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SIEVE WEIGHTS AND THEIR SMOOTHINGS

BY ANDREW GRANVILLE, Dimitris KOUKOULOPOULOS
AND JAMES MAYNARD

ABSTRACT. — We obtain asymptotic formulas for the 2kth moments of partially smoothed divisor
sums of the Mdbius function. When 2k is small compared with A, the level of smoothing, then the
main contribution to the moments comes from integers with only large prime factors, as one would
hope for in sieve weights. However if 2k is any larger, compared with A, then the main contribution
to the moments comes from integers with quite a few prime factors, which is not the intention when
designing sieve weights. The threshold for “small” occurs when 4 = ﬁ (2,!‘ )— 1L

One can ask analogous questions for polynomials over finite fields and for permutations, and in
these cases the moments behave rather differently, with even less cancelation in the divisor sums.
We give, we hope, a plausible explanation for this phenomenon, by studying the analogous sums for
Dirichlet characters, and obtaining each type of behavior depending on whether or not the character
is “exceptional”.

RESUME. — On obtient des formules asymptotiques pour les 2k-iemes moments de quelques
sommes partiellement lissées de la fonction de Mobius sur les diviseurs d’un entier. Quand 2k est petit
en comparaison avec A, qui est le niveau de lissage, alors la contribution principale aux moments
provient des entiers n’ayant que de grands facteurs premiers, comme on 1’espérait pour un poids de
crible. Cependant, si 2k est plus grand en comparaison avec A, alors la contribution principale aux
moments provient des entiers ayant beaucoup de facteurs premiers, ce qui n’est pas I'intention quand
on crée des poids de crible. La valeur seuil pour « petit» est 4 = i (215 ) -1

On peut aussi poser des questions analogues pour les polyndmes sur des corps finis et pour les per-
mutations, et dans ces cas les moments se comportent de fagon assez différente, avec moins d’annula-
tions dans les sommes de diviseurs. On donne, on espere, une explication plausible pour ce phénomene,
en étudiant les sommes analogues pour les caractéres de Dirichlet, et en obtenant chaque type de com-
portement selon le caractére « exceptionnel » ou non.

We are grateful to the referee of the paper for an extraordinarily thorough reading of the paper that improved
significantly the level of exposition. Our thanks also go to Maksym Radziwill for supplying several key references,
and to him, Ben Green and Henryk Iwaniec for helpful discussions. AG is funded by the National Science and
Engineering Research Council of Canada and by the European Research Council. DK is funded by the National
Science and Engineering Research Council of Canada and by the Fonds de recherche du Québec — Nature et
technologies. JM is funded by a Clay research fellowship and a fellowship by examination of Magdalen College,
Oxford.
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1090 A. GRANVILLE, D. KOUKOULOPOULOS AND J. MAYNARD

1. Introduction

Sieve methods are a set of techniques which give upper and lower bounds for the number
of elements of a set of integers ¢# which have no ‘small’ prime factors. Their key benefit is
that they are very flexible - one can obtain bounds of the correct order of magnitude for many
interesting sets ¢/, even though obtaining asymptotic formulae looks completely hopeless.
In particular, they are typically very effective at obtaining upper bounds for the number of
primes in sets ¢/ of interest which are only worse than the conjectured truth by a constant
factor.

One of the most important sieves is the Selberg sieve. Selberg’s approach [19] starts with
the inequality

2 1, P~ (n) >z,
A > d) =
(1.1) ( Z d) - Z w(d) 0, otherwise
d\n d|n ’ ]
Pt(d)<z PT(d)=z

which is valid for any real numbers A; with A; = 1. Here P*(n) and P~ (n) are the largest
and smallest prime factors of n respectively. Summing (1.1) over n € o7 gives

fne P mza< Y (Y 1)
neZ  din
Pt @)=z
= > Aa,ra, - #{n € A : [dy, dy)|n},

P (d1),Pt(d2)=z
which is a quadratic form in the variables A4. Provided d; and d, are not too large, say at
most R, one can hope to get a reasonable estimate for the coefficients #{n € o7 : [d1, d>]|n}
of this quadratic form. The best upper bound stemming from this method then comes from
minimizing the quadratic form over all choices of A; € RwithA; = landA; = Oford > R.

For typical sets ¢/ that arise in arithmetic problems, one finds that the optimal choice for

the A4 takes the form

log(R/d)

log R
where A is some positive constant. We note that the weights A, decay to 0, and the larger
the value of A, the higher the level of smoothness at the truncation point R. In the optimal
choice, the exponent A is taken to be «, the dimension of the sieve problem. However, for a
given dimension «, it is known [20, pg. 154] that any exponent A > « — 1/2 yields weights A4
whose dominant contribution comes from numbers that have very few prime factors smaller
than z, whereas this fails to be true for smaller A. See [8, ch. 10] for further discussion.

A
Adw(d)-( ) d < R).

More generally, one can consider the smoothed sieve weight

logd
MR = Y f (1 ).
dln

where f : R — R is a function supported on (—oo, 1], which corresponds to taking
Ag = u(d) f(logd/log R) for d < R. In Selberg sieve arguments one typically chooses f
to be a polynomial in [0, 1], perhaps of high degree. Such an example is offered by the ‘GPY
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SIEVE WEIGHTS AND THEIR SMOOTHINGS 1091

sieve’ of Goldston-Pintz-Yildirim [9, 24]. In more recent developments on gaps between
primes by the third author [15] and Tao [21] one works with general smooth functions f.

The main motivation of this paper is to understand the exact role of the smoothing in the

structure of the Selberg sieve weights. To this end, we consider their moments

> My(n: R

n=<x
as a tool of gaining additional insight on the distribution of the values of My (n; R). On
the practical side, higher moments naturally appear when applying Hélder’s inequality, so
it would be useful to know their behavior .

From the discussion above, in the case f(x) = max(l — x,0)4 and k = 2, we have seen
that if A is sufficiently large, then M (n; R)? ‘behaves like a sieve weight’ in the sense that the
sumy_, . Ms(n; R)*is Or(x/ log R) and the main contribution to this comes from numbers
with few prime factors less than R. If A4 is too small and so f is not smooth enough, however,
then My (n; R) exhibits a qualitatively different behavior; the sum is larger than x/log R, and
the main contribution is no longer from numbers with few prime factors < R.

How smooth should f be so that My (n; R)?* behaves like a sieve weight when k varies,
that is to say the main contribution to the 2k-th moment @ of My (n; R) comes from inte-
gers a that have very few prime factors < R? What happens in the extreme case where f is
the discontinuous function 1(_ 17?7 These are the types of questions that we will study in this

paper.

1.1. Some smoothing is necessary to behave like a sieve weight
In order to gain a first understanding of the importance of smoothing, let us consider the
sharp cut-off function
Jo = 1(—<><>,1]~
If n = 2m with m odd, then we have that
MpiR) = ) p(d) = u(d)+ Y p@d)= Y  pd) =MzpmR),

dln d|m d|m d|m
d<R d<R 2d<R R/2<d<R

(1.2)

where, with a slight abuse of notation, we have put

(1.3) fO = 1(1—1og2/10gR,1]-

In particular, if m is square-free and has exactly one divisor d € (R/2, R], then My, (n; R) = £1.
An easy generalization of a deep result of Ford [5, Theorem 4] implies that ©® the proportion

(M For example, Lemma 3.5 in Pollack’s paper [17] is an example of a case where a fourth moment occurs because
of the use of Cauchy’s inequality, and a similar issue is encountered in Friedlander’s work [7] for the combinatorial
sieve instead of the Selberg sieve.

() We are typically interested in how large sieve weights get. If we took odd powers there might be an irrelevant
cancelation, so we focus on even moments.

® The key estimates in the proof of the lower bound of Theorem 4 in [5] are the second part of Lemma 4.1,
Lemma 4.3 (the parameters are z = R < R/2 = y), Lemma 4.5, Lemma 4.8 and Lemma 4.9. A key observation
is that only square-free integers are considered in Lemma 4.8, so that a stronger version of the lower bound of
Theorem 4 of [5] can be immediately deduced by the same proof, that counts square-free integers with exactly one
divisor in (R/2, R].

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1092 A. GRANVILLE, D. KOUKOULOPOULOS AND J. MAYNARD

of suchm < x/21s > (log R)~¥(loglog R)~3/2 with

1+ loglog?2
§—1_ T OB082 086071332, ...
log?2
whence we conclude that
X
#{in<x: Mg(n:R)#0 > RIT€).
{n <x: Mg(n:R) # 0} > (log R (loglog R) /2 (x > )

In particular, we find that My, (n; R) is non-zero too often to behave like a sieve weight. This
indicates that part of the importance of smoothing is to reduce the contribution of isolated
divisors of n to My (n; R).
We will prove in Section 5 that

X
(1.4) #Hin <x: Mg (n; R) # 0} < (log R (loglog R) /2
This sharpens a result by Hall and Tenenbaum [11], who used a very similar argument and
the best results about divisors of integers available at that time.

(x > R5/2).

1.2. A heuristic argument

Going back to the study of My (n; R) for a smooth function f, it is reasonable to believe
that the smoother f is, the larger the k are for which My (n; R)2* behaves like a sieve weight.
One way to explain this phenomenon is by noticing that various integral transformations
have faster decay for smooth weights, which can help to tame the arithmetic issues at play.
(See, for example, Section 6.) Nevertheless, we prefer to give a number theoretic explanation
in terms of the underlying sieve questions rather than an analytic one focused more on the
technical issues. Assume that n = p‘l’” -« p¥"m, where p; < --- < p,,a; > 1 and all of the
prime divisors of m are > p,. Then

logd 1 d
MR = Y u(d)f(og )+ 3 u(pld)f(M)

log R log R
(1.5) dIp2=prm o d\py-prm o8
' logd 1 logd
= X w0 () ek roek))
d|p2-prm
Continuing as above, we find that
logd log pi log pr
My(n; R) = (=1)" d)A® ;
(16) 105 R) = 1 Y (G TR

d|m
where A®) f(x:hy, ..., h,) denotes the multi-difference operator defined by
ADfih) = fx+h) = f(x)
and
AD fxhy, o hy) = AT by, he—y) — AUTD (xR hesy).
In particular, if f € C"(R), then

hr hrfl h]
(1.7) A(’)f(x;hl,...,h,):/ / FOC 40404 +t)dty - diy.
0 0 0
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SIEVE WEIGHTS AND THEIR SMOOTHINGS 1093

Returning to (1.6), we see that if f € CA(R)andn = pitpim,r < Ais as above,
then My (n; R) should heuristically be < M) (m; R) ]_[;Zl(log pj/log R). Loosely, this
indicates each additional degree of smoothness of the weight function f cuts the average
size of My (n; R) by about a factor of 1/log R.
The above discussion leads us to conjecture that if £ € C4(R) with f£(0) # 0, then
1
(1.8) 3" My(n; R)** < max IO;‘R, Toa R 3 My (n: R

n<x n<x

Notice that the factor x/log R is necessary because My (n; R) = f(0) for all integers n that
are free of prime factors < R.

Naturally, for this relation to be useful, we need to understand the asymptotics of
Y onex Mg, (n; R)?*. Recall the relation (1.9). Expanding the k-th power and swapping the
order of summation, we find that

D Mp(n: R = x - Mpr(R) + O f o R))

forany f : R — R supported on (—oo, 1], where
(1.9)

Mp(R) = Y

Hj-;lu(d,of(logdj/logze):n(l 1) 5 MR

[d,....dk] "

P n

P=R pln= p<R
We are generally interested in the situation when R is bounded by a small power of x, so that

the error term O((| f|loo R)¥) is negligible. Thus our focus is on the main term My (R),

which no longer depends on x. When k = 1, Dress, Iwaniec and Tenenbaum [3] showed
that
(1.10) M2 (R) ~ 1 (R — 00)

for some constant ¢; > 0, and when k = 2, Motohashi [16] showed that

(1.11) Mpya(R) ~ c2(log R)> (R — 00)

for some constant ¢, > 0. In general, Balazard, Naimi, and Pétermann [1] proved that
Mo 2k (R) = Pi(log R) + O(e=(e W72 lorlos H72).

for some polynomial P, and some constant ¢ = c¢(k) > 0. This is built on the work of de la
Bretéche [2], who showed how a wide class of related sums can be evaluated asymptotically.
However, when applying his technique to this question, one would need some strong under-
standing of the growth of ¢(s) near to s = 1 to recover the result of [1] (which, for example,
follows from the Riemann Hypothesis).

Notice that if £, = deg(Py), so that &1 = 0and £, = 2, then (1.8) becomes

X —
(1.12) > My (n: R)** < max @,x(logR)g" WA

n<x

This suggests that My (n; R)?* acts like a sieve weight as long as 4 > € /2k. The big issue
with the result of Balazard, Naimi and Pétermann is that the degree £ is not determined

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1094 A. GRANVILLE, D. KOUKOULOPOULOS AND J. MAYNARD

for general k, and that it is essential if one wishes to gain a better understanding of how the
Selberg sieve weights work. Our attention thus turns to calculating £y.

But first, we study seemingly analogous questions (in different settings), that one might
guess would be easier and indicate what kind of estimate we should be looking for.

1.3. Analogous settings

It is well-known that many of the analytic properties of integers are shared by both poly-
nomials of finite fields (c.f. [18]), and by permutations (c.f. [10]). Moreover, polynomials and
permutations are usually easier objects to understand, so in order to gain an understanding
of the exponent €, it would be natural to consider what happens in these analogous settings
first.

Permutations. — The easiest analogy is to analyze concerns permutations. Every o € Sy (the
permutations on N letters) can be decomposed in a unique way into a product of disjoint
cycles. Those cycles cannot be decomposed any further and play the role of irreducibles.
Divisors of ¢ are precisely the set of possible products of cycles. If those cycles act on the
subset 7" of [N], then o fixes T. Moreover, if o fixes T, then o is a product of cycles, a
subproduct of which fixes 7. Hence “divisors” correspond to sets 7 C [N] for which
o(T)y=T.

To “calibrate” our understandings of the properties of integers and permutations, we
note that for a typical integer n, its j-th largest prime factor is about ¢’ , whereas for a
typical permutation o € Sy, its j-th largest cycle has length about e/. Thus, the inequality
R/2 < d < R for a divisor d of n corresponds to having a set T that is fixed by o of
size #T = log R + O(1). Hence we will study

2k
(1.13) Perm(N,m; k) == — Z ) Z u(0|T) ,

'UGSN TC[N], #T=m,
U(T) T

where

[N]:={1,...,N},
and ifo|T = C1C;, --- Cy is the product of £ disjoint cycles, then we have set /,L(O'|T) = (-1t
We claim that Perm(N, m; k) is more natural than it appears at first sight. A usual function
of permutations is the signature €(o) which counts the number of transpositions (i.c., the
number of interchanges of two elements) needed to create o. For a cycle C, one knows
that e(C) = (—1)*¢~! and hence €(@|,) = €(Ce(Cr)...e(C) = (—1)#T—¢
(—=D)™u(o|r), since #T = m here. Therefore

Yoo uep)=ED" YT e,

oeSn, TC[N], oeSn, TC[N],
#T=m, o(T)=T #T=m, o(T)=T

whence

Perm(N,m; k) = — Z) Z 6(0|T)‘2k

'UESN TC[N], #T=m,
o(T) T

Arguing as in the work of Eberhard, Ford and Green [4] that establishes the analogue for
permutations of Ford’s results [5] for integers, it is possible to show that the summands

4¢ SERIE - TOME 54 — 2021 - N° 5



SIEVE WEIGHTS AND THEIR SMOOTHINGS 1095

on the right hand of (1.13) (and, hence, of the above formula) are non-zero for a propor-
tion <« 1/m%(logm)3/? of the permutations in Sy. The following theorem provides a
formula and an asymptotic estimate for Perm(N, m; k).
THEOREM 1.1. — For each integer k > 1 and each integer m > 1, if N > 2mk then
Perm(N,m; k) = c(m, k),

where ¢(m, k) is the number of (2% — 1)-tuples (ri)g+1c1
that

2k} of non-negative integers such

.....

— ry; €{0, 1} for #1 odd;
— Y yiieg 1 =m, foreachi € {1,...,2k}.
Moreover, for fixed k € Z>, the function c(m, k) is increasing in m and satisfies the estimate

c(m, k) =g m2 =21 g
Proof of the formula for Perm(N, m; k). — Given sets T4, ..., To, the sets
Re=(O1)\( U 1) ¢ chk

iel i€[2kI\1
form a partition of [N], with the convention that (");c4 7; = [N]; that is to say [N] equals
LI; Ry, the disjoint union of the sets Ry. Using this with 71, ... T fixed sets of o (i.e.,
o(T;) = T;, so the Ry are all fixed by o as well), we find

% Z‘ Z e(o|T)‘2k= Z Z % 1_[ ( Z €('01)#1)-

‘oeSy TCIN], #T=m, ry=0VvI [NI=Ll; Ry =~ " IC[2k] pr€Sr,
o(T)=T Yrier T1I=m  #Ry=r; VI
The inner sums are each r;! unless #/ is odd and r; > 1, in which case we get 0. Additionally,
we get that the number of choices of sets of the given sizesis N!/ []; 7!, and hence the above
equals c(m, k).

The bounds for ¢(m, k) will be proven in Section 3. O

Evidently, the above results suggest that £, = max{0,22~! — 2k — 1}. Relation (1.10)
implies that £; = 0, but relation (1.11) implies that £, = 2 # 23 — 5. This suggests that
there is a discrepancy between the integer and the permutation setting, a very rare difference.

Polynomials over finite fields. Positive integers are uniquely identifiable by their factorization
into primes (the Fundamental theorem of Arithmetic). Note though that every non-zero
integer equals a unit (that is 1 or —1) times one of those positive integers. We will work
with polynomials in F,[¢]. Monic polynomials in F,[f] are uniquely identifiable by their
factorization into monic irreducible polynomials of degree > 1. Again, note that every non-
zero polynomial in Fy[¢] equals a unit (that is, any element @ € F, \ {0}) times a monic
polynomial. We will work only with monic polynomials, for example when considering
divisors of a given polynomial (rather like we only consider positive integer divisors of a
given integer). The Mobius function of a given polynomial is a multiplicative function, where
w(P) = —1,and u(P*) = 0if k > 2, whenever P is irreducible.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1096 A. GRANVILLE, D. KOUKOULOPOULOS AND J. MAYNARD

To “calibrate” our understandings of the arithmetic properties of integers and polyno-
mials, we note that ~ 1/ log x of integers around x are prime, whereas ~ 1/m of monic poly-
nomials of degree m are irreducible in F, [¢]. Here the “~” symbol means as ¢ — oo running
through prime powers. Thus, wherever we see log x in an estimate about the integers, we try
to replace it with m in an estimate about degree m polynomials. Similarly a divisor d of n
that is close to R is analogous to a polynomial divisor of F(¢) of degree m, where m replaces
log R in estimates. Hence we will study

1 2%k
Poly, (n,m; k) := — Z ‘ Z M(M)) i
4 monic N €Fy[t] monic M|N
deg N=n degM=m

Here we have divided by ¢” because this is how many monic polynomials N of degree n are
contained in [F,[t], which is the analogue of

1 2k
(X w@) .
* n=x d|n
R/2<d<R
a quantity directly related to 13" <x My, (n; R)* via (1.2). We will prove below the
following estimate:

THEOREM 1.2. — For integers k,m > 1 andn > 2mk, we have that
Poly, (n,m; k) = c(m, k)(1 + Ox(1/q)) = 1 +m>" =21,
We thus see that polynomials behave similarly to permutations (and thus differently than
integers).
1.4. Two worlds apart and a bridge between them

Our discussion of the permutation and polynomial analogues, rather than shedding more
light on the value of the exponent &, gave rise to even more questions. It turns out that
the integer setting is substantially more complicated than the permutation and polynomial
settings. We now state our main results about integers. First, given 4 € Zx;, we let

A
falt) = (()1 t) fort <1,

otherwise,

an extension of the definition of f,. Note that f4 € C4~1(R)\ C4(R) forall A > 1. We then
have the following result that determines the value of &y:

THEOREM 1.3. — For fixed integers k > 1 and A > 0, there is a constant cx 4 > 0 such
that

(1.14) Miy2k(R) = ci alog R)¥4 + O((log R)+471),

where
Ekoai= max{(zkk) —2k(A + 1),—1} )

4¢ SERIE - TOME 54 — 2021 - N° 5



SIEVE WEIGHTS AND THEIR SMOOTHINGS 1097

In particular, & = Ex o = (2kk) — 2k. Additionally, we find that there is a constant ¢;, > 0
such that for R2% < x we have

IS8 w@) = o O + 0 (og Y1),

n=<x din
R/2<d<R

(1.15)

All implied constants depend at most on k and A.

REMARK 1.1. — We have no nice formula for the constants ¢, 4 and c¢; appearing in
Theorem 1.3; we only know how to write them as an enormous rational linear combination of
complicated integrals, and leave it as a challenge to come up with an easy explicit description.

REMARK 1.2. — If the moments of a distribution grow slowly, then the distribution can
be determined via its Laplace transform. However, in our case the moments are of rapidly
increasing magnitude, indeed with different powers of log R, so one cannot immediately
deduce from them the distribution of the weights My, (n; R) as n varies over the integers.

REMARK 1.3. — Inthis paper we only consider integral A4, but we would expect analogous
results to hold for all real A > 0.

REMARK 1.4. — In this paper we only consider Selberg-style sieve weights. We would
expect something somewhat analogous to hold for combinatorial-style sieve weights (such
as those used in the 8-sieve) but we do not consider such situations here.

For general functions f', we prove that M (n; R)?* behaves like a sieve weight as long as
f e CAR) with 4 > (Zkk) /2k = E,x/2k + 1. Notice that this confirms a weak version of
the heuristic estimate (1.12).

THEOREM 1.4. — Letk € Z>1,€ € (0,1) and f : R — R be supported in (—oo, 1]. Assume
further that for some integer A > 2, f € CA(R) and that all functions f, f',..., fD are
bounded.

(a) If A > ﬁ(zkk) then for x > R > 2 and 1 > n > log2/log R, we have that

M ;R2k ﬂ
>, MR € ogR

n<x
apln, p<R"

If, in addition, f(0) # 0, then there is a constant cx y > 0 such that for x > R%**1og® R
we have that

1 Ck, f 1
=Y Mym:R* ==L 10 :
X Z r(n:R) log R + ((log R)2—€)

n<x
(b) If A < ﬁ(zkk) then for x > R > 2 we have that

3" My (n; R < x(log R)(K)-2%4,

n<x

All implied constants depend at most on f, k and e.
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1098 A. GRANVILLE, D. KOUKOULOPOULOS AND J. MAYNARD

The value of & = (Zkk) — 2k given by Theorem 1.3 is significantly smaller than the
exponent 225~1 —2k — 1 in the polynomial/permutation setting. So we see the usual analogy
breaking down in quite a severe way, something surprising. We devote Section 2 to the
analysis of this discrepancy. In particularly, we will see that the underlying reason is the
relation

1.16 Z M(OlT) = (_l)m Z €(O|T)
(1.16) oeSy, TCIN], oeSy, TCIN],
#T=m, o(T)=T #T=m, o(T)=T
that we saw before. Notice here that while u(p) = —1 for all cycles p, we have that €(p)

takes the values 1 with equal probability as p ranges over cycles of all possible lengths. The
simplest example of a multiplicative function over Z demonstrating this kind of behavior is
that of a real Dirichlet character. To this end, we consider

L =T[(1-7) ¥ +( X @)

PR Ptm<R dln
R/2<d<R

which, as in (1.9), is the main term of

S el

n<x d|n
R/2<d<R

We then have the following theorem, which shows that it is possible to bridge the gap between
the two worlds of integers and of permutations/polynomials. All implied constants below
depend at most on k, and we have set

ST@k):={I c{1,2,...,2k}: #I even} \ {0}.
THEOREM 1.5. — Let x (mod q) be a real non-principal character and k € Z>;.

(@) Ifk =1, then

1 [ Pt pIL( +it, x)?sin®(t(log2)/2) 1
362(13)—5/_00 2 dt+0(W)y

where P(-, ) is a real-valued Euler product whose factors are 1 + O(1/ p?). In particular,
P(t, y) < 1 forall t, uniformly in .
(b) Assume that k > 2. Let Vi, (m) be the Lebesgue volume in R2*7'-1 given by
Vi(m) = VOI{(XI)IGC5’+(2k) cxy >0, m—log2 < le <m},
I3i

and let Sy () be the singular series

sn=T1(1-5)  #

D
where
Y0l + D/l if x(p) =1,
fo=40-=1/p»H7", if x(p) = -1,
(1—-1/p)71, if plq.
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22k—1

Then Vi (m) < m 21 &, (x) =k L(1, ¥, and

22k—1

Hok (R) = k() - Vilog R) + 0 ((log K>~ (loglog R)°" logq)
(c) Assume thatk > 2 andthat L(B, x) = 0 for some B > 1—1/(100logq). If Q = e'/(0—F)

and e10s ) < R < Q for some large enough C = C(k), then there is a constant c; (x) =
(log ¢)°W such that

Kok (R) = cr(x)(log R)(2kk)_2k (1 i ((log(q log R))O(l))) |

log R

In the case of our polynomial and permutation models, we have an exponent of
22k=1 _ 2k — 1 for the 2k-th moment with k > 2, whilst over the integers we have an
exponent (2kk) — 2k. We see that our Dirichlet character model interpolates between these
two settings. If the Dirichlet L-function associated with the character has a zero very close
to 1, then y(p) = —1 for many small primes p, and so by multiplicativity y behaves similarly
to u (at least in appropriate ranges). This is represented by our exponent of (2:) — 2k in
this case. On the other hand, y is a periodic character, and if the L function does not have a
zero very close to 1, we see that we have an exponent 22~! — 2k — 1, matching the exponent
of our polynomial and permutation models. Notice that if L(s, y) does have an exceptional
zero, then the asymptotic of case (¢) for &X»x(R) holds for small R, and transitions into the
asymptotic of case (b) as R grows.

REMARK 1.5. — Relation (1.16) has a polynomial analogue whose consequences are
worth exploring further. Given I C {F € F,[t] : deg(F) = n}, we consider the sum

> u(F).

Fel
For example, we could take I = {F e Fy[t] : deg(F) = n},or I = {F e Fyt] :
deg(F — Fy) < h} for some Fy € FF,[t] of degree n and for some integer & € [1,n — 1],
which can be seen as the polynomial analogue of a short interval. Then

D wF) = (=" > x(F).

Fel Fel

where y(F) = (—1)98F);(F), which is also a multiplicative function. However, we note
that, even though u(P) = —1 for all irreducibles, we have that y(P) = 1 for about half of
the irreducibles P, and y(P) = —1 for the other half, that is to say y behaves on average
much more like a real Dirichlet character rather than the Mobius function.

This phenomenon is striking and sharply different from what happens over Z, where there
is a dichotomy between multiplicative functions that look like the Mobius functions and
other ones whose average prime value is 0, as is exemplified by Theorem 1.5 (see, also, [13]).
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1.5. Further analysis of truncated Mobius divisor sums

As we saw in Theorem 1.4, if f € CA(R) with 4 > ﬁ(zkk) = & /2k+1,then My (n; R)?*
behaves like a sieve weight. When f = f4, we can be more precise:

IfA > ﬁ(zkk) — 1 = &Ex/2k, then & 4 = —1in Theorem 1.3, and so My, o (R) =
(log R)~!. Since integers n < x with no prime factors less than R contribute a total >
x(logR)~'to Y, .. My, (n; R)?*, we see that My, (n; R)?¥ is behaving like a sieve weight in
this case. -

IfA < ﬁ(zlf) — 1 = &Ex/2k, then Ex g4 > 0, and so My, 5 (R) > 1. In partic-
ular, My, (n; R)?* no longer behaves like a sieve weight, and the main contribution is from
numbers with several prime factors in [1, R].

The following theorem illustrates further this distinction.

THEOREM 1.6. — Letx > R > 2,k € Z>1 and A € Zx¢o. Moreover, let Q(n; R) denote the
number of prime factors of n in [1, R], counted with multiplicity.

@) If A> £ (k) — 1, then

> Mgy (R <ga

n<x
Q(n;R)=C

x
ClogR’

(b) If A < ﬁ(zkk) — 1l and € > 0 is fixed, then there is a § = 8(e, k) > 0 such that

Z My, (n; R)** <« 4 x(log Ry(E)—2k(4+1)-5
n<x
|2(n;R)/ loglog R—(%) =€

In other words, if A > ﬁ(zlf) — 1, then the main contribution to the sum defining
My, 2k (R) comes from integers with a bounded number of prime factors < R; whereas
if A < ﬁ(zkk) — 1, then the main contribution to the sum comes from integers with
((zlf) + o(l)) log R prime factors < R.

Analogous results hold with Q(n; R) replaced by the function #{p|n : p < R}. We note
that typically one requires x > R2¥, asin Theorem 1.3, to estimate a 2k-th moment of a sum
of divisors of size at most R, but the estimates of Theorem 1.6 hold in the much wider range
x > R. We can show similar (but slightly weaker) results for general weights f:

THEOREM 1.7. — Let k € Zsy and f : R — R be supported in (—oo,1]. Assume
further that f € CA(R) and that all functions f, f', ..., f are uniformly bounded for some
integer A > 2, and fix some € € (0, 1).

(a) Assume that A > ﬁ(zkk) Forx > R >2and C > 1, we have that

Z My (n; R)* <Lk, f

n<x
Qn;R)>=C

x
ClogR’

(b) IfA = ﬁ(zkk) and € > 0 is fixed, then there is a § = §(e, k) > 0 such that
Z Mf(n; R)Zk Lk, fe x(log R)(zkk)_zkA_S (x> R >2).

n<x -
|Q(n;R)/ loglog R—( pA )IZG
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1.6. Outline of the paper

We start the paper in Section 2 with a discussion on the discrepancy between the exponent
of log R in (1.15) and the exponent of m in Theorem 1.1, which is surprising at first sight.

Sections 3 and 4 study the analogies for permutations and polynomials over finite fields,
respectively. These analogies are considerably easier to analyze than the integer case.

The main body of the paper is then dedicated to the study of moments of My, (n; R) over
Sections 5 — 10. Specifically, in Section 5 we establish relation (1.4) for the size of the support
of My, (n; R), and in Section 6 we study inversion formulas for our divisor sums My (n; R)
that will be essential when dealing with their moments. The proof of Theorem 1.3 is separated
over three sections: in Section 7, we establish certain combinatorial inequalities that will be
instrumental in understanding the leading term in the asymptotics for ¢}y, ¢ (R). Then,
in Section 8 we establish Theorem 1.3 by a multidimensional contour shifting argument,
except for showing the positivity of the constants c, 4 and c; . The latter will be accomplished
with a different argument in Section 9. Section 10 contains an analysis of the anatomy of
the integers that give the main contribution to moments of M (n; R). Specifically, we prove
Theorems 1.4, 1.6 and 1.7 there.

Finally, in Sections 11 and 12 we study the moments of the sum weighted by Dirichlet
characters, and establish Theorem 1.5, first for non-exceptional Dirichlet characters (where
the proofis similar to Theorem 1.2), and then for exceptional Dirichlet characters (where the
proof is similar to Theorem 1.3).

1.7. Notation

Given an integer N > 1, we set throughout the paper

[N]:={1,2,...,N},

ST(N):={0 #1 C[N]:#I even}, o (N):={I C[N]:#I odd},
S(N):={I C[N]} and S$*(N):= ST (N)U §(N).

Also, we recall that, given an integer n > 1, we write P T (n) and P~ (n) for its largest and
smallest prime divisors, respectively, with the convention that P*(1) = 1 and P~ (1) = oc.

Finally, given 2k variables sy, ..., s,k and I C [2k], we will use the notations; =) ;; si.

2. The discrepancy between integers and polynomials

The goal of this section is to analyze in detail why we have such a different behavior when
considering integers vs. polynomials or permutations.
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2.1. Integer setting

Assume that k > 2. We mimic the proof of Theorem 1.1. Recall the definition of ]7(; in
(1.3). Given square-free integers d, ..., d,; and I C §*(2k), we let D; be the product of
those primes p that divide each of the d;’s with i € I but do not divide [];c[ox\ s di- Then
the integers Dy for I € §*(2k) are pairwise coprime and d; = [] 1.ie; D1 foreach i, so that

Z p(dy) ... u(day)

M7 ok (R) = [d1, ... dx]

R/2<d1,...,d2k<R
b (Dy) 1
> n“2(mn L)

Dy (Ie€5™(2k)) Ies™(2k) 1 restan
R/2<[];5; D1 <R (1<i<2k)

b
where the notation Z means that the summation is running over squarefree and pairwise

coprime integers Dj. Set [ = e(loglog R)* The contribution of those tuples with D; > L

for some I odd to oM 7 ., (R) can be seen to be « 1/ecUoglog B2 for some ¢ = c(k) > 0,
fo,.2k

by the Prime Number Theorem. So assume that D; < L for all I odd. Then it is natural to

write

b p(D)
M7 2k (R) ~ Z T'Tzk(Rl,-.-,Rzk;D),
Dy<L (I€§*(2k))
D=[l;es— k) D1

where R; = R/ ]—[Iai’ resT R Dy and

Tor(R;a) = Zb [ DL,'

(Dr.a)=1 ISt (2k)) Iest(2k)
Ri/2<I;c s+ @ky:ies P1=<Ri (1=i<2k)

When log R; = log R + O(log L) = log R + O((loglog R)*/?), as it is here, we should be
expecting that Tox (R; @) has an asymptotic formula of the form

Tok(R;a) = g(a)(log R 72471 1 0 ((log R loglog R)°)

since we have 22K~1 — 1 variables on a logarithmic scale and 2k multiplicative constraints
in dyadic intervals, where g(a) is a multiplicative function with g(p) = 1 + O(1/p).
Since Y o2, u(n)/n = 0, we then find that the total contribution of the main terms

to Mz 2 (R)is
(log R)?* ' —2k—1 Zb w(D)g(D) « ¢ (loglog R)3/2

D;<L (Ie5™ (2k))
D=[lres— k) D1

for some ¢’ = ¢/(k) > 0, which is negligible. Consequently,
M 75 o (R) < (loglog R)OW (log R)>™ ™' 22,

whereas the power of m in Theorem 1.1 is 22~ — 2k — 1. So this heuristic indicates that
we should get more cancelation in the integer setting than we will obtain in the analogous
permutation question, as established in Theorem 1.1.
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2.2. Polynomial analogue

The reader might be skeptical of the argument presented above, because a direct
analogue exists for polynomials over finite fields too. Specifically, expanding the 2k-th
power in Poly, (n, m; k), we find that

Poly, (n, m; k) = Z M(Gl) - (Gag)

deg( G1,--.Gox])

.....

forn > 2mk. Given square-free, monic polynomlals G1,...,GyoverFyltland I C §*(2k),
we let Gy be the product of those monic irreducibles P that divide each of the G;’s with
i € I but do not divide [[;¢[ox7\; Gi- Then the polynomials Gy for I € & *(2k) are pairwise
coprime and G; = [];.;c; G1 for each i, so that

. b w(Gr) 1
POlyq (I’l » 1, k) = Z 1_[ deg(Gy) l_[ qdeg(GI)

G (IeS*(2k)) Ies™(2k) 1 Iest(2k)
Y15 deg(Gr)=m (1<i<2k)

b
where the notation Z means that the summation is running over squarefree and pairwise
monic polynomials G;. As in the integer case, the contribution to Poly, (n,m; k) of those
tuples (Gr)eg*(ak) such that deg(Gy) is large for some I € & (2k) is negligible, by the

Prime Number Theorem over F,[t]. Hence, we may assume that deg(G;) < logm for all
I € & (2k). Then it is natural to write

b WG) =~
Poly, (n,m; k) = > —eg© * Taak(mis....ma: G),
deg(G)<logm (15~ (2k)) I
G=[lres— (k) Gr

where m; = m — Zlai,le§+(2k) deg(Gy) and

~ 1
Tyt (m; A) 1= 3 [l e

(Gr,A=1 (Ie§T(2k) Ie§(2k)
X rest @y ics dea(Gr)=m; (1<i<2k)

b

As before, when £; = m + O(logm), as above, we should be expecting that Tq,zk (€; A) has
an asymptotic formula of the form

@.1) Toak (8 4) = Faym®* ™ 271 4 0 (m? ' 2=210gm) W),

where Z(A) is a multiplicative function with 3(P) = 1 + O(1/¢9¢")) for irreducibles P.

The above argument suggests that we should have an asymptotic behavior of Poly, (n, m; k)
that is smaller than what Theorem 1.2 states, which is absurd. The problem is that if
> 15 deg(Gr) = m for all i, then we also have that

2km = Z > deg(Gr) = Z#] deg(Gy).

i=11:iel
Reducing this formula mod 2, we find that
(2.2) > deg(Gr) = 0(mod )2,
Ie§™(2k)
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a local constraint that is not present in the integer analogue. In particular, we see that (2.1)
is true only when (2.2) is satisfied. We thus find that the main term for Poly, (1, m; k) equals

22k—1_nk—1 b w(G)g(G)
m : Z 49°2(G)
deg(Gr)<logm (I€S§™ (2k))
G=[l;es—2k) Gr1, 2| deg(G)
22k=1_2k—1 deg(G)
m b G)(1 + (—1)¢°¢& 1
_ . Z m(G)( (=1 )+0(_)
2 qdeg(G) q

deg(Gy)<logm (I€§~ (2k))
G=[l;es~ k) G1

o 5,220 1 2k—1
=m ,

because Y-y pu(F)/q%E ") = 0and Y- w(F)(=1/q)%eF) = [[p(1 — (=1/g)*=P)) > 0.
Thus we see the local constraint associated to the discreteness of degrees in the polynomial
setting means we have a genuinely different asymptotic behavior.

2.3. Further analysis

The above arguments suggest a possible route to proving Theorem 1.3, by working out
the full asymptotic expansion of T»x(x;a). Controlling the coefficients in this expansion
is a highly non-trivial problem. Instead, we take another route, using a high-dimensional
contour shifting argument. Our starting point is Perron’s inversion formula which, ignoring
convergence issues, yields

2k .5j —S;
1 b 1 X; (1—-27%)
Tok(x:a) ~ i)k // Z l_[ pltsi l_[ 5; dsy---dsy.
Re(s;)=1/log R P1-D=1TesT k) ~1  J=1
15]'52]( Ies ™ (2k)

with the notational convention that s; = ;. s;. Therefore

k )
1 H]Eeg'i'(zk) ¢+ sr) 2K | s
My ®) ~ e [ F@) ds, - sy
fo.2k (27i)2k HIEQS’_(Zk) L1+ s7) 1:[1 S;
Re(s;)=1/log R J
1<j<2k

where F(s) is analytic and non-zero when Re(s;) > —1/4k for all j. As we will see in
Section 8, shifting contours, we pick up poles any time s; = 0 for some I € §*(2k). What is
the difficulty in proving Theorem 1.3 is that some of these poles can get annihilated by poles
of the zeta factors in the denominator, which is an analytic way of saying that the higher order
terms in the asymptotic expansions of T (x; a) are canceled out.

It is clear from the above discussion that the underlying reason why we got a genuinely
smaller main term for oM 7o.2k(R) is the identity > o2, u(n)/n = 0, that is to say the fact
that 1/¢ has a zero at 1. This also explains the phenomenon we see in Theorem 1.5. If we
replace u by a real valued multiplicative function f whose Dirichlet series
F(s) = Y_p2, f(n)/n® which is not very small at s = 1, then the behavior of the respective
divisor sums should be similar to the permutation analogue, whilst if F(s) is close to 0
at s = 1 (which occurs if F has a zero very close to 1) the behavior is the same as in the
original integer setting.
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2.4. Further obstructions to the analogy

Is it possible that the local constraints at the prime 2 described above are the only thing
separating integers and polynomials? In order to study this question, we consider the varia-

tions
2k

Poly,(n,m, h;k) := ln Z Z w(M)

q NeF4[t] M|N
deg N=n m—h<degM <m

where h € ZN[1,m+ 1]. If h > 2, then the local problems at the prime 2 should be resolved.

However, we will see that this is not sufficient and that the discrepancy between the integer
and the polynomial analogues goes even deeper.

)

First, let us consider the case # = m + 1 in order to convince the reader that resolving
the constraints at the prime 2 is not sufficient. It is known that a positive proportion of
polynomials N € F,[¢] of degree at most r have a simple zero over F,, and that the number
of zeroes of such a polynomial over Fy is, on average, bounded. So we should expect

Polyq(n,m,m+1;k)xin S D wmm

q NeFy[t] a€lFq M|N
deg N=n N(x)=0 degM <m
N'(e)#0

2k

If N has a simple zero at «, then we can factor N(x) = (x — oz)ﬁ(x), where ]V(oe) # 0, that
isto say x — o and N are co-prime. Then

Yo=Y w4+ Y p—a)M)y= Y (M),

MI|N M|N M|N M|N
degM <m deg M <m 1+degM <m degM=m

so that

2k
2k—1_~rp_
= m? k=14

1
Polyq(n,m,m—i—l;k)xq—nz Z Z w(M)
a€Fy  NeF,[t] M|N
de’gvﬁ=n—1 deg M =m
N (a)#0
for n > 2mk, by an easy variation of Theorem 1.2. This argument can be made rigorous; we
leave this task to the interested reader.

Let us now study Poly, (n,m, h; k) more generally. For any 7 € Z>y and n > 2mk, we
note that

Z w(Gy) - pu(Gax)

Polyy (n.m. h: ) PIe

Gy,...,Gog
m—h<deg(G;)<m
1<i<2k
_ 3y M 2 11 w61
- - qdeg(Gl) qdeg(Gl) ’
G; (Ie§*(2k)) Ie$™ (2k) Iest k)

m—h<3}5; deg(Gr)<m (1<i<2k)
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as before. Applying Fourier inversion 2k times, we find that, for any r € (0, 1),

, b wGr) #2(Gr)
POlyq (I’l, m. h; k) Z Z 1_[ qdeg(GI) l_[ qdeg(GI)
m—h<{;<m G; (Ie$*(2k)) \I€S (2k) Iest(2k)
1<j<2k

1
x ]‘[ /0 (re(8;)) =% t2i=5dee@n g,
j=1

So, if we set
w) 48
Zow)= Y (—) = T]1 = (w/g)te=™y,
GeFy[t] 4 P
the IF,[¢] analogue of the Riemann zeta function, then

[res+or Za* 1) 12_"[ e(46) |

0
[Tres—r) Za(r#e(6r)) e

Poly,(n.m.h:k) = ) / Fy((re(6)));)

m—h<{;<m
1<]<2k

rlx

F . [resten Za(r*le(0p)) 2
/[;),1]21« F, ((re(ej))]) l_[lecg o6 Zq(r#le(el))

l_[ Z e((@)

Jj=1{=m—h+1

where 67 = _;c; 6; and E(w) is a certain function that is analytic and non-zero when
|lwi| < \/q/2k forall j.

We take r = 1—1/m and note that the main contribution to Polyq (n,m, h; k) should come
from those values of @ for which there are many I € & (2k) such that §; = 0 (mod )1.
This is the key difference with the integer case: before, we needed many I € &7 (2k) with
s; = 0. So we see two different linear algebra problems: one over the group R/Z, which has
torsion, and one over R, which does not. The presence of torsion in R/Z is a reflection of
the discreteness of the polynomial setting (of the degree of the polynomials, more precisely),
and the fact that R is a field reflects the continuous nature of the integer problem (of the
logarithms of integers, more precisely).

When i = 1, then the integrand is < 1/m when 6; = O(1/m) mod 1 for all j, much
like the integer analogue. However, if we take 8, = 1/2 + O(1/m) for all j, then we see
that ; = O(1/m) mod 1 for I € §*(2k), whereas ; = 1/2 + O(1/m) mod 1 for I €
&7 (2k), so the integrand has size m2> ™ ! for such 8. The volume of this region is = 1/m2*
leading to a contribution of size m2 =2k g Poly, (n,m, 1; k), which is precisely its order
of magnitude for k£ > 2. Note that the fact the main contribution comes from when 6; ~ 1/2
and not when 60; ~ 0 is a reflection of the local constraint at the prime 2 we noticed above.

