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VISUALIZATION OF THE EIGENVALUE PROBLEMS
OF THE LAPLACIAN FOR EMBEDDED SURFACES
AND ITS APPLICATIONS

by

Masaki Jumonji & Hajime Urakawa

Abstract. — In this paper, we give numerical computations and computer visualiza-
tions of the various eigenvalue problems of the Laplacian for plane domains, embedded
closed surfaces and their enclosed domains in the three dimensional Euclidean Space,
and show their applications.

Résumé (Visualisation des problémes de valeurs propres pour le laplacien des surfaces plongées
et ses applications)

Nous donnons des calculs numériques et des représentations par ordinateur de
différents problémes associés aux valeurs propres du Laplacien pour des domaines
plans, des surfaces fermées plongées et les domaines qu’elles entourent dans un espace
euclidien de dimension 3. Et nous montrons leurs applications.

1. Introduction.

Since R. Courant [7], numerical computations on the solutions of the partial differ-
ential equations have widely been studied and applied to various industries. They are
almost impossible for us to survey all of them and to get even a bird’s eye view (see
[1]). In this paper, we concentrate ourselves the eigenvalue problems of the Laplacian
and related topics. We first prepare the materials for the setting on the eigenvalue
problems of the Laplacian on compact Riemannian minfolds with or without bound-
ary. Let (M,g) be a d-dimensional compact Riemannian manifold with or without
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boundary OM. Let A be the Laplacian of (M,g) acting on the space C*°(M) of
smooth functions on M. That is, A is given by

1 9 of
Af=——— 7( det if—.), € C>(M),
f o) ”221 o2, (9re) 9 55 f (M)
where (x1,...,24) is a local coordinate on M, (¢*) = (gr)~', and (gr;) are the

components of g with respect to the coordinate. If 9M = &, we consider the free
boundary eigenvalue problem of the Laplacian A

(1.1) Ap=Xp (on M),

and if OM # @, the Dirichlet eigenvalue problem (the Neumann eigenvalue problem)

Ap =2 M,
(1.2) L
¢ =0 on OM,
or
Ap =) M,
(1.3) (,;p oon
e =0 on 0M,

where n is the inward unit normal vector field along M. Then, they have the discrete
spectra, which we denote by

Spec(M,g) ={0=X; <Xy <--- <A < -+ — 00}
for (1.1),
Specp(M,g) ={(0 <)NP < AP <... <X <... = 0}
for (1.2), and
Specy (M,g) ={0=AV <AV <. <AV <. = o0}

for (1.3), and the corresponding eigenfunctions for (1.1), (1.2) and (1.3) by ¢, P,
and o, (k=1,2,---), respectively. We take for the eigenfunctions ¢y, ¢, and ¥
to be orthonormal with respect to the inner product (, ) which is given by

(f.h) = /M F(@)h(z)v,,

for f and h in C*°(M). Here v, is the volume element defined by vy = +/det(g;;)dz1 A
<o Adzg.

So far, the only known examples for the spectrum of the free boundary problem
(1.1) in the case OM = &, are the Riemannian symmetric spaces including the unit
sphere. In the case of the unit sphere (S¢,go), the eigenvalues are I(I + d — 1),

(I =0,1,--+), their multiplicities m; are given by m; = ((l;'_dl_)!zl)!!(Ql +d—1), and

the corresponding eigenfunctions are the restriction of the k-th harmonic polynomials
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on R¥*! to S¢. For all the embedded compact surfaces except the unit sphere, the

explicit eigenvalues and eigenfunctions are completely unknown.

In this paper, we consider (1.1), (1.2) or (1.3) for an arbitrarily embedded compact
surface M without (or with) boundary in the three dimensional Euclidean space R?,
and the induced Riemannian metric g from the standard Riemannian metric gg, that
is, g = 1*go, where ¢ is the inclusion of M into R3. We will show that the finite element
method works well to compute numerically the eigenvalues and the eigenfunctions of
(M, g) and as its applications, we will show the computer graphics on the eigenvalues
and eigenfunctions, and the solutions of the heat and wave equations on the embedded
surfaces in the three dimensional Euclidean space. The construction of this paper is
as follows:
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. Yau’s problem for the Dirichlet eigenvalues.

2. The FEM for the eugenvalue problems of the Laplacian.

In this section, we treat with the finite element method initiated by R. Courant, to
compute numerically by computers the eigenvalues and eigenfunctions of the Lapla-
cian for the problems (1.1), (1.2) or (1.3), respectively. Let (M, g) be an embedded
compact surface as in the intoduction. Let us denote the standard coordinate of R3
by (z,y,%). Let us take a triangulation = = {e,} of M. That is, let us take a set
of points in M, {P1,...,Pn}, {P1,...,Ps, Poiy1,..., Py}, the set of the one in M
such that {Pyi1,...,Pn} is the set of points belonging to OM if OM # &) and let
Z = {e,} be the set of triangles in R? given by straight segments joining the above
two points. Let G(Z) = |J, e, If we take enough many points {Py,..., P} in M,
G(E) approximates M well. Let ¢; (i = 1,...,m) be the basic functions on G(E)
associated to =, i.e.,
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1. ¢i(x,y,z) is at most linear on each e, i.e.,
Yi(z,y,2) =al'z + by + iz if (x,y,2) € ey,
for some constants a’, b%" and ¢!’ for e, and
Then, we obtain the two m X m-matrices for (1.1) if 9M = & (or the two £ x {-
matrices for (1.2) if M # @ ) K(E) = (K;;(E)) and M(E) = (M;;(E)), called the
stiffness matriz and the mass matriz given by
K;j(E) = .[G(E) (Vii, V¢j>g(5)vg(5)’
Mi;(E) = [g@) ¥i¥ive=),

where (, )4(z) is the inner product with respect to the continuous Riemannian metric
g(Z) = t*go on G(E) induced from the inclusion ¢ : G(Z) C R3. Then, we have

Definition 2.1. — (1) Assume that OM = @. For each vector u = (uy,...,uy) in
R™, we define the piecewise smooth function @ on G(E) by

(2.1) U(z,y,2) = > _usths(2,9,2), (2,9,2) € G(E).
s=1
(2) Assume that OM # @. For every u = *(u1,...,us) € RY, we also define
(2.2) T, Y, 2 Zusdzs (x,y,2), (z,y,2) € G(E).

Then, this function & vanishes at the boundary 0G(Z).

Definition 2.2. — (1) Assume that OM = &. Let us consider the eigenvalue problem
for the m x m-matrices K(Z) and M(Z),

(2.3) KEu=vME)u, ueR™
and we denote by {v1(E),1(E),...,unm(E)}, the eigenvalues of (2.3) counted with
their multiplicities, and by {uy (E), uz(E),...,un(E)}, the corresponding eigenvectors

of (2.3), respectively.
(2) Assume that OM # &. For the £ x £-matrices K(ZE) and M(Z), we consider
the similar eigenvalue problem

(2.4) KEu=vME)u, ucR.
Denote by {vP (B),vP(E), - ,vP (B)} and {uP (E),ul (2),...,ul (2)}, for the eigen-
value problem (2.4), respectively.

Then, it is well known (cf. [2], [3], [9], [11], [13]) the following:
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