
aNNALES
SCIENnIFIQUES

      SUPÉRIEUkE

de
L ÉCOLE
hORMALE

ISSN 0012-9593

ASENAH

SOCIÉTÉ MATHÉMATIQUE DE FRANCE

quatrième série - tome 48 fascicule 1 janvier-février 2015

Jean-Pierre RAMIS & Jacques SAULOY

The q-analogue of the wild fundamental group and the inverse problem
of the Galois theory of q-difference equations



Annales Scientifiques de l’École Normale Supérieure
Publiées avec le concours du Centre National de la Recherche Scientifique

Responsable du comité de rédaction / Editor-in-chief

Antoine C-L

Publication fondée en 1864 par Louis Pasteur

Continuée de 1872 à 1882 par H. S-C D

de 1883 à 1888 par H. D

de 1889 à 1900 par C. H

de 1901 à 1917 par G. D

de 1918 à 1941 par É. P

de 1942 à 1967 par P. M

Comité de rédaction au 1 er janvier 2015

N. A B. K

E. B E. K

R. C P. L C

A. C-L M. M, 

I. G L. S-C

Rédaction / Editor

Annales Scientifiques de l’École Normale Supérieure,
45, rue d’Ulm, 75230 Paris Cedex 05, France.

Tél. : (33) 1 44 32 20 88. Fax : (33) 1 44 32 20 80.
annales@ens.fr

Édition / Publication Abonnements / Subscriptions

Société Mathématique de France Maison de la SMF
Institut Henri Poincaré Case 916 - Luminy

11, rue Pierre et Marie Curie 13288 Marseille Cedex 09
75231 Paris Cedex 05 Fax : (33) 04 91 41 17 51

Tél. : (33) 01 44 27 67 99 email : smf@smf.univ-mrs.fr
Fax : (33) 01 40 46 90 96

Tarifs

Europe : 515 e. Hors Europe : 545 e. Vente au numéro : 77 e.

© 2015 Société Mathématique de France, Paris

En application de la loi du 1er juillet 1992, il est interdit de reproduire, même partiellement, la présente publication sans l’autorisation
de l’éditeur ou du Centre français d’exploitation du droit de copie (20, rue des Grands-Augustins, 75006 Paris).
All rights reserved. No part of this publication may be translated, reproduced, stored in a retrieval system or transmitted in any form or
by any other means, electronic, mechanical, photocopying, recording or otherwise, without prior permission of the publisher.

ISSN 0012-9593 Directeur de la publication : Marc Peigné
Périodicité : 6 nos / an



Ann. Scient. Éc. Norm. Sup.

4 e série, t. 48, 2015, p. 171 à 226

THE q-ANALOGUE OF THE WILD FUNDAMENTAL
GROUP AND THE INVERSE PROBLEM OF THE

GALOIS THEORY OF q-DIFFERENCE EQUATIONS

 J-P RAMIS  J SAULOY

A. – In [23, 24], we defined q-analogues of alien derivations for linear analytic q-difference
equations with integral slopes and proved a density theorem (in the Galois group) and a freeness
theorem. In this paper, we completely describe the wild fundamental group and apply this result to
the inverse problem in q-difference Galois theory.

R. – Nous avons défini dans [23, 24] des q-analogues des dérivations étrangères pour les
équations aux q-différences linéaires analytiques à pentes entières, et prouvé un théorème de densité
(dans le groupe de Galois) et un théorème de liberté. Dans cet article, nous décrivons complètement
le groupe fondamental sauvage et appliquons ce résultat au problème inverse en théorie de Galois des
équations aux q-différences.

1. Introduction

1.1. The problems

The main purpose of this paper is to give a new and probably definitive version of the local
meromorphic classification of q-difference modules in the integral slopes case(1). Using this
result we shall get a complete solution of the inverse problem for the q-difference Galois theory
in the local case, for all q ∈ C∗, |q| 6= 1, and a solution of the inverse problem for connected
reductive algebraic groups in the global case, also for all q ∈ C∗, |q| 6= 1 (for the case of the
exceptional simple groups, in particular, this result is new(2)).

(1) This is explained in Section 2.2. For the definition and properties of slopes, see Section 2 and [33].
(2) For the simple groups SL(n,C), SO(n,C), Sp(2n,C) there are explicit solutions with generalized q-hyper-
geometric difference equations due to J. Roques, cf. Section 5.1
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1.1.1. The q-wild fundamental group. – In [25] we gave three versions of the local meromor-
phic classification of q-difference modules (in the integral slopes case). The first one uses alge-
braic normal forms and index theorems, it improves some results of Birkhoff and Guenther
[3], there is no analog in the differential case. The second method uses a q-analog of Poincaré
asymptotics expansions and the non Abelian cohomology H1(Eq,Λ) of some sheaves Λ on
the (loxodromic) elliptic curve Eq := C∗/qZ, it parallels some results of Malgrange and
Sibuya (after Birkhoff, Balser-Jürkat-Lutz) in the differential case. The third method uses
q-multisummability, it parallels [17] in the differential case.

The new version of the classification exposed here is based upon a “fundamental
group” π

(0)
1,q,w,1 that we named the q-wild fundamental group(3), a q-analog of the wild

fundamental group introduced by the first author in the differential case [7], [17]. There is
an equivalence of (Tannakian) categories between the category of finite dimensional rep-
resentations of this q-wild fundamental group and the category of q-difference modules
(with integral slopes), moreover the image of a representation is “the” q-difference Galois
group of the corresponding module (see Section 3.6 for a precise definition and statement).
This classification is in the style of the Riemann-Hilbert correspondence for regular sin-
gular meromorphic linear differential equations and should have similar (important...)
applications.

