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ABOUT THE BEHAVIOR OF REGULAR NAVIER-STOKES
SOLUTIONS NEAR THE BLOW UP

BY EUGENIE POULON

ABsTRACT. — In this paper, we present some results about blow up of regular solu-
tions to the homogeneous incompressible Navier-Stokes system, in the case of data in
the Sobolev space HS(]R3), where % <s< % Firstly, we will introduce the notion of
minimal blow up Navier-Stokes solutions and show that the set of such solutions is not
only nonempty but also compact in a certain sense. Secondly, we will state an uniform
blow up rate for minimal Navier-Stokes solutions. The key tool is profile theory as
established by P. Gérard [11].

1. Introduction

We consider the Navier-Stokes system for incompressible fluids evolving in
the whole space R3. Denoting by u the velocity, a vector field in R, by p in R
the pressure function, the Cauchy problem for the homogeneous incompressible
Navier-Stokes system is given by

Ou+u-Vu—Au=—-Vp
(1) dive =0

Ujt=0 = Uo-
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356 E. POULON

Throughout this paper, we will adopt the useful notation N.S(ug) to mean
the maximal solution of the Navier-Stokes system, associated with the initial
data ug.

DEFINITION 1.1. — Let s in R. The homogeneous Sobolev space H®(R3) is
the space of tempered distributions v over R®, the Fourier transform of which
belongs to L} (R?®) and satisfies

loc
] 7. < ( / |£|23|ﬂ(§)|2d§>2 < 0.
R3

It is known that H®(R3) is an Hilbert space if and only if s < 3. We will
denote by (-[) 7« (gs), the scalar product in H*(R3). From now on, for the sake
of simplicity, it will be an implicit understanding that all computations will be
done in the whole space R3.

Before stating the results we prove in this paper, we recall two fundamental
properties of the incompressible Navier-Stokes system. The first one is the
conservation of the L? energy. Formally, let us take the L? scalar product with
the velocity u in the equation. We get
() 5 IO+ 19uOl = - [ @ Vu@u®) .- [ (o)

R3 R3

Thanks to the divergence free condition, obvious integration by parts implies
that, for any vector field a

(3) (u-Vala),, = 0= (Vpla) ..

This gives

(4) 1illﬂ(’t)lliz +[IVu(t)|Z. = 0.
2dt

The second property of the system is the scaling invariance. Let us define
the operator:

I 4 3 o def 1 t T—xo
Va € RT, YA € RY, Va, € R®, u(t,z)—)\—au(p, - )

(5)

If =1, wenote A}, = Aja.

It is easy to see that if u is a smooth solution of Navier-Stokes system
on [0, 7] x R with pressure p associated with the initial data ug, then, for any
positive A, the vector field and the pressure

def def 4 o
ux = Aygouandpy = A3, p

is a solution of Navier-Stokes system on the interval [0, \2T] x R3, associated
with the initial data

uox = Ax g Uo-
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ABOUT THE BEHAVIOR OF REGULAR NAVIER-STOKES SOLUTIONS 357

This leads to the definition of scaling invariant space, which is a key notion to
investigate local and global well-posedness issues for Navier-Stokes system.

DEFINITION 1.2. — A Banach space X is said to be scaling invariant, if its
norm is invariant under the scaling transformation defined by u — wu)

luallx = flullx

The first main result on incompressible Navier-Stokes system is due to
J. Leray, who proved in [19] in 1934 that given an initial data in the energy
space L?, the associated NS-solutions, called weak solutions, exist globally in
time. The key ingredient of the proof is the L?-energy conservation (4). More-
over, such solutions are unique in 2-D; but the uniqueness in 3-D is still an open
problem. One way to adress this question of unique solvability in 3-D is to de-
mand smoother initial data. In this case, we definitely get a unique solution,
but the other side of coin is that the problem is only locally well-posed (and
becomes globally well-posed under a scaling invariant smallness assumption on
the initial data). J. Leray stated such a theorem of existence of solutions, which
he called semi-regular solutions.

THEOREM 1.1. — Let an initial data ug be a divergence free vector field in L?
such that Vug belongs to L2. Then, there exists a positive time T, and a unique
solution N S(ug) in C°([0,T], H') n L2([0,T], H?).

Moreover, a constant c; exists such that if ||uo|| Lz ||[Vuo|lzz < ¢1, then T can
be chosen equal to co.

The reader will have noticed that the quantity ||uo||r2 [[Vuo||L2 is scaling
invariant under the operator Ay ,,. Actually, that is the starting point of many
frameworks concerning the global existence in time of solutions under a scal-
ing invariant smallness assumption on the data. The celebrated first one was
introduced in 1964, by H. Fujita and T. Kato. These authors stated a similar
result as J. Leray, but they demanded less regularity on the data. Indeed, they
proved that for any initial data in H %, there exists a positive time 7" and there
exists a unique solution NS(ug) belonging to C°([0,T], Hz) N L2([0,T], H ?).
Moreover, if ||1,L0||H 3 is small enough, then the solution is global in time. This
theorem can be proved by a fixed-point argument and the key ingredient of
the proof is that the Sobolev space H 2 is invariant under the operator Ay .
In other words, the Sobolev space H % has exactly the same scaling as Navier-
Stokes equation. We refer the reader to [1], [7] or [18] for more details of the
proof. But in this paper, we work with initial data belonging to homogeneous
Sobolev spaces, H* with % <s< %, which means that we are above the natural
scaling of the equation. The first thing to do is to provide an existence theorem
of Navier-Stokes solutions with data in such Sobolev spaces H*. The Cauchy
problem is known to be locally well-posed; it can be proved by a fixed-point
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358 E. POULON

procedure in an adequate function space (we refer the reader to the book [18],
from page 146 to 148, of P-G. Lemarié-Rieusset).
We shall constantly be using the following simplified notations:

def def

L (H*) = L®([0,T), H®) and LZ(H**Y) = L2([0,T)], H**Y).

Let us define the relevant function space we shall be working with in the sequel:

def : : . . def
XZS" = L’il.’o(Hs) n L%’(Hs-‘rl)v eqlnpped with ||u||.2)(§, = ||u||2;o(Hs) + ||u||iZT(HS+1)

THEOREM 1.2. — Let ug be in H*, with % <s< % Then there exists a time T
and there exists a unique solution NS(ug) such that NS(ug) belongs to
Lig (H?) N L3.(H*H).

Moreover, let Ty(ug) be the mazimal time of existence of such a solution.
Then, there exists a positive constant ¢ such that

e 1
(6) T (uo) ||uol%, > ¢, witho, < 5

3(s—3)

REMARK 1.1. — As a by-product of the proof of Picard’s Theorem, we get
actually for free the following property: if the initial data is small enough (in
the sense of there exists a positive constant co, such that T' [uo||%;, < co), then
a unique Navier-Stokes solution associated with it exists (locally in time, until
the blow up time given by the relation (6)) and satisfies the following linear
control

(7) VOST < —0

— NSU,O t,~ X3 <2 U || 17s -

Formula (6) invites us to consider the lower boundary, denoted by AZ=, of
the lifespan of such a solution

Ags & inf{ T (uo)[luol1%, | uo € H* 5 T.(u) < oo}.

Obviously, AJs exists and is a positive real number and we always have the
formula

(8) T (uo)[uoll 7. = AZ*-

Throughout this paper, we make the assumption of blow up, which is still
an open problem. More precisely, we claim the following hypothesis.
Hypothesis H: We consider s in ]%, % [, such that a divergence-free vector field

ug exists in H*® with a finite the lifespan T} (u).

DEFINITION 1.3 (Minimal blow up solution). — We say that u = NS(uo) is a
minimal blow up solution if ug satisfies

T (uo)[uoll 7. = A
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ABOUT THE BEHAVIOR OF REGULAR NAVIER-STOKES SOLUTIONS 359

In other terms u = NS (up) is a minimal blow up solution if and only if A7= is
reached.

Question: Under Hypothesis H, do some minimal blow up solutions exist?

We will prove a stronger result: the set of initial data generating minimal
blow up solutions with blow up time T, denoted by M (T), is not only a
nonempty subset of H® (which, in particular, gives the positive answer to the
question) but also compact in a sense which is given in Theorem 1.3.

THEOREM 1.3. — Assuming hypothesis H, for any finite time Ty, the set
M (T) is non empty and compact, up to translations. This means that for any
sequence (Uo n)nen Of points in the set My(Ty), a sequence (Tn)nen of points
of R3)N and a function V in Ms(T\) exist such that, up to an extraction

The second result of this paper states that the blow up rate of a minimal
blow up solution can be uniformly controlled since we get a priori bound of
these minimal blow up solutions.