Similarly to the above case, if # = 2 and §; = 1/2+ O(1/m), then the integrand becomes

m? =11+ 0(1/m)) &

Fy(1/2,...,1/2) 7 (2" j]:[l(l + e(9))).
By Taylor expansion, we have that
o 2
1+e(@)=1—e® —1/2)=—(0; —1/2) — M -
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By symmetry, we should then have that

22k—1_1 2k
~ 1+ 0(1
Fya/2.... 1% (L+ O(/m) [T+ e)))do
Zq(1/2)* 1
16;—1/2|<1/m !
1<j=<2k
22k—1_1 2k

2
— (1 + 0(1/m)) // Fy(1/2.....1/2) = -T1 G =172 49
Z,1/2% [ 2
16;—1/2|<1/m :
1<j<2k
which leads to a contribution of size m2>* ' —6k—1 to Poly, (n,m,2: k). This should be the
dominant contribution for large k, even though for small k& other regions can dominate. For
example, if k. = 2 and we take 01, 6, € [0.33,0.34], 05, 64 € [0.66,0.67], and 6 + 0,, O3 + 64,
0, + 04 = O(1/m), then the integrand becomes =< m?>, and we are integrating over a region
of volume = 1/m3, so we see that Poly,(n,m,1;2) > m?. In fact, this is the exact order of
magnitude of Poly(n, m, 1;2).
We conclude our discussion with another peculiar fact: if 4 = 3, then
m
Z e(£0) = e(mO)(1 4+ e(0) + e(20)) = e(mb) + O(1/m)
{=m—h+1
when 6 = 1/2+ O(1/m). So Polyq(n, m, 3; k) should have the same size as Polyq(n, m, 1;k),
whereas Poly, (n,m, h; k) is a bit smaller, by a factor of size mOP® In general, no matter
how we choose /, we cannot make the sum Y., _, ., e(£6) small enough to cancel the
contribution of the factors Z, (r*1e(6y)) for even I in the region 8; ~ 1/2, so the quantities
Poly, (n,m, h; k) do not behave in the same way as M Fo2k (R) for k large.

3. The analogy for permutations

Completion of the proof of Theorem 1.1. — It remains to prove the two claims for the
quantity ¢(m, k), which we recall is defined as the number of (22¥ — 1)-tuples (rr)o£1c2k]
of non-negative integers such that r; € {0, 1} for #/ odd and such that } ;. ,.; r7 = m, for
eachi € [2k].

Given any vector {r; : @ # I C [2k]} counted by c(m, k), the vector {r; : @ # I C [2k]}
is counted by c¢(m + 1, k) where r{’m} = rgo + land r{’3,4 ..... 2y = T340k T 1, and
r; = ry otherwise. Since r; + ry is injective, we see ¢(m,k) < c(m + 1,k) for allm > 0, as
claimed.

We now estimate c(m, k). When k = 1, we find immediately that c(m, 1) = 2, so there is
nothing to prove. Assume now that k > 2. Since c(m, k) is increasing in m and ¢(0,k) = 1,
we may assume that m is even and large enough. We note that there are =< 1 possibilities for
the r; for the odd-sized 1. Otherwise we have to satisfy 2k equations with 22K~1 —1 variables.
Hence the number of solutions should be

2k—1_of—
=i m2 2k 1+1’

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1108 A. GRANVILLE, D. KOUKOULOPOULOS AND J. MAYNARD

as claimed. Certainly, this argument yields an appropriate upper bound. To prove the lower
bound for k > 2 we will construct this number of solutions. Let

J={i.jr:1=i<j=4U{L,j}:5=j <2k},
sothat #.7 = 2k +2.Setr; = 0if I € & (2k) and, given § > 0 to be chosen later, let
r7 be any even integer from the range [0,8m/4¥]if I € $T(2k) \ (J U {{5.6,....2k}}).
Finally, if k > 2, let ris 6. 211 be an even integer from the range [m — 28m, m — dm]. There
are <y m2* 7' =3=2k quch choices of 17, I € T (2k) \ 7. Then select

r1gy = m— > rr (5= j <2k),
Ie§T 2\, jel

which is an even integer lying in the interval [0, 28m], so that ), stk jer1 = m for
5 < j <2k.Now set

Jr=Ui.jy:1<i<j<4},

mj =m— > rr (1<) <4).
Ie§T @\ 2, jel
We note that the m; are even integers lying in the interval [m —2kdm, m]. It remains to choose
rr, I € J,, such that Z,egz, jertt = m; for 1 < j < 4. Then, we select any even

integers ry» 4, (3 43 from [/8m — §m, v/Sm + $m], and we set
T{1,4y = Mg —T{2,43 —T{3,4}.
Finally, we define r(; 5y, r{1 3}, 7{2,3y such that
T{12} T 71,3y =M1 — T4 =My — Mg +704y +734}
ray + sy = ma —rp 4y and
r(1,3) + 72,33 = M3 —I'{3,4}.

Note that the right-hand sides are all even so there is no parity problem, and the solutions
we obtain are non-negative integers for § small enough. We have thus constructed >
m?*~'=2k=1 golutions counted by ¢(m, k). This completes the proof of the lemma. O

REMARK 3.1. — Itshould not be too difficult to determine ¢ (m, k) exactly in some special
cases. For example, we have that c(m, 1) = 2 and ¢(m,2) = 1(64m>® — 135m? + 182m — 66)
forallm > 1.

Finally, we prove a probabilistic interpretation for c¢(m, k). In its statement, we have set
with a slight abuse of notation

M(cir):= Y (=DPriotbm

(3.1 0<b;=c;
1<j<m
Yjjbj=r
for an m-tuple of non-negative integers ¢ = (cy,...,Cm).
PropoOSITION 3.1. — Let X = (X1,Xa2,...,Xm) be a vector of pairwise independent

Poisson random variables, where X; has parameter 1/j. For every k € Zx1, we have that

c(m, k) = E[M(X;m)%].
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In passing, we note that Proposition 3.1 is purely a statement about Poisson random
variables and not immediately related to permutations or polynomials over finite fields, but
our proof makes use of this connection.

Before we prove Proposition 3.1, we need a lemma.

LEMMA 3.2. — Let N > m > 1. The proportion of permutations ¢ € Sy that have no

cycles of length < m is
iy o =
[ + ( N ) :

j=1

Proof. — Note that this lemma was proven by the first author in [10] for large m, but here
we are mainly interested in the case when m is very small compared to N. We apply inclusion-
inclusion. If C; denotes the j-cycles in Sy, we write |7| = j for an element 7 of C;, and we
let C be the union of C4, ..., ;. Then

#{o € Sy : 0 has no cycles of length < m}

=NI=D (N =D+ Yo (V= |m| = |m)! F

nel my,m€C
m,mo disjoint

= Z (=Derttem(N — ey —2¢p -+ — mey)! Z 1.

ClseeesCm =0 71 ,7m2,€C disjoint
c1+2cr++mem=<n #i:|mi|=j}=c; Vj

In order to count the inner quantity, we note that if r = ¢y + - -+ + ¢, 1s the total number of

disjoint cycles we are choosing, and we have fixed our choice for 7y, 75, ..., -1, then there
are
(N — || = — |mr—1|)!
|7 NN = |y | =+ = [mmr—1| = |7 ])!
choices for the set of size |7, | fixed by 7, and then (|7, | — 1)! possibilities for a cycle on |7 |
given elements. Inductively, we then find that the total number of possibilities for 7y, ..., 7,
should be
N! 1 _ N! mol
(N —|z| == |m D! o1 |mr] (N —cy —2¢3 — - —mcy)! i Joi

Note though we have overcounted: each possibility of j-cycles occurs c;! times, depending
on the order they are picked, so we must divide the above expression by cq!---¢;,!. We then
find that

#{o € Sy : o has no cycles of length < m} _ Z ﬁ (=1/j)<
N! j=1 Cj!

ClyeeesCm =0
c1+2cr2++mep<n

- m?
= | | 4ol —
| e + ( N ) )
j=1
where the error term is obtained by noting that

161+2L‘2+~~~+mcm§N < (Cl + 2C2 + -+ mcm)/N O

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1110 A. GRANVILLE, D. KOUKOULOPOULOS AND J. MAYNARD

Proof of Proposition 3.1. — We recall that we have already proved that

2k
c(m,k)z% ( > u(o|T))
'O'ESN

TC[n]
o(T)=T
#T=m
for any N > 2mk. We will now rewrite the right hand side for » much larger than m and k.

Note that if o has ¢; cycles of length j for each j € {1,...,m}, then
Y o)) =Memy =Y (Dbt

T C[n] Oﬁbj =<c;
o(T)=T 1<j<m
where ¢ = (cy1,...,cm). Moreover, a generalization of Cauchy’s formula (see Lemma 2.2 in

[4]) implies that if ¢ := ¢; + 2¢3 + -+ + mcyy < N, then
#{o € Sy : 0 hasc; j-cycles of length j (1 < j <m)}
N!

m

B 1—[ 1 #{o € Sy—; : 0 has no cycles of length < m}
=i Jjcj! (N —1)! ’

Applying Lemma 3.2, it is then easy to conclude that

2k
. 1
SCCEICRD ¥ (D IRIER)

oceSy \ TC[n]

o(T)=T

#T=m
m ,—1/j

e
= 2 Mem* ][]
L jcj!

Clyeees cm >0 j=1

Since P(X; = ¢;) = e~/ /(j% ¢;!), this is E[M(X ; m)?K], and so completes the proof.  [J

4. The analogy for polynomials over finite fields

Proof of Theorem 1.2. — Throughout this proof all polynomials we consider are monic,
and P denotes a generic monic irreducible polynomial over F,. Note that

2k
Polyq(n,m;k)zi > ( > u(G))

qr
deg(F)=n G|F
deg(G)=m

2k
—de 1
= 1_[ (1_q dg(P)) Z —qdeg(F)( Z M(G))

deg(P)<m P|F = deg(P)<m G|F
deg(G)=m

for n > 2km, as can be proven by expanding the 2k-th power in both sides, and noticing
that if Gj|F for each j < 2k, then we may write F = [Gy,..., Gox]H for some monic
polynomial H.
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Next, note that if F = PI" U... P’ is the factorisation of F into monic irreducible factors,
and we write ¢; = #{i : deg(P;) = j} for 1 < j < m, then

Y. MG =Meim)
G|F
deg(G)=m

with M(c; m) defined by (3.1). In particular, we see that ZG‘F, deg(G)=m H(G) is a function
of the vector ¢(F) := (c1,...,cm). Moreover, given a fixed vector ¢, we see that
1 m ()
_ ,—deg(P) - _,—deg(P) L R
[T (1-q ) X o F) — [T (1-4 )11 (@7 — 1)

deg(P)<m F:c(F)=c deg(P)<m j=1
P|F = deg(P)<m

~ ﬁ (16\’;')(1 —g= N
= —
N A VA
where
N; :=#{P e F,[t] : P irreducible, deg(P) = j}.
(Note that we have (g7 — 1)¢/ and not ¢’/ in the denominator because we have to sum over

powers of P; too.) Galois theory implies that g/ = Y 15 J'Njr, whence

1 . v q] 1j>2
. Nj == u(Hg’’ =—.(1+0(+))
S T ]2“: / J (g7 /))V/>?
and
4.2) q+JjN;<q’ (j =2).

Our next task is to control the quantity

(L)1 =g )N

[1 (g7 — D%

j=1
and remove the dependence on ¢. First, note that

[Ta—-¢)" =a+oa/g)[]e .

j=1 j=1
Furthermore,
N, ; )
() N+ 0@ /N 1po(Lizzs | Li=ig
(g7 — 1) M a7 — 1) &' @/nHE" )

provided that ¢; < g and that ¢; < /g7 /j if j > 2.
Therefore, if c; <gand Y, ;_, ¢+ (j/q’)"/? <1, then
“ (127,])(1 _q_j)Nj c1+1 i ij1/2

== ={"rol 7 o)l

Jj=1 j=2 Jj=1

e_l/j

cjljei '
Together with Proposition 3.1, this implies that
Poly,(n,m;k) = c(m,k) + O(Ry + Ry + R3) (n > 2mk),
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where
mo.oa1/2\ m —1/j
_ okt ¢iJ e
R, = Z M(c;m) —q +Z e nc!jcf"
ClaeensCm >0 j=2 ji=1"/
mo,—1/j
e
Ry = > M(esm)* [T ——
> LGk J
ClseeesCm >0 Jj=1
ci>qor Yj=ic;j?%/q//?>1
mo.oa1/2\ ™ —1/j
L2k | €1 ¢iJ €
< Z M(c;m) ; +Z P l_[ 1 <Ry,
ClseesCm >0 j=2 j=1"
and
m =115 (V)
_ ok TT L Ve
R3— Z M(c,m) 1_[ (qj_l)c_,-'
Clyenes cm=>0 j=1

ci1>qor Y joycjjl?/q7/?>1

For R3, we note that ¢; < N; in its range; otherwise, (]CVJJ ) = 0. In particular, ¢; < Ny = gq.
Moreover, (4.2) implies that

@ -0y ifj >2
ch Cj!jcj J =2
(Ni) j
==
Cj Cj. 4] —1 1
q—s(l—l/q)_q-u ifj =1.
C1 c!

Therefore
m 2\ mo -1/

-1
.2k GiJ
Ry < Z M(C’m) Z qj/z 1_[ Cj!jcj- < Ri.

ClyeensCm =0 j=2 j=1

We thus see that Theorem 1.2 is reduced to proving that R; < c(m,k)/q. It suffices to
show that

mo,—1/j

el )
T; := Z cl-M(c;m)Zk 1_[ o Lclm,k) (1<i<m).

Clyeees cm=>0 j=1

Indeed, we note that the term with ¢; = 0 does not contribute, and we replace ¢; by ¢; + 1

to find that
m o o—1/j

T; =ll Z M(e; +c;m)2kl_[

C1yeeey cm=>0 j=1
where e; denotes the m-th dimensional vector that has the i-th coordinate equal to 1 and all
other coordinates equal to 0. Note that

ijCj!’

Me; +cim)y= > (=DPTE = M(eim) + (=1 M(eiim — i(e; + 1)),
Ofbjfc_/’ Vj#i
0<b;<c;+1
Zj jbj=m
where ¢; = (¢1,...,¢i-1,0,¢i+1,...,Cm), so that

M(e; + c;m)** <22V (M(c;m) + M(ci;m —i(ci + 1)))%*,
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by Holder’s inequality. We thus conclude that

2k—1 2%—1 O -1/ o1/
Tis——ctnbk)+——3 —— Y Meexm—ilc+D)*[]
Lm0 T e i T
2k—1 22k—1 2 ,—1/i
= i c(m,k) + i Z C,"ici C(m —i(Ci + 1)’k)»
c;=0 '

since the M(c;; m—i(c; +1))%* is independent of the value of the cj’swith j > m—i(c; +1).
Recalling that ¢ (¢, k) is an increasing function of £ by Theorem 1.1, we arrive to the claimed
bound 7; < ¢(m, k), whence Theorem 1.2 follows. O

5. The support of M, (n; R)

We prove here (1.4), which we recall is the statement that
X

(log R)4 (loglog R)3/2
The lower bound was proven in the introduction, so we are left to show the upper bound. We
recall the relation (1.5)

logd 1 logd
My(n; R) = Z M(d)%f (lziR)_f(;;gng} +12§R)}7

d|pa+prm

#{n <x: My (n;R) # 0} < (x > RY).

where n = p‘lx' oo p¥m, where p; < --- < pr, a; > 1 and all of the prime divisors of m are
> p,. Taking r = 2, letting ¢ be the smallest prime dividing n and writing n = ¢/m with
q 1 m, we see that

Mp:R) = 3 p(d).

dim
R/g<d<R

Therefore,

(51)  Fn=xiMp(iR) A0y = )0 H(x/g’.q:R/q. R) + O (lo)gcy) :
q’/ <y

for any parameter y < R'/3 to be chosen later, where
HX,Y:Z,W):=#n<X:P~(n)> Y, ddnwith Z <d < W)

We have the following estimate, that is useful in its own right.

PROPOSITION 5.1. — Uniformly for 1 <Y < Z <W < X/(2Z)and2Z < W < Z?, we

have
1

logY A3(1 + log1)3/2°

. . _ A _ 1+loglog2 _
where X is defined by the relation W = Z'*V* qnd § = 1 — % = 0.086071...

HX,Y;Z, W) K

REMARK. — In the special case when W = 2Z, Ford [6] used a more refined argument
and determined the exact order of magnitude of H(X,Y; Z, W). The exact statement is a bit
complicated, so we refer the interested reader to Ford’s paper.
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Proof. — We adapt the proof of Lemma 6.1 in Ford’s paper [5]. By a dyadic decomposition
argument, it suffices to upper bound the difference H(X,Y;Z, W) — H(X/2,Y;Z,W). Let
n be counted by this difference, so that it can be written as n = nyn, with ny € (Z, W]. We
thus have that n, € (X/2W,X/Z]. If p = min{P T (n1), P*(n,)} € (Y, W], then we may
write n = apb, where:

(i) all prime factors of a are in (Y, p);

(i1) all prime factors of b are > p (and there is at least one such prime factor);

(iii) there is a divisor d |a such that pd € (Z, W]U (X/2W, X/Z].
If we set Z(a;0) := Uagellogd —o,logd) and n = log(W/Z), the last condition can be also
written as:

(iii") either log(Z/p) € ZL(a;n), orlog(X/(2Wp)) € Z(a;n + log?2).
Let ¥ = n + log2, and note that 7 =< 7 by our assumption that W > 2Z. Moreover,
let Zy = Z and Z, = X/2W, so that condition (iii’) yields condition
(iii”) log(Z;/p) € L(a:n') for some j € {1,2}.
Finally, note that since there is d |a with dp > Z;, we must have that p > Z;/d > Z; /a. We
thus conclude that we must have the condition

(iv) p > Qj(a) := max{P*(a), Z;/a}.

Given a and p satisfying conditions (i), (iii””) and (iv), the number of b € (1, X/ap]
such that P=(b) > pis € X/(aplog p). Indeed, notice that if there is one such b, then
X/ap = b > p, so that the claimed estimate follows by a standard sieve bound, such as

Theorem 4.3 of [§]. We thus conclude that
2

HX.Y:Z,W)—H(X/2,Y:Z,W) < XZ Z ! Z

imtaepam ¢ pro@
log(Z; / e L(@in’)

where (Y, W) denotes the set of integers all of whose prime factors are in (Y, W]. As in
the proof of Lemma 6.1 in [5], we have that the sum over p is < L(a; ')/ log? Qj(a), where
L(a; o) denotes the Lebesgue measure of Z(a; o). We conclude that

2
L(a;n')
H(X,Y;Z,W)—H(X/2,Y;Z,W)<<XZ Z —
j=1a€c73(Y,W)a Og Qj(a)

X o L(a;n')
NITy D DRI B ey N

J=1P+(a))<Y acP(Y,W)

1
plogp’

Since Q;(a) > Qj(aa’) and L(a;n’) < L(aa’; 1), we have the estimate

2
X L . /
HX.Y:ZW) = HX/2.Y:Z W) < == ) _Lmn)
0 j=1P+(m)§Wmlog Qj(m)

Since Z, = X/2W > Z = Z, the contribution for j = 2 is bounded by the contribution

from j = 1, and so it suffices to just consider Z; = Z. In this case the contribution is
<« 1/(A%(1 + log 1)*/? by Lemma 3.3, equation (3.8) and Lemma 3.7 of [5]. This completes
the proof. O
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Proposition 5.1 implies that
§ —-3/2
: X lo log R
Hx /¢ 4 R/q. R € ——— - ot ) (log —= ,
q’ logg \logR logq
uniformly in 2 < ¢/ < y < RY2 and x > R>/2. Inserting this bound to (5.1), we deduce
that

X X
(log R)} (loglog R)3/2 + logy’
Selecting y = exp((log R)® (loglog R)?/?) completes the proof of (1.4).

#{n <x: Mg (n;R) #0} <

REMARK 5.1. — It is possible to construct integers n for which My, (n; R) is quite large.
Indeed, let y > 3 and k € Zx; be two parameters such that the interval (y, 21/ky) contains
at least 2k primes, and let ¢; < --- < ¢or be the smallest such primes. Then we set
n =2qi---qo and R = 2y¥. By (1.5),

My R) = Y u(d).

d|q1+q2x
R/2<d<R

The choice of R implies that the above sum runs over all divisors d of ¢1,..., ¢ With
precisely k prime factors, so that

My, (n; R) = (1) (Zkk)

Optimizing the choice of k and y, and using the fact that there are infinitely many y such
that m(y + /ylogy)—m(y) > /y/logy (see, for example, [12, Exercice 5, p. 266]), we find
that there exist arbitrarily large integers n such that |My(n; R)| > ne/leglogn “for any fixed
c< 1052 with R ~ n'/2.

On the other hand, such extreme values of My, (n; R) are very rare, as Theorem 1.3

indicates.

6. Inversion formulas

Given f :R—> R, R >2and s € C, we set
oo o0
Tr(s) =/O f (%) *~ldx = (log R) /_oo f(u)R**du,
provided that the above integral converges. If f is Lebesgue measurable, supported
in (—oo, 1] and bounded, which will always be the case for us, then fR defines an analytic
function for Re(s) > 0. If, in addition, f € C/(R) for some j > 1 and the deriva-
tives f', f”,..., fU) are all bounded, then integrating by parts j times yields the formula

(_1)j /_oo f(j)(u)Rsudu.

(6.1) ﬁg(s) = W

In particular, we see that

RRe(s)
Re(s)(|s|log R)/
for Re(s) > 0, where we used our assumption that supp(f) C (—oo, 1].

(6.2) |72 )] < 1/ P loo
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Now, for m € Z>, the Mellin inversion formula implies that for ¢ > 0

logm 1 ~ s
(6.3) f (logR) =5— e Sr(s)m™>ds.

In the proof of Theorem 1.3 with A > 1 and of Theorem 1.6, our assumption that f is
a few times differentiable in R allows us to apply (6.2) and write My (a; R) in terms of an
absolutely convergent integral, which can easily be truncated at some appropriate height.
However, when A = 0 in Theorem 1.3, we have fy = X(—o0,1], SO that (f/;)R(s) = R%/s.
Truncating Perron’s Formula is still feasible but rather technical. Instead, we perform a
technical maneuver and smoothen f; a bit. We consider a smooth function / : R — R such
that

h(x) =1 ifx <1-—n,

0<h(x)<1 ifl—-np<x<1,

h(x) =0 ifx>1,

where 7 = 1/(log R)€ for some constant C > 0 that will be chosen appropriately later. We
choose 4 so that h)(x) « ; n/, forall j € Zso. We claim that, for any fixed L > 0 and
k > 1, there is C = C(k, L) such that

1
(6.4) M2k (R) = Mpk(R) + O ((log R)L) '

Indeed, we have that

21i 2 d: 2k—1
| My 26(R) — Mp ok (R)| < 2k Z [djl_.l.l.L ;2_;]) <2k Z t(m; Z I,

di,..., drk—1<R m<R2k d|m
R'""<d,; <R R7"<d<R

by setting m = [dy,...,dy] and d = di. We split the above sum according to whether
7(m) < (log R)® or not, where B is some parameter. We then find that

log R)2k—1B
| Mpy2k(R) — My (R <2k (log R)@k—DE s

m=<R? m d|m
t(m)<(log R)® RI""<d<R
+2k Y t(m)***! (log R)~#
m§R2k m
(m)>(log R)B

&5 (log R)YPk—DB+2-C (o0 gy =B

We choose B = L + 22k*1and C > (2k — 1)2%*! 4+ 2kL + 2 to complete the
proof of our claim. For the purposes of Theorem 1.3, we may take L = 1, so that having
C > (2k — 1)22k+1 4 2k + 2 suffices. We also note that

1 ! !/ su RS 7 / —Su
hr(s) = — W w)R™du = _T/ h'(1 —u)R"du,
1-n 0

by (6.1) and the fact that % is constant outside [1 — 7, 1]. In particular, this relation implies
that 4g has a meromorphic continuation to C with only a simple pole at s = 0 of residue
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— Jo 7' (1 — u)du = 1. We further note that
d’ (SER (s)

n
_ (_1\Jj—1 1 _ i p—su
65) o7 75 ) = (—1)/ [0 B (1 —u)(ulog R)’ R™**du

<n-n'-(nlogR) = (nlogR)! (s €C, Re(s) > —1).

Moreover, we have that

1
hr(s) = (log R) / R“du + O(n(log R)RR®)
—0Q

(6.6)

N

- % + O((log R)™CH1RRW) - (Re(s) = 0),

a relation that we will use at the very end of the proof of Theorem 1.3.

7. A combinatorial problem in linear algebra

Recall the notations from Section 1.7. Consider the 2k -dimensional vector space (over Q)
of linear forms in the free variables sy, . . ., $2x, which we denote by W.. Given a subspace V'
of W, we define

d(V)= Y (=D,

JeS*(2k)
sjeEV

(We recall that in our notation sy = ;. ; s;.) We will prove the following result.
ProrosITION 7.1. — Let k> 1 and V be a subspace of Wy containing the form
Spok] = Yiey i
(a) If's; €V for some j € [2k], then o/ (V) = —1.
(b) If dim(V) = 2k — 1, then

o (V) — dim(V) < (2:) 2k,

with equality if, and only if, there is a set J C [2k] such that #J = k, 1 € J, and
V = Spang({s; — s1}jes. {s;j + S1}jep2n\7)-
(¢) If dim(V) < 2k — 2, then

o (V) —dim(V) < (2:) — 2k —2.

Proof. — (a) If s5; € V, then we immediately see that 2/(V) = —1 by pairing sy with
syugjy foreach J C [2k]\ {/}.

(b) We may assume that sy, ..., ¢ V, by part (a). Since dim(V) =2k —land s; ¢ V,
foreach j = 1,...,2k we have that s; = r;js; (mod V), for some r; € Q \ {0}. We may
write r; = b;/q for some b; € Z \ {0} and g € Zs,, so that s; € V if, and only if,
by =3 ;e;bj = 0. Therefore

1 2k 1 2k

%(V):—l—i—/o [ —e®;6)do < -1+ [ ]It —e®;6)db.

j=1 0 i1
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Holder’s inequality then implies that
2k

! = 2k
d(V) < -1 1—e(b;f dee) =-1 ,
) < +j]:[1([0| e(b;) +(k>

whence
(7.1) (V) < (2:> —1.

Finally, we claim that (7.1) is an equality if, and only if, the multiset {b1, ..., by} is of the
form {b,—b,...,b,—b} with b = b; (which must equal ¢). This claim immediately implies
(b) of the proposition.

If the multiset {bq, ..., b} is of the form {b,—b,...,b,—b}, then the integral formula
for o7 (V') becomes &7 (V) = —1 + fol |1 —e(b0)|?*kdo = (215) — 1. Conversely, we know that
Holder’s inequality above is an equality if, and only if, there exist real numbers Ay, ..., Ay
such that |1 — e(b;0)] = A;[l — e(b10)| for 8 e [0,1] and j € {1,...,2k}. Since
fol |1 —e(b0)|d0 = 4/m for b # 0, we must have that A; = 1 for all j. Moreover, taking
6 close enough to 0, we find that the condition |1 —e(b;0)| = |1 —e(b10)| implies that |b;| =
|b1] for all j. So {b1,...,by} has £ copies of by and 2k — £ copies of —by, for some £ €
{1,...,2k}. Since bppx) = 0 by our assumption that spx) € V, we must have that £ = k,
which completes the proof of our claim.

(¢) Write dim(V') = 2k —n, where n > 2. By part (a), we may assume that sy, ..., s, € V.

We first deal with the case n = 2,k = 2 by direct computation. In this case, we have
S1+ 52+ 853+ 54 € Vandsy,...,sq4 ¢ V, by assumption. It is thus easy to see that either
VNi{sy: I e $"Qk)y={s1+-+ssyorVnisy:1e S Q2k)={si 4+ +s54,55}, for
some J containing two elements. (Here we recall that §*(2k) = {I C [2k]: I # 0}.) Inany
case, <7 (V) < 2, as required. This completes the proof of part (¢) whenn = 2 and k = 2.

We now assume that either n > 2 or k > 2. Choose a maximal subset of linear
forms {s;,,....s; } that are linearly independent when reduced mod V. Clearly, n’ = n.
Moreover, a permutation of the variables s1,...,s.; allows us to assume without loss of
generality that j; = i for each i. Then

n
sj=> rigsi (modV) (1<) <2k),
i=1

for certain r; ; € Q. We write r; j = b; ;/q, where b; ; € Z and q € Zx1, so thats; € V if,
and only if, b;j := Y _;c; bi,j = O foreachi € [n]. Thus

2k
dV)+1= [T —e®r,61 + -+ bn j6n))d0; --- d6,.
(0.7 ;1
We set
IJn ={1=j <2k :bp—mt1,j = =bpj =0} (0<=m=<n)

to be the set of j such that s; isin the span of {s1, ..., $,—p } (mod V). In particular, Jo = [2k]
and J,, = @. By construction, s; is a basis vector of Wy /V for1 <i <n,sofor0 <m <n-—1
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we haven —m € Jy, butn —m ¢ Jy41. In particular, #(J,, \ Jm41) > 1forO<m <n-—1.
Then

42;([/)_1_15/ l_[ |1 —e(b1,j01 + -+ bu—1,j0n—1))]
0,1}~ J€J1

1
x(/ [ |1—e(b1,,-91+---+bn,,9n)|d9,,)del---de,,_l.
0
[

JE€2kI\J1

By Holder’s inequality, the innermost integral is bounded by

1 2k—l#J1
l_[ (/ |1_e(b1,j01 +"'+bn,j9n)|2k_#J1d9n) .
0

J€[2k]\J

Since b, ; # 0 for j ¢ Ji, we make the change of variables 6, — by ;0; + - + b,, 6, and
use periodicity to find that

1
|bn.ji|

1
= / 1 —e(0) P *N140.
0

1 Ibn,'l
I—e 1,j01 + -+ Dn,jn B n — ' 1_6(9)2k_#11d9
(b0 b i 0) [ #/1d6
0 0

We set . .
M) =/ 11 —e(0)*do = 21/ | sin(0)|*d6.
0 0
Note that M(2k) = (*). Thus we find that
dV)+1=<MQ2k - #Jl)/ l_[ [1—e(by,j01 + -+ by—1,;0p—1))|d0; ---dOp_1.
0,1}t jehy
We repeat the process to obtain

V) +1< MQk —#J)M®HT, — #J>)

o R | H LR T MR U
0,1}~ JjEeJ2
< M(2k — #Jl)M(#Jl — #Jz) o M(#Jnfz — #Jnfl)M(#Jnfl).

Thus
(72) V) +1<sup{MA1)---MQAp): Ay +-+ Ay =2k, Aj = 1 (1< j <n)}.
By Cauchy-Schwarz, for any positive reals x, y we have

20xy) A2 = 2(xy) B (xy) U2 < (xy) B (xATE + p A7) = x Ay B 4 x By A

Thus, applying this with x = |sin 6|, y = | sin 65| we find

2l1+/\2 1 pl
MADM(2) = =~ / / (|sm(n91)*l sin(6,)*?| + | sin(z ;)" sin(nez)w)deldez
0 0
1 2 A1+ Ax\2
A+Ar : A1+A2)/2 _ 1 2
>0 ([o | sin(6)| d9> _M( _ )
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In particular, log M (1) is a convex function. It is then easy to see that supremum in (7.2) is
attained when A; = 1 for n — 1 of the indices j € [n], and with the remaining A; being
equal to 2k —n + 1. Indeed, without loss of generality Ay,...,A,—1 < A,,andif A; # 1 for
some j < n, then we can increase the size of M(Ay)... M(A,) by replacing A; with A; — 1
and A,, with A,, + 1. So

V) <MD" *MQk —n+1)—1.
Thus, it suffices to show that

(7.3) M) "M@k —n +1) < (2;) —n=MQ2k)—n

for2<n<2k—1landk > 2.
Firstly, consider n = 2and k > 3. The function k — M(1)M (2k—1)/ M (2k) is decreasing
in k by the convexity of log M(1). Thus

MMk~ 1) < %M(%) _ %(2:) 3 (2:) .,

Here we have used the fact that M(1) = 4/x, M(3) = 32/3m and performed a quick
computation to verify 64(2kk)/(9ﬂz) < (zkk) —2forallk > 3.

Now consider 3 < n < 2k — 1. The function n — M(1)*"' M2k —n + 1) is decreasing
in m since

MW" 'MQk —n+1) _ MW)MQ2k —n+1) - M(1)?
MO 2MQ2k —n +2) MQ2k—-—n+2) — M(Q)
Similarly k — M2k —2)/ M (2k) is decreasing in k respectively by the convexity of log M(A).
Thus we have
M)" M@k —n+1) < M(1)>MQ2k —2)
_ M()*M)
T M®)

16 (2K
T 3x2\ k

2
< ( k)—2k+1=M(2k)—2k+1.

< 1.

MQ2k)

k

Here we have performed a short computation to verify the final inequality. This completes
the proof of the proposition. O

8. Contour integration

In this section we begin our attack on Theorem 1.3. All implied constants might depend
on k and on A. We will actually prove a result that is a little weaker than Theorem 1.3; we
will show that there exist constants cx, 4 and ¢; for which

®.1) My 2k (R) = e a(log R) ¥4 + O((log R) 471,
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and
(82) WfNO,zk(R) = C'],c (log R)(zkk)_zk + 0((10g R)(zkk)—2k—1).

Here we recall that Ep 4= max((zlf) —2k(A+1),—1), and we have defined
fo(x) = folx) = folx + 12£5), so that

M7 (n: R) = Z p(d).
dln
R/2<d<R

Notice that we do not claim here that cx 4 # 0 and cx # 0, as is required in order to prove
Theorem 1.3. We do obtain a very complicated expression for these constants, but we are
unable to prove they are non-zero (or evaluate them at all) with the approach of this section.
Showing that ¢x 4 > 0 and ¢;. > 0 is the objective of Section 9.

8.1. Initial preparations
We will first prove relation (8.1). The proof of relation (8.2) is very similar, and we indicate
the necessary changes in the end of Section 8.

We note that

_— A'R*
(8.3) (fa)r(s) = (log R)AsATT"

This function is absolutely integrable over vertical lines Re(s) = ¢ # 0 when A > 1, but this
is not the case when A = 0. However, recall from relation (6.4) that

1
R) = R _—
MR = Myau(R)+ 0 (s ).
where / is a smooth function such that 2(x) = 1forx < 1 — 1/(logR)€ and h(x) = 0
for x > 1, for some constant C > (2k — 1)22"+1 + 2k + 2 to be chosen later. Therefore
relation (8.1) is reduced to showing that

(8:4) Mg ok (R) = cx,alog R)4-4 + 0 ((log RyEa~t),

where g = hwhen A =0,and g = f4 when 4 > 1.

For any A > 1, which will be chosen to be sufficiently large in terms of k, relation (6.3)
implies that

2k ) 2k 2k
Wgak(R) = Z 1_[]=1M(m1) : // Hmj_sj l_[?R(Sj) dS2k~~dS1.
j=1

[m1,....,my] (Qim)2k e
z Re(s;)=A’ /log R’ ™
1<j<2k

To this end, we introduce the multiple Dirichlet series
k=5
1_[2'=1 m; ™ u(my)
D(s):= » —I

miere, [my, ... ,my]
1<j<2k

’
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which converges absolutely when Re(s;) > 0 for all j as can be seen, for example, by the
Euler product expansion

(_1)v1+~~~+vk 1
D(s):l_[< Z Ttk
. pri VkSk - [pV1,..., p¥k]

P \vi,.., v €{0,1}
1 -1 #1
(8.5) = I+= > ( s)
p p
D B#1C[2k]

11 1
(8.6) “Tr(1-L+2 (1__,) ,
1;[ P pjljl p¥

where we have used the notation s; = ), s;. (Similar computations are performed in [1].)
We thus see that

2k

1 ~
Mg 2k(R) = Q@in)% /[ D(s) lj[lgR(Sj) dsoi -+ dsy,
Re(Sj)=)Lj/logR J=
1<j<2k
forany A > 1.

We shall truncate all variables of integration at height
T := exp{(loglog R)?}.

To do so, we notice that gr(s) < (log R)?(M/|s|? for Re(s) = A/ /log R, a consequence of
(6.2) when A = 0 and of (8.3) when A > 1, as well as that D(s) < (log R)°™, an estimate
that follows by (8.5) and the Prime Number Theorem. We conclude that

1
Mg ok (R) = Ig 2 (R) + 0(<log—R)2)

where

2k
1 ~

Ig 2k (R) = Qi // D@s) | [12rGsy) | dsok -+~ dsi.
Re(s;)=A7 /log R /=1

[Im(s;)|<T

1<j<2k

Motivated by (8.5) and (8.6), we set

P(s)=DG) [] t+sp)

IeS§*(2k)
2k
1 1 1
(-5 110 5)
p Jj=1

which is analytic when Re(s;) > —1/(4k) for all j, as well as

(_1)1+#[

1 (—1)#!
l_[ (1 T ) ’
p +s7

Ie$™(2k)

(log R)Agr(s;)

2k
F(s):= P(S)jl:[1 R ¢(1 + 5,)A+1
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and
A if#I =1,
r-= #I
(-1 if#1 > 2,
so that
F(s)RS1++52% )
fea(R) = (2177)2k / / (log R)2kA 1_[ (1 +s1)dsag---dsi
Re(s;)=A//log R Ies™(2k)
lm(s,)|<T
1<j=<2k

Given £ € N, we now let
Qg :={s € C*: |Re(s;)| < 2/(log )3, [Im(s;)| < T +1(1 < j <)}

and define C; to be the class of complex-valued functions f such that: (a) f is defined over
a complex domain containing 2¢; (b) f is analytic in Q; (c) the derivatives of f satisfy the
bound

ajl +"'+.in (log log R)O(ll +"'+_i€)
— (S 1 seees ]

dsyt -+ 9s) T (Isa + 1) - (sel + 1)
forall ji,...,je, >0andalls = (s1,...,5¢) € Qy.

We claim that F € C,;. Indeed, there are absolute constants §,co > 0 such that
£(s)(s — 1) is analytic and non-vanishing for |s — 1| < § and

(8.7)

‘ N _ c
8.8) ¢W(s), (- log/ T (t| + 2 h >l—— 2 |s—1|=6
69 (00, () © <o+ when o= 1- i 128
with (8.8) being a consequence ® of the classical zero-free region for ¢. Moreover,

4/ (sAT1gR(s) 1
8.9 — | — ——— [Re(s)>-1, j€eZ
(8.9) q57 ( RS ) < (log R)A (Re(s) > —1, j € Zsy),

an estimate that follows from (6.5) when A = 0 and from the Formula (8.3) for (f/;) R
otherwise. Our claim that F € (5 then follows.

8.2. Contour shifting

We will simplify I, >k (R) and prove (8.1) by a 2k-dimensional contour shifting argument
that we will perform in an iterative fashion. The general idea is to move the variables s;
to the left in a certain order. When we move the contour corresponding to the variable s;,
we will pick up contributions from poles of the integrand (coming from solutions to linear
equations of the form s; = 0, I € §™(2k) with e; > 0), and be left with a residual contour
(which will be negligible in size). Thus we only need to consider the contributions from the
poles, and these contributions will all be multi-integrals similar to I, % (R) but involving
one fewer variable. By iterating this, we show that /g 5x(R) is (up to a small error term)
given by the total contribution of all the successive poles we have encountered having shifted
all 2k variables. We will show that provided one moves the contours in a suitable order, all

® The claimed bound follows by [23, Theorems 3.8 and 3.11] and the fact that if f is analytic in a neighborhood
of the circle |z| < r, then £ (zp) = H g%zl:r f(z)dz/z for any zg with |zg| < r.
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the contributions from all the multi-poles and all the residual integrals give a contribution
ck,4(log R)((;k,A +0 ((log R)ék.A—l)'

When we consider poles we encounter equations of the form s; = 0, where we think
of s = ) ;<; s as a linear form in the variables s1, ..., s¢. To avoid any ambiguity when
we consider such multiple equations, we will let Lo ; € Q[x1,...,x2k] be the linear form

corresponding to sy, that is to say

Lo,i(x):= Zx,-.
iel
Before we setup the necessary notation to keep track of all the terms we encounter when
performing the multiple contour shifting, we first describe the first two contour shifting steps
to help motivate the basic idea.

The first variable we move to the left is s,. When doing so, we pick up the contribution
from some poles in the integrand. Such a pole must occur when Lo 7, (s) = 0 for some
I, C [2k] with e;;, > 0 and 2k € I; (a possible pole from Hle(g*(zk) (1 + Los(s)).)
Having fixed such a pole and the corresponding set I, we use this equation L¢ 7,(s) = 0
to rewrite s, in terms of s;, j € [2k] \ {2k}. Imposing the same condition on the x;’s, we
find that for each I C [2k], the linear form Lo j(x1,..., X»x) becomes a linear form L, 7 in
the variables x; for j € [2k]\ {2k}. Trivially, L, ; = 0if, and onlyif, I € J; := {@, I;}. This
pole contribution can be written as an integral over sy, ..., Spx—1, With an integrand that has
poles only when L 7(s) = 0.

Next, for this integral over sy, . . ., S2k—1, we choose some other variable s;, (precisely how
we choose s;, will be specified later), and move the s;, contour. This produces a residual
contour (which will be negligible) and contributions from further poles in the integrand
which occur only when s, satisfies a linear equation Ly 1,(s) = 0 forsome I € §*(2k)\ 71
with e;, > 0 and with L 7, (x) having a non-zero x;, coefficient. We use this to write s;, in
terms of s5;, j € [2k] \ {2k, j»}. Imposing the corresponding condition on the variables x;
makes L1 7 alinear form L, 7 in the variables x;, j € [2k]\{2k, j»}. Some of these new linear
forms will vanish identically, and the total number will determine the order of this pole.

Continuing in this manner, we eventually write our original integral /4 »x (R) in terms
of O(1) contributions from repeatedly encountered poles (all of which will be of the
form c¢(log R)™ for some c, m) or from terms which correspond to encountering a residual
integral (which will always be small). In order to control this process, we need to keep
track of which poles we encounter, the order of the poles, and the integrands of the new
multi-integrals corresponding to these poles. To do this we introduce some notation and
terminology.

— Let us be given an integer N € {0, 1,..., 2k}, which we shall often refer to as the level.
It describes how many iterations we have performed (i.e., how many variables s; we
have shifted). The case N = 0 corresponds to the initial integral /4 > (R).

— Let us be given sets /1, ..., Iy C [2k] and indices ji,..., jy such that:
(i) jnel,foreachl <n <N.
(i) j1,..., jn are distinct.

(i) ey, > Oforeach 1 <n < N.
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Here the sets 11, ... I correspond to the sequence of poles which we have encountered
from performing N contour shifts, and the index j, corresponds to the variable we have
chosen to use to shift the n-th contour.

Since the j; are distinct, the linear forms Lo g, ..., Lo, 1, arelinearly independent over Q.
We let Viy be their Q-span and .7y to be those forms that vanish identically subject to the
conditions Lg,7, = -+ = Lg,1,, = 0. More generally, for 0 <n < N let

(8.10) Vu = Spang(Lo,s, (x),..., Lo, (x)) and J,=1{I € S (k) : Lo1(x) € Vu},

with the conventions that Vy = {0} and 7o = {@}. Since j, € I, forall r,and jy,..., j, are
distinct integers, if we impose the conditions ) ;c; x; = 0 on the variables x;, then we may
write x;,, ..., xj, as Q-linear combinations of the other variables. Hence the linear form L ;
becomes a linear form L, ; in the variables x;, j € [2k] \ {j1...., ja}. Cleatly, Lo,; € V,, if
and only if Lo ; = 0 after we have “quotiented” the space of linear forms in the variables x;
with the relations Lo ;, =--+ = Lo,;, =0, ifand onlyif L, ; = 0.

REMARK. — We will show later on that the variables sq, ..., s5x can be permuted in a way
that allows us to assume that j, = 2k —n + 1 for all n.
DEerINITION 8.1. — Let N be a level. The triplet (I, &, d) is called a type of level N if:

(@ I = ({I1,...,1In)is an N-tuple of sets such that 2k —n + 1 € [, and ey, > O for all
n=12,....,N.

(b) b = (hn,1)o<n<n,1es*2k) 1S @ tuple of non-negative integers such that:
(i) hyy =0for0<n < Nifef =0(@.e,if A=0and #I = 1);
(i) 0=hor <hig<---<hyyforl e §*(2k);
(i) If I € J, \ Jp—1 for somen € [N], then h,, 1 = hy, r forallm > n.

The integers h, ; will describe the different terms coming up in poles of high order,
corresponding to taking many derivatives of different parts of the integrand. (The
hy,r-th derivative of £¢/ (1 + Ly 7 (s)) will occur in the integrand of the term we are
considering.)

(¢) d is a non-negative integer.

