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Abstract. — In this note, we compute the adiabatic limit of Chern forms for holomor-
phic fibrations over complex curves. We assume that the projection of the fibration
has only isolated critical points.

Résumé(Points critiques isolés et limites adiabatiques des formes de Chern). — Dans
cet article, nous calculons la limite adiabatique des formes de Chern pour les fibra-
tions holomorphes sur des coubes complexes. Nous supposons que le projection de la
fibration n’a que des points critiques isolés.

1. Introduction

Let X be a complex manifold of dimension n + 1 and S a Riemann surface. Let

f : X → S be a proper surjective holomorphic map. The critical locus of f is the

analytic subset of X defined by

Σf = {p ∈ X ; dfp = 0}.

In this note, we always assume that Σf is discrete.

Let gTX be a Hermitian metric on the holomorphic tangent bundle TX . Let gTS

be a Hermitian metric on TS. Define the family of Hermitian metrics on TX by

gTX
ε = gTX +

1

ε2
f∗gTS (ε > 0).

Let ∇TX,gT X
ε be the holomorphic Hermitian connection of (TX, gTX

ε ), whose cur-

vature form is denoted by RTX,gT X
ε . Then RTX,gT X

ε is a (1, 1)-form on X with values

in End(TX). Let ci(TX, g
TX
ε ) be the i-th Chern form of (TX, gTX

ε ).
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Let P (c) = P (c1, . . . , cn+1) ∈ C[c1, . . . , cn+1] be a polynomial in the variables

c1, . . . , cn+1. The purpose of this note is to study the family of differential forms

P (TX, gTX
ε ) := P (c(TX, gTX

ε )) as ε → 0, called the adiabatic limit, under certain

assumptions on the metrics gTX , gTS (see Assumption 2.1).

The study of this problem was initiated by Bismut and Bost in [3, Sect. 6 (a)]; they

treated the case where dimX = 2, the map f has only non-degenerate critical points,

and P (c) is the Todd polynomial. They applied their formula for the adiabatic limit

to compute the holonomy of the determinant line bundles on S ([3, Sect. 6 (b), (c)]).

Then Bismut treated in [2, Sect. 1 (e)] the case where dimX is arbitrary, the critical

locus of the map f is locally defined by the equation f(z0, z1, z
′) = z0z1, and P (c) is

arbitrary; he used his result to study the boundary behavior of Quillen metrics.

The goal of this note is to establish the convergence of the adiabatic limit

limε→0 P (TX, gTX
ε ) in the sense of currents on X and to compute the explicit

formula for it. In particular, we extend [3, Sect. 6 (a)] to the case where f has only

isolated critical points. Our result (Theorem 2.2) is compatible with [15].

2. Statement of the Result

Let f : X → S be a proper surjective holomorphic map between complex manifolds.

Throughout this note, we assume the following:

(i) The critical locus Σf is a discrete subset of X .

(ii) dimX = n+ 1 and dimS = 1.

Let gTX and gTS be Hermitian metrics on TX and TS, respectively. We define

the family of Hermitian metrics {gTX
ε }ε>0 by

gTX
ε := gTX + ε−2f∗gTS.

The unit disc {s ∈ C; |s| < 1} and the unit punctured disc {s ∈ C; 0 < |s| < 1} are

denoted by ∆ and ∆∗ = ∆ r {0}, respectively.

2.1. Assumptions on metrics. — Let Γf ⊂ X × S be the graph of f :

Γf = {(x, t) ∈ X × S; f(x) = t}.

Let pr1 : Γf → X and pr2 : Γf → S be the natural projections. Let (Up, (z0, . . . , zn))

be a coordinate neighborhood of p ∈ Σf in X centered at p. Let (Df(p), t) be a

coordinate neighborhood of f(p) in S centered at f(p). Assume that

(i) Up ∩ Uq = ∅ for p, q ∈ Σf with p 6= q;

(ii) (Up, p) ∼= (∆n+1, 0);

(iii) (f(Up), f(p)) ⊂ (Df(p), 0).
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Then Γf |Up
is a submanifold of Up × Df(p). Let ι : Γf |Up

↪→ Up × Df(p) be the

inclusion. We have the commutative diagram:

(Γf |Up
, (p, f(p)))

ι
//

pr1
��

(Up ×Df(p), (0, 0))

pr2
��

(Up, p)
f

// (Df(p), 0).

