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SHARP BOUNDS FOR BOLTZMANN
AND LANDAU COLLISION OPERATORS

 L-B HE

A. – The aim of the work is to provide a stable method to get sharp bounds for Boltzmann
and Landau operators in weighted Sobolev spaces and in anisotropic spaces. The results and proofs
have the following main features and innovations:

– All the sharp bounds are given for the original Boltzmann and Landau operators. The sharpness
means the lower and upper bounds for the operators are consistent with the behavior of the
linearized operators. Moreover, we make clear the difference between the bounds for the original
operators and those for the linearized ones. It will be useful for the well-posedness of the original
equations.

– According to the Bobylev’s formula, we introduce two types of dyadic decompositions per-
formed in both phase and frequency spaces to make full use of the interaction and the cancela-
tion. It allows us to see clearly which part of the operator behaves like a Laplace type operator
and which part is dominated by the anisotropic structure. It is the key point to get the sharp
bounds in weighted Sobolev spaces and in anisotropic spaces.

– Based on the geometric structure of the elastic collision, we make a geometric decomposition
to capture the anisotropic structure of the collision operator. More precisely, we make it explicit
that the fractional Laplace-Beltrami operator really exists in the structure of the collision opera-
tor. It enables us to derive the sharp bounds in anisotropic spaces and then complete the entropy
dissipation estimates.

– The structures mentioned above are so stable that we can apply them to the rescaled Boltzmann
collision operator in the process of the grazing collisions limit. Then we get the sharp bounds
for the Landau collision operator by passing to the limit. We remark that our analysis used
here will shed light on the investigation of the asymptotics from Boltzmann equation to Landau
equation.

R. – L’objectif de ce travail est de fournir une méthode robuste pour obtenir des estimations
précises pour les opérateurs de Boltzmann et de Landau dans des espaces de Sobolev à poids et des
espaces anisotropes. Les résultats et leur démonstration font ressortir les innovations suivantes :

– Toutes les estimations précises concernent les opérateurs originaux de Boltzmann et de Landau.
Le mot ‘précis’ se réfère au fait que les estimations sont cohérentes avec le comportement
des opérateurs linéarisés correspondants. Ceci est utile pour étudier le caractère bien posé des
équations originales.
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1254 L.-B. HE

– En accord avec la formule de Bobylev, on introduit deux types de décomposition dyadique, dans
l’espace des phases et dans celui des fréquences, afin d’utiliser au maximum les annulations. Cela
nous permet de voir clairement quelle partie de l’opérateur se comporte comme un opérateur
de type Laplacien, et quelle partie est dominée par la structure anisotrope.

– En se basant sur la structure géométrique des collisions élastiques, on fait une décomposition
géométrique pour capturer la structure anisotrope de l’opérateur de collision. Plus précisément,
on explicite le fait que l’opérateur de Laplace-Beltrami apparaît bien dans l’opérateur de colli-
sion. Cela nous permet d’obtenir des estimations précises dans des espaces anisotropes et de
finaliser les estimations sur la dissipation d’entropie.

– Les structures mentionnées ci-dessus sont si robustes qu’on peut les retrouver dans la limite
des collisions rasantes. On obtient ainsi des estimations précises pour le noyau de collision de
Landau en passant à la limite. On remarque que la présente analyse éclaire le passage à la limite
de l’équation de Boltzmann vers celle de Landau.

1. Introduction

The aim of the present work is to provide a stable method to give a complete description
of the behavior of the Boltzmann and Landau collision operators. We remark that it is
related closely to the derivation of the Landau equation from the Boltzmann equation and
also the asymptotics of the Boltzmann equation from short-range interactions to long-range
interactions.

We first recall that the Boltzmann equation reads:

@tf C v � rxf D Q.f; f /;(1.1)

where f .t; x; v/ � 0 is a distribution function of colliding particles which, at time t � 0 and
position x 2 T3, move with velocity v 2 R3. We remark that the Boltzmann equation is
one of the fundamental equations of mathematical physics and is a cornerstone of statistical
physics.

The Boltzmann collision operatorQ is a bilinear operator which acts only on the velocity
variable v, that is,

Q.g; f /.v/
def
D

Z
R3

Z
S2
B.v � v�; �/.g

0
�f
0
� g�f /d�dv�:

Here we use the standard shorthand f D f .t; x; v/, g� D g.t; x; v�/, f 0 D f .t; x; v0/,
g0� D g.t; x; v

0
�/ where .v; v�/ and .v0; v0�/ are the velocities of particles before and after the

collision. Here v0 and v0� are given by

v0 D
v C v�

2
C
jv � v�j

2
� ; v0� D

v C v�

2
�
jv � v�j

2
� ; � 2 S2 :(1.2)

The representation is consistent with the physical laws of the elastic collision:

v C v� D v
0
C v0�;

jvj2 C jv�j
2
D jv0j2 C jv0�j

2:

In the definition of Q, B is called the Boltzmann collision kernel. It is always assumed
that B � 0 and that B depends only on jv � v�j and v�v�

jv�v�j
� � . Usually, we introduce the
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SHARP BOUNDS FOR BOLTZMANN AND LANDAU OPERATORS 1255

angle variable � through cos � D v�v�
jv�v�j

� � . Without loss of generality, we may assume that
B.v � v�; �/ is supported in the set 0 � � � �

2
, that is, v�v�

jv�v�j
� � � 0. Otherwise, B can be

replaced by its symmetrized form:

NB.v � v�; �/ D ŒB.v � v�; �/C B.v � v�;��/�1f v�v�
jv�v�j

���0g:(1.3)

Here, 1A is the characteristic function of the set A. In this paper, we consider the collision
kernel satisfying the following assumptions:

(A1). The kernel B.v � v�; �/ takes a product form

B.v � v�; �/ D ˆ.jv � v�j/b.cos �/;(1.4)

where both ˆ and b are nonnegative functions.

(A2). The angular function b.t/ satisfies for � 2 Œ0; �=2�,

K��1�2s � sin �b.cos �/ � K�1��1�2s; with 0 < s < 1; K > 0:(1.5)

(A3). The kinetic factor ˆ takes the form

ˆ.jv � v�j/ D jv � v�j

 ;(1.6)

where the parameter 
 verifies that 
 C 2s > �1 and 
 � 2.

R 1.1. – For inverse repulsive potential, it holds that 
 D p�5
p�1

and s D 1
p�1

with
p > 2. It is easy to check that 
 C 4s D 1 which makes sense of the assumption 
 C 2s > �1.
Generally, the case 
 > 0, the case 
 D 0, and the case 
 < 0 correspond to so-called hard,
Maxwellian, and soft potentials respectively.

R 1.2. – If we replace the assumption (1.5) by

K��1�2s
�
1 �  

� sin.�=2/
�

��
� sin �b.cos �/ � K�1��1�2s

�
1 �  

� sin.�=2/
�

��
;(1.7)

where is a non-negative and smooth function defined in (1.33), then the mathematical problem
of the asymptotics of the Boltzmann equation from short-range interactions to long-range
interactions can be formulated by the limit in which the parameter � in (1.7) goes to zero.
We remark that for fixed �, (1.7) corresponds to the famous Grad’s cut off assumption for the
kernel B.

The solutions of the Boltzmann Equation (1.1) enjoy the fundamental properties of the
conservation of mass, momentum and the kinetic energy, that is, for all t � 0,“

T3 �R3
f .t; x; v/�.v/dvdx D

“
T3 �R3

f .0; x; v/�.v/dvdx; �.v/ D 1; v; jvj2:

Moreover, if the entropy H.f / is defined by

H.f /.t/
def
D

“
T3 �R3

f lnfdvdx;

then the celebrated Boltzmann’sH -theorem predicts that the entropy is decreasing over time,
which formally is

d

dt
H.f /.t/ D

“
T3 �R3

Q.f; f / lnfdvdx � 0:

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



1256 L.-B. HE

Before introducing the Landau equation, let us give the definition of the grazing collision
limit. We introduce the rescaled Boltzmann’s kernel B� which verifies the assumption.

(B1). The rescaled Boltzmann’s kernel B� takes the simple product form

B�.v � v�; �/ D ˆ.jv � v�j/b
�.cos �/;

where the kinetic factor ˆ satisfies (1.6) and the angular function b�.t/ satisfies for � 2 Œ0; �=2�,

sin �b�.cos �/ D K 0�2s�2 
� sin.�=2/

�

�
��1�2s;(1.8)

with 0 < s < 1. Here K 0 is a positive constant and the function  is defined in (1.33).

The assumption (1.8) means that the deviation angles between relative velocities before
and after collisions are restricted to be less than �. Mathematically the grazing collision limit
is defined by the process in which the parameter � goes to zero. Thanks to the full Taylor
expansion, by taking the limit � ! 0, the Boltzmann collision operator Q� with rescaled
kernel B� will be reduced to a new operator, namely the Landau collision operator QL,
defined by

QL.g; h/
def
D rv �

� Z
R3
a.v � v�/Œg.v�/rvh.v/ � rvg.v�/h.v/�dv�

�
:

Here the nonnegative matrix a is given by

(1.9) aij .v/ D ƒ

�
ıij �

vivj

jvj2

�
jvj
C2; 
 2 Œ�3; 1�;

where ƒ is a positive constant and can be calculated by

ƒ D
�

8
K 0
Z �=2

0

 .�/�1�2sd�:

Then the Landau equation can be written by

@tf C v � rxf D QL.f; f /:(1.10)

We remark that the equation was proposed by Landau in 1936 to model the behavior of a
dilute plasma interacting through binary collisions. We also mention that the Landau equa-
tion possesses all the properties known for the Boltzmann equation, namely the conservation
of mass, momentum and energy and the H -theorem.

1.1. Motivation and short review of the problem

The justification of the derivation of the Landau equation in the sense that the solution
to the Boltzmann equation with rescaled kernel (see assumption (B1)) will converge to the
solution to the corresponding Landau equation in the grazing collision limit had been proved
by several authors. We refer readers to [18] and the references therein to check details.
However, the physical problem of the justification is formulated as a higher-order correction
to the limit. In other words, we should establish some kind of the asymptotic formula to the
solutions in the limit process. Suppose that f �B and fL represent the solutions to Boltzmann
and Landau equations. In [10], for the homogeneous case, that is, the solution does not
depend on the position variable x, the author showed that the following asymptotic formula

f �B D fL CO.�/(1.11)
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SHARP BOUNDS FOR BOLTZMANN AND LANDAU OPERATORS 1257

holds globally or locally in Sobolev spaces for almost all physical potentials except for
Coulomb potential. It shows that the Landau equation is a good approximation to the
Boltzmann equation when the parameter � is small enough. It gives the validity of the
Landau equation. However, it is very difficult to extend the similar result to the inhomoge-
neous case even in the close-to-equilibrium setting. The main obstruction is the lack of a
complete description of the asymptotic behavior of collision operator in the limit process
since the behavior of the operator is very sensitive to the parameter �. The same problem
happens when we study the asymptotics of the Boltzmann equation from short-range
interactions to long-range interactions under the assumption (1.7). We remark that the
investigation of the second asymptotics is related closely to the construction of approximate
solutions to the equation with long-range interactions and also to the jump phenomenon
of the spectral gap of the linearized collision operator (see (1.16) for the definition) for soft
potentials (�2s � 
 < 0) when � goes to zero.

Motivated by these two asymptotic problems, in the present work, we try to find out some
stable structure inside the Boltzmann collision operator to obtain the sharp bounds and then
extend them to the Landau operator via the grazing collision limit. Before going further, let
us give a short review on the estimates of the Boltzmann collision operator. For simplicity,
we only address the estimates for the Maxwellian molecular case, that is, 
 D 0.

In what follows, we assume that all the functions depend only on the v variable recalling
that the collision operatorQ acts only on the v variable. We will use the duality method to get
the lower and upper bounds of the operator. The inner product of f and g over R3v, namely
hf; giv, is defined by

hf; giv
def
D

Z
R3
f .v/g.v/dv:

Then by change of variables(see [1]), we have

hQ.g; f /; f iv D

“
v;v�2R3;�2S2

B.jv � v�j; �/g�f .f
0
� f /d�dv�dv:

It is easy to check that

hQ.g; f /; f iv D �
1

2

“
v;v�2R3;�2S2

B.jv � v�j; �/g�.f
0
� f /2d�dv�dv„ ƒ‚ …

E g.f /

C
1

2

“
v;v�2R3;�2S2

B.jv � v�j; �/g�.f
02
� f 2/d�dv�dv:(1.12)

In [1], the authors gave the first coercivity estimate of E g.f / which can be stated as

E g.f / � Cgkf k
2
H s � kgkL1kf k

2
L2
;

where Cg is a constant depending on the lower bound of kgkL1 and the upper bounds
of kgkL1

2
and kgkL logL (see the definitions in Section 1.2). It gives a positive answer to the

conjecture that the Boltzmann collision operator behaves like a fractional Laplace operator,
that is,

�Q.g; �/ � Cg.�4v/
s
C LOT:(1.13)

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



1258 L.-B. HE

This conjecture was further confirmed by the upper bound for the collision operator. Math-
ematically, it reads that if a; b 2 R with aC b D 2s, then

jhQ.g; h/; f ivj . kgkL1
2s
khkHas kf kHbs

;(1.14)

which was proved in [3]. The weighted Sobolev spaceHm
l

is defined in Section 1.2. This upper
bound is sharp in the sense that we have the freedom of choosing derivatives for functions h
and f . For the general potentials, we refer readers to [3, 7, 11] on the lower and upper bounds
in weighted Sobolev spaces.

Combining the lower and upper bounds, one may find

Cgkf k
2
H s � kgkL1kf k

2
L2
� h�Q.g; f /; f iv . kgkL1

2s
kf k2H ss

:(1.15)

We remark that additional condition for f is imposed in the upper bound. The reason lies in
the fact that some anisotropic structure is hidden in the operator which can not be observed
in weighted Sobolev spaces. Indeed, in [21], the authors show that the linearized collision
operator LB , which is defined by

LBf
def
D ���

1
2

�
Q.�;�

1
2 f /CQ.�

1
2 f; �/

�
; � D

1

.2�/3=2
e�
jvj2

2 ;(1.16)

is a self-adjoint operator and has explicit eigenvalues and eigenfunctions. In particular, the
eigenfunction E.v/ takes the form

E.v/ D f .jvj2/Y.�/;

where v D jvj� , f is a radial function and Y is a real spherical harmonic. In [19], Villani
proved that

QL.f; f / D 3r � .rf C vf / �
�
Pij .f /@ijf Cr � .vf /

�
C4S2f;

where Pij .f / D
R
R3 f vivjdv and .�4S2/ is the Laplace-Beltrami operator on the unit

sphere. The special form of the eigenfunction of LB and the Laplace-Beltrami operator in the
expression ofQL indicate that there should be some anisotropic structure inside the operator.

Mathematically the first attempts to capture the anisotropic structure of the operator were
due to [5] and [8] (see also [4] and [9]). In fact, to describe the behavior of the operator, they
introduce two types of anisotropic norms which are defined by

kf k2
def
D kf k2

L2s
C

“
v;v�2R3;�2S2

b.cos �/��.f 0 � f /2d�dv�dv(1.17)

and

kf k2N s
def
D kf k2

L2s
C

“
v;v02R3

hvisC1=2hv0isC1=2
jf � f 0j2

d.v; v0/2
1d.v;v0/�1dvdv

0„ ƒ‚ …
A .f /

;(1.18)

where d.v; v0/ D
q
jv � v0j2 C 1

4
.jvj2 � jv0j2/2 and hvi D

p
1C jvj2. We remark that the

second term in the righthand side of the Definition (1.17) is exactly the term E �.f / defined
in (1.12). Then the estimates can be stated as

kf k2 � kf k2
L2

. h LBf; f iv . jf j
2:(1.19)
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SHARP BOUNDS FOR BOLTZMANN AND LANDAU OPERATORS 1259

Moreover, the upper bound can be generalized to the original collision operator Q:

jhQ.g; h/; f ivj . kgkL2 jhjjf j:

We emphasize that these two anisotropic norms are crucial to prove global small solutions in
the perturbation framework. Since they are given in an implicit way, it does not help to under-
stand the anisotropic property of the operator. In the grazing collision limit, for E �.f /, on
the one hand, it is stable since it is given in an implicit way. On the other hand, we have no
idea on the limit of this quantity. The similar problem occurs for A .f /.

Very recently, two groups gave explicit description of the anisotropic behavior of the
linearized operator. Both of them started with the same point, that is, the well understanding
of the behavior of the linearized Landau operator LL. In fact, they proved that

LL � .�4C jvj
2=4/C .�4S2/ � .�4C jvj

2=4/C jDv � vj
2;

recalling that �4S2 D
P

1�i<j�3

.vi@j � vj @i /
2. In [2], the authors show that

h LBf; f iv C kf k
2
L2
� kf k2

L2s
C kf k2H s C kjDv � vj

sf k2
L2
;(1.20)

where jDv �vjs is a pseudo-differential operator with the symbol j� �vjs . Thanks to [21], by
comparing the eigenvalues between Boltzmann and Landau collision operators, in [15], the
authors show that

LB � L
s
L(1.21)

and

h LBf; f iv C kf k
2
L2
� kf k2

L2s
C kf k2H s C k.�4S2/

s=2f k2
L2
:(1.22)

We remark that the strategy to obtain (1.20) and (1.22) depends heavily on the linearized
structure, for instance, the symmetric property of the operator and the fine properties of the
Maxwellian state �. Therefore it cannot be generalized to the original collision operator and
to the rescaled operator under the assumption (1.7) or (1.8).

The short review can be summarized as follows:

1. The previous results on the description of the behavior of the operator are given in
an implicit way or in an unstable way. It means that the anisotropic structure is still
mysterious and not captured well.

2. The upper bound of the collision operator is far away from the sharpness. For instance,
recalling (1.21), the typical upper bound for the operator should be in the form

jhQ.g; h/; f ivj . C.g/k. L
a=2
L C 1/hkL2k. L

b=2
L C 1/f kL2 ;(1.23)

where a; b 2 Œ0; 2s� with aC b D 2s.
3. For the linearized collision operator L

�
B with rescaled kernelB� under the assumption

(1.7) or (1.8), we have no available results on the complete description of the operator.
We also have no idea on the sharp bounds of the original collision operator Q� in the
process of the limit.

We end this subsection by the remark that points .1/ and .2/ are closely related to the
Cauchy problem for the original Equation (1.1). And the point .3/ is related to the investi-
gation of two types of asymptotics mentioned before.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



1260 L.-B. HE

1.2. Notations and main results

Before stating our main results, we first introduce the function spaces which will be used
throughout the paper.

1. For any integer N � 0, we define the Sobolev space HN by

HN def
D

�
f .v/j

X
j˛j�N

k@˛vf kL2 < C1

�
;

where the multi-index ˛ D .˛1; ˛2; ˛3/ with j˛j D ˛1 C ˛2 C ˛3 and @˛v D @
˛1
v1@

˛2
v1@

˛2
v3 .

2. For real numbers m; l , we define the weighted Sobolev space Hm
l

by

Hm
l

def
D

�
f .v/jkf kHm

l
D khDimh�ilf kL2 < C1

�
;

where hvi
def
D .1C jvj2/

1
2 . a.D/ is a pseudo-differential operator with the symbol a.�/

and is defined as�
a.D/f

�
.x/

def
D

1

.2�/3

Z
R3

Z
R3
ei.x�y/�a.�/f .y/dyd�:

3. The general weighted Sobolev space W N;p

l
with p 2 Œ1;1/ is defined as

W
N;p

l

def
D

�
f .v/jkf k

W
N;p

l

D

X
j˛j�N

�Z
R3
j@˛vf .v/j

p
hvilpdv

�1=p
<1

�
:

In particular, if N D 0, we introduce the weighted Lp
l

space defined as

L
p

l

def
D

�
f .v/jkf kLp

l
D

�Z
R3
jf .v/jphvilpdv

� 1
p

<1

�
:

4. The L logL space is defined as

L logL
def
D

�
f .v/jkf kL logL D

Z
R3
jf j log.1C jf j/dv <1

�
:

Next we list some notations which will be used in the paper. We write a . b to indicate that
there is a uniform constant C; which may be different on different lines, such that a � Cb.
We use the notation a � b whenever a . b and b . a. The notation aC means the maximum

value of a and 0. The weight functionWl is defined byWl .v/
def
D hvil where hvi D

p
1C jvj2.

SupposeA andB are two operators. Then the commutator ŒA; B� betweenA andB is defined
as follows:

ŒA; B�
def
D AB � BA:

We denote C.�1; �2; : : : ; �n/ by a constant depending on parameters �1; �2; : : : ; �n.
Our first result is on the sharp upper bounds of the Boltzmann collision operator in

weighted Sobolev spaces.

T 1.1. – Let w1; w2 2 R; a; b 2 Œ0; 2s� with w1 C w2 D 
 C 2s and aC b D 2s.
Then for smooth functions g; h and f , we have

1. if 
 C 2s > 0,

jhQ.g; h/; f ivj . .kgkL1

C2sC.�w1/

CC.�w2/
C
C kgkL2/khkHaw1

kf kHbw2
;(1.24)
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2. if 
 C 2s D 0,

jhQ.g; h/; f ivj . .kgkL1w3
C kgkL2/khkHaw1

kf kHbw2
;(1.25)

where w3 D maxfı; .�w1/C C .�w2/Cg with ı > 0 which is sufficiently small,
3. if �1 < 
 C 2s < 0,

jhQ.g; h/; f ivj . .kgkL1w4
C kgkL2

�.
C2s/
/khkHaw1

kf kHbw2
;(1.26)

where w4 D maxf�.
 C 2s/; 
 C 2s C .�w1/C C .�w2/Cg.

R 1.3. – The estimates (1.24–1.26) are sharp in weighted Sobolev spaces in the sense
that we have the freedom of choosing derivatives and weights for functions h and f . They will
play a crucial role in solvability of the Cauchy problem for the Equation (1.1) in weighted Sobolev
spaces. In particular, we will use them frequently to balance the energy estimates to close the
argument. We will explain it in detail in our forthcoming paper [12].

R 1.4. – We refer readers to the very recent work [14] and [17] on the similar results
by using the Bobylev’s formula (see (2.2)) or using the Random transform. We mention that
their results only have the freedom of choosing derivatives for functions h and f .

R 1.5. – The estimates are not sharp with respect to the function g. For instance,
for 
 C 2s > 0 and 
 > �3

2
, we can drop kgkL2 in the estimate. For 
 > �5

2
, we can replace

kgkL2
l

by kgk
L
3
2
l

in the estimates. For the maxwellian molecular(
 D 0), the estimate can be

rewritten as

jhQ.g; h/; f ivj � C.a; b/kgkL1
2sC.�w1/

CC.�w2/
C
khkHaw1

kf kHbw2
;(1.27)

where aC b D 2s and w1 C w2 D 2s. Here we remove the restriction a; b 2 Œ0; 2s�.

Next we will state our new coercivity estimates for the Boltzmann collision operator:

T 1.2. – Suppose g is a non-negative and smooth function verifying that

kgkL1 > ı and kgkL1
2
C kgkL logL < �;(1.28)

and let A D 0; 1. Then for sufficiently small � > 0, there exist constants C1.ı; �; ��1/;C2.�; ı/,
C3.ı; �; ��1/, C4.�; ı/ and C5.�; ı/ such that

1. if 
 C 2s � 0,

h�Q.g; f /; f iv & A
�

C1.ı; �; ��1/
�
k.�4S2/

s=2f k2
L2

=2

C kf k2H s

=2

�
� �C2.ı; �/kf k2L2


=2Cs

� C3.ı; �; ��1/kf k2L2

=2

�
C C4.�; ı/kf k2H s


=2
� C5.�; ı/kf k2L2


=2

;
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2. if �1 � 2s < 
 < �2s,

h�Q.g; f /; f iv & A
�

C1.ı; �; ��1/
�
k.�4S2/

s=2f k2
L2

=2

C kf k2H s

=2

�
� �C2.ı; �/kf k2L2


=2Cs

� C3.ı; �; ��1/.1C kgk
.
C2sC3/p
.
C2sC3/p�3

L
p

j
j

/kf k2
L2

=2

�
C C4.�; ı/kf k2H s


=2
� C5.�; ı/.1C kgk

.
C2sC3/p
.
C2sC3/p�3

L
p

j
j

/kf k2
L2

=2

;

with p > 3

C2sC3

.

R 1.6. – Here .�4S2/
s=2 is the fractional Laplace-Beltrami operator. One may

check the definition of the operator in (5.18) and (5.21).

R 1.7. – Compared to the lower bound of the functional h LBf; f i(see (1.22)), we
cannot get the control of kf k2

L2

=2Cs

from the below of the functional h�Q.g; f /; f iv. In fact,

it is false to get

h�Q.g; f /; f iv & kf k
2

L2

=2Cs

� LOT:(1.29)

Suppose it is true, then combining with upper bound(see Remark 1.12), we derive that

kf k2
L2

=2Cs

.
�
k.�4S2/

s=2f k2
L2

=2

C kf k2H s

=2

�
:

It is obvious that the radial function does not verify such kind of the estimate. Then we get
the contradiction. It shows on the one hand the lower bounds are sharp in anisotropic spaces.
On the other hand, the behavior of the original operator is different from that of the linearized
operator LB .

R 1.8. – We need an additional assumption f 2 L2

=2Cs

to obtain the fractional
Laplace-Beltrami derivative, k.�4S2/

s=2f kL2

=2

, in the coercivity estimates. We comment that
it is bad news to the Cauchy problem for the Equation (1.1). It means that the framework used
in the close-to-equilibrium setting cannot be applied to the original equation since it will bring
the trouble to close the energy estimates, in particular, in the case of 
C2s > 0. We will explain
it in detail in our forthcoming paper [12].

As a direct consequence, now we can complete the entropy dissipation estimate as follows:

T 1.3. – Suppose f is a non-negative function verifying the condition (1.28). Then
it holds

DB.f /C kf kL1w & C.�; ı/

�
k
p
f k2H s


=2
C k.�4S2/

s=2
p
f k2

L2

=2

�
;

where w D maxf
 C 2s; 2g and DB.f / D �
R
R3 Q.f; f / lnfdv.

R 1.9. – Suppose that f is a solution to the spatially homogeneous Boltzmann
equation with initial data f0 2 L12 \ L logL. Then we obtain that for 
 C 2s � 2, there
exists a constant C.f0/ such that

DB.f /C kf0kL1
2
& C.f0/

�
k
p
f k2H s


=2
C k.�4S2/

s=2
p
f k2

L2

=2

�
:
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R 1.10. – Compared with the entropy production estimates in [9], our results do not
need additional regularity assumption on f for soft potentials.

Finally let us give the sharp bounds of the Boltzmann collision operator in anisotropic
spaces:

T 1.4. – Let a; b 2 Œ0; 2s�; a1; b1; w1; w2 2 R with aC b D 2s, a1 C b1 D s and
w1 C w2 D 
 C s. Then for smooth functions g; h and f , it holds that

1. if 
 > 0

jhQ.g; h/; f ivj . .kgkL1

C2s
C kgkL1


CsC.�w1/
CC.�w2/

C
C kgkL2/

�

�
.k.�4S2/

a=2hkL2

=2
CkhkHa


=2
/.k.�4S2/

b=2f /kL2

=2
Ckf kHb


=2
/Ckhk

H
a1
w1

kf k
H
b1
w2

�
;

2. if 
 D 0, for any ı > 0,

jhQ.g; h/; f ivj . .kgkL1
2sCı
C kgkL1

sC.�w1/
CC.�w2/

C
C kgkL2/

�

�
.k.�4S2/

a=2hkL2 C khkHa/.k.�4S2/
b=2f /kL2 C kf kHb /C khkHa1w1

kf k
H
b1
w2

�
;

3. if 
 < 0,

jhQ.g; h/; f ivj . .kgkL1
�
C2s

C kgkL1

CsC.�w1/

CC.�w2/
C
C kgkL2�
 /

�

�
.k.�4S2/

a=2hkL2

=2
CkhkHa


=2
/.k.�4S2/

b=2f /kL2

=2
Ckf kHb


=2
/Ckhk

H
a1
w1

kf k
H
b1
w2

�
:

R 1.11. – Thanks to the interpolation inequality

khk2
H
a1
w1

� khk
H
2a1

=2

khkL2
2w1�
=2

;

take a1 D a=2; b1 D b=2 and w1 D 
=2C a=2;w2 D 
=2C b=2, then we have

jhQ.g; h/; f ivj . C.g/.k.�4S2/
a=2hkL2


=2
C khkHa


=2
C khkL2


=2Ca
/

� .k.�4S2/
b=2f /kL2


=2
C kf kHb


=2
C kf kL2


=2Cb
/

� C.g/k. L
a=2
L C 1/hkL2k. L

b=2
L C 1/f kL2 ;

where in the last equivalence we use the facts (1.21) and (1.22). In other words, (1.23) is proved.