THEOREM 1.4 (Control of minimal blow up solutions). — Assuming H, there
exists a nondecreasing function Fy : [0, AZ*[— RT with lim, _, 4o= Fy(r) = +00
such that for any divergence free vector field ug in Hs, generating minimal blow
up solution (it means T\ (uo)|luol|%;, = AZ*), we have the following control on
the minimal blow up solution N S(ug)

VT < Ti(uo), |NS(uo)lxs < lluoll o Fo(T7 [luo r.)-

REMARK 1.2. — Let us point out that the quantity Tos
invariant; which is obviously necessary.

Uo|| s is scaling

The two previous theorems are the analog of results, proved in the case of
the Sobolev space H 2. We shall not recall all the statements existing in the
literature concerning the regularity of Navier-Stokes solutions in critical spaces,
such as Hz. We refer for instance the reader to [7] and to the article of C.
Kenig et G. Koch [13], Where the authors prove that NS-solutions which remain
bounded in the space Hz 5 do not become singular in finite time. Concerning
Theorem 1.3, we were largely inspired by the article of W. Rusin and V. Sversk
[23], in which the authors set up the key concept of minimal blow-up for data
in Sobolev space H 3. Firstly, they defined a critical radius p 1

py = sup{p > 0; HUOHH% <p = Ti(u) = +oo}.

Then, they introduced a subset M of H %, which describes the set of minimal-
norm singularities (we speak about minimal norm in the sense of ||u0||H ) s
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360 E. POULON

equal to the critical radius py1)
M= {u € H? ; T.(ug) < +oo and lluoll 3 = p%}.

Thanks to these definitions, W. Rusin and V. Sverak proved that if there exist
elements in the space H 2 which develop singularities in finite time (we assume
that blow-up occurs), then some of these elements are of minimal H?2-norm
(and thus, the set M is nonempty) and compact up to translations and di-
lations. It means that for any sequence (ugn)nen of points in the set M, a
sequence (A, Zn)nen and a function ¢ in M exist such that, up to an extrac-
tion, we have

Jim (luon = Ax, e, @l 5y =0

Let us point out that I. Gallagher, G. Koch and F. Planchon generalize in [10]
the result of W. Rusin and V. Sverak to critical Lebesgue and Besov spaces,
such as L3.

Concerning Theorem 1.4, our main source of inspiration is a result es-
tablished by I. Gallagher in [8]. Given an initial data ug in the open ball
B,,. Then, by definition of p1; NS(up) is a global solution and thus be-

2

longs to the space L4(R+,H 1), thanks to the important paper [9] of I. Gal-

lagher, D. Iftimie and F. Planchon. In this way, the blow up in the Egr, =

L®(Ry,Hz) N L2(Ry, H?)-norm does not occur. Even better: I. Gallagher

proved in [8] the a priori control of the Navier-Stokes solution with data in the

open ball B,, in the sense of there exists a nondecreasing function F' defined
2

from [0, p 1 [ to R such that for any divergence free vector field ug in the open
ball B,, , we have

pL>
2
INS (o) s, < F(lluoll ;).

Notation. — We shall denote by C a constant which does not depend on the
various parameters appearing in this paper, and which may change from line
to line. We shall also denote sometimes x < y to mean there exists an absolute
constant C' > 0 such that x < C'y.

The paper is organized in the following way:

In section 2, we recall the fundamental tool of this paper : the profile de-
composition of a bounded sequence in H*. Then, we give the proof of the
compactness of minimal blow up solutions set (Theorem 1.3) and the control
of such solutions (Theorem 1.4). These two results are based on the crucial
Theorem 2.2 about the lifespan of a Navier-Stokes solution associated with a
bounded sequence of H*.

Section 3 is devoted to the proof of Theorem 2.2, thanks to a regularization
process. Firstly, we will see that it is an immediate consequence of Lemma 3.1,
which gives the structure of a Navier-Stokes solution associated with a bounded
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ABOUT THE BEHAVIOR OF REGULAR NAVIER-STOKES SOLUTIONS 361

sequence of data in H®. Secondly, we will provide some helpful tools in order
to prove Lemma 3.1.

In section 4, we prove Lemma 3.1, the result on which all others are based
on. This section is the most technical part of the paper. It relies on classical
product and paraproduct estimates, which are collected in Appendix A and B.

Acknowledgements. — 1 am very grateful to 1. Gallagher for fruitful discus-
sions around the question of non-scale invariant spaces and to P. Gérard for
many helpful comments.

2. Profiles theory, compactness result and application

This section is devoted to the proof of Theorems 1.3 and 1.4. Following I.
Gallagher [8], W. Rusin and V. Sverak [23], C. Kenig and G. Koch [13] and
I. Gallagher, G. Koch, F. Planchon [10], we shall use profile decomposition
theory. The original motivation of this theory was the desciption of the defect
of compactness in Sobolev embeddings (see for instance the pionneering works
of P.-L. Lions in [20], [21] and H. Brezis, J.-M. Coron in [6]). Here, we will use
the theorem of P. Gérard [11], which gives, up to extractions, the structure of
a bounded sequence of H 8 with s between 0 and % More precisely, the defect
of compactness in the critical Sobolev embedding H* C L? is descibed in terms
of a sum of rescaled and translated orthogonal profiles, up to a small term
in LP. That was generalized to other Sobolev spaces H*? (R?) with 0 < s < %
by S. Jaffard in [12], to Besov spaces by G. Koch in [17] and to general critical
embeddings by H. Bahouri, A. Cohen and G. Koch in [2]. Let us notice the
recent work [4] of H. Bahouri, M. Majdoub and N. Masmoudi concerning the
lack of compactness of the Sobolev embedding of H!(R?) in the critical Orlicz
space L£(R?). Then profile decomposition techniques have been applied in many
works of evolution problems such as the high frequency study of finite energy
solutions to quintic wave equations on R3, by H. Bahouri and P. Gérard [3].
C. Kenig and F. Merle investigated in [15] the blow up property for the energy
critical focusing non linear wave equation. Profile techniques turned out to be
also a relevant tool in the study of Schrédinger equations. Notice this kind of
decomposition was stated and developped, independently from [11], by F. Merle
and L. Vega [22] for L2-solutions of the critical non linear Schrédinger in 2D,
in the continuation of the work of J. Bourgain [5]. Then, S. Keraani revisited in
[16] the work of H. Bahouri and P. Gérard [3] in the context of energy critical
non linear Schrodinger equations. C. Kenig and F. Merle investigated in [14]
the global well-posedness, scattering and blow up matter for such solutions in
the focusing and radial case.
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REMARK 2.1. — Using notation (5), we can prove easily that the L? (as well
. 3
as H®)-norm is conserved under the transformation u — Af  u. It means
3
AR 2wl = llull-
THEOREM 2.1. — Let (uo,n)nen be a bounded sequence in Hs. Then, up to an
extraction:

— There exists a sequence of vectors fields, called profiles (V7);en in Hs.
— There exists a sequence of scales and cores (An j, Tn j)n jeN, Such that, up
to an extraction

J 3
VI 20, uon(a) =D AL . V() +;(x)
j=0
with lim j_, o limsup,,_, , o v llr =0, and p = 3_% where (A j, Tn,j)neN,jeN
are sequences of (R x RN with the following orthogonality property: for every
integers (j, k) such that j # k, we have

Anj A C_
(ﬂ-f—L’k):—i—oo or Anj = Ak and  lim M:

either lim
n—too A

n—-+oo

+00.
n,k )\n,j

Moreover, for any J in N, we have the following orthogonality property

J
9) ol = DIV + 1913, + (1), whenn — +oo.
§=0

A first application of this, is Theorem 2.2 about the lifespan of a NS-solution
associated with bounded data in H®. The proof of it will be given in section 3.

THEOREM 2.2. — Let (ug.,) be a bounded sequence of initial data in H® such
that its profiles decomposition is given by

J

won(@) = SOAL L V() + 4 (2) with

An,jrTn,j

lim limsup ||¢)||r» = 0.
7=0 J=40 n—too

Let us define J, as the subset of indices j in N, such that the profile V7 is
non-zero and such that the associated scale Ay ; is identically equal to 1.
If 71 =0, then liminf, o Ti(uon) = +o00.
If i #0, then liminf, o Ti(uon) = infjcz Tu(V7).