Assumption 2.1. — Let δ > 0 be a constant. Assume that the Hermitian metrics gTX

and gTS are expressed as follows on each Up (p ∈ Σf ):

pr∗1g
TX |(Γf |Up ) =

{
∑

i

dzi ⊗ dzi + δ · dt⊗ dt

}∣∣∣∣∣
(Γf |Up )

,(1)

gTS|Df(p)
= dt⊗ dt.(2)

We are mainly interested in the case δ = 0 because gTX |Up
is the restriction of the

Euclidean metric on Cn+1 in this case.

2.2. Chern forms. — Let Mn+1(C) be the set of all complex (n + 1) × (n + 1)

matrices. For A ∈ Mn+1(C), set c(A) = det(In+1 +A) = 1 + c1(A) + · · · + cn+1(A),

where ci(A) is homogeneous of degree i. For a polynomial P (c) = P (c1, . . . , cn+1) ∈

C[c1, . . . , cn+1], set P (A) = P (c1(A), . . . , cn+1(A)).

Denote by Ap,q
X (resp. Ar

X) the vector space of smooth (p, q)-forms (resp. r-forms)

on X . For a complex vector bundle F on X , the set of smooth (p, q)-forms on X

with values in F is denoted by Ap,q
X (F ). For Φ ∈ A∗

X , Φtop denotes the bidegree

(dimX, dimX)-part of Φ. Hence Φtop ∈ An+1,n+1
X .

Let (E, hE) be a holomorphic Hermitian vector bundle on X . Let ∇E,hE

be the

holomorphic Hermitian connection. Namely, the (0, 1)-part of ∇E,hE

is given by the

∂-operator and ∇E,hE

is compatible with the metric hE (cf. [10, Chap. 1, Sect. 4]).

Let RE,hE

= (∇E,hE

)2 ∈ A1,1
X (End(E)) be the curvature form of ∇E,hE

. Set

c(E, hE) =

rank(E)∑

i=0

ci(E, h
E) := c

(
i

2π
RE,hE

)
∈
⊕

p>0

Ap,p
X .

2.3. The convergence of adiabatic limits. — Let

Tf := ker{f∗ : TX |XrΣf
−→ f∗TS}

be the relative holomorphic tangent bundle of the map f : X → S. Then Tf is a

holomorphic subbundle of TX |XrΣf
.

Let gTf = gTX |Tf = (gTX
ε )|Tf be the Hermitian metric on Tf induced from gTX

ε .

Then gTf is independent of ε > 0. Let RTf,gT f

be the curvature of (Tf, gTf). The

i-th Chern form ci(Tf, g
Tf) lies in Ai,i

XrΣf
for i = 1, . . . , n.
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For p ∈ Σf , let µ(f, p) ∈ N be the Milnor number of f at p, i.e.,

µ(f, p) := dimC C{z0, . . . , zn}
/( ∂f

∂z0
(z), . . . ,

∂f

∂zn
(z)

)
,

where ( ∂f
∂z0

, . . . , ∂f
∂zn

) ⊂ C{z0, . . . , zn} is the ideal generated by the germs ∂f
∂z0

, . . . , ∂f
∂zn

.

The Dirac δ-current supported at p ∈ Σf is the (n + 1, n + 1)-current δp on X

defined by ∫

X

ϕ δp := ϕ(p), ∀ ϕ ∈ C∞
0 (X).

For a formal power series of one variable ϕ(t) ∈ C[[t]], let ϕ(t)|tm be the coefficient

of the term tm in ϕ(t), i.e., ϕ(t)|tm = 1
m!

(
d
dt

)m
|t=0 ϕ(t).

Main Theorem 2.2. — With the same notation as above, assume that Σf is a discrete

subset of X and that the metrics gTX , gTS verify Assumption 2.1. Then the following

hold:

(1) The differential form P (Tf⊕f∗TS, gTf ⊕f∗gTS)top ∈ An+1,n+1
XrΣf

extends trivially

to a smooth (n+ 1, n+ 1)-form on X.

