12],
and more general rigid forms as in [39], if one wishes to assemble L-packets for covering
groups.

The next example of a well-aligned homomorphism is relevant for the study of
central characters of genuine representations.

Example 1.8. — Let G be a degree n cover of a quasisplit group G D B D T. Let
H be the mazimal torus in the center of G, with cocharacter lattice ¥y C %'. Let
C be the algebraic torus with cocharacter lattice ¥ N %G n, and t: C — G the
resultmg homomorphism (with central image). Let C denote the pullback of the cover
G via v. Then ¢ lifts to a well-aligned homomorphism from C to G.

The final example of a well-aligned homomorphism is relevant for the study of
twisting genuine representations by one-dimensional representations of G.

Example 1.9. — Let H denote the maximal toral quotient of G. In other words, H is
the torus whose character lattice equals Hom(G, G,,). Let p: G — H denote the
canonical homomorphism, and write .: G — G x H for the homomorphism Id xp.
Write G x H for the cover (G’ x H,n).

The homomorphism ¢ realizes G as the pullback via ¢ of the cover G x H. A Borel
subgroup and torus in G determines a Borel subgroup and torus in G x H. In this
way, ¢ lifts to a well-aligned homomorphism of covers from G to G x H.

2. The dual group

In this section, fix a degree n cover G of a quasisplit group G over S. Associated
to G, we define the “dual group,” a local system on Sg of affine group schemes
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over Z. We refer to Appendix A.1, for background on such local systems. We begin
by reviewing the Langlands dual group of G in a framework suggested by Deligne
(personal communication).

2.1. The Langlands dual group. — Choose, for now, a Borel subgroup B C G con-
taining a maximally split maximal torus T. The based root datum of (G, B, T) was
denoted ¥, and the dual root datum,

Wv = (@7 ¢V7AV’ %,@7 A)’

is a local system of root data on Sg;.

This defines a unique (up to unique isomorphism) local system ¥V on Se; of pinned
reductive groups over Z, called the Langlands dual group of G. The center of ¢V is a
local system on Sg; of groups of multiplicative type over Z, given by

ZV = Spec (Z|% | 7*°)).

See Example A.2 for more on local systems and Spec in this context.

2.2. The dual group of a cover. — Now we adapt the definition of the dual group to
covers. The ideas here are the same as those of [78]. The ideas for modifying root
data originate in [49, §2.2] in the simply-connected case, in [26, Theorem 2.9] for the
almost simple case, in [51, §11] and [60] in the reductive case. This dual group is also
compatible with [1] and the Hecke algebra isomorphisms of Savin [62], and the most
recent work of Lysenko [50].

Associated to the cover G of degree n, recall that Q: # — Z is the first Brylinski-
Deligne invariant, and 8g: % ® # — n~'Z a symmetric bilinear form, and

Yon={ye¥ :Boly,y)€Zforally e #} C¥.

Define 2, = {z € n™'2 : (z,y) € Zforally € %5 ,} C n='2". For each root
¢ € ®, define constants ng and myg,
S | ° (20 N
GCD(n, Q(¢"))’ GCD(n, Q(4"))
Define modified roots and modified coroots by

p=n,"p, ¢ =ngs".

These define subsets ® = {¢ : ¢ € ®} C 24, and ¥ = {¢" : ¢V € BV} C Do,
as in [78]. Modifying the simple roots and their coroots, we have subsets A c & and
AV cC .

By [78, Construction 1.3|, this defines a local system of based root data T on S.
Write UV for its dual,

(21) Ny

OV = (o, @, AV, 25, @, A).

Write %5, for the subgroup of %4 ,, spanned by the modified coroots V.
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Define 4V to be the (unique up to unique isomorphism) local system on Sg; of
pinned reductive groups over Z, associated to the local system of based root data ¥V.
Its maximal torus is a local system on Sg; of split tori over Z,

TV = Spec (Z[%g.n)) .
The center of 4V is a local system on S of groups of multiplicative type over Z,
v = Spec (Z [@Qn/@QSCn]) .
We call 9V (endowed with its pinning) the dual group of the cover G.

Proposition 2.1. — Suppose that Go is another cover of G of degree n, with first
Brylinski-Deligne invariant Qo. If Q = Qo modulo n, i.e., Q(y) — Qo(y) € nZ for
all y € &, then the resulting modified root data are equal: \I/V = \i/g. Thus the dual
groups are equal, G = %V

Proof. — One checks directly that g = Bg, modulo Z, from which it follows that
Yon =Yom:  Zan = 2qon-

Similarly, one checks that the constants ng are equal,
n _ n
GCD(n,Qo(¢")) ~ GCD(n,Q(¢Y))’
The result follows. O
The Weyl group of ¢V with respect to FV forms a local system W on S of finite
groups, generated (locally on Sg) by reflections 53 for every qb € ®. The action of #
on %, is given by the formula

s3(0) =y — (6, 9)0" =y — ($,0)8".
This identifies the root reflections s 3 with the root reflections s, and hence identifies

the Weyl group W with the Weyl group # of G with respect to T (where both are
viewed as local systems on Sg; of finite groups).

The dual group GV comes with a distinguished 2-torsion element in its center, de-
scribed here. From the quadratic form Q: % — Z, observe that 2Q(y) = nfg(y,y) €
nZ for all y € %5 ,. Moreover, we have

Q(9") =ngQ¢") = ngmyn € nZ,
for all ¢ € ®. Of course, Q(ny) € nZ as well, for all y € %4 ,. We find a homomor-
phism of local systems of abelian groups on Sgt,
g en
gsc + @Q n
Applying Spec yields a homomorphism of local systems on Sg; of diagonalizable
group schemes over Z,

17/Z, y~— n"'Q(y) mod Z.

7o € Hom(p,, Q;E;L])
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Thus 7o (—1) is a Galois-invariant 2-torsion element in the center of ¥V. If n is odd,
then 7o(—1) = 1.

2.3. Well-aligned functoriality. — Consider a well-aligned homomorphism ¢: G, —
G of covers, each endowed with Borel subgroup and maximally split maximal torus.
Here we construct a corresponding homomorphism of dual groups,

Gy — Gy,
These dual groups are constructed, locally on Sg;, from root data:
\I~’\1/ = (%,tha i)}/a Ai/v %,Ql,n, él, AI) )
oy = (%,Qmm (i)¥7 A;/’ Z2,Q2,n> (i)27 Az) .

For the construction of .V, it suffices to work locally on Se;, on a finite étale cover
over which G; and Go split. Condition (4) of Definition 1.3 gives a homomorphism
L 2,01n = %2,04,n, and its dual homomorphism ¢*: 25 g,.n — £1,0,,n- As ¢ has
normal image, the coroots from ®) map to coroots from @Y. Condition (3) implies
that the scaled coroots in ®} C % o, , map to scaled coroots in DY C % g, n- Since
the Borel subgroups are aligned, the simple scaled coroots in A} map to simple scaled
coroots in Ag Dually, the map ¢*: Z5,0,.n — £1,Q,,» sends 5 to &1 and A, to A;.

This allows us to assemble a homomorphism ¢¥: Zy — ZY, (cf. [11, §2.1, 2.5]).
On tori, let ¥: .7y — 7Y be the homomorphism dual to the map of character
lattices ¢: 24 0,.n — P50y Using the pinnings on ¢y and ¢Y, and the map of
roots to roots, we obtain a homomorphism from the simply-connected cover Eéisc of

the derived subgroup, ¥3 4.,
V. gV 7V
lse* g2,sc - gl .

Let .J 5 s be the pullback of 3. The following diagram commutes.

>V >V
2,sc '?2

Lok
gg,sc L féi/
The homomorphism tY% descends to the derived subgroup ¥. g)der, since it is trivial

on the kernel of .7 g)sc -7 5. In this way, we have a pair of homomorphisms of groups
over Z,

VoL@V oV V. &V =y Sv
Lder'gQ,der_)gly L.<72—><71 Cgl.

These homomorphisms agree on their intersection, giving the desired homomorphism
Y GY — Gy,
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Since modified coroots are sent to modified coroots, we find that ¥ sends & 5
to 2°Y. The quadratic forms @; and Q- induce two group homomorphisms:

i 1 ,Q2,m 1
n=1Q;: — 17/7, n=1Q,: — 7/ 7.
1s,(é21,n + ng/valan 2 / ’ 257222@ + ’I’L% Q2,n 2 /

These define two homomorphisms of group schemes over Z,
TQ. ' By — 3;¥,[n]» TQs Mo — jg,[n]'
As Q2(u(y)) = Q1(y) for ally € #4, ¥ o1g, = 7, In other words, the homomorphism
WGy — &Y sends the center to the center, and respects the 2-torsion elements
therein, ¥ (1g,(—1)) = 79, (—1).
Given a pair of well-aligned homomorphisms,

G, (e1,t1) G, (t2,t5) G,
their composition is a well-aligned homomorphism (13, t5) = (t2t1, tht}) from G to G
by Proposition 1.5.
This gives a commutative diagram of sheaves of abelian groups.

L3

/\

%7Q17n L1 %7Q27n L2 %,Qg,,’ﬂ'

We find such a commutative diagram for dual groups, in the opposite direction.
2

T T

7V i 7V
g.?) LY gQ LV S41 .
2 1

Let DGpg denote the category whose objects are local systems ¢ VY on Sg; of group
schemes over Z, endowed with central morphisms p, — 4" (where p, is viewed as the
constant local system of group schemes). Morphisms in DGp§ are morphisms of local
systems of group schemes over Z, compatible with the central morphisms from g,.

Let WACs (Well-Aligned-Covers) denote the category whose objects are triples
(é, B, T) where G is a cover of a reductive group G over S, B is a Borel subgroup
of G, and T is a maximally split maximal torus of G contained in B. Morphisms
in WACg are well-aligned homomorphisms of covers.

We have proven the following result.

Proposition 2.2. — The construction of the dual group defines a contravariant functor
from WACg to DGpg.

Theorem 2.3. — Let G be a degree n cover of a quasisplit group G over S. The dual
group GV s well- defined, up to unique isomorphism, by G alone.

Proof. — The construction of the dual group depends on the choice of Borel and torus

B D T. So it suffices to construct a canonical isomorphism of dual groups GV - 547(\)/
for any pair of choices By D Ty and B D T. Such “well-definedness” is discussed in
more detail in [24, §1.1].
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By Proposition 1.1, there exists g € G(S) such that Int(g)To = T and Int(g)Bg =
B. This automorphism Int(g) lifts to an automorphism of G’ and defines a well-aligned
isomorphism of covers,

K2 —> GI — G BO TO
J: llnt(gy ilnt(g) J J
Ky— G — G B T.

As a well-aligned isomorphism of covers, this yields an isomorphism (of local systems
on Sy of reductive groups over Z)

Int(g)V: 9V = 4y,

If ¢ € G(S) also satisfies Int(¢’)To = T and Int(g')Bo = B, then ¢'g~! € N(S)Nn
B(S) = T(S). Thus ¢’ = tg for some t € T(S). Hence Int(¢’) = Int(¢) Int(g), and so
by Proposition 2.2,

Int(g')¥ = Int(g)" Int(t)V: ¥ — Gy

But Int(t)¥ = Id, since Int(t) leaves all relevant data unchanged. Thus Int(g')V =
Int(g)V. Hence we find a canonical isomorphism ¢ = ¢ O

2.4. Change of base scheme. — Let G be a degree n cover of a quasisplit group
G D B D T over S, as before. Let v: Sy — S be a morphism of schemes, with
So = Spec(Fp) for some field Fy or Sg = Spec(Cy) for some DVR O (with finite
residue field or containing a field, as usual). Then v gives rise to a pullback functor
~v* from sheaves on S¢; to sheaves on Sp¢;. Pullback via v defines a degree n cover
Go of a quasisplit group Gy D By D T over Sjy.

The cocharacter lattice % of T is a sheaf on Sy 4. It is naturally isomorphic to
the pullback v*%, with % the cocharacter lattice of T. Write N: v*% — %; for the
natural isomorphism. The quadratic form Q: # — Z pulls back to a quadratic form
Y*Q: v*% — 7. The compatibility of Brylinski-Deligne invariants with pullbacks
implies that v*Q = N*Qo, with Qo the first Brylinski-Deligne invariant of Go.

Remark 2.4. — This compatibility follows straightforwardly from [18, §3.10]; if T
arises (after a finite étale U — S) from the cocycle attached to C € 2" ® 2, then
T, arises from the pullback of this cocycle, i.e., from an element Cy € 25 ® 2
with N*Cy = v*C. The quadratic form @ is given by Q(y) = C(y,y) and similarly
Qo(y) = Co(y,y). Since N*Cy = v*C, we find that N*Qo = v*Q.

In this way, we find that IV restricts to an isomorphism from v*%g ,, to %).qy,n,
sending roots and coroots (the sheaves of sets v*®, v*®" on Sy ¢;) to the corresponding
roots and coroots in % ,.n- As By = v*B, simple roots and coroots are identified as
well.
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By our construction of the dual group, we find that N gives an isomorphism of
local systems on S ¢; of pinned reductive groups over Z,

NY:y* gV lm(!;g

2.5. Parabolic subgroups. — We keep the degree n cover G of the quasisplit group
G DB D Tover S. Let P C G be a parabolic subgroup defined over S, containing B.
Suppose that P = MN is a Levi decomposition defined over S, with N the unipotent
radical of P and M a Levi factor containing T. Let By denote the Borel subgroup
B NM of M. Write M = (M',n) for the cover of M arising from pulling back G.

The first Brylinski-Deligne invariant Q is the same for G as for M, as it depends
only upon the cover T of their common maximal torus. Write ®p; and ), for the
roots and coroots of M; these are subsets of ® and ®V, respectively, and by agreement
of the first Brylinski-Deligne invariant,

by C @, DY C DY
As Bm = BNM, we have Ay € A and Ay, € AY. We find a pair of local systems
on Sg; of based root data,

(%00, 8, AY, 20,0, 8,8) (%o ®n AXs, 2, Br, An) |

The first root datum defines a local system GV on Sg of pinned reductive groups
over Z. The second root datum defines a local system M on S of pinned reductive
Levi subgroups of ¢V.

Thus the dual group of M is naturally a Levi subgroup of the dual group GV .
Moreover, by agreement of the first Brylinski-Deligne invariants, the central 2-torsion
element of .4V coincides with the central 2-torsion element To(—1) € GV.

2.6. Weyl action on the dual torus. — As before, keep the degree n cover G of G.
Write T = (T’,n) for the resulting cover of a maximally split maximal torus T.
Assume here that T splits over a cyclic Galois cover of S. Suppose that w € #[S] is
an element of the Weyl group, represented by an element w € A[S] (here A4 is the
sheaf on Sg represented by the normalizer of T).

Then Int(w): G — G defines a well-aligned homomorphism from T to itself:

Ky—— T —— T
l= llnt(u’;) Jlnt(w)
Ky ——T —» T.
As such, Int(w) defines a map of dual groups,
Int(w)": TV — TV,

As Int(t)¥ =1d for all ¢ € T(S), this homomorphism of dual groups depends only on
the element w of the Weyl group, not on the chosen representative w. Thus we write

Int(w)": TV — FV.
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On the other hand the element w € #/[S] corresponds to a Galois-invariant element
of the Weyl group of the dual group. From [11, Lemma 6.2], there exists an element
nV € 9V|[S] such that n¥ normalizes .7 and the resulting action of n on the character
lattice %, ,, of 7 coincides with the action of w on %, ,,. Such an element 7" is unique
up to multiplication by elements of .7V [S]. Since Int(w)¥ and Int(n") define the same
action on %4 ., we find that

Int(w)" = Int(n"), as elements of Aut(.7").

2.7. Specific cases. — Here we give many specific cases of covers, associated dual
groups, and 2-torsion elements in their centers corresponding to 7g(—1).

2.7.1. Method for simply-connected groups. — Let G be a simply-connected semisim-
ple group over S, with Borel subgroup B containing a maximally split maximal torus
T over S. Let S'/S be a Galois cover over which T splits. If ¢ is an integer, there
exists a unique Weyl-invariant quadratic form ); with value ¢ on all short coroots.
This Q; is a multiple of the Killing form.

Corresponding to @, there is a unique, up to unique isomorphism, object GW ¢
CExts(G, K3) with first Brylinski-Deligne invariant Q; (by [18, §7.3(i)] when working
over a field or [79, §3.3.3] over a DVR). Write 3; for the resulting n~!Z-valued bilinear
form. Weyl-invariance of Q; implies that

(2.2) Bi(9V,y) = n"Q:(¢") (b, y), forall ¢ € , and all y € ¥
(See the proof of Lemma 3.13 for a derivation.) It follows that, for any y € %/,
(2.3) Bi(¢",y) € Z if and only if (¢,y) € nyZ.

Let Y =[5, X = Z7[5'], and A = A[S"] = {a,...,as} a basis of simple roots
corresponding to B. Since we assume G is simply connected, ¥ = @le a)Z. Write
n; = Ng,. From (2.3), we find a characterization of Yy , = % »[9']:

(2.4) y € Yg , if and only if (a;,y) € nyZ for all 1 < ¢ < L.

This, in turn, can be used to tabulate dual groups. We provide tables here reference,
noting that such information can also be found in the examples of [26, §2.4]. But we
also include data on the central 2-torsion elements that we have not found in the
literature. Our tabulation was greatly assisted by using SAGE [69], especially the
recently updated package which deftly handles root data.

The following tables only include split groups, and we write GY =gV [S] for the
dual group over S (a pinned reductive group scheme over Z). For quasisplit groups,
one can view the dual group as a pinned reductive group scheme over Z endowed with
Galois action by pinned automorphisms.

2.7.2. SLyy1. — For G = SLy4;, the standard Borel subgroup and maximal torus,

and system of roots aq, ..., ay, the Dynkin diagram is
o—O0—0— —e
aq a2 as ay
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Consider the cover G of degree n arising from the quadratic form satisfying Q(¢") = 1
for all ¢ € ®. Then n; =n and & = na) for all 1 < i < £. Hence

Y5, =nY =noyZ+ -+ najZ.

The Cartan matrix of GV has entries C;; = (@i,a) = (ai,f), and so GV is
isogenous to SL,, ;. To determine the dual group up to isomorphism, it suffices to
compute the order of the center, since the center of SL,,; is p, ;. The order of
the center is equal to the index #Yq »/Y5’,, and this is computable from (2.4). The

results are given in Table 1.

Group G
SL. SL3 SL4 SL;s SL¢

PGL, PGL, PGL, PGL; PGL,
*SL, PGL; SL,/p, PGL; "SLg/p,
PGL, SL, PGL, PGL; SL/u,
SL, PGL;, *SL, PGL, SiLa/lis
PGL, PGL, PGL, SL, PGLg
*SL, SL, SL,/u, PGL; “SLg

= Y <, BN SR RS | P

TABLE 1. Table of dual groups for degree m covers of SLyy;. Groups
marked with * have 79 (—1) nontrivial.

The dual groups GV are consistent with the Iwahori-Hecke algebra isomorphisms
found by Savin in [62, Theorem 7.8]. In other words, the dual group GV coincides
with the Langlands dual group of SLy1/Zyy,), where Z, is the n-torsion subgroup
of the center of SLy;.

The central 2-torsion elements 7g(—1) follow a somewhat predictable pattern. For
covering degree 2, To(—1) is nontrivial for SLy, SLg, SL1g, SL14, etc. In covering
degree 4, 7g(—1) is nontrivial for SLy4, SL12, SLgg, etc. In covering degree 6, 7g(—1) is
nontrivial for SLy, SLg, SL1g, SL4, etc. In covering degree 8, 7o(—1) is nontrivial
for SLg, SLoy, etc. In general, we suspect the following:

To(—1) is nontrivial for a degree 2° - k (k odd) cover of SL,,
if and only if m = 2¢ - j for j odd.

To illustrate the quasisplit case, consider G = SUj, a quasisplit special unitary
group associated to a degree 2 Galois cover S’/S. There is a unique degree n cover
of G arising from the quadratic form taking values 1 at all coroots. The dual group
of the degree 2 cover of G = SUj3 is identified with PGL,, a pinned reductive group
over Z, endowed with Gal(S’/S)-action by outer automorphism corresponding to the
nontrivial automorphism of the Dynkin diagram @——=@. Thus the dual group of
the double-cover of SUj3 coincides with the Langlands dual group of the linear group
SUs3.
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2.7.3. Sping, ;. — For G = Spiny,, ;, the Dynkin diagram has type B.

o—O0—0— —@——0
aq a2 as Q-1 Qg

Let G be the cover of degree n, associated to the quadratic form taking the value
1 at all short coroots. Thus Q(a) = 2 for all long coroots 1 < ¢ < £ — 1. If n is
odd, then n, = n for all coroots V. If n is even, then n; = n/2 for 1 <i < ¢ —1
and ny, = n. When n is even, short coroots become long and long become short, after
modification. We find that the dual group is isogenous to Sp,, if n is odd, and is
isogenous to Spin,,,, if n is even.

The centers of Sp,, and Spin,,, ; are cyclic of order two. Thus the dual group can
be identified by the order of its center.

Group G
Spin, Spin, Spin,, Spin, 4 Spin, ; Spin,,
PGSp, PGSp; PGSp,, PGSp,, PGSp,, PGSp,,
S0, Spin, S0, *Spin,; S0,; Spin,,
PGSp;, PGSp; PGSp,, PGSp,, PGSp,, PGSp
*Spin, Spin, *Spin,; Spin,; *Spin;; Spin,,
PGSp, PGSp; PGSp,, PGSp,, PGSp,, PGSp,,
S0, Spin, S0, *Spin, S0,; Spin,,

D Ut W N 3

TABLE 2. Table of dual groups for degree n covers of Spin,,, ;. Groups
marked with * have 7o (—1) nontrivial.

Table 2 describes the dual groups. Note that, in this case, the isogeny class of the
dual group depends on the covering degree modulo 4. In covering degree 4k+2, we find
that 7q(—1) is nontrivial for Sping; 5 (corresponding to rank 4; + 2) for all positive
integers j. In covering degree 4k, we find that 7o(—1) is nontrivial for Spiny;, 5 for
all positive integers j.

2.74. Spy,. — For G = Spy,, the Dynkin diagram has type C.

o—O0—0— —o—=—0
(e5] (&%) (%] Qp—_1 Oy

Let G be the cover of degree n, associated to the quadratic form taking the value
1 at all short coroots. As in type B, we find that short coroots become long, and
long become short, after modification when n is even. We find that the dual group is
isogenous to Sp,, if n is even, and is isogenous to Spin,, , if n is odd. As before,
the dual group can be identified by the order of its center.

As Table 3 illustrates, the dual group of the degree n cover of Sp,, is the simply-
connected Chevalley group Sp,, when n is even, and the dual group is the adjoint
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Group G
Spg Spsg Spio
@7 @9 m1 1
“Sps  "Spg  "Spy,
&7 &9 $1 1
Sp; Sps  Spyg
50, SO, 80,
"Sps  "Spg  "Spy,

*

I < B U OO |

TaBLE 3. Table of dual groups for degree n covers of Sp,,. Groups marked
with % have 79 (—1) nontrivial.

group SOy, ; = Spin,,, ,/u, when n is odd. The central 2-torsion element 74 (—1) is
nontrivial when the covering degree is 4k + 2 for some non-negative integer k. This
is consistent (in covering degree 2) with expectations from the classical theta corre-
spondence for metaplectic groups.

2.7.5. Spin,,. — For G = Spin,,, ¢ > 4, the Dynkin diagram has type D.

Qp—1

ay Q2 as

Qg

Let G be the cover of degree n, associated to the quadratic form taking the value
1 at all coroots. By the same methods as in type A, we find that the dual group is
isogenous to Spin,,.

If ¢ is odd, then the center of Spin,, is a cyclic group of order 4. In this case, the
dual group is determined by the order of its center.

If £ is even, then the center of Spin,, is isomorphic to gy X s, and so the dual
group is not a priori determined by the order of its center. But fortunately, the order
of the center of the dual group always equals 1 or 4 when £ is even, and this suffices
to identify the dual group.

As Table 4 illustrates, the dual group of an odd-degree cover of Spin,, coincides
with the Langlands dual group of the linear group Spin,,; this dual group is the
adjoint group PGO,,. But the dual group of an even-degree cover of Spin,, depends
on the parity of £ and the covering degree modulo 4. As in type A, these dual groups
agree with expectations from the Hecke algebra isomorphisms of Savin [62].

When the covering degree is a multiple of 4, the element 7g(—1) is nontrivial
for Spiny;,, for all j > 2. Since Spiny;,, has a unique central element of order two,
this suffices to describe 7. When the covering degree has the form 4k+2, the element
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Group G
Sping  Spin,, Spin,, Spin;, Spin;; Sping
PGO; PGO,, PGO,, PGO,, PGO,;, PGO
Spiny,  SO,, “Spin,, S0O,, Spin,; SOy
PGO, PGO,, PGO,, PGO,, PGO,;, PGO,
Sping; *Spin,, Spin,, *Spin,, Spin;; *Spin
PGO, PGO,, PGO,, PGO,, PGO,;, PGO
Sping  8O,, “Spin;, S0O,, Spin,; SO

I < B U OO |

TABLE 4. Table of dual groups for degree n covers of Spin,,. Groups
marked with * have 7¢(—1) nontrivial.

7o (—1) is nontrivial for Sping; 4 for all j > 1. The center of the group Sping;_ 4 is
isomorphic to @, X w,, which has three distinct 2-torsion elements. However, only one
of these is invariant under the nontrivial outer automorphism of the pinned Chevalley
group Sping; . This one must be To(—1), since @ is invariant under this outer
automorphism.

2.7.6. FEzceptional groups. — Let G be a simply-connected split simple group of type
E, (with £ = 6,7,8), Fy, or Gs. Let G be the cover of degree n, associated to the
quadratic form taking the value 1 at all short coroots (all coroots in type E). As
in types A and D, we find that the dual group is semisimple and isogenous to the
Chevalley group of the same type as G. In types Eg, F4, and Gg, the simply-connected
group is centerless, and so GV coincides with the simply-connected Chevalley group
of the same type.

The center of E4 has order 3, and the center of E, has order 2. Hence the dual
group GV is determined by the order of its center. The dual groups are listed in
Table 5. In type E, these dual groups agree with expectations from [62]. The central

Group G
n E¢ E- Es Fis Go
1 Es/u; E;/u, E; F, G,
2 Eg/u; “E; E; F, G,
3 Eq E;/u, E; F, G,
4 Eg/u; E; E; F, G,
3 E;/p; E;/pn, Eg F, G,
6 Es ‘E, E; F, G,

TABLE 5. Table of dual groups for degree n covers of exceptional groups.
Groups marked with * have 7o (—1) nontrivial.
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2-torsion element is nontrivial for E7, when the covering degree equals 45 + 2 for some
Jj=0.

2.7.7. GL,. — Suppose that G is split reductive, and the derived subgroup of G is
simply-connected. Let T be a split maximal torus in G with cocharacter lattice Y.
Then, for any Weyl-invariant quadratic form Q: Y — Z, there exists a cover G with
first Brylinski-Deligne invariant Q).

For example, when G = GL,, there is a two-parameter family of such Weyl-
invariant quadratic forms. Write T for the standard maximal torus of diagonal ma-
trices, and identify Y = Z" in the usual way. For any pair of integers ¢, ¢, there exists
a unique Weyl-invariant quadratic form Qg . satisfying

Q(1,-1,0,...,0) = g and Q(1,0,...,0) =1+c.
The n-fold covers éfic) studied by Kazhdan and Patterson [40, §0.1] can be con-

structed from Brylinski-Deligne extensions with first invariant ;.. The proof of
following result is left to the reader.

Proposition 2.5. — Let G be a degree n cover of G = GL, with first Brylinski-Deligne
invariant Q1,c. If GCD(n,1 + r + 2rc) = 1, then GV is isomorphic to GL,. If
GCD(n,r) = 1, then the derived subgroup of GV is isomorphic to SL, and thus
there exists an isogeny GY - GL,.

This may place the work of Kazhdan and Flicker [28] in a functorial context.

2.7.8. GSp,,. — For G = GSp,,, and a standard choice of split maximal torus and

Borel subgroup, we write e, ..., e, for a basisof Y, fo, ..., f» for the dual basis of X,
and the simple roots and coroots are
al:fl_f27"'7ar—1:f7‘—1_f7‘7 ozT:2fT—f0;
v v v
of =ej —eg,...,0y_ 1 =€r_1—Ep, o) = ep.

The Weyl group is S, x u5, with S, acting by permutation of indices 1,...,r (fixing
eo and fo), and elements w; (for 1 < j < r) of order two which satisfy

w;i(e;) = —ej,  wj(e;) =e; fori # 5,0, w;(eo) =eo+e1.

Weyl-invariant quadratic forms on Y are in bijection with pairs (k,v) of integers. For
any such pair, there is a unique Weyl-invariant quadratic form @, satisfying

Qru(en) =k, Qrule))=viorl<i<r.
The proof of following result is left to the reader.

Proposition 2.6. — Let G be a degree 2 cover of G = GSp,,., with first Brylinski-
Deligne invariant Qo 1. Then the dual group G" is isomorphic to GSp,,. if T is odd,
and to PGSp,, x G,,, if r is even.

We find that double-covers of GSp,, behave differently depending on the parity
of r; this phenomenon is consistent with the work of Szpruch [71] on principal series.
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3. The gerbe associated to a cover

In this section, we construct a gerbe Es(é) on Sg; associated to a degree n cover
G of a quasisplit group G and an injective character ¢: u, — C*. Fix G, G, and
€ throughout. Also, choose a Borel subgroup containing a maximally split maximal
torus B D T; we will see that our construction is independent of this choice (in a
2-categorical sense).

‘We make one assumption about our cover é, which enables our construction and
is essentially nonrestrictive.

Assumption 3.1 (0Odd n implies even Q). — If n is odd, then we assume Q: ¥ — Z
takes only even values.

If G does not satisfy this assumption, i.e., n is odd and Q(y) is odd for some y € %/,
then replace G by (n+1)xG (its Baer sum with itself n+1 times). The first Brylinski-
Deligne invariant becomes (n + 1)@, which is even-valued. By Proposition 2.1, the
dual group ¥V does not change since Q = (n+1)Q modulo n. Moreover, the resulting
extensions of groups over local or global fields, e.g., y, < G — G, remain the same
(up to natural isomorphism). Indeed, the Baer sum of G with itself 7 + 1 times is
naturally isomorphic to the pushout via the (n 4+ 1)th power map p, — pn, which
equals the identity map.

We work with sheaves of abelian groups on Sg;, and great care is required to avoid
confusion between those in the left column and the right column below. Define

T = Hom(Yg.n,%m), TV = Glom (Vg n, C*);
T s = Jlom (VS Gm), T, = Jlom(F5C,,C*);
P = Jon(Pn | VS, Gm), 2 = Jom(Pgn Y550, C).

Here C* denotes the constant sheaf on Sg. Thus, in the right column, we find the
complex points of the dual groups,

gV =7V(C), Fv=IL0C), ZF'=zYC).
Composing with ¢ defines homomorphisms of local systems of abelian groups,

ysc,[n} = %m’(@@s?n’ﬂ’ﬂ) = y:c’
D 1) = Hom( B | Vs tin) = ZV.

3.1. The gerbe associated to a cover of a torus. — Associated to the cover T = (T’,n),
the second Brylinski-Deligne invariant is a central extension of sheaves of groups
on Séta

G — D - U,
The commutator of this extension is given in [18, Proposition 3.11],
(3.1) Comm(y1,ys) = (—1)"PeW1¥2)  for all yy,y, € Z.
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Pulling back via %5 , — %, we find an extension of sheaves of groups,
(3.2) gm — QQ,n —» @Q’n.
Proposition 3.2. — 9, is a commutative extension.

Proof. — If n is even and y1,y2 € #g n, then Bo(y1,y2) € Z and nfg(y1,y2) € 2Z.
On the other hand, if n is odd, Assumption 3.1 implies that

nBo(y1,y2) = Q1 + y2) — QY1) — Q(y2) € 2Z.

The commutator Formula (3.1) finishes the proof. O
Let &pi(Zq,n) denote the sheaf of splittings of the commutative extension (3.2). In
other words, dp/(Zq,n) is the subsheaf of SHem(%g n, Zq,n) consisting of homomor-
phisms which split (3.2).
Over any finite étale U — S splitting T, % ,, restricts to a constant sheaf of free
abelian groups. Thus $p/(Zq,n) is a 7 -torsor on S, which obtains a point over any
such U. The equivalence class of this torsor is determined by its cohomology class

[SM(-@QJL)] € Hélt(Sa j)

Consider the Kummer sequence, g [n] = 7 2 7. Write » (for Kummer) for the
connecting map in cohomology, »: HL(S,.7) — HZ(S, T (n])- This map in cohomol-
ogy corresponds to the functor which sends a Z-torsor to its gerbe of nth roots (see
A.3.4 for details). We write {/W for the gerbe of nth roots of the .7-torsor
OpUPq.n)- It is banded by the local system g [»] and its equivalence class satisfies

(/5120 = AU Za0.0)).

Finally we push out via the homomorphism of local systems,
€ y[n] = Hem (g, tn) — %””(@Q,mcx) — V.

Definition 3.3. — The gerbe associated to the cover T is defined by

E.(T):=e¢. Y SpU D .m)-

It is a gerbe on S¢; banded by the local system of abelian groups TV,

Example 3.4. — Suppose that T is a split torus. Then the exact sequence of sheaves
G — Don — Yo.n splits. Indeed, %g , is a constant sheaf of free abelian groups,
and Hilbert’s Theorem 90 gives a short exact sequence

(3.3) G [S] = Dg.n[S] = %o.nlS).

Since %o n[S] is a free abelian group, this exact sequence splits, and any such split-
ting defines an S-point of the torsor Spl(Dq.n). An S-point of dpl(PDq.n), in turn,

neutralizes of the gerbe {/pl(Dg.n)-

Thus when T is a split torus, the gerbe E. ('i‘) is trivial. Any splitting of the sequence
(3.3) defines a neutralization of E.(T).

SOCIETE MATHEMATIQUE DE FRANCE 2018



58 M. H. WEISSMAN

3.2. The gerbe of liftings. — Recall that #{3¢, denotes the subgroup of % ,, spanned

by the modified coroots V', and T e = (?lam(@@scn,gm) The inclusion %5, — % .n
corresponds to a surjective homomorphism,

p: T — T
The extension ¥, — Zg.n — %g,n pulls back via %, Son < %o .n to an extension,
G = Don = Yoo

N

A splitting of Zg , pulls back to a splitting of 24 n» providing a map of torsors,
P pUDQin) = PULG 1)

lying over p: T = T Taking nth roots of torsors gives a functor of gerbes,

VT U — (ST,

lying over p: ﬁ[n] — ﬁso,[n] (see Appendix A.3.4).
Recall that .7V = Slom(Pg.n, C*) and T, = Hom(Z5S,,, C*). Define EX(T) ==
&x {/pU P ,,) by analogy to E.(T)=e, /P 2q,n). Pushing out via €, the functor

¥/p* yields a functor of gerbes
p=e,p*: E.(T) — EX(T),

lying over the homomorphism p: A o
In the next section, we define the Whittaker torsor, which gives an object w neu-

tralizing the gerbe EX°(T). We take this construction of w for granted at the moment.

Definition 3.5. — Define EE(G) to be the gerbe p~!(w) of liftings of w via p (see
A.3.3). In other words, Es(é) is the category of pairs (e,j) where e is an object
of E.(T) and j: p(e) — w is an isomorphism in ES°(T). This is a gerbe on S
banded by ZV = Ker(7" & V).

The cohomology classes of our gerbes now fit into a sequence
[E(G)] — [E(T)] —— [Ex(T)] =0
m m

HZ(S,ZY) —— HE(S,T") —— H(S, 7).

Remark 3.6. — The construction of this gerbe relies on the (soon-to-be-defined)
Whittaker torsor in a crucial way. We view this as a good thing, since any putative
Langlands correspondence should also connect the existence of Whittaker models to
properties of the Langlands parameter (cf. [74]).
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3.3. The Whittaker torsor. — Now we construct the object w neutralizing the gerbe
ES°(T) over S. Let U denote the unipotent radical of the Borel subgroup B ¢ G, and
let 7 be the sheaf of groups on Sg that it represents. Let G, denote the additive
group scheme over S, and ¥, the sheaf of groups on Sg; that it represents. Recall that
A C ® denotes the subset of simple roots corresponding to the Borel subgroup B.

For S’ — S finite étale and splitting T, and a € A[S’], write U, for the one-
dimensional root subgroup of Ugs associated to ¢. Let %, be the associated sheaf of
abelian groups on S%.. Write SHom™ (%, %,) for the sheaf (on S% ) of isomorphisms
from %, to 9, s. The sheaf SHom™ (%, 9,) naturally forms a %,,-torsor on S, by
the formula

[h*€&](u) = Rt - &(u) for all h € G,,,, € € SHom™ (U, b,)-

Definition 3.7. — The Whittaker torsor is the subsheaf Whit C SHem(% ,¥,,) consisting
of those homomorphisms which (locally on S ) restrict to an isomorphism on every
simple root subgroup. The sheaf “Whit is given the structure of a T sc-torsor as follows:
for a Galois cover S’ — S splitting T, we have

T 5c[S] = o D5, 9IS ) = Flom | P 26", 90 | 1S1= [] %mlS).

a€A[S’] a€A[S’]

Similarly, we can decompose the Whittaker sheaf

GZZ)/W‘/[S/]E @ Cg/ﬁm*(%aaga)[sl]'

a€eA[S’]

The %,,-torsor structure on $Hem™ (%, %,) yields (simple root by simple root) a

T sc-torsor structure on “Wwhit. Although we have defined the torsor structure locally
on Set, the action descends since the Gal(S’/S)-actions are compatible throughout.

The third Brylinski-Deligne invariant of Gis a homomorphism f: P9 — Z of
groups on Sg;.
Gy —— Do —> Y

R

Here 9 is a sheaf on Sg which depends (up to unique isomorphism) only on the
Weyl- and Galois-invariant quadratic form @Q: #%¢ — Z. This is reviewed in [79, §1.3,
3.3], and characterized in [18, §11] when working over a field.

Consider a Galois cover S’ — S splitting T as before. For any n € Whit|S’], and
any simple root a € A[S'], there exists a unique element e, , € %,[S’] such that
n(en,a) = 1. From these, [18, §11.2] gives elements [e, o] € Zg[S’] lying over the
simple coroots a¥ € #5¢[S"].

Remark 3.8. — When S = Spec(F') this follows directly from [18, §11.2]. When S =
Spec(0), S’ = Spec(0'), n € Whit|S'], and F" is the fraction field of (¥, we find elements
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en.a € Ua[F'); as n gives an isomorphism from %, to ¢, (as sheaves of groups on U, ),
it follows that e, o € %, [(] as well. The map e — [e] of [18, §11.1] similarly makes
sense over (J as well as it does over a field; since we assume G is a reductive group
over O, split over (/, every root SLo over F’ arises from one over (/. Thus the results
of [18, §11.2] apply in the setting of S = Spec(0) as well as in the setting of a field.

Using the elements [e,, o] € Z¢[S’] lying over the simple coroots ¥, define
wm)(@") :==raf(lena])" € 25,15, lying over & = nqa" € %5°,[5'],

where the sign r, is defined by
. (_I)Q(u Ing (na=1)
The map w(n): & — rqf([en,a])"* extends uniquely to a splitting of the sequence

ey
(3.4) GlS') —— D5 1S'] — B[S,

As (%55,)s is a constant sheaf, this gives an element w(n) € Hp/(Zg ,,)[S]. Allowing
n to vary, and appyling Galois descent (cf. [18, Proposition 11.7]), we find a map of
sheaves on S,

w: Whit — SpUTS,).-

To summarize, w is the map that sends a nondegenerate character n of U to the
splitting w(n), which (locally on Sg;) sends each modified simple coroot &V to the
element 7o f([ey,a])™ of Dgn.

Remark 3.9. — For the purposes of this paper, there is some flexibility in the choice
of signs r,. The signs here are defined in such a way that our hypothesized local
Langlands correspondence for covers matches what is known for covers of SLy, e.g.,
metaplectic correspondences of Shimura and Waldspurger.

Both Whit and Spi(Z55 ,,) are 7 se-torsors, and the following proposition describes
how w interacts with the torsor structure.

Proposition 3.10. — Let v: T s« — Ts be the homomorphism corresponding to the
unique homomorphism %3¢, — %3¢, which sends & to —n,Q(a")a" for all simple
roots a. Then w lies over v, i.e., the following diagram commutes.

Trw X Whitt ——*— Wit

[ p

Tac X SpUDE ) —— SPUTDE.,).-

Proof. — We must trace through the action of T se = Q%om/(@QSCn, Y,n); we work over
a finite étale cover of S over which T splits in what follows. Then, for any simple root
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a € A, and any element h € ¥,,, there exists a unique element h, € T s such that
for all 8 € A,

vy 1 i B#
h"‘(’@)_{h if 8 = o

If n € Whit then [hq * n](en, «n,a) = 1 and so n(en, +n,a) = k. Therefore,

B {emg if 8 # «;
Chaxn,B8 =

hxepo iff=oa.

If 5 # a, then w(ho *1)(5") = r5f (len,un,s))™ = raf(len,s])™ = w(n)(5Y). On the
other hand, in the case § = a we compute using [18, Equation (11.2.1)],

w(ha x1)(&") = raf([en,mal)™ = rof ([h*eqa])™
—rof (h—Q(aV) . [en’a])n“
= 7ah ™2 - f (e a])"
= h R0 . y(n)(aY).

This computation demonstrates that the diagram commutes as desired. O
Now let p: g sc — g sc be the homomorphism corresponding to the unique homo-
morphism (5%, — %5, which sends av to —mgaY for all @ € A. As Q(aV)ny =
Mg - N, we find that v = n o u, where n denotes the nth-power map.
Let p«Whit denote the pushout of the T se-torsor Whit, via . Since v factors
through u, we find that w: Whit — Spi(Zg5 ,,) factors uniquely through @: p. Whit —
PUZE ), making the following diagram commute.

Foe X (Whit) —— p, Whit

[ [

e X SPUDE ) —— SpUDES )

The pair (u.Whit,) is therefore an object of the category 1/dpi(Zg,,)[S]; it

neutralizes the gerbe 7/ QS”,aé(.@?QCn) In particular,

i/ 25.] =o.

Write w = (. Whit, @) for this object. Pushing out via €, we view w as an S-object
of EX(T). This completes the construction of the gerbe E.(G) = p~!(w) associated
to the cover G and character €.

Example 3.11. — Suppose that @Qn/@cscn is torsion-free and a constant sheaf (equiv-

alently, the center of GV is connected and constant as a sheaf on Sg ). Then the
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following short exact sequence splits:
Vo = Yo = Vg Y.

Given such a splitting, write @Cem C H.n for the image of %y .n/¥5S, via the

,n

splitting. The identification g, = @/an &) @Cem corresponds to an zsomorphism
T T x Z. Let D&t be the pullback of .@Q,n to HSnt. From Ezample 3.4, the

short exact sequence 9, — @Ce“t @565“ splits, providing an object of @S”/zé(@“f‘;f).

Chasing diagrams gives a map of object sets,

V/SPUD )IS] x {)SpUDERIS] = §) SpU D@ .n)1S]-

A splitting of 2, Cent gives an object of % éfaé(.@ce“t)[S] and w provides an object

“ 18 torsion-free

of {/pUZE ) [S] Hence the gerbe E.(G) is neutral when % /%

and a constant sheaf.

3.4, Well-aligned functoriality. — Consider a well-aligned homomorphism : G; —
G, of covers, each endowed with Borel subgroup and maximally split maximal torus,
i.e., a morphism in the category WACs. Fix ¢ as before. We have constructed gerbes

(Gl) and E.(G3) associated to G1 and G, banded by Qpl and f , respectively.
We have constructed a homomorphism of dual groups +¥: 45 7y — g in Section 2.3,
which (after taking C-points) restricts to .¥: 2y — 2°Y. Here we construct a functor
of gerbes i: E.(G3) — E.(G)), lying over /V: 2y — ZY.

Well-alignedness give a commutative diagram in which the first row is the pullback
of the second.

K2 — Tll e T1
NN
K2 — TIQ e TQ.
This gives a commutative diagram for the second Brylinski-Deligne invariants. After

pulling back to %1 g, » and % g, n, we get a commutative diagram of sheaves of
abelian groups on S, in which the top row is the pullback of the bottom:

YGm @17Q1," %:Qh"

FooE

YGm @27Q2," %7Q2,"'

ssumption 3.1 is in effect, so )1 and ()5 are even-valued if n is odd.
A tion 3.1 is in effect d lued if n is odd
We have homomorphisms of sheaves of abelian groups,
sc @1 Qlﬂl % ,Q2,n

. sc
L %’Ql’n - %,Qz,na @1,@1,” - 2,Q2,n gysc gsc .
1,Q1,m 2,Q2,n
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Applying Hem(e,%,,) yields homomorphisms of sheaves of abelian groups,
i1 Ty — T, jsc,2_>jsc,la oy — Zr.

A splitting of %, g, » pulls back to a splitting of 71 @, , (call this pullback map ¢*),
giving a commutative diagram of sheaves on Sg;.

T2 X U P,Qum) — PUZ2,Gs.n)
Jowe J-
T X PUP Qi) — SUP1.Gum)-
This defines a functor of gerbes
i {8 Paqun) = S qun),
lying over i: T 2,[n] = T 1,ln]- Pushing out via ¢ yields a functor of gerbes,

i: E.(Ty) — E.(Ty).

The same process alzplies to v: #5G, 0 — %0,.ns 8iving a functor of gerbes,
i*“: EE°(T2) — EX(Ty). By pulling back in stages, we find a square of gerbes
and functors, and a natural isomorphism S: p; oi = i*° o p, making the diagram
2-commute.

EE(TQ) *I> Ee(Tl)

| [
EX(Ty) —— EX(Ty).

If U; and Uy are the unipotent radicals of B; and B, respectively, then pulling
back gives a map v*: Whita — Whit1. Condition (1) of well-alignedness states that
Ker(¢) is contained in the center of G, and so simple root subgroups in U; map
isomorphically to simple root subgroups in Us. Compatibility of quadratic forms @1
and @, implies compatibility in the constants n., m., and r, for simple roots, and
so we find a commutative diagram

(h2) «Whit 22, U ZS,CQg,n)

L+ L

(1) Whity, — SHUPS, )-

Write w, for the object ((u1).Whitq,1) of Eic('i‘l), and similarly ws for the object
((p2)«Whito, @) of EX°(T3). The commutative diagram above gives an isomorphism
f:i%(wy) = wy in EE(T)).
If (e,j) is an object of E.(Gy) = py'(ws), ie., e is an object of E.(T;) and
j: po(€e) — wy is an isomorphism, then we find a sequence of isomorphisms,
i(7): pu(i(e) = (py(e)) L i*(w2) L wy.
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In this way (i(e),i(j )) becomes an object of E.(G1) = p7'(w;). This extends to a
functor of gerbes, i: E.(G3) — E.(G1), lying over ¢V : Qf — 7.
Given a pair of well-aligned homomorphisms,

Gi 5 Gy % G,
with 73 = I o I1, we find three functors of gerbes

i3

/i\

E-(Gs) — E(G2) —— E(Gy),

lying over three homomorphisms of sheaves,

Ly
~V/T\/\ -~
&y —— &y —— Z1.

(2] Ly

The functoriality of pullbacks, pushouts, taking nth roots of torsors, etc., yields a
natural isomorphism of functors:

(35) N(Ll, 1,2): i3 % i1 o i2.

We can summarize these results using the language of “weak functors” [68, Tag
003G]. We have given all the data for such a weak functor, and a reader who wishes
to check commutativity of a few diagrams may verify the following.

Proposition 3.12. — The construction of the associated gerbe defines a weak functor
from WACg (the category of triples (G,B,T) and well-aligned homomorphisms), to
the 2-category of gerbes on Se, functors of gerbes, and natural isomorphisms thereof.

3.5. Well-definedness. — The construction of the associated gerbe E.(G) depended
on the choice of Borel subgroup B and maximally split maximal torus T. Now we
demonstrate that EE(G) is well-defined independently of these choices, in a suitable
2-categorical sense.

Consider another choice By D Ty. Our constructions, with these two choices of
tori and Borel subgroups, yield two dual groups gﬁ(\)/ and 4 and two gerbes EE(G)
and Eo . (G).

Let %, and % be the cocharacter lattices of Ty and T, respectively, and @y, ®" the
coroots therein. The Borel subgroups provide systems of simple coroots Ay and AV,
respectively (sheaves of sets on Sg;). Similarly we have character lattices 29, £, roots
Py, @, and simple roots Ag, A. The cover G yields quadratic forms Q: % — Z and
Qo: % — Z. The second Brylinski-Deligne invariant gives extensions %, — 9 —» %
and ¥, — Yy — %.
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By Proposition 1.1, there exists g € G(.S) such that Int(g)Ty = T and Int(g)Bo =
B. This automorphism Int(g) lifts to an automorphism of G'. This defines a well-
aligned isomorphism of covers.

Ky —— G — G BO Ty
l: llnt(g)’ llnt(g) l l
Ky——G —» G B T.

This well-aligned isomorphism of covers yields an equivalence of gerbes,
Int(g): E.(G) — Eo(G),

lying over Int(g)¥: 2V — 7.

Suppose that ¢’ € G(S) also satisfies Int(g')To = T and Int(¢’)Bo = B. As in the
proof of Theorem 2.3, ¢’ = tg for a unique ¢t € T(S) and Int(g’) = Int(¢) Int(g).

This gives a natural isomorphism of functors,

N(g',9): Int(g’) = Int(g) o Int(t).

Our upcoming Proposition 3.15 will provide a natural isomorphism Int(t) = Id.
Assuming this for the moment, we find a natural isomorphism Int(g’) = Int(g). This

demonstrates that the gerbe E.(G) is well-defined in the following 2-categorical sense:
1. for each pair ¢ = (B, T) consisting of a Borel subgroup of G and a maximally
split maximal torus therein, we have constructed a gerbe Ef;_((:‘r),
2. for each pair i = (B, T), j = (B, To), we have constructed a family P(,j) of
gerbe equivalences Int(g): E(G) — E/(G), indexed by those g which conjugate
1 to j;
3. for any two elements g, ¢’ which conjugate ¢ to j, there is a distinguished natural
isomorphism of gerbe equivalences from Int(g’) to Int(g).
Once we define the natural isomorphism Int(t) = Id, we will have defined E.(G)
uniquely up to equivalence, the equivalences being defined uniquely up to unique
natural isomorphism (we learned this notion of well-definedness from reading various
works of James Milne). Defining the natural isomorphism requires some computation
and is the subject of the section below.

3.5.1. The isomorphism Int(t) = Id. — For what follows, define dg: % — n~1.2 to
be the unique homomorphism satisfying

(3.6) (0oW1),y2) = Bo(y1,y2) for all y1,ys € #.

The constants my and ng arise in the following useful result.
Lemma 3.13. — For all ¢ € ®, we have dg(ngd") = do(BY) = mgs.
Proof. — For all ¢ € ®, and all y € #, we have

(3.7) (60("),9) = Ba(nes”,y).
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Weyl-invariance of the quadratic form (applying the root reflection for ¢) implies

ﬂQ(¢v7 y) = ﬁQ(_¢v7 Y- <¢7 y>¢\/) = _/BQ(¢V7 y) + ﬁQ(QZ&v, ¢V)<¢7 y>
Adding Bg(¢",y) to both sides and dividing by two, we find that

Ba(e”,y) =n""Q(6")(¢,y).
Substituting into (3.7) yields

(6(8"),y) = nyBa(¢”,y) = (nen 'Q(4") - 6,1).
Since this holds for all y € &', we have
8(#Y) = ngn ' Q(¢") - ¢ = mg - 6. O

Consider the homomorphisms of sheaves of abelian groups on Sg;,

8qQ s P -

y — - <yscv
obtained by applying ¢Hem(e,%,,) to the homomorphisms

6
D5 = Ygn — 2.

An object of E.(G) is a triple (¢, h, j) where

- Opl(Zq,n) is an nth root of the F -torsor MU DG n)-

- j: patt — pWhit is an isomorphism in the gerbe E(T) = e, Y/ pUDE )
Thus j = 7V A jo where jo: p. ¢ — u,Whit is an isomorphism in the gerbe
/U ,) and TV € TY.. See A.3.2 for a general description of morphisms in
gerbes obtained by pushing out.

Given 7 2 U Pg,n) and t € F, write £ o h: A — Opl(Pq,n) for the map
obtained by composing h with the automorphism £ of the Z -torsor MU D .n)-
Similarly, given j = 7V A jo, with p,.2# 2% p, Whit, 7 € TY,, and given g, € T s,
write g 0§ for 7V A (fsc 0 jo). Here tye 0 jo: et — pWhit is the map obtained
by composing j with the automorphism £ of the T se-torsor 1+ Whit. Similarly, write
jofSC for 7V A(jo ofsc). Since jg is an isomorphism of ﬁsc—torsors, we have jofSC =t oj.
The following result describes the functor Int(¢) explicitly.

Lemma 3.14. — For all t € T(S), the equivalence of gerbes Int(t): E.(G) — E.(G)
sends an object (', h,j) to the object (H,60(t)™™ o h,p(6g(t))~! o 7).

Proof. — We work locally on Sg throughout the proof. The action Int(¢) of ¢ on the
extension ¥,,, — Zg.n — g is given by [18, Equation 11.11.1], which states (in
different notation) that

Int(t)d =d-dg(y)(t) ™™ =d -y (6o(t)™"),
for all d € Yg p lying over y € % ,,. We find that Int(¢) is the automorphism of the
extension 7, determined by the element 8q(t)™" € F = Slom(Xg n,%m). Hence
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the functor Int(t): E.(T) — E.(T) sends (7, h) to (H,8q(t)~" o h). It remains to
see how Int(¢) affects the third term in a triple (JZ, h, j).

Conjugation by t gives a map of torsors Whit — UWhit. Let jj, be the map which
makes the following triangle commute:

p*% j0*> H*OZZ)M

x Jmeco

W Whit.

We have Int(¢) (S, h, 7V A jo) = (H,00(t) ™ o h, 7" A jj) and must describe jj.
Take an element n = (1, : @ € A) € Whit (decomposed with respect to the basis
of simple roots A). Conjugation by ¢ yields a new element Int(t)n satisfying
Int(t)n(u) = n(t 'ut), forallue %.
Decomposing along the simple root subgroups,
Int(t)n = (a(t) * Ny : a« € A) € Whit,

where [a * 1,](€) = no(a"1e) for any a € ¥4,,.
Comparing to the action of 7. on Whit, we find that
Tnt(t)n = 0(2) + 7,
where 0: T — T sc denotes the homomorphism dual to the homomorphism of char-
acter lattices sending &V € %3S, to a € 2.

In the quotient .74-torsor p,Whit, the action is given by Int(t)7 = w(0(t)) - 7,
for all 7 € w.Whit. More explicitly, po 0: Ty — 7 is the homomorphism dual
to the map of character lattices sending &" to —m,ca. By Lemma 3.13, we have
u(0(t)) = p(dq(t))~" (recall that p corresponds to the inclusion #5, — % ). It
follows that j = Int(t) o jo = p(dg(t))~* o jo. This yields the result:

Int(t)(S2, h,j) = (H,501t) "™ o h,p(6g(t)) " 0 4). O

Proposition 3.15. — Let (5, h, j) be an object of the category E.(G). Then, for allt €
T(S), the morphism d¢q(t)~ : H# — H defines an isomorphism from Int(t)(J, h, j)
to (J,h,j). As objects vary, this defines a natural isomorphism A(t): Int(t) = Id
of functors from E.(G) to itself. For a pair of elements ti,t; € T(S), we have a
commutative diagram of functors and natural isomorphisms.

Int(t1t2) == Int(t1) o Int(¢2)
H,A(tltZ) HA(tl)OA(tZ)
Id ——— Id.
Proof. — As LR Opl(Pq,n) is an nth root of the torsor Spi(%g,n), we have

5o(t) ™" oh =hodg(t)~!. As j = 7V A jo, with jo an isomorphism of . y-torsors, we
have p(dq(t) 1) 0 = j o p(dq(t) ™).
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Hence the isomorphism dg(t)~!: # — # defines an isomorphism
Int(t)(S, h,j) = (H,0q(t)™" o h,p(6o(t) ") © j)
= (A hodq(t)™!,jop(do(t)™1))
-1
2 (b, ).

As their definition depends only on ¢, these isomorphisms dg(¢)~! form a natu-
ral isomorphism A(¢): Int(t) = Id. As dg(tite)™' = dg(t1) 1og(t2) !, we find an
equality of functors Int(t1t2) = Int(¢1) o Int(¢2), and the commutative diagram of the
proposition. O

3.6. Change of base scheme. — Let G be a degree n cover of a quasisplit group
G D B D T over S, as before. Let v: Sy — S be a morphism of schemes as in
Section 2.4. Then + gives rise to a pullback functor v* from sheaves on Sg¢; to sheaves
on Sy ¢, and from gerbes on Sg; to gerbes on Sy 4.

Assuming that p,(S) and u,(Sy) are cyclic groups of order n, we may identify
these groups via v: u,(S) — u,,(So), and a character e: p, — C* corresponds to a
character eg: w,,(So) — C*.

Pullback via v defines a degree n cover Go of a quasisplit group Go D Bg D Ty
over Sy. We have constructed gerbes E.(G) and E. (G) associated to this data,
banded by ZY and & o, respectively. We also consider the pullback gerbe v* Es(é),
banded by ’y*ﬁz V. and recall from Section 2.4 that there is a natural isomorphism
NY:y* Y — 7Y,

Similarly, we find isomorphisms of sheaves on Sy ¢t,

1. N: 7*? Saly (from N: v*5.n = Z.Qom);

2. NV: 'y*j;/c = ﬁ&sc;

3. N:v*PDg.n — 0,00, (the construction of the second Brylinski-Deligne invari-

ant is compatible with pullbacks);

4. N: v*Whit = Whity (since By = v*B).

From these observed isomorphisms, we find that the pullback of étale sheaves from
Set to Sp ¢ defines a functor

N': E.(G) — 7.E., (Gy)),

given on objects by N'(J#, h, j) = (v*5#,v*h,v*j). For example, if 7 is a 7 -torsor,
then v*5¢, a priori a ~* ?—torsor, becomes a fo—torsor via N.

From [32, Chapitre V, Proposition 3.1.8], such an equivalence of gerbes N’ deter-
mines a unique, up to unique natural isomorphism, equivalence of gerbes,

N: ’Y*EE(G) - an(éo)a

lying over the natural isomorphism of bands NV: 'y*if Vo & . In this way, the
construction of the gerbe associated to a cover is compatible with change of base
scheme.
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3.7. Parabolic subgroups. — Return to the degree n cover G of a quasisplit group
G DB D T over S. Let P C G be a parabolic subgroup defined over S, containing
B. As in Section 2.5, we consider a Levi decomposition P = MN and resulting
cover M. Fix e: tn — C* as before.

Consider the gerbes E.(G) and E.(M). An object of E. (G) is a triple (47, h, j),
where (¢, h) is an nth root of the torsor pi(PDgn), 5 = 7V A jo, TV € jg’c, and
Jo: px Il — pWhit is an isomorphism of ysc—torsors.

Restriction of characters via U D Uy = U N M provides a homomorphism of
sheaves from Whit to Whitnm (the Whittaker torsor for M). The inclusion #45f C %5 of
coroot lattices provides a homomorphism of sheaves of abelian groups FTse > T M,scs
where

jsc :%(@5C7gm)7 jM,SC :(’?Za”b(@l\j[c’gm)
Similarly, it provides a homomorphism 7Y, - JYy .., where
= Jlom(Z*,C*), Ty g0 = Hom (2R, C).
Define 7y; to be the image of 7" under this homomorphism.

The constants deﬁmng 78 s sc = g sc are the same as those defining the corre-
sponding map, i : T M,sc — T M,sc- We find a commutative diagram

T se X s Whit ——* 5 11, Whit
ﬁM,sc X (,UM)*OZZ)/IIZ/M = (,uM)*OZZ)/IIZ/M
Composing jo: p«H — . Whit with the map to (un)«Whitnm defines a map
jM,()I % — (/LM)*GZU/IIZ/M
This defines a functor of gerbes,
i: E(G) — E.(M), (J,h, 7V A jo) = (H,hyTag A o),

lying over .V: 2V — ZY,.