We will further say that the triplet (I, k, d) is an admissible type of level N if

Hy > N +d,
where
Hy =Hyh, Jy.A):= Y D" = > hys+@A+1) Y 1L
Ie N \{0} IeS2\IN Je2kl{j}eIN

REMARK 8.1. — We must have that Hy > N if (I, h,d) is an admissible type of level N.
We will see that the quantity H y is related to the total order of the poles we have picked up
from the first N contour shiftings. We further note that, in the notation of Section 7, it can
be written as

Hy=o(VN)— Y.  hyi+(A+1) > 1.
TeS QNI N JERKL eI
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The data in a type of level N will keep track of all the relevant information on terms we
encounter from poles having shifted N contours. Given a type, we can now define the key
objects we wish to consider:

DEerINITION 8.2. — Let (I, h,d) be a type of level N. A function J : R>, — Cis called
a fundamental component of level N and of type (I, h, d) if:

— the type (I, h,d) is admissible, that is to say, we have Hy > N + d;
— when N = 2k, we have J(R) = (log R)In—N—d—2k4,

— when N < 2k, we have

3 (log R)HN—N—d—ZkA En(s)
J(R) = Qi)W // G(s)R

Re(s;)=A;/logR

[Tm(s;)|<T
1<j<2k—N
X 1_[ (é-e[)(hN,I) (1 + Ly.1(s))dsax_n ---dsi
Ie§(2\JIN
where A; /Aj_1 > A,
EN(s1,.. . 82k—N) = LNpk) (515 - -5 S26—N),
and G is a function in the variables s1,...,s2t—y that belongs to the class Cor—n-.

Moreover, if we have additionally that d = 0, then G is given by
G(s) = F(Lng3(5). ..., Lngky(s)).

We note that when d = 0, we have that G is non-vanishing in Q,;_x by (8.8) and the
preceding discussion.

DEerINITION 8.3. — A fundamental component of level N and type (I, h,d) is called
irreducible if either N = 2k or Ey = 0. Otherwise, it is called reducible.

With the above notation, the integral I, > (R) is a reducible fundamental component of
level 0 and of type (9, 9, 0).

If we say that J(R) is a fundamental component of level N, we mean that there exists an
admissible type (I, h,d) of level N such that J(R) is a fundamental component of level N
and type (I, h,d).

We begin with a lemma that justifies the terms irreducible vs. reducible, showing how
reducible components are a linear combination of irreducible ones (up to a very small error
term). First, we need to introduce a last piece of notation. Notice that if Ex # 0, then we
may write uniquely

En(x) =y1x1 +v2Xa + -+ Vin 1 Xin g1

for some y; € Q with y;,,, # 0. If A is big enough, then the sign of Re(Ey (s)) throughout
the region of integration is constant and equal to the sign of v, , . The behavior of reducible
fundamental components differs according to this sign:
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LeEmMA 8.4. — Assume the above setup. Let J(R) be a reducible fundamental component
of level N < 2k and type (I, h,d), and let y1, ..., Vjy,, be as above. Assume that A is large
enough in terms of (I, h,d).

@) If yjyy, > 0, then J(R) is a linear combination of O(1) fundamental components of
level N + 1 with coefficients of size O(1), up to an error term of size < T~1to(),
Each of these fundamental components has (admissible) type (I',h’,d") that depends
onlyon N,1,h,d.

() If yjyy, <O, then J(R) < T~1FoM),

The implied constants depend at most on (I, h,d), A and the function G in the definition of J,
and are independent of R.

We iterate the above lemma until all the fundamental components we are dealing with are
irreducible. For such components, we have the following asymptotic formula.

LEMMA 8.5. — Assume the above setup. If J(R) is an irreducible fundamental component,
then there is some ¢ € C such that

J(R) = c(log R)é*4 + O((log R)“*-A71),

where we recall that Ex_4 = max((zkk) —2k(A+1), —1). The implied constant and the constant ¢
are independent of R.

Since 1421 (R) is a reducible fundamental component of level 0, we apply Lemma 8.4
repeatedly to write it as a linear combination of O(1) irreducible fundamental components,
and then estimate these components by Lemma 8.5. This establishes (8.4). We now prove the
above two key lemmas.

8.3. Proof of the auxiliary Lemmas 8.4 and 8.5

Proof of Lemma 8.4. — Note that if Ey # 0, then we must have that either N = 0, or
k>2orA>1:when N =k =1and A =0, theonly I C {1,2} withe; > 0is I = {1,2}.
But if x{; 2y = 0, we must have that £y = 0, a contradiction.

(a) Here y; ., > 0. For notational simplicity, we make the change of variables
sp =15 (1 =j < jn+1)s 87 = 8j41 (n+1 = J <2k =N), Sy = Sjn 1
which corresponds to a cyclic permutation of the variables s;, ..., s2—n. We similarly
define the linear forms x’, using the corresponding permutation of the forms x;, as well as
e_n) = —1/(log T)2 The
contribution of the horizontal integrals is <« (log R)°(")/T. Moreover, when Re(sy,_y) =
—1/(log T)*/* and Re(s}) = O(1/log R) for j < 2k — N, we have that

the parameters 4. We shift the s, contour to the line Re(s

Vin+1 1
Re(E ) = -2+ ol ——1).
(EN() (log T)3/2 + (logR)
It thus follows that the contribution of the integral with Re(s), ) = —1/(logT)%? is

& e~ VIoeR say which is of negligible size. So we need only worry about the poles that the
contour shifting introduces.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1128 A. GRANVILLE, D. KOUKOULOPOULOS AND J. MAYNARD

The poles occur when Ly,zy,,(s") = 0 for some In+1 € §(2k) \ Jn withery, , >0
such that the coefficient of 55, in Ly sy, is non-zero. As we discussed in Section 8.2,
imposing the relation Ly, 7, (x") = 0 allows us to write x7, _ as a linear combination of
the forms x{,.... x5, y_,.sayx), o = C(x],....x5; _y_,). We then define the sets Vi 11
and J 41 asin (8.10), and similarly let Ex 11 = Ly 41,[2k]-

We need to understand the order of the poleat sy, = C(s, ..., 55, _n_;). Weonlylook
at generic points (s, ..., sy, _,): it could be the case that for some measure-zero subset of
points, we get a different pole order. For example, for fixed s; € C, the function s, > 51/52
has generically a pole of order 1 at s, = 0, unless s; = 0, when there is no pole. This reduced
pole order however would not affect an integral over 51, because it only occurs for a measure-
zero set of 51 values.

With the above discussion in mind, we note that the generic order of the zero of the
analytic function

[T @) 0+ Ly

IeSQ\JIN+1

at 5o,y = C(sh,....85 _n_;) is 0. Indeed, for this product to vanish we must have
that Ly y1,7(s") = 0, which happens non-generically when I € & (2k) \ JnN+1-

Next, let v be the generic order of the zero of the analytic function

) 1 (hn.1) )
8.11) Gs) ] (Z) (1+ Ly(s)

IeIN+1\IN

er=—1,hn 1>2

atsy,_y = C(s1,..., 85 _y_y)-Ifd =0andhy; = Oforalll € §~(2k) N (I n+1\ JN)s
then the function in (8.11) equals F(Ly¢13(s). ..., Ln,2k3(s’)), which does not vanish
in Q,f, so that v = 0.

From the above discussion, we conclude that the generic order of the pole of the integrand
of J(R) at sy, _n = C(s],.... 8% _n_)is

m = Z (hng +1)— Z 1+ Z (hngy+A) —v
IeJINn4+1\IN IeIN+1\IN 1<j<2k
#1 =even ej=—1,hn =0 {iteInN+1\InN
(8.12) = Z (hy,r + (_1)#1) +(A+1) Z 1
IeIN+1\IN JERKLAjYeIN+1\IN

—v— > (hn.g —1).

Ie5™ QKIN(IN+1\IN)
hn 1>2,#1>3

Note that it could be the case that m < 0, in which case there is no pole contribution to J(R)
from the pole with Ly 7, (s") = 0.
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Assume, now, that m > 1. Then, m + Hy > 1 4+ N + d by our assumption that
Hy > N + d. Moreover,

m+Hy= > (D" - > hng + (A+1) > 1

IeJIn+1\{0} TeSQ2K\JIN+1 JE2k], {jeIN+1

(8.13) o > (hn,r = 1).

IeS™ CK)N(IN+1\IN)
hy >1,#1>3

In order to continue, we separate two subcases depending on whether N = 2k — 1 or
N <2k —2.
Case 1 of the proof of Lemma 8.4: N = 2k — 1. — In this case, we have that

8; = Lok—1,¢;3(sy) = a;s] forall j, where a; € Q. Thus, the only potential pole is at s = 0.
If m > 1, so that there is a genuine pole at s; = 0, then we obtain an expression for J(R) as a
finite linear combination of powers of log R (up to an error term of size O((log R)°M /T)),
the highest of which has exponent

Hy_y+m—2k —2kA—d = Y (-D* —v- > (hak—1.g — 1) —d < —1,
Ie$*(2k) Ie§™ (2k)\ J2k—1
h2k_1’122,#123

since Jor = o (2k) in this case. We have thus written J(R) as a linear combination of
irreducible fundamental components of level 2k and suitable type (taking hxx,; = hag—1.1
and I; = {1}), up to a small error term. This proves Lemma 8.4 in this case.

As an amusing remark, we note that the above exponent equals £ 4 only when
A>3 () =1Ld = 0,v = 0 hyyy € {0 for I € §(2k) \ I, and
G(s) = F(ays,...,ass), in which case the residue is

G(0) = A?*F(0,...,0) = A%,

Otherwise, these poles contribute towards the error term of /4 5« (R).

Case 2 of the proof of Lemma 8.4: N < 2k — 2. — Then the contribution of the pole
She_ny = C(h. ... 50 _n_ ) to J(R) equals

(lOg R)HN—N—d—2kA dm—l
2i ) 2k—N—1p // d(s’ m=| L
( HT) " Re(s’.)=A"./log R (Zk_N) S2k =N =C T 1)
J J >

|m(s))|<T
1<j<2k—-N-1

(Z(s")dsh_y_y -+ dsy,

where

’ h
Z(s') 1= G REV O (s _y—CGseshne )™ [ @™V 1+ Ly ().
IeS@2\JIN

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1130 A. GRANVILLE, D. KOUKOULOPOULOS AND J. MAYNARD

Applying the generalized product rule and writing s; in place of s}’., we claim that the above
integral can be expressed as a finite sum of terms of the form

(log R)HN +m—h—N—-1-d—2kA

5(S)REN+1(S)

(2i7T)2k—N—l
Re(s})=A/;/log R, |Im(s})|<T
1<j<2k—N-1
% l_[ (Zel)(thLl,l) (1 +LN_I_I,I(S))dSzk_N_l---dS],
TeSQ\JIN+1
where:
— K1

— he{0,....m—1}
— hn+1,1 = hyy withequality if I € Jy 11\ {0};

— Yres@nNIn AN+ —hN1) < h;

— G isin the class Cog_n_;.

The first four claims are easy to verify, but our claim about G requires some justification.
To simplify the notation, we make the change of variables s, = 7+ C(s],.... 55 _y_,).
Let 6n,7 denote the coefficient of x’zk_ y in the linear form Ly . If I € Jn41, sO
that Ly+1,7 = 0, we find that Ly s(s}.....5%_5) = dng7.S0,if I € JIny1 \ JIns
then §n,7 # 0. Finally, we let Gy (s}, ... ’S;k—N—l’ 1) be the function G(s7, ... ,s;k_N) after
our change of variables. If v; denotes the generic order of the zero of G1(s}.....85, _y_,.7)
at T = 0, then the function G will simply be a linear combination of the functions

o/ v J! /Gy
- TG (s), ..., s 7)) = . :
( 1( 1 2k—N-—1 ) (G +v)! 91

afj =0
Since G is in the class Cpi_ v, the above functions are in the class Cpi_ v _1, which proves our
claim about G.

/ I
ST Sy n—1-0).

Itis straightforward to verify that A" and I’ satisfy the required properties. Thus it remains
to show that there is a suitable d’.

Now, relation (8.13) implies that the exponent of log R is Hy4+1 — (N + 1) —d’ — 2kA,
with

d =d+v+ Z (/’ZNJ—I)-i—h— Z (hN+1,1—]’lN,I)20-
IeS™ EN(IN+1\IN) IeSQR\JIN+1

by 1=2,#1>3
Moreover, we have that
Hyiy1—d'=Hy—-d+m—-h>N+1 = Hyy1>2d +N+1,
as needed. Finally, if d’ = 0, it is easy to check that G(s) = F(Ly+1,013(5). ..., Ln+1,{2k3(5))-

(b) Here yj,, ., < 0. We then shift the contours of s2x—n, S2k—N—1, - . ., Sy, in this order
to the lines Re(s;) = A;/(log T)3/2, jny41 < j < 2k—N.If Aislarge enough, then we do not
encounter any poles and the horizontal lines contribute < (log R)°("/ T when we make this
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shift. Finally, when Re(s;) = A; /(log T)/? for jy4+1 < j < 2k—N,and Re(s;) = A;/log R

for 1 < j < jy+1, then we have that

. |V_iN+1 M]'NJH 1+ O(I/A))
(log T)3/2

Re(E(s)) =

3

so that our integrand is <« e~ V12 R if } is large enough. We thus find that in this case
J(R) < T_1+0(1),

as needed. O

REMARK 8.2. — Case 1 is feasible for some choice of I, ..., Is;_;. Indeed, if k = 1 and
A > 1, sothat N = 1, then we note that at least one of the zeta factors must have survived in
the numerator after shifting the s, contour, and there are none in the denominator, so there
isapoleats] = 0. Onthe other hand, ifk > 2, thenif Iy = {2k—1,2k}, I, = {2k—1,2k -2}
and I3 = {2k — 2,2k}, then arx = ask—1 = azk—> = 0, and a; # 0. Taking hyx—;,; = O for
all 1, we see that

m = G Vi O/ o VI NS Y 0SS D R S = §
TeS@O\Iak—1 jel2kl.a; #0 jel2kl.a; #0

where we used Proposition 7.1(a). Thus we see indeed that there is a genuine pole at s{ = 0.
It remains to prove the second intermediate step in the proof of (8.4).

Proof of Lemma 8.5. — We separate into three cases depending on whether N = 2k,
N =2k—1orN <2k-2.

Case 1 of the proof of Lemma 8.5: N = 2k. — Here there is no integral and we have
that J(R) = c(log R)H2x—2k(A+1)—d

Since Jox = {I C [2k]}, we find that Hop = —1 + 2k(A + 1), whence J(R) = (log R)~4~1.
If d = 0and k4 = —1, the lemma follows with ¢ = 1; otherwise, we take ¢ = 0.

Case 2 of the proof of Lemma 8.5: N = 2k — 1. — In this case J(R) is given by a
one-dimensional integral over s;. Moreover, there exist coefficients a; € @ such that
Xj = Log—1,4j3(x1) = a;x; for all j. Therefore the only possible pole of the integrand
in J(R) is when s; = 0. If there is such a pole, then it means that {1} ¢ Jox—;. In this
case, the order of this potential pole, say m, would be given by (8.12) with N = 2k — 1,
J2k = o (2k) and v defined analogously, so that (8.13) implies that

(8.14)

mt Hyoy =k =1 =2kA=1+ 3 D= 3" (hgors—1D—v

Ies*(2k) Ie§™ 2k)\J2x-1
#I1>3,hog—1,7122

S O’
First, let us assume that m > 1 (i.e., there is a genuine pole at s; = 0). We find that
Hy—1 +1—2k(A+ 1) <—1. We then move the line of integration of s, = o7 + ity

to the contour o7 = 1/(log(2 + |£1]))*/2, |t1] < T. No poles are encountered and the hori-
zontal integrals contribute < (log R)?()/T. Moreover, the integral converges fast enough
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now (even when A = 0) that we may remove the condition |¢;| < T at the cost of an error
term of size < (log R)°M /T . We thus conclude that

J(R) =c- (log R)H2k71_2k(A+1)+l_d + O(T_l+0(1)),

where

= [ een 1 @n®asasyds

o1=1/(1og2+111))3/2 TeS @O\ Tsk—1

is some constant. This contributes towards the error termifm >2,d > 1or A < ﬁ (Zkk ) -1,
and towards the main term if m = 1,d = 0, 4 > ﬁ(zkk) — 1l and hy,—y; € {0,1} for
each I € & (2k), in which case Hy;—1 —2k(A + 1) + 1 = —1 by (8.14).

Alternatively, assume that m < 0, so that there is no pole at s; = 0. We move s; to the
line Re(s;) = 0. The horizontal lines contribute <« (log R)°M")/T. Furthermore, we note
that we may extend the range of integration to all s; € C with Re(s;) = 0 at the cost of an
error term of size < (log R)°M /T. Consequently,

J(R) = c - (log R) T2kt +172KA+D=4 4 0((log R) O/ T),

where
1 & . er\(hok—1.1) ;
c=— G(it) I1 (eer)2k=1.) (1 4 jarryde
27 J o
Te§Q2k\ J2x—1
withay :=} ;< a;. The power of log R is
Hy_y+1-2k(A+D)—-d=1+ > (-D¥ - Y haei
Ie§2k—1\{0} Te§ 2\ JT2n—1
—(A+1)-#{1<j<2k:a; #0}—d
=1+ (Vag-1) — Z hok—1,1
Te§Q2k\ J2x—1
—(A+1D)-#{l1<j<2k:a; #0} —d
in the notation of Proposition 7.1. Clearly, this is maximized when hyx—;,; = 0 for all

I € &(2k)\ Ja2k—1 and d = 0, in which case

P(ays,...,axs) Lo (log(2 + |s|))0(1)
[T7% 1 (@55 (1 + )4+ (1 + [s)@F-DEAD

(8.15) G(s) = F(a1s,...,axs) =

when Re(s) = 0, by (6.6).

Now, if a; = 0 for some j € [2k], then o/ (Var—1) = —1, by Proposition 7.1(a). Note that
there is at least one j such that a; # 0; otherwise, the dimension of V5x_; would be 2k, as it
would contain the independent forms sy, . .., s3x, which is a contradiction. We conclude that
the power of log Ris < —(A + 1) - #{1 < j <2k :a; # 0} < —A — 1. Consequently,

J(R) < (log R)™4~!

in this case, which contributes towards the error term (i.e., ¢ = 0 in this case).
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Finally, assume that a; # Oforall j € [2k]. Since dim(V2x—1) = 2k—1, Proposition 7.1(b)
implies that the power of log R is

2k
H2k—1 +1 —2k(A + 1) —d < JZ{(VZk—l) — dim(Vzk_l) —2kA < (k ) —2kA,

with the second inequality being an equality when half of the a;’s equal +1 and the other
half —1.

Even though this is not needed for the proof, we remark that when a; # 0 for all j, we
can give an asymptotic formula for J(R). For simplicity, let us assume thata; = 1 for j <k
and a;j = —1for j > k. Thena; = #( N [1,k]) — #({ N (k,2k]), which has the same
parity as #/. In particular, .7~ (2k) N Jox—1 = @, so that hpp_y;y = Oforall I € & (2k).
Moreover, given £ € Z, we have that a; = £ for exactly (kik\a) sets I C [2k]. Therefore

2k
(log R)CO2K4 roo p(ir —ir, .. it,—it) Tl¢evensa IC(1+ il0)[PG0)
J(R) = o 2K(A+T) ' - 2025,
oo [T oaa =1 [§(1 +ilr)[ e
+ O(T_l+0(1)).
This completes the study of Case 2.
Case 3 of the proof of Lemma8.5: N < 2k—2. — We shift the contours of sox N, S2k—N—1,- - -
51 in this order to the lines Re(s;) = A/ /(log T)*/2, 1 < j < 2k — N.If A is large enough in
terms of k (but independently of R), then the functions Re(Ly, ;(s)) with I € §(2k) \ Jn
have constant sign in the entire domain where the contour shifting is performed, so that no
poles are encountered. The horizontal lines contribute <« (log R)°(" /T Finally, we note
that the integrand on the new lines of integration is
< (loglog RYOD /[(1 + |s]) -+ (1 + |sz—n D],
by (8.8) and our assumption that G is in the class Cox—n. We thus find that
J(R) < (log R)fIN—N=2kA=d (150 ]0g R) O
in this case. We need to understand the power of log R. Firstly, note that
Hy =N -2kA-d <2%k-N+ 3 D" —A+1)-#{1<j<2%k:{j}¢In)
Ie IN\{0}
To continue, we separate two cases.

If there is {j} € Jy, then Y ;c g \(—D* = —1 by Proposition 7.1(a). Since
dim(Vy) = N by construction, there are < N integers j with {j} € ./n. The power
of log R is thus

<2k—-N—-1—-(A+1D)2k—N)=—-1—-A2k—-N) <—-1-2-14>1,

and we can see that J(R) satisfies the conclusion of the lemma with no main term (i.e., ¢ = 0).
So assume that there isno {j} € /. Then we find that

2k

Hy—N-2kA<2k-N+ > (D" -2k(4+1) < (k> —2k(A+1)-2,
Ie Jn\{0}

by Proposition 7.1(c), which again means that the lemma holds with ¢ = 0. O

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1134 A. GRANVILLE, D. KOUKOULOPOULOS AND J. MAYNARD

8.4. Dyadic intervals

We conclude this section with a brief explanation of the proof of (8.2). We have that

1
W%,Zk(R) = Wﬁ:zk(R) + O (@) N

where (x) = h(x) — h(x + llggg i), by the argument leading to (6.4). We then note that

(W) p(s) = hr(s)(1 —27),

so that Perron’s inversion formula and relation (6.2) imply that

1 = ., 1
M ® =gz [ [ 0 [ [Threpa -2 dsZk---ds1+o(@),

. i=1
Re(s;)=A’ /log R J
1<j<2k

where A and T are as before. We thus find that

(8.16)
1 ~ o
Mo B = Gz // Fyrorron [T ¢+ dsy - doa
Re(s;)=A7/log R Ie§™(2k)
1<j=<2k
1
0 .
" (logR)
where

2k

F(s):=P@s) []

J=1

hR(s;)(1—27%)
RS/

and P is defined as above. The function F is in the class Csk, since the factor 1 — 275
annihilates the pole of iz\R (sj) ats; = 0. We thus see that the above integral has the same
shape as the integral /4 o5 (R) with A = 0, with the difference that e; = —1 when #/ = 1.
We thus follow the argument leading to (8.1) when A = 0 with the obvious modifications.
The only difference is that in the analogue of (8.12) we have instead

m=—-v+ Z (hngr+1)— Z 1

IeJN+1\JIN IeIN+1\JIN
#1=even #I=o0dd,hy =0
=—v+ > (st (DF) - > (hno — 1),
IeJIN+1\IN IeS™ CEN(IN+1\IN)

hn  =2,#1>3

with v defined as in the proof of Lemma 8.4. We thus find that m has the same expression as
when A = —1, and relation (8.2) follows by the proof of (8.4) when A = —1. An important
remark is that when 4 = —1 there is a power of (log R)~2¥ in the denominator of the
integrand of /, »x (R) that is not present in the denominator of the right hand side of (8.16).
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9. Lower bounds

In this section we complete our proof of Theorem 1.3 by showing that, for fixed k € Z 1,
A € Zzo and € > 0, there are positive constants ¢, , > 0 and ¢;/ > 0 such that

©.1) Mok (R) = ¢ 4(log R)*447¢ + Oc((log R)“-471),

and

©.2) M 7, 1 (R) = ¢ (log R)PE07¢ + O ((log R) k07",

where %(x) = fo(x) — folx + llggglze), as before. Evidently, this completes the proof of

Theorem 1.3, since if the constants in the leading terms in (8.1) or (8.2) were 0, we would
obtain a contradiction to the above lower bounds by letting R — oco.

As in the previous section, there is some smooth function % such that h(x) =1 for
x <1—1/(ogR)€ and h(x) = 0 for x > 1, with C = (2k — 1)22k+1 4 2k + 2, so that

1 1
My 2k (R) = My (R) + O (—) and Mz 5 (R) = M (R) + O (@) .

log R
where h(x) = h(x) — h(x + llggg 2). So, it suffices to prove that
©-3) Mg ak(R) = ¢ 4(log R)*447¢ + O((log R) <471,

where g € {h,ﬁ} when A = 0,and g = f4 when 4 > 1.

Positivity is a key to this proof: we will consider the sum restricted to those integers with
a convenient prime factorization, which clearly provides a lower bound. The fact that these
integers have a convenient prime factorization means the corresponding sum is technically
easier to analyze.

9.1. First manipulations

To ease notation, let

We start by observing that
2k

1 logd
Ha® =T ¥ e (i2g)]

P+(m)<R din

since supp(g) C (—oo, 1]. So (9.1) follows immediately when 4 > —1 + ﬁ(ik) by noticing
that &x 4 = —1 in this case and that we always have that ¢}, 5 (R) > TIg > 1/log R.
For the rest of the proof, we assume that A < —1 + 5¢ (2kk), so that

Eron = (2:) —2k(A+1) > 0.

Let ¢; < g2 < --- be the sequence of all prime numbers and set
A+1

0= H qj-
j=1
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If A > 1,orif A = 0and g = h, then we restrict our attention to integers of the form Qn
with P~ (n) > Q, so that
2k
g ! log(qsd)
Mg ok(R) = — > 1 Y 0w ,
0 n log R
pIn=qga+1<p<R JC[A+1] din

where g7 =[], q;. We define

9.4) w) = ), D% ( ogqlg)’
JC[A+1] o8
so that
2k
I 1 logd
9.5) MR =50 3 ZW)W(IO R)
pln=qa+1<p=<R din &

We further note that w = h when A = 0, so that the right hand side of (9.5) is a trivial lower
bound for Wﬁ,zk (R). Therefore, relation (9.3) will follow in all cases if we can show that

2k

. 1 logd
9.6) W= Tr 2 , | 2w (logR)

pln = qa4+1<p<R din
4(log R)547¢ 4 Oc((log R) “471)
forsomec 4> 0, wherew1sdeﬁnedby(94)w1thg =hifA=0andg= fyif 4> 1.

Next, observe that
A+1

* logqy su —s
(vt g ) R du =gr(s) [[(1—g;®).

Io
j=1

0.7 Br) = logk) Y. 1" |

JClA+1] e

In particular, we see that Wx has an analytic continuation to C and it satisfies the bound
Re(s)

(Is| + 1)(log R)4

which follows by the definition of f4 when A > 1 and by (6.5) otherwise. Finally, we note
that we also have the bound

9.9) WR(s) < (Re(s) = —1),

RRe(s) (log R)O(l)
1+ |s|?
which follows from (6.2) when A = 0. (This bound can be shown to hold in a larger range,

but the above range is good enough for our purposes.)

9.9 Wgr(s) K (Re(s) > 1/log R),

Before we apply Perron’s inversion formula to write the right hand side of (9.5) in terms
of Wg, we use positivity again to focus on integers n of a certain convenient form. We set

y = eXp{(log R)l_G/} and Y = exp{(log R)l_f//z}7
where €’ > 0 will be taken to be small enough in terms of €, and write

N =4{n€Zs:pln = qa+1 <p =y}
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We then focus on integers of the form n = mpy --- pr, where m € N withm < Y, and
Pi.. ... pr are distinct primes from the interval (R'/2, R]. For such an integer n, if d |n, then

eitherd = d’ ord = d’ py, for some d’|m and some £ € {1

D 3 o

m 1---
meeV VR<prowpe<k T PE

.....

m=Y  distinct primes

2k

1 d logd
ZZ()(Og(PZ))Z()(Og) _
{=1d|m

log R

., k}. So, we conclude that

Note that the condition that m < ¥ = R°( certainly implies that d < R/(2q41) for all
divisors d of m (since g44+1 <4 1), so that

log(gsd)\"
—D* > @) (1 - —)
i log R JC%;H] dXIm: log R
logd
e
d%m gR

by observing that AX+D (1 — x)4 = 0 by (1.7), and by applying (1.6) with » = A + 1, since
w(Qm) > w(Q) > A + 1 here. We thus conclude that

2k
log(ped)
w2 N (S (RE)
mec) /R<py,...px <R t=1dlm

.....

distinct primes

2k
H] 1 log p; log(ped)
k'(logR)k XX > S uan ( ) ‘
EJVf<P1, »Pk=R

{=1d|m

distinct primes

We note that

Z M l/logyz T (1) 1
n

1-1/1 B’
necl,n>Y nel n i (log R)

for any fixed B > 1 and r € Z>;. Therefore, we may drop the conditions that m < Y and
that the py’s are distinct at the cost of an admissible error term, finding that

2k
[T%_, log p; log(ped)
k'(logR)" Z Z o : ZZ @w ( y )

mpq--
meeV J/R<pi,....px <R pr Pk

1
o ((logR)wO)'

Next, we expand the 2k-th power as follows:

2k

Y @ (logmd)) _

{=1d|m log R

{=1d|m

) 1—[ 13 nt@w (10g(1)zd ))7

log R
J1U-UJg=[2k] €= l]EJ@d |m
JinJ; =0 fori#j

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1138 A. GRANVILLE, D. KOUKOULOPOULOS AND J. MAYNARD

with the convention that if J;, = @, then the corresponding factor equals 1. Clearly, if J; ¢
is even for all ¢, then the corresponding summand yields a non-negative contribution to the
above sum. We write ¢/ for the set of k-tuples J such that (Jy,..., Ji) is a partition of [2k]
and either #J; = 2 for all £, or there is some £ such that #J; is an odd number. Then

S (2) - 2 11 S (3222).

t=1d|m Jegt=1jeJyd;|m
Moreover, if D € o/, then

11 N\ all,.,-1/p7*
SRR B R

me gA+1<P=y P
Dim
with ¢; = Hpqu+1 (1—1/p) =< 1. So, we conclude that
1—-1
W > €1 ]_[y]:'plfR( . /p) Z Z M(Zl) N«d(dzk)
(OgR) JE@c]dl ..... dzke(»]\/ [ Loeees 2k]
9.10)

£ log pe log(ped;) I
J
A > =11 ’”( log R )_O((logR)“’")'
=1 /R<p(=R Jele
For the convenience of notation, set
k
1 dy) - u(dag) lo lo dj
W(J) = 0 R)k Z MEdl Maf 2]k 1—[ Z g Dt 1—[ w( i()ZR]))’
L) 4 drj €l Lees @2k VR<p¢<R ¢ J€J¢
so that

€1 Hy<p§R(] —l/p) 1
W > x ZC;]W(J) -0 ((1 R)loo)

We will show that the dominant contribution comes from the terms J with #.J, = 2 for all £.

9.2. Mellin transformation
Fix a choice of sets J = (Jq,..., Jx) € ¢/ and let
T={1<l<k:J #0}.
For ¢ ¢ Z, the sum over py is
Z log py¢ . log R Lo (e_cm).

2
VR<py<R pe
So
TP U CNITIUYE G T s (log(mdj))
(log R)#Z [di,... dx] Do log R
di,....dr €N ZEzpl>ﬁ JjeJ

1
o ((logR)wO)’

where the condition that p, < R was dropped because it is implied by the fact that
supp(w) C (—o0, 1].
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Next, we use Perron’s formula 2k times to write each appearance of w as an integral of Wg.
We thus find that

_ z#z—k(log R)—#% H]Z/;] H«(dj)d]_sJ 1Og e
W(J) - (27Tl)2k /'/ Z [dla""de] 1_[ Z 1+SJZ

Re(s;)=1/log R disesdog € teZp,>V/R Dy

1<j<2k

2k
~ 1
(9.11) x ,-Ul Wr(s;) | dsy---dsy + O (@) ,
with the notational convention that s; = ) jeJ Sj- By possibly re-indexing the variables
S1,...,5%, we may assume that £ = {1,...,L}, where L = #%, and that maxJ, =
2k — L + £ forall £ € {1,...,L}. We want to move the variables sy5_7 +1, - .., 52k to the
left. First, we need some bounds on the sum over p;. We note that

log p ¢ log p
) pl+s :_?(1 +9)+0M - Y 1+s
p>vR p<R/2

for Re(s) > —1/3. Using standard bounds on the Riemann zeta function (see, for example,
Titchmarsch [23, Theorem 3.11]), we find that

1 1 1
Z ng < _+10g(2+|t|)+RmaX{0,—J}/2 Z ng

1+s s
p>~R P d p<~R P
< Rmax{O,—G}/Z IOg(R + |[|),
where s = o + it, as usual. Moreover, note thatif o; > —1/logy forall j € {1,...,2k},
then

3 [, udd;™ | 5 [TE, 2 dpd; ™
di,....dau] |~ [di, ..., dy]

using the estimate p!/1°¢¥ = 1 + O(log p/log y) for p < y.

We are now ready to move the variables sox_j 11, ...,S2¢ in (9.11) to the left. First, we
move the variable s,; to the line Re(sox) = —1/1log y. (Here we can use (9.9) to justify the
convergence required for this maneuver.) We pick up a simple pole from the sum over poj
when s;, = 0. The integrand when Re(spx) = —1/logy is

2k
< (log »)* ' (log R)E " log(R + [t YRV e TT |@r(s))]
j=1
(log R)OW log(2 + || R~/

<
(Is12 4+ 1) (Js2 > + 1)
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by (9.9). So we find that

—k _ 2k NG TSP L1
W) = 2Lk (log R)~L // Z [[i=1 nd))d; 1—[ Z log py

(2mi)2k-1 [di, ... dx] 1T
Re(s;)=1/log R d15+d2k €N £=1p,>R1/2 Py
1<j<2k—1
Sip =0

2k 1
l_[ WR(s;) | dsy---dspe—1 + O (W) .

J=1

Now the product ]—IZL:_ll Zp ,>r1/2(10g py) pzl_w doesn’t depend on the variables s; € Jg, \ {2k},
and so we encounter no poles if we move all of these variables to the lines Re(s;) = 0. Having
done this, by (9.8) the growth of Wg(s;) only depends weakly on R.

Then we repeat the same argument by moving s, to the left, then s, _», and so on and
so forth, until all the sums over primes have been removed and replaced by contributions
coming from poles. Writing s; = it;, we conclude that

21*(log R) ™% 5, widpd;™ (2
W(J) = (log R)~ / / Z =1 HwR(ltj) dty---dtor_g,
j=1

C@rRL dy.....d
( ) yenny thx €R dy,endog €N [ 1 2k]
tr, =0(1<{<L)

(9.12)
+ 0 !
(log R)100 ) *
We note that, for any 71, ..., tox, we have
> [T, ntdpd; ™" I (1 i w)
. (. doi] < A
1se-sd2k €N qA+1<P=y
where
. 2k .

(9.13) M) = Y (=D)MpTt=—14[]a-p).

IeS§*(2k)

9.3. An auxiliary result

Before we continue with the estimation of W(J), we establish a preliminary (and fairly
standard) result.

LEMMA 9.1. — Forz >y >3 andt € R, we have that

log z

——)+0m i1t < 1/ logz,
log y

)+0(1) if1/logz < |t] <1/logy,
|t]logy
o) ify=|t] = 1/logy.

1
Z p1+it: log

y<p=z
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Finally, if |t| > y, then

2

y<p=z

(10g(min{|t|,2})
<log| ———

) + 0(1).
log y

p1+it

Proof. — If |t| < 1/logz, then we note that p~i' = 14 O(log p/logz) for p < z, so that
1 1 logz
D o= ) O =log (1—) +0(),
y<p=z P y<p=z P o8y
as claimed. For |t| > 1/logy and y > |¢|, then we note that
> L«
1+i
vep=z P N

by relation (4.4) in [14]. Next, if 1/logz < |t| < 1/logy, then we apply the results we just
proved to deduce that

1 logel/lt! 1
2. Og( ey )+ 00 =108 (10 ) + 0

y<p=el/ll

and that .
y o«
1+it
el/ltl<p<z p
Finally, if || > y, then we note that
> L«
1+it 4
tl<p<z ¥

so that

1

y<p=z

= > #Jroa)g > l+0(1)

y<p<min{|t|,z} y<p<min{|t|,z}

- log(min{]z|, z})

9.4. Lower bound for the main term

We now return to the study of the quantity W(J), defined by (9.12). First, we show that
the term when #J;, = 2 for all £ contributes what we claim to be our main term. In this
case L = #Z = k and, by possibly permuting the ¢;’s, we may assume that J, = {{,k + ¢}

forall £ € {1,...,k}. Thus for these terms we have f;4+¢, = —t,. We want to show that the
integrand in (9.12) is non-negative for all choices of 71, .. ., #x. We have that
2kA . ko o ko o, k o 2A+1|1_qa—itj|2
H Wgr(itj) = l_[ WR(itj))Wr(—itj) = ]_[ }wR(ltj)‘ = ]_[ )Z‘JA+1gR(llj)‘ 1_[ —
=1 Jj=1 j=1 j=1 a=1 J
which is clearly non-negative for all 71, ..., #x. Moreover, if t; <« 1 for all j, then relations
(9.7) and (6.6) imply that

2k

~ . ¢
jl:[l Wr(i tj) > W
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for some ¢, > 0. Furthermore, the Definition (9.13) implies that in this case we have

k
Ap@) = =141 =p7 P =—1,

J=1

125, wdyd; ™" A\ _
L Tanag = 1l (”T)—O

qA+1<P=y

SO

for such t.

Since the integrand in (9.12) is non-negative, we may obtain a lower bound by restricting
the range of integration to any region we wish. We restrict to #; € [1,2] and ¢; € [t1,; + 1/ log y]
for 2 < j < k. The volume of this region is < 1/(log y)¥~!. Moreover, in this region we find

that
; log p
A (1) = —1 1— it 2k
p(1) +[1—=p"| logy

Therefore

1_[_2-121 M(dj)d_—”j 14 |1 — pinpk 1 log »
B TR e o) o)
1see0sd2fc

ex p{Z 1

p=y

ztl |2k

By binomial expansion
. 2k Y Y
1 — pit1)2k — —1/ pit=iNn
=ptP= 30 )T
j+j’=2k
The terms with j = j’ contribute a factor
2k\ 1 2%k
exp —) = (logy)(k).
()

By the final part of Lemma 9.1, since ¢ € [1, 2] the terms with j # j’ contribute a factor

)=

Thus we obtain a lower bound of > (log y)(zkk)_l for our sum over dy,...d,. Since the
region of integration has volume > (log y)~*~1, this gives

(log ) )+
(log Ryk+2¢4

ijt

(0%

W(J) >

in this case. So we find that the total contribution to the right hand side of (9.10) from
such J is > ¢, (log y)(zlf)_k“/(log R)@4+Dk for some ¢, > 0, which is greater than the
claimed main term in (9.6) if €’ is small enough in terms of € and k.
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9.5. Upper bound for the error term

It remains to show that the contribution of the J’s for which at least one of the #J,’s is
odd, is smaller than what we have above. Before we get started, we note that
2k 2k 2k

o . L . (tilogp
A (1) = —1 1—p7i)y = 1 /2 _ p=iti/2y — 4 (—4q)k Jor
p(0) +]—[( P +]—[(p pil?) +(—4) Hsm :
j=1 Jj=1 j=1
whenever t; + --- + o = 0, which is the case here. In particular, —4k < Ap(t) +1 < 4k
whence
15, ndyd; ™ Ay(t A, (t
> dl y =1 J] (1+—”()) < 1 (1+ ())
di,e.., dox €N [ Leees 2k] dA+1<DP=Yy p 4k <p<y p

Next, we split the region of integration in (9.12) into various subsets. First, we note that,
by a dyadic decomposition argument and (9.9), we have that

log )% AT log R)°M
Wi < oeT) (T) (g ROV
(log R)L+2kA 1<y, Tox<T Ty -+ Top_ 1. T
where N
t
A(T) = /f I1 (1 + 1 ))dtl-ndzzk_L.
Tj <|tj|+1<2T; 4 <P=y P
1<j<2k—L
t7,=0 (L)
We take
T = exp{(loglog R)?}
and fix a choice of T4, ..., Thr—; as above. We will further break the region of integration
according to which sums 7; = ) jes tj are small. Indeed, by Lemma 9.1 the product

[1,, <<y (14+A,(t)/ p) can become large only if there are such configurations. Note that if
tj, and t;, are both small, so is any linear combination of ¢, and ¢, . Thus, we are naturally
led to the following definition: given free variables x1, ..., xo; and J C [2k], we define the
linear form

Ly(xy,...,X01) := ij,
jed
(thinking of the linear form as acting on the space Q%) and, given J C & (2k), we set

a
Ve(J) =1 — Ly :aj.q; € ZN[-B. B]
IeJg

(thought of as a subspace in the dual of Q2¥). For the simplicity of notation, we also set
V(J) := Vo (J) = Spang({Ly : I € J}).

Since there are only finitely many linear forms Ly, I C [2k], there is some finite By = Bg(k)

such that, for any J, if Ly € V(J), then L; € Vg(J) for all B > By. We assume

that B > By from now on (we will eventually choose B to be large enough in terms of k).
We set m = |loglog y| and, to each ¢, we associate the sets

Ji=Jit):={1 C[2k]:e™tr| +1 </t (0<j <m).

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1144 A. GRANVILLE, D. KOUKOULOPOULOS AND J. MAYNARD

Note that if Ly ¢ Vg(<Jwm), then |t7] > 1. Conversely, if L; € Vg(&/,), then |t7] <
eB#¢/,, < 1.Sincet; <« T for all I, Lemma 9.1 implies that

[T (1+29) =ew( X 0" ¥ (7 +0(;)))

4k<p<y Ies™(2k) 4k<p<y P
. 1
= exp( Z (—* mm{log log y, log(m)})(log log R)°™M
IeS$*(2k) !
LieVp(Im)

(_1)#1
& (loglog R)°W 1_[ min %logy, m} .
Ies$™(2k) I
L;eVp(JIm)

If Ly € Va(J;) \ Va(Jj-1), whe're -1 = {0} so that Vp(J_1) = {0}, then I ¢ J;_4,
which means that e™|f7| + 1 > e/. On the other hand, since L; € Vp(.J;), then we find
that e™|t;| < B - #¢J; - e/~™. We thus conclude that

1 .
min {logy,—} =e™ ) for Ly eVp(J;)\Vp(Jj-1), 0= j <m.

|tz
Therefore
Ap() T )
l_[ (1+—) < (loglog R) l_[e D
4k <p<y 4 Jj=0
where
Fj = > (-
IC[2k]

L;eVp(J)\VB(J;-1)
(Here we use the fact that there are only finitely many indices j for which J; # J;_1.)
Summing over the < (loglog R)O(l) choices for Jq, 71, .., /m» We conclude that

m
A(T) < (loglog R)°M max (T, J)- l_[ em=DE;
J;nD“‘DJOD{Jl ----- Ji} j=0
where v(T, .J) denotes the (2k — L)-dimensional Lebesgue measure of (¢1,...,6r—1) € R

such that 7; < |tj| + 1 < 2T} for j < 2k — L and
(I CRk]:e™uyl+1<ety=J; (0<j<m),
where the variables tox 141, . . . , f2x are defined via the equations t;, = Ofor £ € {1,...,2k}.
(In particular, Jo D {J1,...,JL}.)
Next, we use linear algebra to understand v(T, .J). If
D; =dimV(J;).

then we may find sets /Iy, ..., Ip,, such that, for each j < m, {L11,...,L1Dj} is a basis
of V(<J;). We may also assume that {J; : 1 <{ < L} is contained in {I1,...,Ip,}.
Eliminating variables from linear combinations of the asymptotic formulas

tr=0(’") (Iei{l.....Ip,})

(for example, as in Gaussian elimination), yields D; of the variables ¢;, say the variables
{t; 1i € )} (where #); = Dj), in terms of linear combinations of the other variables, up
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to an error of O(e/~™). We can also arrange the sets Q. . .., Dy, tosatisty Dy C -+ C D
(Recall that J; # Jj—; for only finitely many j’s.) We may therefore prove that

m
w(T. 1) < (log y)* He(Df_Dj—l)(j_m) ( 1_[ T,-),

Jj=0 1<j=<2k
JEDoU-UDL
where the extra factor (log y)% is included because we are not integrating over the variables
I2k—L+1,-- -2k, which are fixed via the conditions t;, = 0,1 < ¢ < L. By the above
discussion, we find that
A(T) L Ty - Tox—r (log y) ¥ (loglog R) O™ max ]‘[ e DE=(Dj=Dj-1))

Im D DI 15005 JL}

We note that
m—1m—j
Z(m—J)(F — (D = Dj—))= Y > (Fj— (D; — Dj-1))
j=0 i=1

Z ~(Dj = Dj-1))

™= ||M5

(A V(I m-i)) —dim(V (I m—i)))

i=1

in the notation of Section 7, provided that B is large enough. Since exp is a convex function,
we have that

m—1 m—1
e T o(m—j)(Fj—(D;j—D;_1)) < - Zem(ﬂf(V(%)) dim(V(J;)) Z(logy)‘d(vwf)) dim(V(J;))
] =0 j =0
We then conclude that
(loglog R)°M (log y)& o (V(I)—dim(V
w(J ! im(V(9)
) < (log R)L+2FA - {rJr}e’}fJL}( ogy)
The above discussion reduces (9.6) to proving that
. 2k
9.14) A (V(J)) —dim(V(7)) < el 2k —1
whenever .7 contains the sets Jq, ..., Jr, and at least one of the J;’s has an odd number of

elements. This follows directly by Proposition 7.1, thus completing the proof of (9.1) and,
hence, of Theorem 1.3.

