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SHARP BOUNDS FOR BOLTZMANN
AND LANDAU COLLISION OPERATORS

BY LinGg-BinGg HE

ABSTRACT. — The aim of the work is to provide a stable method to get sharp bounds for Boltzmann
and Landau operators in weighted Sobolev spaces and in anisotropic spaces. The results and proofs
have the following main features and innovations:

— All the sharp bounds are given for the original Boltzmann and Landau operators. The sharpness
means the lower and upper bounds for the operators are consistent with the behavior of the
linearized operators. Moreover, we make clear the difference between the bounds for the original
operators and those for the linearized ones. It will be useful for the well-posedness of the original
equations.

— According to the Bobylev’s formula, we introduce two types of dyadic decompositions per-
formed in both phase and frequency spaces to make full use of the interaction and the cancela-
tion. It allows us to see clearly which part of the operator behaves like a Laplace type operator
and which part is dominated by the anisotropic structure. It is the key point to get the sharp
bounds in weighted Sobolev spaces and in anisotropic spaces.

— Based on the geometric structure of the elastic collision, we make a geometric decomposition
to capture the anisotropic structure of the collision operator. More precisely, we make it explicit
that the fractional Laplace-Beltrami operator really exists in the structure of the collision opera-
tor. It enables us to derive the sharp bounds in anisotropic spaces and then complete the entropy
dissipation estimates.

— The structures mentioned above are so stable that we can apply them to the rescaled Boltzmann
collision operator in the process of the grazing collisions limit. Then we get the sharp bounds
for the Landau collision operator by passing to the limit. We remark that our analysis used
here will shed light on the investigation of the asymptotics from Boltzmann equation to Landau
equation.

REsuME. — L'objectif de ce travail est de fournir une méthode robuste pour obtenir des estimations
précises pour les opérateurs de Boltzmann et de Landau dans des espaces de Sobolev a poids et des
espaces anisotropes. Les résultats et leur démonstration font ressortir les innovations suivantes :

— Toutes les estimations précises concernent les opérateurs originaux de Boltzmann et de Landau.
Le mot ‘précis’ se référe au fait que les estimations sont cohérentes avec le comportement
des opérateurs linéarisés correspondants. Ceci est utile pour étudier le caractére bien posé des
équations originales.

0012-9593/05/(C) 2018 Société Mathématique de France. Tous droits réservés doi:10.24033/asens.2375
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1254 L.-B. HE

— En accord avec la formule de Bobylev, on introduit deux types de décomposition dyadique, dans
I’espace des phases et dans celui des fréquences, afin d’utiliser au maximum les annulations. Cela
nous permet de voir clairement quelle partie de I'opérateur se comporte comme un opérateur
de type Laplacien, et quelle partie est dominée par la structure anisotrope.

— En se basant sur la structure géométrique des collisions élastiques, on fait une décomposition
géométrique pour capturer la structure anisotrope de ’opérateur de collision. Plus précisément,
on explicite le fait que 'opérateur de Laplace-Beltrami apparait bien dans ’opérateur de colli-
sion. Cela nous permet d’obtenir des estimations précises dans des espaces anisotropes et de
finaliser les estimations sur la dissipation d’entropie.

— Les structures mentionnées ci-dessus sont si robustes qu’on peut les retrouver dans la limite
des collisions rasantes. On obtient ainsi des estimations précises pour le noyau de collision de
Landau en passant a la limite. On remarque que la présente analyse éclaire le passage a la limite
de ’équation de Boltzmann vers celle de Landau.

1. Introduction

The aim of the present work is to provide a stable method to give a complete description
of the behavior of the Boltzmann and Landau collision operators. We remark that it is
related closely to the derivation of the Landau equation from the Boltzmann equation and
also the asymptotics of the Boltzmann equation from short-range interactions to long-range
interactions.

We first recall that the Boltzmann equation reads:

(L.1) A0 f +v-Vof =0(f ).

where f(z, x,v) > 01is a distribution function of colliding particles which, at time # > 0 and
position x € T3, move with velocity v € R>. We remark that the Boltzmann equation is
one of the fundamental equations of mathematical physics and is a cornerstone of statistical
physics.

The Boltzmann collision operator Q is a bilinear operator which acts only on the velocity
variable v, that is,

def

0 N0 [ [ B veoNes — g fdodv..
Here we use the standard shorthand f = f(¢,x,v), g« = g, x,vs), [ = [f(t,x,V),
gh = g(t, x,v)) where (v, vi) and (v', v},) are the velocities of particles before and after the
collision. Here v’ and v/, are given by

(1.2) v,=v+v*+|v—v*|0’ v;=v+v*_|v—v*|07 oeS?.
2 2 2 2

The representation is consistent with the physical laws of the elastic collision:

V4 ve =0 + v,
0 + Jusl? = V]2 + Vi)
In the definition of Q, B is called the Boltzmann collision kernel. It is always assumed

that B > 0 and that B depends only on |v — v,| and ﬁ:ﬁ:l - 0. Usually, we introduce the
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SHARP BOUNDS FOR BOLTZMANN AND LANDAU OPERATORS 1255

‘5:51‘ - 0. Without loss of generality, we may assume that

B(v — v, 0) is supported in the set 0 < 6 < Z | that is, ﬁ:z:l -0 > 0. Otherwise, B can be
replaced by its symmetrized form:
(1.3) B(v —vs,0) = [B(v —vx,0) + B(v — v, —0)]1{ o=

lv—

angle variable 6 through cos 6 =

va1 020}
Here, 14 is the characteristic function of the set A. In this paper, we consider the collision
kernel satisfying the following assumptions:

(A1). The kernel B(v — v«, 0) takes a product form

(1.4) B(v —v4,0) = ®(Jv — v«|)b(cos 0),

where both ® and b are nonnegative functions.
(A2). The angular function b () satisfies for 6 € [0, w/2],

(1.5) KO671725 <sinfb(cosf) < K~1671725, with0<s <1, K > 0.
(A3). The kinetic factor ® takes the form

(1.6) O(jv —vi]) = v —val”,

where the parameter y verifies that y 4+ 2s > —l and y < 2.

REMARK 1.1. — For inverse repulsive potential, it holds that y = ;—j and s = ﬁ with
p > 2. It is easy to check that y + 4s = 1 which makes sense of the assumption y + 2s > —1.
Generally, the case y > 0, the case y = 0, and the case y < 0 correspond to so-called hard,
Maxwellian, and soft potentials respectively.

REMARK 1.2. — If'we replace the assumption (1.5) by

(1.7) K9—1—2S(1 _w(sm(eﬂ)) < sin Bb(cos §) < K—19—1—2s(1 _w(sin(G/Z)))’

€

where  is a non-negative and smooth function defined in (1.33), then the mathematical problem
of the asymptotics of the Boltzmann equation from short-range interactions to long-range
interactions can be formulated by the limit in which the parameter € in (1.7) goes to zero.
We remark that for fixed €, (1.7) corresponds to the famous Grad’s cut off assumption for the
kernel B.

The solutions of the Boltzmann Equation (1.1) enjoy the fundamental properties of the
conservation of mass, momentum and the kinetic energy, that is, for all ¢ > 0,

Il rexoswaas = [[ - oxvpeddr. 90 =100,
T3 x R3 T3 x R3
Moreover, if the entropy H( f) is defined by

H() (@) & // fln fdvdsx,
T3 x R3

then the celebrated Boltzmann’s H -theorem predicts that the entropy is decreasing over time,
which formally is

d
GHOO= [ ot fn favar <o

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1256 L.-B. HE

Before introducing the Landau equation, let us give the definition of the grazing collision
limit. We introduce the rescaled Boltzmann’s kernel B€ which verifies the assumption.

(B1). The rescaled Boltzmann’s kernel B€ takes the simple product form
B(v — v4,0) = ®(Jv — vi|)b(cos 0),
where the kinetic factor @ satisfies (1.6) and the angular function b€ (t) satisfies for 8 € [0, /2],

(1.8) sin 6b¢ (cos ) = K'e* 2y ( Sin(f/z) )9—1—2s’

with 0 < s < 1. Here K’ is a positive constant and the function ¥ is defined in (1.33).

The assumption (1.8) means that the deviation angles between relative velocities before
and after collisions are restricted to be less than €. Mathematically the grazing collision limit
is defined by the process in which the parameter € goes to zero. Thanks to the full Taylor
expansion, by taking the limit ¢ — 0, the Boltzmann collision operator Q€ with rescaled
kernel B€ will be reduced to a new operator, namely the Landau collision operator Qy,
defined by

0L(g.) &V, . { /R 4o — )80 Vuh(0) ~ Vug(a)h@)]dv. |

Here the nonnegative matrix a is given by
Vi V;
(1.9) aij(v) = A (sij - ﬁ) Y*2, ye[-3,1],
v
where A is a positive constant and can be calculated by
7T

/2
A==K / v (0)01725d6.
8 0
Then the Landau equation can be written by

(1.10) I f+v-Vuf =0L(f f).

We remark that the equation was proposed by Landau in 1936 to model the behavior of a
dilute plasma interacting through binary collisions. We also mention that the Landau equa-
tion possesses all the properties known for the Boltzmann equation, namely the conservation
of mass, momentum and energy and the H -theorem.

1.1. Motivation and short review of the problem

The justification of the derivation of the Landau equation in the sense that the solution
to the Boltzmann equation with rescaled kernel (see assumption (B1)) will converge to the
solution to the corresponding Landau equation in the grazing collision limit had been proved
by several authors. We refer readers to [18] and the references therein to check details.
However, the physical problem of the justification is formulated as a higher-order correction
to the limit. In other words, we should establish some kind of the asymptotic formula to the
solutions in the limit process. Suppose that f5 and f; represent the solutions to Boltzmann
and Landau equations. In [10], for the homogeneous case, that is, the solution does not
depend on the position variable x, the author showed that the following asymptotic formula

(L.11) fg = JL+ 0()

4¢ SERIE - TOME 51 —2018 = N° 5



SHARP BOUNDS FOR BOLTZMANN AND LANDAU OPERATORS 1257

holds globally or locally in Sobolev spaces for almost all physical potentials except for
Coulomb potential. It shows that the Landau equation is a good approximation to the
Boltzmann equation when the parameter € is small enough. It gives the validity of the
Landau equation. However, it is very difficult to extend the similar result to the inhomoge-
neous case even in the close-to-equilibrium setting. The main obstruction is the lack of a
complete description of the asymptotic behavior of collision operator in the limit process
since the behavior of the operator is very sensitive to the parameter €. The same problem
happens when we study the asymptotics of the Boltzmann equation from short-range
interactions to long-range interactions under the assumption (1.7). We remark that the
investigation of the second asymptotics is related closely to the construction of approximate
solutions to the equation with long-range interactions and also to the jump phenomenon
of the spectral gap of the linearized collision operator (see (1.16) for the definition) for soft
potentials (—2s < y < 0) when € goes to zero.

Motivated by these two asymptotic problems, in the present work, we try to find out some
stable structure inside the Boltzmann collision operator to obtain the sharp bounds and then
extend them to the Landau operator via the grazing collision limit. Before going further, let
us give a short review on the estimates of the Boltzmann collision operator. For simplicity,
we only address the estimates for the Maxwellian molecular case, that is, y = 0.

In what follows, we assume that all the functions depend only on the v variable recalling
that the collision operator Q acts only on the v variable. We will use the duality method to get

the lower and upper bounds of the operator. The inner product of f and g over R3, namely
(f, &)v, is defined by

(fg) & /]1@3 f()g(v)dv.

Then by change of variables(see [1]), we have

(0(g. ). f)o = // By — val.0)gu f(f — f)dodvedy,
U,U*GR3,6682

It is easy to check that

1
) ) v = T < B — Ux|, * r— 2d d *d
@ N ==z [ Bl ol oo

Ee(S)

1

(1.12) —i——// B(|v — vs|,0)gx(f"* — f2)dodv.dv.
2 v,v*€R3,oeSz

In [1], the authors gave the first coercivity estimate of £, (f) which can be stated as

Eg(f) = Cell fllzrs — gLl f1IZ-.

where C, is a constant depending on the lower bound of [|g||,1 and the upper bounds
of gl ! and ||g]lL10g L (see the definitions in Section 1.2). It gives a positive answer to the
conjecture that the Boltzmann collision operator behaves like a fractional Laplace operator,
that is,

(1.13) —0(g.) ~ Co(—=Ay)* + LOT.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1258 L.-B. HE

This conjecture was further confirmed by the upper bound for the collision operator. Math-
ematically, it reads that if ¢, b € R with a + b = 2s, then

(1.14) (Q(g. ), fhol S lgllpy llag 1A W gz

which was proved in [3]. The weighted Sobolev space H;" is defined in Section 1.2. This upper
bound is sharp in the sense that we have the freedom of choosing derivatives for functions A
and f. For the general potentials, we refer readers to [3, 7, 11] on the lower and upper bounds
in weighted Sobolev spaces.

Combining the lower and upper bounds, one may find

(1.15) Cell flIZrs =gl FI72 = (=0(g. ). /o S llglpy I1f -

We remark that additional condition for f is imposed in the upper bound. The reason lies in
the fact that some anisotropic structure is hidden in the operator which can not be observed
in weighted Sobolev spaces. Indeed, in [21], the authors show that the linearized collision

operator Zg, which is defined by
def  _1 1 1 1 _ly?
(1.16) Lpf = -1 2(Qu, n2 )+ Q2 fip), w 2,

- (271)3/28

is a self-adjoint operator and has explicit eigenvalues and eigenfunctions. In particular, the
eigenfunction E(v) takes the form

E() = f(v[)Y(0),

where v = |v|o, f is a radial function and Y is a real spherical harmonic. In [19], Villani
proved that

OL(f ) =3V-(Vf +vf) = (P f +V-f)) + L /.

where P;;(f) = [p3 fvivijdv and (—Ag2) is the Laplace-Beltrami operator on the unit
sphere. The special form of the eigenfunction of g and the Laplace-Beltrami operator in the
expression of Oy indicate that there should be some anisotropic structure inside the operator.

Mathematically the first attempts to capture the anisotropic structure of the operator were
due to [5] and [8] (see also [4] and [9]). In fact, to describe the behavior of the operator, they
introduce two types of anisotropic norms which are defined by

(1.17) L1 S 012, + // b(cos O)pux (f' = f)*dodvedy
s U,U*GR3,UGSZ
and
2 def 2 +1/2 +1/2|f_f/|2
WL18) /e E S+ // ey e vy
AS)

where d(v,v") = \/|v —v')2+ L(Jv2 = [v/[?)? and (v) = /1 + |v|>. We remark that the
second term in the righthand side of the Definition (1.17) is exactly the term €,(f) defined
in (1.12). Then the estimates can be stated as

(1.19) LAI2=1£1 SAZof fo SIFI2

4¢ SERIE - TOME 51 —2018 = N° 5



SHARP BOUNDS FOR BOLTZMANN AND LANDAU OPERATORS 1259

Moreover, the upper bound can be generalized to the original collision operator Q:

(Q(g. 1), ol S lIgllz2lhllf1-

We emphasize that these two anisotropic norms are crucial to prove global small solutions in
the perturbation framework. Since they are given in an implicit way, it does not help to under-
stand the anisotropic property of the operator. In the grazing collision limit, for £,(f), on
the one hand, it is stable since it is given in an implicit way. On the other hand, we have no
idea on the limit of this quantity. The similar problem occurs for Z( f).

Very recently, two groups gave explicit description of the anisotropic behavior of the
linearized operator. Both of them started with the same point, that is, the well understanding
of the behavior of the linearized Landau operator Zr . In fact, they proved that

L ~ (=D + ]2 /4) + (L) ~ (=4 + [v]*/4) + | Dy x v?,

recalling that —Ap> = Y (v;d; — v;0;)%. In [2], the authors show that
l1<i<j<3
(1.20) (Zaf flo+IfI72 ~ ||f||ig + 1L f s + 11Dy x vl f1I7 2.

where | D, x v|* is a pseudo-differential operator with the symbol |§ x v|*. Thanks to [21], by
comparing the eigenvalues between Boltzmann and Landau collision operators, in [15], the
authors show that

(1.21) Zp ~ 71
and
(1.22) (ZBf. flo+ 1f1I72 ~ ||f||i% 1 f s + I1(=2g2) 2 f 2.

We remark that the strategy to obtain (1.20) and (1.22) depends heavily on the linearized
structure, for instance, the symmetric property of the operator and the fine properties of the
Maxwellian state p. Therefore it cannot be generalized to the original collision operator and
to the rescaled operator under the assumption (1.7) or (1.8).

The short review can be summarized as follows:

1. The previous results on the description of the behavior of the operator are given in
an implicit way or in an unstable way. It means that the anisotropic structure is still
mysterious and not captured well.

2. The upper bound of the collision operator is far away from the sharpness. For instance,
recalling (1.21), the typical upper bound for the operator should be in the form

(1.23) (O(g. 1), Fol S C@IZE + DRl (L) + D) f 2

where a, b € [0,2s] witha + b = 2s.

3. For the linearized collision operator 5 with rescaled kernel B€ under the assumption
(1.7) or (1.8), we have no available results on the complete description of the operator.
We also have no idea on the sharp bounds of the original collision operator Q€ in the
process of the limit.

We end this subsection by the remark that points (1) and (2) are closely related to the
Cauchy problem for the original Equation (1.1). And the point (3) is related to the investi-
gation of two types of asymptotics mentioned before.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1260 L.-B. HE

1.2. Notations and main results

Before stating our main results, we first introduce the function spaces which will be used
throughout the paper.

1. For any integer N > 0, we define the Sobolev space HY by
HN {f(v)l S 0% S ln < +oo},
le|<N
where the multi-index & = (a1, a2, @3) with |a| = a1 + oz + a3 and 0% = 93] 952 92.
2. For real numbers m, [, we define the weighted Sobolev space H;" by
m def

Hp" = {f<v>|||f||HIm = DY () £z < +oo},

where (v) = a1+ |v|2)%. a(D) is a pseudo-differential operator with the symbol a(§)
and is defined as

@00 = s [ [ a@ sy

3. The general weighted Sobolev space WlN’p with p € [1, 00) is defined as

N,p def _ o P n\lp Ve
W @l e = X ([ 10850 @Pa0) T < ool

la|<N
In particular, if N = 0, we introduce the weighted Lf’ space defined as

1
»

def
Lp sy = ([ 1o wra)
4. The L log L space is defined as

Liog L L@l lier = [ 171108 +17do < oof.

Next we list some notations which will be used in the paper. We write ¢ < b to indicate that
there is a uniform constant C, which may be different on different lines, such that a < Cb.
We use the notation a ~ b whenevera < b and b < a. The notation a™ means the maximum
value of @ and 0. The weight function W; is defined by W (v) =3 (v)! where (v) = /1 + v
Suppose 4 and B are two operators. Then the commutator [A4, B] between A and B is defined
as follows:

< o).

[4,B] Y 4B — BA.

We denote C(Aq, Az, ..., Ay) by a constant depending on parameters Ay, Az, ..., A,.
Our first result is on the sharp upper bounds of the Boltzmann collision operator in
weighted Sobolev spaces.

THEOREM 1.1. — Let wi,w; € R,a,b € [0,2s] withwy; + wp, =y +2s anda + b = 2s.
Then for smooth functions g, h and f, we have

L. ify +2s >0,

1.24 h), < h| g ,
(124 [{Q& . Nl Selpy gl kg, 1 g,

4¢ SERIE - TOME 51 —2018 = N° 5



SHARP BOUNDS FOR BOLTZMANN AND LANDAU OPERATORS 1261

2. ify +2s =0,
(1.25) {Q(g. 7). ol S (glpy, + I8l Welleag 1 gy, -

where w3 = max{8, (—wq)* + (—w2) T} with § > 0 which is sufficiently small,
3.if-1<y+2s <0,
(1.26) Q. ), flol S (lgllpy, + gl

—(y+2s)

I llzrg, 1S g, -

where wq = max{—(y +2s),y + 2s + (—wy) T + (—wy) "}

REMARK 1.3. — Theestimates (1.24—1.26) are sharp in weighted Sobolev spaces in the sense
that we have the freedom of choosing derivatives and weights for functions h and f. They will
play a crucial role in solvability of the Cauchy problem for the Equation (1.1) in weighted Sobolev
spaces. In particular, we will use them frequently to balance the energy estimates to close the
argument. We will explain it in detail in our forthcoming paper [12].

REMARK 1.4. — We refer readers to the very recent work [14] and [17] on the similar results
by using the Bobylev’s formula (see (2.2)) or using the Random transform. We mention that
their results only have the freedom of choosing derivatives for functions h and f .

REMARK 1.5. — The estimates are not sharp with respect to the function g. For instance,
fory +2s > 0andy > —%, we can drop ||g||12 in the estimate. For y > —%, we can replace

||g||L12 by |lgll 3 in the estimates. For the maxwellian molecular(y = 0), the estimate can be
Lj

rewritten as

1.27 L h), <C(a,b h| ge ,

(12 NQ@m. Mol = Ca@bligly g, 1 g,

where a + b = 2s and wy + wy = 2s. Here we remove the restriction a, b € [0, 2s].
Next we will state our new coercivity estimates for the Boltzmann collision operator:

THEOREM 1.2. — Suppose g is a non-negative and smooth function verifying that
(1.28) Iglir > 8 and gl s + lgllziogr < A,

andlet A = 0, 1. Then for sufficiently small n > 0, there exist constants C1 (6, A, 77_1), Cy(1,6),
C3(8,A,n7Y), Ca(A,8) and Cs(A, §) such that

1. ify +2s >0,
(=0(@&. ) v 2 A[C1(5,k, 77_1)(||(—Asz)s/2f||ig/2 + IIfIIir;/z)

- 77C2(5,)t)||f||i12’/2+5 — G303, 4, 77_1)||f||i12’/2:|

+Ch NSy, ~ Cs QDS .

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1262 L.-B. HE

2. if—1-2s <y < =25,

(0. 1) v 2 A[Cl(M, n’l)(ll(—ASz)s/zfllii/2 + £ ) = 1C26. DI FIZ.

-1 ( (142»23‘:’:)3)33 2
— a0+l >||f||L2/J
V4 Y

2 S o
+ Ca O Wy, = G5O A + gl =S MLz s
vy

. 3
with p > 72553

REMARK 1.6. — Here (—Asz)s/2 is the fractional Laplace-Beltrami operator. One may
check the definition of the operator in (5.18) and (5.21).