3.8. Weyl action on the gerbe associated to the cover of the torus. — We keep the
degree n cover G of a quasisplit group G D B D T over S. Let w € A4[S] represent

an element of the Weyl group w € #[S]. As in Section 2.6, Int(w) defines a well-
aligned homomorphism from T to itself.

Ko —— T —— T

l: llnt(u'}) llnt(w)
Ky —— T —— T.

This defines an equivalence of gerbes on Sgt,

Int(1): E.(T) — E.(T),
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lying over the homomorphism Int(w)Y: .7V — 7V,

Given two such representatives w,w € .4[S] for w, there exists a unique t € T(S)
such that @ = 1 - t. The natural isomorphism of functors A(t): Int(t) = Id, defined
in Proposition 3.15, yields a natural isomorphism

Int(w) = Int(w).
In this way, there is an equivalence of gerbes Int(w): E.(T) — E.(T), defined uniquely
up to unique natural isomorphism.
For what follows later, it will be useful to describe the functor Int(w) explicitly. So

consider an object .77 LN pl(Dqn) of EE(’i‘). Thus 7 is a Z-torsor on S, and A is
a map of sheaves on Sg; satisfying

h( % a) = #" % h(a), for all a € S, 7 € 7.

The well-aligned homomorphism Int(w): T > T yields a commutative diagram
when we take the second Brylinski-Deligne invariant.

gm —> @Q,n e @Q,n

l: llnt(u‘;) llnt(w)

gm —> -@Q,n e @Q,n-

If s € Spt(Zq,n), define W (s) € Spl(PDg,n) by
w(s) =Int(w)oso Int(w)_l.
Allowing s to vary, this gives a map of sheaves on Sg;,
w: SpU Do) — SpUDqn)
which satisfies
w(7 * s) = w(F) *xw(s).

The functor Int(w): E.(T) — E.(T) sends (4, h) to (Y5, o h), where “. 22 is

the J-torsor on Sg which coincides with .77 as sheaves of sets on S, and in which

the torsor structure is twisted:

1

Tk T =W T *X.

An explicit description of w: dpi(Dg.n) — Ipi(Pg,n) seems unwieldy, in general.
But in a special case, we may describe w(s) explicitly. For this special case, define
T4 to be the maximal S-split torus in T; its cocharacter lattice Yy coincides with
Z'[S]. Write Xy for the character lattice of this split torus, and @4 for the subset
of X, consisting of the roots of G relative to Ty. Write W for the Weyl group of the
relative root system; it can be identified with #[S]. If 8 € ®, is a relative root, then
define wg to be the corresponding reflection in W,. We refer to the seminal paper of
Borel and Tits for the results stated here about relative root systems; for example,
the following is a result of [13, Théoréme 5.3|:

Wi = (wg:0 € Py and 26 ¢ By).
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Suppose that 8 € ®; and 20 ¢ ®, hereafter, i.e., 8 is non-multipliable. Let
{ai,...,as} be the absolute roots (in ®[U] for some Galois cover U — S) whose
restrictions to T4 coincide with . These roots are pairwise orthogonal, and form a
single Galois orbit. Let S’/S be the étale cover corresponding to the finite Galois

module {aq,...,a}. As the roots ay, ..., ap lie in the same Galois orbit, the associ-
ated constants n,,,...,nq, are equal, and we write ng for their common value. Write
qp for the common value of Q(),...,Q().

Define 8Y = Zle ) for the resulting cocharacter of T4, and define ¥ = ngsY.
The structure theory of quasisplit groups provides a homomorphism defined over S,
with finite kernel, Resg/,§SLy — G. Composing with the natural embedding SLy —
Resg//5SLy, we find a homomorphism with finite kernel,

rg: SLy — G.

The standard coroot t — diag(t,t~1) of SLy maps to the cocharacter 8V € Yj.

The cover G = (G/,n) pulls back via 73 to a cover (SL}, n) of SLy, defined uniquely
up to unique isomorphism by the integer Q(8Y) = £gz. The second Brylinski-Deligne
invariant for SLj, an extension Dq,, fits into a commutative diagram

Y Diqs Z
FT
Y 2 Y.

Let U, be the locally closed subscheme of SLy obtained from the closed subgroup
of upper-triangular unipotent matrices, by deleting the identity section. Let U, be
the analogous scheme of lower-triangular unipotent matrices. If e € U, (.5), then there
exists e~ € U, (S) such that wg := rg(ee”e) represents the relative root reflection
wg (cf. [25, §1.8]). This provides an element [e] € Z lying over 3¥ by the construction
of [18, §11.2] (the construction for SLj is in [18], and apply the inclusion Z;,, — 2).
Raising to the ng power yields an element [e]"? € Y, lying over BY e Yon-

The following lemma is a slight adaptation of [18, Equation 11.11.2].

Lemma 3.16. — Suppose that w = rg(ee”e) and d € Dg ,, lies over y € #g . Then
Int(th)d = d - H (e ot (—pyasemataonn) .

Here e(N) = N(N +1)/2. The elements [e;] € 2 are described in the proof.

Proof. — Extending scalars to the étale cover S’/S, we have an isomorphism

(ReSS//SSLQ H SLQ S

The natural embedding SLs; — Resg;sSLy is 1dent1ﬁed with the diagonal embed-
ding, after extending scalars to S’.
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In this way, we may write e = Hf 1e;ande” = Hf 1 €; , where e; and e; commute
with e; and e for ¢ # j. In this way, wg = [Jw,, and the latter product consists
of commuting reﬂectlons in #[9’']. Write w; = e;e; e;, and note that wg = [[w; (a
product of commuting elements of G(5’)). Tracing through the construction of [18,
§11.1], we find that [e] = Hle[ei], where the ~la‘cter product consists of commuting
elements of 2, with [e;] lying over «. Define 8 = Zle &; in what follows.

[18, Equation 11.11.2] gives a formula for each 1 < i < ¢,

Int(w;)d = d - [e;] ~{@0¥) . (1)@= (@)
Since a; = ngd; for all i, we have

(3.8) Int(w;)d = d - [e;] "8 (@¥) . (—1)a85(=nal@iv))
Since (o, « ) = 0 for i # j, repeated application of this equation yields

¢
Int(w)d = d - H ([ei]—nﬂdi,y) . (_1)qﬂ5(_"ﬁ<5¢i>y>)> . O

Now, if s € §pl(Pq,n), and wg = rz(ee”e) as above, then we say that s is aligned
with wg if s(&)) = [e;]™# for all 1 <4 < £.

Theorem 3.17. — For wg = r3(ee”e) as before, and s € Spl(Dq,n) aligned with g,
we have

. [T, @(=1)"2xs if qp is odd;
wp(s) =9 77 S
s if gz is even.
(By Assumption 8.1, qg odd implies n is even. Each &; € Zq n is viewed as a cochar-
acter of J here.)

Proof. — From the Formula (3.8), we compute
[05())(y) = Int(wg)s(Int (ws) "'y)

= Int(ug)s |y — Y _(a;, )]

J
= Int(wg)s HInt (wg)s —(&;,v)
¢

= s(y) - H[ei]—nﬁ(&uy) - (—1)ase(=nalaiy)

i=1

ﬁ( —(&;,y) H( o) (@na) | (_1)= qﬁ<aj,y>s(n5<&i,ay>>>>

j=1 i=1

2
= s(y) - H(_l)‘I,BE(*nﬁ«iiyy»*qﬁ<di,y>5(72nﬁ).

i=1
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In the last line, we use the fact that s(&;") = [e;]™ for all 1 < i < ¢, and we use the
orthogonality relation (&;, &) = 0 for i # j, and (G;,a)) = 2.
For all N € Z, e(2N) = N modulo 2, and ¢(—N) — N = £(N) modulo 2. Hence

e(—ngGi, ¥)) — (Gi, 1)e(~2ng) = e(—np(Gi, y)) —ns (@i, y) = e(ng (@4, y), modulo 2.
We find that

¢
() () = s(y) - [[ (-1,
i=1
If g is even, then the exponent of (—1) is even and wg(s) = s as claimed.
If gg is odd, then n is even and ng is even. Moreover, n is a multiple of 4 if and
only if ng is a multiple of 4. We find that

14 L £

H(_l)rms(ns(&mw) — H(_l)"5<&i,y)/2 = H(_l)n@,y)/?_

i=1 =1 i=1

This is precisely the evaluation of y at [], & (—1)"/? € 9[2] = cHom(Yg n, 1h2)- O

4. The metaGalois group

‘We now specialize to three classes of base scheme of arithmetic interest.

Global: S = Spec(F) for a global field F;

Local: S = Spec(F') for a local field F;

Local integral: S = Spec(0) for the ring of integers O in a nonarchimedean local
field F.

Choose a separable closure F'/F in all three cases, and write Galp = Gal(F/F)
for the resulting absolute Galois group. In the local integral case, the separable clo-
sure F'/F provides a geometric base point 5 for Spec(0) as well, and define Galy =
7% (Spec(0),5). This is a profinite group, topologically generated by a geometric
Frobenius element Fr; thus we write Galp = (Fr)prof-

When S = Spec(F) for a local or global field, or S = Spec(0) for the ring of integers
in a nonarchimedean local field, write Galg for Galg or Galp accordingly.

4.1. Construction of the metaGalois group. — The metaGalois group will be a profi-
nite group fitting into a central extension,

U2 — é\a-,/ls - Gals.

When F' has characteristic two, we define the metaGalois group Gal F to be the triv-
ial extension Galp X 2. The metaGalois group Galp will not be defined when O has
residual characteristic 2, reflecting the idea that metaGalois representations cannot

be “unramified at 2” (though one might propose an alternative notion of “minimally
ramified”).
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4.1.1. Local fields. — When F is a local field (with 2 # 0) the quadratic Hilbert
symbol defines a symmetric nondegenerate Z-bilinear form

Hllbz F/><2 X F/><2 — 2.

The abelianized Galois group Gal}b is defined, up to unique isomorphism, from F
alone. When F' is nonarchimedean, we normalize the valuation so that val(F'*) = Z,
and we normalize the reciprocity map of local class field theory to send a geometric
Frobenius element to an element of valuation 1. The reciprocity map gives a surjective
homomorphism

recps: Gal%> — F/Xz.
Composing the Hilbert symbol with recy/, defines a function

h: Gal? x Gal’Y — s,
and it is straightforward to verify that h is a (bimultiplicative) continuous symmetric
2-cocycle. This incarnates a commutative extension
—~—ab

po — Galp — Gal??

—ab
of profinite groups. Concretely, Gal?; = Gal}b X o as sets, and

(1,€1) - (72,€2) == (M2, €182 - h(71,72)) -

The pullback of this extension to Galp will be called the metaGalois group of F,
written Galg. It is a central extension of Galp by us,

Mo — Cf‘;;lF - GalF .
4.1.2. The local integral case. — Suppose that F' is a nonarchimedean nondyadic
(i.e., val(2) = 0) local field. Then the quadratic Hilbert symbol satisfies
Hilby (u,v) = 1 for all u,v € 0%.

Write o7 C Galp for the inertial subgroup, so that recp(7) = 0%. The cocycle h is
trivial when restricted to o7 X 7. Thus 7 — (, 1) gives a canonical splitting ¢°: .J —
Galp. The natural map Galp — Galp identifies Galy with Galp /J. Define Galy =
Galp /o°(J) to obtain a commutative diagram with exact rows.

%) a;lp Galp
2 é\aﬁg Galg .

We call Gal, the metaGalois group of 0. If v € Galp lifts Fr, then every element
of Galg is equal to (y™,+1) (mod ¢°(J)) for some 7 € Z. In this way, a Frobenius

lift provides an isomorphism from Galp to the group with underlying set (v)pror X 2
and multiplication given by

(77, e1) - (172, 22) = (771472, g1y - (—1)MRal0-D/2)
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where ¢ is the cardinality of the residue field of (.

4.1.3. Global fields. — When F is a global field (with 2 # 0 as before), the Hilbert
symbol defines a symmetric Z-bilinear form,

Hilby: A%, X A%, — s,

obtained as the product of local Hilbert symbols. This defines a continuous symmetric
2-cocycle, from which we get a commutative extension,

(4.1) o A;(z — A;(?.
Global quadratic reciprocity for the Hilbert symbol (Hilby(u,v) = 1 for all u,v €
F>) provides a canonical splitting op: F/X2 — A/Xz. Taking the quotient yields a
commutative extension,

AY A
(4.2) Lo — ix —» —/f
O'F(F/2) F/2

The global reciprocity map of class field theory gives an surjective homomorphism,
recg/y: Galy — A/Xz/F/X2 = (AX/FX)s.
Pulling back (4.2) via recg/, yields a commutative extension,
Lo — é\a/l;b —» Gal‘}b .
Pulling back via Galp — Gal3> defines the metaGalois group of F,

H2 — évalp — Galp.

4.1.4. Compatibilities. — If v € % is a place of a global field F, then an embedding
F — F, of separable closures determines an injective homomorphism ¢,: Galg, —
Galp. As the global Hilbert symbol is the product of local ones, we find a homomor-
phism 7, realizing Gal r, as the pullback of the extension Gal F

Mo — évalpv —_— GalFU

[

H2 é\glF Galp .

For local and global fields F, a choice of separable closure F'/F entered the con-
struction of the metaGalois group. Suppose that I} is another separable closure of F.
Every F-algebra isomorphism ¢: Fy = F yields an isomorphism ¢: Gal(Fy/F) —
Gal(F/F). The resulting isomorphism Gal(Fy/F)® = Gal(F/F)* does not depend
on t.

The separable closure Fj yields a cocycle hy: Gal(Fy/F)2P x Gal(Fy/F)*® — pa,
and thus a metaGalois group é\gl(Fb /F'). Since the defining cocycles ho and h factor
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through abelianized Galois groups, the isomorphism ¢: Gal(Fy/F) — Gal(F/F) lifts
canonically to an isomorphism of metaGalois groups

s —— Gal(Fy/F) —» Gal(F,/F)

FoE )

s — Gal(F/F) —» Gal(F/F).

4.2. The Brauer class. — When F is a local or global field, the metaGalois group is
an extension pus — Galp — Galp. As such, it has a cohomology class in the Brauer
group
[GalF} € H2(F, pp) = Br(F)p.
This Brauer class is often trivial—the metaGalois group often splits, though it
rarely has a canonical splitting.

Proposition 4.1. — Suppose that F' is a nondyadic (i.e., val(2) = 0) nonarchimedean
local field. Then [GNalF] is the trivial class.

Proof. — The projection Gal P 63710 identifies the metaGalois group of F with the
pullback of the metaGalois group of O

H2 CT;IF Galg

H2 Galy Galp = <Fr>prof~
But every extension of 7 by w2 splits (though not canonically); hence the metaGalois
group splits and its Brauer class is trivial. O
Proposition 4.2. — QOwver R, the metaGalois group is a nonsplit extension, so [@R} 18

the unique nontrivial class in the Brauer group Br(R).

Proof. — Let o denote complex conjugation, Galg = Gal(C/R) = {Id, o}. The meta-
Galois group is a cyclic group of order 4 sitting in an extension

Yo — é\a/lR — Galg .
Indeed, the cocycle h satisfies h(o, ) = Hilbs(—1,—1) = —1. Thus
(0,1) - (0,1) = (Id, —1) € Galg.
Hence (0,1) is an element of order 4 and [é\a_:lR} is nontrivial. O

Proposition 4.3. — Let F5 be a dyadic nonarchimedean local field of characteristic
zero. Then [Galpz} is trivial if [Fy : Qo] is even, and is nontrivial if [F3 : Q2] is odd.
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Proof. — Let d = [F» : Q9]. By approximation, there exists a global field F' such that
F ®q Q2 is isomorphic to F» as an F-algebra. Indeed, the primitive element theorem
allows us to write Fy = Qy(2) for z € F» a root of a monic irreducible polynomial
P € Q2[X]. This gives an isomorphism of Qz-algebras from Q2[X]/(P) to F». A small
change in the coefficients of P will not change the isomorphism class of the field
Q2[X]/(P), by Krasner’s lemma. Hence, by density of Q in Q2, we may assume that
P € Q[X]. As P is monic irreducible over Qq, it is monic irreducible over Q. The
field F = Q[X]/(P) satisfies the condition that F Qg Q2 is isomorphic to F; as an
F-algebra.

The global metaGalois group (,;‘E—i/,lp has a Brauer class B with local components
Br,, satisfying

— Br, is trivial when F), has odd residual characteristic (by Proposition 4.1);

- Br2= [G\EIIFZ} at the unique place of even residual characteristic;

— Br, is nontrivial at all real places (by Proposition 4.2);
— (Parity condition) Bp, is nontrivial at a set of places of even cardinality.

We have d = [F : Q2] = [F : Q] = r1 + 2rq, where 71 is the number of real places,
and ro the number of complex places. It follows that d is even if and only if r; is even.
The parity condition on the global Brauer class implies that r; is even if and only if
BF,2 is the trivial class. O

Corpﬂary 4.4. — Let F be a global field, with 2 # 0 in F. Then the Brauer class
of Galg is that of the unique quaternion algebra which is ramified at all real places
and all dyadic places of odd degree over Q.

Proof. — This follows directly from the previous three propositions, and the local-
global compatibility of the metaGalois group. O

In particular, the Brauer class [GalQ} is that of the quaternion algebra (=1-1)
ramified only at 2 and co. If F' is a global field of characteristic p # 2, then [Gal F] is

the trivial class.

4.3. Splitting by additive characters. — The metaGalois group may be a nonsplit
extension of Galg by us, and even when it splits, it rarely splits canonically. However,
an additive character suffices to split the metaGalois group after pushing out via
o — pg. In the three cases of interest, define a ¥,,[S]-torsor ¥g as follows.

— When F is local, let U be the set of nontrivial continuous homomorphisms
from F to C*. If u € F*, ¢ € Up, write [u x ¢](z) = ¥ (u~1z). In this way,
U is a F'*-torsor.

— When F is global, let U be the set of nontrivial continuous homomorphisms
from A/F to C*. If u € F*, ¢ € Up, write [u * ¥](z) = ¢ (u"1z). In this way,
U is a F'*-torsor.
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— When F is local nonarchimedean, with ring of integers O, let ¥y be the set of
nontrivial continuous homomorphisms from F/0 to C*. If u € 0%, ¥ € ¥,
write [u x ¥](z) = ¥ (u~'z). In this way, ¥, is a 0*-torsor.

Define here py = p,(C) = {1,—-1,4,—i}. When F is a local field (with 2 # 0), and

1 € U, the Weil index is a function wg(e,9): F/X2 — 4 which satisfies

wp(uw, )
wr (u, Y)W (v, 1)
Our wr(u,) is defined to be y(ux?)/v(z?) in Weil’s notation from [76, §29] and is
written yp(u, ) in [59, §A.3] and elsewhere. From [59, Proposition A.11], the local

Weil indices are trivial on 0* at all nondyadic places.
When F is a global field and ¢ € U, the Weil index is the function

(4.3) = Hilba(u, v).

wir(e,9): A%y — iy

defined as the product of local Weil indices. The global Weil index is trivial on F'*
by [76, §11.30, Proposition 5]. As the global Hilbert symbol Hilby: AX X A* — pug is
defined as the product of local Hilbert symbols, the Formula (4.3) holds in the global
setting too.

—— (4 —
Write Galg) for the pushout of Galg via the inclusion ps — p4 (when S = Spec(F)
or S = Spec(0) as usual)

M2 é\z—i/ls Galg

j I )7 l‘

—(4) &~ -
hy —— Galy) =5 Gl

The splittings of C?:;l?, if they exist, form a Hom(Galg, p4)-torsor. In what follows,
if u € 4,,[5], define x,: Galg — uy to be the quadratic character associated to the
étale extension F'[/u] (in the local or global case) or O[y/u| (in the nondyadic local
integral case).

Proposition 4.5. — For each additive character ¥ € Vg, the Weil index provides a
splitting s(v): Galg — 6371594). Moreover, this system of splittings satisfies
s(u* ) = xu * s(¥) for all u € 9, [S].
The splittings s(¢) are described in three cases below.

—(4
4.3.1. Local fields. — When F' is a local field, the pushout Galfg) can be identified
with the product Galp x4 as a set, with multiplication given by

(71, ¢1) - (92, ¢2) = (172, G1e - Hilba (recrya (1), recr 2 (72))) -
For ¢ € U, (4.3) provides a splitting s(¢): Galp — é\ajl;il),
s(¥)(7) = (v, wr(recr/2(7),v)) , for all v € Galp .
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If u € F*, then [59, Corollary A.5] states that wg(a, u*) = Hilbs(a, u) -wg(a, ).
Since Hilba(recr 2 v, u) = xu(7), we find s(u * ©) = xu * s(¢).

4.3.2. The local integral case. — When F is a nonarchimedean, nondyadic local field,
the local Weil index is trivial on 0*. Given a character ¥ € ¥y C ¥, the splitting

—(4
s(¥): Galp — GaI;) coincides with the canonical splitting ¢° on inertia,
s(¥)(7) =0°(7) = (1,1), for all v € J.
(4
It follows that s(1) descends to a splitting of Gal((} ) at nondyadic places.

s(¥)
~(4) —
pa —— Galy) T Galp.

If uw € 0%, write @ for its image in the residue field Fy. As before, we have s(ux1) =
Xu - $(¢). But now, the quadratic character x,, is restricted to Galp = (Fr)pror; We
have

Xu(Fr) = al0=V/2 ¢y,

In other words, x, is the character of Galp which sends Fr to the Legendre symbol of
the reduction of u.

4.3.3. Global fields. — In the global setting, pushing out via us < p4 gives a short
exact sequence

AR «
(4.4) pa— A%y A%

—(4)
The middle term is given by A/XQ = A;(z X pg as a set, with multiplication given by

(u1,6¢1) - (u2,C2) = (urug, (1¢2 - Hilba(ur, us)).

A character 1 € ¥ provides a splitting of the extension (4.4),
sa(¥)(u) = (u,wr(u,)) for all u € A72.

Since wg(u,1) = 1 for all w € F*, this splitting restricts to the canonical splitting

oF: F/X2 — A/XZ. Thus sa (1)) descends and pulls back to a splitting s(¢0): Galp —

(4
Galiﬂ). If w € F*, then our local results and local-global compatibility imply that
s(ux 1) = xu - s(¥).

4.4. Restriction. — Suppose that F’/F is a finite separable extension with F’ C F.
In the local integral case, suppose that F’/F is unramified and let ¢/ be the ring of
integers in F’. Write S’ = Spec(F”’) in the cases of local or global fields, and write
S’ = Spec(() in the local integral case. We have defined metaGalois groups for S
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and S’

Mo — é\a/.ls/ E— Gals/

(4.5) lz I j

125 Gals Gals .

The inclusion F/ C F gives an inclusion of Galois groups Galg: — Galg, but
a natural inclusion of metaGalois groups is not obvious. In particular, the cocycle
defining é\a/IS does not restrict to the cocycle defining 6;;15’.

Fortunately, a beautiful insight of Wee Teck Gan gives such an inclusion of meta-
Galois groups, using a “lifting theorem” of Edward Bender [8]. We explain this insight
here.

In the case of local fields, consider a nonzero element u € F’, and the “trace form”
(cf. [63]) F' — F given by @ — Trp/p(uz?®). Viewing this as a quadratic form on
a finite-dimensional F-vector space F”, it has a Hasse-Witt invariant (an element
of {+1}). Define

Hasse-Witt invariant of 2 — Trp//p(uz?)

HW (1) = :
(u) Hasse-Witt invariant of 2 +— Trp//p(22)

This function depends only on the square class of u.
Bender’s theorem [8, Theorem 1] states that
HW (uv)
Let ¢: Galp — Galp be the canonical inclusion, so that recr(.(7)) = Np//precr ()
for all v € Galp/.

HﬂbF/’Q(’U,,’U) = . Hile,2(NF’/F quF’/F U).

Proposition 4.6. — Let I be a local field (with 2 # 0 as usual). Then the function
I: Galps — Galp, given by
i(v, £1) = (u«(v), £ HW (recr 7))
is a group homomorphism completing the commutative diagram (4.5).
Proof. — Consider any 71,72 € Galp: and define uy := recp:(71), us := recg: (y2).

Thus recr(t(71)) = Np//pur and recp(t(v2)) = Np/jpug. For all e1,60 € {£1}, we
compute

U (7172, €162 Hilbpr o (recy (1), recr (72)))
L(’ylfy ),e1€2 Hilbpr o (u1, uz) - HW (uqus))

i((r1,61) - (v2082)) =
(
(1(n)e(r2), €162 Hilbp o (N vy, Npr ) HW (1) HW (ug))
(v

(v ) e1 HW(u1)) - (¢e(72), 2 HW (uz))
(71,€1) - T2, €2)- O
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In the local integral case, when O is the ring of integers in a non/(biadic nonar-
chimedean field, HW (u) = 1 for all u € 0*. From this it follows that 7: Galp: — Galp
descends to an injective homomorphism

1253 (/ia_jlg/ Galgz
125 é‘glg Galg .

In the global case, when F is a number field, we note that [, HW, (u) = 1 for all
u € F* (here HW, denotes the invariant as the place v). From this it follows that
the injective homomorphisms 7, : é\a/lFé — @:IIF” yield a injective homomorphism
globally

Mo — C’}\z;lpf E— Galp/

T

p2 é\a-'/lF Galg .

Taken together, these inclusions 7: CTa/lS/ — é\a/ls allow one to canonically “restrict”
metaGalois representations (representations of Galg).

5. L-groups, parameters, L-functions

5.1. L-groups. — We use the term “L-group” to refer to a broad class of extensions
of Galois groups by complex reductive groups. Unlike Langlands, Vogan, and others,
we do not assume that our L-groups are endowed with a conjugacy class of splittings.
Our L-groups are more closely related to the “weak E-groups” of [74, Definition 3.24].
But we maintain the letter “L” since our L-groups are still connected to L-functions.

The other difference between our L-groups and those in the literature is that (for
reasons which will become clear) we consider our L-groups as objects of a 2-category.
A base scheme S and geometric point 5 — S will be fixed as in the previous section.

Definition 5.1. — An L-group is a pair (GV,'G), where GV is a complex linear al-
gebraic group (not necessarily connected) and “G is an extension of locally compact
groups

GY —'G — Galg,

for which the conjugation action of any element of "G on GV is complex-algebraic.

Remark 5.2. — For complex linear algebraic groups, we do not distinguish between
the underlying variety and its C-points. Thus we say GV is a complex linear algebraic
group, and also view GV as a locally compact group.

Of course, Langlands’ L-group "G = Galp xG" (associated to a reductive group G
over a field F) is an example. When V is a finite-dimensional complex vector space,
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the direct product Gals xGL(V) is an L-group. Since we don’t assume GV to be
connected, our metaGalois group Galg is an L-group.
Definition 5.3. — Given two L-groups,
GY — 'G; — Galg, GY — Gy — Galg,
an L-morphism “p: “G; — “G; will mean a continuous group homomorphism ly-

ing over Id: Galg — Galg, which restricts to a complex algebraic homomorphism
pV: GY — GY. An L-equivalence will mean an invertible L-morphism.

In other words, an L-morphism fits into a commutative diagram, with the middle
column continuous and the left column complex-algebraic

Gy LG, Galg
J{pv J{Lp l:
Gy La, Galg .
Definition 5.4. — Given two L-morphisms “p,“p’: *G; — "G, a natural isomorphism
Lp = Lp’ will mean an element a € Zy (the center of GY) such that
Lp'(g) =a-tp(g)-a”? for all g € LGy.

In particular, note that “p and '’ coincide on GY when they are naturally isomorphic.

While the axioms for a 2-category are not satisfied if one looks at all L-groups,
L-morphisms, and natural isomorphisms, this does define a 2-category of L-groups,
L-equivalences, and natural isomorphisms.

In many cases of interest (e.g., when "G arises as the L-group of a split reductive
group), the only natural isomorphism is the identity. However, in some nonsplit cases,
e.g., "Gy = Galg xSL3(C), the Langlands L-group of a quasisplit G = PGUs, a
nontrivial element a € Zy does not lie in the center of “G5. Such an element a may
determine a nonidentity natural isomorphism.

An L-representation of an L-group "G will mean a pair (p,V), where V is a
finite-dimensional complex vector space, and p: "G — GL(V) is a continuous homo-
morphism whose restriction to GV is complex algebraic. Giving an L-representation
of LG is the same as giving an L-morphism “p: "G — Galg x GL(V).

5.2. Parameters. — Write %y for the Weil group. When S = Spec(F') for a local or
global field, this Weil group s is %r defined as in [5]; when S = Spec((), we define
Ws to be the free cyclic group (Fr) =& Z generated by a geometric Frobenius Fr. In
all cases, the Weil group is endowed with a continuous homomorphism 9%s — Galg
with dense image.

Let GV — G — Galg be an L-group. A Weil parameter is a continuous homo-
morphism ¢: Ws — "G lying over Ws — Galg, such that ¢(w) is semisimple for all
w € Ws (see [11, §8.2]). The reader may follow [11] and [33] to define Weil-Deligne
parameters in this general context, when working over a local field.

ASTERISQUE 398



L-GROUPS AND PARAMETERS FOR COVERING GROUPS 83

Write Par(%s,G) for the set of G-valued Weil parameters. It is endowed with
an action of GV by conjugation: if g € GV and ¢ is a parameter, then define

Ip(w) = ¢p(g~ " wg).

Two parameters are called equivalent if they are in the same GV-orbit.
Composition with an L-morphism “p: 'G; — "G5 defines a map,

Lp: Par(Ws, G1) — Par(Ws, Gs).

Moreover, this map is equivariant, in the sense that for all g; € GY and all parameters
# € Par(Ws, G1), we have

Y (e1g) =" (“p(9)) .

Thus the L-morphism p descends to a well-defined map of equivalence classes

L Par(Ws,"G1) _ Par(Ws,"Gy)

" GY — conjugation ~ Gy — conjugation’

Next, consider a natural isomorphism of L-morphisms p = p/, with p, p’: 'G; —
LG,. We find two maps of parameter spaces,

Lp,Lp': Par(Ws,"G1) — Par(Ws, " Gy),

and an element a € Zy such that “p’ is obtained from -p by conjugation by a.
It follows that “p and Lp’ induce the same map on equivalence classes,

L L
Ly =Ly, Par(Ws,"G1) = Par(Ws, Go)

" GY — conjugation Gy — conjugation’

Suppose that an L-group “G is defined up to L-equivalence, and the L-equivalence
defined up to unique natural isomorphism. Then the set of equivalence classes of
parameters

Par(Ws, "G)

GV — conjugation

is uniquely defined up to unique isomorphism.

Remark 5.5. — Refinements of the Langlands parameterization for quasisplit groups
suggest that one should look not only at equivalence classes of (Weil or Weil-Deligne)
parameters, but also irreducible representations of the component group of the central-
izer of a parameter. Or, following Vogan [74], one can look at GV-equivariant perverse
sheaves on a suitable variety of parameters. The fact that conjugation by a € ZJ
commutes with the conjugation action of Gy implies that conjugation by a preserves
not only the equivalence class of a Weil parameter for G5, but also the equivalence
class of such a refined parameter. If an L-group is defined up to L-equivalence, and the
L-equivalence defined up to unique natural isomorphism, then the set of equivalence
classes of refined parameters is uniquely defined up to unique isomorphism.
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5.3. L-functions. — Let GV — -G — Galg be an L-group, and ¢: Ws — "G a Weil
parameter (or we may take ¢ to be a Weil-Deligne parameter in the local case). Let
(p, V) be an L-representation of “G. Then

pod: Ws — GL(V)

is a Weil representation (or Weil-Deligne representation in the local case). As such we
obtain an L-function (as defined by Weil and discussed in [72, §3.3]),

L(¢,p,5) = L(po ,5).

Choosing an additive character ¢ as well gives an e-factor (see [72, §3.4], based on
work of Langlands and Deligne),

(@, 0,0, 8) :==e(po ¢, ¢, s).

In the local integral case S = Spec(0), we have Ws = (Fr), and we define the L-
functions and e-factors to be those coming from the unramified representation of Wg
by pullback.

In the setting of Langlands L-groups, a zoo of L-representations arises from complex
algebraic representations of GV, yielding well-known “standard” L-functions, symmet-
ric power and exterior power L-functions, etc.

But in our very broad setting, we limit our discussion to adjoint L-functions, as
these play an important role in representation theory and their definition is “internal”.
Consider any L-morphism p: “H — -G of L-groups

HY — s 'H — % Galg
Jpv J{Lp l:
GV —— LG e Ga.ls .

For example, we might consider the case where H" is a Levi subgroup of GV (as arises
in the Langlands-Shahidi method, [64]).

Let gV be the complex Lie algebra of GV. The homomorphism “p followed by
conjugation gives an adjoint representation:

Ad,:"H — GL(g").

Suppose we have a decomposition of gV as a representation of “H,

h
(5.1) ' =Py
=0

For example, when HY is a Levi subgroup of a parabolic PV C GV, we may decompose
g” into bV and the steps in the nilradical of the Lie algebra of PV and its opposite.

A decomposition (5.1) gives representations Ad;: “"H — GL (g)). When ¢: Ws —
LH is a Weil parameter, we obtain L-functions

L(¢,Ad;,s) := L(Ad; 0 ¢, 5).
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In particular, when “H = 'G, and p = Id, we write Ad for the adjoint representation
of "G on gV. This yields the adjoint L-function L(¢,Ad,s) for any Weil parameter
¢: Ws — “G. When HV is a Levi subgroup of a parabolic in GV, and Ad; arises
from a step in the nilradical of the parabolic, we call L(¢, Ad;, s) a Langlands-Shahidi
L-function.

Remark 5.6. — The importance of such L-functions for covering groups is suggested
by recent work of D. Szpruch [70], who demonstrates that the Langlands-Shahidi con-
struction of L-functions carries over to the metaplectic group. But it is not clear how
to extend the Langlands-Shahidi method to other covering groups, where uniqueness
of Whittaker models often fails. The thesis work of Gao Fan [30] takes some promising
steps in this direction. The general machinery of adjoint L-functions also suggests an
analog, for covering groups, of the Hiraga-Ichino-Tkeda conjecture [37, Conjecture 1.4]
on formal degrees (see Ichino-Lapid-Mao [38]). It is also supported by the simpler
observation that theta correspondence for the metaplectic group SA’;BQ,L provides a def-
inition of adjoint L-functions independently of choices of additive characters.

5.4. The L-group of a cover. — Now we define the L-group of a cover. Let G be a
degree n cover of a quasisplit group G over S. Fix an injective character e: p, — C*.
Choose a separable closure F/F, yielding a geometric base point 3 — S and the
absolute Galois group Galg = 7¢(S, 3).
Recall the constructions of the previous three sections.
— @4V denotes the dual group of é, a local system on Sg of pinned reductive groups
over Z, with center ZV. Tt is endowed with a homomorphism 7 : p, — ZV.
— E.(G) is the gerbe associated to G, a gerbe on Sg banded by 2V = ZV(C).
- o — 62;15 — Galg is the metaGalois group.
Define ZV = %Y = ZY(C). This is the center of the complex pinned reductive
group G¥ = &Y = 4Y(C). Note that Galg acts by pinned automorphisms on G.
Pushing out é‘z;lg via TQ: po — ZV defines an L-group,

(5.2) Z¥ < (1g)+Galg — Galg .

From Theorem A.7, the fundamental group of the gerbe Ee(é) at the base point 5 is
an L-group, well-defined up to L-equivalence, and the L-equivalence well-defined up
to unique natural isomorphism,

(5.3) ZV < 1 (E.(G),5) — Calg.

Remark 5.7. — The extensions (5.2) and (5.3) play the role of the first and second
twist in [78]. In fact (5.2) is canonically isomorphic to the first twist in the split case;
the extension (5.3) may not coincide with the second twist under some circumstances,
and the construction here is more general than [78] in both cases.

The Baer sum of (5.2) and (5.3) is an L-group which will be called - Z,
Z\/ — LZ —» Gals .
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The L-group of G is defined to be the pushout of -Z via the inclusion ZV — GV,
GV — G — Galg.
More explicitly, this pushout is in the Galg-equivariant sense. In other words,

GY xt
(z,27Y) :z€ Z2V)

La —

where the semidirect product action *Z — Aut(év) is given by projection - Z — Galg
followed by the action Galg — Aut(GY).

By construction, -G is well-defined by Gande up to L-equivalence, and the equiv-
alence defined uniquely up to unique natural isomorphism. To describe "G on the
nose (not “up to L-equivalence”), one must choose a geometric base point z for the
gerbe E.(G) over 3.

5.5. Well-aligned functoriality. — Our notation here follows that of Section 3.4: con-
sider a well-aligned homomorphism 7: Gi1 — G of covers, each endowed with Borel
subgroup and maximally split maximal torus, i.e., a morphism in the category WACS
Fix ¢ as before. We have constructed gerbes E, (G ) and E.(G3) associated to G
and Gg, banded by f Y and %Y 5, respectively. We have constructed a homomor-
phism of dual groups A gv — % in Section 2.3, which (after taking C-points)
restricts to ¢¥: Q” y — Y Y. This homomorphism ¢¥ is compatible with the 2-torsion
elements, i.e., t¥ o 79, = 7¢,. In Section 3.4, we constructed a functor of gerbes

E.(G,) — E.(Gy), lying over .¥: Y — ZY.

Define Z) = Q’?Yg((C) and Zy = fé;gg((C) These are the centers of the complex
pinned reductive groups G} = Y,E(C) and GY = ~§/’§((C).

The compatibility ¢ o 7o, = 7, defines an L-morphism,

Zy —— (1q,):Gals —» Galg

(5.4) J l J:

ZY «—— (70,)+Galg —» Galg.

The functor of gerbes i: E.(G3) — E.(G) defines an L-morphism, well-defined up to
unique natural isomorphism

Zy —— 7% (E.(G3),5) — Galg

(5.5) l l l:

ZY —— 7$(E.(G1),5) —» Galg.
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Applying Baer sums to (5.4) and (5.5) yields an L-morphism,

Zé/ LZQ Gals

Lk

ZY «—— Y7, — Galg.

Pushing out yields an L-morphism, well-defined up to natural isomorphism,

G¥ Lég Gals
L‘V J/LL J{=
é\l/ Lél Gals .

In this way, the construction of the L-group is contravariantly functorial for well-
aligned homomorphisms.

5.6. Local-global compatibility. — Suppose that v: F' — F, is the inclusion of a
global field F into its localization at a place. Let G bea degree n cover of a quasisplit
group G over F, and let e: u, — C* be an injective character. Let F' — F, be
an inclusion of separable closures, inducing an inclusion Galp, < Galp of absolute
Galois groups. Write S = Spec(F') and S, = Spec(F,), and § — S and §, — S, for
the geometric base points arising from F «— F,,.

Write G, for the pullback of G via Spec(F,) — Spec(F). Similarly, write @, for
its Brylinski-Deligne invariant. The results of Section 2.4 identify GV = ¢Y(C) with
the corresponding dual group for G, (relative to the separable closure F,). Thus we
simply write GV for their dual groups and ZV for the centers thereof.

The results of Sections 2.4 and 4.1.4 together provide an L-morphism, unique up
to unique natural isomorphism

ZV —> (TQW)*LG\;IFW E— Gava

(5.6) k [ J

Z\/ — (TQ)*LC/;\;]F E— Galp.

The results of Section 3.6 and following Theorem A.7 give an L-morphism, unique
up to unique natural isomorphism

ZV —— 78 (E.(G,),5,) — Galp,

(5.7) i: j J

ZV — 7%(E.(G),5) — Galp.
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Applying Baer sums to (5.6) and (5.7), and pushing out via ZV < GV, yields an
L-morphism, unique up to unique natural isomorphism

GV LG, Galp,
é\/ Lé’ Galp .

In this way, we identify the L-group of G, with the pullback of the L-group of G, via
the inclusion of Galois groups Galp, — Galp.

5.7. Parabolic subgroups. — Return to a degree n cover G of a quasisplit group G

over S, and let P C G be a parabolic subgroup defined over S. As before, consider a

Levi decomposition P = MN and the resulting cover M. Fix e: fhy — C*.
Compatibility of the dual groups from Section 2.5 gives inclusions

ZV e ZY = MY — GV,

where ZV denotes the center of GV, and Z), denotes the center of MV. As these
inclusions are compatible with the 2-torsion elements in ZV and Zy,, we find an
L-morphism

ZV — (TQ)*'-@;IF —_—> Gals

(5.8) j [ lz

ZYy > (Tqm)<"Galp — Gals.
Section 3.7 provided a functor of gerbes i: E.(G) — E.(M), lying over 2 — %Y.
This defines an L-morphism of étale fundamental groups, up to unique natural iso-

morphism

ZV —— 1¢(E.(G),5) — Galg

(5.9) J j J:

ZY, —— 7 (E.(M),5) — Galg.

Applying Baer sums to (5.8) and (5.9) yields an L-morphism, uniquely defined up
to unique natural isomorphism

VAL LZ Galg
Z;& LZM Gals .
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The universal property of pushouts yields an L-morphism

MY LM Galg
év Lé Gals .

This L-morphism is well-defined up to conjugation by ZJ\(/I
As a special case, when P = B = TU, we find an L-morphism

TV «— 5 T — % Galg

LDk

é\/ — Lé E— Gals.

A principal series parameter for G is a Weil parameter ¢: %Ws — -G, which factors
through a Weil parameter %J)s — T via the L-morphism above. By [58, Theorem 2],
principal series parameters exist, i.e., there exist Weil parameters Wg — 7.

5.8. The Weyl-group action on the L-group of a cover of torus. — We keep the degree
n cover G of a qua51sp11t group G D B > T over S. As before, ZV = Q‘Og((C)
and similarly TV = F5(C) and GV = ¥5(C). Write NV for the normalizer of T
in GV. Define W = %%, a finite group endowed with Galg-action. As a group endowed
with Galg-action, W is identified with WY = NV /TV. Assume in this section (as in
Section 2.6) that T splits over a cyclic Galois cover of S.

For convenience, write 0 = %, s; thus 0 = F* if F is a local or global field, and
0F is endowed with an action of Galg.

Choose a geometric base point z = (4, h, j) € E ( )s. Such a geometric base point
defines a geometric base point z = (%, h) € E.(T)s, and a commutative diagram

ZV —— m1(E.(G),z) — Galg

| I 5

TV «—— m(E.(T),z) — Calg.

Taking the Baer sum with (TQ)*(F}EIS, we find an L-morphism

ZV LZZ Gals

LD

TV 5 ', — % Galg.

Here we place z and Z in subscripts to emphasize the dependence on geometric base
point. We must be careful here to discuss L-morphisms “on the nose” and not just up
to natural isomorphism.
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This L-morphism identifies "7y with (*Z; x TV)/{(u,u™1) : u € Z¥). As described
in the previous section, the universal property of pushouts yields an L-morphism,

T\/ LTj Galg
é\/ Lég Gals .

In this way, we find a chain of subgroups, "Z; < 'T; < LG; lying over Galg. The
inclusion Y75 < 'G5 is an inclusion of semidirect products,
L LZ. x TV LZ. x GY LA

T;: = — = Gg.

T wu ) rue 2Y) ((uutt) iue ZY)

For all ¢ € “Z;, g¥ € GV, we write [¢, g¥] for the corresponding element of “G.

Let @ € .#[S] represent an element of the Weyl group w € #[S] = WSals,
Let wY denote the element of WV corresponding to the element w. There exists a
Galg-invariant representative n¥ € NV for w" (by [11, Lemma 6.2]). Conjugation
by nV gives an L-morphism Int(nV): "7 — “Tj.

The Galg-invariant representative n¥ of w" is unique up to multiplication
by (TV)GaIS. Hence the L-morphism Int(n") depends only on wV, which in turn
depends only on w. Therefore we write Int(w") instead of Int(n"), as we describe the
L-morphism below

T\/ LT@ Gals

(510) llnt(wv) llnt(wv) i:

TV — 5 YT — % Galg.

Proposition 5.8. — For allw € #[S], and all ¢ € Z; C “Ty, we have Int(w")¢ = C.

Proof. — We compute directly, writing v for the image of ¢ in Galg, and n" for a
Galg-invariant representative of w" in NV.

Int(w")¢ = Int(nY)[¢,1] (in the group “G;),

=[] ¢, 1 1, ()7,

=[1,n"]- (1] [1,(n") 7] - 1, 1[G, 1],
=[1,n"]-[1,7(") 71 ¢, 1,

=1[¢,1] =¢ (since n" is Galg-invariant). O

The previous proposition describes the automorphism Int(w") of “Ts. For any
element [¢,tV] € YT}, we find that

Int(w")[¢, Y] = [¢, Int(w")t"].
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There is another action of the Weyl group on LT, arising as in Sections 2.6 and
3.8 from the well-aligned homomorphism Int(w)

Ky ——T ——» T
l: llnt(u‘)) Jlnt(w)
Ky ——T —>» T.

From Section 5.5, the well-aligned homomorphism defines an L-equivalence lying
over Int(w)V, up to natural isomorphism

T\/ LTJ—; Gals

(5.11) J{Int(w)v JL Tnt (1) Jz

TV — 5 YT — % Galg.

From Section 2.6, we know that Int(w") = Int(w)Y, as automorphisms of the
dual torus TV. The rest of this section will be devoted to demonstrating that the
L-morphism Int(w") in (5.10) is naturally isomorphic to the L-morphism " Int(w) in
(5.11). For this, we must describe " Int(«)) in much more detail.

The well-aligned homomorphism Int(w) gives an equivalence of gerbes,

Int(uw): E.(T) — E.(T),
lying over the homomorphism Int(w)" : VY — ZV. This equivalence sends the object
Z = (J€,h) to the object Int(w)z = (Y7, w o h). The latter object is described in
Section 3.8.

Suppose that p: & — Int(w)Z is an isomorphism in the gerbe E.(T). Then Int(w)
and the isomorphism p define an L-equivalence we call I(w, p),

TV —— m(E.(T),z) — Galg

J{Int(w)v l[(u'),p') Jz

TV —— m(E.(T),z) — Galg.

Explicitly, if ¢: Z — 7Z is an element of ’/Tl(EE(T), Z) lying over v € Galg,
I, )6 = 5" o Int (i) o p.

I(w, p)¢ fits into the commutative diagram below

I

Int(i) — =% Jnt(i)z.

1(i,4)¢ .

"

On the right side of the diagram, we use the fact that v(w) = w, and therefore

Int(w)'Z = 7 (Int(w)7) .
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Proposition 5.9. — Allowing W to vary over representatives for w in A[S], and al-
lowing p to vary over isomorphisms from T to Int(w)Z, the family of L-equivalences
I(w, p) defines an L-equivalence I(w) up to unique natural isomorphism

TV —— m(E.(T),z) — Galg

llnt(w)v Jz(m J:

TV — m(E.(T),z) — Galg.

Proof. — We first vary representatives of w. If w,w € .#[S] are two representatives
of w € #'[S], then the unique element ¢t € 7S] satisfying & = Wt determines a natural
isomorphism of functors A(¢): Int(w) = Int(w), according to Proposition 3.15.

If p: Z — Int(w)Z is an isomorphism, define j: Z — Int(w)Z by j = A(t);* o p, as
in the commutative triangle below

Int(w)z
/ lA(t)i
7 2 Int(w)z.
Naturality of A(t) implies that the following diagram commutes

Int(0)z ——2%, Int(w)7z

lA(t)i lA(t)w TA(t)z

Int(i)z —"% Int(i)7z

It follows that

"p o Int(i)g o p

Tt o YA(t)z o Int(w)p o A(t) 7 o p
"pT o Int(w)g o p = I(w, ).

1(3, )¢ =

Hence I(w, p) = I(w, p).

Next, we consider varying the isomorphism p while keeping w fixed. Consider
another isomorphism §: & — Int(w)Z. There exists a unique 7V € TV such that
p=porV. It follows that 73 = poy(rV). Therefore,

I(w, )¢ =" o Int(w) o

= (1 )o 7p~ o Int(w)poporY
Vv

_’y(T )o( ) o|nt(w)¢op)

= o I(i, ).
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Therefore, 7V defines a natural isomorphism from the L-equivalence I(w,p) to the
L-equivalence I(w, p).

Hence, as w and p vary, the L-equivalence I(w, p) varies by uniquely-determined
natural isomorphism. Thus we find an L-equivalence I(w) defined uniquely up to
unique natural isomorphism. O

The following lemma will allow us to study I(w, p), in an important special case. As
we work in the geometric fiber throughout, recall that TV = T ;/, and define H = 74,
Spl(Zg.n) = pl(Pg,n)s, and T = 5. Define ® = ®; for the set of absolute roots.
Write Yo, = % n,5, SO that

T = Hom(Yg,n,03), TV = Hom(Yg,s,C¥).

Lemma 5.10. — Suppose that w = rg(ee”e) arises from a relative root (3, for which
28 is not a root, as in Theorem 3.17. Then there exists a pair (p,a), with p an
isomorphism T — Int(w)Z in the gerbe ¥/Spl(Pgn), and @ € H = A5, such that
p(a) = a.

Proof. — Since we work in the geometric fiber, there exists a splitting o € Spl(Zg,»)
such that o is aligned with w (aligned as in Theorem 3.17). Moreover, h: H —
Spl(Zg.n) is surjective (Definition 1.2(3) implies that 7' = 7' is surjective), so there
exists a € H such that h(a) = 0.

Let p: T — Int(w)Z be any isomorphism. We find that p: H — * H satisfies

o = h(a) = w(h(p(a)).
There exists a unique r € 7' such that p(a) = r * a. From this it follows that
o=wh(r*a)) =w@r" o) =w )" (o).

Let {a,...,as} denote the roots in ® which restrict to the relative root 3. Define
B:0F — T =Hom(Ygn,0F) by

Since w = [Jwa, (orthogonal root reflections), w(B(u)) = Blu)~ L.
Theorem 3.17 gives the formula w(o) = #(£1) * o, where the sign is —1 if and only
if gg and n/2 are both odd. Hence
o=w (r") x B(£1) x 0.
Since w(B(£1)) = B(£1), we have

r’ = B(£1).

Let £ € 0F be an element satisfying £ = +1 (the same sign as above). Here we
use the fact that n is coprime to the characteristics of all residue fields of prime ideals
in S. Thus 3(¢)/r € T[n]. Choose a square root /€ of € in 0F. (In characteristic 2, we
have —1 = 1, and we may take £ = 1 and /£ = 1.)
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View 3(£)/r as an automorphism of Int(w)Z in /U Pq.n) and define

p=(B&)/r)op, a=pB(/Ex*a
Then we find

p (B(V&) *a)
B(/E ™" * p(a)

= 5/0 7+ 2 0

= HV/O - A(e) <

= /O 5O HVO T i =a. 0
)

The functor of gerbes E.(G) — E.(T) sends Z to Z and induces an L-morphism,

)
ZV —— m(E.(G),z) — Galg
TV —— m (E.(T),z) — Galg.

In this way we view 7 (E.(G), Z) as a subset of m; (E.(T), z).

Proposition 5.11. — Suppose that ¢: z — 7Z is an element of 7r1(EE((~}),2) lying
over v € Galg. Suppose that w = rg(ee”e) arises from a relative root B as in the
previous lemma, and choose p: T — Int(w)ZT and & € 5 as in that lemma. Then

I(i, )¢ = &.
Proof. — We continue to work in the geometric fiber throughout this proof. Note
that @ € H and every point of H can be expressed as 7 * a for some 7 € T'. Since
p(a) = a, we have for all 7 € T,
p(7 *a) = w(F) * a.
Since p intertwines h and w o h, we find that
h(a) = w(h(p(a))) = w(h(a)).

Now we consider an isomorphism ¢: Z — 7z in the gerbe E. ( ). Such an iso-

morphism can be written as a contraction ¢ = t¥ A ¢g, where ¢g: T — 7T is an

isomorphism in {/dpi(Pg.n) and tV € TV = Hom(Yg ,, C*).
The object 7z is equal to ("7,7h,7j), where 75 is the torsor with the same
underlying sheaf of sets .7, and torsor structure given by

f*va:fy_l(i—)*afor alla € H.

The isomorphism ¢, viewed as a morphismA of T-torsors from H to "H lying
over v: T'— T, satisfies ¢o(@) = f * a for some f € T. For all 7 € T,

¢o(F xa) = 'y_l(i—) * f* a.
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The isomorphism ¢ =tV A ¢q is therefore determined by the element

tYAfeTVA; T = I
. ((e(9),¢71) = € € Thy)

Recall that j: p..77 — u,Whit is an isomorphism in the gerbe Eic('i‘). Since ¢ is

an isomorphism in E.(G), the following diagram commutes in E°(T)

P —1—s 1 Whit
[
s
p A —L 1, Whis.
The commutativity of this diagram is equivalent to the fact that
tY A f € Ker (p: v /\T[n] T —TY /\Tsc,[n] TSC) .

Note that 7 = Hom(Yg ,,, F*) and TV = Hom(Yq,,,C*), and they are contracted
over T[n] = Hom(YQ n, ptr) via €. The map p is given by restricting homomorphisms
from Yg , to Y5, Recall that {ai,...,ap} are the roots restricting to the given
relative root [3.

Since tV A f € Ker(p), there exist {; € p, for all 1 <4 < ¢, such that

V(@) =)™ f(@) =G

For each y € Y ,, the simple root reflection acts by wa, (y) = y— (&, y)a&;. Therefore,
for all 1 < i < ¢, we have

wa, (V) =¥ @i(e(G) Y, wa, (f) = F - @i(G)
Here @;(¢;) denotes the element of Zf’[n] = Hom(Yg n, itn) given by
GG (y) = ¢,

and similarly &;(e(¢;)) is an element of T[Yl].
Hence, for all 1 < i </, we have

wa, (1Y A f) = V- &i(e(G) T A F @G =tV AL
Asw = Hle Wa,, we have w(tY A f) =tV A f.
Now we compute
I(w, p)po(a) = [7p™" o Int(w)¢o 0 p] ()
=" (¢o(p(a)))
= 5" (¢o())
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Therefore,

w(/f)

* QSO.
Since ¢ =tV A ¢g, we compute

I(Uj, ,0)¢ = I(w7 p)(tv A ¢)O)
= w(t") N I(w, p)do

=w(tY)A (w}f) * ¢0>

:tvw A (w(f) *qﬁo)

tv f
=tV Agg = ¢.
The last step follows from the identity w(t¥) A w(f) =Y A f. O
Remark 5.12. — The notation may be difficult to follow in the above argument. In

the contraction of torsors T N Hom(z,7Z), we have

A (G * ¢o) = 75 A (fig * ¢p)

whenever 7 Auy =7y Aug in TV Az T
1 2 T

Theorem 5.13. — For any w € WSS the L-morphism “Int(w): “T — 'T is natu-
rally isomorphic to the L-morphism Int(w").

Proof. — Suppose first that @ = rg(ee”e), and p is chosen as in the previous propo-
sition. Then the L-morphism

I(”LU, p) : 7T1(E€(’i‘)7 j) - ﬂ-l(EE(T)a i)
restricts to the identity on 71 (E.(G), 2).

The Weyl action on (7g).Galr is also trivial, and so we find that the L-morphism
LInt(w): YTy — YT
restricts to the identity on LZ.. (Strictly speaking, - Int(w) is only defined up to
natural isomorphism; but fixing p defines - Int(<)) on the nose.)
The semidirect product decomposition,
L L Z: x TV
((uyu=t):u € zVv)’

i =

implies that there is a unique L-morphism from "7} to itself which acts as the identity
on “Z, and acts via Int(w") = Int(w)" on T". Proposition 5.8 implies that

L Int(w) is naturally isomorphic to Int(w").
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Since W &2ls is generated by relative root reflections (for relative roots 3 such that
203 is not a relative root), we find that - Int(1) is naturally isomorphic to Int(w") for
all w € WGals, O

PART II
GENUINE REPRESENTATIONS

In this part, we review basic facts about the e-genuine representations (admissible
and automorphic) of covering groups G. Most of these facts are corollaries of previous
works by many authors, consolidated and organized for convenience. However, a new
feature of representation theory is the organization of representations into pouches
based on their character. As we review features of the e-genuine representation theory,
we introduce corresponding features of L-groups.

6. Local fields

Let F be a local field, and let G be a quasisplit reductive group over F'. Let n be a
positive integer and let G = (G’,n) be a degree n cover of G over F (Definition 1.2).
Fix an injective character &: pu, — C*.

The cover G yields a short exact sequence

(6.1) Ky (F) — G/'(F) - G(F).
Define G = G(F). The Hilbert symbol provides a homomorphism Hilb,,: Ko (F) —

tn. (When F = C, the Hilbert symbol is trivial; otherwise the Hilbert symbol is
surjective). Pushing out (6.1) via Hilb,, yields a central extension of groups

(6.2) i = G — G.

As a topological group, G is described in [18, Construction 10.3]. When F' is nonar-
chimedean, G is a totally disconnected locally compact group. When F' is archimedean,
G is a real-reductive group in the sense of Harish-Chandra. When F = C, the Hilbert
symbol is trivial, and the extension G — G splits canonically.

Let K be a maximal compact subgroup of G, and let K denote its preimage in G.
Then K is a maximal compact subgroup of G. Define H(f( ) to be the set of equivalence
classes of continuous irreducible finite-dimensional representations of K on complex
vector spaces (the irreps of K).

Definition 6.1. — Suppose that F' is nonarchimedean. An admissible representation
of G is a pair (7, V) where V is a complex vector space and 7: G — GL(V) is a group
homomorphism, such that

1. For all [x] € TI(K), the (K, [x])-isotypic subspace V] is finite-dimensional;
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2. As a representation of K, V = D rgenx) Vin-

When F' is archimedean, write g for the complexified Lie algebra of G; this is
naturally identified with the complexified Lie algebra of G.

Definition 6.2. — Suppose that F is archimedean. An admissible representation of G
will mean an admissible (g, K)-module V. In particular, V' decomposes as a direct
sum of finite-dimensional K-isotypic representations, V = @[X] eTI(R) Vly as in the
nonarchimedean case.

In both nonarchimedean and archimedean cases, an admissible representation V
of G is called e-genuine if for all ¢ € p, and all v € V, we have m(¢)v = &(() - v
Note that p, C K, so an admissible representation is e- genulne if and only if all
of its K-isotypic components are e-genuine. Define II.(G) (or II.(G/F) in case of
confusion) to be the set of equivalence classes of irreducible admissible e-genuine
representations of G.

In the nonarchimedean case, write ¢ (G) for the convolution algebra

He(G) = {f € CZ(G) : f(¢G) =e(C) - f() for all { € pn,§ € G}

Here we fix a Haar measure on GG, and convolution is given by

[f1* f2](g /fl ) fo(z™tg)da.

As f and fs are “e-genuine functions,” the integrand is a well-defined function on G =
G/ pin.

In the archimedean case, write ¢/ (G) for the convolution algebra of e-genuine,
left and right K-finite distributions on G supported on K. In both cases, we have a
faithful functor from the category of admissible e-genuine representations of G to the
category of (nondegenerate) &% (G)-modules.

6.1. Unitary, discrete series, and tempered representations

Definition 6.3. — A unitary representatlon of G is a pair (7r V) where V is a separable
Hilbert space, and 7: G — U(V) is an action of G on V by unitary transformations,
such that the resulting map G x V — V is continuous.

A unitary representation (, V) of G is called irreducible if the only closed G-in-
variant subspaces of V are 0 and V. Write IT"™*(G) for the set of equivalence classes
of irreducible e-genuine unitary representations of G.

The following theorem combines a few fundamental results, essentially due to
Harish-Chandra. See [75] for proofs in the (more difficult) archimedean case.

Theorem 6.4. — If (, V) is an irreducible unitary representation of G, then the sub-
space V. C V of K-finite vectors inherits the structure of an irreducible admissible
representation of G. This defines an injective function,

I"(G) — IL(G).
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Definition 6.5. — Suppose that (, V) is an irreducible unitary e-genuine representa-
tion of G. For all vy,vy € V, the matrix coefficient m,, ,,: G — C is the function
Moy, (g) = <’U1, 7T(g)’l)2>.
We say that (r, V) is a discrete series (respectively, tempered) representation if for all
K-finite vectors v1,v5 € V,
Moy wy € L2(G/Z(@)), (resp., L>T5(G/Z(@)) for all € > 0).

Write TI9¢(G) (respectively II**™P(G)) for the set of equivalence classes of discrete
series (resp. tempered) e-genuine unitary representations of G.

In this way, we organize the irreducible admissible e-genuine representations of G
in a nested fashion.
e (G) c o™ (G) c I™(G) c I.(G).
This mirrors the familiar “uncovered” case, where there are inclusions,

M°(G) c I (G) c O™ (G) c II(G).