REMARK 2.2. — Let us point out some consequences. Firstly, if T, (V7) = +oo
for any j, then liminf,,_, 4 Ti(ugn) = +00. Secondly, in the case where J; is
non empty, the quantity inf;c 7, T(V7?) exists and obviously, if |J1] is finite,
we get immediately that infjc 7, T%(V?) = minje 7, Ti (V7). In the case where
|J1| is infinite, we get the same conclusion. Indeed, according to (9), the series
2is0 |V ”i] are summable (a fortiori if we consider in the summation integers
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ABOUT THE BEHAVIOR OF REGULAR NAVIER-STOKES SOLUTIONS 363

belonging to J1), and thus lim;_, | ||V7|| 7. = 0. Thanks to Inequality (6), we
deduce that lim;_, o T%(V7) = 400 and thus

inf T,(V?) >0and inf T.(V?) = min T, (V7).

JjETL JjETL JEI

This result gives us some important information: whenever a sequence of

initial data which satisfies profiles hypothesis (it means a bounded sequence
in H®), we deduce that the lifespan of the NS-solution (associated with such
a sequence of initial data) mainly depends on the lifespan of profiles with a
constant scale. Note that the orthogonality property on scales and cores in The-

orem 2.1 implies either the scales are different (in the sense that

limn_,+oo(i::i + ';Z’;) = +00) or the scales are the same (A, ; = Ay ), the

cores go away from one another, in the sense that lim,, | ‘z"j\_im"’“l = 400.
n,J

In the case where scales are equal to a constant, we shall assume that it is one,

up to rescaling profiles by a fixed constant.

Theorem 2.2 has a key role in the proof of the compactness Theorem 1.3.

2.1. Proof of Theorem 1.3

Proof. — By definition of AJ*, we consider a minimizing sequence (%g.5)n>0
such that

T T (o) o0, = A2

Up to arescaling process, we can assume that the minimizing sequence (%o n)n>0
satisfies

. def A

(10) lim  luonllgs = ps(T%) and Ti(uo ) = Ty where ps(Ty) = ——
n—-+oo TUs
*
Indeed, consider the sequence (vg n)n>0 defined as
det (Ti(u 3 T, (u 3
von(a) < ( (Tfyn))Q o ( *(Tf,n))Q )-

The reader notices that the Navier-Stokes solution associated with such a se-
quence (vo,,) has a lifespan equal to Ti. As [[vonl|%;, = w llwo,nll %,

it seems clear now we can assume (10), by virtue of definition of p,s(7%). The
sequence (ug n)n>0 is a bounded sequence in H® and thus we can apply Theo-
rem 2.1. Taking limits when n — +o00 in (9), we get

J
VI 20, p2(T) = Y IV
7=0

Let us assume that there are two non-zero profiles at least. Then we should
have
Vi €10,..., I}, V715, < p3(T2).
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By definition of p,(T%), it means all profiles V7 generate solutions whose lifespan
satisfies

(11) T.(V?) > T,, Vj €{0,...,J}.

As Ty (ugn) =T. < 0o for any n, Theorem 2.2 implies that Ji # 0: there
exists at least one profile with constant scale. Moreover, thanks to Remark 2.2,
we have infjc 7, T, (V?) = minje 7, 7. (V7). Combining this with Relation (11)
implies that
T inf T,(V9) > T..
Jj€ETL

By hypothesis on (4o, )nen and thanks to Theorem 2.2, we get a contradiction,
since we have

liminf T, (ug ) = Th > T > T..

n—-+oo
It means there exists an integer jo such that the profile, V70 has a lifespan
which satisfies T7° < T.,. In particular, by definition of p, (T.), it implies that
V7|2 . > p2(T.). And, thanks to the orthogonality property of the H*-norm
(9), we deduce the equality

V7 l%. = p2(T2).

Now, we have just to check that T\ = T7°. We have already proved a first in-
equality: T?° < T. The other way is given by (8): we have always the following
relation: Tf°||Vj0||}'.;s > Ag¢. Thanks to the result [V7°|% = pJ*(T\) = AT—({S,
we get the second inequality: Tfo > T,. Thus, the set M (T}) is non empty
and thus, there exists some minimal Navier-Stokes solutions. The compact-
ness of the set M,(T.) is a consequence of the above work. Thanks to (9)

and ||V ;. = ps(T%), we infer that
¥j #jo, V7 =0and lim |l4;]|, =0.
The above assumption implies in particular that jo € J1. Indeed, if jo ¢ J1,

then J; = 0 and thus we should have T, = +oco, which is absurd. As a result,
there exists a unique integer jo € J1, such that

uon(2) = V(2 = @ 5) + %5 (2).

The property nl{g-loo ||¢£L||ZS = 0 implies nl{lfoo wo,n (- +2jo.n) — VI ;7. = 0.
O

2.2. Proof of Theorem 1.4

Proof. — Let us consider a critical element u = N.S(ug) : T:7* (uo)||uwol g« = As
1

by virtue of a rescaling, we can asume that ||uo]| ;7. = 1 and thus 7,7 (ug) = As.
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Let us introduce the following set
Np {||NS(u0)||XT ug in H*® such that |ug||z. = 1and T < AES}.

Theorem 1.3 claims that the set N3 is nonempty. The aim is to prove that
sup N5 is finite for any T'. If not, a sequence (ugn)n>0 in H® exists, such that
for any T' < T (uo,n), we have

(12) lwonll e =1, Ti(uon) = AT* and  lim [INS(uon )l x7 = oo.

By hypothesis, the sequence (ugn)n>0 belongs to the set M;(Ty). Therefore,
there exist a sequence of cores (z,),ey and a function V' in M (T) such that,
up to an extraction:

(13) T i+ 20) = V. = 0.
We can prove easily that, for any T < T, (V):
(14) NS(uon(-+z,)) = NS(V) + R, with liIJIrl |Rnllxr =0

Indeed, we define

RO,n déf uO,n(' + xn) - V

Because of (13), the sequence (R, 5 )n>0 converges to 0 in H*-norm, for n large
enough. Moreover, the error term R,, satifies the following perturbed Navier-
Stokes system

8 Ry + Rn- VR, — ARy + Ry - VNS(V) + NS(V) - VR, = —Vp
(15) div R, - 0
Rn\t:O = RO,n~

Applying forthcoming Theorem A.7, we infer that, for any T' < T, (V') and for n
large enough

INS(uon(- +zn))lxr < INS(V)llxr +o(1).

As ||NS(ugn(- + zn))l xr = [INS(uo,n)| xr, we take the limit when n — 400 in
the above inequality and thus we get a contradiction with the assumption. [

3. Proof of Theorem 2.2 and tool box for Lemma 3.1

All the previous results are based on Theorem 2.2. In this section, we prove
this theorem, which relies on Lemma 3.1. This last one gives the structure of
the Navier-Stokes solution associated with an initial data which has a profile
decomposition. In others words, we wonder if, given the profile decomposition
of a sequence of data, we get a similar decomposition on the Navier-Stokes
solution itself. Lemma 3.1 gives a positive answer.

Let us recall to the reader that this question has already been studied by
I. Gallagher in [8] in the case of initial data in the Sobolev space Hz and the
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same author with G. Koch, F. Planchon [10] in others critical spaces (e.g scaled
invariant under the Navier-Stokes transformation). In our case, the difficulty is
that the homogeneous Sobolev space H* is not a scale invariant space under
the natural scaling of the Navier-Stokes equation. To overcome this issue, the
method consists in cutting off frequencies of profiles [3] (such profiles will have
the useful property to belong to any H*, for any s). In particular, profiles scaled
by 0 (resp. oo) will tend to 0 in some Sobolev spaces (more precisely in H*!
with s1 < s), (resp. H*2 with s, > s) and therefore, will not perturb the profile
decomposition of the NS-solution.

3.1. Key Lemma and application. — Let (ugn)n>0 be a bounded sequence of
initial data in H®. Thanks to Theorem 2.1, (ugn)n>0 can be written as follows,
up to an extraction

J 3
don(@) = 3AL, L V(@) + 43 (a),
=0

according to the orthogonality of scales and cores given by Theorem 2.1, we
sort, profiles according to their scales

. 3 .
won(@) =D Vi@—azn,)+ Y AL . Vi(@)+¥(2)
i€Ty i€y
J<d i<J

(16)

where for any j € J1, forany n € N, A, ; = 1.

We claim we have the following structure lemma of the Navier-Stokes so-
lutions, which proof will be provided in section 4. This lemma highlights the
specific role of profiles with constant-scales.