R 1.12. – By taking a D b D s, a1 D s; a2 D 0 w1 D 
=2;w2 D 
=2 C s, we
deduce that for any � > 0,

jhQ.g; h/; f ivj . C.g/.k.�4S2/
s=2hkL2


=2
C ��1khkH s


=2
/

� .k.�4S2/
s=2f /kL2


=2
C kf kH s


=2
C �kf kL2


=2Cs
/:

Thanks to the symmetric property for functions h and f in the estimates, we also have

jhQ.g; h/; f ivj . C.g/.k.�4S2/
s=2hkL2


=2
C khkH s


=2
C �khkL2


=2Cs
/

� .k.�4S2/
s=2f /kL2


=2
C ��1kf kH s


=2
/:
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We remark that both estimates improve the previous upper bounds in the two senses: the first
one is that we only need to assume that one of h and f is in the space L2


=2Cs
; the second one is

the free choice of the constant � in the estimates which enables us to prove that (1.29) is false.

Thanks to the grazing collisions limit, we can extend the above estimates to the Landau
collision operator.

T 1.5. – Let w1; w2; w3; w4; a1; b1 2 R; a; b 2 Œ0; 2� with w1 C w2 D 
 C 2,
w3Cw4 D 
 C 1, aC b D 2 and a1C b1 D 1. Then for smooth functions g; h and f , it holds

1. if 
 C 2 > 0,

jhQL.g; h/; f ivj . .kgkL1

C2C.�w1/

CC.�w2/
C
C kgkL2/khkHaw1

kf kHbw2
;(1.30)

2. if 
 C 2 D 0,

jhQL.g; h/; f ivj . .kgkL1w5
C kgkL2/khkHaw1

kf kHbw2
;(1.31)

where w5 D maxfı; .�w1/C C .�w2/Cg with ı > 0 which is sufficiently small,
3. if 
 C 2 < 0,

jhQL.g; h/; f ivj . .kgkL1w6
C kgkL2

�.
C2s/
/khkHaw1

kf kHbw2
;(1.32)

where w6 D maxf�.
 C 2/; 
 C 2C .�w1/C C .�w2/Cg,
4. if 
 > 0

jhQL.g; h/; f ivj . .kgkL1

C2
C kgkL1


C1C.�w3/
CC.�w4/

C
C kgkL2/

�

�
.k.�4S2/

a=2hkL2

=2
CkhkHa


=2
/.k.�4S2/

b=2f /kL2

=2
Ckf kHb


=2
/Ckhk

H
a1
w3

kf k
H
b1
w4

�
;

5. if 
 D 0,

jhQL.g; h/; f ivj . .kgkL1
2Cı
C kgkL1


C1C.�w3/
CC.�w4/

C
C kgkL2/

�

�
.k.�4S2/

a=2hkL2 C khkHa/.k.�4S2/
b=2f /kL2 C kf kHb /C khkHa1w3

kf k
H
b1
w4

�
;

6. if 
 < 0,

jhQL.g; h/; f ivj . .kgkL1
�
C2

C kgkL1

C1C.�w3/

CC.�w4/
C
C kgkL2�
 /

�

�
.k.�4S2/

a=2hkL2

=2
C khkHa


=2
/.k.�4S2/

b=2f /kL2

=2
C khk

H
a1
w3

kf k
H
b1
w4

�
:

T 1.6. – Suppose g is a non-negative and smooth function verifying (1.28) and
let A D 0; 1. Then for sufficiently small � > 0, there exist constants C1.ı; �; ��1/;C2.�; ı/,
C3.ı; �; ��1/;C4.�; ı/ and C5.�; ı/ such that
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1. if 
 C 2 > 0,

h�QL.g; f /; f iv & A
�

C1.ı; �; ��1/
�
k.�4S2/

1=2f k2
L2

=2

C kf k2
H1

=2

�
� �C2.ı; �/kf k2L2


=2C1

� C3.ı; �; ��1/kf k2L2

=2

�
C C4.�; ı/kf k2H1


=2

� C5.ı; �/kf k2L2

=2

;

2. if 
 D �2,

jhQL.g; f /; f ivj & A
�

C1.ı; �; ��1/
�
k.�4S2/

1=2f k2
L2

=2

C kf k2
H1

=2

�
� �C2.ı; �/kf k2L2


=2C1

� exp
˚�

C3.ı; �; ��1/.1C w�1kgkL1
wC2

/
� 2Cw
w
	
kf k2

L2

=2

�
C C4.�; ı/kf k2H1


=2

� exp
˚�

C5.ı; �/.1C w�1kgkL1
wC2

/
� 2Cw
w
	
kf k2

L2

=2

;

where w > 0,
3. if �3 < 
 < �2,

jhQL.g; f /; f ivj & A
�

C1.ı; �; ��1/
�
k.�4S2/

1=2f k2
L2

=2

C kf k2
H1

=2

�
� �C2.ı; �/kf k2L2


=2C1

� C3.ı; �; ��1/.1C kgk
.
C5/p
.
C5/p�3

L
p

j
j

/kf k2
L2

=2

�
C C4.�; ı/kf k2H1


=2

� C5.ı; �/.1C kgk
.
C5/p
.
C5/p�3

L
p

j
j

/kf k2
L2

=2

;

with p > 3

C5

.

T 1.7. – Suppose f is a non-negative and smooth function verifying (1.28). Then
we have

DL.f /C kf kL1w & C.�; ı/

�
k
p
f k2

H1

=2

C k.�4S2/
1=2
p
f k2

L2

=2

�
;

where w D maxf
 C 2; 2g and DL.f / D �
R
R3 QL.f; f / lnfdv.

1.3. The new strategy: dyadic and geometric decompositions

In this subsection, we will illustrate how to catch the structure of the Boltzmann collision
operator to get the sharp bounds. Roughly speaking, the new strategy relies on the two types
of the dyadic decomposition performed in both phase and frequency spaces and also the
geometric structure of the elastic collision.

1.3.1. Dyadic decompositions in phase and frequency spaces. – We first introduce two types

of the dyadic decomposition. Let B 4
3

def
D f� 2 R3 j j�j � 4

3
g and C def

D f� 2 R3 j 3
4
� j�j � 8

3
g.

Then one may introduce two radial functions  2 C10 .B 4
3
/ and ' 2 C10 .C/ which satisfy

0 �  ; ' � 0; and  .�/C
X
j�0

'.2�j �/ D 1; � 2 R3:(1.33)
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The first decomposition is performed in the phase space. We introduce the dyadic oper-
ator Pj defined as

P�1f .x/ D  .x/f .x/; Pjf .x/ D '.2
�jx/f .x/; .j � 0/:

We also introduce operators QPj and Uj which are related to Pj :

QPjf .x/ D
X

jk�j j�N0

Pkf .x/ and Ujf .x/ D
X
k�j

Pkf .x/:

Here N0 is an integer which will be chosen in the later. Then for any f 2 L2.R3/, it holds

f D P�1f C
X
j�0

Pjf:

We set

ˆ



k
.v/

def
D

(
jvj
'.2�kjvj/; if k � 0I

jvj
 .jvj/; if k D �1:
(1.34)

Then we derive that

hQ.g; h/; f iv D

1X
kD�1

hQk.g; h/; f iv D

1X
kD�1

1X
jD�1

hQk.Pjg; h/; f iv;

where

Qk.g; h/ D

“
�2S2;v�2R3

ˆ



k
.jv � v�j/b.cos �/.g0�h

0
� g�h/d�dv�:

The second decomposition is performed in the frequency space. In fact, it is the standard

Littlewood-Paley theory. We denote Qm
def
D F �1 and �

def
D F �1', where they are the inverse

Fourier Transform of ' and  . If we set �j .x/
def
D 23j�.2jx/, then the dyadic operators Fj

can be defined as follows

F�1f .x/ D

Z
R3
Qm.x � y/f .y/dy; Fjf .x/ D

Z
R3
�j .x � y/f .y/dy; .j � 0/:

We also introduce operators QFj and Sj which are related to Fj :

QFjf .x/ D
X

jk�j j�3N0

Fkf .x/ and Sjf .x/ D
X
k�j

Fkf:

Then for any f 2 S0.R3/, it holds

f D F�1f C
X
j�0

Fjf:

It yields that

hQk.g; h/; f iv D

1X
pD�1

1X
lD�1

hQk.Fpg;Flh/; f iv:

Let us give some remarks on these two decompositions:
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1. The main purpose of the introduction of the dyadic decomposition in the frequency
space is to make full use of the interaction and the cancelation between the different
parts of frequency of functions h and f . It will enable us to have the freedom of
choosing derivatives for functions h and f . However, it is not enough to get the
sharp bounds considering the fact that additional weight is paid in the upper bound
compared to that in the lower bound. It is obviously due to the anisotropic structure
of the operator.

2. To clarify where the additional weight comes from, we introduce the dyadic decom-
position in the phase space. By careful analysis, we can distinguish which part of the
operator is the worst term that brings the additional weight to h and f . In fact, the
worst situation happens in the case where functions h and f are localized in the same
region both in phase and frequency spaces and at the same time the relative velocity
jv�v�j is far away from the zero. In other words, in such a situation the collision oper-
ator is dominated by the anisotropic structure. It is the key point to obtain the estimate
(1.23) in anisotropic spaces.

3. These two dyadic decompositions are consistent with the new profiles of the weighted
Sobolev spaces(see Theorem 5.1 in Section 5).

4. The decompositions are very stable in the grazing collision limit. In fact, we can
apply them to the rescaled Boltzmann operator to get the upper bounds. By taking
the grazing collision limit, these upper bounds turn to be the sharp upper bounds
of the Landau operator in weighted Sobolev spaces. The reader may check details in
Section 4.

1.3.2. Key observation: geometric decomposition. – The key observation which enables us to
get the new sharp bounds for the original collision operator is due to the geometric structure
of the elastic collision. To explain it clearly, in what follows, we only focus on the Maxwellian
molecular case(
 D 0).

We revisit the quantity E g.f /. In particular, we look for a new decomposition for the term
f 0�f contained in E g.f /. Our main observation can be depicted schematically as follows:

v∗

v

v′

|u|
|u+|u

+

u+

u

σ

We first note that v0 D v� C u
C and v D v� C u, where u D v � v� and uC D uCjuj�

2
.

Now assuming u D r� with r D juj and � 2 S2, we obtain that

v D v� C r�; v
0
D v� C r

� C �

2
:
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Let & D �C�
j�C� j

2 S2. Then we have the geometric decomposition:

f .v0/ � f .v/ D
�
f .v� C

j� C � j

2
r&/ � f .v� C r&/

�
C
�
f .v� C r&/ � f .v� C r�/

�
D
�
f .v� C u

C/ � f .v� C juj
uC

juCj
/
�
C
�
.Tv�f /.r&/ � .Tv�f /.r�/

�
;(1.35)

where Tvf
def
D f .v C �/. Applying it to the functional hQ.g; h/; f i, we have

hQ.g; h/; f i D

“
�2S2;u;v�2R3

b.cos �/g�.Tv�h/.u/
�
f .v� C u

C/ � f .v� C juj
uC

juCj
/
�
d�dv�du„ ƒ‚ …

DhQgh;f i

C

“
�2S2;u;v�2R3

b.cos �/g�.Tv�h/.u/
�
.Tv�f /.r&/ � .Tv�f /.r�/

�
d�dv�du„ ƒ‚ …

Dh Ggh;f iv

:

Notice that juC � juj u
C

juCj
j � �2juj. Then by technical argument(see the proof of

Theorem 1.2), the operator Qg behaves like

Qg � Cghvi
s.�4v/

s=2:

Recalling the rough behavior of Q.g; �/ (see (1.13)), we may regard Qg as the lower order
term.

Now we concentrate on the functional h Ggh; f iv. By (1.3), it is easy to check

h Ggh; f iv

D

“
r>0;�;�2S2;v�2R3

b.� ��/1� ���0g�.Tv�h/.r�/
�
.Tv�f /.r&/�.Tv�f /.r�//r

2d�dv�d�dr:

For fixed v�, � and r , if � is chosen to be the polar direction, one has

d� D sin �d�d S1; d& D sin�d�d S1;

where � D 2�. We deduce that

d� D 4 cos�d&:

Then by change of the variable from � to & , we derive that

h Ggh; f iv D

“
r>0;&;�2S2;v�2R3

b
�
2.& � �/2 � 1

�
1& ���

p
2=24.& � �/g�.Tv�h/.r�/

�
�
.Tv�f /.r&/ � .Tv�f /.r�//r

2d&d�drdv�:(1.36)

By the symmetric property of � and & , we get

h Ggh; f iv D
1

2

“
r>0;&;�2S2;v�2R3

b
�
2.& � �/2 � 1

�
1& ���

p
2=24.& � �/g�

�
.Tv�h/.r�/ � .Tv�h/.r&//

�
�
.Tv�f /.r&/ � .Tv�f /.r�/

�
r2d&d�drdv�:

Thus to give the estimate of Gg , it suffices to consider the functional

G.h; f /
def
D

Z
&;�2S2

�
h.�/ � h.&/

��
f .&/ � f .�/

�
H.& � �/d&d�;
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where H.& � �/ D b
�
2.& � �/2 � 1

�
4.& � �/1& ���

p
2=2. Recall that the assumption (1.5) is

equivalent to b.� � �/ � j� � � j�2�2s , then by the fact j� � � j � j& � � j, we get

H.& � �/ � j& � � j�2�2s1
j&�� j2�2�

p
2:

Let us first consider the lower bound of the operator. Thanks to Lemma 5.5, we get

�G.f; f /C kf k2
L2.S2/ �

Z
�;�2S2

jf .�/ � f .�/j2

j� � � j2C2s
d�d� C kf k2

L2.S2/(1.37)

� k.�4S2/
s=2f kL2.S2/ C kf k

2

L2.S2/:

Then we have

h� Ggf; f iv &
Z
R3
g�k.�4S2/

s=2Tv�f k
2
L2
dv� � LOT;

which almost yields

h�Q.g; f /; f iv & Cgk.�4S2/
s=2f k2

L2
� LOT:

Now what remains is to prove

k.�4S2/
s=2Tv�f kL2 . hv�i

s.k.�4S2/
s=2f kL2 C kf kH s /:(1.38)

It is easy to check that it holds for s D 0 and s D 1. Unfortunately because �4S2 does not
commutate with r, the standard real interpolation method cannot be applied directly. To
solve the problem, we develop a new interpolation theory(which is of independent interest) to
overcome the difficulty. We refer readers to check the theory in Section 5. Then by combining
the coercivity estimate in Sobolev spaces (see (1.15)), roughly speaking, we derive that

h�Q.g; f /; f iv & Cg.k.�4S2/
s=2f k2

L2
C kf k2H s / � LOT:

We remark that the estimate is sharp since it is consistent with the behavior of the linearized
operator (1.19).

Next we turn to the upper bounds. We will show that our new observation can be used to
prove (1.23). Indeed, by Cauchy-Schwarz inequality, we have

(1.39) jG.h; f /j .

�Z
�;�2S2

jh.�/ � h.�/j2

j� � � j2C2s
d�d�

� 1
2
�Z

�;�2S2

jf .�/ � f .�/j2

j� � � j2C2s
d�d�

� 1
2

:

Thanks to the Addition Theorem(see the statement in Section 5), we deduce that for
constants a; b 2 R with aC b D 2s,

jG.h; f /j . k.1 �4S2/
a=2hkL2k.1 �4S2/

b=2f kL2 ;

which implies

h� Ggh; f iv

.

�Z
R3
g�k.�4S2/

a=2Tv�hk
2
L2
dv�

� 1
2
�Z

R3
g�k.�4S2/

b=2Tv�f k
2
L2
dv�

� 1
2

C LOT:

Together with the sharp upper bounds in weighted Sobolev spaces and (1.38), we finally
arrive at (1.23).

Some remarks are in order:
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1. The geometric decomposition plays an essential role to catch the anisotropic structure
of the operator in the lower and upper bounds. Since it does not use the symmetry and
regularity of the function g, it is more robust than the previous work.

2. The geometric decomposition is stable in the process of the grazing collision limit.
Actually we can give an explicit description of the asymptotic behavior of the
anisotropic structure in the limit (see Lemma 4.1). Roughly speaking, in the process
of the limit, the behavior of collision operator depends on the parameter �. If the
eigenvalue of �4S2 is less than ��2, then the operator behaves like �4S2 . And if the
eigenvalue of �4S2 is bigger than ��2, then the operator behaves like �2s�2.�4S2/

s .
It reflects the strong connection between Boltzmann and Landau collision operators.

3. We remark that the geometric decomposition can also be applied to the operator
in frequency space (recalling (2.2)) to catch the anisotropic structure. It will give an
alternative proof to the lower and upper bounds of the operator in anisotropic spaces.
But it only works well for the Maxwellian case (
 D 0) because of the simplicity of
(2.2) in this case.

1.4. Organization of the paper

In Section 2, based on two types of the dyadic decomposition performed both in phase and
frequency spaces, we give a complete proof to the sharp bounds of the collision operator in
weighted Sobolev spaces.

Based on the geometric decomposition, we give a proof to the sharp bounds of the
collision operator in anisotropic spaces in Section 3.

In Section 4, we show that the strategy is so stable that we can extend all the estimates
to the Landau collision operator by taking the grazing collision limit. We also show the
asymptotic behavior of the anisotropic structure of collision operator in the process of the
grazing collision limit.

In Section 5, we list some important lemmas which are of independent interest to the proof
of the main theorems. We first give some auxiliary lemmas on the new profiles of the weighted
Sobolev Spaces, the new version of the interpolation theory and the basic properties of the
real spherical harmonics. Then in the next we give the L2 profile of the fractional Laplace-
Beltrami operator. Finally we give the proof to (1.38).

At the end of the paper, we give the conclusions and perspectives.

2. Upper bound for the Boltzmann collision operator in weighted Sobolev Spaces

In this section, we will make full use of dyadic decompositions which are performed
in both phase and frequency spaces to give the precise estimates of the collision operator
in weighted Sobolev spaces. Of course these estimates are not optimal. But they are still
interesting. In fact, they have two advantages. The first one is that we have the freedom
of choosing derivatives and weights for the functions compared to the previous work. The
second one is that the two decompositions used in the proof enable us to find out where the
additional weight comes from in the upper bound. It will be crucial to improve the upper
bound of the operator in anisotropic spaces.
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We first show how to reduce the estimate of the functional hQ.g; h/; f iv with the aid of
the two types of the decomposition. For Qk , relative velocity v � v� is localized in the ring˚
3
4
2k � jv � v�j �

8
3
2k
	
. Suppose that g is localized in the ring

˚
3
4
2j � jv�j �

8
3
2j
	
. Then

thanks to the fact
p
2
2
jv � v�j � jv

0 � v�j � jv � v�j, we have

– If j � k �N0, then jvj; jv0j 2 Œ.3
4
�
8
3
2�N0/2k ; 8

3
.1C 2�N0/2k �;

– If j � k CN0, then jvj 2 Œ.3
4
�
8
3
2�N0/2j ; 8

3
.1C 2�N0/2j �

and jv0j 2 Œ.
p
2
2
3
4
�
8
3
2�N0/2j ; 8

3
.1C 2�N0/2j �;

– If jj � kj < N0, then jvj � 22kCN0 ; jv0j � 22kCN0 :

Then, together with the fact that

hQk.g; h/; f iv D

“
�2S2;v�;v2R3

ˆ



k
.jv � v�j/b.cos �/g�h.f 0 � f /d�dv�dv;

we deduce that there exists an integer N0 2 N such that

hQ.g; h/; f iv D
X
k��1

X
j��1

hQk.Pjg; h/; f iv

D

X
j�k�N0

hQk.Pjg;
QPkh/;

QPkf iv C
X

j�kCN0

hQk.Pjg;
QPjh/;

QPjf iv

C

X
jj�kj�N0

hQk.Pjg; UkCN0h/; UkCN0f iv(2.1)

D

X
k�N0�1

hQk.Uk�N0g;
QPkh/;

QPkf iv C
X

j�kCN0

hQk.Pjg;
QPjh/;

QPjf iv

C

X
jj�kj�N0

hQk.Pjg; UkCN0h/; UkCN0f iv:

We recall that the Bobylev’s formula of the operator can be stated as

(2.2) hF
�
Qk.g; h/

�
; F f i

D

“
�2S2;��;�2R3

b.
�

j�j
� �/

�
F .ˆ




k
/.�� � �

�/ � F .ˆ



k
/.��/

�
� .F g/.��/.F h/.� � ��/.F f /.�/d�d��d�;

where F f denotes the Fourier transform of f and �� D ��j�j�
2

. Suppose that functions g
and h are localized in rings f3

4
2p � j�j � 8

3
2pg and f3

4
2l � j�j � 8

3
2lg respectively in the

frequency space. Due to (2.2), we have 3
4
2p � j��j �

8
3
2p and 3

4
2l � j� � ��j �

8
3
2l . Then

– If l � p � N0, then j�j 2 Œ.3
4
�

8
3
2�N0/2p; 8

3
.1 C 2�N0/2p�. Set �C

def
D � � ��,

then it verifies j�Cj 2 Œ
p
2
2
.3
4
�

8
3
2�N0/2p; 8

3
.1 C 2�N0/2p�. Notice that j�� � ��j D

j.����/C�
Cj, then one has j�����j 2 Œ

p
2
2
.3
4
�.1C

p
2/8
3
2�N0/2p; 8

3
.1C22�N0/2p�.

– If l � p C N0, then j�j 2 Œ.3
4
�

8
3
2�N0/2l ; 8

3
.1 C 2�N0/2l � and j�� � ��j; j��j �

.1C 28
3
2�N0/2l .

– If jl�pj < N0, then j�j � 28
3
2pCN0 . Now let j�j 2 Œ3

4
2m; 8

3
2m�. In the case of jm�pj �

2N0, one has j�j 2 Œ2�2N0 3
4
2p; 22N0 8

3
2p�. While in the case of m < p � 2N0, one has

j��j; j�� � �
�j 2 Œ.2�N0 3

4
�
8
3
2�2N0/2p; .8

3
22N0 C 8

3
2�2N0/2p�.
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Then we have

hQk.g; h/; f iv D
X

p;l��1

hQk.Fpg;Flh/; f iv

D

X
l�p�N0

W1
k;p;l C

X
l�pCN0

W2
k;p;l

C

X
jl�pj<N0

� X
jm�pj�2N0

W3
k;p;l;m C

X
m<p�2N0

W4
k;p;l;m

�
;

where

W1
k;p;l

def
D

“
�2S2;v�;v2R3

�
QFpˆ




k

�
.jv � v�j/b.cos �/.Fpg/�.Flh/

�
. QFpf /

0
� QFpf

�
d�dv�dv;

W2
k;p;l

def
D

“
�2S2;v�;v2R3

ˆ



k
.jv � v�j/b.cos �/.Fpg/�.Flh/

�
. QFlf /

0
� QFlf

�
d�dv�dv;

W3
k;p;l;m

def
D

“
�2S2;v�;v2R3

ˆ



k
.jv � v�j/b.cos �/.Fpg/�.Flh/

�
.Fmf /

0
� Fmf

�
d�dv�dv;

W4
k;p;l;m

def
D

“
�2S2;v�;v2R3

�
QFpˆ




k

�
.jv � v�j/b.cos �/.Fpg/�.Flh/

�
.Fmf /

0
� Fmf

�
d�dv�dv:

We remark that we use the fact that the Fourier transform maps a radial function into a radial
function.

By simple calculation, we arrive at

(2.3) hQk.g; h/; f iv D
X

l�p�N0

W1
k;p;l C

X
l��1

W2
k;l C

X
p��1

W3
k;p C

X
m<p�N0

W4
k;p;m;

where

W2
k;l

def
D

“
�2S2;v�;v2R3

ˆ



k
.jv � v�j/b.cos �/.S l�N0g/�.Flh/

�
. QFlf /

0
� QFlf

�
d�dv�dv;

W3
k;p

def
D

“
�2S2;v�;v2R3

ˆ



k
.jv � v�j/b.cos �/.Fpg/�. QFph/

�
. QFpf /

0
� QFpf

�
d�dv�dv;

W4
k;p;m

def
D

“
�2S2;v�;v2R3

�
QFpˆ




k

�
.jv � v�j/b.cos �/.Fpg/�. QFph/

�
.Fmf /

0
� Fmf

�
d�dv�dv:

Now the estimate of the functional hQ.g; h/; f iv is reduced to the estimates of the terms in
the righthand sides of (2.1) and (2.3).

We begin with two useful propositions.

P 2.1. – Suppose $ 2 .0; 1�. Then for jyj ¤ 0, one has

ˇ̌
jxj2$ � jyj2$

ˇ̌
.

8̂<̂
:
jx � yjjyj2$�1; if 0 < $ �

1

2
I

jx � yjjyj2$�1 C jx � yj2$ ; if
1

2
< $ � 1:

Proof. – We first treat the case 2$ � 1. Suppose that jxj � bjyj with 0 < b < 1. Then
one has

.1 � b/jyj � jx � yj � .1C b/jyj;
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which implies ˇ̌
jxj2$ � jyj2$

ˇ̌
. jyj2$ . jx � yjjyj2$�1:

Next we handle the case jxj > bjyj. If � 2 Œ0; 1�, we have

.1 � �/jxj C � jyj � Œ.1 � �/b C ��jyj:

From which together with the factˇ̌
jxj2$ � jyj2$

ˇ̌
. jx � yj

Z 1

0

Œ.1 � �/jxj C � jyj�2$�1d�;(2.4)

we get the desired result.
When 2$ > 1, the proposition is easily followed from (2.4) and the fact

.1 � �/jxj C � jyj � jyj C jx � yj:

P 2.2. – Suppose $ 2 .0; 1� and N 2 N. Recall that ˆ

k

is defined in (1.34).

1. Set A$
k
.v/

def
D . QFpˆ




k

�
.v/jvj2$ : Then if k � 0, we have

kA$k kL1 . 2k.
C
3
2�N/2�pN kˆ



0kHNC2k'kW 2;1

N

:

If 
 D 0 and k D �1,

kA$�1kL1 . 2�pN k kHNC2k'kW 2;1
N

:

2. Set B$�1.v/
def
D . QFpˆ



�1

�
.v/jvj2$ � . QFpˆ


C2$
�1

�
.v/: Then if 
 C 2$ > 0, there exists a

constant �1 D minf
 C 2$; 1g such that

jB$�1j � jB1j C jB2j;

where

kB1kL2 � 2
�.�1C

3
2 /p and kB2kL1 . 2��1p:

If 
 C 2$ > �1, then there exists a constant �2 such that

kB$�1kL2 . 2�.�2C
1
2 /p;

where

�2 D

8̂̂̂̂
<̂̂
ˆ̂̂̂:

1

2
; if 
 C 2$ > �

1

2
I

1

2
� .log2 p/=p; if 
 C 2$ D �

1

2
I


 C 2$ C 1; if � 1 < 
 C 2$ < �
1

2
:

Proof. – (i). For k � 0, we recall that ˆ

k
.v/ D jvj
'.2�kv/. Then by direct calculation,

we have

F .ˆ



k
/.�/ D 2.
C3/k F .ˆ



0/.2

k�/;(2.5)

which yields

k QFpˆ



k
kL1
2

. k.�4/F
�
QFpˆ




k

�
kL1 C kF . QFpˆ




k
/kL1 . kF . QFpˆ




k
/kH2

2

. 2k.
C
3
2�N/2�pN kˆ



0kHNC2k'kW 2;1

N

:
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From this we obtain that

kA$k kL1 . 2k.
C
3
2�N/2�pN kˆ



0kHNC2k'kW 2;1

N

:

If 
 D 0 and k D �1, by the definition, we have

kA$�1kL1 . k.�4/F
�
QFp 

�
kL1 C kF .Fp /kL1 . 2�pN k kHNC2k'kW 2;1

N

:

(ii). Let Q�p D
P
jm�pj�N0

�m. Then by the definition of QFp, we have

jB$�1.v/j D

ˇ̌̌̌ Z
R3
Q�p.v � y/ˆ



�1.y/.jvj

2$
� jyj2$ /dy

ˇ̌̌̌
:

Thanks to Proposition 2.1, it can be reduced to bound the terms B1�1 and B2�1 which are
defined by

B1�1
def
D

Z
R3
j Q�p.v � y/jˆ


C2$�1
�1 .y/jv � yjdy;

and B2�1
def
D

Z
R3
j Q�p.v � y/jˆ



�1.y/jv � yj

2$dy:

We remind the reader that the termB2�1 is only needed to be considered in the case of 2$ > 1.

