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ON THE SPECTRUMS OF ERGODIC SCHRODINGER
OPERATORS WITH FINITELY VALUED POTENTIALS

by Zhiyuan Zhang

Abstract. — In this paper, we show that the Lebesgue measure of the spectrum of
ergodic Schrödinger operators with potentials defined by non-constant function over
any minimal aperiodic finite subshift tends to zero as the coupling constant tends to
infinity. We also obtained a quantitative upper bound for the measure of the spectrum.
This follows from a result we proved for ergodic Schrödinger operators with potentials
generated by aperiodic subshift under a condition on the recurrence property of the
subshift. We also show that such condition is necessary for such result.

Résumé (Sur les spectres des opérateurs de Schrödinger ergodique avec les potentiels
des valeurs fini). — Dans cet article, nous montrons que les mesures Lebesgue des
spectres des opérateurs de Schrödinger avec les potentiels qui sont définis par les
fonctions non-constantes sur un décalage de type fini, minimal et aperiodique tendent
vers zero quand le constant du couplage tend vers l’infini. Ce résultat découle d’un
résultat plus général dont nous montrons pour les opérateurs de Schrödinger avec les
potentiels qui sont engendrés par un décalage de type fini avec certaine condition sous
la récurrence. Nous montrons en même temps que cette condition est nécessaire pour
obtenir ce résultat.
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1. Introduction

This paper is motivated by Simon’s subshift conjecture (in [6], see also [2])
and the desire to get a better understanding of recently discovered counter-
examples in [1].

Given a finite set A, we define the shift transformation T on AZ by T (ω)n =
ωn+1. Let Ω be a T−invariant compact subset of AZ. Let µ ∈ P(Ω) be an
ergodic T−invariant measure. Without loss of generality, in this paper we will
always assume that Ω = supp(µ), for otherwise we can replace Ω by supp(µ).
We will assume that for any α ∈ A, we have µ({ω | ω0 = α}) > 0, for
otherwise we can replace A by one of its subsets. To avoid triviality, a function
v : A → R is said to be admissible if for any two distinct elements α, β ∈ A,
we have v(α) 6= v(β). Given any admissible function v, we denote

λv := min
α,β∈A,α 6=β

|v(α)− v(β)|.

For each ω ∈ Ω, we consider the Schrödinger operator Hω on `2(Z) defined
by

(Hωu)n = un+1 + un−1 + v(ωn)un.(1.1)

Let Σω denote the spectrum of Hω. By ergodicity, Σω is the same for µ almost
every ω. It is also well-known that when (Ω, T ) is minimal, Σω is the same for
all ω ∈ Ω. In either case, we denote by Σv the (almost sure) common spectrum.

Consider an aperiodic minimal subshift as above, the common spectrum was
suspected to be of zero Lebesgue measure. For CMV matrices, Barry Simon
conjectured the following in [6].

Conjecture 1. — Given a minimal subshift of Verblunsky coefficients which
is not periodic, the common essential support of the associated measures has
zero Lebesgue measure.

There is also a Schrödinger version of the subshift conjecture (see [1]). We
state it using our notations.

Conjecture 2. — Given any admissible v : A → R, and a minimal subshift
Ω ⊂ AZ which is not periodic, the associated common spectrum Σv has zero
Lebesgue measure.

It has been shown that for strictly ergodic subshifts satisfying the so-called
Boshernitzan condition, the Schrödinger operators have zero-measure spectrum
for any non-constant potentials [3], and for CMV matrices, one has zero-
measure supports [4]. More results on subshifts associated operators can be
found in [2].

In the recent work of Avila, Damanik and Zhang [1], the subshift conjecture is
shown to be false, for both Schrödinger version and the orginal version for CMV
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matrices. In fact, the authors proved the following theorem for Schrödinger
operators (Theorem 1 in [1]). We rephrase it using our notations.

Theorem 1. — Given any integer p ≥ 2, there is an admissible function
v : {1, . . . , p} → R, and a minimal subshift Ω ⊂ {1, . . . , p}Z which is not
periodic, such that the associated spectrum Σv has strictly positive Lebesgue
measure.

They also proved a CMV matrices analog (Theorem 2 in [1]) which disproved
the subshift conjecture in its original formulation.

In [1], the authors also proved a positive result which roughly says that when
the system endowed with an ergodic invariant measure which is relatively sim-
ple, the associated density of states measure is purely singular. The precise
conditions are formulated as being “almost surely polynomially transitive” and
“almost surely of polynomial complexity”. The positive result works for every
subshift that is uniformly polynomially transitive and of polynomial complex-
ity (see the remarks after Definition 1,2 in [1]). This theorem can be applied to
subshifts generated by translations on tori with Diophantine frequencies, cer-
tain skew shifts and interval exchange transformations. Note that this theorem
does not imply that the measure of the spectrum is zero.

Given this new phenomenon, namely that the minimal aperiodic subshift
generated potentials can have positive-measure spectrum, the following ques-
tion arises naturally.

Question 1. — Given a minimal aperiodic subshift and a non-constant po-
tential function, how large can the Lebesgue measure of the spectrum be ?

This paper is an attempt to study this question. One of our main results is
the following.

Theorem 2. — Given any integer p ≥ 2, a minimal aperiodic subshift Ω ⊂
{1, . . . , p}Z. Then for any 0 < γ < 1 the following is true. For any admissible
function v : {1, . . . , p} → R, there exists C > 0, such that for any λ > 0, the
Lebesgue measure of Σλv is smaller than Cλ−γ .

We actually proved the following more general result for ergodic Schrödinger
operators with subshift-generated potentials:

Theorem 3. — Given any integer p ≥ 2, let µ be an ergodic shift invariant
measure on {1, . . . , p}Z, such that there exists an integer K > 0 satisfying
µ({ω | ω0 = ω1 = · · · = ωK−1}) = 0. Then for any 0 < γ < 1, there exists a
constant C > 0, such that for any admissible function v : {1, . . . , p} → R, we
have Leb(Σv) < Cλ−γv .
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