LEMMA 3.1 (Profile decomposition of the Navier-Stokes solution). — Let
(uo,n)n>0 be a bounded sequence of initial data in H® which profile decom-
position is given by

J 3 .
won(@) = 3OA, L V(@) + 43 (a),
=0

Then, u is a Navier-Stokes solution associated with the bounded sequence ug
(e.g u = NS(ug,)) if and only if the error term R defined by

R! ¥ NS(ug,) — UzPP?

s a solution of the perturbed Navier-Stokes equation

(17)
8R! + R VR! — ARJ + RJ . vU2PPJ 4 U2pPd VRS = —FY — Vp!
div R/ = 0
R’I{|t:0 = 0,
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where F is a forcing term which will be explicitly detailed in (26) and

, def ; A )
Uzee (¢ p) = Z NS(VI)(t,x — ;) + €' (Z AY eV (z) + 1/),{(:17))
JET J€TY
Jisd i<J
Moreover, the lifespan ;] of the error term R; satisifies

Ve>0,3J>0 3In; >0Vn>ny, ) > 1é1§ T, (V7) —e.
JeJ1

Proof of Theorem 2.2. Clearly, Theorem 2.2 is an immediate consequence of
Lemma 3.1. Assume Lemma 3.1 is proved. On the one hand, if there is no non
zero profile with constant scale (e.g J1 = (), the “profile decomposition” of the
solution in Lemma 3.1 implies that lim inf,_, o T (ugn) = +00. On the other
hand, if J; # 0, the lifespan of sequence NS(ug,,) is given by the lifespan of
profiles, scaled by the constant 1 and T} (uo,,) > inf;ec 7, T (V7). This ends the
proof of Theorem 2.2.

3.2. Tool box. — In this subsection, we recall some basic facts about homo-
geneous Besov spaces and we prove some properties we need to the proof of
Lemma 3.1. We refer the reader to [1], from page 63, for a detailed presentation
of the theory and analysis of homogeneous Besov spaces.

DEFINITION 3.1. — Let s be in R, (p,r) in [1,+00]? and u in &’. A tempered
distribution u is an element of the Besov space B, ,. if u satifies
1
def j A B
lull, % (D227 IAzulfn) < oo,
JEL

where A; is a frequencies localization operator (called Littlewood-Paley oper-
ator), defined by

Aju(€) = F (p(277 €Da(e)),
with ¢ € D([3,2]), such that 3., (277t) = 1, for any ¢ > 0.

REMARK 3.1. — We have the embedding H® C 3572. These spaces coincide
(with equivalent norms) if s < 2-

The first thing we have to notice is the following: given a bounded sequence of
data in H*® (thus we get a profile decomposition of this sequence), Theorem 2.1
implies that the term v (z), (which is bounded in H?), satisfies:

lim limsup ||¢))]|z» = 0.

J—+00 notoo

In fact, thanks to an interpolation argument, we can prove that the remaining
term 1 tends to 0 in certain Besov spaces. That is the point in the following
proposition.
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PROPOSITION 3.2. — For any 0 < 0 < 1, let py be a positive real number given
by the interpolation relation

1 _ 0, 1-0,

e~ p T 2
Then, under the same hypothesis of Theorem 2.1, we have:

hm hmsup||1/1 ||B3(1 2 = 0.

400 p—it
Proof. — Interpolation inequality in the Lebesgue spaces and multiplication
by the factor 27°(1=9) give
. _ . . . . 170
2001 A;9 |zeo <AL (21144501 22)
Applying Holder’s inequality in the above expression, we get

J J e J1-6
1971 000 < N 621"

Because p is greater than 2, LP is continuously included in Bg’p. Remark 3.1
leads to

(18) o gacnor < I 16511
6:P0

According toTheorem 2.1, we get the result. (|

Let us come back to the profile decomposition of the sequence (ugn)n>0
and introduce some notations. Let 7 > 0 be the parameter of rough cutting
off frequencies. We define by u,(x) and ue,(z) the elements which Fourier
transform is given by

(19) Un(§) = (&)1 {1 <)<y and Gep(§) =€) (1 = L1 gigiany)-

From the profiles decomposition (16), we infer, thanks to the orthogonality
property of scales, that among profiles V7 such that j belongs to ¢J;, there are
profiles with small scales (j € Jp) and large scales (j € Jw ). These profiles are
cut (according to the parameter 7)), with respect to notations (19) and we get

(20)
3 .
u,n ( Z Vi(z — Tn;) + Z S x) + Z A/\”n,ijn,jVnJ(x) + 1/)}{,7,(@

jeTy i€dy J€J0o
Jj<d Ji<d i<

3
J def >
where ¢, () = g AS
JETE=ToUT 00
Jisd

Véy(2) + v;l(x),

n,j,Tn,j

with for any j € Jo, lim, 400 Ap; =0 and for any j € J, limp— o0 Anj = +00.

Firstly, we check the remaining term 1/%77 is still small in B;g{p_f)—norm, in
the following sense. That is the point of the proposition below.

TOME 146 — 2018 — N° 2



ABOUT THE BEHAVIOR OF REGULAR NAVIER-STOKES SOLUTIONS 369

PrROPOSITION 3.3. — Let 0 < 6 < 1. Under the interpolation relation

1 6 , 1-0
- =2 4 =7 we have
Do P + 27

lim luf hmsup||1[1 s0-0) = =0.

J toon— nn”B

Proof. — Let 0 < 6 < 1. By definition of ¢;] , and thanks to (a + b)* < a® + b7,
we have

3 2
T2 <HZA; Y H T2 .
Wl S0 2 M PO g * Wnlaezy
i<

The embedding H* C B;f,};f) and the orthogonality of scales and cores imply

3 ] 2
J 12 P J |12
s < | 30 A5, e, V@), + 101020

HS
J€TY
i<J
(22) a
J T2
S (AL o, VA@5 I 400 (0) + 165100
jegf
isd
. 3
By scaling invariance of the norm H* under the transformation u — A3 S

we get

oo
7 a0 5
7=0

2
D)3, + 0, (1) 167y 00, when n — oo,

For any j > 0, the term | VCJ,,(JJ)HZ tends to 0 for 1 goes to +00, by Lebesgue
Theorem, because of the convergence of the serie. Therefore, applying Lebesgue

Theorem once again, we infer that lim, 4o Yo A () ||i18 = 0. As a result,

we take in first the upper limit of ||¢; B0 When n — +o0o. Then, we take

I%
n,n

the limit for n — +o00 and at the last, for J — +o00. Thanks to Proposition 3.2,
Proposition 3.3 is proved. |

As it was already mentionned previously, the point of such rough cutting off
in frequencies is that profiles which are supported in the annulus 1 {L1<le|<n}
n X ~X

belong to the Sobolev spaces H®, for any s > 0. In particular, we can look at
such profiles in the Sobolev spaces such as H*! with s; < s and H*2 with s > s.
That is the point in the following proposition: according to the size of the scale
(either small j in Jp or large j in J.), profiles, trapped in the annulus, behave
as “remaining terms”, seen from the point of view of solving Navier-Stokes.

PROPOSITION 3.4. — Foranyn >0, s <s,andj € Jy, e.g., lim, 10 Ap ; =

3
3 p —
0, then hmn_>+ooHA)\w7ww £ HH% =0.
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For anyn > 0, s3 > s, and j € Jx, €.9., limy 100 Apj = 400, then

3
3 P J—
hmné+ooHA)\w’wan T HHsz =0.

Proof. — Let s; < s. Let j € Jy and n > 0. Definition of H*'-norm and a
variable change yield

3
A e = Lt
85, O 0y = L
= [l v,

A PPV (A ,J£> dé¢

Let us introduce the factor |¢|. The hypothesis of the ring implies that

—9s1 S . 1
=020 [ 6PV O e

< (0 Ang) 2V,

2

(24) |45, Vi@,

As ), ; tends to 0; this proves the first part of the proposition. The second
part relies on similar arguments and thus the proof is omitted. O

4. Proof of Lemma 3.1

Given a bounded sequence (ug ) in H* which profile decomposition is given
by Theorem 2.1, we search sequences associated solutions N.S(ug ), under the
form of

NS(ugn) = UPPY + R where

. 3
Ut S NSt =) + e (3 AL, V@) (),
JET JETY
J<J i<J

(25)

Note that if J; = 0, the approximation term Uﬁpp’J is reduced to the linear
part

v = A (AR V@) + 0)).

iegf
isd

Plugging this decomposition into the Navier-Stokes equation leads to the fol-
lowing perturbed equation on the error term R;

(26)
8R! + R VR! — ARJ + R7 . vU2PPJ 4 U2pPd VRS = —FY — Vp!
div R/ = 0
Rn|t 0 = 0’
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where the forcing term F/ is given by F/ = Ze 1 FJt with

(27)

Fl'= Y NSV, —an;) VNS(VF)(t, - —znu),
0<4,k< T35 #k

FP =oAL L Vi) @) V(2 (AL Vi) +ul@),

JeTg ieTy
J<J i<J
Fﬁ]73: (ZAF’%J“%J )+¢ (x ) (Z NS VJ _mn,j)>7
JETY i€Ty
i<J iss
B = (L NSO —00)) 9 (2 (AL, V@) + @) ).
i< it

Let us admit for a while the two following propositions.