6.2. Tori. — In previous papers [77] [80], we have studied the e-genuine representa-
tions of covers of tori over local and global fields. Here we review the main results
over local fields. Let T be a torus over a local field F, and let T be a degree n cover
of T. The resulting central extension

pn =T —T

is a “Heisenberg” type group, and its irreducible representations are therefore deter-
mined by their central character. Let Z(T) denote the center of T. For any [r] €
IT.(T), let x[x] be its central character. Then we have

X[x] € Hom.(Z(T),C>),
the set of e-genuine continuous homomorphisms.
Theorem 6.6. — The map [1] — X[x gives a bijection HE(T) = Hom,(Z(T),C*).

Proof. — A proof of this analog of the Stone von-Neumann theorem can be found in
[77, Theorem 3.1] and [1, Proposition 2.2] (for the archimedean case). O

Let Y be the cocharacter lattice of T. Let @) be the first Brylinski-Deligne invariant
of the cover T, and define

Yon={y €Y :n 'Bg(y,y') €Z for all y € Y},

as in [77]. Write Tg, for the F-torus with cocharacter lattice Yy ,. The inclu-
sion Yo, < Y corresponds to an isogeny Tg, — T, and we define CT(T) =
Im(Tqn(F) — T(F)). Define C(T) for the preimage of CT(T) in T. The group

C(T) is called the central core of T'.
The following result is contained in [77, Theorem 1.3].
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Theorem 6.7. — C(T) is a finite-index subgroup of Z(T). If T is split then C(T) =
Z(T).

Let Tg., be the pullback of the cover T to Tg . Then Tg , is abelian and C(T') =
Im(Tg,, — T). If [7] € II.(T), then define w, € II.(Tq,,) to be the pullback of the
central character of m to T ,. The character w, is called the central core character
of [n].

Definition 6.8. — If [r1], [m2] € II.(T), we say that [r1] and [m2] belong to the same
pouch if they share the same central core character. In other words, pouches for covers
of tori are the fibers of the central core character map

w: T (T) = M. (Tgn).

If T is split, then the pouches are singletons. The image of w is a subject for another
paper.

On the L-group side, note that the map 'i‘Q,n — T is well-aligned. Hence it corre-
sponds to an L-morphism,

j:’v LT GalF
TC\;)/,n LTQ’n Galp .

Here the dual groups TV and Tén are both equal to Hom(Yg ,, C*), the homo-

morphism 7V — Tgv?n is the identity, and the above diagram is an L-isomorphism.
Hence there is a natural bijection of Weil parameters,

Lw: TI(T) - I (Tg..).

6.3. Central core character. — An element g € G is called regular semisimple if it
is semisimple and the neutral component of its centralizer Z¢ (g) is a maximal torus
in G. In this case, g is certainly an element of this maximal torus since it centralizes the
maximal torus. Write G**¢ for the locus of regular semisimple elements of G = G(F));
this is a dense open subset of G. Define G™# to be the preimage of G*8 in G.

Let S = Z°(G) be the neutral component of the center of G, i.e., the maximal torus
contained in the center of G. Let S the degree n cover of S obtained by pulling back G.
If T is any maximal torus of G, then S C T. The cocharacter lattice of S is naturally
identified with the sublattice YV of Weyl-invariants in Y. Define YQM’/TL =Yo.NYY,
and let Sg ,, be the F-torus with cocharacter lattice Ygfn. The inclusion Yq‘))[,/n — YW
corresponds to an F-isogeny Sg ,, — S, and we define

C1(G) = Im(Sg.n(F) — S(F)).

Definition 6.9. — The central core of G is the preimage C(G) of CT(G) in G.
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Alternatively, pulling back G yields a cover Sg ,, and a continuous map Sg , — S.
The central core of G is the image:

C(G) =1m (Sgn — §).
Note that
Y € (Y )gm ={y1 €YY : Bo(y1,y2) € nZ for all y, € Y}

It follows that Ct(G) c C1(S), and so C(G) c C(S).
Proposition 6.10. — The central core C(G) is a finite-index subgroup of Z(G).

Proof. — Suppose that g € G*2, and let T = Zg(g) denote the neutral component
of its centralizer (a maximal F-torus in G). Since Y/}, C Yo, C Y, we find that

C(G) c Z(T),
by Theorem 6.7. Hence if § € G*8 is a lift of g, then § € T, and so C(G) commutes
with g. Since C' (é) commutes with every regular semisimple element g € G"8, the
density of G™# in G implies that C(G) C Z(G).

Since the isogeny Sg,, — S has degree coprime to the characteristic of F, the
image C'(G) has finite index in S. We find a chain of subgroups of G and finite-
index inclusions CT(G) ¢ § € Z(G). Writing Z'(G) for the image of Z(G) in G, we
have CT(G) ¢ ZT(G) ¢ Z(G) and therefore Ct(G) has finite index in ZT(G). Thus
C(G) has finite index in Z(G). O

Definition 6.11. — For any [r] € II.(G), let w, be the pullback of the central char-
acter of 7] to Sg n. The character w, € II.(Sq ) is called the central core character
of [x].

In this way, the central core character provides a map,
w: IL.(G) — M. (Sg.n).

Observe that the map SQ,n — Gis well-aligned. Therefore, it induces an L-morphism,

é\/ Lé Galp
SYom LSon Calp .

Hence there is a natural map of Weil parameters, generalizing the case of tori,

Lw: T (G) — T.(Sg..)-
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6.4. Characters and pouches. — Just as we partitioned II.(T) into pouches, we can

partition II.(G) into pouches using the character distribution (occasionally assuming
char(F) = 0). When [r] € II.(G), the character of [r] is a conjugation-invariant
distribution Tr[r] on G. Let ©, denote the restriction of [x] to G™8, i.e., to test
functions supported in the regular locus. The following theorem in harmonic analysis

is a result of many extensions to a deep result of Harish-Chandra.

Theorem 6.12. — O, coincides, after choice of Haar measure, with a smooth (real an-
alytic in the archimedean case, locally constant in the nonarchimedean case) function
on G*&. In other words, there exists a smooth function ©,: G*& — C such that for
every test function f € C°(G**8) we have

Tr[x](f) = [ Ox(x)f(x)d.
Grres
Proof. — The key ideas are in the work of Harish-Chandra for semisimple groups
at first; see [36]. The idea extends in a straightforward way for real-reductive groups
in the Harish-Chandra class (including our covering groups); see [75, §8.4.1] for a
treatment. For a large class of p-adic groups, see Clozel [20]; the extension to covering
groups requires no new ideas. In characteristic p, we refer to Gopal Prasad’s appendix
to [4] and the treatment of Bushnell and Henniart [19, Corollary A.11]. O

Theorem 6.13. — Suppose that F has characteristic zero. If [m1], [ms] € TI.(G) and
On, = On,, then [m] = [ma]. In other words, the character distribution, restricted to
the reqular locus, determines the isomorphism class of a genuine irreducible represen-
tation.

Proof. — The character Tr[r] determines the equivalence class [7] € II.(G). This
result follows from [41, §X.1, Theorem 10.6] when F' is archimedean, and from |9,
Corollary 2.20] when F' is nonarchimedean. In characteristic zero, it is known [47,
Corollaire 4.3.3| that the character distribution Tr[r] is locally integrable, and deter-

mined by the function ©: for all test functions f € C2°(G) (not necessarily supported
on the regular locus!),

() = [ 0. =

Remark 6.14. — 1If F has characteristic p # 0, the local integrability of characters is
an open question (see Rodier [61] and Lemaire [46] for two cases where the characters
are proven locally integrable). For this reason, in characteristic p, we do not know

whether each equivalence class [r] € II.(G) is determined by ©.

Definition 6.15. — Suppose that & € Gres, mapping to z € G*8. Let T = Zg (z) be
the maximal torus centralizing x. We say that & is genuinely supportive if & € Z(T).
Let G#™# denote the set of genuinely supportive elements of G*°8.

Proposition 6.16. — 1If [r] € II.(G) then O, is supported on G&™E.
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Proof. — ©, is a conjugation-invariant function on G*. If & € G*™& and Z is not
genuinely supportive, then there exists t € T C Zg(x) and ¢ € u, such that

Int(t)i = ¢ - &, and 1 # .

It follows that ©,(Z) = O,(Int(¢)Z) = £(¢) - ©-(Z). Hence O,(x) = 0. O

For purposes of parameterization, it seems appropriate to place irreducible repre-
sentations in the same “pouch” if their characters agree on a locus called the “regular
core”.

Definition 6.17. — Suppose that & € G**, mapping to z € G**8. Let T = Zg (z). We
say that Z is in the regular core of G if & € C(T'), the central core of T. Define G"°8
to be the regular core of G.

Write G°8 for the image of G°*¢ in G. Since C(T) C Z(T), we find that
O(G)nGree ¢ Gemes ¢ Goree

The following definition generalizes Definition 6.8 from tori to reductive groups.

Definition 6.18. — Suppose that [71], [m2] € II.(GQ). We say that [r1] and [m2] belong
to the same pouch if ©, and O, (functions on G'® by Theorem 6.12) coincide
on G°8,

Lemma 6.19. — Assume that F has characteristic zero. Suppose that [r] € TI.(G).
Then there exists § € G*8 such that ©,(g) # 0.

Proof. — From [47, Théoréme 4.3.2], in characteristic zero, there exists an open neigh-
borhood 0 € U C gp in the Lie algebra of G on which the local character expansion
of Harish-Chandra and Howe is valid:

Or(exp(X)) =D co(r) - fip(X), for all X € U N gig®.
0

Here g& denotes the regular semisimple locus. We use the fact that the cover G — G
splits over an open subgroup, and any two such splittings coincide on a (possibly
smaller) open subgroup. This allows us to interpret exp(X) as an element of G, when
X is close to 0 € gF.

On the other hand, for any maximal torus T C G, the subgroup C(T) is open
of finite index in T. There are finitely many G(F)-conjugacy classes of F-rational
maximal tori in G. It follows that for a sufficiently small open neighborhood 0 € U C
ar, exp(U N g°8) C Geres,

Hence, if ©,(§) = 0 for all G*2, then we find that cs(m) = 0 for all nilpotent orbits
0. But this cannot occur; the character ©, of an irreducible admissible representation
cannot vanish in a neighborhood of the identity. O
Proposition 6.20. — Suppose that F has characteristic zero. If [r1] and [ra] belong to
the same pouch in TI.(G), then the central core character of [m1] equals the central
core character of [ms].
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Proof. — Fix an element § € G°™# for which O, (j) #0.1fce
¢-§ € G as well. Indeed, since & € C(G) and C(G) C Z(G
2(9) = Zg(¢- g). In particular, ¢- g € Gree. Since §j € C(T) a
we find that &- § € C(T). Thus é- § € G as claimed.

We now find that

wry (€) - O, (9) = O, (€ ) = Ory(€- §) = Wy (€) - Ory (9) = W,y (€) - O, (9):

Hence wa, (€) = wy, (€). O

C(G) we claim that
7), we find that T =
nd é € C(G) c C(T),

6.5. Twisting. — Let ¢: G — C* be a smooth homomorphism. Then £ pulls back to
a smooth character of G as well. When [7] € I1.(G), the twist [§- 7] € II.(G) as well.
This gives an action

Tw: Hom(G,C*) x IL.(G) — II.(G).
It is possible that [7] = [ - 7], even if £ is nontrivial.
Definition 6.21. — Let £: G — C* be a smooth homomorphism. We say that £ is

genuinely trivial if £(g) = 1 for all g € G8"8. We say that ¢ is core-trivial if £(g) = 1
for all g € G,

Proposition 6.22. — Assume that F has characteristic zero. Suppose that 1] € TI.(G)
and £ € Hom(G, C*) is genuinely trivial. Then [r] = [€ - 7].

Proof. — If £&(g) =1 for all g € G&™2, then

0:(9) = 0:(9) - £(9) = ©en(d)
for all § € G&"8 mapping to g € G&°¢. But O, and O¢. are supported on G#eg | and
so we find that ©, = O¢.r. Hence [7] = [ - 7] by Theorem 6.13. O

Proposition 6.23. — Suppose that [r] € TI.(G) and ¢ € Hom(G,C*) is core-trivial.
Then [r] and [€ - 7] belong to the same pouch.

Proof. — This follows almost from the definition; if £(g) = 1 for all g € G*"*8 then

Ox(9) = 0x(9) - £(9) = B¢ (9)

for all § € G°°¢ mapping to g € G2, Hence [r] and [¢ - 7] belong to the same
pouch. O

On the dual group side, let Z¥ = Hom(Y/Y*°,C*) denote the center of the dual
group GV. If n € HY(Wr, Z"), then one may associate a character £ € Hom(G, C*).
Let ZV = Hom(Yg.n/ Y55, €*) denote the center of the dual group GV. Then restric-

tion gives a Galois-equivariant homomorphism ZV — ZV, and thus a homomorphism
HYWp,2") — HY(Wp, Z").
Twisting a LG-valued Weil parameter by a ZV-valued cocycle, we find a map

LTw: HY (W, ZV) x ®.(G) — ®.(G).
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We might expect n € H'(Wpr,Z") to correspond to a core-trivial character £ €
Hom(G, CX), if its image in H! (W, Z") is trivial.

6.6. Langlands classification. — Let B be a Borel subgroup of G, defined over F.
Let A be a maximal F-split torus in G, whose centralizer T is a maximal torus
in B. Let ®p = ®r(G, A) be the resulting set of relative roots, and ®}. the positive
roots determined by B, and Ap the simple positive roots therein. Our treatment
of the Langlands classification closely follows Ban and Jantzen [7], who extend the
Langlands classification to coverings of p-adic groups.

A standard parabolic will mean an F-parabolic subgroup of G containing B. If P =
MN is a standard parabolic subgroup of G, write Ag s C A for the corresponding
set of simple roots. Let A j; be the maximal split torus contained in the center of M,
a subgroup of A. Define a3, = Homp(M, G,,) ®z R. Restriction of a character from
M to A s extends to an identification of real vector spaces,

a}k\,[ = HOHIF(M, Gm) Rz R = Hom(AM, Gm) ®7z R.

An inclusion of standard Levi subgroups L C M gives an inclusion Aj; C Ap. The
identifications above yield R-linear maps,

ripay —»aly, ik al —al

Write a* = Hom(A, G,,) ® R. We find an injective linear map ip: a}, — a* and a
surjective linear map rps: a* — a},. The relative Weyl group Wr = Wgr(G, A) acts
on a*, and there is a unique-up-to-scaling Wg-invariant inner product (-,-) on a*.

If v =¢®r € aj, is a basic tensor, and m € M lies over m € M, define

exp(v)m = |§(m)][".
This extends to give a homomorphism
exp: a}; — Hom(M,RX Z0)-

Elements exp(v) € Hom(M,R%,) are unramified characters of M.
Within the real vector space a},, define an open cone,

(ane)y ={veay : (v,rmu(a)) >0foralla € Ap — Ap v}

Now, fix a standard parabolic subgroup P = MN. The central extension Ky —
G —» G sphts uniquely over N, and thus we have a canonical splitting N — N.
Pulling back G to covers P and M we find a semidirect product structure

P=MxN.
The adjoint action of M on N has the same modular character ép as the adjoint
action of M on N.

Suppose that (o, H ) is an e-genuine irreducible unitary representation of M. Choose
v € ajy, so exp(v): M — RZ, is an unramified character. Let H be the subset of H
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consisting of smooth vectors. Define
I°°(15,J,V) ={f: G — H : f is smooth, and
f(ning) = 6p ()20 (m) exp(v) (i) for all n € N,m € M, j € G}.

Let I(ls, o,v) denote the space of K-finite vectors therein. We find that I(f’, o,v) is
an e-genuine admissible representation of G. This is a result of Ban and Jantzen [7,
§3] in the nonarchimedean case, and follows from Borel and Wallach [14, §111.3.2] in
the archimedean case.

Theorem 6.24 (Langlands classification). — If o is an e-genuine irreducible tempered
representation of M and v € (arr)h, then the admissible representation I(f’, o,v) has
a unique irreducible quotient, which we call J(13, o,v). This J(15, o,V) is an e-genuine
irreducible admissible representation of G.

If w is an e-genuine irreducible admissible representation of G, then there exists
a unique triple (P, [o],v), where P = MN is a standard parabolic subgroup of G,
[o] is an equivalence class of e-genuine irreducible tempered representations of M,
and v € (ap)} such that 7 is equivalent to J(P,o,v).
Proof. — For covering groups in the nonarchimedean case, this is the main result of
Ban and Jantzen [7, Theorem 1.1]. Their restrictions on the characteristic of F' are
unnecessary here as we work with covers G coming from central extensions of G by K,
rather than general topological extensions. Ban and Jantzen rely on the uniqueness of
a splitting of N — N, whereas we can exploit the uniqueness of a splitting of N’ — N
in the algebraic category.

Indeed, for the canonical splitting can: N — N, and every m € M, we have

Int(m) ™! o can o Int(m) = can,

since both arise from algebraic splittings of Ko < N’ — N. This suffices to demon-
strate that [7, Lemma 2.7, Proposition 2.11] hold in arbitrary characteristic, for our
class of covers.

Similarly, if U C G is any unipotent subgroup, and a € G centralizes U, then the
canonical splitting can: U < U satisfies

Int(a) o can = can.

This suffices to demonstrate that [7, Lemma 2.13] holds in arbitrary characteristic,
for our class of covers. Thus the main results of [7] hold in arbitrary characteristic,
for the nonarchimedean covering groups considered in this paper.

In the archimedean case, we refer to Borel and Wallach [14, IV, Corollary 4.6,
Theorem 4.11] (based on earlier work of Harish-Chandra, Casselman, Mili¢i¢ and
Langlands). O

On the L-group side, a Weil parameter ¢ € ®.(Q) is called tempered if its image
is bounded, i.e., if the closure of its image in “G is compact. Recall from Section 5.7
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that a parabolic subgroup P = MN yields an embedding of L-groups,

MY Lyv Galp
é\/ Lé Galp .

This arises by pushing out an embedding of L-groups,

zVv Lz Galp
Z]\\//[ LZM Galp .

Within ZJ\(/[, let ZXLhyp be the subgroup of hyperbolic elements—those whose eigen-
values are positive real numbers. The following result gives a Langlands classification
for parameters.

Proposition 6.25. — For all ¢ € ®.(G), there exists a unique triple (P, ¢, n), where
P = MN is a standard parabolic subgroup of G, ¢p € Qzemp(M) is a tempered
Weil parameter, and n € H'(Wr, ZJ\(/[’hyp), such that ¢ is equivalent to n * ¢pr (the
parameter obtained by twisting ¢pr by n, then including LM — Lé}

Proof. — The proof in the uncovered setting, sketched in various sources, and treated
thoroughly by Silberger and Zink in [66] carries over without significant changes. [

7. Spherical representations

Now suppose that O the ring of integers in a nonarchimedean local field F, with
residue field F,. Let G be a quasisplit reductive group over 0. Let A be a maximal
(C-split torus in G, and let T be the centralizer of A; then T is a maximal O-torus in G.
Let B = TU be an (-Borel subgroup of G containing T. For convenience, let E/F be
an unramified extension over which T splits, and let Fr be a generator of Gal(E/F')
which corresponds to the geometric Frobenius automorphism over F,. Let Y be the
cocharacter lattice of T, viewed as a Z[Fr]-module. Let X be the character lattice
of T. Let W be the (absolute) Weyl group of G with respect to T. Note that Y* is
the group of cocharacters of the split torus A.

Let G = (G/,n) be a degree n cover of G over U; such covers are studied in [79].
The requirement that G is defined over 0 implies that n divides ¢ — 1. This “tameness”
gives an exact sequence,

K2 (0) — Ky (F) % Lo -

Define G° = G(0) and G = G(F). Pushing out G'(F) via Hilb,,, the central exten-
sion p, — G — G is endowed with a splitting over the hyperspecial maximal compact
subgroup G° C G. We view G° as a subgroup of G throughout. Similarly, we write
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T° = T(0) and T = T(F), and we find a central extension p,, < T — T endowed with
a splitting over T°. Define W° = Ngo(T°)/T°. The inclusion Ngo(T°) — Ng(T)(0)
yields an identification of W° with W,

Fix an injective character e: u, — C* as usual. Suppose that (w,V) is an irre-
ducible admissible e-genuine representation of G. We say that (m, V) is spherical if the
space of G°-fixed vectors V' is nonzero. Define IL. (G /0) to be the set of equivalence
classes of spherical irreducible admissible e-genuine representations of G.

7.1. Hecke algebras. — The e-genuine spherical Hecke algebra, denoted (G, G°) is
the space of compactly supported functions f: G — C which satisfy

F(Ck1Gks) = €(¢) - () for all ¢ € pp, k1, ks € G°,§ € G.

Here, we fix the Haar measure on G for which G° has measure 1. Then (G, G°) is
a subalgebra of ¢4 (G),

He (G, G°) = char(G°) * . (G) * char(G®).

When (7,V) is a smooth e-genuine spherical representation of G, the set VE°
of G°-fixed vectors forms a module over the Hecke algebra ¢4 (G,G®). In this way,
IL.(G/0) is identified with the set of equivalence classes of irreducible ¢4 (G, G°)-mod-
ules.

The support of (G, G°) is

{G€G: f(g)+#0 for some f € (G, G°)}.

Similarly, we may define the spherical Hecke algebra & (T, T°), its support, and the
set of its irreducible modules II. (T /0).

The support of (%E(é, G°) is a set of the form p, G°AG®, for some subset A C G.
The Cartan decomposition gives

G = G°YFGe,

in the sense that for any choice of uniformizing parameter w, every element of G can
be expressed as kiy(w )k, for some y € Y. In this way, the support of $% (G, G°)
corresponds to a W°-stable subset of YF*. We call this subset of Y the combina-
torial support of §/.(G,G°). Similarly, the support of & (T, T°) is determined by its
combinatorial support, a subset of Y.

The supports of §#(G,G°) and (T, T°) are given by Mcnamara [51, Theo-
rem 10.1], and by Wen Wei Li in [48, §3.2].

Proposition 7.1. — The combinatorial supports of H.(G,G°) and SH.(T,T°) coincide.
They equal Y&n'

From [48, Lemma 3.2.3], it is known that the Hecke algebra &/ (T, T°) is commu-
tative. It is (noncanonically) isomorphic to a polynomial ring over C in r variables,
where r is the rank of A. The support of ¢/ (7, T°) is contained in the centralizer
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of T° in T (see [80, §3.2]). It follows that W° = Ngo(T°)/T° acts on (T, T°) by
the rule
W () ;= f(w ') for all w € W° represented by w € Ngo (T°).

The Satake isomorphism is a ring homomorphism from the spherical Hecke algebra
of an unramified p-adic reductive group to the corresponding Hecke algebra of a
maximal torus. For covering groups, this has been considered by McNamara [51] and
Wen Wei Li [48].

Write 6 : T — RZ, for the modular character for the adjoint action of T" on U.

Suppose that f € $/- (é, G°). Define the Satake transform of f, a function & f : T —C,
by

S0 = 8072 [ sub)au
U
From [48, Proposition 3.2.5], we have the following result.

Theorem 7.2. — The Satake transform is a ring isomorphism from c%s(é,Go)
to (T, T°)V°".

Corollary 7.3. — The Hecke algebra o%e(é, G°) is a finitely-generated commutative
C-algebra. If (w,V) is an irreducible e-genuine spherical representation of G, then
VG is one-dimensional.

Corollary 7.4. — The Satake isomorphism defines a bijection,
11. (G /0) = Hom(5%(G, G°), C) <5 Hom( (T, T°)"°,C) = IL.(T/0)/ W™

In other words, the Satake isomorphism gives a bijection from the set of equivalence
classes of e-genuine spherical irreps of G to the W -orbits on the set of equivalence
classes of e-genuine spherical irreps of T'. In applying the Satake isomorphism, the W
action arises from the W° action on the Hecke algebra. This coincides with another
action described below.

For w € W¥, conjugation by w defines a homomorphism Int(w): G — G, which
restricts to a homomorphism Int(w): T — T. For any representative w € Ng(T)(0),
we find a well-aligned homomorphism of covers from T to itself, as in Section 2.6,

Ky——T —» T

l: llnt(u‘)) llnt(w)

Ky——T —» T.

Pulling back via Int(w), we find a map, Int(w)*: I1.(T/0) — M1.(T/0). Explicitly, if
(m,V) is an e-genuine spherical irrep of T, then Int(w)* (7, V) = (7 o w~!, V), where
[ 0w Y(#) := w(w™ ).

If & = w7 for some 7 € T°, then

m o (f) = m(i i) = w(r o ir) = ()~ w0 i (B ().
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Hence 7(7) gives an equivalence of representations from (row=1,V) to (row=1, V).
Therefore, we find a well-defined map (independent of representative),

Int(w)*: TI.(T/0) — T.(T/0).

This gives an action of W™ on II.(T/0) which coincides with the action obtained
from the W*° action on the Hecke algebra &/ (T, T°).

8. Automorphic representations

Now let F be a global field, % the set of places of F', and G a quasisplit reductive
group over F. Write Gr = G(F), G, = G(F,) for all v € U, and G, = G(A), where
A denotes the ring of adeles of F'.

Let G = (G/,n) be a degree n cover of G over F. We may assume (see [18, §10.4])
that G and G’ are defined over the ring Og of §-integers in F, for some finite subset
o C Y.

In this way, for every place v € %), we find a central extension of locally compact
groups, fn, < G, — G,, endowed with splittings G2 = G,(0,) — G, for all v €
9 — §. Define G4 to be the restricted direct product of the extensions G,, with
respect to the compact open subgroups G (defined at almost all places):

@ Mn — éA —» GA.
vEY

Pushing out via the product map €, cq) pin — pin yields a central extension G, as in
the diagram below:

®v€"7)p’n —> éA —> GA

[

Hn Ga Ga.

As explained in [18, §10.4], p, — G4 — G is a central extension of locally compact
groups, spht canomcally over Gp. Write Z, for the center of G4. Then G is discrete
in GA and ZAG F\GA has finite volume with respect to a GA invariant measure.

8.1. Admissible and unitary representations. — Our approach to the admissible and
automorphic representations of G, coincides with the toral case in [80, §4], based on

Flath [27] and Borel-Jacquet [12]. Let Ag, be the finite adeles. Write Gy, for the
restricted direct product of G, with respect to the compact open subgroups Gj,, where

the product is indexed by only the nonarchimedean places v € Ug,. Then GAﬁn is a
totally disconnected locally compact group, a central extension as below:

@ pn = Gag, = Gag,-
VEVtin

Let Kg, be an open compact subgroup of C:’Aﬁn.
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Define the e-genuine Hecke algebra,

Ftene = {f € CZ(Gaga) : 1) -9 = ] (&) - £G)

vE€Vkin
for all (¢,) € €@ tny § € Gag,}-

VEVsin
As in [27, Example 2], the Hecke algebra &/ ¢ is isomorphic to the tensor product of
the e-genuine Hecke algebras ¢/, . = ¢#:(G,) with respect to the system of idempo-

tents char(G2) at almost all places. An admissible e-genuine representation of Gy, is
a representation (7, V) of Gy, such that

7((¢)3) = [ ) (@), foral (¢.) € @D 4n.d € G,

VEVtin vEVkin

and which decomposes as a direct sum of irreducible representations of f(ﬁn, each
occurring with finite multiplicity.

The commutativity of the spherical Hecke algebras (%(C:"v, Gy) at almost all places
implies the factorization of irreducible admissible representations. The following is
adapted from [80, Proposition 4.1], and is a direct result of [27, Theorem 2].

Proposition 8.1. — For every irreducible admissible e-genuine representation mey
of Gay,, there exists a unique family of equivalence classes ([my])vew,., of irreducible
admissible e-genuine representations of each G, such that m, is spherical for almost
all v € Vg, and wgy is isomorphic to the restricted tensor product of representations
®v€cpﬂn m, with respect to some choice of nonzero spherical vectors at almost all
places.

At the archimedean places v € U, we have Lie groups p, — G, — G,; for each
such place, choose a maximal compact subgroup K, with pullback K, c G,. Let [+
denote the complexified Lie algebra of G,. The admissible e-genuine representations
of G, (i.e., admissible e-genuine (g,, IN{U)-modules) may be identified with the admis-
sible modules over &/, = /e (G,)—the algebra of e-genuine, left and right K,-finite
distributions on G, with support in K,. Define Hoo,e = ®ue%o M-

An e-genuine admissible representation of G is an admissible module over the
Hecke algebra ¢/« := fin,e ® o e-

A unitary representation of G, will mean a continuous representation of G4 by uni-
tary operators on a Hilbert space. As in [80, §4], following [27, Theorem 4] and Moore
[54, Lemma 6.3], the unitary representations of G, can be factored as Hilbert space
tensor products of unitary representations at all places (spherical almost everywhere).
We summarize the results in the following theorem.

Theorem 8.2. — The restricted tensor product gives a bijection between two sets:

— the set of families ([m])vew, where [m,] € IL.(G/F,) for allv € V and [r,] €
II.(G/0y) for almost all v € Vgyp;
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— the set of irreducible admissible e-genuine representations of Ga.

Similarly, in the unitary setting, we find a bijection between two sets:
— the set of families ([r,))yee, where [m,] € MM™Y(G/F,) for all v € UV and
[1,] € TIE™(G/C,) for almost all v € Vgn;
— the set of irreducible admissible e-genuine unitary representations of Gy.

8.2. Automorphic representations

Definition 8.3. — An e-genuine automorphic central character (e-genuine ACC, for
short) for G4 is a continuous homomorphism x: Z, — C* such that y is trivial
on Gp N ZA and the restriction of x to u, coincides with ¢.

Proposition 8.4. — Every e-genuine ACC x: Zy — C* extends uniquely to a contin-
uous character GpZy — C* which is trivial on Gr.

Proof. — Multiplication gives a surjective continuous homomorphism,
GF X ZA — GFZA.

Since Gp x Zy is a o-compact locally compact topological group, the open mapping
theorem implies that the multiplication map above is an open map. Hence Zy (the
image of the open subgroup {1} x Zs under multiplication) is an open subgroup
of GrZs. Thus the inclusion Z, — GpZ, induces a topological isomorphism of
locally compact abelian groups,

Zy  ~ Gr-Zy
= — .
GrNZy Gr
The result follows immediately. O

The following definition is lifted with slight adaptation from [12, §4.2] (and gener-
alizes [80, Definition 4.9]

Definition 8.5. — A function f: G, — C is an e-genuine automorphic form if it satis-
fies the following conditions.

£(¢vg) =e(C) - £(§) for all v € GF, ¢ € pin, and § € Ga.

Pulling back, f is locally constant on G, and smooth on G, for all v € Vs,
There is a simple element & = &y ® €0 € Hhin,e ® Hio,e Such that f* & = f.
For every y € G and every place v € Vs, the function G,, — C, z — f(z-y) has
moderate growth.

5. The span of {f x & : £ € SHsin ® o} is an admissible representation of Ga.

The space of e-genuine automorphic forms will be written o/Z¥ E(é A)-

Ll e

Definition 8.6. — An e-genuine automorphic representation of G, is an irreducible
admissible subquotient of %7 .(Ga). Define IL.(G/F) to be the set of equivalence
classes (as admissible representations of G, ) of e-genuine automorphic representations
of GA.
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By Schur’s Lemma, every e-genuine automorphic representation of G4 has an e-gen-
uine automorphic central character. If x is an e-genuine ACC, then we also write x
for its extension to G - Zu. If x is unitary, define Li(GF\CNJA) to be the unitary rep-
resentation of G, induced (in the sense of Blattner [10]) from the unitary character
x of Gp - Zy. Let Li’C“Sp(GF\CNJA) be the cuspidal subspace, discussed for example in
the work of Moeglin and Waldspurger [53].

An L? automorphic representation of G with central character X is an irreducible
unitary subrepresentation of L2 (G #\G4). An automorphic representation is called
cuspidal if it lies within Li’C“Sp(GF\CNT'A). Define H;“it(é/F) to be the set of equiv-
alence classes (as unitary representations of G a) of L? automorphic representations
of G with central character y. Let H;“Sp((:}/ F) be the subset consisting of cuspidal
automorphic representations.

From the work of Harish-Chandra, Gelfand, and Piatetski-Shapiro, see also [53,
§1.2.18], the cuspidal automorphic spectrum decomposes as nicely as possible.

Proposition 8.7. — Let x be a unitary e-genuine ACC. Then Li’cuSp(GF\éA) decom-
poses discretely into Hilbert space direct sum of e-genuine unitary irreps, each with
finite multiplicity.

—

Li’cuSp(GF\G’A) ~ @ o [71-]

CUsp /A~ m
rETIS™P (G /F)

PART III
PARAMETERS FOR SPLIT TORI

9. A tale of two functors

Here we consider the simplest case in which we can give a one-to-one parameter-
ization of irreducible genuine representations by Weil parameters: the case of sharp
covers of split tori over local fields. This case underlies more difficult cases to follow.

Here F' will denote a local field, and T a split torus over F'. Fix a separable closure
F/F. Let Y be the cocharacter lattice of T, and X the character lattice. We identify
T=T(F)withY® F*; fory € Y and u € F*, we write u¥ for y ® u € T. Similarly,
we write TV = X ® C* for the complex dual torus; for z € X and z € C*, we write
2% instead of z ® z.

Let n be a positive integer for which p, = {¢ € F* : (" = 1} has n elements. Fix
an injective character ¢: u, — C*.

Let Cov,,(T) be the category of covers T = (T’,n) of T of degree n over F, as in
Definition 1.2. Each such cover yields a quadratic form @Q: Y — Z (its first Brylinski-
Deligne invariant) and hence a lattice Yo, C Y. Let Covfl (T) be the full subcategory
whose objects are those extensions (T’,n) for which Y = Yg ,, and for which Q is
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even-valued if n is odd. These are the sharp covers of degree n, and they form a Picard
groupoid.

If o: S = T is an isomorphism of split tori, then pulling back gives an equivalence
of Picard groupoids a*: Cov’,(T) — Cov¥(S).

9.1. The functor of genuine characters. — Suppose that T € Covi(T) is a sharp
degree n cover of T over F. Let QQ: Y — Z be its first Brylinski-Deligne invariant.
The sharp cover T defines a short exact sequences of locally compact abelian groups
(the construction of [18, §10.3], abelian by [77, Proposition 4.1]),

W — T —>T.
Define II(T) = Hom(7, C*) (continuous homomorphisms). Recall that
II.(T) = Hom.(T,C>),

the set of continuous e-genuine homomorphisms (those that restrict to € on p,,). Then
II.(T) is a II(T)-torsor by tw1st1ng

A morphism f: Ty — Ty in Cov? " (T) yields an isomorphism f: T, — T (an iso-
morphism of extensions of T' by ). The map x — xof gives a morphism of IT(T)-tor-
sors from II.(T3) to II.(T;).

Proposition 9.1. — The construction above defines a contravariant additive functor of
Picard groupoids,

II. : Covf (T) — Tors(II(T)).

Proof. — The only thing to check is compatibility with Baer sums. If T = T1 + T, is
the Baer sum of two objects of Cov’ 4 (T), then the resulting extension u, < T — T is
the Baer sum of Ty and T. If t € T, then the elements of T lying over ¢ are given
by pairs (1,%3) € Ty x Ty lying over t, modulo the relation (£1¢,t2) = (t1, Cty) for all

C € pn-
If x; € II.(T,) and xo € II.(T3), then define

x(t1,t2) = x1(t1) - x2(t2).

Since both x; and x» are e-genuine, x(#:¢,%2) = x(f1,(t2), and so x descends to
an e-genuine character of T. The map (x1,x2) — X defines a function HE(Tl) X
HE(TZ) — TI, ( ). Checking compatibility with twisting by II(T), this defines an
isomorphism of II(T)-torsors,

I (T,) + I (T3) = (T, + T5).

This isomorphism defines an additive structure on the functor II.. O
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If a: S =5 T is an isomorphism of split tori, and T € COVBL(T), and S = o*T, then
we find a commutative diagram of locally compact abelian groups with exact rows:

g —— S —» S

bork

Pulling back characters gives a group isomorphism «o*: II(T) — II(S). Pushing
out torsors via a* gives an equivalence of Picard groupoids, which we also write
o : Tors(TI(T)) — Tors(II(S)). Pulling back genuine characters gives a bijection
a*: I, (T) — Hg(g). Allowing covers to vary, these bijections define a natural iso-
morphism &@*: o* o II. = II. o o* making the following diagram 2-commute:

Covt (T) —2=s Tors(TI(T))

(9.1) o l“*

Covt (S) —= Tors(II(S)).

9.2. The functor of Weil parameters. — Since T is a split torus over ', and Y =Yg ,,,

the L-group of T (see Section 5.4) is a central extension of locally compact groups,
TV < 'T — Galp,

with TV = X ® C*. Since T is split, the L-group is well-defined up to unique isomor-

phism, without specifying a base point in the associated gerbe.

Define ®(T) = Hom(Wpr,T"), the abelian group of Weil parameters for T. Define
®_(T) to be the set of Weil parameters from g to “T. Then ®.(T) is naturally a
torsor for ®(T).

A morphism f: T; — T5 in Covfl(T) is automatically a well-aligned isomorphism.
It induces an equivalence of L-groups, by Section 5.5:

TV LT2 Galp
Pk

TV «— 5 Ty — Galp.

Composition with " f defines an isomorphism of ®(T)-torsors, from LT,-valued pa-

rameters to “7;-valued parameters.

Proposition 9.2. — This defines a contravariant additive functor of Picard groupoids,
®_: Cov’ (T) — Tors(®(T)).

Proof. — We have described such a functor ®, at the level of objects and morphisms.

To check that ®. respects the additive structure, we must see how the construction

of the L-group behaves for the Baer sum of two covers. So consider two objects T
and Ty of Cov,ﬁl(T)7 and write T for their Baer sum. Write 2, %5, 2 for the second
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Brylinski-Deligne invariants of Tl, T, and ’i‘, respectively. The construction of the
second Brylinski-Deligne invariant respects Baer sums, and so we find extensions of
sheaves on Fi,

Y — Dy —» Y, fori =1,2,

and 2 = 21 + Za. The Hom (Y, %, )-torsor of splittings $pi(Z) is naturally identified
with the contraction of the torsors §p/(Z1) and Spi(Z2). This gives an equivalence
from the gerbe of nth roots of §p/(Z) to the contraction of gerbes,

VSUP) = §[ D) + 3 SpUP2).

If 21,20 are base points (over some finite Galois F’/F), objects of {/dp/(Z1) and
{/pl(P2) respectively, then we find a base point z = 21 A 22 of {/Spl(2).

This defines a map, for all v € Galp

Hom(z1,"721) X Hom(22,722) — Hom(z, " 2).
Assembling these, we find an isomorphism of extensions of Galp by T,
(9.2) WI(ES(T)a z) = 7T1(Ec~:('i‘1), z1) + 7T1(Ee('i‘2),52)-

Let @, @1, Q2 be the first Brylinski-Deligne invariants of ’i‘, ’i‘l, ’]~:‘2, respectively.
Then Q = Q1 + Q. This gives an isomorphism of extensions of Galgp by TV,

9.3) (rq)+Galp = (1q,).Galr + (rq,).Galp.
Taking the Baer sums of (9.2) and (9.3), we find an L-equivalence of L-groups,
FENT T Y
This L-equivalence defines an isomorphism of ®(T)-torsors, from the LT-valued Weil
parameters ®.(T) to the contraction of ®(T)-torsors ®.(T;) + ®.(T2). This defines
the additive structure on the functor ®. as required. O

If : S = T is an isomorphism of split tori, and T € Cong(T), and S = o*T, then
we find a well-aligned isomorphism,

Ky —— S ——»S
T
Ky —— T ——» T.
This defines an equivalence of L-groups,
TV 5 7 — % Galp
lav J/LOC J{:
SV LS — % Galp.

The isomorphism a": TV — SV gives a group isomorphism a": ®(T) — ®(S).
Composition with “a gives a bijection fa: ®.(T) — ®.(S). Allowing covers to vary,
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these bijections define a natural isomorphism “a: a¥ o @, = ®,. o o making the
following diagram 2-commute:

Covt (T) —2= Tors(®(T))

(9.4) l‘** lav

Covt (S) —2= Tors(®(S)).

9.3. The goal. — Class field theory gives a group isomorphism (the simplest case of
[45]),

Z: II(T) = &(T).
Indeed, if rec: W2P = F* is the isomorphism of class field theory (normalized so
that a geometric Frobenius corresponds to a uniformizing parameter, in the nonar-

chimedean case), then Z is the isomorphism given by composing the sequence of
isomorphisms,

Z: II(T) = Hom(T,C*) = Hom(Y ® F*,C*)
22, Hom(F*, X ® CX)
X, Hom(Wp, X ® CX) = Hom(Wp, TV) = &(T).

Here and later, cany : Hom(Y ® F*,C*) = Hom(F*,X ® C*) is the natural iso-
morphism arising from the duality of X and Y.

The goal for the next few sections is the construction of a natural isomorphism
Z.: L oIl, = P, of additive functors, which makes the following diagram of Picard
groupoids and additive functors 2-commute:

Tors(II(T))
(9.5) Covt (T) 4 y
\
Tors(®(T)).

Here we abuse notation slightly, and write Z not only for the isomorphism IT(T) —
®(T), but also for the equivalence of Picard groupoids given by pushing out via Z,
Tors(II(T)) = Tors(II(®(T))).

This pushout isomorphism Z is naturally isomorphic to the functor which sends an
II(T)-torsor V to the ®(T)-torsor with underlying set V' and action given by

dxv==2"1(p)xv for allv € V, ¢ € &(T).

In this way, viewing Z as the identity map on underlying sets, the natural isomorphism
Z. will give a bijection from IL (T) to ®.(T), for any cover T € Cov¥ (T).

SOCIETE MATHEMATIQUE DE FRANCE 2018



118 M. H. WEISSMAN

We will also prove that Z. is compatible with pullbacks, in the following sense. If
a: S — T is an isomorphism of split tori, and T € Covi(T), and S = o*T, then
Z is compatible with pullbacks in the sense that the following diagram of groups and
isomorphisms commutes:

II(T) —% &(T)

o

1(S) —“— &(S)
We will find a commutative diagram of additive functors and natural isomorphisms:

Ze
04*0$OH€ —— a0 P,

|

(9.6) Loa*oll, La

I
Z

zonsoa* — P_oa".

In other words, given an e-genuine character of a cover 7', we may proceed in two
directions: first, we may parameterize it by a 'T-valued Weil parameter, and then
push that parameter to find a “S-valued Weil parameter. Second, we may pull back
the character to find an e-genuine character of the cover S, and then parameterize by
an “S-valued Weil parameter. The resulting LS-valued Weil parameters will be the
same, according to the diagram above.

Thus Z.: ZoII. = &, will parameterize e-genuine characters by Weil parameters,
for sharp covers of split tori. Formulating Z. as a natural isomorphism of additive func-
tors means that our parameterization of e-genuine representations will be compatible
with morphisms of covers, Baer sums, twisting, and pullbacks (via isomorphisms of
tori). The proof requires some intermediate steps, and we will proceed through two
more functors and three natural isomorphisms, according to the roadmap below:

(9.7) ZolIl, =2 rec* oIT? <2 rect oA <& d..

10. Deligne’s construction

Here we utilize an idea of Deligne (personal communication) which relates the
genuine characters of one extension to splittings of a “dual” extension. This provides
a natural isomorphism from the functor cany oIl to a functor IT° which will be easier
to work with later. We fully credit Deligne with the elegant idea of this construction,
and we take responsibility for any sloppiness in exposition.
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10.1. Dual extensions. — We give a very general construction here; suppose that J
and C are locally compact abelian groups (with composition written multiplicatively),
and X and Y are finite-rank free abelian groups in duality as before. There is a group
isomorphism,
Ext(Y ® J,C) 2 Ext(J, X ® C),
where Ext denotes the group of isomorphism classes of extensions (of locally compact
abelian groups). This follows from the fact that Ext distributes over finite direct
sums. We can beef this up to an equivalence of Picard groupoids as follows: Let
Ext(Y ® J, C) be the Picard groupoid of extensions of locally compact abelian groups,
and E an object therein,
C—>E—->Y®J

Tensoring with X yields an extension of locally compact abelian groups,
XRC—>XQFE »XQY®J.
Pulling back via the canonical inclusion ¢: Z — X ® Y yields an extension

XQC—1"(X®FE)—»J

Proposition 10.1. — This defines an equivalence of Picard groupoids,
Dy =" (X ®e): Ext(Y ® J,C) — Ext(J, X ® C).

Proof. — We begin by checking that the construction Dy gives a bijection on isomor-
phism classes. Choosing a Z-basis {y1,...,y-} of Y, and dual basis {z1,...,z,} of X
yields group isomorphisms Ext(Y ® J,C) = @;_, Ext(J,C) and Ext(J,X @ C) =
D._, Ext(J,0).

The canonical map ¢: Z — X QY satisfies 1(1) = Y_;_; ; ® y;. It follows that the
construction gives a commutative diagram:

Ext(Y ® J,C) —X— Ext(J, X ® C)

D, Ext(1,0) 225 @I, Bxt(J,C).

But the functor Dy is (naturally isomorphic to) the identity functor on the category
Ext(J, C). Thus the bottom row of the commutative diagram is an isomorphism, and
so the top row is an isomorphism.

To demonstrate that Dy is an equivalence of categories, we trace through an au-
tomorphism of an extension C' — E — Y ® J. Such an automorphism is given by an
element a € Hom(Y ® J,C) (a continuous homomorphism). With respect to the cho-
sen basis, a = [[&;* for some family of homomorphisms §;: J — C. In other words,
a(3¥) =TI, &(5) .

If e € E lies over j¥ € Y ® J, then the automorphism 7, € Aut(E) is given by

na(e) = e- [T&) .
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The resulting automorphism of X ® C — X ® E - X ® Y ® J is characterized by
Taox(z®e)=(z@e) [[&G) v,

ifx € X, and e € E lies over j¥ € Y ® J. Thus in the pullback via t: Z — X Y, we
find that the automorphism of Dy F := *(X ® FE) is given by

Dyna(j) = j- [ &) v =j-T]&06)™,

for all j € Dy E lying over j € J.

The automorphism group of E is canonically identified with Hom(Y ® J, C). The
automorphism group of Dy E is canonically identified with Hom(J, X ® C). The com-
putations above demonstrate that the functor Dy coincides on automorphism groups
with the canonical isomorphism,

Dy = cany: Hom(Y ® J,C) = Hom(J, X ® C).

Therefore Dy is an equivalence of Picard groupoids. Compatibility with Baer sums is
left to the reader. O

The equivalence Dy depends functorially on C' and J as well. For example, if
j: Ji — Jaz is a homomorphism of locally compact abelian groups, then a natural
isomorphism makes the square below 2-commute:

Ext(Y ® Jo,C) —2 Ext(Jo, X ® C)

(10.1) 5 5

Ext(Y ® Ji,C) — Ext(J1, X ® C).

Here the vertical arrows are additive functors given by pullback via j.

The equivalence Dy also depends functorially on Y, at least for isomorphisms.
Let a: Y7 — Y5 be an isomorphism of finite-rank free abelian groups, and write
aV: X, — X, for the dual isomorphism. Then a natural isomorphism makes the
square below 2-commute:

Ext(Ys ® J,C) —— Ext(J, X2 ® C)

(10.2) l“* l‘d

Ext(Y: ® J,C) —X Ext(J, X1 ® O).

10.2. Genuine characters and splittings. — Now consider an extension of locally com-
pact abelian groups,

pn = E—>Y ®J,
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Pushing out via €: y, — C* yields a commutative diagram

M E Y®J
Cc* I ) Y ®J

Giving an e-genuine character of E is the same, by the universal property of pushouts,
as giving a splitting of the bottom row of this diagram. In this way, we find an
isomorphism of Hom(Y ® J, C*)-torsors,

(10.3) Hom,(E,C*) = Spl(e.E).
Applying the functor Dy = t*(X ® e) to £, F yields an extension
X QC* — Dye,F —» J.

A splitting of ¢, F is the same as an isomorphism from £, F to the trivial extension
(i.e., zero object) in the Picard groupoid Ext(Y ® J,C*). Since Dy is an equivalence
of Picard groupoids, it defines a bijection,

(10.4) Dy : Spl(e.E) = Spl(Dye.E).
Assembling (10.3) and (10.4), we have a bijection,
(10.5) Hom,(E,C*) = Spl(Dye.E),

which intertwines the Hom(Y ® J, C*)-action on Hom,(E,C*) with the Hom(J, X ®
C*) action on Spl(Dye,FE), the intertwining passing through the isomorphism cany .

10.3. A natural isomorphism. — If y, < T — T arises from a sharp cover T as
before, then define °T = Dye,T. This is an extension of locally compact abelian
groups,

X®C* —PT - F*.
Define II°(T) = Spl(PT). We have described a bijection,
D: T (T) = Hom,(T,C*) = Spl(°T) = I°(T).

Define TI°(T) = Hom(F>< X ® C%), so cany: II(T) — II°(T) is an isomor-
phism. We find that TI°(T) is naturally a II° (T)-torsor. Moreover, ) intertwines
the TI(T)-torsor structure on II.(T) with the IT°(T)-torsor structure on II2(T), via
cany.
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Putting everything together, we find the following diagram of Picard groupoids
and additive functors, made 2-commutative by ): cany oIl, = HED,

II.

Covt (T) —— Ext(Y ® F*, ) 220 org(m(T))

\LDYE* J{cany

Ext(F*, X ® C*) —2 Tors(IT°(T)).

HD

For reference, we trace an object T € Cov¥,(T) through this diagram:

II.

T ’/f—\ Hom, (T, C*)

spl (°T).

Compressing the diagram down a bit, we find that &): cany oIl, = ].'ISD is a natural
isomorphism of additive functors, making the following diagram of Picard groupoids
and additive functors 2-commute:

Tors(II(T))
/
(106) COVBL(T) ll (@ cany
\
Tors(II°(T)).

Composing with rec*, and recalling that £ = rec* o cany, we have constructed a
natural isomorphism

(10.7) D: T oI, = rec* oll?.

The natural isomorphism &) is compatible with pullbacks in the followigg way.
Suppose that a: S — T is an isomorphism of split tori, T € Covgl (T) and S is the
pullback of T. The following diagram of additive functors and natural isomorphisms
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commutes:

)
a* oL oI, == a* orec* oll?

|

(108) z o Oé* o Hs Dg

I

)
Z oIl o a* === rec* oIlI? o a*.

Indeed, rec* and Z are compatible with pullback. From (10.2), the construction of the
“dual extension” is compatible with pullback. In particular, o induces an isomorphism
D&: PT — DS lying over aV: TV — SV.

Given an e-genuine character of T', we may proceed in two directions: first, one can
construct a splitting of °7T', and then push via P& to find a splitting of °S. Second, we
can pull back to find an e-genuine character of S, and use that to construct a splitting
of PS. The above diagram states that the resulting splitting of °S will be the same.

11. Weil parameters as splittings

The natural isomorphism 7): cany oIl, = HED relates genuine characters to split-
tings of a central extension. Here we define a natural isomorphism which relates Weil
parameters to splittings of another central extension.

Begin with the L-group TV < YT — Galp. Since H?(Galp, C*) = 0, this extension
splits. While there is no canonical splitting of “7", the splitting over the commutator
subgroup [Galg, Galp] is canonical; indeed, two splittings of LT differ by an element
of Hom(Galp,T"), and such a homomorphism is trivial on [Galg, Galp] since TV is
abelian. From this observation, we get an extension of abelian groups,

(11.1) TV — 'T/[Galp, Galp] — Galy .

-1

Let AT be the pullback of (11.1) via F* X% 93P < Gal3?,
TV AT — F*.
(A stands for abelian.) Define ®2(T) = Spl(*T), viewed as a Hom(F*,TV)-torsor.

Proposition 11.1. — Every Weil parameter ¢: Wr — T descends uniquely to a ho-
momorphism W — AT. This defines a bijection,

A: ®.(T) - dX(T),

which intertwines the ®(T) = Hom(Wp,TV)-torsor structure on the left with the
HD(T) = Hom(F*,TV)-torsor structure on the right, via the reciprocity isomorphism
rec*: TI°(T) = &(T).
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Proof. — Let o: Galp — T be any splitting and write o’ : Wg — T for its pullback
via the canonical map Wr — Galp. If ¢ € <I>8('i‘) is a Weil parameter, then both
o’ and ¢ are homomorphisms from %p to 'T, and there exists a unique function
7: W — TV such that ¢(w) = o(w) - 7(w), for all w € We.

Since TV is contained in the center of ‘T, we find that 7: Wp — TV is a ho-
momorphism. Hence ¢ = o - 7 sends the commutator subgroup of g to the image
of [Galg, Galp] in “T. Thus ¢ descends uniquely to a homomorphism 93> — AT.
Pulling back via the reciprocity isomorphism rec™: F* = 92" yields a homomor-
phism ¢#(¢): F* — AT as claimed. This homomorphism oA (¢) is a splitting of AT,
and the construction of ¢#Z(¢) from ¢ is compatible with twisting by ®(T) through-
out. O

The construction of the L-group gives an additive functor of Picard categories,
Covf (T) — CExt(Galp,TV) (the latter category is a Picard groupoid with one
isomorphism class, since H?(Galp,TV) is trivial). The construction of AT from
the (split) extension LT comes from another additive functor of Picard categories,
CExt(Galp,TV) — Ext(F*,T"). Here Ext(F*,TV) is the Picard groupoid of exten-
sions of locally compact abelian groups. It can be proven that every such extension
splits. Finally we apply the additive functor of splittings Spl,

Spl: Ext(F*,T") — Tors(Hom(F*,T")).

Recall that TI°(T) denotes Hom(F*, TV). As the composition of three additive func-
tors, @~ is an additive functor,

®": Cov! (T) — Tors(II°(T)).

The bijection ¢ — ¢Z(¢), from the set of Weil parameters to Spl(AT), gives a natural
isomorphism of additive functors, o#: ®. = rec* o@ﬁ‘:

Tors(®(T))
/
(112) COVBL (T) J A rec®
2!
Tors(II°(T)).

The natural isomorphism ¢# is compatible with pullbacks in the following way.
Suppose that a: S — T is an isomorphism of split tori, T € Covi(T) and S is
the pullback of T. Then we find the L-morphism “é: ' — LS. This descends to a
morphism of extensions A& as below:

TV « s AT 4 FX

o ke |

SV —s AS —— F*.
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In this way, a yields a bijection Aa: Spl(AT) — Spl(AS).
The following diagram of additive functors and natural isomorphisms commutes:

A
a* O@E :> a* Orec* O@?

(11.3) L as

P, oa* #} rec* o(I)? oa*.

Given a Weil parameter valued in “T’, we may proceed in two directions: first, one
can push via '@ to find a Weil parameter valued in 'S, which descends to a splitting
of AS. Second, one can descend the original parameter to find a splitting of AT, and
then push via A& to find a splitting of AS. The above diagram states that the resulting
splitting of A3 will be the same.

12. Parameterization
With (10.7) and (11.2), we have now constructed additive functors and natural
isomorphisms as below:

70T, =2 rec* oIT? rec* o®? «Z— ..

The real work comes here, as we define a natural isomorphism of functors I'IED & <I>§
linking the middle terms. For this, we will define isomorphisms 2(T): PT = AT, in
the category of extensions of F'* by TV.
A morphism j: T; — Ty in Cov (T) yields two morphisms in Ext(F*,TV).
D‘IDT2—>DT1, A~:AT2_)AT1.
We will demonstrate that our isomorphisms 2 are compatlble with morphisms
in Cov¥ »(T), i.e., the following diagram commutes for all j: T, — Ty:

~ D ~
oy, ——~ 07y

J{f/j('fz) Lsc/j(i‘l)
AF " A
T, ——————— .
This will provide a natural isomorphism of torsors

P(T)
) —

I1°2(T) = Spl(°T) == SpI(*T) = ®2(T).

In the work that follows, we frequently refer to extensions which are “incarnated”
by bimultiplicative cocycles, so we fix some terminology here. Suppose that J and C
are locally compact abelian groups. A bimultiplicative cocycle

0: I xJ—C
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is a continuous function which factors through J ®; J — C. (The usual 2-cocycle
identity follows from this). Such a cocycle allows one to define a central extension

C—J X C — J,
where J xy C' = J x C as sets, and multiplication is given by

(41, c1) - (Jo2,c2) = (J1g2, crc2 - 0(j1, 52))-

We often write ¢ instead of (1, ¢), viewing C as a subgroup of J x ¢ C. But we typically
write s(j) = (j, 1), using the letter s for the section (not often a homomorphism) from
Jto J xgC.

For a bimultiplicative cocycle 6, induction gives a formula for powers,

(12.1) (G,1)? = (%,1) - 0(j,§) " for all j € J,g € Zsy.

12.1. Incarnated covers. — Suppose that T = (T’,n) is a sharp cover incarnated
by C € X ® X as in [18, §3]. We often utilize an ordered basis 3 = (yl,...,yr)
of Y and dual basis (z1,...,7,) of X in what follows. Write C' = }_, ; xl ® ;
with respect to this basis. Thus TV = T X o K2 (as sheaves of sets on FZar), where
6c: T x T — Ky is the bimultiplicative cocycle (a map of sheaves of sets),

0 tl,tg H{.’E tl .'I/'J tg)}c%

,J

Note that the right side depends on C, but not on the choice of basis. Hence T’
depends only on C and not on the choice of basis.

The isomorphism class of T € COVBL(T) is determined by the associated quadratic
form Q(y) = C(y,y). f Cy € X ® X, and Cy(y,y) = C(y,y) for all y € Y, define A =

C — Cy, the alternating bilinear form represented by the matrix (a c%)), a’d%, =c g/Jg f/%, o

Write T for the degree n cover incarnated by Cy. Associated to A is an isomorphism
tg a: To— T given by

13,4t k) t, K - H{xl o

i<j

For any element 4 = [[, ;" € X ® F'*, define an automorphism j; € Aut(T) by

ja(t, k) = (t,n . H{xi(t),ui}> )

From [18, §3], it suffices to study incarnated covers and morphisms as above.

Proposition 12.1. — The category Covi(T) is equivalent to its full subcategory whose
objects are the covers incarnated by elements of X ® X. FEvery morphism in this
full subcategory can be expressed as the composition of a morphism vg 4 (for some
alternating form A) and an automorphism of type ju (for some & € X @ F* ).
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Proof. — The isomorphism classes in Covfl(T) are in bijection with quadratic forms
Q:Y — Zsuch that Y = Yy ,, and such that @ is even-valued if n is odd. Since every
quadratic form Q: Y — Z can be written as Q(y) = C(y,y) for some C € X ® X, we
find that every isomorphism class contains an incarnated cover.

The proposition now follows, since the category Cong(T) is a groupoid, the iso-
morphisms of type tg 4 link all objects within the same isomorphism class, and the
automorphism group of each object is identified with X ® F* by [18, §3]. O

12.2. The extension P°T. — For T a sharp cover incarnated by C € X ® X, every
ordered basis B3 of Y yields a section of DT. We describe this here, and track the
dependence on basis and the effect of morphisms of covers.

First, T yields an extension C* — e, — T, with e, T =T Xg, . C* and incar-
nating cocycle

0075(t1, tz) = H Hilbfl(l‘i(tl), Zj (tg))cc% .
1.7

Hereafter we write HilbS, = ¢ o Hilb,,: F* x F'* — p, (C).

An element of T =Y ® F'* can be written uniquely as [], u}* with u; € F* for all
1 < i < r. Similarly, an element of TV = X ® C* can be written uniquely as [], 2
with z; e C* forall1 < <.

To construct PT, we first tensor with X to obtain

XRC* 5 X®e,T »XQY ® F*.

The basis 3 determines a section 8%2 XQYQF* - X®eT=X® (T Xgc. C*),

T4
r

T r
53 Hﬁ“ff@yj =11 | II=%.1 € X®e.T.
i=1j=1 i=1 \j=1

an element of e, T

Define a bimultiplicative cocycle 0%: (XQQYQF ) x (XY QF*) > X®C*,

HilbS (u, )5 ™, if i = k;

0% u$i®yj’,vwk®ye —
B ( ) 1 otherwise.