REMARK 1.7. — Compared to the lower bound of the functional (Zp f, f)(see (1.22)), we
cannot get the control 0f||f||1242 from the below of the functional (—Q(g, f), f)v. In fact,
v/2+s

it is false to get
(1.29) (0. Sl IfIE  —~LOT.
Suppose it is true, then combining with upper bound(see Remark 1.12), we derive that
2 < (H=A0)/2 £112 2 ).
||f||L}2//2+s S (I=2g) fIILg/2 + ||f||Hm)

It is obvious that the radial function does not verify such kind of the estimate. Then we get
the contradiction. It shows on the one hand the lower bounds are sharp in anisotropic spaces.
On the other hand, the behavior of the original operator is different from that of the linearized
operator Lp.

2
y/2+s

Laplace-Beltrami derivative, ||(—Asz)s/2f||Lz S in the coercivity estimates. We comment that
V.

REMARK 1.8. — We need an additional assumption f € L to obtain the fractional

it is bad news to the Cauchy problem for the Equation (1.1). It means that the framework used
in the close-to-equilibrium setting cannot be applied to the original equation since it will bring
the trouble to close the energy estimates, in particular, in the case of y +2s > 0. We will explain
it in detail in our forthcoming paper [12].

As a direct consequence, now we can complete the entropy dissipation estimate as follows:

THEOREM 1.3. — Suppose f is a non-negative function verifying the condition (1.28). Then
it holds

Do) +1fluy, 2 C (VT By, + 1520V )
where w = max{y + 25,2} and Dg(f) = — [z3 Q(f. f)In fdv.

REMARK 1.9. — Suppose that f is a solution to the spatially homogeneous Boltzmann
equation with initial data fo € LY N LlogL. Then we obtain that for y + 2s < 2, there
exists a constant C( fo) such that

Do)+ Lhlly 2 C(INF I, + 1=V, ).

4¢ SERIE - TOME 51 —2018 = N° 5



SHARP BOUNDS FOR BOLTZMANN AND LANDAU OPERATORS 1263

REMARK 1.10. — Compared with the entropy production estimates in [9), our results do not
need additional regularity assumption on f for soft potentials.

Finally let us give the sharp bounds of the Boltzmann collision operator in anisotropic
spaces:

THEOREM 1.4. — Leta,b € [0,2s],a1,b1, w1, wy € Rwitha +b = 2s,ay + by = s and
w1 + wy =y + 5. Then for smooth functions g, h and f, it holds that

1. ify >0

?h’ ,S + +
Q. /ol £ (el +hgle, o+ lgl)

_ /2 _ b/2
(U820 Wl YU =B2P Pz, 417 )+ Vil 1 g )
2. ify =0, forany § > 0,

h <
QG Fol < (glyy,, el o lele)

X ((ll(—Asz)a/zhlle + Al ga) (1(=252)""> Pz + 1L o) + 1l gzt ||f||Huz:12),
3. ify <O,

ah5 5 + +
QG 1ol S glle,, + gl gl

_ /2 . _ b/2 .,
x ((II( B 2hlgz , + g )22 )z, + 1 Ly )+ g 15 )
REMARK 1.11. — Thanks to the interpolation inequality
v/2
takeay = a/2,by =b/2andw, = y/2+a/2,wy = y/2+ b/2, then we have
O 1). /ol £ C@UI-A) Rz + Ihlmz, + Az )

<1222 Ollgz,, + 1 gz, + 102z, )

y/2+b
b
~ C@IEZL? + Dhll2 (27 + D f 2,
where in the last equivalence we use the facts (1.21) and (1.22). In other words, (1.23) is proved.

2 <
||h||H3J11 < ||h||H5721 ”h||L§wl_ .

REMARK 1.12. — By takinga = b = s, a1 = s,a, = 0wy = y/2,w, = y/2 + s, we
deduce that for any n > 0,

(Q(g. ). ol C(g)(ll(—ASZ)S/zhlng/2 +0  hlas,,)

v/2
2
x (=220 Pllz , +1F g, + 0 f 2, ).
Thanks to the symmetric property for functions h and f in the estimates, we also have
Qg h), [l S C(g)(ll(—ASZ)S/zhlng/2 + 1llas,, + Ullhlng/M)
< (=822 llz,, + 07" 1 f )
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We remark that both estimates improve the previous upper bounds in the two senses: the first
one is that we only need to assume that one of h and f is in the space Lf, 247 the second one is
the free choice of the constant 1 in the estimates which enables us to prove that (1.29) is false.

Thanks to the grazing collisions limit, we can extend the above estimates to the Landau
collision operator.

THEOREM 1.5. — Let wy, wy, w3, wyq,a1,by € R,a,b € [0,2] with wy + wy, = y + 2,
wi3+ws =y+1,a+b=2anday + by = 1. Then for smooth functions g, h and f, it holds

L ify+2>0,
1.30 Jh), < hll g ,
(1.30)  KOL(g.h), flol S (||g”LL+2+(_wl>++<_w2)+ + Mgl Wil 1Lf g,
2. ify+2=0,
(1.31) Q1 (g. 1), fhol S (gllpy,. + Ngl2)Ihlleg 11 1lgy, -

where ws = max{§, (—wq)T + (—w2) T} with § > 0 which is sufficiently small,
3. ify+2<0,

(1.32) {OL(g. 1), [l S (||g||L,1,J6 + ||g||L2_(y+2S))||h||H,‘;,1 ||f||H32,
where we = max{—(y +2),y + 2+ (—w)* + (—w2) T},
4. ify >0
9h b <
{OL(g. 1), [l S (||g||L)1/+2 + ||g||L1l/+l+(—w3)++(—w4)+ +1lgllz2)

v/2

_ al2 . _ b/2 Y
X ((II( A2)Thlp2 A+ Ihllmg VN2 Ol + 1 gz )+ 1ol g IIfIIH@),
5.ify=0,

»h9 S + +
(L), /0ol 5 Uglly,, + gl o gl

x ((H(—Agz)“/zhuy WU Dl + 1 o) + 1l e IIfIIHa),

6. ify <0,

QLG ). ol S gl + gl L+l

y+1+(—w3) T +(—wy)

v/2

_ /2 _ b/2
(U020l + Wil DB )z, + Wil 1 g )

THEOREM 1.6. — Suppose g is a non-negative and smooth function verifying (1.28) and
let A = 0, 1. Then for sufficiently small n > 0, there exist constants C1(8, 1, n71), C2(1,8),
C3(8, 1,771, C4(A,8) and Cs(A, §) such that
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L. ify+2>0,

(~0L(&. /), fho 2 A[CI(S,A, IOICa 21+ 11, )

—nCa@E DI —C3@. A0 IS }
v/2+1 v/2
+ Ca OS2 —CsE IS
v/2 v/2
2. ify = -2,

(QL(g. /). [l 2 A[clw,k, T HIA) 2 f L+ 11 ) —nC2G DI

2
||f||L5/J

24w
—exp {(C3(. 4.7 (1 +w gllpy ) 7}

24w
+ Ca OIS I —exp {(Cs@ A +w gl ) " IS

where w > 0,
3. if-3<y<-=2,

(QL(g. /) ol 2 A[CI(M, T2 2 f L+ 1S )= nC2@ DI

—1 ((145»)5)113 2
— a0 + el ->||f||L2/2]
v V4

y+5p

+Ca OS2 —Cs@ DA+ gl %7 DI N72
v/2 b4l v/2

: 3
with p > 755

THEOREM 1.7. — Suppose [ is a non-negative and smooth function verifying (1.28). Then
we have

DL+ £l 2 C(A,S)(n/? I+ ||<—Agz>”2¢7||§5/2),
where w = max{y + 2,2} and Dp.(f) = — [p3 O (/. f)In fdv.

1.3. The new strategy: dyadic and geometric decompositions

In this subsection, we will illustrate how to catch the structure of the Boltzmann collision
operator to get the sharp bounds. Roughly speaking, the new strategy relies on the two types
of the dyadic decomposition performed in both phase and frequency spaces and also the
geometric structure of the elastic collision.

1.3.1. Dyadic decompositions in phase and frequency spaces. — We first introduce two types

of the dyadic decomposition. Let By L erR < Hrand C ¥ (g e R3 | 3<lgl <3

Then one may introduce two radial functions ¥ € C§°(B 4 ) and ¢ € C5°(C) which satisfy

(1.33) 0=<y.9=0. and ¥+ Q76 =1 §ck’

Jj=0
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The first decomposition is performed in the phase space. We introduce the dyadic oper-
ator P; defined as

P f() =Y f(x). Pif() =@ x)f(x). (j 20).
We also introduce operators @j and %/; which are related to JP;:
Pif)= 3 Prf(x) and U f(x) =) Pef().
lk—Jjl=No k<j
Here Ny is an integer which will be chosen in the later. Then for any f € L2(R3), it holds
f=Paf+ Z P f.
Jj=0
We set
o N v|Ye@kv)), if k> 0;
(1.34) k()d_f{| |yfﬂ |v] :
"y (v, if k=-1

Then we derive that

oo oo 0

Q. 1), flo= Y (Qk&h). /o= D Y (Q(Pig. ). [,

k=—1 k=—1j=—1

where
Orlg.h) = /f 7 (|v — va|)b(cos B) (gLh' — guh)dodu..
oeS?, v eR3

The second decomposition is performed in the frequency space. In fact, it is the standard
Littlewood-Paley theory. We denote 7 def & 'y and¢ def & !¢, where they are the inverse

Fourier Transform of ¢ and . If we set ¢; (x) L 93 # (27 x), then the dyadic operators §;

can be defined as follows
5afe) = [ =0 f0dy 50 = [ 4070y, G =0
We also introduce operators 3 7 and &§'; which are related to §;:

)= Y Fwf) and §f(x) =) TS

|k—jl1<3No k<j

Then for any f € S’(R3), it holds
f=38af+ Z%jf'

Jj=0

It yields that

(Qk(g.h). [y Z Z Qi (Bpg. B1h). f)o-

p=—1[=-1

Let us give some remarks on these two decompositions:
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1. The main purpose of the introduction of the dyadic decomposition in the frequency
space is to make full use of the interaction and the cancelation between the different
parts of frequency of functions 2 and f. It will enable us to have the freedom of
choosing derivatives for functions 4 and f. However, it is not enough to get the
sharp bounds considering the fact that additional weight is paid in the upper bound
compared to that in the lower bound. It is obviously due to the anisotropic structure
of the operator.

2. To clarify where the additional weight comes from, we introduce the dyadic decom-
position in the phase space. By careful analysis, we can distinguish which part of the
operator is the worst term that brings the additional weight to & and f. In fact, the
worst situation happens in the case where functions # and f are localized in the same
region both in phase and frequency spaces and at the same time the relative velocity
|v — vy is far away from the zero. In other words, in such a situation the collision oper-
ator is dominated by the anisotropic structure. It is the key point to obtain the estimate
(1.23) in anisotropic spaces.

3. These two dyadic decompositions are consistent with the new profiles of the weighted
Sobolev spaces(see Theorem 5.1 in Section 5).

4. The decompositions are very stable in the grazing collision limit. In fact, we can
apply them to the rescaled Boltzmann operator to get the upper bounds. By taking
the grazing collision limit, these upper bounds turn to be the sharp upper bounds
of the Landau operator in weighted Sobolev spaces. The reader may check details in
Section 4.

1.3.2. Key observation: geometric decomposition. — The key observation which enables us to
get the new sharp bounds for the original collision operator is due to the geometric structure
of the elastic collision. To explain it clearly, in what follows, we only focus on the Maxwellian
molecular case(y = 0).

We revisit the quantity €, (f). In particular, we look for a new decomposition for the term
f'— f contained in €, (f). Our main observation can be depicted schematically as follows:

v

T

fut

We first note that v/ = vy + ut and v = vs + u, where u = v — v, and u+ = “HHo

Now assuming ¥ = rt with r = |u| and v € S?, we obtain that

T+o0
2

V=Ux +rT,0 = v+ 71
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Letc = I;igl € S%. Then we have the geometric decomposition:

S0 = 1) = (£ + T ) a4 70) + (0t r) = S0+ 70)
+
(139) = (fe 40 = S+l 250) + (T £)06) = (T £,

where T, f def f(v +-). Applying it to the functional (Q(g, &), f), we have
+

(0(g.1). f) = // b(e0s0)g. (Tu, ) (/0 +1%) = (v + Il ) dordvcd
0eS?u, v eR3

Z(Qgh>f)

4 f/ b(c08 0)gs (T, Y1) (To, £)(rs) — (Tos YD) dodvadu.
UESz,u,v* eRr3

=(Geh.flv

Notice that |ut — |u| ZL ~ 62]u|. Then by technical argument(see the proof of

Theorem 1.2), the operator Qg behaves like

Qp ~ Ce(v)*(—0,)"2.
Recalling the rough behavior of Q(g,-) (see (1.13)), we may regard Qg as the lower order

term.
Now we concentrate on the functional (C}gh, f)v. By (1.3), it is easy to check

(Geh. [

= // b(a-r)lU.Tzog*(Tv*h)(rr)((Tv* re)—(Ty, f)(rr))rzdodv*drdr.
r>0,0,7€S?,v4€R3

For fixed vy, T and r, if © is chosen to be the polar direction, one has
do =sin0dfd S',dc = sin¢pdpd S!,
where 0 = 2¢. We deduce that
do = 4cos¢pdc.

Then by change of the variable from o to ¢, we derive that
(¢eh 1= [ b2 -T2 = )]s 31245 - Dge(To, (D)
r>0,§,r€Sz,v* €R3

(1.36) x (T, f)(rs) — (Ty, £)(rr)r*dcdrdrdus.
By the symmetric property of T and ¢, we get

1
(Geh. o= 5 // PO s D (T~ (TS

X ((To, £)(rg) — (T, £)(rv))r?dgd tdrdvs.

Thus to give the estimate of ¢, it suffices to consider the functional

| 6@ -h)(1©) - 1) s - Ddsd
G,TE

def

&(h. f) =
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where H(s - 1) = b(2(s - 1)* — 1)4(s - 1)1 .3/, Recall that the assumption (1.5) is
equivalent to b(o - 1) ~ |0 — t|7272%, then by the fact |0 — 7| ~ |¢ — 7|, we get
H(s 7))~ s — T|_2_2s1\§_t\252_ﬁ~
Let us first consider the lower bound of the operator. Thanks to Lemma 5.5, we get

|f(0) - O

o o dodTt £ 112

L2(s?)

A3 S+ By~ [

O’,‘L’ESz
~ =262 fllpa@y + 11117 22y
Then we have
(Cof o2 [ €102 T, f Fadv ~ LOT,
which almost yields
(=0(g. /) fhv 2 Cell (=) f|2, — LOT.
Now what remains is to prove

(1.38) (=260 To, fllz2 S (W) U(=262)*? fllz2 + 1 £ 1)

It is easy to check that it holds for s = 0 and s = 1. Unfortunately because —Ag2 does not
commutate with V, the standard real interpolation method cannot be applied directly. To
solve the problem, we develop a new interpolation theory(which is of independent interest) to
overcome the difficulty. We refer readers to check the theory in Section 5. Then by combining
the coercivity estimate in Sobolev spaces (see (1.15)), roughly speaking, we derive that

(=0(g. ). fhv 2 Ce(l(=2g2) " F1I25 + || fII35) — LOT.

We remark that the estimate is sharp since it is consistent with the behavior of the linearized
operator (1.19).

Next we turn to the upper bounds. We will show that our new observation can be used to
prove (1.23). Indeed, by Cauchy-Schwarz inequality, we have

h(o) — h(z)[? 3 — f@P 3
(1.39) Ies(h,f)li( / i o) — MR |ff)_1|2f2)s' dadr) ( / -~ —""'ff)_ﬂfg' dadr) .

Thanks to the Addition Theorem(see the statement in Section 5), we deduce that for
constants a,b € Rwitha + b = 2s,

B, )] SN = Ag2) PR 2011 = Bg2)" 2,
which implies

(_ Qgh’ f)v

1

1
2 2
< (/3g*||(—Asz)”/2Tv*h||izdv*) (/3g*||(_Ag2)b/2Tv*f”isz*) + LOT.
R- R-

Together with the sharp upper bounds in weighted Sobolev spaces and (1.38), we finally
arrive at (1.23).

Some remarks are in order:
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1. The geometric decomposition plays an essential role to catch the anisotropic structure
of the operator in the lower and upper bounds. Since it does not use the symmetry and
regularity of the function g, it is more robust than the previous work.

2. The geometric decomposition is stable in the process of the grazing collision limit.
Actually we can give an explicit description of the asymptotic behavior of the
anisotropic structure in the limit (see Lemma 4.1). Roughly speaking, in the process
of the limit, the behavior of collision operator depends on the parameter €. If the
eigenvalue of —Ag is less than €2, then the operator behaves like —Ag>. And if the
eigenvalue of —Ag is bigger than €72, then the operator behaves like €2572(—Ag2)*.
It reflects the strong connection between Boltzmann and Landau collision operators.

3. We remark that the geometric decomposition can also be applied to the operator
in frequency space (recalling (2.2)) to catch the anisotropic structure. It will give an
alternative proof to the lower and upper bounds of the operator in anisotropic spaces.
But it only works well for the Maxwellian case (y = 0) because of the simplicity of
(2.2) in this case.

1.4. Organization of the paper

In Section 2, based on two types of the dyadic decomposition performed both in phase and
frequency spaces, we give a complete proof to the sharp bounds of the collision operator in
weighted Sobolev spaces.

Based on the geometric decomposition, we give a proof to the sharp bounds of the
collision operator in anisotropic spaces in Section 3.

In Section 4, we show that the strategy is so stable that we can extend all the estimates
to the Landau collision operator by taking the grazing collision limit. We also show the
asymptotic behavior of the anisotropic structure of collision operator in the process of the
grazing collision limit.

In Section 5, we list some important lemmas which are of independent interest to the proof
of the main theorems. We first give some auxiliary lemmas on the new profiles of the weighted
Sobolev Spaces, the new version of the interpolation theory and the basic properties of the
real spherical harmonics. Then in the next we give the L? profile of the fractional Laplace-
Beltrami operator. Finally we give the proof to (1.38).

At the end of the paper, we give the conclusions and perspectives.

2. Upper bound for the Boltzmann collision operator in weighted Sobolev Spaces

In this section, we will make full use of dyadic decompositions which are performed
in both phase and frequency spaces to give the precise estimates of the collision operator
in weighted Sobolev spaces. Of course these estimates are not optimal. But they are still
interesting. In fact, they have two advantages. The first one is that we have the freedom
of choosing derivatives and weights for the functions compared to the previous work. The
second one is that the two decompositions used in the proof enable us to find out where the
additional weight comes from in the upper bound. It will be crucial to improve the upper
bound of the operator in anisotropic spaces.
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We first show how to reduce the estimate of the functional (Q(g, ), f), with the aid of
the two types of the decomposition. For Qy, relative velocity v — vy is localized in the ring
{22F < |v — v.| < 82F}. Suppose that g is localized in the ring {22/ < |v,| < $2/}. Then
thanks to the fact §|v — Vx| < |V — vi| < |v — V4|, we have

— If j <k — No, then |v], |[v'| € [(2 — §27No)2k 8 (1 4 27No)2k];

- If j > k + No, then |v| € [(3 — §27N0)2/ $(1 4 27No)2/]

and |v'| € [(¥23 — 827Noy2J (1 4 27Noy2i];
— If|j — k| < No, then |v| < 22K+No || < 22k+No,

Then, together with the fact that

(i 1) = [ O ([v = va)b(cos 6)guh(f' — f)dodv.dv,
GGSZ,U*,UER3
we deduce that there exists an integer Ny € N such that

(Q@g.h). flo =Y Y (Ok(Pig.h). flv

k>—1j>-1
= > (Ok(Pig. Puh). Prf o+ Y. (Qu(Pig. Pih). P
j<k—Nog Jj=k+No
.1 + Y Ok (P8 Unyngh), Uning /o
|7 —k|<No
= > {0k Uk=nog Pih). Prf o+ Y. (Qu(Pig. Pih). P o
k>Np—1 Jj=k+No
+ D (Qk(Psg Unrnoh). Uirng /o
|j—k|<No

We recall that the Bobylev’s formula of the operator can be stated as
22) (F(Qk(e. M), Ff)
- b [ F@) 0 — &) — F @)
ves? e kerd 8]
x (f &) M) (F ) (E — ) (F f)(E)dodnsdE,

where &f f denotes the Fourier transform of f and £~ = % Suppose that functions g
and h are localized in rings {%21” < & < %21’} and {%21 < |§] < 221} respectively in the
frequency space. Due to (2.2), we have %21’ < N« < %21’ and %21 < |E—n«| < %2’. Then

—Ifl < p — No, then [£] € [(3 — 827Noy2p 8(1 4 2-Noy2r) Set g+ & & — ¢,
then it verifies |£1| € [“/75(% — 827NoyaP 2(1 + 27No)2P]. Notice that |, — §7| =
| (72— )+ £ |, then one has |5, —£ 7| € [%2(3 — (14 v/2)327N0)27, §(14227Noy27].

- IfI > p+ No, then [§] € [(§ — §27M0)2!, 3(1 + 27M0)2/] and |na — &7, |n4| <
(1+2827Noyo!,

— If |l — p| < Ny, then |§] < 2%21’+N0.N0wlet €] € [%2’", 82m].In the case of |m— p| <
2Ny, one has |§| € [272No 327 22No$2P] While in the case of m < p — 2Np, one has
0l [ — §7| € [(27N0 3 — §272Noy2 (§22No 4 §272Noypp),
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Then we have

(Qi(e.h). flo= > (Qu(Bpg.Tih). [

pil=—1
1 2
Do Weput Do Wi,
lSp—NO l>p+N0
+ 2 O X Wpmt D Wipim)
ll—=pl<No |m—p|<2No m<p—2No

where
def

Wi = f/ o B = v Db(os G GG 1) = Fp SLdodved,

def

W, = f/gesz . DY (Jv — va|)b(c0s 0)(Fp2)s FM)[(§1 f) — &1 f |dodvsdv,

Wit = /f D0 = vDb(cos O)Fp)+ FIM[Fn f) — Fm fdodvady,
0ES*,vx,VER

W pim = // o @) = el b(eos ) Fp )« G )~ f Jdodvedy.

We remark that we use the fact that the Fourier transform maps a radial function into a radial
function.