PROPOSITION 4.1. — With notations (37), the sequence U2PP is bounded in
the space X7, uniformly in J and n,

|U2PP7 | . < 00, VT < T inf T, (V).
n T ;
Jj€TL

Once again, we use the convention that inf;e 7, T (V7) = 400 if J; is empty.
PROPOSITION 4.2. —

11111 limsup || F/ ||L2 =0.

0 n—+4o00

(Hs-1)

Completion of the proof of Lemma 8.1. Let €9 > 0. Let T be the time defined
by

def ~
Ty = sup{O <T<T]| ||RZ(t)||2m(H o < Eo}
Therefore, for any T' < Ty < T, Theorem A.7 implies
(28)
T A Tis— 3 a T a

1B ey < NE 12 gposy 0 (57 T+ T4 U303y + T U209

2s—1 . )
LE(H:))"
Combining Propositions 4.1 and 4.2, Lemma 3.1 is proved. Therefore, to com-
plete the proof, we shall prove the two above propositions.

Proof of Proposition 4.1. — By definition of U2PP) and virtue of (a + b)2

<2 (a2 + b2), we have

(29)

2
app, A P

|[T2PRT| 2, <2(HZNSVJ —anH ot (ZAan (z) + 9 (x ))‘ )
i€ jegg =
Jisd §i<J
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3
Let us focus for a moment on the heat term e*4 (Zjejf A} Vi(z) + ¢J(x)>
i<

It is well-known that an H*-energy estimate on the heat equation implies

n],zn]

that HetAuHi(% < ||u0||i.ls, for any u solution associated with data ug in H®. As
a result, we get

3 2
tA P
€ (ZAi\)n,jvwnJ ( )+,(/} )H HZ YL]7IYL] )+,(/} ( )’Hs.
j:EJf FISVES
Ji<J i<J

Therefore, profile decomposition yields, up to triangular and Young’s inequalites

3 2
A » j J 2 j
e (32 A%, e, V@) + 07 @) 13, < Huw N VI —zay) ]H
jeTg I€TL
i i<
2 5 2
< 2o + 2| X Vi€ -0 -
JE€ET
i<d

Let us recall a consequence of Theorem 2.1

(30) Vvn>0, Z V(- —z, ) Z”V””Hs +o(1), when n — +o0.
i< i<

Thanks to the orthogonality relation (9), the term ;¢ Jl||Vj||25 satisfies
Jsd

Zjig} ||Vj||25 < |}u07n||ils +o(1), for n large enough. As a result,

<

31) Vvnp>o0,

(X Ay, V@) + @) [ S ol 000

iegg
isd

when n — +o00. Now, let us come back to (29). Thanks to the previous estimate
(31), we infer that

v > 0, U3, < | 32 NSVt ~ony)

€T
JisJ

2 2
"+l + o0,

when n — +o00.
We admit for a while the following statement, for any 7' < T L inf jeq, Tu(V9)
and n > 0.

(32)
|3 w5 e, < SIS0, +o00), whenn — +oc.
i< i<
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Therefore, we have for any T < T < inf jeq Tu(V7)

app,J (12 i 12 2
v > 0, U2 I, <€ (2 INSV)|[, + llwonll. +0(1),
jeTL
J<d
when n — +o00. )

As NS (V,{ ) solves NS-equation with initial data VWJ belonging to H® and
since the time T is far away from the blow up time, we infer that each term in
the right-hand side is bounded, uniformly in J and 1. Now let us prove (30).
Clearly we have, thanks to the translations invariance of the H®-norm

|Z Vit —ann|, = IV -zl

Jj€ETL JE€ETL
J<J J<J

+ 2 Z (Vj('—wn,j)|Vk('—xn,k))Hs

(G, k)ETy XT3
Jj#k

= > IVl

J€ETL
Jisd

+2 Y (IDPVI(=2ny) | IDPVE(C —2np)) o s
(J,k)ET1 X T1
J#k
where |D| = v/—A. The orthogonality of cores (e.g., lim, o |Zn j — Tn k| = +00)
implies in particular that the term |D|* V¥ (z + (2, ; — T 1)) Weakly converges
to 0 in L? and thus (notice that |D|* V;7(x) belongs to L?, by hypothesis)

¥n> 0, ¥(j,k) € JixJi, lim / DJ* V3 (2) | DJ* V¥ (@-+(ny —2n)) d = 0,
n—oo Jp3

which ends up the proof of statement (30). Concerning statement (32), the
proof is similar Let € > 0. Asfor any T' < T — ¢, NS(V,{) belongs to the
space XT CT(HS) N LZ(H*t'). In particular, the map t € [0, T—¢] —
NS(V3)(t,-) belongs to H*. Previous computations hold and, by virtue of
translation invariance of the H*-norm, we get for any t < T and n >0,

(33) | NSt )|, = SINSV)

Jj€Tr ji€Ty
i<J J<J

+2 Y (IDFNS(VI)(t, —2n;) | IDIF NS(VF)(E, - —2nk)) . -

(J,k)ETL X T
J#k
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Then, for any t in [0, T-— e], we get

; 2

|3 NSt —an, H <Y INSON NGy +2 D T

JjET JET (4,k)ETL X T

i<d i<d ok

where I‘g:{;k is defined by

(34)

et sup (IDINS(VI)(t, ) | IDI NS(VF)(t -~ ) 1
te[0,T—e¢]

— swp [ DI NSt ) DI NSOVt 4wy — 00)) o
te[0,T—e] VR®

The map ¢ : t € [0,T —¢] — [D|* NS(VI)(t,-) IDI* NS(VF)(t, - +(@n,; — Tnk))
is continuous on the compact [0, T — €], with value in L*(R3). Thus, ¢ ([0, T — €])
is precompact in the Lebesgue space L!(R®) and thus can be covered by a
finite open ball with an arbitrarily radius @ > 0. Let a be a positive ra-
dius. There exists an integer IV, such that for any ¢ € [O,T — €], ¥(t) belongs
to Uf\il B(w(tl), a). Thus, for any ¢t belonging to the compact [0, T - g], there
exists a time ¢; such that

(35) Y@L rsy < @+ [P (&) L1 (rs)-
by virtue of the simple fact [ f < [ |f], we infer that

TOIF <a+ [[ot) | ze)

:a—l-/
R3

Now, in order to conclude, we notice that Lebesgue theorem combined with
the orthogonality property of cores imply that the right-hand-side tends to 0,
when n tends to +oo (since we can choose « arbitrarily small) and thus, we
get

Vi >0, V(i k) € Ju x T,
lim sup (|D|* NS(VI)(t,-—zn;)||D|* NS(VF)(t,- —l'n,lc))L2 =0.

" 4e[0,T—¢]

DI* NS(V7)(t1,-) DI NS(VF)(t1, - +(xn,j — n b)) | da.

Therefore, we have proved for any T < T and n >0,

, 2
HZ NS(VI)(t,-—an;) ‘Lm(HS < INS(VIN( ||Loo ey o),
JjeTy T JeTy

J<J J<J

when n — 4o00. Concerning the LZ(H*t!')-norm, we write estimate (33) in
H**1norm. Then, the L2.(H*%!)-norm of crossed terms tends to 0, thanks to
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Lebesgue theorem and orthogonality of cores. Details are left to the reader.
Finally, we get (32)

HZNS(VJ')(t,-—wnJ ’ Z”NS VI( ||X + o(1), when n — +o0.
JETL JETL
i<J i<J

In order to complete the proof of Proposition 4.1, we have to prove that the

term Z]EJIHNS(V )(t, is bounded, uniformly in J1 (and thus in J)

Il

and 7. ThlS will result from Remark 1.1 and the orthogonality of H*-norm (9)
in profile theorem. Indeed, by virtue of proﬁle decomposition of the bounded

sequence (g, )n>0 in the Sobolev space H®, we know that ZJEJI ||V ||2
i<d

bounded. It means that
Ve >0, 3J7 C Ji, with |Jf|<oo V je A\TT, Vg <e.