10. On the anatomy of integers contributing to ¢}z (R)

This section is devoted to establishing Theorems 1.6 and 1.4. Throughout this section,
given n € Z>; and R > 1, we adopt the notations

Qn; R) := Z o and Q@n;r,R) = Z a.

p%ln, p<R p%ln,r<p<R

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1146 A. GRANVILLE, D. KOUKOULOPOULOS AND J. MAYNARD

A key observation, that we will use several times, is that if (@, b) = 1, then

logd logd’
My, (ab; R) = ZZM(d)M(d)f(Og +1‘;iR)

dla d’|b
(10.1) log(R/d") logd
=2, )( log R ) Z ()fA(l g(R/d'))
d<R
by the definition of f4.

10.1. An estimate for the logarithmic means

We start by proving a preliminary result, where the integer n is weighted by 1/n. The
transition to the uniform weights will be accomplished in the subsequent section.

THEOREM 10.1. — Let R > 2,k € Z>1 and A € Zxy.

(a) If A > ﬁ(%‘) —1landn € [log2/log R, 1], then

1 Q(n: RMM ‘R 2k 2k .
[ (1 - _) > i ROMp R f T 1 (log RYG)2KA+D fog Log .
n

p<R P/ b my<r log R

(b) IfAka( )—1and1—1/(2k)§v§2—e,then

(-

P=R

Q(n)M ‘R 2k
) Y SR o tlog Ry 2D (g log R4,
P+m)<R

==

Proof. — To ease notation, for this proof we let all implied constants depend on k, A and
€ without explicitly stating this.

(a) First of all, we claim we may restrict our attention to small enough 5. To see this, it
suffices to show that
3 Q(n; R3, R)My, (n; R)?*
n

(10.2) <s 1,

P+(m)<R

for any fixed § > 0. Now, Holder’s inequality applied to (10.1) yields

_ log(R/d’ 2kA
103) M@ R =) 5 p@) (%) My, (a: R/d")*.
d’|b
d’ <R
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Therefore, writing n = ab, where b = [],v},, ré<p<g P'> We find that

Z Q(n; R%, RYMy, (n; R)**

Pt(n)<R n
T(b)2*-1Q(b) o o (log(R/d")\*4 My, (a; R/d’)**
= Z b Z wd) log R Z a
plb=R¥<p<R dd’/llie PH(a)<R
t(h)*~1Q(b) 2 o (log(R/d)\** log R
< Y /=" pkd) N <5
Db R < p<R b T log R log(R/d")
d’ <R

by Theorem 1.3, since A > ﬁ(zkk) —landso & 4 = —1and A > 1. This proves (10.2), so
for the rest of the proof, we may assume that 7 is sufficiently small.
Expanding Q(n, R™), we have that

. .
Si:l_[(l—l) )3 Q("7R">1‘Zf/1(n,R)2

P<R P Pt(n)<R
B L] J My, (mq’; R)*
“TI(1-1) L L damlt
P=R g<R" PT(m)<R

Jj=1 qtm

= (1 _%) 5 (qf;l)z 5 (Zdlm n(d) {fA (11(?55)_]?1 (l‘}i(Tq,g”)})Zk’

P=R q=<R" P+(m)<R

where we used (10.1) with a = ¢/ and b = m. Expanding the 2k-th power, we find that
k logd; log(qd;)
TTAs i) | fa (%) — 1 (B}
[di,....dy] '

Here A > 1, so that @(s) = AIRS/(s4t1(log R)4) decays fast, and Perron inversion
implies that

(10.4)

2k =sj 2k _ o

sz ) [Tj=11dd; ” 12—[ ARY(1—q™)

= (g—1)2 [di,...,dy] (IOgR)Asf4+l S1 82k -

=R Re(sj)=1/long1 ===== day>1 j=1 ]
1<j=<2k

The above integral is amenable to the methods of Section 8. Precisely, we note that the
integrand is of the form

o (logg \*  P(s)RoEH . 2 (1—q79)/(s; logq)
4 (1oe%) g e 11 ) | e o T

IeS§*(2k)

where P(s) is as in Section 8, ¢; = +1for I € §1(2k), e = —1for I € §~ (2k) with
#I > 1,ande; = A— 1> 0for #1 = 1. If ¢ < R® with § small enough, then the argument
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leading to (8.1) yields that

3 [TE, widjd; ™ lz—kl AR (1 —q™%)

[dy. ... dax] log R)4s4™!
RC(Sj)=l/logRdl""’dzkzl j=1 ( g ) j
1=<j=<2k

dsy - --dsyr

(10.5)

(log g)%* 2y
log R (&) 2k(A+1)
< (log R)2k+1 + (logR)
with the first term coming from Case 1a and the second one from Case 2. Inserting the above
inequality into (10.4) completes the proof of part (a).

(b) We will use a variation of the argument of Section 9. The fact that Proposition 7.1
requires spx] = 0 complicates the proof; otherwise, a direct application of the method of
Section 9.5 would be possible.

Call S’ the sum in question. As usual, we may replace fy by a sufficiently smooth func-
tion h. So write g = hif A = 0, and g = f4 otherwise. Note that, since Mg (n; R) depends
only on the square-free kernel of n, we have that

S’=l_[(1—3) > %MfA(n;R)z"

p<R P

with @y(n) = [],,(p — v). Set y = R/1°el°e R for 3 small enough but fixed ¢. Given an
integer n, we decompose it asn = ab with P (a) < y < P~ (b). fw(@) < A + 1,
then My, (n; R) < 4ko®) and we immediately find that such n’s contribute at most <
(loglog R)°™M /log R. Otherwise, we sum over all possible choicesa = ga’ withw(q) = A+1
to deduce that

2 o)
(10.6) LD %«mo(%),

log R

P @<y oo(q) 0g

w(g)=A+1
where

1 /LZ(alb)va)(a/b)
S’ = (1 — —) —— Mg, ( a'b;R)Zk.
(Q) 1_[ p Z gDv(a/b) fA q

P=<R Pt (a)<y

plb = y<p=R
(@ ,9)=1

Next, we apply (10.3) with a = a’¢ to find that

1 2(a'b)p@@b) g (p)2k-1 log(R/d)\**4
p<R P/ piay<y v dlb £

plb = y<p=<R d=<R
(@.9)=1

Note that ¢,(n) > n/(loglogn)®. Hence, fixing a’ and d, and then summing over b yields
that

4+9(d3y,R) S"(d,q)
’ o(1) " o i
$'(q) < (loglog R)° 3" ———5"(d.q) < (loglog R)°V Y
d<R d=<R
P—(d)>y P=(d)>y
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where
, 1 12 (@)@ (log(R/d)\*** ,
S (d’Q) = l—[ (1__) Z (Cl/) log R MfA(a q;R/d)Zk
<R P P+@ah< P g
(@ ,q)=1

1 v®@ (log(R/d)\***

. (1__) P (10R ) My, (aqs RjdY*.
P=R P PT(a)=<y &

(a.9)=1
Before we proceed to the estimation of S”(d, ¢), we note that

AT« 1)(d
(10.7) 5'(g) < (oglog RO Y G VD gria )

d<R

where ()ﬁ'(m))mS gs 18 an upper bound sieve with § small enough, constructed using the
fundamental lemma of sieve methods, taking « = 1 in [12, Lemma 6.3, p. 159]. Then the
Dirichlet series >, (1 * A*)(d)/d* has a simple pole at s = 1 of residue Y_,, AT (m)/m <
(loglog R)°M/log R.

Next, if ¢ = pi'--- p;14! is the prime factorisation of ¢, then (10.1) implies that

log(R/d)\" e log(dd’) . (log(dd”)
(W) MfA(aq,R/d)—d%qu(d>f( Tog R ) dZ u(d") q( log R )

with
2jeslogp;
we(x) == Y (=D fy (x + JT—J )
ogR
JClA+1]
As usual, if A = 0, we may replace fy by a sufficiently smooth function /4 at the cost of a

small error. Letting g = h when A = 0 and g = f4 otherwise, and letting W, have the same
definition as w, with g in place of fy, we find that

2k
! v @ log(df) 1
S”<d!q>fl_[(1——) > > o) q( OR) 0(10 R)
p=R P7 pt@=y fla £ g
(a,9)=1
_ e -1/p) y L1 S2x]) 12-"[ W (log(df])) . 0( 1 )
o<y, pta(1=0/P) (fra)=1 1o S ] 7774\ logR log R
1<j<2k
We apply Mellin inversion 2k times to find that
S//(d q) < HPSR(I - l/p) /“. Z UQ([fl ,,,,, ka]) 1_112];1 l’l’(f})f/_xj
T @miy* HPSy,p’fq(l —v/p) [f1s---s fax]

Re(sj)=4k/logy P+(fj)§¥, (f5.9)=1
[Im(s;)|<T 1<j<2k
1<j<2k

= BrGs) T 1
s
X l_[ dsjj l_[ (I—pg7)ds; + 0 (@) , where T := exp{(loglog R)?}.
=1 a=1
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Together with (10.7), this implies that

_ (loglog R)OVTT, g(1-1/p) [ v U D TEL, () 17

S'(q) >
— (2mi)?k 1-
( ﬂl) l_[psy,pi[q( U/P) Re(s))=4k log P+(fj)5y [fl f2k]
IIm(s))|<T  (fi-)=1
1<j<2k 1<j<2k
2k A+1 1
x P(1+ spug — 2k/logy) [ [ 8r(sy) [ (1 = pa™)ds; + O (logR) ,
j=1 a=1
where
o0
. AT % 1)(d) AT (m)
P(s) := ZT =) Y. —
d=1 m<R3
We fix 51, ..., S26—1 and move s, to the line Re(sx) = —8k?/logy to pick up the pole

at spx] = 2k/log y. If c is small enough in the definition of y, and the same is true for §, the
complementary contours contribute < 1/log R. There are no other poles, since the factors

1 — po "’ are annihilating the poles of $g (s;). We conclude that
§(q) « Joglog RO / VAU PV T () 15
(log R)2kA+2—v o ey
(log R) . [ Fatd

Re(s;)=4k/logy J
[Im(s;)|<T 1<j<2k
1<j<2k
S[zk]=2k/logy

2k
1
— \idsy---dsos .
x 1'1:[1 5,147 |dsy -~ - dsag 1|+logR
Recall the notation A, (¢) defined in (9.13), and combine the above with (10.6) to find that

loglog R)9W v-2,(t) + (A + 1) cost; lo
S« ((I:gch;ngA)Hv (1 + p(®) + ( ;Z,  cos(t log p)
—T<t;<T (1=j<2k)P=Y

t[Zk]ZO
2k
log(2 + |¢:]))2k(A4+D log log R)O
y l—[(Og( +141) dtl_”dhkiﬁ(og og R
iz (1 + [t A+ log R

where we used Lemma 9.1, which implies that exp{zpfy cos(tlogp)/p} > m .

IIIH% fort € [T, T]. Then, following the arguments of Section 9.5 (with L = 1), and
recalling the notations V' (/) and 7 (V(.J)), we find that

S« jéncyaék)(l()g R)v(l+42¢(V(c7)))—dim(V(J))+(A+1)U(c7)—2kA—1(log log R)O(l),

where
U(J) =#{1<j <2k:LgyeV(J)}

If U(J) > 1, then Proposition 7.1(a) implies that o/(V(7)) = —1, and the exponent
of log R is then

(A+1)-U(J) —dim(V(F)) —2kA —1< A-U(J) —2kA—1 < —1,
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since we clearly have that 2k > dim(V (7)) > U(.J). Assume now that U(./) = 0. If
V() = (zkk)—l and dim(V(J)) = 2k—1, then the exponent of log R is v(zkk)—Zk(A—i— 1).
Finally, if this is not the case, then Proposition 7.1 (together with the argument in the end of
Section 9.5) implies that

v(1l 4+ & (V(J)) —dim(V(7)) — 1 < max{0,v — 1}<2:) + @ (V(J)) — dim(V ()

2k 2k
§max{0,v—1}<k)+(k>—2k—l
2k
-2
Sv(k) k,

by our assumption thatv > 1 -1/ (2kk). This completes the proof of the theorem. O

10.2. From logarithmic weights to uniform weights

In this section, we show how to go from Theorem 10.1 to the analogous result for the
regular mean value and then prove Theorem 1.6.

THEOREM 10.2. — Letx > R> 2, k € Z>1, A € Zso and € € (0,1/2).

(a) Assume that A > ﬁ(zlf) — 1. Then uniformly for n € [log2/log R, 1], we have

1
N > Q(n: R My, (n: R <.

n=<x

Ui
log R

(b) If A < ﬁ(zkk)—landl—l/(zlf) +e-1p—1 <v<2—¢, then
1 . 26k
= DMy (1 R e (log R)* U KA (loglog R)O).

n<x

Proof. — We start by proving a preparatory estimate. Our goal is to show that there is
some constant C = C(k) such that

Cx
(10.8) > My, (n: R < gk FZR>D.

When x < 2 for some fixed H € Zs; that will be taken large enough in terms of k and A4,
relation (10.8) trivially holds by taking C to be large enough in terms of H. Assume now
that (10.8) holds for all x < 2", where h > H. We wish to prove that (10.8) is also true when
x e (21, 2k 1.

We follow a variation of the argument leading to Theorem I11.3.5 in [22, p.308]: note that

log(x/n) logn
. 2k __ . 2k . 2k
(10.9) > My R =" My, (n: R) “ogr T Y My, (n:R) ogx"

n=<x n=<x n=<x
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For the first sum, we bound log(x/n) by x/n to give

ZM ( R)2k10g(x/n) <ZM (I’l R)Zk

et ot nlogx
. 2k
(10.10) <X My, (n; R)™
log R
P+ (m)<R
< al
logR’
by Theorem 1.3. In the second sum, we write logn = ij |n J 10g p to find that
logn jlogp ;
M 2k M T R,
Z 74 R) logx log x Z . falmp”: R)
n=x m=<x/p’
ptm

Since

/ log(R 4
MfA(mpj;R) = MfA(mZ R)—1,<r (g(—/p)

) My R )

by (10.1), Minkowski’s inequality implies that

1 1 1 2k
0 My (n: R 258 < (ka + S;k) ,

o log x
where
Jlogp
S1 = Z ] Z MfA(m;R)Zk.
- ogXx )
P/ =<x m<x/p’
and

jlogp (log(R/p)\* "
Z log x ( log R Z My, (m: R/ p)*.
p’/ <1$C m<x/p/

p<

For S1, we note that

logp x My, (m; R)* x
M R 2k ] A ,
Z 54 m; R) Z log x logx Z m < log R

m=<x pl<x/m m=x

by (10.10). Finally, we need to bound S,. First, we bound its subsum with j > 2. We have
that

2kA

log x log R _
m=<x/p’/
J>2
P<R
. 2kA
Jlogp (log(R/p) 2%k
< M¢, (m; R —_—
- Z log x ( log R Z 74 /p)
p’ <x m=<x/p’
j=2
P<R
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i1 log(R/p)\ 4 1
<Y Jlogp ( g( /p)) . logx
ol p’ logx log R log(R/ p)
jz2
P<R

by (10.10) with R replaced by R/ p. Since A > 1 here, we find that the above is

j logp X X
< Z pi logR < logR’

pl=x
j=2

where the implied constant is independent of C.

Finally, we need to bound the part of S, with j = 1. We note that x/p < 2" and
that R/ p < x/p, so we may apply the induction hypothesis. This gives a bound

<y lozp (loa(R/p) oo Cx 3~ oz p)(ox(R/p)
T logx log R plog(R/p) ~ (logx)(log R)? oy p
2C  «x
= 3 logR’

provided that H (and hence x) is big enough, where we used our assumptions that A > 1
and x > R. Combining the above, and assuming that C is big enough in terms of k and A
completes the inductive step and hence the proof of (10.8).

We now turn to proving part (a), that is bounding the sum

S(x.R.Q):=Y_ Q(n: Q)My, (n: R)**.
n<x
The proof is similar to the proof of (10.8), so we only give the main technical twists: we
use induction on the dyadic interval in which x lies to prove that there is some constant
C’ = C'(k, ¢) such that

C’xlog Q

(10.11) S(x,R,0) < Tog K2

(x>R>0>2).

When x < 27 for some fixed H € Z5; that will be taken large enough in terms of k, 4 and €,
this trivially holds by taking C’ to be large enough in terms of H. Assume now that (10.8)
holds for all x < 2h, where & > H. We will prove that it also holds for x € (Zh, 2”“]. Note
that the analogues of (10.9) and (10.10) hold here as well, so let us focus on understanding
the sum

)2k1 gn

T:=Y Q(n:Q)My,(n Togx"

n=<x

Fix a large integer N and call 7 the portion of this sum with Q(n; Q) > 2N and T, the

remaining sum. Writing logn = ij in J 10g p, we find that

Jlogp : :
= Z log x Z Qmp’: Q) My, (mp’; RY**.
p/=x m=x/p’, ptm

Q(mp’;0)>2N
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If 7} is the part with Q(mp’; Q) < 2j and T is the rest, then
2j2log p x
’ 7. 2k _
T) < ,2: —logx Z My, (mp’; R) p/
p’<x

m
m<x/p’
j>N ptm

< v j2logp 3 My, (mp: R)**  x(log R)OV
J JIog R
p/ <x,p<eViceR priog Pt (m)<R " exee
j>N pim

1) 2k
<y x Z J logp (logp) + (log Ry +C)—2k(A+D)
- p’ log R log R
J<x,p<
P= jp>N

< (II;CW + x(log R)(¥)—2ka+D)
og

where the second to last bound follows from (10.5). Finally, in the range of T}, we note
that Q(m; Q) > (Rm: Q) + j)/2 > N, so that Qmp’: Q) < j(Il + Qm: Q) <
(14+1/N)-j-Q(m; Q). Therefore,
1 21
T N + 3 J~logp

. Jj. 2k
Togx E A Q(m; Q)My, (mp’; R)
pl=<x m=x/p’, pim
(10.12) Q(mp’;0)>2N

e (MW + x(log R)(zzf)—Zk(Aﬂ)) .
og

Next, we need to bound

; logn
T > Q@ Q)My, (mp’: R —=—
— logx’
Qn;Q)<2N

If 0 > RY@N?) then we simply note that

log O

Ty <2N' Y My, (n; R)** al

> < ,;c (15 R) <<N1 <N Gog B

by (10.8). Here the implied constant depends on N but does not depend on C’

On the other hand, if 0 < RY/2N?| then we have that > piin. p<o J logp < (logx)/N
so that

S(x, R,
T2§u+

Jlogp
v > QM (R Y .
n=x p/ln, p>Q &
Qn;0)<2N
S(xRQ) Jlogp ) 2k
T2 Togr 2 miO)My (mp’i R
pl<x m=<x/p”’, ptm
p>0

Q(mp’;0)<2N
Combining the above inequality and (10.12), we deduce that
S(x,R,0) N+1 j2logp
<
- N + N Z log x Z
p’<x m=x/p/, ptm

. log O
Qm; O)M I.R* +0 X8 .
(o )y, s R + On (32222
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We thus conclude that

N +1 j?log p ) . o2k xlog 0
SCR QST ) Goom D QUm My, (mp! iR+ On ( oo )

: pl<x m=<x/pJ, ptm
We can bound the sum on the right hand side in an entirely analogous way to the proof of
(10.8). Choosing N sufficiently large, and then C’ large enough in terms of N completes the

inductive step and thus the proof of (10.11). This proves part (a) of the theorem.

(b) The proof of part (b) is, for the most part, similar to the proof of (10.8). An important
detail is that, after applying the induction hypothesis, we use the fact that

3~ vloes (logue/p))z“, (log(R/ p))*()=2K4+D (log log(R/ p))”
ogx log R 4

(10.13) P<R
v log R

2k
~ : (log R) (k) =2+ (1o ]og R)P
v(3) -2k +1 logx ® B8

for any fixed D > 0, as R — oo. This is sufficient when k > 2, because
2k

v < 1— 1/( k)

v -2k +1 7 () -2k

1
< =
-2

in this case.

However, when k = 1, the situation is more tricky. First of all, we note that the above
argument allows to establish the theorem for x > R2Y/2v=D_ (Note that if p < R
and x > R2Y/@v=1D_ then we also have that x/p > (R/p)?"/2¥=1D so that the inductive
hypothesis can be applied.) Finally, it remains to treat the case when x < R2Y/(2v=1D_ We
then observe that Q(n; R®, R) Ke,s 1, for any fixed §. It would thus suffice to prove that

(10.12) 2 vEOEISRERER b (n: R)? < Cx(log R)* 2(loglog RY?  (x = R = 2),
n=<x
for some appropriate constants C”, D > 0. Then, in place of (10.13), we note that

3 (v-1yeps +8 - Lpspep)logp (log(R/p)\** (log(R/p))" () 4+D (loglog(R/ p))”
log x log R p

P<R
1
<5 (log R)C)=2k(A+D (5510 R)P

as R — oo, as long as § is small enough. This allows us to complete the inductive step and
establish (10.14), thus completing the proof of the theorem. O

Given the above result, proving Theorem 1.6 is quite easy:

Proof of Theorem 1.6. — (a) This an immediate consequence of Theorem 10.2(a).
(b) We use Rankin’s trick: Given a small @ > 0 and 1 < v < 3/2, we have that
Z MfA (l’l; R)Zk < Z UQ(n;R)_(Zk{()(1+¢x)loglogRMfA (l’l; R)Zk.

n<x n<x
Q(n;R)>(2kk)(1+ot) loglog R
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Theorem 10.2(b) then implies that
Z M; (n; R)?* « (log R)(2kk)—2k(A+l)+(2,f)(v—l—(l+oz)logv)’

n<x
Q(n;R)>(2,f)(1+oz) loglog R

provided that v is close enough to 1. We optimize this by choosing v = 1 + «, so that
l—-v+(1+a)logy = lJrO‘(logt)dt > 0.
Similarly, we have that
Z MfA (I’l; R)2k < Z vQ(n;R)—(zkk)(l—a)loglogRMfA (I’l; R)Zk,
n=<x n<x
Qn;R)<(3)(1—a) loglog R
forany 1 — 1/(215) 4 € - 1x=1v < 1. Applying Theorem 10.2(b) and choosingv = 1 — « for
small enough o completes the proof of the theorem. O

10.3. Estimates for general weight functions
It is not so hard to go from estimates for the moments of My, (n; R) to the moments

of My (n; R) for a general weight function f. The following lemma provides the key link.

LeEMMA 10.3. — Let f : R — R be supported in (—oo, 1]. Assume further that f € C4(R)
and that all functions f, f'...., fD are uniformly bounded for some integer A > 1. Then

1
My (n; R <ae s Agz W AT My, (R du +

log R

1
(log R)zkA :

Proof. — Since f(x) = 0for x > 0and f € CA(R), we must have that f¢)(1) = 0
for j < A. Taylor’s theorem with the integral form of the remainder term implies that

R IO VR =1
J@O= | Gy T =TT Ly

for all x, since both sides vanish if x > 1. Therefore,

4 logd \*™!
My R) = ”D,Z @ [, 1P (u—22)

FD ) —x)4du,

logR<u§l IOgR
(-H4 / 4 _ logd A=l
i, (u)%u() fog R u
d<RY
_ =0t /l FDuA My, 0 R du + 0
A=t Jat (log R)* )~
by noting that d = 1if d < R* < 2. Holder’s inequality then completes the proof. O

We use the above lemma to show the analogue of Theorem 10.2 for general weight func-
tions f.

THEOREM 10.4. — Letk € Z>1, x = R > 2and f : R — R be supported in (—oo, 1].
Assume further that f € CA(R) and that all functions f, ', ..., f are uniformly bounded
Jfor some integer A > 1, and fix some € € (0, 1).
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(a) Let A > ﬁ(zkk) Uniformly for n € [log2/log R, 1], we have
1 U
=Y Qm: RMMs(n: R < ——.
x (n: RT)M; (n: R < log R

n<x
(b) IfA < ﬁ(zkk) andl—l/(zlck)—ke-lk:l <v <2—e¢, then

1 .
— Z UQ(n’R)Mf(I’l; R)Zk < (log R)v(%f)—zkA(lOglOg R)O(l).
X

n<x

All implied constants depend at most on k, [ and €.
Proof. — (a) Lemma 10.3 implies that

1
. . k k(A—1 . . k
> Q(n: RMMy(n: R** < /logz wkATD N " Qn: R My, (n: R*)**du

(1015) n<x log R n<x

0 xloglog R
(logR)ZkA :

1
2k(A-1) Q .Rn M Ru de nx ]
(10.16) /n u ; (n; R"YMj,_, (n; R)**du < g R

When u > 1, Theorem 10.2(a) implies that

Finally, we consider the integral over u € [log2/log R, n]. Observe that
> Qi RYMy,_, (n: R)* <
n=<x

by Theorem 10.2(a). If x < R!'9°, then we also have that Q(n; R¥, R") < 100/u for each
n < x, so that

x
ulogR’

) . puy2k X
> Q@ R*, RMj,_, (n: R)** < oz R
n<x
by Theorem 10.2. We thus find that
n n o 2k(A-1)—2
2k(A—1) . pn . puy2k u X nx
ﬁogz u > Qn: RMMy,_, (n: R du < /ﬁ “ogR du <« Tog R’
TIog R n<x log R

Together with (10.15) and (10.16), this proves part (a) in the case where x < R100,
Finally, let us consider the case where x > R!°°. Then
> Qm:R* . RHMy,_ (m:RY* < > j > My, (m:RY)**.

n=x p’/ <x m=<x/p’
RY<p<R"

When p/~! > /x, then we bound the inner sum trivially by < (x/p/)(log R)°W,
so that the total contribution of such summands is < /x(log R)°®. Finally, when

p/~1 < J/x, then we see that x/p/ > /x/R > x%4%° > R so that the sum over m is
< (x/p?)/log(R*), by Theorem 10.2(a). We thus conclude that

x log(n/u) X < X
ulog R (ulogR)? ~ulogR’

> Q@ R*, RYMj,_, (n: R*)** <

n<x
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Therefore,

2k(A-1) . pn . puy2k nx
og2 > Qi RMMy, _, (n: R*)**du < gk’
lIog R n<x

in this case as well, thus completing the proof of part (a) of the theorem.

(b) The proof of this part is similar. We start again with Lemma 10.3 to find that
Lemma 10.3 implies that

1
Q(n;R . 2k 2k(A-1 Q(n;R . 2k
v )Mf(n,R) < /1°g2 u2kA-1 E R )MfAfl(nv Rk dy

log R n<x

+0 (x(log R)v—l—zkA> ,

(10.17) nex

where we also used Theorem II1.3.5 in [22, p.308].
Next, if w = max{v, 1} and log2/log R < u < 1, then note that
Z vg(n;R)MfA,I (n’ Ru)Zk < Z vQ(a;R“)MfAi1 (Cl, Ru)Zk Z wQ(b;R“,R)‘

n<x as<x b<x/a
Pt (a)<R* P—(b)>RY

When x/a > R¥, the sum over b is < u'™%x/(a log(R*)) by Theorem I11.3.5 in [22, p.308].
Hence,

) ul=wy vQ(a;R”)M a: R 2k
Z UQ(n,R)MfA_l (I’l, Ru)2k < fA—l( )
= log(R%) = a
Pt (a)<R*
+ > ERIM, (@R
a<x
P+(b)§R“

We bound the first sum by Theorem 10.1(b) and the second one by Theorem 10.2(b) to find
that

Z vQ(";R)MfA,l (n: R\ « xul—w+v(2kk)—2kA(lOg R)v(%f)—zkA.
n<x

Inserting the above bound into (10.17) completes the proof of the theorem. O
We conclude this section with the proof of Theorem 1.4. We need a preliminary lemma.

LEMMA 10.5. — If m € Zsy, g € CY(R™) and z > y > 3, then there is a positive

constant ¢ > 0 such that

Z g(log pi,...,1og pm) 1 [ g(t1»~~~»[m)d
= — —dn ---dtm
Y<Ppl << pm <z (pl - 1) (pm - 1) m! [log y,log z]™ I1Im

o (18l 1V8lloo  Eyepsz 1/pY"™" +(fy di/tlogn™!
oclogy m!/m? '
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Proof. — First of all, note that

g(ogpi,....logpm) 1 g(log p1,...,10g pm)
2 (pr—=1-(pm—1)  m! )3 (Pr=1D-(pm—1)

Yy<p1<=<pm=zZ Y<Pl1s-sPm=Z

distinct
1 ) g(log p1,...,log pm)
plpm

4o <m2”g”00(2y<p§z 1/1?)’"_1) .

m!ly

So, if we can show that

1 eyl fyeonst
Z g(log p1 0g Pm) :/ gt m)dl‘l---dl‘m
[log y,log z]™

Y<Dls-s Pm=z P1"Pm I1Im

- m—j
Lo Z lglloo + 1198 /3x; lloo / dr \/™! ) 1
ec/Togy y tlogt V5L p ’

then the lemma will follow. But this estimate can be easily proved by induction on m and the
Prime Number Theorem, and the proof is completed. O

Let us now see how we can deduce Theorem 1.4 from the above results:

Proof of Theorem 1.4. — The first estimate of part (a) follows by 10.4(a) and part (b)
follows by Theorem 10.2(b). It remains to prove the second estimate of part (a). Note that it
suffices to prove that

1 Mf(n;R)Zk _ Ckf 1
H(I_Z) 2 ” ‘logR+0((logR>2-e)’

P<R P+(m)<R

since x > R?* log” R here. Fix 1 € [log2/log R, 1] to be chosen later. Then Theorem 10.4(a)
implies that

M¢(n; R)%k Q(n: R")My(n: R)%*
Z f( - ) < Z ( ) nf( ) <«
PT(@m)<R Pt (m)<R
P~ (n)<R"

Moreover, for each positive integer m, we have that

3 My (n: R 3 Mys(p1-+ pm: R)
pln=R"<p<R " R1<pyccpp=r P17 D (Pm = 1)
w(n)=m

We note that

log pi log pm )

M v pmi R) =
#(p1- Pm; R) gm(logR Tog R

where

gmti....tm) =y (=D [Y 5],

Jc{1,....m} JjeJ
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which is a smooth function satisfying the estimates [|g2* |00 < 4%™| f]|2* and |[VgZ¥| 0o <
2k4%™| f'llooll £ 1271, Therefore Lemma 10.5 implies that

M (n; R)%¥ 1 fyenntm)?k
Z f(n ) :_/ gm(t1 m) dty--dty,
[n,1]7

n t1--1
pln=>R"<p<R 1 m
w(n)=m

o [@loel/m + 00"
ec\/log(R")m!/MZ

for all m € Z>;. We thus conclude that

M(n: R)** log”(1/n)
(10.18) Z T=F(7))+0 U+W O0O<n=1, R">2),
Pt(n)<R
where

o0
) 1 gm(ll,...,[m)zk
F(p) =1+ Zg/ e di,

Completing the proof is now an exercice in real analysis. We start by proving that
lim,_, o+ F(n) exists. Indeed, applying (10.18) twice, we deduce that

log®(1/7;)
F —F <« max it
(1) (12) jet1.2} Nj n4k e~/ 1og(R/)
J

whenever 0 < ;7 <1y < 1and R™ > 2. Letting R — oo, we find that
(10.19) Fm)—Fm2) <nm O<n <n=1.

In particularly, Cauchy’s convergence criterion implies that lim, _, o+ F(n) exists. Call F this
limit, which clearly equals F(0), and note that letting n; — 0% in (10.19) implies that

Fim=F+0@m O<n=1.

Together with (10.18), this yields the estimate

M(n; R)* log?(1/1) .
Z T—F-FO T]+W O<n<l1, R">2).
Pt(n)<R

Selecting 7 such that
R = ploglog R)?

completes the proof of Theorem 1.4. O

We conclude this section with the proof of Theorem 1.7.

Proof of Theorem 1.7. — The first estimate of part (a) can be proven following mutatis
mutandis the proof of Theorem 1.6(a) above, using Theorem 10.4 in place of Theorem 10.2.
Similarly, part (b) follows from the proof of Theorem 1.6(b). O
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11. The analogy for non-exceptional Dirichlet characters

In the section, we study the sum
2k

1 1
sczk(R)=1‘[(1—;) DI D SRC)

P=<R P+m)<R dln
R/2<d<R

when k > 2 and L(1, y) is not very small and prove Theorem 1.5(b). We may assume
throughout that ¢ < R1/10g1ogR; otherwise, the needed estimate holds trivially.

We have that
ok (R) =

Z X(dl)X(dZ)"‘X(d%).

R/2<dy,....d>x <R [d1, ..., dx]

We want to introduce new variables Dy, I € & *(2k), as in Section 2, but first we perform
a technical maneuver to simplify the situation. We write d; = d/d]’, where P*(d]) < y <
P~(d]'), where

y = (log R)4k+1.

The contribution to ¢lox (R) of d’s for which d;” is not square-free for some i is < (log R)‘*k_1 ]y
by a crude upper bound, and so is the contribution of those d’s with max; d/ > B, where

B = e(log log R)3

by Rankin’s trick. Then we let Dy, I € & (2k), be the product of those primes that divide d/
when i € I, and are coprime to the other d/”’s. The numbers D; are pairwise coprime and
square-free, and d;" = [];¢ s k), 15; D1, so that

x@x(dy) - x(dy) _ Ties+er 10D Mies-@r x(P1)
[d{.....dy] [Tres*@r Pr

We may now drop the condition that the Dj’s are square-free and coprime, since the
contribution to J,x(R) of the D;’s not satisfying these conditions is < (log R)4k_1/ y.
Finally, we may drop the condition that (D;,q) = 1for I € §71(2k), encoded in the
notation yo(Dy), since the contribution of D;’s with P7(D;) > y and (Dy,q) > 1lis
< (log R)”'k_1 1/p <« (log R)4k /y. The above discussion implies that

plg, p>y

dwmy= Y A 3 [res-cio x(P1)

dl,....d! )
PT(d)<y.d/<B o] P=(Dp)>y (I€5*(2k)) Mres @ D1
1<i<2k R/(2d;)<n1€§*(2k)vlsi Dy SR/d[/

1<i<2k
(me)
0 .
log R
Next, we note that
xl—l/(SOlogy)

Yo < T (= maxigt ),
nex ogy

P~ (n)>y
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by Lemma 2.4 in [14]. Therefore,

x(m) 1

E <L —.

(11.1) oa'B n y
P~ (n)>y

This implies that the contribution to .k (R) with D; > ¢*B for some I € § (2k) is
< (log R)“k‘1 /v. To conclude, we have shown that
(11.2)

dp)- 1) Tlres—ci 1(P1)
I

P+(d])<y,d/<B D;=<q*B
1<i<2k P=(Dy)>y
ITes§™ (2k)

1
0 .
- (logR)

where R; = R/(d] nlees‘_(zk),lai Dy) and

T(R) := > !

P=(Dp)>y (IeST(2k)) l_[leé (2k)

Ri[2<I1;c s+ any, 1o: PI=Ri
1<i<2k

Our task now becomes estimating T'(R). Let d = 22~! — 2k and recall the defini-
tion of V;(-) from the statement of Theorem 1.5(b). The proof of Theorem 1.1 shows
that Vi (m) =< m?. We claim that

I
(11.3) T(R) = Vi (log R) (1 o ( (;i;qg))) I (1 _ l)

Py p

02k—1_1

whenever R/(q4D)4k < R; < R for alli, as is the case here. Proving (11.3) can be
accomplished easily using a lattice point count and the fundamental lemma of sieve methods.
First of all, note that the part of T(R) where Dy < B forsome I € & (k) is trivially <«
(0(P)/P)>**'~1(log R)4~ log B by an upper bound sieve, where we have set P := <, ?
for simplicity. In the rest of the range, we set p = 1 + 1/log R and divide the variables D;
into boxes of the form (0™, p™ 1], m; > 0. Replacing D; by p™ in the conditions R; /2 <
[T/es+ @), s5i D7 = Ri creates a total error of size < (@(P)/P)* '“1(log R)4~!. In

addition, if p™ > B = ¢(0810g R’ then we have that

1 o(P) 1
ot 0 ()

pml<DI§Pm1+l
P=(Dp)>y
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for any fixed C, by the fundamental lemma of sieve methods (see, for example, [22,
Theorem 1.4.3]). We thus conclude that

2k—1_
T(R) = ((log p)g(P)/P)>* " > I
my>log B/logp (IS (2k))

log(R; /2)
Togp — <2regt(2k), Iai

+0 ((e(P)/P)** '~ (log R log B).

A straightforward lattice point counting argument implies that the sum on the right hand
side equals

Wi (log Ry, ...,log Ryx) 140 log B
(log p)2*~' 1 logR /)"

where Wy (m) is the volume of the polytope {(xl)le§+(2k) x> 0VI, mp —log2 <
D> osiXr < m; Vi}. Since m; = logR; = logR + O(log(gB)) here, we may show using
the Mean Value Theorem that Wy (m) = Vi (m) + O((log R)?~!log(¢B)). Relation (11.3)
then follows.

We are now ready to complete the proof of Theorem 1.5(a): inserting the estimate (11.3)
into (11.2), we conclude that

Kok (R) =

Vi (log R) Z Z x(dp) - xldy) [Tres—r x(Dr)

k—1_
(PIo(PY? 70 L i s prmges dad Tlies—en D1
1<i<2k P~ (Dy)>y
IS~ (2k)

+ O((log R)¥~'(loglog R)°M logq).

We now remove the conditions Dy < q4B and dl.’ < B via (11.1) and Rankin’s trick,
respectively. We conclude that

Kok (R) =

Vi(log R) ) ) xdp) - x(dyy) Tlres—ci x(Pr)

(P/p(P))?* =1 PH@n<y P>y [dis-vdyd  Tlres—@n D1

1<i<2k 1€57(0)
+ O0((log R)4((loglog R)°M log q).
Finally, we note that
x(d)) - x(d}y) s x(p)/1 ot
DD il 1 KD DR Vi

1 X . . pJ
PH(d)<y =y J=1 jleej2k=0
1<i<2k max{jy,....j2k }=Jj
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The coefficient of 1/p is (2251 — 1) xo(p) + 22*~1 y(p). We thus conclude that

(e(P)/P)

92k—1_1 Z Z X(d{)"')((dék) ) Hleg_(zk) x(Dr)

/ /
PH(d)<y P~ (D1)>y [ dy ] [Tres=r D1

1<l<2k Ies™ (Zk)

) 22k—1_1 _p2k—1
_ x(p)/1 Tt 1 x(p)
[+y oy ARy (-4
p=y J=1 Jlseesjor 20 p=y
max{ji,....Jok }=J
o) J1+et ok 1 22k—1_1 1
M+ X M2 (-0) o).
» J=1 =0 P P Y
max{ji,...,jok }=Jj
An easy calculation then completes the proof of Theorem 1.5(b).
12. The analogy for exceptional Dirichlet characters
In this section, we consider the quantity X,z (R) when k = 1, or when y(p) = —1 for

most primes p < R, and complete the proof of Theorem 1.5. Our arguments here resemble
closely the ones of Section 8, so we only highlight the key points here. Throughout the proof,
we assume that R > ¢%¢!, the complimentary case being trivial.

12.1. Initial preparations

Arguing as in Section 8.4, we find that

Tk (R) = (zﬂ)zk [~] ¥

Re(s;)= =A’/logR d1sedop 21
[Im(s;)|=T
1<j=<2k

1
+0 ((1og R)1°°)’

where 7 is a smooth function with 2(x) = 1 for x < 1 — 1/(log R)@k—D2*F1+200k+2 54
h(x) =0for x > 1, T = exp{(loglog R)?}, and A is some large parameter > 1 to be chosen
later.

2k =sj 2k
=1 X(djp)d; ™
H[Jd—l)(() 1_[ hr(sj)(1—27%)dsy -+~ dsai
l’ ey .
j=1

By expanding as an Euler product, we find that for Re(sy), ... Re(sor) > —1/4k we have

[17%, x(dpd;™ 1
Z [dl dok] :H I+ Z X(Hsz ( 2—2k/4k)
diodog =1 1.---» G2k P TeS*(2k) p
=Pe) [ La+s2™.
TeS*(2k)
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where P(s) is given by an Euler product which converges absolutely in the region
Re(s;) > —1/4k for all j. Next, we set

2k T .
B hr(s;)(1—27%)
Fs) =P [[
j=1
and
1
£4(s) 1= Lis, xo) = ) [ | (1 - —s) ,
plg P
so that
1
SouR) = e [+ Fore T ta+s.o
Re(Sj)=A-j/logR red—(2k)
Im(s;)|<T
(12.1) i
1
X 1_[ é‘q(l‘i‘S])dS]"'dSzk"‘O(W).
IesT(2k)

Similarly to Section 8§, we let Zg denote the class of complex-valued functions f defined
in a domain containing

Q= {s e Cl: [Re(s;)| < 1/5k, |Im(s;)| < T + 1 (1 < j <)},

it is analytic in Q. and its derivatives satisfy the bound

i1+t e Y1+ (gT)"Re6m)(log log R)/m]OM
(122) jl—i:(s) <<jl """ i l_[ [( q ) ):_ lg g ) ]
dsy' -+ 05 me1 |$m|
forall ji,...,j, >0andalls = (s1,...,5¢) € 55.
Since there is an absolute constant ¢; > 0 such that
. : 1y=
(12.3) L (s, 9) <m (14 (g + 1)1 ™) log/ T (g + Jt]) + —22

|S —1 |j+1
for j € Zso, ¥ € {x,xo} and j € {0,1}, a standard consequence of bounds on the
exponential SUm ), _ n =4 (mod ) n'! (see, for example, Lemma 4.1 in [14]), we have that F is
in the class Cy.

12.2. Thecasek = 1

We first deal with the case k = 1 that is easy and will help us clarify some of the technical
details of the argument. When k = 1, we move the variable s, to the line Re(s;) = —e, for
a sufficiently small . The contribution of the horizontal contours is < (log R)°"/ T and
the contribution of the contour Re(s,) = —§ is « R~?, for some positive § = §(¢) by (12.3),
and by our assumptions that F € C, and that R > ¢*“!. In conclusion,

1
A2 (R) = 2im / F(s1,—s1)L(1 4+ s1, ) L(1 =51, x)ds; + O (

Re(s;)=A/logR
[Im(sy)|<T
1<j<2k

1
(log R)IOO) '
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Finally, we move s; to the line Re(s;) = 0. No poles are encountered, and the contribution
of the horizontal lines is easily seen to be < (log R)°V/ T, so that

1 (T 1
R)= — F(it,—it)|L(1 +it, y)|>dr + O
R = o [ FninlLi +in P+ 0 (o R)wo)
1 (logR)IOZ R )
- P(it,—it) ‘L(l it hr(in)(1 =21
27 J_(log R)102

1
Y+ 0 (o)

since ER(it)(l — 2"y « 1/(1 + |t]). Finally, using 6.6 to replace 71\R (s) by R%/s, choosing C
to be large enough, and then extending the range of integration to R yields the estimate

2
L(1+it,y)- dt+0(

1 © . . 1
562(R)=E/;OOP(”7—”) p W),

which proves Theorem 1.5(a). (Obviously, we can obtain a much stronger error term, but we
have chosen to content ourselves with a more qualitative result.)

12.3. Contour shifting

Next, we focus on the case k > 2 and prove Theorem 1.5(c). From now on, we will always
be working under the assumptions and notations

L(B.x)=0, B>1-1/(100logg), Q =e'/17P).

As it is well-known, we have that ), _,_o(1 + x(p))/p < land }_,_ o x(p)/p < 1 (see,
for example, Theorems 2.1 and 2.4 in [13]). As a consequence, we note once and for all that

1 1
(12.4) LU0 = oo I1 (1 + +—X(m) :

p=q p
As in Section 8, we shift the contours of the variables s, ..., sy, in a certain order. As in
that section, to describe the general contour shifting argument after N steps, 0 < N < 2k,
we fix sets /1, ..., In, and distinct integers j, € I, for each n. Recall, also, that s; denotes a
variable and x; denotes a linear form. We then define

Vo = Spang(xy,,....x5,) and Jy={I € §(2k):x; €V} (0=<n=<N).