We begin with the estimate of B1�1. Observe that

B1�1 D

Z
R3
j Q�p.v � y/jˆ


C2$�1
�1 .y/1jyj�2�p jv � yjdy

C

Z
R3
j Q�p.v � y/jˆ


C2$�1
�1 .y/1jyj�2�p jv � yjdy

def
D B

1;1
�1 C B

1;2
�1 :

It is easy to check that

kB
1;1
�1 kL2 .

�Z
R3
j Q�pj

2
jyj2dy

�1=2
2�.
C2$�1C3/p . 2�.
C2$C

3
2 /p:

We turn to the estimate of B1;2�1 . To make full use of the structure, we separate the estimate
into several cases.

– Case 1: 
 C 2$ > 0. Then it holds

kB
1;2
�1 kL1 . 2��p;

where � D minf1; 
 C 2$g. Nevertheless, by Young inequality, we also have

kB
1;2
�1 kL2 . 2�p:

– Case 2: �1
2
� 
 C 2$ � 0. Then by Young inequality, one has that if 
 C 2s > �1

2
,

kB
1;2
�1 kL2 . 2�p:

However, if 
 C 2s D �1
2

, we have

kB
1;2
�1 kL2 . 2�pp . 2�p.1�.log2 p/=p/:
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– Case 3: �1 < 
 C 2$ < �1
2

. We have

kB
1;2
�1 kL2 . 2�p

�Z
2�p�jyj�2

jyj2.
C2$�1/dy

� 1
2

. 2�.
C2$C
3
2 /p:

The similar argument can be applied to B2�1 with 2$ > 1. Notice that

B2�1 D

Z
R3
j Q�p.v � y/jˆ



�1.y/1jyj�2�p jv � yj

2$dy

C

Z
R3
j Q�p.v � y/jˆ



�1.y/1jyj�2�p jv � yj

2$dy

def
D B

2;1
�1 C B

2;2
�1 :

It is easy to check that

kB
2;1
�1 kL2 .

�Z
j Q�pj

2
jyj4$dy

�1=2
2�.
C3/p . 2�.
C2$C

3
2 /p:

Similarly, the estimate of B2;2�1 falls in several cases.

– Case 1: 
 � 0. Then it holds

kB
2;2
�1 kL1 .

Z
R3
j Q�pjjyj

2$dy . 2�2$p:

– Case 2: 
 C 2$ > 0 and 
 < 0. Using the fact that jˆ
�1.y/1jyj�2�p j � 2
�
p , then

one has

kB
2;2
�1 kL1 . 2�
p

Z
R3
j Q�pjjyj

2$dy . 2�.
C2$/p:

– Case 3: 
 � �3
2

. By Young inequality, we have

kB
2;2
�1 kL2 .

�Z
R3
jˆ


�1j

21jyj�2�pdy
�1=2� Z

R3
j Q�pjjyj

2$dy
�
. 2�.�C

1
2 /p;

where � D 2$ � 1
2

if 
 > �3
2

and � D 2$ � 1
2
� .log2 p/=p if 
 D �3

2
.

– Case 4: 
 < �3
2

. Again by Young inequality, we have

kB
2;2
�1 kL2 .

�Z
R3
jˆ


�1j

21jyj�2�pdy
�1=2� Z

R3
j Q�pjjyj

2$dy
�
. 2�.
C2$C

3
2 /p:

Notice that there are only two types of the estimates,L2 andL1 estimates, in the proof; then
the proposition is easily obtained by patching together all the estimates.

2.1. Estimates ofW1
k;p;l

andW4
k;p;m

defined in (2.3)

We first give the estimate toW1
k;p;l

.

L 2.1. – Suppose N 2 N. For k � 0, it holds

jW1
k;p;l j . 2k.
C

5
2�N/.2�p.N�2s/22s.l�p/ C 2�.N�

5
2 /p2

3
2 .l�p//

� kˆ


0kHNC2k'kW 2;1

N

kFpgkL1kFlhkL2k QFpf kL2 :

If k D �1, we have
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1. if 
 D 0,

jW1
�1;p;l j .

�
2�p.N�2s/22s.l�p/ C 2�.N�1/p2

3
2 l
�

� k kHNC2k'kW 2;1
N

kFpgkL1kFlhkL2k QFpf kL2 ;

2. if 
 C 2s > 0 and 
 > �3
2

,

jW1
�1;p;l j . 2 Q�.l�p/2.2s��1/lkFpgkL1kFlhkL2k QFpf kL2 ;

3. if 
 C 2s > �1 and 
 > �5
2

,

jW1
�1;p;l j . 2 Q�.l�p/2.2s��2/lkFpgk

L
3
2
kFlhkL2k QFpf kL2 ;

4. if 
 C 2s > �1,

jW1
�1;p;l j . .22sl2�.

1
2C�2/p C 2

3
2 l2�.
C3/p/kFpgkL2kFlhkL2k QFpf kL2

. 2 Q�.l�p/2.2s�
1
2��2/lkFpgkL2kFlhkL2k QFpf kL2 ;

where Q� is a positive constant which depends only on 
 and s and varies for different cases. We
remark that constants �1 and �2 are stated in Proposition 2.2 and functions and ' are defined
in (1.33).

Proof. – We recall that l and p verify the condition l < p � N0. To make full use of
the cancelation and to handle the singularity caused by the angular function, we make the
following decomposition:

W1
k;p;l D D

1
k CD

2
k ;

where

D1k
def
D

“
�2S2;v�;v2R3

�
QFpˆ




k

�
.jv � v�j/b.cos �/.Fpg/�

�
.Flh/ � .Flh/

0
�
. QFpf /

0d�dv�dv;

D2k
def
D

“
�2S2;v�;v2R3

�
QFpˆ




k

�
.jv � v�j/b.cos �/.Fpg/�

�
.Flh/

0. QFpf /
0
� .Flh/ QFpf

�
d�dv�dv:

The proof falls in several steps.

Step 1: Estimate of D1
k

. – Observe the facts

(2.6) .Flh/.v/ � .Flh/.v
0/

D .v � v0/ � .rFlh/.v
0/C

1

2

Z 1

0

.1 � �/.v � v0/˝ .v � v0/ W .r2Flh/.�.v//d�;

where �.v/ D v0 C �.v � v0/; and

(2.7)
“
�2S2;v2R3

�.jv � v�j/b.
v � v�

jv � v�j
� �/w.jv0 � vj/.v � v0/�.v0/d�dv

D 4

“
�2S2;v2R3

�.jT� .v
0/ � v�j/b.

T� .v
0/ � v�

jT� .v0/ � v�j
� �/

� w.jv0 � T� .v
0/j/

T� .v
0/ � v0�

v0�v�
jv0�v�j

� �
�2 �.v0/d�dv0 D 0;
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where w and � are smooth functions and T� represents the transform such that T� .v0/ D v.
We refer readers to [1] or [6] to check the change of the variable from v to v0. Then in order
to get the optimal estimate, we follow the idea in [7] to introduce the function  (defined
in (1.33)) to decompose D1

k
into angular cutoff part and angular non cutoff part, that is,

D1k D D
1;1
k
CD1;2

k
;

where

D1;1
k

def
D
1

2

Z 1

0

“
�2S2;v�;v2R3

Ask.jv � v�j/b.cos �/ .2l .v0 � v//.Fpg/�

�jv � v�j
�2s

�
.v � v0/˝ .v � v0/ W .r2Flh/.�.v//

�
. QFpf /

0d�dv�dvd�;

D1;2
k

def
D

“
�2S2;v�;v2R3

Ask.jv � v�j/b.cos �/.1 �  .2l .v0 � v///.Fpg/�

�jv � v�j
�2s

�
.Flh/ � .Flh/

0
�
. QFpf /

0d�dv�dv;

where (2.6) and (2.7) are used and As
k

is defined in Proposition 2.2.

Step 1.1: Estimate of D1;1
k

. – We divide the estimate into three cases.

C 1: k � 0. — By Cauchy-Schwarz inequality, one has

jD1;1
k
j . kAskkL1

�Z 1

0

“
�2S2;v�;v2R3

j.Fpg/�jb.cos �/ sin2.�=2/j .2l .v0 � v//j

� jv � v�j
2�2s
j. QFpf /

0
j
2d�dv�dvd�

� 1
2
�Z 1

0

“
�2S2;v�;v2R3

j.Fpg/�jb.cos �/

� sin2.�=2/j .2l .v0 � v//jjv � v�j2�2s
ˇ̌
.r2Flh/.�.v//

ˇ̌2
d�dv�dvd�

� 1
2

;

where we use the fact jv � v0j D jv � v�j sin.�=2/.

Then we follow the change of variables: .v�; v/! .v�; u1 D v
0/ and .v�; v/!

�
v�; u2 D

�.v/
�
. Thanks to the fact that

j
@u2

@v
j D .1 �

�

2
/2
n
.1 �

�

2
/C

�

2

v � v�

jv � v�j
� �
o
;(2.8)

we derive that

jD1;1
k
j . kAskkL1

�Z 1

0

“
�2S2;v�;u12R3

j.Fpg/�jb.cos �/ sin2.�=2/j .2l jv � v�j sin.�=2//j

� ju1 � v�j
2�2s
j. QFpf /.u1/j

2d�dv�du1d�

� 1
2
�Z 1

0

“
�2S2;v�;u22R3

j.Fpg/�jb.cos �/

� sin2.�=2/j .2l jv � v�j sin.�=2//jju2 � v�j2�2s
ˇ̌
.r2Flh/.u2//

ˇ̌2
d�dv�du2d�

� 1
2

;
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where we use the fact jv � v�j � ju1 � v�j � ju2 � v�j. It is not difficult to check

jv � v�j
2�2s

Z
�2S2

b.cos �/ sin2.�=2/ .2l jv � v�j sin.�=2//d�

. ju2 � v�j
2�2s

Z 8
32
�l ju2�v�j

�1

0

b.cos �/�2 sin Q�d Q�

. 2�.2�2s/l ;

(2.9)

where Q� verifies cos Q� D u2�v�
ju2�v�j

� � and �=2 � Q� � � . By Bernstein inequalities (5.1)-(5.3), it
is easy to derive that

jD1;1
k
j . 22slkAkkL1kFpgkL1kFlhkL2k QFpf kL2

. 2k.
C
3
2�N/2�p.N�2s/22s.l�p/kˆ



0kHNC2k'kW 2;1

N

kFpgkL1kFlhkL2k QFpf kL2 :

C 2: k D �1  
 D 0. — Thanks to Proposition 2.2, we easily get

jD1;1�1 j . 2�p.N�2s/22s.l�p/k kHNC2k'kW 2;1
N

kFpgkL1kFlhkL2k QFpf kL2 :

C 3: k D �1  
 ¤ 0. — For the general case, following the decomposition in
Proposition 2.2:

As�1 D B
s
�1 C

QFpˆ

C2s
�1 ;

one has the corresponding decomposition:

D1;1�1 D D
1;1
�1;1 CD

1;1
�1;2:

We first have

jD1;1�1;2j .

�Z 1

0

“
�2S2;v�;v2R3

ˇ̌�
QFpˆ


C2s
�1

�
.jv � v�j/

ˇ̌2
b.cos �/ sin2.�=2/j .2l .v0 � v//j

� jv � v�j
2�2s
j. QFpf /

0
j
2d�dv�dvd�

� 1
2
�Z 1

0

“
�2S2;v�;v2R3

j.Fpg/�j
2b.cos �/

� sin2.�=2/j .2l .v0 � v//jjv � v�j2�2s
ˇ̌
.r2Flh/.�.v//

ˇ̌2
d�dv�dvd�

� 1
2

:

By change of variables from .v�; v/ to .u1 D v � v�; u2 D v0/ and from .v�; v/ to .v�; u3 D
�.v//, we get

jD1;1�1;2j .

�Z 1

0

“
�2S2;u1;u22R3

ˇ̌�
QFpˆ


C2s
�1

�
.ju1j/

ˇ̌2
b.cos �/ sin2.�=2/j .2l ju1j sin.�=2//j

� ju1j
2�2s
j. QFpf /.u2/j

2d�du1du2d�

� 1
2
�Z 1

0

“
�2S2;v�;u32R3

j.Fpg/�j
2b.cos �/

� sin2.�=2/j .2l jv � v�j sin.�=2//jju3 � v�j2�2s
ˇ̌
.r2Flh/.u3//

ˇ̌2
d�dv�du3d�

� 1
2

:

Then we have

jD1;1�1;2j . 22slk QFpˆ

C2s
�1 kL2kFpgkL2kFlhkL2k

QFpf kL2 :
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Due to the fact (see [5]) that for 
 > �3 and the multi-index ˛ with j˛j D k 2 N,

j
�
@˛� F .ˆ



�1/

�
.�/j . h�i�3�
�k ;(2.10)

we have

k QFpˆ

C2s
�1 k

2
L2

.
Z
R3
j'p.�/j

2
j�j�2.
C2s/�6d�

. 2�2.
C2sC
3
2 /p:

We deduce that if 
 C 2s > �1,

jD1;1�1;2j . 22sl2�.
C2sC
3
2 /pkFpgkL2kFlhkL2k QFpf kL2 :

Due to the Bernstein inequalities (5.1)-(5.3), if 
 C 2s > 0, then we have

jD1;1�1;2j . 22sl2�.
C2s/pkFpgkL1kFlhkL2k QFpf kL2 :

Next we turn to the estimate of D1;1�1;1. Notice that Bs�1 can be separated into two parts
B1 and B2 which can be controlled inL2 and L1 spaces thanks to Proposition 2.2. Thus we
may copy the argument for D1;1�1;2 to D1;1�1;1 when B1 is bounded in L2 space and apply the

argument forD1;1
k

toD1;1�1;1 when B2 is controlled in L1 space. Finally we obtain that in the
case of 
 C 2s > 0,

jD1;1�1;1j . 22sl .kB1kL2kFpgkL2 C kB2kL1kFpgkL1/kFlhkL2k QFpf kL2

. 22sl2��1pkFpgkL1kFlhkL2k QFpf kL2 :

While in the case of 
 C 2s > �1,

jD1;1�1;1j . 22sl2�.
1
2C�2/pkFpgkL2kFlhkL2k QFpf kL2 :

Step 1.2: Estimate of D1;2
k

. – We separate the estimate into several cases.

C 1: k � 0. — By Cauchy-Schwarz inequality, one has

jD1;2
k
j . kAskkL1

�“
�2S2;v�;v2R3

j.Fpg/�jb.cos �/j1 �  .2l .v0 � v//j

� jv � v�j
�2s
j. QFpf /

0
j
2d�dv�dv

� 1
2
�“

�2S2;v�;v2R3
j.Fpg/�jb.cos �/

� j1 �  .2l .v0 � v//jjv � v�j
�2s

ˇ̌
.Flh/.v/

ˇ̌2
d�dv�dv

� 1
2

C kAskkL1

�“
�2S2;v�;v2R3

j.Fpg/�jb.cos �/j1 �  .2l .v0 � v//j

� jv � v�j
�2s
j. QFpf /

0
j
2d�dv�dv

� 1
2
�Z 1

0

“
�2S2;v�;v2R3

j.Fpg/�jb.cos �/

� j1 �  .2l .v0 � v//jjv � v�j
�2s

ˇ̌
.Flh/.v

0/
ˇ̌2
d�dv�dv

� 1
2

:
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Following the change of variables: .v�; v/! .v�; u2 D v
0/ and the fact (2.8), we get

jD1;2
k
j . kAskkL1

�“
�2S2;v�;u22R3

ˇ̌
.Fpg/�jb.cos �/j1 �  .2l jv � v�j sin.�=2//j

� jv � v�j
�2s
j. QFpf /.u2/j

2d�dv�du2

� 1
2
�“

�2S2;v�;v2R3
j.Fpg/�jb.cos �/

� j1 �  .2l jv � v�j sin.�=2//jjv � v�j�2s
ˇ̌
.Flh/.v/

ˇ̌2
d�dv�dv

� 1
2

C kAskkL1

�“
�2S2;v�;u22R3

j.Fpg/�jb.cos �/j1 �  .2l jv � v�j sin.�=2//j

� jv � v�j
�2s
j. QFpf /.u2/j

2d�dv�du2

� 1
2
�“

�2S2;v�;u22R3
j.Fpg/�jb.cos �/

� j1 �  .2l jv � v�j sin.�=2//jju2 � v�j�2s
ˇ̌
.Flh/.u2/

ˇ̌2
d�dv�du2

� 1
2

:

Notice

jv � v�j
�2s

Z
S2
b.cos �/.1 �  .2l jv � v�j sin.�=2///d�

.

8̂̂̂̂
<̂
ˆ̂̂:
jv � v�j

�2s

Z �=2

4
32
�l jv�v�j�1

b.cos �/ sin �d�

ju2 � v�j
�2s

Z �=2

4
32
�l ju2�v�j�1

b.cos �/ sin Q�d Q�

. 22sl ;(2.11)

where Q� verifies cos Q� D u2�v�
ju2�v�j

� � and �=2 � Q� � � . Finally we get the estimate to D1;2
k

,
that is, for any N 2 N,

jD1;2
k
j . 2.
C

3
2�N/k22s.l�p/2.2s�N/pkˆ



0kHNC2k'kW 2;1

N

kFpgkL1kFlhkL2k QFpf kL2 :

Case 2: k D �1. Following the similar argument used in the previous step, we conclude
that in the case of 
 D 0,

jD1;2�1 j . 22s.l�p/2.2s�N/pk kHNC2k'kW 2;1
N

kFpgkL1kFlhkL2k QFpf kL2 ;

in the case of 
 C 2s > 0,

jD1;2�1 j . 22sl .kB1kL2kFpgkL2 C kB2kL1kFpgkL1/kFlhkL2k QFpf kL2

. 22sl2��1pkFpgkL1kFlhkL2k QFpf kL2 ;

and in the case of 
 C 2s > �1,

jD1;2�1 j . 22sl2�.
1
2C�2/pkFpgkL2kFlhkL2k QFpf kL2 :
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Step 2: Estimate of D2
k

. – Thanks to the Cancelation Lemma in [1], we obtain that

D2k D jS
1
j

“
�2Œ0;�=2�;v�;v2R3

��
QFpˆ




k

�� jv � v�j
cos �

2

�
1

cos3 �
2

�
�
QFpˆ




k

�
.jv � v�j/

�
b.cos �/ sin �

� .Fpg/�.Flh/. QFpf /d�dv�dv:

Notice that

Ck.�; �/
def
D

1

cos3 �
2

F

��
QFpˆ




k

�� �

cos �
2

��
.�/ � F

��
QFpˆ




k

�
.�/

�
.�/

D 'p.�/2
.
C3/k

�
F
�
ˆ


0

�
.cos

�

2
2k�/ � .F

�
ˆ


0

�
.2k�/

�
;

where we use (2.5). We split the estimate into several cases.

C 1: k � 0  k D �1  
 D 0. — Thanks to the mean value theorem, we have

kCk.�; �/kL2 . �22.
C
5
2�N/k2.1�N/pkˆ



0kHN k'kW 2;1

N

and

kC�1.�; �/kL2 . �22.
C
5
2�N/k2.1�N/pk kHN k'kW 2;1

N

:

Then by Bernstein inequalities (5.1)-(5.3), for any N 2 N, we get

jD2kj .
Z
S2
b.cos �/kCk.�; �/kL2kF

�
Fpg

�
kL1kF

�
Flh QFpf

�
kL2d�

. 2.
C
5
2�N/k2.1�N/pk'k

W
2;1
N

kˆ


0kHN kFpgkL1kFlhkL1k

QFpf kL2

. 2.
C
5
2�N/k2.1�N/p2

3
2 lk'k

W
2;1
N

kˆ


0kHN kFpgkL1kFlhkL2k

QFpf kL2

and

jD2�1j . 2.1�N/p2
3
2 lk'k

W
2;1
N

k kHN kFpgkL1kFlhkL2k QFpf kL2 :

C 2: k D �1  . — Due to the fact (2.10), it is easy to check
that

jC�1.�; �/j . �2j�jj'p.�/jkr F .ˆ


�1/kL1

. 2�.
C3/p�2:

Thanks to Plancherel theorem and Bernstein inequalities (5.1)-(5.3), one has

jD2�1j . 2�.
C3/pkFpgkL2k.Flh/. QFpf /kL2

. 2�.
C3/p2
3
2 lkFpgkL2kFlhkL2k QFpf kL2 :

Thus we have

1. if 
 C 2s > 0 and 
 > �3
2

,

jD2�1j . 2.l�p/.
C
3
2 /2.2s�.
C2s//lkFpgkL1kFlhkL2k QFpf kL2 ;

2. if �1 < 
 C 2s � 0 and 
 > �5
2

,

jD2�1j . 2.l�p/.
C
5
2 /2�.
C2sC1/l22slkFpgk

L
3
2
kFlhkL2k QFpf kL2 ;
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3. if �1 < 
 C 2s,

jD2�1j . 2.l�p/.
C3/2�.
C2sC1/l2.2s�
1
2 /lkFpgkL2kFlhkL2k QFpf kL2 :

Now combining all the estimates in Step 1 and Step 2 and using Bernstein inequalities
(5.1)-(5.3), we finally get the desired results in the lemma.

Next we have

L 2.2. – Suppose N 2 N. For k � 0, it holds

jW4
k;p;mj . 22s.m�p/2.
C

3
2�N/k2�p.N�

5
2 /kˆ



0kHNC2k'kW 2;1

N

kFpgkL1k QFphkL2kFmf kL2 :

For k D �1, we have

1. if 
 D 0,

jW4
�1;p;mj . 22s.m�p/2�p.N�

5
2 /k kHNC2k'kW 2;1

N

kFpgkL1k QFphkL2kFmf kL2 ;

2. if 
 C 2s > 0,

jW4
�1;p;mj . 2 Q�.m�p/2.2s��1/mkFpgkL1k QFphkL2kFmf kL2 ;

3. if 
 C 2s > �1,

jW4
�1;p;mj . 22sm2�.

1
2C�2/pkFpgkL2k QFphkL2kFmf kL2

. 2�.m�p/2�
1
2p2.2s��2/mkFpgkL2k QFphkL2kFmf kL2 ;

where Q� is a positive constant which depends only on 
 and s. We remark that constants �1 and
�2 are stated in Proposition 2.2 and functions  and ' are defined in (1.33).

Proof. – Noticing the fact thatm < p�N0, we following the similar decomposition used
in Lemma 2.1 to get

W4
k;p;m D

“
�2S2;v�;v2R3

�
QFpˆ




k

�
.jv � v�j/b.cos �/ .2m.v0 � v//.Fpg/�. QFph/

�
�
.Fmf /

0
� Fmf

�
d�dv�dv C

“
�2S2;v�;v2R3

�
QFpˆ




k

�
.jv � v�j/b.cos �/

�
�
1 �  .2m.v0 � v//

�
.Fpg/�. QFph/

�
.Fmf /

0
� Fmf

�
d�dv�dv

def
D E1k C E

2
k :

Observe the fact that

(2.12) .Fmf /.v
0/ � .Fmf /.v/

D .v0 � v/ � .rFmf /.v/C
1

2

Z 1

0

.1 � �/.v0 � v/˝ .v0 � v/ W .r2Fmf /.�.v//d�;

where �.v/ D v C �.v0 � v/, then we have the further decomposition:

E1k D E
1;1
k
C E1;2

k
;
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where

E1;1
k
D

“
�2S2;v�;v2R3

�
QFpˆ




k

�
.jv � v�j/b.cos �/ .2m.v0 � v//.Fpg/�. QFph/

� .v0 � v/ � .rFmf /.v/d�dv�dv;

E1;2
k
D

Z 1

0

“
�2S2;v�;v2R3

Ask.jv � v�j/b.cos �/ .2m.v0 � v//.Fpg/�. QFph/

� jv � v�j
�2s

�
.v0 � v/˝ .v0 � v/ W .r2Fmf /.�.v//

�
d�dv�dvd�;

where As
k

is defined in Proposition 2.2.

It is not difficult to check that the main structures of E1;2
k

and E2
k

are almost the same as
those of D1;1

k
and D1;2

k
. We conclude that for any N 2 N,

jE1;2
k
j C jE2kj

.

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

2.
C
3
2�N/k2.2s�N/p22s.m�p/kˆ



0kHNC2k'kW 2;1

N

kFpgkL1k QFphkL2kFmf kL2 ; if k � 0;

22s.m�p/2.2s�N/pk kHNC2k'kW 2;1
N

kFpgkL1k QFphkL2kFmf kL2 ; if k D �1 and 
 D 0;

22sm2��1pkFpgkL1k QFphkL2kFmf kL2 ; if k D �1 and 
 C 2s > 0;

22sm2�.
1
2C�2/pkFpgkL2k QFphkL2kFmf kL2 ; if k D �1 and 
 C 2s > �1:

Now we only need to give the bound to E1;1
k

. Thanks to the fact thatZ
S2
b.
v � v�

jv � v�j
� �/.v � v0/ .2mjv � v0j/d�

D

Z
S2
b.
v � v�

jv � v�j
� �/

v � v0

jv � v0j
�
v � v�

jv � v�j
jv � v0j .j2mjv � v0j/

v � v�

jv � v�j
d�

D

Z
S2
b.
v � v�

jv � v�j
� �/

1 � h v�v�
jv�v�j

; �i

2
 .2mjv � v0j/d�.v � v�/;

one has

2.2�2s/mjv � v�j
�2s

ˇ̌̌̌ Z
S2
b.
v � v�

jv � v�j
� �/.v � v0/ .2mjv � v0j/d�

ˇ̌̌̌(2.13)

. 2.2�2s/mjv � v�j
�2s

Zr
1�

v�v�
jv�v�j

��

2 .2�mjv�v�j�1
b.
v � v�

jv � v�j
� �/

1 � v�v�
jv�v�j

� �

2
d� jv � v�j

. 2.2�2s/mjv � v�j
�2s

Z 2�mjv�v�j
�1

0

�1�2sd� jv � v�j

. jv � v�j
�1:

In other words, if we set

U.v/
def
D 2.2�2s/mjvj�2sv

Z
S2
b.
v

jvj
� �/

1 � h v
jvj
; �i

2
 

�
2m�1jvj

r
1 � h

v

jvj
; �i
p
2

�
d�;

then (2.13) yields jU.v/j . jvj�1.
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Due to this observation, we have

jE1;1
k
j D

ˇ̌̌̌
2.2s�2/m

“
v;v�2R3

Ask.jv � v�j/.Fpg/�.
QFph/.v/U.v � v�/ � rFmf .v/dv�dv

ˇ̌̌̌
:

We divide the estimate into three cases.