By simple calculation, we arrive at
23)  (Qu(g.h).flv= D> Wi, + > Wi, + > W+ Y W, .
I<p—Ny I>—1 p>—1 m<p—No
where
def

I%l = // ®7(|v—v*|)b(c059)(£l No&)x (S;h)[({?lf) —Slf]dodv*dv
0€S2,vx,vER3
3 def y - - , »
w; , < /f O (v — va))b(c0s 0)(Fp )« Gph) (G £) — Fp f |dodvady,
0€S?,vy,veR?

at // (3o)) (v — vaDb(c05 ) B2 Gph)[@m ) — Fn f |dodvsdy.
0€S2 vy, vER3

Now the estimate of the functional (Q(g, k), f ), is reduced to the estimates of the terms in
the righthand sides of (2.1) and (2.3).

We begin with two useful propositions.
PROPOSITION 2.1. — Suppose w € (0, 1]. Then for |y| # 0, one has

. 1
Ix—yllyP7 1 if O<w =<
|[x]?7 = |y IP7| S

_ 1
Ix = yllyP7 + Ix =y PP, if s<w=sL

Proof. — We first treat the case 2 < 1. Suppose that |x| < b|y| with 0 < b < 1. Then
one has

(I=b)lyl = lx =yl =@+ D)y,
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which implies
[IXP7 =y P7 [ S IvP7 S e = plly P77t
Next we handle the case |x| > b|y|. If 6 € [0, 1], we have
(I=0)|x| +0y| = [(1 = 0)b + 0]|y].
From which together with the fact

1
24 |12 = [y P7] S 1 — yl/0 [(1—6)|x| + 8]y (1>~ a8,

we get the desired result.
When 2w > 1, the proposition is easily followed from (2.4) and the fact

(I=0)x[ + 0]yl < |y[+ [x =yl

1273

O

PrOPOSITION 2.2. — Suppose w € (0,1] and N € N. Recall that CDZ is defined in (1.34).

1. Set A7 (v) &

(Fp®Y) (W) |v[>™. Then if k > 0, we have
JAT llzoe S 2037 M27PN |0 a0
Ify =0andk = —1,

1AZ e S 27PN 19 w2l 200
N

2. Set BZ(v) def Fp®” ) )|P7 = Fp®' T27) (). Then if y + 2w > 0, there exists a

constant 1, = min{y + 2w, 1} such that
|BZi| < [Bi] + | Bal,
where
IBillp <27M¥D7 and By S27M7.
If y + 2w > —1, then there exists a constant n, such that

IBZ |2 S 270+ 2P,

where
! if y+2w > !
=, w > —=;
2 4 2
1 . 1
N2 = 5—(logzp)/p, if 1/+ZzU=—§;

1
y+2w+1, if —1<y+2w<—§.

Proof. — (1). For k > 0, we recall that <I>Z (v) = |v]” (2 %v). Then by direct calculation,

we have
(2.5) F(@))(E) =20 g (@) (2F¢).
which yields
13, P4 llese S 1=2)F Fp @)Lt + I F @@Lt S 1 F G @2
S L PPt T ey

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1274

L.-B. HE
From this we obtain that

k(y+3—N)»—pN
14T oo £ 20 F270272N |0 vt @l 2,00

If y = 0 and k = —1, by the definition, we have

147 l1zoe S =2 F @) It + | F Gl S 2_”N||1/f||HN+2||90I|WI2V.oo-

(ii). Let ¢, = > im—p|<No $m- Then by the definition of 3p, we have

5700 = [ dpt0 =007, 00007 = )|
Thanks to Proposition 2.1, it can be reduced to bound the terms B!, and B2, which are
defined by

Bl def

-1 —/ |q3p(U_J’)|q>y+2w_l
R3

-1
def
and B2, =

(v —yldy,
[ 18000 = 1@, )0 =y Py,

We remind the reader that the term B2, is only needed to be considered in the case of 2w > 1.
We begin with the estimate of B!,. Observe that

By = [ 1850 = D@7 )1 el - yldy

+ [ W0 = IO el - y1dy
def

1,1 1,2
= By + B2y,
It is easy to check that

1/2
1,1 rd — — _ 3
181 122 < ([ dPlsPay) 2 rrame9n < pmoram e

We turn to the estimate of B":2. To make full use of the structure, we separate the estimate
into several cases.

— Case 1: y + 2@ > 0. Then it holds

|BLY e S 2777,
where n = min{l, y + 2w }. Nevertheless, by Young inequality, we also have

1,2 -
B2y 2 S277.

1,2 -
B2z S277.

— Case 2: —% <y + 2w < 0. Then by Young inequality, one has that if y + 2s > —%,
However, if y 4+ 25 = —1, we have

IBL2||,> < 277 p < 27 PU—lom P)/p),
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- Case3:—l<y+2w < —%. We have

1

2
1812, < 2—P( / |y|2<y+2w—“dy)
2P <|y|<2

< 2—(y+2w+%)p.
The similar argument can be applied to B2, with 2z > 1. Notice that

B2y = [ 180 = 01O, 0 sl = 37y

4 [ 1o = IS 0 yizarlo = 7 dy
.
< %! 4 B2,
It is easy to check that

1/2
b - - 3
1B2 2 < ( / |¢p|2|y|4wdy) 2P < g~ +2m+Ip,

Similarly, the estimate of B>} falls in several cases.
— Case 1: y > 0. Then it holds

18220 S [ BpllyPdy S 2727,

Case 2: y + 2w > 0 and y < 0. Using the fact that |®”,(y)1ys2-»| < 2777, then
one has

18221 £ 277 [ 1pllyPmay s 204,
.

Case 3:y > —%. By Young inequality, we have

1/2
e _ 1
IB27 2 < (/R |d>£1|21y|zz—pdy) (/R3 Bplly177 dy) < 27027,

Wheren=2w—%ify > —% andn=2w—%—(log2p)/pify =—%.
Cased: y < —%. Again by Young inequality, we have

1/2
~ _ 3
IB221.2 < 1D Pliysa—rdy | (| |dplly|?Tdy) S 270 2@ +2)r,
3 3
R- R~

Notice that there are only two types of the estimates, L? and L® estimates, in the proof; then
the proposition is easily obtained by patching together all the estimates. O

2.1. Estimates of 20, , and 20}  defined in (2.3)
We first give the estimate to QII}( L
LEMMA 2.1. — Suppose N € N. For k > 0, it holds

il < 2k(y+%—N)(z—p(N—2S)22S(l—p) +2—(N—%)p2%(l—p))
oIl S

X ||‘1>KIIHN+2||§0||WI2V.O<>IISpgllLl ISkl L2 1S5 f Il 2
If k = —1, we have
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1. ify =0,
_ _ _ (N — 3
|Qn1—l,p,l| < (2 p(N=25)925(I=p) | »—(N 1)17221)
< llan+2 10l 200 18pg 1 18171122185 f 2+
; 3
2. ify+2s>0andy > -3,
oL, 1 S 27Dl o (180 2 185 f N 22
3. ify+2s>—landy > -3,
20L, 41 < 27PN T el 11218 S Nz
4. ify +2s > —1,
(1 37 A It
0L, 1 S @127 GHmr 4 23 lm IRy 15 o (180 12 185 f 122

~ _ _L_ ~
< 2122l 15 el 2 (1§12 18 £ 1.2

where 1) is a positive constant which depends only on y and s and varies for different cases. We
remark that constants 0, and 1, are stated in Proposition 2.2 and functions W and ¢ are defined

in (1.33).

Proof. — We recall that [ and p verify the condition I < p — Ny. To make full use of
the cancelation and to handle the singularity caused by the angular function, we make the

following decomposition:
Wy 1 =Di + Dy
where

1 def

D = // (85 @) (Iv = vaD)b(c0s 0) Fpg)s[ 1) — B1h)'|(F, f ) dodvady,
UESz,v*,v€R3

D= // (@p(D]Z)(lU — v«|)b(cos 9)(51145’)*[(31}1)'(@1,]’)/— (Szh)ﬁpf]dadv*dv.
€S2, vy, veR3

The proof falls in several steps.

Step 1: Estimate of ®}. — Observe the facts
(2.6) @ih)W) = Fh)(')
1
=@w-=2)-(VEhHO) + % /0 (1—k)(v—-0)® (—0): (V2§ h)(k())dk,

where k(v) = v/ 4+ k(v —v’), and

2.7) // T(jv = va )b (—25 . )yw (v’ — v]) (v — v")p(v)dodv
oeS?,veR3 lv—v

|

To (V') — vy
=4// I'(|Ty(v) — v )b(———= -0
R T e R
AN
x w(|v — Tg(v/)|)(7:;',$—)v2p(v/)d0dv' -0,
‘U/—U*| )
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where w and p are smooth functions and T, represents the transform such that 7, (v') = v.
We refer readers to [1] or [6] to check the change of the variable from v to v’. Then in order
to get the optimal estimate, we follow the idea in [7] to introduce the function v (defined
in (1.33)) to decompose D} into angular cutoff part and angular non cutoff part, that is,

D =0, + 9,7,

where

€ 1 ! 12
o ] A0 = val)b(eos W 20 — ) Gp).
0 €S2, v, vER3

x|V —vs| 725 ((0 = v) ® (v = V') 1 (V2F1h) (k(v))(Fp f) dodvsdvdi,

o2 ] AL = 0. Db(eos )1 — YW — )8
0€S?,v4,vER
x|v — v *[F1h) — @) ](§p ) dodvedv,
where (2.6) and (2.7) are used and Ay is defined in Proposition 2.2.

Step 1.1: Estimate of Ci)}c’l. — We divide the estimate into three cases.

CASE 1: k > 0. — By Cauchy-Schwarz inequality, one has

1
P15 14 "”"(/o //SR (B« lb(cos ) sin (/D2 (o' — v)

1
- 2 1
. v*|HS|(3pf>/|2dadv*dvdx) ( [ (@p&)elb(cos 6)
0 o€S2,v4,veER3

x sin?(8/2)|y 2! (v — v))||v — v*|22S|(vzg,h)(x(u))yzdadv*dvdx) 2,

where we use the fact |v — v’| = |v — v4|sin(6/2).

Then we follow the change of variables: (v4, v) = (v, u; = v’) and (v, v) — (v*, Uy =
«(v)). Thanks to the fact that

0
2.8) 52l =a-52{a-

)+ . G}a

K K
2 2 |v — vy

we derive that

1
ot st ( [ [ 1@ bteosesint @21y @l vl sin/2)
o€ES ,v*,u16R3
5 s/ opt
< s —v*|2—2f|(spf)(u1)|2dodv*du1d:<) ( / // |Bpg)s|b(cos §)
0 €S2, v, ureR3

x sin2(0/2) |y (2 |v — vs] sin(8/2))||us — v*|2_2S|(V231h)(u2))|2dodv*du2d/c) g
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where we use the fact |v — v«| ~ |u1 — v«| ~ |uz — v«|. It is not difficult to check

v — vy |22 / b(cos ) sin?(6/2)y (2 |v — v4| sin(0/2))do
oes?

§271|u2 s 1
3 ~ o~
29 S up —vi 7 / b(cos 0#)H?sin Hd H
0
< 27(272s)l’
where 6 verifies cos 6 = ‘“2 ”* -0 and /2 < 6 < 6. By Bernstein inequalities (5.1)-(5.3), it

is easy to derive that

1,1 A~
911 S 22 Ak L IBpllLr 1811218 f 1122
37 _ _ _ ~
S 2K =M mp(V=29p250 p)”q)(};”HN"rz”(p”Wl%;OO||§pg||L1||§lh||L2”5pf”L2~

Casg 2: k = —1 AND y = 0. — Thanks to Proposition 2.2, we easily get
1,1 - — — ~
D511 £ 277V |y w2 gy oo 1Bpg Lt 1B1A11 22 18 S l122-

Case 3: k = —1 AND y # 0. — For the general case, following the decomposition in
Proposition 2.2:

As_l - Bi] +‘§pq>z-}_2s9

one has the corresponding decomposition:
1,1 1,1 1,1

D = 33—1,1 + 9—1,2~

We first have
2 .
oz ([ (G0 T2%) (0 = val) Pb(cos ) sin®(6/2) [y (2 (o — v)|
oeS2,vs, vEJR2

- L
X |v— v*lz_zs|(Spf)’|2d0d”*dvd'() (/ // (3p8)|b(cos )
0 €S2, vy ,vER3

X sin2(9/2)|1//(21(v’ —v)|lv— v*|2_25|(Vzﬁlh)(/c(v))}Zdadv*dvd/c)2

By change of variables from (vy, v) to (47 = v — Vs, up = v’) and from (vy, v) to (v, us =
k(v)), we get

o, N(/ /faeszuluzeﬂ@ (3,712 (ju )| b(cos 0) sin®(8/2) | (2! [uy | sin(6/2))|

) -
><|u1|2_2s|(3pf)(u2)|2d0du1du2dl<) ( / // 18p8)+?b(cos 0)
0 €S2, vy, uz€R3

1

x sin?(0/2) |y (2} v — vy sin(0/2))|juz — v*IZ_ZS‘(Vzﬁlh)(u3))yzdodv*dmd/c) 2.

Then we have

1,1 1~ +2 A
D211 £ 22 1I8p L1 2 Ip g 2 IS 2| L2 18 f N2
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Due to the fact (see [5]) that for y > —3 and the multi-index o with |a| = k € N,
(2.10) (3 F (@) E| S ()7 7F,
we have
13,9115 5 [ lep@ P20 29 ag
< 220425+ 3)p,

We deduce that if y 4+ 25 > —1,

D51 S 22272 DP g ik L2 1 f -
Due to the Bernstein inequalities (5.1)-(5.3), if y 4+ 2s > 0, then we have

1,1 — A
DL, 2227 g | L IR 2 1 f 2

Next we turn to the estimate of ’Dl_’ll’l. Notice that BY, can be separated into two parts

B, and B, which can be controlled in L2 and L* spaces thanks to Proposition 2.2. Thus we

may copy the argument for @1_’11’2 to 91_’11’1 when B is bounded in L? space and apply the

argument for @,1(’1 to @1_’11,1 when B; is controlled in L*° space. Finally we obtain that in the

case of y + 25 > 0,

|’Dl_’11,1| < 2251(||Bl||L2||3pg||L2 + ||lelLoo||3pg||L1)||31h||L2||§pf||L2
<22 B el Bkl 2 1 £ 2

While in the case of y + 25 > —1,
1,1 —(L A
D111 S 227G B gl o 1B L2 1S 1l 2
Step 1.2: Estimate of ”D,lc’z. — We separate the estimate into several cases.

CasE 1: k > 0. — By Cauchy-Schwarz inequality, one has

o S Iaglm( [ | iGpdbteostl - w2 - )
0ES”, v, VER

1
o 2
x o v*l‘zsl(Spf)/lzdadv*dv) ( Il (Bp2)elb(c0s )
O'ESZ,U*,I)E]R?’

X1 =y @0 =)l - v*|2S|<slh)<v)l2dodv*dv)

+ ||Ai||Loo( [/ (Bpg)sb(cosB)[1 — ¥(2 (v — v))]
oeSz,v*,v€R3

i S
% |l} _ U*|—2sl(gpf)’|2do’dv*dv) (A // |(3pg)*|b(COS 9)
oeSz,v*,veR3

< |1 =9 @ o)l — v*|—25|(slh)<v/>|2dodv*du) i
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Following the change of variables: (v, v) — (v«, up = v’) and the fact (2.8), we get

212 < ||Az||m( /[ |(8p)+lb(cos B)|1 — (2! v — va sin(6/2))]
UESz,v*,u2€R3

Xl — v*|_25|(§pf)(u2)|2dadv*duz) i ( I . i@eubeose)
0ES”,vx,VER
1

x |1 =¥ (2 v — vy sin(8/2))||v — v*I_zs}(Slh)(v)|2dodv*dv)2

4 ||Ai||Loo( [/ 1B )slb(cos )1 — (2 |v — va| sin(6/2))|
oeSz,v*,u2€R3

<o =0 2 IG N Pdadvadus) ([ Gedbieost)
0ES”,vx,UuzER

x |1 — 1//(21|v — V4| sin(8/2))||uz — v*|_2S|(31h)(u2)\2d0dv*du2)

Notice
v — V|7 /2 b(cos 0)(1 — (2} |v — v« sin(0/2)))do
s
/2
lv —v*I_ZS/ b(cos ) sin Hdo
< %2_”1)—1)*'_1
~ /2 o
|u2—v*|_2S/ b(cosB)sinHd o
%2_l|“2—v*|_l
(2.11) <22t

where 6 verifies cos§ = ﬁg:ﬁ:l .o and 6/2 < 6 < 6. Finally we get the estimate to 33,1{’2,

that is, for any N € N,

1,2 3 _N)k~2s(l— - 5
D7) S 202Nk U=p)nls N)p”q)g”HN“"z”(p”WZ%soo||3:Pg||L1||3:lh||L2”8:Pf”L2-

Case 2: k = —1. Following the similar argument used in the previous step, we conclude
that in the case of y = 0,

1,2 — — A
D171 £ 22PN |y vz gy oo 1Bpg Lt IB1A 1122 18 1 22+
in the case of y + 25 > 0,

D7 S22 (1B1lL2 18 8llz2 + B2 llLos 1858 L) ISl 2 155 f 1122
S 22 F gl 1Bkl 2 155 S 2,

and in the case of y + 25 > —1,
1,2 - 5
D17 < 222 AR T gl B0l 2 IS f D12
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Step 2: Estimate of @i. — Thanks to the Cancelation Lemma in [1], we obtain that

92 = |s! |// [(@,,cb,{)('” — ';') L Ge) (v v*|)]b(c059) sin 6
0€l0,7/2],v4,vER3

coss /cos? %
X (Fp2)x(1h)(Fp f)dOdvsdv.
Notice that

e 1 ofiz onv— )\ - (3,0
0.0 5((spd>k)(cosg))(s> 7(Gepo)e

0
= op(2 "9 (@) cos 520) — (@) D))
where we use (2.5). We split the estimate into several cases.
CASE 1: k > 00RrR k = —1 wiTH y = 0. — Thanks to the mean value theorem, we have

1€k (8.2 < 672030k 2002 0 | 2,00
and

1C-1(8. )2 S 022037k Py v g 2 .
Then by Bernstein inequalities (5.1)-(5.3), for any N € N, we get

oA /s2 b(cos 0) | Cr (6. )| 2| F (Bp8) lLoe | F (3188 f) L2 do
5_ _ ~
< 20 Fz=Mkp N)p”(p”WI%fOOHq)g”HN ISpgllLtISihllLooI8p /1l 2

5_ — 3 4
< 202NN g o oo |07 [l v 18p8 1 180122118 f 22

and
_ 3 ~
192,] S 2¢ N“’22’||<pIIW5.ooII1/fIIHN ISp& Lt 182721 21155 /Il 2
CASE 2: k = —1 WITH GENERAL POTENTIALS. — Due to the fact (2.10), it is easy to check
that

C1(0.6)] < O[Ellep OV F (2o
< —(v+3)pg2.

Thanks to Plancherel theorem and Bernstein inequalities (5.1)-(5.3), one has

192, S 2705, 8l 21 Eh) Fo )l 2
_ 3 =
<270z el Il IS £l 2

Thus we have

1 ify +2s>0andy > -3,

_ 3 _ =
192,] < 207D+ 2N 5 o 11kl 2 180 f N 22
2. if —1 <y+2s§0andy>—%,

— SYA— ~
|@31| /S 2(1 P)(V+2)2 (}’+2s+1)122sl ||5pg||L% ||5lh||L2 ”511](”[’2’
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3. if—1 <y +2s,
_ _ _1 ~
|D2,] < 2P0+ H2st D@D 5 el o 151l 2 185 f Nl 22

Now combining all the estimates in Step I and Step 2 and using Bernstein inequalities
(5.1)-(5.3), we finally get the desired results in the lemma. O

Next we have

LEMMA 2.2. — Suppose N € N. For k > 0, it holds
1204 .l S 2220 3NRGTP VD 0T v 2 o0 1Bl 1 1G22 1 £ 112

For k = —1, we have

L. ify =0,

1202l S 2PV Dy ol oo 188 Lt 1SR L2 18m £ 1122+
2. ify +25 >0,
904, | S 270 mP2CsmOm 15 e G R L2 | S N2
3. ify +2s > —1,
204, ] S 222 GHRP 3o o 13RI f L2
< 210m=P) =3P B e 1 Fphll 2 1o f ]2

where 1) is a positive constant which depends only on y and s. We remark that constants n, and
1y are stated in Proposition 2.2 and functions W and ¢ are defined in (1.33).

Proof. — Noticing the fact that m < p— Ny, we following the similar decomposition used
in Lemma 2.1 to get

Wpom = /[ (Bp@7) ([0 = vaDbleos )Y 2" (v ~ ) (Bpg)+ (Fph)
Uesz,v*,vER3

X [@mf) —Fm[fldodvedv + // (F»®7) (Jv — vi|)b(cos )
€S2, vy, veER3
x (1= Q" =) @)« FpM) [Fm f) = Fm f]dodvedy

el + el
Observe the fact that
2.12) @Bm V) = @Em )W)
=@ =v) (VEm () + %/01(1 — 1)V =) ® (V' = v) : (V2 /) (K (v))d K,
where k(1) = v + kv’ — v), then we have the further decomposition:

¢ =+’
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where
el = /f s 0D DSy T )G )
X (V' —v) - (V3m [)(v)dodvsdv,
el — /0 1 // AL 0DbE0s 7 1)) o)

X [v = 0| [(V = v) ® (V' = v) : (V2Fm ) k() |dodvsdvd,
where Ay is defined in Proposition 2.2.

It is not difficult to check that the main structures of 6,1{’2 and Gi are almost the same as
those of © llc’l and @,1(’2. We conclude that for any N € N,

€% + ez
203NN 2D O | gy 42l 2. 1€ Lt 1p L2 1§ f 1122486k = 0,
225Ny iz 9l 200 I1Bp € Lt IS phl 21 8im f 2. ik = —Tand y = 0,
225 P18 gll 1 [18phll L2 |8m f N2 if k = —1 and y + 25 > 0.,
22my~ GR35 [ Fphll 2 18m f 2. i k = —1 and y + 25 > —1.