The section 3?3 defines a group isomorphism,
0%: (X®Y ® F*) x,0 (X ® C*) - X ®¢,T,
B 03

characterized by a%(umi@yj,tv) =t. s%(u“@yf) forall 1 <i,j <r,uecFX.
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Recall that °T = 1*(X ® &,T), where 1: Z — X @Y sends 1 to > i ® y;. Define
Og: F* x F* — X ® C* to be the pullback of Hf% via ¢. Thus

03(u,v) = 6’% Humi@yi,nv%@yﬂ'
i J

— H 9:% (uzi®yi , Uﬂﬂj@yj)
'7-7.

— H 0% (u$i®yi , v$i®yi)
A

= [T HiE (u, v)® = [ HilbE (u, v) @),

7 (3

(12.2)

Pulling back Uc% via ¢ gives a group isomorphism,
oR- F* X9$T\/ = DT,
characterized by og(u,t¥) =tV - S%(L(u)) for all u € F*.

Lemma 12.2. — For all u,v € F*, we have

0 3(u,v) = HHilbfL(u,v)Q(yi)“ = 7o (Hilba(u, v)).
i=1

In particular, 0 g is independent of basis.

Remark 12.3. — If char(F) = 2, then n is odd, so 7g(£1) = 1, and one should
interpret the lemma as 6 g(u,v) = 1 since the quadratic Hilbert symbol is not defined.

Proof. — Recall that 7g: po — TV = X ® C* is dual to the homomorphism ¥ —
%Z/Z given by y — n~'Q(y). Thus ¢ can be expressed using the basis .3,

To(~1) = H e2minT ' Q(yi) xi
i

Since T is a sharp cover, Y = Yy ,, and so 2Q(y) € nZ for all y € Y. If n is odd
(in particular if char(F') = 2), this implies that Q(y;) € nZ for all 1 <4 < r, and so
0 a(u,v) = 1 = 7 (Hilby(u,v)) as claimed.

If n is even, then Hilby(u,v) = Hilb,, (u,v)"/? and so

Hilby (u,v), if n™'Q(y:) € Z;

HilbS (u, v)2W:) = Hilby (u, v)2@®)/™ =
1 if n~'Q(y;) € Z.

The result follows from our previous computation of 0 g(u,v) in (12.2). O
Hereafter, we write simply ¢ rather than 6g. Thus og gives an isomorphism
in Ext(F>,TV),
og: FX xgTV — DT
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The cocycle 0(u,v) = 7g(Hilba(u,v)) is independent of basis, but the isomorphism
0g depends on the basis.

We trace through morphisms of extensions here. First, consider an element & =
[[u e X®@F* = Aut(T). This defines an automorphism of €,T", given by

ja(t, z) = (t,z , HHilbfL(mg(t),ug)> .
4

On the other hand, for any extension F € Ext(F*,TV), @ defines an automorphism
Ji € Aut(E) by

(12.3) ji(e)=e- HHilbfL(v,ug)”, for all e € E lying over v € F'*.
[
In particular, the automorphism jy coincides with Djs. on the extension DT 1If
E1,Es € Ext(F*,TV), and n: E; — E5 is a morphism of extensions, then
i on=mnojg.
From this, we directly obtain compatibility of o g with automorphisms.

Proposition 12.4. — The isomorphisms og are compatible with automorphisms ja,
i.e., the following diagram commutes:

O g ~
F* x,TV 22, D

ljz sz ="ja

FX xgTV 22 DT

Next we consider a morphism ¢g 4: ’i‘o — 'i‘, given by two elements Cy,C € XX
with C(y,y) = Co(y,y) for all y € Y. The matrix (a'3) is defined by a'3 = '3 —c3

and the morphism of covers ¢ g 4 induces an isomorphism ¢ g 4: €.Tp — €.7,

Lgalty2) = | bz - T HIDG (2:(t), 25(£) %
i<j
Write g g: F* xg TV — DT, for the isomorphism defined analogously to o 2

Proposition 12.5. — The isomorphisms o g and oy g fit into a commutative diagram:

I3 7
F*X xpTV —2 DT

J{: J/DLC%'A

on(ﬂ ~
F* xo, TV 225 DT,
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Proof. — 1t suffices to check that the diagram commutes for elements of the form
(u,1) € F* xg TV. Observe that the vertical map P 4 is the restriction of a homo-
morphism [X ® 13 4]: X ®e. Ty — X ®¢e,T,

(X ® 3,4l <H(tz,1)”> =TT | e, T Hilb5, (ko) 5 (20)) %3

L £ 1<j

If (u,1) € F* x4 TV, then

og(u,1) = s% <Hu‘”®y£> = H(uy“,l)” € X®e, T

4
Similarly,

o051, 1) = [J(u*, 1) € X @ e.T.
4

Thus we find

DLC%),A(UO,C%’(U’ 1)) = [X X LJB,A] <H(uy¢’ ]_)M)
4

_H u¥ HHllb z;(u¥), z;(u*)) ay

1<j

= H (uye7 1)” = Uc%)(u, 1).
4

The simplification of the inner product is based on the following observation: z;(u¥¢) = 1
unless ¢ = £ and z;(u¥*) = 1 unless j = ¢, but the product is indexed by only those
1,7 with ¢ < j. O

12.3. Change of basis. — If .3’ = (y1,...,¥.) is another ordered basis of Y, then we
find another isomorphism, 0.4 : F* xyTV — PT. Consider the change of basis matrix
(95) € GL(Z), so that o} = 3", gijz; and 3, gijy; = y;. For what follows, define

i1 gl](glj ]-) kl _ ke
(12.4) Ay = c&”fv Fj = Cx9kjiges,
x(u) = Hilb;, (u,u) for all u € F*.

Proposition 12.6. — Define the automorphism fg @ € Aut(F* x¢T"), in the category
Ext(F>*,TV),

fcyg,@/(u,t\/) = | utv- HX(U)(ZI Aij+ T e TH)a;
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This fits into a commutative diagram in Ext(F>,TV),

FX X(,]TV

w)
DA

fz.% T

G'F%/
FX X9 TV,
Proof. — There exists a unique isomorphism fg @ making the diagram above com-

mute, given by fg @ (u,t") = (u,d(u)t"), where d(u) = SE(L(U)) . sf%,(L(u))_l. Now
we compute

52, (u(w) = 52, (H W@y%) ,

,
= H(uy;, 1)%, (noting that (u¥,1) € e, T =T Xge. C*)
=1

r

— H(uyé, 1)25-:1 9ii®s

i=1
T

_ H (uyi’ 1)9i%5

ij=1

= H H (ugijy:;’ l)m] . HX(U)AUQ)J, by (12.1)
jot i,j

-1l (H W, 1) L@ T T ™,
J i i7

j k<t

=TT, 07 - T x) (B 20 Enaes s,
J J

— 8% Huzj@)yj . Hx(u)(z, A+ ce F?f)wj7
J J

A Ly
= s50() - [ L) A+ 2ne 5,
J
The proposition follows immediately. O
12.4. Parameters. — We begin with the same data, a degree n sharp cover T of a split
torus T over F, incarnated by C € X ® X, and an ordered basis 8 = (y1,---,¥) of

the cocharacter lattice Y. The second Brylinski-Deligne invariant of T is an extension
4, — 9 — 'Y of sheaves on Fg, and we can describe & in terms of C € X ® X.
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Tracing through the construction of the second Brylinski-Deligne invariant [18,
§3.12], consider T'(F((v))) for a formal parameter v. This fits into a short exact
sequence

K (F((v) = T'(F(v)) - T(F(v))-

This extension is incarnated by the bimultiplicative cocycle 6,, satisfying

05.,(fV',g%) = {£,9}3, for all f,g € F((v)),1<i,j<r.
Pushing out via the tame symbol 0: Ky(F((v))) — Ki(F) = F*, and pulling back
via Y — T(F(v)), y — vY, we find the extension F* — Z[F] — Y. This extension
is incarnated by the bimultiplicative cocycle 84 , satisfying
03,0 (i y;) = 0{v, v} = (=1)%.
This construction applies equally well over a finite Galois extension of F'. Thus the
basis 3 determines an isomorphism
o3 p:Y Xog, Gm — 2,

of extensions of sheaves of groups on Fg;. Sharpness of T implies that Z is a sheaf of
abelian groups on Fy;.

The choice of basis 3 gives a splitting of Z: since Y is a constant sheaf of
free abelian groups, there exists a unique splitting dg: ¥ — & which satisfies
da(yi;) = 03 p(ys,1), for all 1 < i < r. Thus the choice of basis trivializes the

Som(Y,%,,) = T -torsor Spt(Z). This trivialization, in turn, neutralizes the gerbe
of nth roots {/Spt(Z) over F. Explicitly, define zg € {/dpi(Z2)[F] by 25 = (7, hg)
with hg: T — OpL(P) given by
(12.5) hcg(fl) =a"xdg.

This neutralizes the pushout E.(T), and we find an isomorphism in CExt(Galp, T"),
(12.6) Ag: Galp xTV — 7¢(E.(T), 23).
The Baer sum with (TQ)*E;IF yields an isomorphism in CExt(Galg,T"),
(12.7) Ag: (1q)«Galp — T .
Here EZB denotes the L-group with respect to the base point zg. Note that
(1¢)+Galp = Galp xT" as sets, with multiplication given by the cocycle,

(71,72) + 7@ (Hilby(rec 1, recys)) .

From (12.7), taking the quotient by [Galr, Galr], and pulling back via F* — Q2> —
Gal??, we find an isomorphism in Ext(F*,TV),

(12.8) Ag: F* xog TV = AT,
where we recall that §(u,v) = 7¢(Hilbs(u,v)). For what follows, it helps to describe
Ag: F* xg TV — ATZCLB in more detail. For an element (u,1) € F* x4 TV, take the

following steps:
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Choose v € Wr C Galg such that rec(y) = u.
Since zg is defined over F', Hom(zg,”23) = Hom(zg, 23). Thus we have an
element Idg ., € Hom(zg,723) C m$t(E.(T), zg).

We also have an element (v,1) € (TQ)*C?;lF lying over v € Galp. Hence
(7,1),1dg,) € T, = (19):Galp + i (E(T), 23).

Ag(u,1) is the image of ((v,1),Idg ) in the quotient ATZC%,.

As in Proposition 12.4, the isomorphisms A 3 are compatible with automorphisms
of covers. If & € X ® F*, then we have the resulting automorphism j; € Aut(T). As
before, let jY denote the automorphism of any extension in Ext(F*,T"V) associated
to @. Since j; is well-aligned, we also get an automorphism of the L-group LT, 2> Which
descends to an automorphism * ja of A’f’z 2
Proposition 12.7. — For all 4 € X ® F*, j) = *ja, making the following diagram
commute:

Ag ~
FX xgTV 25 ATy

sz sz =*ja

A ~
X X9 TV *CB> ATC%).

Proof. — We trace the automorphism j; through the construction of szﬂ. It has

no effect on (7g).Galp. On the other hand, the automorphism j; corresponds to the

automorphism of 4,,, — 2 - Y,

d—d-u(y), for all d € Z lying over y € Y.

Here and later, & € X ® F* = Hom(Y, F*), so 4(y) € F*.

If s € $pl(D), then ji(s) = 4" * s is the pullback of s via jg. (See Section 3.4 for
conventions on well-aligned functoriality). From this, j; gives an equivalence of gerbes
xR/ SpU(D) — ¥/Spi(Z), which sends the base point zg = (7 ,hg) to Zg =
(7,00 hg). Here 4o hg: T — OpL( D) satisties

(12.9) [4ohgl(a)=a"0"" *xdg.

Choose any isomorphism p: zg — Z:%’ in {/QW[F] Concretely, p: 7 — J must
be a map of .7-torsors, so there exists 7 € 7 such that p(a) = 7 * a, for all & € 7.
Moreover, since p intertwines hg and o hg, (12.5) and (12.9) imply that 7" = 4.

Now, for any f € 7$'({/pi(2), 25) = Hom(zg, 23), define an isomorphism f’ €
Tt (/SpU D), #'z) by the rule f'(a) = f(a) for all a € . (Here we note that zg =
(ﬁ,hyg) and z'g = (T, a0 hg), so f and f’ are both given by functions from T to
itself). Then f’ is the image of f, under the equivalence of gerbes {/74.

Define

Pfeni () SpiD),z5) ="p o f' op e Hom(zg,  23).
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Then we compute

. _ . _ . 7

Pf(@) ="p" (' (p(a))) ="p7 N (f'(F*a)) = —
V(%)

Pushing out via € and taking the Baer sum with (TQ)*é\a_le, we find that f — °f

induces an automorphism “j; of the extension

* f(a).

TV <7

2B

L P — e \/5)
Ja(f) (7(%) fs

for all f lying over v € Galg. For uy € F* and v € Wr C Galp, the relationship
between the Artin symbol and Hilbert symbol gives

¥ Y ug
o/tig

- Galp,

given by

Y= — Hilb,, (ug, recy) = Hilb,, (recy, ug) " .
P

Hence, Lj; descends to an automorphism “j; of the extension
T\/ PN ATZJB _y FX,
given by
Ajale) =e- H Hilb;, (v, ug)™,
‘

for all e € ATZ&? lying over v € F*. Hence Aj; = j) as defined in (12.3). O

Next, as in Proposition 12.5, consider two elements Cp,C' € X ® X such that
Co(y,y) = C(y,y) forally € Y. Let A = C—Cy, giving an isomorphism v g 4: To — T
of the incarnated covers. Write %, dy 3, 20,3, Afoyzoﬁ, etc., for the analogs of 7, d g,

23, AT%,, using C instead of C.
Proposition 12.8. — The homomorphism ALC%),AI AT% — Afo’zow, induced by the well-

aligned isomorphism v g 4, fits into a commutative square

Ag ~
FX xgTV —2— AT,

F

Ao, B AR
F* g TV 2025 ATy

Proof. — The isomorphism ¢g 4: Ty — T gives an isomorphism of extensions below:

Gy —— Do —>» Y

Bl

G —— P —» Y.
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Using the presentation of 7y and Z by cocycles from Cy and C, respectively, we find
that

gl 1) = [ JJ (-0t
i<j

for all y € Y. Recall that the basis 3 gave splittings of 2y and 2 respectively,
satisfying do(y;) = (yi,1) and d(y;) = (y;,1). Since v g 4(yi,1) = (y;,1), we find that
t3 4 ©do = d.

We may use ¢ g 4 to pull back splittings of & to splittings of %y. We find that this
map of .7 -torsors

vig 4+ PUD) — SpU D)

sends the trivialization d to the trivialization dy. It follows that ¢
of gerbes,

*

3.4 gives a functor

Ui YSUD) = U Z0)
which sends the base point z 4 to the base point 2, 3. As both are base points defined
over F', we find that % , sends the identity morphism Idg, € Hom(zg,723) =
Hom(zg, 23) to the corresponding identity morphism Id, g ., € Hom(zy 3,2 3)-
It follows that *. 4 sends Ag(u, 1) to Ay g(u,1) for all uw € F*. The proposition
follows. O

12.5. Change of basis. — If .3’ = (y},...,¥.) is another basis, then we find from

it another splitting dg : ¥ — 2 characterized by d'a(y;) = (y;,1). This provides
another trivialization of the torsor §p/(Z), and thus another object zg = (7 ,h 2)
of {/SUT)IF). )

An isomorphism ¢: zg — zg in {/Spi(Z)[F] produces an isomorphism “¢: T, —
I'TZC%, in CExt(Galg,TV), and any two such isomorphisms t1,t2 produce the same
isomorphism “¢; = 45. It follows that there is a unique automorphism r 3.3 of F* xg
TV in the category Ext(F*,TV), which makes the following diagram commute:

A3
FX xoTV — 224 AT

]
JTE%’,:/B/ lAL

X v A A
F*xgTV — TZ&@"

Consider the change of basis matrix (g;;) € GL,(Z), so that z} = >, g;;z; and
> 9ij¥i = y;. Define A, F?e, and x as in (12.4).

Proposition 12.9. — The automorphism rg g € Aut(F* x¢ TV) satisfies

ra.aut) = [u,t"- Hx(u)(ZiAijJrszF?e)_mj
J
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Proof. — Giving an isomorphism ¢: zg — 2@ is the same as giving a morphism
[+ — T of T-torsors, f(a) = é-a, satisfying d g = €™ * d g. This condition on é is
equivalent to the following, for all 1 < j < r.

e(y)" = dgly;) ™" - dg (y;),
=(y;,) " -dg <Z gz‘jy§> ,
= (yj’ 1)_1 : H(y;7 1),

i

= (y;, )7 [ (a9, 1) - (=1)2%,

i

= (y;; 1) (Z gijy§71> JIv2 - [TEns,
i i k<t
— H(_I)Ai,‘ . H(_I)F;ﬂ'

k<t

In other words, giving a morphism ¢: zg — 24 (defined over F) is the same as
giving an element é € j[F] = X ® F* satisfying

(12.10) & = H(_l)(EiAiﬁszr;’f).zj.
J

Now consider an element (u,1) € F* xo TV. Let v € Wp be an element such
that rec(y) = u, and Idg ., € Hom(zg,72g) the resulting element of wft(Ea(T),zJB).
Similarly, let Id g ., € Hom(zg/,72g) be the resulting element of m$*(E. (T), Zar)

The following diagram of objects and morphisms in {/dp/(Z) commutes

Idc‘B,’v ~ —
%3 * 2R =28

J ("é/e)1dgy ., ‘L

ZU%/ _— ’YZC%/ = Zc%/.

Here we label morphisms among zg and z:‘B by elements of T , since all morphisms

are morphisms of 7 -torsors from .7 to itself. Projecting from 7. g 1O AT, ., we find

Z(é/gﬂ
that
.
A ()\C%(u, 1) = g . )\93, (u, 1).
The relationship between the Artin symbol and Hilbert symbol gives

YD _ e  HilLE _
€ (le) = Hilb;, (-1, v) = Hilb, (u, u) = x(u),
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since rec(y) = u. Hence Equation (12.10) yields
AL()\CA%)(UH 1)) — )\CA%)/ (u, 1) . H X(u)(21 Aij+zk<z F?é).zj .

J

The proposition follows. O

12.6. Isomorphism of functors. — For each basis <3 of Y, and each cover ’i‘~ of T
incarnated by C, we have constructed isomorphisms og: F* xg TV — PT and

Ag: F* xg TV — AT. Here we write AT rather than ATZCE,
to unique isomorphism by T without reference to base point.
There exists a unique isomorphism Pg in Ext(F*,T") which makes the following

diagram commute

since AT is defined up

DT
9.3
F* Xo TV Pz
A3
AT

Theorem 12.10. — If J3 and J3' are two bases of Y, then Pg = Py .

Proof. — Propositions 12.6 and 12.9 imply that the change of basis functions fg
and 7 g @ coincide, yielding
3333/ =Ag 0 0’{;3,1
=Agorga o(ogo féiyg/)il
=dgorgafas © 0531
=Ago ot = Pg-

Here we use the fact that g @ and fg @ not only coincide, but they have order 1 or
2 (the character x has values in £1). Thus 73 @ fg @ = Id in Aut(F* xoTV). O

From this theorem, we write simply 2: DT =, AT without reference to a basis. Re-
call that TI°(T) = Spl(°T), and ®2(T) = Spl(*T). Thus < defines an isomorphism
of IIP (T)-torsors,

A(T): I (T) &= @2(T).
Theorem 12.11. — Allowing the cover to vary, the system of isomorphisms P defines
a natural isomorphism of additive functors,

P: Covh (T) S Tors(II°(T)).

Proof. — Tt suffices to work with the full subcategory of Covfl given by the incarnated
covers—those that arise from elements C' € X ® X. We have constructed isomorphisms
P: M2(T) =5 ®2(T) for each such incarnated cover T. For naturality, recall that
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all morphisms among incarnated covers are composites of automorphisms j; for @ €
X ® F* and isomorphisms ¢ g 4 for alternating forms A € X ® X.

Consider first an automorphism j; and a fixed cover T. In the diagram below,
Proposition 12.4 gives the commutativity of the top face and Proposition 12.7 the
bottom face. Front and back faces commute by the definition of 2. Hence the right
face commutes:

b1

Next consider Cy,C € X ® X such that Cy(y,y) = C(y,y), and let A = C — Cy.
This gives an isomorphism ¢ g 4: Ty — T. In the diagram below, Proposition 12.5
gives commutativity of the top triangle and Proposition 12.8 the bottom. Left and
right triangles commute by the definition of 2. Hence the outer square commutes:

DLC%’,A D
\ %

P(T) F* xgTV P(To)

To

bT

AT ATp.

A
LB, A

By Proposition 12.1, commutativity of the previous two diagrams implies that 2 is
a natural isomorphism of functors.

To check that 2 is a natural isomorphism of additive functors, we may use the
monoidal structure on incarnated covers arising from addition of elements of X ® X . In
other words, if 'i‘l is incarnated by C; € X ® X, and 'i‘g is incarnated by Cs € X ® X,
then T = T; + T» may be identified with the cover incarnated by C; + Cs. Such
identifications allow us to identify the following, for incarnated covers:

°Ty 4 PT, =PT, ATy +AT, =AT.
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As P is defined by identifying extensions given by the same cocycle 6, we find that
P is compatible with the additive structure of the functors II2 and ®2. O

The natural isomorphism 2 is compatible with pullbacks in the following way. If
a: S — T is an isomorphism of split tori, and T e Covi(T) is incarnated by C €
X ® X, and S is the pullback of 'i‘, then S is incarnated by the pullback of C. If .3 is
a basis of Y, then we may pull back .3 to form a basis of the cocharacter lattice of S.
We find a commutative diagram of groups and isomorphisms:

Indeed, the definition of o4 and Ag (for S and T') yields the commutativity of the
top and bottom squares. The front and back faces commute by definitions of 27 and
Pg, respectively. This makes the right face commute as well.

We find a commutative diagram of additive functors and natural isomorphisms:

(12.11) ﬂoa ﬂ s

This completes the chain of additive functors and natural isomorphisms, compatible
with pullbacks throughout by (10.8), (12.11), (11.3):

A
recy o cany oIl EAN rec’, oIT? =2, rec o®d <= ..

Assembling commutative diagrams, we have proven the following result.

Theorem 12.12. — Define T = rec ocany and Z. = A *oPol). Then Z.: ToIl, =
®. is a natural isomorphism of additive functors:

Tors(II(T))
Covt (T) 4 z
x
Tors(®(T)).
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When a: S — T is an isomorphism of split tori, the natural isomorphisms 7. for S
and T commute with pullback as in the diagram (9.6).

This theorem gives a parameterization of genuine characters by Weil parameters,
functorial in the (sharp) cover, and compatibly with Langlands’ parameterization of
characters of algebraic tori over local fields.

13. The integral case

Now consider T, a split torus over 0, the ring of integers in a nonarchimedean local
field F. We may consider the category Cov’ (T/0) of sharp covers defined over (.
By [79], the objects of Cov,,(T/0) are classified by pairs (Q, 2) just as in the case
of tori over fields, and each object is isomorphic to one incarnated by an element
C € X ® X. The automorphism group of a cover T = (T’,n) is naturally isomorphic
to Hom(Y,0%) = X @ 0*.

Given a sharp cover T = (T',n) over 0, write T° = T(0), T = T(F), and p, —
T — T for the resulting extension of locally compact abelian groups. As T is defined
over (, this comes with a splitting o°: T° — T. Thus we may consider the set
Hom, (T/o°(T°),C*) € Hom,(T,C*) of T°-spherical e-genuine characters.

13.1. Parameterization by splittings. — We abbreviate
II°(T) = II(T/C) = Hom(T/T°,C*) = T",
II2(T) = (T /0) = Hom.(T/0°(T°),C*).
Then II2(T) is a II°(T)-torsor. Write
°: II°(T) — II(T) = II(T/F),
for the inclusion of the T°-spherical characters of T' into the group of all characters
of T. There is a natural isomorphism of II(T)-torsors,

(¢).TI(T) = TIL(T).

We identified HE(T) with the set of splittings of an extension °7'. This works as
well for T°-spherical characters as follows. The cover T over O yields a commutative
diagram with exact rows, with top row split by o°:

o°

Cx R
Cc* e.T T.

Recalling that ¢: Z — X ® Y was the canonical inclusion, and Dy = *(X ® e),
we may tensor the above diagram by X and pull back via ¢ to form a commutative
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diagram with exact rows, again with top row split by a homomorphism we call Po®°,

Da_o

TV e Dy 5 0

- | |

v D Fx,

Just as there is a natural bijection ): II(T) — II?(T) = Spl(°T), the T°-spher-
ical characters correspond to those splittings from Spl(DT) which pull back to the
splitting Po° of the top row above. Thus define HED’°(T) to be the subset of split-

tings pulling back to Po°. The commutative diagrams above extend to a diagram of
categories and functors below.

Proposition 13.1. — There is a natural isomorphism of additive functors,
D°: cany oIl = TI2°.
Proof. — Consider the following diagram of Picard categories and additive functors.

Tors(TV)

m2-°
can$,

Cov},(T/0) —= Tors(IT°(T)) B

vl 0 Tors(II°(T))

HD
€ cany

Covh,(T/F) —5— Tors(TI(T)).
The bottom face is the diagram (10.6), in which we found a natural isomorphism
& cany oIl = l'IED.

The lateral faces of the prism 2-commute by the commutative diagrams discussed just
above. There are natural isomorphisms

D D
a: 1y ocany oIl = cany oIl oy, [:15oII° = II_ o.j.

There is a unique natural isomorphism )°: can$, oII° = IT2*° making the following
diagram of functors and natural isomorphisms commute.

¢ o can§, oIl =2= cany oIl o.$

j> l :

B
L: o ]___[ED’o _ ]_-_[ED o L:.

SOCIETE MATHEMATIQUE DE FRANCE 2018



142 M. H. WEISSMAN

13.2. Unramified Weil parameters. — We continue to write +°: 0 — F for the inclu-
sion, and for all maps and functors resulting from this inclusion. Given a sharp cover
T over 0, and fixing €: p,, — C* as always, we have constructed the L-group

TV «— "T° - Galp = (Fr)prof-

This is an extension of abelian groups, defined uniquely up to unique isomorphism
from T and .

The construction of the L-group is compatible with base extension from 0 to F
(see, e.g., Section 3.6), and we find a commutative diagram,

70

TV Lp &7 > Galp
(13.1) l: l l
TV Lo Galp .

This identifies the complex L-group LT with the pullback of “T°. As such, the top
row is endowed with a splitting 7°: Jr — T over the inertial subgroup of Galg.

The set of Weil parameters ®.(T) = ®.(T/F) consists of continuous homomor-
phisms p: Wy — LT, lying over the canonical map Wr — Galg. A subset is given by
the unramified Weil parameters ®°(T) = &, (T/0), consisting of those p: Wp — T
whose restriction to inertia coincides with 7°. The unramified parameters ®2(T) are
identified, in turn, with the homomorphisms %y = (Fr) — “T° lying over the canoni-
cal map Wy — Galp. The set ®°(T) is naturally a torsor for ®°(T) = Hom (W, TV),
the set of unramified parameters for T.

These sets of Weil parameters, ®°(T) c ®.(T) can be identified with splittings
sequences of exact sequences as follows: the canonical splitting of 7" over [Galp, Galp]
coincides with the splitting 7° on [Galp, Galg] N .J. In this way, the previous commu-

tative diagram (14.1) gives a commutative diagram,

TV «—— 'T/[Galp, Galp] — Gal3>

5 ! l

TV Lo Galp .

Pulling back via %3P — Gal%b, and Uy — Galp, and via the reciprocity iso-
morphisms recp: Wi = F*, recy: Wy — Z, we obtain a commutative diagram of
locally compact abelian groups,

TV Aj:v FX
l: l lval
T AT Z.

This identifies AT wth the pullback of AT° via val: F* — Z. In particular, AT is
endowed with a canonical splitting A\°: 0% — AT. Recall that ®2(T) denotes the set
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of splittings Spl(*T’), and define ®2°(T) to be the set of splittings of A7°. Equiva-
lently, ®2°(T) is the set of splittings in Spl(*T) which restrict to A\° on (*. This
gives an inclusion ®2°(T) — &®2(T).

Proposition 13.2. — There is a natural isomorphism of additive functors,
A°: B2 S rec) 0@,
Proof. — Consider the following diagram of Picard categories and additive functors.

Tors(TV)

A,o
q>€ /
I'ng

Cov}y(T/0) —5 Tors(®°(T)) ©

v 02 Tors(II° (T))

A
QE *
recr

Cov¥ (T/F) —5 Tors(®(T)).

The proof mirrors Proposition 13.1. The bottom face 2-commutes via the natural
isomorphism ¢# from (11.2). The lateral faces 2-commute by examining the commu-
tative diagrams just above. This family of natural isomorphisms determines a natural
isomorphism ¢Z° making the top face 2-commute as well. O

13.3. Spherical/Unramified comparison. — The connection between genuine charac-
ters and Weil parameters was made through a sequence of three natural isomorphisms,

A
recy ocany oIl EAN rec’, olT? =2 rech o®d <= ..

We have found a spherical analog of %) and an unramified analog of ¢7, giving the
following sequence of functors and natural isomorphisms,
recj; o cany oIl 2, rec, oII>»° rec o®° & ®:.

The natural isomorphism : II° = &®” arose from the full subcategory of incar-
nated covers, where any basis of Y yields a pair of isomorphisms o g and A g,

DT

]
FX Xg v v
AT,
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A unique isomorphism 2 (independent of the choice of basis) makes this diagram
commute; it yields a natural isomorphism from Spl(°T) to Spl(AT).

For sharp covers T over O incarnated by C € X ® X, the same steps yield isomor-
phisms 0':;3 and A%,

o DT
93
OX X9 TV P
A% g
AT,

As the Hilbert symbol of order n is trivial on 0% x 0% (as T is defined over 0, n is
coprime to the residue characteristic), we find that 0% xo TV = 0% x T". In this way,
033 is a splitting of DT over 0%, and )\CO%, is a splitting of AT over O%. These coincide
with the canonical splittings Po° and AA° described in the previous two sections.

In this way, the isomorphism 2 sets up a bijection between those splittings of PT
which restrict to Po°, and those splittings of AT which restrict to A\°. In other words,
&P restricts to a bijection

P T2°(T) = @24°(T).

Proposition 13.3. — The following diagram of Picard categories and additive functors
2-commutes:

mo-e
Cov¥ (T/0) Tors(Hom (F* /0%, TV))

/—ED\
Cov? (T/F) ’ Tors(Hom (F>,TV)).

\i’:/

Proof. — The natural isomorphism 2 makes the bottom face of the cylinder 2-com-
mute. As 2 pulls back to a bijection 2° from II2°(T) to ®2°(T), for any sharp
cover T we find a unique natural isomorphism °° : HD ° <I>A ° making the diagram
2-commute. O

Assembling these propositions, we find that our parameterization makes spherical
characters correspond to unramified parameters. We have two sequences of functors
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and natural isomorphisms,

* I i) * oTTP P x oA A" &
recj o cany oIl, === rec}, oIl; === rec}, o®, —— &,

rec* o can® olT° =2 rec olI?° =L rect o®A° (&?":)_; P°
0 Y € 0 - 0 A 2.

Recall that £ = reckocany: Hom(T,C*) — Hom(%Wp,T"). Define analogously

2° = recj o can§, : Hom(T/T°,C*) — Hom(Wp, T"). Recall that Z. = A~ o P o D),
and define analogously 72 = (¢7°) ™! o JP° o )°.

Theorem 13.4. — The following diagram of Picard categories and additive functors
2-commutes, via the natural isomorphisms 22 (on the top face) and Z. (on the bottom

face):

Tors(®°(T))
Cov},(T/0) —5z— Tors(II°(T)) B
e o Tors(®(T))

HE /

Cov? (T/F) —5— Tors(II(T)).

This theorem gives a parameterization of spherical genuine characters of T by
unramified Weil parameters, functorial in the choice of sharp cover, and compatible
with the parameterization of all genuine characters by all Weil parameters. As in the
case of local fields, one may verify that the natural isomorphisms Z° are compatible
with pullbacks, for isomorphisms of split tori S — T over (.

14. Global case

Now we consider sharp covers T of a split torus T over a global field F'. The methods
are much the same as the previous section, with the inclusion 0 — F' replaced by the
inclusion F' < A. Thus we leave a few details to the reader, to adapt proofs from the
previous section as needed.

Given a sharp cover T = (T',n) over F, write Tp = T(F) and T, = T(A), and
pn > Ty — Ty for the resulting extension of locally compact abelian groups. As T is
defined over F', this comes with a splitting op: Tp — Ty.
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14.1. Parameterization by splittings. — Define IT;(T) = Hom(Ts,C*), the group of
continuous characters, and I, . (T) = Hom, (T4, C*) for the IT,(T)-torsor of e-gen-
uine continuous characters. To give such a character, it is equivalent to give genuine
characters of T, for all places v of F, almost all of which are T2-spherical; see [77]
and [80, §4] for details.

We abbreviate,

IIr(T) =II(T/F) = Hom(Ty /TF,C*),
M. (T) = II.(T/F) = Hom, (T/or(T),C*).
Then If.(T) is a Iz (T)-torsor. Write ¢z : TIx(T) < T4 (T) for the inclusion of

the automorphic characters of T into the group of all continuous characters of Ty.
There is a natural isomorphism of II(T)-torsors,

(¢P)s (HF,s(T)) S I, (T).
Define
I2(T) = Hom(A*,TV), T2(T) = Hom(AX/F*,T"),
so there are natural isomorphisms
cangy: I (T) = H(T), canpy: Hp(T) = OR(T).

We may identify HA,a('i‘) with the set of splittings of an extension T}, just as in
the local case. Indeed, begin with the extension u, — TA —» Tx. Push out via ¢ to
get an extension C* < &,Ty —» Th. As Ty = Y ® AX, we may tensor with X and
pull back via Z — X ® Y to obtain an extension,

TV — DTA — A*.
Define HKE(T) = Spl(PT,), a II%(T)-torsor. As in the local case, there is a natural
bijection D : My (T) — HKE(T), and this is compatible with pullbacks to local

fields. The splitting o defines a splitting Por in the following commutative diagram:

D

oF
v DTF T X
TV DTy AX.

The automorphic genuine characters Ilp.(T) C II.(T) correspond to the subset
H%E(T) C Hgys(’i‘) of splittings which restrict to Por on F*. Then H%E(T) is a
HED; (T)-torsor. The commutative diagrams above extend to a diagram of categories
and functors below.

Proposition 14.1. — There is a natural isomorphism of additive functors,

~ D
Dr: canpy ollp. = IIp .
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Proof. — Consider the following diagram of Picard categories and additive functors:

Tors(H%(T))

D

Cov? (T) TP Tors(IIx(T)) L

Tors(I15(T))

D
II
A, canyy

Cov? (T) oo Tors(IIo(T)).

The natural isomorphisms ) and )° define a natural isomorphism ), making
the bottom face 2-commute. Indeed, HA@(T) gives the set of continuous genuine
characters of T, —these are described in turn by families of genuine characters of T}, for
all places, almost all of which are T, -spherical. But these are described, by splittings
of PT,, for all places, coinciding with the splitting o, at all T)-spherical places.

As in the local integral case, the lateral faces 2-commute, from which we find a

unique natural isomorphism &) r making the top face 2-commute by pulling back Z)a.
O

14.2. Global Weil parameters. — Given a sharp cover T over F, we have constructed
the L-group,

TV < 'T - Galp.

The construction of the L-group is compatible with base extension from F' to F,, and
we find a commutative diagram for every place v of F,

TV «—— 'T, —— Galp,

(14.1) l: l j

TV s T — % Galp.

This identifies the L-group LT, with the pullback of “7'.

The set of Weil parameters ® . (T) = &.(T/F) consists of continuous homomor-
phisms p: Wy — LT, lying over the canonical map Wy — Galp. As in the local case,
the cohomology H2(Galp,TV) is trivial, yielding the (noncanonical) splitting of 7.
From this it follows that the L-groups split canonically over [Galg, Galg]. Taking the

—1
recF

quotient “7/[Galr, Galp] and pulling back via A* /F* —E 93> — Gal3 yields an
extension

TV — ATp — AX/F*,
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Pulling back via F* <— A* gives a commutative diagram,

TV Afvv Fx
v AT AXJFX.

The local extensions TV < AT, — FX are endowed with splittings o over 0 for
almost all v. Define the restricted product,

A {(#)vew € [1, ATy : t, € a3(0F) for almost all v}
A= .
Ker (@, TV 5 TY)

This fits into a commutative diagram with exact rows,

TV ATA AX
v AT AXJFX.

The construction of AT} gives a splitting AAp: FX — AT} of the top row over F*.

Define @?‘776('1‘) = Spl(ATx); this is in natural leeCtIOIl with the set ®p.(T) of
Weil parameters for “Tr. Analogously, define <I>A7€( ) = Spl(AT}). Pullback yields
an inclusion Spl(A*Tr) < Spl(*Ty), whose image consists of splittings of AT} which
restrict to the splitting *\r on F*.

Tracing through the definitions, Spl(AT s ) is in natural bijection with the set of fam-
ilies (¢, )yeq of Weil parameters in ®,, . ('I‘) at every place, for which ¢, is unramified
almost everywhere.

Define @ (T) to be the set of Weil parameters for T, i.e., ®p(T) = Hom(Wr, T").
Define ®4(T) to be the set of families (¢,),eq of Weil parameters in ®,(T) =
Hom(%F,,T"), which are unramified almost everywhere.

Proposition 14.2. — There is a natural isomorphism of additive functors,

~ * A
Ar: Pre = recy oPp ..

ASTERISQUE 398



L-GROUPS AND PARAMETERS FOR COVERING GROUPS 149

Proof. — Consider the following diagram of Picard categories and additive functors:

Tors(IT%(T))

A
P . .
recp

Cov¥ (T) . Tors(@r(T)) L

Tors(II2(T))

Ac:

Cov¥ (T) . Tors(®4(T)).

The natural isomorphisms ¢# and ¢#° in the local and unramified cases yield a nat-
ural isomorphism ¢#, which makes the bottom face 2-commute. The lateral faces
2-commute by the local-global compatibility of our constructions. A natural isomor-
phism ¢#Zr making the top face 2-commute follows. O

14.3. Global comparison. — Over local fields, we have found a connection between
genuine characters and Weil parameters through a sequence of three natural isomor-
phisms,

Do D _P A !
* * *
recy, ocany oll. == recy, oIl == recp o®;, ., ——= P, ..

Each term has an unramified counterpart
Dy Py ()~
recj;, ocany oIl === recj, o ) § recg, o 'I’ﬁ”c’

V,€

@O
Local-global compatibility gives an adelic version

P, S/
recy o cany oll, D, recAOHA€ ==t recAmI)A6 === P, .

We have found an automorphic version, as below:

DF T
recl o cany oI, === rec}, oI, reci o®h, =—= Pp..

To link the middle terms, it suffices as before to consider the incarnated covers, on
which any basis of Y yields a pair of isomorphisms o, @ and A\, g,

D
Ty
AX xoTV Pa
An,B
A
Ty.
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A unique isomorphism 24 makes this diagram commute, and is independent of basis;
it yields an isomorphism from Spl(°T}) to Spl(*T}), from which we find the natural
isomorphism (P : I | = @g,s.

As the global Hilbert symbol of order n is trivial on F* x F* (Hilbert reciprocity),
we find that F* x¢ TV = F* x TV. In this way, 0, g gives a splitting op g of DTy
over F'*, and \, @ gives a splitting Ap g4 of ATy, over F*. These coincide with the
canonical splittings Por and A\r described before.

In this way, the isomorphism 2, sets up a bijection 2 between those splittings
of DTA which restrict to Pop on F*, and those splittings of ATA which restrict to A\ g
on F*X. In other words, P gives a bijection,

yDF: H?‘,a(’i‘) = q)?‘,a(’i‘)
Naturality of this bijection is the following.

Proposition 14.3. — There is a natural isomorphism of additive functors, Pr: H%E =
..
Proof. — Consider the following diagram of Picard categories and additive functors
/H%s\)
Cov¥ (T) Tors(Hom(AX /F*,TV))
— %
= LFx
m
Cov¥ (T) Tors(Hom(AX, TV)).
— %.

The natural isomorphism 2, makes the bottom face of the cylinder 2-commute.
As &P, pulls back to a bijection Pr from HID;’E(T) to QIA;’E(T), we find a unique

natural isomorphism Pp : l'IID;,6 = @?;,8 making the diagram 2-commute. U

Theorem 14.4. — Define Zp = recpocanpy and Z. = 0%1;1 o Pr odr. This gives a
2-commutative diagram of Picard groupoids and additive functors

Tors(I1x(T))
IIF,.
Cov? (T) A e
Pr.c
Tors(® p(T)).

This theorem gives a parameterization of genuine automorphic characters of Ty by
global Weil parameters with values with "7, functorial in the choice of sharp cover,
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and compatible with the previous local parameterization. As in the case of local fields,
one may verify that the natural isomorphisms Z. are compatible with pullbacks, for
isomorphisms of split tori S — T over F.

15. Split tori

Let S be the spectrum of a local field, a global field, or the ring of integers in a
nonarchimedean local field. Let T be a split torus over S, with character lattice X and
cocharacter lattice Y (constant sheaves on Sg;). Let T be a degree n cover of T over S.
Let @Q: Y — Z be the first Brylinski-Deligne invariant. Following Assumption 3.1, we
assume that @) is even-valued if n is odd. But we do not assume T is a sharp cover
here, i.e., we do not assume Y =Yg ,,.
We can parameterize the following sets of irreducible genuine representations.
Local case: The cover T over alocal field F yields a central extension p, < T — T
Recall that II.(T/F) is the set of equivalence classes of irreducible e-genuine
admissible representations of T.

Local integral case: The cover T over ( (the ring of integers in a nonarchimedean
local field) yields a central extension j,, < T — T and a splitting T° = T(0) —
T. Recall that HE(’i‘ /0) is the set of equivalence classes of irreducible T"°-spher-
ical e-genuine representations of T.

Global case: The cover T over a global field F yields a central extension T
Ty — T and a splitting T = T(F) < Ty. Recall that II.(T/F) is the set of
equivalence classes of automorphic e-genuine representations of Tj.

Let Tg,, denote the split torus over S with cocharacter lattice Yy ., and define
tgm: Togn— T

to be the i isogeny (of tori over S) corresponding to the inclusion Yy ,, < Y. Pulling
back the cover T via LQ,n yields a degree n cover TQ n of Tg . Note that TQ n 1S a
sharp cover of Tq.,,. Viewing tg., as a well-aligned homomorphism of covers Tq ,, —
T, we find a canonical identification of L-groups, LT = LTQ,n.

The results of this section and of [80] imply the following.

Theorem 15.1. — In all three cases above, pulling back the central character via the
isogeny L. gives a one-to-one function (bijective in the local integral case)

. (T/S) — M.(Tg.n/S).

Composing with the parameterization Z., this gives a one-to-one parameterization
(bijective in the local integral case)

IL(T/S) - ®.(T/S).

In the local integral case, the parameterization is bijective. In the case of local fields
or global fields, we would like to characterize the images of II.(T/S) — ®.(T/S)—to
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find the “relevant” parameters for covers of tori. But we leave such a characterization
for a future paper.

PART IV
OTHER PARAMETERIZATIONS

16. Spherical/Unramified parameterization

Let G be a quasisplit redllctive group over (J, the ring of integers in a nonar-
chimedean local field F. Let G = (G',n) be a degree n cover of G defined over (.
Write G = G(F) and G° = G(0). Then we have a central extension of locally compact
groups,

pn — G = G,

and a splitting G° — G.
We have constructed an L-group,

év — Lé —> Galg,

where GV is a complex reductive group and Gal, = (Fr)prof- This L-group is well-
defined up to L-equivalence, and the L-equivalence is uniquely determined up to
unique natural isomorphism.

16.1. Parameterization. — Let II2(G) = II.(G/0) denote the set of equivalence
classes of e-genuine irreducible G°-spherical representations of G. Write ®2(G) =
®_(G/0) for the set of equivalence classes (i.e., G¥-orbits) of unramified Weil param-

eters ¢: Wy = (Fr) — LG. In five steps below, we define a bijection
7.(6): TI2(G) = 82(G).

Thus the e-genuine irreducible spherical representations of G are parameterized (bi-
jectively) by Weil parameters.

For this parameterization, let A be a maximal C-split torus in G, and let T be the
centralizer of A in G. Then T is a maximally split maximal torus in G. Let B be
a Borel subgroup of G containing T. Let # be the Weyl group of the pair (G, T),
viewed as a sheaf of finite groups on Cg. Write W = #/(F) and W° = WF*,

Let Ag,, be the CO-split torus with cocharacter lattice YQFrn Then the inclusion

YQFrn — Y defines a W°-equivariant homomorphism of C-tori Ag , — T. Let AQ,H be
the sharp cover of Ag , obtained by pulling back the cover T.
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~

16.1.1. Satake step. — From Corollary 7.4, the Satake isomorphism §: (G, G°) =
(T, T°)W* gives a bijection

sz = et

16.1.2. Support step. — From Proposition 7.1, restriction gives a W°-equivariant
isomorphism of Hecke algebras, ¢/ (T, T°) — e(AQ.n, A% n)- See also [80, §3.3] for
a description of this Hecke algebra. This gives a bijection,

() . m(Ag.)
We We
16.1.3. Parameterization for sharp covers of split tori. — Our parameterization of
Theorem 13.4 gives a bijection,

L2 (Agn): M(Ag,,) — ®2(Ag,n).

Each w € W° can be represented by an element w € G(0). The action of W*° on the
sets above can be untangled through the following commutative diagram with exact
rows:

K2 IQ,n AQ,n
J: J{Int(w) l:
nt(w) to
161 Ky A, Tyl
J(: l: J{Int(w)
K, o k Ag .

The top two rows of (16.1) give a morphism in the category of covers Cov,(Ag ,.),
Int(wb): Ag,, — Int(w)*Ag.,.

The functoriality of Z. for such morphisms gives a commutative diagram

o/ % ia(A ,n) o/ A
Hs (AQJL) d q)s (AQJL)
l:zsanc(w)) lﬁzsant(w))
~ Ze (Int(w)*A g n ° ~
I (Int(w)* Ag ) —= I A2, o i) Ag ).

Compatibility of Z. with pullbacks, combined with the bottom two rows of (16.1),
gives a commutative diagram,

~ Ze (Int(w)*A g n ° ~
I (Int(w)* Ag ) —= 2 A2, g i) Ag )

| |

I (Ag.n) ®2(Ag.n)-

SOCIETE MATHEMATIQUE DE FRANCE 2018



154 M. H. WEISSMAN

Combining these, we find that the parameterization Z.: TI2(Ag ) — ®2(Ag.,) is
equivariant for the action of W°. This gives a bijective parameterization

g TRo,) ~ #:(Ag.)
We We

16.1.4. Split and unramified parameters. — The inclusion AQ,n —Tisa well-aligned

morphism of covers, giving an L-morphism

Hom(Yg. ,,C*) =TV L7 Galp

|+ i Jz

Hom (Y™ ,C*) = A, — “Aq, — Galy.

Since the inclusion AQ,n — T is W° = W -equivariant, we find that the L-morphism
v:'T — L Ag ., satisfies

v ol Int(w) is naturally isomorphic to " Int(w) o v,

for all w € WF and all representatives w € G° for w.

The method below follows [11, §6] very closely; minimal changes are required.
Giving an equivalence class of Weil parameters @Z(AQ,H) is the same as giving an
flé’n—conjugacy class of elements L;lQ,n lying over Fr € Galp. Similarly, giving an
equivalence class of Weil parameters in &2 (’i‘) is the same as giving a T"V-conjugacy
class of elements in “T lying over Fr € Galy.

Asv:'T — LAQJL is surjective and W -equivariant, we find that v gives a sur-
jective map,

v: ‘I,VEV(I;]Y:‘) —» (I)EI(/;?F?’”)'
If [¢], [¢'] € ®°(T) and v([¢]) and v([¢']) are in the same W™ -oribt, then there exist

t,t' € 'T and w € W represented by 1 € G°, such that ¢(Fr) =t and ¢'(Fr) = ¢/,
and v(t) = " Int(w)(v(')). Thus v(¢t) = v(Int(w)t'), and so

t1 - Int(w)t’ € Ker(TY — AY,,).
The following sequence is exact, by the same arguments as in [11, §6.3]:

Hom(Yg,n, C*) =5 Hom(Yg,n, C*) ~= Hom (Y, CX).

It follows that ¢~! - Int(w)t' = 7/ Fr(r) for some 7 € TV. Hence
Int(w)t' = Ttr .
Hence if v([¢]) and v([¢]) are in the same W -orbit, then [¢] and [¢'] are in the same
W _orbit. Therefore, 7 gives a bijective map,
_ ®UT) ~ ®2Aga)
v: WEr - WEr :

ASTERISQUE 398



L-GROUPS AND PARAMETERS FOR COVERING GROUPS 155

16.1.5. Semisimple twisted conjugacy classes. — The Weyl group W is canonically
isomorphic to the Weyl group of GV with respect to TV, as finite groups with Galg-ac-
tion. In this way, any element w € W corresponds to an element w" € (W")F which
may be represented by a Galg-invariant element n¥ € NV C GV, where NV is the
normalizer of TV in GV (see [11, Lemma 6.2]). From Theorem 5.13, the L-morphism
L Int(w) of LT is naturally isomorphic to the L-morphism Int(n"). This gives a bijec-
tion B _

82(T) _ (D)

WEr (N\/)F\r :

Finally, from [11, Lemma 6.5], inclusion provides a bijection,

®2(T)

( N\/)Fr

= 82(G).

Theorem 16.1. — Assembling the bijections in the five steps above, we have con-
structed a bijection
Z.(G): I(G) — 22(G).

16.2. Automorphic L-functions. — The spherical/unramified parameterization pro-
vides a definition of automorphic L-functions, almost everywhere. Let F' be a global
field. Let % be the set of places of F, and let & be a finite subset of % containing
all archimedean places. Suppose that G = (G',n) is a degree n cover of a quasisplit
reductive group G over the ring of J-integers Oy (see (79, §3.2] for a classification).
This defines a central extension u, — Gy — Gp, endowed with splittings over G
and over G2 = G(0,) for allv € §.

Let 7 be an e-genuine automorphic representation of G . Factorization yields e-gen-
uine spherical irreducible representations [, ], for almost all nonarchimedean places
v € V-3¢ Each equivalence class [r,] yields an equivalence class of unramified param-
eters [0,] € ®°(G) by our parameterization Z.(G,) of Theorem 16.1. Each unramified
parameter yields a well-defined semisimple GY-conjugacy class g, = o,(Fr) € 'G,.
Local-global compatibility in the construction of the L-group identify g, with semisim-
ple conjugacy classes in the globally-defined L-group “G.

Let p: 'G — GL(V) be a representation of the L-group on a finite-dimensional
complex vector space V. Then, for almost all nonarchimedean places v (with residue
fields of cardinality g¢,), we have a local L-function

Ly(m, p, s) = det(Idy —q; "p(g0)[V) ™"
We define the automorphic L-function away from ¢,
L(S(ﬂ—a P S) = H L, (7T’ P 5)
vEgS
From the remarks of [18, §10.5], another choice §” of places and an (g-model

of G will yield an automorphic L-function Lg/(m, p,s) which agrees with Lg(m, p, s)
at almost all places. In this way the automorphic L-function is well-defined from =
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and p, up to factors at finitely many places. For split groups, the convergence of
automorphic L-functions, in a suitable right half-plane, appears in this volume in the
work of Gan and Gao [29, §13.4].

Remark 16.2. — Langlands’ argument (see [11, §13] or [65, §2.5] for treatments), to-
gether with the spectral decomposition of automorphic forms by Moeglin and Wald-
spurger [53, §II1.2.6], should imply the absolute convergence of Lg(m,p,s) in some
right half-plane. To make this more precise, one needs the Macdonald formula for the
spherical function. Progress in this direction has been made in the work of McNamara
[51] and the thesis of Fan Gao [30, §4.3].

17. Sharp covers of anisotropic real tori

Let T be an anisotropic torus over R, and let T be a degree 2 sharp cover of T
over R. Write Y = #[C] for the cocharacter lattice, and o for complex conjugation.
Thus o(y) = —y for all y € Y. The cover T yields an extension,

‘uz‘—>T—»T

There is a natural identification of Lie groups T =Y ® U(1), from which we identify
the topological fundamental group m; (T) = Y. Connectedness of T implies that T is
abelian, and that this extension is rigid; there are no nontrivial automorphisms of the
extension T € Ext(T, u2). The extension T is determined, up to unique isomorphism,
by an associated homomorphism : m(T) =Y — 1Z/Z.

The homomorphism x may be constructed via Pontryagin duality as follows. The
Pontryagin dual of T', II(T) = Hom(T', U (1)), is naturally identified with the character
lattice X = 2°[C]. Write X for the Pontryagin dual of T, fitting into a short exact
sequence

X — X, — Zys.

The genuine characters of T are then identified with the elements of X - =X, - X,

o.(T)= X, =X, - X.

For each such genuine character x € X, 2x € X; thus there exists a unique
¢ e %X such that 2z = 2¢£. The map z — £ provides an embedding, equivariant for
translation by X (i.e., for twisting by II(T)), X, — %X. As X is an X-torsor,
there exists a unique & € %X /X such that

X, ={¢€iX :{=rmod X}.
The element « € %X /X can also be viewed as a homomorphism
k:m(T)=Y — $Z/Z.
This  is the homomorphism which determines the double cover T uniquely up to
unique isomorphism.
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The Brylinski-Deligne invariants of T consist of a quadratic form Q: Y — Z and
a Galg-equivariant extension
C*—D—Y.

Recall that T is a sharp cover; thus Y = Y, and D is commutative. For each
y €Y, write ty: Z — Y for the homomorphism n — n-y. We get a Galg-equivariant
extension
C* — tyD — Z,

where o € Galg acts by n — —n on Z, and by complex conjugation on C*. Fol-
lowing [18, §12.6], such Galg-equivariant extensions of Z by C* are classified up to
isomorphism by elements of %Z/ Z. (Brylinski and Deligne use Z,, instead, but our
normalization has advantages to follow). Indeed, take d € tyD lying over 1 € Z. Then
d-o(d) lies over 1 + (—1) = 0 € Z, and so do(d) € C*. Since do(d) = o(do(d)), we
have do(d) € R*. Define n(y) € +Z/Z so that

sgn(d - o(d)) = ™),
The function 7 is independent of choices along the way, and defines a homomorphism
n:Y — 17/7.
The next proposition is a direct consequence of [18, §12.6, Proposition 12.7]. It gives

a practical recipe for determining the topological cover T from the Brylinski-Deligne
invariants of T.

Proposition 17.1. — The homomorphism k: Y — %Z/Z is given by
K(y) = n(y) + 3Qy) (mod Z).

To see that the Brylinski-Deligne framework is sufficiently strong for work on Lie
groups, the following may be of interest.

Corollary 17.2. — Ewvery topological double cover ps — T — T arises from a sharp
cover T € Covi(T) over R.

Proof. — A topological double cover T' arises from a homomorphism x: ¥ — %Z/ Z.
Choose a basis y1,...,y, € Y, and define a quadratic form Q: Y — Z by

Q(alyl R aryr) = ZH(yl)a% +ee 4t 2”(?/7”)@12“

Then 1Q(y) = k(y), mod Z. Moreover, Y = Yg o for this quadratic form. By the
classification of [18], there exists a central extension Ky — T’ — T over R with
first invariant @) and trivial second invariant. The previous proposition gives a unique
isomorphism from T to the topological double cover associated to T. O

Now, we work on the side of the L-group. The dual group TV =TV = X ® C* is
endowed with the Galg-action o(tV) = (¢V)~! for all ¥ € T"V. The L-group is a short
exact sequence of complex groups,

TV — T - Galg.
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2TiR

As k € 3X/X, we may view e as an element of T[g] = X ® uo. Explicitly,

y(e?™) = 2™ W) | for all y € Y.

Lemma 17.3. — The lifts v € *T of o € Galg form a single orbit under TV -conjuga-
tion, and for any such lift 7,
2 = 2R,
Proof. — If v1,v2 are two lifts of o, then v; = ¢V, for some t¥ € TV. Since squaring
is surjective on TV, there exists 7V € TV such that 7V /a(7V) = (7V)? = tV. Hence
v
-

7)"}’1:”"}’1:’72-

v Vy—1 _
T (77 oV

It follows that 42 = 7% and the lifts of o form a single TV orbit. Therefore, to prove
the theorem, it suffices to prove that v2 = e2™** for a single lift v of o.
Recall that “T is the Baer sum of two extensions of Galg by TV,

LT = (10).Galg + 7 (E.(T), 2).

Let vg be a lift of o in the extension (TQ)*E};IR. In the metaGalois group ps —
Galg — Galg, the square of any lift of o equals —1 (since Hilba(—1,—1) = —1).
Hence we find 'y% = 7¢(—1). In other words,

y(va) = (—1)9W) = ¢mRW) for all y € .

Next we construct an object z of E.(T)[C] and a lift of ¢ in 7 (E.(T), z). Let T' =
Hom(Y,C*), with Galg-action arising from y — —y on Y, and complex conjugation
on C*. Then Spl(D) is the T-torsor of splittings of D. Choose any s € Spl(D). The
Galg-action on D gives an action on splittings; we have

7s(y) = o(s(0(y))) = o(s(~y)) = o(s(y)) " forally € Y.
Define a map h: T — Spl(D) by

h(t) = % * s.

Then z = (T, h) € v/Spl(D) is a square root of the T-torsor Spl(D), i.e., Z is an object
of E.(T)[C]. Its complex conjugate °Z is given by “z = (T',7h), where

“h(t) = % % “s.

Choose f € Hom(z,9%) C 7$*(E.(T), z). Then, as a morphism of 7" torsors, there
exists ¥ € T such that f: T — T satisfies f(a) = 7 * a for all a. The condition
h o f = h implies that

@*(y)s(y) = a®(y)**(y) - o (s(y) ™"
for all y € Y. Hence, if y € Y and d = s(y), then

7(y) = \/do(d) € C* (for some square root).
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The square of f € Hom(z,92) C n¢t(E.(T), %) is the element of Hom(z, z) given
by composing morphisms
zhozdoezn =z

As a function from 7' to T, we find that f2(a) = °% -7 - a, for all @ € T In other
words, f2 =% -7 as an element of T C TV. We compute

W) = 77 710) = o () - 7o) =

= sgn(do = e2min(),
ot (do(d))

Finally, define y =g + f € LT. From Proposition 17.1, we find
y(12) = y(oB) - y(f?) = emQWI NG — i), =

The Weil group of R is Wk = C* LI jC*; the map from g to Galg sends C*
to Id and j to o. Recall that jzj~! = Zz for all z € C*, and j? = —1. A continuous
homomorphism from C* to TV = Hom(Y,C*) has the form z + 2%17%2(zz)%2 for
some x1,xy € X ® C satisfying 1 — x5 € X. We abuse notation slightly, and write
z"1z%2 for such a homomorphism, keeping in mind that z; — x5 € X is necessary for
this expression to make sense.

Recall that £ € 2X/X = Hom(Y, 1Z/Z), and

X, ={¢€iX:¢{=Kmod X}.
Theorem 17.4. — For every Weil parameter ¢: Wy — T, there ezists a unique ele-
ment £ € X such that
6(2) = (2/2)¢ = 2% (22) <.
The map ¢ — & defines a bijection,

~ Par(Wg,'T)  ~ ~
P (T) = X =T1I.(T).
«(T) TV — conjugation - «(T)

Proof. — Giving a Weil parameter ¢: Wg — T is the same as giving a homo-
morphism ¢(z) = 2%1z*2 for some z1,22 € X ® C, 1 — 2 € X, and an element
v = ¢(j) € LT lying over o € Galg, which satisfy the following conditions:

- 92 = 9(-1) = (-1

- y¢(2)y~ = ¢(2) for all z € C*.

From the previous lemma, TV acts transitively on the lifts of ¢ in '7", and all lifts
7 satisfy v2 = €27, We find that giving a T"-orbit on Par(%kg, T) is the same as
giving a homomorphism ¢(z) = 2%1z*2 for some z1,22 € X ® C, 1 — 29 € X, which
satisfies the following conditions:

- ¢(_1) — (_1)311—2?2 — 627Tifi;

- 9(2) = 2727 = o(9(2)) = 2 E
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The second condition is equivalent to the condition x1 = —xo; if £ = 1 = —xo,
note that 26 = z1—z5 € X andso € € %X. In this case, the first condition is equivalent
to (—1)% = e2™% = ™% We find that giving a T"V-orbit on Par(Wg, “T) is the same
as giving an element £ € %X such that £ = k mod X. This defines the bijection. O

18. Discrete series for covers of real semisimple groups

18.1. Harish-Chandra classification. — Suppose here that G is a semisimple qua-
sisplit group over R, with Borel subgroup B containing a maximally split maximal
torus T. Let G = (G',2) be a double cover of G defined over R. Then we find a
topological double cover over Lie groups,

po — G - G.