by virtue of Remark 1.1, we infer that for any j belonging to J;\ J;", the Navier-
Stokes solutions NS(VJ3) associated with such profiles V7 satisfy

||NS VI( HXS 2 HVJHH Therefore, we infer that
ZIINS(VJ)(u-)HiS oINSy +4 D0 VNG
;]Zyj Jjeg} JETNN\TS
) <y ||NS(Vj)(t,')||§<; +4> VA,
Z [NS(VI)( HX + 4hszrup||uOn||H3
JGJl "
J<J

As we are not so close to the blow up time (since T' < infjc 7, Ti(V7)), the
term >, 5+ || NS(V/

isd )
and depends only on the sequence of profiles V7). Thus, the proof of Proposi-
tion 4.1 is complete. O

t, )HiT is bounded, uniformly in J; (since J;* is finite

Proof of Proposition 4.2. — In order to prove the smallness result on the forc-
ing term, we shall need to use the regularization process mentionned in the tool
box of the previous section. Let us recall that we get an approximation of the
Navier-Stokes solution associated with such a data, under the form of

NS(ug,n) = USPP J 4 R‘], where

37)
3 .
Uz (t) E YD NSOV —any) + €2 (DAL L VIO +810)),
jed jeTf
i<J isd
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As already mentionned in (20), profiles are sorted with respect of the size of
scales. Moreover, we cut off frequencies of profiles with small and big scales and
therefore, decomposition (37) can be rewritten as follows

v () ST NSVt ) + €D (UL, + U, + 97,0)),

(38) b
JisJd
with U0, 4 SYAY e S A v
n,n An,js@m,j M 7 7NN An,js@n,j 1N
JjeTo JEToo
J<J J<J
(39) J  def 5 J b J J
— P P
and wn,n - Z A)\n,j,In,j‘/cn + Z AAn,j,In,j‘/CW + wn
J€Jo J€T o
JjsJ JsJ

Let us point out that the main point is that, by virtue of Proposition 3.4,
the terms U,?m and Ups, are small in the sense that, for any 6 > 0, for any
n > 0, limp i US|l o5 =0 and limg,_, 4o [|US |l 7o45 = 0. We recall a
basic property due to divergence free condition: for any vector field u, smooth
enough and divergence-free,

(40) u- Vo =div(u @ v)-

The property (40) provides us another expression of the exterior force term F
J _ J1 J2  7J3

(41) Fy =1Ly, + 1, + 1"

where

1 =div((2 32 NSVt —an ) + e (UL, + U, + 97,(2)) )
JET
J<J

® et (US,,, + U;?n)).
(2) L2 =div((2 D NSVt —wn ) + 2 (U, + U, + i, ()
® emzp;{m>.
Inl]73 :Fr‘L])l = Z NS(Vj(tv'_xn,j))'vNS(Vk)(ta'_xn,k)'
0<4 k< T35k
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Concerning I;l’,l], we apply (49) of Proposition A.5, for any § > 0, such that
s+6< %,
(43)

Ls—1)
Vb iresy < CTHED (TFNUL, s + TENUSS, v )
X Hz ZNS(VJ’)(t,-—xn,j)JretA(UO + U, + )H
JETL

Jisd

1(s—1)
<OTHD (TF Ul goms + TS )

(210 s+ s (U8, 0, 92, )
T

From (31), we infer that

Xz

VM gire sy < CTHOD (TFYU s + THUZ jrovs )
X (||Uspp’J||X% + |lwo,nll gs + o(l)) , when n — +00.

Propositions 3.4 and 4.1 implies that I, J, 1 tends to 0 when n tends to infinity

V>O,E|~ 7J7 7v >~ aJa ’ I g
€ nl(E 7]) n 77/1(5 77) n,n L2, €
Concerning I ,27, we apply the estimate (48) of Proposition A.5
(44)
L5 2 (o1 < <Ot ||y all gzazo
x (2 30 NS —ng) + e (U2, + U+ o) |

J€ETL T
J<J

<CT307%) |y allgzazo (IURPP7 s, + lluo,nll e + (1)) 5

when n — 4o00. Thanks to Proposition 3.3, we infer
Ve >0, 3J(e), VJ = J(e), Fi(J), Fnia(J),¥n = i(J), ¥n > 1ia(J),
L2 2 ey <€

Concerning I;{ f,, the argument relies on the approximation Lemma A.6 ap-

plied with 0 = 5 + ¢, which proof is given in Appendix A. For the sake of
simplicity, we note

47

@I = NS(VI) and &% = NS(VF).
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As &7 and &* belong to the space L (H*®) N L% (H*t1), an interpolation argu-
ment implies they belong to the space L4 (H 571). Indeed, we have

Foanll Sy

”u” Hs+1

aaes <l

Then, by integrating in time, we deduce that

||3 2s
L2.( (Hs+1)°

4 s——
Il yseq, ST H lulyecs), N

Thanks to the divergence-free condition, we have ||®7.V®F|% | = &7 @ ¢F||% .

and thus

Hs 1
T
k j k(2
19901 .y = [ 19 921,
T T
‘ . L .
< [ 1@ oot + [ 19 s @ - o,
T .
+ [ et et
0
As 5+ % < %, a product rule in Sobolev spaces implies

(45) [uv]lgs < Cs) [|u]

Therefore, we infer that :

loll ;543
H5t+i H2ta

T
19995 ey S [N DI 191

3
H5%t1

T T
7112 k k|2 i k2
o [N et~y + [ 10t B

Finally, Cauchy-Schwarz inequality and approximation Lemma A.6 yield

k 22|k |12 2 2 k
||¢‘7 Vo ||L2(Hs 1)N ||¢ ||L4(H2+3 +e ||¢J||L4(H2+Z)+”¢J®¢ ||L2(Hs
To conclude, we have to prove that [®! ® ¢k|| 2 (1) tends to 0, for e

small enough. This will come from the orthogonahty of cores. By definition,
@I (resp. @F) is an approximation of @/ (resp. ®*). Because of translations
by cores, we define ®2"(t,x — x,, ;) (resp. ®*"(t,z — z,, 1)) as an approxi-
mation of &/ (t,z — x, ;) (resp. ®*(t,x — z,,1)). As ®I™ and ®*" are com-
pactly supported and concentrated around ,, ; and x,, 1, the divergence of cores
(limy— 400 |Zn,j — Zn k| = +00) implies they are supported on disjoint compact
sets. Therefore, the term || ® (15’§||2L2 (fr+y COnverges to 0, for n large enough.
In other words, we have !

Ve > 0, 3n(e), Vn = n(e),
NSVt ~20.3))- TNS(VF)(t, - —2np)]|
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Therefore, we infer that, Ve > 0, 3n(e), Vn = n(e),

(46)
Jﬁ] | Y NSVt —wny) VNSV, ~2n k) <e.
n,m L%(Hs—l) 2] )
0, k< 5k
(j,k)ejf L?I‘(Hs—l)
This concludes the proof of Proposition 4.2. O

Appendix A. Product and paraproduct estimates

In this section, we give some typical product estimates, in which frequency
splitting allows for a much finer control of the product. The main tool is the
homogeneous paradifferential calculus. For a detailed presentation of it, we
refer the reader to [1], page 85. We recall two fundamental statements (see for
instance Theorem 2.47 and 2.52 in [1]) about continuity of the homogeneous
paraproduct operator T, and the remainder operator R. We shall constantly
be using these two theorems in the sequel.

THEOREM A.1. — There exists a constant C' such that for any real number s
and any (p,r) in [1,00)%, we have for any (u,v) in L™ x B; .,

ITuvllg, . < CY P ullze ol s, |

Moreover, for any (s,t) in Rx] — 00,0[, (p,r1,72) in [1,00]3, and (u,v) in

t s
B, ,, x B, ,,, we have

Ol+Is+t|

o Ldef . 1 1
”TuUHB;,ﬁ;t < — ||u||]'330m1 ||v||B§,r2 with - = mln{l, o + 7"2}

THEOREM A.2. — A constant C exists which satisfies the following properties.
Let (s1, 82) be in R? and (p1,p2,71,72) in [1,00]*. Let us assume that
1 qef 1 1 1 qef 1 1

= +—<land- = —+— <L
p pP1 D2 r ™1 T2

. e . ~ 81 ~ 82
If s1 + so is positive, then we have for any (u,v) in By, x B2,

Cltls1tsz|

1R )| gprree < ———llullszs,, Mollsgz -

A lot of results of continuity may be deduced from the two above theorems.
For instance, we can state the lemma below.
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LEMMA A.3 (Product rule in H®). — Let u and v be two functions in H® with
-3 <5< 3, then

[wvll s < C(s) (”“”Hs ol g + llull 43 ||'U||Hs)

C
C(s)llul, . 53 ol

<
and  ||uv|| g, <

This lemma can be deduced from Theorems 2.47 et 2.52 in [1] (p. 87 and 88).