(2) The adiabatic limit limε→0 P (TX, gTX
ε )top converges to a (n + 1, n + 1)-current

on X. Moreover, the following identity holds:

lim
ε→0

P (TX, gTX
ε )top = P (Tf ⊕ f∗TS, gTf ⊕ f∗gTS)top(2.1)

+P (−t, . . . , (−t)n+1)|tn+1 ·
∑

p∈Σf

µ(f, p) δp,

In particular, the following equation of currents on Up holds:

(2.2) lim
ε→0

P (TX, gTX
ε )top|Up

= P (−t, . . . , (−t)n+1)|tn+1 · µ(f, p) δp.

Corollary 2.3([8], [4, Example 14.1.5], [7, Chap. VI, 3], [9, Cor. 2.4])
Let X be a compact complex manifold of dimension n+1 and S a compact Riemann

surface. Let f : X → S be a proper surjective holomorphic map with general fiber F .

Let χEP(X), χEP(F ), χEP(S) be the topological Euler-Poincaré numbers of X, F , S,

respectively. If Σf is a finite set, then the following identity holds:

χEP(X) = χEP(F )χEP(S) + (−1)n+1
∑

p∈Σf

µ(f, p).

Proof of Corollary 2.3. — Consider the polynomial P (A) = cn+1(A) = det(A). Then

the corresponding genus is the Euler characteristic. Since

cn+1(Tf ⊕ f∗TS, gTf ⊕ f∗gTS) = cn(Tf, gTf) ∧ f∗c1(TS, g
TS) ∈ An+1,n+1

X

by Theorem 2.2 (1), the result follows from (2.1) and the projection formula:
∫

X

cn+1(Tf ⊕ f∗TS, gTf ⊕ f∗gTS) =

∫

F

cn(Tf, gTf)|F

∫

S

c1(TS, g
TS)

= χEP(F )χEP(S).
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Example 2.4. — Let A be an Abelian variety of dimension g and E an elliptic curve.

Let X ⊂ A× E be a smooth hypersurface such that the restriction of the projection

pr2|X : X → E has only isolated critical points. Set f = pr2|X .

Let gTA and gTE be the flat Kähler metrics on TA and TE, respectively. For

ε > 0, set

gTX
ε = gTA ⊕

(
1 +

1

ε2

)
gTE

∣∣∣∣
X

.

Then, for all x ∈ X , there is a neighborhood Ux in A × E such that the metrics

gTX := gTX
∞ and gTE verify Assumption 2.1 on Ux. The first term of the R.H.S. of

(2.1) vanishes identically on X by Propositions 4.1 and 4.2 below. Hence it follows

from (2.1) that

(2.3) lim
ε→0

P (TX, gTX
ε )top = P (−t, . . . , (−t)g)|tg ·

∑

p∈Σf

µ(f, p) δp.

In particular, the support of the adiabatic limit limε→0 P (TX, gTX
ε )top concentrates

on the critical locus Σf in this example.

Remark 2.5. — We can verify (2.3) as an identity of cohomology classes as follows.

Let N be the normal bundle of X in A × E. Then we have the exact sequence of

holomorphic vector bundles on X :

0 −→ TX −→ T (A× E)|X = Cg+1 −→ N −→ 0,

from which we obtain c(X) = c(N)−1 = (1+ c1(N))−1. Hence ci(X) = (−c1(N))i for

i = 1, . . . , g and

P (c(X)) = P (−t, . . . , (−t)g)|tg · c1(N)g = (−1)gP (−t, . . . , (−t)g)|tg · cg(X).

Since χEP(E) = 0, this yields that
∫

X

P (c(X)) = (−1)gP (−t, . . . , (−t)g)|tg · χEP(X)

= (−1)gP (−t, . . . , (−t)g)|tg ·

{
χEP(F )χEP(E) + (−1)g

∑

p∈Σf

µ(f, p)

}

= P (−t, . . . , (−t)g)|tg ·
∑

p∈Σf

µ(f, p).

3. An analytic characterization of the Milnor number

Set U := ∆n+1. We denote by z = (z0, . . . , zn) the system of coordinates of U . Let

f : (U, 0) → (C, 0) be a holomorphic function on U such that

Σf = {0}.
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