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GROWTH OF SELMER GROUPS OF HILBERT
MODULAR FORMS OVER RING CLASS FIELDS

 J Ň

A. – We prove non-trivial lower bounds for the growth of ranks of Selmer groups of
Hilbert modular forms over ring class fields and over certain Kummer extensions, by establishing first
a suitable parity result.

R. – On donne des bornes inférieures non triviales sur la croissance des rangs des groupes
de Selmer de formes modulaires de Hilbert sur les corps de classes d’anneau et sur des extensions de
Kummer, en démontrant d’abord un résultat de parité.

0. Introduction

0.1. – Fix an algebraic closure Q of Q, a prime number p and embeddings i∞ : Q ↪→ C and
ip : Q ↪→ Qp.

Let F be a totally real number field and g ∈ Sk(n, 1) a cuspidal Hilbert modular newform
over F of parallel weight k, trivial character (which implies that k is even) and (exact) level n.

Let K be a totally imaginary quadratic extension of F and χ : A∗K/K∗A∗F −→ C∗ a
(continuous) character of finite order. Fix a number fieldL ⊂ Q such that i∞(L) contains all
Hecke eigenvalues λg(v) of g and all values of χ; denote by p the prime of L above p induced
by ip.

Let V (g) = Vp(g) be the two-dimensional representation of GF = Gal(Q/F ) with coef-
ficients in Lp attached to g: if v -∞pn is a prime of F , then V (g) is unramified at v and

det (1− Fr(v)geomX | V (g)) = 1− ip(λg(v))X + (Nv)k−1X2.

The Tate twist V = V (g)(k/2) is self-dual in the sense that there exists a skew-symmetric
isomorphism V

∼−→ V ∗(1) = HomLp(V,Lp)(1).

Denote by η = ηK/F : A∗F /F ∗NK/FA∗K
∼−→ {±1} the quadratic character corresponding

to the extension K/F .
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0.2. – Normalising the reciprocity map recK : A∗K/K∗ −→ Gal(Kab/K) so that the local
uniformisers correspond to geometric Frobenius elements, we identify χwith the corespond-

ing Galois character χ : GK = Gal(Q/K) −→ O∗L ⊂ L∗p; put Kχ = QKer(χ)
. There are

canonical isomorphisms

H1
f (K,V ⊗ χ±1)

∼−→ (H1
f (Kχ, V )⊗ χ±1)Gal(Kχ/K) = H1

f (Kχ, V )(χ∓1),

where H1
f (−) are the Bloch-Kato Selmer groups and

M (χ) = {m ∈M | ∀σ ∈ Gal(Kχ/K) σ(m) = χ(σ)m},

for anyOL[Gal(Kχ/K)]-moduleM . The action of the complex conjugation ρ ∈ Gal(Kχ/F )

on H1
f (Kχ, V ) interchanges the eigenspaces H1

f (Kχ, V )(χ±1), which implies that their di-
mensions

h1
f (K,V ⊗ χ±1) := dimLp H

1
f (K,V ⊗ χ±1)

are equal to each other: h1
f (K,V ⊗ χ) = h1

f (K,V ⊗ χ−1).

0.3. – Denote by π = π(g) the (irreducible, cuspidal) automorphic representation of
GL2(AF ) generated by g, and by θχ the automorphic representation of GL2(AF ) generated
by the theta series of χ. They are both self-dual, as the central character of π (resp., of θχ)
is trivial (resp., is equal to η = ηK/F , and θχ ⊗ η = θχ).

The Rankin-Selberg L-function L(π × θχ, s) has Euler factors

Lv(π × θχ, s) =
∏
w|v

det(1− Fr(w)geom (Nw)1/2−s | (V ⊗ χ)Iw)−1,

where v - ∞p is a prime of F and w a prime of K (cf. [13, 12.6.2.2]). We shall abuse
the notation and write Lv(π × χ, s) instead of Lv(π × θχ, s). The complete L-function
L(π × χ, s) =

∏
v Lv(π × χ, s) is equal to L(π × χ−1, s), has holomorphic continuation to

C and a functional equation of the form

L(π × χ, s) = ε(π × χ, s)L(π × χ, 1− s),

ε(π × χ, s) = c(π × χ)1/2−s ε(π × χ, 1
2 ), ε(π × χ, 1

2 ) ∈ {±1}.