A

Now we only need to give the bound to 6,16’1. Thanks to the fact that

/b(lz | o)W =) Y2 — v')do

— Vs v—v" v — s , ;LU — Uy
b -0) : lv =]y (127 v = v']) d

S L N L I Y v — v

_ ] — (=2
zf (2 5) oz G>¢(zm|v —v'|)do (v — ),
SZ

|[v — vy 2
one has
(2.13)

2(2—2S)m |U — Uy |—2s

[ b(——% . ) (v — )Y 2" |v — v'|)do

2 o — .|
V—Ux

U — Ux Tv—vs]

1
= b( -0) do|v — vy
V—Usx
l—\v—2UI|0527m|v_v*|,1 |l)—l)*| 2
27 |y—py| !
20 2mpy > | 0172d6ly - v.|
0

Sl — v ™

g 2(2—2s)m|v _ v*|—2s

In other words, if we set

— (.,
def 5 (2—25)m), |25 ol @ m—1
Uw) €2 v / b(| | 0) 5 (z lv| J1— f)

then (2.13) yields |U(v)| < |v|7!.
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Due to this observation, we have

1,1
|€k | =

p@s=2)m // (v = v Ep @) Gph) VU — ) - Vi f(v)dvad).
v,v*E]R3

We divide the estimate into three cases.

s—1

CaSE 1: k > 0. — By the definition, we have [4; U| < A, *.1f s > 1/2, then
_1 ~
1€t <2 m) 4,72 oo B0l Lt IS o Rl 2 VEm £ N 2
_ 3_ _ _ =
< 22 a =N PN =2 @ | v 2|0 gy 2o [1Bp 8 Lt 10l L2 1o f ]2

In the case of s < 1/2, one has

S—=

1
1,1 — ~
€ S 222 A2 2 I8 L2 1ok L2 IV £ .2

_ 3_ p(N—2s—32 .
< 228(m=p)pr+2=Nky=p(N=25=3) | p¥ Iz n+2llell 2o ISpg Lt ISphl L2 18m /L2
where we use the Hardy inequality to get
s—4 I 3_ -
I14; ez = I8p @ lmi-as £ 20F 2V 27PN 07| vz @l 200
Case2: k = —1 AND y = 0. — In this case, we only need to copy the argument in Case 1

to get

— — _3 ~
&by | < 222Dyl vzl 200 I1p 8l 1Bl 18 f 12

CaSE 3: k = —1 WITH GENERAL POTENTIALS. — Following the decomposition
As_l = @fbﬂrzs + Bi],

we split €"] into two parts: €""! and €"]* which are defined by

eyt =2 // (@ 7> ) (v = v @) Foh) @)U = v4) - Vi [ (v)dvsdlv,
v,V ER

el = 2 f/ B0 = 0D @)+ EM (U = v2) - Vi f (v)dvad.
V,0x €ER

Thanks to Cauchy-Schwarz inequality, we have
1

[ 2<2H>m( /f @@ (v - v*|)|2|(spg)*||§phldvdv*)
V,Ux ER”
%

x (// v v*I‘zl(%pg)*||§,,h||vsmf|2dvdv*)
U,U*ER

— = 2 jod
< 2@2m % V2 L1 gll 2 18kl L2 I VEm £ lls
_ 3 =
< 22mym 02T 5 e 2 18 phll 2 I1Gm f ]l L2

where we use Young and Hardy-Littlewood-Sobolev inequalities and Lemma 5.1.
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Finally we turn to the estimate of 61711 2 If y + 25 > 0, thanks to Proposition 2.2, Young

and Hardy-Littlewood-Sobolev inequalities, we have for § < n;/3 where 7, is defined in
Proposition 2.2,

1€l 12 < 2@ By 2 1808l 2 10k 2 I VEm f |l o
+257Dm By | oo |G p gl L1+8 18ph L2 IV8m f1l sazn

S22 IRl ISRl I8m S 12
38 38 ~
27D 5 e | L 1S hl L2 1 f 2
38

< (22smymmp y p@smnImym =12 m=P)y % el G phll 2 1Em S 2

While in the case of y + 25 > —1, with the help of Proposition 2.2, following the similar

argument applied to 031_’11’1, we get

1,1,2 — 5
|€L 2 < 2@ BS | 2 1 g L2 IS 2l L2 1V Em f N o
—(L ~
<22 G| E gl 2 1 Fphll L2 1 S 2

Now patching together all the estimates, we are led to the desired results. O

2.2. Estimates of QU,% , and ﬁnz , defined in (2.3)
Since Qﬁi ; enjoys almost the same structure as that of QU?C » it suffices to give the estimate
of Qﬁz,p.
LEMMA 2.3. — Ifk > 0, we have
1207 ) < 20222 5y gl IB1hll 211 e,
1207 | < 202225, g1 [kl 22155 f 2.
Ifk = —1, we have
w2, | < §2zsj||51—N0gllLl II%zhllellﬁzflles l:fJ/ + 25 >0,
’ 22N S1-no &l IS hll 2181 f NIz, if v +25 <0,
2, )< gZz”’II{?pgllLl ”?ph”LG?prLz» lf)/ + 25 >0,
221188l I8phll L2 18p f N2 iy + 25 <0.

Proof. — We introduce the function i defined in (1.33) to decompose QU?C » into two
parts:

wi, = |f @ (10— ve)b(cos O (22 (0 — 1)) &)« Fp )
€S2, vy, veER3

x [(§pf)’ —§pf]dodv*dv + /] @7 (Jv — vi|)b(cos 0)

UGSZ,U*,vGR
x(1 =927 =) Ep)«Ep)[@p f) —Sp f]dodvsdv.

By using Taylor expansion (2.12), the facts (2.9), (2.13) and Holder inequality, we deduce
that for k > 0,

1207 | < 202K 22218 | 1 1B phll 2 1S f Nl 2
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and
< 2zsp||3pg||y 8okl 18y £z iy 425 >0
’ 2518l I8phll L2185 f N2 if ¥ + 25 <0.
The similar results hold for Qﬂlzc ;- This completes the proof of the lemma. O

2.3. Proof of Theorem 1.1
Now we are ready to give the proof to Theorem 1.1.

Proof. — Let ay,by € R with a; + by = 2s. Then by Lemma 2.1, Lemma 2.2 and
Lemma 2.3, we conclude that fork > 0 or y = 0 withk > —1,

Yo Wil Y 19E 0 S Clanbo)liglihllza LS g

lfp—No m<p—N0
2 3 2s5)k
D1+ Y 19, S22 gl e [ g -

I>—1 p>—1
Then we are led to the fact thatif k > 0 or y = 0 with k > —1,
(2.14) (Qk(g.h), f)o] S Clar, b1)29 T2 || iRl g || f | oo -

Leta,b € [0,2s] witha + b = 2s. If k = —1, then by Lemma 2.1, Lemma 2.2 and
Lemma 2.3, we have

SOOIl DD W D WL+ Y 12,

I=p—No I>—1 p>—1 m<p—No
S (lgler + gz 12l zall £l ge
which yields

(2.15) (Q-1(g. 1), fhol < (gl + gl allaall fllae-

Now we are in a position to give the upper bound for the collision operator in weighted
Sobolev space. Let wy, w, € R with wy + wp = y 4 2s. Recalling (2.1), we infer from (2.14)
and (2.15),

(O ). [l S D 292K U_yogllpt | Pell el P f o

k>Np—1

+( S 202K Dl il Pihllal Py f o
Jj=k+Ng,k>0

+ ) (||$,~g||u+||ﬁ>jg||Lz)||y>jh||Ha||JD,~f||Hb)
j>=—14+No

+( S 2K Dol U oh e | Yy f Lo

k>0,|j—k|<No
+ (lgllzr + lgllz2) Il Unohl ae 6szofllﬁrb)

d=6fﬂ1 + 3 + 3.
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For the term 4;, thanks to Theorem 5.1, one has
e Slglalllzzg, I/ W ey, -
For the term 4,, we separate the estimate into three cases. If y + 25 > 0, we have

5 3 2099 (| Pgll + 1P gl Pihllmall P f o

j==1
S (gl + lglz2)Uallzg, 1L/ g, -

In the case of y + 2s = 0, it holds for any § > 0,
h S (lgley + gl P hllaall Py f o

j=—1
S lglpy + gl Wall g, 1 gy, -

While in the case of y + 2s < 0, we have
o S Y (1 Pjgler + I Pigll2)ll Pihllaal Py f e

jz-1

< (gl

Vvan F 2 WAl 1 f g,

We remark that in each case Theorem 5.1 is used in the last inequality.
Now we turn to the term 3. We first claim that it holds

(2.16) | Ues nohllra S 2507 kg
By the definition of %/, we have
(U@ =[ D 9@70) + Y (@)]h0) = Jisny A ().
Jj<k+No
Thanks to Lemma 5.3 and the facts, if w; > 0,
35 (Vo (V)71 S ()17 < (o) 7o,

and if w; <0,

35 (25" iy g (0) 1) S (0) 79,
we deduce that

U s nolt e S Wkt o Wy Wi, 1) |
< 2T h |

wy’

1287

which completes the proof to the claim. Now we apply the claim to the estimate of 3. It is

easy to get

s < + 2|0 e b -
s Sl el g, 1 g,

Now patching together all the estimates for 4l;, 4, and 3, we obtain the desired results.
For the special case y = 0, by the estimate (2.14) and the similar argument, we can easily

get (1.27).
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3. Lower and upper bounds for the Boltzmann collision operator in anisotropic spaces

In this section, we will give the proof to the sharp bounds for the collision operator in
anisotropic spaces. The main idea is to use the geometric decomposition explained in the
introduction and also the L? profile of the fractional Laplace-Beltrami operator in Section 5.

3.1. Proof of Theorem 1.2

We take the following decomposition:

(0. ) S == [ dvedy [ BGv =il rge s (s = rdo
= —% /RG dvsdv /Sz B(|v — vi|, 0) g« (f? — f?)do
Z
(3.1 ~|—% /Rf’ a’v*dv/S‘2 B(|v — vi|.0) g« (f' — f)?do .
RN

By change of variables, we have

12| =8|

z 1 |[v — vy >
sin 6 eB( 7 ,€080) — B(|Jv — v«|,c080) | g« f-dOdvidv
RS Jo cos® 5 cos 3

S / |0 — val” gu f2dVadv = R
R
We first show that R can be estimated by the following lemma:

LemmMA 3.1. — Let w € (0, 1]. For smooth functions g and f, there exist a sufficiently small
constant n and a universal constant a € (0, 1) such that

L ify >0,
| RIS gy £ 17 + gz ||f||ii/2,

2. if 2w <y <0,

y+2w
2w

| R| S n7¥em

2 2
1£122 |+l Vg
3. ify+2w =0,
(RIS gl +exp(ln™ (1 = )liglzogs
—1¢1 _ -1 L 2 2
Far ' =) el JEONS 12+l f
4. if 1<y +2w <0andp > 3/2,

3 y+2w+3)p
R Y P e - 2 2
(RIS 0 TR g WL T2 f T+l g,
v
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Proof. — Tt is easy to check that if y > 0, we have
| RIS Mgl /172 + gl ||f||i5/2

For y < 0, we observe that

R = ' // 10— val? () (0) ™) g () VI (0) 77220
v, VER3

= ' /f v = va? (W) (va) ) G F2dv.dv
Vs, veR3

// (v —va)" |G« |F%dvsdv,
v, VER3 |U_v*||y|

where G = g(v)"l, F = f(v)?/2.
In the case of —2w < y < 0, by using Hardy inequality, we get

| RIS gl ||f||Hw2

Thanks to the interpolation inequahty and the condition y + 2w > 0, we derive that

4 V 2w /ly| 2 2
< pvt2o ———
| R S v Zllg || ||f||L5/2 + n||f||H$2~

For the case of y 4+ 2w = 0, we have
| R < Gt |FI2 + M FI2, + // 10 = 02|27 Ly, 1<1 (G 1 6 m80)s F>dvad
V,Ux ER

S ligllz 1A172 +MIfI7 +1GhG=ml IFlFw,
vl v/2 v/2
where the Hardy inequality is used in the last step. Choose a € (0, 1), then we get
1G g i=m L1 S (og M)~ G(log G)' ||
(1-a) -1
< (og M) gl lelyy  + (-0 gl )
It yields
| RIS (M + gl )||f||22
1 -1 2
+ (log M)~ 0 “)[IlgllLlonglgll"Léw/a+(1—a) villglzy, IS Tz, -
Thus we have
—1 1—
RIS (gl +expln gl gl
—1¢1 _ -1 = 2 2
7 A=) gl JEONS 2+l g
In particular, if @w € (0, 1), then for a € (w, 1),
| RIS [llgllpy +exp(n™ (1 = a)llglLiogL

+n (1 —a)” 1I)/IIIgIILl)] ONSNZ2 + 0l f 1, -
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If w = 1, then for any § > 0,
— —1o— 2438
| RN S [IIgIIL; + exp([n ' l1gllLoge + 17 "8 1IIgIIL;H)] g )]Ilfllig1 + nllflli@l.

Finally we handle the case —1 < y 4+ 2w < 0. By Hardy-Littlewood-Sobolev inequality,
we have

| RIS Mllflliz/2 +1Gligzuml 1F 1
Y

3
y+2w+3
Since p > 3/2, we have

(42w +3)p—3 +2@+3)p
s e 3
M 3 IGl.» :

(CQUCIES V] -

Thus we get

_ 3 ()/+2w+3)£
| RIS 0~ oF2m 503 ||g || 5272 f 12 4l f -
vl v/2 v/2

We complete the proof of the lemma. O

From now on, we focus on the estimate of the elliptic part 8;. We begin with two useful
lemmas to deal with the simple case y = 0 and then extend the results to the general cases.

LemMA 3.2. — Suppose g is a non-negative and smooth function. Then for any n > 0,

(3.2 E3(N) 2 Ca@(I(=2g) 2 f112, + 11 £ I75)
—1lglL I £ 17, = Agllipyn™ Cs()™ + DI
where

Culgy d (@) It}
! gl Ca(g) T +2°

Here C3(g) Lef min{Cy(g), C2(g). 1} and C1(g) and C»(g) are defined as follows:

|g|L1
Cr(e) défzsinza[|g|u A g(v)dv],
r |A|<4s(2r)2+2£ (2r)3 /4

where & and r are chosen in such a way that this quantity is positive, and

22
9 gl
202 inf w |:|g|L1 _oh sup /g(v)dv],
el<1| 92[E] T al<as@ni(til) 4

def

Ca(g) =

where ¥ and r are chosen in such a way that this quantity is positive.

If the function g verifies the condition (1.28), then due to the definition of C4(g), there exists
a constant C(8, A, n~Y) such that

(3.3) Calg) = C@E A 7).
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g+t

2
o] € S°, one

Proof. — By the geometric decomposition (1.35) withu = rt and ¢ =
has

1
82 (f) = 3 // gxb(cos 0)((Ty, /)(r¢) — (To, f)(rr))zdadv*du
u,v*ER3,UESz
— /f g«b(cos 9)(f(v* +ut)— f(vse + |u|%))2d0dv*du
u,v*ER3,GESZ |M |
(3.4) Leo_ gl

Step 1: Estimate of 8(1). — By change of variables, we have
ez | 2ub (@ Dloezo((Tun £)(r6) = (To, £)(r0)?r2dodvdrdy,.
r>0,r,0€S2,v* eRr3

For fixed v, T € S? and r, if  is chosen to be the polar direction, one has
do =sin0dfd S',dc = singpdpd S!,
where 6 = 2¢. We deduce that
do = 4cos¢dcg.

Thanks to the facts b(z - 0) ~ |o — |7 ?+29 and |0 — 7| ~ |¢c — 1|, we get

0% // gl — T|TCP2 (T, £)(rs) — (T, /)(r1))?(4s - 7)
81 U*ER3,r>0,r,§ESZ
X l‘g_rlzsz_ﬁrzdgdrdrdv*

= gl — T CHI (T, 1)) — (T )G
U*GR3,r>O,r,g682
X 1|§_r|252_ﬁr2dgdrdrdv*
Thanks to Lemma 5.6 and Lemma 5.10, we obtain that

&z As gxll(=262)" P T, flI72dvs — gl £117

2 gl IG=2e2) 2 117 = Il fFrs-

A

Step 2: Estimate of 82. — We introduce the dyadic decomposition in the frequency space.
Set

def +

2
e N2 ] eobost)(fn+) = o+ i) ) dodv.dy

ut

2 Y ¢epi)b(cos 9)((slf>(v* Fut) = G f) o+ il e )
Ip—r1 u,v4€R3,0€S? [ut|

+
X ((&fo)(v* + M+) - (gpf)(v* + |u||Z—+|))dadv*du

= 2(2 Eip+ Y. 81,,,).

I<p I>p
ANNALES SCIENTIFIQUES DE LECOLE NORMALE SUPERIEURE
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By the symmetric property of £; ,, without loss of the generality, we assume / < p. Itis easy
to check that

(3.5) Ep=El,+E,
where
+
€1y = //u,v*eu@,gegz gxi(u)b(cos 0) ((&f)(v* +u) = @) (vx + IMI|Z—+|))
X (Ep ) (vs + utydodv.du,
+
e, = o B0 (e0s) (@140 = G+l i)

M+
X (spf)(v* + |M|W)d0dv*du

Step 2.1: Estimate of £ 11 »- We introduce the function ¥ to split & ,1 p Into two parts: 8,1 ’11,
and 811 ’; which are defined by

L + i
ert = // ’U*GR%ESQg*sak(u)b(cose)((szfxv*+u ) (5zf)(v*+|u||u+|))

D
X (8p ) (vs + ”+)W(2k/221/2‘/1 - |Z—| -0)dodvydu,

12 y ut
£ = // ’U*ERB’%Szg*wkw)b(cose)((szf)(v*+u ) <slf)<v*+|u||u+|))

14
X (8p f)(vs + u+)(1 —y(2K/20l2 |1 — % -o))dadv*du.

Observe that
+

’(glf)(v* + u+) - (3lf)(v* + |“||Z_+|)’

~

1
36 < /0 diclV 11) s + ut (i + (1= 1) cos™ B/ 1 = cos (8/2)].

We have
€1 < (// |8l (c0s )|V (F1 )2 (vs + (i + (1 ) cos™ (6/2)))
KG[O,I],u,v*ER3,U€S2

1
2
x[uT |1 —cos™! 9|1|9|<2—k/22_z/2d/<dodv*du)

) (// |g+lor )b (cos O)|u™[|1 — cos ™ (0/2)[|(Fp /) (v +u™)?
k€[0,1],u,v4 €R3 0 €S2
1

2
x1 |9|<2k/22//zd/cd0dv*du) .

Letii = ut(x + (1 — ) cos™1(6/2)). Then by change of the variable from u to i, one gets
du| | du dut

S &
du dut|| du

(3.7)
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Moreover, we have |u| ~ |i|. Thanks to this observation, we get

1
2
€1 2"( Jli &IV GNP + a)b(cos9>9219|<2mz/zdmodu*dﬁ)
’ «€[0,1],7,v5 €R3 ~

,GE82

1
2
X (// ||| (Bp ) (vs + ﬁ)|2b(cos 6)62l|9|<2_k/22—1/zdlcdodv*dﬁ)
k€l0,1],i,v5 €R3 ~

,0€s?
S 2072V g B £ 112 VS S N2
< 2=PI20k8 | o 1B S 2 |80 f N gz

Now we turn to the estimate of 811’12,. Following the argument applied to 9;,2 in
Lemma 2.1, we then have

€121 S 297252255 gl 1B f N2 180 N
which implies

1E1 51 S 207252288 || 1B £ s IS0 f N s

Step 2.2: Estimate of €; . — The similar argument can be applied to 8,2, p to get

€71 S 2075225 g | o I £ |2 181 f sz
which yields

- k
|11 S 29720512088 el G £ 1l pgsr2 10 £ W pgssa-
We arrive at

1E34(& DI =20 1E1pl+ Y 1€1,D S 2 NglLilf 13452

I<p I>p

Suppose |vs| ~ 27 and |u| ~ 2F. Then thanks to the fact |u| ~ [u™]|, we have

— Case l: j <k — Ny. Then |vs + u™|, |vs + |u||Zi|| ~ 2k,

— Case2: j > k + Ny. Then |vs + u™|, |vs + |u] ‘ZI|| ~2J;

— Case 3:|j — k| < No. Then |vy + u™|, [vx + |u "I|| < 2k+No |y/| < 2k+No,

|u

We get
o0
&= &g f)
k=—1
~ ~ o ~
= Y S Pig P+ Y, Eu(Pig Puf)+ Y, E34(Prg Uninyf)-
k<j—No Jj<k—Ng k=—1
Then
16315 Y. 2N Pl P f s+ D 25N Pl P f s
k<j—No j<k—Ng
o0 ~
+ Y 291 Pl Uity 152
k=—1

< 2
U FA
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where we use Theorem 5.1.
Patch together the estimates of 8(1) and 8(2), then we finally get

Ee(N) 2 Mgl N=2g2) 2 f1I7> = gl (1S s + ||f||§,s//22)

2 IIgllLI_ZS||(—Agz)s/2f||iz —llglpr o Nzrs + ﬂllflli%)-
Thanks to Corollary 3 and Proposition 2 in [1], we deduce that

Eq(N)+1f172 2 Ca@ILf Ns-

Together with the previous lower bound, we are then led to the desired result. O

LemMaA 3.3. — Suppose the angular function b verifies the conditions

/mb(cos 0)sin 06%d6 < oo
and 0
(3.8 1+ /Ueszb(t o)y min{[ 2|z — o2, 1}do
~1+ /gesz b(2(t - 0)? — D) min{|€*|t — 0|2, 1}do ~ W2(),
where v € S* and W is a radial function satisfying W([E[¢]) S W(EDW(L]) and W(§) < (€).

Then for any smooth function g, it holds
1EYON S gl EQCO) + IW3gll [W(D) f112,.

If g is a non-negative function verifying the condition (1.28), then there exist constants
C(A, ) and C(A) such that

CAENS) —CMNfIZ: S E(f) S CAENS) + 11 f1122).
in other words, E,,(f) + I f 172 ~ Eg(N)+ I £13

REMARK 3.1. — We remark that (3.8) holds under the assumption (1.5) or (1.7) or (1.8).
Moreover we have
(£8)°, under the assumption (1.5);

WE) =V (€E)(E) + e (1 —y(e§)), under the assumption (1.7);

V() () + 1A — Y (€€)) (),  under the assumption (1.8).

We recall that the function  is defined in (1.33). It is easy to check that for all the cases, the
symbol function W satisfies the properties: W(|£]|1C]) < W(EDW(C]) and W(E) < (E).