REMARK A.1. — Let us point out an interpolation inequality: by definition
of s we have
(47) llull ;3 CIIUHS“ IIU||I}S+1

Therefore, combining this with Lemma A.3, we get the result following which
is a frequent use in this article.

COROLLARY A.4. — Let u and v be in H® with % <s< § then

s—3 ——s s——

ol <€) (Il 052 ol + el ® el 7 ol . ).

ProrPoSITION A.5. — Let 0< 6 < 1. Under the interpolation relation
1_9. 10
(48) lu® etAroHLQT(Hs) <C T%(S_%)||U||X;||To||ggé{;99)-

1 lig_1
(49) For any ;<@ < , lu ® € T0||L2T(HS) <Cc T2 2)||U||X§.||7'0||Ha-
Proof. — Let us start by proving the first inequality. Bony’s paraproduct

decomposition implies
u® ePry = Toap,u+ R(e“ro,u) + Tu(erp).

The first two terms can be estimated in H®-norm easily. Thanks to Theo-
rem A.1, we have

ey @llro—sy, < Cleroll g 3
Let us recall that p% is defined by p% = % + %, for any 6 in |0, 1[.
A classical result due to Bernstein’s inequality gives the following embedding
Bs(l 0)

po,00 T Boo 0o~
Therefore we infer that

A
1T @)l ey S €270l e iz el s 3

On the one hand, thanks to the hypothesis % <s< %, we recover the Navier-
Stokes solution v in X7-norm by an interpolation argument.
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s_,

As [lull 3 S llull . ||u||2 110 We get
4 2s—1 3-2 25—1 1 3-2
2 — — -1 —
s s, = / el 25 de S Ml 35 ey T2 Nl 33y

ST7% %,

On the other hand, the simple embedding ¢7? (Z) C £>°(Z) implies

||etAr0||L5.9(B;§{;e)) < ||T0||B;g{;e> < |Iroll 5 5501-0).
Finally, we have proved the proposition for the first two terms
IR 70, w)ll 2, (o) + [ Teearg (Wl L2 7y S T3(=%) lIroll g1 -o llullx.

The last term T, (e**r) is more delicate. Note that, here, as we work locally

in time, low frequencies do not play a major role, unlike high frequencies. As a

result, we have to handle low and high frequencies separately. It is natural to

split them according to their size: either the frequencies are low (in the sense

that v/T27 < C) or the frequenties are high (in the sense that 727 > C).
Firstly, let us observe that

||Tu(€tA7”o)||L2T(Hs) = ”Tu(etATO)HL%(B;z) = <2j8||AjTu(€tATo)||L2T(L2)>
We split, according to low and high frequencies
1T (e 2 r0)l 22 (o) < (2js||AjTu(etA7“0)||L%(L2>1{ﬁzf<0})e2(z)
is || A tA
+ (I B r0) s 1) raisey )

A classical result in Littlewood Paley theory gives the following estimates

AT = > SyouAj(ettr).

li—3'1<4

e22)

(51)

Therefore, Holder’s inequality yields

. . . o1 1 1
IA;Tu(ero)lle < > 1Sj—1ullLeo | Az (7o)l oo with 5=t
li—3"I<4 bo @
In particular, Bernstein’s inequality implies
=2
1S —1ullpa < D 1A 0wl Lo
j”=—00
Jj'—2 (1 j'-2
Z 23] 27 E)”AJ”UHLZ = Z 2.7 (*—S)2j SHAJ'N’U,”L2.
”=—(X> j“=—<>o
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Applying Young’s inequality, we infer there exists for any ¢, a sequence (c;(t)) ez
belonging to the sphere of £2¢(Z), such that

1S5 _1ullpae < Cejr(t) 27 o™

As qp > 2, £2(Z) is included in £9° (Z), which implies that

. -/ ifs
1Sj -1l Lo < Cejr(t) 250 ™) Ju()]

B3 5"
Therefore, we have

A B _2s+0 s5/(1—0) || A
1A T2 ro)lle S Y er2” 502 ut)] 5, 29 OO A (10|

l5— J’\<4
As j and j’ are equivalent, we can write
(52)
IATu(e 2 ro)lze S es (0250 > u(t)] g, | 270 Ay (e o)l oo

On the other hand, we have (see for instance Lemma 2.4 of [1])
(53) 1A (2 ro)lzme 5 €~ | Ayroll .
As e‘t22j/ < 1, integration in time yields
1A (e 270)l| 20 (10 S T |Agrro]| 7o
The above result combined with Hoélder’s inequality in time implies

27 ||AjTu(em7”0) ||L2T(L2)

(2 —s s L is(1— A
<2600 () ()| 2o T75 279070 Aro]| oo

Therefore, as far as the low frequencies are concerned (vVT27 < C), we have

,S . s +9
25 A Tu(e o)l 2.2y L (ymarccy ST 2909wl oo ey lles (D) 20
X Tﬁ 2js(1—9) ”AjTOHLPO-

Applying Holder’s inequality for the £2(Z)-norm, we have
(QjSHA‘Tu(etATo)HL? o1 T ) < T‘%(%—s+05)+p0 ||’LL( )” -
J 7(L?){VT2i<C} ) L (H*#)
x (lles®llzse ) o, 5 ol g
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1

Clearly, we have (||cj (t)||LqTe) < T'7 . Besides, we have

030 (z)
1 1 1 1
—(3—s+05>++=—<3—3+93—1>
2 \po Do Qo 2 \po
1/30 3(1-6)
= (Z4—7 ~1
2<p+ 3 s+0s )
_1(36 3(1-6)

Il
N
/N

®»

I
N~
N~~~

As a result, we infer that
(2js||AjTu(8tA7“o)||L§(L2)1{\/T2f<0})

This completes the proof in the case of low frequencies. For the high fre-
quencies, we need to use the smoothing effect of the heat flow. Thanks to (53),
we infer

Ls=1) . .
o <T=z072 ||U(t)||L%°(HS)HrOHBf}él,;og)'

(54) 1A/ (270l 2o (zroy S 270 Ao Lo

We write an estimate for 2js||AjTu(etA7“0)||L2T(Lz)1{ﬁ2j>c}. We come back to
(52), we integrate in time, applying Holder’s inequality

27| A Tu(er0) | a2y S 250 M) ()| e ey ey (8] o
(55) )
o o (=054 2) ||Aj(etATO)I|L§_9(LP9)-
High frequencies hypothesis implies

27| A Tu(er0) | L2yl (ysscy S T 250l oo 170yl (O 2

w 93 ((1=0)s+22) ||Aj(etATo)||L;e(Lp9)-
Thanks to (54), we infer

(56)

2 A Tu(e o)l g oy Lpraisey ST 270 u)ll e i

x 29(A=09) Y A || Lo .

o

Once again, we apply Hélder’s inequality for the £2(Z)-norm and we have

(21T r0) 2 (22 Ly s 501 )

< T—%(%—s-ﬁ-e s)+

©(2)

5 ) g ey ol 20 o0
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Then, the simple computation —% (p% — s+ 03) + q%) = %(s — %) implies

(2j||AjTu( 2r0)llz2.(2) {\F2J>C})

This ends the proof for the case of high frequencies and therefore the first
inequality of the proposition is proved.

Now, let us prove the second inequality, which proof is very close to the
previous one. We give only outlines. Thanks to Bony’s decomposition, we have

< l(s_l) . .
<T2072 ||U(t)||Lgs>(H8)||7’0||B;§)1,;:)'

u® erg = Toeap,u + R(ero, u) + Tu(e'ro).

The first two terms can be estimated in H*-norm easily, thanks to mapping of
paraproduct in the Besov spaces (cf Theorem A.1)

ITe < Cllet®rol 5ot IIUII

3 —a'

To

On the one hand, Bernstein’s Lemma and obvious embedding ¢2(Z) C ¢°°(Z)
ensure that

5 ~
00,00

B2 5 B 5 — Bo 2 and thus ||etAr0||Ba,3 S ||6m7'0||3a ‘

ser3_
On the other hand, as s < s+ % —a < s+1, u belongs to B;—g 27 Interpolation
argument yields

<l ® Nl

Hs%»%fa Hs+1

ull yorg—o < Cllul
2,2

By integration in time and thanks to Holder’s inequality, we have

T
2a—1 3—2
lull?, (Hs+§_a)</0 [t ) Mt )5 dt

ST IIHIIifQLS lell 7 (o)

Finally, we get

lin—1
[[ull < T2 ||u|x;.