Put

ran(K, g, χ) := ords=1/2 L(π × χ, s) = ords=1/2

∏
v -∞

Lv(π × χ, s)

(the Γ-factors Lv(π × χ, s) for v | ∞ take finite non-zero values at s = 1/2).

The conjectures of Bloch and Kato ([2], [8]) predict that

(0.3.0.1) ran(K, g, χ)
?
= h1

f (K,V ⊗ χ).

The main result of the present article is the following theorem.
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0.4. Theorem. – Assume that g ∈ Sk(n, 1) is potentially p-ordinary, i.e., that there
exists a finite solvable extension of totally real number fields F ′/F such that the base change
BCF ′/F (π(g)) is equal to π(g′), where g′ is a p-ordinary (cuspidal) Hilbert eigenform over
F ′ (equivalently, that there exists a character of finite order ϕ : A∗F /F ∗ −→ Q∗ such that the
newform associated to g ⊗ ϕ is p-ordinary; see [13, 12.5.10]). If g has complex multiplication
by a totally imaginary quadratic extension K ′ of F , assume, in addition, that p 6= 2 and that
K ′ 6⊂ Kχ. Then:

1. If 2 - ran(K, g, χ), then 2 - h1
f (K,V ⊗ χ).

2. If 2 | ran(K, g, χ) and if there exists a prime v | p of F which does not split in K/F and
for which π(g)v = St ⊗ µ, µ : F ∗v −→ {±1}, χw = µ ◦NKw/Fv , where w is the unique
prime of K above v (as g is potentially ordinary, this can occur only if k = 2; see [13,
12.5.4]), then 2 | h1

f (K,V ⊗ χ).

(The hypothesis in (2) can be interpreted as saying that the Euler factor at v of the p-adic coun-
terpart of L(π×χ, s) has a trivial zero of odd order at the central point; cf. [13, 12.6.3.10] and
[13, 12.6.4.3].)

0.5. Corollary. – Let K[∞] ⊂ Kab be the union of all ring class fields of K in the sense of
[1, 1.1] (the Galois group Gal(K[∞]/K) is the quotient of Gal(Kab/K) by recK(A∗F )). Let
K0/K be a finite subextension ofK[∞]/K. Assume that g ∈ Sk(n, 1) is potentially p-ordinary;
if g has complex multiplication by a totally imaginary quadratic extension K ′ of F , assume, in
addition, that p 6= 2 and that K ′ 6⊂ K0. Then

h1
f (K0, V ) := dimLp H

1
f (K0, V ) ≥ |X−(g,K0)|,

where

X±(g,K0) = {χ : Gal(K0/K) −→ C∗ | ε(π(g)× χ, 1
2 ) = ±1}.

0.6. Example. – Let E be an elliptic curve over F . It is expected that E is modular in the
sense that there exists g ∈ S2(n, 1) such that Lv(E/F, s) = Lv(π(g), s+ 1/2), for all primes
v of F . If this is the case, assume that E has potentially ordinary reduction (= potentially
good ordinary or potentially multiplicative reduction) at all primes of F above p. If E has
complex multiplication by Q(

√
−D), assume, in addition, that p 6= 2 and F (

√
−D) 6⊂ Kχ.

Theorem 0.4 then implies the following:

1. If 2 - ords=1 L(E/K,χ, s), then

2 -
Ä
dimL(E(Kχ)⊗ L)(χ−1) + corkOL,p(X(E/Kχ)⊗OL,p)(χ−1)

ä
.

2. If 2 | ords=1 L(E/K,χ, s) and if there exist a prime v | p of F which does not split in
K/F and a character µ : F ∗v −→ {±1} such that χw = µ ◦NKw/Fv and the quadratic
twist E ⊗ µ has split multiplicative reduction at v, then

2 |
Ä
dimL(E(Kχ)⊗ L)(χ−1) + corkOL,p(X(E/Kχ)⊗OL,p)(χ−1)

ä
.