Proof. — The proof is inspired by [5]. Without loss of generality, we assume that the
function g is non-negative. By Bobylev’s Formula (2.2), we have

69 €)= Gr f/ . Szb(ﬁ o)(g(onf(s) FEHP

+ 2Re((§(0) - §(S‘))f($+)f(é)))d§d0-

We recall that £~ = 1% and g+ = &Hlilo,
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It implies

1 2| pl
I/ I
27)3 1)+ (27)? 2

Il E3Cf) = Nl (ER(f) —

where

_ I3 s
h ‘//W bl RO — NS €1 (§)dods,

and

= // b Re((3(0) — §EN(FED) — £(E) f6))dedo
£eR3,0es2 &
; (€~ ; 2
b - oIRe(2(0 dEd
+/[§ER3JESZ (|E| o)Re(g(0) — g f ()| dédo
def

=11+ Iy

Thanks to the fact 1(0) — 4(§7) = fz3(1 —cos(v - £7))u(v)dv, we have

S _ +
ni=| I s bl o)1 = cos(u - DuCuIRe(F ) FENdodsay
<

1/2
< ( Jli b5 o) (1 = cos(v- & ))u(v)lf($+)l2d0dédv)
v,£€R3,0eS? €]

1/2
( // . b5 0)(1 = cos(v - E N F®) dadédv) .
v 6]R3 o€ 2

1]
Observe that
3 £t
(1—cos(v-£7)) < [Pl < [v?IE? lISI ol ~ ullEYP |IE+| ol?
and
R INPYR SN o
= R

Then by change of the variable from £ to £, the assumption (3.8) and the property
W(EIIED) < WEDW(IC]), we have

APS w2 (&) P (v)dvd
nis [ W f©raeas
< 1WAl WD) £ 2.

Notice that Re(g(0) — g(§7)) = [z3(1 —cos(v-§7))g(v)dv. The similar argument can be
applied to get

1221 S IW2gl L IW(D) f 75
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Next, by Cauchy-Schwarz inequality, one has
~ 1
L] < ( [/ b(cos 6)[2(0) — §(67)PI f (€)Pdode)?
§€R3,0652

2 gef

(f[ L beoso e - Fehdods)  atptaz ot
£eR3,0€S52
Observe that g(0) — g(§7) = [p3(1 —e~"*¢ )g(v)dv, then it holds

l21 % // b(cos 0)g()g(w)(|1 — e 2 4 |1 — e 7 E2)| f(§) PdodEdvdw
’ v,w,E€R3,0€S2

S gl IW2glli WD) f1172
Thanks to (3.9), we have

1
(2m)?

1

Il 13, = Epf) — Gy

I,
which implies

I3, S ERN) + Wil IW(D) £
We get

1Ll S gl ELCO) +n7 AW2gli + gl )W D) £ 175

Combining the above estimates, we arrive at

(3.10) |l Eg(f) = COIW gl WD) f 7
S U =mlgl EL) Sl E5(f) + CIW gl IWD) £117 -,

which is enough to derive the first inequality in the lemma. Moreover, if the function g verifies
the condition (1.28), then by the computation in [1] and the assumption (3.8), we have

(3.11) Ee(N+ 172 2 Cs@IWD) 172
Together with (3.10), we thus get the equivalence in the lemma. O

In the next lemma, we will show that the lower bound of 8; (f) can be reduced to the
lower bound of €%, (W, 5 f).

LemMa 3.4, — Suppose that the angular function b verifies the same conditions in
Lemma 3.3 and g is a non-negative function verifying the condition (1.28). Then there exists a
constant C(A, §) such that

EpWypnf) < C(/*ﬁ)(llflli%/2 + ().

Proof. — Let y be a radial and smooth function such that 0 < y <

1, y = 1on By and
Suppy C Ba. We set ygr(v) = x(v/R). We recall the notation: W; (v) = (v)?.
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CASE 1: |v| IS SUFFICIENTLY LARGE. — It is easy to check

EeNZ // v = sl (g1 £)xb(c0s O)(f' = [)*(1 = xr)*dodvsdy
v,v*€R3,oeSz

R // 3w W1/2/2(g)(§)*b(0059)(f/—f)2(1—XR)ZdUdv*dv.
V,0x€ER’,0€S
Thanks to the inequality (@ — b)? > %az _ b2, we obtain that

1
ez (87 2)5b (08 0) (Wyya(1 — 12) 1Y — Wya(1 — x&) f ) dodvady
2 v,v*€R3,UESZ 8
—2ff (8 )+b(c0s8) £2((Wyya(1 = 72)Y = Wyya(1 = z2)) dodvady.
v,v*E]R3,0€S2

Suppose that k(v) = v + k(v' — v) with k € [0, 1]. It is easy to check that ‘/75|v — v <
[v) — vi| < |k(V) — vi] = |V — v4l. Since now |v«] < R/4, then if [v| > R, we have
[v] ~ |k(V)|] ~ |v — vs|. Similarly if |[v'| > R, we have [v/| ~ |k(v)| ~ |v — v«|. In both
cases, we then have |v’| ~ |[v — v«| ~ |k (v)|. By the mean value theorem, we get

I rpbieoss) /(a2 = Wagal = 00) dodvado
v, ER”,0€S

5 // (ng)*b(COS O)f/z (K(U))y_2|v - v*|2921|vz|~|v_v*|N|K(v)|dodv*dv
U,U*G]R3,UGSZ

< f/ (g X &)«b(cos 0)6” f? W, dodv.dv
v,v*ER3,UESZ 8

2
Sl 171z -
vy

Thus we arrive at

I rbose)(Wyat = 10 1) = Wyl = xa) f Vdodoady
v,V ER3,0eS?

S gz IIfllig/2 + EX (),
that is,
(3.12) Eorr (= xRWy2 ) S €L IIfIIiz/2 + EX ().
8 Y

CASE 2: |v| 1S BOUNDED. — Let A4, B be the subsets in Bzg. We denote y4 and yp by the
mollified characteristic functions corresponding to the sets 4 and B. Then it yields

// b(cos0)(g15)s £ (s — 1a)*dodvsdy
v,vx€R3 0es?
< // b(c0s ) (g 18)wf 2y — 14)*1jo—v. <8R 11 i<srdOdvady
U,U*ER?’,O’ESz

< IVO) 2 // b(c0s ) (g 1w f 2l — V42671 1. <5k
v,v*eR3,UGSZa

l‘vr|§ngodv*dv
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SRV [| | beos)erms st dodvady
v,0x€R’,0€S

(3.13) S IV IIZee R? max{R™, 1}gl il f IIiz/z.
Y

With the help of Lemma 2.1 in [1] and replacing (35) in [1] by (3.13), we conclude that if
y <0,

’ 2
r [ (81)xb(c0sO) (& f) = &) dodvedv < gl I F 12+ EL(P).
v,vx €R3,0eS? v/2
andify > 0,
o // (gxB; )xb(cos O)((xa; 1) — xa; f)zdadv*dv
v,v5 €R3,0es?
SR 2+ E50).

). XB; = X3R — X(U;;j) with v; € B, and ry will be chosen later.

V-V,
r

where x4, = x( 5

Notice that
xaf) = xaf = (aWy2 f) = aWy2 IW=ys2 + aWyp2 ) (W= j2) = Woyy ).

By a slight modification, we may derive that if y < 0,

[ Erbeost)(Guatys ) = GuaWoga ) dodv.dr
v, €ER’,0€
G149 SR gl /12 + RV END.

v/2

andif y > 0,

2
s f (8108,)+b(c03 0) (4, Wy £ — (1, Wysa f)) dordvady
V,Ux €R3,UES2
Sro R gl ||f||i§/2 + RVrg " ER(f).
By finite covering theorem, there exists an integer N such that

N R 3
(3.16) Bor C | J{lv—vjl <ro} and N~ (—) ,

p
j=1 0

where v; € Byg. Observe that
lgxrssllz = lgle = R7VIIgll:
and
lgxs, Lt = gl = BRI gl — M(6r0)* — (log M) |gl|L10g L-

Then by choosing R = 24 + 1, M = e**/¥ and rg = Le#*/39 we get
4
N ~ 6 (55 + e 6.0
and

lgxrssllr = 68/4, lgxs; L1 = 8/4.

4¢ SERIE - TOME 51 —2018 = N° 5



SHARP BOUNDS FOR BOLTZMANN AND LANDAU OPERATORS 1299

Then there exists a constant C (A, §) such that

GS(gXR/8) ZC(A,S), 03(gXBj) > C(A’S)
Thanks to (3.10) and (3.11) in the proof of Lemma 3.3, we may rewrite (3.12)-(3.15) as:

(3.17) &mvmmmﬂmsaammmgu+%u»
(3.18) EnGia; W ) S GBI, + E¢(f). ify >0,
(3.19) EnurWy2f) S CauO(IFI72  + ER(N). ify <0,

We conclude that (3.17) and (3.19) yield the desired result for soft potentials. For y > 0,
thanks to the facts

1 /
EZ(XAj Wy f) = 3 // b (cos O)Xij ((Wypaf) — (Wy/zf))zdadv*dv
UESz,v,v*ER3

/] S2 R }u’*b(COSé)(X/ j XA]) ((I/I/y/zf)/) do'dv*dv’
0EST,V,Ux € 3
and

(X, — x4;)>(Ljy, <8R + Ljps28R) S Hx (g, — X4, )2 (L=, <158 + Ljva—vj~fvy])-

we have

(3.20) // Wb (cos Q)ij ((Wy/zf)’ _ (Wy/zf))Zdodv*dv
oeSz,v,v*ER3

SCGAB(IS1: |+ ELD)

From which together with (3.16) and (3.17), we are led to the desired result for hard poten-
tials. We complete the proof of the lemma. O

We are now in a position to complete the proof of Theorem 1.2.

Proof. — The desired results are easily derived from (3.1), Lemma 3.1, Lemma 3.2 and
Lemma 3.4. O

3.2. Proof of Theorem 1.3
Finally we give the proof to Theorem 1.3.

Proof. — Following the computation in [1], we first have if y > 0,
Dp(f) = f/ |v — v4|”b(cos ) fi(f In i, — f + fNdvdvsdo
U,U*GR3,0682 f
—// [v —vi|Vb(cos O)(f — fdvdvido
v,v*eR3,aeSZ
> // [v —v«|Yb(cosB) fu(\/ [/ — ﬁ)zdvdv*do
U,U*GR3,ae82

—/[ [v — vi|Vb(cos ) fx(f — fdvdvsdo
U,U*ER3,O'ESZ
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= ELWV D= Il ey 2 ELWy2V 1) = IS 17,

where we use the inequality x In ;—C —x+y > (J/x— /y)? and Lemma 3.4.
For soft potentials (y < 0), we observe that

Ds(f) = %/L’U*ER3,GESZ [v—vel"b(cos O)(f' fi — ffs)In ?i]}/dvdv*da
! oy e S
> /f s O = A dvdvado
bt £~ VT R
v,V €R3,0€5?

—// (v —v4)"b(cos ) fi(f — fdvdv.do
v,v*E]R3,0€S2

2 EaWyn N =111
The last inequality is deduced from the proof of Lemma 3.4. We complete the proof of the
theorem with the help of Lemma 3.2. O

3.3. Proof of Theorem 1.4
Now we are ready to give the proof to Theorem 1.4.

Proof. — To get sharp bounds for the Boltzmann collision operator in anisotropic spaces,
we only need to give the new estimates to QU% ; and 213,3( » due to the geometric decomposition

(1.35) for k > 0. Recalling that u = r7 and ¢ = 2% € S2, we have
g S lo+|

21]136,17 = QU?CL + miﬁf
where
W, = // 7 ([uDb(o - 1) (Fpg)«(Tv, Tph)(r7)
o€S?, v ,ucR3
X ((TU*§Pf)(r§) - (Tv*&pf)(rf))dadudv*,

QHISC,Z _ CDZOU — v«|)b(cos 9)(8’pg)*(§ph)
P 0 €82, v4,ueR?

ut

x ((§p ) Ws +u™) = @p /) (0x + ul o) dodvedu.

For the term Qﬂz’;, by change of the variable from ¢ to ¢, we have

wl, = | LS 7~ D(Ep8)s (T Fph)r0)
g,rESz,v* €R3,r>0

X ((Tv*&vf)(rg) - (Tv*§pf)(r":))”24(§ ~t)dgdvidTdr
- // drdv*dD};(r)(Spg)*rZ/ b(2(s-1)* —1)4(s - 1)
v*€R3,r>0 ;,t€S2
X (Tv*gph)(rf)((Tv*§pf)(r§) - (Tv*§pf)(”f))d§df'
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Thanks to Corollary 5.1 and Lemma 5.10, for a, b € [0, 2s] with a + b = 2s, we get
2070 | < 2 fR @)l = A2) (T, FpM2 (1 = Ag2)” (0,3 )l 2 vs

< 24188l (-2 2Fphl 2 + 1okl ) (=228, £ 12 + 150 S N r0).
Hence, together with Lemma 5.8, we deduce that
o0
D11 S 2% lgly (=262 2Rl + Ihllaa) (I(=262)"2 fll2 + 1 as).
p=—1

For the term Qﬁz’i, we may follow the argument used to bound & , (see (3.5)) to get
fork >0,

3,2 ~ ~
12022 | < 202 g1 13kl 2 1 S 1 2.
which implies
o0
3,2
> 19832 < 29K gl g | f Nl g
p=-1

where a1,b; € Rwitha; + by = 5.
We finally arrive at for k > 0,

D1 11 S 2 gl (=62 2kl + 1Al ((=262)" Fll2 + 1Lf 1 0)
p=-1 I=—1

+ 2()’+S)k||g||L1 |2]| e “f”Hbl :

Thanks to Lemma 2.1 and Lemma 2.2, we also have for k > 0,

S+ D 1 S 2Rl il aall f o

I<p—No m<p—Ng
Now we are in a position to prove the sharp bounds. We conclude that for k > 0,

(kg 1), ol S 29 gl mren | 1l o

(3.21) +27%lgllLy (=262 Rl 2 + 1Rl E)((=22)"2 FllL2 + 1 law).
and
(3.22) (0-1(8.1). /o] < gller + lgl2)lhllzall /1l o

Recalling (2.1), we rewrite it by
(0@h). flo= Y AOk(Uk-nog. Pxh). Piflo+ Y. (Ok(Pig. Pih). Psf)v

k>No—1 Jj=k+Nyp
+ Y (kP8 Unengh). U f o
|j—kI<No
= Uy + s + .

Thanks to (3.21) and (3.22), we can give the estimates term by term .
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Suppose wy, w, € R with w; + wy = y + s. [t is not difficult to check

LRSS (z<y+”"|| Ute-nNo8 Nl | Prchll e | Poc fllgron + 27| Un—no8 Iy
k>Np—1

X (I(=2g2)% PrhllL2 + || Prhllaa)(|(—Ag2)2 Py )2 + ||&>kf||m>).
Hence, together with Theorem 5.1, we get
el S lgl, ((H(—Agz)“”hn% + 1hza )

< (=222 Dl , 1y )+ Wl 11 )

For the term Us, it holds

HE RS (2<V+S>k|| Piglill Pihllaen | Ps fllgm + 271 Prgllpy.
_/Zk+N(),kZO

X (I(=2g2)*2 Pjhll 2 + | Pyl aa) (- A52)"2 P )2 + @jfnm))
+ > (Pl + 11 Prgli) | Pihllaall Py f e

j>Nop—1

Thanks to Theorem 5.1, we obtain that
l.ify >0
5] < (lglzy, + ||g||Lz)((||(—Aszwzhu@/z + Ihllge,,)
< (=262 Dllgz,, + 1 1y ) + 17l g ||f||H3]2).
2. Ify =0, forany é > 0,
5] < (gl + ||g||Lz>((H(—Agz)a/zhnu T i)
< (=222 )iz + 1 o) + 10l gy | f ez )

3. Ify <0,

v/2

4] S (lgllyr .+ g2 V)((II(—ASz)“/2h||L5/2 + Ila,,)

< (=222 Dl , 1 gz, ) + Wl 11, )
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Finally we turn to the estimate of . One has

el S D (W“)kn P&l Ui nohll e | U g fll o + 27511 Psglls.
|/ —k|<No,k>0

X (I1(=2g2)"2 Up s nohll 12 + 1| Ukt no | #ra)
X (| (=2e2)"? Ui ng llL2 + | %HNOfHHb))
F(l Porgllir + I Porgll) | Unohll el Ung f 1l g
Then by Lemma 5.8 and (2.16), we have
1. ify >0

el (=2 iz, + Vil

Ue| <
46l 5 lglzy,,, + el .,

—wp) T +(—wy
_ b/2 a
< 1262 gz, + 1 s )+ Vel ||f||H312).

2. Ify = 0,

sl < (llgllzy, +lglp
s S+

+ ||g||Lz)((H(—ASz)“/Zhan T )
(—w)T+(—wy)t

X< (N=2g2)"2 O)lla + 1F o) + 1hll g 1 o )

3. Ify <0,

< —~Ag)*?h I ga
el S (el + el el (80 bl + Dl

=822 Dllzz, + 1 N, + Wl 1 g )

The theorem is obtained by patching together all the estimates to 4, s and $s. We
complete the proof of the theorem. O

4. Sharp bounds for the Landau collision operator via grazing collision limit

In this section, we will show that the strategy used to handle the Boltzmann collision
operator is robust. It can be applied to capture the intrinsic structure of the collision operator
in the process of the grazing collision limit. Before giving the estimates, we first introduce the
special function W€ defined by

4.1 We(x) = y(ex)(x) + €711 = y(ex) (x)°,

which characterizes the symbol of the collision operator in the process of the limit. We
emphasize that the function v is defined in (1.33).

We begin with a technical lemma which describes the behavior of the fractional Laplace-
Beltrami operator in the limit. We postpone the proof to the end of Section 5.4.
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LEMMA 4.1. — Suppose 0 < s < 1. For any smooth function f defined in S?, the following
equivalences hold:

1 By +€ [

o,reSz
1 Paggsy + B2V F Iy + 20 (=B) B 1 12
~ ||f||iz(82) =+ ||(( ASz)l/ZP é + GS_I (_ASZ)S/2P>é)f”]2d2(S2),

|f(0) — f@I?

o e llo—dizedod

where the projection operators P_1 and P_ 1 are defined as follows: if f(o0) = Z Z Sy (o),

é

1=0m=—I
then
def
Pif)O= Z 1Y 0),
Ha+112 < <im
def
4.2) (P.1f)(0) & Z Z S o).
[1(1+1)]2> =
REMARK 4.1. — We remark that the projection operators P_ 1 and P_ 1 commutate with

the fractional Laplace-Beltrami operator. Moreover, since the Laplace Beltrami operator is a
self-adjoint operator with orthogonal basis of the eigenfunctions, the spectrum theorem yields
that

1F117 262y + I((=262) PPt + €71 (=02) PP 1) f 1722,
~ WA= L2) ) [ 22y + 1 17202

4.1. Proof of Theorem 1.5

We are in a position to prove Theorem 1.5.

Proof. — In[11], it is proved that for any smooth functions g, and f, there holds
1m(0%(g.h). ) = (QL(g.h). f),

where Q€ is a collision operator with the kernel B€ under the assumption (B1). Then the
bounds of the Landau operator can be reduced to the uniform bounds of the operator Q¢
with respect to the parameter €. Since Q€ is still the Boltzmann collision operator, we may
copy the argument used in the proof of Theorem 1.1 and Theorem 1.4 to get the desired
results.

Let us follow the same notations used in Theorem 1.1 and Theorem 1.4. In the next we
only point out the difference. In order to cancel the singularity caused by the kernel and get
the uniform estimates with respect to the parameter €, we have to make use of the fact:

/2
/ b¢(cos 0)sin 662dO ~ 1.
0

Therefore there is no need to introduce the function ¥ to make the decomposition for the
term ©; in the proof of Lemma 2.1, the terms &, and €; in the proof of Lemma 2.2,
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the term 93?3 in the proof of Lemma 2.3 and the term &, in the proof of Lemma 3.2.
Keeping it in mmd and following almost the same calculation, we get that the results stated
in Lemma 2.1, Lemma 2.2 and Lemma 2.3 are valid for Q€ with s = 1. In particular, we have

4.3) 11,51 S 297 P 22K g | 1B £ L2 10 f g2,

where €, is defined in (3.5). With these in hand, following the same argument used in the
proof of Theorem 1.1 will yield the desired results (1.30)—(1.32).

Next we turn to the upper bounds of the Landau operator in anisotropic spaces. Let
a,bel0,2) witha + b = 2and a;,b; € Rwitha; + b; = 1. We first give the bounds
to 20, ;. W} 233 and 207 ;. Thanks to the facts that Lemma 2.1, Lemma 2.2 and

k,p,m’
Lemma 2 3 are valid for Q¢ with s = 1, we deduce that for k > 0,

Sl D 12, S gkl S

I<p—No m<p—No

and

(4.4) KO (g.h), [l S gl + gl Al aall f N o
Thanks to Lemma 4.1, we have

25-2 |f(0) = f(r)]? 5 Uz ez
€ [ res? Wl‘g—t‘55d0d‘f rs ||f||L2(SZ) + ||(_ASZ) f”L2(SZ)’
which implies that for smooth functions g and #,

@ [ (e0) = gl = ¢ ecdadr

g (1(=862) Y a2y + DUI=262) Y |22y + 1)

A
IMe 2
3
M-

~ |

S

Mg

grhr Il + 1) +1)2

~

1=0 m=—

S = 22) gl 2@ 11— Bg2)"h]| 22y
Hence, together with the strategy explained in Section 1.3 and the fact b€(o - 7) ~ |0 —
7[7C+291,_;|<c, we have

|20 S 2 /R @)l = Ag2) (T, FpM2 (1 = A2)” (10,3, )l 2dvs

S 2MI8p el (1 (=A02)Fphll 2 + IFphl ) (=525 fll2 + 135 f 1 10)-
Hence, together with Lemma 5.8, one has
o0
Yo 12001 S 27Kl (= 2e2) 2Rl 2 + 1Al ((=252)°" FllL2 + 1Lf Igs)-
p=—1

Observing that the term Qﬁz; enjoys the similar structure as that of the term &; ,, (4.3)
indicates that it is not difficult to derive

128,21 < 20%22 g L1 I8p L2 15 £ 1L 2
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which implies that

o0
3,2 k
Y122 S 29 R g (g L N o -

p=-—1
Therefore we have
o0
Z 20, | < 2ykIIgIILi(II(—ASZ)”/ZhIILz + Iz N(=2g2)"* FllLz + 1L f o)
p=—1

+ 20 DR el R e || f N gy -

Because Qﬂi ; enjoys the similar structure as that of Qﬂi o Ve finally arrive at, for k > 0,

o0 o0
o1k Y11 S 2 gl (1= 22) Pl + IR (1=22)" Fll2 + 1 f 1 a0)
p=-1 I=—1

+ 20K gl Al e [ £ | o -
Due to (2.3), we conclude that for k > 0,

Q5 (g 1), Fol S 29 VR liglpalhll g 1S Nl ggo,
+ 2% lgll Ly (1= 262) 2 22 + hll ) (1 (= 252)°2 Fll2 + 1L f | a0)-

Hence, together with (4.4), it is enough to derive the upper bounds in anisotropic spaces by
the argument used in the proof of Theorem 1.4. This completes the proof of the theorem. [

4.2. Proof of Theorem 1.6

We give the proof to Theorem 1.6.