C 1: k � 0. — By the definition, we have jAs
k
U j . A

s� 12
k

. If s � 1=2, then

jE1;1
k
j . 2.2s�2/mkA

s� 12
k
kL1kFpgkL1k QFphkL2krFmf kL2

. 22s.m�p/2.
C
3
2�N/k2�p.N�2s/kˆ



0kHNC2k'kW 2;1

N

kFpgkL1k QFphkL2kFmf kL2 :

In the case of s < 1=2, one has

jE1;1
k
j . 2.2s�2/mkA

s� 12
k
kL2kFpgkL2k QFphkL2krFmf kL2

. 22s.m�p/2.
C
3
2�N/k2�p.N�2s�

3
2 /kˆ



0kHNC2k'kW 2;1

N

kFpgkL1k QFphkL2kFmf kL2 ;

where we use the Hardy inequality to get

kA
s� 12
k
kL2 � k

QFpˆ



k
kH1�2s . 2.
C

3
2�N/k2�pN kˆ



0kHNC2k'kW 2;1

N

:

C 2: k D �1  
 D 0. — In this case, we only need to copy the argument in Case 1
to get

jE1;1�1 j . 22s.m�p/2�p.N�
5
2 /k kHNC2k'kW 2;1

N

kFpgkL1k QFphkL2kFmf kL2 :

C 3: k D �1   . — Following the decomposition

As�1 D
QFpˆ


C2s
�1 C Bs�1;

we split E1;1�1 into two parts: E1;1;1�1 and E1;1;2�1 which are defined by

E1;1;1�1 D 2.2s�2/m
“
v;v�2R3

�
QFpˆ


C2s
�1

�
.jv � v�j/.Fpg/�. QFph/.v/U.v � v�/ � rFmf .v/dv�dv;

E1;1;2�1 D 2.2s�2/m
“
v;v�2R3

Bs�1.jv � v�j/.Fpg/�.
QFph/.v/U.v � v�/ � rFmf .v/dv�dv:

Thanks to Cauchy-Schwarz inequality, we have

jE1;1;1�1 j � 2
.2s�2/m

�“
v;v�2R3

j. QFpˆ

C2s

k
/.jv � v�j/j

2
j.Fpg/�jj QFphjdvdv�

� 1
2

�

�“
v;v�2R3

jv � v�j
�2
j.Fpg/�jj QFphjjrFmf j

2dvdv�

� 1
2

. 2.2s�2/mk QFpˆ

C2s

k
kL2kFpgkL2k QFphkL2krFmf kL6

. 22sm2�.
C2sC
3
2 /pkFpgkL2k QFphkL2kFmf kL2 ;

where we use Young and Hardy-Littlewood-Sobolev inequalities and Lemma 5.1.
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Finally we turn to the estimate of E1;1;2�1 . If 
 C 2s > 0, thanks to Proposition 2.2, Young
and Hardy-Littlewood-Sobolev inequalities, we have for ı < �1=3 where �1 is defined in
Proposition 2.2,

jE1;1;2�1 j . 2.2s�2/mkB1kL2kFpgkL2k QFphkL2krFmf kL6

C2.2s�2/mkB2kL1kFpgkL1Cık
QFphkL2krFmf k

L
6.1Cı/
1C7ı

. 22sm2��1pkFpgkL1k QFphkL2kFmf kL2

C2�.�1�
3ı
1Cı

/p2.2s�
3ı
1Cı

/m
kFpgkL1k QFphkL2kFmf kL2

. .22sm2��1p C 2.2s��1/m2.�1�
3ı
1Cı

/.m�p//kFpgkL1k QFphkL2kFmf kL2 :

While in the case of 
 C 2s > �1, with the help of Proposition 2.2, following the similar
argument applied to E1;1;1�1 , we get

jE1;1;2�1 j . 2.2s�2/mkBs�1kL2kFpgkL2k
QFphkL2krFmf kL6

. 22sm2�.
1
2C�2/pkFpgkL2k QFphkL2kFmf kL2 :

Now patching together all the estimates, we are led to the desired results.

2.2. Estimates ofW2
k;l

andW3
k;p

defined in (2.3)

SinceW2
k;l

enjoys almost the same structure as that ofW3
k;p

, it suffices to give the estimate
ofW3

k;p
.

L 2.3. – If k � 0, we have

jW2
k;l j . 2.
C2s/k22slkS l�N0gkL1kFlhkL2k

QFlf kL2 ;

jW3
k;pj . 2.
C2s/k22spkFpgkL1k QFphkL2k QFpf kL2 :

If k D �1, we have

jW2
�1;l j .

(
22slkS l�N0gkL1kFlhkL2k

QFlf kL2 ; if 
 C 2s > 0;

22slkS l�N0gkL2kFlhkL2k
QFlf kL2 ; if 
 C 2s � 0;

jW3
�1;pj .

(
22spkFpgkL1k QFphkL2k QFpf kL2 ; if 
 C 2s > 0;

22spkFpgkL2k QFphkL2k QFpf kL2 ; if 
 C 2s � 0:

Proof. – We introduce the function  defined in (1.33) to decompose W3
k;p

into two
parts:

W3
k;p D

“
�2S2;v�;v2R3

ˆ



k
.jv � v�j/b.cos �/ .2p.v0 � v//.Fpg/�. QFph/

�
�
. QFpf /

0
� QFpf

�
d�dv�dv C

“
�2S2;v�;v2R3

ˆ



k
.jv � v�j/b.cos �/

�
�
1 �  .2p.v0 � v//

�
.Fpg/�. QFph/

�
. QFpf /

0
� QFpf

�
d�dv�dv:

By using Taylor expansion (2.12), the facts (2.9), (2.13) and Hölder inequality, we deduce
that for k � 0,

jW3
k;pj . 2.
C2s/k22spkFpgkL1k QFphkL2k QFpf kL2 ;
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and

jW3
�1;pj .

(
22spkFpgkL1k QFphkL2k QFpf kL2 ; if 
 C 2s > 0;

22spkFpgkL2k QFphkL2k QFpf kL2 ; if 
 C 2s � 0:

The similar results hold forW2
k;l

. This completes the proof of the lemma.

2.3. Proof of Theorem 1.1

Now we are ready to give the proof to Theorem 1.1.

Proof. – Let a1; b1 2 R with a1 C b1 D 2s. Then by Lemma 2.1, Lemma 2.2 and
Lemma 2.3, we conclude that for k � 0 or 
 D 0 with k � �1,X

l�p�N0

jW1
k;p;l j C

X
m<p�N0

jW4
k;p;mj . C.a1; b1/kgkL1khkHa1 kf kHb1 ;X

l��1

jW2
k;l j C

X
p��1

jW3
k;pj . 2.
C2s/kkgkL1khkHa1 kf kHb1 :

Then we are led to the fact that if k � 0 or 
 D 0 with k � �1,

jhQk.g; h/; f ivj . C.a1; b1/2
.
C2s/k

kgkL1khkHa1 kf kHb2 :(2.14)

Let a; b 2 Œ0; 2s� with a C b D 2s. If k D �1, then by Lemma 2.1, Lemma 2.2 and
Lemma 2.3, we haveX

l�p�N0

jW1
k;p;l j C

X
l��1

jW2
k;l j C

X
p��1

jW3
k;pj C

X
m<p�N0

jW4
k;p;mj

. .kgkL1 C kgkL2/khkHakf kHb ;

which yields

jhQ�1.g; h/; f ivj . .kgkL1 C kgkL2/khkHakf kHb :(2.15)

Now we are in a position to give the upper bound for the collision operator in weighted
Sobolev space. Let w1; w2 2 R with w1Cw2 D 
 C 2s. Recalling (2.1), we infer from (2.14)
and (2.15),

jhQ.g; h/; f ivj .
X

k�N0�1

2.
C2s/kkUk�N0gkL1k
QPkhkHak

QPkf kHb

C

� X
j�kCN0;k�0

2.
C2s/kkPjgkL1k
QPjhkHak

QPjf kHb

C

X
j��1CN0

.kPjgkL1 C kPjgkL2/k
QPjhkHak

QPjf kHb

�
C

� X
k�0;jj�kj�N0

2.
C2s/kkPjgkL1kUkCN0hkHakUkCN0f kHb

C .kgkL1 C kgkL2/kUN0hkHakUN0f kHb

�
def
D U1 C U2 C U3:
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For the term U1, thanks to Theorem 5.1, one has

U1 . kgkL1khkHaw1 kf kHbw2
:

For the term U2, we separate the estimate into three cases. If 
 C 2s > 0, we have

U2 .
X
j��1

2.
C2s/j .kPjgkL1 C kPjgkL2/k
QPjhkHak

QPjf kHb

. .kgkL1 C kgkL2/khkHaw1
kf kHbw2

:

In the case of 
 C 2s D 0, it holds for any ı > 0,

U2 .
X
j��1

.kgkL1
ı
C kgkL2/k

QPjhkHak
QPjf kHb

. .kgkL1
ı
C kgkL2/khkHaw1

kf kHbw2
:

While in the case of 
 C 2s < 0, we have

U2 .
X
j��1

.kPjgkL1 C kPjgkL2/k
QPjhkHak

QPjf kHb

. .kgkL1
�.
C2s/

C kgkL2
�.
C2s/

/khkHaw1
kf kHbw2

:

We remark that in each case Theorem 5.1 is used in the last inequality.

Now we turn to the term U3. We first claim that it holds

kUkCN0hkHa . 2k.�w1/
C

khkHaw1
:(2.16)

By the definition of U , we have

.UkCN0h/.v/ D
� X
j�kCN0

'.2�j v/C  .v/
�
h.v/

def
D Q kCN0.v/h.v/:

Thanks to Lemma 5.3 and the facts, if w1 � 0,

@˛v
�
Q kCN0hvi

�w1
�
. hvi�w1�j˛j . hvi�j˛j;

and if w1 < 0,

@˛v
�
2kw1 Q kCN0hvi

�w1
�
. hvi�j˛j;

we deduce that

kUkCN0hkHa . k Q kCN0W�w1.Ww1h/kHa

. 2k.�w1/
C

khkHaw1
;

which completes the proof to the claim. Now we apply the claim to the estimate of U3. It is
easy to get

U3 . .kgkL1

C2sC.�w1/

CC.�w2/
C
C kgkL2/khkHaw1

kf kHbw2
:

Now patching together all the estimates for U1, U2 and U3, we obtain the desired results.
For the special case 
 D 0, by the estimate (2.14) and the similar argument, we can easily
get (1.27).
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3. Lower and upper bounds for the Boltzmann collision operator in anisotropic spaces

In this section, we will give the proof to the sharp bounds for the collision operator in
anisotropic spaces. The main idea is to use the geometric decomposition explained in the
introduction and also theL2 profile of the fractional Laplace-Beltrami operator in Section 5.

3.1. Proof of Theorem 1.2

We take the following decomposition:

h�Q.g; f /; f iv D �

Z
R6
dv�dv

Z
S2
B.jv � v�j; �/g�f .f

0
� f /d�

D �
1

2

Z
R6
dv�dv

Z
S2
B.jv � v�j; �/g�.f

02
� f 2/d�„ ƒ‚ …

L

C
1

2

Z
R6
dv�dv

Z
S2
B.jv � v�j; �/g�.f

0
� f /2d�„ ƒ‚ …

E 
g.f /

:(3.1)

By change of variables, we have

j L j D jS1 j
ˇ̌̌̌ Z

R6

Z �
2

0

sin �
�

1

cos3 �
2

B.
jv � v�j

cos �
2

; cos �/ � B.jv � v�j; cos �/
�
g�f

2d�dv�dv

ˇ̌̌̌
.
Z
R6
jv � v�j


g�f
2dv�dv

def
D R :

We first show that R can be estimated by the following lemma:

L 3.1. – Let$ 2 .0; 1�. For smooth functions g and f , there exist a sufficiently small
constant � and a universal constant a 2 .0; 1/ such that

1. if 
 � 0,

jR j . kgkL1
 kf k
2
L2
C kgkL1kf k

2

L2

=2

;

2. if �2$ < 
 < 0,

jR j . �




C2$

 C 2$

2$
kf k2

L2

=2

C �kf k2H$

=2
;

3. if 
 C 2$ D 0,

jR j .
�
kgkL1

j
j
C exp.Œ��1.1 � a/kgkL logL

C 2��1.1 � a/�1kgkL1
2$=a

�
1
1�a /

�
kf k2

L2

=2

C �kf k2H$

=2
;

4. if �1 � 
 C 2$ < 0 and p > 3=2,

jR j . ��
3

.
C2$C3/p�3 kgh�ij
 jk
.
C2$C3/p
.
C2$C3/p�3

Lp kf k2
L2

=2

C �kf k2H$

=2
:
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Proof. – It is easy to check that if 
 > 0, we have

jR j . kgkL1
 kf k
2
L2
C kgkL1kf k

2

L2

=2

:

For 
 < 0, we observe that

jR j D

ˇ̌̌̌ “
v�;v2R3

jv � v�j


�
hvihv�i

�1
�j
 j
g�hv�i

j
 j.f hvi
=2/2dv�dv

ˇ̌̌̌
D

ˇ̌̌̌ “
v�;v2R3

jv � v�j


�
hvihv�i

�1
�j
 j
G�F

2dv�dv

ˇ̌̌̌
.
“
v�;v2R3

hv � v�i
j
 j

jv � v�jj
 j
jG�jF

2dv�dv;

where G D ghvij
 j, F D f hvi
=2.

In the case of �2$ < 
 < 0, by using Hardy inequality, we get

jR j . kgkL1
j
j
kf k2

H
j
j=2


=2

:

Thanks to the interpolation inequality and the condition 
 C 2$ > 0, we derive that

jR j . �




C2$

 C 2$

2$
kgk

2$=j
 j

L1
j
j

kf k2
L2

=2

C �kf k2H$

=2
:

For the case of 
 C 2$ D 0, we have

jR j . kGkL1kF k
2
L2
CMkF k2

L2
C

“
v;v�2R3

jv � v�j
�2$1jv�v�j�1.G1jGj�M /�F

2dv�dv

. kgkL1
j
j
kf k2

L2

=2

CMkf k2
L2

=2

C kG1jGj�MkL1kF k
2
H$ ;

where the Hardy inequality is used in the last step. Choose a 2 .0; 1/, then we get

kG1jGj�MkL1 . .logM/�.1�a/kG.logG/1�akL1

. .logM/�.1�a/Œkgk1�aL logLkgk
a

L1
2$=a

C .1 � a/�1j
 jkgkL1
2$=a

�:

It yields

jR j . .M C kgkL1
j
j
/kf k2

L2

=2

C .logM/�.1�a/Œkgk1�aL logLkgk
a

L1
2$=a

C .1 � a/�1j
 jkgkL1
2$=a

�kf k2H$

=2
:

Thus we have

jR j .
�
kgkL1

j
j
C exp.Œ��1kgk1�aL logLkgk

a

L1
2$=a

C ��1.1 � a/�1j
 jkgkL1
2$=a

�
1
1�a /

�
kf k2

L2

=2

C �kf k2H$

=2
:

In particular, if $ 2 .0; 1/, then for a 2 .$; 1/,

jR j .
�
kgkL1

2
C exp.Œ��1.1 � a/kgkL logL

C ��1.1 � a/�1j
 jkgkL1
2
/�

1
1�a /

�
kf k2

L2�$
C �kf k2H$�$

:
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If $ D 1, then for any ı > 0,

jR j .
�
kgkL1

2
C exp.Œ��1kgkL logL C �

�1ı�1kgkL1
2Cı
/�
2Cı
ı /
�
kf k2

L2
�1

C �kf k2H$
�1
:

Finally we handle the case �1 < 
 C 2$ < 0. By Hardy-Littlewood-Sobolev inequality,
we have

jR j . Mkf k2
L2

=2

C kG1jGj�Mk
L

3

C2$C3

kF k2H$ :

Since p > 3=2, we have

kG1jGj�Mk
L

3

C2$C3

.M�
.
C2$C3/p�3

3 kGk
.
C2$C3/p

3

Lp ;

Thus we get

jR j . ��
3

.
C2$C3/p�3 kgk
.
C2$C3/p
.
C2$C3/p�3

L
p

j
j

kf k2
L2

=2

C �kf k2H$

=2
:

We complete the proof of the lemma.

From now on, we focus on the estimate of the elliptic part E 
g . We begin with two useful
lemmas to deal with the simple case 
 D 0 and then extend the results to the general cases.

L 3.2. – Suppose g is a non-negative and smooth function. Then for any � > 0,

(3.2) E 0g.f / & C4.g/
�
k.�4S2/

s=2f k2
L2
C kf k2H s

�
� �kgkL1s kf k

2

L2s
� .kgkL1s �

�1 C3.g/
�1
C 1/kf k2

L2
;

where

C4.g/
def
D

minf C3.g/; kgkL1�s g

kgkL1s �
�1 C3.g/�1 C 2

:

Here C3.g/
def
D minf C1.g/; C2.g/; 1g and C1.g/ and C2.g/ are defined as follows:

C1.g/
def
D 2 sin2 "

�
jgjL1 �

jgjL1
1

r
� sup
jAj<4".2r/2C 2"� .2r/

3

Z
A

g.v/dv

�
;

where " and r are chosen in such a way that this quantity is positive, and

C2.g/
def
D 2#2 inf

j�j�1

ˇ̌̌̌
sin2.#j�j/
#2j�j2

ˇ̌̌̌�
jgjL1 �

jgjL1
1

r
� sup
jAj<4#.2r/3. 1�C

1
r /

Z
A

g.v/dv

�
;

where # and r are chosen in such a way that this quantity is positive.

If the function g verifies the condition (1.28), then due to the definition of C4.g/, there exists
a constant C.ı; �; ��1/ such that

C4.g/ � C.ı; �; �
�1/:(3.3)
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Proof. – By the geometric decomposition (1.35) with u D r� and & D �C�
j�C� j

2 S2, one
has

E 0g.f / �
1

2

“
u;v�2R3;�2S2

g�b.cos �/
�
.Tv�f /.r&/ � .Tv�f /.r�/

�2
d�dv�du

�

“
u;v�2R3;�2S2

g�b.cos �/
�
f .v� C u

C/ � f .v� C juj
uC

juCj
/
�2
d�dv�du

def
D E 01 � E 02:(3.4)

Step 1: Estimate of E 01. – By change of variables, we have

E 01 &
“
r>0;�;�2S2;v�2R3

g�b.� � �/1� ���0
�
.Tv�f /.r&/ � .Tv�f /.r�//

2r2d�d�drdv�:

For fixed v�, � 2 S2 and r , if � is chosen to be the polar direction, one has

d� D sin �d�d S1; d& D sin�d�d S1;

where � D 2�. We deduce that

d� D 4 cos�d&:

Thanks to the facts b.� � �/ � j� � � j�.2C2s/ and j� � � j � j& � � j, we get

E 01
&
“
v�2R3;r>0;�;&2S2

g�j& � � j
�.2C2s/

�
.Tv�f /.r&/ � .Tv�f /.r�//

2.4& � �/

� 1
j&�� j2�2�

p
2r
2d&d�drdv�

&
“
v�2R3;r>0;�;&2S2

g�j& � � j
�.2C2s/

�
.Tv�f /.r&/ � .Tv�f /.r�//

2

� 1
j&�� j2�2�

p
2r
2d&d�drdv�

Thanks to Lemma 5.6 and Lemma 5.10, we obtain that

E 01 &
Z
R3
g�k.�4S2/

s=2Tv�f k
2
L2
dv� � kgkL1kf k

2
L2

& kgkL1
�2s
k.�4S2/

s=2f k2
L2
� kgkL1kf k

2
H s :

Step 2: Estimate of E 02. – We introduce the dyadic decomposition in the frequency space.
Set

E 02;k.g; f /
def
D 2

“
u;v�2R3;�2S2

g�'k.u/b.cos �/
�
f .v� C u

C/ � f .v� C juj
uC

juCj
/

�2
d�dv�du

D 2

1X
l;pD�1

“
u;v�2R3;�2S2

g�'k.u/b.cos �/
�
.Flf /.v� C u

C/ � .Flf /.v� C juj
uC

juCj
/

�
�

�
.Fpf /.v� C u

C/ � .Fpf /.v� C juj
uC

juCj
/

�
d�dv�du

D 2

�X
l�p

E l;p C
X
l>p

E l;p

�
:
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By the symmetric property of E l;p, without loss of the generality, we assume l � p. It is easy
to check that

E l;p D E 1l;p C E 2l;p;(3.5)

where

E 1l;p D

“
u;v�2R3;�2S2

g�'k.u/b.cos �/
�
.Flf /.v� C u

C/ � .Flf /.v� C juj
uC

juCj
/

�
� .Fpf /.v� C u

C/d�dv�du;

E 2l;p D

“
u;v�2R3;�2S2

g�'k.u/b.cos �/
�
.Flf /.v� C u

C/ � .Flf /.v� C juj
uC

juCj
/

�
� .Fpf /.v� C juj

uC

juCj
/d�dv�du:

Step 2.1: Estimate of E 1l;p. We introduce the function  to split E 1l;p into two parts: E 1;1
l;p

and E 1;2
l;p

which are defined by

E 1;1
l;p
D

“
u;v�2R3;�2S2

g�'k.u/b.cos �/
�
.Flf /.v� C u

C/ � .Flf /.v� C juj
uC

juCj
/

�
� .Fpf /.v� C u

C/ .2k=22l=2
r
1 �

u

juj
� �/d�dv�du;

E 1;2
l;p
D

“
u;v�2R3;�2S2

g�'k.u/b.cos �/
�
.Flf /.v� C u

C/ � .Flf /.v� C juj
uC

juCj
/

�
� .Fpf /.v� C u

C/

�
1 �  .2k=22l=2

r
1 �

u

juj
� �/

�
d�dv�du:

Observe thatˇ̌̌̌
.Flf /.v� C u

C/ � .Flf /
�
v� C juj

uC

juCj

�ˇ̌̌̌
.
Z 1

0

d�jr.Flf /j.v� C u
C.� C .1 � �/ cos�1.�=2///juCjj1 � cos�1.�=2/j:(3.6)

We have

j E 1;1
l;p
j .

�“
�2Œ0;1�;u;v�2R3;�2S2

jg�j'k.u/b.cos �/jr.Flf /j
2.v� C u

C.� C .1 � �/ cos�1.�=2///

�juCjj1 � cos�1 � j1j� j.2�k=22�l=2d�d�dv�du
� 1
2

�

�“
�2Œ0;1�;u;v�2R3;�2S2

jg�j'k.u/b.cos �/juCjj1 � cos�1.�=2/jj.Fpf /.v� C uC/j2

�1j� j.2�k=22�l=2d�d�dv�du
� 1
2

:

Let Qu D uC.� C .1 � �/ cos�1.�=2//. Then by change of the variable from u to Qu, one getsˇ̌̌̌
d Qu

du

ˇ̌̌̌
D

ˇ̌̌̌
d Qu

duC

ˇ̌̌̌ ˇ̌̌̌
duC

du

ˇ̌̌̌
� 1:(3.7)
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Moreover, we have juj � j Quj. Thanks to this observation, we get

j E 1;1
l;p
j . 2k

�“
�2Œ0;1�; Qu;v�2R3;�2S2

jg�jjr.Flf /j
2.v� C Qu/b.cos �/�21j� j.2�k=22�l=2d�d�dv�d Qu

� 1
2

�

�“
�2Œ0;1�; Qu;v�2R3;�2S2

jg�jj.Fpf /.v� C Qu/j
2b.cos �/�21j� j.2�k=22�l=2d�d�dv�d Qu

� 1
2

. 2.s�1/k2.s�1/l2kkgkL1kFpf kL2krFlf kL2

. 2.l�p/s=22kskgkL1kFpf kH s=2kFlf kH s=2 :

Now we turn to the estimate of E 1;2
l;p

. Following the argument applied to D1;2
k

in
Lemma 2.1, we then have

j E 1;2
l;p
j . 2.l�p/s=22kskgkL1kFpf kH s=2kFlf kH s=2 ;

which implies

j E 1l;pj . 2.l�p/s=22kskgkL1kFpf kH s=2kFlf kH s=2 :

Step 2.2: Estimate of E l;p. – The similar argument can be applied to E 2l;p to get

j E 2l;pj . 2.l�p/s=22kskgkL1kFpf kH s=2kFlf kH s=2 ;

which yields

j E l;pj . 2.l�p/s=22kskgkL1kFpf kH s=2kFlf kH s=2 :

We arrive at

j E 02;k.g; f /j � 2.
X
l�p

j E l;pj C
X
l�p

j E l;pj/ . 2kskgkL1kf k
2
H s=2

:

Suppose jv�j � 2j and juj � 2k . Then thanks to the fact juj � juCj, we have

– Case 1: j � k �N0. Then jv� C uCj; jv� C juj u
C

juCj
j � 2k ;

– Case 2: j � k CN0. Then jv� C uCj; jv� C juj u
C

juCj
j � 2j ;

– Case 3: jj � kj < N0. Then jv� C uCj; jv� C juj u
C

juCj
j � 2kCN0 ; jv0j � 2kCN0 :

We get

E 02 D

1X
kD�1

E 02;k.g; f /

D

X
k<j�N0

E 02;k.Pjg;
QPjf /C

X
j<k�N0

E 02;k.Pjg;
QPkf /C

1X
kD�1

E 02;k.
QPkg; UkCN0f /:

Then

j E 02j .
X

k<j�N0

2kskPjgkL1k
QPjf k

2
H s=2

C

X
j<k�N0

2kskPjgkL1k
QPkf k

2
H s=2

C

1X
kD�1

2ksk QPkgkL1kUkCN0f k
2
H s=2

. kgkL1s kf k
2

H
s=2

s=2

;
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where we use Theorem 5.1.
Patch together the estimates of E 01 and E 02, then we finally get

E 0g.f / & kgkL1
�2s
k.�4S2/

s=2f k2
L2
� kgkL1s .kf k

2
H s C kf k

2

H
s=2

s=2

/

& kgkL1
�2s
k.�4S2/

s=2f k2
L2
� kgkL1s .�

�1
kf k2H s C �kf k

2

L2s
/:

Thanks to Corollary 3 and Proposition 2 in [1], we deduce that

E 0g.f /C kf k
2
L2

& C3.g/kf k
2
H s :

Together with the previous lower bound, we are then led to the desired result.

L 3.3. – Suppose the angular function b verifies the conditionsZ �=2

0

b.cos �/ sin ��2d� <1

and

(3.8) 1C

Z
�2S2

b.� � �/minfj�j2j� � � j2; 1gd�

� 1C

Z
�2S2

b.2.� � �/2 � 1/minfj�j2j� � � j2; 1gd� � W 2.�/;

where � 2 S2 and W is a radial function satisfying W.j�jj�j/ . W.j�j/W.j�j/ and W.�/ � h�i.
Then for any smooth function g, it holds

j E 0g.f /j . kgkL1 E 0�.f /C kW
2gkL1kW.D/f k

2
L2
:

If g is a non-negative function verifying the condition (1.28), then there exist constants
C.�; ı/ and C.�/ such that

C.�; ı/ E 0�.f / � C.�/kf k
2
L2

. E 0g.f / . C.�/. E 0�.f /C kf k
2
L2
/;

in other words, E 0�.f /C kf k
2
L2
� E 0g.f /C kf k

2
L2
:

R 3.1. – We remark that (3.8) holds under the assumption (1.5) or (1.7) or (1.8).
Moreover we have

W.�/ D

8̂<̂
:
h�is; under the assumption (1.5);

 .��/h�is C ��s.1 �  .��//; under the assumption (1.7);

 .��/h�i C �s�1.1 �  .��//h�is; under the assumption (1.8).

We recall that the function  is defined in (1.33). It is easy to check that for all the cases, the
symbol function W satisfies the properties: W.j�jj�j/ . W.j�j/W.j�j/ and W.�/ � h�i.

Proof. – The proof is inspired by [5]. Without loss of generality, we assume that the
function g is non-negative. By Bobylev’s Formula (2.2), we have

(3.9) E 0g.f / D
1

.2�/3

“
�2R3;�2S2

b.
�

j�j
� �/

�
Og.0/j Of .�/ � Of .�C/j2

C 2Re
�
. Og.0/ � Og.��// Of .�C/

NOf .�/
��
d�d�:

We recall that �� D ��j�j�
2

and �C D �Cj�j�
2

.
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It implies

k�kL1 E 0g.f / D kgkL1
�

E 0�.f / �
1

.2�/3
I1/C

2k�kL1

.2�/3
I2;

where

I1 D

“
�2R3;�2S2

b.
�

j�j
� �/Re

�
. O�.0/ � O�.��// Of .�C/

NOf .�/
�
d�d�;

and

I2 D

“
�2R3;�2S2

b.
�

j�j
� �/Re

�
. Og.0/ � Og.��//. Of .�C/ � Of .�//

NOf .�/
�
d�d�

C

“
�2R3;�2S2

b.
�

j�j
� �/Re. Og.0/ � Og.��//j Of .�/j2d�d�

def
D I2;1 C I2;2:

Thanks to the fact O�.0/ � O�.��/ D
R
R3.1 � cos.v � ��//�.v/dv, we have

jI1j D

ˇ̌̌̌ “
v;�2R3;�2S2

b.
�

j�j
� �/.1 � cos.v � ��//�.v/Re. Of .�C/ NOf .�//d�d�dv

ˇ̌̌̌
.