Imposing the conditions x;, = -+ = x7, = 0, we may write x;,,..., X}, in terms of the
variables s; with j € [2k]\{j1...., jn}. Hence x; becomes a linear form L v, in the variables
s; with j € [2k]\ {ji...., jn}. Moreover, x; € Vy ifand only if Ly ; = 0.

As we will see, we will always be able to assume that j, = 2k—n+1.Letd € Z>¢ and given
the above set-up with j, = 2k —n + 1, an integer d € Zxo and h = (hn,1)o<p<n, 1e$*2k)
be a vector of non-negative integers such that:

— 0=hoy <hyy <---<hyyforl e §*(2k);
— ifl e Jy\ Jp-1 forsomen € {1,...,N}, then hy, 1 = h, 1 for allm > n;
— Xy > N + d, where

Xy :=#(JIn N ST(2k) - Z hn,1.
Ie§™NUS T @\JIN)

A function J : Rsy — Cis a called a fundamental component of level N and of
type (I, h,d) if:
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— when N = 2k, it equals

J(R) = (log RY*V=N=¢ TT Lt~ )
IS (2k)

— when N < 2k, it is of the form

M XNy—N—d
J(R) = p(@)\"" (log R)*V I LEND(1 )
q (2i7r)2k—N X
Tes~@NIN

v // GEREN®  TT  LONDA 4+ Ly (s). p)

Re(s;)=A;/log R IeS™ 2k\JI N
[Im(s;)|<T
1<j<2k—N
h
< 1 &P+ Lys()dsaren - dsi.
IeST\IN

where Aj /Aj—1 > A, EN(s) := Ly k) (s),

N
My = Z Z (hn—1,1 + 1),

n=11e(In\Tn—NS T (2K)
and G is a function in the variables 51, . . . , 555 _ v that belongs to the class Cor_y, given
by
G(s) = F(Ln13(5). ..., Lngox3(5))
when d = 0. In particular, G is non-vanishing in 2,5y when d = 0 by (12.3).

As in Section 8.2, a fundamental component of level N is called reducible when N < 2k
and Exy # 0. Otherwise, it is called irreducible. With this above terminology, the integral
on the right hand side of (12.1) is a reducible fundamental component of level 0 and of
type (4,9, 0).

Again as in Section 8.2, when Ey # 0 there are some y; € Q with y;,,, # 0 such that

En(x) = y1x1 + yaX2 + - + Vi1 Xin 11

If A is big enough, then the sign of Re(En(s)) throughout the region of integration is
constant and equal to the sign as y;, .
The analogies of Lemmas 8.4 and 8.5 can be proven in this setting:

LEMMA 12.1. — Assume the above setup, let J(R) be a reducible fundament compo-
nent of level N <2k, and let y;,_, be as above. Suppose, further, that k > 2 and that

elogd)? < R < Q. All implied constants below depend at most on k.

(@) Ifyjny > 0, then J(R) is a linear combination of fundamental components of level N +1,
up to anerror termof size K 1/ log R. Moreover, the coefficients of this linear combination
are < (logq)°W.

(®) If yjp 1 <O, then J(R) < T1FoM),

We iterate the above lemma till all the fundamental components we are dealing with are
irreducible. For such components, we have the following asymptotic formula.
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LEmMA 12.2. — Assume the above setup. Suppose, further, that k > 2 and that eloga)? <
R < Q. If J(R) is an irreducible fundamental component, then there is some complex
number ¢ < (logq)°® such that

J(R) = c(log R)(zlf)—ﬂ‘ + O((log(q log R))O(l)(log R)(Z,f)—zk—l).
All implied constants depend at most on k.

Since the integral on the right hand side of (12.1) is a reducible fundamental component
of level 0, we apply Lemma 8.4 repeatedly to write it as a linear combination of irreducible
fundamental components, and then estimate these components by Lemma 8.5. This proves
that there is a constant cx (x) < (logq)?® such that

(125 Hax(R) = k() - (log BYE) + 0 ((log(g log k)W log RYF) 1)

when k > 2 and e(°20® < R < Q. We will show that ¢z (y) > (logq)~%® in Section 12.5
and complete the proof of Theorem 1.5. The key intermediate Lemmas 12.1 and 12.2 are
proven in the next section.

12.4. Proof of the auxiliary Lemmas 12.1 and 12.2

For easy reference, we record the following bound that we will repeatedly use: for R < Q,
we have

(log R)XN—N—d 1_[ L(hN.I)(l’ x) < (lqu)O(l)(log R)ﬂ(VN)_N_D,

(12.6)
Ie§™ kNI N
where
D=d+ Z hn,1 + Z (hn,g —1)
IeSQ\IN Ie§™ kNI N
hy =1

and 7 (V) is defined in Section 7. Indeed, when iy ; = 0with I € & (2k) N Jn, we use
(12.4) to find that
(logg)? _ (logg)?

logQ ~ logR °
Otherwise, we use the bound L*~.0 (1, y) « (logq)"~.+1. Putting these estimates together
yields (12.6).

L1,y <

Proof of Lemma 12.1. — (a) Here y;,,,, > 0. We make the change of variables

si=s8; (1= j <jn+1), 8; =841 UN+1 =] <2k =N), Sy _n = Sjnp1-
and similarly for the forms x; and the parameters A;.

Next, we shift the 7, _, contour to the line Re(s, _,) = —e¢ for a small enough € > 0.
The integral on the new contour is <« (log R)°™ /T, which is negligible, and we are left
with having to analyze the pole contributions. The poles occur when Ly 7, (s") = 0 for
some Iy41 € $T(2k)\ Ju such that the coefficient of Shr_n 0 LN 1y, is non-zero. As
we discussed in the previous section, imposing the relation Ly 7, ,(x’) = 0 to write the
form x5, _, asa linear combination of x/,..., x5, y_;.sayxy, = C(xj,.... x5 v ;).
In particular, Ly, ;(x’) becomes a linear form Ly 41,7 in the variables x/,...,x}, v . We
also set En41 = Lyy1,2k) and let 7 y4q be the set of I C [2k] such that Ly 4,7 = 0.
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The generic order of the pole at 55, = C(s7,...,85,_y_;) 18
(127) m = Z (hN,I + 1) -V,
Te(IN+1\ININS T (2K)

where v is the generic order of the zero of

G(s) I1 LEND (1 + Ly (s). 1)
Ie§~NUIn+1\IN)

at the same point. In particular, v = 0ifd = 0(sothat G(s) = F(Ln13(5), ..., Ln,k3(5)))
and hyy = O0forall 7 € &~ (2k) N (Jn+1 \ Jn). By a direct computation, we then find
that

Xok—1 +m=#(Iyi1 N ST(k) - > hw.p —v.

(12.8)
Ie§~ RUS T @\IN+1)

We note that m > 1 forall N < 2k — 1 when k > 2 and v = 0; otherwise, we would have
that §T(2k) C Ju, which is impossible because the dimension of Vy is N, whereas the
dimension of the span of the linear forms s;, I € & +(Zk), 1s 2k.

We want to understand the pole contribution when m > 1. We separate two subcases:

Case 1 of the proof of Lemma 12.1: N = 2k — 1. — In this case, we have that sj’- =
Lak—1,j3(s7) = ajs forall j, where a; € Q. Then the pole occurs necessarily when s; = 0.
Thus Jo = & (2k), and we obtain an evaluation of J(R) as finite linear combination of
powers of log R, the highest of which has exponent

Xogoy +m—2k =212k —1— 3" hygg -,
Ies™ (2k)

up to an admissible error. The coefficients of the polynomial in log R are given in terms of the
derivatives L) (1, y). Specifically, the coefficient of (log R)X2k—1+m=2k=h 0 < h <m —1,is
a linear combination of products of the form

Moy
(w(q)) [T r%ra p,
1 Tes™(2k)

with the coefficients of this linear combination being <« 1, and with the parameters /o ;

satisfying haog, 1 > hog—1,1 with equality if 7 € Jox—1 \ {0}, and } ;¢ s—(op) (h2k,1 — hok—1.1) < h.
Arguing as in the proof of (12.6), we find that

(log q)O(l)(log R_)sz_1+m72k7h - (Iqu)O(”(log R)22k71__2k—1—216§—(2k) hok 1
(log Q)#€8™ @k hoy =03 = (log R)#I€5 @R)yhax =0}

J(R) <€

)

where we used that Q < R,v > 0and h > ZIEQS_(Zk)(th,I — hak—1,1)- We thus conclude
that

(log q)° 1

(log R)2k+1 ™ log R’

This completes the proof of the lemma in this case (the linear combination is empty).

J(R) K
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Case 2 of the proof of Lemma 12.1: N < 2k — 2. — Arguing as in the proof of part (b) of
Lemma 8.4, the contribution of the pole 5%, , = C(s},....s5_y_,) to J(R) can be seen
to be a linear combination of terms of the form

((p(q))MN+l (log R)XN +m—h—N—1—d

q (Qin)k N1 G(s)REN 1)

Re(s_;):)t}/log R, |[Im(s;)|<T
1<j<2k—N-1

y 1—[ L(hN+1.I)(1 + Lns1,1(8), x)
IS (2k)

< 1 e 00 4 Lysrr(s)dsakn—r --dsy
IesT@N\IN+1
plus an error term of size O(1/log R), where h € {0, ...,m—1}, hy 41,1 > hy 1 withequality
ifI € Jy41\{0},and Zle5—(2k)u((§+(2k)\c7,v+1)(hN+1J —hn, 1) < h. Relation (12.8) then
implies that the power of log R is then Xy 1 — N — 1 — d’ with
d=d+v+h-— Z (hN+1,1—hN’1)ZO.
15~ @RU(S T @R\IN+1)

Moreover, Xy 41 —d’ = Xy +m —h > N + 1. This completes the proof of part (a).

(b) Here y;,, ., < 0. We treat this case using the same argument as in part (b) of
Lemma 8.4, with the difference that the contours of 55— n, $2k—n—1....,8;y ., are shifted
to the lines Re(s;) = A/ /((logq) + (log T)*/?), jx+1 < j < 2k — N. Since ¢ < eV™°eR by
assumption, we find that

J(R) <« T~1+oW),
as needed. O

Proof of Lemma 12.2. — We distinguish three cases.

Case 1 of the proof of Lemma 12.2: N = 2k. — Here Jor = & (2k) and thus J(R) <
(logq)°®M /(log R)?**1 by (12.6), which proves Lemma 12.2 in this case.

Case 2 of the proof of Lemma 12.2: N = 2k — 1. — Asin Case 1 of the proof of Lemma 12.1,
we have that s; = Log_y (;3(s1) = a;s; forall j, where a; € Q. Then

Moy Xog—1—2k+1—d
J(R) = ¢(q)\ " (log R)“2k—1 I Lr-1.0(1 )
q 27i ’
les™ (2k)NJ2k—1

x / Gok—1(s1) I LB2=1.0(1 + aysy. x)

Re(s1)=A1/log R Ies™ 2k)\J2k—1
[Im(s1)|<T
« 1—[ (hzk—l,l)(l +
q alsl)dsl.

IeST @\ JTax—1

We first show a crude bound on J(R), that will allow us to focus on a more convenient
subcase. We move the line of integration to Re(s;) = A/ log(¢T) and use (12.3) to find that
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the integral over s, is < (log(gq log R))°™. Together with (12.6) and Proposition 7.1, this
implies that
J(R) < (log(glog R))°D - (log R)(¥) =21,

unless d =0, hyk—1,7 €{0,1} for all I e $ (2k) N Jak—1, hok—1, =0 for all
I € 5 (2k)\ Jak—1,half of the a;’s are +b and the other half are —b, for some b # 0.

We have thus reduced proving the lemma to the case when d = 0, hzr—1,7 € {0, 1} for all
I € § (2k)N Jak—1, hok—1,r = 0forall I € §(2k) \ Jox—1, half of the a;’s are +b and
the other half are —b, where b # 0. In particular, we find that J,,_; N & (2k) = @ and
that #(Jak—1 N S T(2k)) = (3) — 1, so that

Mo (%) —2k
J(R) = (@) Qog R)TA 7 [ G(s1) H L1 +aysy, x)

2mi g
Re(s;)=A/logR I1eS§™ (2k)
[Im(s1)|<T
X 1_[ $q(1 +aysy)dsy.

TeSt 2\ T2k
Since v = 0 here, we saw before that the integrand has a genuine pole of orderm > lats; =0
by a dimension argument. In fact, we have that m > 2: indeed, we know that [2k] € Jor—_1
by our assumption that Er;_; = 0, sothat I € /o,y ifand only if 2k]\ I € Jox_1. In
particular, since we know that there is at least one I € & +(2k) \ /2k—1, there must be at
least two such I’s.

The presence of this pole makes the estimation of J(R) tricky. In particular, we cannot
shift the contour to the line Re(s;) = 0 as in Case 2 of Section 8.2. Instead, we write

L(1 +agsy, x) = L(B + ars1, y) + Alarsy),

where
A(s):=L(+s,x)—L(B+s,)).
We thus find that
! log(q + |t
a0 = [ Vs piu < 2B (6= —1/10gtq + 1),
B log 0
by (12.3) and the assumption that 8 > 1 — 1/(1001og ¢). With this notation,
J(R)=M + E,
where
Moy — 22k
¢(g) M (log R)(
M = (T) B Y ra— Gau—1(s1) [ LB+arsipn
Re(s;)=A/logR 1ed™(2k)
[Im(s1)|<T
X 1_[ tq(1 + arsy)ds;
Tes™t @\ J2k—1

and E is a sum of similar expressions where at least one of the L(8 + aysi, y) factors is
replaced by A(aysy).
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First, we bound E. Moving s; to the line Re(s;) = 1/1log(¢T), we find that

(log(q log R))©V (log R) ()~
<
log O
Finally, we estimate M by moving the line of integration of s; to Re(s;) = 0, and use the
fact that G(s;) < 1/(1 + |s1])?* (note that the integrand is now analytic, since the pole of
the ¢,’s is annihilated by the zeroes of the L(:, x)’s) to find that

J(R) = ( ‘p(‘l))Mz"“ (log R)(¥)—2k
q 21

E

< (log(g log R))°™M (log R)(zk")—zk—1'

T
/ GGy ] LB+iart.y)
-T IeS™(2k)
x I1 t,(1 + iar1)de + O((log(q log R)) O™ (log R) (¥)=2=1y,
Ie§t @\ Jax—1

Note th;a\t G(s) = F(ays,...,ass) here, because d = 0. VY\hen [t] <log R, we use (6.6) to
replace g by R® /s, and when |z| > log R we use the bound i g(s) < R /|s| by (6.5). Taking
C to be large enough, we thus conclude that

J(R Mg %)
((22)_2](:@((1)/261) / Fiat.....iaxt) [] L(B+iart.y)
(log R)\x 7T oo rei o
2k .
-2 (log(q log R)) 0™
l+iagn || ————dr+o | —=L="L .
x [1 Zq(+za,)l‘[ o n ( -
IS5 @\ Tok—1 j=1

This completes the proof of Lemma 12.2 in this case.

Case 3 of the proof of Lemma 12.2: N < 2k —2. — As in the corresponding case of the proof
of Lemma 8.5, and using (12.6), we find that

J(R) < (log(qlog R)°P(log RY*¥=N=4  TT  |L*~*D(1, y)
Ie§™CHNIN
< (log(q log R))°™ (log R YM=N.

Proposition 7.1(c) then implies that &/ (Vy) — N < (zkk) — 2k — 2, thus completing the proof
of Lemma 12.2. O

12.5. Lower bounds

In order to complete the proof of Theorem 1.5, we show that constant cx () in (12.5) is
> (logq)~ %M In order to do so, we follow the argument of Section 9 and prove that, for
any € > 0, there is a constant ¢; > 0 such that

(log R) (2]\{(),2]{,6
(logq)°™

provided that (/log Q > log R > 2¢1 logq, where c; is the constant appearing in (12.3). (For
this section, all constants will be independent of €, unless specified by a subscript, as above.)

We set

(1290 Hp(R) > cx — O, ((1og(q log R))°M (log R)(zé‘)—zk—l) ,

y =exp{(log R)'™} and ¥ = exp{(log R)' /2,
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where ¢’ will be taken to be small enough in terms of €, and focus our attention on integers
of the formn = ap; --- p with P*(a) < y,a <Y, and p1,..., pi are distinct primes such
that p; > ~/R and y(p;) = —1forall £ € {1,...,k}. Then

2k

SCzk(R)EHPSR(l_I/p) Z Z IL(PI Pk) Z Z 2(d)

k!
Pt(a)<y p;>vR {= lR/(2P6)<d<R/P€
a<¥  x(pj)=—1 dla
1<j<k

The next step is to drop the condition that ¢ < Y by an application of Rankin’s trick

and to remove the condition that the p;’s are distinct. We further replace the sharp cut-off

R/(2ps) < d < R/py by the smooth cut-offh(lolgo(gd‘;’f)) - h(loglgggw) where h(x) =

for x < 1—1/(logR)® and h(x) = 0 for x > 1, with B sufficiently large. To conclude, we
have that

2k
[T,<r(1—1/p) [Tj=1 log p; llogp, u log(dpy)
Ry> ——
Sczk( ) - k!(logR)k Z Z api - ZZ ( gR )
P*(a)<y VR<p; <R {=1dla
x(pj)=—1
1<j<k

1
0
* (logR)’

where w(x) = h(x) — h(x + log2/log R).

The rest of the proof follows the argument of Section 9, with a small twist, as we
will explain in the end. We expand the 2k-th power and focus on a convenient subset of
summands. We then conclude that

(1 =1
TRy = Lrmr=rU VP S~y g (@)

with
1 (d1) - x(da)
Ptd;)=<y
1<j<2k

k
< l—[ Z (1 = x(pe))log pe l—[ w log(ped;)
=1./R<p;<R jeJg

where J is as in Section 9. We set

S = Z MxlogR

2
~R<p<R P
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and write Z for the set of € € {1,...,k} such that J; # @. Then, using Perron’s formula 2k
times to write each appearance of w as an integral of wg, we find that

Sk—#Z (100 R)K 2k (d)dY
X(J) = (f)g ) 3 [T21 x(dj)d,
(2mi)2k [d1,. ... dy]
Re(s;)=1/log R Pt (dj)=<y
1<j<2k 1<j=<2k
(1= x(pe)logpe | (T I
<] > s []@r(s) | dsi--dso + O (logR) :
Zezpe>f p( j=1
where s; = ZJ-E 7 8j, as usual, and the condition that p, < R was dropped because it is
encoded in the support of w. By possibly re-indexing the variables s1, . . . , S5, we may assume
that Z = {1,...,L}, where L = #Z, and that max J;, = 2k — L +{forallf € {1,...,L}
with L = #Z. As in Section 9, we will move the variables sox_7 41, ..., S to the left. We
note that
(1- x(p)) logp ¢ L log p
p>~R P<R!/2

for Re(s) > —1/3. The above has simple poles at s = 0 and s = B — 1, each of residue 1.
Therefore, using the argument leading to (9.12), we find that

(12.10)
k—L 1 —k
X(J) = Z % // Z

2L(27.”)2k L
ngioégzl} Re(s/) l/logR(1<]<2k L) Pt(d;)=<y
=t= ,=¢¢ (1<(<L) 1<j<2k

[175, ndjyd;™
[d1,...,dy]

—~ 1
[T Bt | dsi---doae- L+0(lgR)

The above expression is sufficient for handling the terms J € ¢/ with at least one Jy of
odd cardinality: following the argument of Section 9.5 with the obvious modifications implies
that
(logy)(z,f)—zk—HL

(logR)L
where we used the fact that sup, . ,o (1 + x(p))/p < 1.

(12.11) X(J) < (log(q log R))°M

However, we need to be more careful on our lower bound for the main term, that is
to say for X(J) with #J;, = 2 for all £. First of all, by relabeling our variables, we may
assume that J; = {{,£ + k} for all £. In our expression (12.10) for X(J), we see that
sy, = € €{0, 8 — 1} implies that sy = —s¢+O0(1/log Q). We want to replace sy by —s;.
This introduces an error that we will control by an application of the mean value theorem.
In particular, we need to understand the derivative of the integrand. If

d; dsf
G(S): Z H IX( )

di,....d ’
Pty [d1 zk]
1<j<k
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then —G'(s)/G(s) equals 3" ;¢ ¢+ ap) 2p<y X7 (p)10g p/p' T, plus lower order terms, so
that G'(s) < (log y)G(s) for the vectors s we are considering. Similarly, Wg(s + €)/R*T¢ =

Wr(s)/R* + O(¢/(|s| + 1)) by (6.5). Since we also have that
k 2ky_
ds | o (log y) ()
G —_— 1 log R —
G 7 < Uoalglog RV =0
Re(s;)=1/logR J=1

)4k tsjl<1-B
1=j<k

by the argument leading to (12.11), we conclude that

(14 RB-1Hk
X(J G(s wr(s ds
)= Grrlog B (s) H WR(s;) | dsi -
Re(s;)=1/log R
Sj+k="5)
1<j<k

( logy (log(g log R))°™ (log y) (i) —* )
+0 : .
log 0 (log R)*

The main term can now be bounded from below as in Section 9.4. We thus arrive to the lower
bound

X(J) = ck (log ») ()~ (log R)™* B ((log(q log R))OM (log y) (%) —k+1 ) |

(logq)2M (log R)*+2

using that 3, ,.o(1+ x(p))/p < landy <R < eV10e € here. This completes the proof
of (12.9), and thus of Theorem 1.5(c).
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TAUTOLOGICAL CLASSES
WITH TWISTED COEFFICIENTS

BY DaAN PETERSEN, Meapi TAVAKOL AND QizHENG YIN

ABSTRACT. — Let Mg be the moduli space of smooth genus g curves. We define a notion of Chow
groups of M with coefficients in a representation of Sp(2g), and we define a subgroup of tautological
classes in these Chow groups with twisted coefficients. Studying the tautological groups of M, with
twisted coeflicients is equivalent to studying the tautological rings of all fibered powers Cg of the
universal curve Cg — M, simultaneously. By taking the direct sum over all irreducible representations
of the symplectic group in fixed genus, one obtains the structure of a twisted commutative algebra on
the tautological classes. We obtain some structural results for this twisted commutative algebra, and
we are able to calculate it explicitly when g < 4. Thus we completely determine the tautological rings
of all fibered powers of the universal curve over My in these genera. We also give some applications to
the Faber conjecture.

REsuME. — Notons par Mg I'espace de modules des courbes lisses de genre g. Nous définissons une
notion de groupes de Chow de M, a coeflicients dans une représentation de Sp(2g), et nous définissons
en outre un sous-groupe de classes tautologiques dans ces groupes de Chow a coeflicients tordus.
L’étude des groupes tautologiques de Mg a coefficients tordus est équivalente a ’étude simultanée
des anneaux tautologiques de toutes les puissances fibrées C¢ de la courbe universelle Cg — Mg.
En prenant la somme directe de toutes les représentations irréductibles du groupe symplectique en
genre fixe, on obtient sur les classes tautologiques la structure d’une algeébre tordue commutative.
Nous obtenons des résultats structurels pour cette algébre tordue commutative, et nous la calculons
explicitement lorsque g < 4. Ainsi, nous déterminons complétement les anneaux tautologiques de
toutes les puissances fibrées de la courbe universelle sur Mg pour g < 4. Quelques applications a la
conjecture de Faber sont données.

1. Introduction

Say that g > 2, and let C¢' be the moduli space of smooth genus g curves with n ordered
not necessarily distinct marked points. Equivalently, C¢ is the n-fold fibered power of the
universal curve over M with itself. Suppose that we want to study the cohomology of the
spaces Cg. A natural approach is to apply the Leray-Serre spectral sequence for the fibration
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1180 D. PETERSEN, M. TAVAKOL AND Q. YIN

f:Cg — M, that forgets the n markings. Since f is smooth and proper, the spectral
sequence degenerates by Deligne’s decomposition theorem [8], and

HYC?.Q = @ H”(Mg.R?£.Q).
p+q=k
To each dominant weight A of Sp(2g) there is associated a local system V ;) on Ag, the
moduli space of principally polarized abelian varieties of dimension g. The sheaves R? £, Q
decompose into direct sums of local systems V;,, where we use the notation V3 also for
their pullback along the Torelli map. The local systems V ;) occuring as summands of Rf,Q
are precisely those with |A| < n.

It follows that the two collections of cohomology groups
H*(C!, Q) forn <N and H*(Mg, V) for |A| <N

contain more or less the same information. However, this information is “packaged” in a
much more efficient way in the local systems. The cohomology groups of Cg are generally
very large, but when expressed in terms of local systems we see that most of the cohomology
just encodes how the complex Rf,Q decomposes into summands—that is, it encodes the
Kiinneth formula for the n-fold self-product of a genus g curve, and some representation
theory of Sp(2g). By studying the local systems we may focus our attention on the “inter-
esting” part of the cohomology in a systematic way.

Our first goal of this paper is to do the same thing for the tautological rings of Cg. We
remind the reader that the tautological ring R®*(Cy) is the subalgebra of CH*® (C¢) generated
by the classes of the diagonal loci A;; where two markings coincide, the classes /1, ..., ¥,
which are the Chern classes of the n cotangent line bundles at the marked points, and the
Morita-Mumford-Miller classes ;. The image of R*(Cy) in cohomology under the cycle
class map is denoted RH*(Cy).

We will be able to define tautological cohomology groups RH* (Mg, V;y) € H*(Mg, V),
with the property that the collections of tautological groups

RH®*(Cg) forn < N and RH®*(Mg, V) for |A| < N

bear exactly the same relation to each other as the collections of cohomology groups
H*(C?,Q) and H*(Mg,V ;). Thus we are able to decompose the tautological groups
of Cyg into pieces indexed by local systems; the tautological groups of the local systems
package all the information about the tautological groups of Cg in a much more efficient
way, and working with twisted coefficients allows us to “zoom in” on particularly interesting
parts of the tautological groups. Moreover, the groups RH *(M,, V ;) turn out to be more
computable than the groups RH*(Cy).

In fact, we will actually not only do this on the level of cohomology groups, but for Chow
groups. (The results are new already on the level of cohomology, though.) For this we should
not work with local systems on My, but with relative Chow motives over the base M. Instead
of decomposing the complex RfxQ into local systems V), we will decompose the Chow
motive h(Cg /Mg) into Chow motives V(,) which are motivic lifts of the local systems V).
Once the correct framework is in place, working with motives rather than local systems
provides no extra difficulties.

4¢ SERIE - TOME 54 — 2021 - N° 5



TAUTOLOGICAL CLASSES WITH TWISTED COEFFICIENTS 1181

The utility of working with the local systems is illustrated by our Theorem 10.1, in which
we completely determine all tautological groups with twisted coefficients when g = 2,3, 4.
It is an easy matter to compute from Theorem 10.1 the ranks of all the groups R* (Cg) when
g < 4, the decompositions of these tautological groups into &,-representations, and the
socle pairing. Thus a lot of useful information about the tautological rings is encoded in a
few lines of information about the local systems.

Since the tautological rings are defined in terms of explicit generators, understanding
the tautological rings is equivalent to finding the complete list of relations between these
generators. A conjectural complete description of the tautological rings was formulated by
Faber [12]. Namely, a theorem of Looijenga [43] asserts that R 21" (C ¢) = Q, and that the
tautological ring vanishes above this degree. Thus any two monomials of degree g — 2 + n
in the generators of the tautological ring are proportional to each other, and the proof of
the AgA,_i-conjecture [19, 21] gives explicit proportionalities. (In fact, both Looijenga’s
theorem and the proportionalities were part of Faber’s original conjecture.) What Faber then
conjectured was that any possible relation which is consistent with the pairing into the top
degree is a true relation; that is, the ring R®*(Cy') should satisfy Poincaré duality. The general
belief now is that this conjecture should fail. One reason is that the original conjecture was
later extended to a “trinity” of conjectures for the spaces Mg,t’n, Mgn and Mg,n [56, 13], and
the conjectures for M5 , and Mj", are known to fail when n > 20 and n > 8, respectively
[62, 60]. The Faber conjecture for the spaces Mg',, is equivalent to the Faber conjecture for C
[59], and is still open. It has more recently been conjectured that Pixton’s extension of the
FZ relations (see Section 9) gives rise to all relations between tautological classes, and this
conjecture is known to contradict the Faber conjecture [63].

An interesting aspect of our work is that even though the decomposition of the tauto-
logical groups R*(Cy) into pieces indexed by representations of Sp(2g) is not compatible
with the ring structure, the multiplication into the top degree behaves very well: the matrix
describing the top degree pairing is block diagonal with respect to our decomposition of
the tautological groups. This has the consequence that the Faber conjecture can be fruit-
fully studied from the perspective of the motives V;y—Poincaré duality can be checked for
each V;, separately. Using this we show that the Faber conjecture is true for the moduli
space C; (hence also the space M ;n) when ¢ < 4 and n is arbitrary, and we make some
progress in trying to understand likely failures of the Faber conjectures in higher genera.

A completely different perspective on our results is provided by work of Kawazumi-
Morita and Hain. For a fixed genus g > 2, one can define a structure of commutative ring
on the direct sum

T, = H (M. Vin)) ® V(.
A
where the direct sum is taken over all dominant weights A of Sp(2g). Let A, = A VZ(I,I,I) / (Vzkz,z))
denote the exterior algebra on the representation V7, | |, modulo the ideal generated by the
subrepresentation VTLZ) C /\2 Vz‘l’l’l). If Vzkl,l,l) is placed in degree 1, then one can define
a natural Sp(2g)-equivariant homomorphism of graded commutative rings ¢: Ag — T,. In
particular, we get a morphism between the subalgebras of symplectic invariants,

Sp(2g). ASp(2g) Sp(2g) _ rye
@SP g_Agpg_)Tgpg = H*(M,,Q).

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1182 D. PETERSEN, M. TAVAKOL AND Q. YIN

According to a theorem of Kawazumi-Morita [38] the image of ¢SP(2®) coincides with the
tautological cohomology ring of M. For this reason it is natural, following Hain [25],
to define the image of ¢ as the “tautological subalgebra” R, C T,. By considering the
individual summands of R, one obtains an a priori completely different definition of the
tautological subgroup of H*(My, V(,)). We prove in Theorem 12.8 that the two definitions
coincide, which in particular re-proves the theorem of Kawazumi-Morita. Our low genus
results can be seen as calculations of the ring R, for g < 4; these are the first nontrivial
cases where this ring is completely known. A consequence of our general results is that the
morphism ¢: A, — T, can be lifted to take values in Chow groups rather than cohomology
groups, answering a question of Hain. A final remark is that Morita has conjectured [51] that
the morphism ¢SP#) is injective, so that ASP?#) is isomorphic to the tautological ring of My
for any g. By extension it is natural to ask also whether ¢ is injective. Our results in genus
four show that this is not the case, however: Ay — R4 is not an isomorphism.

Let us now state in some more detail what we do in this paper:

1. For any partition Ay > A, > --- > A, > 0, we construct a relative Chow motive V y)
over the moduli space My, which is a motivic version of the local system over M
associated to a representation of Sp(2g) of highest weight A.

2. Foranyn > 0, we let 1(Cg /Mg) be the relative Chow motive over M, given by the
n-fold fibered power of the universal curve. We prove that there exists a direct sum
decomposition

(1 hCq/Mg) = P Vi) @ L™,
i

where L. denotes the Lefschetz motive, and in particular we get upon taking Chow
groups

) CH*(C}) = @D CH* ™ (M. V(3,)).

3. We construct an algebra of correspondences defined by tautological classes, which
acts on the motives h(Cg /M), and hence on the Chow groups CHF (Cg). Using
this algebra we obtain a canonical choice of decomposition (1), and a method for
computing the projection of any class in CH*(C ¢) into any particular summand on
the right hand side of (2).

4. We define subgroups R¥ (Mg, V) C CH* (Mg, Vy) with the property that for any
decomposition of A(Cg /M) as in Eq. (1), we have
RE(CP) = €D R ™ (Mg Vi)

1

We call the groups R¥ (M ¢ V(1)) the tautological groups of Mg with twisted coefficients.
Informally, all information about the tautological rings R*(Cy) is contained in the
groups R¥ (Mg, V).

5. The motives V 3y come with a duality pairing V) ® V() — L!*, which is the motivic
avatar of the fact that all representations of the symplectic group are self-dual. We
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prove that the socle pairing
€) RE(ClH @ RE2HR(Cl) — RE2T(CH = Q
is a direct sum of pairings of the form
@) RN(M,, V) ® RE2TMR (M, Vi) — RE2HH (M, L) = RE2(M,) = Q

for [A] < n. In particular, R*(Cy) is a Gorenstein algebra—that is, (3) is a perfect
pairing for all k—if and only if (4) is a perfect pairing for all k¥ and all [A| < n.

6. If we fix a genus and consider the direct sum over all partitions,

@ R'(Mg,V(A)) Ko7,
A

where o, denotes the representation of the symmetric group corresponding to the
partition conjugate to A, we obtain the structure of a twisted commutative algebra. The
A = 0 component of this twisted commutative algebra is just the tautological ring
of Mg. We prove using the FZ relations that this twisted commutative algebra is finitely
generated with an explicit bound for the degrees of the generators, which for A = 0
specializes to the theorem of Ionel-Morita [31, 50].

7. For g = 2,3, 4 we completely determine the groups R¥ (Mg, V) forallk and A. A key
input is that the twisted commutative algebra described in point (vi) above will in these
low genera have only 0, 2 and 3 generators, respectively, by our generalization of the
theorem of Ionel-Morita. As a consequence we can compute the ranks R¥ (C ¢ ) forall
k and n in these genera, and how these tautological groups decompose into irreducible
representations of &,. It also follows that R*(Cy) is always a Gorenstein algebra in
these genera.

The algebra of projectors described in point (iii) above seems like a particularly powerful
tool for “zooming in” on a specific part of the tautological ring. As explained in Section 10.4
we expect that the Faber conjecture fails when ¢ = 5 and n = 8 for the motives V(5 5 5 )
and V3, » 7). Using our algebra of projectors we can project specific tautological classes
onto these summands, which gives explicit classes which pair to zero with everything in
complementary degree but which are conjecturally nonzero.

It would be interesting to try to extend our results from M, to the Deligne-Mumford
compactification M 4. On the level of cohomology this would correspond to studying the
forgetful maps f: Mg, — M g rather than C} — M,. Then f is no longer smooth, but still
proper, so by the decomposition theorem [3] the complex R f,Q is a direct sum of perverse
sheaves. In fact, each of these perverse sheaves will be the pushforward along some gluing
map

1_[ Mg(v),n(v))/Aut(F) - Mg,n
veVert(I')
of the intermediate extension of a product of local systems associated to representations
of the smaller symplectic groups Sp(2g(v)). This suggests that one should try to define a
subspace of tautological classes inside the intersection cohomology groups /H*® (M, Vi)
for each genus g and dominant weight A, and that these tautological groups should “govern”
all of the tautological groups R*(M, ,) much in the same way as the tautological groups
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of V) on M, govern all the tautological groups R*(Cy'). Similarly there should be tautolog-
ical classes inside 1H*(Mg", V) = H®(Mg, V) which govern all the tautological rings
R*(Mg',). The result [60, Theorem 3.4] can be seen as calculating the tautological subspace
of H*(M5*, V) for all .. Moreover, it should be possible to carry out the suggestions in
this paragraph also on the level of Chow groups, using the intersection chow motives of
Corti-Hanamura [7].

1.1. How to read this paper

As mentioned already, this paper is written in the language of Chow motives. Readers who
would prefer not to know what a motive is should still be able to follow the arguments by
translating the arguments to cohomology using the following table:

Chow motive (X /S) of a family f: X — § Complex RfxQ in the derived category of S
Decomposition h(X/S) = EB R (X/S) Decomposition Rf:xQ = GB R f+Q[—i]
i i

Chow group cH¥ (S, W (X/S)) Cohomology group H2k—i (S, R! f+Q)

Constant sheaf Q, considered as a complex
concentrated in degree 2

Local system V; on Mg, considered as a complex
concentrated in degree |A|

Lefschetz motive L
Chow motive V ;) over Mg

Thus the only real complication is the indexing: the kth Chow group of the motive V ;) ® L!
corresponds to the (2k — |A| — 2i)th cohomology group of the local system V.

Sections 24 of this paper explain necessary preliminary material from the representation
theory of the symplectic group and about Chow motives. In particular, Section 4 explains
a result of Ancona which is used to lift our methods from cohomology to Chow groups. It
could be a good idea for the reader to start from Section 5 and refer back to the previous
sections only as needed. Section 5 provides the theoretical backbone to the article, and
Section 6 provides some simple (hopefully instructive) example calculations. In Sections 7—
10 the theory is applied and our main results are proven. The concluding Sections 11 and 12
explain the relationship between what we do and previous work of Looijenga, Hain, Morita,
and Kawazumi.

1.2. Conventions

Representations of groups will be considered as left representations unless specified other-
wise. However, if V' is a left representation, then we consider its dual V* as a right represen-
tation. (Recall that the dual of a left module over a noncommutative ring is a right module,
and vice versa.)

Chow groups are always taken with rational coefficients.

We occasionally consider cohomology groups as well as Chow groups. Although we write
cohomology with rational coefficients throughout, it will be clear that all results could have
been carried out equally well in the étale setting, with coefficients in Q.
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2. Chow motives

The results of this paper will be formulated in the language of Chow motives. The first
parts of this section briefly recall standard definitions for the reader’s convenience and to fix
conventions. For a more detailed and motivated introduction see e.g., [66].

2.1. The category of Chow motives

Let S be a smooth connected scheme or Deligne-Mumford stack over a field k£ that we
assume algebraically closed for simplicity. Let X and Y be smooth proper schemes over S. ("
We define a graded vector space of correspondences over S as follows: if X is connected and
X — S is of relative dimension d then Corrg(X,Y) = CHd+'(X Xs Y); in the general case
we define Corrg(] [, Xo.Y) =[], Corrs (X, Y). We write

fXFY

to denote that f is a correspondence from X to Y. The composition of f: X F Y and
g:Y  Z is defined by
gof = (PlS)*(PTz(f) : p§3(g)),

(note the reversed ordering!) where p;; denotes the projection from X xg Y xg Z onto the
ith and jth factor of the fibered product. One checks that composition of correspondences is
associative and that the diagonal, considered as a correspondence X + X, acts as the identity
idy, so that Corrg is a category.

We say that a correspondence p: X F X of degree 0 is idempotent if p o p = p. We also
say that p is a projector.

We define the category Mots of Chow motives over S. The objects of Moty are triples
(X, p,n) where X is smooth and proper over S, p: X F X is a projector, and n € Z.
Morphisms are defined by

Mots ((X, p,n), (Y,q,m)) = q o Corrg " (X,Y) o p C Corrs(X,Y),

where Corr'g(X,Y) denotes the degree r part of Corrg(X,Y), and ¢ o Corr§™"(X,Y) o p
denotes the joint image of the projectors p and ¢ acting on Corrg(X,Y) on the right and
on the left, respectively.

The Lefschetz motive over S is defined as (S, 1id, —1) and will be denoted by Lg. If S is
clear from context we will omit the subscript and write L.

We define a tensor product on motives as follows. If M = (X, p,n) and N = (Y, q,m)
then M ® N = (X x5 Y, p x g,n + m). This makes Motg a symmetric monoidal category
with monoidal unit 1 = (S,id, 0). The category is in fact rigid symmetric monoidal, i.e.,
every object has a dual: if X is of pure dimension d over S, then the dual of M = (X, p,n) is

M If S is a Deligne-Mumford stack we do not impose the condition that X and Y are schemes, only that the maps
to S are representable in schemes.
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M* = (X, p',d —n), where p’ denotes the transpose correspondence. The category also has
direct sums. The sum (X, p,n) & (Y, g, m) is the easiest to define when n = m, in which case
itisgiven by (X UY, p & ¢, n).

Let Vg be the category of smooth proper schemes over S. There is a contravariant functor
Vs — Motg which is given on objects by X — (X, id, 0) and which maps an S-morphism
f:Y — X to the class of the transpose of its graph in CHY™s ™) (X x5 Y). For X — §
smooth and proper we denote by A(X/S) the corresponding Chow motive over S. Note
that 1(X/S)* = h(X/S) ® L~dms X (Poincaré duality).

2.2. Chow groups and cohomology groups of a Chow motive

Let M be a Chow motive over S. We define its Chow groups by CH¥(S, M) =
Mots (L%, M). We can make this definition more explicit as follows. Note that for X a
smooth proper scheme over S we have CH®*(X) = Corrg(S,X). As such, the algebra
Corrs (X, X) acts on the Chow groups of X on the left. Let M = (X, p, n) be a Chow motive
over S. Then its Chow groups are given by

CH*(S, M) = p o CH**"(X).

REMARK 2.1. — It is also true that CH*(X) = Corrs(X,S) (up to a degree shift),
so that Corrg(X, X) acts on the Chow groups of X on the right. One could also define
CHF (S, M) = cHF " (X) o p’, where p’ denotes the transpose correspondence of p.

Let us suppose that S is a complex algebraic variety. There is a Betti realization functor
real : Mots — D?(S) into the bounded derived category of sheaves of Q-vector spaces on S.
For A: X — § a smooth proper scheme over S we have

real h(X/S) = RA.Q.

The algebra Corrg (X, X) acts on the complex RA,Q, and for p: X - X idempotent we define
real (X, p,n) = Im(ps: RA,Q — RA.Q)[2n], where [2n] denotes the suspension functor
in D?(S). There is a cycle class map

CHF (S, M) — H?*(S, real M)

(where H denotes hypercohomology) which on motives of the form i(X/S) agrees with the
usual cycle class map:

CHF(X) = CHF (S, h(X/S)) — H?* (S, real M) = H*(S, R1,.Q) = H*(X, Q).

Over an arbitrary field there is an analogous realization functor from Motg to the derived
category of étale Qg-sheaves on S.
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2.3. Kiinneth decomposition, the summands /° and /#2¢

LetA: X — S be smooth, proper and purely of relative dimension d . By Deligne’s theorem
[8] there is an isomorphism in D?(S):

2d
RAL.Q = P R 2.Q[-i].

i=0
In particular, this decomposition implies that the Leray spectral sequence for A degenerates,

and H*(X,Q) ~ EBp+q:k HP?(S, R11.Q). It is expected that this decomposition always

lifts to the category of Chow motives. Thus there should be an isomorphism

2d
h(X/S) = EPH (x/9)

i=0

for which real i (X /S) = R'A,Q[—i]. In particular one would have

2d
CH*(X) = @) CH* (5.4 (X/5)).
i=0

The summands #° and #2? can easily be constructed unconditionally. Let us suppose
that X is connected, and let 3 € CH¢ (X) be a cycle of degree 1 on each fiber of X — S, e.g.,
a section. One checks that the two correspondences X + X given by

mo=lxX] and 7 =[X x3]
are idempotent. If we define h°(X/S) = (X, mo,0) and h”°(X/S) = (X,idy — 7o, 0) then
nX/S)=h%Xx/S)®h™°X/S)
which on realizations gives the decomposition
R1.Q = R°A.Q & -1 RA.Q,

where ¢ denotes a truncation functor in the derived category D?(S). Similarly we get
decompositions #(X/S) = h<2¢(X/S) @ h?>¢(X/S) with realization t<24_; RA+Q &
R4}, Q[-2d].

LEMMA 2.2. — Let X and 3 be as above. Then h®(X/S) =~ 1 and h*?(X/S) =~ 1L¢.

Proof. — We prove only the second isomorphism. By definition we have
Mots (L%, h24(X/S)) = mpq o CH? (X)
Mots (h??(X/S).L%) = CHY(X) o m54.
It is clear that 1,5 03 = 3and 1 o 1y = 7mp o1 = 1 (cf. Remark 2.1). As such the
cycle 3 and the fundamental class 1 define morphisms L¢ — 724(X/S) — L¢. Moreover,
their composition in Motg (L4, L4) = CHY(S) is given by A.(3) = I, the identity. Their

composition in Motg (h29(X/S), h24(X/S)) = maq o CHY(X x5 X) o ma4 is given by the
correspondence 7,4, which is also the identity. O
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One might want to define a motive 2*(X/S) = (X,1d — o — m»4) to get a decomposition
h(X/S)=hoX/S)®h*(X/S) ®h?*?(X/S), where the Betti realization of h*(X/S) is the
complex 7>17<24—1 RA+Q. Unfortunately the correspondence id — g — 724 is not in general
idempotent, since 7y and 7,4 are not in general orthogonal when the base scheme S is
nontrivial; this will be clear from the proof of the following lemma. To make the projectors
orthogonal one needs to slightly modify the cycle 3.