Proof. — We first focus on the lower bound of the functional (—Q¢(g, f), f) where g
satisfies the condition (1.28). Observe that

1 1 ..
(—0%(g. /). f) = 35N = 5L5(f).

where

ere(s) & // v — va? gub(cos O)(f — f)2dodvady,
U,U*ER3,UES2

def

€ C € o 2 r2
TN [ dvado [ B = vl o) = f2)do
By the Cancellation Lemma, it holds
FATISE2
We note that this term is controlled by Lemma 3.1.

Next we concentrate on the term 8};’6 (f). Due to Lemma 3.4, it suffices to consider the
lower bound of 82’6 (f). Thanks to the geometric decomposition (1.35), we have

EF(f) = EVL(f) = EF5 ().
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where
ef 1
Eve(NE 3 // I g+b(cos 0)((Tv, /) (rs) — (Ty, f)(r1)) dodvadu,

+
gg’fg(f) défz// g«b(cos O)(f (v +u™) — fvs + Iulu—Jr )Zdadv*du.
’ u,vx €R3,0€S2 |u |

Step 1: Estimate of 8(1):; (f). — By the strategy explained in Section 1.3, the fact b€(o - ) ~

lo — 7|7@+291)5_;|< and Lemma 4.1, we first get the lower bound of £0°¢(f), that is, if
g > 0, then

EVeN) + gl f17> ~ /R3 g IW(=22) ) To, fl72dve + g1 1L F 1175

Step 2: Estimate of 82’; (f). — By a slight modification of the estimate to £3(defined in
(3.4)) in the proof of Lemma 3.2, we can get

0,e 2
1€2 (DS lIgl IIfIIHll//zz.

We point out that it is a consequence of (4.3).

We finally arrive at, for n > 0,
E N + gl F172 2 /R3 G W(=L2) DT, fl72dvs = gl 7 1 £ 150 + nllflli%)

2 /RS gllWE(=22) )Ty, 117 2dve — gl (™" 1 €D) f 131
+ 0 (A =y (eD) f Iz + nIIfIIi%)-
Thanks to the condition (1.28), we also have

EVE) + gl 12, = CA.OIWED) f 2.

which was proven in [11]. Combining these two inequalities, we obtain that

Eo(f) + gl (™M A = €D)) S I3 + 07 N7 + nllflli%)

= COBMIW DI+ [ gl W (0 ITo f [advn).

Thanks to the condition (1.28) and Lemma 3.4, we have
COBM [ | 1alW(=2) VT, Wy o+ IW DI 2 12)
(4.5) SCEMN(EL () + ?7_1(||f||ii/2 + I =Y (EDNWypa flIF) + rlllfllii/zﬂ)
Noticing that for any smooth function f, we have

(~01(&. /). ) = lim(~0%(z. /). /) = lim 2 €1°(/) ~ C .

Then the results are easily obtained by Fatou Lemma, (4.5), Lemma 3.1 and Lemma 5.10.
O
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4.3. Proof of Theorem 1.7

Finally we give the proof to Theorem 1.7.

Proof. — Itis proved in[18] (see (55)in[20]) that for any smooth function f, lin}) Dg(f) =
Dy (f). By the proof of Theorem 1.3 and Lemma 3.4, we have

D5(f) 2 €3 Wy ) = If Iy

From the proof of Theorem 1.6, we have that, for any n > 0,

EN Wy 1)+ (A =9 DYWya/ i + 7 W2/ Iz + Wy 2V 7 172)

2 CAS(IWEDIWy2V flIz2 + /R I WE=852) )Ty, Wy 2/ £ 17 2dvs).
In other words,

D)+ 1Ny, + 11y + 1 = v (€DN Wy F I
2 CO(IWEDIWy 2V FII72 + /R s WE(=852) )Ty, W2/ F 17 2dvs).

Thanks to Fatou Lemma and Lemma 5.10, the theorem is easily obtained by passing the limit
€ —> 0. O

5. Toolbox: weighted Sobolev spaces, interpolation theory
and L? profile of the Laplace-Beltrami operator

In this section, we will first give new profiles of the weighted Sobolev Spaces. Then we
will state a new version of interpolation theory which slightly relaxes the assumption that
operators are needed to be commutated with each other. Then in the next we will list some
basic properties of the real spherical harmonics and introduce the definition of the Laplace-
Beltrami operator. After giving the L? profile of the fractional Laplace-Beltrami operator,
we will give a detailed proof to (1.38) which is crucial to capture the anisotropic structure
of the collision operator. We want to point out that results in this section have independent
interest.

5.1. Weighted Sobolev spaces

Before stating the results, we list some basic facts which will be used in the proof of the
new profiles of the weighted Sobolev spaces.

LeEmmA 5.1 (Bernstein inequalities). — There exists a constant C independent of j and f
such that

1) Forany s € Rand j > 0,
(5.1) CT27|13; fll2@sy < 187 f las sy < C27135 f 2 eay-
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2) For integers j,k > 0 and p,q € [1, 00], the Bernstein inequalities are shown as

sup 1098 £ I La@3y S 27F2Y 5~ DNF; fllLo@s)
o

279185 flLr@sy S sup 108, £l Lr@sy S 275185 £ e @3)-
o=

(5.2)

3) For any f € HS, it holds that

oo

(53) L sy ~ D 2218k S 123y

k=—1
LEmMMA 5.2 (See [13]). — Let s, r € R and a(v), b(v) € C satisfy for any o € Zi,
|95a@)] < Cra(0) L 1EBE)] < Craff)

Jor constants Cy o, Ca . Then there exists a constant C depending only on s, r and finite numbers
of C1 4, Ca o such that for any Schwarz function f,

la()b(D) flir2 = CIUDY W fli2.
16(D)a() fll> = CIIWr(D)* fliz2-
REMARK 5.1. — As a direct consequence, we get
KDY Wi f 2 ~ IWi(DY" fllLz ~ I f e

DEFINITION 5.1. — A4 smooth function a(v, §) is said to be a symbol of type ST'y if a(v, §)
verifies that for any multi-indices o and B,

(0508 a)(v. )] < Cap(E)™

where Cy g is a constant depending only on o and f.

LEMMA 5.3. — Letl,s,r € R, M(§) € S| gand ®(v) € S{,o- Then there exists a constant C
such that

M (Dv), @1 s = CULS Nl gr+s-1-

Proof. — We prove it in the spirit of [13]. Thanks to the expansion of the pseudo-
differential operator, it holds that for any N € N,

1
(5.4) M(Dy)® = ®M(Dy) + Y —®aM*(Dy) + 1y (v, Dy),
1<la|<N

where @y (v) = 95D, MY(§) = agM(g) and

1 1— N-1
e =N Y [ e

la|=N
Here
nea0.8) = [ [01= 5,/ @alw+ ]1E ) 2" dy
with2m > N -1 +3,2n > N —r + 3 and

I¢.y) = / el — An>m[<n>—2”M<“>(s + m)]dn.

(2m)?
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It is not difficult to check that it holds uniformly with respect to = € [0, 1],

10892 ri.ca(v.6)| < Cpp(E) NI () =N

Then (5.4) and Lemma 5.2 imply the lemma with s = 0. The case s # 0 can be treated
similarly and we skip the proof here. O

Now we are in a position to give the new profiles of the weighted Sobolev spaces.

THEOREM 5.1. — Let m,l € R. Then for f € H", we have

o0
Y 2PN P S Nm ~ N S -

k=—1

Proof. — We first observe that 2%( +1)<p(21k) verifies the condition in Lemma 5.2. Then we
have

22K Py f 1 ym = 272K 250D Dy 113,
< 272K (DY Wi P f 112
< 2 [IWir Pt DY fliga + 1L 1 ]

where we use Lemma 5.3 in the last step. This implies

D 2N PkS am S D W PIADY" flI72 + LS I

k=-1 k=—1
2
S W

To prove the inverse inequality, we first treat with the case m > 0. Thanks to Remark 5.1,
we have

1/ W ~ D IPkWHUDY" f172 ~ Z 22| Pr(DY" [ 172

k=—1 k=—1
o0
<)) (22“” Prcf 3m +27F 2802 Py (D >'"1f||L2)
k=—1
o0
S 20 2P M + 1 Wy
k=—1

where we use Lemma 5.3 in the last two steps. Then by iterated argument, we obtain that for
any N € N,

[e.]

1 W S D2 22N Paf Vm + 1 f Iy

k=—1
Thanks to the fact that for m > 0, it holds

o0
2kl 2 2
> 2P f lgm 2117

k=—1
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Choosing N sufficiently large, we get

o0
2 2kl 2
1A G S 32 225 PacS Ngm.

k=—1
which gives the proof to desired result with m > 0.

Next we will use the duality method to deal with the case m < 0. Notice that

/3 fgdv = / Prf Prgdv < Z I Ps f lm || Preglle—m
R k=—1

k=—1

1
S (Y 2P0t ) el

k=—1
Then for any Schwarz function g,

}/ DY frgdv] < (32 251 2o f g DY Wiy
k=—1

1
S0 2P f NFm) 2 gl

k=—1

which implies

o0
kl
11 S 3 25N Pef By

k=—1
We complete the proof of the lemma. O

5.2. Interpolation theory

The couple of Banach spaces (X, Y) is said to be an interpolation couple if both X and
Y are continuously embedding in a Hausdorff topological vector space. Let (X,Y) be a
real interpolation couple, then the real interpolation space (X, Y ), , with 6 € (0,1) and
p € [1, 00] is defined as follows:

de

(XY)gpz{xeX+Y &f

Ixllg,, = |t K2, x)

< oo},
L2(0,00)

where K (¢, x) = b Xb (||a||X + t||b|ly) and LZ(0, c0) is a Lebesgue space L? with
=a+b,ac

respect to the measure dt/¢.

Let X be a real Banach space with norm ||-||. Let T’ be a closed operator: )(T) C X — X
satisfying there exists a constant M such that for any A > 0,

(5.5) (0,00) C p(T). [[ARA. T)llLx)y = M.
where p(T') denotes the resolvent set of the operator 7' and
ROLT)E M = T) " Tl € sup [T

lxll=1

Then )(T) is a Banach space with the graph norm | x| g7y = [x|| + || T x| for x € (T).
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PROPOSITION 5.1 (see [16]). — Let A satisfy (5.5). If we set Da(6. p) = (X. D(A))g.p,
then

Da(6, p) = {x € XHA"HAR(A,A)xH

< oo}.
L£(0,00)

Let A, B be two closed operators satisfying (5.5). We recall that [4, B] = AB — BA. In
general, if [A, B] # 0, it is not easy to derive

(5.6) (X, D(A) N D(B))o2 = Dal6.2) N D (6.2).

The aim of this subsection is to show that under some special conditions on the operators A
and B, the real interpolation space (X, J)(A4) N O(B))g.» still verifies (5.6). We will use this
fact to prove (1.38).

Let us give the typical examples of the operators which verify the condition (5.5).
Let Q;; = x;0; — x;0; with 1 <i < j < 3 and the domain of the operator is defined as

D(Qj) = {f € L2 (R})|Fg € L*(R2),Vh C§°(R§),/ (Qijh) fdx = —/ hgdx%.
R3 R3

From which, we give the definition: g L ; f- Then Q;; is a closed operator and verifies the
condition (5.5). Another example is the partial derivative operator dx with 1 < k < 3. We
mention that in this case the domain of the operator d; is defined by

D(0k) = {f e L2(R})|3g € L*(R3),Vh € CZ(R3), /3 (0kh) fdx = —/3 hgdx}.
R R
The new interpolation theory can be stated as follows:

THEOREM 5.2. — Let A, By, By and B3 be closed operators satisfying the condition (5.5)
and

(5.7 [Bi, Bj] = 0,[A, B1] = —B».[A, By] = —B1,[4, B3] = 0.

=

3
If weset D(B) = (| D(By) and ||x|| sy = x|l + Xy | Bix|l, then
=1

(X’ D)9,2 = @A(e’z) n 0/603(072)7
where D = J)(A) N D(B).

Proof. — By the definition of the real interpolation space, it is easy to check
(X.D)g2 C Da(0.2) N Dp(8,2).
Therefore we only need to prove the inverse conclusion. In other words, we only need to prove
Da(0,2) N Dp(0,2) C (X, D)o,z

By the definition of real interpolation space (X, D)g,, it is reduced to prove that for

f S C@A(G,Z) N C@B(Q,Z),
(5.8) 17 K@, )l 120.00) < 00
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def

where K(z, f) = inf (lall +11bllp) and [|b]p = [|bIl+ | 4B + X;—, | Bibl|. We
f=a+b,aeX,beD

remark that for 7 > 1 and f € £4(0,2) N Dp(6,2), it holds
K@, /) =111
which yields
K@ 21,00 S 1L

Now it suffices to give the bound for ||t ¢ K(z, ) ||L%(0’1). In order to do that, we perform the
following decomposition:

f=r=-vi+v),
where
V(X) = A®R(A, B3)[R(A, B1)R(A, B2)*R(A, A)R(A, B1)R(A, By) f.
Step 1: Estimate of || f — V(1)|. — From the fact
(5.9) AR, T) =1+ TR(A,T),
it holds

V) — f = —f + ATR(A, B3)R(L, BL)R(A, Bo)R(A, B)R(A, B2)R(A, AYR(A, By) f
+ A7R(A, B3)R(A, B1)R(A, B)R(A, BY)R(A, B))R(L, A)R(A, B1)BoR(X, Bo) f.

Using the condition (5.5), we get

IA"R(A, B3)R(A, B1)R(X, Bo)R(A, B1)R(A, Bo)R(A, A)R(A, B1)BoR(A, By) f ||
S IB2R(A, By) f1.

It gives
V) = fII S Il = f +A"R(, B3)R(A, BI)R(A, B2)R(A, B1)R(A, B2)R(A, A)R(A, B1) f |
+ [[B2R(A, B2) f .
Using (5.9) again and following the similar argument, we derive that

” - f + A’7R(A" B3)R(A7 BI)R(A» BZ)R(A’v Bl)R(k7 BZ)R(A" A)R(A'v Bl)f”
SI=/ +A"R(A, B3)R(A, B1)R(A, B2)R(A, BL)R(A, B)R(A, A) f || + | BiR(A, B1) f .

Then by the inductive method, we obtain that

3
(5.10) V() = £ S TARGL A fIl+ ) I1BiRA, Bi) [ 1.

i=1
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5.2.1. Step 2: Estimate of ||V(A)||p. — Thanks to the condition (5.5), we have
VIS A1
Observe that if [T}, Tj] = 0, one has
RGO THR(.Tj) = R(.THRG. Ty). T:R(A. Ty) = RO T)T,.
Hence, together with the condition (5.5) and [B;, B3] = [A, B3] = 0, we deduce that
IBsV(M)II S AllBsR(A. B3) f1|.

Due to the condition (5.7), the standard computation for the resolvent will give the
following three facts:

(5.11) [R(A, B1)R(A, By), R(A, A)]
= R(A, A)R(A, By)R(\, B2)[A(B1 + B>) — B} — B3]
x R(A, B)R(A, B2)R(A, A),
(5.12) [R(A, B1)R(A, B2)?, R(A, A)]
= R(A. A)R(A, B))R(X, By)*[-A%(Bs + 2B1) + 2A(B1 B2 + B} + Bj)
(5.13) + B} —2B?B,]R(X, B1)R(A, B2)*R(X, A),

and
(5.14) [(R(A, BI)R(A, B2))*, R(%, A)]
= R(A, A)[R(X, B1)R(A, B2)*[2A° (B + Ba) — 4A%(B1B; + B} + Bj)
+2A(B; + B3 + 2B{Bs +2B3B;) — 2B, B;
— 2B, BY|[R(A, B1)R(A, B2)]*R(A, A).
Now we start to estimate || AV(A)|| and || B;V(1)]|. It is easy to check

AV(A) = ABAR(A, B3)[R(A, B1)R(A, B2)]?R(A, AYR(A, B1)R(A, By) f
= ABAR(A, A)[R(A, B))R(X, B2)PR(A, B3) f

+ A A[(R(A, B1)R(A, B2))?, R(A, A)IR(A, B)R(X, B2)R(A. B3) f

e R+ R,

By (5.9) and the condition (5.5), we get
(5.15) ITRA, D)lLexy S 1.
Then, together with (5.14) and the condition (5.5), we obtain that

IRz < WA
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Notice that
Ry = A3(=1 + AR(A, A))[R(A, B))R(A, Bo)PR(A, B3) f
= A3[R(A, B))R(A, Bo)PR(A. B3)(—1) f
+ A°[R(A, A). (R(A, B1)R(A, B2))*|R(A, B))R(A, B)R(A, B3) f
+ A°[R(A. B)R(A, Bo)P[R(A. A). R(A, B)R(A, B2)|R(A. B3) f
+ A°[R(A, B))R(A, B)PR(X, B3)R(A, A) f
= A3[R(A, B))R(A, B2)PR(A, B3)AR(A, A) f
+ A°[R(A, A), (R(A, B1)R(A, B2))*|R(A, B1)R(A, B)R(A, B3) f
+ A°[R(A, B)R(A, Bo)P[R(A, A), R(A, B))R(A, B2)|R(A, B3) f
L Ry + Ry + Rs.
Thanks to (5.5), (5.15), (5.11) and (5.14), we get
R3]l S AIAR, A) F Il [ Rall + 1RsI < ML A
which implies that
AV S I+ AARR, A) f.
Similarly we have
B1V(A) = A3(=I + AR(A, B))R(A, B1)R(A, B2)?R(A, A)R(A, B1)R(A, B2)R(A, B3)
= A8R(A, A)R(A, B2)*R(A, B1)’R(A, B3)B1R(A, By) f
—A%[R(A, BR(A, B2)*, R(A, A)IR(A, BI)R(A, B2)R(A, B3) f
+ A°[R(A, B1)?R(A, B3)?, R(A, A)]JR(A, B1)R(A, B2)R(A, B3) f.
Thanks to (5.5), (5.15), (5.12) and (5.14), we have
[BiV)I S I+ AllBiR(A, By) fI.
By the same argument, we can get
B2V S 1l + Al B2R(A, B2) f .

Patching together all the estimates, we finally get
3
(5.16) V) SUAI+ ARG, A fIl+ Y AIBiR(, B) .

i=1
Then for A > 1, one has
3
AV = £+ 27V D)ID) SAPAIARA. A FIl+ Y IBiR(A. B 1) + A% £
i=1

Thanks to the condition [B;, Bj] = 0, by Proposition 3.1 in [16], one has

3
Dp(0,2) = () Dz, (6.2).

i=1
Thenif f € Da(0,2) N Dg(6,2), by Proposition 5.1, we have for A > 0,
(5.17) MIARG, A) f1I, 2% Bi R(A, Bi) f1| € L3(0,00).
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It means that

V) = fIl+ A7V b L ST+ 2402 + 1/ 1 2p0.2)-

Lx(1,00)

In other words, we get

1K@ Pz < [0AUVE = £+ VG Ylb)

L2(0,1)
S I+ 1 T oa0.2 + 1 os6.2)-
We complete the proof to (5.8) and this ends the proof of the theorem. O

5.3. Spherical harmonics

In this subsection, we introduce the definition and basic properties of the real spherical
harmonics.

Let 0 = (cos¢sinf,singsinf,cosf) € S* with @ € [0,7] and ¢ € [0,27). The real
spherical harmonics Y" (o) with / € N, =/ < m < I, are defined as Y{ (o) = (47)~!/2 and
forany/ > 1,

1/2
(214—“) Pi(cos 6).ifm = 0,
T
m 2 +1 (1 —m)\'/?
Y["(0) = ( ; %) P["(cos ) cos(mep), it m=1,..., 1,
T m):
20 +1( n'/2
( 2+ Eﬁ}’:;) P[™(cos 0) sin(—mg), if m = —1, ... —1,
T — .

where P; denotes the /-th Legendre polynomial and P;" denotes the associated Legendre
functions of order / and degree m. It is well-known that
(—A)Y" =1( + )Y,

We remark that the family (Y;");, is an orthonormal basis of the space L2(S?, do) with
do being the surface measure on S?. Thus if f € L2(S?), then we have

00 !
f@)=>">" f"Y"(0).

1=0m=-I
where /" = [ f(0)Y/"(0)do. Then for s € R, the fractional Laplace-Beltrami operator
(—Ag2)*/? is defined by

00 I

(5.18) (222 )@ 33" 1+ D)2 Y (0).
I=0m=-1

Similarly we have

o0 I
(5.19) (1= 202 f) ) €Y S (A +1U + D)2 f"Y"(0).

=0 m=—I

Next we denote ¢#7; by the space of solid spherical harmonics of degree [, that is, the set of
all homogeneous polynomials of degree / on R? that are harmonic. Let §#; be the space of
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spherical harmonics of degree [. Then we define &); to be a space of all linear combinations
of functions of the form f'(r) P(x), where f ranges over the radial functions and P over the
solid spherical harmonics of degree /, in such a way that f(r)P(x) belongs to L2(R?). We
have

THEOREM 5.3. — We have

o0
L’®)=>"P .
1=0
Moreover, for Y € &Hy, there exists a function V defined on the [0, 0o) such that for w > 0,
(5.20) / . e WOty (5)do = W(w)Y (1),
S
which means that the Fourier transform maps &) into itself.

Suppose f is a Schwarz function. Thanks to Theorem 5.3, we have

00 1

f) =Y Y0 ()

=0 m=-I

where x = ro and o € S. Then for s € R,

(5.21) (=Ag)*? ) (x) defz Z (L + D) 2Y(0) [ (r).

1=0m=—I1

Similarly we have

(5.22) (1= Ag)*? f)(x d"fz Z(1+l(l+1))s/2Y,’”(o)ﬁ (r).

I=0m=—I]

We recall the statement of the addition theorem:

THEOREM 5.4 (Addition Theorem). — Suppose that o and t are two unit vectors. Then

Pi(o-1)= Z Y™ (0)Y]" (7).