Remark 18.1. — 1If, in addition, G is simply-connected and absolutely simple, then
there is a unique up to unique isomorphism double cover G whose first Brylinski-
Deligne invariant takes the value 1 on all short coroots. The resulting double cover
po — G — G coincides with Deligne’s canonical central extension, after [18, Construc-
tion 9.3, 10.3]. In this case, Prasad and Rapinchuk prove that G is the unique non-
trivial 2-fold cover of G [56, Theorem 8.4 and §8.5]. Thus the framework of Brylinski-
Deligne is sufficient to work with the most interesting nonlinear double covers of
semisimple Lie groups.

Let G° be the identity component of the Lie group G, and let G° be the identity
component of the Lie group G. Then G° and G° are connected real semisimple Lie
groups with finite center. The Harish-Chandra classification and the description of
discrete series by Atiyah and Schmid (see [6]) apply to G° and G°.

Let II95°(G) be the set of equivalence classes of irreducible e-genuine discrete se-
ries representations of G. Here ¢: p,(R) — p,(C) is the identity map, so we often
refer to “genuine representations” without mention of . Any irreducible discrete series
representation of G restricts to a finite direct sum of irreducible discrete series repre-
sentations of G°, all with the same infinitesimal character. By Frobenius reciprocity,
all irreducible discrete series representations of G° occur in such a restriction.

The set Hgisc(é) is nonempty if and only if there exists a compact Cartan subgroup
of G°; such a compact Cartan subgroup exists if and only if there exists a maximal
torus S C G, defined and anisotropic over R. Suppose that S is such a torus.

Let S = S(R) and S its preimage in G. Let K be a maximal compact subgroup
of G containing S, and K° its identity component. Write K for the preimage of K
in G, and K° for the identity component of K.

Consider a genuine irreducible discrete series representation (7, V') of G; the K-fi-
nite vectors therein form an irreducible admissible (g, K )-module. As such, it has an
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infinitesimal character x: 3 — C, where 3 denotes the center of the universal envelop-
ing algebra of g. The Harish-Chandra isomorphism gives an isomorphism of C-alge-
bras,

3 = Cls)"
where s is the complexified Lie algebra of S, and W is the Weyl group of G with
respect to S. Let X be the cocharacter lattice of S. Then Hom(s,C) is naturally
isomorphic to X ® C. Thus the infinitesimal character defines a map,

X®C
W — conjugation’
As S =8S(R) =Y ® U(1), the Pontryagin dual of S is identified with X. The set

(
of genuine characters II.(S) of S is identified with a X-coset k + X C %X . Here, the
element

inf: 1'[;“5‘3 (é) —

k € $X/X = Hom(Y, $Z/Z) = Hom(r1(S), 3Z/Z)
determines the double cover S up to unique isomorphism.
Theorem 18.2. — Let p be the half-sum of the positive roots of G (with respect to

some Borel subgroup containing S). Let ng denote the regular (=nonsingular) locus
in Xg = X ® Q. The infinitesimal character provides a finite-to-one surjective map,

(k+p+X)N X"

W — conjugation

inf : T195¢(G) —

Proof. — This follows directly from [6, Corollary 6.13], together with our remarks on
the restriction from G to G°. O

In the uncovered case, the fibers of the infinitesimal character map are precisely the
L-packets (under our semisimplicity assumption). In what follows, we parameterize
the genuine discrete series representations by discrete series Weil parameters, valued
in the L-group of the cover G.

18.2. Discrete series parameters. — Our treatment here is largely based on the work
of Langlands [44, §3]. We have reproduced the structure and arguments of Langlands,
making adaptations and additions where necessary. As before, G is a semisimple
quasisplit group over R and G is a double cover of G over R. The L-group of G fits
into a short exact sequence,

GV — G - Galg = {1,0}.
Becall that the dual group GV is a pinned complex reductive group, with G¥ > BY D
TV, associated to the root datum
TV = (Yo, ®,AY, Xg.n, ®,A).
A discrete series Weil parameter is a Weil parameter ¢: Wy — -G whose image is

not contained in any proper parabolic subgroup -P. (As in [44], a parabolic subgroup
of LG is a subgroup LP whose intersection with GV is a parabolic subgroup and
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whose projection to Galy is surjective). Let ®35°(G) be the set of equivalence classes
of discrete series Weil parameters.

Suppose that ¢ is a discrete series Weil parameter. Recall that g = C* LI C*j,
where j2 = —1 and jzj~! = o(2) for all z € C*.

Lemma 18.3. — ¢ is equivalent to a parameter ¢ such that $(C*) C TV and ¢(5)
normalizes TV .

Proof. — The reasoning of [44] based on [67, §II, Theorem 5.16] demonstrates that
#(C*) C GV is contained in a maximal torus which is normalized by ¢(%k ). Replacing
¢ by a GY-conjugate parameter if necessary, we may assume that #(C*) C TV and
$(Wg) normalizes T. O

Let ¢ be a discrete series Weil parameter, with ¢(C*) ¢ TV and v = ¢(j) nor-
malizing 7. Then conjugation by + is a C-algebraic automorphism of TV, and so it
arises from

v:Yon — Yon-

Lemma 18.4. — For ally € Yo », 7(y) = —y. Equivalently, for all t¥ € TV,
,ytv,y—l — (t\/)—l'

Proof. — Since j2 = —1, v acts as an automorphism of order 2 of Yy . Thus to
demonstrate that v acts as —1 on Yg 5, it suffices to demonstrate that v has no fixed
points in Yg , ® Q.

If A € Yo, ® Q and YA = )\, then define Py to be the parabolic subgroup of G
containing T, whose roots are those &@" € & for which

a(A) > 0.

The conjugation action of ¥ — Aut(G") stabilizes P; indeed, it stabilizes TV and
the set of roots of PV. Hence the group “P generated by PV and v is a parabolic
subgroup of “G. This contradicts the assumption that ¢ is a discrete series Weil
parameter. O

Now we find that the discrete series Weil parameter ¢, with ¢(C*) C TV, satisfies

P(z) =2"17%2 e TV,
for some x1, 22 € Xg,,, ® C satisfying z1 — 22 € Xg,,,. Since jzj*
lemma implies

= Zz, the previous

27T = ¢(2) = g(2)y T = g(2) T = 2T

Hence x93 = —x;. Since 1 — 22 € Xg,n, we find that 22; € X. Defining { = 21 €
1Xq,n, we find that

P(2) = (2/2)* = arg(z)? for some £ € s Xom

In particular, we find
2 AN _ 2mi€
7 =0(%) = ¢(—-1) = e,
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Lemma 18.5. — The element £ € %XQJL is reqular. In particular, the centralizer
of p(C*) is the torus TV,

Proof. — This proof follows [11, §10.5]. If & were singular, then the centralizer
of ¢(C*) would contain a nontrivial semisimple subgroup HY C GV, normalized
by «. But then Int(y), as an involution of HY, would fix (pointwise) a nontrivial
torus SY in HY. Thus Im(¢) would be contained in the centralizer of SV, which is
contained in a proper parabolic subgroup of GV, a contradiction. O

Proposition 18.6. — FEwvery discrete series Weil parameter for G is equivalent to a
discrete series Weil parameter ¢ satisfying ¢(2) = (2/2)¢ € TV and ¢(j) = v € 'G,
where & and 7y satisfy the following conditions:
(1) € € X, is regular.
(2) ~ lies over o and v? = e
(3) vty t= (V)7L foralltY €TV.
This gives a bijection, from the set of equivalence classes of discrete series Weil pa-
rameters <I>§‘SC(G) to the set of N -orbits on the set of pairs (£,7) satisfying (1), (2),
(3) above.

2mi€

Proof. — The previous lemmata demonstrate that every discrete series Weil parame-
ter for G is equivalent to a parameter ¢(z) = (2/%), ¢(j) = , with £ and v satisfying
the conditions above. What remains is to trace through equivalence of parameters

If ¢¢ is a discrete series Weil parameter for G, then there exists g € GY such
that Int(gY)¢o(z) € TV for all z € C*. Moreover, the regularity of £ in the previous
lemma implies that ¢V is uniquely determined up to NV.

Hence, to understand the GV-orbits on <I>§is°(é), it suffices to verify that NV acts
on the set of pairs (,7) satisfying (1), (2), and (3). If £ € $X¢,, is regular, and
nV € NV, then Int(nV)¢ € 1 X, is regular, so (1) is stable under the action of NV.
If v € LG lies over o € Galg, and 72 = €2™, then Int(n")y lies over o € Galg and

(Int(n¥)y)? = Int(n")y? = Int(n")e2™ = 2w t(n )¢,

Hence (1) and (2) are stable under the action of NV. Finally, if yt¥y~! = (¢¥)~! for
all tv € TV, then

Int(n¥)y-t¥ - Int(n")y~" =Int(n") (v (Int(n") ')y 7)) = (¢V) 7.

Hence (1), (2), and (3) are stable under the action of NV. O
Now we examine a pair (£,+) satisfying the conditions (1), (2), (3) of the above
proposition. Recall that the L-group LG is constructed as

Lé = LZ x GV o
((,(7t:Cezv)
Here ZV is the center of GV and “Z fits into a short exact sequence

ZV — LZ — GalR.
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In this way, T can be viewed as a subgroup of -G,
LZ x TV
(¢, ¢t:cezy)

Hence v = ¢n" for some n¥ € GV and some ¢ € -Z lying over o € Galg.

L —

Lemma 18.7. — For any pair (£,7) satisfying conditions (1), (2), (3), we have v =
(nY for some ¢ € LZ and nY € GY. The element nV is contained in NV, the nor-
malizer of TV, and represents a o-fized involution w¥ € WV. This involution acts

on Yo, by w¥(y) = —o(y).

Proof. — Conjugation by ¢ and conjugation by v = ¢nV stabilize TV. Hence conju-
gation by (7! -+ = nV stabilizes TV. Thus nV € NV, the normalizer of TV in G".
Write w" for the associated element of the Weyl group WY = NV /TV.
For all t¥ € TV, we compute
(t\/)fl — ’ytv’}/71 — Cn\/ . t\/ . (’nv)71<71
=¢nY¢Th YT ()T
= U(wvtv).
Hence wY = —o as automorphisms of Yy ,,. It follows that o o wY = w" o ¢, and
wY € (WV)7 is a Galois-fixed element of the Weyl group.
Note that 42 = ¢(—1) € TV. Hence
¢nY¢n¥ =¢¢- ¢V nY = Co(n¥)nY = ¢(-1) € TV
Since ¢2 € TV, we find that “n¥nY € TV too. Since “w" = w", we find that w" is an
involution in WV. O
The function (§,~) — £ descends to a function
3Xaon
W — conjugation’

inf: ®3°(G) —
Proposition 18.8. — The fibers of the function inf have cardinality zero or one.

Proof. — We demonstrate that, if (£,7v1) and (£,72) are two pairs (with the same £)
satisfying the conditions (1), (2), (3), then there exists t¥ € TV such that v =
tVy1(tV) L. Indeed, there exist (1,nY, (2,ny such that

Y1 =00y, Y2 =(any.

The elements n) and ny represent the same element w¥ € WV by the previous
Lemma. Thus there exists sV € TV such that ny = nys". The elements (;,(» € "2
lie over o € Galg, and so there exists zV € ZV satisfying ¢ = (12. We have

vV, VvV _ V.V, V \ V.V _ vV __
ms'zt =Gn{s’zt =Gz nys = Qny =72
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Since squaring is surjective on TV, let t¥ € TV be such that (tV)~2 = sVzV. The
previous Lemma describes the action of w¥ on TV, yielding

tv'yl(tv)_l _ tvgln}/(tv)_l _ Cln\l/ . awvt\/(t\/)—l _ 71(tv)_2 _ 'ylsvzv = . O
To understand the image of inf, we must understand which pairs (¢, ) may occur.

Lemma 18.9. — Suppose that there exists w¥ € WY such that w" acts on'Y via —o.
Suppose that £ is a reqular element of %XQ,n. Let p be the half-sum of the positive
roots of G with respect to T. Then £ occurs in the image of inf if and only if there
exists ¢ € “Z lying over o € Galg such that

(18.1) it = TP . (2,

Proof. — For one direction, suppose that (£,v) satisfies conditions (1), (2), and (3).
Condition (2) states that 72 = €2™%. We also know that v = ¢(n" for some ¢ € -2
and n¥ € NV representing w". Hence

(182) 627”'5 _ 72 — (CnV)2 — 4-2 . anvnv'

The computation of “n" - nV follows from a combinatorial lemma of Langlands, [44,
Lemma 3.2]:

(18.3) TnVnY = 2™,

To compare to [44], our n" corresponds to Langlands’ a, our p corresponds to Lang-
lands’ §, and our assumption that G is semisimple implies that Langlands’ p”(a)
equals 1. Langlands’ Lemma (18.3) and (18.2) imply that (18.1) holds.

Conversely, suppose that ¢ € 1 Xg , is regular and (18.1) holds for some ¢ € -Z
lying over o. Define v = ¢n", where n¥ € NV represents w" € WV (acting by —o
on Y). Suppose £ and (¢ satisfy (18.1). Define a discrete series Weil parameter ¢ by
setting

$(2) = (2/2)%,  ¢(j) = .
To see that ¢ defines a discrete series Weil parameter, it suffices to show that v2 =

(—1)%¢ and y¢(2)y~! = #(2). These follow from (18.1) and the fact that n" represents
the appropriate involution w" in WV. O

Remark 18.10. — If sV € ZV, then we find

since w" acts on TV by ¢tV — ?(tV)~!. Hence
(CS\/)2 — CZSVUSV — <2.

It follows that if (18.1) holds for some ¢ € -Z lying over o, then (18.1) holds for all
¢ € L7 lying over o.
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The previous lemma reduces the study of discrete series Weil parameters to the
study of ¢2 for ¢ € 'Z. This can be related, in turn, to the L-group of an anisotropic
maximal torus in G. The following lemma guarantees the existence of such a torus,
and is essentially the same as [44, Lemma 3.1]

Lemma 18.11. — If there exists a discrete series Weil parameter ¢ € @Sisc(é), then
there exists a mazimal R-torus S C G which is anisotropic, i.e., S = S(R) is compact.

Proof. — Let w € W be the Galg-fixed element of W corresponding to w" above.
Then w" acts on Y as —o, since Y contains Yy ,, as a finite-index subgroup. Since
w = “w and w? = 1, we find an element

[n] € H' (Galg, W), 1V(Id) =1,7"(c) = w.

Since we assume G is quasisplit, a result of Raghunathan [57] (proven earlier by Gillé
[31]) implies that 1 occurs as the “type” of a maximal R-torus S C G.

The character lattice of S is isomorphic to Y, but with the Galois action twisted
by the cocycle n

os(y) = w(o(y)).

But w = —0 on Y and so w(o(y)) = —y. Therefore o5 has no fixed points in Y, and
so S is anisotropic. O

Now fix such an anisotropic maximal R-torus S C G. We elaborate on the con-
nection between S and the o-fixed involution in W here. Since all maximal tori are
conjugate over C, there exists g € G¢ = G(C) such that Int(g)S = T. Since S and T
are defined over R, we find that Int(°g)S = T as well. Define v = “g - g~!. Then we
find that Int(w)T = T, and so w € Ng(T)(C).

Write Y for the cocharacter lattice of S, so Int(g): Ys — Y is an isomorphism of
groups. If w represents w € W, then the following diagram commutes:

Int(g)

Ys Y

o woo

vy o)y

Since S is anisotropic, 0: Yg — Yy is multiplication by —1. Hence Int(g) ' ow oo o
Int(g) = —1Id, as automorphisms of Y, and so w = —o as an automorphism of Y.
Therefore w = w and w € W2 Since G is quasisplit, the Galg-fixed element w
can be represented by a Galg-fixed element of Ng(T)(C). Hence we may assume,
without loss of generality, that

T =w="g-g"' € G(R).
Since %1 -1 = 1 and “w = w, we find that w? = 1 and w? = 1. Note that w € W2z
corresponds to wY € WV discussed earlier.

The inner automorphism Int(g): G¢ — G lifts canonically to an automorphism
Int(g): Gz — G (central extensions of G¢ by Kj on the big Zariski site over C).
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Writing 8’ and T’ for the pullbacks of G’, and extending scalars to C, we find a
commutative diagram of sheaves of groups on Cyz,, with exact rows:

K, —— Sz — Sc

(18.4) l: llnt(g) llnt(g)

K, —— Tz — Tc.

From the diagram (18.4), the first Brylinski-Degline invariant of S’ is the quadratic
form

Qs(y) = Q(Int(g)y) for all y € Ys.

We abbreviate Y# = YQ n and Ys = Y5 4,2 in what follows. Then Int(g) restricts to
an isomorphism from YS to Y.

Write 7' = .7[C] = Hom(Y#,C*), and similarly § = Hom(Yg, C*). The underlying
groups of T and S are the same as those of TV and SV, but the Galg-actions are
different: in 7' and S, we consider C* as a Galg-module by complex conjugation,
while in TV and SV, we consider C* as a trivial Galg-module.

The action of W on Y* yields a homomorphism : T — T. The isomorphism
Int(g): st — Y* yields a pullback isomorphism §: T — 8, fitting into a commutative
diagram:

LN
Taking the C((v))-points in (18.4), pushing out via Ko(C((v))) - C*, and pulling

back via Ys — S(C((v))) and Y* < T(C((v))) yields a commutative diagram of abelian
groups, relating the second Brylinski-Deligne invariants of S and T:

# i
C* —— Dy —» Yg

(18.5) J: llnt(g) llnt(g)

CX —— Df —— YH

Recall that & € G = G(R) and w-g = °g. It follows that, while Int(g): D% — D! is
typically not Galg-equivariant, the following diagram commutes:

Dg Int(g) D”

lcr Jlnt(w)oo

Int(g)

DL =4 pt

Let Spl(D*) be the T-torsor of splittings of D¥, and Spl(Dg) the S-torsor of split-
tings of Dg. The Galg actions on D! and Dg yield Galg-actions on Spl(D*) and
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Spl(Dg), compatible with those on 7" and S. Moreover, if s € Spl(D¥) then we find a
splitting
g*s =1Int(g) ' osolnt(g) € Spl(Dg).

Similarly, we may construct a splitting w*s = Int(w) " osolInt(w) € Spl(D*). The fol-
lowing diagrams commute, exhibiting the interactions of Galois actions, torsor struc-
ture, Int(w), and Int(g):

Spl(D¥) —— SpI(D%) T x Spl(D*) —*— Spl(Dt)

lu')*oo ltf J{QXQ* lg*
SpI(D¥) —L— SpI(D%) § x Spl(DY) —— Spl(D¥).
Let §, Spl(D*) denote the pushout of the torsor Spl(D¥) via §: T — S. Thus

G« Spl(D*) has the same underlying set Spl(D*), but is now viewed as a S-torsor. The
commutativity of the diagram above (on the right) demonstrates that

g% . SpL(D?) = Spl(DY)

is an isomorphism of S-torsors.
Write 1/Spl(D#) for the groupoid of square roots of the T-torsor Spl(D*). Similarly,
write Spl(Dg) for the groupoid of square roots of the S-torsor Spl(S). If z =

(H,h) € \/Spl(D!¥), then pushing out yields a square root (§.H, §.h) € v/« Spl(D*).
Composing with the isomorphism of S-torsors g*: g, Spl(D¥) — Spl(Dg), we find an

object g.Z = (G« H, g* o g«h) € Spl(Dg).

The diagrams and discussions above define functors of groupoids,
Oy \/Spl(D“) - \/Spl(Dﬁ)y
05,0t /SPI(DY) — \/SpL(DY),
s \[SpI(DE) — 4/Sp(D),
gu: \/ Spl(D*) — \/ Spl(D¥).

Lemma 18.12. — Let 1 be any element of Ng(T)(C) satisfying w? = 1 (e.g, the
element W = g - g~1 from before). Let T = (H,h) be any object of \/Spl(D¥). Then
there exists an isomorphism p: T — W.T in the groupoid /Spl(D¥) such that the
morphism

2 P . _ WP . . _
P7IT > WT — WyW4T =T

equals the identity.

Proof. — Since w is an involution in W, there exist strongly orthogonal roots
ai,...,op with associated root reflections wiq,...,w, € W, such that w = Hle w;
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(see, for example, [52, Proposition 1.1]). Let ¢; = Q(«)) and let n; = ng,. Thus
n; = 1 if g; is even, and n; = 2 if ¢; is odd. Define

¢
B=> g € X

i=1

Orthogonality implies that w(8) = —f.
Also, orthogonality implies that the coroots & are Q-linearly independently, and
so there exists a splitting s € Spl(D*) which is aligned in the sense that

(18.6) s(&)) = [es]™, forall 1 <i < /.

K3

As in Lemma 3.16, if d € D! lies over y € Y*, we have

Int d d - H( —ni{8i,y) | ( 1)Qi8(—"i(&i,y>)) .

Here and below, ¢(N) = N(N + 1)/2 for any integer N. As in Theorem 3.17, recall
that €(2N) = N modulo 2, and e(—N) — N = ¢(N) modulo 2.
When s is aligned as in (18.6), we compute

¢
[0"(s)](y) = Int(i)s | y — > _(@;,9)a) |,
j=1
= Int(w HInt —{@59)

= 5(y) -f[[ei]—m*w> (Saymelnedfe)

H (s(@}/)—(dj,y) .H[ez]nxapw(o? By) (_1)—qi<dj’y>s(—ni<di,&y>)> ’
J i

s(y) - (—1)Be(nal@sv)+ail@nye(=2n) - (by (18.6) and orthogonality)
s(y) - (_1)qi5(_ni<di,y>)_Qi"i(&iyy>7

ﬁ (115("11 a,,y))

1=

—

If n;, = 1, then g; is even and the exponent g;e(n;{(&,y)) is even. If n; = 2 then
g(n;{@,y)) has the same parity as (&,y). In both cases, we find

£ 4

H(_l)QiE(ni<&i,y>) — H(_l)%(di,w.

i=1 i=1
Hence
Ns = (—1)° — 7B
Int(w)s = (—1)" x s = €™ x s.

SOCIETE MATHEMATIQUE DE FRANCE 2018



170 M. H. WEISSMAN

Since h: H — Spl(D*) is surjective, let a € H be such that h(a) = s, with s aligned
as above. Let p: T — 1,T be any isomorphism in the connected groupoid +/Spl(D*).
Then, as a function from H to H, we have p(a) = # * a for some 7 € T. We have

s = h(a) = Int(w)(h(p(a))) = Int(w)(h(7 * a)) = W(#?) * Int(w)(s),
and so
w(7)? =e™ e T.
Since w(B) = — B, W(e’™P) = e7"™F = ™ and so 72 = €™ too. Define
p=~r"1e20p q=e"P*xac H.
Note that #~'e?™8/2 ¢ T[g], and so p: T — W.Z is again a morphism in \/W
As in Lemma 5.10, we compute
pla) = Fleimh/2 p(e”ﬁ/4 *a),
= 77 Lei™/2e1mB/4 4 p(a), (since w(e!™P/4) = eI™O/4)
= p1leimB/2g—imB/4p a,

_ f,—162ﬂﬁ/26—zwﬁ/4,’ge—z7rﬁ/4 xa=a.

Hence p(p(a)) = a. But po p is a T-torsor isomorphism from H to itself, and so
22
p° =1d. O

Now fix an object Z = (H, h, j) of the groupoid E.(G)[C]. Define Z = (H, h), an
object of 1/Spl(D!). Pushing out yields an object g.Z € \/Spl(Dg).

Theorem 18.13. — There exists an L-morphism g making the following diagram com-
mute:

ZV — L7 — % Galg
lgv rg l:

SV e—— S —— Galg.

Proof. — We begin by producing an L-morphism I(g) making the following diagram
commute:

ZV —— 78 (E.(G),z) — Galg

lgv JI(Q) J(:
SV 7¢(E.(S), g.Z) —» Galg.

Consider a morphism f: Z — 0.z in the groupoid E.(G)[C]. Thus f is an element
of m¢*(E.(G),2) lying over o. f restricts to an isomorphism from Z — 0,Z in the
groupoid E.(T)[C].
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Choose an isomorphism p: Z — 1,Z in the groupoid /Spl(D¥) such that p? = Id,
as in the previous lemma. From the proof of Theorem 5.13, the following diagram in
the groupoid E.(T)[C] commutes:

_ f _
T ——————— 0.

Wyl —— WxOxT = OxW4T.

The equality w.o.T = 0,w,Z follows from the fact that w is Galg-invariant. It follows
that f2 = (pf)? € ZV:

_ f _ P .o . _ f . _ . _ op=p ' _
X O« OxWxL = WxO0xX —> WxO0x0xT = Wy T xX.

fof
To compute gV (f?), we apply the functor g, throughout:

_ g«f _ x . . _ g«f . _ . . _
9T L5 gu00 T - 00T = GO T~y GO 0T = ol @ —2s g, 7.
g"(fof)

But g.w.0.T = 0.9+%, so the diagram above yields a commutative diagram
in E.(S)[C],
(18.7) g*.’f g*(pf) U*g*i g*(ﬂf) g*i’.
9" (fof)

Now we define the L-morphism I(g) as follows. Since f lies over o € Galg,
i'(E-(G),2) =2 U f 2",
Define I(g)¢ = g¥(¢) for all ¢ € ZV. Define I(g)f = g.(pf). To see that I(g) extends

uniquely to a homomorphism from 7¢*(E.(G),2) to n{*(E.(S),g.Z), it suffices to
observe two facts:

— For all ¢ € ZY, we have g¥o(¢) = g¥(c(wV(¢)) = a(g¥(¢)), and so gV is

Galg-equivariant.

— Diagram (18.7) implies that I(g)f* = ¥ (f?) = (9:(nf))* = (I(9) f)*.

To finish the proof, we recall that the first Brylinski-Deligne invariant of S satisfies
Qs(y) = Q(Int(g)y) for all y € Ys. It follows quickly that 7g : po — SV satisfies
7Qs(£1) = g (7g(£1)). Hence we find a L-morphism 7, making the following diagram
commute:

Z\/ — (TQ)*é\a/lR —_—> GalR

R
gv — (TQS)*é\a/.lR e GalR.

The Baer sum yields the desired L-morphism "¢ = I(g) + 7,. O
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Corollary 18.14. — Letp € %X be the half-sum of the positive roots for G with respect
toBD T. Letk € 1 Xg.n/Xq,n be the element defining the double cover Som — So.n-
Then the map inf gives a bijection,

(k+p+Xon)N Xéeg

@disc é
= (G)— W — conjugation

Proof. — From Lemma 18.9, we find that £ € %XQ,n is in the image of inf if and only
if £ is regular and e2™% = 27 . (2 for some ¢ € LZ lying over o € Galg. The previous
Theorem, together with Lemma 17.3 implies that gV (¢2) = (I(g)¢)? = €™ ¢ §V.
The result follows immediately. O
Recall that the infinitesimal character provided a finite-to-one surjective map,

reg
(k+p+X)NXgy

W — conjugation

inf: Hgi“(é) —

The W-equivariant inclusion X — Xg , uniquely determines a parameterization of
discrete series 731

Theorem 18.15. — There is a unique finite-to-one function Z35¢: TIY*(G) —
@g‘SC(G), making the following diagram commute:

disc ( & inf | (ktp+X)NX7*
HE (G) W — conjugation

J{zdisc \[

q)diSC(é) inf _ (k+p+Xgn)NXy*E
€ W —conjugation °

Proof. — This follows from the bijectivity of the bottom row, and the finite-to-one

nature of the top row. O
This theorem provides a finite-to-one parameterization of the genuine discrete series

representations of G, by discrete series Weil parameters valued in -G.

Appendix
Torsors, gerbes, and fundamental groups

Let S be a connected scheme, and Sg the étale site. Our treatment of sheaves
on Sy follows [22, §II]. Recall that a geometric point of S is a morphism of schemes
5: Spec(F) — S, where F is a separably closed field.

An open étale neighborhood of 5 is an étale morphism U — S endowed with a lift
@: Spec(F) — U of the geometric point 5. If 5 is a geometric point, we write ¢*(.S, 3)
for the étale fundamental group. When 5 is fixed, we define Galg = 7$(S, 5).
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A.1. Local systems on Sg;

Definition A.1. — A local system on S is a locally constant sheaf ¢ of sets on Sg;.

When ¢ is a local system on S¢ and U — S is étale, we write _# [U] for the set of
sections over U and we write _#y for the local system on Uyg; obtained by restriction.
If 5 is a geometric point of S, then the fiber Z5 is the inductive limit li_r)nU Z U], over
open étale neighborhoods of 5. By local constancy, #s = _#[U] for some such open
étale neighborhood. Often in this paper we work locally on Sg; and abuse notation a
bit by writing j € _# rather than j € #[U] (for an étale U — S§).

More generally, if C is a category, then one may work with local systems on Sg;
of objects of C, or “C-valued local systems”. If C — D is a functor, then one finds
a corresponding functor from the category of C-valued local systems to the category
of D-valued local systems. Fibers of such C-valued local systems over geometric points
make sense in this generality, by local constancy.

Example A.2. — Let ./ be a local system on Sg of finitely-generated abelian groups,
and let R be a commutative ring. Then Spec(R[.#]) will denote the local system on Sgt
of affine group schemes over R given by

Spec(R[.#1)[U] = Spec(R[.Z[U]]).

We will work with local systems of groups, local systems of affine group schemes
over Z, local systems of root data, etc.

A.2. Torsors on Sg;

Definition A.3. — Let ¢ be a sheaf of groups on Sg;. A ¥-torsor is a locally nonempty
sheaf of sets 7 on Sg;, endowed with an action *: ¢ x ¥ — ¥ such that

GxV =V xV, (g,v) (g*v,v)

is an isomorphism of sheaves of sets on Sg. Morphisms of ¥-torsors are morphisms
of sheaves on Sg which intertwine the ¢-action. The category of ¢-torsors will be
denoted Tors(¥).

If ¥ is a Y-torsor, we write [#] for its isomorphism class. The isomorphism classes
of Y-torsors form a pointed set denoted H} (S,%). The set is pointed by the isomor-
phism class of the neutral -torsor: ¢ itself, as a ¥-torsor by left-multiplication. If
Y is a Y-torsor, U — S is étale, and v € ¥[U], then write vy, for the restriction
of v to any further étale U’ — U. For any such U’, and any w € ¥ [U’], there exists
a unique g € 4[U’] satisfying w = g * vys. Allowing U’ to vary, the map w — g
gives a y-torsor isomorphism from ¥ to 4. Thus we say that the point v € ¥ [U]
neutralizes the torsor ¥ over U.

The category of torsors has more structure in the abelian case. If &7 is a sheaf
of abelian groups on Sg;, then the category Tors(«/) inherits a monoidal structure.
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Namely, if #] and 75 are two <7-torsors, define
T X V2

(a*vy,v2) ~ (v1,a % va)

N+ V=

With this monoidal structure, the trivial torsor <7 as zero object, and obvious isomor-
phisms for commutativity and associativity and unit, the category Tors(</) becomes
a Picard groupoid (i.e., a strictly commutative Picard category, in the terminology of
[34, Exposé XVIII §1.4]. The pointed set of isomorphism classes H} (S, &) becomes
an abelian group, with
(4] + [72] = [ + 72].

The group H}, (S, «/) is identified with the étale cohomology with coefficients <7

Suppose that f: .o/ — ¢ is a homomorphism of sheaves of groups on Sg;, with &7
abelian, and f central (i.e., f factors through the inclusion of the center & — ¥). If
¥ is an 7-torsor, then we write f,? for the pushout,

G xV

(g,a*'u) ~ (f(a) 'ga'U).

This operation of pushing out torsors defines a functor,

fu: Tors(/') — Tors(¥9).

7V =

If g €9 and v € ¥, we write g A v for its image in f,”# . Then
gA(axv)=gf(a) Av=f(a)gAv.
The ¥-torsor structure is given by
v*(gAv)=(y9) Av, forall y,g e G, ve V.

Suppose that c: @/ — o7 is a homomorphism of sheaves of abelian groups on Sg;.
Let #1 be an @/ -torsor and ¥, an «/-torsor. A map of torsors 7w: ¥, — ¥, lying over c
means a morphism of sheaves of sets on Sg; satisfying

(a1 *v1) = c¢(ay) * 7(vy), for all a1 € 24,v1 € ¥1.

Such a map factors uniquely through ¢, 7.
A short exact sequence of sheaves of abelian groups on Sg;,

(A1) a3zl

yields two more constructions of torsors.

First, the sequence yields a boundary map in cohomology, 9: Hgt(S, €) —
H} (S, <7). There is a corresponding map from global sections of € to objects of the
category of «7-torsors as follows.

Begin with ¢ € ¥[S] and write [c] to consider it as an element of HY (S, %). For
any étale U — S, write cy € €[U] for the restriction of ¢ to U. Define dc to be the
sheaf on Sg¢; whose sections are given by

dc[U] = {b € B[U] : B(b) = cu}.

ASTERISQUE 398



L-GROUPS AND PARAMETERS FOR COVERING GROUPS 175

The sheaf dc is naturally an «7-torsor; the equivalence class [0c] € H, (S, o7) coincides
with 9[c]. The sheaf Oc is called the torsor of liftings of ¢ via 3.

Next, write ¢Hem(%, #) for the sheaf of homomorphisms (“sheaf-hom”) from &
to %. This is a sheaf of abelian groups on Sg;, and there is a subsheaf of sets Jp/(%)
consisting of those homomorphisms which split the extension (A.1l). This subsheaf
Opi(A) is naturally a cHom (€, o/ )-torsor, called the torsor of splittings. This corre-
sponds to a familiar map in the cohomology of sheaves of abelian groups,

Ext(€, o) — Hy, (S, Slom (€, ).

A.3. Gerbes on S;;. — Here we introduce a class of gerbes on Sg. In what follows,
let </ be a sheaf of abelian groups on Sg;.

Definition A.4. — A gerbe on Sg, banded by <7 is a (strict) stack E on S of groupoids
such that E is locally nonempty, locally connected, and banded by <.

We unravel this definition here, beginning with the data:

a (strict) stack E on Sg; of groupoids: for each étale U — S, we have a (possibly
empty) groupoid E[U]. For v: U’ — U, a morphism of schemes étale over S, we
have a pullback functor v*: E[U] — E[U];

banded by «: for every object x of E[U], there is given an isomorphism &7 [U] —
Aut(z) (written a — ay).

This data satisfies additional axioms:

(strict) stack axioms: for each pair v: U’ — U and §: U” — U’, we require equality
of functors §* o v* = (yd)*. (“Strictness” refers to the requirement of equal-
ity rather than extra data of natural isomorphisms). Descent for objects and
morphisms is effective;

locally nonempty: there exists a finite étale U — S such that E[U] is nonempty;

locally connected: for any étale U — S and pair of objects z,y € E[U], there exists
a finite étale v: U’ — U such that y*z is isomorphic to v*y in E[U];

banding: given a morphism f: z — y in E[U], and a € &[U], ay o f = f o a,.
Also, given v: U — U étale, ay=; = v 0y € Aut(y*z).

Remark A.5. — We will not require gerbes banded by nonabelian groups—
commutativity greatly simplifies the theory. For a fuller treatment of gerbes,
one can consult the original book of Giraud [32], work of Breen [16], [15], the book
of Brylinski [17, Chapter V], the article of Deligne [23], the introduction of Garland
and Patnaik [55], and the Stacks Project [68], among others. We don’t keep track of
universes along the way, while Giraud [32] is careful about set-theoretic subtleties.
Our “strictness” assumption is typically referred to as an assumption that the fiberd
category E — Sg is “split” (see [73]). The strictness assumption is not so restrictive,
since every stack is equivalent to a strict stack (cf. [73, Theorem 3.45]). See also [32,

§1.1).
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If E is a gerbe on Sg banded by <7, and U — S is étale, then we write Ey for its
restriction to Ug; this is a gerbe on U banded by 7.

Our strictness assumption allows us to easily define the fiber of a gerbe E at a
geometric point 5. This is the category E; whose object set is the direct limit liL)nU E[U]
of object sets, indexed by open étale neighborhoods of 5. Write A = o7 for the fiber
of o/ over §. If z;, Zy are objects of Ez, then Hom(Z1, z5) is naturally an A-torsor.

If z,y € E[U], then for v: U’ — U define

Hom(x,y)[U'] = Hom(y*z,v"y).

In this way, we construct a sheaf Hem(z,y) of sets on Ug. In particular, we find a
sheaf of groups cAut(x) on Us. The banding provides an isomorphism of sheaves of
groups, <y — Aut(x), and SHem(x,y) becomes an .o/ -torsor.

A.3.1. Functors of gerbes. — Suppose that c: & — o is a homomorphism of
sheaves of abelian groups on Sg;, and E;, Es are gerbes on Sg banded by 7, <%,
respectively. A functor of gerbes ¢: E; — Eo, lying over c, is a (strict) functor of stacks
lying over c. This entails the following:

(strict) functor of stacks: for each étale U — S, a functor of categories
¢[U]: E1[U] — E3[U]. For every v: U’ — U, with pullback functors ~;
in E; and 75 in Eg, the “strictness” condition requires an equality of functors,
75 0 ¢[U] = @[U"] 0 7

lying over c: the “lying over ¢’ condition requires that, for each oy € 27 [U] with
ag = c¢(ay), and object z1 € E1[U] with 2o = ¢[U]z;1, we have

(@2)z, = ¢[U] ((a1)a,) € Aut(w2).

Gerbes on Sg banded by a fixed sheaf of abelian groups & form a 2-category (in
the sense of [32, §1.1.8]); if E; and E; are two such gerbes banded by the same <7,
an equivalence of gerbes ¢: E; — E; is a functor of gerbes lying over Id: & — .
Given two such equivalences of gerbes ¢, ¢': E; — Es, a natural isomorphism ¢ = ¢’
consists of natural isomorphisms of functors ¢[U] = ¢'[U] for each U, compatible
with pullback. This defines a 2-category of gerbes banded by .7, equivalences, and
natural isomorphisms of equivalences.

Given two gerbes E;, E; banded by .7, one may “contract” them to form another
gerbe E; + E; banded by /. The family of categories of torsors, Tors(</), given
by Tors(<7)[U] = Tors(e/y) (for each étale U — S), with pullbacks given by restriction
of sheaves, forms the neutral </-gerbe on Sg. E + Tors(«/) is equivalent to E, for
any gerbe E banded by &/ (and the equivalence is determined up to unique natural
isomorphism).

Suppose that E is a gerbe on S¢ banded by &7, and z is an object of E[U] for
some étale U — S. Then, for y: U’ — U étale, and y € E[U’], we have a o/ -torsor
Hom(y*z,y). This map y — SHlem(y*x,y) extends to an equivalence of gerbes from
Ey to Tors(«?)y. In this way, we say that = neutralizes the gerbe E over U.
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If E is a gerbe banded by <, we write [E] for its equivalence class. The set of such
equivalence classes is denoted HZ (S, «7). This forms an abelian group, with zero cor-
responding to the neutral gerbe of /-torsors, and addition arising from contraction.
From [32], we identify HZ (S, <) with the étale cohomology of S with coefliencts <.

A.3.2. Pushouts. — Given a gerbe E; banded by ¢, and c: &/, — <7 as above, one
may construct a gerbe c,E; banded by 7, called the pushout of E; by c¢. Any functor
of gerbes ¢: E; — E; lying over ¢ factors through a functor ¢,E; — E5 (the functor
being determined uniquely up to unique natural isomorphism, see [23, §5.3]). The
objects of c,.E; are the same as those of E;. But, given two such objects z,y € E1[U],
the morphism set Hom, g, (z,y) is defined as the pushout of torsors,

Hom, g, (.’E, y) = ¢, Homg, (.’E, y)

If z,y € E1[U], f € Homg, (z,y), and ay € o4[U], we write as A f for the resulting
morphism from z to y in ¢,E;. If @ € @A [U], then we have

az A(ary o f) = (az - cla1)) A f.
The pushout of gerbes corresponds to the map in cohomology,
HZ (S, 1) — HZ(S, ), [Ei] — c.[Ed].
See [32, Chapitre IV, §3.3, 3.4] for details.

B
A.3.3. The gerbe of liftings. — If o <> % —» % is a short exact sequence of sheaves
of abelian groups on Sg;, then the sequence of cohomology groups,

HZ,(S, ) % H2(S,2) 2 HA(S,%)

is also exact. The analogous construction with gerbes is the following: suppose that
E is a gerbe banded by %, F is a gerbe banded by %, and p: E — F is a functor of

gerbes lying over % B, % 1f 2 is an S-object of F (neutralizing F, so that 0 = [F] €
HZ(S,)), then cohomology suggests that E arises as the pushout of a gerbe banded
by <.

Indeed, we define the gerbe p~1(2) as follows: the objects of p~!(2)[U] are pairs
(y,7) where y is an object of E[U], and j: p(y) — 2z is an isomorphism in F[U]. The
morphisms in p~!(z) are those in E which are compatible with the isomorphisms to 2.
The gerbe p~1(z) will be called the gerbe of liftings of z via p. It is a gerbe banded
by <7, and there is a natural equivalence from a,p~!(z) to E, given by “forgetting 5.

A.3.4. The gerbe of nth roots. — Suppose that € is a sheaf of abelian groups on S,
and the homomorphism 4 = % is surjective. An important example of a gerbe of
liftings arises from the Kummer sequence ¢,) — ¢ 2.

Pushing out gives to a functor of gerbes, n,: Tors(%) — Tors(%), lying over € =
%. Given a %-torsor ¥, the gerbe of liftings of ¥ via n, will be called the gerbe
of nth roots, denoted /¥ . It is a gerbe on S banded by %ln)- The map which sends
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a %-torsor to its gerbe of mth roots corresponds to the Kummer coboundary map
»x: H(S,€¢) — HZ(S, Cn))-

Explicitly, an object of ¥/¥ is a pair (,h) where # is a €-torsor, and h: 7 — ¥
is a morphism of sheaves making the following diagram commute:

C x H — H

for s

ExV —— V.

The construction of the gerbe of nth roots is itself functorial. Consider a homo-
morphism of sheaves of abelian groups, c: ¥, — %, and assume that €, — %, and
€5 — 6, are surjective. Suppose that 74 is a ;-torsor, and ¥#; is a €,-torsor. Suppose
that f: ¥1 — 75 is a morphism of torsors lying over the homomorphism c¢: 4] — %5.
Then we find a functor of gerbes {/f: /71 — /7, lying over the homomorphism of
bands €7,[n) — 62,[n)-

A.4. Fundamental group. — Now let &/ be a local system of abelian groups on Sg.
Let E be a gerbe on S¢ banded by /. Let F be a separably closed field, let
5: Spec(F) — S be a geometric point, and recall that Galg = 7$*(S, 5) denotes the
étale fundamental group.

Suppose that U — S is a Galois cover, and %: Spec(F) — U lifts the geometric
point 5. Writing Galy = 7¢*(U, @), we find a short exact sequence

Galy — Galg — Gal(U/S5).

If v € Galg we write vy for its image in Gal(U/S).

Suppose moreover that < is a constant sheaf and E[U] is a nonempty groupoid
(i-e., E is neutral over U). Write A = &/ [U] for the resulting abelian group. Then A is
endowed with an action of Galg that factors through the finite quotient Gal(U/S).
An object z € E[U] will be called a base point for the gerbe E (over U). The banding
identifies A with the automorphism group of z.

Without loss of generality, pulling back to a larger Galois cover if necessary, we
may assume that Hom(z,7;;2) is nonempty for all v € Galg. In this way, the base
point z € E[U] and «y € Galg define an A-torsor,

Aut, (2) := Hom(z, vr2).

We write v* instead of {;, when there is little chance of confusion.
Define the étale fundamental group of the gerbe E, at the base point z, by

m1(E, 2) = |_| Aut,(2).
v€Galg
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The group structure is given, for v1,v, € Galg, by the following sequence:

Aut,, (z) X Aut,,(z) = Hom(z,v;2) x Hom(z, 75 2)
* x1d
72 X Hom(~5z,v5712) x Hom(z, 75 2)

= Hom(z,9§12)

— Hom(z, (1172)*2) = Auty,, (2).

As Autyq(z) = Aut(z), the isomorphism A = Aut(z), a — a., gives an extension of
groups,

(A.2) A — 7$(E, z) - Galg .

If v € Galy C Galg, then vy = Id and so Aut,(z) = Autiq(z). In this way, we find
a splitting Galy < 71 (E, z). In other words, 7¢*(E, z) arises as the pullback of an
extension of Gal(U/S) by A. The conjugation action of Galg on A, in the extension
(A.2), coincides with the canonical action of Gal(U/S) on A = Z[U].

The sequence (A.2) describes the fundamental group of a gerbe (with base point)
as an extension of Galg by A. Here we analyze how this fundamental group depends
on the choice of base point, and how it behaves under equivalence of gerbes.

Consider a further Galois cover §: U’ — U and geometric base point @’ lifting
4. By constancy of o7, we identify A = &/[U] = «/[U’]. For all v € Galg, we have
Y08 = §oryy.. This defines an isomorphism of A-torsors, §*: Aut,(z) = Aut., (6*2),
using the sequence below:

Aut., (z) = Hom(z, v 2) &, Hom(8*z, 6*v{;2)

— Hom (6*z, (yr0)*2)
(072, (670r)"2)

— Hom (6*z,7{,6%2) = Aut, (6*2).

= Hom

Putting these isomorphisms together, we find an isomorphism of extensions:

A —— m$(E, 2) — Galg
R
A —— 7¢*(E,6*2) — Galg.

A further cover ¢': U” — U’, with " = § o ¢': U” — U, gives a commutative
diagram in the category of extensions of Galg by A:

Lgrr

T

m¢*(E, 2) — m¢t(E, 6*2) — mét(E, (8')*6%2) = n$*(E, (6")*2).
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Define z € Ez to be the image of the base point z in the direct limit. We call Z a
geometric base point for the gerbe E. Define
ﬂ-i}t(Ea z) = h_I>n Wft(E’ 6*2),
U
the direct limit over Galois covers 6: (U’,@') — (U, u), via the isomorphisms ¢5 de-
scribed above. This gives an extension of groups, depending (up to unique isomor-
phism) only on the geometric base point z € Eg:

A — 7¢(E, z) - Galg.
This extension is also endowed with a family of splittings over finite-index subgroups
Galy C Galg, arising from base points z € E[U] mapping to z. Having such splittings
is useful for topological purposes, e.g., 7$*(E, 2) — Galg is naturally a continuous
homomorphism of profinite groups when A is finite.

Consider a second geometric base point zZy € E; (over the same § — S). There
exists an isomorphism f: Zy — Z in E;. For a sufficiently large Galois cover U — S,
we may assume that f: Z, — Z arises from a morphism f: zg — z in E[U].

Define vy: Aut,(29) — Aut,(2z) to be the bijection

tp(n) = fono f71, for all n € Aut. (),

making the following diagram commute (in the groupoid E[U]):

20 4f> z
ln l‘f("?)
v* 2o SMALAN / v*z.

As «y varies over Galg, this provides an isomorphism of extensions, ¢y: 7 (E, z9) —
7t (E, ). Passing to the direct limit, we find an isomorphism of extensions depending
only on f: Zp — Z,

A —— 78 (E, 7)) — Galg

T

A —— 7¢(E, 2) —» Galg.

Given another isomorphisms g: Zy — Z, there exists a unique element o € A such
that § = az o f. As for f, we may assume that g arises from g¢: z9 — z in E[U]. It
follows that, for all n € Aut,(2p),

Lg(n) =v*gonog™"
=7"(azof)ono ftoa;
=7"a, oup(n) oa;l

= oz oup(n) oz,

1

In other words, we have 15 = Int(a) o ¢7.
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To summarize the relationship between gerbes banded by </ and extensions of Galg
by A, we have the following.

Theorem A.6. — To each geometric base point Z € Ez, we obtain an extension
A — 7¢(E, z) — Galg,

known as the fundamental group of the gerbe E at zZ. For any two geometric base
points Zg, zZ, we obtain a family of isomorphisms of extensions

1*(E, Z0) — 71 (E, 2),
any two of which are related by Int(a) for a uniquely determined o € A.

This theorem may seem more natural using 2-categorical language as follows: con-
sider the 2-category OpExt(Galg, o) whose objects are extensions of Galg by A in
which the Galg action on A = & coincides with that which arises from the local
system /. The morphisms in this category are isomorphisms of extensions (giving
equality on Galg and A). Given two such morphisms ¢, ¢’ sharing the same source and
target, a natural transformation ¢ = ¢’ is an element o € A such that ' = Int(a) o ¢.
A restatement of the above theorem is the following.

Theorem A.7. — A gerbe E banded by </, and a geometric point 3 — S, yield an
object m$*(E,3) of OpExt(Galg,.o7), well-defined up to equivalence, the equivalence
being uniquely determined up to unique natural isomorphism.

Remark A.8. — If </ is a constant sheaf, then the extension A — 7$*(E, z) — Galg is
a central extension. It follows quickly from the theorem that we may define an exten-
sion

A — 7%(E, 5) — Galg

up to unique isomorphism (without choice of geometric base point z). In this case,
the 2-category OpExt(Galg, A) is an ordinary category: the only transformations are
the identities.

Next, consider a functor of gerbes ¢: E; — E5 lying over a homomorphism c: @/, — o4
of local systems of abelian groups. If Z; is a geometric base point for E; over 3, arising
from z; € E;[U], then let z; = ¢[U](#1). Define Zs to be the resulting geometric
base point of E5. Our strictness assumption for functors of gerbes implies that the
geometric base point Z; depends only on the geometric base point z;, and not on the
choice of z;.

For any v € Galg, we obtain a map ¢,: Aut,(z1) — Aut,(z2), given by

Autty (21) = Hom(z1,7"21) 225 Hom(g[U](1), 6[U](v*21))

= Hom(z,7"¢[U](21))
= Hom(z2,7"22) = Aut,(22).

SOCIETE MATHEMATIQUE DE FRANCE 2018



182

M. H. WEISSMAN

Putting these together yields a homomorphism of extensions,

A1 — W?t(El,zl) —_—> Gals

ok

A2 — W?t(EQ,EQ) —d Gals.

If ¢,¢': E; — E5 are two functors of gerbes lying over ¢: @/ — 4, and ¢(z1) =
¢'(z1) = Z2, then we find two such homomorphisms of extensions,

¢,¢": 7" (E1, 21) — 71" (Eg, 22),

lying over c: A1 — As.

If N: ¢ = ¢ is a natural isomorphism of functors, then N determines an isomor-
phism ¢(z1) — ¢'(21), whence an isomorphism z; — Z. Such an isomorphism is given
by an element as € Ay = Aut(Zz), and one may check that

[1]
2]

3]
[4]
[5]
[6]
[7]
(8]
(]

[10]
[11]

¢/ = Int(a2) o (bi W?t(El,Zl) — ﬂ'?t(EQ, 22).
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THE LANGLANDS-WEISSMAN PROGRAM
FOR BRYLINSKI-DELIGNE EXTENSIONS

by
Wee Teck Gan & Fan Gao

Abstract. — We describe an evolving and conjectural extension of the Langlands pro-
gram for a class of nonlinear covering groups of algebraic origin studied by Brylinski
and Deligne. In particular, we describe the construction of an L-group extension of
such a covering group (over a split reductive group) due to Weissman, study some of
its properties and discuss a variant of it. Using this L-group extension, we describe
a local Langlands correspondence for covering (split) tori and unramified genuine
representations, using work of Savin, McNamara, Weissman and W.-W. Li. We then
define the notion of automorphic (partial) L-functions attached to genuine automor-
phic representations of the covering groups of Brylinski and Deligne. Finally, we see
how the L-group formalism explains certain anomalies in the representation theory of
covering groups and examine some examples of Langlands functoriality such as base
change.

Résumé (Le programme de Langlands-Weissman pour les extensions de Brylinski-Deligne)

Nous décrivons une extension conjecturale, en evolution, du programme de Lan-
glands pour une classe de revétements de groupes réductifs d’origine algébrique, étu-
diés par Brylinski et Deligne. Nous décrivons, en particulier, la construction, due a
Weissman, d’une extension de L-groupe d’un tel revétement de groupe (au-dessus
d’un groupe réductif déployé). Nous étudions certaines de ses propriétés et discutons
d’une variante de celui-ci. En utilisant cette extension de L-groupe, a ’aide du travail
de Savin, McNamara, Weissman et W.-W. Li, nous décrivons une correspondance
de Langlands locale pour des revétements des tores (déployés) et pour les représen-
tations non-ramifiées spécifiques. Nous définissons ensuite la notion de L-fonctions
automorphes (partielles) attachées aux représentations automorphes spécifiques pour
les groupes de Brylinski et Deligne. Enfin, nous verrons comment le formalisme de
L-groupe explique certaines anomalies dans la théorie des représentations des re-
vétements de groupes réductifs et examinons quelques exemples de fonctorialité de
Langlands tels que le changement de base.

2010 Mathematics Subject Classification. — 11F70; 22E50.
Key words and phrases. — Covering groups, Langlands program, L-groups.
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1. Introduction

One of the goals of the local Langlands program is to provide an arithmetic clas-
sification of the set of isomorphism classes of irreducible representations of a locally
compact group G = G(F'), where G is a connected reductive group over a local field F'.
Analogously, if k is a number field with ring of adeles A, the global Langlands program
postulates a classification of automorphic representations of G(A) in terms of Galois
representations. In this proposed arithmetic classification, which has been realized in
several important instances, a key role is played by the L-group “G of G. This key no-
tion was introduced by Langlands in his re-interpretation of the Satake isomorphism
in the theory of spherical functions and used by him to introduce the notion of auto-
morphic L-functions. One of the main goals of this paper is to do the same for a class
of nonlinear covering groups of “algebraic origin” studied by Brylinski-Deligne [15].

1.1. Covering groups. — The theory of the L-group is so far confined to the case
when G is a connected reductive linear algebraic group. On the other hand, since
Steinberg’s beautiful paper [59], the structure theory of nonlinear covering groups
of G (i.e., topological central extensions of G by finite groups) have been investigated
by many mathematicians, notably Moore [48], Matsumoto [42], Deodhar [21], Deligne
[20], Prasad-Raghunathan [50, 51, 52], and its relation to the reciprocity laws of abelian
class field theory has been noted. In addition, nonlinear covering groups of G have
repeatedly made their appearance in representation theory and the theory of automor-
phic forms. This goes way back to Jacobi’s construction of his theta function, a holo-
morphic modular form of weight 1/2, and a more recent instance is the work of Kubota
[30] and the Shimura correspondence between integral and half integral weight modu-
lar forms. Both these examples concern automorphic forms and representations of the
metaplectic group Mp,(F'), which is a nonlinear double cover of SLa(F') = Sp,y(F).
As another example, the well-known Weil representation of Mp,,, (F') gives a repre-
sentation theoretic incarnation of theta functions and has been a very useful tool in
the construction of automorphic forms. Finally, much of Harish-Chandra’s theory of
local harmonic analysis and Langlands’ theory of Eisenstein series continue to hold
for such nonlinear covering groups (see [47] and [36]).

It is thus natural to wonder if the framework of the Langlands program can be
extended to encompass the representation theory and the theory of automorphic
forms of covering groups. There have been many attempts towards this end, such
as Flicker [23], Kazhdan-Patterson [28, 29], Flicker-Kazhdan [24], Adams [1, 2], Savin
[57] among others. However, these attempts have tended to focus on the treatment of
specific families of examples rather than a general theory. This is understandable, for
what is lacking is a structure theory which is sufficiently functorial. For example, the
classification of nonlinear covering groups given in [48, 21, 50, 51] is given only when
G is simply-connected and isotropic, in which case a universal cover exists.
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1.2. Brylinski-Deligne theory. — A functorial structure theory was finally developed
by Brylinski and Deligne [15]. More precisely, Brylinski-Deligne considered the cate-
gory of multiplicative Ks-torsors on a connected reductive group G over F'; these are
extensions of G by the sheaf Ky of Quillen’s Ky group in the category of sheaves of
groups on the big Zariski site of Spec(F):

1 Ko G G 1.

In other words, Brylinski and Deligne started with an extension problem in the world
of algebraic geometry. Some highlights of [15] include:

— an elegant and functorial classification of this category in terms of enhanced root
theoretic data, much like the classification of split connected reductive groups
by their root data.

— the description of a functor from the category of multiplicative Ko-torsors G
on G (together with an integer n such that #u,(F) = n, which determines the
degree of the covering) to the category of topological central extensions G of G:

1 L G G 1.

These topological central extensions may be considered of “algebraic origin” and
can be constructed using cocycles which are essentially algebraic in nature.

— though this construction does not exhaust all topological central extensions, it
captures a sufficiently large class of such extensions, and essentially all interest-
ing examples which have been investigated so far; for example, it captures all
such coverings of G when G is split and simply-connected (except perhaps in
the case of type C, over real numbers).

We shall give a more detailed discussion of the salient features of the Brylinski-Deligne
theory in §2 and §3. Hence, the paper [15] provides a structure theory which is es-
sentially algebraic and categorical, and may be perceived as a natural extension of
Steinberg’s original treatment [59] from the split simply connected case to general
reductive groups.

1.3. Dual and L-groups. — One should expect that such a natural structure theory
would elucidate the study of representations and automorphic forms of the Brylinski-
Deligne covering groups G, henceforth referred to as BD covering groups. Indeed,
Brylinski and Deligne wrote in the introduction of [15]: “We hope that for k£ a global
field, this will prove useful in the study of metaplectic automorphic forms, that is, the
harmonic analysis of functions on G(A)/G(k)”.

The first person to fully appreciate this is probably our colleague M. Weissman.
In a series of papers [66, 67, 27|, Weissman systematically exploited the Brylinski-
Deligne theory to study the representation theory of covering tori, the unramified
representations and the depth zero representations. This was followed by the work of
several authors who discovered a “Langlands dual group” G for a BD covering group
G (with G split) from different considerations. These include the work of Finkelberg-
Lysenko [22] and Reich [54] in the framework of the geometric Langland program and
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the work of McNamara [44, 45] who established a Satake isomorphism and interpreted
it in terms of the dual group G". The dual group G was constructed by making a
metaplectic modification of the root datum of G.

In [70], Weissman built upon [44] and gave a construction of the “L-group” ©G of a
split BD covering group G. The construction in [70] is quite involved, and couched in
the language of Hopf algebras. Moreover, with hindsight, it gives the correct notion
only for a subclass of BD covering groups. In a foundational paper [73], Weissman
gives a simpler and completely general revised construction of the L-group for an
arbitrary quasi-split BD covering group (not necessarily split), using the framework
of étale gerbes, thus laying the groundwork for an extension of the Langlands program
to the setting of BD covering groups.

1.4. The L-group extension. — We shall describe in §4 Weissman’s construction of
the L-group of G for split G (given in the letter [69]), where one could be more
down-to-earth and avoid the notion of gerbes. The fact that this more down-to-earth
construction is equivalent to the more sophisticated one in [73] is shown in [72]. At
this point, let us note that since G is split, one is inclined to simply take “G as the
direct product G’ x Wg, where Wg denotes the Weil group of F. At least, this is
what one is conditioned to do by the theory of L-groups for linear reductive groups.
However, Weissman realized that such an approach would be overly naive.

Indeed, the key insight of [70] is that the construction of the L-group of a BD
covering group should be the functorial construction of an extension

(1.1) 1 G’ La Wp —— 1,

and an L-parameter for G should be a splitting of this short exact sequence. The point
is that, even if G is isomorphic to the direct product G’ x Wg, it is not supposed
to be equipped with a canonical isomorphism to G’ x Wr. This reflects the fact that
there is no canonical irreducible genuine representation of G, and hence there should
not be any canonical L-parameter. Hence it would not be appropriate to say that the
L-group of G “is” the direct product G’ with Wg.

As Weissman is the first person to make use of the full power of the Brylinski-
Deligne structure theory for the purpose of representation theory and is the one who
introduced the L-group extension, we shall call this evolving area the Langlands-
Weissman program for BD extensions. As the adjective “evolving” is supposed to
suggest, we caution the reader that the construction in [69, 73] may not be the final
word on the L-group.

