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SUBELLIPTIC VARIATIONAL PROBLEMS
BY

Cuao-JianG XU (*)

RESUME. — En utilisant la méthode directe et 'itération de MOSER, nous démon-
trons ’existence et la C*-régularité du point stationnaire pour le probléme variationnel
elliptique dégénéré I(p) = fn F(z,u,Xu)dz ou X = (X1,...,Xm) est un systéme de
champs de vecteurs C réels qui satisfait a la condition de Hérmander. Les hypothéses
sur F(z,u,£) sont analogues & celles faites pour les problémes elliptiques.

ABSTRACT. — Using the direct method and the MOSER’s process, we prove the
existence and C* regularity of stationary point for the degenerate elliptic variational

problem I(p) = fn F(z,u, Xu)dzx where X = (X1,...,Xm) is a system of real smooth

vector fields which satisfy the Hormander’s condition. The assumption imposed on
F(z,u, &) are similar to those for the elliptic case.

1. Introduction

In this paper, we study the existence and the regularity for the
minimum points of the following variational problem :

(1.1) I(,u,):/QF(x,u,Xu)dm,

where Q is an open set in R”, n > 2, and X = (X3,...,X,,) is a system of
real smooth vector fiels in M, which is a bounded domain of R™ such that
Q cC M. We assume that F(z,u,£) is convex in £ and that X satisfy the
Ho6rmander’s condition in M, i.e.

{X;} together with their commutators
(H) up to a certain fired length r span the
tangent space at each point of M.

(*) Texte recu le 26 juin 1989, révisé le 15 mars 19go.
C.-J. Xu, Dept. of Mathematics, Wuhan University, 430072 Wuhan, China (P.R.).
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In this case, the Euler’s equation of (1.1)

m

(1.2) > X;Fe;(z,u, Xu) + Fy(z,u, Xu) = 0
Jj=1

is degenerately elliptic. We assume also, for j =1,...,m,

Mes{z € Q| X;(z) =0} =0.

For linear problems of this kind, there is a lot of work after the first
appearing of L. HORMANDER’s (see [1, 2, 4, 5, 7, 8, 9]). In particular, we
note that the Hormander’s condition permit us to define a metric p(z,y)
associated with X in M. Using the geometry of this metric, we can think
the Hérmander operator

as the Laplace operators. Then we can study the existence of weak
stationary points of (1.1) by the direct method just as we do for the
elliptic problem, and discuss the C* regularity of weak solution of (1.2)
by Moser’s process just as we do for the linear degenerate elliptic problems.

Our result is an extention of those for the elliptic variationnal problem
to a certain class of highly degenerate problems. We will consider the C*®
regularity problems in another paper.

2. Function space M*P(£2)

In order to study the weak solution, we introduce a function space
M*?(Q) associated with X, which is analogue to Sobolev’s space. For
any integer k > 1, p > 1 and Q CC M, we define

(1) M) ={feL @]
X7f € L), VI = (u,-0da), 1] < k)

where X7 f = X;, ... X, f, |J| = s and define the norm in M*?(Q) to be

/
(22) sy = (5 1K f1ley) "

|JI<k
We also denote by M*(Q2) = M*2(Q). Then we have :
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THEOREM 1. — The function space M*P(Q) is a Banach space for
1 < p < 400, which is reflexive for 1 < p < +o0 and separable for
1 < p < +oo. Also, M*¥(Q) is a separable Hilbert space.

Proof. — a) Let J = (j1,...,Js), with 1 < j. < m, and denote by X7*
the adjoint operator of X7. Then

(23)  M*?(Q) = {f € L7(9) | 3g; € LP(Q) such that
|1 x7pdo= [ grodo, e C@), 191k},
Q Q

Suppose {u;} to be a Cauchy sequence of M*?(Q), then {X7u;}, for
|J] < k, are all Cauchy sequence in LP(f2). Hence there exists u’ € LP(Q)
such that X7u; — u’ in LP(2). On the other hand

/quJ*cpda:-—-/XJujgodm, peC, |J| Lk.
Q Q

Let 7 — oo, we have
/uoX‘]*godx:/chpdx, p e C(Y), |J| <k,
Q Q

which proves u® € M*?(Q), X7u® = u’ and |[u; — u°||prr0() = O.

b) Setting £ = []|;,<; LP(€2), then E is a reflexive Banach space for
1 < p < +0o. Define T : M*¥?P(Q) — E by Tu = (X’u), then T is an
isometry from M*?(Q) to E. Since T(M*?(Q)) is a closed subspace of E
and T(M*?(Q)) is reflexive, then M*?(Q) is also reflexive. The proof for
separability is similar.

We denote by MyP(Q) the closure of C$°(Q) in M*?(Q). From the
subellipticity of Hérmander’s operator H, we have the following lemma. :

LEMMA 2. — Let Q be a bounded subdomain of M. Assume that X
satisfies the Hormander’s condition in M. Then, we have the continuous
imbedding MEP(Q) ¢ Wk/m™2(Q) for all k > 1, p > 1 and there exists
C =C(p,Q,r) such that

(24) llullwerra () < Cllul|prrn ()
for all w € MPP(Q). (Here, W*P(Q) is the usual Sobolev’s space.)

For the proof of this LEMMA, see [2, 9]. Using the classical Sobolev in-
equality in W*P(Q) and imbedding LEMMA above, we obtain the following
Sobolev inequality for the function space M*?((2).
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THEOREM 3. — Assume that Q is a C*® domain. Then, we have
continuous imbedding
Lrw/(n=kp/T)(Q)  for kp < nr,

k,p

Further, there exists a constant C = C(n,r,p, k) such that for any
u € MEP(Q) we have

[[wllprpsn=rprmyq) < Cllullprery — for kp < nr,
(2.6) kjn—r/

H““cm(ﬁ) < ClQ Pllullprri)  for k/r —n/p>m > 0.

By a contradiction argument based on the compactness result of

the usual Sobolev’s space, we obtain an interpolation inequality for the
space M*?(Q).

LeEMmMA 4. — Assume that §2 is a C™ subdomain of M and u an element
of M*?(Q). Then, for any e > 0 and 0 < |J| < k, we have

I1X 7l o) < ellullares (o) + CllullLo )
where C = C(k,Q,¢).

We define now a metric p(z,y) associated with X in M as in [7, 9],
and take

Bgr(z) = {y € 2| p(z,y) < R}

for R > 0 small enough. Then, in the function space M*P?(2), we have
also the following Poincaré inequality.

LEMMA 5

(1) For any z° € Q, there exists Ry > 0 such that for all 0 < R < Ry,
if p € My?(Bgr(z)), then

(2.8) el Lr (Br(z0)) < CRIIX Q|| Lr(Br(20))

where C is of independant on ¢ and R.
(2) If, in the system of vector field X = (X1,...,Xn) there exists at
last one vector field which can be globally straightened in ), then we have

(2.9) llel|zr(@) < C diam Q|| X || 10 (q)
for all p € Mé’p(ﬂ), where C is of independant on ¢ and €.
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