�“
v;�2R3;�2S2

b.
�

j�j
� �/.1 � cos.v � ��//�.v/j Of .�C/j2d�d�dv

�1=2
�

�“
v;�2R3;�2S2

b.
�

j�j
� �/.1 � cos.v � ��//�.v/j Of .�/j2d�d�dv

�1=2
:

Observe that

.1 � cos.v � ��// . jvj2j��j2 � jvj2j�j2j
�

j�j
� � j2 � jvj2j�Cj2j

�C

j�Cj
� � j2

and

�

j�j
� � D 2.

�C

j�Cj
� �/2 � 1:

Then by change of the variable from � to �C, the assumption (3.8) and the property
W.j�jj�j/ . W.j�j/W.j�j/, we have

jI1j .
“
v;�2R3

W 2.jvjj�j/j Of .�/j2�.v/dvd�

. kW 2�kL1kW.D/f k
2
L2
:

Notice that Re. Og.0/� Og.��// D
R
R3.1� cos.v � ��//g.v/dv. The similar argument can be

applied to get

jI2;2j . kW
2gkL1kW.D/f k

2
L2
:
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Next, by Cauchy-Schwarz inequality, one has

jI2;1j .
�“

�2R3;�2S2
b.cos �/j Og.0/ � Og.��/j2j Of .�/j2d�d�

� 1
2

�

�“
�2R3;�2S2

b.cos �/j Of .�/ � Of .�C/j2d�d�
� 1
2 def
D .I 12;1/

1
2 .I 22;1/

1
2 :

Observe that Og.0/ � Og.��/ D
R
R3.1 � e

�iv���/g.v/dv, then it holds

I 12;1 .
“
v;w;�2R3;�2S2

b.cos �/g.v/g.w/.j1 � e�iv��
�

j
2
C j1 � e�iw ��

�

j
2/j Of .�/j2d�d�dvdw

. kgkL1kW
2gkL1kW.D/f k

2
L2
:

Thanks to (3.9), we have

1

.2�/3
k�kL1I

2
2;1 D E 0�.f / �

1

.2�/3
I1;

which implies

I 22;1 . E 0�.f /C kW
2�kL1kW.D/f k

2
L2
:

We get

jI2;1j . �kgkL1 E 0�.f /C �
�1.kW 2gkL1 C kgkL1/kW.D/f k

2
L2
:

Combining the above estimates, we arrive at

(3.10) k�kL1 E 0g.f / � C.�/kW
2gkL1kW.D/f k

2
L2

. .1 � �/kgkL1 E 0�.f / . k�kL1 E og.f /C C.�/kW
2gkL1kW.D/f k

2
L2
;

which is enough to derive the first inequality in the lemma. Moreover, if the function g verifies
the condition (1.28), then by the computation in [1] and the assumption (3.8), we have

E 0g.f /C kf k
2
L2

& C3.g/kW.D/f k
2
L2
:(3.11)

Together with (3.10), we thus get the equivalence in the lemma.

In the next lemma, we will show that the lower bound of E 
g.f / can be reduced to the

lower bound of E 0�.W
=2f /.

L 3.4. – Suppose that the angular function b verifies the same conditions in
Lemma 3.3 and g is a non-negative function verifying the condition (1.28). Then there exists a
constant C.�; ı/ such that

E 0�.W
=2f / � C.�; ı/
�
kf k2

L2

=2

C E 
g.f /
�
:

Proof. – Let � be a radial and smooth function such that 0 � � � 1, � D 1 on B1 and
Supp� � B2. We set �R.v/ D �.v=R/. We recall the notation: Wl .v/ D hvil .
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C 1: jvj   . — It is easy to check

E 
g.f / &
“
v;v�2R3;�2S2

jv � v�j

 .g�R

8
/�b.cos �/.f 0 � f /2.1 � �R/2d�dv�dv

&
“
v;v�2R3;�2S2

W 2

=2.g�R

8
/�b.cos �/.f 0 � f /2.1 � �R/2d�dv�dv:

Thanks to the inequality .a � b/2 � 1
2
a2 � b2, we obtain that

E 
g.f / �
1

2

“
v;v�2R3;�2S2

.g�R
8
/�b.cos �/

�
.W
=2.1 � �R/f /

0
�W
=2.1 � �R/f

�2
d�dv�dv

� 2

“
v;v�2R3;�2S2

.g�R
8
/�b.cos �/f 02

�
.W
=2.1 � �R//

0
�W
=2.1 � �R/

�2
d�dv�dv:

Suppose that �.v/ D v C �.v0 � v/ with � 2 Œ0; 1�. It is easy to check that
p
2
2
jv � v�j �

jv0 � v�j � j�.v/ � v�j � jv � v�j. Since now jv�j � R=4, then if jvj � R, we have
jvj � j�.v/j � jv � v�j. Similarly if jv0j � R, we have jv0j � j�.v/j � jv � v�j. In both
cases, we then have jv0j � jv � v�j � j�.v/j. By the mean value theorem, we getˇ̌̌̌ “

v;v�2R3;�2S2
.g�R

8
/�b.cos �/f 02

�
.W
=2.1 � �R//

0
�W
=2.1 � �R/

�2
d�dv�dv

ˇ̌̌̌
.
“
v;v�2R3;�2S2

.g�R
8
/�b.cos �/f 02h�.v/i
�2jv � v�j2�21jv0j�jv�v�j�j�.v/jd�dv�dv

.
“
v;v�2R3;�2S2

.g�R
8
/�b.cos �/�2f 02W 0
d�dv�dv

. kgkL1kf k
2

L2

=2

:

Thus we arrive at“
v;v�2R3;�2S2

.g�R
8
/�b.cos �/

�
.W
=2.1 � �R/f /

0
�W
=2.1 � �R/f

�2
d�dv�dv

. kgkL1kf k
2

L2

=2

C E 
g.f /;

that is,

E 0g�R
8

..1 � �R/W
=2f / . kgkL1kf k
2

L2

=2

C E 
g.f /:(3.12)

C 2: jvj  . — Let A;B be the subsets in B3R. We denote �A and �B by the
mollified characteristic functions corresponding to the sets A and B. Then it yields“

v;v�2R3;�2S2
b.cos �/.g�B/�f 02.�0A � �A/

2d�dv�dv

.
“
v;v�2R3;�2S2

b.cos �/.g�B/�f 02.�0A � �A/
21jv�v�j�8R1jv0j�8Rd�dv�dv

. kr.�A/k
2
L1

“
v;v�2R3;�2S2 a

b.cos �/.g�B/�f 02jv � v�j2�21jv�v�j�8R

1jv0j�8Rd�dv�dv
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. R2kr.�A/k
2
L1

“
v;v�2R3;�2S2

b.cos �/.g�B/�f 021jv0j�8R�
2d�dv�dv

. kr.�A/k
2
L1R

2 maxfR�
 ; 1gkgkL1kf k
2

L2

=2

:(3.13)

With the help of Lemma 2.1 in [1] and replacing (35) in [1] by (3.13), we conclude that if

 < 0,

R

“
v;v�2R3;�2S2

.g�R
8
/�b.cos �/

�
.�Rf /

0
� �Rf

�2
d�dv�dv . kgkL1kf k

2

L2

=2

C E 
g.f /;

and if 
 > 0,

r


0

“
v;v�2R3;�2S2

.g�Bj /�b.cos �/
�
.�Aj f /

0
� �Aj f

�2
d�dv�dv

. r�20 R2kgkL1kf k
2

L2

=2

C E 
g.f /;

where �Aj D �.
v�vj
r0
/; �Bj D �3R � �.

v�vj
3r0

/ with vj 2 B2R and r0 will be chosen later.
Notice that

.�Af /
0
� �Af D

�
.�AW
=2f /

0
� .�AW
=2f /

�
W�
=2 C .�AW
=2f /

0
�
.W�
=2/

0
�W�
=2

�
:

By a slight modification, we may derive that if 
 < 0,“
v;v�2R3;�2S2

.g�R
8
/�b.cos �/

�
.�RW
=2f /

0
� .�RW
=2f /

�2
d�dv�dv

. R2�2
kgkL1kf k
2

L2

=2

CR�
 E 
g.f /;(3.14)

and if 
 > 0,

(3.15)
“
v;v�2R3;�2S2

.g�Bj /�b.cos �/
�
.�AjW
=2f /

0
� .�AjW
=2f /

�2
d�dv�dv

. r�20 R4C
kgkL1kf k
2

L2

=2

CR
r
�

0 E 
g.f /:

By finite covering theorem, there exists an integer N such that

B2R �

N[
jD1

fjv � vj j � r0g and N �

�
R

r0

�3
;(3.16)

where vj 2 B2R. Observe that

kg�R=8kL1 � kgkL1 �R
�1
kgkL1

1

and

kg�Bj kL1 � kgkL1 � .3R/
�1
kgkL1

1
�M.6r0/

3
� .logM/�1kgkL logL:

Then by choosing R D 4�
3ı
C 1, M D e4�=ı and r0 D 1

6
e�4�=.3ı/, we get

N � 63.
4�

3ı
C 1/3e4�=ı

def
D C1.ı; �/

and

kg�R=8kL1 � ı=4; kg�Bj kL1 � ı=4:
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Then there exists a constant C.�; ı/ such that

C3.g�R=8/ � C.�; ı/; C3.g�Bj / � C.�; ı/:

Thanks to (3.10) and (3.11) in the proof of Lemma 3.3, we may rewrite (3.12)-(3.15) as:

E 0�..1 � �R/W
=2f / . C2.�; ı/
�
kf k2

L2

=2

C E 
g.f /
�
;(3.17)

E 0�.�AjW
=2f / . C3.�; ı/
�
kf k2

L2

=2

C E 
g.f /
�
; if 
 > 0;(3.18)

E 0�.�RW
=2f / . C4.�; ı/
�
kf k2

L2

=2

C E 
g.f /
�
; if 
 < 0:(3.19)

We conclude that (3.17) and (3.19) yield the desired result for soft potentials. For 
 > 0,
thanks to the facts

E 0�.�AjW
=2f / �
1

2

“
�2S2;v;v�2R3

��b.cos �/�2Aj
�
.W
=2f /

0
� .W
=2f /

�2
d�dv�dv

�

“
�2S2;v;v�2R3

��b.cos �/.�0Aj � �Aj /
2
�
.W
=2f /

0
�2
d�dv�dv;

and

��.�
0
Aj
� �Aj /

2.1jv�j�8R C 1jv�j�8R/ . ��.�
0
Aj
� �Aj /

2.1jv�v�j�15R C 1jv��vj�jv�j/;

we have

(3.20)
“
�2S2;v;v�2R3

��b.cos �/�2Aj
�
.W
=2f /

0
� .W
=2f /

�2
d�dv�dv

. C5.�; ı/
�
kf k2

L2

=2

C E 
g.f /
�
:

From which together with (3.16) and (3.17), we are led to the desired result for hard poten-
tials. We complete the proof of the lemma.

We are now in a position to complete the proof of Theorem 1.2.

Proof. – The desired results are easily derived from (3.1), Lemma 3.1, Lemma 3.2 and
Lemma 3.4.

3.2. Proof of Theorem 1.3

Finally we give the proof to Theorem 1.3.

Proof. – Following the computation in [1], we first have if 
 � 0,

DB.f / D

“
v;v�2R3;�2S2

jv � v�j

b.cos �/f�.f ln

f

f 0
� f C f 0/dvdv�d�

�

“
v;v�2R3;�2S2

jv � v�j

b.cos �/.f � f 0/dvdv�d�

�

“
v;v�2R3;�2S2

jv � v�j

b.cos �/f�.

p
f 0 �

p
f /2dvdv�d�

�

“
v;v�2R3;�2S2

jv � v�j

b.cos �/f�.f � f 0/dvdv�d�

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE
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� E



f
.
p
f / � kf kL1kf kL1

2
& E 0�.W
=2

p
f / � kf k2

L1
2

;

where we use the inequality x ln x
y
� x C y � .

p
x �
p
y/2 and Lemma 3.4.

For soft potentials (
 < 0), we observe that

DB.f / D
1

4

“
v;v�2R3;�2S2

jv � v�j

b.cos �/.f 0f 0� � ff�/ ln

f 0�f
0

f�f
dvdv�d�

�
1

4

“
v;v�2R3;�2S2

hv � v�i

b.cos �/.f 0f 0� � ff�/ ln

f 0�f
0

f�f
dvdv�d�

�

“
v;v�2R3;�2S2

hv � v�i

b.cos �/f�.

p
f 0 �

p
f /2dvdv�d�

�

“
v;v�2R3;�2S2

hv � v�i

b.cos �/f�.f � f 0/dvdv�d�

& E 0�.W
=2
p
f / � kf k2

L1
:

The last inequality is deduced from the proof of Lemma 3.4. We complete the proof of the
theorem with the help of Lemma 3.2.

3.3. Proof of Theorem 1.4

Now we are ready to give the proof to Theorem 1.4.

Proof. – To get sharp bounds for the Boltzmann collision operator in anisotropic spaces,
we only need to give the new estimates toW2

k;l
andW3

k;p
due to the geometric decomposition

(1.35) for k � 0. Recalling that u D r� and & D �C�
j�C� j

2 S2, we have

W3
k;p DW

3;1
k;p
CW3;2

k;p
;

where

W3;1
k;p
D

“
�2S2;v�;u2R3

ˆ



k
.juj/b.� � �/.Fpg/�.Tv�

QFph/.r�/

�
�
.Tv�
QFpf /.r&/ � .Tv�

QFpf /.r�/
�
d�dudv�;

W3;2
k;p
D

“
�2S2;v�;u2R3

ˆ



k
.jv � v�j/b.cos �/.Fpg/�. QFph/

�
��
QFpf /.v� C u

C/ � . QFpf /.v� C juj
uC

juCj
/
�
d�dv�du:

For the termW3;1
k;p

, by change of the variable from � to & , we have

W3;1
k;p
D

“
&;�2S2;v�2R3;r>0

ˆ



k
.r/b.2.& � �/2 � 1/.Fpg/�.Tv�

QFph/.r�/

�
�
.Tv�
QFpf /.r&/ � .Tv�

QFpf /.r�/
�
r24.& � �/d&dv�d�dr

D

“
v�2R3;r>0

drdv�ˆ



k
.r/.Fpg/�r

2

“
&;�2S2

b
�
2.& � �/2 � 1

�
4.& � �/

� .Tv�
QFph/.r�/

�
.Tv�
QFpf /.r&/ � .Tv�

QFpf /.r�/
�
d&d�:
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Thanks to Corollary 5.1 and Lemma 5.10, for a; b 2 Œ0; 2s� with aC b D 2s, we get

jW3;1
k;p
j . 2
k

Z
R3
j.Fpg/�jk.1 �4S2/

a=2.Tv�
QFph/kL2k.1 �4S2/

b=2.Tv�
QFpf /kL2dv�

. 2
kkFpgkL1
2s
.k.�4S2/

a=2 QFphkL2 C kQFphkHa/.k.�4S2/
b=2 QFpf kL2 C kQFpf kHb /:

Hence, together with Lemma 5.8, we deduce that
1X

pD�1

jW3;1
k;p
j . 2
kkgkL1

2s
.k.�4S2/

a=2hkL2 C khkHa/.k.�4S2/
b=2f kL2 C kf kHb /:

For the term W3;2
k;p

, we may follow the argument used to bound E l;p (see (3.5)) to get
for k � 0,

jW3;2
k;p
j . 2.
Cs/k2spkgkL1k

QFphkL2k QFpf kL2 ;

which implies
1X

pD�1

jW3;2
k;p
j . 2.
Cs/kkgkL1khkHa1 kf kHb1 ;

where a1; b1 2 R with a1 C b1 D s.

We finally arrive at for k � 0,
1X

pD�1

jW3
k;pj C

1X
lD�1

jW2
k;l j . 2
kkgkL1

2s
.k.�4S2/

a=2hkL2 C khkHa/.k.�4S2/
b=2f kL2 C kf kHb /

C 2.
Cs/kkgkL1khkHa1 kf kHb1 :

Thanks to Lemma 2.1 and Lemma 2.2, we also have for k � 0,X
l�p�N0

jW1
k;p;l j C

X
m<p�N0

jW4
k;p;mj . 2
kkgkL1khkHakf kHb :

Now we are in a position to prove the sharp bounds. We conclude that for k � 0,

jhQk.g; h/; f ivj . 2.
Cs/kkgkL1khkHa1 kf kHb1

C 2
kkgkL1
2s
.k.�4S2/

a=2hkL2 C khkHa/.k.�4S2/
b=2f kL2 C kf kHb /;(3.21)

and

jhQ�1.g; h/; f ivj . .kgkL1 C kgkL2/khkHakf kHb :(3.22)

Recalling (2.1), we rewrite it by

hQ.g; h/; f iv D
X

k�N0�1

hQk.Uk�N0g;
QPkh/;

QPkf iv C
X

j�kCN0

hQk.Pjg;
QPjh/;

QPjf iv

C

X
jj�kj�N0

hQk.Pjg; UkCN0h/; UkCN0f iv

D U4 C U5 C U6:

Thanks to (3.21) and (3.22), we can give the estimates term by term .
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Suppose w1; w2 2 R with w1 C w2 D 
 C s. It is not difficult to check

jU4j .
X

k�N0�1

�
2.
Cs/kkUk�N0gkL1k

QPkhkHa1 k
QPkf kHb1 C 2


k
kUk�N0gkL1

2s

� .k.�4S2/
a=2 QPkhkL2 C k

QPkhkHa/.k.�4S2/
b=2 QPkf /kL2 C k

QPkf kHb /

�
:

Hence, together with Theorem 5.1, we get

jU4j . kgkL1
2s

�
.k.�4S2/

a=2hkL2

=2
C khkHa


=2
/

� .k.�4S2/
b=2f /kL2


=2
C kf kHb


=2
/C khk

H
a1
w1

kf k
H
b1
w2

�
:

For the term U5, it holds

jU5j .
X

j�kCN0;k�0

�
2.
Cs/kkPjgkL1k

QPjhkHa1 k
QPjf kHb1 C 2


k
kPjgkL1

2s

� .k.�4S2/
a=2 QPjhkL2 C k

QPjhkHa/.k.�4S2/
b=2 QPjf /kL2 C k

QPjf kHb /

�
C

X
j�N0�1

.kPjgkL1 C kPjgkL2/k
QPjhkHak

QPjf kHb :

Thanks to Theorem 5.1, we obtain that

1. if 
 > 0

jU5j . .kgkL1
2s
C kgkL2/

�
.k.�4S2/

a=2hkL2

=2
C khkHa


=2
/

� .k.�4S2/
b=2f /kL2


=2
C kf kHb


=2
/C khk

H
a1
w1

kf k
H
b1
w2

�
:

2. If 
 D 0, for any ı > 0,

jU5j . .kgkL1
2sCı
C kgkL2/

�
.k.�4S2/

a=2hkL2 C khkHa/

� .k.�4S2/
b=2f /kL2 C kf kHb /C khkHa1w1

kf k
H
a2
w2

�
:

3. If 
 < 0,

jU5j . .kgkL1
�
C2s

C kgkL2�
 /

�
.k.�4S2/

a=2hkL2

=2
C khkHa


=2
/

� .k.�4S2/
b=2f /kL2


=2
C kf kHb


=2
/C khk

H
a1
w1

kf k
H
b1
w2

�
:
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Finally we turn to the estimate of U6. One has

jU6j .
X

jj�kj�N0;k�0

�
2.
Cs/kkPjgkL1kUkCN0hkHa1 kUkCN0f kHb1 C 2


k
kPjgkL1

2s

� .k.�4S2/
a=2 UkCN0hkL2 C kUkCN0hkHa/

� .k.�4S2/
b=2 UkCN0f /kL2 C kUkCN0f kHb /

�
C.k QP�1gkL1 C k

QP�1gkL2/kUN0hkHakUN0f kHb :

Then by Lemma 5.8 and (2.16), we have

1. if 
 > 0

jU6j . .kgkL1

C2s
C kgkL1


CsC.�w1/
CC.�w2/

C
C kgkL2/

�
.k.�4S2/

a=2hkL2

=2
C khkHa


=2
/

� .k.�4S2/
b=2f /kL2


=2
C kf kHb


=2
/C khk

H
a1
w1

kf k
H
b1
w2

�
:

2. If 
 D 0,

jU6j . .kgkL1
2s
C kgkL1

sC.�w1/
CC.�w2/

C
C kgkL2/

�
.k.�4S2/

a=2hkL2 C khkHa/

� .k.�4S2/
b=2f /kL2 C kf kHb /C khkHa1w1

kf k
H
b1
w2

�
:

3. If 
 < 0,

jU6j . .kgkL1
�
C2s

C kgkL1

CsC.�w1/

CC.�w2/
C
C kgkL2/

�
.k.�4S2/

a=2hkL2

=2
C khkHa


=2
/

� .k.�4S2/
b=2f /kL2


=2
C kf kHb


=2
/C khk

H
a1
w1

kf k
H
b1
w2

�
:

The theorem is obtained by patching together all the estimates to U4;U5 and U6. We
complete the proof of the theorem.

4. Sharp bounds for the Landau collision operator via grazing collision limit

In this section, we will show that the strategy used to handle the Boltzmann collision
operator is robust. It can be applied to capture the intrinsic structure of the collision operator
in the process of the grazing collision limit. Before giving the estimates, we first introduce the
special function W � defined by

W �.x/ D  .�x/hxi C �s�1.1 �  .�x//hxis;(4.1)

which characterizes the symbol of the collision operator in the process of the limit. We
emphasize that the function  is defined in (1.33).

We begin with a technical lemma which describes the behavior of the fractional Laplace-
Beltrami operator in the limit. We postpone the proof to the end of Section 5.4.
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L 4.1. – Suppose 0 < s < 1. For any smooth function f defined in S2, the following
equivalences hold:

kf k2
L2.S2/ C �

2s�2

Z
�;�2S2

jf .�/ � f .�/j2

j� � � j2C2s
1j��� j��d�d�

� kf k2
L2.S2/ C k.�4S2/

1=2P
� 1�
f k2

L2.S2/ C �
2s�2
k.�4S2/

s=2P> 1� f k
2

L2.S2/

� kf k2
L2.S2/ C k

�
.�4S2/

1=2P
� 1�
C �s�1.�4S2/

s=2P> 1�
�
f k2

L2.S2/;

where the projection operators P
� 1�

and P> 1� are defined as follows: if f .�/ D
1P
lD0

lP
mD�l

f m
l
Y m
l
.�/,

then �
P
� 1�
f
�
.�/

def
D

X
Œl.lC1/�

1
2� 1�

lX
mD�l

f ml Y
m
l .�/;

�
P> 1� f

�
.�/

def
D

X
Œl.lC1/�

1
2> 1�

lX
mD�l

f ml Y
m
l .�/:(4.2)

R 4.1. – We remark that the projection operators P
� 1�

and P> 1� commutate with
the fractional Laplace-Beltrami operator. Moreover, since the Laplace-Beltrami operator is a
self-adjoint operator with orthogonal basis of the eigenfunctions, the spectrum theorem yields
that

kf k2
L2.S2/ C k

�
.�4S2/

1=2P
� 1�
C �s�1.�4S2/

s=2P> 1�
�
f k2

L2.S2/

� kW �..�4S2/
1=2/f k2

L2.S2/ C kf k
2

L2.S2/:

4.1. Proof of Theorem 1.5

We are in a position to prove Theorem 1.5.

Proof. – In [11] , it is proved that for any smooth functions g; h and f , there holds

lim
�!0
hQ�.g; h/; f i D hQL.g; h/; f i;

where Q� is a collision operator with the kernel B� under the assumption (B1). Then the
bounds of the Landau operator can be reduced to the uniform bounds of the operator Q�

with respect to the parameter �. Since Q� is still the Boltzmann collision operator, we may
copy the argument used in the proof of Theorem 1.1 and Theorem 1.4 to get the desired
results.

Let us follow the same notations used in Theorem 1.1 and Theorem 1.4. In the next we
only point out the difference. In order to cancel the singularity caused by the kernel and get
the uniform estimates with respect to the parameter �, we have to make use of the fact:Z �=2

0

b�.cos �/ sin ��2d� � 1:

Therefore there is no need to introduce the function  to make the decomposition for the
term D1

k
in the proof of Lemma 2.1, the terms E1

k
and E2

k
in the proof of Lemma 2.2,

4 e SÉRIE – TOME 51 – 2018 – No 5



SHARP BOUNDS FOR BOLTZMANN AND LANDAU OPERATORS 1305

the term M3
k;p

in the proof of Lemma 2.3 and the term E l;p in the proof of Lemma 3.2.
Keeping it in mind and following almost the same calculation, we get that the results stated
in Lemma 2.1, Lemma 2.2 and Lemma 2.3 are valid forQ� with s D 1. In particular, we have

j E l;pj . 2.l�p/=22kkgkL1kFpf kH1=2kFlf kH1=2 ;(4.3)

where E l;p is defined in (3.5). With these in hand, following the same argument used in the
proof of Theorem 1.1 will yield the desired results (1.30)–(1.32).

Next we turn to the upper bounds of the Landau operator in anisotropic spaces. Let
a; b 2 Œ0; 2� with a C b D 2 and a1; b1 2 R with a1 C b1 D 1. We first give the bounds
to W1

k;p;l
;W4

k;p;m
;W3

k;p
and W2

k;l
. Thanks to the facts that Lemma 2.1, Lemma 2.2 and

Lemma 2.3 are valid for Q� with s D 1, we deduce that for k � 0,X
l�p�N0

jW1
k;p;l j C

X
m<p�N0

jW4
k;p;mj . kgkL1khkL2kf kL2

and

jhQ�
�1.g; h/; f ivj . .kgkL1 C kgkL2/khkHakf kHb :(4.4)

Thanks to Lemma 4.1, we have

�2s�2
Z
�;�2S2

jf .�/ � f .�/j2

j� � � j2C2s
1j��� j��d�d� . kf k2

L2.S2/ C k.�4S2/
1=2f k2

L2.S2/;

which implies that for smooth functions g and h,

�2s�2
Z
S2 �S2

�
g.�/ � g.�/

�
h.�/j� � � j�.2C2s/1j��� j��d�d�

.
1X
lD0

lX
mD�l

gml h
m
l .k.�4S2/

1=2Y ml kL2.S2/ C 1/.k.�4S2/
1=2Y ml kL2.S2/ C 1/

.
1X
lD0

lX
mD�l

gml h
m
l .l.l C 1/C 1/

2

. k.1 �4S2/
a=2gkL2.S2/k.1 �4S2/

b=2hkL2.S2/:

Hence, together with the strategy explained in Section 1.3 and the fact b�.� � �/ � j� �
� j�.2C2s/1j��� j��, we have

jW3;1
k;p
j . 2
k

Z
R3
j.Fpg/�jk.1 �4S2/

a=2.Tv�
QFph/kL2k.1 �4S2/

b=2.Tv�
QFpf /kL2dv�

. 2
kkFpgkL1
2
.k.�4S2/

a=2 QFphkL2 C kQFphkHa/.k.�4S2/
b=2 QFpf kL2 C kQFpf kHb /:

Hence, together with Lemma 5.8, one has
1X

pD�1

jW3;1
k;p
j . 2
kkgkL1

2
.k.�4S2/

a=2hkL2 C khkHa/.k.�4S2/
b=2f kL2 C kf kHb /:

Observing that the term W3;2
k;p

enjoys the similar structure as that of the term E l;p, (4.3)
indicates that it is not difficult to derive

jW3;2
k;p
j . 2.
C1/k2pkgkL1k

QFphkL2k QFpf kL2 ;
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which implies that
1X

pD�1

jW3;2
k;p
j . 2.
C1/kkgkL1khkHa1 kf kHb1 :

Therefore we have
1X

pD�1

jW3
k;pj . 2
kkgkL1

2
.k.�4S2/

a=2hkL2 C khkHa/.k.�4S2/
b=2f kL2 C kf kHb /

C 2.
C1/kkgkL1khkHa1 kf kHb1 :

BecauseW2
k;l

enjoys the similar structure as that ofW3
k;p

, we finally arrive at, for k � 0,

1X
pD�1

jW3
k;pj C

1X
lD�1

jW2
k;l j . 2
kkgkL1

2
.k.�4S2/

a=2hkL2 C khkHa/.k.�4S2/
b=2f kL2 C kf kHb /

C 2.
C1/kkgkL1khkHa1 kf kHb1 :

Due to (2.3), we conclude that for k � 0,

jhQ�
k.g; h/; f ivj . 2.
C1/kkgkL1khkHa1 kf kHb1

C 2
kkgkL1
2
.k.�4S2/

a=2hkL2 C khkHa/.k.�4S2/
b=2f kL2 C kf kHb /:

Hence, together with (4.4), it is enough to derive the upper bounds in anisotropic spaces by
the argument used in the proof of Theorem 1.4. This completes the proof of the theorem.

