
XXXXXXXXXXFIRSTPAGEXXXXXXXXXX

389

VOTER MODEL PERTURBATIONS

AND REACTION DIFFUSION

EQUATIONS

2017

Sandrine Grellier

Patrick Gérard

HANKEL OPERATORS

THE CUBIC SZEGŐ EQUATION AND



Astérisque est un périodique de la Société mathématique de France

Numéro 389

Comité de rédaction

Ahmed ABBES
Viviane BALADI
Laurent BERGER
Philippe BIANE

Hélène ESNAULT

Philippe EYSSIDIEUX
Damien GABORIAU

Michael HARRIS
Fabrice PLANCHON
Pierre SCHAPIRA

Éric VASSEROT (dir.)

Diffusion

Maison de la SMF
B.P. 67

13274 Marseille CEDEX 9
France

hristian.smf@ irm-math.fr

AMS
P.O. Box 6248

Providence RI 02940
USA

www.ams.org

Tarifs 2017

Vente au numéro : 35 e ($ 52)
Abonnement électronique : 500 e ($ 750)

Abonnement avec supplément papier : 657 e, hors Europe : 699 e ($ 1049)
Des conditions spéciales sont accordées aux membres de la SMF.

Secrétariat : Nathalie Christiaën
Astérisque

Société Mathématique de France
Institut Henri Poincaré, 11, rue Pierre et Marie Curie

75231 Paris CEDEX 05, France
Tél : (33) 01 44 27 67 99 • Fax : (33) 01 40 46 90 96
astsmf@ihp.fr • http://smf.emath.fr/

c© Société Mathématique de France 2017

Tous droits réservés (article L122-4 du Code de la propriété intellectuelle). Toute représentation ou
reproduction intégrale ou partielle faite sans le consentement de l’éditeur est illicite. Cette représentation
ou reproduction par quelque procédé que ce soit constituerait une contrefaçon sanctionnée par les articles
L335-2 et suivants du CPI.

ISSN : print 0303-1179, electronic 2492-5926

ISBN 978-2-85629-854-1

Directeur de la publication : Stéphane SEURET

cc
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THE CUBIC SZEGŐ EQUATION AND HANKEL
OPERATORS

Patrick Gérard, Sandrine Grellier

Abstract. — This monograph is devoted to the dynamics on Sobolev spaces of the
cubic Szegő equation on the circle S1,

i∂tu = Π(|u|2u).
Here Π denotes the orthogonal projector from L2(S1) onto the subspace L2

+(S
1) of

functions with nonnegative Fourier modes. We construct a nonlinear Fourier trans-
formation on H1/2(S1) ∩ L2

+(S
1) allowing to describe explicitly the solutions of this

equation with data in H1/2(S1) ∩ L2
+(S

1). This explicit description implies almost-
periodicity of every solution in this space. Furthermore, it allows to display the follow-
ing turbulence phenomenon. For a dense Gδ subset of initial data in C∞(S1)∩L2

+(S
1),

the solutions tend to infinity in Hs for every s > 1
2 with super–polynomial growth on

some sequence of times, while they go back to their initial data on another sequence of
times tending to infinity. This transformation is defined by solving a general inverse
spectral problem involving singular values of a Hilbert–Schmidt Hankel operator and
of its shifted Hankel operator.

c© Astérisque 389, SMF 2017
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Résumé (Équation de Szegő cubique et opérateurs de Hankel)
Cette monographie est consacrée à l’étude de la dynamique, dans les espaces de

Sobolev, de l’équation de Szegő cubique sur le cercle S1,

i∂tu = Π(|u|2u),
où Π désigne le projecteur orthogonal de L2(S1) sur le sous-espace L2

+(S
1) des fonc-

tions à modes de Fourier positifs ou nuls. On construit une transformée de Fourier
non linéaire sur H1/2(S1)∩L2

+(S
1) permettant de résoudre explicitement cette équa-

tion avec données initiales dans H1/2(S1)∩L2
+(S

1). Ces formules explicites entraînent
la presque périodicité des solutions dans cet espace. Par ailleurs, elles permettent
de mettre en évidence le phénomène de turbulence suivant. Pour un Gδ dense de
données initiales de C∞(S1)∩L2

