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DERIVED GROTHENDIECK-TEICHMÜLLER GROUP
AND GRAPH COMPLEXES

[after T. Willwacher]

by Maxim KONTSEVICH

INTRODUCTION

The goal of my talk is to explain the result of Thomas Willwacher (see [11]) which
relates two universal groups of symmetries introduced in early 90s.

The first symmetry was defined by V. Drinfeld (called Grothendieck-Teichmüller
group, or GT in short) as the group of automorphisms of the pro-nilpotent completion
of the tower of braid groups (or, more precisely, braid groupoids). An element of the
Lie algebra of the graded version GRT of GT is a Lie polynomial in two variables
satisfying a complicated set of constraints. Group GT is closely related to the motivic
Galois group of Z, and it also appears in a great variety of purely algebraic questions. It
acts on various formality morphisms, associators, etc. Multiple-zeta values correspond
to functions on a torsor over the GT.

The second group (or more precisely, a differential graded Lie algebra) was defined
under the name of “graph complex” in my work on universal symmetries of topological
field theories of Chern-Simons type. A cohomology class in graph complex is repre-
sented by a finite linear combination of isomorphism classes of finite graphs endowed
with an additional data called orientation. There are two graph complexes (even and
odd) which differs by the notion of an orientation, depending on the parity of the di-
mension of the space-time manifold. Graph complexes acts as outer derivations (in the
derived sense) of Lie superalgebras of functions on even/odd symplectic supermani-
folds, and on rational homotopy types of spaces of embeddings of higher-dimensional
spheres.

The relation between GRT and the even graph complex was expected for a long
time, as both symmetries act e.g., on the formality morphism in deformation quantiza-
tion, see e.g., [9]. Still, it was not clear how to relate these two theories based on quite
different combinatorial structures. In his breakthrough work T. Willwacher found a

© Astérisque 407, SMF 2019



184 M. KONTSEVICH

way to connect them using a generalization of some construction of mine which ap-
peared in the proof of formality of little disks operads. This is a very powerful result,
implying non-trivial vanishing results in certain range of parameters (cohomological
degree and the weight) on both sides of the story.

I will be concentrated in my talk on the calculational aspects, and not on various
situations where GRT or graph complex act. The original proof from [11] is very
involved, and contains several dozens of spectral sequences. I will explain the key
argument of a streamlined shorter proof extracted from [5].

The first section serves as a short introduction to the basic notions of theory of
operads, and of deformation theory. In the second Section I will explain why the
derived symmetry group of Gerstenhaber operad could be considered as a derived
version of Drinfeld’s group GRT. (Even) graph complexes and their relatives appear
in the third section. The forth section contains the proof of the most essential part of
Willwacher’s theorem, and some remarks and open questions.

Finally, I finish the introduction with an example of universal symmetry, which
appeared first with wrong coefficients in [9], and was recently corrected in [1].

Example: ζ(3) flow on Poisson structures

The simplest non-trivial element of the Lie algebra of GRT (dual to ζ(3) =∑
n≥1

1
n3 ) is represented in the graph complex by the complete graphK4 on 4 vertices:

It produces an evolution equation (see Section 3.3) on the space of bivector fields
α =

∑
ij α

ij ∂
∂xi ∧ ∂

∂xi in an open domain U in the coordinate space RN , given by

d

dt
αi1i2 =

∑
j•

(
∂j1j2j3α

i1i2∂j5α
j1j4∂j6α

j2j5∂j4α
j3j6 + 6 ∂j1j2α

i1j3∂j4j5α
j1i2∂j6α

j2j4∂j3α
j5j6
)

where t is the time variable, αij = −αji are C∞ functions in U×Rtime (components of
tensor α depending on t); the summation is over 6 indices 1 ≤ j1, j2, j3, j4, j5, j6 ≤ N .

The solution of this equation with any initial data α|t=0
∈ Γ(U ,

∧2
TRN ) exists

and unique as a formal power series in t (or as an analytic germ if the initial data
α|t=0

is real-analytic). We claim that this equation has the following properties:

1. if α|t=0
is a Poisson structure (i.e., the bracket {f, g}α :=

∑
i1i2

αi1i2∂i1f∂i2g

satisfies Jacobi identity), then this property holds for all t, understood in the
sense of formal series in t (i.e., we get a Poisson bracket on U with coefficients
in R[[t]]),
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2. Let α(t), β(t) be two Poisson structures depending on time t and obeying the
above evolution equation. If at t = 0 bivector field α is obtained from β by a
change of coordinates, then the same holds for any t, again understood in the
sense of formal power series in t.

The conclusion is that we obtain a (formal) flow on isomorphism classes of germs of
Poisson structures. Up to now, in all known examples this flow on isomorphism classes
is constant. Nevertheless, one can show that it is impossible to prove the triviality of
the flow using only the universal tensor calculus involving Taylor coefficients of α.

1. TOOLKIT: OPERADS, ALGEBRAS, DEFORMATIONS

1.1. Operads and algebras

Let k be a field of characteristic zero, denote by Vectk the tensor category of vector
spaces over k. Any collection P = (P(n))n≥0 of k-linear representations of symmetric
groups (Sn)n≥0 defines a polynomial endofunctor ΦP of the category Vectk via

ΦP(V ) :=
⊕
n≥0

(
P(n)⊗ V ⊗n

)
Sn

∀V ∈ Ob (Vectk).

Obviously, polynomial endofunctors are closed under composition, hence form a
monoidal category.

Definition 1.1. — An operad P over k is a monoid in the monoidal category of
polynomial endofunctors. An algebra over an operad is an algebra over the corre-
sponding monad in Vectk.