4.2. Proof of Theorem 1.6

We give the proof to Theorem 1.6.

Proof. – We first focus on the lower bound of the functional h�Q�.g; f /; f i where g
satisfies the condition (1.28). Observe that

h�Q�.g; f /; f i D
1

2
E 
;�g .f / �

1

2
L
�
g.f /;

where

E 
;�g .f /
def
D

“
v;v�2R3;�2S2

jv � v�j

g�b

�.cos �/.f 0 � f /2d�dv�dv;

L
�
g.f /

def
D

Z
R6
dv�dv

Z
S2
B�.jv � v�j; �/g�.f

02
� f 2/d�:

By the Cancellation Lemma, it holds

j L
�
g.f /j . R :

We note that this term is controlled by Lemma 3.1.

Next we concentrate on the term E 
;�g .f /. Due to Lemma 3.4, it suffices to consider the
lower bound of E 0;�g .f /. Thanks to the geometric decomposition (1.35), we have

E 0;�g .f / � E 0;�1;g.f / � E 0;�2;g.f /;
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where

E 0;�1;g.f /
def
D
1

2

“
u;v�2R3;�2S2

g�b
�.cos �/

�
.Tv�f /.r&/ � .Tv�f /.r�//

2d�dv�du;

E 0;�2;g.f /
def
D 2

“
u;v�2R3;�2S2

g�b
�.cos �/

�
f .v� C u

C/ � f .v� C juj
uC

juCj
/
�2
d�dv�du:

Step 1: Estimate of E 0;�1;g.f /. – By the strategy explained in Section 1.3, the fact b�.� � �/ �

j� � � j�.2C2s/1j��� j�� and Lemma 4.1, we first get the lower bound of E 0;�1;g.f /, that is, if
g � 0, then

E 0;�1;g.f /C kgkL1kf k
2
L2
�

Z
R3
g�kW

�..�4S2/
1=2/Tv�f k

2
L2
dv� C kgkL1kf k

2
L2
:

Step 2: Estimate of E 0;�2;g.f /. – By a slight modification of the estimate to E 02(defined in
(3.4)) in the proof of Lemma 3.2, we can get

j E 0;�2;g.f /j . kgkL1
1
kf k2

H
1=2

1=2

:

We point out that it is a consequence of (4.3).

We finally arrive at, for � > 0,

E 0;�g .f /C kgkL1kf k
2
L2

&
Z
R3
g�kW

�..�4S2/
1=2/Tv�f k

2
L2
dv� � kgkL1

1
.��1kf k2

H1
C �kf k2

L2
1

/

&
Z
R3
g�kW

�..�4S2/
1=2/Tv�f k

2
L2
dv� � kgkL1

1
.��1k .�D/f k2

H1

C ��1k.1 �  .�D//f k2
H1
C �kf k2

L2
1

/:

Thanks to the condition (1.28), we also have

E 0;�g .f /C kgkL1kf k
2
L2
� C.�; ı/kW �.D/f k2

L2
;

which was proven in [11]. Combining these two inequalities, we obtain that

E 0;�g .f /C kgkL1
1
.��1k.1 �  .�D//f k2

H1
C ��1kf k2

L2
C �kf k2

L2
1

/

� C.�; ı; �/
�
kW �.D/f k2

L2
C

Z
R3
g�kW

�..�4S2/
1=2/Tv�f k

2
L2
dv�

�
:

Thanks to the condition (1.28) and Lemma 3.4, we have

C.�; ı; �/
� Z

R3
��kW

�..�4S2/
1=2/Tv�W
=2f k

2
L2
dv� C kW

�.D/W
=2f k
2
L2

�
. C.ı; �/

�
E 
;�g .f /C ��1.kf k2

L2

=2

C k.1 �  .�D//W
=2f k
2
H1
/C �kf k2

L2

=2C1

�
:(4.5)

Noticing that for any smooth function f , we have

h�QL.g; f /; f iv D lim
�!0
h�Q�.g; f /; f i � lim

�!0

1

2
E 
;�g .f / � C R :

Then the results are easily obtained by Fatou Lemma, (4.5), Lemma 3.1 and Lemma 5.10.
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4.3. Proof of Theorem 1.7

Finally we give the proof to Theorem 1.7.

Proof. – It is proved in [18] (see (55) in [20]) that for any smooth functionf , lim
�!0

D�
B.f / D

DL.f /. By the proof of Theorem 1.3 and Lemma 3.4, we have

D�
B.f / & E 0;�� .W
=2

p
f / � kf kL1

2
:

From the proof of Theorem 1.6, we have that, for any � > 0,

E 0;�� .W
=2
p
f /C .��1k.1 �  .�D//W
=2

p
f k2

H1
C ��1kW
=2

p
f k2

L2
C �kW
=2

p
f k2

L2
1

/

& C.�; ı; �/
�
kW �.D/W
=2

p
f k2

L2
C

Z
R3
��kW

�..�4S2/
1=2/Tv�W
=2

p
f k2

L2
dv�

�
:

In other words,

D�
B.f /C kf kL1


C2
C kf kL1

2
C k.1 �  .�D//W
=2

p
f k2

H1

& C.�; ı/
�
kW �.D/W
=2

p
f k2

L2
C

Z
R3
��kW

�..�4S2/
1=2/Tv�W
=2

p
f k2

L2
dv�

�
:

Thanks to Fatou Lemma and Lemma 5.10, the theorem is easily obtained by passing the limit
� ! 0.

5. Toolbox: weighted Sobolev spaces, interpolation theory
and L2 profile of the Laplace-Beltrami operator

In this section, we will first give new profiles of the weighted Sobolev Spaces. Then we
will state a new version of interpolation theory which slightly relaxes the assumption that
operators are needed to be commutated with each other. Then in the next we will list some
basic properties of the real spherical harmonics and introduce the definition of the Laplace-
Beltrami operator. After giving the L2 profile of the fractional Laplace-Beltrami operator,
we will give a detailed proof to (1.38) which is crucial to capture the anisotropic structure
of the collision operator. We want to point out that results in this section have independent
interest.

5.1. Weighted Sobolev spaces

Before stating the results, we list some basic facts which will be used in the proof of the
new profiles of the weighted Sobolev spaces.

L 5.1 (Bernstein inequalities). – There exists a constant C independent of j and f
such that

1) For any s 2 R and j � 0,

C�12jskFjf kL2.R3/ � kFjf kH s.R3/ � C2
js
kFjf kL2.R3/:(5.1)
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2) For integers j; k � 0 and p; q 2 Œ1;1�, the Bernstein inequalities are shown as

sup
j˛jDk

k@˛Fjf kLq.R3/ . 2jk23j.
1
p�

1
q /kFjf kLp.R3/;

2jkkFjf kLp.R3/ . sup
j˛jDk

k@˛Fjf kLp.R3/ . 2jkkFjf kLp.R3/:
(5.2)

3) For any f 2 H s , it holds that

kf k2
H s.R3/ �

1X
kD�1

22kskFkf k
2
L2.R3/:(5.3)

L 5.2 (See [13]). – Let s; r 2 R and a.v/; b.v/ 2 C1 satisfy for any ˛ 2 Z3C,

j@˛va.v/j � C1;˛hvi
r�j˛j; j@˛� b.�/j � C2;˛h�i

s�j˛j

for constantsC1;˛; C2;˛. Then there exists a constantC depending only on s; r and finite numbers
of C1;˛; C2;˛ such that for any Schwarz function f,

ka.�/b.D/f kL2 � CkhDi
sWrf kL2 ;

kb.D/a.�/f kL2 � CkWrhDi
sf kL2 :

R 5.1. – As a direct consequence, we get

khDimWlf kL2 � kWlhDi
mf kL2 � kf kHml

:

D 5.1. – A smooth function a.v; �/ is said to be a symbol of type Sm1;0 if a.v; �/
verifies that for any multi-indices ˛ and ˇ,

j.@˛� @
ˇ
v a/.v; �/j � C˛;ˇ h�i

m�j˛j;

where C˛;ˇ is a constant depending only on ˛ and ˇ.

L 5.3. – Let l; s; r 2 R,M.�/ 2 S r1;0 andˆ.v/ 2 S l1;0. Then there exists a constantC
such that

kŒM.Dv/; ˆ�f kH s � Ckf kHrCs�1
l�1

:

Proof. – We prove it in the spirit of [13]. Thanks to the expansion of the pseudo-
differential operator, it holds that for any N 2 N,

M.Dv/ˆ D ˆM.Dv/C
X

1�j˛j<N

1

˛Š
ˆ˛M

˛.Dv/C rN .v;Dv/;(5.4)

where ˆ˛.v/ D @˛vˆ, M ˛.�/ D @˛
�
M.�/ and

rN .v; �/ D N
X
j˛jDN

Z 1

0

.1 � �/N�1

˛Š
rN;�;˛.v; �/d�:

Here

rN;�;˛.v; �/ D

Z �
.1 �4y/

nˆ˛.v C y/
�
I.�Iy/hyi�2mdy

with 2m > N � l C 3, 2n > N � r C 3 and

I.�; y/ D
1

.2�/3

Z
e�iy�.1 �4�/

m

�
h�i�2nM .˛/.� C ��/

�
d�:
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It is not difficult to check that it holds uniformly with respect to � 2 Œ0; 1�,ˇ̌
@ˇv @

ˇ 0

�
rN;�;˛.v; �/

ˇ̌
� Cˇ;ˇ 0h�i

r�N�jˇ 0j
hvil�N�jˇ j:

Then (5.4) and Lemma 5.2 imply the lemma with s D 0. The case s ¤ 0 can be treated
similarly and we skip the proof here.

Now we are in a position to give the new profiles of the weighted Sobolev spaces.

T 5.1. – Let m; l 2 R. Then for f 2 Hm
l

, we have

1X
kD�1

22klkPkf k
2
Hm � kf k

2
Hm
l
:

Proof. – We first observe that 2k.lC1/'. v
2k
/ verifies the condition in Lemma 5.2. Then we

have

22klkPkf k
2
Hm D 2

�2k
k2k.lC1/ Pkf k

2
Hm

. 2�2kkhDimWlC1 Pkf k
2
L2

. 2�2k
�
kWlC1 PkhDi

mf k2
L2
C kf k2

Hm�1
l

�
;

where we use Lemma 5.3 in the last step. This implies
1X

kD�1

22klkPkf k
2
Hm .

1X
kD�1

kWl PkhDi
mf k2

L2
C kf k2Hm

l

. kf k2Hm
l
:

To prove the inverse inequality, we first treat with the casem � 0. Thanks to Remark 5.1,
we have

kf k2Hm
l
�

1X
kD�1

kPkWlhDi
mf k2

L2
�

1X
kD�1

22klkPkhDi
mf k2

L2

.
1X

kD�1

�
22klkPkf k

2
Hm C 2

�k
kŒ2k.lC

1
2 / Pk ; hDi

m�f k2
L2

�
.

1X
kD�1

22klkPkf k
2
Hm C kf k

2

Hm�1
l�1=2

;

where we use Lemma 5.3 in the last two steps. Then by iterated argument, we obtain that for
any N 2 N,

kf k2Hm
l

.
1X

kD�1

22klkPkf k
2
Hm C kf k

2

Hm�N
l�N=2

:

Thanks to the fact that for m � 0, it holds
1X

kD�1

22klkPkf k
2
Hm & kf k2

L2
l

:
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Choosing N sufficiently large, we get

kf k2Hm
l

.
1X

kD�1

22klkPkf k
2
Hm ;

which gives the proof to desired result with m � 0.

Next we will use the duality method to deal with the case m < 0. Notice thatZ
R3
fgdv D

1X
kD�1

Z
R3

Pkf
QPkgdv .

1X
kD�1

kPkf kHmk
QPkgkH�m

.
� 1X
kD�1

22klkPkf k
2
Hm

� 1
2 kgkH�m

�l
:

Then for any Schwarz function g,ˇ̌ Z
R3
hvil .hDimf /gdv

ˇ̌
.
� 1X
kD�1

22klkPkf k
2
Hm

� 1
2 khDimWlgkH�m

�l

.
� 1X
kD�1

22klkPkf k
2
Hm

� 1
2 kgkL2 ;

which implies

kf k2Hm
l

.
1X

kD�1

22klkPkf k
2
Hm :

We complete the proof of the lemma.

5.2. Interpolation theory

The couple of Banach spaces .X; Y / is said to be an interpolation couple if both X and
Y are continuously embedding in a Hausdorff topological vector space. Let .X; Y / be a
real interpolation couple, then the real interpolation space .X; Y /�;p with � 2 .0; 1/ and
p 2 Œ1;1� is defined as follows:

.X; Y /�;p
def
D

�
x 2 X C Y

ˇ̌̌̌
kxk�;p

def
D





t��K.t; x/




L
p
� .0;1/

<1

�
;

where K.t; x/ D inf
xDaCb;a2X;b2Y

.kakX C tkbkY / and Lp� .0;1/ is a Lebesgue space Lp with

respect to the measure dt=t .

LetX be a real Banach space with norm k�k. Let T be a closed operator: D.T / � X ! X

satisfying there exists a constant M such that for any � > 0,

.0;1/ � �.T /; k�R.�; T /kL.X/ �M;(5.5)

where �.T / denotes the resolvent set of the operator T and

R.�; T /
def
D .�I � T /�1; kT kL.X/

def
D sup
kxkD1

kT xk:

Then D.T / is a Banach space with the graph norm kxkD.T / D kxkC kT xk for x 2 D.T /.
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P 5.1 (see [16]). – Let A satisfy (5.5). If we set DA.�; p/
def
D .X; D.A//�;p,

then

DA.�; p/ D

�
x 2 X

ˇ̌̌̌



��kAR.�;A/xk




L
p
� .0;1/

<1

�
:

Let A;B be two closed operators satisfying (5.5). We recall that ŒA; B� D AB � BA: In
general, if ŒA; B� ¤ 0, it is not easy to derive

.X; D.A/ \ D.B//�;2 D DA.�; 2/ \ DB.�; 2/:(5.6)

The aim of this subsection is to show that under some special conditions on the operators A
and B, the real interpolation space .X; D.A/\ D.B//�;2 still verifies (5.6). We will use this
fact to prove (1.38).

Let us give the typical examples of the operators which verify the condition (5.5).
Let �ij D xi@j � xj @i with 1 � i < j � 3 and the domain of the operator is defined as

D.�ij / D

�
f 2 L2.R3x/j9g 2 L

2.R3x/;8h 2 C
1
c .R

3
x/;

Z
R3

�
�ijh

�
fdx D �

Z
R3
hgdx

�
:

From which, we give the definition: g
def
D �ijf: Then�ij is a closed operator and verifies the

condition (5.5). Another example is the partial derivative operator @k with 1 � k � 3. We
mention that in this case the domain of the operator @k is defined by

D.@k/ D

�
f 2 L2.R3x/j9g 2 L

2.R3x/;8h 2 C
1
c .R

3
x/;

Z
R3

�
@kh

�
fdx D �

Z
R3
hgdx

�
:

The new interpolation theory can be stated as follows:

T 5.2. – Let A;B1; B2 and B3 be closed operators satisfying the condition (5.5)
and

ŒBi ; Bj � D 0; ŒA;B1� D �B2; ŒA; B2� D �B1; ŒA; B3� D 0:(5.7)

If we set D.B/ D
3T
iD1

D.Bi / and kxkD.B/ D kxk C
P3
iD1 kBixk, then

.X;D/�;2 D DA.�; 2/ \ DB.�; 2/;

where D D D.A/ \ D.B/.

Proof. – By the definition of the real interpolation space, it is easy to check

.X;D/�;2 � DA.�; 2/ \ DB.�; 2/:

Therefore we only need to prove the inverse conclusion. In other words, we only need to prove

DA.�; 2/ \ DB.�; 2/ � .X;D/�;2:

By the definition of real interpolation space .X;D/�;2, it is reduced to prove that for
f 2 DA.�; 2/ \ DB.�; 2/,

kt��K.t; f /kL2�.0;1/
<1;(5.8)
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whereK.t; f / D inf
fDaCb;a2X;b2D

.kakC tkbkD/ and kbkD
def
D kbkCkAbkC

P3
iD1 kBibk. We

remark that for t � 1 and f 2 DA.�; 2/ \ DB.�; 2/, it holds

K.t; f / � kf k;

which yields

kt��K.t; f /kL2�.1;1/
. kf k:

Now it suffices to give the bound for kt��K.t; f /kL2�.0;1/. In order to do that, we perform the
following decomposition:

f D f � V.�/C V.�/;

where

V.�/ D �8R.�;B3/ŒR.�;B1/R.�;B2/�
2R.�;A/R.�;B1/R.�;B2/f:

Step 1: Estimate of kf � V.�/k. – From the fact

�R.�; T / D I C TR.�; T /;(5.9)

it holds

V.�/ � f D �f C �7R.�;B3/R.�;B1/R.�;B2/R.�;B1/R.�;B2/R.�;A/R.�;B1/f

C �7R.�;B3/R.�;B1/R.�;B2/R.�;B1/R.�;B2/R.�;A/R.�;B1/B2R.�;B2/f:

Using the condition (5.5), we get

k�7R.�;B3/R.�;B1/R.�;B2/R.�;B1/R.�;B2/R.�;A/R.�;B1/B2R.�;B2/f k

. kB2R.�;B2/f k:

It gives

kV.�/ � f k . k � f C �7R.�;B3/R.�;B1/R.�;B2/R.�;B1/R.�;B2/R.�;A/R.�;B1/f k

C kB2R.�;B2/f k:

Using (5.9) again and following the similar argument, we derive that

k � f C �7R.�;B3/R.�;B1/R.�;B2/R.�;B1/R.�;B2/R.�;A/R.�;B1/f k

. k � f C �7R.�;B3/R.�;B1/R.�;B2/R.�;B1/R.�;B2/R.�;A/f k C kB1R.�;B1/f k:

Then by the inductive method, we obtain that

kV.�/ � f k . kAR.�;A/f k C
3X
iD1

kBiR.�;Bi /f k:(5.10)
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5.2.1. Step 2: Estimate of kV.�/kD . – Thanks to the condition (5.5), we have

kV.�/k . kf k:

Observe that if ŒTi ; Tj � D 0, one has

R.�; Ti /R.�; Tj / D R.�; Ti /R.�; Tj /; TiR.�; Tj / D R.�; Tj /Ti :

Hence, together with the condition (5.5) and ŒBi ; B3� D ŒA; B3� D 0, we deduce that

kB3V.�/k . �kB3R.�;B3/f k:

Due to the condition (5.7), the standard computation for the resolvent will give the
following three facts:

ŒR.�; B1/R.�;B2/; R.�;A/�(5.11)

D R.�;A/R.�;B1/R.�;B2/Œ�.B1 C B2/ � B
2
1 � B

2
2 �

�R.�;B1/R.�;B2/R.�;A/;

ŒR.�;B1/R.�;B2/
2; R.�;A/�(5.12)

D R.�;A/R.�;B1/R.�;B2/
2Œ��2.B2 C 2B1/C 2�.B1B2 C B

2
1 C B

2
2 /

C B32 � 2B
2
1B2�R.�; B1/R.�;B2/

2R.�;A/;(5.13)

and

Œ.R.�;B1/R.�;B2//
2; R.�;A/�(5.14)

D R.�;A/ŒR.�;B1/R.�;B2/�
2Œ2�3.B1 C B2/ � 4�

2.B1B2 C B
2
1 C B

2
2 /

C 2�.B31 C B
3
2 C 2B

2
1B3 C 2B

2
2B1/ � 2B1B

3
2

� 2B2B
3
1 �ŒR.�; B1/R.�;B2/�

2R.�;A/:

Now we start to estimate kAV.�/k and kB1V.�/k. It is easy to check

AV.�/ D �8AR.�;B3/ŒR.�;B1/R.�;B2/�
2R.�;A/R.�;B1/R.�;B2/f

D �8AR.�;A/ŒR.�;B1/R.�;B2/�
3R.�;B3/f

C �8AŒ.R.�;B1/R.�;B2//
2; R.�;A/�R.�;B1/R.�;B2/R.�;B3/f

def
D R1 CR2:

By (5.9) and the condition (5.5), we get

kTR.�; T /kL.X/ . 1:(5.15)

Then, together with (5.14) and the condition (5.5), we obtain that

kR2k . kf k:
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Notice that

R1 D �8.�I C �R.�;A//ŒR.�;B1/R.�;B2/�
3R.�;B3/f

D �8ŒR.�; B1/R.�;B2/�
3R.�;B3/.�I /f

C �9ŒR.�;A/; .R.�;B1/R.�;B2//
2�R.�; B1/R.�;B2/R.�;B3/f

C �9ŒR.�; B1/R.�;B2/�
2ŒR.�;A/;R.�;B1/R.�;B2/�R.�;B3/f

C �9ŒR.�; B1/R.�;B2/�
3R.�;B3/R.�;A/f

D �8ŒR.�; B1/R.�;B2/�
3R.�;B3/AR.�;A/f

C �9ŒR.�;A/; .R.�;B1/R.�;B2//
2�R.�; B1/R.�;B2/R.�;B3/f

C �9ŒR.�; B1/R.�;B2/�
2ŒR.�;A/;R.�;B1/R.�;B2/�R.�;B3/f

def
D R3 CR4 CR5:

Thanks to (5.5), (5.15) , (5.11) and (5.14), we get

kR3k . �kAR.�;A/f k; kR4k C kR5k . kf k;

which implies that
kAV.�/k . kf k C �kAR.�;A/f k:

Similarly we have

B1V.�/ D �
8.�I C �R.�;B1//R.�;B1/R.�;B2/

2R.�;A/R.�;B1/R.�;B2/R.�;B3/

D �8R.�;A/R.�;B2/
3R.�;B1/

2R.�;B3/B1R.�;B1/f

� �8ŒR.�; B1/R.�;B2/
2; R.�;A/�R.�;B1/R.�;B2/R.�;B3/f

C �9ŒR.�; B1/
2R.�;B2/

2; R.�;A/�R.�;B1/R.�;B2/R.�;B3/f:

Thanks to (5.5), (5.15) , (5.12) and (5.14), we have

kB1V.�/k . kf k C �kB1R.�;B1/f k:

By the same argument, we can get

kB2V.�/k . kf k C �kB2R.�;B2/f k:

Patching together all the estimates, we finally get

kV.�/kD . kf k C �kAR.�;A/f k C
3X
iD1

�kBiR.�;Bi /f k:(5.16)

Then for � � 1, one has

�� .kV.�/ � f k C ��1kV.�/kD/ . �� .kAR.�;A/f k C

3X
iD1

kBiR.�;Bi /f k/C �
��1
kf k:

Thanks to the condition ŒBi ; Bj � D 0; by Proposition 3.1 in [16], one has

DB.�; 2/ D

3\
iD1

DBi .�; 2/:

Then if f 2 DA.�; 2/ \ DB.�; 2/, by Proposition 5.1, we have for � > 0,

��kAR.�;A/f k; ��kBiR.�;Bi /f k 2 L
2
�.0;1/:(5.17)
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It means that



�� .kV.�/ � f k C ��1kV.�/kD/




L2�.1;1/

. kf k C kf kDA.�;2/ C kf kDB .�;2/:

In other words, we get

kt��K.t; f /kL2�.0;1/
�





t�� .kV.t�1/ � f k C tkV.t�1/kD/




L2�.0;1/

. kf k C kf kDA.�;2/ C kf kDB .�;2/:

We complete the proof to (5.8) and this ends the proof of the theorem.

5.3. Spherical harmonics

In this subsection, we introduce the definition and basic properties of the real spherical
harmonics.

Let � D .cos� sin �; sin� sin �; cos �/ 2 S2 with � 2 Œ0; �� and � 2 Œ0; 2�/. The real
spherical harmonics Y m

l
.�/ with l 2 N, �l � m � l , are defined as Y 00 .�/ D .4�/�1=2 and

for any l � 1,

Y ml .�/ D

8̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
:

�
2l C 1

4�

�1=2
Pl .cos �/; ifm D 0;�

2l C 1

2�

.l �m/Š

.l Cm/Š

�1=2
Pml .cos �/ cos.m�/; if m D 1; : : : ; l;�

2l C 1

2�

.l Cm/Š

.l �m/Š

�1=2
P�ml .cos �/ sin.�m�/; if m D �l; : : : ; �1;

where Pl denotes the l-th Legendre polynomial and Pm
l

denotes the associated Legendre
functions of order l and degree m. It is well-known that

.�4S2/Y
m
l D l.l C 1/Y

m
l :

We remark that the family .Y m
l
/l;m is an orthonormal basis of the space L2.S2; d�/ with

d� being the surface measure on S2. Thus if f 2 L2.S2/, then we have

f .�/ D

1X
lD0

lX
mD�l

f ml Y
m
l .�/;

where f m
l
D
R
S2 f .�/Y

m
l
.�/d�: Then for s 2 R, the fractional Laplace-Beltrami operator

.�4S2/
s=2 is defined by�

.�4S2/
s=2f

�
.�/

def
D

1X
lD0

lX
mD�l

.l.l C 1//s=2f ml Y
m
l .�/:(5.18)

Similarly we have�
.1 �4S2/

s=2f
�
.�/

def
D

1X
lD0

lX
mD�l

.1C l.l C 1//s=2f ml Y
m
l .�/:(5.19)

Next we denote A l by the space of solid spherical harmonics of degree l , that is, the set of
all homogeneous polynomials of degree l on R3 that are harmonic. Let H l be the space of
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spherical harmonics of degree l . Then we define Dl to be a space of all linear combinations
of functions of the form f .r/P.x/, where f ranges over the radial functions and P over the
solid spherical harmonics of degree l , in such a way that f .r/P.x/ belongs to L2.R3/. We
have

T 5.3. – We have

L2.R3/ D
1X
lD0

M
Dl :

Moreover, for Y 2 H l , there exists a function ‰ defined on the Œ0;1/ such that for w > 0,Z
S2
e�2�iw� ��Y.�/d� D ‰.w/Y.�/;(5.20)

which means that the Fourier transform maps Dl into itself.

Suppose f is a Schwarz function. Thanks to Theorem 5.3, we have

f .x/ D

1X
lD0

lX
mD�l

Y ml .�/f
m
l .r/;

where x D r� and � 2 S2. Then for s 2 R,�
.�4S2/

s=2f
�
.x/

def
D

1X
lD0

lX
mD�l

.l.l C 1//s=2Y ml .�/f
m
l .r/:(5.21)

Similarly we have

�
.1 �4S2/

s=2f
�
.x/

def
D

1X
lD0

lX
mD�l

.1C l.l C 1//s=2Y ml .�/f
m
l .r/:(5.22)

We recall the statement of the addition theorem:

T 5.4 (Addition Theorem). – Suppose that � and � are two unit vectors. Then

Pl .� � �/ D
4�

2l C 1

lX
mD�l

Y ml .�/Y
m
l .�/:

Now we want to prove

L 5.4. – Suppose H.x/ 2 L2.Œ�1; 1�/. Then we haveZ
S2 � S2

�
g.�/ � g.�/

�
h.�/H.� � �/d�d�

D

1X
lD0

lX
mD�l

gml h
m
l

Z
S2 �S2

�
Y ml .�/ � Y

m
l .�/

�
Y ml .�/H.� � �/d�d�:

Here we use the notation: f m
l

def
D
R
S2 f .�/Y

m
l
.�/d�:
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Proof. – Thanks to the fact the family fPngn�0 is an orthogonal basis of the space
L2Œ�1; 1�, we have

H.x/ D
X
n�0

anPn.x/;

where an.x/ D .nC 1
2
/
R 1
�1
H.x/Pn.x/dx: In particular, it givesZ

S2 � S2
g.�/h.�/H.� � �/d�d� D

1X
nD0

an

Z
S2 � S2

g.�/h.�/Pn.� � �/d�d�

D

1X
nD0

nX
qD�n

an
4�

2nC 1

Z
S2 � S2

g.�/h.�/Y qn .�/Y
q
n .�/d�d�

D

1X
nD0

nX
qD�n

gqnh
q
nan

4�

2nC 1

D

1X
lD0

lX
mD�l

gml h
m
l

Z
S2 � S2

Y ml .�/Y
m
l .�/H.� � �/d�d�;

where we use Theorem 5.4 in the second and the last equalities. On the other hand,Z
S2 � S2

g.�/h.�/H.� � �/d�d� D

Z
S2
g.�/h.�/d�

Z
S2
H.� � �/d�

D .