Of course there is a “trivial” candidate for a q-wild fundamental group satisfying our
requirements: the Tannakian Galois group Gal( E(0)

1 ) of the Tannakian category E(0)
1 of our

q-modules, but this (proalgebraic) group is “too abstract and too big”, our purpose was
to get a smaller fundamental group (as small as possible !) which is Zariski dense in the
Tannakian Galois group and to describe it explicitly. (As a byproduct, we shall get finally a
complete description of the Tannakian Galois group itself.) It is important to notice that the
Tannakian Galois group is an algebraic object, but that the construction of the smaller group
is based upon transcendental techniques (complex analysis). This is similar to what happens
with the Riemann-Hilbert correspondance.

We will see that it is possible to write:

Gal( E(0)
1 ) = Sto Gal( E(0)

p,1)

where(4), by definition, Gal( E(0)
p,1) := Homgr(Eq,C

∗) × C and St is a prounipotent group

(named the Stokes group). We can replace Gal( E(0)
1 ) by an equivalent datum, the action

of Gal( E(0)
p,1) on the Lie algebra st of St. We denote this datum as a semi-direct product

sto Gal( E(0)
p,1).

We build a free Lie algebra L generated by an infinite family of symbols ∆̇
(δ,c̄)
i

(δ ∈ N∗, c̄ ∈ Eq, i = 1, . . . , δ) and ∆̇(0), the (pointed) q-alien derivations, endowed
with an action of Gal( E(0)

p,1)s := Homgr(Eq,C
∗), and a natural Gal( E(0)

p,1)s-equivariant map

(3) In π(0)
1,q,w,1, the subscript 1 is for the analogy with π1, q is clear,w is for wild, the last 1 is for integral slopes case

(i.e., with denominator 1) and the superscript (0) is for local at 0.
(4) This a priori strange notation is motivated by the fact that this group is the Galois group of the category of pure
modules.
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L→ s̃t := st⊕C log ∆̇(0). Then, by definition:

π
(0)
1,q,w,1 := Lo Gal( E(0)

p,1)s

and we prove that the natural map

RepC(Gal( E(0)
1 ))→ RepC(π

(0)
1,q,w,1)

is an isomorphism. To be more precise, RepC(Gal( E(0)
1 )) denotes the category of ratio-

nal finite dimensional complex representations of the proalgebraic group Gal( E(0)
1 ) and

RepC(π
(0)
1,q,w,1) the category of plain finite dimensional complex representations of the wild

fundamental group π(0)
1,q,w,1 (this will be made precise in Definition 3.9). The restriction of

representations induces a functor RepC(Gal( E(0)
1 )) → RepC(π

(0)
1,q,w,1) and this functor is

an isomorphism, i.e., it is fully faithful and bijective on objects (see Theorem 3.10). Note
that in the text all representations of algebraic or proalgebraic groups will be rational and
we shall usually not bother to mention this explicitly.

As a byproduct, we prove that, for some convenient pronilpotent completion L† (intro-
duced in Section 3.6 and studied in the appendix) of the free Lie-algebra the map:

exp(L†) oG
(0)
p,1,s → exp(s̃t) oG

(0)
p,1,s = StoG

(0)
p,1 = G

(0)
1

is an isomorphism of proalgebraic groups. It is an “explicit description” of the Tannakian
group G(0)

1 .
The construction of L and the proof of its main properties is the outcome of a quite long

process (in three steps: [23], [24] and the present article) and uses some deep results of [25].
In [23] we built some (pointed) q-alien derivations ∆̇δ

a belonging to st(5), we interpreted them
using q-Borel-Ramis transform and we got the “first level” of our construction (the “linear
case” as in the two-slopes case). In [24] we proved the Zariski density of the Lie algebra
generated by the q-alien derivations and we gave a first (awkward...) tentative of devissage
in order to “free” a convenient subset of an extended set of alien derivations. Here we finally
give “the good” devissage and we prove the freeness theorem (Theorem 3.8). The freeness
property is absolutely crucial, it allows a very easy computation of the representations of the
q-wild fundamental group and in particular the solution of the inverse problem.

The (q-Gevrey) devissage used in the present article is based upon the (q-Gevrey) devissage
of the non-Abelian cohomology sets of some sheaves of unipotent groups on Eq and its
relations with the q-alien derivations (this is explained in more detail in Sections 3.2 and 3.3).
We think that this devissage is interesting by itself and will give later some relations between
some H1(Eq,Λ) and some (rational) representations of algebraic groups.

The underlying idea of our construction is that the knowledge of a q-difference module
is equivalent to the knowledge of its formal invariants and of the corresponding q-Stokes
phenomena (in the sense of [25]). This is similar to what happens in the differential case,
but unfortunately there is a major difference, here the entries of the Stokes matrices are
q-constants, that is elliptic functions on Eq, and we would like instead some matrices be-
longing to GLn(C) (the q-difference Galois groups are defined on C). This motivates the

(5) The pointed q alien derivations are q-analog of the algebraic pointed alien derivation introduced in [16]. The
name comes from the fact that in the simplest cases the Martinet-Ramis pointed alien derivations “coincide” with
the derivations introduced before by J. Écalle under this name. For a proof, cf. [15].
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