1.5. Results of this paper. — Against this backdrop, the purpose of this paper is to
supplement the viewpoint of [70, 69, 73] concerning the L-group “G in several ways. In
particular, we shall study some properties of the L-group extension, suggest a variant
of it and provide supporting evidence for its essential correctness. We summarize our
results here:
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(The L-group extension) Firstly, we show that the L-group extension of a split
BD covering group constructed in [70, 69, 73] is a split extension (see Proposi-
tion 6.9), but the L-group is not isomorphic to the direct product G’ x Wpg in
general. This phenomenon can be seen already in the following simple family of
BD covering groups

Gy = (GLy(F) X p2)/in(F*) = GLy(F)/NE)
where n € F*/F*2, with corresponding quadratic étale algebra E,, and
Zﬂ(t) = (t7 (nvt)2)7
with (—, —)2 denoting the quadratic Hilbert symbol. Observe that the first pro-
jection defines a topological central extension

Then it turns out that é;]/ = SLy(C) and
LG, = SLy(C) x, Wg

where the action of Wr on SLy(C) is by the conjugation action via the map
Wgr — GL2(C) given by

W — Xn(w)
1 b

with x;, the quadratic character of Wr determined by 7.

This family of BD covering groups is quite instructive, as it illustrates several
interesting phenomena. For example, one can show that the covering splits over
the hyperspecial maximal compact subgroup PGL2(OF) if and only if € Of
(see §4.6). This seems to contradict [44, Thm. 4.2 (see [45] where a corrected
version is given) where it was claimed that a BD covering for a split G is always
split over a hyperspecial maximal compact subgroup K. In general, we treat
this issue of splitting over K in §4; see especially Theorem 4.2.

Though the L-group extension may not be split, the inner class of Aut(év)
induced by the conjugation action of Wr (via any choice of splitting) contains
the trivial automorphism. Such a situation is familiar from the theory of en-
doscopy for linear algebraic groups, where in the definition of an endoscopic
datum (H,&k,s,€), the group &/ is a split extension of Wr by HY but not
necessarily isomorphic to the L-group of H.

(Distinguished splittings) Secondly, we would like to argue that the L-group of a
split BD covering group should be (the isomorphic class of) the extension (1.1),
together with a finite set of distinguished splittings (which we will define and
which give rise to isomorphisms LG = G’ x W if they exist). If the degree of
the covering is n = 1, so that G = G, then the set of distinguished splittings is
a singleton, so that LG “is” G’ x W in this case. For a subclass of BD covering
groups, we show in Theorem 6.6 that the L-group short exact sequence (1.1)
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has such a family of distinguished splittings; this completes the results of [70]
where the cases for odd n and n = 2 were treated.

(Distinguished genuine characters) We show that the distinguished splittings
of LG are in natural bijection with a family of distinguished genuine characters
of the center Z(T) of the covering torus T (where T is a maximal F-split torus
of G). These distinguished genuine characters of Z(T') are “as close to being
trivial characters as possible,” and are invariant under the natural Weyl group
action for certain G (see Theorem 6.8). Thus, they serve as natural base-points
for the definition of principal series representations, extending the results of
Savin [57] to general n and these G. We also give an explicit construction of
such distinguished genuine characters of Z(T), using the Weil index and the
n-th Hilbert symbol.

We point out, however, that for general G, there may not exist distinguished

splittings of G or Weyl-invariant genuine characters of Z(T). For example, for
the covering groups é,, discussed in (i), Weyl-invariant genuine characters exist
if and only if (n, —1)2 = 1.
(LLC) The fact that the extension ZG is split allows one to define the set of
L-parameters for G as the set of splittings of “G modulo the conjugation action
of G'. In particular, one can formulate a conjectural (coarse) local Langland
correspondence (LLC). This is done in §11. We verify this conjectural LLC in
three cases:

e (LLC for covering tori) When G = T is a split torus, the above passage
between distinguished splittings of “T and distinguished genuine char-
acters of Z(T) extends to give the local Langlands correspondence for
covering tori, a problem first investigated in [66] and also treated in [73].
This is contained in Theorem 8.2.

e (Unramified LLC) For general split G, a Satake isomorphism has been
shown by McNamara [44], W.-W. Li [39] and Weissman [73] (relative to
a splitting s of G over K). In Theorem 9.4, we formulate the Satake iso-
morphism in terms of “G and show in Theorem 9.8 that s-unramified
representations of G are naturally parametrized by “s-unramified split-
tings” of G. In particular, this gives the notion of Satake parameters
(relative to s), which is the main ingredient in the definition of automor-
phic L-functions.

o (Metaplectic groups) When G = Mp,,(F) is the degree 2 cover
of Sp,,,(F), we use the results of [3, 25] (established using the theory of
theta correspondences and the LLC for odd special orthogonal groups)
to deduce the LLC for Mp,,, in terms of the L-group “G considered here.
In particular, this LLC for Mp,,, (F') (see Theorem 11.1) is independent
of the choice of a nontrivial additive character ¢ of F.
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Using the results of Ban-Jantzen [7] (on the Langlands classification for covering
groups) and W.-W. Li [36] (on the theory of R-groups), one can reduce the coarse
LLC to the discrete series case.

(Enlagred L-group) In Section 10, we suggest a slightly different treatment of
the L-group given in [70, 69, 73|, by treating several closely related BD cover-
ing groups together. For example, the representation theory of all the groups
G, in (i) can clearly be treated together in terms of the representation theory
of GLy(F'). Extending this instructive example, one can slightly enhance Weiss-

man’s construction in [69, 73| to give an enlarged L-group LG*.

v #

1 G La

Wi x (T,)V[n] —— 1
where (Técn)v[n] is a finite group: it is the group of n-torsion points in the
maximal split torus of the adjoint quotient of G’. One can write the above

exact sequence as:

1 —— G =G« (Tg,) ] —— G

Wg 1

where the action of (T¢f,,)" [1] on G is via the canonical adjoint action of (év)ad

on G . If one pulls back (1.2) using the map
idx xn: Wp — Wg X ug,

one recovers the L-group extension L@,,. Thus, Lé# is an amalgam of all Lén
and it always has a distinguished splitting. Using this enlarged L-group and
exploiting z-extensions (see §2.9), we can reduce the LLC for BD covering groups
to a distinguished subclass of such groups, corresponding to n = 1.

As an example, for the groups G,, discussed in (i), (1.2) is:

1 —— SLy(C) —— Wp ><SL2((C)jE _det Wg X pg — 1,

whereas (1.3) is:

1 —— SLy(C)* ——— Wr x SLy(C)* Wr 1.

(Automorphic L-functions) Using the above results, we define in §13 the notion
of “automorphic L-functions” associated to an automorphic representation of a
global BD covering group and a representation R of “G. How can one describe
the representations R of “G? One way is to exploit the distinguished splittings
of LG constructed above.

Indeed, a distinguished splitting s¢ : Wp — L@# gives rise to the notion of
L-parameters relative to sg: for any splitting s : Wrp — Lé#, one sets

Bo(w) = s(w)/so(w) " € GT =G x (T,)"[n]

so that ¢ : Wp — é#. In particular, the Satake isomorphism furnishes the
notion of Satake parameters relative to sg. A distinguished splitting s thus
allows one to define the notion of the L-function (with respect to sg) associated
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to a representation R of the (enlarged) dual group feld (whose representations are
easy to write down in terms of those of the connected Lie groups 6\/). Together
with the Satake isomorphism, we thus have the notion of the “automorphic
L-function” associated to sg and R.

In fact, if R factors through the adjoint group of @#, the resulting L-function
is independent of the choice of sg; in particular the adjoint L-function is canoni-
cally defined. Another instance is the Langlands-Shahidi type L-functions, as we
explain in §13.4. In the PhD thesis [26] of the second author, it was shown that
the constant terms of Eisenstein series on BD covering groups are expressed in
terms of these Langlands-Shahidi type L-functions, which extends the results of
Langlands’ famous monograph [33] to the nonlinear setting of this paper. One
would like to show, as in the linear case, that these automorphic L-functions are
nice, i.e., have meromoprhic continuation and satisfy a functional equation of
the usual type. The meromorphic continuation of the Langlands-Shahidi type L-
functions has been shown by the second author [26], but is open at this moment
in general.

(Anomalies) We explain how the L-group formalism explains certain anomalies
which have been empirically observed in the representation theory of certain cov-
ering groups. One is the fact that representations in a given L-packet of Mp(2n)
can have different central characters. Another is the observation that when re-
stricting an irreducible genuine representation of a Kazhdan-Patterson cover
of GL(n) to its cover over SL(n), the irreducible summands need not occur in
the same L-packet. These phenomena can be neatly explained in terms of the
L-group.

(Langlands Functoriality) Finally, we examine certain instances of Langlands
functoriality. The L-group formalism already gives a suggestion of the “endo-
scopic groups” of a BD covering group G. Indeed, if we let Gg ,, be the quasi-
split linear algebraic group whose L-group is isomorphic to the L-group of G.
Then it is natural to think of the endoscopic groups of G, as the endoscopic
groups of G. This should be correct to a first approximation, though (as one sees
from the work of W.-W. Li for Mp(2n)) the notion of isomorphism of endoscopic
data has to be modified. In any case, one then expects instances of endoscopic
transfer, at least on the level of weak liftings. One supporting evidence is that
one has an isomorphism of Iwahori-Hecke algebras of G and G ,,, as formulated
in Theorem 15.1.

Another example we examine is the case of base change. It turns out that it is
not so automatic to formulate this notion on the L-group side. We achieve this
by appealing to a result of E. Bender [8]. We then show in Theorem 14.3 that,
for an extension K/F of local fields, base change for covering tori is obtained
by pulling back via a lifting of the usual norm map Ny : T(K) — T(F) to the
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level of covers, i.e., using a commutative diagram:

Ty 27, T,

! !

T(K) —*— T(F),
with the map ¢V being constructed by the results of Bender [8]. These topics
are contained in §14 and §15.

We conclude the paper with a number of examples, illustrating the above constructions
and results, as well as highlighting a few basic questions which we feel are crucial for
carrying the theory forward.
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2. Brylinski-Deligne Extensions

Let F be a field and G a connected reductive linear algebraic group over F'. We shall
assume that G is split over F in this paper. Fix a maximal split torus T contained
in a Borel subgroup B of G. Let Y = Hom(G,,,T) be the cocharacter lattice and
X = Hom(T, G,,) the character lattice. Then one has the set of roots ® C X and the
set of coroots ®V C Y of (G, T) respectively. The Borel subgroup B determines the
set of simple roots A C ® and the set of simple coroots AV € ®V. For each o € ®,
one has the associated root subgroup U, C G which is normalized by T. We shall fix
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an épinglage or pinning for (G, T), so that for each a € ®, one has an isomorphism
Ty : Gy — U,,.

Hence our initial data for this paper is a pinned connected split reductive group
(G, T,B, z,) over F.

2.1. Multiplicative Ks-torsors. — The algebraic group G defines a sheaf of groups
on the big Zariski site on Spec(F). Let Ky denote the sheaf of groups on Spec(F)
associated to the Ky-group in Quillen’s K-theory. Then a multiplicative Ks-torsor is
an extension

1 Ko G G 1

of sheaves of groups on Spec(F'). We consider the category CExt(G,K5) of such ex-
tensions where the morphisms between objects are given by morphisms of exten-
sions. Given two such central extensions, one can form their Baer sum: this equips
CExt(G, Ky) with the structure of a commutative Picard category.

In [15], Brylinski and Deligne made a deep study of CExt(G,Kz) and obtained
an elegant classification of this category when G is a connected reductive group. We
recall their results briefly in the case when G is split.

2.2. Split torus. — Suppose T is a split torus, with cocharacter lattice ¥ =
Hom(G,,, T) and character lattice X = Hom(T, G,,). Then we have:

Proposition 2.1. — Let T be a split torus over F. The category CExt(T,Ky) is equiv-
alent as a commutative Picard category (by an explicit functor) to the category whose
objects are pairs (Q,E), where

- @ is a Z-valued quadratic form on Y, with associated symmetric bilinear form

Bo(y1,y2) = Qy1 + y2) — Q1) — Qy2);
— & is a central extension of groups

1 F> & Y 1

whose associated commutator map [—,—]:Y xY — F* is given by

[yla y2] = (—1)BQ(yl,y2).

The set of morphisms between (Q,€) and (Q',E’") is empty unless Q = Q’, in which
case it is given by the set of isomorphisms of extensions from & to £'. The Picard
structure is defined by

(Q,6) +(Q',&") = (Q + Q', Baer sum of € and &").

Observe that the isomorphism class of the extension £ is completely determined by
the commutator map and hence by the quadratic form Q. The extension £ is obtained
from T as follows. Let F'((7)) denote the field of Laurent series in the variable 7 over F.
Then one has

1 —— Ky(F(r) —— T(F(r)) —— T(F(7)) =Y @ F(r)* —— 1.
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The map y — y(7) defines a group homomorphism Y — T(F((7))). Pulling back by
this morphism and pushing out by the residue map

Res : Ko(F (1)) — Ky(F) = F*
defined by
ol Py fv(g)
Res(f, g) = (—1)") (). (gv(f)(o) ;
one obtains the desired extension €.

2.3. Simply-connected groups. — Suppose now that G is a split simply-connected

semisimple group over F' and recall that we have fixed the épinglage (T,B, z,). Let

W = N(T)/T be the corresponding Weyl group. Since G is simply-connected, the

coroot lattice is equal to Y, so that the set of simple coroots AV is a basis for Y.
Now we have:

Proposition 2.2. — The category CExt(G,Ks) is equivalent (as commutative Picard
categories) to the category whose objects are W -invariant Z-valued quadratic form Q
on Y, and whose only morphisms are the identity morphisms on each object.

As a result of this proposition, whenever we are given a quadratic form Q on Y, @
gives rise to a multiplicative Ks-torsor @Q on G, unique up to unique isomorphism,
which may be pulled back to a multiplicative Ks-torsor TQ on T and hence gives
rise to an extension & of Y by F'*. The automorphism group of the extension &; is
Hom(Y, F*). Following [15, §11], one can rigidify & by giving it an extra structure,
as we now explain.

2.4. Rigidifying . — We continue to assume that G is simply-connected. We have
already fixed the épinglage {z, : @ € ®} for G, so that

Ty : G, — U, CG.
Indeed, one has an embedding
ia : SL2 — G

which restricts to 1, on the upper and lower triangular subgroup of unipotent ma-
trices. By [15], one has a canonical lifting

%0 :G, — U, CG.
For t € G,,, we set

0 t
-t~ 0

Na(t) = To(t) - T_o(—t71) - 24(t) = ia ( ) € N(Tg),

and

Tia(t) = Zo(t) - T_o(—t71) - Za(t) € Gg.
Then one has a map

50 1 Ty = a"(Gp) — Tg
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given by
aV(t) = fig(t) - fig(—1).
This is a section of @Q over T, which is trivial at the identity element. The section

Sq is useful in describing the natural conjugation action of N(Tg) on Tq. By [15,
Prop. 11.3], one has the nice formula:

(2.3) fa(1) - T-na (1)~ =1 s4(a(a(t)™)).

Moreover, the collection of sections {s, : @ € A} provides a collection of elements
so(aV(a)) € Tg with a € Gy, and Tg is generated by K, and the collection
of so(a¥(a)).

Taking points in F'((7)), we have the element

sa(@”(r)) € T(F(7)),

which gives rise (via the construction of &) to an element

sqa’) e &g.

Then we rigidify & by equipping it with the set {sg(a¥) : ¥ € AV}: there is a
unique automorphism of & which fixes all these elements.

In the following, we shall fix a choice of the data (Gg,Tq,E) for each W -invari-
ant quadratic form Q on'Y when G is split and simply-connected. This is not a real
choice, because any two choices are isomorphic by a unique isomorphism. The sec-
tion s constructed above provides & with a system of generators: & is generated
by sg(a¥) € AY and a € F* subject to the relations:

— a € F* is central;
- [sq(a¥), sQ(BY)] = (1)) for a¥, ¥ € AV,

2.5. General reductive groups. — Now let G be a split connected reductive group
over F', with fixed épinglage (T, B, z,). Let
Qs Y :=Z[AV] CY

be the inclusion of the coroot lattice Y*¢ into Y, and let X3¢ C X ®7 Q be the
dual lattice of Y. Then the quadruple (X*¢, A, Y5¢, AV) is the root datum of the
simply-connected cover G*¢ of the derived group of G, and one has a natural map

q:G* —G.
Let T*° be the preimage of T in G°¢, so that one has a commutative diagram

TSC GSC

l L

T — G.
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The classification of the multiplicative Ko-torsors on G is an amalgam of the two
Propositions above. Given a multiplicative Ko-torsor G of G, the above commutative
diagram induces by pullbacks a commutative digram of multiplicative Ks-torsors:

TSC @SC

| Lo
T — G.
Then
— the multiplicative Ko-torsor T gives a pair (Q,&) by Proposition 2.1;
— the multiplicative Ks-torsor G” corresponds to a quadratic form @°¢, and it
was shown in [15] that Q¢ is simply the restriction of @ to Y*°.
— we have fixed the data (Ggsc, Tgse,gsc) associated to Q. Thus we have a
canonical isomorphism

f:Ggse — G,
restricting to an isomorphism
f: TQSC —T*
which then induces an isomorphism
fiEgee — E%° =g (€).

This isomorphism is characterised as the unique one which sends the elements
sg=e(a) € Egse (for a¥ € AVY) to the corresponding elements s(aV) € ¢*(€). In
particular, we have a commutative diagram

1 Fx Egee yse 1
H g |
1 FX 7€) yse 1.

We have thus attached to a multiplicative Ky-torsor G a triple (Q, &, f). Now we
have:

Theorem 2.4. — The category CExt(G,Ky) is equivalent (via the above construction)
to the category BDg whose objects are triples (Q,E, f), where
- Q:Y — Z is a W-invariant quadratic form;
— & is an extension of Y by F* with commutator map [y1,ys2] = (—1)Beuy2);
= [ &g = q*(€) is an isomorphism of extensions of Y¢ by F*.
The set of morphisms from (Q,E, f) to (Q',E", ') is empty unless Q = Q', in which
case it consists of isomorphisms of extensions ¢ : & — &' such that f = [’ o ¢*(¢).
In particular, the automorphism group of an object is Hom(Y/Y¢, F'*).
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2.6. Bisectors and Incarnation. — While the above results give a nice classification of
multiplicative Ks-torsors over split reductive groups G over F', it is sometimes useful
and even necessary to work with explicit cocycles for computation. The paper [15]
does provide a category of nice algebraic cocycles, as explicated in [70], and one may
replace the category of triples (Q, €, f) by a slightly simpler category with more direct
connections to cocycles.

Extending the treatment in [70], we consider (not necessarily symmetric) Z-valued
bilinear forms D on Y satisfying:

D(y,y) = Q(y) forally € Y,
so that
Bqo(y1,92) = D(y1,92) + D(y2,91)-
Such a D is called a bisector of Q. As shown in [69], for any @, there exists an
associated bisector.
We consider a category
Bisg = | JBisg,q
Q
where the full subcategory Bisg, g consists of pairs (D, n) where D is a bisector of @
and
n:Y® — FX
is a group homomorphism. Given two pairs (D1, ;) and (D2, 72), the set of morphisms
is the set of functions £ : Y — F'* such that
(a) £(y1+y2) - E(y1) 7" E(y2) 7t = (—1)Prlw)=Dalyrva);
(b) &(aY) =ma(aY)/m(aY) for all ¥ € AV.
and where the composition of morphisms is given by multiplication: & o & (y) =
&1(y) - &2(y). Note that in (b), £ may not be a group homomorphism when restricted
to Y*°, but we are only requiring the identity in (b) to hold as functions of sets when
restricted to AY. Moreover, as shown in [70], given two bisectors D; and Ds of Q,
one can always find £ such that (a) holds. Thus, up to isomorphism, there is no loss
of generality in fixing D (for a fixed Q).
Then it was shown in [70, §2.2] that there is an incarnation functor

Incg : Bisg — BDg — CExt(G, Ky).

The second functor is a quasi-inverse to the functor in Theorem 2.4. On the level of
objects, the first functor sends the pair (D,7) in Bisg ¢ to the triple (Q, &, f) defined
as follows:

- & =Y x F* with group law
(y1,01) - (y2,02) = (y1 + y2, araz(—1)PWrv2)),
- f: &g — &€ is given by
f(sgs(aY)) = (a¥,n(a¥)) for any a € A.
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It was shown in [70] that this functor is an essentially surjective functor. In fact, our
definition of morphisms in Bisg differs slightly from that of [70]. With our version here,
this functor is fully faithful as well so that Inc is in fact an equivalence of categories.

Moreover, one can choose Inc so that if G is the BD extension corresponding
to (D, n), then T can be described explicitly using D. Namely, if

D=) 2i®rie X®X,
3

then one may regard T = T x K, with group law:

(t1,1) - (t2,1) = (tata, H{l‘i(tl)’xé(h)})-

The associated extension € is then described as above in terms of the bisector D.
Further, we have the following explicit description for the section q o s,:

Proposition 2.5. — In terms of the above realisation of T by D, the section
qosy:a’(Gy) — T foracA
is given by

go s(a’(a)) = (a”(a), {n(a”), a}).

Proof. — Suppose that G is incarnated by (D,n) and corresponds to the triple
(Q,€, f) where & and f are described by (D,n) as above. For fixed a € A, one
may write

g0 sa(a) = (a”(a),Ra(a)),
where X, € Homyz,, (G,,,Ksz) is a homomorphism of sheaves of abelian groups for the
big Zariski site. By [15, §3.7-3.8], or in more details [9, Thm. 1.1], we have

F* =K;(F) 2 Homz,, (G,,, Ks)
where the isomorphism is given by
b (a+— {ba}).

Hence, there exists some A\, € F'* such that

Ry (a) = {Aa,a} for a € Gyy,.
From this, it follows from the definition of f that

f(sg=(aY)) = (a¥,Ay) €E.
By hypothesis, however, we have:

f(sqe(@”)) = (@, n(a’)).

Hence we deduce that
and thus

g0 sq(a) = (a’(a),Ra(a)) = (a”(a), {n(a"),a}),
as desired. ]
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Thus, the category Bisg provides a particularly nice and explicit family of cocycles
for BD extensions, and the essential surjectivity of Inc says that every BD extension
possesses such a cocycle, at least on the maximal torus T. This will be useful for
computations.

2.7. Fair bisectors. — In [70], Weissman singled out a property of bisectors which he
called fair. By definition, a bisector D is fair if it satisfies the following;:

— for any a € A such that Q(a¥) =0 mod 2, D(a",y) = D(y,a¥) =0 mod 2

forally eY.
Weissman showed that for any @), Bisg,g contains a fair bisector. We shall henceforth
fix a fair bisector for a given ). The value of fairness will be apparent later on.

At the moment, we simply note that the objects (D,1) € Bisg,g with D fair
and 7 the trivial homomorphism are quite special (as we shall see). Thus, we have a
distinguished class of multiplicative Ks-torsors with invariant Q.

When @ = 0, for example, the bisector D = 0 is fair, and (D, 1) gives the split
extension G x Ky. In some sense, the Ko-torsor with invariants (D, 1) should be
regarded as “closest to being a split extension among those with invariants (D, n)”.
As we shall illustrate in the rest of this section, the general BD extensions can often
be described in terms of these distinguished BD extensions.

2.8. The case Q = 0. — Let us consider the example when Q = 0. Then we may
take the bisector D = 0 and regard the objects of Bisg as the set of homomorphisms
n:Y% — F*. Let @,, be the corresponding multiplicative Ks-torsor on G. Then @m
and @,,2 are isomorphic precisely when 7, /12 can be extended to a homomorphism
of Y to F*.

How can we characterize the distinguished BD-extension in Bisg using the BD
data (Q,€, f) when D = 0?7 Since D = 0, £ is an abelian group and hence is a split
extension: £ =Y x F*. Each n € Hom(Y*¢, F'*) gives a map

fni€gse — &
defined by
fn(sgs(aY)) = (a¥,n(a")) for a € A.
Applying the functor Homy(—, F*) to the short exact sequence Y*¢ — Y — Y/Y*®°,
we obtain as part of the long exact sequence:

Homy(Y, F¥) —— Homgz (Y%, F*) —>— Ext}(Y/Y™, FX) —— 0.

For any n € Hom(Y*°, F*), its image under ¢ is just the push-out of Y — Y —
Y/Y*® via n:

1 Fx (Y x F¥)/fp(Ys¢) —— Y]V — 1.

The long exact sequence thus implies that this extension is split precisely when 7 is
equivalent to 1. This gives a way of characterizing the distinguished isomorphism class
in Bisg when D = 0.

ASTERISQUE 398



THE LANGLANDS-WEISSMAN PROGRAM 203

How can we construct the other BD extensions in Bisg when D = 07 We assume
further that G is semisimple and let ¢ : G*®* — G be the natural isogeny with
kernel Z = Torz(Y/Y*%,G,,) — T = Y*° ®; G,. Then ¢*(G,) is isomorphic to
the split extension G*¢ x Ky by a unique isomorphism. We may thus construct @,, by
starting with G x K5 and then considering a quotient of this by a suitable embedding

Z — G*° x Ky. For this, we note that n induces a map
in 7= TorZ(Y/YSC,Gm) — Y*° ®7 Gm — Fx X7z Gm —_— Kz.

Then we have

Gy = (G x K2)/{(2,in(2)) : z € Z}.

2.9. z-extensions. — We consider another example which will play a crucial role later
on, namely when Y/Y® is a free abelian group. In this case, for any (D,n) € Bisg,
7 can be extended to a homomorphism of Y, and so any two (D, ;) and (D, n2) are
isomorphic. This means that there is a unique isomorphism class of objects in Bisg,
just like the case when G is simply-connected (where Y = Y*°¢). However, the auto-
morphism group Hom (Y /Y™, F*) of an object is not trivial (unless ¥ = Y*).

As we shall see later, some questions about a BD extension can be reduced to the
case when Y/Y*®° is free. This is achieved via the consideration of z—extensions. More
precisely, it is not hard to see that given any G, one can find a central extension of
connected reductive groups:

1 Z H

where

— H is such that Y /Y3C is free;
— 7t Y5© — Y is an isomorphism;

— Z is a split torus which is central in H.
Such an extension is called a z-extension.

Given such a z-extension, and a BD extension én with invariant (D, n), we obtain
a BD extension H, := 7*(G,,) on H with BD invariant (D om,no ), so that one has

1 —— Z,=2 H, Gy 1.

By our discussion above, we may choose an isomorphism ¢ : H; = H,. Thus, via &,
we have

1 —— (2, H, G, 1.

This shows that for any given bisector D, all the BD extensions @n can be described
as the quotient of a fixed BD extension H; (with n = 1) by a suitable splitting of the
split torus Z.
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2.10. Running example. — Let us illustrate the above discussion using a simple ex-
ample, where
G=PGLy, Y=ZDY*=2Z and D=0.

Then we take the z-extension to be

1 Gm GL, —~— PGL, —— 1.

The distinguished BD-extension with 7 = 1 is the split extension G; = PGLy x Kj
and its pullback to GL, is the split extension H = 7*(G;) = GLg x Ky. For any
n € Hom(Y*¢, F*) = F*, the BD extension G, can then be described as

G, = (GL2 x Kp)/{(2,iy(2)) : z € G},

where

in(2) = {n, 2} € Ka.
This is a rather trivial family of BD extensions since their pullback to G°¢ = SLs is
split. Nonetheless, we shall use them as our running examples, as they already exhibit
various properties we want to highlight in this paper.

3. Topological Covering Groups

In this section, we will pass from the algebro-geometric world of multiplicative
Ko-torsors to the world of topological central extensions. Let F' be a local field. If F' is
nonarchimedean, let O denote its ring of integers with residue field x.

3.1. BD covering groups. — Start with a multiplicative K,-torsor Ky — G — G, with
associated BD data (Q,&, f) or bisector data (D,n). By taking F-points, we obtain
(since H!(F,KKy) = 0) a short exact sequence of abstract groups

1 —— Ky(F) —— G(F) —— G=G(F) — 1.

Now let u(F) denote the set of roots of unity contained in the local field F' # C; when
F =C, we let u(F) be the trivial group. Then the Hilbert symbol gives a map

(= —)F  Ko(F) — u(F).
For any n dividing #u(F'), one has the n-th Hilbert symbol
(=) = (= " Ko (F) — pn(F).

Pushing the above exact sequence out by the n-th Hilbert symbol, one obtains a short
exact sequence of locally compact topological groups

1 —— pn(F) G G 1.

We shall call this the BD covering group associated to the BD data (@, &, f,n), or to
the bisector data (D,n,n).

Since we are considering degree n covers, it will be useful to refine certain notions
taking into account the extra data n:
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— for a bisector data (D,n), we write 7, for the composite
N 2 Y6 — FX — FX/FX™;
- with D fixed, we say that 7,, and 7/, are equivalent if 7, /7., extends to a homo-
morphism Y — F* /F*™.
3.2. Canonical unipotent section. — Because a BD extension is uniquely split over
any unipotent subgroup, one has unique splittings:
Fo: F — U, foreach ac ®.
Indeed, as shown in [47, Appendix I] and [39], there is a unique section
i : {all unipotent elements of G} — G,

satisfying:
— for each unipotent subgroup U C G, the restriction of ¢ to U = U(F) is a group

homomorphism,;
— the map i is G-equivariant.

For example, for each o € ®, we have seen that there is a homomorphism
Fq:G, — G

which induces a homomorphism
Fo: F— G

lifting the inclusion z,, : F' — G. Then one has T, =i 0 z,.

3.3. Covering torus 7. — We may consider the pullback of G to the maximal split
torus 7"

1 —— un(F) T T 1.

As we observed in the last section, the bisector D furnishes a cocycle for the multi-
plicative Ky-torsor on T. Thus the covering torus T also inherits a nice cocycle, giving
us a rather concrete description of T

More precisely, T = T Xp pn(F) is generated by elements ¢ € yu,(F) and y(a),
for y € Y and a € F'*, subject to the relations:

the elements ( are central;

[y1(a), y2(b)] = (a,b)fQ(yl’yZ) for all y;,y2 € Y and a,b € F*;
y1(a) - y2(a) = (11 +2)(@) - (a, )" s

y(a) - y(b) = y(ab) - (a, )7,

As the second relation shows, T is not necessarily an abelian group. Moreover, the
sections q o s, for a € A take the form

qo sa(av(a)) = a\/(a) ) (77(04\/)7 a)n-
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3.4. The torus Ty ,,. — The center Z(T) of T is generated by u,(F) and those ele-
ments y(a) such that
Bo(y,z) enZ foralzeY.
Thus, we define:
Yon =Y NnY",

where Y* C Y ®7 Q is the dual lattice of Y relative to Bg. Then the center of T is
generated by p,(F') and the elements y(a) for all y € Yg , and a € F*. It is clear
that nY C Yg ».

Let Tq,, be the split torus with cocharacter group Yg ,, and Tg ,, := T »(F). The
inclusion Yg , — Y gives an isogeny of tori

h:Tgn—T.
We may pullback the covering T using h, thus obtaining a covering torus TQ’,L:
1 —— up(F) —— Ton —— Ton — 1.
Then T, is generated by ¢ € u,,(F) and elements y(a) with y € Y, with the same
relations as those for T'. However, the second relation now becomes

[y1(a),y2(b)] =1, forall y1,y2 € Yo, and a,b € F*.

Thus T, is an abelian group. Moreover, it follows from the definition of pullbacks
that there is a canonical homomorphism Ker(h) — Tgq p, so that one has a short
exact sequence of topological groups

1 —— Ker(h) —— Tg, —— Z(T) —— 1.

In particular, to give a character of Z(T') is to give a character of T ,, trivial on the
subgroup Ker(h).

3.5. The kernel of h. — We need to have a better handle of Ker(h). The inclusions
nY — Yo, — Y give rise to isogenies

g h
T Ton

so that h o g is the n-power map on 7. We have:

T

Lemma 3.1. — The kernel of h is contained in the image of g. Indeed, Ker(h) =
9(T'[n]).

Proof. — By the elementary divisor theorem, we may pick a basis {e;} of Y such
that a basis of Yg ,, is given by {k;e;} for some positive integers k;. Such bases allow
us to identify the maps

T=(F*) —%— Tg,=(F*) —— T=(F*)

explicitly as
g(t) = (%) and h(t) = (15).

Thus,
Ker(h) = {(¢) : ¢ = 1} = ¢(T[n]) = {(¢/*) : ¢* = 1}. O
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Using the generators and relations for TQJL, it is easy to see that the map

y(a) = (ny)(a) € Ton

gives a group homomorphism §: T — T, lifting g and whose image contains the
canonical image of Ker(h) in T'g ,,. The lemma implies that a character of T ,, trivial
on the image of § necessarily factors through to a character of Z(T').

4. Tame Case

Suppose now that F' is a p-adic field with residue field x. Assume that p does not
divide n: we shall call this the tame case. The main question we want to consider
in this section is whether a tame BD cover G necessarily splits over a hyperspecial
maximal compact subgroup K of G. Note that the Ky-torsor G over F' may not be
defined over Op. Otherwise the splitting of K into G is canonical, as discussed in [73,
§7].

Since we have fixed a Chevalley system of épinglage for G, we have its associated
maximal compact subgroup K generated by z,(Cr) for all @ € ® and the maximal
compact subgroup T(0) = Y ®z 0% of T. In particular K = G(0) for a smooth
reductive group G over (. To ease notation, we shall simply write G for G in what
follows. Let G, denote the special fiber G Xk of G. One has a natural reduction map

G(0) — G, = Gp(k),

whose kernel is a pro-p group. Restricting the BD cover to K, one has a topological
central extension

1 Bn G(0) GO —— 1.

Here, observe that we have abused notation and write G(0) for the inverse image
of G(0) in G. We would like to determine if this extension splits.

4.1. The tame extension. — All extensions in the tame case arise in the following

way from the multiplicative Ka-torsor G. The prime-to-p part of u(F) is naturally
isomorphic to £*, and there is a tame symbol Ky (F) — k> defined by

aord(b) ]

{a,b} — the image of (—1)°rd(@)-ord(®) . pord(ay B K

Pushing out by this tame symbol gives the tame extension

—tame

1 K> G G 1.

Hence any degree n BD extension G with (n,p) = 1 is obtained as a pushout of [Chnnd
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4.%. Residual extension. — We shall consider first the case of the tame extension
—tame

G so that n = #x*. It was shown in [15, §12] and [67] that there is an extension
of reductive algebraic groups over x:

1 Gm Gy (e 1
with the following property:

— for any unramified extension F’ of F with ring of integers (' and residue field /,
the tame extension

1 K GlO) — GO) —— 1

is the pullback of the extension

1 —— Gu(K) =" —— G =Gi(K) —— G =GCi(x) —— 1
with respect to the reduction map G(0') — G

We call this extension of algebraic groups over « the residual extension.

4.3. Classification. — In [67], algebraic extensions of G, by G,, were classified in
terms of enhanced root theoretic data similar in spirit to (but simpler than) the BD
data. We give a sketch in the case when G, is split. Then such extensions are classified
by the category of pairs (&, f«) with

-1—-7Z—§, —Y — 1is an extension of free Z-modules;

— f.:Y¢ — &, is a splitting of &, over Y¢,
Moreover, the extension G, in question is split if and only if the map f. can be
extended to a splitting Y — &, or equivalently, if and only if the extension

1 Z &) faY™) —— Y)Y — 1

is split. This holds for example if Y/Y®° is free. In particular, if G = G*° is simply
connected, then G, is split and the splitting is unique.

Given an extension @H, one obtains the above two data as follows. If T, is a
maximal split torus of G, with preimage T, then the cocharacter lattice of T, gives
the extension &,. The pullback of G, to GS¢ is canonically split. On restricting this
canonical splitting to the maximal split torus T5¢ (which is the pullback of T,), one
obtains the splitting f. on the level of coroot lattices.

4.4. Splitting of K. — Since the kernel of the reduction map is a pro-p group, the
set of splittings of the topological extension K = G(0) is in bijection with those of
the abstract extension G,.. Further, a splitting of the residual extension G gives rise
to a splitting of G, and thus of G(0). We will investigate the existence of splittings
for G,: they give rise to splittings of G(0) of “algebraic origin”.

For example, when G = G®° is simply-connected, the unique splitting of the residual
extension G gives rise to a unique compatible system of splittings of G(() for all
unramified extensions (/' of 0. Indeed, one has a natural bijection

{splittings of residual extension G,} «— {compatible system of splittings of G((')}.
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4.5. Determining G,.. ‘— One can now figure out the residual extension G, obtained
from a BD extension G with associated BD data (Q,&, f).

Proposition 4.1. — If@ has BD data (Q,€, ), then the associated data (&, fx) for
the residual extension G, is obtained as follows:

— &, is the pushout of & by —ord : F* — Z, where ord is the valuation map;
- fx is deduced from the associated map (—ord), o f : Egee — & — E;:

ful@¥) = (~ord).(f(sq=(a"))) fora € A.

Proof. — This question is systematically and more elegantly addressed in [71], and
we shall give a more ad hoc argument here. We assume that G is incarnated by (D,n)
for concreteness. As we discussed above, for any unramified extension (' of (, there
is a commutative diagram of extensions:

1 —— & — GO) — GUO) —— 1

! ! !

1 —— Gp(r) —— Gu(k) —— Gr(k) — 1,

and our goal is to determine the invariants (&;, fi) for the extension G-

Now we note:

In terms of the bisector data (D,n), one has & =Y xp F* and f(sgs(a¥)) =
(aV,n(a")) for @ € A. On pushing out by the valuation map —ord, one sees that one
needs to show:

& =Y xZ (direct product of groups)
and
fe(@¥) = (oY, —ord(n(a"))) for a € A.

(a) From the construction in [15, §12.11], one has a commutative diagram of exten-
sions and splittings (s, of G°) over «:

[
G-

sc Sk sc
G G

pulling back to a compatible system

Sor

() —2— T (') —— T(?)

! | |

SU’ SC

G (@) —2 T () —— G(O).
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(b) Using the description of T in terms of (D, 7), one sees immediately that T(C') =
T(C') x k"™ (a direct product of groups), since the tame symbol is trivial on ¢’ x
(¢’*. Thus T, = T, x G,,. From this, one deduces that

& =Y xZ (as groups).

(c) The invariant f, is deduced from the composite map

fro s T5¢ 2=, e T, =T, x G

from (a). Suppose that

feoaV it (¥(t),t™) with m, € Z and for t € G,y,.

Then we need to show that
me = —ord(n(a)) for all a € A.

(d) Now the splitting s, : G — G from (a) is uniquely determined by its
restriction to the root subgroups U, for o € A. Hence s is determined by s, o
ZTo, Where z,, : G, — U, is part of the fixed épinglage. Since

aV(t) = na(t) - na(—1) € TS C T, with ny(t) = 24(t) - 2_a(—t71) - 24 (t),
this implies that
(@Y (t),t™) = f. 0oV (t) = image of ny(t) - ne(—1) in T,.

(e) Likewise, the induced system of splittings sp : G=(¢') — G ((’) is determined
by the unique splitting

:EQ:F'—>6?fne for all a € A.
This implies that the composite
for : T(C) —— T°(0) —— T(O)
from (a) is given by
for o @V (t) = image of iy (t) - e (—1) in T(C).
The RHS is nothing but the section
sa(t) = (a”(t), (n(@”),t)s) € T(O)
for t € ', whose image under the reduction map is
(¥ (t),t7or 0@y e T, (k') = To(r) x &%
By (a),
fx 0 aV(t) = the image of fy o " (t) under reduction map.

Hence, it follows that
mg = —ord(n(a"))
for @ € A, as desired. O

In particular, one has:
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Theorem 4.2. — If Y/Y* is free or if n takes value in OF, then the algebraic exten-
sion G is split. Thus, the topological central extension K of K is also split.

We have assumed that n = #x* above. In general, when p does not divide n, the
n-th Hilbert symbol map Ko(F) — puy, factors through Ko(F) — k% — pyp. So
the degree n BD covering G is obtained from the one of degree #x* as a pushout. In
particular, when the conditions of the above corollary holds, the degree n cover K is
split as well. Indeed, whenever n takes value in 0% - F*", the cover K splits.

Note that we have merely given some simple sufficient conditions for K to be split.
These conditions may not be necessary in a given case, but as we will see below, it is
possible for K to be non-split when they fail. Moreover, note that the splitting of K is
not necessarily unique (if it exists).

4.6. Running example. — We illustrate the discussion in this section with our running
example: G = PGLy, D = 0 and n = 2. Then we have the BD extensions

Gy = (GL2 x K2)/{(z,{n,2}) : z € G}
The associated BD covering groups are:
Gy = (GL2(F) x p2)/{(2, (n,2)2) : 2 € F*}.

Let 7, : GL2(F) x pz — G,, be the natural map, and let

A:{(a 0>:a€FX}CGL2(F).
0 1

The projection map identifies A with a maximal split torus T' of PGLy(F') and m,
identifies A x py with T' of PGLy(F). In this case, T is abelian (since D = 0) and so
T=Tgzand f:Tge — T is the identity map.

Now consider the issue of whether the covering splits over K = PGL2(0). We have
already seen from general arguments that it does when n € 0% - F*2. When n = w is
a uniformizer, we shall show now that the covering ?n is not split.

If a splitting K — F,, exists, we would have a group homomorphism

¢ : GL2(0) — (GL2(F) x p2)/{(2, (n,2)2) : 2 € F*}
which is trivial on the center Z(0) of GLy(0). For k € GL2(0), we may write
¢(k) = the class of (k, u(k))

for some p(k) = 1. Now it is easy to check that u : GLy(0) — 0% /0% = {£1} is
a group homomorphism and thus u factors as

i GLy(0) —2 0~ KX +1.
If now k = z € Z(0) is a scalar matrix, then the fact that ¢(z) is trivial means that

w(z) = (w, 2)a.
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Since u factors through det, we see that u(z) = 1, but (@, 2)2 is not 1 for some z € 0*.
With this contradiction, we see that the covering K, is not split when n = w is a
uniformizer.

5. Dual and L-Groups

In this section, we shall recall the definition of the L-group “G of a BD covering G
for a split G over a local field, following Weissman [70, 69]. The construction in [70] is
quite involved, using a double twisting of the Hopf algebra of a candidate dual group.
Moreover, it turns out to give the “correct” L-group only in the case (D,n) with g
trivial. In a letter to Deligne [69], Weissman gave a revision of his construction in
[70], using fully the BD data (Q,&, f,n) or the bisector data (D,n). We shall follow
this more streamlined treatment in [69]. We note that the construction in [69] is
subsequently extended to the case of quasi-split G, using the language of étale gerbes,
and we again caution the reader that these constructions may continue to evolve as
the subject develops.

Since we will simply be presenting the construction of these objects in this section,
the definition of the dual group or L-group of G may seem rather unmotivated at the
end of the section. Whether they are the right objects or not will largely depend on
whether they give the right framework to describe the representation theory of G. In
the subsequent sections, we will address these concerns.

5.1. Dual group a la Finkelberg-Lysenko-McNamara-Reich. — Let G be a split con-
nected reductive group over F', with maximal split torus T and cocharacter lattice Y.
Let ®V C Y be the set of coroots of G and let Y¢ C Y be the sublattice generated
by ®V. Similarly, let ® C X be the set of roots generating a sublattice X*¢ in the
character lattice X of T.

Suppose that G is a multiplicative Ko-torsor with associated a BD data (Q,&, ¢).
The data (Q,€,¢,n) (with |p,(F)] = n) then gives a central extension of locally
compact groups

1 —— pn(F) G G 1.
Using the data (Y, ®V,Q,n), we may define a modified root datum as follows:

— we have already set
Yon=YNnY"

where Y* C Y ®7Q is the dual lattice of Y relative to Bg. Let Xg , C X®zQ be
the dual lattice to Yg n;
— for each oV € ¥V, set

and
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Denote by @ ,, the set of such o) ,,’s and observe that
q)é n C YQ n.

We let Y5, denote the sublattice of Yg , generated by @} ,;
— likewise, for a € P, set
agn = n;l X’
and denote by ®g,, the set of such ag ’s, so that &g, C Xg n.
Then it was shown in [44] and [70] that the quadruple (Ygn,®f) ., X@n, PQ,n) is a
root datum, and hence determine a split connected reductive group G over C. The
group G’ is by definition the dual group of the BD extension G. Observe that it only
depends on (@, n) and is independent of the third ingredient f of a BD data (Q,&, f);
equivalently, it only depends on (D,n) but not on 7.
Let Z (@V) be the center of G . Then note that

Z(@") = Homy(Ygu /Y, C*)-

5.2. L-group a la Weissman. — We can now describe Weissman’s proposal for the
L-group of G in [69]. This is done by defining an extension
1 —— 2(G) E FX/F*n — 1

followed by pushing out by the natural inclusion Z (év) — G’ and pulling back via
the natural projection Wr — F* /F*™. This results in an extension
v

1 G La Wp —— 1,
which we call Weissman’s L-group extension. Observe that by construction, the ex-
tension “G is equipped with a canonical splitting over the finite-index subgroup

Wgn = Ker(Wp — F*/F*™).

The construction of F is as a Baer sum F; + Fy of two extensions F; and Fs.
These are defined as follows:

— FE; is defined explicitly using the cocycle
FX/F*" x F* |F*" — Z(G ) = Homgz(Yg /Y5, C*)
given by
c1(a,b)(y) = (a,0)7).
Since 2 - Q(y) = Bg(y,y) € nZ for y € Yg ,,, we see that this cocycle is trivial

when n is odd, and is valued in the 2-torsion subgroup Z (év) [2] when n is even.
Note that F; depends only on (Q,n).
Here is another description of E;. Set

B {n if n is odd;

n/2 if n is even.
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Consider the extension

1 1253 EO FX/FXTL—>1

defined by the cocycle
c(a,b) = (a,b)r.

Let Y

Jipe — Z(G") = Hom(YQ,n/Y5n C*)
be the homomorphism defined by

J=D ) = ™5 = (-7 e,
This is a homomorphism because the map y — % is a group homomorphism
Yon — %Z/Z and Q(y) € nZ for all y € Y. Then E; is the pushout of Eg
by j;
the construction of E5 is slightly more involved and uses the full BD data
(Q,€, f), where we recall that £ is an extension

1 FX & Y 1,

and
fibgee —q7(6)
is an isomorphism, with ¢ : Y — Y the natural map.
Since we have the inclusion Y5, — Yg,» — Y, we may pullback the exten-
sions {pse and € and pushout via F* — F*/F*™ to obtain

1 —— FX/F*™ —— Egeen Y 1
H s |
1 —— FX/F*" —— & Yo 1.

Note that both & ,, and Egse ,, are abelian groups.

For each ¥ € ®Y C Y*°, we have defined before an element sgsc(a") €
Egse lying over a”. Indeed, sgsc(a") is the image of the element s, (aV(7)) €
T°°(F((7))) under pushout by the residue map Res : Ky(F((7))) — F*. Anal-
ogously, we have the element sgsc(ny - ") € g which is the image of the
element

sa((na - a¥)(r)) = sa(a” (7)) € T (F(7))-
It lies over aé’n = nyoa¥ € Y5, Weissman showed that this induces a group
homomorphism
SQse - stn — ((/bsc’n.
Composing this with f, one obtains

sp=fosge: Y5, — Eom-

Viewing Y{3",, as a subgroup of &o,n by the splitting sy, we inherit an extension

1 —— FX/F*" —— Eqn=Eqn/s;(YE,) —— Yon/Y§, —— 1.
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Taking Homgz(—, C*) (which is exact, since C* is divisible and hence injective),
we obtain the desired extension:
(5.2)
1 —— Z(G)) B, Homy, (F* /F*n C*) 2 FX/F*n — 1

where the last isomorphism is via the n-th Hilbert symbol: a € F*/F*" giving
rise to the character x, : b+— (b,a)y,.

5.3. Description using bisectors. — We may describe the construction of F5 in terms
of the bisector data (D, n). The bisector D allows us to realize the extension £ as a
set Y x F* with group law

(ylaa’) ' (y27b) = (3/1 + y27a'b ' (_I)D(yl,y2))

Pushing this out by F'’* — F*/F*™ and pulling back to Y , gives the extension
Eon =Ygon x F*/F*™ with the same group law as above. In particular, if n is odd,
—1 € F*" so that the cocycle (—1)P®1:¥2) is trivial.

The map f : Egse — & is defined by

f(sg=(aY)) = (aV,n(a¥)) €Y x F*, for a € A.
Then the splitting s; is given by
sf(adn) = (@) nmn(ah,) € Yon x F*,  fora € A.
It is instructive to note that the above constructions are functorial in nature. Given

any isomorphism ¢ : (D,n) — (D’,n’), £ carries the map sy corresponding to (D, n)
to the map sy corresponding to (D', n’).

5.4. Running example. — Again, we illustrate the discussion in this section using our
running example: G = PGLy(F'), @ = 0 and n = 2. In this case, Y = Z = Yy, and
Y =22=Y5,. So

Z(é;) = s C 5: = SLy(C) for any 7.

Moreover, E7 is the split extension Z(é;/) x F*/F*?and & =Y x F*/F*? is split.
Hence
&y = (Zx F*/F**)/{(2y,n") 1y € L}
and
E! + EJ = Hom(E,,C*) = {(t,a) € C* x FX/F*? : > = (n,a)s}.

This contains Z (5:7/) = po as the subgroup of elements (£1,1), and the associated
quotient is via the second projection to F* /F*2.

Observe that when F' = R and n = —1 € R*, then EY + EJ is the cyclic group p4
and so the above extension is non-split! However, when we push out via the natural
map Z (é;]/ ) = p2 — T;/ = CX*, then the pushout sequence is split. Indeed the
sequence splits once we pushout by po — py.
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For general local field F, one sees that when one pushes fn out by ps — SLs(C),
one obtains the short exact sequence:

SLy(C) —— {(g,a) € GLy(C) x F*/F*2 : det(g) = (n,a)s} —— F*/F*2.
Pulling back to Wg, one obtains:
LG, = {(9,w) € GL3(C) x Wp : det(g) = xy(w)} = SLy(C) x, Wr

where w € Wg acts on SLy(C) by the conjugation action of the > diagonal matrix

diag(x,(w), 1). Thus, while the L-group extension is always split, “G,, is not isomor-
phic to the direct product SLy(C) x W for general 7.

5.5. Functoriality for Levi subgroups. — Suppose that M C G is a proper Levi sub-

group, then a BD-covering G restricts to one on M. If the bisector data for G is

(D, n,n), then that for M is (D, n Yoo n), where we have restricted n to the sublattice
M

Y generated by the simple coroots of M in Y. The above construction produces
L-groups extensions “M and ©G. An examination of the construction shows:

Lemma 5.3. — This is a natural commutative diagram of short exact sequences:

1 —— Z@G') —— Eg W 1

1 —— Z(M') —— Ey Wp 1

1 —— M — LM Wgr 1

1—— G —— 1@ Wg 1.
Proof. — 1t suffices to exhibit a natural map from the extension Eg to Ej;, which
gives:

L Z(M") x Bg
AZ(G")
and thus induces a map
—v —v —V
LM'—M XEMNM XEG G XEG La

—V. — —~V. —V
AZ(M ") AZ(G) AZ(G)
making the above diagram commute.

Write Eq = E; + E2 and Ey = Enpi + En2 as Baer sums. Let Y]\S/IC’Q’n -
Yir N Y45, be the sublattice of Yj® generated by aé’n for v € Y. The cocycle
defining E; takes value in Homz(Yg,»/Y%,, C*), and the cocycle for Ep1 takes the
same formula and is valued in Homz(YQ,n/Yyf g 5, C*). Thus there is a natural map
from E; to Ejps1, which in fact is canonically isomorphic to the push-out of E;.

ASTERISQUE 398



THE LANGLANDS-WEISSMAN PROGRAM 217

Consider E5 and E)jy 2. The pull-back of gse ,, via Yiion C Y5, gives an extension
1 —— FX/F —— Ggun —— Vg, —— 1

which has the splitting sa s from the restriction of sgsc to Y37 . Let spp :=

fosmge and Eprgn = Em,qsen/sm,1(Yafgn) Then one obtains the following
commutative diagram

1 —— FX/F* —— Eqn —— You/Y§, —— 1
1 —— FX/F*" —— Cngm —— You/Yifon —— 1.

Applying Homy(—,C*) and followed by the identification Homgy(F*/F*™ C*) ~
F>*/F*™ via the n-th Hilbert symbol, we obtain a natural map from E5 to Eps o as
in

1 —— Z(G)) B, FX/Fxn — 1
1 —— Z(M") Eno FX/FXn — 1.

Combining the two extensions for the Baer sum, we see that there is a natural map
from Eg to Ejs. This gives a natural isomorphism

Z(M') x Eg/AZ(G') —s Ey. 0
5.6. Functoriality for z-extensions. — If
1 Z H G 1

is a z-extension, and G is a BD covering with bisector data (D, 7), then we obtain a
BD covering H with essentially the same bisector data, such that

1 zZ " G 1.

From the construction of the L-group extension, one deduces:

Lemma 5.4. — There is a commutative diagram
1 G’ L@ Wp — 1
1 " LH Wp —— 1
zv AR
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6. Distinguished Splittings of L-Groups

In this section, we study the L-group extension proposed in the previous section.
More precisely, we will investigate whether this extension actually splits. Since the
L-group extension is defined from the extension E; + E5, we have seen that it has a
canonical splitting over the finite index subgroup Wr,, = Ker(Wp — F*/F*™) and
it is natural to ask if this canonical splitting extends to Wg. This amounts to asking
whether FE; + F» splits: this is the question addressed in this section. We have seen
in the last section that it does not in general, but we would like to understand where
the obstruction lies. We shall assume that G is defined by a pair (D, n) where D is a
fair bisector.

6.1. Splittings of F; + E>. — What does it mean to give a splitting of E1 + E>? We
first observe that when Z (év) is a finite group with order relatively prime to that
of F*/F*™ then the abelian extensions E; and E; split uniquely over F*/F*™,
Therefore, in this case E; + E5 splits and one has LG ~ év x Wg.

In general, since F; is given by an explicit cocycle ¢; (valued in Z(G )[2]), the
issue of equipping F; + Eo with a splitting is equivalent to finding a set theoretic
section of Ey whose associated cocycle is equal to ¢;. In addressing this question, we
shall work explicitly using a bisector data (D,n).

In the construction of E» above, the extension (5.1) is equipped with a cocycle
inherited from the fair bisector D. However, in taking Homgz(—, C*) to obtain (5.2),
we have partially lost the data of a cocycle. To obtain a cocycle, we need to choose
a set theoretic section of (5.2). Hence, for each a € F*/F*™, we need to extend the
character

Xa € Homy (F* /F*" CX)

to a character X, of & . Another way of expressing this is to consider the pushout
of ég.n bY Xa:

| —— PP —— &, Yo 1
[ | |
1—— o —— & Yon L.

Then extending x, amounts to finding a genuine character of an which is trivial
when precomposed with f o sgse.
Note that &g, = Yo, X iy, has group law

(y1,1) - (2,1) = (W1 + 2, Xa (= 1)PW¥)) = (41 + 2, (a,0) )V ¥2)).
Thus to give a genuine character X, of (Ean is to give a function
Xa : Yo, — C*
satisfying
Ka(1) - Xa(¥2) = Xa(y1 + y2) - (a,a)P@1¥2),
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For the composite X, o f 0 sgsc to be trivial, one needs to require that
Xa(@Gn) = (a,n(af ,))n  for all a € A,

Let us fix such a genuine character X, for each a € F*/F*™. Using this as a set
theoretic section for (5.2), we may write

Ey = F*/F*" x Homz(Yg n, C*)
with cocycle
c2(a,0)(y) = Xa(¥) X (Y)Xap(y) ™+ for ally € Yo .

To impose the condition that c; = ¢; means:

a5 (¥) = Kav() - (a,b)3W)

for all y € Yg n.
To summarize, we have shown:

Lemma 6.1. — Gliving a splitting of E1 + E5 is equivalent to giving a function
x:F* xYg, — C*

such that

(a) x(ab"™,y) = x(a,y) fora,be F* andy € Ygn,
(b) x(a,y1) - x(a,y2) = x(a,91 + 92) - (a,0) @42,

(c) x(a,9) - x(b,y) = x(ab,y) - (a,5)7¥,

(d) X(a,aém) = (a>77(ac\£),n))n forae F* and o € A.

In §3.3 and §3.4, we have described the covering torus TQJL by generators and rela-
tions, using the bisector D. It follows immediately from these that to give a splitting
of By + E3 is equivalent to giving a genuine character x of T, (by properties (b)
and (c)) satisfying some properties (dictated by properties (a) and (d)). More pre-
cisely, properties (a) and (d) can be rephrased as:

(a’) the inclusion nYqg ,, — Yq , gives the n-power isogeny n : T, — Tg,, and this
lifts to a group homomorphism
in : TQJL — TQJL
given by
in(y(a)) = (ny)(a) = y(a") y € Yon.
Then property (a) says that x o i, is trivial.
(d') the inclusion Y%, — Yg , induces an isogeny T¢f,, — Tq,, and the map
aé’n(a) — aé’n(a) . (17(0%’”)7 a), € TQ,n, for all € A,
defines a splitting of this isogeny to give

Syt Tsc’n — TQ,n.
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Then property (d) says that x o s, is trivial. Because D is fair, we have in fact,
for any y € Y,

(6.2) sp(y(a)) = y(a) - (0(y),a)n € Tqn-

6.2. Obstruction. — The question is thus: does there exist genuine characters of T'q ,,
such that (a’) and (d) are satisfied? We shall see that there will be some obstructions.
More precisely, suppose that y(a) € Ty, (y € Y',,) belongs to

Ker(Ty,, — Tqn) = Tor1 (Yo, /Y5 ns FX).

Note that this kernel is generated by such pure tensors y(a). Then (d’) requires x
to be trivial on the element (n(y),a), € p.(F). But x is supposed to be a genuine
character. So we have our first obstruction:

Obstruction 1. — A genuine character x satisfying (d’) exists if and only if
(6.3) (1(y),a)n =1 whenever y® a =0in Yo, ® F* with y € Y5°,,.

This condition does not hold automatically. It does hold, however, if 7, can be

|YSC
Q.n
extended to a homomorphism Yg , — F*/F*™.
Another obstruction is the following. Suppose that y € nYq , N Y5’,. Then prop-
erties (a’) and (d’) require that
x(y(a)) =1 =x(y(a)) - (n(y),a)n for any a € F'*.

Thus we have our second obstruction:

Obstruction 2. — A genuine character x satisfying (a’) and (d’) exists if and only if
(6.3) holds and

(6.4) (a;n(y))n =1 for any y € nYq , NY, and any a € F*.
Again, this condition does not hold automatically, but it does hold if n, is ex-

tendable to Yg .

| YCSQC,n

6.3. Existence of splitting. — To summarize, we have shown:

Proposition 6.5. — (i) To give a splitting of E1 + Es is equivalent to giving a gen-
uine character of Tq.n satisfying conditions (a’) and (d') above. Any such genuine
character is of finite order.

(ii) If 77”|Y5€ is extendable to a homomorphism Yg , — F* /F*™, then such gen-

wine characters as in (i) exist, so that the sequence E7 + Es is split.
(iii) Under the hypothesis in (ii), the set of such splittings is a torsor under the
group
Hom(F* /F*", Z(G")) = Hom(Wr, Z(G " )[n]).

Proof. — We have already shown (i). For (ii), the existence of such genuine characters
follows by Pontryagin duality, noting that T, is abelian. Finally (iii) is clear. O
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We shall see later that these obstructions do occur in our running example.

6.4. Distinguished splitting,— The definition of F; + E5 uses essentially only the data
(7, YQ,n, @G s Qly. ,&0.n)- In particular, it does not make use of the full information
, o

available in (Y, @). Recall that there is a short exact sequence

1 —— Ker(h) —— Tgn —— Z(T) —— L.
Since we are after all defining the L-group of G, it is natural to consider those splittings
of Ey + E5 which corresponds to those genuine characters of TQ,H which are trivial
on Ker(h) and thus factors to give characters of Z(T'). For this, it follows by Lemma 3.1

that it suffices to consider those genuine characters which are trivial on the image
of g: T — Tqn, with

g:y(a) = (ny)(a) € Tgn.

Then we have:

(a”) a genuine character x of Tg ,, factors to Z(T) if yo g = 1.

Note that g agrees with 7,, when pulled back to Tg ,, so that this requirement sub-
sumes condition (a’). It is now natural to make the following definition:

Definition. — We call a genuine character of T, which satisfies (a”) and (d’) a
distinguished genuine character. We call the corresponding splitting of E; + FEs a
distinguished splitting.