1X
lD0

lX
mD�l

gml h
m
l /

“
�2Œ0;��;�2Œ0;2��

H.cos �/ sin �d�d�

D

1X
lD0

lX
mD�l

gml h
m
l

Z
S2 �S2

Y ml .�/Y
m
l .�/H.� � �/d�d�:

Combine these two equalities and then we get the desired result.

5.4. L2 profile of the fractional Laplace-Beltrami operator

In this subsection, we first show theL2 profile of the fractional Laplace-Beltrami operator.
Then we show that in the whole space the fractional Laplace-Beltrami operator has strong
connection to the rotation vector fields.

L 5.5. – Suppose that f is a smooth function defined in S2. Then if 0 < s < 1, it
holds

kf k2
L2.S2/ C

Z
�;�2S2

jf .�/ � f .�/j2

j� � � j2C2s
d�d� � kf k2

L2.S2/ C k.�4S2/
s=2f k2

L2.S2/:

Proof. – Let !1; !2; !3 2 C1c .R/ be non-negative functions. Assume that !1.x/ D 1 in
the Ball B 2

3
with compact support in the Ball B 3

4
, !2.x/ D 1 in the Ball B 3

4
with compact

support in the Ball B 4
5

and !3.x/ D 1 in the Ball B 4
5

with compact support in the Ball B 5
6

.
Let � be a smooth function verifying

�.x/ D

8<:1; if x � 0I

0; if x < �
1

10
:
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Suppose u D .u1; u2; u3/ 2 R3. Then it is easy to check for k 2 N with 1 � k � 3 and u ¤ 0,

3X
iD1

!k.
X
j¤i

u2j

juj2
/ � 1:

Then we suppose that for 1 � m � 3,

#kmC.u/
def
D

!k.
P
j¤m

u2
j

juj2
/

3P
iD1

!k.
P
j¤i

u2
j

juj2
/

�.
um

juj
/ and #km�.u/

def
D

!k.
P
j¤m

u2
j

juj2
/

3P
iD1

!k.
P
j¤i

u2
j

juj2
/

�.�
um

juj
/:

We conclude that for u 2 S2,
3X

mD1

�
#kmC.u/C #km�.u/

�
D 1:(5.23)

Observe that
(5.24)Z

�;�2S2

jf .�/ � f .�/j2

j� � � j2C2s
d�d� �

3X
mD1

� Z
�;�2S2

jf .�/ � f .�/j2

j� � � j2C2s
Œ#21mC.�/C #

2
1m�.�/�d�d�:

Then due to the symmetric structure, we only need to focus on the estimate ofZ
�;�2S2

jf .�/ � f .�/j2

j� � � j2C2s
#213C.�/d�d�:

Notice thatZ
�;�2S2

jf .�/ � f .�/j2

j� � � j2C2s
#213C.�/d�d�

D

Z
�;�2S2

jf .�/ � f .�/j2

j� � � j2C2s
#213C.�/#33C.�/#33C.�/d�d�

C

Z
�;�2S2

jf .�/ � f .�/j2

j� � � j2C2s
#213C.�/#33C.�/Œ1 � #33C.�/�d�d�:

From which together with the fact that j� � � j � 1
2
�

1p
5

if � 2 Supp#13C and � 2
Supp .1 � #33C/, we deduce thatZ

�;�2S2

jf .�/ � f .�/j2

j� � � j2C2s
#213C.�/d�d� C kf k

2

L2.S2/

�

Z
�;�2S2

jf .�/ � f .�/j2

j� � � j2C2s
#213C.�/#33C.�/#33C.�/d�d� C kf k

2

L2.S2/

�

Z
�;�2S2

j.#13Cf /.�/ � .#13Cf /.�/j
2

j� � � j2C2s
#33C.�/#33C.�/d�d� C kf k

2

L2.S2/:

Suppose � D .x1; x2; x3/ 2 S2, x D .x1; x2/. Let FC13.x/
def
D .#13Cf /.x1; x2;

q
1 � x21 � x

2
2/

and ‚Ci3.x/ D #i3C.x1; x2;

q
1 � x21 � x

2
2/.i D 1; 2; 3/. Then by change of variables, we
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have Z
�;�2S2

j.#13Cf /.�/ � .#13Cf /.�/j
2

j� � � j2C2s
#33C.�/#33C.�/d�d�

D

Z
jxj;jyj�

q
5
6

jFC13.x/ � F
C
13.y/j

2�
jx � yj2 C j

q
1 � x21 � x

2
2 �

q
1 � y21 � y

2
2 j
2
�1Cs

�‚C33.x/‚
C
33.y/

1q
1 � x21 � x

2
2

1q
1 � y21 � y

2
2

dxdy

&
Z
jxj;jyj�

q
4
5

jFC13.x/ � F
C
13.y/j

2

jx � yj2C2s
dxdy;

which yieldsZ
�;�2S2

jf .�/ � f .�/j2

j� � � j2C2s
#213C.�/d�d� C kf k

2

L2.S2/ & kF
C
13k

2
H s.B 2p

5

/:(5.25)

On the other hand, one hasZ
�;�2S2

j.#13Cf /.�/ � .#13Cf /.�/j
2

j� � � j2C2s
#33C.�/#33C.�/d�d�

.
Z
jx�yj��

jFC13.x/ � F
C
13.y/j

2

jx � yj2C2s
‚C33.x/‚

C
33.y/dxdy C C�kF

C
13k

2
L2.B 2p

5

/
:

Choose � sufficiently small such that

1jx�yj��F
C
13.x/

2‚C33.x/‚
C
33.y/ D 1jx�yj��F

C
13.x/

2‚C23.x/‚
C
23.y/;

and 1jx�yj��F
C
13.x/F

C
13.y/‚

C
33.x/‚

C
33.y/ D 1jx�yj��F

C
13.x/F

C
13.y/‚

C
23.x/‚

C
23.y/:

Then we getZ
�;�2S2

j.#13Cf /.�/ � .#13Cf /.�/j
2

j� � � j2C2s
#33C.�/#33C.�/d�d�

.
Z
jxj;jyj�

q
4
5

jFC13.x/ � F
C
13.y/j

2

jx � yj2C2s
‚C23.x/‚

C
23.y/dxdy C C�kF

C
23k

2
L2.B 2p

5

/

. kFC13k
2
H s.B 2p

5

/;

which impliesZ
�;�2S2

jf .�/ � f .�/j2

j� � � j2C2s
#213C.�/d�d� . kf k2

L2.S2/ C kF
C
13k

2
H s.B 2p

5

/:

Together with (5.25), we have

(5.26)
Z
�;�2S2

jf .�/ � f .�/j2

j� � � j2C2s
#213C.�/d�d� C kf k

2

L2.S2/ � kF
C
13k

2
H s.B 2p

5

/ C kf k
2

L2.S2/:

Observe that

k.�4S2/
1
2 .#13Cf /k

2

L2.S2/ D

Z
S2

�
.�4S2/.#13Cf /

�
.�/.#13Cf /.�/d�:
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Thanks to the fact .�4S2f /.�/ D �
P

1�i<j�3

.�2ijf /.x1; x2; x3/ with � D .x1; x2; x3/ and

�ij D xi@j � xj @i , by change of variables, we obtain that

k.�4S2/
1
2 .#13Cf /k

2

L2.S2/

D

Z
jxj�

q
4
5

�

X
1�i<j�3

�
�2ij .#13Cf /

�
.x;

p
1 � jxj2/.#13Cf /.x;

p
1 � jxj2/

1p
1 � jxj2

dx:

It is easy to see that for i D 1; 2,

@iF
C
13.x1; x2/ D

1p
1 � jxj2

�
��i3.#13Cf /

�
.x;

p
1 � jxj2/;

which implies that�
�2i3.#13Cf /

�
.x;

p
1 � jxj2/ D

�
.
p
1 � jxj2@i /

2FC13

�
.x/:

Then by direct calculation, it yields

k.�4S2/
1
2 .#13Cf /k

2

L2.S2/

D �

Z
jxj�

q
4
5

�
@1.
p
1 � jxj2@1/F

C
13

�
FC13dx �

Z
jxj�

q
4
5

�
@2.
p
1 � jxj2@2/F

C
13

�
FC13dx

�

Z
jxj�

q
4
5

.�12/
2FC13F

C
13

1p
1 � jxj2

dx:

Thus we have

(5.27) k.�4S2/
1
2 .#13Cf /k

2

L2.S2/ C k#13Cf k
2

L2.S2/

� kFC13k
2
H1.B 2p

5

/
C k�12F

C
13k

2
L2.B 2p

5

/
� kFC13k

2
H1.B 2p

5

/
;

where we use the fact k#13Cf kL2.S2/ � kF
C
13kL2.B 2p

5

/:

By the real interpolation method, we obtain that for 0 � s � 1,

k.�4S2/
s=2.#13Cf /kL2.S2/ C k#13Cf kL2.S2/ � kF

C
13kH s.B 2p

5

/:(5.28)

Next we claim that for 0 � s � 2,

(5.29) k.�4S2/
s=2.#1mCf /kL2.S2/ C k#1mCf kL2.S2/

. k.�4S2/
s=2f kL2.S2/ C kf kL2.S2/:

This is easily followed by the real interpolation method since

k.�4S2/.#1mCf /kL2.S2/ . k.�4S2/f kL2.S2/ C kf kL2.S2/;

and k#1mCf kL2.S2/ . kf kL2.S2/:
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Thanks to (5.23) and (5.29), we deduce that for 0 � s � 2,

(5.30)
3X

mD1

�
k.�4S2/

s=2.#1mCf /kL2.S2/ C k.�4S2/
s=2.#1m�f /kL2.S2/

C k#1mCf kL2.S2/ C k#1m�f kL2.S2/

�
� k.�4S2/

s=2f kL2.S2/ C kf kL2.S2/:

Then (5.26)-(5.28) and (5.30) imply the lemma.

As a consequence of Lemma 5.4 and Lemma 5.5, we get the following estimate:

C 5.1. – Suppose that g and h are smooth functions defined in S2. Then for
a; b 2 R with aC b D 2s,ˇ̌̌̌ Z

S2 �S2

�
g.�/ � g.�/

�
h.�/H.� � �/d�d�

ˇ̌̌̌
. k.1 �4S2/

a=2gkL2.S2/k.1 �4S2/
b=2hkL2.S2/;

where H.� � �/ D j� � � j�.2C2s/.

Proof. – Let � > 0. Then by Lemma 5.4 and the notation: f m
l

def
D
R
S2 f .�/Y

m
l
.�/d� , we

haveZ
S2 � S2

�
g.�/ � g.�/

�
h.�/H.� � �/d�d�

D lim
�!0

Z
S2 � S2

�
g.�/ � g.�/

�
h.�/H.� � �/1j� �� j��d�d�

D lim
�!0

1X
lD0

lX
mD�l

gml h
m
l

Z
S2 � S2

.Y ml .�/ � Y
m
l .�//Y

m
l .�/H.� � �/1j� �� j��d�d�

D
1

2
lim
�!0

1X
lD0

lX
mD�l

gml h
m
l

Z
S2 � S2

.Y ml .�/ � Y
m
l .�//.Y

m
l .�/ � Y

m
l .�//H.� � �/1j� �� j��d�d�;

where we use the symmetric property of the integral in the last step. Applying the Cauchy-
Schwarz inequality and Lemma 5.5, we obtain thatZ

S2 �S2

�
g.�/ � g.�/

�
h.�/H.� � �/d�d�

.
1X
lD0

lX
mD�l

gml h
m
l .k.�4S2/

s=2Y ml kL2.S2/ C 1/.k.�4S2/
s=2Y ml kL2.S2/ C 1/

.
1X
lD0

lX
mD�l

gml h
m
l .l.l C 1/C 1/

s . k.1 �4S2/
a=2gkL2.S2/k.1 �4S2/

b=2hkL2.S2/;

which completes the proof of the lemma.

Next we show the strong connection between the Laplace-Beltrami operator and the
rotation vector fields.
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L 5.6. – Let f be a smooth function defined in R3. Suppose f .u/ D f .u1; u2; u3/

with u D .u1; u2; u3/ 2 R3 and �ijf
def
D .ui@uj � uj @ui /f . Then if 0 < s < 1, it holdsZ

�;�2S2;r>0

jf .r�/ � f .r�/j2

j� � � j2C2s
r2d�d�dr C kf k2

L2.R3/

� k.�4S2/
s=2f k2

L2
C kf k2

L2
�

X
1�i<j�3

kf k2D�ij .s;2/
:

Moreover for s 2 Œ0; 2�, we have

k.�4S2/
s=2f k2

L2
C kf k2

L2
�

X
1�i<j�3

kf k2D
�2
ij

.s=2;2/:(5.31)

Here we use notations D�ij .s; 2/
def
D .L2; D.�ij //s;2 and D�2

ij
.s=2; 2/

def
D .L2; D.�2ij //s=2;2.

Proof. – For r > 0 and x D .x1; x2/, we set

NFC13.r; x/
def
D r.#13Cf /.rx1; rx2; r

q
1 � x21 � x

2
2/

and

gFC13.r; x/ def
D

8̂̂<̂
:̂
r.#13Cf /.rx1; rx2; r

q
1 � x21 � x

2
2/; if jxj �

r
4

5
I

0; if jxj �

r
4

5
;

where we use the fact #13C.rx1; rx2; r
q
1 � x21 � x

2
2/ D #13C.x1; x2;

q
1 � x21 � x

2
2/.

Thanks to (5.28), one has

k.�4S2/
s=2.#13Cf /kL2.R3/ C k#13Cf kL2.R3/ � k

NFC13kL2..0;1/IH s.B 2p
5

//:

Let T1 W L2..0;1/ � B 2p
5

/ 7! L2..0;1/ � R2/ be a linear operator defined by

.T1f /.r; x/
def
D

8̂̂<̂
:̂
#23C.x1; x2;

q
1 � x21 � x

2
2/f .r; x/; if jxj �

r
4

5
I

0; if jxj �

r
4

5
:

(5.32)

Then we have

kT1f kL2..0;1/IH1.R2// . kf kL2..0;1/IH1.B 2p
5

//;

kT1f kL2..0;1/IL2.R2// . kf kL2..0;1/IL2.B 2p
5

//:

Then by real interpolation, we obtain that

kT1f kL2..0;1/IH s.R2// . kf kL2..0;1/IH s.B 2p
5

//:

By the definition of NFC13, we have Supp NFC13.r; x/ � .0;1/ � B
p
3
2

. Thus if we take f D NFC13,

then we get

k
gFC13kL2..0;1/IH s.R2// . k NFC13.r; x/kL2..0;1/IH s.B 2p

5

//:
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Let T2 W L2..0;1/ � R2/ 7! L2..0;1/ � B 2p
5

/ be a linear operator defined by

.T2f /.r; x/
def
D #23C.x1; x2;

q
1 � x21 � x

2
2/f .r; x/:(5.33)

Then by the similar argument, we may obtain that

kT2f kL2..0;1/IH s.B 2p
5

// . kf kL2..0;1/IH s.R2//:

Thus if we take f DgFC13, then we get

k NFC13kL2..0;1/IH s.B 2p
5

// . k
gFC13kL2..0;1/IH s.R2//:

Therefore, we are led to

k NFC13kL2..0;1/IH s.B 2p
5

// � k
gFC13kL2..0;1/IH s.R2//;

which implies that

k.�4S2/
s=2.#13Cf /kL2.R3/ C k#13Cf kL2.R3/ � k

gFC13kL2..0;1/IH s.R2//:(5.34)

In what follows, we use the notation kgFC13kL2rH sx def
D k

gFC13kL2..0;1/IH s.R2//: It is easy to see
that

k
gFC13kL2rH sx � kgFC13kL2rL2x1H sx2 C kgFC13kL2rL2x2H sx1 :

Notice that

k
gFC13kL2rL2x2H1x1 � k�13.#13Cf /kL2.R3/ C k#13Cf kL2.R3/;
k
gFC13kL2rL2x2L2x1 � k#13Cf kL2.R3/:

By real interpolation, one has

k
gFC13kL2rL2x1H sx2 � k#13Cf kD�13 .s;2/

:

Similarly

k
gFC13kL2rL2x2H sx1 � k#13Cf kD�23 .s;2/

:

Then, together with (5.34), we have

(5.35) k.�4S2/
s=2.#13Cf /kL2.R3/ C k#13Cf kL2.R3/

� k
gFC13kL2..0;1/IH s.R2// � k#13Cf kD�13 .s;2/

C k#13Cf kD�23 .s;2/
:

Observe that �
�12.#13Cf /

�
.u/ D .x1@x2 � x2@x1/

�
r�1 NFC13.r; x/

�
;

where u D .rx1; rx2; r
p
1 � jxj2/. It yields

k�12.#13Cf /kL2.R3/ C k#13Cf kL2.R3/ . k
gFC13kL2rH1x :

Therefore by real interpolation, we deduce that

k#13Cf kD�12 .s;2/
. kgFC13kL2rH sx . k#13Cf kD�13 .s;2/

C k#13Cf kD�23 .s;2/
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which yields

k.�4S2/
s=2.#13Cf /kL2.R3/ C k#13Cf kL2.R3/ �

X
1�i<j�3

k#13Cf kD�ij .s;2/
:(5.36)

With the help of (5.30), we are led to

(5.37)
3X

mD1

X
1�i<j�3

Œk#1mCf kD�ij .s;2/
C k#1m�f kD�ij .s;2/

�

� k.�4S2/
s=2f kL2.R3/ C kf kL2.R3/:

Due to the fact

k�ij .#1mCf /kL2.R3/ . k�ijf kL2.R3/ C kf kL2.R3/;

we have

k#1mCf kD�ij .s;2/
. kf kD�ij .s;2/

:

Together with (5.37), we then derive thatX
1�i<j�3

kf kD�ij .s;2/
� k.�4S2/

s=2f kL2.R3/ C kf kL2.R3/:

We complete the proof to the first equivalence.

The interpolation theory indicatesX
1�i<j�3

kf k2D�ij .s;2/
�

X
1�i<j�3

kf k2D
�2
ij

.s=2;2/;

which implies the second equivalence in the case of 0 � s � 1. Next we want to prove that
the result still holds for 1 < s � 2.

We first show

(5.38) k.�4S2/.#13Cf /k
2

L2.S2/ C k#13Cf k
2

L2.S2/ � kF
C
13k

2
H2.B 2p

5

/
:

It derives from the fact that

.�4S2/.#13Cf / D LFC13;(5.39)

where L D �.1�x21/@
2
1� .1�x

2
2/@

2
2C 2x1@1C 2x2@2. Since L is a uniformly elliptic in B 2p

5

and FC13 vanishes in the boundary of B 2p
5

, the standard elliptic estimate implies that

kFC13kH2.B 2p
5

/ . kF
C
13kL2.B 2p

5

/ C kLF
C
13kL2.B 2p

5

/

. k.�4S2/.#13Cf /kL2.S2/ C k#13Cf kL2.S2/;

which gives the proof to (5.38) since the inverse inequality is obviously valid recalling the
definition of �4S2 . By real interpolation, (5.38) yields that (5.34) holds for 0 � s � 2.

Due to the fact

.
p
1 � jxj2@x1/

2

�
r�1 NFC13.r; x/

�
D
�
�213.#13Cf /

�
.u/;
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where u D .rx1; rx2; r
p
1 � jxj2/, we derive

k
gFC13kL2rL2x2H2x1 � k�213.#13Cf /kL2.R3/ C k#13Cf kL2.R3/:

By real interpolation, one has that for 0 � s � 2

k
gFC13kL2rL2x1H sx2 � k#13Cf kD

�2
13

.s=2;2/:

Similarly for 0 � s � 2, it holds

k
gFC13kL2rL2x1H sx2 � k#13Cf kD

�2
23

.s=2;2/:

We have then together with (5.34), for 0 � s � 2,

(5.40) k.�4S2/
s=2.#13Cf /kL2.R3/ C k#13Cf kL2.R3/

� k
gFC13kL2..0;1/IH s.R2// � k#13Cf kD

�2
13

.s=2;2/ C k#13Cf kD
�2
23

.s=2;2/:

Observe that �
�12.#13Cf /

�
.u/ D .x1@x2 � x2@x1/

�
r�1 NFC13.r; x/

�
;

where u D .rx1; rx2; r
p
1 � jxj2/. It yields

k�212.#13Cf /kL2.R3/ C k#13Cf kL2.R3/ . k
gFC13kL2rH2x :

Therefore by real interpolation, we deduce that

k#13Cf kD
�2
12

.s=2;2/ . k
gFC13kL2rH sx . k#13Cf kD

�2
13

.s=2;2/ C k#13Cf kD
�2
23

.s=2;2/

which yields

k.�4S2/
s=2.#13Cf /kL2.R3/ C k#13Cf kL2.R3/ �

X
1�i<j�3

k#13Cf kD
�2
ij

.s=2;2/:

Then, together with (5.30), we thus get the equivalence (5.31).

As a consequence, we show that theL2 norm of the fractional Laplace-Beltrami operator
can be bounded by the weighted Sobolev norm. It explains why the additional weights are
needed in Theorem 1.1.

L 5.7. – Suppose f 2 H s
s .R

3/ with s � 0. Then it holds

k.�4S2/
s=2f kL2 . kf kH ss :

Proof. – Suppose 0 � s � 2m with m 2 N. Then we have

k.�4S2/
mf k2

L2
D

1X
kD�1

k.�4S2/
m Pkf k

2
L2

D

1X
kD�1

k.
X

1�i<j�3

�2ij /
m Pkf k

2
L2

.
1X

kD�1

24mkkPkf k
2
H2m

:
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Since it holds

k.�4S2/
m QPkf kL2 . 22mkkf kH2m ; k

QPkf kL2 . kf kL2 ;

by real interpolation, we get

k.�4S2/
s=2 QPkf kL2 . 2kskf kH s :

In particular, it yields

k.�4S2/
s=2 Pkf kL2 . 2kskPkf kH s :

We finally get

k.�4S2/
s=2f k2

L2
D

1X
kD�1

k.�4S2/
s=2 Pkf k

2
L2

.
1X

kD�1

22kskPkf k
2
H s . kf k

2
H ss
:

This completes the proof of the Lemma.

Now we are in a position to give the proof to Lemma 4.1.

Proof. – The result can be reduced to prove

�2s�2
Z
�;�2S2

jf .�/ � f .�/j2

j� � � j2C2s
1j��� j��d�d� C kf k

2

L2.S2/

�

X
Œl.lC1/�1=2���1

lX
mD�l

l.l C 1/jf ml j
2
C �2s�2

�

X
Œl.lC1/�1=2>��1

lX
mD�l

Œl.l C 1/�sjf ml j
2
C kf k2

L2.S2/;

where f m
l
D
R
S2 f .�/Y

m
l
.�/d�: Thanks to Lemma 5.4, we have

�2s�2
Z
�;�2S2

jf .�/ � f .�/j2

j� � � j2C2s
1j��� j��d�d�

D �2s�2
1X
lD0

lX
mD�l

jf ml j
2

Z
�;�2S2

jY m
l
.�/ � Y m

l
.�/j2

j� � � j2C2s
1j��� j��d�d�:

To prove the result, it suffices to estimate the quantity Al defined by

Al
def
D �2s�2

Z
�;�2S2

jY m
l
.�/ � Y m

l
.�/j2

j� � � j2C2s
1j��� j��d�:d�

We divide the estimate ofAl into three cases. We will follow the notations used in Lemma 5.5.
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C 1: l  . — We first claim that

k.�4S2/
1=2f k2

L2.S2/ C kf k
2

L2.S2/ � �
2
k.�4S2/f k

2

L2.S2/

. �2s�2
Z
�;�2S2

jf .�/ � f .�/j2

j� � � j2C2s
1j��� j��d�d� C kf k

2

L2.S2/

. k.�4S2/
1=2f k2

L2.S2/ C kf k
2

L2.S2/ C �
2
k.�4S2/f k

2

L2.S2/:

In particular, if we choose f D Y m
l

, then there exist universal constants c1 and c2 such that

.1 � c1Œl.l C 1/��
2/Œl.l C 1/�C 1 . Al C 1 . .1C c2Œl.l C 1/��

2/Œl.l C 1/�C 1:(5.41)

Then we arrive to the fact that if Œl.l C 1/�1=2 � .2c1/�1=2��1,

Al � l.l C 1/C 1:(5.42)

To prove the claim, we set

I
def
D �2s�2

Z
�;�2S2

jf .�/ � f .�/j2

j� � � j2C2s
#213C.�/1j��� j��d�d� C kf k

2

L2.S2/:

Then it is easy to check

I � �2s�2
Z
�;�2S2

j.#13Cf /.�/ � .#13Cf /.�/j
2

j� � � j2C2s
#33C.�/#33C.�/1j��� j��d�d� C kf k

2

L2.S2/:

Suppose � D .x1; x2; x3/ 2 S2 and x D .x1; x2/. Let FC13.x/
def
D .#13Cf /.x1; x2;

q
1 � x21 � x

2
2/

and ‚C33.x/ D #33C.x1; x2;
q
1 � x21 � x

2
2/. Then by change of variables, we have

�2s�2
Z
�;�2S2

j.#13Cf /.�/ � .#13Cf /.�/j
2

j� � � j2C2s
#33C.�/#33C.�/1j��� j��d�d�

� �2s�2
Z
jxj;jyj�

q
5
6

jFC13.x/ � F
C
13.y/j

2�
jx � yj2 C j

q
1 � x21 � x

2
2 �

q
1 � y21 � y

2
2 j
2
�1Cs

�‚C33.x/‚
C
33.y/

1q
1 � x21 � x

2
2

1q
1 � y21 � y

2
2

1jx�yj.�dxdy

& �2s�2
Z
jxj;jyj�

q
4
5

jFC13.x/ � F
C
13.y/j

2

jx � yj2C2s
1jx�yj��dxdy

& �2s�2
Z
jxj�

q
3
4 ;jx�yj��

jFC13.x/ � F
C
13.y/j

2

jx � yj2C2s
dxdy:

Thanks to the Taylor expansion, it yields that

I & �2s�2
Z
jxj�

q
3
4 ;jx�yj��

jrFC13.x/ � .y � x/j
2

jx � yj2C2s
dxdy

��2s�2
Z 1

0

Z
jxj�

q
3
4 ;jx�yj��

jr2FC13.x C �.y � x//j
2jjx � yj4

jx � yj2C2s
dxdyd�:
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Note that

�2s�2
Z
jxj�

q
3
4 ;jx�yj��

jrFC13.x/ � .y � x/j
2

jx � yj2C2s
dxdy

D

Z
jxj�

q
3
4

jrFC13.x/j
2

Z
jhj��

�2s�2

ˇ̌̌̌
rF
C

13
.x/

jrF
C

13
.x/j
�
h
jhj

ˇ̌̌̌2
jhj2s

dhdx

and

�2s�2
Z 1

0

Z
jxj�

q
3
4 ;jx�yj��

jr2FC13.x C �.y � x//j
2jjx � yj4

jx � yj2C2s
dxdyd�

. �2kFC13k
2
H2.B 2p

5

/
:

Then by the definition of #13C, we derive that

I & kFC13k
2
H1.B 2p

5

/
� �2kFC13k

2
H2.B 2p

5

/
:(5.43)

On the other hand, following the similar argument, we may get

I . kFC13k
2
H1.B 2p

5

/
C �2kFC13k

2
H2.B 2p

5

/
:(5.44)

Thanks to the facts (5.27) and (5.38), (5.43) and (5.44) imply that

k.�4S2 /
1=2.#13Cf /k

2

L2.S2/ C k#13Cf k
2

L2.S2/ � �
2
k.�4S2/.#13Cf /k

2

L2.S2/

. I . k.�4S2/
1=2.#13Cf /k

2

L2.S2/ C k#13Cf k
2

L2.S2/ C �
2
k.�4S2/.#13Cf /k

2

L2.S2/:

Due to the decomposition (5.23), we finally conclude the claim.