2[ +1
Now we want to prove

LEMMA 5.4. — Suppose H(x) € L?([—1, 1]). Then we have

fg 2 e (g(0) — g(v))h(0)H (0 - T)dodt
o0 1
Z Z mhm/ (Ylm(o) - Ylm(f))Ylm(G)H(o -T)dodr.
1=0 m=—I

Here we use the notation: f" e Jo2 f(0)Y]"(0)do.
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Proof. — Thanks to the fact the family {P,},>0 is an orthogonal basis of the space
L?[—1,1], we have

H(x) =Y anPy(x),
n>0

where a,(x) = (n + %) fl H(x)P,(x)dx. In particular, it gives

/ g(®h(o)H(0o - 1)dodt = Zan/ g()h(o)Py(o - t)dodt
s2x§?

-y ¥ a4y [ g(D)h(0)Y2(0) Y (r)dodt
p—— s x§?

o= 2n +1
o0 n

= Z gnhian
n=0g=—n 2n +1

1

00
= Z Z glmh;n/ Y/ (0)Y"(0)H (o - t)dodr,
1=0 m=— 82 x 82

where we use Theorem 5.4 in the second and the last equalities. On the other hand,

/ g(0)h(o)H (o - t)dodt =/ g(o)h(cr)da/ H(o-t)dt
s2 x§?

(Z Z grhy) f/ H(cos 6) sin 8d6d¢

1=0 m=—1 6€el0,n],9€[0,27]

= Z Z gl /2 o Y"(0)Y,"(0)H (o - t)dod.

=0 m=—I
Combine these two equalities and then we get the desired result. O

5.4. L? profile of the fractional Laplace-Beltrami operator

In this subsection, we first show the L2 profile of the fractional Laplace-Beltrami operator.
Then we show that in the whole space the fractional Laplace-Beltrami operator has strong
connection to the rotation vector fields.

LEMMA 5.5. — Suppose that f is a smooth function defined in S*>. Then if 0 < s < 1, it
holds

|f(0) = f(D)? 2 s/2 12
||f||L2(SZ) LIGSZ Wdo’dl— ~ ||f||L2(SZ) + ||(_ASZ) f”LZ(SZ)'

Proof. — Let w1, w2, w3 € C°(R) be non-negative functions. Assume that w;(x) = 1in
the Ball B 2 with compact support in the Ball B 3, @2 (x) = lin the Ball B 3 with compact
support in the Ball B 4 and w3(x) = 1 in the Ball B 4 with compact support in the Ball B 5.
Let y be a smooth function verifying

1, if x=>0;
x(x) = : 1

0, if x<-——.
10
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Suppose u = (u1,us,us) € R3. Then it is easyto check fork e Nwith1 <k <3andu # 0,

Zwk(z W) z

i=1 JF#i

Then we suppose that for 1 <m < 3,

a)k( Z |u|2) wk( Z |u|2)
Do 1) & 5y and D) 5y (7).
> on(% b ok )
We conclude that for u € SZ,
3
(5.23) D [Prms ) + Dem—(u)] =
m=1
Observe that
(5.24)
1f(0) = (@) ° |£(0) = fF(D)P
[reSz o — ¢ |2+2s dodt ~ mg |:/ e o — 2+ (95 4 (0) + OFp_(0)ldod.

Then due to the symmetric structure, we only need to focus on the estimate of

[ - SOP y2 i

|0 _ .L—|2+2s
Notice that
|f(0)— f(0)]?
[ “o i s 1o

_ 2
=/ - %l’i}-}—(0)§33+(O-)1933+(T)d0-dt

_ 2
o[ OO @)l - b (o

From which together with the fact that |0 — | > % - JLg if o € Suppths+ and 7 €

Supp (1 — Y33+ ), we deduce that
|f(0) = f(@
[ R ok o)dodr £ 1,
TES

lo — 7[2+2s

()~ SO
~ [ O R @@t dode 4 1 f e,
TE

lo — |2+2s

_ 2
N / . |(D13+ f)(0) — (D134 ) ()] D334 (0) D334 (1)dodt + ||f||i2(S2).

Suppose 0 = (x1,X2,x3) € %, x = (x1.X,). Let F 3(X) (1913+f)(x1,x2, V1—x3—x3)

and @;g(x) = Wiz1(x1,x2, /1 —x? —x2)(i = 1,2,3). Then by change of variables, we
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have
9 o) — (¥ 7)|?
/ Sz|( 13+f)|((7)_r|(2+123;+f)( )| D131 (0) a3y (1)dod T
TE
:/ |F1+3(x)_F1+3(y)|2
Rl L L Ul
1 1
X OF(x)0%(y) dxdy
Ji-xi—x2 J1-03 -2
F +- 2
z/ | S(X) 2_1:,2()’)' dxdy,
E I A
which yields
| f(0) = f(D?
2 [ OO orode 17 ey 2 1Al B
€S o—1 NG

On the other hand, one has
/ |(D134 f)(0) — (D134 F)()]?
res?

lo — ¢ |2+2s U334 (0) %334 (7)dodt

F() = F0)P
</ 0l O (dxdy + Gyl Py
lx—yl<n y N

Choose 7 sufficiently small such that
Lxey<n Fi5(0)?033(0)OH (1) = Lixmy <y F15(x)? 05 (x)033(»).
and vy j<n Fi5(0) F5(0)055(0)O5(0) = Lxmyj<n Fi5(0) Fi5(0)055(x)055(»).
Then we get
/ |(913+ )(0) = D13+ ) (D) ?
o,res?

lo — ¢[2T2s V334 (0) 0334 (1)dodt

|F(x) — Fi5(0)P

<
kliyl=y/d X —yPFRe

SIFS I 5 -

03,003 dxdy + Cyl| Fs 1225 ,

S

S

which implies

[ |f(0) = f@)I?
res?

2 2
o M dodt S 1 ey + 1Pl )

Together with (5.25), we have
|f(0) = f(@I?

5.26
(5.26) lo — r[2+2s

I (@)dodt + || f117 22y ~ 1 Fi5l7ss , )+||f||i2(sz)-

o,teSz

Observe that
(=222 G134 NIE2e2, = /; ((=82) @134 ))©@) 13+ )(0)do.

4¢ SERIE - TOME 51 —2018 = N° 5



SHARP BOUNDS FOR BOLTZMANN AND LANDAU OPERATORS 1321

Thanks to the fact (-Ag f)(0) = — > (Q ) (x1,x2,x3) with 0 = (x1, x2, x3) and
1<i<j<3
Q;; = x;0; — x;0;, by change of variables, we obtain that

1
” (_ASZ) 2 (1913+ f) ||iz(52)

1
= /|x|5\/§_ 15253 (Q,zj (1913+f)) (¢, V1= [xP) @134 )x, V1= |X|2)—mdx.

It is easy to see that fori = 1,2,

1
i Fy(x1,x2) = \/TW(_ Qi3(1913+f))(xa V1=|x[?),

which implies that

(9,-23(1913+f)) (VI =[x]) = ((Wanzﬂt)(x).
Then by direct calculation, it yields
I(=262)2 P13+ )25 2,

_ _ 2 + + _ 2 + +
= /|x|<\/> 31 (v/1 —[x[20,) F{5) Fihdx — /leﬁ\/g(az( 1 — |x|20>) Fy5) Frsdx
1
Q) FhFY —— dx.
/|x|<\f( 12) Fi3F; TR

Thus we have

1
(5.27)  [[(=Ag2)2 (1913+f)||i2(82) + ||l913+f||i2(gz)

~ |1 Fy5 y T I1R12F ~ || Fyf

”HI(B 2

3||L2(B ) ”H‘(B 2 )
75 75
where we use the fact |03+ f || 22) ~ ||F1§||L2(B%).
5
By the real interpolation method, we obtain that for 0 <s <1,
(5.28) ||(—Asz)s/Z(ﬂ13+f)lle(Sz) + 1013+ fllL2@2) ~ ||F1_;||HS(B%)-

Next we claim that for0 < s < 2,

(529 I(=25)"2Oimt N2 + 1P1ms £l 22,
SN=262)" fllaey + 1/ I2s2)-

This is easily followed by the real interpolation method since

||(_A§2)(291m+f)”L2(§2) 5 ||(_As2)f||L2(§2) + ||f||L2(s2)s
and  |[Pim+ fll2@2) S 11262
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Thanks to (5.23) and (5.29), we deduce that for 0 <s <2,

3
(5300 Y [n(—Agz)s/2<mm+f)||m§z, + 1(=22) @ im- ) 22

m=1
F 10 1m+ fll 22y + ||l91m—f||L2(§2)i| ~ (=202 Fll 22y + 11|22y

Then (5.26)-(5.28) and (5.30) imply the lemma. O
As a consequence of Lemma 5.4 and Lemma 5.5, we get the following estimate:

COROLLARY 5.1. — Suppose that g and h are smooth functions defined in S*. Then for
a,b e Rwitha+b = 2s,

L . o 8@ —g@)hOH(© - T)dod| S (1= B2)*gllL2) I(1 = Be2)"hl2e2).

where H(o - 1) = |0 — -L—|—(2+2s).

Proof. — Let A > 0. Then by Lemma 5.4 and the notation: f;” &f Je2 f(0) Y/"(0)do, we
have

/sz o (g(0) — g(0))h(x)H (o - T)dodt

= lim (g((r) — g(r))h(r)H(o “T) g sadodt
A—=0 Js2 «s2

00 l
=1lim Y > glh}" /Szxsz(ylm(a)—Ylm(t))Ylm(t)H(U-‘E)l\g.ﬂzkdad‘l:

A—>0
I=0m=-1
1 00 1
= lim > > ghy L s L@ =Y ©0) = YD H( - D)ligrizadod,
TP I=0m=—i x

where we use the symmetric property of the integral in the last step. Applying the Cauchy-
Schwarz inequality and Lemma 5.5, we obtain that

/sz " (¢(0) — g(v))h(x)H (o - T)dodT

T (1= Ag2) Y [ a2y + DUAg)Y Y a2 + 1)

M- 1M-

~
Il

o

-

gl (I + 1)+ 1D S (1= Ag)*?gll 262y Il (1 = Ag2)??h]| 122y

¢

S

~
Il

0

~

which completes the proof of the lemma. O

Next we show the strong connection between the Laplace-Beltrami operator and the
rotation vector fields.
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LEMMA 5.6. — Let f be a smooth function defined in R*. Suppose f(u) = f(ui,uz,u3z)

withu = (uy,ua,u3) € R® and Qij f = (uidu, —u;8y;) f. Then if 0 < s < 1, it holds

o)~ frDP
/TES ,r>0 |0 — 1’|2+2S dodtdr + ”f”Lz(D@
~M MDY P AL+ 12~ 3 11, 6oy
1<i<j<3
Moreover for s € [0, 2], we have
o a2 I 4 1~ Y 1T, oaar
1<i<j<3 ij
def

(L2, D@ sz and D (5/2.2) E (L2, D@ )22

Here we use notations 5[)9 (s,2) =
Proof. — Forr > 0and x = (x1, x2), we set

F(rx) € r@1as /)rx1,rxa, 11— x2 = x2)

and
5 5 . 4
— ot r(Qas f)(rxy,rxa, ryfl —x3y —x3), if |x| < g;
3(r x) =
. 4
0, if |x|> \/j,
5
where we use the fact 9134 (rxy,rxa,ry/1—x7—x3) = Pi34(x1,x2, /1 —xF —x32).

Thanks to (5.28), one has

||(—Asz)s/z(ﬁ13+f)||L2(R3) + 1013+ £l 2@3) ~ IF51L2(0.000:H5 (B 5 ))-
NG

Let 77 : L2((0, 00) x B%) — L2((0, 00) x R?) be a linear operator defined by
5
2_ .2 : 4.
1-923+(x15-x27 1 _-x] _xz)f(r?x)5 lf |'x| S gv

4
0, if |x|z\/:
5

1T Nl L2 0.00): 1 (®2)) S ”f”LZ((O,oo);H‘(B%))’
5

def

(532) (T f)(rx) =

Then we have

171/ 220.00):2®2)) S I 122(0,000;22(B 5 ))-
NG
Then by real interpolation, we obtain that

||T1f||L2((o,oo);Hs R2) ~ ||f||L2((o 00); HY(BI))-
5

By the definition of F13, we have SuppF 5(r,x) C (0,00) x B £ Thus if we take f = F13,

then we get

~
||F13||L2((0,oo);Hé(]R2)) ~ ||F13(7’ X)HLZ((O 00); HS(B}))

U1
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Let 7> : L2((0, 00) x R?) > L2((0, 00) x B%) be a linear operator defined by
5

(5.33) (T2 /). %) & 9234 (1,520 /1 — 33 = x3) (1. ).

Then by the similar argument, we may obtain that

||T2f||L2((0,oo);HS(B%)) S 122 (0,000 5 ®2)) -
5

Thus if we take f = F%, then we get

ot Tt
||F13||L2((0,oo);HS(B%)) S FGI L2 (0,000 5 ®2))-

W

Therefore, we are led to
o+ Tt
1E 131 20,0005 05 B 5y ~ IF131lL2((0.00): 15 (22))
NG
which implies that

(534 (=220 Bras N2y + 1013+ F 2@y ~ 1F 120,000 15 62))-

. TT def \TOF .
In what follows, we use the notation || Fi§ ;2 s = IF5llL2 (0.00): 5 m2))- 1t 1S €asy to see
that
T T T
IEGI 2y ~ 1F G202 By, + IFGI2 02 my -
Notice that

l F1§||L;L)2(2H}1 ~ ||913(1913+f)||L2(R3) + ||1913+f||L2(R3)s
”FEHL}L}QL}CI ~ ||1913+f||L2(R3)-
By real interpolation, one has
||F1_§||L%L)2(1H5§2 ~ ||1913+f||$913(s,2)~
Similarly
||F1§||L%L§,2H;] ~ ||1913+f||(@g223(s,2)'
Then, together with (5.34), we have
(535 (=2g2)"* M3+ Hll2@s) + 19131 f 2@
~ ||F1§||L2((o,oo);Hs(R2)) ~ ||1913+f||£)913(s,2) + ||7913+f||5()923(s,2)-
Observe that
(120134 ) ) = (x10x, — x20x)) (r ' F5(r, x)),
where u = (rxy,rxa, r/1 —|x|?). It yields

120213+ 2@y + 1913+ f 2@y S N1FSlL201-

Therefore by real interpolation, we deduce that

19134 f 90,62 S W Fisllzms S 1013+ £l 9, 62 + 19134 1 96 (6.2
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which yields
(5.36) (A2 2B 134 2@y + 19134 2@y~ Y. 1913+ /| 9, s.2)-

1<i<j<3

With the help of (5.30), we are led to

3
537 Y D WS, 62 + 191m—f g, 6.2)]

m=11<i<j<3
~ (=22 flla@ey + 1 2@y
Due to the fact

1€2ij @ 1m+ Ol 23y S N85 FllL2@3y + 1 23

we have

191+ £ | 9, 620 S 1 92, 0.2
Together with (5.37), we then derive that
Y g, 62 ~ 126202 flla@y + 1/ 2@
1<i<j<3
We complete the proof to the first equivalence.
The interpolation theory indicates
2 2
Yo e, 6~ 2o W%, 6oy
1<i<j<3 1<i<j<3 v

which implies the second equivalence in the case of 0 < s < 1. Next we want to prove that
the result still holds for 1 < s < 2.

We first show
(5.38) ||(—A52)(1913+f)||iz(82) + ||1913+f||i2(sz) ~ ||F1J5||i12(3%f)~
5
It derives from the fact that
(5.39) (—Ag) (D131 f) = LF,
where L = —(1 —x%)9% — (1 —x2)33 + 2x13; + 2x20,. Since L is a uniformly ellipticin B >

V3

and F fg vanishes in the boundary of B 2 the standard elliptic estimate implies that
5

||F1J§||H2(BL) N ||F1§||L2(BL) + ||LF1§||L2(BL)
7 7

S22 Oras Nl + 1913+ 2.

which gives the proof to (5.38) since the inverse inequality is obviously valid recalling the
definition of —Ag2. By real interpolation, (5.38) yields that (5.34) holds for 0 < s < 2.

Due to the fact

P

(V1= |x|2ax1)2(r—lﬁl+3(r, x)) (@2 (F13s ) (),
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where u = (rx1,rxa, r/1 — |x|?), we derive
ISz, 2, ~ 1935 @rss Nl 2y + 19154 2,
By real interpolation, one has that for0 < s <2
”Fl-g”L%L)%lH};z ~ ||1913+f||£)92 (s/2,2)
13
Similarly for 0 < s < 2, it holds
IIFf_Z,IILngle;Z ~ P13+ f Lo, 5/2.2)-
: 23
We have then together with (5.34), for 0 < s <2,
(5.40) [[(=052)* > P34 2@y + 1913+ f 123
~ 52 0.00):H5 ®2)) ~ ”1913+f||$9%3(s/2,2) + ||1913+f||§[)9%3(s/2,2)-
Observe that
(120134 ) @) = (x10x, — x20x)) (r ' F5(r, x)),
where u = (rxi,rxa,ry/1 —|x|?). It yields

123, P13+ NHi2@) + 1913+ f 2@y S 1F5lL2 52

Therefore by real interpolation, we deduce that

19134 f 9 s 5722 S WFSl2ms S 10+ f 19 0 /2.2 + 10154 190 /2.2
Qo rex Q13 233

which yields
(=22 O3+ Nligz@dy + 1913+ Fllz@sny ~ Y 1913+ fla, /2.2
1<i<j<3 Y
Then, together with (5.30), we thus get the equivalence (5.31). O

As a consequence, we show that the L? norm of the fractional Laplace-Beltrami operator
can be bounded by the weighted Sobolev norm. It explains why the additional weights are
needed in Theorem 1.1.

LEMMA 5.7. — Suppose f € H(R?) with s > 0. Then it holds
I(=8g2)" Fllz S0 f lag-
Proof. — Suppose 0 < s < 2m with m € N. Then we have

I=22)"FlIF2 = D I(=2)" Puf 72

k=—1

=Y 010 Y. @) Pefli

k=—1 1<i<j<3

o0
S Y 2P S Igam-

k=—1
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Since it holds
I=262)™ Prfllzz S 2™ N fllggzm N Pacf NIz SN f e
by real interpolation, we get
I(=22)"> Pef Iz S 240 S o
In particular, it yields
I(=2g2)""> Pr flle S 2N P f s
We finally get

I(=2g)* 2 flI72 = > I(=2e)"*Pi [}

k=—1
o0
2k 2 2
S Y 25U P S s SIS s
k=—1

This completes the proof of the Lemma. O

Now we are in a position to give the proof to Lemma 4.1.

Proof. — The result can be reduced to prove

62s—2/teszwla_riedodr + [l

2
lo — 7|2+2s L2(s?)

I
~ Z Z l(l + 1)|flm|2 +62s—2

HA+D]1/2<e 1 m=—I
I
x oy DM DPL P 1 e
HA+D]1/2>e=1 m=—1

where f" = [ f(0)Y/"(0)do. Thanks to Lemma 5.4, we have

lig—z|<edodt

252 |f(0)— f(r)]?
¢ /O‘,tESz

|CI —T|2+2S

[¥/"(0) = ¥/"(0)]?
lo — 7|2F2s

00 1
=2y Y |f,m|2[ lig_r|<cdod.
1=0 m=—1 o,7€s?
To prove the result, it suffices to estimate the quantity A; defined by

4, 4 252 Y/ (0) =Y (o)
1 =€ 2 o — o2
0,TES

lig—r|<cdo.dT

We divide the estimate of A; into three cases. We will follow the notations used in Lemma 5.5.
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CASE 1: ] 18 SMALL. — We first claim that
1822 F 12,000 + 1 222y — 1=D2) f 222,

_ 2
P / ) Vo) = SO, - dodr+ /]

N lo — ¢ |2+2s 22(82)
S22 2oy + 1 gy + EN=0e) £ Baea)-

In particular, if we choose f = Y™, then there exist universal constants ¢; and ¢ such that

GAD) (I —ci I + DI+ D]+ 1S A4+ 1S+ eoll(d + DDA + D] + 1.

Then we arrive to the fact that if [[(I + 1)]"/2 < (2¢1)7V/2e71,

(5.42) Ap~ I+ 1)+ 1.

To prove the claim, we set

Idéf 25—2 |f(<7)—f(f)|2
¢ /,rESZ

o — ¢[2T2s 9734 () jg—c<cdodt + || f]|

2
L2(S?)"
Then it is easy to check

7~ €2s—2/ |(D134 f)(0) — (D134 F)()]?
,‘EESz

9334 (0)933+ (D) Ljg—rj<edod T + | f 125 2,
|0 _ .L-|2+2s L2(S%)

Suppose o = (x1, X2, x3) € S* and x = (xy, x2). Let Fj}(x) f (134 ) (x1,x2, /1 — x? —x2)

and OF(x) = P33+ (x1,x2, /1 — x? — x2). Then by change of variables, we have

623_2/ |(%13+ £)(0) = P13+ )OI
,Tes?

lo — r[2+2s

334 (0) D33+ (T)lla—rlfedadf

~ 625—2/ |F1§(X)—F1§(y)|2
IR (= 32 + 11— xf = F - 1= 37— 53R)

x 03;(x)03;(») Lr_y|<edxdy

1 1

\/l—xlz—xg \/l—ylz—yg
> €2s—2/ |F1J§(X) — Fl_;(y)|2

- R N e {
>€25—2/ |F1J5(x)—F1+3(Y)|2

- =y Tlx—ylze X —yPF

Thanks to the Taylor expansion, it yields that
] > 252 |VF1J§(X)'(y—X)|2d d

~€ 2+2s xay
w<yFle-yize X =l

22 ! V2FS (4 e =) Pl =yl
—€ — 3725 xdydk.
0 Jixl=y/3.x—yl<e lx — vl

lix—y|<edxdy

dxdy.
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Note that
€252 / |VF14§(X) (y _x)lzdxdy
l<y3lx-yize X — PR
2
VFIE(x) n
:/ |VF+(x)|2/ €2S_2Mdhdx
FENE Ih|<e |h|>*
and
P /1/ IV2EAC 4k =P =yt
0 Jixl<y/3 Ix—yl<e |x — y|>t+2s
2 2
S/E ”Fl-f?_y”HZ(BL)
NG
Then by the definition of ¥;3, we derive that
(543) I Z ”Fl—f?_,”lqu(B > )_62”F1—g”i12(3 5 )"
V5 V5
On the other hand, following the similar argument, we may get
(5.44) ISIFS g, +EIFS g, ).
V5 NG

Thanks to the facts (5.27) and (5.38), (5.43) and (5.44) imply that
I(=Ag ) 213 P2y + 19134 F 12252, — N2 B135 )Pz,
ST SN2 20134 N2z + 19135 F ey + E1(-2e2) D131 N2 2,
Due to the decomposition (5.23), we finally conclude the claim.