Assume that we have a genuine character satisfying (a’) and (d’) already. As before,
we see that there is an obstruction to (a’). Namely,

Obstruction 8. — A genuine character satisfying (a’’) and (d’) exists if and only if
(6.3) holds and

(a,n(y))n =1 for any y € nY NY’, and any a € F*.

This condition is not automatic, but is satisfied when 7, : Y¢ — F> /F*™ can be
extended to a homomorphism of Y.
We have thus shown:

Theorem 6.6. — Assume that 1, : Y5¢ — F*/F*™ can be extended to a homomor-
phism of Y, and let J =nY + Y.

(i) The set of distinguished genuine characters of TQJL is nomempty.
(ii) Consider the subgroup

Z9(G") := Hom(Yg,/J,C*) C Z(G").
Then the set of distinguished splittings of Fy + Es is a torsor under
Hom(F* /F*", Z°(G")) = Hom(Wr, Z°(G" ) [n]).

(iii) Each distinguished splitting of E1 + Ey gives rise to a splitting s : Wp — LG
which agrees with the canonical splitting over Wg,, and induces an isomorphism

év X WF = Lé.
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Henceforth, when 7, : Y¢ — F*/F*™ can be extended to a homomorphism of Y,
we shall consider the L-group of a degree n BD covering G as the extension

-V

1 G La Wp —— 1

equipped with the set of distinguished splittings. In particular, when G = T is a split
torus, then the set of distinguished splittings is nonempty since Y¢ = 0.

6.5. Weyl invariance. — Under the hypothesis of Theorem 6.6, we have distinguished
genuine characters of T ,,. These distinguished characters possess another desirable
property. Namely, the action of N(T) on T gives rise to an action of N(T) on T which
preserves the center Z(T). Moreover, the action on Z(T) factors through the Weyl
group W = N(T)/T. Since Tq,, is the pullback of Z(T) using the map Tg , — T,
it inherits an action of W as well. Hence it makes sense to ask if a genuine character
of Z(T) or Tq,, is W-invariant.

For a € ®, let w, denote the element of W corresponding to the element g(n,(1)).
Consider Int(w,)(#) := w, -t - w,!. Then we have seen in (2.3) that for t € Z(T),

Int(wa)(f) =t - q(sala” (a(t) ™))

One has an analogous formula for the W-action on T ,,. More precisely, if t = y(a) €
TQ,n, with y € Yg ., then

(6.7) Int(wa)(f) =1+ sy(—{a, y) - a”(a)).

t-s
The following proposition shows that (a,y)-aV € Y 5", so that the right hand side of
the above formula is well-defined.

Theorem 6.8. — Fory € Yg n, ne divides (a,y) for each o € ®. Hence, x is W-in-
variant if x satisfies (d'). In particular, distinguished genuine characters of Tq .., gives
rise to W -invariant genuine characters of Z(T).

Proof. — Since @ is W-invariant, we have

Q) = Q(way) = Qy — (y,a”) = Qy) — (y, ) - B(y, ") + (y,)’Q(").
This implies that

(a,y) =0 or B(y,a") = (o,y) Q(a).

In the latter case, note that B(y,a") is divisible by n if y € Yy ,,, in which case ng
divides (a,y) as desired. O

6.6. Splitting of “G. — We have so far considered splittings of the fundamental ex-
tension E := Ey + Ey of F*/F*" by Z(@v) with good properties. Since the L-group
of G is obtained from this fundamental extension by a combination of pushout and
pullback, one may consider splittings of the extensions derived from these operations.
Of course, these extensions will possess more splittings than the fundamental exten-
sion from which they are derived.
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For example, one may pull back the fundamental extension to obtain
1 —— 2@ E We 1

and one may ask for distinguished splittings of this central extension. This amounts to
dropping condition (a’) above, so that one is finding genuine characters of T ,, which
satisfy only (d’). To ensure that this character factors through to Z(T'), it would not
be reasonable to require the condition (a”) (since (a’) is not assumed); one would
simply require the character to be trivial on Ker(h).

Now recall from §5.5 that the L-group construction is functorial with respect to
inclusion of Levi subgroups, so that one has an embedding “T < ~G. Since we know
that the extension “T splits over Wi, we deduce:

Proposition 6.9. — The extension “G splits over Wg, so that “G is abstractly a semi-
direct product.

As we have seen in our running example, it is not a direct product in general. Rather,
it is the type of split extensions which one typically encounters in the usual theory of
endoscopy (as we explained in the introduction).

Further, suppose we fix a fair bisector D and consider all BD-extensions with BD
invariants (D,n). All these BD covering groups G, have isomorphic covering tori
T=Txp tn- When 7, = 1 is trivial, we have seen that the set of distinguished
splittings is nonempty. If we fixed a distinguished splitting of E for n, = 1, we
would have fixed a splitting of T and hence for Lén for all n. If x is the associated
genuine character of Z(T'), note that x is Weyl-invariant for the Weyl action associated
to 17, = 1. But this x need not be Weyl-invariant for general 7, since the Weyl action
on Z(T) depends on 7.

6.7. Running example. — We consider our running example to illustrate the discus-
sion of this section. Recall that we have:

1— pg — Gy = (GLa(F) x p2)/{(2,(n,2)2) : z € F*} — PGLy(F) — 1

and
E} +E] ={(t,a) € C* x F*/F*?:1* = (n,a)s}.
Moreover, Yo 2 =Y D Yj%, = Y* = 2Y. In this case, Obstruction 1 says that
(773 _1)2 =1
Clearly, this may fail if —1 ¢ F*2. However, it does hold if n € F*2, or equivalently,
if n9 is trivial. Obstruction 2 says that
(n,a)2 =1 forallae F*.

This is clearly a stronger condition than the one above, and it holds if and only if
72 is trivial. Thus, we see that if n ¢ F*2, then the sequence E} + E; does not split.

When 1, is trivial, however, the above two obstructions, as well as Obstruction 3,
are all absent and so a distinguished character of T, = Z(T),) exists. If we identify
Tn with T' X uo, so that genuine characters of Tn is in natural bijection with the
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characters of T', then the distinguished characters correspond naturally to quadratic
characters of T'.
The Weyl group action on T, is given by

()= () oen)

so that the Weyl action on genuine characters is given by

X=X ()2

In particular, we see that x is W-invariant if and only if

X* = (n,-)2,
i.e., if x is a square root of the quadratic character (1, —)2. Such a square root exists
if and only if

(m,—1)2 =1,
i.e., if and only if Obstruction 1 is absent.

7. Construction of Distinguished Genuine Characters

It is useful in practice to have an explicit construction of the distinguished genuine
characters (when they exist). Note that once one constructs one such distinguished
character, the others are obtained by twisting it by a character of the finite group
Ton/Ty (see §7.1 below for the definition of Ty). We shall see that a distinguished
genuine character can be constructed using the Hilbert symbol (—, —),, and the Weil
index -y, (cf. [53]) associated to a nontrivial additive character ¢ of F'. Here,

vy X — py C C*
satisfies
Yo (@) - 7 (b) = vy (ab) - (a,b)2

for all a,b € F*. Moreover, vy _, = 7. Such Weil indices play an important role in
the classical theory of the metaplectic groups Mp,,, (F).

7.1. Reduction to rank 1 case. — By the elementary divisor theorem, we may pick a
basis {y;} of Yq,» such that {k;y;} is a basis for the lattice J = nY + Y°, for some
k; € Z. Let T; be the split torus associated to J and let T); be its F-rational points.
This gives a decomposition

J=kY1®---0kY,CY1®---0Y, =Y

and a map
TJ=H(kiYi)®ZFX —>HY¢®ZFX

[ [
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which is the k;-power map on the i-th coordinate. Write T ,, ; for the 1-dimensional
torus corresponding to Y; and Ty ; for that corresponding to £;Y;. Now, because TQ,n is
abelian, we see that
Ton2Tix--xT,/Z
where
K
Z =A{(&) € Hun : Hei =1}
i=1 i

Moreover, the group law on Tg i = (Y; ® FX) X , is given by

vi(a) - 4i(b) = yi(ab) - (a,b)3@.
It follows that the map T;; — Tq n,; splits naturally to give

Tri — TQni

Thus, to construct a distinguished genuine character on Tg ,, it suffices to con-
struct a genuine character of TQm,i which is trivial on the image of T’y ;; the product
of these characters will then be a distinguished genuine character of TQ’n. We are
thus reduced to constructing genuine characters of 1-dimensional covering tori.

7.2. The definition. — We set
x((wi(a)) = vy (a)’i

for some f; € Z to be determined. Now we need to check various requirements:

— we first need to check the relation for T'g , ;:

x(i(a)) - x(4:(0)) = x(yi(ab)) - (a, b)QW).
This amounts to the requirement that
2
fi=Ai == -Q(y;) mod 2;
n

— next we need to ensure that X is trivial on the image of T’ ;, i.e., trivial on yi(ak).
But a short computation gives:

X(i(a")) = (@) A

Thus we need
ki (fi+ (ki—1)A;) =0 mod 4.
To ensure this, we shall simply take
fi = —(k'z - 1)A1

Then when k; is even, it is automatic that f; = A; mod 2. We need to ensure
that this continues to hold when k; is odd.

For this, we need to show that A; = 0 mod 2 when k; is odd; equivalently,
we need to show that Q(y;) = 0 mod n. Since we already know that Q(y;) is
divisible by n/2, it remains to show that if 2¢ divides n, then 2°¢ divides Q(y;).
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As kiy; € J = Y, +nY, we know that Q(k;y;) = 0 mod n. So 2¢ divides
k2 - Q(y;). Since k; is odd, we see that 2¢ does divide Q(y;), as desired.

We have completed the construction of a distinguished genuine character x,. A
formula for x, can be given as follows. For y = Y. n;y; € Yo, and a € F*,

ni\fi Zz jni"'D(yivy')
Xu(y(@) = [T (™) - (@ @)= "™

with 5
fi=—(ki—1)- - Qi)

Though explicit, a slightly unsatisfactory aspect of this formula is that one first needs

to find compatible bases for the lattice chain J C Yg .

8. LLC for Covering Tori

We are going to specialize the investigation of §6 to several examples. In this section,
we assume that G = T is a split torus.

8.1. LLCfor T ,. — When G = T, one has Y*° = 0, so that = 1, and the extension
E1 + E2 is

1 Ton Ei+ By —— FX/F*" — 1.

In the previous section, we have seen that to give a splitting of this sequence is
equivalent to giving a genuine character on T ,, satisfying conditions (a’) and (d’).
Since Y*¢ = 0, (d’) is vacuous, and since n = 1, (a’) holds. So we obtain a bijection
between the set of splittings of F; + F5 and the set of genuine characters of TQ’,L
satisfying (a’).

On the other hand, to obtain the L-group of T, we pull E; + E5 back by Wr —
F* — FX/F*". The same considerations show that to give a splitting of LT is
equivalent to giving a genuine character of T ,,, where we don’t insist on condition
(a’) anymore. Hence, we have obtained a natural bijection

{Splittings of T} «— {genuine characters of T ,,}.

This is a classification of the genuine characters of the abelian group Tg ;.

We can explicate the bijection above by tracing through the discussion in §6. Let
x € Hom(Tg,,C*) be a genuine character of T, and write p, for the splitting
of YT given by the LLC. Note that splittings of T over Wy are in bijection with
splittings of the E; + F5 extension (pulled-back to be) over F'*. Recall that we have

E = T X¢, F*  defined using the cocycle ¢y,

and
E; = Hom(&g p, C)
with

Eom =Yg n xp F*  defined using a cocycle determined by the bisector D.
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With this identification, one has
(81) px(a) = (17 a’) +Baer >~(a S El + E2
for a € F*, where

- (,a)€E =T x., F¥;
- Xa € Ey = Hom(&g n, C*) is the character of &, given by

Xa(y;0) = (b,a)n - x(y(a)) for (y,b) € Yo.n xp F,
noting that y(a) € Tg.p.
8.2. Construction for 7. — The covering torus T is a Heisenberg type group (cf.
[28, 44, 66]), and one has a natural bijection
{genuine characters of Z(T)} «+— {irreducible genuine representations of T'}.

This bijection is defined as follows. Choose and fix a maximal abelian subgroup H
of T containing Z(T). Given a genuine character x of Z(T), extend  arbitrarily to a
character xgy of H. Then the induced representation

i(x) = indqf}XH
is irreducible and independent of the choice of (H, xg). By the analog of the Stone-

von-Neumann theorem, it is characterized as the unique irreducible genuine represen-
tation of T" which has central character x.

8.3. LLC for T. — Combining these, we obtain the following result which is the LLC
for covering (split) tori:

Theorem 8.2. — There is a natural injective map
T« {irreducible genuine representations of T} — {Splittings of “T}.

The image of this injection can be described as follows. Tensoring the short exact
sequence

0 X Xon —— Xon/X —— 0
with C*, the associated long exact sequence gives:
0 —— Tory(Xgn/X,C¢) — = X @CX =T — X0, ®C*=T" ——0.
This is a short exact sequence of Wr-modules and gives an exact sequence
HY (Wp, TV) —L HYWp, T) —2— H2(Wp, Tor; (Xg.n/X,CX)).

If we fix a distinguished splitting so of T, which corresponds to a genuine character xo
of Z(T), then all other splittings of LT are of the form s = sq-p with p € H*(Wp, TV).
This gives an identification

H(Wg,T') = {Splittings of “T}.
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Then one sees that a splitting s of “T is in the image of the map Zr if and only if s
lies in the image of f,, or equivalently

5(s) =0 € H*(Wg, Tor; (Xg.n/X,C>)).
Note that if X¢ ,,/X =[], Z/n,;Z, then

Tory (Xq.u/X, €)) = [T i (©)

9. LLC for Unramified Representations

We consider the tame case in this section, so that p does not divide n. We assume
that there is a splitting
s: K=G(0) — G.
Then one may consider the s-unramified genuine representations of G, i.e, those with
nonzero s(K)-fixed vectors. We would like to obtain an LLC for such s-unramified
genuine representations.

9.1. Torus case. — We first consider the case when G = T is a split torus. Suppose
that T has bisector data D, so that

T:TXD,U,n.

In the tame case, the trivial section y(a) — (y(a),1) € T X p py, is a splitting over T(0)
and any splitting s : T(0) — T is given by

s(t) = (t, us(t)) fort e T(0)

where ps : T(0) — py, is a group homomorphism. Such an s will give rise to a
splitting of T¢ ,(0), denoted by s as well, via pulling back.
We call a genuine representation i(x) (see §8.2) of T' s-unramified if i(x) has a

nonzero vector fixed by s(T(0)). In this tame case, one can check that H = Z(T) -
s(T(0)) is a maximal abelian subgroup of 7. From this, one deduces:

Lemma 9.1. — A representation i(x) is s-unramified if and only if x is trivial when
restricted to Z(T) N s(T(0)). In this case, the space of s(T(0))-fized vectors is 1-di-
mensional.

We say that a genuine character of Z(T') or T, is s-unramified if it is trivial on
the image of s. Thus, the above lemma says that () is s-unramified if and only if x is
s-unramified. Such a x will pullback to an s-unramified character of T'g ,,. Conversely,
observe that an s-unramified genuine character of T ,, automatically factors through
to a genuine character of Z(T) since Ker(h) C s(Tq,(0)). Under the LLC for T
defined in the last section, the s-unramified genuine characters correspond to a subset
of splittings of “T. We would like to explicate this subset.

Lemma 9.2. — The L-parameters py : Wp — LT of the s-unramified characters x
have the same restriction ps to the inertia group Ip.
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Proof. — We need to show that, as maps from Wa¥ = F* to LT, all these p,’s have
the same restriction p, on 0*. This follows from an examination of the construction of
the LLC for T. In particular, this restriction ps can be described explicitly as follows.

Suppose an s-unramified x is given. By (8.1), we see that for a € 0 , py(a) € LT is
determined by the character X, : {g,n» — C* described there. Using the notations
in (8.1), the s-unramified condition says that for (y,b) € &g n,

Xa(y,0) = (b,a)n - NS(y(a))717
which is independent of . O

We shall call a splitting p of T s-unramified if p|, = ps Dividing LT by ps(Ir),
F
we obtain a short exact sequence

1 Tv L, NN Z - Froby, —— 1.

To summarize, we have shown:

Proposition 9.3. — Under the LLC for covering tori, one has a bijection

{irreducible s-unramified genuine representations of T}

!

{Tv-conjugacy classes of s-unramified splittings p of “T }

!

{Tv-orbits in p~ ' (Frob,)}.

9.2. Satake isomorphism. — We now consider the case of general G. The key step in
understanding the s-unramified representations of G is the Satake isomorphism. More
precisely, let $#(G,s) be the C-algebra of anti-genuine locally constant, compactly
supported functions on G which are bi-invariant under s(G(0)). Let S#(T, s) denote
the analogous C-algebra for T. One can check that for an element f € S/(T, s), the
support of f is contained in Z(T) - s(T(C)), and thus f is completely determined by
its restriction to Z(T'). Moreover, the Weyl group W acts naturally on Z(T') - s(T(0))
and thus on S#(T, s).
One has an explicit C-algebra morphism

S G, s) — SHT,s)
given by
S(f)(t) = 6(t)*/? / f(tu)du for all f € GG, s).
U
The following is shown in [44, 39, 73]:

Theorem 9.4. — The Satake map & induces an isomorphism of C-algebras:

JUG,s) = JUT,s)".
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As a consequence of this, one deduces a bijection

{irreducible s-unramified genuine representations of G}

!

{irreducible modules of §#(G, s)}
!

{W-orbits of s-unramified genuine characters of Z(T)}

!

{W-orbits of s-unramified genuine characters of Tg ,,}.

Explicitly, the bijection [44] is constructed as in the linear case. Namely, given
a s-unramified genuine character x of T ,, we saw in §9.1 and Lemma 9.1 that x
descends to a genuine character of Z(T) and gives an irreducible s-unramified genuine
representation i(x) of T. Now we set

I(x) = Indgi(x),
where the induction is normalized. Then I(x) has a 1-dimensional space of s(K)-fixed
vectors and thus a unique irreducible constituent which is unramified. The action
of §#(G, s) on this 1-dimensional space of s(K)-fixed vectors is easily calculated to be
via the character:

e /T x(®) - S () () dt.

Note that this character of $#%(G, s) depends only on the W-orbit of x since $'(f) is
W-invariant. This shows that the s(K)-unramified representation associated to x is
the unique s(K)-unramified constituent of I(x).

9.3. W-equivariance of LLC. — We would like to give an interpretation of spherical
Hecke algebra in terms of the L-group “G. In view of the natural inclusion *T — G,
it is natural to apply the LLC for T (or Tg,,) at this point. However, we first need
to check the following proposition:

Theorem 9.5. — The local Langlands correspondence for T is equivariant with respect
to the action of the Weyl group W on both sides.

Proof. — Let x be a genuine character of T ,,, and let p, be the associated splitting
of the L-group given by LLC. It suffices to show that for any simple reflection w = w,,
with a € A,
Y (px) = pux-
The action of N(T) on T is given by formula (2.3). It induces actions of the Weyl group
W on the topological cover T ,, (given by (6.7)), as well as the central extension & ,.
The latter gives rise to an inherited action on E5, and thus on LT Note that the Weyl
group acts trivially on FEj.
Fix a € F¥, by the explicit form of p, given in (8.1), it is enough show

wf(a = (U;X)a € Hom(&»?,m(cx)'
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Using the notations in (8.1), we need to verify that

(9.6) “Xa(y,0) = (“X)4(y,b)

for all (y,b) € Eg,n-
For ease of notation, set

Yo = —(a,y) - " € Y, since ng divides (o, y)
and write y for (y,1) € &, The left hand side of the desired identity (9.6) is
Xa((4,0) * 5= (¥a)) = (b, @) - X(y(a)) - Xa(s@= (¥a))-
On the other hand, the right hand side of the desired identity (9.6) is
(b, a)n - (") (y(a)) = (b;a)n - x(y(a) - 5y (ya(a))),

where s, : T¢y,, — To.n was introduced in (6.2).
Thus, to obtain the equality (9.6), it now suffices to show

(9.7) xa(sQ“(ya)) = X(Sn(ya(a)))'
€lq,n GTQ n

However, on the LHS of (9.7),

SQse (ya) = (yaan(ya)) € 8Q,na
whereas on the RHS of (9.7),
$n(¥a(a) = (1(¥a), ), * Ya(a) € Tomn.
Thus, both sides of the desired identity (9.7) are equal to

(1(a),a),, - X (Yala)).
The proof of the theorem is thus completed. O

9.4. Passing to dual side. — Consequently, there is a bijection between

{W-orbits of s-unramified genuine characters of T'q ,, }

)
{W-orbits of s-unramified splittings of LT’}.
We know from Lemma 9.2 that there is a splitting ps : Ir — LT such that all
s-unramified splittings of ZT restricts to p, on Ir. Dividing out by ps(Ir), one has a
commutative diagram of short exact sequences

1 T’ LT, —* , 7.Froby, —— 1
1 év L@, LN Z - Froby, — 1.

Hence, we have bijections

{W-orbits of s-unramified splittings of ZT'}
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!

{W-orbits of splittings of “T',}

!

{év—orbits of splittings of “G,}.

Here the last bijection can be seen by the arguments in [10, §6.3-86.7].

9.5. Representation ring. — Finally, we note that the bijections above are induced by
algebra isomorphisms

SUT,s)" ~ Rep(ETy, Frob,)" ~ Rep(LYG,, Frob,),

where Rep (LT, Frob,) denotes the algebra of functions on the preimage of Frob,
in LT, obtained as the restriction of the representation ring of T’y and Rep(*G, Frob,)
is analogously defined. Here the second isomorphism can be shown following [10,
§6.3-86.7] and the first can be reduced to the linear algebraic case as follows.

(1)

(2)

We claim that there exists a W-invariant s-unramified genuine character x
of Tq n, i.e., xos is trivial and x (s, (({a, y)-a¥)(a))) = 1foralla € F*,y € Yo ,,
and a € A. However, for a € 0, one has

s(({e, ) - @")(a)) = sy (({a, ) - @¥)(a)),  with ({a,y) - a¥)(a) € T, (0),
since s, is by definition given by the unique splitting on unipotent subgroups
on which it agrees with s. Thus the two conditions are compatible, and by Pon-
tryagin duality, there exists such unramified Weyl-invariant genuine character.
Fix a x as in (1). Dividing by x gives a Weyl-equivariant algebra isomorphism

%(Tv S) = (C[YQ,TL]

The unramified character x gives rise to an element ¢, € p~!(Frob,) under
the LLC for T ,,. By Theorem 9.5, t, is Weyl-invariant. Therefore, it gives a
Weyl-equivariant algebra isomorphism

Rep(~T,, Frob,) = Rep(T ).
It follows that there is a natural isomorphism
ST, s)V ~ Rep(*T,, Frob, )",
which can be checked to be independent of the choice of x.

To summarize, we have shown:

Theorem 9.8. — The Satake isomorphism gives isomorphisms

(G, s) ~ ST, s)" ~ Rep(*Ty, Frob,)" ~ Rep(G,, Froby),

which induces bijections

{irreducible s-unramified genuine representations of G}

!
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{W -orbits of s-unramified splittings of LT}

!

{év—orbits of s-unramified splittings of “G}

!

{@V-orbits of semisimple elements in p~ ' (Frob,)}.

10. L-Groups: Second Take

After the discussion of the previous sections and a study of our running example,
we may draw the following conclusions:

(i) For a fixed fair bisector D, and among all BD covering groups (of degree n) with
bisector data (D,n), those with 7, = 1 are most nicely behaved. For example,
their maximal covering tori T have certain distinguished Weyl-invariant genuine
representations and G splits over the hyperspecial maximal compact subgroup
G(0). Moreover, their L-groups are isomorphic to a direct product G’ x Wg.

(ii) The BD covering groups G,, for a fixed bisector data are closely related, and it
may be useful to consider them together, both structurally as well as from the
point of view of representation theory. For example, they all have the same dual
group 55.

In this section, we would like to suggest a slightly different take on the L-group

extension, so as to treat the closely related groups én together.

10.1. The case Q = 0. — To guide our efforts, we shall consider the genuine repre-
sentation theory of the covering groups in the case when Q = 0. This expands upon
our running example and will provide a clue about the modifications needed.

When @ = 0 = D, the objects in Bisg,¢ are simply homomorphisms n : Y¢ — F*.
Choose a z-extension

1 z H G 1,

so that Y;5° = Y*° and Y/ Y*° is free. For any 7, we have a corresponding short exact
sequence

1 —— Z=12, H, Gy 1.
Since all n : Yj3¢ = Y°¢ — F* are equivalent to the trivial homomorphism 1 as objects
of Bisy g, we may choose an isomorphism

€:H; =Hx K, — H,.
After taking F-points, and noting that Hy (F,Z) = 0, we then have
Hi=Hxp, —— H, G
and the kernel of this map is the subgroup
€1 (Zy) ={(2,xne(2) ™) 1 2 € Z} C H X iy,

s
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where X, ¢ is the map

Z=YyoF* — pxgpx S0

Hence, the set of genuine representations of én can be identified (by pulling back)
with a subset of the genuine representations of the split extension H X u, whose
restriction to the central subgroup Z C H is the character x; ¢.

Now the L-group of H = H x p, is a short exact sequence

HY Iy Wg
which is equipped with a finite set of distinguished splittings. For example one may
take the distinguished splitting sg which corresponds to the trivial character of the

maximal torus Ty of H. Then we may identify the set of all splittings (modulo
conjugacy by H") with the set of L-parameters

Wgp — HY
of H. Thus, if the LLC holds for the linear group H, there is a finite-to-one map
U Irrgen (Gy)) — {L-parameters for H}
n

which may be construed as a (weak) LLC for the family of covering groups G, (as

n varies). Moreover, the image of Irrgen(G,) for a particular n can be described as
follows. By Lemma 5.4, there is a natural short exact sequence:

1 — GV HY —%— 7V = Hom(Yz,C¥) —— 1.

Then Irrgen (G) corresponds to the set of L-parameters ¢ of H such that po¢ : Wy —
ZV is the L-parameter of the character x,, ¢. Observe that the genuine representations
of G1 = G x pu, is then parametrized by L-parameters of H which factors through
GV.

There is an obvious notion of a z-extension H dominating another H’, and one
can easily check that the above classification of the genuine representations of én
behave functorially with respect to dominance. This suggests that it is possible (and
certainly desirable) to formulate the LLC for G, without reference to the z-extension
H. Such use of z-extensions is similar to the use of z-extensions in the usual theory
of endoscopy for linear groups.

10.2. Modification of L-group. — Motivated by the above discussion, we can revisit
the L-group construction in the general setting. Fix the quadratic form @ on Y. The
crucial F5 construction starts with

R 1Y) E — Yo 1

and then use the section
Snp - Ysc,n - &2,”
to form the quotient

l —— FX/F*" —— %,n/sn(ysfn) EE— YQvn/YSC,TL — 1
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before applying Hom(—,C*). To incorporate all n’s together, we observe that the
section s, is independent of 7 when restricted to the sublattice nY{",. Then one has
the commutative diagram with exact rows:

1 ——— FX/F*" ——— &G u/sy(nYE,) —— You/nYs, — 1
1 —— FX/F*" —— &on/s1(YE,) —— You/Y5, —— 1

Taking Hom(—,C*), one obtains the commutative diagram with exact rows and
columns, which defines the modification Fy of Es:

Z(Gy) = Hom(Yy /Y, ,C*) —— By  —— FX/F*"

l | H

Hom(Yg, /nYg,, C) N ——— FX/Fxn

The cocycle defining F; also defines an extension

1 —— Hom(Yq,n/nY§,,C*) E; FXJF*" — s 1.
Then we can form the Baer sum and obtain
Z(GY) — VE=E +E, —— FX/Fxn

l ! H

Hom(Yg n/nY,,C*) —— E=Ey + Ey —— FX/F*"

| | l

T, — T —— L

From this, we infer the short exact sequence:

1 —— Z(G)) E FX[F*™ x (Tg,)V[n] — 1.

This is our enlarged fundamental extension. Pushing this out by Z (6\1/) < G and
pulling back to Wg, one obtains:

rai A SC
1 G LG, We x (Tg,)V[n] —— 1,

which is our enlarged L-group extension for the family of BD covers with fixed BD-in-
variant ). Here we also use the notation 55 for G .

Note that (7¢f,,)" is a maximal torus in the adjoint quotient (év)ad of G’ so that
(T¢ )Y [n] is its n-torsion subgroup.
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10.3. Relation with 'G,. — How can one recover the L-group of G,, as previously
defined, from the enlarged L-group defined here? Given an 7 : Y5, — F X, one
obtains a natural map

G Wi — WE = FX — (T35,)" [n] = Hom(YEE,., n)
given by
on(a)(y) = (n(y),a), foralla e F* and y € Y.
Pulling back the enlarged L-group extension by the diagonal map
id X @, : Wp — Wp x (T5,,)" [n],

one obtains the L-group extension LG,,.

10.4. The modified dual group. — Consider the kernel Ggy C “Gyy of the following
composition of surjections:

LGl —— We x (T5,)VIn] —— W,

where the second map is the projection on the first component. By the definition
of Lég, the group éz lies in the exact sequence

(10.1) 1 a, ﬁg — (I5,)"[n] — 1,

which is the push out of
(10.2)
—V
1 —— Z(Gy) —— Hom(Ygn/nY5,,C*) —— (ngcn)v[n] — 1.

Since (10.1) can be obtained from (10.2) by first pushing out via Z(é\é) — T’ and

there is a natural map Hom(Yg , /nYQS‘fn, C*) — TV, there is a canonical splitting of
(10.1) which gives an isomorphism

ol ol SC

Moreover, the action of (T(f?cn)v[n] on G’ is identity on its maximal torus T =
Xg,n ® C* and preserves the maximal unipotent subgroup corresponding to the set
of simple roots Aé’n. This shows that every irreducible representation of G’ is in-

variant under the action of (T7¢y,)"[n], and thus extends (non-canonically) to @g.

In other words, the representation theory of the disconnected group @g is not more
complicated than that of G’

ASTERISQUE 398



THE LANGLANDS-WEISSMAN PROGRAM 237

10.5. Running example. — Consider the case G = PGL3s and D = 0, n = 2. The dual
group is GZ) = SL2(C) and the exact sequence (10.2) is

1 2 14 12 L
We obtain éz ~ SLo(C) % 2. The action of the nontrivial element € € py on SLy(C) is

given by
-1
. 3 3
€:g— g1 g g1 )

where £ € g4 is any square root of €. As there is no splitting of @g over ug valued in
the center Z (GZ?), the group ég is not isomorphic to the direct product SLs(C) X us.

This example shows that in general @g ~ éé x (Tg,,)V[n] is not a direct product
of the two groups.

11. The LLC

After the discussion in the previous sections, we can now formulate the LLC for
BD covering groups.

11.1. L-parameters. — After introducing the L-group extension, one now has the
following notions:

- an L-parameter for the covering group G, is a splitting ¢ : Wr — Lén of
the extension Lé,,, taken up to conjugacy by G Equivalently, it is a splitting
¢:Wp — Lég of the enlarged L-group extension such that

pod):‘Pna

where p : Lég — (T¢,,)" [n] is the natural projection;
— we have demonstrated the existence of a finite set of distinguished splittings
for G, and thus for L@g. If we fix one such splitting ¢, then all splittings

of Lég are of the form ¢q - ¢ where
¢:Wp — ég = éé X (Tsc’n)v[n].

We call such ¢’s the L-parameters relative to the distinguished splitting ¢g.

11.2. Local L-factors. — Given a representation
R:*G, — GL(V)

where V is a complex finite-dimensional vector space over C, and a splitting ¢ of Lén,
one obtains a complex representation R o ¢ of Wr and hence an Artin L-factor
L(s, ¢, R). Alternatively, if ¢ : Wp — &7 is an L-parameter relative to a distin-
guished splitting ¢ of Lé# over Wg, and R : é# — GL(V) is a representation,
then one has an associated L-factor Ly, (s, @, R). As we noted before, the irreducible
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representations of é# are simply extensions of those of G’. We shall give a more
detailed treatment of this in the next section, where we introduce automorphic L-
functions.

11.3. The LLC. — In view of the unramified LLC discussed in Section 9, one is
tempted to conjecture the existence of a finite-to-one map giving rise to a commutative
diagram:

Z, : IrrG,, &, {splittings of “G,}

! !

U, IrrG,, _z, {splittings of L@g}.

This is a weak LLC. As shown in the case when G = T is a split torus, one should
not expect this map to be surjective. Thus, one would also like to have a conjectural
parametrization of the fibers of this map. This would be a strong LLC.

11.4. Reduction to n = 1. — We shall show that this weak LLC for general G,, can
be reduced to the case of trivial n. This is similar to the discussion at the beginning
of the last section and relies on the consideration of z-extensions.

More precisely, we choose a z-extension 1 — Z — H — G — 1 giving rise to

1 Z ", —2— G, 1.

Choose an isomorphism ¢ : H; — ﬁn, which realises
G, =H,/¢(2).

Thus one has an injection
£ op* : IrrG, — IrrHy

whose image consists of those irreducible genuine representations of H; whose restric-
tion to Z is a prescribed character x¢. If the LLC holds for the case of trivial 7, then
one would have a map

Z o0& op* : IrrG,, — {splittings of “H,}.
Now recall that by Lemma 5.4, there is a natural map
p:TH, — ZV.

If one assumes the (weak) LLC for H satisfies the natural property that the restric-
tion of the central character of 7 € Irr(H1) to Z corresponds to the parameter poZ(r)
under the usual LLC for the (linear) torus Z, then one sees that

IrrG,, — {splittings ¢ of “H;: p o ¢ corresponds to x¢} = {splittings of “G,,}.
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The relation with the enlarged L-group LG" is as follows. One has a commutative
diagram

1 ekl ek Wp —— 1
| | [
1 H, LH, Wr — 1,

and the L-parameters of H; which intervene in the description of the LLC for G,, (as

7 varies) are those which factors through ek

11.5. Reduction to discrete series. — The existence of the (weak) LLC map Z can
be reduced to the case of (quasi)-discrete series representation, much like the case of
linear reductive groups. More precisely,

— Ban and Jantzen [7] have established the analog of the Langlands classification
for general covering groups over p-adic fields; the case of covers of real groups
is also known [11]. This says that every irreducible representation is uniquely
expressed as the unique irreducible quotient of a standard module. As in the
linear case, this reduces the definition of Z to (quasi)-tempered representations.

— Asshown in the work of W.-W. Li [36], any tempered representation is contained
in a representation parabolically induced from (quasi-)discrete series representa-
tions; moreover the decomposition of this induced representation is governed by
an R-group [36]. This reduces the definition of Z to the case of (quasi-)discrete
series representations.

11.6. The example of Mp,,,. — The only nontrivial case where one has rather com-
plete results for the LLC is the classical case of the metaplectic double covering group
G = Mp,,,(F) of Sp,,(F). In this case, the L-group G is isomorphic (non canon-
ically) to the direct product Sp,,(C) x Wg, and such an isomorphism is given by
the choice of a distinguished genuine character of the covering torus T C Mp,,,. In
§16.1.2, we show that such a distinguished genuine character of T is simply a genuine
character x defined using the Weil index associated to a nontrivial additive character
1 of F. Thus the choice of 9 gives a bijection

Sy + {splittings of G over WDp} «+— {homomorphisms W Dp — Sp,, (C)}.

On the other hand, using the theory of theta correspondence, it was shown in [3]
(for archimedean F') and [25] (for nonarchimedean F') that there is a bijection

Oy : Itgen (Mpy,, (F)) «— | JIrr(SO(V,))
Vn

where V,, runs over all isomorphism classes of quadratic spaces of dimension 2n + 1
and trivial discriminant. Combining this with the LLC for odd special orthogonal
groups (due to Arthur [6] and Moeglin [46]), one obtains an LLC map

Zy : Irtgen (Mpy,, (F')) — {homomorphisms WDr — Sp,,, (C)}.
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We thus have a surjective map
S,y 1 0Ly : Irrgen (Mpy, (F)) — {L-parameters for Mp,, }.

The main observation we want to make is:

Theorem 11.1. — The composite é:;lo%,/, is independent of the choice of . In particu-
lar, assuming the LLC for odd special orthogonal groups, one has an LLC for Mp,,, (F)
in terms of the L-group considered in this paper.

Proof. — All nontrivial characters of F are of the form ,(z) = ¥(az) for some
a € F*. The corresponding distinguished characters of T' are related by

Xva = X9 * Xa
where X, = (a,—)2. Thus, the distinguished splittings s, and s, differ by the
quadratic character x, (regarded as a map Wgp — s C TV), and the bijections
oy and Jy, differ by twisting by x,. On the other hand, it was shown in [3, 25] that
Zy, and Zy are also related by twisting by x,. It follows that the two dependence
on a cancel and &, ' 0 %y is independent of the choice of 1. O

12. Desiderata and Anomalies

In this section, we shall explain how the L-group formalism developed thus far
allows one to explain (at least conjecturally) certain anomalies which have been em-
pirically observed in the genuine representation theory of covering groups.

12.1. Central characters. — In the LLC for Mp,,, discussed at the end of the previous
section, it is known that the central character is not an invariant of an L-packet. This
is in contrast to the case of linear groups, where all representations in a given L-
packet have the same central character. Let us see how this anomaly is explained by
the L-group formalism.

For a BD covering group G, we have attached an L-group “G, which is abstractly
isomorphic to a semi-direct product. Let us consider the case when “G has a distin-
guished splitting, so that “G = G’ x Wr. Let Gg,p, be the split linear algebraic group
over F', with dual group G’ (this Gg,», should be the principal endoscopic group of G,
as we discuss later on). Then by construction Gg ,, := Gg,»(F) contains T ,, as max-
imal split torus. Now an L-parameter ¢ of G can be regarded as one for G ,, (relative
to the choice of a distinguished splitting). Such an L-parameter certainly encodes the
central characters of representations of G ,, in the associated L-packet.

Let us compare the centres of Gg , and G, which are contained in Tgo,n and T
respectively. One has

Z(GQ,n) = HOHI(Xan/X(S‘-in, FX) C Tan

and
p(Z(Q)) = Z(G)Np(Z(T)) C Hom(X/X*, F*) C T,
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where p : G — G is the natural projection. Moreover, recall that there is an isogeny
1:1gn — T,

associated to the natural embedding Yg ,, < Y and such that

i(Ton) = p(Z(T)).
It is easy to check that
i(Z(Gan)) € p(Z(G)).
This leads us to the following:

Speculation. — under the LLC for G, for an L-parameter ¢ for G with associated
L-packet Il, all representations in II, transform by the same character (determined
by ¢) when restricted to the preimage in G of the central subgroup i(Z(Gg )). In
particular, this leaves open the possibility for the representations in Il to transform
by different characters under the whole center Z(G).

If we apply this to the case of G = Mp,,,, then Gg, , = SO2,+1 so that Z(Gg.,) is
trivial, whereas p(Z(G)) is p2(F). Thus, both genuine central characters are allowed
in a given L-packet, as has been observed.

12.2. Twisting by characters. — Suppose that 7 is an irreducible genuine representa-
tion of G with L-parameter ¢ : Wr — LG. Let x : G — C* be a 1-dimensional
character. Then we may consider the irreducible genuine representation 7 ® x. What
should be the L-parameter of m ® x7

Let ¢, : Wp — G be the L-parameter of x, with GV the Langlands dual group
of G. One would like to twist the L-parameter ¢ of m by ¢,, but the two parameters
take value in different groups. However, one knows that ¢, factors through the center
Z(GY) of GV:

¢y Wp — Z(GY) — GV.
On the other hand, one has a natural map
§:Z(GY) =Hom(Y/Y®,C*) — Hom(YQ,n /Y5, C)
given by restricting from Y to Yy . Then one has the composite
Sopy : Wp— Z(GY) — Z(G')C G .

Now it is natural to have the following expectation:

Speculation. — If ¢ is the L-parameter of the irreducible genuine representation 7
of G, then the L-parameter of 7 ® x is given by ¢ ® (§ o ¢y).
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12.3. Restriction to derived subgroups. — Another anomaly concerns the restriction
of representations of G to, for example, éder or G . For example, in the linear case, all
irreducible summands in the restriction of an irreducible representations of GLo(F)
to SLy(F') belongs to the same L-packet. However, if one takes the degree 2 Kazhdan-
Patterson cover GLy of GLy(F), then the restriction of an irreducible genuine rep-
resentation o of GLy to SLy = Mp, may contain constituents belonging to different
L-packets of Mp,. More precisely, one has

~Y
Ty, = D
X

where the sum runs over quadratic characters x of F'*. Moreover, if the L-parameter
of m is ¢, then that of m, is ¢ ® x. How can this be explained by the L-group
formalism?

Let G be a linear reductive group over F' and

Gs¢ —, Gder -G

the natural sequence of maps. In forming the L-group of G, we consider the lattices

SC SC
Yg, —— Y

! !

Yon — Y.

Here the arrows are inclusions, and the first column is used to define the root datum
for the dual group of G. Now we may pullback the BD cover to G*¢ and construct the
L-group of GSC; this gives the diagram, writing Z = Y ¢ for readability:

fo— 7

l H

Zon —— Z.

Here the first column is used to form the dual group of G-.
Let’s examine how these two diagrams interact. One has:

C
n

Youn — YonuNZ —— Y}

(YSC)Q,n =ZQn —— YonNZ ——— Zsc,n

and the point is that there is an inclusion
ZQ’n D YQ’n NnZ= YQ’n nyse

which is not necessarily an equality (it would be if n = 1).
This means that one has the following diagram of dual groups:

—SC

év—>Hv<—(G )Y
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where HV is the connected reductive group with root datum
(Yo,n N Z, Ay ., dual lattice of Yo, N Z,Ag.n),
and the second arrow is an isogeny. Now suppose one is given an L-parameter for G,
ie.,
—V

¢:Wp — G .

Let
¢o:Wp—G — H".

This leads to the following speculation:
Speculation. — If one takes a representation 7 in the associated L-packet II4, then

the pullback of 7 to G will decompose into irreducible summands. The L-parameters
of these summands are given by those

¢ Wp — (G
such that
¢ = al i.e., equality when both ¢ and ¢ are projected to H".
Since the projection from (@SC)V to HY is not an isomorphism in general, it is possible

for several ¢’ to arise. This explains the above phenomenon in the examples mentioned
above.

13. Automorphic L-functions

While we have considered only the case of local fields for most of this paper, we
shall now consider the global setting, so that k£ is a number field with ring of adeles
A. We shall briefly explain how the construction of the L-group extension extends to
the global situation, referring to [73] for the details. The goal of the section is to give
a definition of the notion of automorphic L-functions.

13.1. Adelic BD covering. — Starting with a BD extension G over Spec(k) and a
positive integer n such that |u, (k)| = n, Brylinski and Deligne showed using results
of Moore [48] that one inherits the following data:

— for each place v of k, a local BD covering group G, of degree n;

— for almost all v, a splitting s, : G(C,) — Gy;

— a restricted direct product H;j G, with respect to the family of subgroups
$4(G(Gy)), from which one can define:

G(A) =] Go/{() € Bupnlko) : [ ¢o =13,

which gives a topological central extension
| —— (k) —— G(A) —— G(A) —— 1,
called the adelic or global BD covering group;
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— a natural inclusion

1 —— pnlky) —— Gy —— G(ky) —— 1

H

1 —— pp(k) —— GA) —— G(A) —— 1
for each place v of k;
— a natural splitting
i:G(k) — G(A),

which allows one to consider the space of automorphic forms on G(A).

13.2. Global L-group extension. — One may define the L-group extension for the
adelic BD cover G(A) following the same procedure as in the local setting. We briefly
summarize the process, highlighting the differences. Suppose that G has BD invariant
(Q,E, f) or bisector data (D,n). Then one has:

— The dual group of G(A) is defined in exactly the same way as in the local setting.
Namely, one may define the lattice Yg,,, and the modified coroot lattice Y57,

in the same way. This gives the dual group G’ Indeed, since G is split, the
definition of these objects works over any k or k, and gives the same complex
dual group G .

— The role of F*/F*™ in the local setting is replaced by A*/k*A*™. More pre-
cisely, with (—, —),, denoting the global n-th Hilbert symbol, the 2-cocycle

1 (au b)(y) = (au b)g(y)
for a,b € A* /A*™ defines an extension

1 —— Hom(Ygn/YE,, C*) E AX /AT — 5 1.

Since c; is trivial on k* x k*, this sequence splits canonically over the image
of k* in A*/A*™. Dividing out by the image of k* under the splitting gives the
extension Fjy:

1 —— Hom(Ygn/Ys,, C*) E AXJRXAXT 5 1,

— The extension FE, is defined in the same way, applying Hom(—,C*) to the
sequence

I —— BB —— &/s;(YE,) —— Yonu /Y, — 1,
and pulling back by
AX/E*AX™ — Hom(k™ /K*™,C*).
Forming Baer sum with F; gives the global fundamental sequence:

—V

1 —— Z(G) E AX/E*A —— 1.
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Pulling back to the global Weil group W}, and pushing out to G’ gives the global
L-group extension, which fits into a commutative diagram:
v

1 e LG, Wi — 1
| | |
1 G’ LG, W, —— 1

for each place v of k.
— This global L-group extension satisfies the same functoriality with respect to
Levi subgroups and z-extensions as in the local case.

13.3. Distinguished splittings. — One may examine the question of splitting of the
global L-group extension. By construction, it has a canonical splitting over the sub-
group
Win = Ker(W), — EXAX™\AX).

As in the local case, the problem of extending this canonical splitting to one over Wy is
equivalent to finding a splitting of the global fundamental sequence. One can define
the notion of distinguished splitting of G analogously as in the local case, and this
amounts to finding a genuine automorphic character

X : Tgn(k) - Ts7(A\T@n(A) — C*

where J = Y5, +nY C Yq . Such a character exists when 7, = 1 is trivial, and thus a
distinguished splitting of the fundamental sequence E exists in this case. If we fix such
an automorphic character x = [, xv, then each x, corresponds to a distinguished
splitting of the local fundamental sequence. Moreover, x is invariant under the Weyl
group W (k) = N(T)(k)/T(k). The explicit construction of a distinguished genuine
character given in §7 produces an automorphic character.

We deduce from the above discussion that the L-group extension is always split,
and thus is abstractly a semi-direct product, but it may not be a direct product in
general.

13.4. Automorphic L-functions. — We now have all the ingredients to define the no-
tion of (partial) automorphic L-functions. Let 7 = ®,m, be a cuspidal automorphic
representation of G. For almost all v, 7, is s,-unramified. By the unramified LLC,
T, gives rise to an s,-unramified splitting

Prv * ka — Lav C LéA‘

Let R : “G, — GL(V) be a continuous finite dimensional representation which
is trivial on the subgroup

Wi.n = Ker(Wy, — EXAX™\AX) C LG,.

Recall here that the subgroup Wy , C W} admits a canonical splitting into LG, and
observe that Wy, /Wy, , has exponent n. We may form the local Artin L-factor for the
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representation R o pr , : Wy, — GL(V):
1
det(L = pr.o (Frob,) - g, *[V10)
where ¢, denotes the size of the residue field of k,. Then we may form the partial

global L-function relative to R:

L8(s,m,R) = [[ L(s, 7, R)
vgS

L(s,my, R) =

for a sufficiently large finite set S of places of k including all archimedean ones.

Theorem 13.1. — For a cuspidal representation 7, the Euler product
L(s,m, R) H L(s, 7y, R
vgS

converges uniformly when Re(s) is sufficiently large.

Proof. — The proof is essentially the same as that of Langlands’ in [33] and we
shall give a sketch, following Borel’s exposition in [10, §13] closely. Fixing a splitting
¢ : W, — YTy c “G, which agrees with the canonical splitting on Wi n, We may
write “G} as a semidirect product G’ % Wi. Moreover, the conjugation action of Wy
fixes T pointwise and normalizes the Borel subgroup B". For each place v, the
restriction of ¢ to Wy, corresponds under LLC to a genuine character x, of TQ,n,v
which has finite order by Proposition 6.5(i), so that the positive-valued character
|xv| is trivial.

Now the representation R is thus pulled back from a representation (still denoted
by R) of G’ x Wi /Wy n. We need to show that there exists A > 0 such that for
almost all places v, any eigenvalue o of R(pr ,(Frob,)) satisfies

laf < ¢
Let us write:
pr.o(Froby) = (ty, Froby) € T* x Wi/Wi...

Since Wy, /Wy, has exponent n and t, commutes with Frob,,, one has:
(ty, Frob,)™ = (t,,1)".

It suffices to show that there exists A > 0 such that for almost all places v, any
eigenvalue « of R(t,) € GL(V) satisfies

| < g

Since 7 is cuspidal, we may assume without loss of generality that 7 has unitary
central character and hence is unitary. For almost all v, 7, is a unitary s,-unramified
representation, which is associated to an unramified genuine character x, of TQJL,U’
The character

‘ _l Rx Iqu’U R

a(Xv) : TQ,n,v X Ccx
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factors through Tg nv/T0.ne N Ky = Yo, and thus can be identified with an el-
ement of X(Tg,) ® R = X(T) ® R (it is called the real logarithm of x, in [10,
§13]). We may assume that «a(x,) lies in the closure of the positive Weyl chamber
associated to a Borel subgroup B. Then the principal series representation I(x) is a
direct sum of standard modules, exactly one of which is s,-unramfied. Then m, is
the unique Langlands quotient of this s,-unramfied standard module. This follows
from the Gindikin-Karpelevich formula shown in [26], which shows that the standard
intertwining operator associated to this standard module is nonzero on the spherical
vector.

Now the spherical matrix coefficient f,, of 7, is a bounded genuine function on G,.
On the other hand, the asymptotic of fr, is governed by the Jacquet module of =,
along the Borel subgroup B,, i.e., by the central exponents of m,; this is a result of
Casselman for linear algebraic groups but has been extended to the covering case by
Ban-Jantzen; see [7, §3.2], especially the proof of [7, Theorem 3.4]. By the discussion of
the previous paragraph, the normalized Jacquet module of 7, contains the character
X, ' as a submodule. From this, one deduces as in the linear case that for f, to be
bounded, a(x,) € X(T) ® R must satisfy the following. With

1
p= 5 : Z «,
acd
one has
(@V,a(xy)) < (a¥,p) =1 forall a¥ € AY.
For any weight A of T’ in the representation R, one may write A as a Q-linear

combination of a¥ € AV and elements in the character group X (Z (év)) of Z (év):

A=Y Ae-a¥ mod X(Z(G) ® Q.
aEA

Setting

A% = 3" Aol 0¥ mod X(2(@") ®Q,
aEA
we then infer from the above inequality that

IA(to)] = g0 < gh*%e)

Since there are only finitely many such A’s and hence A\%**’s (as dim V' is finite), we
deduce the desired upper bound on the eigenvalues of R(t,) for almost all v. O

We want to highlight some instances where one can write down these automorphic
L-functions.

(i) (L-functions relative to a distinguished splitting) If G, possesses a distin-
guished splitting po (e.g., if B, = 1), then pg is s,-unramified for almost all
v, and so we have an unramified homomorphism

pﬂ',v/pO,'u : ka — ki — L — év-
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In other words, for almost all v, we have a Satake parameter s, € év, well-
defined up to conjugacy, and depending on pg .

In this setting, if one has a representation R : G — GL(V), one can form
the partial L-function

LS(S,ﬂ',R, po) == H
vgS

We call this the (R, pg) L-function of =.
More generally, if one fixes a distinguish splitting py of the enlarged L-group

1
det(1 — sx, - g °|V)’

Lé# (which always exists), one has the notion of unramified L-parameters rel-
ative to pg:

Prw t ka _)qu _)Z_)é#v

which gives rise to a Satake parameter s, € 6#. If one extends R above to the
disconnected group é#, one can define the partial L-function L°(s, w, R, po) as
above.
(if) (Adjoint type L-functions) If @Zd =G’ /Z (@v) denotes the adjoint quotient
of év, there is a natural commutative diagram of extensions
v

1 G LGy Wi 1
| | |
1 G, Gl x Wy Wi 1.

Thus, if R : @Zd — GL(V) is any representation, we may pull it back to *G
and obtain a partial L-function L (s, 7, R).

(iii) (Langlands-Shahidi L-functions) More generally, suppose that P = MN C G is a
parabolic subgroup, and 7 is an automorphic representation of the BD covering
M ,. By functoriality of the L-group construction, one has inclusions

Eé — LMA — LéA

where E is the fundamental sequence for G4. As in (ii) above, one has a natural
commutative diagram of extensions

1 —— M’ EE— EMy — Wy —— 1

1 —— M')2(G) —— M )2C) x Wy —— W —— 1,
i.e., a canonically split extension. Then any representation of " which is trivial
on Z (év) pulls back to a representation of LM ,.

A source of such representations is the adjoint action of LM, on Lie(NV).

Let R be an irreducible summand, so that R is trivial on Z(G ). Then we obtain
a partial automorphic L-function L° (s,m, R). As shown in the PhD thesis [26]
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of the second author, these Langlands-Shahidi type L-functions appear in the
constant term of the Eisenstein series on G, as in the case of linear groups.

A basic open question is whether such automorphic L-functions associated to au-
tomorphic representations of BD covering groups have the usual nice properties such
as meromorphic continuation and functional equations. In [26], the second author has
shown that the Langlands-Shahidi L-functions for BD covers have meromorphic con-
tinuation. A related question is whether such an automorphic L-function agrees with
one for a linear reductive group. We shall examine this question in §15.

14. Langlands Functoriality: Base Change

Besides giving the definition of automorphic L-functions, the L-group formalism
allows one to define the notion of “Langlands functoriality”. In this section, we return
to the local setting and examine an instance of Langlands functoriality, namely the
notion of base change. Hence, F' is again a local field in this section.

14.1. Base change. — For linear groups, the notion of base change can be directly
defined in terms of character identities (in the theory of twisted endoscopy) or defined
on the L-group side as the restriction of L-parameters from W Dpg to W D for a field
extension K/F. We adopt the second approach. Thus, given a BD extension G over F,
a positive integer n such that |u, (F)| = n and a Galois extension K of F', we have the
topological degree n covering groups Gr and G and their associated L-groups “G g
and “Gk. Observe that the dual groups of Gr and Gk are identical by definition;
we shall simply denote this dual group by G"’. Then we would like to define a natural
commutative diagram
v

1 G LGk Wg —— 1
| di |
1 G’ LG — s Wy — 1.

Such a diagram would induce an isomorphism
LGk = 71'_1(WK) c LGr.

Then any splitting of “Gr (i.e., any L-parameter of Gr) will give by restriction
to Wk a splitting of “G (i.e., an L-parameter for G), thus defining the notion
of base change on the L-group side. Moreover, by the construction of the L-group
extension, it suffices to construct a natural commutative diagram:

1 —— Z(G@') —— E(Gk) KX 1
idl l lNK/F
1—— Z(@G') —— E(Gr) Fx 1.
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14.2. An example. — Before going on, let us consider an example: the case of Mp,
or even more pertinently, the covering split torus 7 in Mp,. Let’s convince ourselves
that there is a canonical base change in this case.

We have T = T(F) x up with the group law given by the quadratic Hilbert symbol
of F"

(tl,El) . (tz, 62) = (tltg, €1€9 - (tl,tz)p).

For each nontrivial additive character ¢ of F', we have a genuine character x, deter-
mined by the Weil index. Having fixed %, all other genuine characters are of the form
XyX for x a character of F*. Now suppose K/F is a Galois extension and consider
the covering torus T defined analogously by the quadratic Hilbert symbol of K.
The character 9 of I’ gives rise to an additive character ¢ = 1 o Trg,r of K which
is Gal(K/F)-invariant and hence a genuine character x,,. One would imagine that
“base change” should be the map

Xo " X Xox - (X o Ng/p).

In particular, it carries xy to Xy, . Let us call this the ¢)-base change map for the
moment.

Now let’s observe that the i-base change map is independent of the choice of .
Any other additive character is of the form 1, for a € F* and we have

Xo * X = X - (a,—)F - X as characters of Tp.
Then the 1,-base change of the RHS is, by definition,

Xt " (@, —)F o Nk/r) - (X ©Ng/p).
Since
Xtba,x = Xpi (a7 _)K and (a7 _)F © NK/F = (a7 _)K7

we see that the ¥,-base change of RHS is the same as the 1-base change of the LHS.
Thus we see that there should be a canonical base change map for 7.

14.3. Base change map. — The next question is whether it is given by a map of the
L-group-extensions. Recall that the L-group of T is defined as the Baer sum E; + E,
of two extensions E; of F* /F*" by T (pulled back via Wy — F* — F*/F*n) Tt
is easy to see that the construction of F5 is functorial with respect to base change, in
the sense that there is a natural map

1 — T =2C* —— By K 1
idl l JVNK/F
1 — T ' 2C* —— Eyp Fx 1.

One would like an analogous diagram for E;, but the construction of E; does not
immediately lead to such a diagram.
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To be more precise, one would like to define a natural map of short exact sequences

1 Cx* Eik K* 1
idl l’lf lNK/F
1 Cx* Eir Fx 1

where the top row is defined by the cocycle (—, —)x whereas the bottom is defined
by (=, —)r. Writing N for Ng,p for simplicity, the map 7y has the form

ns(a,z) = (N(a),z - f(a)) with z€ C* and a € K*,
for some f: K* — C* satisfying:
f(ab)f(a) tf()™' = (a,b)k - (N(a),N(b))p for all a,b € K*.
Does such an f exist? The following theorem was proved by Bender [8]:
Theorem 14.1. — Define f : K* — {+1} C C* by:

f(a) = (Hasse- Witt invariant of the quadratic form Try,p(az?))

(Hasse-Witt -invariant of the quadratic form TrK/F(xQ)) '

Then
F(ab)f(@) " F(B) " = (a,b)x - (N(a), N(B)r for all a,b € K*.

The Hasse-Witt invariant of the trace quadratic forms in the theorem has been
studied by Serre [58]. Thus we have a completely natural function (valued in ps) which
depends only on the arithmetic of K/F and which induces a natural homomorphism
LTk — ITp. This induces a map from the set of L-parameters (i.e., splitting of
L-group) of T to Tk.

Explicitly, this map of L-parameters is given as follows. Since the L-group is the
Baer sum of two extensions F; and FEs, an L-parameter is a section of Ey5 whose
associated 2-cocycle is equal to that of E;. Suppose ¢ is an L-parameter for T,
thought of as a section of Ey (i.e., as a function ¢p : F'* — C*) such that

or(ab) = ¢r(a)pp(b) - (a,b)r, witha,be F* 2 Wg.

Then ¢ is mapped to the L-parameter ¢ of T, thought of as a section of E, (i.e.,
a function K* — C*), given by:

¢k (a) = ¢r(N(a)) - f(a).
Via the LLC for covering tori, we can work out the base change of genuine characters
of Tp to Tg. The map
(JVT : TK — TF
given by
Np(t,€) = (Nkyrp(t),e- f(1))
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is easily checked to be a group homomorphism; we call it the norm map for the
covering torus 7T as it lifts the usual norm map of the linear torus 7" so that one has
a commutative diagram:

Tx 27, Tp
| |
T(K) -2 T(F).

Then the base change of genuine characters corresponding to the base change of L-
parameters is simply the pullback by the norm map:

BC(x)(t, €) = x(M7(t;€))

for any genuine character x of Tr.

14.4. Consistency. — Of course, the question is whether the functoriality implied by
this homomorphim of L-groups for T agrees with the base change constructed above.
In particular, if ¢ corresponds to the genuine character x,, we would like to see that
¢k corresponds to the character X, = Xyorr- This means that we need to check:

Proposition 14.2. — We have
Xux (@) = xy(N(a)) - f(a) fora e K*.

Proof. — We shall verify this proposition by a computation. Since both sides of the
identity are roots of unity, it suffices to verify the identity in C*/RZ,. Recall that

Yy
Xk (a) = =
YK ,a

where the factors on the RHS are the Weil indices defined by the equation (of distri-
butions):

(*) /K U (aa®) - xc(ey) dr =y, -lali"? - x(a7'yP).
Now we may compute the LHS as follows. Replacing z by z/a, we get
LHS = Jaly [ (Tr(ae%) - ¢(Tr(a"ay)) da,
K

Let g,-1 denote the quadratic form x +— Tr(a~'2?): it is a quadratic form on the
F-vector space K. We may find an F-basis {a;} of K such that

go—1(z) = Zaix? (with z = Zmiai).