C 2: l   . — Observe that

Al D �
2s�2

Z
�;�2S2

jY m
l
.�/ � Y m

l
.�/j2

j� � � j2C2s
d�d� � �2s�2

Z
�;�2S2

jY m
l
.�/ � Y m

l
.�/j2

j� � � j2C2s
1j��� j��d�d�:

Thanks to Lemma 5.5, there exist universal constants c3 and c4 such that

�2s�2
�
Œl.l C 1/�s � c3�

�2s
�
. Al . �2s�2

�
Œl.l C 1/�s C c4�

�2s
�
:

It implies that if Œl.l C 1/�1=2 � 2c1=2s3 ��1,

Al � �
2s�2Œl.l C 1/�s C 1:(5.45)

C 3: Œl.lC1/�1=2 � ��1. — We claim that in this case, Al � l.lC1/C1. Observe that
for any N 2 N,

Al � N
2s�2.�=N /2s�2

Z
�;�2S2

jY m
l
.�/ � Y m

l
.�/j2

j� � � j2C2s
1j��� j��=Nd�d�

� N 2s�2

�
.�=N /2s�2

Z
�;�2S2

jY m
l
.�/ � Y m

l
.�/j2

j� � � j2C2s
1j��� j��=Nd�d�

�
:

Then, together with (5.41) and (5.42), we derive that if Œl.l C 1/�1=2 � .2c1/�1=2N��1,

N 2s�2
�
l.l C 1/C 1

�
. Al .

�
l.l C 1/C 1

�
:(5.46)
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Choose N � 2
p
2c
1=.2s/
3 c

1=2
1 , then (5.42), (5.45) and (5.46) yield the claim.

We are in a position to prove the lemma. It is easily obtained from the behavior of Al . We
complete the proof of the lemma.

5.5. Proof of (1.38)

To prove (1.38), we first give several estimates to the commutator between the Laplace-
Beltrami operator and the standard derivatives.

L 5.8. – Suppose a; b 2 R and � to be a radial function. Then we have

F .�4S2/
a=2
D .�4S2/

a=2 F

and

�.jDj/.�4S2/
a=2
D .�4S2/

a=2�.jDj/:

In particular, it holds

k.1 �4S2/
a=2f k2

Hb
�

X
p��1

22pbk.1 �4S2/
a=2Fpf k

2
L2
:

Proof. – Suppose f is a smooth function. Thanks to Theorem 5.3, we have�
.�4S2/

a=2f
�
.x/ D

1X
lD0

lX
mD�l

.l.l C 1//a=2Y ml .�/f
m
l .r/;

where x D r� and � 2 S2. Then if � D �� with � 2 S2, then

F
�
.�4S2/

a=2f
�
.�/ D

1X
lD0

lX
mD�l

.l.l C 1//a=2 F .Y ml f
m
l /.�/

D

1X
lD0

lX
mD�l

.l.l C 1//a=2Y ml .�/W
m
l .�/;

where we use (5.20) to assume that F .Y m
l
f m
l
/.�/ D Y m

l
.�/W m

l
.�/.

Using the same notation, we have

.F f /.�/ D

1X
lD0

lX
mD�l

Y ml .�/W
m
l .�/;

which implies

.�4S2/
a=2.F f /.�/ D

1X
lD0

lX
mD�l

.l.l C 1//a=2Y ml .�/W
m
l .�/ D F

�
.�4S2/

a=2f
�
.�/:

This gives the first equality.
Observe that

F �.jDj/.�4S2/
a=2
D � F .�4S2/

a=2

D �.�4S2/
a=2 F D .�4S2/

a=2� F ;

where we use the fact that � is a radial function in the last equality.
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Moreover, we have

F .�4S2/
a=2�.jDj/ D .�4S2/

a=2 F �.jDj/ D .�4S2/
a=2� F ;

which is enough to yield the second equality in the lemma.
Finally we give the proof to the last equivalence. It is derived from the facts

k.1 �4S2/
a=2f k2

Hb
�

X
p��1

22pbkFp.1 �4S2/
a=2f k2

L2

and

F .Fp.1 �4S2/
a=2/ D '.2�p �/F .1 �4S2/

a=2
D '.2�p �/.1 �4S2/

a=2 F

D .1 �4S2/
a=2'.2�p �/F D .1 �4S2/

a=2 F Fp D F .1 �4S2/
a=2Fp;

where '.2�p �/.�/
def
D '.2�p�/ D '.2�pj�j/, the multiplier of the operator Fp. We complete

the proof of the lemma.

L 5.9. – Suppose a; b � 0, m 2 N and f is a smooth function. Then we haveX
1�i<j�3

k�ijf kHa � k.�4S2/
1=2f kHa ;(5.47) X

1�i<j�3

k.�4S2/
a=2�ijf kHm C kf kHm � k.1 �4S2/

.aC1/=2f kHm ;(5.48)

and

k.1 �4S2/
a=2f kHm �

X
j˛j�m

k.1 �4S2/
a=2@˛f kL2 :(5.49)

Moreover, it holds

k.�4S2/
a=2f kHb . k.�4S2/

.aCb/=2f kL2 C kf kHaCb :(5.50)

Proof. – (i). We first give the proof to the last inequality. Thanks to Theorem 5.3, we have
for f 2 L2,

f .x/ D

1X
lD0

lX
mD�l

.B
m
l f /.x/;

where x D r� with r � 0 and � 2 S2 and B
m
l .x/

def
D f m

l
.r/Y m

l
.�/. Then one has

k.�4S2/
a=2f k2

Hb
�

X
k��1

22kbkFk.�4S2/
a=2f k2

L2

�

X
k��1

22kbk.�4S2/
a=2Fkf k

2
L2

�

X
k��1

1X
lD0

lX
mD�l

22kb.l.l C 1//akB
m
l .Fkf /k

2
L2

.
X
k��1

1X
lD0

lX
mD�l

.22k.aCb/ C .l.l C 1//aCb/kB
m
l .Fkf /k

2
L2

. k.�4S2/
.aCb/=2f k2

L2
C kf k2

HaCb
:
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(ii). Now we turn to the proof of (5.47). Thanks to the fact that F �ij D ��ij F if i ¤ j ,
we deduce that if i ¤ j ,

Fk�ij D ��ijFk :

Then we have X
1�i<j�3

k�ijf k
2

Ha.R3/ �
X
k��1

X
1�i<j�3

22kak�ijFkf k
2
L2
;

which yieldsX
1�i<j�3

k�ijf k
2

Ha.R3/ �
X
k��1

22kak.�4S2/
1=2Fkf k

2
L2

�

X
k��1

22kakFk.�4S2/
1=2f k2

L2
� k.�4S2/

1=2f k2Ha :

This gives (5.47).
(iii). We divide the proof of (5.48) into two steps.

Step 1: m D 0. – We want to proveX
1�i<j�3

k.�4S2/
a=2�ijf kL2 C kf kL2 � k.1 �4S2/

.aC1/=2f kL2 :(5.51)

We begin with the case 0 � a � 1. Observing that

h�mn�ijf;�mn�ijf i � h�mn�mnf;�ij�ijf i

D hŒ�mn; �ijf �;�mn�ijf i C h
�
Œ�ij ; �mn�; �mn

�
f;�ijf i

� hŒ�ij ; �mn�f;�mn�ijf i

(5.52)

and

Œ�mn; �ij �f D ıni�mj C ıjn�im � ıjm�in � ımi�nj ;

we deduce thatX
1�m<n�3

X
1�i<j�3

k�mn�ijf kL2 . k.�4S2/
1=2f kL2 C k.�4S2/f kL2 :(5.53)

Due to the fact

k.�4S2/
1=2�ijf kL2 �

X
1�m<n�3

k�mn�ijf kL2 ;

we get X
1�i<j�3

k.�4S2/
1=2�ijf kL2 . k4S2f kL2 C kf kL2 :(5.54)

On the other hand, by (5.52), we obtain

k.�4S2/f kL2 .
X

1�m<n�3

X
1�i<j�3

k�mn�ijf kL2 C k.�4S2/
1=2f kL2

.
X

1�i<j�3

k.�4S2/
1=2�ijf kL2 C �k.�4S2/f kL2 C C�kf kL2 ;

where � is a small constant. Together with (5.54), we then obtain (5.51) with a D 1.
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We turn to the case 0 < a < 1. Due to Lemma 5.6, for smooth functions g and f , we have

k.�4S2/
a=2.fg/kL2.S2/ . .krS2gkL1.S2/ C kgkL1.S2//k.1 �4S2/

a=2f kL2.S2/:

It implies

k.�4S2/
a=2#13C�ijf kL2 D k.�4S2/

a=2Œ�ij .#13Cf / � .�ij#13C/f �kL2

& k.�4S2/
a=2�ij .#13Cf /kL2 � k.1 �4S2/

a=2f kL2 :(5.55)

Using the notations introduced in Lemma 5.6, we have

�ij .#13Cf /.u/ D r
�1 A k

NFC13.r; x1; x2/;

with u D .rx1; rx2; r
p
1 � jxj2/ and 1 � k � 3. Here the operator A k is defined by

A 1
def
D

p
1 � jxj2@x1 ; A 2

def
D

p
1 � jxj2@x2 ; A 3

def
D x1@x2 � x2@x1 :

Therefore, by (5.34), we obtain thatP
1�i<j�3 k.�4S2/

a=2�ij .#13Cf /kL2 C k.1 �4S2/
1=2.#13Cf /kL2

�

X
1�k�3

kA k
gFC13kL2rH sx C kgFC13kL2rH1x

� k
gFC13kL2rH1Csx

� k.1 �4S2/
.aC1/=2.#13Cf /kL2 ;

where (5.40) is used in the last equivalence. Then, together with (5.55) and

k�ijf kL2 C k.�4S2/
a=2�ijf kL2

�

3X
mD1

�
k.�4S2/

a=2#1mC�ijf kL2 C k.�4S2/
a=2#1m��ijf kL2

�
C k�ijf kL2 ;

we haveX
1�i<j�3

k.�4S2/
a=2�ijf kL2 C k.1 �4S2/

1=2f kL2 � k.1 �4S2/
.aC1/=2f kL2 ;

which implies (5.51) with 0 < a < 1. It completes the proof to (5.51) for a 2 Œ0; 1�.
Next we prove that (5.51) holds for 1 < a � 2. Suppose a D 1C s with 0 < s � 1. Thanks

to the fact that (5.51) holds for 0 � a � 1, we haveX
1�i<j�3

k .�4S2/
a=2 �ijf kL2 C kf kL2 �

X
1�i<j�3

k.�4S2/
sC1=2�ijf kL2 C kf kL2

�

X
1�i<j�3

� X
1�m<n�3

k.�4S2/
s=2�mn�ijf kL2 C k�ijf kL2

�
C kf kL2

�

X
1�i<j�3

X
1�m<n�3

3X
pD1

�
k.�4S2/

s=2
�
#1pC�mn�ijf /kL2

Ck.�4S2/
s=2
�
#1p��mn�ijf /kL2

�
C k.1 �4S2/

1=2f kL2 :

Notice that

.�4S2/
s=2.#13C�mn�ijf / D .�4S2/

s=2�mn�ij .#13Cf / � .�4S2/
s=2
�
.�mn#13C/.�ijf /

�
� .�4S2/

s=2
�
.�ij#13C/.�mnf /

�
� .�4S2/

s=2
�
.�mn�ij#13C/f

�
;

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



1334 L.-B. HE

k.�4S2/
s=2
�
.�mn#13C/.�ijf /

�
kL2 . k.1 �4S2/

s=2�ijf kL2

. k.1 �4S2/
a=2f kL2

and

k.�4S2/
s=2
�
.�mn�ij#13C/f

�
kL2 . k.1 �4S2/

s=2f kL2 ;

then we get

k.�4S2/
s=2.#13C�mn�ijf /kL2 C k.1 �4S2/

a=2f kL2

� k.�4S2/
s=2�mn�ij .#13Cf /kL2 C k.1 �4S2/

a=2f kL2 :

Thus we haveP
1�i<j�3 k.�4S2/

a=2�ijf kL2 C kf kL2 C k.1 �4S2/
a=2f kL2

�

X
1�i<j�3

X
1�m<n�3

3X
pD1

�
k.�4S2/

s=2
�
�mn�ij#1pCf

�
kL2

C k.�4S2/
s=2
�
�mn�ij#1p�f /kL2

�
C k.1 �4S2/

a=2f kL2 :

If we show

(5.56)
X

1�i<j�3

X
1�m<n�3

k.�4S2/
s=2�mn�ij .#13Cf /kL2 C k#13Cf kL2

� k.1 �4S2/
.sC2/=2.#13Cf /kL2 ;

then by Young inequality,

k.1 �4S2/
a=2f kL2 � �k.1 �4S2/

.aC1/=2f kL2 C C�kf kL2 ;

and we conclude the equivalence (5.51) with 1 � a � 2. It remains to prove (5.56). On the
one hand, we observe thatX
1�i<j�3

X
1�m<n�3

�
k.�4S2/

s=2�mn�ij .#13Cf /kL2 C k�mn�ij .#13Cf /kL2
�
C k#13Cf kL2

�

3X
kD1

3X
pD1

kA k Ap
eF13CkL2rH sx C keF13CkL2rH2x

� keF13CkL2rH2Csx
:

On the other hand, it is easy to check that

k.�4S2/
.sC2/=2.#13Cf /kL2 C k#13Cf kL2 � k.�4S2/

s=2.�4S2/.#13Cf /kL2 C k#13Cf kL2

� kLeF13CkL2rH sx C keF13CkL2rL2x
� keF13CkL2rH2Csx

;

where we use (5.38) and (5.39). We end the proof to (5.56) by these two equivalences. Then
we get (5.51) with a 2 Œ0; 2�.

To complete the proof, we first use inductive method to show that for a � 0,

k.�4S2/
a=2�ijf kL2 . k.1 �4S2/

a=2.�4S2/
1=2f kL2 :(5.57)
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Since (5.57) holds for 0 � a � 2, we assume (5.57) holds for a � m with m � 2. Suppose
a 2 Œm;mC 1�, then we have

k.�4S2/
a=2 �ij f kL2 D k.�4S2/

a=2�1
X

1�m<n�3

�2mn�ijf kL2

. k.�4S2/
a=2�1�ij .�4S2/f kL2 C k.�4S2/

a=2�1Œ
X

1�m<n�3

�2mn; �ij �f kL2

. k.�4S2/
a=2�1�ij .�4S2/f kL2 C

X
1�m<n�3

X
1�i<j�3

k.�4S2/
a=2�1�mn�ijf kL2

. k.1 �4S2/
a=2.�4S2/

1=2f kL2 ;

where we use the inductive assumption in the last inequality and the fact

Œ
X

1�m<n�3

�2mn; �ij � D
X

1�m<n�3

�
�mnŒ�mn; �ij �C Œ�mn; �ij ��mn

�
:

We complete the inductive argument to derive (5.57).

Now we are ready to prove (5.51). We may assume that (5.51) holds for a � mwithm � 1.
Suppose a 2 Œm;mC 1�. We haveX
1�i<j�3

k.1 �4S2/
a=2�ijf kL2 C k.1 �4S2/

1=2f kL2

�

X
1�i<j�3

k.1 �4S2/
.a�1/=2C1=2�ijf kL2 C k.1 �4S2/

1=2f kL2

�

X
1�i<j�3

X
1�m<n�3

k.�4S2/
.a�1/=2�mn�ijf kL2 C k.1 �4S2/

1=2�ijf kL2 C k.1 �4S2/
1=2f kL2 :

Due the fact

k.�4S2/
.aC1/=2f kL2 D k.�4S2/

.a�1/=2.�4S2/f kL2

�

X
1�i<j�3

X
1�m<n�3

k.�4S2/
.a�1/=2�mn�ijf kL2

. k.1 �4S2/
a=2.�4S2/

1=2f kL2 � k.1 �4S2/
.aC1/=2f kL2 ;

where we use (5.57) in the second inequality, we finally derive the desired result and end the
inductive argument to the equivalence (5.51).

5.5.1. Step 2: m 2 N. – By Lemma 5.8 and (5.51), we have that for a � 1,

k.1 �4S2/
a=2f k2Hm �

X
k��1

22mkk.1 �4S2/
a=2Fkf k

2
L2

�

X
k��1

22mk
� X
1�i<j�3

k.�4S2/
.a�1/=2�ijFkf k

2
L2
C kFkf k

2
L2
/

�

X
k��1

22mk
� X
1�i<j�3

k.�4S2/
.a�1/=2Fk�ijf k

2
L2
C kFkf k

2
L2
/

�

X
1�i<j�3

k.�4S2/
.a�1/=2�ijf k

2
Hm C kf k

2
Hm ;

where we use the fact that �ij F D �F �ij if i ¤ j . This completes the proof of (5.48).
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(iv). The proof of (5.49) has three steps.

Step 1: Proof of (5.49) with a D 0 and m D 1. – We want to prove that for 0 � a � 1,

k.1 �4S2/
a=2f kH1 �

X
j˛j�1

k.1 �4S2/
a=2@˛f kL2 :(5.58)

Obviously (5.58) holds for a D 0. Then we separate the proof of (5.58) into two cases.

C 1: 0 < a < 1. — Indeed, by Plancherel theorem and Lemma 5.8, we haveX
1�i�3

�
k.�4S2/

a=2@if kL2 C k@if kL2
�
D

X
1�i�3

�
k.�4S2/

a=2�i F f kL2 C k�i F f kL2
�
:

Due to Lemma 5.6 and by setting � D r� D .r�1; r�2; r�3/, we haveX
1�i�3

k.�4S2/
a=2@if k

2
L2
C kf k2

H1

�

X
1�i�3

Z
�;�2S2;r>0

jr�i .F f /.r�/ � r�i .F f /.r�/j2

j� � � j2C2a
r2d�d�dr C kf k2

H1
:

Thanks to the observation

1
2
j�i j

2jr .F f /.r�/ � r.F f /.r�/j2 � 2j�i � �i j
2
jr.F f /.r�/j2

� jr�i .F f /.r�/ � r�i .F f /.r�/j2

. j�i j
2
jr.F f /.r�/ � r.F f /.r�/j2 C j�i � �i j

2
jr.F f /.r�/j2;

we deduce thatX
1�i�3

k.�4S2/
a=2 @if k

2
L2
C kf k2

H1

�

Z
�;�2S2;r>0

jr.F f /.r�/ � r.F f /.r�/j2

j� � � j2C2a
r2d�d�dr C kf k2

H1
;

which impliesX
1�i�3

k.�4S2/
a=2@if kL2 C kf kH1 � k.�4S2/

a=2.jDjf /kL2 C kf kH1 :(5.59)

This is enough to get (5.58) for 0 < a < 1.

C 2: a D 1. — It is not difficult to checkX
j˛j�1

k.�4S2/
1=2@˛f kL2 C kf kH1 �

X
j˛j�1

X
1�m<n�3

k�mn@
˛f kL2 C kf kH1

�

X
j˛j�1

X
1�m<n�3

k@˛�mnf kL2 C kf kH1

�

X
1�m<n�3

k�mnf kH1 C kf kH1

� k.1 �4S2/
1=2f kH1 ;

where we use (5.47) in the last equivalence. This completes the proof of (5.58).
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Step 2: Proof of (5.49) with a 2 Œ0; 1� andm 2 N. Thanks to (5.58), we assume (5.47) holds
for m � N � 1 with N � 2. Recall that

X
j˛j�N

k.1 �4S2/
a=2@˛f kL2 �

X
j˛j�N�1

k.1 �4S2/
a=2@˛f kL2 C

X
j˛jDN�1

3X
iD1

k.1 �4S2/
a=2@i@

˛f kL2 :

Due to the result in Step 1, we have

X
j˛j�N�1

k.1 �4S2/
a=2@˛f kL2 C

X
j˛jDN�1

3X
iD1

k.1 �4S2/
a=2@i@

˛f kL2

�

X
j˛j�N�1

k.1 �4S2/
a=2@˛f kL2 C

X
j˛jDN�1

k.1 �4S2/
a=2
hDi@˛f kL2 :

Hence, together with the assumption that (5.47) holds for N � 1, we haveX
j˛j�N

k.1 �4S2/
a=2@˛f kL2

� k.1 �4S2/
a=2
hDiN�2hDif kL2 C

X
j˛jDN�1

k.1 �4S2/
a=2@˛hDif kL2 :

We deduce thatX
j˛j�N

k.1 �4S2/
a=2@˛f kL2

�

X
j˛j�N�2

k.1 �4S2/
a=2@˛hDif kL2 C

X
j˛jDN�1

k.1 �4S2/
a=2@˛hDif kL2

� k.1 �4S2/
a=2f kHN ;

which completes the inductive argument to derive (5.49) with a 2 Œ0; 1�.

Step 3: Proof of (5.49) with a � 0 andm 2 N. – We still use the inductive method. Suppose
(5.49) holds for a � N with N � 1. Suppose now a 2 ŒN;N C 1�. Due to (5.48) and the
inductive assumption, we have

k.1 �4S2/
a=2f kHm �

X
1�i<j�3

k.�4S2/
.a�1/=2�ijf kHm C kf kHm

�

X
1�i<j�3

X
j˛j�m

k.1 �4S2/
.a�1/=2@˛�ijf kL2 C kf kHm :

Thanks to (5.48), we also haveX
j˛j�m

X
1�i<j�3

k.1 �4S2/
.a�1/=2�ij @

˛f kL2 C kf kHm �
X
j˛j�m

k.1 �4S2/
a=2@˛f kL2 :
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Notice thatX
j˛j�m

X
1�i<j�3

k.1 �4S2/
.a�1/=2�ij @

˛f kL2 �
X
jˇ j�m

k.1 �4S2/
.a�1/=2@ˇf kL2

.
X
j˛j�m

X
1�i<j�3

k.1 �4S2/
.a�1/=2@˛�ijf kL2

.
X
j˛j�m

X
1�i<j�3

k.1 �4S2/
.a�1/=2�ij @

˛f kL2 C
X
jˇ j�m

k.1 �4S2/
.a�1/=2@ˇf kL2 ;

we derive thatX
j˛j�m

k.1 �4S2/
a=2@˛f kL2 � C1k.1 �4S2/

.a�1/=2f k2Hm

. k.1 �4S2/
a=2f k2Hm(5.60)

.
X
j˛j�m

k.1 �4S2/
a=2@˛f kL2 C C2k.1 �4S2/

.a�1/=2f k2Hm :

Observe that

k.1 �4S2/
.a�1/=2f kHm � k.1 �4S2/

.a�1/=2
hDimf kL2

� �k.1 �4S2/
a=2
hDimf kL2 C C�khDi

mf kL2

� �k.1 �4S2/
a=2f kHm C C�kf kHm :

Then (5.60) yields the desired result and we complete the inductive argument to (5.49). This
ends the proof of the lemma.

We are in a position to prove (1.38).

L 5.10. – If Thf .v/
def
D f .v C h/, then for s � 0, it holds

k.�4S2/
s=2Thf kL2.R3/ . hhi

s
�
k.�4S2/

s=2f kL2.R3/ C kf kH s.R3/
�
:

Proof. – We begin with the case 0 � s � 1. Thanks to Lemma 5.6, we have

k.�4S2/
s=2Thf kL2.R3/ .

X
1�i<j�3

kThf kD�ij .s;2/
:

Since

k�ijThf kL2 . hhi.kf kH1 C k�ijf kL2/; kThf kL2 D kf kL2 ;

then applying Lemma 5.2 with A D �ij and Bk D @k , we get

kThf kD�ij .s;2/
. hhis.kf kH s C kf kD�ij .s;2/

/:(5.61)

Together with Lemma 5.6, we thus obtain the desired result.

Next we turn to the case 1 < s � 2. Suppose s D 1C a. Then by Lemma 5.9, we have

k.�4S2/
s=2f kL2.R3/ .

X
1�i<j�3

.kf kL2 C k.�4S2/
a=2�ijf kL2/;

.
X

1�i<j�3

�
kf kL2 C k�ijf kD�ij .a;2/

�
:
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Therefore,

k.�4S2/
s=2Thf kL2.R3/ . kf k C

X
1�i<j�3

k�ijThf kD�ij .a;2/

. kf k C
X

1�i<j�3

�
kTh�ijf kD�ij .a;2/

C hhi.kTh@if kD�ij .a;2/
C kTh@jf kD�ij .a;2/

/
�
:

Thanks to (5.61) and Lemma 5.6, we are led to

k.�4S2/
s=2Thf kL2.R3/ . hhis

X
1�i<j�3

�
k.�4S2/

a=2�ijf kL2.R3/ C k�ijf kHa.R3/ C kf kH s

C k.�4S2/
a=2@if kL2.R3/ C k.�4S2/

a=2@jf kL2.R3/
�
:

Due to Lemma 5.9, we deduce

k.�4S2/
s=2Thf kL2.R3/ . hhi

s.k.�4S2/
s=2f kL2.R3/ C kf kH s /:

Finally we use the inductive method to handle the case s > 2. We assume the result holds
for s � 2N . Suppose s 2 .2N; 2N C 2�. Then

k.�4S2/
s=2Thf kL2.R3/ D

X
1�i<j�3

k.�4S2/
s=2�1�2ijThf kL2.R3/:

It is easy to check that

�2ijThf D Th.�
2
ijf / � hiTh.@j�ijf /C hjTh.@i�ijf / � hiTh.�ij @jf /

C h2i Th.@
2
j f / � h

2
j Th.@

2
i f /C hjTh.�ij @if /:

Then by the inductive assumption and Lemma 5.9, we deduce that

k.�4S2/
s=2Thf kL2.R3/ . hhis

X
1�i;j�3

�
k.�4S2/

s=2�1�2ijf kL2.R3/

C k�2ijf kH s�2 C k.�4S2/
s=2�1@j�ijf kL2.R3/

C k@j�ijf kH s�2 C k.�4S2/
.s�1/=2@if kL2.R3/

C k�ij @if kH s�2
�
C k.�4S2/

.s�2/=2@2i f kL2.R3/ C k@
2
i f kH s�2

�
. hhis.k.�4S2/

s=2f kL2.R3/ C kf kH s /;

which completes the inductive argument to get the result.

6. Conclusions and Perspectives

In this paper, by making full use of two types of the decomposition performed in phase
and frequency spaces and the geometric decomposition, we successfully establish several
lower and upper bounds for Boltzmann collision operator in weighted Sobolev spaces and in
anisotropic spaces. By comparing with the behavior of the linearized operator, we show that
all the bounds are sharp. We further show that the strategy of the proof is so robust that we
can apply it to the rescaled Boltzmann collision operator (see assumption (B1)). Finally we
obtain sharp bounds for the Landau collision operator by so-called grazing collision limit.
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It is very interesting to see whether our method used here can be applied or not to
capture the exact behavior of the operator under the assumption (1.7) or (1.8). In Section 4,
we make an attempt to analyze the Boltzmann collision operator in the process of the
grazing collision limit (see Lemma 4.1). We conjecture that if L

�
B is the linearized Boltzmann

collision operator with the rescaled kernel under the assumption (B1), then

(6.1) h L �Bf; f iv C kf k
2

L2

=2

� kW �.D/f k2
L2

=2

C kW �..�4S2/
1
2 /f k2

L2

=2

C kW �f k2
L2

=2

;

where the symbol function W � is defined in (4.1). Based on the conjecture, we may ask:

1. How to establish a unified framework to solve the Boltzmann and Landau equations
in the perturbation regime and prove the asymptotic Formula (1.11);

2. How to describe the behavior of the spectrum of the operator L
�
B in the limit � ! 0

for 
 2 Œ�2;�2s/; we recall that the spectrum gap exists for LB if and only if 
 � �2s
while it exists for LL if and only if 
 � �2.

The similar conjecture can be questioned on the operator with the assumption (1.7) or
with the Coulomb potential. Then the asymptotics of the Boltzmann equation from short-
range interactions to long-range interactions and the Landau approximation for Coulomb
potential can be investigated.
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