LEMMA 2.3. — Let A: X — S be as above. Let 3 € CH¢ (X) be a cycle of degree 1 on each
fiber over S. Define 3 = 3 — %A*A*(gz). Then 3’ also has degree 1 on each fiber, the projectors
o = [3 X X], maq = [X X 3] are orthogonal, and there is a decomposition

h(X/S)=h°(X/S)®h*(X/S)® h**(X/S)
with h®(X/S) = (X, 19.0), i*(X/S) = (X, idx — 1o — 724.0) and h*? (X /S) = (X, 124, 0).
Proof. — We check that 7y and 7,4 are orthogonal. We have
o 0 T2q = (P13)x(P12(24) * P33(m0)) = (P13)«(P7 () - P3 () =0
and
24 © 7o = (P13)x (P12 (70) - P33(m24)) = (P13)+(P5(3)).
From the cartesian diagram

X xs X xs X 225 X x5 X

lpz l)tx)\

X —2* 45
we get (p13)+(p3(3)?) = (A x 1)*(X+(3))?). But now
1
2e(3)? = Aa(3® =5 270" + (A7A03")%) = A5 (%) — Ax(6P) + 0 = 0. O

REMARK 2.4. — The decomposition h(X/S) = h°(X/S) ® h*(X/S) ® h??(X/S) is not
unique: it depends very much on the choice of a cycle 3. Nevertheless each of the summands
on the right hand side is determined up to a canonical isomorphism, independently of 3.
Indeed after Lemma 2.2 we only need to verify this for 2!, and a small verification shows
that the diagonal in X xg X composed with the respective projectors gives the required
isomorphism.

2.4. Kiinneth decomposition for abelian schemes

The decomposition of Lemma 2.3 provides a Kiinneth decomposition for families of
curves (or surfaces with no odd cohomology). The other case we will use in this paper is the
existence of a motivic Kiinneth decomposition for abelian schemes:

THEOREM 2.5 (Shermenev, Deninger-Murre, Kiinnemann). — Let A — S be an abelian
scheme of relative dimension g. There exists a Kiinneth decomposition

2g
h(A/S) = @ (4/S)

i=0
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in which we have h'(A/S) = Sym'h'(A/S) for all i, and Sym' h' (4/S) = 0 for i > 2g.

Shermenev’s proof of this fact starts by choosing a curve C such that its jacobian maps
surjectively onto A. This makes the decomposition highly noncanonical, and limits the
construction to the absolute case—there is no reason for a general abelian scheme to be a
quotient of the jacobian of a family of curves. By contrast, the constructions of Deninger-
Murre [10] and Kiinnemann [39] use Fourier theory and are canonical and functorial.

The Deninger-Murre decomposition can be described using Manin’s identity principle (see
e.g., [66, 2.3]), which says that although a Chow motive M over S is not determined by its
Chow groups, it is determined by its Chow groups after any base change; more precisely, the
functor that takes a smooth proper morphism f:7 — S to the Chow groups of the relative
Chow motive f*M over T, determines M completely. For an abelian scheme 4 — S we
have the morphism [N]: A — A of multiplication by N > 1, and the Chow groups of 4 (and
any base change of 4) can be decomposed canonically into eigenspaces for N, for all N. The
summand % (A/S) in the Deninger-Murre decomposition corresponds to the N’ -eigenspace
of the Chow groups of A.

PROPOSITION 2.6. — Let C — S be a family of smooth curves, and J — S the jacobian.
Then there exists an isomorphism of Chow motives h' (C /S) = h'(J/S), where h' (C/S) is the
summand of h(C/ S) described in Lemma 2.3 and h' (J / S) is the summand of h(J | S) provided
by the decomposition of Deninger-Murre.

Sketch of proof. — After replacing S with a finite étale Galois cover we may assume
that C — S has a section. It is enough to prove the isomorphism under this assump-
tion; since we work with Q-coefficients we may then take Galois invariants to obtain the
conclusion over our original base scheme. The section defines an Abel-Jacobi map C — J
and puts us in the situation considered by Shermenev [67]. Shermenev’s construction
provides a motivic Kiinneth decomposition #(J/S) = €, h' (J/S) for which it is clear from
construction that 11 (C/S) = h'(J/S). Unfortunately the resulting motivic decomposition
of h(J/S§) is in general different from that of Deninger-Murre.

The claim is now that even though the two direct sum decompositions of the Chow groups
of J are different, they give rise to the same descending filtration of the Chow groups, so that
the two associated graded objects are isomorphic. Since S is arbitrary it will then hold also
after base change to an arbitrary smooth proper S’ — S, and from Manin’s identity principle
it will then follow that the motives 4’ (J/S) obtained from Shermenev’s decomposition are
isomorphic to those of Deninger-Murre. The fact that the two descending filtrations of Chow
groups coincide is part of a theorem of Moonen-Polishchuk [47, Theorem 4]. O

3. Preliminaries from representation theory

We define a partition to be a non-increasing sequence of natural numbers which eventually
reaches zero: A = (A; > A > A3 > --- > 0> 0 > ---). The weight of a partition is defined
as |A| = >_; Ai. The length of a partition is defined as £(1) = max{i : A; # 0}. Partitions
are often identified with Young diagrams. Our convention for Young diagrams is that the
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numbers A; are the lengths of the rows in the diagram. We denote the conjugate partition
of A, obtained by reflecting the Young diagram across the diagonal, by AT .

3.1. Schur-Weyl duality

Let V be a vector space over Q. (Everything that follows is true more generally over any
field of characteristic zero.) Partitions with £(A) < dim(}') are in a natural bijection with
irreducible finite dimensional representations of GL(V') via the theory of highest weight
vectors. We write V), for the representation of GL(V') corresponding to A. For example, if
A=@m=>02>0>---),thenVy = Sym"(V)and V;r = A"V.IfLQA) > dim(V)
then we define V), to be zero. The representations of the symmetric group are also indexed
by partitions: the partitions with |A| = n are in natural bijection with the representations of
the symmetric group &,,, which we denote by 0. If A = (n > 0 > 0 > --.) then o, is the
trivial representation and o, 7 is the sign representation.

The vector space V ®”" carries commuting left and right actions by GL(V') and &,,, respec-
tively. Schur-Weyl duality in its most basic form is an expression of how to decompose V &"
into irreducible representations under this action of GL(V) x &,,:

yen — @ Vi ® U}':.
[A|=n

Although o), = o}, we dualize to emphasize that we are considering a right action.

Schur-Weyl duality can be formulated more abstractly in terms of mutual centralizers.
Namely, V®" admits commuting actions of GL(V) and the group algebra Q[S,], and
Schur-Weyl duality is equivalent to the claim that the centralizer of GL(V) in Endg(V ®")
equals the image of Q[S,] in Endg(V®"), and vice versa. A useful consequence of this
more abstract viewpoint is that it produces for all A an explicit idempotent endomorphism
of V@ whose image is exactly the summand V; ® oy . Namely, the group algebra Q[&,]
contains a family of orthogonal idempotents called Young symmetrizers. If ¢; denotes a

Young symmetrizer corresponding to the partition A, then the image of ¢, is the summand
V) ® o5 of V",

3.2. Symplectic groups and Weyl’s construction

Suppose that the vector space V is equipped with a symplectic form. Then partitions of
length £(A) < % dim(V) are in a bijection with irreducible finite dimensional representations
of Sp(V'), and we write V; for the representation of Sp(V') corresponding to A. Similarly we
set Vipy = 0if £(A) > %dim(V). The decomposition of V' ®” into irreducible representations
of Sp(V) x &, is more complicated than that for GL(V). The first nontrivial example is the
casen = 2:

V82 =V ® 03 @ Vi ® o7y @ Vig) ® 071
The first two terms are exactly what one expects from Schur-Weyl duality. The third term
arises because /\? V' is not irreducible: it contains the trivial representation spanned by the
class of the symplectic form as a subrepresentation.

The example n = 2 generalizes to larger values of n as follows. We define

v cyen
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to be the subspace of traceless tensors, i.e., the intersection of the kernels of all (;) maps

yen _ V®(n—2)

given by contracting with the symplectic form. Alternatively, we can think of V) as a
quotient of V®", where we divide by the images of all (}) maps V®"~2 — V®" given by
inserting the class of the symplectic form. The subspace V) is clearly Sp(V)-invariant, and
Weyl proved that there is an isomorphism

yn — @ V(A) ®O:{
[Al=n

for all n. Thus we know how to decompose the subspace V) into irreducible representations
of Sp(V) x &,. Moreover, we may write V®” as the direct sum of V) and the image of all
the maps V®"=2 — Y@ we may write V®"2 as the direct sum of V #~2) and the image
of all maps V@@= _ y®n=2) etc. This leads inductively to a decomposition of V ®”
into irreducible Sp(V') x &,-representations. All V;y with [A| < n and [A| = n (mod 2)
will occur in this decomposition. We refer to this as Weyl’s construction of the irreducible
representations of Sp(V).

3.3. Brauer algebra

We now wish to give a version of Schur-Weyl duality for the symplectic group in terms of
mutual centralizer algebras for the action of Sp(V) on V®", The centralizer of Sp(V) acting
on V@ is larger than Q[&,]. It can be described as the algebra of endomorphisms of V"
generated by Q[S,] and the maps given by compositions

V®n _)V®(n72) — V®n,

where the first map contracts two tensor factors using the symplectic form, and the second
map inserts the form. Brauer [5] introduced a diagrammatic calculus which is useful for
describing endomorphisms in this centralizer algebra. We give here a category-theoretic
treatment of the Brauer algebra. Somewhat similar presentations can be found in [40, 65].

Let n and m be nonnegative integers. We define an (n, m)-Brauer diagram to be a diagram
of two rows containing n and m dots, respectively, and (n 4+ m)/2 strands connecting these
dots pairwise. The set of (n,m)-Brauer diagrams is empty unless n = m (mod 2). Here is a

(4,6)-Brauer diagram:

For any parameter § € Q, let Bt® (1, m) be the Q-vector space spanned by all (n, m)-Brauer
diagrams. We define a composition map

BtD (n,m) @ Be® (m, k) — BeD (n, k)

which is defined on basis elements as follows: to compose an (7, m)-Brauer diagram and an
(m, k)-Brauer diagram, connect the strands on the bottom of the first diagram with those on
the top of the second diagram, erase any loops that are formed in the process, and multiply
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the result by § to the power of the number of erased loops. The following example illustrates
a composition Bt® (5,7) @ Bt?®(7,3) - B:® (5, 3):

This composition defines in partlcular the structure of an associative algebra on Br® (n,n).
This algebra is classically called the Brauer algebra.

DEeFINITION 3.1. — Let V be an object of a symmetric monoidal category. A dual of V is
an object V* equipped with unit and counit maps 1 — V ® V* and V* ® V — 1 such that
both the following compositions are identities:

V1V - VeV*eV - VelxV

and

VeV l->V* VeV -1V = V"
An object V is self-dual if it is equipped with a pairof maps1 - V@ Vand V@V — 1
making V into its own dual. It is symmetrically self-dual if, in addition, the unit and counit
are invariant under the flipmap V ® V. — V ® V. If V is dualizable, then we define the
quantum dimension of V to be the element of End(1) given by the composition

1- VRV 2V*®V - 1.

The following proposition can be seen as part of the diagrammatic calculus of “string
diagrams,” describing morphisms in tensor categories (see e.g., [37, Chapter XIV]). In this
calculus the precise form of the diagrams depend on the properties of the tensor category. For
example, in a symmetric monoidal category strings are allowed to cross each other freely, but
in a braided monoidal category the strings must be considered as braids. If we did not insist
that V was symmetrically self-dual in the following proposition, we would need to equip the
strands in the Brauer algebra with orientations or framings.

PROPOSITION 3.2. — Let V be a symmetrically self-dual object of quantum dimen-
sion § in a Q-linear symmetric monoidal category C. There is a natural map %t(‘s)(n, m) —
Home (V®", V&™) which makes the following diagram commute:

Bt® (1, m) @ Br® (m, k) > B (n, k)

| |

Home(V®", V®™) @ Home(V®™", V®) —— Home(V®", 1V ®k),

The collection of maps %t(‘g)(n, m) — Home (V®", V®™) are completely determined by
the images of the three diagrams

AT A
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which generate the Brauer algebras in an appropriate sense; these diagrams are mapped to
theflipmap V@V — V&V, thecounit V ® V — 1 and the unit 1 — V ® V, respectively.

REMARK 3.3. — The proposition can be formulated using the language of PROPs: the
collection {%t(g) (n,m)}n m>o0 is a PROP, and V' is an algebra over this PROP in the cate-
gory C.

Let sV denote the symplectic vector space V considered as a Z/2-graded vector space
concentrated in odd degree. Let 1 be the monoidal unit in this category, i.c., the vector
space Q placed in even degree. The symplectic form defines “contraction” and “insertion”
maps

sV sV —1 and 1—->sV®sV.

Taking into account the Koszul sign rule for Z/2-graded vector spaces, both these maps are
now &,-invariant; that is, by shifting V into odd degree, we have converted the symplectic
form to a symmetric bilinear form. Equivalently, sV is symmetrically self-dual in the category
of Z./2-graded vector spaces. The quantum dimension of sV is —2g.

COROLLARY 3.4. — Let V be a symplectic vector space of dimension 2g. The map which
sends an (n,m)-Brauer diagram to a morphism (sV)®" — (sV)®™ makes the following
diagram commute:

Bt(28) (0, m) @ Br(28) (m, k) s B 28 (n, k)

| |

Homgp1) ((sV)®", (sV)®™) ® Homsyry ((sV)®™, (sV) ) —— Homgpr) (sV)®", (sV)®5),

and the vertical maps are surjective.

Proof. — After the previous proposition, we only need to explain surjectivity. Surjectivity
is equivalent to the statement that the space of symplectic invariant tensors inside (sV)®2" is
spanned by the classes obtained by inserting the symplectic form n times, which follows from
Weyl’s decomposition of V®2" into irreducible representations described in the previous
section. Alternatively, surjectivity is part of the first fundamental theorem of invariant theory
for the symplectic group. O

In particular, the Brauer algebra Br(728 )(n, n) surjects onto the centralizer Endsp(y)((s V)en).
Moreover, there is an isomorphism Ends,)((sV)®") =~ Ends,)(V®") given by desus-
pending and carefully inserting signs. This isomorphism is described explicitly by Hanlon
and Wales [28, Theorem 2.10]. Let us explain why their result gives such an isomorphism.
Hanlon and Wales define two versions of Brauer algebra, 22[})“) and ‘Bj(fx), for any natural
number f and any parameter x in the ground field. These algebras act naturally on the fth
tensor power of a vector space of dimension x equipped with a symmetric or antisymmetric
bilinear form, respectively. They show by a direct calculation that there is an isomorphism
Q(J(,x) ~ SB;TX) for all f, x: in our terms, this isomorphism arises from the fact that the
functor V' + sV maps a vector space of dimension x to a space of dimension —x, and
converts a symmetric bilinear form to an antisymmetric one and vice versa. Our algebra
8¢29) (1, n) is identical with their 25728,
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The Brauer algebra contains the group algebra Q[&,]—as it should, since the central-
izer of Sp(V) acting on V'®”" should contain the centralizer of GL(V)—as the subalgebra
consisting of (n, n)-Brauer diagrams in which all strands are vertical, i.e., go from the top
row to the bottom row. The inclusion Q[S,] — Bt28) (n,n) has a left inverse, given by
mapping any diagram containing a horizontal strand to zero; one checks that the subspace
spanned by all diagrams containing a horizontal strand is an ideal.

THEOREM 3.5 (Symplectic Schur-Weyl duality). — Let V' be a symplectic vector space of
dimension 2g.

1. The image of the Brauer algebra Br(28) (n,n) in Endg(V ®") is the centralizer of Sp(V),
and vice versa.

2. There is an isomorphism

yon ~ @ Viy ® ,31,,,,
[Al<n
[A|l=2 (mod n)
where B, , denotes the simple module over the Brauer algebra ‘Bt(fzg)(n,n) corre-
sponding to A.

3. For |A| = n, the representation B, , coincides with the representation o,r of &,
considered as a module over the Brauer algebra via the map Bt28) (n,n) — Q[S,]
which sends any diagram containing a horizontal strand to zero.

Part (2) follows from (1), given a description of how the split semisimple algebra
Endgp vy (V®") decomposes into simple algebras [75, Corollary 3.5].

REMARK 3.6. — It may seem strange that the representation o, 7, rather than o, appears
in part (3) of Theorem 3.5. Indeed, we have seen from Weyl’s construction that 1V ®”, when
decomposed into irreducible representations of Sp(V') x &,, should contain the summands
Via) ® 0§ for |A| = n. But Theorem 3.5 says that VV®” contains the summands V{;) ® B3 n>
and that 8, , =~ 0,7 when |A| = n. So why isn’t this a contradiction? The reason is that when
&, acts on V®" via the composition

Q[S,] = B2 (n,n) — Endg((sV)®") =~ Endg(V®"),

then this action is not equal to the standard action of &, on V®" by permuting the factors;
instead, one obtains the standard action twisted by the sign representation. So the isomor-
phism B, , = o,r does hold when B, , is considered as a Q[&,]-module by restriction of
scalars, but this is not the same as the Q[&,,]-module structure obtained by the natural action
of &, on VO,

The conventions are more natural when V is placed in odd degree: the composition
Q[S,] — Bt (n,n) — Endg((sV)®") does give the standard action of &, on (sV)®”",
which now takes the Koszul sign rule into account. Thus (sV)®" will contain V() ® oyr as
a summand, placed in odd/even degree according to whether n is odd/even. We caution the
reader that the calculations of this paper will require some care to be taken to tensor with
the sign representation when appropriate, in particular when passing between Chow groups
and cohomology groups.
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REMARK 3.7. — If we want to decompose V® into irreducible representations of
Sp(V) x &,, then we may start from the usual Schur-Weyl duality (which gives a decom-
position into irreducible representations of GL(V) x &,), and apply a branching formula
for Sp(V) < GL(V). Equivalently we could start with the symplectic Schur-Weyl duality
(which gives a decomposition into Sp(V') x Br(-2¢ )(n, n)-representations) and try to deter-
mine how the modules §,, , over 8128 (n, n) decompose into sums of Specht modules
under restriction of scalars to Q[&,]: note that if

GL(V) ~ A
ReSSp(V) V) = @aﬂ Viw
"

for some integers aﬁ, then Bn = D))=, aﬁ 0,7 as Q[S,]-modules. Then the decomposi-

tion of V®” reads
- A
ver = @ Dl Vi @05
Al=n K

The discussion in the preceding paragraphs says that aﬁ # 0 only for |u| = |A] (mod 2) and
|| < |A|, with the sole exception of a’i = 1. The problem of calculating the coefficients aﬁ
was first solved by Littlewood [42] and Newell [53], and many subsequent authors have given
methods for computing them.

3.4. Projectors

Given the above, it is natural to ask for an analogue of Young symmetrizers in the Brauer
algebra. That is, one would like idempotents 7, , € Br(728) (n,n) such that the image
of 7, acting on V®" is the irreducible summand V) ® ,31‘,". The question of how to
find such idempotents ) was posed already by Weyl. Nevertheless, no explicit construction
was known until Nazarov [52] gave a simple formula describing  , in the most interesting
case [A| = n. Although the statement of the result is elementary and involves only very
classical representation theory, the proof proceeds through the theory of quantum groups.

The results of Section 10, and some of the examples in Section 6, rely on computer
calculations which require us to have explicit formulas for the idempotents = , for |A| = n.
However, the reader does not need to know the precise expression for  , to follow the
arguments, only that such a formula exists. Nevertheless we state Nazarov’s theorem here
for completeness. For a partition A, we define the row tableau associated to A to be the Young
tableau given by filling in the numbers 1,2, ..., n in the Ferrers diagram so that the first row
getsthe numbers 1,2, ..., Ay, the second row gets the numbers A +1,A;+2,...,A;+A5, and
so on. We define the content of a box in the i th row and j th column of the Ferrers diagram to
be j —i.Fork € {l,...,n}, we define the number ¢, (1) to be the content of the box labeled
“k” in the row tableau corresponding to A.

Forany1 <i, j < n,let B;j be the element of Br(-28) (n, n) corresponding to contracting
and inserting the ith and jth tensor factors with the symplectic form. That is, it has n — 2
vertical strands, and two horizontal ones: one connecting the ith and j th “inputs,” and one
connecting the ith and jth “outputs”.
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THEOREM 3.8 (Nazarov). — For any partition A of n, define

By ) (-2
Ty = 1+ ce;r € B2 (0, n).
o 1;[( 2 ritamtan) .

Here the product ranges over all pairs 1 < k <[ < n such that the boxes labeled k and | are in
distinct rows of the row tableau associated to A. Since the operators By do not commute, this
must be interpreted as an ordered product: we order the terms in the product lexicographically
by (k,1). Finally, c;r is a Young symmetrizer. The image of 7 , acting on (sV)®" is the
summand Viyy ® o7, which is placed in odd degree if n is odd and even degree if n is even.

REMARK 3.9. — For our purposes it would be enough to have formulas for such idempo-
tents in the smaller algebra Endg,v) ((s 1)®"), which a priori do not have to lift to an idem-
potent of Be(28)(p, n). This means that in principle we could have used results of Ram and
Wenzl [64] instead of Nazarov’s theorem.

4. A result of Ancona

4.1. Schur functors

Let € be a Q-linear symmetric monoidal category, and let M € ob@. Then M ®" has an
action of the group algebra Q[S,,], in the sense that there is a homomorphism of Q-algebras
Q[S,] — Home(M®", M®").

Let us suppose moreover that € is pseudo-abelian, i.e., that every idempotent endomor-
phismin € has an image. For |A| = n,let ) € Q[&,] be a Young symmetrizer corresponding
to A, and define S*(M) to be the image of the idempotent 7; acting on M ®". We call S* the
Schur functor corresponding to A. Then there is a decomposition [9]

MO — @ SA(M) ®O‘I,
|Al=n
where 0, denotes the representation of the symmetric group corresponding to A. When C is
the category of finite dimensional Q-vector spaces, this is the decomposition of M ®”" given
by Schur-Weyl duality, described in Section 3.

The key fact used in proving this result is that Q[&,,] is a semisimple algebra and in fact

a product of matrix algebras over Q: there is an isomorphism Q[&,] = [], =, Endq(02).

4.2. Brauer algebra action

We will need to generalize Proposition 3.2 to a weaker notion of symmetrically self-dual
object. An object L of Cis called invertible if the functor —® L is an equivalence of categories.
If this is the case then L is dualizable, the quasi-inverse is given by tensoring with L*, and the
maps1 - L® L*and L ® L* — 1 are isomorphisms. We say that L is even or odd if &, acts
on Home (L®", L®") ~ Home(1, 1) by the trivial representation or the sign representation,
respectively.

We say that M € obC is weakly self-dual if there is an even invertible object L € obC, and
unit and counit maps

L—->M®M MM — L
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such that the compositions
MIL—->MOIMIM—>LIM

and
LOIM >MOIMOM — ML

both equal the swap map. This implies that M* =~ M ® L*. We call M weakly symmet-
rically self-dual if moreover the unit and counit maps are invariant under the swap map
M®M — M ® M. We omit the proof of the following result, which generalizes Propo-
sition 3.2 and is an exercise in the diagrammatic calculus for rigid symmetric monoidal
categories.

ProrosITION 4.1. — Let M be a weakly symmetrically self-dual object of C of quantum
dimension §. There is an action of B:® (n,n) on M®" under which the subalgebra Q[S,] acts
on M®" in the usual way, and a Brauer diagram of the form x acts as the composition

MM —>L—->MQM.

A more general statement is that any element of Bt@ (m, n) gives a well defined morphism
in Home(M®™ ® L"™, M®") = Home(M®™, M®" @ L™ ™), in a way compatible with
composition.

REMARK 4.2. — Proposition 4.1 does not in general lead to a decomposition of M &"
into summands indexed by irreducible representations of the Brauer algebra, even over Q.
The reason is that the algebra Br® (n,n) is not in general semisimple, which was the crucial
property of Q[&,] used for defining the decomposition of M ®”" in terms of Schur functors.
In the case of B2 (n,n), which acts naturally on V®” for V a symplectic vector space
of dimension 2g, what does hold is that Endgp(aq)(V®"), i.e., the image of Bt (n,n)
in Endq(V ®"), is a product of matrix algebras over Q.

4.3. Self-products of abelian schemes

Let f: A — S be an abelian scheme of relative dimension g, where we assume S smooth
and connected. Let V be the local system R! £,Q on S of rank 2g. Then V is defined by
a homomorphism 7 (S, x9) — Sp(2g, Q). The Brauer algebra Bt(=28) (1, n) acts on the
n-fold tensor power of the defining representation V of Sp(2g), and hence also on V&, As
explained in Theorem 3.5 the Brauer algebra action gives rise to a decomposition

ver~ P Viy®Bi..

Al<n
[Al=n (mod 2)

which then gives us also a decomposition of V&, ie, V¥ =@ p<n Vi ® 5 .
[Al=n (mod 2) ’
The next result is a special case of the main theorem of [2]. See also [46].

THEOREM 4.3. — The above decomposition of V®" lifts to the category of Chow motives
over S:
WA= @ ASHp e L2 g gy

[Al<n
|[Al=n (mod 2)
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We note that the action of Bt(2&) (n,n) lifts to an action on h'(A4/S)®". This follows
from Proposition 4.1 given that the cup product h'(4/S) ® h'(4/S) — L makes
h'(A/S) weakly symmetrically self-dual, and that dimh'(4/S) = —2g. To see that
dimh'(A/S) = —2g, observe that the quantum dimension of an object is preserved by any
strict symmetric monoidal functor. We apply this to : Mots — grVectq given by w(M) =
P; H* (real M)y, where x¢ € S is an arbitrary point. Since Motgs (1, 1) = grVecto(1,1) = Q
we have dimh'(4/S) = dimw(h'(A4/S)). But w(h'(A/S)) is the 2g-dimensional vector
space H'!(Ay,, Q) placed in degree 1, so its dimension in the sense of graded vector spaces
is —2g.

As explained in Remark 4.2, the obstruction to obtaining a result like Theorem 4.3 in a
general rigid symmetric monoidal category is that the algebra Br(-28) (n,n) does not split as
a product of matrix algebras; only its quotient Endgp2¢)(V®") does. The key point is then
that the action of Bt~28) (1, n) on ' (4/S)®" factors through Endsp(2¢)(V ®"). In Ancona’s
paper [2] this is proven using O’Sullivan’s results on symmetrically distinguished cycles on
abelian varieties [55]. An alternative proof (cf. [1], [40, Theorem 4.8]) proceeds by using
invariant theory to show that the kernel of the homomorphism of PROPs of Proposition 3.4
is the PROP-ideal generated by a single element of Br(-2¢ )(g + 1, g + 1) whose vanishing is
equivalent to /\2g *2(V) = 0. Then the fact that this single relation holds also on the level of
Chow groups is equivalent to the fact that 4! (A4/S) is a finite dimensional motive in the sense
of Kimura. Either way it is clear that the result is at present quite special to abelian varieties.

5. The Kiinneth decomposition of the tautological ring

Let p: C; — Mg be the universal genus g curve, and Cy' the n-fold fibered power of Cg
over Mg. There are n natural line bundles L; on Cé’; the fiber of L; over a moduli point
is given by the cotangent space of the curve at the i th marking. We denote the first Chern
class of L; by ¢;. Thus y; is pulled back from C, along the map C; — C, that forgets all
markings except the ith.

We make the definition x; = p« {”1 e CHY (Mg). In particular, k—; =0 and
ko = (2g —2). We denote by the same symbol k4 also the pullback of this class to Cy'.

For any distinct elements i, j € {1,...,n} we denote by A;; € CH! (Cg) the class of the
diagonal locus where the i th and jth marked points coincide with each other.

DEFINITION 5.1. — The tautological ring R®*(Cy) is the subring of CH'(C;’) generated by
all y-classes, k-classes and diagonal classes. The tautological cohomology ring RH '(Cg‘) is
the image of the tautological ring inside H*(C?”, Q) under the cycle class map. (The grading
of RH‘(CAZ’) is twice that of R*(Cy), so that RHk(C;) c H* (", Q).

The generators for the tautological rings satisfy the following relations for all i, j and k:

AijAir = AijAjk,
(%) Aiji = Aij ;.
A = =N
The first two are geometrically obvious, and the third one is a consequence of the excess
intersection formula.
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DEFINITION 5.2. — Let S be the commutative graded Q-algebra generated by classes A;;
and vy; of degree 1 (where i and j range from 1 to n and are distinct) and «; of degree d for
all d > 1, modulo the above three relations.

REMARK 5.3. — By a “commutative graded” algebra (as opposed to a “graded commu-
tative” algebra) we mean an algebra in which x - y = y - x for all x, y, regardless of their
degree; we do not impose the Koszul sign rule x - y = (—1)*I>1y . x.

For each g > 2, there is a natural surjection
Sy — R*(Cy),

and describing the tautological ring R*(Cy) is equivalent to describing the kernel of this
surjection. The algebra Sy plays the same role for the study of R*(Cy) as the strata algebra
does for the study of R*(M g ), cf. e.g., [58, 0.3].

REMARK 5.4. — As mentioned in the introduction, tautological classes are usually
considered on the Deligne-Mumford spaces. In that case the tautological rings R*(M g )
can be defined, following Faber and Pandharipande [15], as the smallest collection of unital
subrings of CH*(M 4 ) closed under pushforward along the gluing maps

Mgniza > Mgy1n  and  Mgppit X Mgrpi1 > Mg nin
and the forgetful maps
Mgni1— Mgp.

Although it is not imposed in the definition, it turns out that the tautological rings are
also closed under pullback along the same maps. A similar characterization can be given of
the tautological rings R*(Cy). For any function ¢:{1,...,n} — {1,...,mj} there is a map
C — (g,
(C.x1, X2, ..., Xm) = (C.Xp1)s - - - » Xp(m))-

We call all maps of this form tautological. Then it is not hard to see that the system of
tautological rings R*(Cy) can be defined to be the smallest collection of unital subrings
closed under pushforward along all tautological maps, and it turns out a posteriori that the
tautological rings are also closed under pullback along the same maps.

5.1. The Kiinneth decomposition of the universal curve

As explained in Section 2.3, any choice of a cycle 3 € CH! (Cyg) of degree 1 on each fiber
of p: C¢ — M, gives rise to a decomposition of the relative Chow motive:

h(Cg/Mg) = h°(Cg/Mg) & h' (Co/Mg) @ h*(Cy [ My).
Since CH! (Cg) = Q{k1, Y1}, and «; vanishes on the fibers of p, the only possibilities we

have are 3 = 2g%2w1 + (const.) - k1. Regardless of the constant we get 3’ = 3 — %p*p*gz =
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5 g1_2 vy — 2(2g1_2)2/c1. Hence without making any choices we get projectors g, 71 and 7,
acting on h(Cg /My ), defined by

1 1

o= 2g—21/’1 T 202g—22 "

1
2g-22""
1 1
Sy 2‘//2 T 20g -2t
We have isomorphisms 1 =~ h%(C,/M,) and L = h?(Cq/M,), where 1 and L denote the
unit object and the Lefschetz motive in the category of Chow motives over Mg. Thus the

interesting motive is ' (Cg/Myg).

We may form the Chow groups of these relative motives: there is an isomorphism

2
CH*(Cy) = CH* (Mg, h(C¢/My)) = @) CH (Mg, h' (Cy / My)),
i=0

where

CH* (M. h®(Cg/My)) = Im(mro: CHF(C,) — CH¥(Cy)) = CH¥ (M)

CHF (Mg, h'(Cg/My)) = Im(mr,: CH¥ (C,) — CHF(Cy))

CH*(M,, i*(C¢ /My)) = Im(r2: CH*(C,) — CH¥(Cy)) = CH* ' (My).
The isomorphism CH* (M, h°(Cy/M,)) = CH¥(M,) is induced by the pullback p*, and
the isomorphism CHk(Mg, h*(Cg/Myg)) CHk_l(Mg) by the proper pushforward p..

Informally, the Chow groups of 1! (C, / M) capture the parts of the Chow groups of C, that
do not come from the base M.

Now let us consider the n-fold fibered power Cg — M. Then h(Cy/Mg) = h(Cq/Mg)®",
so our decomposition yields an equally canonical isomorphism

e 1

hCi/My) = D Qh(Co/My).

i1ensin€{0,1,2} j=1

We call this the relative Kiinneth decomposition of h(Cyg / Mg). By extension, we will also refer
to CH¥(CZ /M) = @, et01.20 CH (Mg, @, h' (Cg/Myg)) as the relative Kiinneth
decomposition of the Chow groups of Cy.

Forany iy, ...,in € {0, 1,2} we get a projector m;; X --- X m;,, acting on h(Cg/Mg) with
image ®7 _, h (Cg/My). In particular this projector acts by correspondences on CHF (Cg)
with image CH* (M, ®;~'=1 hii (Cg/My)). We write ;" for the projector 7y X 7wy X« -+ X 7.

5.2. Tautological maps

Let us consider how the decomposition just defined behaves under the tautological maps
between the moduli spaces Cy'.
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5.2.1. Cross product. — The isomorphism h(Cg/Mg) ® h(Cg"/Mg) = h(C;’*”’/Mg) yields
cross product maps

CH*(C}) ® CH'(C") — CHF (cptm);
explicitly, @ x 8 = pr] () - pr3(B), where pr; and pr, denote projections onto the first n and
last m factors, respectively.

Since the relative Kiinneth decomposition of C ;+m is the tensor product of the relative
Kiinneth decompositions of C; and C;", it follows that the cross product maps are compat-
ible with the projectors 7; in a strong sense: for iy, ...,i, € {0,1,2}and ji,..., jm € {0,1,2}
we have

(”il XKoo X ﬂin)oa X (”jl X X”jm)OIB = (771'1 XKoo X Jljy X JTjyp Xooee xnjm)o(a x B).
5.2.2. Forgetful maps. — Let p: Cg“” — Cg be the map that forgets the last m markings.
Considering p as a correspondence gives maps of Chow motives

h(Cg/Mg) — h(C;’J”"/Mg) and h(C;’J”"/Mg) — h(Cg /M) ® L™,
which upon taking Chow groups gives the maps

p*:CH*(C!) — CH¥(C*™)  and  p,:CHY(C}™™) — CHF™(CP).
Now the map h(C;/Mg) — h(C£+m/Mg) coincides with the composition h(Cg/Mg) =
h(Cg/Mg) ® h%(Cq/Mg)®™ C h(CéZ’J”’"/Mg), and h(Cg”+’”/Mg) — h(CF/Mg) ® L™
coincides with the composition /(Cy ™™ /M) — h(C /M) ® h*(Cy /Mg)®™" = h(C}/My) @ L™
It follows that the maps p* and p, are also compatible with the relative Kiinneth decompo-
sition of Chow groups:

— The map p* is given by mapping each summand (7;, X --- X 7;,) © CHF (Cg) isomor-
phically onto the summand (7r;, X+ X 73, X 79 X+ -+ X 79) © CHF (Cg +m). This can also
be seen from the fact that p* is given by cross product with the class 1 € CH® (%

— The map p, maps each summand (m;; X -+ X 7, X T3 X -+ X 73) © CHk(C£’+m)
isomorphically onto the summand (sr;, x--- x 7;,) 0 CHF™ (Cg), and py vanishes on
all summands not of this form.

5.2.3. Diagonals. — The diagonal C; — C2, considered as a correspondence, defines a map
of Chow motives h(Cg /Mg) ®h(Cg/Mg) — h(Cg/Myg). This is the cup product on the level
of Chow motives. Forming the relative Kiinneth decomposition on both sides, we see that the
cup product is the sum of maps h' (Cg/Mg) ® h' (Cy/Mg) — hk(Cg/Mg).

We caution the reader that this is not in general a multiplicative decomposition, in the
sense of [72]: that s, the maps ' (Cg /Mg)®h’ (Cq/ Mg) — hk (Cg/Myg) are not only nonzero
fori + j = k. To see this, note that if § C C ; denotes the small diagonal, considered as a
correspondence ng F Cg, then the decomposition is multiplicative if and only if

ngodo(m xmwj)=0
fori + j # k. Now we have
mk 080 (i X 1) = (p126)x (P13(mi) - P34 (7)) - Azas - p3g(mi))
= (Pase)x (D123 - pia()) - p3s(nf) - pae(mi)

= (M2 X ma—j X ) © Aq23.
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Thus we get a more symmetric condition for the decomposition to be multiplicative: we must
have (n, X mp X ) 0 A1p3 = Ofora + b + ¢ # 4. In particular, e.g., the nonvanishing of
the Gross-Schoen cycle (Example 6.4) implies that the decomposition is not multiplicative.

However, let us also remark that when g = 2, we do have that (7, X 71 X 7.) 0 Ajp3 =0
fora+b+c # 4, and the decomposition is multiplicative. More generally, it follows from the
results of [71] that the decomposition is multiplicative over the moduli space of hyperelliptic
curves of arbitrary genus.

In any case, failure of decomposition to be multiplicative implies that the cup product
in the algebra CH®*(Cy) will look somewhat strange with respect to the relative Kiinneth
decomposition of the Chow groups of CH®*(C ¢ )- The situation is analogous to what happens
in topology, when one has a multiplicative spectral sequence E/?Y = H?*, and the cup
product on the E,, page of the spectral sequence is different from the cup product in the
algebra H*. On the level of Betti realizations, this is more than an analogy. The cohomology
groups H*(C2,Q) carry a Leray filtration, and the associated graded gv; H*(C?, Q) is
isomorphic to the Es page of the Leray spectral sequence for C; — M. Our canon-
ical decomposition of the Chow motive h(Cg/Mg) gives, on the level of cohomology,
an isomorphism of Q-vector spaces H*(C”,Q) =~ gty H*(CZ,Q). But this is not an
isomorphism of algebras: the multiplication in gt; H*(C”, Q) is defined by using only the
maps h'(Cy/Mg) ® h/ (Cg/Mg) — h*(Cy/My) fori + j = k, and discarding all other
parts of the cup product h(Cg/Mg)®? — h(Cy/My).

5.3. Decomposition into representations of the symplectic group

Let J; — M, be the universal jacobian. By Proposition 2.6 there is an isomorphism of
Chow motives over My:
h'(Cg/Myg) = h'(Jg/ My).
It follows that Theorem 4.3 gives us a decomposition
W (Ce/M)®" = P h(Ce/Mp)py ®L"H @ B .

[Al<n
[Al=n (mod 2)

We denote the motive h'(Cg /Mg )1y by V(1). We often write V for the motive V).

We also denote by V) the summand of V®” given by @I A=n Y1) ® UIT, and we refer
to this as the primitive part of V",

One can make the action of the Brauer algebra Bt(=28) (n,n) on V" more explicit. Let
B be an (n,n)-Brauer diagram. Label the nodes in the Brauer diagram along the top row
as 1,...,n and along the bottom row asn + 1, ..., 2n. Write (ij) € B to denote that the ith
and jth row are connected by a strand. Then

[T #i@) e CH (CZ™
(@j)eB

is a well defined correspondence C; = Cg, where we consider 7 as a cycle in CHI(Cé%)
and p;; denotes the projection onto the ith and jth factor. This correspondence gives a
map h(Cg/Mg) — h(Cg/Mpg) that preserves the summand h'(Cg/Mg)®", and we obtain
a well defined action of Bt(~2¢ )(n, n) on h'(Cy/Mg)®". This action agrees with the one
defined in Proposition 4.1.
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On the level of Chow groups, we can also describe the action of a Brauer diagram as
follows. An (n, n—2)-Brauer diagram in which the i th and j dot on the top row are connected
by a strand, and all others are vertical, gives rise to the following morphism of Chow groups:

CH*(M,, V®") < CH*(C!) 20 cne €1~ 25 cH (e,
where p denotes the projection that forgets the marked point corresponding to the diag-
onal A;;. The image of the composition of these morphisms actually lands inside the
summand CH'_I(Mg,V®”_2) C CH'_I(C;_Z). Similarly, an (n — 2, n)-Brauer diagram in
which the ith and jth dots on the bottom row are connected by a strand gives rise to the
following morphism of Chow groups:

® (Ai Ve ﬂxrl
CH® (M, V®"~2) — CH*(C}?) 2, CH*(C}™) 27) CH*T!(CI) = CH"!(M,. V®").

5.4. Decomposing the tautological ring

We have explained that 7(Cg /M) is a direct sum of terms of the form hO(Cq/ Mg)®™ @
W' (Cg/Mg)®"1 @h?(Cg/Mg)®"2, withng+n;+ny = n. Since we also have h1%(Cg /Mg) = 1
and h?(Cg/Mg) = LL,and h'(Cg/ Mg)®" is a direct sum of terms of the form V 3y ®@ L1 =141,
we conclude that 1(Cg /M) is a direct sum of motives of the form V4 and their Tate twists.

THEOREM 5.5. — Let n be arbitrary, and consider Cg — Mg. Choose any decomposition

h(CP /M) = P Vi, @ L™
i

in Moty . Then under the equality CHF (Cg) = CHF (Mg, h(Cg /[ Mg)) we have the following
compatibility:

CH*(CI) = @; CH* ™ (My.V3,))
Ul Ul
RE(CE) = @; RE™ (M. Vi),

where both horizontal arrows are induced by our choice of decomposition of h(Cg | My).

Proof. — Consider a summand V 3y ® L™ of h(Cg' /M) and a summand V) ® L™
of h(C}?/Myg). Then there exists a correspondence 7 € CH(Cy'*"2)—not a correspon-
dence of degree 0, in general—which maps the first summand isomorphically onto the
second, considered as a correspondence Cg' + Cg?. Moreover, 7 can be built out of the
projectors onto the Kiinneth components of #(Cg /M) and the correspondences given by
Brauer diagrams. As such, = is actually a tautological class.

Now CH*(M,, V(3) ®L™1) is a summand of CH®*(C, ") and as such there is a well defined
subspace of tautological classes inside it, which we denote R®*(M,, V;y ® L™!). Similarly
for the other summand. Now the correspondence 7 which gives the isomorphism between
the two summands is a tautological class, and in particular it maps tautological classes to
tautological classes and gives an isomorphism (not preserving the grading unless m; = m»),
R‘(Mg, V()L) X ]Lml) >~ R.(Mg, V(,l) ® L™2).
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Finally since the projectors onto each summand V ;) ® L™ of h(Cg /M) are all given
by tautological classes, the tautological ring R®(Cy) is the direct sum of its projections onto
each of the summands in the decomposition of CH® (Cg)- O

5.5. Curves with rational tails

Let X be a smooth projective variety, and X [n] the Fulton-MacPherson compactification
of the configuration space of n distinct ordered points on X [17]. A result of Li [41] expresses
the Chow motive #(X[n]) as a direct sum of Chow motives of the form n(X)® ® L/
for 0 < i < n; this can be seen by an inductive argument from the blow-up formula and
the construction of X [n] as an iterated blow-up of the cartesian product X”.

The analogous statement remains true (with the same proof) for a family X — S of
smooth projective varieties, and the relative Chow motive of the relative Fulton-MacPherson
compactification. In particular we may consider the universal family C;, — M, over the
moduli space of curves. In this case the relative configuration space of n distinct ordered
points is the space M ,, and the relative Fulton-MacPherson compactification of My , is
the moduli space M ;,n of curves with rational tails, which is an iterated blow-up of C;. By
“relative compactification” we mean that the map M ;,n — M, is proper.

It follows from the above considerations that the results of this section remain valid when
Cy is replaced with M", . There will in particular exist a decomposition of Chow motives

h(ME, /M) = @ Vi) @ L™
i

and moreover, there is a canonical choice of such decomposition in which each correspon-
dence projecting onto a summand is a tautological class (cf. [41, Theorem 3.2]). It follows in
particular that

R* (M) = €D R™ ™™ (Mg Vis,).

1
The results of [41] give explicit formulas expressing the motive h(Mg’n /M) in terms of
motives V& ® L/ and hence in terms of Tate twists of motives V ;). For an &,-equivariant
version (formulated in that paper only in terms of cohomology) see [18].