CASE 2: [ 1S SUFFICIENTLY LARGE. — Observe that

A ZEZS_Z/ lY’m(o)_Y’m(r)|2dodr—ezs‘2/ Y"(0) = Y/"(0)?
ces?  lo—TPH res? o —Tr

lig—r|>edodr.

Thanks to Lemma 5.5, there exist universal constants ¢z and ¢4 such that
623_2([1(1 + D) - 036_23) <4 < ezs_z([l(l + D + 646_2S).

It implies that if [I( + 1)]Y/2 > 2¢3/%¢ 1,

(5.45) A~ 2+ D) + 1.

CASE 3: [I(I + 1)]'/2 ~ e~'. — We claim that in this case, A; ~ [(I + 1) + 1. Observe that
forany N e N,

|Ylm(0) _ Ylm(_[)|2
lo — ¢|2+2s
|Ylm (U) _ Ylm (‘L’)|2
o — t|2+2s 1|U—f|§e/Nd0d1:),
Then, together with (5.41) and (5.42), we derive that if [[(I + 1)]'/2 < (2¢;)""/2Ne™!,

(5.46) N> 211+ D)+ 1) S A S (A0 + 1) +1).

Al > N2S_2(€/N)2S_2/

l|0_T|S€/NdUdT
0,17682

z NZS_Z((€/N)2S_2/

a,r€S2
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Choose N > 25/2¢)/@9¢1/2 then (5.42), (5.45) and (5.46) yield the claim.
We are in a position to prove the lemma. It is easily obtained from the behavior of 4;. We
complete the proof of the lemma. O

5.5. Proof of (1.38)

To prove (1.38), we first give several estimates to the commutator between the Laplace-
Beltrami operator and the standard derivatives.

LEMMA 5.8. — Suppose a,b € R and ¢ to be a radial function. Then we have
F (D) = (L) F
and

$(UDN(=Lg2)"? = (=22)*2¢ (D).
In particular, it holds

1= A82)> f s ~ D 227201 = 22)?Fp £ 12
p=>—1
Proof. — Suppose f is a smooth function. Thanks to Theorem 5.3, we have

oo 1

(22 £)x) =D 3 (1 + )2y (©0) fi" (r).

I=0m=—I

where x = ro and o € S?. Then if £ = pr with ¢ € S?, then

00 [
F(=a2)2£)E) =" > A+ )2 F " fME)

=0 m=—I

o0 l
=3 ) AT+ )Y @W (o),

=0 m=—I
where we use (5.20) to assume that ¢ (Y, f;")(§) = Y (1)W" (p).
Using the same notation, we have

oo

1
(FNHE =D Y Y @OW™ ).

=0 m=—I
which implies

o0 )
(—A)2(FNE) =) D A+ )Y @OW™(p) = F((—A2)? f)(©).

1=0m=—1
This gives the first equality.
Observe that

07¢(|D|)(—A52)“/2 = ¢(§7(_A82)a/2
= DT = (B S

where we use the fact that ¢ is a radial function in the last equality.
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Moreover, we have

I (=L2)2$(ID]) = (~Ax2) 2 FP(D]) = (~L:2)"%¢ .
which is enough to yield the second equality in the lemma.
Finally we give the proof to the last equivalence. It is derived from the facts

1= D)2 f 12, ~ Y 22785, (1 — Ag)*2 f112,
p>-—1

and
o (Fp(1— Agz)a/Z) =2 ?)F(1 - Agz)a/Z =p(27?7)(1 — Agﬂ“”@?
=(1- AS2)a/2(p(2_p')07 =(1— Asz)a/Zézgp = F(1— Asz)a/zsfp,

where ¢(277-)(§) Lef @(27PE) = p(277|&|), the multiplier of the operator §,. We complete
the proof of the lemma. O

LEMMA 5.9. — Suppose a,b > 0, m € Nand f is a smooth function. Then we have

(5.47) Q0 fllaa ~ I(=2g) "2 faa.
1<i<j<3
(548) D =2 fllam + 1 lam ~ (1= Ag2) @D £l gm,
1<i<j<3
and
(5.49) (1= Ag2)*? fllam ~ D (1= Ag2)*?0% £ 2.
lee|<m

Moreover, it holds

(5.50) =220 fllas S N80 "2 fll2 + 1 f gaso.
Proof. — (1). We first give the proof to the last inequality. Thanks to Theorem 5.3, we have

for f e L2,

oo

1
f) =Y > (B H).
=0 m=—I1

where x = ro withr > 0 and o € S? and By (x) ef S"(r)Y;" (o). Then one has

I=02)"2 f 3 ~ 32 2P I8k(=22) 2 f I
k>—1

~ Y 2R (—A) B 117

k>—1

00 )
~ 3OS ST 2223+ 1)) B G I

k>—11=0m=—I

00 I
S YO D@D 1A+ ) ) B B )7

k>—11=0m=—1
b
S ||(_As2)(a+ sz”iz + ”f”i]cH—b-
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(ii). Now we turn to the proof of (5.47). Thanks to the fact that o7 2;; = —Q;j of ifi # J,
we deduce that if i # j,

SkQij = —Qi;Fk.

Then we have

D 1R ey ~ 2 D PSS

1<i<j<3 k>—11<i<j<3
which yields
> 1905 Py ~ 2 22XU=2) 25 12
1<i<j<3 k>—1
~ 0 2KB(=8e) P f 172 ~ 1(=Ag2) ' flla-
k>—1
This gives (5.47).

(ii1). We divide the proof of (5.48) into two steps.

Step 1: m = 0. — We want to prove
(5.51) D =2 fllrz + 1 £ 2 ~ 11 = 2g2)@FV2 £l 2.
l<i<j<3
We begin with the case 0 < a < 1. Observing that
<anQijf’ anQijf) - <ananfv QijQijf)
(5.52) = ([an’ QijfL anQijf) + ([[Qijy an]a an]f’ Qijf)
- ([Qij» an]fv anQij.f)
and
[ans Qij]f = SniQmj + Sanim - 5ijin - 8mian,
we deduce that
(5.53) D> 1w fllre S22 fllez + 1(=2g) f 22
1<m<n<31<i<j<3
Due to the fact
I=2)"?Q fllzz~ D 19maQui f 12,
1<m<n<3
we get
(5.54) Do =220 flle S 1A f e + 1 £z
1<i<j<3
On the other hand, by (5.52), we obtain
I=2e) flz S D0 D 12maQu fllz + (=222 f |12

1<m<n<31<i<j<3

S D =2 2 e + nll(—Ag) fllzz + Cyll £z

1<i<j<3

where 7 is a small constant. Together with (5.54), we then obtain (5.51) witha = 1.
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We turn to the case 0 < a < 1. Due to Lemma 5.6, for smooth functions g and f, we have
=222 ([l 22 S (IVe28llpoos2) + I8 llLoo@) 11 = 252)* [l 262).
It implies
I(—=Ag2)* 2 D134 Qi fllz2 = (= Ae2)* 2[R F134 f) — (QijP134) £l 2
(5.55) 2 I(=22)"2Q; 13+ Oz = 11 = 22)2 fll 2.
Using the notations introduced in Lemma 5.6, we have
Qij (D134 ) = r S F(r. x1. x2),
with u = (rx1,rx2,7v/1 —|x]?) and 1 < k < 3. Here the operator ¢#y, is defined by

def /~——F > def /~——F 5 def
C’%l = 1- |x|2ax1 i 0%2 = 1- |x|2ax2a ﬂ?, = xlaxz _XZaxl‘
Therefore, by (5.34), we obtain that
Yicicjes I=22)2Q0 131 Oz + (1= Ag) 2134 )12

~ Y NI F Sl 2 + IS 20
1<k<3

~IFS Iz i ~ (1= 82) @2 @134 )2,

where (5.40) is used in the last equivalence. Then, together with (5.55) and

1207 2 + (= Ag2)**Qij f 12
3
~ 3 (=2 29 1ms Qs f 12 + (=L > 1m- £ 112) + 127 £ 112+
m=1

we have

D =22 fll2 + 10— 22) 2 fllgz ~ (1= Ag2) @D £ 12,

1<i<j<3
which implies (5.51) with 0 < a < 1. It completes the proof to (5.51) for a € [0, 1].

Next we prove that (5.51) holds for 1 < a < 2. Supposea = 1+ s with0 < s < 1. Thanks
to the fact that (5.51) holds for 0 < a < 1, we have

2 Qi fllp + 1 e~ Y. =22 25 fll2 + 11 £l

1<i<j<3 1<i<j<3

~ Do Y =20 ma f 2 + 194 fllzz) + 1 /122

1<i<j<3 1<m<n<3

3
~ ST S 202 2 (P 1p4 Qa5 £l

1<i<j<31<m<n=<3p=1

H(=2e2) "2 (1= L Q7 )2) + (1 = A2) 2 flI2.
Notice that
(—202) 2 (0131 Qun Qi ) = (=252) 2 Qonn Ri; D131 f) — (= 252) 2 ((Qnn9134) (R4 1))
— (=82) 2 ((Qij9134) Q@mn )) — (= 22) 2 (Qumn R %134) f)
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1(=202) " ((QunP134) (R )2 S (1 — Ag2) Q5 f 2
SN = 2)72 |12
and
||(—ASZ)S/Z((anQijl?nJr)f)||L2 S A - ASZ)S/ZfHLz,

then we get

1(=262)* 2134 QLnn R )2 + 1(1 = Ag2)¥? £l
~ (=82) 2 QLun Qi D134+ F)ll2 + 11— A2)*2 £l 2.

Thus we have

Picicj<s 18225 flle + 1 f 1l + 1= 82) 2 £l 2

3
~ 3 Y Y (122 (Qun Qs O1p )12

1<i<j<31<m<n<3p=1
+ [(=252) (@91 llz2) + 11 = Ag2)*? f 2.
If we show

(556 > > 1(=Ae)PQuaui (134 Oz + 19131 f 112

1<i<j<31<m<n<3
~ (1 - ASZ)(S+2)/2(7913+f)||L2’

then by Young inequality,
11— 22)*? fllpz < nll(1 = Ag2) V2 £l 12 + Cyll f 12,

and we conclude the equivalence (5.51) with 1 < a < 2. It remains to prove (5.56). On the
one hand, we observe that

Z Z (||(—Agz)s/29mn9ij P13+ Oz + 1Qmn Q5 G134 Hliz2) + 1913+ f |22

1<i<j<31<m<n<3

3 3
~ Y Y N Fp Frsllzms + 1 Fiasllz2mz

k=1p=1
~ I Frall 2 s
On the other hand, it is easy to check that
I(=22) 2 @13t 2 + 19134 S N2 ~ [(=202) (= 202) P13+ 2 + (19134 2
~LFst 2y + 1 Fistll2.2
~ N Fiasll 2 s,

where we use (5.38) and (5.39). We end the proof to (5.56) by these two equivalences. Then
we get (5.51) with a € [0, 2].
To complete the proof, we first use inductive method to show that for a > 0,

(5.57) I(=Ae)*2Q flli2 S I = Ap)?(=22) 2 £ 2.
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Since (5.57) holds for 0 < a < 2, we assume (5.57) holds for a < m with m > 2. Suppose
a € [m,m + 1], then we have

I(=22)*? Qij fll2 = 122" Y Q2,5 /2

1<m<n<3

S =227 (—0g) fllrz + 1(=2)* 27 Y Q2L Qi1 flle

1<m<n<3
S N2 P Q=0 e+ Y. Y. =827 Qa2 12
1<m<n<31<i<j<3

< A= 22) 2 (=02) 2 f 2,

where we use the inductive assumption in the last inequality and the fact
[ Z Qyznn,ﬂij] = Z (an[an,Qij]"f‘ [an,Qij]an)-
1<m<n<3 1<m<n<3

We complete the inductive argument to derive (5.57).

Now we are ready to prove (5.51). We may assume that (5.51) holds fora < m withm > 1.
Suppose a € [m, m + 1]. We have

D= Ag) Qi fllz + (1= 2g2)2 £l

1<i<j<3

~ D0 = Ag)@TIRPH2Qu e + (1(1 = Ag) 2 f g2
1<i<j<3

~ Y A TP flle + (= 82) Q4 fll2 + (1= D)2 2.
1<i<j<31<m<n<3

Due the fact
[(=Ag2)@FV2 £ = [[(=22) V2 (=Ag) flIL2
Yo > A @2 Qi f e

1<i<j<31<m<n<3

S = Ag) 2 (=A2) 2 fll 2 < (1= Ag)@TV2 )5,

IA

where we use (5.57) in the second inequality, we finally derive the desired result and end the
inductive argument to the equivalence (5.51).

5.5.1. Step 2: m € N. — By Lemma 5.8 and (5.51), we have that fora > 1,
11 = Ag2)*? flFm ~ D 2™ (1= A2)*Fuc f 172

k>—1

~ Z 22mk( Z ||(_AS2)(“_1)/ZQij3kf||iz + 13 f172)
k>—1 1<i<j<3

- Z 22mk( Z ||(_A52)(a_1)/28"k9ijf||i2 + 13 f132)
k>—1 1<i<;j<3

~ Y =2 2y f 1+ 1
1<i<j<3

where we use the fact that Q;; of = — ¢ Q;j if i # j. This completes the proof of (5.48).
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(iv). The proof of (5.49) has three steps.

Step 1: Proof of (5.49) witha = 0 and m = 1. — We want to prove that for0 <a <1,
(5.58) 1= 82) > fllgn ~ D 11— Ag2)*?0% £ 2.
<1

Obviously (5.58) holds for a = 0. Then we separate the proof of (5.58) into two cases.

Casi 1: 0 < a < 1. — Indeed, by Plancherel theorem and Lemma 5.8, we have

>0 (=220 fll + 10 fN22) = D (=226 F fllez + & F fllz2)-
1<i<3 1<i<3
Due to Lemma 5.6 and by setting § = ro = (roy, ros, ros), we have

> a0 f12, + 11 £ I3

1<i<3

~

f roi(F1)r0) = ra(FNCDP 5 113
,1€S2,r>0

_ r|2+2a
525 e lo —7]

Thanks to the observation
T Plr (F o) —r(F o) =2loi — P |r(F )(ro)l?
<lroi(F f)ro) —ru(F [
SIulPIr(F o) = r(F D)+ loi — P Ir(F fro)?,
we deduce that

> =222 0 £12 + 1 1

1<i<3

N/ Ir(F /)(ro) —r(F f)ro)l?
,1€S2,r>0

2 2
o — 7|2+2a redodrdr + || f g

which implies
(559 Y I=02)"28 fll2 + 1/l ~ (=22 UDI )iz + 1/ lar-
1<i<3

This is enough to get (5.58) for 0 < a < 1.

CASE 2: a = 1. — It is not difficult to check
Do P Sl + 1w ~ Y D 12mad® fllrz + 1L g

le|<1 la|<1 1<m<n<3

NZ Z 10%Rmn fll2 + | f a1

la|<1 1<m<n<3

~ Y NRma S e A 1S N

1<m<n<3
~ (1= Ag2) 2 fll g1

where we use (5.47) in the last equivalence. This completes the proof of (5.58).
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Step 2: Proof of (5.49) witha € [0, 1] andm € N. Thanks to (5.58), we assume (5.47) holds
form < N — 1 with N > 2. Recall that

3
Yo =2) 2 flla~ Y N0 =20 e+ Y Y 10— Ag)?0:0% £ 2.
le|<N le]<N—1 le|=N-1i=1

Due to the result in Stzep 1, we have

3
D=2 flla+ Y DA = Ag2)?0:0% f 12

le|<N—-1 le|=N—-1i=1

~ D A =22)P flla+ Y (1= 8g2)* (D)3 £l 2.

la|<N-1 le|=N-1

Hence, together with the assumption that (5.47) holds for N — 1, we have

D= 2g2) 0% f 2

la|<N
~ A= 2) 2DV ED) fllz + D (1= Ag2)20%(D) f |2
le|=N—1
We deduce that
D0 = Ag) 0% £
le|<N
~ > A =2) (D) flla+ Y (1= 2g2)*?0%(D) [l
|la|<N-2 le|=N—-1

~ (= 22) flign,

which completes the inductive argument to derive (5.49) with a € [0, 1].

Step 3: Proof of (5.49) witha > 0 and m € N. — We still use the inductive method. Suppose
(5.49) holds fora < N with N > 1. Suppose now a € [N, N + 1]. Due to (5.48) and the
inductive assumption, we have

11 = Ag)? flam ~ > 1(=22)“™D2Q; fllam + | fllam

1<i<j<3

~ Y =A@V f e + L S e

1<i<j<3|a|<m

Thanks to (5.48), we also have

Do D 10=22) V20 flle + (| fllam ~ Y (1= Ag2)*%0% £ 2.

la|<m 1<i<j<3 le|<m
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Notice that
Y =A@ V2% flle— D (1= Ag) @V 2P £
la|<m 1<i<j<3 |Bl<m

S D I =2) V207 f |2

la|<m 1<i<j<3

S =2V 2Qu0% 4+ D (= Ag)@TV20P £ 12,

lo|<m 1<i<j<3 [Bl<m
we derive that

D= A2) 20 [z — Cill(1 = Ag2) @2 f |13

le|<m
11— 2g2)"? f1|2ym
(1= Ag2)20% fll 2 + C2l[(1 = £g2) V2 £12,0.

(5.60) <
< |
loe|<m
Observe that
11 = 22) @ D2 fllgm ~ (1 = 2g2) @™ D/2(DY™ £ 12
< nll(1 = 22)">(DY" f 12 + Cy (D)™ £ .
< ll(1 = 22)* 2 fllam + Cyll f | 1rm.

Then (5.60) yields the desired result and we complete the inductive argument to (5.49). This
ends the proof of the lemma. O

We are in a position to prove (1.38).

LeEmmA 5.10. — If Ty, f (v) ef f( + h), then for s > 0, it holds
||(_A§2)S/2Thf||L2(R3) N (h)s(||(—AS2)S/2f||L2(R3) + 1 s eay)-
Proof. — We begin with the case 0 < s < 1. Thanks to Lemma 5.6, we have

12622 Th f iz S D 1ThS g, 62)

1<i<j<3
Since
1920 Th fllL2 S (WYL e + 118265 1 ll2). IThfllLz =1Lz,
then applying Lemma 5.2 with A = Q;; and By = 0k, we get
(5.61) 1Th SN e, .2 S (B LS las +1f | 9g,, 5.2)-

Together with Lemma 5.6, we thus obtain the desired result.
Next we turn to the case 1 < s < 2. Suppose s = 1 + a. Then by Lemma 5.9, we have

I=2s2)* 2 fllo@n S D (S lle2 + 1(=Ag2)*?Qi; flI12).

1<i<j<3

S 2 (ISl + 196 f g, @»)-

1<i<j<3
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Therefore,
122 Th fllpaesny S 1A+ D2 19450 f 1l 9g,, @2
1<i<j<3
S D0 (1Th% /1l 9g,; @)
1<i<j<3

+ (T3 /1| 9, @ + 1Tud; S | 9, @2)))-
Thanks to (5.61) and Lemma 5.6, we are led to

I=262)*Th fllpa@sy S Y (I=2e2)Qi; fll2w + 190 Fllgaqesy + 1 las

1<i<j<3
12220 [l 2w + 1(=862)%28; fl23)-
Due to Lemma 5.9, we deduce
I(=2g2) Ty fll 2@y S (1 (I(=Lg2) "2 fll 23y + I £ las)-
(R?) (R?)

Finally we use the inductive method to handle the case s > 2. We assume the result holds
for s <2N. Suppose s € (2N,2N + 2]. Then

=22 2T fllpey = Y. (=22 ?7 Q5 Thf L2
1<i<j<3
It is easy to check that
QL Thf = Th(QF f) — hiTn(0;Ruj 1) + hj Tw (@i Ruj f) — hi Th(Q49; f)
+ i Tw(87 f) = W3 Tw(@F ) + hy Tn(R;0: ).
Then by the inductive assumption and Lemma 5.9, we deduce that
A2 2T fllags S0 Y. (12202792 fll 2@
1<i,j<3
1197 fllas— + 1(=22)718; Q) £l 12w3)
+ 18, [ s + 1(=262)C7V20; f 23
+ 11908i f l7rs—2) + 1(=252) 727207 fll L2 g3y + 197 £ 1l pre—2)
S WAL fll2@s) + 1L ).

which completes the inductive argument to get the result. O

6. Conclusions and Perspectives

In this paper, by making full use of two types of the decomposition performed in phase
and frequency spaces and the geometric decomposition, we successfully establish several
lower and upper bounds for Boltzmann collision operator in weighted Sobolev spaces and in
anisotropic spaces. By comparing with the behavior of the linearized operator, we show that
all the bounds are sharp. We further show that the strategy of the proof is so robust that we
can apply it to the rescaled Boltzmann collision operator (see assumption (B1)). Finally we
obtain sharp bounds for the Landau collision operator by so-called grazing collision limit.
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It is very interesting to see whether our method used here can be applied or not to
capture the exact behavior of the operator under the assumption (1.7) or (1.8). In Section 4,
we make an attempt to analyze the Boltzmann collision operator in the process of the
grazing collision limit (see Lemma 4.1). We conjecture that if Zj is the linearized Boltzmann
collision operator with the rescaled kernel under the assumption (B1), then

6.1) (Lyfflo+ |If||i§/2 ~ IIWG(D)fIIii/2 + ||W€((_A§2)%)f||ii/2 + 1 Wefllii/z,

where the symbol function W€ is defined in (4.1). Based on the conjecture, we may ask:

1. How to establish a unified framework to solve the Boltzmann and Landau equations
in the perturbation regime and prove the asymptotic Formula (1.11);

2. How to describe the behavior of the spectrum of the operator Z% in the limit € — 0
for y € [-2, —2s); we recall that the spectrum gap exists for Zp if and only if y > —2s
while it exists for Zy, if and only if y > —2.

The similar conjecture can be questioned on the operator with the assumption (1.7) or
with the Coulomb potential. Then the asymptotics of the Boltzmann equation from short-
range interactions to long-range interactions and the Landau approximation for Coulomb
potential can be investigated.
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