+(S
1), les solutions tendent vers l’infini à vitesse sur–

polynomiale en norme Hs(S1) pour tout s > 1
2 sur une suite de temps, alors qu’elles

retournent vers leur donnée initiale sur une autre suite de temps tendant vers l’infini.
Cette transformation est définie via la résolution d’un problème spectral inverse lié
aux valeurs singulières d’un opérateur de Hankel Hilbert-Schmidt et de son opérateur
décalé.
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CHAPTER 1

INTRODUCTION

The large time behavior of solutions to Hamiltonian partial differential equations

is an important problem in mathematical physics. In the case of finite dimensional

Hamiltonian systems, many features of the large time behavior of trajectories are

described using the topology of the phase space. For a given infinite dimensional

system, several natural phase spaces, with different topologies, can be chosen, and

the large time properties may strongly depend on the choice of such topologies. For

instance, it is known that the cubic defocusing nonlinear Schrödinger equation

i∂tu+Δu = |u|2u

posed on a Riemannian manifold M of dimension d = 1, 2, 3 with sufficiently uniform

properties at infinity, defines a global flow on the Sobolev spaces Hs(M) for every

s ≥ 1. In this case, a typical large time behavior of interest is the boundedness of

trajectories. On the energy space H1(M), the conservation of energy trivially implies

that all the trajectories are bounded. On the other hand, the existence of unbounded

trajectories in Hs(M) for s > 1 as well as bounds of the growth in time of the Hs(M)

norms is a long standing problem [7]. As a way to detect and to measure the transfer

of energy to small scales, this problem is naturally connected to wave turbulence. In

[6] and [38], it has been established that big Hs norms grow at most polynomially in

time. Existence of unbounded trajectories only recently [22] received a positive an-

swer in some very special cases, while several instability results were already obtained

[9], [20], [21], [24], [19]. Natural model problems for studying these phenomena seem

to be those for which the calculation of solutions is the most explicit, namely inte-

grable systems. Continuing with the example of nonlinear Schrödinger equations, a

typical example is the one dimensional cubic nonlinear Schrödinger defocusing equa-

tion ([43]). However, in this case, the set of conservation laws is known to control the

whole regularity of the solution, so that all the trajectories of Hs(M) are bounded in

Hs(M) for every nonnegative integer s. In fact, when the equation is posed on the
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circle, the recent results of [18] show that, for every such s, the trajectories in Hs(M)

are almost periodic in Hs(M).

The goal of this monograph is to study an integrable infinite dimensional system,

connected to a nonlinear wave equation, with a dramatically different large time

behavior of its trajectories according to the regularity of the phase space.

Following [30] and [42], it is natural to change the dispersion relation by considering

the family of equations, α < 2,

i∂tu− |D|αu = |u|2u

posed on the circle S1, where the operator |D|α is defined by

|̂D|αu(k) = |k|αû(k)

for every distribution u ∈ D′(S1). Numerical simulations in [30] and [42] suggest

weak turbulence. For 1 < α < 2, it is possible to recover at most polynomial growth

of the Sobolev norms ([39]). In the case α = 1, the so-called half-wave equation

(1.0.1) i∂tu− |D|u = |u|2u

defines a global flow on Hs(S1) for every s ≥ 1
2 ([11] — see also [36]). In that

case, the only available bound of the Hs-norms is ect
2

([39]), due to the lack of

dispersion. Therefore, the special case α = 1 seems to be a more favorable framework

for displaying wave turbulence effects.

Notice that this equation can be reformulated as a system, using the Szegõ projector

Π defined on D′(S1) as

Π̂u(k) = 1k≥0û(k).

Indeed, setting u+ := Πu , u− := (I−Π)u, equation (1.0.1) is equivalent to the system{
i(∂t + ∂x)u+ = Π(|u|2u)
i(∂t − ∂x)u− = (I −Π)(|u|2u)

Furthermore, if the initial datum u0 satisfies u0 = Πu0 and belongs to Hs(S1), s > 1,

with a small norm ε, then the corresponding solution u is approximated by the solution

v of

(1.0.2) i(∂t + ∂x)v = Π(|v|2v),

for |t| ≤ 1
ε2 log

1
ε [11] [36]. In other words, the first nonlinear effects in the above

system arise through a decoupling of the two equations. Notice that an elementary

change of variable in equation (1.0.2) reduces it to

(1.0.3) i∂tu = Π(|u|2u).

Equation (1.0.3) therefore appears as a model evolution for describing the dynamics

of the half-wave equation (1.0.1). We introduced it in [10] under the name cubic