L2, H5+“°‘)
Therefore, we deduce an estimate of the term |[|Tyea,,(u)| L2.(f%) and

”R(etATOau)”L%(HS)'
liqg—1
ITerargull 2 ey < T272) Jullxs 7ol e

IR(e" 70, u )||L2(H) <2073 flullxs.

7"0||Ha~

Now, in order to estimate the last term ||Tu(etAr0)||L2T(Hs), we shall need
splitting, according low and high frequencies (e.g VT 2/ < 1 or VT 2/ > 1).
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That is exactly the same computations as in the proof of the first inequality of
the proposition

1A Tu(e®ro)le S D ISy—1ullzsllAz (o)l s
li—5"1<4

Thanks to the property |Sj_1u|z» < |lullzr and the equivalence between j
and j', we get

1A Tu(e 2 r0) 122 < llull oo | Aj (e o)l s
by virtue of Sobolev embedding and integration in time

2 |A Tu (e o)l 2 22y < 27° Nl e g IIAj(etATo)IIL%(Lgy

Concerning low frequencies (e.g VT 29 < 1), we combine (53) with the rough

boundary e~ 2" < 1 and we get
o A 4 .
2 AT Aol oy Lvrarccy S 2 Wil iy 14500 )

js —j(ats—3 j(ats—2 A
<2 ull g ey 279 DD A (r0)

||L2T(L%)
S 279D |l oo ey 27T TH YA ()2
Hypothesis of low frequencies implies
(57)
(2js ||AjTu(etA7“o)||L2T(L2) l{ﬁngc})eZ(Z) S T332 ||“||L§9(H8) ||T0||B<;+s—%'
§,2

As far as high frequencies are concerned (e.g VT 2/ > 1), (53) combining

227

with the integration of the term e on [0,T], gives

27° ||AjTu(€tAT0)||L2T(L2) L/Faisoy S 27 lull poe (e 27j||Aj(T‘0)||L§

j(s— —j(ats—3 j(ats—32 A
SV e ey 277D DD A (o)) 5
a1 ; _3) 1
277073 Jlull g 70y 27T A (o)l 2
Hypothesis of high frequencies gives
(58)
(2JS ||AjTu(etATo)||L2T(L2) 1{ﬁ2j>c})e2(z) ST ||u||L;°(Hs) ||7”0||Ba+57g~
3.2

Combining (57) and (58) with the fact that B§2 is embedded in ngsi%, we
get finally )

(59) 1T o)l za ey S THED Tl e ey ol o
This completes the proof of the second inequality of the proposition. O

Now, let us state an approximation lemma.
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LEMMA A6. — Let 0 < 0 < 2 and e > 0. Let a be an element of Li(H?).
Then, there exists a constant C > 0, there exists a family of compactly supported
functions, a., which satisfies for any positive T

(60) lim [la = ac|[ 1 (4g0y = 0 and
(61) lacllLs oy < CllallLa grey-

The proof of this approximation lemma is classical and results from cut off
in physical space and then in frequency space.

Here we prove a general theorem about an estimate in the X7-space of a
solution of a perturbed Navier-Stokes system. The method is standard: the first
step consists in establishing an H-energy estimate. Then, some computations
on scalar-product terms lead to an inequality on which we can apply Gronwall’s
lemma. In particular, we apply this theorem to prove that the map wy —
T, (uo) is a lower semi-continous function on H*.

THEOREM A.7. — Let q be an element belonging to the space X7 and let r be
a solution of the following perturbed Navier-Stokes system

or+r.Vr—Ar+r-Vg+¢Vr=—f—-Vp
div r = 0

Tt=0 = T0.
Let €9 > 0. Let Ty be the time defined by

def -~
Ty & sup{0 < T < T(q) | P20 5. < 20}
Then, for any t < Ty, we have
2 2 s—1 s—f s—1
I < (WollZ + 191, sy ) exp (5577 T+ T H iy +Tlal oty )

Proof. — A H? scalar-product, time integration and triangular inequality
yield

(62)
nwﬁs®ﬂuﬁs+2/|v 2. dt
t
SHmWs+2AIKWVH|ﬂm A|«mvwwm%ﬁ
t t
+2/0 ‘((r~Vq)|7')Hs dt’+2/0 ‘(f|r)HS dt’

We assess each term in the right-hand side; the divergence-free condition
implies

!

|((7‘ -Vr) |T‘)Hs

7= V7l groes 7l gross

<
< @ rllge el gos
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Thanks to Corollary A.4, we infer that
s+3 ——s
[((r- V) 7)o < C) Il Il 3

Then, integrating in time and applying Young’s inequality (ab < % + I;i,, with
% + i = 1) yields

/ |((7’-Vr)|7‘)H
0

+
as/wwzwmﬂ

o) [ ar w5 [

Now we have to estimate fo |((r-Va)Ir) . and fo |((q-Vr)|7) p.
Actually, thanks to the divergence-free condition, it is exactly the same estimate
and we get

|((r-Va)|7)p.

< - Vall e 17l o
< lr®dllge

7“||Hs+1-

Once again, Corollary A.4 gives

/0 |((7“ -Vq) |7“)HS dt’

Young’s inequality implies
2 2s—1 || ||3—2
/ I7l1% Nl llall s at’

(64
[ 1@ valn), o
+ 06 [l Wt + 2 [ it

Same arguments give an estimate of exterior force term

t t
/O|(f|1°) t’g/ £l o 17 frosr dE’

c/wmﬂw+—/wmm

Combining Inequalities (62), (63), (64) and (65), we get

Il < nmws+c/nmmlw+2é It

5—s

t
<aﬁﬁwmwgnmmmmmw

t
@AwmwmﬂMWMﬂ

(65)

(66)
2 s— 2s5—1 3—2 s— !
/ 171 ITII" C gl el +||q||2 ) t.
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Let us introduce the time T defined by
def e
To = sup{0< T < T | |r(t) ||200 ey S €0}

Therefore, for any t < T, we have

df
I 2 U+ [ I
<lroll3, + / 112, d

+/0 IITIIZS - o llallFE el EEs + lall

25 1)

Thanks to Gronwall’s lemma, we infer that for any T' < Ty < T

I S (ol + 17125 gomsy) o0 (57 T+ T2 allzg + T lall 25 )-
This concludes the proof Theorem A.7. (]

Proposition below is well-known and can be seen as a consequence of The-
orem A.7. We perturb a data by a small term and we are interesting in the
consequence on the lifespan of the Navier-Stokes solution associated with such
a perturbed data. The lifespan of perturbed Navier-Stokes solution can not
decrease too much, compared to the lifespan of the non-perturbed one. More
precisely, we have the following proposition.

PROPOSITION A.8. — The map ug — Ti(ug) is a lower semi-continous func-
tion on H®, e.g.,

Ve > 0,3a > 0, Yug in H® such that |vo| ;3. < @, then Ty(ug+vo) = Tu(ug)—e

Moreover, (under notations of Theorem A.7), a constant C > 0 exists such that
for any T < Ty(ug) — €
(67) INS(uo +v0) — NS(uo)|%s.

< Clluolly. x exp (77 T+ T HINS(uo) 3y +TINS@o)l|Zery))-

Proof. — Let ug and vy two elements in H*. We operate a small perturbation
of the data ug by vy (the aim is to quantify this smallness condition) and
we want to prove that the lifespan of the perturbed Navier-Stokes solution
N S(up + vp) can not be much less than the lifespan of NS(ug). The process is
standard. We introduce an error term R defined by

R(t,x) = NS(up + vo) — NS(up).

TOME 146 — 2018 — N° 2



ABOUT THE BEHAVIOR OF REGULAR NAVIER-STOKES SOLUTIONS 389

Classical computations imply that R is solution of the following perturbed
Navier-Stokes system

R+ R-VR— AR+ R-VNS(ug) + NS(ug) - VR = —Vp
(68) div R = 0
R|t=0 = 9.

Let €9 > 0. Let us introduce the time Ty defined by
Ty :=sup{0 < T < T\ (uo) | ||R(t)||i%c(Hs) <eo}
Thanks to Theorem A.7, we infer that for any T < Tp
(69)
2 L
IR < Clluoly. exp (377 T+ T ¥ [NS(uo)l3; +T NS (uo)

L (H®))®
The above expression gives the smallness condition on |[vg|| ;.. Indeed, suppose

that v satifies
(70)

_2
Cllvol?,. exp (77 T+ T4 INS(uo)ll; + T INS(uo)

PE=SY

Trtin) <0
Therefore, the error term R, keeps on living until the time T, (ug) — &, for any
€ > 0. This concludes the proof of the proposition. O
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