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FACTORIZATION OF NON-SYMMETRIC OPERATORS
AND EXPONENTIAL H -THEOREM

M.P. Gualdani, S. Mischler, C. Mouhot

Abstract. — We present an abstract method for deriving decay estimates on the
resolvents and semigroups of non-symmetric operators in Banach spaces in terms
of estimates in another smaller reference Banach space. This applies to a class of
operators writing as A + B where A is bounded, B is dissipative and the two
parts satisfy a semigroup commutator condition of regularization. The core of the
method is a high-order quantitative factorization argument on the resolvents and
semigroups. We then apply this approach to the Fokker-Planck equation, to the ki-
netic Fokker-Planck equation in the torus, and to the linearized Boltzmann equation
in the torus.

We finally use this information on the linearized Boltzmann semigroup to
study perturbative solutions for the nonlinear Boltzmann equation. We intro-
duce a non-symmetric energy method to prove nonlinear stability in this context
in L1vL

∞
x (1 + |v |k ), k > 2, with sharp rate of decay in time. Our result drastically

improves the class of functions considered in the literature, it also provides optimal
rate of convergence and our proof is constructive.

As a consequence of these results, we obtain the first constructive proof of ex-
ponential decay, with sharp rate, towards global equilibrium for the full nonlinear
Boltzmann equation for hard spheres, conditionally to some smoothness and (poly-
nomial) moment estimates. This improves the result in [46] where polynomial rates
at any order were obtained, and solves the conjecture raised in [119], [43], [110]
about the optimal decay rate of the relative entropy in the H -theorem.

Résumé. — Nous présentons une méthode abstraite pour démontrer des es-
timations de décroissance sur les résolvantes et les semi-groupes d’opérateurs
non-symétriques dans des espaces de Banach, à partir d’estimations dans un autre
espace de Banach de référence plus petit. Cette méthode s’applique à une classe
d’opérateurs s’écrivant A + B avec A borné et B dissipatif, et sous une condi-
tion de régularisation sur un commutateur au niveau des semi-groupes. Le cœur
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