There is an obvious variant of this statement when E is replaced by an abelian variety A0

withOL0 ↪→ EndF (A0), whereL0 is a totally real number field of degree [L0 : Q] = dim(A0).
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0.7. Example [7]. – Let q 6= 2 be a prime number and F0 a totally real number field such
that F0 ∩ Q(µq∞) = Q. Let a ∈ OF0

− {0} be an element satisfying a 6∈ F ∗q0 and, for each
finite prime v0 of F0 not dividing q, ordv0(a) < q. For each r ≥ 1, put Fr = F0Q(µqr )

+,
Kr = F0(µqr ); then Gal(Kr/F0)

∼−→ (Z/qrZ)∗ and Gal(Kr( qr
√
a)/Kr)

∼−→ Z/qrZ. Fix
an injective character χr : Gal(Kr( qr

√
a)/Kr) −→ Q∗; then χr (more precisely, χr ◦ recKr )

factors through A∗Kr/K
∗
rA∗Fr .

Let g0 ∈ Sk(n0, 1) be a cuspidal Hilbert newform over F0 of parallel weight k, trivial
character and level n0; put V = Vp(g0)(k/2). For r ≥ 1, denote by gr the corresponding base
change newform over Fr (i.e., BCFr/F (π(g0)) = π(gr)). An easy exercise in group theory
(see §3.1 below) shows that, for each r ≥ 1,

H1
f (F0( qr

√
a), V ) = H1

f (F0, V )⊕
r⊕
s=1

H1
f (Ks, V ⊗ χs).

0.8. Theorem. – In the notation of 0.7, assume that (∀v0|q) π(g0)v0 is a principal series rep-
resentation and that (∀v0|a) π(g0)v0 is not supercuspidal. Put n(aq)0 = n0/(n0, (aq)

∞) and
d = (−1)[F0:Q]N(n

(aq)
0 ) ∈ Z− {0}. Then:

1. For each r ≥ 1, ε(π(gr)× χr, 1
2 ) =

Ä
d
q

ä
. (See [7, Thm. 6] for a special case.)

2. Assume that g0 is potentially p-ordinary. If g0 has complex multiplication by a totally
imaginary quadratic extension K ′0 of F0, assume that p 6= 2 and that (q ≡ 1 (mod 4)

or K ′0 6= F0(
√
−q)) (the latter condition is automatically satisfied if 2 - [F0 : Q]). IfÄ

d
q

ä
= −1, then

∀r ≥ 0 h1
f (F0( qr

√
a), V )− h1

f (F0, V ) ≥ r,

h1
f (F0( qr

√
a), V )− h1

f (F0, V ) ≡ r (mod 2),

h1
f (F0(µqr ,

qr
√
a), V )− h1

f (F0, V ) ≥ qr − 1.

0.9. Corollaire. – In the notation of 0.7, assume that E is a modular elliptic curve over F0

such that for each prime v0 of F0 above q (resp., dividing a) there exists a quadratic twist of
E with good reduction (resp., semistable reduction) at v0. If E has complex multiplication,
assume that p 6= 2 and that (q ≡ 1 (mod 4) or F0 ⊗ EndQ(E) 6= F0(

√
−q)) (the latter

condition is automatically satisfied if 2 - [F0 : Q]). Assume, finally, that
Ä
d
q

ä
= −1, where

d = (−1)[F0:Q]N(cond(E)(aq)). Then, for each prime number p such that E has potentially
ordinary reduction at all primes of F0 above p, the ranks

sp(E/−) := rkZ E(−) + corkZp X(E/−)[p∞]

satisfy

∀r ≥ 0 sp(E/F0( qr
√
a))− sp(E/F0) ≥ r,

sp(E/F0( qr
√
a))− sp(E/F0) ≡ r (mod 2),

sp(E/F0(µqr ,
qr
√
a))− sp(E/F0) ≥ qr − 1.
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