5.6. Tautological cohomology groups

For a partition A we let V3, be the Q-local system on M, defined by the representa-
tion of Sp(2g) of highest weight A. Then the Chow motive Vy) has as its Betti realization
Vi [=IAl], i.e., the local system V), considered as a complex concentrated in cohomological
degree |A|, and there is a cycle class map

CH*(Myg, V) — H* (M, V).

We denote by RH*(Mg,V,)) the image of R*(M,, V,)) under the cycle class map. For
A = 0 we get the usual tautological cohomology groups of M,. A folklore conjecture says
that any homological equivalence between tautological classes is a rational equivalence,
which would imply that

R¥ (Mg, V3y) — RH* (M, V)

is always an isomorphism.
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We caution the reader that since the Betti realization of V is not the local system V,
but V[—1], there are many opportunities to get confused about the Koszul sign rule when
comparing results in cohomology and in Chow.

All the results of this section are valid mutatis mutandis also on the level of cohomology.
One can either see this formally by applying the Betti realization functor or by repeating the
proofs in the cohomological setting. For example, let us state the cohomological version of
Theorem 5.5:

THEOREM 5.6. — Let n be arbitrary, and consider f:Cg — Mg. Choose a decomposition

RfQ = @V(/\f)[_mi]

in Df (Mg). Under the equality H*(Cr, Q) ~ HF (Mg, RfQ) we have the following compat-
ibility:
HNCPQ) = @ H (Mg V)
Ul Ul
RHX(CP) = @; RHF™ (Mg, Vi),

I

where both horizontal arrows are induced by the choice of decomposition of Rf,Q

6. Examples
6.1. Example: v}

Let us consider the class ¥ € CH" (Cgl). Its image under the projectors g, 71 and 5 is
given by

m00 U} = (P2 ¥ ﬁfqvf{’)= S S
T U] = (pa)a(Biad] = 5V — U )

=y7 - _ZKn—n/fl “og 2t (Zgl_z)zkucn_l,
720} = (P)e(m ViV = 5o W) = ¥ = 3ok,

Here p;: Cé% — C; forgets the first marked point. These are thus the projections of the

class Y € CH"(C,) into the three summands CH" (Mg, h°(C, /Mg)), CH" (Mg, h' (Cg / My))
and CH" (Mg, h?(Cg/My)), respectively. We can make some simple observations/sanity
checks:
— The three classes sum to ¥.
— The class in CH" (Mg, h°(Cy/M,)) is pulled back from CH" (M,).
— When n = 1, the class in CH! (Mg, h*(Cq/My)) restricts to a cycle of degree 1 in CH!
of afiber of 1: Cg — M,.

— The classes mp o ¥{ and 7y o ¥ push forward to zero under A:Cg — M,. The
class w5 o ¥} has the same pushforward as yf.
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We note that 7y o /] vanishes for n = 0 and n = 1, using that ko = 2g — 2. This could also
have been seen from the fact that

CHF(Cy) = CH* (M, 1) @ CHF (M, V(1)) ® CH* (M, L)
= CH*(M,) ® CH*(M,,V) ® CH*"'(M,)

which (using Harer’s calculation of the Picard groups of Mg and C, [29]) implies that
CH(M ¢, V) = CH'(M ¢, V) = 0. The first of these classes which can be nontrivial is thus
71 o Y2 € CH?*(Mj, V). This class vanishes for g < 4, but is nonzero if g > 5.

To prove that the class is nonzero for g > 5 it is easier to work in cohomology. For large g,
nontriviality is a consequence of Harer stability and the Mumford conjecture [45]: as g — oo,
H '(Cgl) stabilizes to a polynomial ring in the «-classes and v; [44, Proposition 2.1]. More
precisely, H 4(Cé}) is in the stable range when g > 7, so there are no relations between the
generators in this degree and 7 o ¥ must be nonzero. Nontriviality for g = 5,6 can be
checked e.g., by multiplying the class with ¥? and pushing it down to M,. One computes
that

2 1
Ae(Uf - (mi oY) = k2 = ko + k]

This class can then be multiplied with «§ ~ to get a class in the socle of the tautological
ring, which can be verified to be nonzero by integrating it against AgA,_;. (We discuss the
AgAg—1-pairing more in Section 7.)

The vanishing for g < 4 can be proven by standard methods for computing tautological
rings and a dimension count. Let us consider the case g = 4: in this case one only needs
to know that R'(M4) =~ R?>(M4) =~ Q and that R?(C}) =~ Q2. Now we have the relative
Kiinneth decomposition

R%(C4) = R*(M4) ® R*(M4,V) & R'(M,),

where the first and last terms are one-dimensional since R'(M,) =~ R?*(M,) =~ Q; conse-
quently, the middle term has to vanish since R?(Cy4) is two-dimensional. But 71 o ¥ is an
element of R?(M,, V), so it must vanish.

6.2. Example: the diagonal

Let us decompose the class Ay, € CHl(ng) into summands. One finds exactly three
nonzero terms:

1 1
A = - CH'M,,L®1),
(w2 X 1m9) © A2 2g_21ﬂ1 20g = 2)2K1 € Mz, L®1)
1
(1 x 1) 0 A1a = Ay @8 g =2 € CH'(M,,V®YV),
1 1
A = - e CH'(M,,1®L),
(o X m2) 0 A1z 2g_21ﬂ2 2(2g—2)2K1 ( ®L)

where h°(Cq/Mg) = 1, h'(Cg/Mg) = V, h*(Cg¢/Mg) = L. Thus the terms in the
decomposition of A, are given exactly by the projectors 7r; themselves, considered as classes
on CZ.

Note that V® V = Vi & V(1,1) ® L. In fact we have CH' (Mg, V(5)) = CH'(M,, V1.1)) = 0,
and the class 7; is a generator for the summand CH! (Mg,L) = CH® (Mg) =Q
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The fact that CH' (Mg, V(2) = CH'(Mg,V(1,1y) = 0 can be proven by a dimen-
sion count argument much like the one from the previous example, using CHI(Cé) =
Q{k1, A1z, Y1, Y2}, which follows from Harer’s calculation of the Picard group of Mg,
[29]. Now in the relative Kiinneth decomposition of CHI(Cg) we find the summands
CH'(Mg,1 ® 1) = Qfk}, CH'(Mg,1 ® L), CH'(M,,L ® 1) and CH'(M,,L) C
CHI(Mg, V®V). All these last three terms are nonzero since CHI(Mg, L) =~ CHO(Mg) ~Q

6.3. Example: the Faber-Pandharipande cycle
We consider the class Aoy € CH2(C 2). Applymg the operator ;% gives the class

%0 Ay = Ay — Wll/fz— (1/f1 +93) + ———=k1 (Y1 + ¥2)

©) 1 C
iy 2)2”2 Gy 2)3”1

1
(2g -2

which now defines an element of CH?(M ¢, V®2). Since the class (6) is &,-invariant, it is in
fact a class in CH?(M P Sym?V). We call this class the unrefined Faber-Pandharipande cycle.

Now we have a decomposition Sym?V = V(1,1y ® L. So (6) can be written as the sum
of a class in CHZ(Mg,V(LI)) and a class in CHZ(Mg,]L) >~ CHI(Mg). As explained in
Subsection 3.3, Nazarov’s theorem gives a general method to write down a projector acting
on CH® (Mg, V®") whose image is a particular summand CH®*(M,, V(;)) ® UZ‘T, where A is
a partition of n. Although Nazarov’s theorem is overkill in this case, where one could quite
easily figure out the right projector by hand, the result is that the correspondence

1 1
= 5(19131924 + b1ab23) + gb12b34 e CH*(C})

acts on CH®*(M,, V®?) With image CH'(Mg, (1,1)) ® 05 = CH®*(M,,V(1,1)). Here b;;
denotes the class A;; — 2g — Wi +V5) + 1 K1, 1.e., the pullback of the correspondence

G
defining the projector ;.
Applying 7 gives the class
1 1
Ay — SViva - (% +93) + a1 + Vo) + ———«
(2¢-2) (2¢-2)
) 1 2 1
- P s (A = s (W Y2) + k)
(g—27"' " 2g0g- 2) “ LT ="

which now defines an element of CH? (Mg, V(1,1y). We call (7) the refined Faber-Pandharipande
cycle. This is the projection of Aj,1; onto the summand CH?(M,, V(1,1)). Comparing the
expressions for the refined and unrefined Faber-Pandharipande cycles, we see that we have

subtracted the term
2g —1

2g(2g-2)
This term is thus the projection of Aj onto the summand CH?(M, . L) C CHZ(Mg, Sym?V).
We remark that since we know from the previous example that by, lies in the summand
CH'(M,,1L) C CH' (Mg, V®?), it follows that k15,5 indeed gives a class in CH*(M,, L) C
CH?(M,,V®?).

k1b12.
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Let X be a curve of genus g. It is interesting to consider the image of the Faber-
Pandharipande cycle in CH?(X?2). In this case, removing terms which obviously vanish
leaves

Y1y € CHX(X?).

A _
12¥1 =

This simplified expression is what is more commonly referred to as the Faber-Pandharipande
cycle. Green and Griffiths [22] proved that the Faber-Pandharipande cycle is nonzero
in CH?(X?) for a very general curve X of genus > 4 over the complex numbers. The third
author gave a different proof of this result [76] valid also in positive characteristic. Such a
result is rather subtle since the Faber-Pandharipande cycle is not only homologically trivial
but Abel-Jacobi trivial.

Reasoning as in Example 6.1, one can show that the refined Faber-Pandharipande cycle is
zero for g = 2, 3 but that it is nonzero for all g > 4. Thus the refined Faber-Pandharipande
cycle is nonzero precisely in those genera where it is nonzero in CH?(X?2) for a generic
curve X. By contrast the unrefined Faber-Pandharipande cycle is nonzero also for g = 3,
even though R?(M3,V(1,1y) = 0. This illustrates the utility of Nazarov’s refined projectors
when trying to determine precisely which of these local systems have nonzero tautological
groups.

6.4. Example: the Gross-Schoen cycle
Let us consider the class Aj,3 € CH? (Cg3). We can apply 77 to this class to get

1% 0 Atz = Aqpz — (A2 + A23)Yr + (Ars + Ax3)Yz + (At + A13)Y3)

2g -2
+ ;(‘/ﬂ +95 + v + #(%% + Y1¥s + Yavr3)
2g-22""" 2 3 (2g —2)2 3 3
+ (Zg;_z)zm(An + A1z + Az3) — ﬁ"l(lh + Yy + ¥3)

_ 2
-2 " Gg-2* T
We call this the Gross-Schoen cycle. Being G3-invariant, it defines a class in the summand
CH?(Mg, Sym®*V) ¢ CH?*(M,, V®3). There is now a decomposition

Sym®>V = V11, Vi ®L,

and one could try to define a “refined” Gross-Schoen cycle by projecting onto the summand
CH*(M ¢ V(1,1,1)), just as we did for the Faber-Pandharipande cycle in the previous example.
However, the difference between the refined and unrefined Gross-Schoen cycles would
then be an element of CHZ(Mg,V(l) ® L) = CHI(Mg,V), which always vanishes. By
using Nazarov’s theorem one can construct a “refined projector” onto CH®*(Mg, V(1.1.1));
the image of Aj,3 under this refined projector agrees with the image under the naive
projector 73, which is a nontrivial consistency check.

The cycle originally considered by Gross and Schoen in [23] is related to ours as follows.
Let X be a smooth curve and 3 a degree 1 zero-cycle on X. Then they studied the cycle

At23 — 31023 — 32813 — 33012 + 3233 + 3133 + 3132 € CH*(X?),

4¢ SERIE - TOME 54 — 2021 - N° 5



TAUTOLOGICAL CLASSES WITH TWISTED COEFFICIENTS 1209

where 3; denotes the pullback of 3 from the projection map onto the i th factor. Considering
our cycle in CH?(X3) and removing terms which obviously vanish gives

1
A2z — 2~ 2((A12 + A23) Y1 + (A13 + A23)Y2 + (A2 + A13)Y3)
2
(2g Gg-27 ———= (V1¥2 + Y1¥3 + Ya3),
which does not coincide with the usual Gross-Schoen cycle for 3 = Py ztp However,

the difference between the two cycles is given by a sum of Faber-Pandharipande cycles. In
particular, our Gross-Schoen cycle and the usual one will have the same image under the
Abel-Jacobi map, since the Faber-Pandharipande cycle is Abel-Jacobi trivial.

The Gross-Schoen cycle defines a nontrivial class in CH? (Mg, V(1,11 forall g > 3.
Nonvanishing of the Gross-Schoen cycle is equivalent to nonvamshlng of the Ceresa cycle
[6], which is known to be nonzero in CH?(X3) if X is a very general curve of genus g > 3.
See [16] for this result in positive characteristic.

7. Consequences for Gorenstein conjectures

By a theorem of Looijenga [43], it is known that
—24 ~
REZH(CY) = Q

and that the tautological ring vanishes above this degree. More precisely, Looijenga proved
the vanishing and that this group is at most 1-dimensional, and Faber [14] found an example
of a nonzero tautological class in this degree. The top nonzero degree of the tautological ring
is called the socle.

This isomorphism can be made explicit in the following way. We define a map

RE2(Mg) — Q
by
o / a-Aghg1,
Mg
where o denotes the closure of an algebraic cycle representing the class «, and A; denotes the
ith Chern class of the Hodge bundle. We recall that the Hodge bundle is the locally free sheaf
of rank g whose fiber at a moduli point [C] is the space of holomorphic differentials on C.
A priori the integral would seem to not be well defined, since it depends on the choice of
an algebraic cycle representing o, but the integral is in fact well defined since multiplication
by AgAg—1 Kkills everything supported on the Deligne-Mumford boundary. For n > 0, one
has an isomorphism
REZM(CP) — RE2(My)

given by pushforward (with inverse given by pullback and multiplication by ﬁ% VoY),

All in all, this means that we have a pairing, which we denote by brackets:

Rk(cg) ® Rg—2+n—k(cg) y Q

a®p — (@, f)
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given by cup product, pushing down to M,, and integrating against AgA,_;. Arbitrary
integrals of tautological classes on M 4 , can be calculated algorithmically and efficiently [11,
35], in particular integrals over M, of top degree classes in RE ~2(M,) paired with AgAe_;.

LEMMA 7.1. — Leta € R¥(C) and p € RE2Y"K(CP), and let iy, ... iy € {0,1,2}.
There is an equality

(Griy x -+ xm,) o, B) = (o, (m2miy X -+ X M24,) 0 B).

Proof. — Consider « as a morphism 1 — 1(Cg/Mg) ® L%, and B as a morphism
h(C}/Mg)) ® L% — 278 The composition f o & € Moty (1,1278) = CH®*(M,) is
the product & - f pushed forward to M,. Now if 7 is any correspondence C = C¢' then

Bo(roa)=(Bom)oa.
But o = n' o B by Remark 2.1. Since (7;, x -+- X m;,)" = (72—, X -+ X Wa—j,) We are

done. O

As explained in Subsection 5.2.3, the cup product in CH® (Cg) (and then also in R*(Cy))
is in general not so easily described in terms of the relative Kiinneth decomposition of these
algebras. The next proposition shows, however, that the socle pairing on R*(Cy) takes a very
simple form with respect to the Kiinneth decomposition.

PROPOSITION 7.2. — The Gram matrix describing the socle pairing in the algebra R®(Cy) is
block-diagonal with respect to the relative Kiinneth decomposition of R*(Cg). More precisely,
the summand

R¥(Mg, "' (Cg /M) ® -+~ ® " (Cg / Mg)) C R¥(C})
pairs to zero with all summands in complementary degree except for

Rg—2+n_k(Mgv h*h (Cg/Mg)® -+ ® h2in (Cg/Myg)) C RE2nk (Cgr’l)

Proof. — Take a € R¥ (Cg)- Suppose it lies in the summand
RN (Mg, h'' (Cy /Mg) ® -+ @ h'n (Cg / My));
equivalently, (7;, X --- X 7;,) o« = a. For f in complementary degree we have
(o, B) = ((mmiy x -+ x i) o, B) = (o, (maiy X -+ X 72j)) 0 B)
by the previous lemma. But if 8 lies in any summand except for
RETZR (M n?71(Cy /M) ® -+ ® h* 7 (Cy / My)),

then (mp—;; X -+ X mwp—,) o B = 0, hence (o, 8) = 0, as claimed. O

REMARK 7.3. — The previous proposition shows that the socle pairing in R*(Cy)
depends only on the cup product maps 4 (Cg/Mg) ® h®>7(Cg/Mg) — h*(Cq/Mg) = L.

Since fori = 0 or i = 2 these maps are given by the canonical isomorphisms 1 @ L — L
and L ® 1 — L, the socle pairing in fact only depends nontrivially on the maps

RE(Mg, h'(Cg/Mg)®™) ® RETZTM K (Mg, hY (Cq/Mg)®™) — RE2TM(M,, LO™) = RE72(My).
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REMARK 7.4. — On the level of Betti realizations, Proposition 7.2 says that even
though the algebras H*(C”,Q) and gr; H*(C?,Q) (and then also RH*(C!,Q) and
gty RH®(CP,Q)) have very different cup product, both algebras RH®*(C?,Q) and
gt RH*(C!, Q) will have identical socle pairings.

In particular, the algebra RH*®(Cy) is Gorenstein (i.e., satisfies Poincaré duality) if and
only if the same holds for the algebra gt; RH* (Cg)- That said, Proposition 7.2 is not actually
needed to prove this last fact. Since the Leray filtration is compatible with cup product, we
know a priori that the Gram matrix describing the socle pairing for the algebra RH *(C g) 18
block-triangular, and that the diagonal blocks coincide with the Gram matrix for the socle
pairing in the algebra gt; RH '(C;’). In particular both matrices have the same rank. In these
terms, Proposition 7.2 says that even though the intersection pairing for RH*(Cy) is a priori
only block-triangular, it turns out to actually be block-diagonal.

THEOREM 7.5. — Fix a genus g. The following are equivalent:

1. All algebras R*(Cy) for n = 0 are Gorenstein.

2. For each partition A, the pairing

R¥(Mg, Vi) @ REZTHTE (M Vi) — REZHH (M, L) = RE2 (M) =~ Q

is perfect.
The pairing in (2) comes from the map of motives V;y ® Vi) — LA given by the fact
that V y is self-dual.

Proof. — If we decompose h(Cg’Z /M) as a direct sum of motives V) ® L™, then the socle
pairing in R*(Cy) is the direct sum of the various pairings

RF(Mg. V) @ REZHAK (M, V) — RE2(M,) = Q.
Thus the socle pairing in the tautological ring of Cy' is perfect if and only if the same holds
for the pairing for each of the motives V ;. O

A variant of the preceding theorem, with the same proof, is as follows:

THEOREM 7.6. — Fix a genus g. The following are equivalent:
1. All algebras R*(Cg) for 0 < n < N are Gorenstein.
2. For each partition A with |A| < N, the pairing
RE(Mg,V5y) ® RE2TMTR (M, Vi) — RET2(M) = Q
is perfect.
We also wish to mention the following result, which was proven by somewhat different
arguments in [59, 70].
THEOREM 7.7. — The following statements are equivalent:

1. All algebras R*(Cg) for 0 < n < N are Gorenstein.
2. The algebra R*(M ; N) is Gorenstein.
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This shows that the Faber conjecture for the spaces My', can also be equivalently reformu-
lated in terms of the motives V ;). We saw in Section 5.5 that the tautological groups of Mg,
can be expressed in terms of the tautological groups of the motives V ;); however, there does
not appear to be an analogue of Theorem 7.2 for the spaces M ;n: the socle pairing for M ;n is
block upper triangular with respect to the natural decomposition, but not in general block
diagonal.

7.1. Symmetric powers

We may also consider the symmetric powers of the universal curve.

DEeFINITION 7.8. — We define Cé") to be the nth symmetric power of the universal curve
over M,; that is, C&E") = C}/&,. We define its tautological ring by R'(Cg(")) = R*(C})®n.

LEMMA 7.9. — Suppose that the Chow groups CH®(Cy) are decomposed as a direct sum

of summands CH®* (M, V). The only local systems occuring in the subspace CH®*(C é") ) C
CH'(Cg") are those of the form A = (1,1,1,...), i.e., those that occur as summands of the
symmetric powers of V.

Proof. — Consider first the summand CHF (Mg, V®"). The G,-invariants in this subspace
are CH* (M ¢, Sym" V), which proves the lemma in this case. In general forn = ng +ny +no,
the summand

CH¥ (Mg, h%(Cg / Mg)®™ @ h(Cy/ Mg)®™1 @ h2(Cy/ Mg)®"2),

together with its conjugates under the action of &, can be written as the induced represen-
tation

IndS”

k
Gy XSy XGy CH (Mg,V®n1 ® L"2).

In particular, the G, -invariants in this induced representation are isomorphic to
CH*"2(My, V®")®m = CHF™2(M,, Sym™' V)

by Frobenius reciprocity. O

THEOREM 7.10. — Fix a genus g. The following are equivalent:
1. Foralln > 0, R'(Cé")) is a Gorenstein ring.
2. For somen > g, R*(C{") is a Gorenstein ring.
Proof. — The ring R’(C&S”)) is Gorenstein if and only if all motives V ;) occuring in the
decomposition of h(C é") / Mg) have the property that the pairing
R¥(Mgy, V) @ RETZH* (M, Vi) — Q

is perfect. But the motives V) occuring in the decomposition of the nth symmetric power are
exactly those with A = (1, 1,...), where |A| < n, by the previous lemma. The result follows
from the fact that the motive V(1 1,..) is zero if the number of 1’s is greater than g. O
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More generally, we can consider the “partial symmetric powers,” i.e., the tautological
rings of Cg’,’+k /6,, the n-fold symmetric power of the universal curve over C é’f .Fork =1
these rings were considered in [77], where they were proven to be intimately related to the
tautological ring of the universal jacobian variety over C¢ = M, ;. The previous theorem
admits a variant for the partial symmetric powers as well.

THEOREM 7.11. — Fix a genus g. The following are equivalent:
1. Foralln > 0, R'(C£’+k/6,,) is a Gorenstein ring.

2. Forsomen > g + k, R'(Cg”rk/Gn) is a Gorenstein ring.

Proof. — The relative Chow motive of C&Z’“‘ /6, over Mg is the tensor product
h(CP /M) ® h(CE/My). Since h(Ck/My) only contains motives V; with |A| < k,
and h(Cg(”) /M) only contains motives V, with || < g (by the argument of the preceding
proof), the result follows. O

REMARK 7.12. — In [77, Theorem 7.15] it is proven that if R'(CgH/G,,) is Gorenstein
for somen > 2g — 1 then R‘(Céi'“L1 /6y,) is Gorenstein for all n > 0. The proof uses the rela-
tionship with the tautological ring of the universal jacobian J, over Cy, and that C g”‘H /6, is
a projective bundle over J, for n > 2g — 1. Thus the arguments here re-prove this result with
a slightly better lower bound.

8. Twisted commutative algebras and tautological rings

In the next sections we will analyze the structure of the collection of tautological
rings R*(Cy) for fixed g but varying n. When we consider the direct sum P, R*(Cy)
we obtain the structure of a twisted commutative algebra.

DEFINITION 8.1. — A twisted associative algebra is an N-graded unital associative algebra

(say over Q)
A= Awm)
n>0
together with an action of the symmetric group &, on the summand A(n), such that the
multiplication

A(n) ® A(m) — A(n + m)
is equivariant for the action of &, x &,, on both sides. We say that A(n) is the arity n
component of A.

DEFINITION 8.2. — Let A = @nzo A(n) be a twisted associative algebra. We say that A is
a twisted commutative algebra if the diagram

A(n) ® A(m) —— A(n +m)

| !

A(m) ® A(n) —— A(m +n)
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commutes for all n,m > 0, where the horizontal maps are given by multiplication, the
left vertical map swaps the two factors, and the right map is given by acting via the “box
permutation” swapping the first n and the last m elements.

REMARK 8.3. — Let us make three remarks concerning the definition.

1. In all our examples, we will have what should more properly be called a “twisted
commutative graded algebra”—each summand A(n) is itself Z-graded, and the multi-
plication respects the Z-grading.

2. The notion of a twisted commutative graded algebra is potentially ambiguous: in
the commutativity condition, should the Koszul sign rule be applied to the map
A(n) ® A(m) — A(m) ® A(n) that swaps the two factors? In fact we will require both
possible conventions in this paper: when working with Chow groups we do not impose
the Koszul sign rule, but when working with cohomology groups we do impose it.
This is because the Chow ring CH®*(X) of an algebraic variety X is commutative in
the strict sense, whereas the cohomology ring H°®(X) is commutative in the graded
sense. We will pass over this ambiguity in silence for the rest of the paper; this should
not cause any confusion.

3. There are many equivalent ways to axiomatize the notion of a twisted commutative
algebra. Here is an alternative one: let B be the symmetric monoidal category of
finite sets and bijections, with monoidal structure given by disjoint union. A twisted
commutative algebra is a lax symmetric monoidal functor B — Vectq (or to the
category of graded Q-vector spaces, with or without the Koszul sign rule).

For more on twisted commutative algebras see e.g., [20] or [36, Chapitre 4].

Our main example will be the following. Fix a genus g > 2. The direct sum ., CH®*(Cy)
is an example of a twisted commutative algebra. The multiplication

CH*(C}) ® CH!(C}") — CHF T (cptm)

is given by the cross product, as defined in 5.2.1. More generally, for any partition
{I,....n} = T U T’ we have maps CH*(C]) ® CH'(C[") — CH*/(C}). We will
refer to maps of this form, too, as cross product maps; this should not cause any confusion.

We now have the following proposition, which in a sense explains why we will find the
notion of a twisted commutative algebra wuseful. We have defined maps
R*(Cg) — R*(Mg, V&) — R'(Mg,V(”)); recall that V¥ denotes the “primitive part”
of V®" and was defined in Subsection 5.3. These maps are not in any sense ring homomor-
phisms (in fact there is no ring structure on the latter two spaces). Nevertheless these will
define homomorphisms of twisted commutative algebras, when we consider all » simultane-
ously:
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ProPOSITION 8.4. — Fix g > 2, and consider the following commutative diagram:

PBso CHY(CE) —» D,0 CH* (Mg, V") — D, CH (Mg, V™)
/
@nzo Sr;

T~

Drso R°(C) —» Dso R*(M,, V&) — D=0 R‘(Mg,V(")).

Each entry in this diagram is a twisted commutative algebra, and the arrows in this diagram are
morphisms of twisted commutative algebras.

Let us remind the reader of the definitions needed to make sense of Proposition 8.4. S; was
defined in Definition 5.2; it is the graded polynomial algebra on classes v;, A;; and «;,
modulo the geometrically obvious relations of Eq. (5).

The maps CH*(Cy) — CH* (M, V&) are given by the projectors 7;*. The same is true
for the maps R*(C}') — R*(Mg, V®").

The maps CH®*(M,,V®") — CH®(M,, V™) and the twisted commutative algebra
structure on P, o CH®* (M, V")) are both defined by the fact that V) is in a canonical
way a direct summand of V®”. As such, the natural projection V& — V) defines the
map CH*(M,,V®") — CH®(M,, V). The multiplication in the twisted commutative
algebra @,.., CH® (Mg, V™) is defined by using the composition

Vi) @ vim) vy g y®m — y®mtm) __y yintm)
to define a product CH® (M,, V") @ CH®*(M,, V™) — CH®(M,, V*+™)) This is associa-
tive: the diagram

Vi @ vim @ yik) ___y ytm) o yik)

l |

Vi g yimtk) ____  ylntmtk)

commutes, since both compositions coincide with the map given by
yin) ® y(m) ® vik) s Y®G+m+k) s yintm+k)

Proof. — (of Proposition 8.4.) That the map P, Sy — @D,5o CH*(C}) is a homo-
morphism of twisted commutative algebras is obvious. That the maps 7;”*: CH® (Cg) —
CH®(M,, V®") are homomorphisms with respect to the cross product is explained in 5.2.1.
That the maps CH® (Mg, V®") — CH®*(M,, V") are homomorphisms with respect to
the cross product is also clear, since the multiplication in the twisted commutative algebra
CH"®(M,, Vi") was defined by lifting elements to CH® (M, V®"), and using the multiplica-
tion in the twisted commutative algebra “upstairs” to multiply. O

DEFINITION 8.5. — Let § — R, — R}, — Ry be the four twisted commutative algebras
linked by the chain of surjections

D s: > D RCH — DR (M. V") - D R (M. V™),

n>0 n>0 n>0 n>0
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PROPOSITION 8.6. — The twisted commutative algebra S is the free twisted commu-
tative algebra generated by the elements kg € Sg for d > 1, y* € ST" for m >0, and
Al € SETIHM for m > 0.

Proof. — Itisstraightforward that every monomial in S, can be uniquely reduced modulo
the relations of Eq. (5) to a product

m k
[Txa -TTArv5,
i=1 j=1

where (di,....dn) € Z7,, (e1....,€x) € Z’;O, Py, ..., Py is some partition of the
set {I,...,n} into nonempty blocks, and yp, denotes Yq for any a € P; (this is also
observed in [34, Lemma 5]). For example, the monomial K12A13A14w32 € S, would corre-
spond to (dy,d>) = (1,1), Py = {2}, ey = 0, P, = {1,3,4},e; = 2. Butsucha
product is exactly the same as a cross product of the generators for the twisted commutative
algebra S. O

DEFINITION 8.7. — Forn > 0and r > n — 1 we put

Ky n=20
1—n+r
Alz.,.nl/fl n>1.

Dn,r =

Note that Dy, = ¥, Do,—1 = k-1 = 0, and Dy,o = ko = 2g — 2. The previous proposition
can be stated in a more compact form in terms of this notation: specifically, that the twisted
commutative algebra S is freely generated by &, -invariant classes Dy , placed in arity n and
degree r, wheren = O0andr > lorn>1landr >n—1.

The fact that the classes D, , generate S implies that their images generate the twisted
commutative algebras Rg, R, and Ry, since the map from S to these algebras is surjective.

PROPOSITION 8.8. — Fix g > 2 and consider the surjections Rg — R, — Ry. The kernels
of these maps are ideals in the respective twisted commutative algebras.
1. The kernel of Ry — Ry, is the ideal generated by 1 € CHO(C;) and Y € CHI(Cgl).

2. The kernel of Rg — Ry is the ideal generated by 1 € CHO(C;), V= CHI(C;)
and A1, € CHI(Cé?). Equivalently, the kernel of R, — Ry is the ideal generated
by i %A1y = Az — g5 (Y1 + ¥2) + m'ﬁ.

Proof. — (1) The kernel of CH¥ (Cg) — CH* (M, V®") equals the image of the projec-
tors m;, X- - -xmr;, where (i1,12,...,in) # (1,1,...,1); equivalently, the image of all projectors
dxidx---xm x---x1id

(i.e., all factors except one are given by the identity correspondence, the diagonal), where
i = 0,2. By 6,-symmetry, let’s assume that all factors except the first are given by the
identity. Let @ € CH®*(C}). One checks that

. . 1
(JT()deX---de)OO[:lxa/—mKIXIXOl//
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and

(my xid x +--xid)oa = ¥y x o’ k1 x 1 xa”,

1
- 2(2g—2)?
where o' = (p23..)« (Y1 - @) and o’ = (pa3..n)« (). Hence both projectors map all cycles «
into the ideal generated by ¥, € CHI(Cgl) and 1 € CHI(C;). Conversely, one checks that
mr1 annihilates both 1 and ;.

(2) The map CH* (M, , V®") — CH* (M, , V™) is defined by the projection V& — V),
and the kernel of V®" — V(" is spanned by the image of all (}) maps VE"~2 Q I — V®"
given by (n — 2, n)-Brauer diagrams of the form considered in the second half of Section 5.3.
But it is clear from the description in Section 5.3 that an element of CHF (M,,V®") is in
the image of one of the maps CH¢! (Mg, VOn-2)) CHF (Mg, V®") precisely if it can be
written in a nontrivial way as a cross product with 72 A15. O

REMARK 8.9. — Let us emphasize that the word “ideal” in the preceding proposition
should be understood in the sense of twisted commutative algebras; that is, the smallest
twisted commutative submodule containing the given elements. In particular, the ring
structures of (say) the individual tautological rings R*(Cy) are not what is important.

COROLLARY 8.10. — The twisted commutative algebra Rg is generated by the images of the
elements Dy, , such thatn = 0andr > 1, orn > 1 and r > max(n — 1, 2).

Proof. — We have seen that S is generated by the classes D, , forn = Oandr > 1
orn > landr > n — 1. Since the generators D; o, D1,1 and Dy ; go to zero under
S — Ry by Proposition 8.8, we deduce that R} is generated by the images of the remaining
generators. O

- ) " ; ; 2
COROLLARY 8.11. — The arity n component Ry (n) vanishes in degrees below =

Proof. — Every generator D, , fulfills this bound, since max(n—1,2) > %” for all natural
numbers n (with equality only for n = 3). Since the bound is linear, and degrees and arities
are both additive under cross product, the result follows. O

REMARK 8.12. — The cohomology groups of the spaces Cy also form twisted commuta-
tive algebras, and so do the cohomology groups of the local systems V) on M, ¢ In particular
we have a chain of surjections of twisted commutative algebras in graded vector spaces:

PH(C;.Q P H T (M. VE") > @D H"" (M. Vi) ® 057
n>0 n>0 A
If we consider @,,..o CH*(Cy), @, CH* (M, , V") and @, CH® (M, V(3)) ® 0, also as
twisted commutative algebras in graded vector spaces, but with doubled degrees, then they
map compatibly to the cohomological versions of these twisted commutative algebras under
the cycle class map. We also get twisted commutative algebras of tautological classes
P ru(C}.Q) - @ RH* (M. V®") - (P RH* " (M;. Vi) ® 07
n>0 n>0 A
There is a natural “suspension” operation on twisted graded commutative algebras [61, 4.1]
which has the effect of shifting the grading on the arity » component by » and tensoring with
the sign representation of &,,. In this way one can get rid of both the annoying degree shift
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which appears in cohomology and the conjugate of the partition A: one finds that there is a
natural structure of twisted commutative algebra on

P H M, V) ®0;
A

with a subalgebra @, RH*(Mg,V;) ® o} of tautological classes.

9. A consequence of the FZ relations

In this section we will recall the FZ relations between tautological classes in R*(Cy), and
draw some simple consequences from them. In particular, we will prove an analogue of the
following theorem, which was conjectured by Faber [12] and proved independently by Ionel
[31]and Morita [50]. (Morita’s proof was only valid in cohomology, but Ionel’s proof worked
in Chow, t00.)

THEOREM 9.1 (Ionel, Morita). — The tautological ring R*(Mg) is generated by the
classes k, for which3r < g + 1.

This theorem is a direct consequence of the FZ relations. We will see that the FZ relations
can be used to prove the following stronger result:

THEOREM 9.2. — Fixagenus g > 2. The twisted commutative algebra Rg = P, R*(Cy)
is generated by the classes Dy, , for which3r —n < g + 1.

This implies in particular the result of Ionel-Morita, since the arity 0 component of R, is
the tautological ring R*(M,), and Dy, is the kappa class ;.

9.1. The FZ relations

In the early 2000s, Faber and Zagier (in unpublished work) formulated a conjectural
infinite family of relations in the tautological ring R® (M, ). These relations were proven using
the geometry of stable quotients by Pandharipande and Pixton [57]. Around the same time,
Pixton found a generalization of this conjecture to incorporate also marked points and an
extension of these relations to the Deligne-Mumford boundary. These extended FZ relations
on Mz, were subsequently proven in cohomology by Pandharipande-Pixton-Zvonkine [58]
and on the level of Chow rings by Janda [34, 33].

The FZ relations on C; take a simpler form than on Mg . Let us state the result in this
case, following [34, Section 4].

Let
6i)! 6i)! (6i+1) ;
A(z) = Z — 7! B(z) = Z - - - z'.
= 2D'GH! S5 @DIGBHY(6i — 1)
We introduce a sequence of further power series C,, by
B d
(8) C, = E Chy1 = (1zzZE —4nz)Ch.
We note that C,, is a multiple of z”~1. We will also define

Co = log(A),
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which is a multiple of z!'. Then we have
d
) Ci=—1+ 144z + 253322d—co,
z

so that the coefficients C; (and hence also the higher C,) are in fact recursively expressed in
terms of those of Cy, except for low order terms.
For any power series F(z) = Y ;. a;z" in Q[[z]], we define bracket operators

{Fle = Zkiaizi
i>0
and
{Flag =Y (D Agyg 5 g,
i>0
forany S € {1,...,n}; here ¥ denotes y; forany j € S.
We use [F],r to denote the coefficient of z" in a power series.

THEOREM 9.3 (Janda, Pixton-Pandharipande, Pixton-Pandharipande-Zvonkine).
For any r such that 3r — g — 1 — n is a nonnegative even integer, the expression

[exp(—{log()}) > []{Csitasl.,

P partition of n SeP

vanishes in CH" (C}).

DEFINITION 9.4. — We denote the above expression [exp(—{log(4)}¢) > p [ [sep{Cis|tag]zr
by FZg pn.r.

LeEmMA 9.5 (Ionel). — All coefficients [Cy]zr, forn = 0andr > lorn > landr > n—1,
are strictly positive rational numbers, except the constant term of Cy which is negative.

Proof. — The case n = 0 is [31, Lemma 3.6], since the coefficients of Cy are (up to
rescaling) the numbers she denotes ¢k x. The case n = 1 follows from this by the differential
Equation (9); in fact, it is even stated in Ionel’s lemma, since the coefficients of C; are (up to
rescaling) the numbers she calls cx x—;. The differential Equation (8) says that

[Chsilyr1 = (12r — 4n)[Cplor

for n > 1, and one checks that 12r —4n is strictly positive in all cases of interest exceptn = 1,
r = 0, where it is negative: consequently, all coefficients of C,, forn > 2, r > n—1 are strictly
positive, too. O

We may now prove Theorem 9.2.

Proof. — (of Theorem 9.2) We know that the twisted commutative algebra R, is gener-
ated by the images of the classes D,, € Sg. Consider some generator D, , for which
3r —g—1—n>0.1f 3r — g — 1 — n is even then one of the terms in the relation FZg , ,
equals

(_l)n_l [Cn]z" : Dn,r,
and all other terms are products of generators with smaller r. By Lemma 9.5, [Cy].r is
nonzero, and this relation can be used to express the class D, , in terms of “simpler”
generators.
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If 3r — g — 1 — n is odd, we may instead consider the FZ relation ¥, 41 - FZg p41,-, and
push forward along the map forgetting the last marked point to get a codimension r relation
on C;. When we push down a monomial in the kappa, diagonal and psi-classes from C&Z‘“
to Cg}, we get a multiple of D, , exactly when we push down Dy 41 = A12en+1 wlr_”“
(which pushes forward to D, ,) and when we push down D, , x D11 = A12...,,1//1’_"+1 Yn+1,
which pushes forward to (2g —2) Dp,,,. Thus the resulting relation on Cg will have as one of

its terms

(=n" ([Cn—H]z’ —(2g = 2)[Cnlzr [Cl]zo) “Dn r,
and all other terms are products of generators with smaller values of r. By Lemma 9.5 the
coefficients [Cy, 1], and [C, ], are positive and the coeflicient [Cy] o is negative, so the coef-

ficient behind D, , is nonzero and we may use this relation to eliminate the generator D, ,.
O

10. Low genus calculations

In this section of the paper we will completely calculate the groups R* (M, V) forall k
and A when g < 4.

THEOREM 10.1. — Recall the twisted commutative algebra Ry = D, R* (Mg, V(3))®07 7,
defined for any g > 2.

1. The twisted commutative algebra R’ is trivial. Equivalently, R*(M,, Vi) = 0 unless
k =0, A =0, for which R®(M>,Vg)) = R%(M,) = Q.

2. The twisted commutative algebra R’ is generated by k1 and the Gross-Schoen cycle. We
have

R%(M3,Vg)) = R'(M3,Vg)) = R*(M3,V(111)) = Q,

and all other tautological groups of all other motives V 5y on M3 vanish. The group
RY(M3,V g)) is spanned by k and the group R*(M3,V (111)) is spanned by the Gross-
Schoen cycle.

3. The twisted commutative algebra RZ is generated by k1, the Gross-Schoen cycle, and
the Faber-Pandharipande cycle. The complete list of motives V ;y on My with nontrivial
tautological groups are

R°(M4,V(g)) = R (M4, Vp)) = R*(M4, V) = Q,
R*(M4. Vii11)) = R* (M4, Vi) = Q.
R*(My,Vi11)) = Q,
R4(M4,V(2211)) = Q.

The group RF (M4, V oy) is spanned by K{‘. The group R*(M4,V(111)) is spanned by
the Gross-Schoen cycle, and R*(M4, V (111)) by the product of k1 and the Gross-Schoen
cycle. The group R*(My4,V 11)) is spanned by the Faber-Pandharipande cycle. Finally,
R*(M4,V (2211)) is spanned by the cross product of two Gross-Schoen cycles; that is, the
projection of A123A456 into the summand CH4(M4, V(2.2,1,1)) ® 04,5 gives a generator.
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In all cases, Poincaré duality holds, in the sense that
Rk(Mg,V(A)) ® Rg_2+|M_k(Mg,V()L)) — Rg_z(Mg,V(o)) ~Q
is a perfect pairing.

The proof of this theorem occupies the rest of this section. In all genera, the strategy of
the proof will be the same:

— Using Corollary 8.10 and Theorem 9.2 we get a finite list of generators for the twisted
commutative algebra Ry. Thus we have reduced the problem to finding the complete
set of relations between these generators.

— We use the FZ relations to obtain relations between the generators. Since we are
working in the twisted commutative algebra R’ , it is enough to consider the FZ
relations modulo the equivalence relation =, which often dramatically simplifies the
relations. In this way we find that all but a finite list of twisted tautological classes are
zero, and we are done if we can prove nonvanishing of each of these.

— Using Nazarov’s Theorem 3.8 and our Theorem 5.5, we can represent each of
the remaining potentially nonzero twisted tautological classes by an explicit class
in R*(Cy), so that we reduce the problem to proving that a finite number of tauto-
logical classes (without twisted coefficients) in Cg are nonzero. This is now done by
a standard argument: we multiply with some other class in complementary degree
to land in the top degree part of the tautological ring, and then push down to get
an element in the top degree of the tautological ring of Mg, whose structure we
understand completely.

To formulate the calculations, it will be convenient to introduce the following notation:
for x,y € CHF (Cg), we write x =y to denote that x and y have the same image
in CH*(M ¢, V™). Equivalently by Theorem 8.8, x = y if x and y are equivalent modulo
the twisted commutative algebra-ideal generated by 1 € CHO(Cgl), Yy € CHI(Cgl) and
A1 € CHY(CD).

REMARK 10.2. — We caution the reader that the relation = does not respect the multi-
plication in the rings R*(Cy), and is not preserved when pushing forward a relation along a
diagonal inclusion. That is, if we are given an element R € S¥ such that R = 0 in RK(C 2)s
then it does not follow e.g., that ¢; - R = 0 in Rk“(Cg), nor that the pushforward of R
to Rk+1 (C7*1) along a diagonal inclusion vanishes modulo =. One must therefore be careful
to first multiply or push forward and only afterward reduce modulo =.

10.1. Genus two

By Corollary 8.10 and Proposition 9.2, all of the generators D, , go to zero in R. So R} is
the free twisted commutative algebra on no generators, i.e., it contains only the unit element
in arity 0. This proves the genus 2 case of Theorem 10.1.

This result was previously obtained (in a different form) in [69].

The analogous statement is also true in genus one: R¥ (M1,1,Vig)) = Qfork =a =0,
and vanishes otherwise; this reformulates a result from [68]. This statement is not hard to
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prove in our framework, but we have chosen to simplify the exposition by only talking about
tautological groups R®*(M,, V(3y) on moduli spaces of unpointed curves.

10.2. Genus three

By Corollary 8.10 and Proposition 9.2, the twisted commutative algebra RY is generated
by the images of Dy,; and D3, i.e., k1 and the Gross-Schoen cycle. Thus R} is completely
determined if we can find the complete set of relations between these generators. We claim
that the product of any two generators vanishes. We have three products we need to check
are zero:

1. The relation k? = 0 in R*(M3,Vg) is well known and is a very special case of
Looijenga’s theorem (see Section 7).

2. Modulo the equivalence relation =, the relation FZ3 3 3 simplifies to
18432A1231//1 - 960A123K1 = 0.

That is, this is the expression obtained from FZ3 3 3 by removing all terms which are
divisible (in the twisted commutative algebra R3) by 1 € R%(C}), y1 € R'(Cy) and
A, € RY(C ;). Note that this is the relation we used to show that the generator A3
can be expressed in terms of simpler generators in the proof of Theorem 9.2.