ASTERISQUE 398



THE LANGLANDS-WEISSMAN PROGRAM 253

Then the integral over K factorizes into [K : F] integrals over F to give:
LHS = H / Plaie?) - Paziy;) de; mod RX,
= ny% ¥(a;y?) mod RZ,

Comparing this with the RHS of (*), we deduce that

Ve = Hm = (det(ga-1) - HW(ga-1),
where
det(ge-1) = [Ja: and HW(ga1) = [](ai,a))r.
i i<j
Thus,

Xili(det(qa)) . HW(‘]a)

Xy(det(q1)) HW(q1)

(there is no harm replacing in g,-1 by g, here). On the other hand, we have (see [58,
Pg. 668))

Xk (a) =

det(gs) = N(a) - disc(K/F) € F*/F*?
so that
det(ga) = det(q1) - N(a).

Note that in [58], Serre has written disc(g,) in place of our det(g,) here. From this,

we deduce that
HW(ga)
Xvx (@) = Xy (N(a)) - W7
as desired. Here, note that we have used (N(a),det(¢q1))r = (N(a),disc(K/F))r =
The proposition is proved. U

14.5. General case. — We have focused exclusively on a very simple covering torus T
above, but the discussion in fact applies generally. The point is that, for any BD
cover G, the miraculous function f allows us to define a natural map of short exact
sequences

1 —— Z(G') —— E1(Gk) KX 1
idl "fl NK/Fl
1 —— 2Z(G') —— Ei(Gr) FXx 1

by the same formula and using the natural map j : po — 2 (@V) used in the definition
of E; in §5.2 (recall that E; is a pushout of an extension Ej of F* by ps under the
map j). Since the construction of Fs is functorial with respect to base change, one
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has an analogous diagram for Es and taking the Baer sum (together with pushout
and pullback), we obtain a natural diagram

1 G LGk W —— 1
idl Wfl l
1 G’ LGp — s Wy —— 1.

It is this diagram that allows one to define the notion of base change for G on the
side of the L-groups.

14.6. Example of Mp,,,. — Since the LLC is known for Mp,,,, one does have base
change of L-packets from Mp,, (F) to Mp,, (K). Recall that the LLC for Mp,,, is
defined via theta correspondence with SOg,11. Thus, Proposition 14.2 allows us to
describe this base change more concretely, via the theta correspondence and base
change for odd special orthogonal groups.

More precisely, given an L-packet I, of Mp,,, (F'), the theta correspondence gives
the corresponding L-packet Il 4 on SOgzy,41(F) (which depends on an additive char-
acter 1) and its base change Iy, on SOg,1(K); here ¢ is simply the restriction
of ¢ from WDp to WDk. Theta correspondence then gives a packet Oy, (Ily; )
on Mp,,, (K). Similar to our treatment of base change for the covering torus T, it is
easy to see that this packet on Mp,,, (K) is independent of ¢ and its L-parameter is
that obtained from ¢r by the base change commutative diagram constructed above
(using the map f provided by Bender).

14.7. Example of covering tori. — Another case we should check is the case of general
covering (split) tori T. We may assume that T is defined by a bisector D, so that it
is described by generators and relations as in §3.3. Then the covering torus T, is
presented analogously as we explained in §3.4. For ease of reference, let us recall this
presentation here. The covering torus T, r is generated by € € u, and y(a) with
y € Yo, and a € F*, subject to:

- Tq.n is abelian;

- yi(a) - y2(a) = (y1 + y2)(a) - (—1,a)?7(7f“’y2) for y1,y2 € Yo, and a € F*, and

where (—, —),, 7 denotes the n-th Hilbert symbol for F
- y(a) - y(b) = y(ab) - (a,b)g’(f{) fory € Yo, and a,b € F*.

One has the analogous presentation for Tq , . We also recall that for y € Yo n,

2.QWy) e
Now the base change map of L-parameters actually implies a base change of genuine
characters of T, to those of T, x and this is given by the following theorem:

Theorem 14.3. — (i) The map Ny : Tonx — TqQn,F given by

MNr(y(a)) = y(Nk/r(a)) 'f(a)%'Q(y) foryeYg, anda € K*,
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and
M) = for e € pn,
is a group homomorphism, and there is a commutative diagram

_ N —
TQ,n,K = TQ,n,F

! |

T(K) —27. T(F).
Moreover, the map Ny descends to give a homomorphism
JVT : Z(TK) — Z(TF)
(ii) The base change map
BC: IrrTQ,mF — IrrTQ’n)K

given by the base change morphism of L-groups is given by the pullback of genuine
characters defined by Ng. Moreover, BC restricts to give a map

BC:IrrTp — Irr Tk

Proof. — (i) To show that ¢/ is a group homomorphism, we need to verify that it
respects the defining relations of the covering tori. The first relation to check is that

Nr(y1(a) - Hp(wa(a) = Nr((r + v2)(a) - (—1,a) 2 0¥2)).
On the left, one has by definition:
y1(Nk/r(a)) - y2(Ng/r(a)) - fla)» (QuIFRW:)
whereas on the right, one has

(1 +32) (Nie/ () - f (@) Q05020 (=1, ).

Since

(y1 +y2)(Ng/r(a)) = y1(Ng/r(a)) - y2(Ng/r(a)) - (=1, NK/F((z))}?’(é’l’y"‘)7

the first relation then follows from

(=L a)kn = (=1,Ng/r(a))Fn

and
fla)® (QUuity)—QW)—Q2)) = f(q)n Balrvz) = 1

since Bg(y1,y2) =0 mod n for y; € Yg p.
The second relation to verify is the identity

N(y(a)) - N(y(a)) = N (y(ab)) - (a,b) %Y.
On the left, one has
y(Ng/r(a)) - y(Ng/p (b)) - f(a)+ QW . f(b)7 QW
= y(Ng/r(ab)) - (Ngr(a), N p (b)) 2 - f(a)n QW) . f(b)n QW)

SOCIETE MATHEMATIQUE DE FRANCE 2018



256 W. T. GAN & F. GAO

whereas on the right, one has
y(Nie/p(ab)) - (a,b) 30 - f(ab) 20,
The desired identity follows by noting that
(@)%Y = (a,0)5 2" and  (Nig/p(a), Ng/rB)FY = Nie/r (@), Nieyr(0) g

and applying Theorem 14.1.
To prove the last assertion of (i), it suffices to show that ¢z sends Ker(T'q n,x —
Tk) to Ker(Tqg.nr — Tr). By Lemma 3.1, one has

Ker(Tonx — Tk) = §(Tk([n]))

where §(y(a)) = (ny)(a) € Tqn k. From the proof of Lemma 3.1, we see that this
kernel is generated by certain elements of the form (ny)((¢), with ¢ € p, (K) = pn(F).
Then

HMr((ny)(€)) = (ny)(C) - F(Q)+ ™) = (ny)(C),

which lies in Ker(Tq . r — Tr) by Lemma 3.1 again.
(ii) If x € Irr(T'g,n, ) has L-parameter ¢, then by Lemma 6.1, ¢ is a map

¢: F* x Yg, — C*

satisfying the conditions (b) and (c) in Lemma 6.1. As we remarked after Lemma 6.1,
the presentation of T'g ,, r shows that this map ¢ defines a genuine character of T ,, r,
and this was how the LLC for T was shown.

By the base change homomorphism of L-group, the L-parameter ¢ gives rise to an
L-parameter ¢ for Tq , k. Regarding ¢ as a map from K* x Yo, — C*, the
map ¢k is given by

2,

¢K(a7 y) = ¢(NK/F(0‘)7 Z/) : f(a) " Q(y)
From this and the construction of the LLC, we deduce that the genuine character
defined by ¢ is the pullback of x by MVg. If x is trivial on Ker(T'q ,r — Tr), then
the last part of (i) implies that x o /g is trivial on Ker(Tg,n,x — Tk); this proves
the last assertion of (ii). O

14.8. Principal series. — Having described the base change for covering (split) tori,
we can obtain the base change of principal series (on the level of L-packets) for a BD
covering group G (attached to the invariant (D,7)). Let T C G be a maximal split
torus. In this case, the Weyl group W acts naturally on TQ n,F and TQ n, K- We note
the following lemma:

Lemma 14.4. — The norm map N TQ,,L,K — TQ,H,F is W -equivariant.

Proof. — The W-action on Tg ,, r is given by (6.7): for a root  and with w, € W
the image of ¢(n4(1)), one has:

Int(wa)(y(a)) = y(a) - sy, r(—(e,y) - a”(a)) € Ton,r,
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where for z € Y5, (such as z = —(a,y) - "),

sn.r(2(a)) = z(a) - (n(2), @) Fon-

One has the analogous formula for the action of w, on T'q . k-
Now for y € Y, and a € K*, we have

Nr(Int(wa)(y(a)))

Nr(y(a)) - Ng(sy x (—(a,y) - a’(a)))

1#(a) - sy p(—(a,y) - 0¥ (Ngsp(a))) - f(a)#@W) . f(a)n (v Q)
/(@) sq.1(— (0, 9) - 0¥ (Ng/p(a))) - f(a) 79,

Here the second equality holds because

y(Ng
y(NK

(n(2),a)kn = (1(2),Ng/p(a))pm  for z € Y5, and a € K™,
as n(z) € F*. Further, the last equality holds since

2 {@,9)? Q@) =0 mod?

by the proof of Theorem 6.8 (which shows that either (a,y) = 0 or B(y,a") =

(a,y) - Q(aY)).
On the other hand,

Int(wa) (N5(y(a))) = Int(wy) (y(NK/F(a)) . f(@%@(y))
= y(Nx/r(a)) - sy (—(0,9) - ' (Ngyr(a)) - £(0)

This proves the desired Weyl-equivariance. O

3

Qy)

Corollary 14.5. — (i) The base change of a W -invariant distinguished character
of Tqn r with respect to K/F is a W-invariant character of Tg n k-

(ii) The base change of a distinguished character of Tg n r with respect to K/F is
a distinguished character of Tq n K -

(iii) The base change of a tempered principal series representation Ir(x) of G with
respect to K/F is the tempered principal series representation I (BC(x)) of Gk .

15. Endoscopy

Another instance of Langlands functoriality is the theory of endoscopy. The L-group
formalism should lead naturally to the notions of “endoscopic groups” or “endoscopic
datum” (H, ¢k, s,€) for the BD covering groups. Since the LLC can be reduced to the
case of trivial 7, we shall assume 7 = 1 for the rest of this section.
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15.1. Endoscopic groups. — Given a BD covering group G, we have associated with
it a dual group G which is defined using a based root datum

(YQ,nv Aéma XQ,n» AQ,n)a

and an L-group extension “G which we have shown to be a split extension. Since
n = 1 by hypothesis, the L-group extension has a distinguished splitting. Any such
distinguished splitting gives an isomorphism “G = G’ x Wg. Let Gg,n be the split
linear algebraic group over F' whose dual group is isomorphic to év, which comes
equipped with a maximally split torus T ,. Recall that one has a natural isogeny
% TQ’n — T CG.

It is natural to regard Gq ., as the principal endoscopy group of G and the elliptic
endoscopic groups Hg , of Gg , as the elliptic endoscopic groups of G relative to a
distinguished splitting. Indeed, it follows by definition that there is a natural map of
dual groups

HY,— G
The choice of a distinguished splitting of G then gives rise to a map of L-groups
LHQyn — Lé.

15.2. Speculations. — We do not have anything substantive to say beyond this, but
content ourselves with a few highly speculative remarks.

— For any such endoscopic group Hg, ,,, the L-group formalism leads to a matching
of stable conjugacy classes of regular semisimple elements for Hg , and G. This
matching is obtained by a twist of the isogeny ¢ : Tg , — T as explained by
Langlands-Shelstad [34]. In particular, the stable conjugacy classes of G which
occur in the orbit-matching are all “good,” in the sense that they can support
genuine invariant distributions.

— The notion of isomorphisms of endoscopic data in the covering case should be
slightly different from that in the linear case. This is already evident from the
example of Mp,,,, where a theory of endoscopy was developed by W.-W. Li [35].
Here the endoscopic groups of Mp,,, (relative to the choice of a distinguished
splitting) are SOg,41 X SOgp41 where (a,b) are ordered pairs of non-negative
integers such that a + b = n. These are also the endoscopic groups of SOsj,41
except that the pairs (a,b) are unordered.

We suspect that the notion of equivalence of endoscopic data (H,&k, s, €)
should be modified as follows. In the linear algebraic case, the semisimple ele-
ment s in the dual group is taken modulo the center Z(G") of the dual group GV.
In the covering case, we suspect that it should be taken modulo a smaller group.
Namely, the isogeny i : Tg , — T gives on the dual side a map

TV — Té/’n.
The center Z(G") of GV is a subgroup of TV and its image i*(Z(G")) in T} ,

lies in the center Z(GV) = Z(G}.,) of G’ We speculate that in the definition
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of endoscopic datum (H,3#,s,£) of a BD covering group, the semisimple ele-
ment s should be taken modulo the group *(Z(GY)) C Z(GY). This is a wild
speculation at the moment, but it is related to the anomaly discussed in §12
about central characters being non-constant in an L-packet in the covering case.
— After the orbit-matching, one needs to define the transfer factors for endoscopic
transfers. This is a function A HonG which is supported only on matching pairs

of elements in Hg , X G and which satisfies certain properties.

— These transfer factors should allow one to transfer orbital integrals on G to
stable orbital integrals on Hg ,. One would imagine that such a transfer can
be proved as a consequence of the companion fundamental lemma. One would
further imagine that the fundamental lemma itself could be proved by using
Harish-Chandra descent to reduce it to a fundamental lemma on the Lie algebra.
We believe that on the level of Lie algebra, this fundamental lemma should be
a consequence of the so-called nonstandard fundamental lemma formulated by
Waldspurger [65] and established by Ngo [49]. In other words, we believe that
once the definitions of the transfer factors are set up correctly, the ultimate
ingredients for proving it should already be available by the work of Waldspurger
[65] and Ngo [49].

15.3. Principal series. — The isogeny i : T, — T allows one to transfer princi-
pal series representations of Gg , to those on G, subject to picking a distinguished
splitting of LG, or equivalently a Weyl-invariant genuine character xo of TQ’,L which
factors to Z(T). Given any character x of Tg, which factors through i, one then
obtains a genuine character o - x of Z(T), from which one obtains an irreducible
genuine character i(xox) of T' and a principal series representation Iz(xox) of G by
parabolic induction. Since the association x — xox is W-equivariant (because xo is

Weyl-invariant), this gives a well-defined lifting

Ig,, (x) = Ig(xox)

which depends on the choice of xo and for those principal series representations
Ig,., (x) for x trivial on Ker(i).

15.4. Iwahori-Hecke algebra isomorphisms. — When F is p-adic and G is simply-
connected, Savin has studied the Iwahori-Hecke algebra of covers of G and established
Iwahori-Hecke algebra isomorphisms with those of linear reductive groups. One can
show the same results in the generality of this paper.

For this subsection, we resume the notations of §4. In particular, we have
ged(p,n) = 1 and K = G(0) for a smooth reductive group scheme G over 0. Consider
the natural reduction map G(0) — G (k), and let I be the standard Iwahori sub-
group, defined to the inverse image of B, (k) C G, (k) with respect to the reduction
map. We fix a splitting of K into G which gives a splitting of I. One may consider
the Iwahori Hecke algebra ¢/ (G,I); it is the algebra of anti-genuine I-biinvariant
locally constant and compactly supported functions on G.
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In this subsection, we only consider those G for which Z(T') possesses distinguished
unramified genuine characters. In this case, “G is isomorphic to G’ x Wg (relative
to the choice of a distinguished character) and thus we have the split “principal en-
doscopic group” Gg., of G and its Iwahori-Hecke algebra $#4(Gg n,Io.n)-

Theorem 15.1 (Savin). — Consider a BD covering group G, for which there exist dis-
tinguished unramified genuine characters of Z(T) (for evample when n = 1). Then,
its Twahori-Hecke algebra $H.(G,I) has the following description:

He(G, 1) = <Ty,Ewa Y€ YQ,n,on € Av>
with relations given by
(Bw, — q)(Buw, +1) =0.
(Buw, Buws)" = (Bwy Ew, )" if wawg is of order 2r.
(BwoBuws) Bw, = (BuwsEuw,) Ew, if wowg is of order 2r + 1.
Ty Ty =Tyyy-
Write (y,a) = mn,. Then

Tywe - B, + (= 1) X0 Ty knpav  if m >0,
Ty=(T,-E,, ifm=0,

Tywo - By — (0= 1) X0t Tyiknaav  if m < 0.
The Iwahori-Hecke algebra (G g n,Ign) has the same description by generators and

relations. Consequently, one has an isomorphism H.(G,I) = (Gqn,Ign) depend-
ing on the choice of the distinguished genuine character of Z(T).

Ey,

o

Proof. — The proof can be taken almost verbatim from [57], by noting the following.
First, the argument in [57] relies crucially on the existence of a Weyl-invariant un-
ramified character of Z(T') (c.f. [57, Lemma 4.5]). Our assumption on G yields such
existence as discussed in §6.5. Second, to obtain the above explicit relations between
the generators of $#(G, I), one makes use of the property (d’) for any distinguished
character y, namely that

xosy(ab(a)) =1, foracAandacF*.

This is the result generalizing [57, §4], used in the proof of [57, Proposition 7.2] there.
Besides these, Savin’s argument could be carried out in our setting word for word. [

16. Examples

In this section, we give a number of examples to illustrate some of the topics treated
in this paper. These examples are the ones which have been studied in the literature.
As these groups arise as the cover G of G which has simply-connected derived group,
we may assume that G is incarnated by a fair (D, 1) without loss of generalities. For
fixed n € N, we have the associated degree n cover G.
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We have seen that there always exist distinguished splittings of G for such G, with
respect to which G ~ G x Wg. In this section, we use Xy to denote a distinguished
character constructed in Section 7. It will be shown explicitly that our construction
in the simply-connected simply-laced case agrees with the one given by Savin [57]. It
is also compatible with the one for the classical double cover Sp,,., as in [31, 53].

The computation of the bilinear form B¢ below uses crucially the identity

Bq(a',y) = Q(a") - (a,y),

where o € ®V is any coroot and y € Y.

16.1. Simply-connected case. — Consider a simply-connected simple group G of ar-
bitrary type. There is up to unique isomorphism a Ky-torsor G associated to a Weyl-
invariant quadratic form on Y*¢ = Y. Consider G incarnated by (D,7n). As indicated
above, there is no loss of generality in assuming D fair and 7 = 1, and we will do so
in the following.

For simplicity we assume n = 2 except for the case of the exceptional G5 where
the computation is very simple for general n. We also assume that @) is the unique
Weyl-invariant quadratic form which takes value 1 on the short coroots of G. The
general case of n and @ follows from similar computations.

Note that whenever we have assumed n = 2, we will write Y 2 and Y, for the
lattices Yg,, and Y()’, which are of interest. We also have J = 2Y + Y%, = Y5°, since
Y =Y.

16.1.1. The simply-laced case A,, D,., Eg, E7, Eg and compatibility. — Now let G be
a simply-laced simply-connected group of type A, for r > 1, D, for r > 3, and
E¢,E7, Eg. Let A = {ay,...,a,} be a fixed set of simple roots of G. Let G be the
extension of G determined by the quadratic form @ with Q(«;’) = 1 for all coroots
;. We obtain the two-fold cover G of G.

Clearly we have n, = 2 for all @ € ® in this case. Let o) € AV fori=1,...,r be
the simple coroots of G. It is easy to compute the bilinear form By associated with Q:

(16.1) Bo(o),a)) =

Rt ]

—1 if o;; and o connected in the Dynkin diagram,
0 otherwise.

In order to show compatibility with Savin, we may further assume that G is incar-
nated by the following fair bisector D associated with Bg as given in [57],
0 ifi <y,
(16.2) D(a), ) = 4 Qo) if i = j,

Bg(oy,af) ifi>j.

The following lemma is in [57] and reproduced here for convenience. The stated
result can also be checked by straightforward computation.

Lemma 16.3. — Let Q) be a subset of the vertices in the Dynkin diagram of G satisfy-
mng:
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(1) no two vertices in Q are adjacent;
(ii) every vertex not in Q is adjacent to an even number of vertices in Q.

Then the map given by Q+——eq with eq = Zaieﬂ o) gives a well-defined
correspondence between such sets Q and the cosets of Yg 2/J. In particular, the empty
set corresponds to the trivial coset J.

By properties of Bg and (i) of Q above, it follows that
Qle) = €.
We now give a brief case by case discussion.
The A, case. — There are two situations according to the parity of r.

Case 1. — r is even. As an illustration, we first do the straightforward computation.
Let ), ki € Yg o for proper k; € Z. Then Bo(3_,; ki ,af) € 2Z for all 1 < j <r
by the definition of Yy 5. In view of (16.1), it is equivalent to

2k1 + (—1)ko € 27,

(=1)k1 + 2k + (—1)k3 € 27,

(—1)]€2 + 2k‘3 + (—1)]€4 € QZ,
(16.4) )

(=Dkr—2 + 2k,—1 + (=1)k, € 2Z,

(=Dky—1 + 2k, € 27.
It follows that ks is even and so are the successive ky, .. ., k. (we have assumed r to be
even). Similarly, k,._1 is even and therefore all k,_3,..., ki are also even. This gives
Yoo2=J.

Note that we could simply apply the lemma to get Y o = J, which corresponds to
the fact that only the empty set satisfies properties () and (i¢). There is nothing to
check in this case, and the character x such that x os, is trivial will be a distinguished
character.

Case 2. — r = 2k — 1 is odd. Recall the notation

Voo v
Q2 = Na; O .

The consideration as in (16.4) works. However, for convenience we will apply the
lemma to get [Yg o, J] = 2 with a basis of Yy o given by

k
v v v v
{ar,Q,27 O 1.Q,2 1 %¥2Q,2:6Q = Z OlQm—l}'
m=1
The nontrivial coset corresponds to the set Q indicated by alternating bold circles
below
a2k —1 Q2K —2 Qag Q2 a1
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A basis for J = 2Y*¢ is given by

{ar g 1025 02,02 260}
Now the distinguished character x, we constructed in §7 is determined by
(16.5) Xy ga(a) =1, 2<i<r,
Xo(ea(a)) = yp(a)ZDRCR) =, (q)!2l,

This agrees with the formula in [57] when we substitute a = @ in vy (a) for ¢ of
conductor 0. See [57, pg 118].

The D, case. — We also have two cases.

Case 1. — 1 = 2k — 1 is odd with k > 2. Then [Yg o, J] = 2 with the nontrivial
Q = {061, Oéz}:

a1

Q2k—1 Q2K —2 Q2k—3 Qy a3

Q2

Consider the basis {ayg, : 2 < < 7} U {eq} of Yg 2, then the construction of
distinguished x, in Section 7 is determined by

X (ea(a)) = 7y (a) D) = 4, (a)?.

Case 2. — r = 2k is even. Then [Yg o : J|] = 4. There are three nontrivial sets ;
for i = 1,2, 3 as indicated by the bold circles below.

a1 a1
Q2k Q2K —1 Qg a3 Q2 Q2K —1 Qg a3
& O-enn &——CO-
Qa2 Qa2
aq
a2k Q2k—1 Qy a3
O———— O vvenes
Q2

That is, 1 = {1} U{aom : 2 < m < k}, Oy = {a2} U {aam : 2 < m < k} and
Qg = {Ckl,OtQ}. Note |Ql| = |Qz| =k and |QQ| = 2.
A basis of Yy 2 is given by

{002 :3<i<2k—1}U{eq,,eq, eqn,}-

However, the construction of distinguished characters utilizes the elementary divisor
theorem. Thus we have to provide bases for Yy o and J aligned in a proper way. To
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achieve this, consider the alternative basis of Yy » given by
{o) g :3<i<2k—1}U{eq, +eq, + eq,, eq, + €q,, €0, }
Then it is easy to check that the set
{az\./,QQ :3<i<2k—1}U{eq, +eq, + eq,,2(eq, + eq,), 2eq, }
is a basis for J. Note
Qleq, + en,) = [Q2] + Q(20") = [Qo] + 4.
Thus a distinguished character could be determined by
Xy(@go(a) =1, 3<i<2k—1,
X"l)((eﬂl +eq, + 693)(0‘)) =1,
Xy (e, +eq,)(a)) = yy(a) 2z tens) = 4, (a)l?],
Xu(ea, (@) = 7y (a)!l.
However, since we have assumed that D takes the special form given by (16.2), we
have

D(eQ1’eQ2 + 893) = |Ql|
D(eq,,eq;) = Qa)) = 1.

Thus

Xu (e, (a) - xy (e, + e,) (@) = (a,a)s™ - xy((eq, + eq, + ea,)(a))

Xy (e, (a)) - Xy (ey(a)) = (a,a)2 - xy((en, + ea;)(a))-

Recall v, (a)? = (a,a)s. This combined with the above results gives

Xu(ea, (@) = 7y (a)!™l,
Xy (e, (@) = 74 (a) %,
Xu(ea, (@) = 7y (a)!?l.
It agrees with the genuine character given by Savin.
The Eg, E7, Eg case. — For Eg and Fg, Yg2 = J and so the situation is trivial.
Consider E7, then [Yg ., : J| = 2. The nontrivial Q is given by Q = {ou, o, a7}

Qe as Q4 s Q2 (&5}
@ O @ O @ O

am

The set {oy g, : 1 <@ < 6} U {eq} is a basis of Yo, while {og, : 1 < i < 6}
U {2eq} a basis for J.
Our distinguished character is determined by

xu(en(a)) = 7y (a)'?l.
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This agrees with Savin also.

16.1.2. The case C,.. — Let Sp,, be the simply-connected simple group with Dynkin
diagram:

[e78 Qr—1 Qas Q2 @
OO e O O—==0
Let {a,ay,...,a,} be the set of simple coroots with o) the short one. Let n = 2.

Here Sp,, is determined by the unique Weyl-invariant quadratic form @ on Y with
Qey) =1.

It follows n,, = 2. Also Q()) = 2 and n,, = 1 for 2 < i < r. Moreover, a basis
of Yg,2 = Y is given by

{oY,ay,..., )},
while a basis for Y5’ is

{2a),0a3,...,a)}.

Since J = 0.2> by the construction of distinguished character x., it is determined
by
V@) =1, ifi=2,3,...,7;
(16.6) X’/’(a@(a)) ' 2(2_1)Q(av) !
Xu(ey (a) = vy(a) v =y(a).

This uniquely determined a genuine character of T which is abelian. It can be
checked that this agrees with the classical one (cf. [31, 53] for example).

16.1.3. The B,., Fy and G5 case. — For completeness, we also give the explicit form
of the distinguished character constructed in previous section for the double cover G
of the simply connected group G of type B,., Fy and G5. Recall that when n = 2 we
have J = Y'%.

The B, case. — Consider the Dynkin diagram of B,:

(6%} Qa2 Op—2 Qpr—1 (e 78

Let @ be the unique Weyl-invariant quadratic form with Q(a)) =1 for 1 < i <
r—1. It gives Q(c/) = 2. We have also assumed that the double cover G is incarnated
by a fair bisector D. The discussion now will be split into two cases according to the
parity of r.

Case 1. — r is odd. Direct computation gives Y% = Y(,», and therefore this case is
trivial.

Case 2. — 7 is even. It is not difficult to compute the index [Yg2 : Y§%] = 2. In
fact, a basis of Y o is given by

{of + a3+ +ao) JU{2¢) :2<i<r—-1}U{a)’}.
This gives a basis of J = Y':
{20 +af +--+ay_)}U{2a):2<i<r—-1}U{a’}.

SOCIETE MATHEMATIQUE DE FRANCE 2018



266 W. T. GAN & F. GAO

‘We have
Qlay +ay +---+a)_ 1) =r/2

By the construction of distinguished character ., it is determined by

xu((@f +af +- +ay_1)(a)) = (@)%
(16.7) xo((20))(a)) =1, for2<i<r—1;
X () (a)) = 1.
The Fy case. — Consider the Dynkim diagram of Fy:
[e%% Qo (0%} Qg
O——C——~0—=0
Let @ be such that Q(a) = 1 for i = 1,2. It implies Q(a;') = 2 for i = 3,4.
Clearly ngo, =2 for i = 1,2 and n,, = 1 for i = 3,4. We can compute

BQ(O{Y,O[;/) = -1, BQ(O(E/’O‘;}/) =-2, BQ(O&X,O[X) = -2

Also Bg(oy,af) = 0 if a; and «; are not adjacent in the Dynkin diagram.

Moreover, any ), k;a; € Y¢ with certain k; € Z belongs to Yg 2 if and only if
Bo(D kia),a)) €2Zforall 1 < j <4,

which explicitly is given by

%1 + (—1)ksy € 27,
(—1)ky + 2k + (—2)ks € 27,
(—2)ky + 4ks + (—2)k4 € 2Z,
(—2)ks + 4ky € 2Z.

Equivalently, k1, k2 € 2Z. This shows Y2 = Y35, and thus the situation is trivial.

The G5 case. — Consider the Dynkin diagram of Gs:

o B
C===0

Let @ be such that Q(«") = 1. This determines Q(3Y) = 3. Note Bg(a",sY) =
~Q(aV) = 3.

Since the computation is straightforward, we may assume n € N>; is general
instead of 2. It follows n, = n and ng = n/ged(n,3). Then kia" + ko8 lies in Yy 5,
if and only if

2k, — 3ky € nZ,
—3ky + 6k € nZ.

Equivalently, k; € nZ and k, divisible by n/ged(n,3). This exactly shows Y, =
Y§', for arbitrary n. Also in this case, it is trivial to define the distinguished character
for the fair D.
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16.2. Kazhdan-Patterson coverings GL, [28, 29]. — We consider the group GL, with
root data (X, ®,A)Y,®V AV). Let {e1,es,...,e.} be a basis for the cocharacter lat-
tice Y of GL,. Let AY = {a) :=€; — e;41 : 1 <i < r} denote a set of simple coroots
of GL,..

Consider the Weyl-invariant bilinear form on Y determined by

B(eivej) = {

where ¢ € Z is an integer. It follows that Q(«)) = —1 for any «)/. The covering groups
GL, arising are exactly those studied by Kazhdan-Patterson, and c is the twisting
parameter in [28].

Write ¢y, :=n/ged(2er +r — 1, n). It follows

2c if 1 = j,
2c+1 otherwise,

T

Yon = {Z mse; : m; = my; mod n, and Cn,r|my; for all i,j} .
i=1

In particular, a basis for Yy ,, is given by

,
{neirlgigr—l}u{cn,f Zei>}.
i=1
<z

On the other hand, Y5°, is spanned by {n-«; : 1

J =Y5, + nY has a basis given by

{neizlgigr—l}u{no<iei>}.

A distinguished character x is thus determined by

; < r —1}. It follows that

(16.8)

X (i enre)(@) = yula) = nmenn),
In fact, this distinguished character is basically the genuine character of Z(T) given
in [18, Lemma 2|, with associated parameter s = 0 in the notation of loc. cit. More
precisely, the first equality in (16.8) corresponds to s = 0 in [18, Lemma 2], and the
second equality in (16.8) corresponds to the equality (3.5) in the paper of Chinta and
Offen.

An examination of the root datum shows that

G’ = {(g,\) € GL,(C) x GL;(C) : det(g) = A&ed(@ertr=1.m)y = GL, (C) x GL;(C).

{X¢(nei(a)) =lforalll <i<r-—1,

Thus, in general, the dual group G’ may not be GL,.. However, if ged(2er +r —1,n) = 1,
then G = GL, in this case. In particular, for r = 2 and ¢ = 0, the untwisted n-fold
covering groups of GLg studied by Flicker in [23] belong to this class.

For more examples, we consider the embedding of GL, < SL,;; given
by g — (g,det(g)~!). Let SL,y; be the degree n covering associated with (n,Q)
where Q(«)) = —1 for all 4. Then the pull-back covering of GL, will be the covering
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associated to the quadratic form above with ¢ = —1. Consider n = 2. If r is even,
then

GL, = GL,.
If r is odd, then ﬁ: C GL, x GL; and is given by

GL! = {(g,a) € GL, x GL : det(g) = a?}.

When r = 1 or r = 3 there is an isomorphism @: ~ GL, given by (g,a) — ga™1.

However, for odd r > 5, there exists an isogeny GL, — GL, of degree two given
by (g,a) — g

16.3. The cover GSp,,. — Let G be the group GSp,, of similitudes of symplectic
type, and let (X,A,Y,AY) be its root data given as follows. The character group
X ~ 7"t has a standard basis {e} : 1 <i <1} U {e}}, and the roots are given by

A={ej—ej:1<i<r—1}U{2e —ef}.

The cocharacter group Y ~ Z"*! is given with a basis {e; : 1 <4 <r}U{eo}. The
coroots are
AV ={e;—e1:1<i<r—1}U{e,}.
Write a; = e} — e, @)
a) = e,. Consider a covering G incarnated by (D,1). We are interested in those G
whose restricted to Sp,, is the one with Q(«,’) = 1. That is, we assume

Qa))y=2for1<i<r—-1, Qo)) =1.

Since AY U {egp} gives a basis for Y, to determine @ it suffices to specify Q(eg).
Let n = 2, and we obtain a double cover GSp,, which restricts to the classical meta-
plectic double cover Sp,,. Note also the number Q(eg) € Z/2Z determines whether
the similitude factor F'* corresponding to the cocharacter eq splits into GSp,,. or not.
To recover the classical double cover of GSp,,., we should take Q(eg) to be even.

Back to the case of n = 2 and general Q(eg). We compute the root data for the

*

=e; —e;41 for 1 <4i <r—1, and also o, = 2e — e,

complex dual group GSp;/r. We have
K
Yoo = {Zkiaiv+keo eY:keZforl<i<r—1k., ke QZ}
i=1
and the sublattice Y3% is spanned by {oy g s }h1<i<r i€,
{oY,a3,..., 00 1,2a)}.

The lattice J = Y% +2Y is thus equal to Y ». In this case, distinguished character
Xy Will be determined by the condition (since we have assumed (D, 1) to be fair)

xy(y(a)) =1forally € Yoo, a € F*.
An examination of the root datum gives:

G55 GSp,,.(C), if r is odd;
Par = PGSp,,(C) x GL,(C), if r is even.
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This explains the difference in the representation theory of GSp,, for even and odd r
observed in the work of Szpruch [63].

17. Problems and Questions

In this final section, we highlight a few problems and questions which we feel are
important to carry the program forward:

(a)

(Real Groups) When F' = R, Harish-Chandra’s classification of discrete series
representation works equally well for BD covering groups. Might one be able
to formulate this classification in terms of L-parameters in the spirit of this pa-
per, analogous to what Langlands accomplished for linear real reductive groups?
Moreover, can the results of the recent papers [3, 4] be formulated in the frame-
work of this paper? In the paper [73], Weissman has shown that the classification
of discrete series of G (given by Harish-Chandra) can be formulated in terms of
L-parameters; this gives strong supporting evidence for the notion of L-groups
introduced in [73] and described here.
(Hecke algebra isomorphisms) In Theorem 15.1, we saw that there is an isomor-
phism of Iwahori-Hecke algebras for the covering group G and a linear algebraic
group Gg,, in the tame case. There should perhaps be such Hecke algebra
isomorphisms for other Bernstein components. One also expects some Hecke al-
gebra isomorphisms outside the tame case, i.e., when the residue characteristic
p divides the degree n of the covering. For Mp,,,, such results were obtained in
[74] and [64].
(Supercuspidal representations) Depth zero supercuspidal representations of BD
covering groups have been studied by Howard-Weissman [27]. One would expect
that the construction of supercuspidal representations of J.K. Yu [75] and S.
Stevens [60] for linear reductive groups can be extended to BD covering groups.
This is an ongoing investigation of the first author with J.L.Kim. One expects
that Kim’s proof of the exhaustion of Yu’s construction [75] can be extended
to give exhaustion in the covering case. For this, a better understanding of the
Bruhat-Tits theory of BD covering groups is probably needed; a preliminary
study has been conducted by Weissman [67].
(Harmonic Analysis) For covering groups, any conjugacy-invariant function or
distribution is necessarily supported on the subset of “good” or “relevant” ele-
ments. These are elements g € G such that g is not conjugate to g - € for any
€ € uy, (for a degree n cover). It is clear that to have a better understanding of
invariant harmonic analysis, a better understanding of such “good” or “relevant”
elements is necessary. One might ask if the BD structure theory is robust enough
to give one a classification of such elements.

W.-W. Li has extended many foundational results in harmonic analysis to the
covering case in [36], such as the Plancherel theorem, the basic properties of invari-
ant distributions and the properties of the standard intertwining operators. There
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are many further questions to investigate in invariant harmonic analysis for cov-
ering groups. One is to have a better understanding of the theory of R-groups for
covering groups initiated in [36]. Another is to extend foundational results such as
the Howe conjecture (proved by Clozel [19] in the linear case).

(Automorphic L-functions) We have defined the global partial automoprhic L-
function associated to an automorphic representation of a BD covering group.
One would like to have a definition of the local L-factors at the remaining set
of places so as to obtain a complete L-function. One would also like to show
that the partial L-function has a meromorphic continuation, and the complete
L-function satisfies a standard functional equation relative to s «<» 1—s. For this,
one may ask if Langlands-Shahidi theory can be extended to the covering case,
but this is not clear since uniqueness of Whittaker models is false in general for
covering groups. The only such success is the thesis work [61, 62] of D. Szpruch
where the Langlands-Shahidi theory was extended to the group Mp,,. One
might also ask if the myriad of Rankin-Selberg integrals for various L-functions
of linear groups have counterparts in the covering case. The recent preprint [17]
of Cai-Friedberg-Ginzburg-Kaplan is a very exciting and promising work in this
direction.

(Functoriality) More generally, one would like to show that this class of automor-
phic L-functions from BD covering groups belong to the class of automorphic
L-functions of linear reductive groups. In the context of (b), one might expect
that there is a functorial transfer of automorphic representations from G to Ggn
which respects (partial) automorphic L-functions. One might imagine compar-
ing the trace formula for these two groups. For this, we note that the work of
W.-W. Li [39, 36, 38, 40| has carried the theory of the trace formula for covering
groups to the point where one has the invariant trace formula. The earlier works
of Flicker [23] and Flicker-Kazhdan [24] undertook such a comparison of trace
formula for the Kazhdan-Patterson coverings.

(Endoscopy) The next step in the theory of the trace formula for covering groups
is undoubtedly the stable trace formula. For this, one needs to develop the theory
of endoscopy for covering groups. This includes the definition of stable conju-
gation, the definition of endoscopic groups, the definition of correspondence of
stable classes between a covering group and its endoscopic groups and the defi-
nition of the transfer factors. Since the theory of endoscopy for linear reductive
groups is essentially of arithmetic origin and content, one might expect that a
nice theory exists for the BD covering groups since these are of algebraic origin.
The only covering group for which a theory of endoscopy exists is the group
Mp,,,, where the theory is due to Adams [1], Renard [55, 56] and W.-W. Li
[35, 37]. The recent preprint [41] of W.-W. Li has taken the first step towards
the stabilization of the trace formula for Mp,,,.

(Automorphic Discrete Spectrum) Naturally, one hopes to have an analog of the
Arthur’s conjecture for BD covering groups, including an analog of the Arthur
multiplicity formula. This will very much depend on the shape of the theory of
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endoscopy. The only BD covering group for which a precise conjecture exists is
Mp,,,, beyond the work of Flicker [23] and Flicker-Kazhdan [24].

(i) (General Covering Tori) The various questions highlighted above are already
highly non-trivial and interesting when G = T is a (not necessarily split) torus.
The ongoing work of Weissman [68, 73] and Hiraga-Tkeda aim to understand
this case completely but many mysteries remain.

(j) (Applications) The impetus for a program naturally depends on its potential
applications. The motivation for our investigations is simply in the naive hope
of including the representation theory and automorphic forms of BD covering
groups in the framework of the Langlands philosophy. This is reasonable enough
(if naive) for the point of view of representation theory. But what about from
the point of view of number theory? Automorphic forms of covering groups
have traditionally found applications in analytic number theory, such as in the
work of Bump-Friedberg-Hoffstein [16]. It is reasonable to demand concrete
arithmetic applications of this potential theory. The only thought we have to
offer is perhaps in various branching or period problems, such as the arithmetic
information contained in Fourier coefficients or in the analogs of the Gross-
Prasad conjecture.

(k) (Geometric Counterpart) The definition of the dual group of a BD cover first
appeared in the context of the Geometric Langlands Program, through the work
of Finkelberg-Lysenko [22]. One might expect the geometric theory to offer more
evidence for this program. From the geometric side, quantum groups seem to
play an important role in the theory. This is also reflected to some extent in the
work of Brubaker-Bump-Freidberg (c.f. [13, 14, 12]) on the Whittaker-Fourier
coefficients of metaplectic Eisenstein series and the work of Chinta-Offen [18]
and McNamara [43, 45] the metaplectic Casselman-Shalika formula. However,
quantum groups are conspicuously missing from the framework developed in
this article, and one may wonder if and how they should be incorporated.

(1) (Function Fields) On the other hand, one can consider classical function fields
(of curves over finite fields) and ask whether V. Lafforgue’s recent construction
[32] of the global Langlands correspondence for arbitrary linear reductive groups
could be extended to the case of BD covering groups: this is a very tantalizing
problem whose resolution should shed much light on the Langlands-Weissman
program and [32] has suggested that this should follow from the methods there.
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A COMPARISON OF L-GROUPS
FOR COVERS OF SPLIT REDUCTIVE GROUPS

by

Martin H. Weissman

Abstract. — In one article, the author has defined an L-group associated to a cover of
a quasisplit reductive group over a local or global field. In another article, Wee Teck
Gan and Fan Gao define (following an unpublished letter of the author) an L-group
associated to a cover of a pinned split reductive group over a local or global field.
In this short note, we give an isomorphism between these L-groups. In this way, the
results and conjectures discussed by Gan and Gao are compatible with those of the
author. Both support the same Langlands-type conjectures for covering groups.

Résumé (Une comparaison des L-groupes pour les revétements de groupes réductifs déployés)

Dans un article, I’auteur a défini un L-groupe associé & un revétement de groupes
réductifs quasi-déployés sur un corps local ou global. Dans un autre article, Wee Teck
Gan et Fan Gao définissent (suite a une lettre inédite de ’auteur) un L-groupe associé
a un revétement de groupes réductifs quasi-déployés sur un corps local ou global.
Dans cette courte note, nous donnons un isomorphisme entre ces L-groupes. De cette
maniére, les résultats et les conjectures discutés par Gan et Gao sont compatibles
avec ceux de lauteur. Les deux soutiennent les mémes conjectures de type Langlands
pour les revétements des groupes.

Summary of two constructions

Let G be a split reductive group over a local or global field F'. Choose a Borel
subgroup B = TU containing a split maximal torus T in G. Let X = Hom(T, G,,) be
the character lattice, and ¥ = Hom(G,,, T) be the cocharacter lattice of T. Let
® C X be the set of roots and A the subset of simple roots. For each root a € ®, let
U, be the associated root subgroup. Let ®V and AV be the associated coroots and
simple coroots. The root datum of G D B D T is

U= (X,0,A,Y,3",AY).

2010 Mathematics Subject Classification. — 11F70; 22E50; 22E55.
Key words and phrases. — Covering groups, Langlands program, L-groups.
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278 M. H. WEISSMAN

Fix a pinning (épinglage) of G as well — a system of isomorphisms z,: G, — U, for
every root a.

The following notions of covering groups and their dual groups match those in [3].
Let G = (G',n) be a degree n cover of G over F; in particular, #p,(F) = n. Here
G’ is a central extension of G by K, in the sense of [1], and write (Q, 2, f) for the
three Brylinski-Deligne invariants of G’. Assume that if n is odd, then Q: Y — Z
takes only even values (this is [3, Assumption 3.1]).

Let GV > BY > TV be the dual group of G, and let ZV be the center of G¥. The
group GV is a pinned complex reductive group, associated to the root datum

(Yo.n, @Y, AV, X, ®,A).

Here Y ,, C Y is a sublattice containing nY". For each coroot aV € ®V, there is an
associated positive integer n, dividing n and a “modified coroot” &V = ny,aV € ®V.
The set ®V consists of the modified coroots, and AV the modified simple coroots.
Define Y%, to be the sublattice of Y », generated by the modified coroots. Then
TV = Hom(Yy,,,C*) and ZV = Hom(Yg,n/ Y5

s CF).

Let F/F be a separable algebraic closure, and Galp = Gal(F/F) the absolute
Galois group. Fix an injective character €: u,(F) — C*. From this data, the con-
structions of [3] and [2] both yield an L-group of G via a Baer sum of two extensions.

In both papers, an extension

(First twist) ZV < E; — Galp

is described in essentially the same way. When F is local, this “first twist” F; is
defined via a ZV-valued 2-cocycle on Galg. See |2, §5.2] and [3, §5.4] (in the latter,
E, is denoted (7q).Galp). Over global fields, the construction follows from the local

construction and Hilbert reciprocity.
Both papers include a “second twist”. Gan and Gao [2, §5.2] describe an extension

(Second twist) ZV — Ey — Galp,

following an unpublished letter (June, 2012) from the author to Deligne. In [3], the
second twist is the fundamental group of a gerbe, denoted 7¢*(E(G), 5). In this article
5 = Spec(F), and so we write 7$*(E.(G), F') instead.

Both papers proceed by taking the Baer sum of these two extensions, E = E; + E»,
to form an extension ZV < E — Galp. The extension E is denoted “Z in [3, §5.4].
Then, one pushes out the extension E via Z¥ < GV, to define the L-group

(L-group) GV -G - Galp.

The two constructions of the L-group, from [2] and [3] are the same, except for
insignificant linguistic differences, and a significant difference between the “second
twists”. In this short note, by giving an isomorphism,

T (E.(G), F) (described by the author) = E, (described by Gan and Gao)
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we will demonstrate that the second twists, and thus the L-groups, of both papers
are isomorphic. Therefore, the work of Gan and Gao in [2] supports the broader
conjectures of [3].

Remark 0.1. — Among the “insignificant linguistic differences,” we note that Gan and
Gao use extensions of F'*/F*™ (for local fields) or the Weil group “Wp rather than
Galp. But pulling back via the reciprocity map of class field theory yields extensions
of Galp by ZV as above.

1. Computations in the gerbe

1.1. Convenient base points. — Let E.(G) be the gerbe constructed in [3, §3]. Rather
than using the language of étale sheaves over F', we work with F-points and trace
through the Galp-action. Let 7' = Hom(Yg ., F*) and Ty, = Hom(YéCn,FX). Let

p: T — TSC be the surjective Galp-equivariant homomorphism dual to the inclusion
Y5, = Yon Define
Z = Ker(p) = Hom(Yq,n/ Y5, F*).

The reader is warned not to confuse 7', Ty, Z with TV Ts\é, ZV; the former are non-

trivial Galp-modules (Homs into £'*) and the latter are trivial Gal r-modules (Homs
into C* as a trivial Galp-module).
Write D = 2(F) and D = 2(F), where we recall & is the second Brylinski-Deligne

invariant of the cover G. We have a Gal r-equivariant short exact sequence,
F*— D-Y.

By Hilbert’s Theorem 90, the Galg-fixed points give a short exact sequence,
F*— D-Y.

Let DQJL and Dsc,n denote the preimages of Yg ,, and Y, in D. These are abelian
groups, fitting into a commutative diagram with exact rows.

P DS —— Y
FX* Dgn Yon-

Let Spl(Dg ) be the T-torsor of splittings of D ,, and similarly let Spl(D ,,) be
the Ty-torsor of splittings of Dy .

Let Whit denote the Ty.-torsor of nondegenerate characters of U(F). An element
of Whit is a homomorphism (defined over F') from U to G, which is nontrivial on every

simple root subgroup U,. Galg acts on Whit, and the fixed points Whit = WhltGalF
are those homomorphisms from U to G, which are defined over F. The Tsc—actlon
on Whit is described in |3, §3.3].
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The pinning {z, : & € ®} of G gives an element 1) € Whit. Namely, let ¢ be the
unique nondegenerate character of U which satisfies

P(zq(1)) =1 for all o € A.

In [3, §3.3], we define an surjective homomorphism g : Ty — Tie, and a Galp-equiv-
ariant isomorphism of Ti.-torsors,

@: p Whit — Spl(Df5 ,,)-
The isomorphism @ sends v to the unique splitting sy € Spl(DZin) which satisfies

na(nag—1)
(@) = 1o - [ea]™, With 7o = (—1)Q) "2

We describe the element [e,] € D concisely here, based on [1, §11] and [2, §2.4].
Let F((v)) be the field of Laurent series with coeflicients in F'. The extension Ky —
G’ — G splits over any unipotent subgroup, and so the pinning homomorphisms
Zo: F((v)) = Uy(F(v)) lift to homomorphisms

F(v)) = UL(F ().
Define, for any u € F((v))*,

This yields an element
to = M0 (V) - fig(=1) € T'(F((v))).
7]

Then t,, lies over oV (v) € T(F((v))). Its pushout via the tame symbol Kz (F((v))) —»
F* is the element we call [e,] € D.

Remark 1.1. — The element sy(@") = 74 - [ea]™ coincides with what Gan and Gao
call sgsc(@") in [2, §5.2|; the sign r, arises from the formulae of [1, §11.1.4, 11.1.5].

Let jo: Ty — 1« Whit be the unique isomorphism of T..-torsors which sends 1 to P
(or rather the image of ¢ via Whit — u,Whit). Since ¢ € Whit is Galp-invariant,
this isomorphism jj is also Galg-invariant.

Finally, let s € Spl(Dq ) be a splitting which restricts to s, on Y5, Such a

splitting s exists, since the map Spl(Dg,,) — Spl(Dscn) is surjective (since the map
T — TSC is surjective). Note that s is not necessarily Galg-invariant (and often cannot
be).

Let h: T'— Spl(Dg,n) be the function given by

h(z) = z" s for all z € T.

The triple z = (T, h,jo) is an F-object (i.e., a geometric base point) of the gerbe
E.(G). Note that the construction of z depends on two choices: a pinning of G (to
obtain ¢ € Whit) and a splitting s of D, extending s,. We call such a triple z a
convenient base point for the gerbe Ee(é).
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1.2. The fundamental group. — For a convenient base point z associated to s, we
consider the fundamental group

m(E(G),2) = || Hom(z,"2).
vyEGalp
This fundamental group fits into a short exact sequence
ZV — m¢(E(G), z) - Galp,

where the fiber over v € Galp is Hom(Z,7Z). Thus to describe the fundamental group,
it suffices to describe each fiber (as a ZV-torsor), and the multiplication maps among

fibers.
The base point 7z is the triple ("YT,'y o h,v o jo), where 7T is the T-torsor with
underlying set T' and twisted action
ey x=7""(u)-
To give an element f € Hom(Zz,7Z) is the same as giving an element ¢ € ZV and a
map of T-torsors fo: T — 7T satisfying
(voh)o fo=hand (yo0jo) o p«fo=jo

Any such map of T-torsors is uniquely determined by the element 7 € T satisfying
fo(1) = 7. The two conditions above are equivalent to the two conditions

(1.1) ™=~"1s/sand T € Z.

Thus, to give an element f € Hom(Zz,7Z) is the same as giving a pair (7,({) €
T x ZV, where 7 satisfies the two conditions above. Therefore, in what follows, we
write (7,() € Hom(Zz,7Z) to indicate that 7 satisfies the two conditions above, and to

refer to the corresponding morphism in the gerbe E.(G) in concrete terms.
We use €: i, (F) = 1, (C) to identify Z[n] with Z[\;L]. Two pairs (7,¢) and (7/,¢’)
are identified in Hom(Zz,7Z) if and only if there exists £ € Z[n] such that
T'=¢-Tand ¢ =€) ¢

The structure of Hom(z,7Z) as a ZV-torsor is by scaling the second factor in (r,Q) €
T x ZV. To describe the fundamental group completely, it remains to describe the
multiplication maps among fibers. If v1,v2 € Galg, and

(m1,¢1) € Hom(z,7 2) and (72, (2) € Hom(z, 2Z),
then their composition in 7¢(E.(G), 2) is given by
(r1,G1) 0 (12,G2) = (921 (1) - 72, 1),
Observe that
(2 ' (r)m)" =72 (1 's/s) - (72 's/s) = (my2)'s/s.

Therefore (v5 ' (1) - 79, (1¢2) € Hom(z,71722) as required.
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2. Comparison to the second twist

2.1. The second twist. — The construction of the second twist in [2] does not rely
on gerbes at all, at the expense of some generality; it seems difficult to extend the
construction there to nonsplit groups. But for split groups, the construction of [2]
offers significant simplifications over [3]. The starting point in [2] is the same short
exact sequence of abelian groups as in the previous section,

F‘>< — DQJL — YQ,n.

And as before, we utilize the splitting sy : Y5, — Dg,. Taking the quotient
by sy(Y{,), we obtain a short exact sequence

Don  Yon
sp(Ygn) Yo

F* —
Apply Hom(e,C*) (and note C* is divisible) to obtain a short exact sequence,

8 D
ZV < H _Zan _ ox Hom (F*,C*).
— Hom (sw(Ys‘an ) ~ Hom(F7,€%)

Define a homomorphism Galgp — Hom(F*,C*) by the Artin symbol,

1o e (P889))

Pulling back the previous short exact sequence by this homomorphism yields a short
exact sequence

ZV Ey — Galp .
This E5 is the second twist described in [2].

Remark 2.1. — There is an insignificant difference here—at the last step, over a local
field F', Gan and Gao pull back to F*/F*™ via the Hilbert symbol whereas we pull
further back to Galg via the Artin symbol.

Write Ej ., for the fiber of 5 over any v € Galp. Again, to understand the ex-
tension Es, it suffices to understand these fibers (as ZV-torsors), and to understand
the multiplication maps among them. The steps above yield the following (somewhat)
concise description of Ej ..

E, ., is the set of homomorphisms x: Dg , — C* such that

— X is trivial on the image of Y{3",, via the splitting sy,

- For every u € FX, x(u) = e(y ! ¢/u/ /u).

Multiplication among fibers is given by usual multiplication, x1,Xx2 — X1Xx2- The
ZV-torsor structure on the fibers is given as follows: if n € ZV, then

[n* x](d) =n(y) - x(d) for all d € Dg ,, lying over y € Yg ..
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2.2. Comparison. — Now we describe a map from 7¢(E.(G), ) to Es, fiberwise
over Galr. From the splitting s (used to define z and restricting to sy on Y%, ), every
element of Dg, can be written uniquely as s(y) - u for some y € Yy, and some
u € F*. Such an element s(y) - u is Galp-invariant if and only if

“ly 4 ls

v(s(y))y(u) = s(y)u, or equivalently 7 (y) =1, for al v € Galp.

s
Suppose that v € Galp and (7,1) € Hom(z,7Z). Define x: Dg n — pn(C) by
X(s(y) -u) = e (v Vu/ Vu - 7(y)) -
This makes sense, because Galp-invariance of s(y) - u implies
(i) e
Yu u s

To see that x € E5 ., observe that

(y) =1

— x is a homomorphism (a straightforward computation),
- if y € Y5, then x(s(y)) = 7(y) = 1 since 7 € Z,
- if u € FX then x(u) = e(y~! {/u/ 3/u) by definition.

Lemma 2.2. — The map sending (7,1) to x, described above, extends uniquely to an
isomorphism of Z" -torsors from Hom(z,7z) to Es ..

Proof. — If this map extends to an isomorphism of ZV-torsors as claimed, the map
must send an element (7, () € Hom(Z, 7Z) to the element ¢ *x € E5 . To demonstrate
that the map extends to an isomorphism of ZV-torsors, it must only be checked that

(§-7,1) and (7,€(£))

map to the same element of E; ., for all £ € Z[n]. For this, we observe that (£ -7,1)
maps to the character x’ given by

—1 -1
/ _ (7 Wu _ (T R
o)) = (T ey = lew) e (T
Thus x’ = €(£) * x and this demonstrates the lemma. O
From this lemma, we have a well-defined “comparison” isomorphism of Z"-torsors,

C,: Hom(z,72) — Es ,

(Comparison) Oy (7, C)(s(y) - w) = ¢ (”ﬁ‘/ﬂ - r<y>) ().

r<y>) — (€(v) - x(s(w) ).

Checking compatibility with multiplication yields the following.

Lemma 2.3. — The isomorphisms C, are compatible with the multiplication maps,
yielding an isomorphism of extensions of Galp by ZV,

C =Cs: 1E(G), z) — Es.

SOCIETE MATHEMATIQUE DE FRANCE 2018



284 M. H. WEISSMAN

Proof. — Suppose that (71,¢;) € Hom(z,72) and (72, {2) € Hom(z,72%). Their prod-
uct in 7$H(E.(G), 2) is (5 ' (1)72, (1¢2). We compute

Cris (™ (7). 162 500) ) = (2D o)) ) - a0

) &)
= Cy, (11, C1)(5(y) - u) - Cry (T2, C2)(s(y) - w)-

1
In the middle step, we use the fact that ('yl %ﬁ Ty (y)) is an element of u, (F),
and hence is Galp-invariant. This computation demonstrates compatibility of the

isomorphisms C, with multiplication maps, and hence the lemma is proven. O

2.3. Independence of base point. — Lastly, we demonstrate that the comparison iso-
morphisms
Cs: 1{'(E(G), 2) — By

depend naturally on the choice of convenient base point. With the pinned split group
G fixed, choosing a convenient base point is the same as choosing a splitting of Dg ,,
which restricts to sy.

So consider two convenient base points Z; and Zo, arising from splittings si, s2
of Dg,, which restrict to s, on Y5, From [3, Theorem 19.6], any isomorphism ¢

from z; to Z; in the gerbe E.(G) defines an isomorphism

v T (E(G), 71) — T (E(G), Z2),

and since ZV is contained in the center of 7¢*(E.(G), %), the isomorphism of funda-
mental groups does not depend on the choice of isomorphism from z; to Zo; thus one
may define a “Platonic” fundamental group

i (E«(G), F)
without reference to an object of the gerbe.

Theorem 2.4. — For any two convenient base points Zi,Z2, and any isomorphism
L 21 — Zo, we have Cs, o1 = C,. Thus Ey is isomorphic to the fundamental group
71(Ec(G), F), as defined in [3, Theorem A.7, Remark A.8].
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Proof. — Choose any isomorphism from z; = (T hi,j0) to zZ3 = (T, h2,j0) in the
gerbe E. (é) Here hq1(1) = s; and ho(l) = sg, and jo( ) = sy. Such an isomor-
phism z; = Z, is given by an isomorphism ¢: T — T of T-torsors satisfying the two
conditions

ho ot = hy and jg o put = Jo.

Such an ¢ is determined by the element b = (1) € T'. The two conditions above are
equivalent to the two conditions

" =s1/so and b € Z.

The isomorphism z; = % determined by such a b € T yields an isomorphism
i 7z1 — VZy, for any y € Galp. The isomorphism 7¢ is given by the isomorphism
of T-torsors from 71" to 7T, which sends 1 to (b).

This allows us to describe the isomorphism

1 mHE(G), 71) — T8(E(G), 25)

fibrewise over Galp. Namely, for any v € Galp, and any f € Hom(z1,7Z21), we find a
unique element ¢(f) € Hom(Z2,7Z2) which makes the following diagram commute:

_ f _
21 — ’Y,Zl

RTC N

If f=(r,1), then +(f) = (7b/7~1b,1). Indeed, when 7™ = y~1s1/s;, we have

b n_’y_lsl b" _’7_18181’7_182 v lsy
s yTon 51 S277ls1 sy

v tb -
Thus ¢(f) € Hom(Z2,725) as required. In this way,
v S E(G), 71) — 1 (E(G), 22),

is given concretely on each fiber over v € Galg by

6= (7 Lnc)).

Note that the conditions b™ = s1/s2 and b € Z uniquely determine b up to multipli-
cation by Z|,,). Since Z,,) is a trivial Galp-module, the isomorphism ¢ of fundamental
groups is independent of b. Finally, we compute, for any y € Yo ,,u € F* such that
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s1(y) - u € Dgn, and any (7,¢) € Hom(z1,7%),
[Cz, 0 )(1,)(s1(y) - u) = Cz,(7b/77',{)(s1(y) - u)
= Cz, (17(b)/,¢) (s2(y) - b" (y)u)
= ( T () 'y_l(b(y))> ¢(y)
(¥ ) et
(L rw)
= C5 (1, 0)(51(y) - u). O

As noted in the introduction, this demonstrates compatibility between two ap-
proaches to the L-group.

Corollary 2.5. — The L-group defined in [3]| is isomorphic to the L-group defined
in [2], for all pinned split reductive groups over local or global fields.
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