Unwinding the definition, one sees immediately that the structure of an operad on
a collection (P(n))n≥0 of Sn-modules is uniquely determined by the identity element

idP ∈ P(1)⇐⇒ a morphism 1Vectk → P(1)

and composition morphisms

P(k)⊗ (P(n1)⊗P(nk))→ P(n1 + · · ·+ nk)

satisfying certain compatibility constraints. Similarly, the structure of a P-algebra on
vector space V ∈ Ob(Vectk) is determined by the collection of Sn-equivariant maps

P(n)⊗ V ⊗n → V.

For any operad P and any integer n ≥ 0 the underlying vector space of Sn-represen-
tation P(n) coincides with the space of all natural transformations A⊗n → A defined
universally for all P-algebras A. For any vector space V the free P-algebra generated
by V coincides as a vector space with ΦP(V ). Basic examples of operads:
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– operads Comm,Assoc, Lie,Poisson describing respectively (non)-unital commu-
tative associative, just associative, Lie or Poisson algebras,

– for any unital associative algebra A define an operad PA by PA(1) := A,
PA(n) := 0 for any n 6= 0; the category of PA-algebras coincides with the
category of left A-modules,

– for any vector space V define operad EndV by declaring EndV (n) :=

Hom(V ⊗n, V ) for any n ≥ 0; for any operad P a structure of a P-alge-
bra on V is the same as a morphism of operads P → EndV .

If P is one of classical operads Comm,Assoc, Lie,Poisson then we have P(0) = 0

(because we encode non-unital algebras), P(1) = k = 1Vectk and all operations are
generated by binary ones (i.e., by P(2)) subject to appropriate bilinear relations. One
has for any n ≥ 1 the following formula for the dimension:

dim Comm(n) = 1, dim Assoc(n) = dim Poisson(n) = n!,dim Lie(n) = (n− 1)!

Spaces P(n) for P = Comm,Assoc or Lie are spanned by operations

a1 ⊗ · · · ⊗ an 7→


a1a2 . . . an if P = Comm,

aσ(1)aσ(2) . . . aσ(n), σ ∈ Sn if P = Assoc,

[aσ(1), [aσ(2), [. . . , [aσ(n−1), an] . . . ], σ ∈ Sn−1 if P = Lie.

Also, one has the following equivalence of polynomial endofunctors:

ΦPoisson ' ΦComm ◦ ΦLie ' ΦAssoc.

The first equivalence means that universal expression in Poisson algebras are products
of universal Lie expressions. The second equivalence follows from the fact that the free
unital associative algebra generated by a vector space V is the same as the universal
enveloping algebra for the free Lie algebra g = ΦLie(V ) generated by V , and hence is
naturally isomorphic (as a vector space) to the symmetric algebra generated by g, via
Poincaré-Birkhoff-Witt isomorphism Ug ' Sym g = 1Vectk ⊕ ΦComm(V ).

Remark 1.2 (Colored operads). — There is a natural generalization of the language
of operads and algebras to the case when algebraic structures under consideration
consist not of one, but several distinct vector spaces. One can say that these spaces
are “colored” by a set of colors. For example, there is a colored operad with two colors
Algebra,Module such that algebras over this colored operad are the same as pairs
(A,M) where A is an associative algebra over k andM is a left A-module. If I denotes
the set of colors, then the components of an I-colored operad P are vector spaces
P(i1, . . . , in; j), n ≥ 0, i1, . . . , in, j ∈ I, encoding operations Vi1⊗. . . Vin → Vj , where
(Vi)i∈I are colored components of an algebra over colored operad P .

In this way the category of (one-colored) operads can be realized itself as the cat-
egory of algebras over certain colored operad, whose set of colors is N = {0, 1, 2, . . .}.
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The space of color n ∈ N is the n-th component P(n) of a (1-colored) operad P . More
conveniently, using representation theory of symmetric groups in zero characteristic,
one can make an alternative description with the set of colors corresponding to finite
partitions.

We will use later the latter description, for which the category of colored vector
spaces is canonically equivalent to the category of collections P = (P(n))n≥0 of k-lin-
ear representations of symmetric groups (Sn)n≥0 (or, in other words, to the category
of polynomial endofunctors of Vectk). The one-colored operads will be algebras of
certain partitions-colored operad Oper. If P = (P(n))n≥0 is a collection of (Sn)-rep-
resentations, then the free operad ΦOper(P) generated by P is given by the direct
sum over certain types of trees of tensor products of components of P , factorized
by the automorphism group of the tree. Instead of giving a formal description I will
show a typical example from which the general structure should be clear. Consider
the following tree:

output

1 2

3

4 5

The corresponding term in the formula is

ΦOper(P)(5) = · · · ⊕
(
P(0)⊗4 ⊗P(2)⊗P(3)⊗P(6)

)
S3
⊕ · · · .

1.2. Operads in other symmetric monoidal categories

Unwinding the definition of a (colored) operad (and an algebra over an operad) one
can easily see that it makes sense in arbitrary symmetric monoidal category instead
of Vectk. For us there will be important three such categories:

– Top: topological spaces (with the tensor product given by the usual product),
– VectZk: Z-graded vector spaces,
– Compk: Z-graded complexes of vector spaces (with the differential of degree +1).

In the last two cases the commutativity morphisms E • ⊗ F • → F • ⊗ E • are, as
usual, twisted by the Koszul rule of signs. For any topological operad P = (P(n))n≥0

the collection of chain complexes (Chains•(P(n),k))n≥0 is a dg operad (i.e., an operad
in Compk) concentrated in degrees ≤ 0, and its (co)homology is an operad in VectZk.
Also, one can associate with a dg operad another Z-graded operad just by forgetting
the differential. Similarly, any Z-graded operad gives tautologically a dg operad with
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