Now consider instead the pushforward of FZ;,, along a diagonal inclusion
C; — Cg?’. Modulo =, that relation simplifies to

—1152A123w1 + 240A123K1 =0.
It is now clear that we obtain Ajy3x7 = 0, so that the product of the Gross-Schoen
cycle and «; vanishes in Rg.
3. Observe first of all that modulo the relation =, the only nonzero monomials in S¢ (see
Definition 5.2) are A23A456 and its Sg-conjugates.

For distinct elements i, j; € {1,...,6}, consider the pushforward of the rela-
tion FZ3 5 3 along the corresponding diagonal inclusion. The observation just made,
and the fact that FZ3 5 3 is &s-invariant, implies that the resulting relation takes the

form
Z AsA7 =0

sSurT={1,...,6}
IS|=|T|=3
i,jesS

(up to a nonzero constant), as all other terms in the pushforward of FZ3 5 3 vanish

modulo =. We think of these relations as (§) = 15 equations in (%) = 10 unknowns

2
AgsAr. Itis a simple matter of linear algebra to check that the matrix of equations has

full rank, so that A¢A7r =0forall S, T.

We should also verify that «; and the Gross-Schoen cycle are both nonzero in genus
three, and that Poincaré duality holds. Nonvanishing of x; is well known. The square of the
Gross-Schoen cycle, pushed down to M3, equals %/q (as one can verify on a computer). This
proves both nonvanishing of the Gross-Schoen cycle and Poincaré duality, since the pairing
R?*(M3,V(1.1,1) ® R*(M3,V(1,1,1)) = R'(M3,Vp) = Qis exactly given by multiplying the
two cycles and pushing the result down to M3. This proves the genus 3 case of Theorem 10.1.
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10.3. Genus four

By Corollary 8.10 and Proposition 9.2 we now have three generators for the twisted
commutative algebra R}: ki, the Gross-Schoen cycle, and the Faber-Pandharipande cycle.

We claim that «? and the product of x; and the Gross-Schoen cycle are both nonzero
in R}. Moreover, let us consider the product of two Gross-Schoen cycles. If we consider
the subspace of the twisted commutative algebra S spanned by all possible products of two

classes D3 g, then this decomposes as a representation of G as 04,2,B0e = Ind(Gé’3)2 “Ga 1. We
claim that the representation o goes to zero in R/, but that the representation o4 » survives
to R} (6).

Finally, we also claim that all other products of generators for the twisted commutative
algebra R} vanish. More precisely, we need to check the following relations:

Kk} =0, 5. A123A456A789 = 0,

KiA123 =0, 6. A123A4s54 =0,

K1Apy1 =0, 7.
8.

Y sur={1,...6} AsAr =0,
|S|=IT|=3

A123A456k1 =0,

Ll

ApYi1Asgys = 0.

(1) It’s well known that <3 = 0.

(2) Modulo = the only nonzero monomials in S5 are A3y 7, A123¥ik1, Ar2ak?, and
the &3-conjugates of 1//12A23 Y. The relation FZ4 1 » reduces to 1//12 = 0, which also implies
tﬁlezg, ¥, = 0. This leaves us with three potentially nonzero monomials. But FZ4 3 4, the
pushforward along a diagonal of FZ4, 3, and the pushforward of FZ, ;,, give us three
linearly independent linear relations between these monomials modulo =.

(3) The only nonzero monomials in 523 modulo = are A]zl/flz and Aqok1vq. The rela-
tions FZ4 > 3 and the pushforward of the relation FZ4 ; » along the diagonal give two distinct
linear relations between these monomials modulo =, so both are zero modulo =.

(4) The relation Yy - FZ4 7,4, pushed down along the forgetful map that forgets the 7th
marked point, reduces to this expression modulo =. Alternatively, since the expression is
Ge-invariant, its image in R} lands in the summand R*(M4,V(1,1,1,1,1,1)) ® 0¢. But the
motive V(; 1,1,1,1,1) Is zero.

(5) Modulo =, the only nonzero monomials in Sg are the Gg-conjugates of A123A456A789.
For any four indices i, j, k,! we may consider the pushforward of FZ4 ;4 along the i, j-th
and k, /-th diagonal, to get a relation which up to a scalar must equal

Z AsArAy = 0.
SUTUU={1,...,.9}
[S|=IT|=|U|=3
i,jeS k,leT

This gives %(2,3’5) = 378 relations between %(33’3) = 280 unknowns, and one can check
using a computer that the resulting matrix has full rank; in particular, Aj23A456A789 = 0.
(6) Modulo =, there are exactly 11 nonzero monomials in S;‘ : A12345, and the &5-conju-
gates of Ay23A45v4. The relation FZ,4 5 4, and the 10 different pushforwards of the rela-
tion FZ4 4,3 along a diagonal inclusion, give 11 linear relations between these monomials

modulo =. The resulting 11 x 11 matrix is invertible and we conclude that A1,3A45v%4 = 0.
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(7) The nonzero monomials in S65 are Aqz34s6, A123A456V1, A123A456K1, A12A3456V1,
and their G¢-conjugates. This implies that the relation FZ4 5 4, pushed forward along the
i, j-th diagonal and multiplied with «;, must be equal to

Z AsATKl =0

sSurT={1,...,6}
IS|=|T|=3
i,jeS

up to a nonzero scalar, since all the monomials involved in this relation must involve k;
and have 7, j in the same diagonal block. But this implies A123A456617 = 0 by the same
calculation as for relation (3) in genus 3.

(8) The nonzero monomials in S} are A12Y1 Asa¥rs, Y2 Assa, A123a V1, A123aky and their
S4-conjugates. Since 7 = 0, as observed in (2) above, we will also have Y?A34 = 0.
Moreover, the relation FZ, 4 3 simplifies to Ajz34 = 0, so that also Ajz34k; = 0. This
leaves only four potentially nonzero monomials. The relations given by ¥ - FZ4.4.3, A2 -
FZ44,3, A13-FZ4,43 and Ay 4-FZ4 4 3 give four linearly independent relations between these
monomials, and we conclude that they all vanish modulo =.

We should also prove that all these cycles are nonzero and that Poincaré duality holds.
We use that the relation 3k? = —32«, holds in R?(M4) = Q{k?}. The Gross-Schoen
cycle squared, pushed down to My, equals %/q. This shows both that the Gross-Schoen
cycle is nonzero and that its product with «; is nonzero. The Faber-Pandharipande cycle
squared, pushed down to My, equals %Klz - %’Kz, which is then also nonzero. The projec-
tion of A123A456 onto R*(M,, V2,2,1,1)) ® 04,2, squared and pushed down to My, equals
19877 .2 _ 25

70160K1 — 7592, which is then also nonzero.

This settles the genus 4 case, and hence concludes the proof of Theorem 10.1.

10.4. Genus five

Let us briefly comment on the situation in genus 5. The generators for the twisted commu-
tative algebra RY are k1, wf, A12v1, A1z, and Aqz34. For n < 7 we find that the algebra
R*(C?) is Gorenstein, and we can compute the groups R*(Ms, V() for [A| < 7 by methods
like those used in lower genera. One finds the following table of results, in which the classes
in the right hand column project onto generators for the tautological groups listed in the left
hand column.

R%(Ms) = R'(Ms) = R*(Ms) = R*(Ms) = Q

R* (M5, V(1)) = Q Ui
R*(Ms.Vi11)) = R*(Ms,V(1,1)) = Q Ay, Ak
R*(Ms,Vii11) = R*(Ms, Vi1 11) = R*(Ms,Vi11) = Q  Arzs, Avazkr, Araski
R¥(Ms,Viii11) = R*(Ms,Vii11.1) = Q A1234, A1234K1
R*(Ms,Vii1111) =Q A123A45Y4
R*(M5,V21.11) = Q A123A454
R*(Ms,Vi21) = Q A123045Y4
R*(Ms5,Via11) = Q A123A456
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R*(Ms5,Via211)) = Q A123A456K1
R*(Ms,Via21.11) = Q A123A 4567
R*(Ms5,Vi222.1)) = Q A123A4567

For n = 8 the Faber conjecture predicts the vanishing results
A1234As5678 = A123A456A78Y7 = 0.

Assuming that the FZ relations are all relations between tautological classes, one finds
that A1234Ase78 and Aj23A456A78Y7 should both have nonzero image in R%(8), and we
expect that
R®(M5,V(2222)) = R®*(M5,V(3221)) = Q

Either of these nonvanishings would imply that R*(C2%) is not Gorenstein. Proving them
seems like a hard problem; nevertheless, we consider this to be progress in trying to find a
counterexample to the Faber conjecture. Trying to prove that a specific cohomology group
(or cohomology class) does not vanish is a far more appealing problem than, say, trying to
prove that the rank of R®(C8) is greater than 35166. Moreover, our approach relates the
Faber conjecture to actively studied questions about modified diagonals, see e.g., [54, 73, 48].

11. Relation to work of Looijenga

11.1. The theorems of Harer and Madsen-Weiss

Let M o = denote the moduli space parametrizing smooth genus g curves equipped with
a marked point and a nonzero tangent vector at the marking. The (analytifications of the)
spaces M, and M 7 are both K (7, 1) spaces in the orbifold sense, meaning in particular that
their cohomology 1s given by the group cohomology of their fundamental groups. Whereas
the (orbifold) fundamental group of M, is the mapping class group of a closed genus g
surface, the fundamental group of M - is the mapping class group of a genus g surface with

g1
a parametrized boundary component. As such, there is a “stabilization” map

Hy(M, 3.2) > H (M, ., 5.7)

which on the level of fundamental groups is given by gluing a torus with two boundary
components onto the boundary of the genus g surface. See also [26, Section 4] for how to
define these stabilization maps algebro-geometrically.

The celebrated stability theorem of Harer [30] asserts that the stabilization map is an
isomorphism for g > k.

THEOREM 11.1 (Harer). — Hip(M
k<3@g-0.

7) — H (M Z) is an isomorphism for

2.1’ g+1,1°

If we are interested primarily in closed surfaces, we also have a stabilization result for the
forgetful map M 7 — M, that forgets the marking and the tangent vector:

THEOREM 11.2 (Harer). — The map Hy(M
fork < gg.

. i»Z) — Hp(Mg,Z) is an isomorphism
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The original bounds for the stable range of Harer have successively been improved by
multiple people to obtain these results, see [4, 74]. We note that to obtain stability with integer
coefficients in Theorem 11.2 it is crucial that M, is considered as a stack—if we work with
its coarse moduli space, the result is only valid with Q-coefficients.

It is a formidable problem to actually compute the stable homology of M, . With Q-coef-
ficients, an answer was conjectured by Mumford and proven by Madsen-Weiss [45]:

THEOREM 11.3 (Madsen-Weiss). — The map Qlk1,k2,k3,...] — H*(Mg,Q) is an
isomorphism in the stable range, i.e., in degrees up to %(g —1).

REMARK 11.4. — If we formally denote the value of the stable cohomology by H* (M, Q),
then the statement is that H*(My, Q) is a polynomial algebra in the « classes. Since the
tautological ring of M, is defined as the algebra generated by the « classes, it therefore makes
sense to say that the tautological cohomology of My is the image of the stable cohomology in
the unstable cohomology.

11.2. Twisted coefficients

One can also ask whether homological stability holds with coefficients in a local system
V(4. In this case, stabilization should be interpreted as appending an integer A, 41 = 0 to
the weight vector A > --- > 1, > 0. The analogue of Harer stability holds in this case, too,
by a theorem of Ivanov [32]:

TueoREM 11.5 (Ivanov). — The map H*¥(Mg,V3y) — H¥(Mgi1,V ) is an isomor-
phism for g > k,|A|.

We should remark that Ivanov’s statement was not specifically about the local systems V ;;
his theorem is valid for a more general notion of coefficient system of finite degree which
makes sense over an arbitrary base ring, and the local systems V;, are an example of such.

Ivanov’s theorem did not actually calculate the stable cohomology with twisted coeffi-
cients. Rationally, the stable cohomology with coefficients in V) was calculated by Looi-
jenga [44], in a paper that strongly influenced our way of thinking on these subjects.

The first step in Looijenga’s calculation of H*®*(Mx, V(3y) is to compute the stable coho-
mology of the spaces Cg. His result can be reformulated in a rather appealing way in terms
of twisted commutative algebras:

Tueorem 11.6 (Looijenga). — The twisted commutative algebra P, .., H*(CZ,, Q) is free
on &y -invariant generators Dy, » in arity n and cohomological degree 2r forn = 0, r > 1 and
n > 1,r > n — 1. In other words, the map S; — H”(C;) is an isomorphism in the stable
range.

We note that this theorem contains in particular the Madsen-Weiss theorem, by restricting
to the case n = 0 (in which case the generators Dy, are kappa classes), even though Looi-
jenga’s paper predates the Madsen-Weiss theorem. Thus Looijenga’s theorem was rather that
the stable cohomology of M, with twisted coefficients is a free module over the stable coho-
mology with constant coefficients with explicitly given generators; plugging in the Madsen-
Weiss theorem gives the above result.
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To compute H*(My, V(3)) from Theorem 11.6, one notes that there is a surjection of
twisted commutative algebras P,,-¢ H*(C%,. Q) = D,50 Djaj=n H* " (Mg, Vis)) ® )7,
whose kernel is the ideal generated by the classes Dj 9, D1, and D5 ;. Thus one finds:

Tueorem 11.7 (Looijenga). — The twisted comm. algebra @, H* ™ (Mo, V(3)) ® o7
is the free twisted commutative algebra on &y-invariant generators D, , in arity n and coho-
mological degree 2r forn =0,r > 1l andn > 1,r > max(2,n — 1).

By decomposing this free twisted commutative algebra into irreducible representations
of &,, one finds a calculation of the stable cohomology H*(M«, V() for any A. Looijenga
does not state his result in these terms: he defines a certain algebra B;; which he decomposes
into irreducible representations of &,, and this algebra (tensored with the polynomial ring
in the kappa classes) is the arity n component of the free twisted commutative algebra in the
previous result.

The conclusion is in any case the following. For constant coefficents, the stable coho-
mology of M, is a free polynomial algebra on the k-classes. The image of the stable coho-
mology inside the unstable cohomology can be defined to be the tautological cohomology
of M. If we consider instead the stable cohomology with all possible twisted coefficients,
i.e., the direct sum @, H* (M, ,V3)) ® 0,7, then this is a fiee twisted commutative
algebra, and the image of the stable cohomology inside the unstable cohomology is now
exactly what we defined to be the tautological cohomology of My with twisted coefficients.

12. The “primary approximation” to the cohomology of the moduli space

Prior to this paper, Hain [25] proposed a definition of tautological cohomology groups
RH*®*(Mg, V) of M, with coefficients in a symplectic representation, which is a priori
different from ours. In this section we will show that the two definitions coincide. In case
A = 0, this gives a new proof of a theorem of Kawazumi and Morita [38]. We note that Hain
asked in loc. cit. whether his construction could be lifted to the level of Chow groups; our
constructions provide such a lifting.

Let O(Sp(2g)) be the algebraic coordinate ring of the symplectic group over Q. By the
Peter-Weyl theorem, there is an isomorphism of Sp(2g) x Sp(2g)-bimodules

0(Sp(2¢)) = P Viuy ® V3,
A

where the sum runs over all irreducible representations of the symplectic group. We consider
Viy) to have a left action and V(’;) with a right action. Using the left action of Sp(2g)
on O(Sp(2g)), we may consider it as defining a local system of algebras O(Sp(2g)) on M,.
Taking its cohomology, we get that

Te & H* (M O(Sp(29)) = D H* (Mg V1) © V5
A

is in a natural way a commutative Q-algebra. See [26, Section 9.5] or [25].
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REMARK 12.1. — A perhaps more down to earth way to understand this multiplication
is as follows. Suppose that we have Vi3, ® Vi) D V(). Then we get a multiplication map

H.(Mg,V(;L)) (4 H.(Mg,V(m) — H'(Mg,V(v))

which however depends nontrivially on the choice of an intertwiner V3, ® Vi) — V{y). What
is instead completely well defined is the map

Homgp(2g)(Via) ® Viwy Vin) ® H* (Mg, Vi3)) ® H* (Mg, V() = H* (Mg, V(y)),

which (using the canonical identification Hom(M,N) = N ® M™) can be thought of
equivalently as an Sp(2g)-equivariant map

H*(Mg. Vi) ® V(i) ® H*(Mg. V) ® V(;) — H* (Mg, V) ® V(T))

Let us now consider the Gross-Schoen cycle as a class « € H'(M,,V(11,1)). We have a
vector subspace @ ® V], |, C Ty, and therefore by the universal property of a polynomial
algebra a morphism of graded commutative rings

AV = Te

There is an inclusion V(; sy C /\2 V("{ L1y Since « is tautological, every class in the
image of this homomorphism is tautological; it follows from this that the summand
Va2 C N V11,1 lies in the kernel, since one can compute from our results (or rather the
work of Looijenga) that RH? (Mg, Vi55)) = 0. We denote the algebra A"V | 1,/(Vj )

by A, . It follows that there exists an Sp(2g)-equivariant ring homomorphism
p:Ag = Tg.

DEFINITION 12.2. — The H-tautological ring is the subring Rg C T, given as the image
of ¢. By decomposing the H-tautological ring into irreducible summands for its natural
action of Sp(2g) we get a subspace of H-tautological classes inside H*(Mg,V,,) for any
partition A.

REMARK 12.3. — When g = 2 the local system V; ; ;) vanishes (and so does the Gross-
Schoen cycle), and the H -tautological ring consists only of the unit element in H°(Ma, V(q)).

REMARK 12.4. — The definition above may seem very ad hoc—why should the Gross-
Schoen cycle play a more distinguished role than any other tautological class? A more
“invariant” definition is that the H -tautological ring is the subring of H*(Mg,O(Sp(2g)))
generated by all normal functions over M, [27].

REMARK 12.5. — Itis a striking fact that unlike the usual tautological ring of M, or C,
the H -tautological ring is generated by a single algebraic cycle class.
Restricting to symplectic invariants, we get a map
@58 Agp(Zg) - sz(Zg) = H*(M,, Q).
This morphism is exactly what Morita calls the primary approximation to the cohomology
ring of M, . Morita originally described it in rather different terms [49]; this re-interpretation

is due to Hain. A theorem of Kawazumi and Morita [38] asserts that the image of ¢SP(28) is
the tautological cohomology ring of M. We will prove a more general result below.
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REMARK 12.6. — The above map can also be understood in terms of relative Malcev
completion [24]. Hain constructs a Lie algebra u; of mixed Hodge structures with
Sp(2g)-action (the Lie algebra of the pro-unipotent radical of the relative completion of
the mapping class group) and an Sp(2g)-equivariant map H°®(uy) — H*(Mg, O(Sp(2g))).
The results of [24] (and subsequent improvements) show that the weights of u, are negative
and that Gr'¥ju, =~ Vi Gr"u, =~ V5 5)- It follows that the algebra A, is the pure part
b, Wi H k (ug) of the Chevalley-Eilenberg cohomology of ug, so the H-tautological ring
can also be defined as the image of the lowest weight part of the cohomology of u,.

LEMMA 12.7. — Let n,m be integers withn > 0, m > 0 andn 4+ 2m — 2 > 0. Construct a
(3- (n + 2m —2), n)-Brauer diagram as follows: fori = 1,...,n 4+ 2m — 3, draw a horizontal
strand connecting the (3i)th node on the top row to the (3i + 1)st. Of the remaining n+2m nodes
on the top row, pick n of them arbitrarily and connect them to the nodes along the bottom row,
and connect the remaining 2m nodes arbitrarily to each other by m horizontal strands. Consider
the resulting map

Hn+2m_2(Mg, V®3(n+2m_2)) — Hn+2m_2(Mg,V®n).

The image of 773 (A123)*"*2"=2) under this map is the class 7" (A12.n¥™) if n > 0, and
Km—1 ifn =0.

Proof. — Thisis an easy consequence of the discussion in Section 5.3. Namely, to compute
the image of 773 (A123)*"2+2™) we start with the cycle Aj23A456A7g9 -+, restrict to a
suitable diagonal locus—specifically, the diagonals are specified by the horizontal strands
in the Brauer diagram—and then project away from the markings corresponding to these
diagonals. This gives Az, ¥{" if n > 0, and «p,—1 if n = 0, after which we should apply
", which gives the result. O

THEOREM 12.8. — The space of H-tautological classes inside H®*(Mg,O(Sp(2g))) coin-
cides with the space RH®* (Mg, O(Sp(2g))) = @, RH*(Mg.V ,))®V,* of tautological classes

in our sense.

Proof. — We note first that RH*(M,, O(Sp(2g))) is a subalgebra of H* (Mg, O(Sp(2g)).
Indeed, consider the multiplication map

Homgpag) (Viay ® Viwy Vin) ® H* (Mg, Vi3)) ® H* (Mg, V() — H®* (Mg, V(y)).

Every element of Homg(2¢)(Via) ® Viu), Viv)) is given by Brauer diagrams. It follows that
if we realize the cohomologies of the different local systems as summands of the coho-
mologies of fibered powers Cy, then the multiplication H®*(Mg, V(y)) ® H*(Mg, V() —
H*®*(M,,V,) is induced by an algebraic correspondence given by tautological cycles, for
any choice of intertwiner V1) ® V() — V(). This means in particular that the cup product
maps tautological classes to tautological classes.

In particular, this means that every H -tautological class is a tautological class in our sense:
since the H -tautological ring is generated by the Gross-Schoen cycle, it must be contained in
the subalgebra of all tautological classes.

Conversely we need to prove that every tautological class in our sense can be written as a
product of Gross-Schoen cycles. It is enough to prove this for the generators of the twisted
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commutative algebra Ry, i.e., the images of the classes Aja.., " and the «-classes. If we
consider the Brauer diagram of Lemma 12.7 as an element of Homsp(ag)((V(1,1,1)) 8" =272 v,
then the image of this Brauer diagram and n — 2 4+ 2m copies of the Gross-Schoen cycle
under the cup product map

HomSp(Zg) ((V(l,l,l))®(n_2+2m)a V(n))®H 1 (Mga (V(l,l,l))®(n_2+2m) — Hn—2+2m (Mg7 V(n))

equal the image of Ay,.., ¥} under the projection Hz(”_“”")(C;, Q) —» H" 22 (M, VM),
as Lemma 12.7 shows. The result follows. O

COROLLARY 12.9 (Kawazumi-Morita). — The image of (\°Vii1.1y/Via,2))SP?)  —
H*®*(Mg, Q) is the tautological cohomology ring of M.

Proof. — This is the case A = 0 of the preceding theorem. O

Morita [51] has conjectured that the map ¢SP(#) is injective: that is, it defines an isomor-
phism between A§P‘2g ) and the tautological ring R*(My). Compared to other conjectural
descriptions of the tautological ring, e.g., the conjecture that all relations are consequences
of the FZ relations, this gives a remarkably quick and direct description of the tautolog-
ical ring (even though it is not so easy to determine the structure of the algebra Az,p (2¢ )).
A natural generalization of Morita’s conjecture is to ask whether ¢: A, — R, is an isomor-

phism. A consequence of our results is that this is not the case, however:
ProOPOSITION 12.10. — The map ¢ is not injective when g = 4.

Proof. — Using a computer algebra system, one can verify that the third exterior power
A’ V{i.1.1) contains the irreducible representation V(3 , , 5 as a summand. On the other
hand the degree 3 part of the ideal (V(’;’z)) isa quotient of Vé,z) ® V(*l‘ .1.1y> Which contains only
representations of weight at most 7. It follows that A4 has a nontrivial summand V(g,z,z,z) in
degree 3. But our calculations of the tautological groups with twisted coefficients in genus
four show that RH > (M, V(3,2,2,2)) = 0, so this summand must be in the kernel of ¢. O

As pointed out in the introduction of this section, Hain asked whether the construction of
a tautological algebra inside H *(M,, O(Sp(2g))) could be lifted to the level of Chow groups,
and our construction in this paper gives an affirmative answer to this question. However,
there does not seem to be any sensible way to get the grading on the level of Chow groups,
at least not without introducing fractional Tate twists. The source of the problem is that an
intertwiner in Homgp(2¢) (Vir) ® V() Vivy) does not give rise to a morphism of Chow motives
Vi ® Vi — V) unless [A] + || = |v[; in general one only gets a morphism to a Tate
twist of V(). One option is to work instead with Chow motives with respect to ungraded
correspondences—one can make sense of O(Sp(2g)) as a relative Chow motive over M,
with respect to ungraded correspondences—but the Chow groups of a motive with respect
to ungraded correspondences only form a vector space, not a graded vector space, and so
the grading needs to be put in “by hand”. Alternatively, if we allow half-integer Tate twists,
then we can replace V3, with V3 ® L™*/2 throughout, which will allow us to recover the
cohomological grading (halved).
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12.1. The twisted commutative algebra and the Peter-Weyl theorem

We have now seen two a priori completely different ways to build an algebra by considering
all local systems V ;) simultaneously: the commutative ring T, = @, H*(Mg. V(z)) ® V5,
and the twisted commutative algebra @@, H*(M,,V(;)) ® o (see Remark 8.12). We now
want to explain a connection between the two constructions.

Suppose that A is a ring in the category of graded Sp(2g)-representations. We associate
to A two twisted commutative algebras L4 and L§ given by

n> La(n) = (A ® V®")Spes)

and
n> Ly(n) = (A® Vin)Sees),
(Recall that V") = @irn Viry ® 03.) The multiplication in Ly is given by

Li(n)®@ La(m) =(A® V®n)Sp(2g) ®(A® V®m)Sp(2g) CARV® RA® V®m)Sp(2g)
T (AR VE @ VOMPC = Ly(n +m),
and similarly for L§. We obtain two functors from the category of rings with action of Sp(2g)
to the category of twisted commutative algebras.
We will apply our functors to the rings A,, R, and T, defined above.® We find for
example that

LS, (n) = Homsp(ag) (H* (Mg, O(Sp(2¢)), V™)

=~ PP H*(M,. V1) ® Homsp(ag) (V2. Vi) ® 0
A ukn
=~ P H (M,. Vi) @ of = H* (M, V™).
Abn

In particular, Lr, and L;g are the cohomological analogues of the twisted commutative
algebras denoted R; and Rg in Section 8. So our twisted commutative algebras can be recov-
ered functorially from Hain’s tautological ring Rg, which explains how the two constructions
are related.

A slightly more refined version of the above construction is possible. Recall that a twisted
commutative algebra can be defined as a lax symmetric monoidal functor from [[,., &,
to graded vector spaces. We define instead a twisted Brauer algebra as a lax symr;letric
monoidal functor from Bt(28) to graded vector spaces. Recall that the category Br(-28)
was defined in Section 3.3; it is the category whose objects are the natural numbers and
morphisms n — m are (n, m)-Brauer diagrams, with symmetric monoidal structure given
on objects by addition and on morphisms by disjoint union. There is an evident inclusion
[506n — Br(28), by interpreting a bijection [n] — [r] as an (n,n)-Brauer diagram
with only vertical strands, which defines a forgetful functor from twisted Brauer algebras to
twisted commutative algebras.

@ Strictly speaking these are rings in the category of representations of Sp(2g)°P, rather than Sp(2g): if we want to
work with usual representations we should have A*® Vi1.1.1y/(V(2,2y) rather than A° V("; 1 ,1)/(V(§,2))- We will
ignore this detail.
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Itisnot hard to see that if A is a ring with Sp(2g)-action, then L4 may in fact be considered
as a twisted Brauer algebra.® This has some advantages. For example, we noted that the
ring R, is generated by a single algebraic cycle class (more precisely, by a single copy of the
representation V("{,l’m), whereas the twisted commutative tautological algebras R,, R}, and
R had large numbers of generators. If we consider Lr, as a twisted Brauer algebra rather
than a twisted commutative algebra, it is in fact generated by a single element in arity 3
corresponding to the Gross-Schoen cycle. This shows that by considering twisted Brauer

algebras one retains slightly more information.
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EXISTENCE OF EXPANDERS
OF THE HARMONIC MAP FLOW

BY ArLix DERUELLE anp ToBias LAMM

ABSTRACT. — We investigate the existence of weak expanding solutions of the harmonic map
flow for maps with values into a smooth closed Riemannian manifold. We prove the existence of such
solutions in the case the target manifold is isometrically embedded as a hypersurface of some Euclidean
space and the initial condition is a Lipschitz map that is homotopic to a constant. Regularity is proved
outside a compact set.

REsUME. — Nous nous intéressons a I’existence de solutions faibles au flot d’applications harmo-
niques pour des applications a valeurs dans une variété riemannienne compacte lisse et sans bord. Nous
montrons 'existence de telles solutions dans le cas ou la variété cible peut-étre plongée isométrique-
ment comme une hypersurface de ’espace euclidien et si la condition initiale est une application lip-
schitzienne homotope a une constante. La question de la régularité est également traitée.

1. Introduction

In this paper we consider the Cauchy problem for the heat flow of harmonic maps (1 (¢))>0
from R”, n > 3 to a closed smooth Riemannian manifold (N"™~!, g) isometrically embedded
as a hypersurface in some Euclidean space R™, m > 2. More precisely, we study the parabolic
system

W deu = Au + A(u)(Vu,Vu), onR"” xRy,

u|t=0 = Uo.
for a given map ug : R” — N, where A(u)(-,-) : TyN x TyN — (T, N)* denotes the second
fundamental form of the embedding N™~! < R™ evaluated at u. Note that the equation (1)
is equivalent to d;,u — Au L T,,N for a family of maps (u(?))s>o which map into N. Recall
that this evolution equation is invariant under the scaling

Q) (10)5.(x) := up(Ax), x €R",
3) up(x,t) = u(Ax,A%), A>0, (x,1)eR"xR,.
0012-9593/05/(C) 2021 Société Mathématique de France. Tous droits réservés doi:10.24033/asens.2480
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If ug is invariant under the above scaling, i.e., if ugy is 0-homogeneous, solutions of
the harmonic map flow which are invariant under scaling are potentially well-suited
for smoothing out u( instantaneously. Such solutions are called expanding solutions or
expanders. In this setting, it turns out that (1) is equivalent to a static equation, i.e., that
it does not depend on time anymore. Indeed, if u is an expanding solution in the previous
sense then the map U(x) := u(x, 1) for x € R”, satisfies the elliptic system

AsU + AU)(VU,VU) =0, onR",
@) lim U(r,0) = up(w), (r,w)eRi xS,

r—>+o00

where f and Ay are defined by

x>  n
= — 4+ -, e R",
f(x) 2 + 7 X

AfU = AU +Vf-VU = AU + 33, U.

The function f is called the potential function and it is defined up to an additive constant.
The choice of this constant is dictated by the requirement

Arf=F

The operator Ay is called a weighted laplacian and it is unitarily conjugate to a harmonic
oscillator A — |x|?/16.

Conversely, if U is a solution to (4) then the map u(x, 1) := U(x/+/t), for (x,1) € R" xR,
is a solution to (1). Because of this equivalence, u( can be interpreted either as an initial
condition or as a boundary data at infinity.

The interest in expanding solutions is basically due to two reasons. On the one hand, these
scale invariant solutions are important with respect to the continuation of a weak harmonic
map flow between two closed Riemannian manifolds. Indeed, by the work of Chen and
Struwe [3], there always exists a weak solution of the harmonic map flow starting from a
smooth map between two closed Riemannian manifolds. It turns out that such a flow is not
always smooth and the appearance of singularities is caused by either non-constant 0-homo-
geneous harmonic maps defined from R” to N, the so called tangent maps, or shrinking
solutions (also called quasi-harmonic spheres) that are ancient solutions invariant under
scaling. Expanding solutions can create an ambiguity in the continuation of the flow after
it reaches a singularity by a gluing process. On the other hand, one might be interested in
using the smoothing effect of the harmonic map flow. More precisely, it is tempting to attach
a canonical map to any map between (stratified) manifolds with prescribed singularities.
It turns out that 0-homogeneous maps are the building blocks of such singularities and
expanding solutions are likely to be the best candidates to do this job.

In this paper, we investigate the question of existence of expanding solutions coming
out of uy in the case where there is no topological obstruction, i.e., under the assumption
that 1o is homotopic to a constant when restricted to S*~!. Our main result is the following

THEOREM 1.1. — Letn > 3andm > 2 be two integers and let ug : R* — (N7, g) Cc R™
be a Lipschitz 0-homogeneous map such that its restriction to S*~' is homotopic to a constant.
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Then there exists a weak expanding solution u(-, 1) =: U(-) of the harmonic map flow coming
out of ug weakly which is regular off a closed singular set with at most finite (n —2)-dimensional
Hausdorff measure. Moreover, there exist a radius R = R(|Vug ||leoc ,n,m) > 0 and a
constant C = C(||Vu0||leoc, n,m) > 0 such that U is smooth outside B(0, R) and,

C
IVU|(x) < o |x| > R,

IVl 2801 = € (1. 1900 ll2_enys 1) V0l Yo € R,

||alu||L2((0,t),L2 (RM)) =< C(n»m,t)HvuO”leoc(R")’

loc
where lim;_,o C (nm ||Vu0||le (R,,),t) =lim;oC(n,m,t) = 1.

In particular, u(-, t) tends to ug as t goes to 0 in the Hlf)c(R”) sense and if ug is not harmonic
then u(-,t) is not constant in time. Finally, one has the following convergence rate:

) [U(x) —uo(x/IxD] = Clx|™", [x| = R.

We remark that the regularity result of the theorem is reminiscent of and based on
the fundamental work of Chen and Struwe [3] and Cheng [4]. We localize their approach
to ensure the smoothness of the solution outside a closed ball since the local energy is
decaying to O at infinity. This lets us establish a sharp convergence rate for Lipschitz maps.
Theorem 1.1 and its proof provide the existence of a non constant in time (or equivalently
non radial) expanding solution in case the initial map is not harmonic. Since the initial
condition ug is allowed to have large local-in-space energy, it is likely that uniqueness will
fail. In particular, the authors do not know if the solution produced by Theorem 1.1 coming
out of a 0-homogeneous harmonic map will stay harmonic.

Let us make some comments about the proof of Theorem 1.1 before we describe its
main steps. A direct perturbative approach is well-suited in case the target Riemannian
manifold (N, g) has non-positive sectional curvature as shown by the second author [7] or
if the leo o(R™) energy of ug is assumed to be arbitrarily small: see Section 2 for a proof. One
more instance where such a direct approach works well is by imposing further symmetry on
the initial condition u and the target manifold N as initiated by Germain and Rupflin [9]. To
conclude, the nonlinearity of the target manifold and the potential formation of finite time
singularities are the two main obstacles to a direct perturbative approach in general.

To circumvent this issue, we follow Chen-Struwe’s penalisation procedure [3] and we
construct our expanding solution to the harmonic map flow as a limit of expanding solutions
starting from the same initial condition uy of a so called homogeneous Chen-Struwe flow
with parameter K, see Section 3.3 for more definitions. Before stating the main result about
this flow, we recall some definitions.

Letn > 3and letug : R* — (N,g) C R™ be a 0-homogeneous map. Let us notice
that (N, g) is not assumed to be a hypersurface of R™ at this stage.
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Amapu :R"” x (0,T) — R™ is a weak solution of the Homogeneous Chen-Struwe flow
with initial condition ug if it satisfies:
2

K d
® 0u = Au — T)(’ (dy )V (TN) (1), onR" xR,

u|,_, = Uo. in the weak sense,

where y is a smooth, non-decreasing function such that y(s) = sfor0 < s < 812\1 and
x(s) =2-8% if s > (2- §5)? for some positive constant §x depending on the geometry of
the embedding of N in R™. Asin [3], such a function y is designed to ignore the set of points
of R™ \ N where the distance function dy is not smooth. We notice that (6) differs from the
flow introduced by Chen and Struwe by a factor of time ! in front of the parameter K: the
main reason is to keep (6) invariant under parabolic rescalings as defined in (3).

Moreover, the pointwise energy associated to a solution u : R” x Ry — R™ of the
Homogeneous Chen-Struwe flow (6) is defined by

7 ex(u)(x,t) = % (|Vu|2(x,l) + tfx (dj%,(u(x,t)))) . (x.1) eR" xRy

For any expanding solution u g of the Homogeneous Chen-Struwe flow with parameter K
defined on R” xR, we denote its evaluation at time t = 1 by Ug (x) := ug(x, 1), forx € R”.

Formally speaking, the Homogeneous Chen-Struwe flow with parameter K is the gradient
flow of the (total) energy of a solution u given by the integral of the pointwise energy ex
introduced in (7). As K goes to +o00, the penalty term

K 1 (dy (u(x,1)))dx, (xo.1) € R" € Ry
B(x0,1)

forces the unconstrained solutions u g to take their values in N, at least heuristically.

The following theorem sums up the main properties of the expanding solutions to this
Homogeneous Chen-Struwe flow we are able to construct and make precise these heuristics:

THEOREM 1.2. — Letug : R" — (N™71, g) C R™ be a 0-homogeneous map in CliC(IR{" \ {0})
for n > 3 such that its restriction to S*~ is homotopically trivial. Then for any K > 0, there

exists a regular Chen-Struwe expanding solution ug coming out of ug
2

d
— AfUk + Ky' (df (Uk)) V (TN) (Uk) =0,

®)
lim ug(-,t) =ug in the weak sense.
t—0+
Moreover, there exist a radius R = R(||Vuo||le ,n,m) > 0 and a positive constant

C = C(||Vu0||leoc,n,m) such that,

[VUk(x)]> K

C
ex (ug)(x, 1) = + —x (d3 Uk (x))) < E x| > R,

2 2

9
O Ner @) Ol aoay < € (1.m 1940l 2y ) 19400225050 1y V0 € R,

190ruk 20,002 @®ny) = C(n,m,t)||Vu0||leoc(R,1),

loc
where lim;_.¢ C <n,m, ||Vu0||le (Rn),t) =lim;oC(n,m,t) = 1.

Finally, ug (t) converges strongly to ug ast goes to 0 in HILC(R").
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The proof of Theorem 1.2 is divided into four steps explained just before Section 3.4. Each
step is proved in Sections 3.4, 3.5, 4 and 5.

In order to prove Theorem 1.2, we reformulate (8) as a fixed point problem in the perspec-
tive of applying the Leray-Schauder Fixed Point theorem as has been done in [10] in the
context of the Navier-Stokes equation: the main reason why we assume the target Rieman-
nian manifold (N~ !, g) to be isometrically embedded as a hypersurface of R™ is to make
sense of this fixed point formulation.

In order to guess the qualitative properties of the space of perturbations, we investigate
the properties of the first approximations in Section 3.2.

In the case of the target manifold being a round sphere another approximation of the
harmonic map flow was introduced by Chen [2]. In our setting, it is given by the homoge-
neous Ginzburg-Landau flow with parameter K > 0

K
deu = Au+ —(1 — uPu, R” x R4,
(10) U u + t( [u|“)u, onR"” x R4

u|t:0 = Up.

The reason why we introduce the factor ! in front of the term K(1 — |u|?)u is to make the
Ginzburg-Landau flow invariant under the same scaling (2) and (3) as the harmonic map
flow. Despite its physical relevance, the homogeneous Ginzburg-Landau flow does not seem
to give a precise estimate on the singular set of the limiting harmonic map as was noticed by
Chen and Struwe. This is essentially due to the lack of a good Bochner formula which in turn
is caused by the difficulty of controlling the vanishing set of an expanding solution a priori.
Still, with the same methods one gets the following result:

THEOREM 1.3. — Let ug : R" — S™~' C R™ be a 0-homogeneous map in C33 (R" \ {0}),
n > 3, such that its restriction to the sphere S"~ is homotopically trivial. Then for any K > 0,
there exists a smooth Homogeneous Ginzburg-Landau expanding solution u g coming out of uy:

ArUg + K(1 — |Uk|*)Ug =0,

lim ug(-,t) =ug, inthe weak sense.
t—0t

(11)

Moreover, if
1 K
ex(ug)(x, 1) = 3 (|VuK|(x,z)2 + 27(1 — |uK(x,t)|2)2) . (x.1) eR" xRy,
denotes the pointwise energy associated to the solution ug then:

lex ur)@lL1(B(xo,1) = C (n,m, ||VM0||L120C(Rn),l‘) ||Vu0||22(3(x0’1)), Vxo € R",

||8tMK||L2((0,t),L2 (R")) = C(n,mv[)”VMOHLIZOC(R”)’

loc
where lim;_,o C (nm ||Vu0||L12 ®Ny t) =lim;5oC(n,m,t) = 1.
In particular, ug (t) converges strongly to ug as t goes to 0 in ngc (R™).
We would like to relate our work to previous articles on this subject. To our knowledge,
most of the literature concerns maps from R” to an equator of a rotationally symmetric target

manifold such as the works of Germain and Rupflin [9], Biernat and Bizon [1] and the more
recent work due to Germain, Ghoul and Miura [8]. In particular, our setting includes theirs in
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the case the target is a sphere since a map from S” ! with values in an equator is homotopic to
a constant. Of course, since (1) reduces to an ODE in such a corotational setting, the above
mentioned works obtain more quantitative results even if the question of regularity is not
really addressed.

There are at least two other partial differential equations that motivate this work. Jia
and Sverak [10] proved the existence of smooth expanding solutions of the Navier-Stokes
equation. In this case, the homogeneity is of degree —1. To prove Theorem 1.2, we proceed
similarly to their work by using the Leray-Schauder degree theory. For this, one needs a path
of initial conditions (4§)o<s<1) : S"~' — N connecting the restriction ug of ug to S"~! to
a suitable map u}. A suitable map u, means here that there is an obvious solution coming
out of u, for which there is a uniqueness result for small solutions lying in a suitable function
space. In the case of the Navier-Stokes equation, the path is given for free since it suffices to
contract the initial vector field to zero. In our case, the path is given by assumption. There
is also a deep analogy with the Ricci flow that exhibits the same scale invariance. In the
setting of the Ricci flow, ug is replaced by a metric cone C(M) over a closed Riemannian
manifold (M, g) endowed with its Euclidean cone metric dr? + r?g and the topological
assumption on M similar to the triviality of the homotopy class of ug is that it is null
cobordant. See [6] and [5] in the case (M, g) is a Riemmanian manifold with curvature
operator larger than 1.

Finally, let us describe the content of each section.
In Section 2 we show a perturbation result for expanding solutions with small energy.

Section 3 defines the notion of homogeneous Chen-Struwe flow and investigates the
existence of smooth expanding solutions to this flow as stated in Theorem 1.2. Section 3.2
analyzes carefully the properties of the first approximation and Section 3.3 reduces the
analysis to a fixed point problem. Sections 3.4 and 3.5 prove this fixed point problem is
well-posed in the context of Leray-Schauder degree theory. Before proceeding to a priori
bounds on expanding solutions to the Homogeneous Chen-Struwe flow, Sections 4.1 and
4.2 establish a Bochner formula and a local entropy monotonicity formula that are crucial to
prove an e-regularity theorem in this setting: see Section 4.3. Then Section 5.1 starts proving
a priori C° bounds of such expanding solutions. Sections 5.2 and 5.3 take care of bounding
such expanding solutions at infinity a priori. Section 6 ends the proof of Theorem 1.2.

Finally, Section 7 investigates Taylor expansions at infinity of any expanding solutions of
the harmonic map flow in terms of the jets of the initial condition at a formal level. This
section is inspired by a similar expansion for asymptotically conical expanding solutions of
the Ricci flow done by Lott and Wilson [14].

Acknowledgments. — The authors wish to thank the anonymous referees for helpful sugges-
tions that helped to improve the exposition of this paper.

2. Deformation theory of expanders (with small energy)

From now on, let u : R” — N be an expanding solution of the harmonic map flow, fixed
once and for all. We consider the linearisation of equation (1) around u. It takes the following

4¢ SERIE - TOME 54 — 2021 - N° 5



EXISTENCE OF EXPANDERS OF THE HARMONIC MAP FLOW 1243

time-dependent form: if ¥ + A is an expanding solution then,
0:(u+h)=Aw~+h)+A@w+h)(Vu+h),Vu+ h)|,
is equivalent to
0ch = Ah+ A+ h)(V(u + h),V(u + h)) — A(u)(Vu, Vu)
=: Ah+ R(u,Vu,h,Vh),
where
(12) R, Vu,h,Vh) := Au + h)(V(u + h),V(u + h)) — A(u)(Vu, Vu).

Our main result in this section is a uniqueness result for expanding solutions close to a
constant map.

First, let us introduce the main function space for the initial conditions:
Xo:={ug:R*" - N CR™ | Juolsmo < +oo},

where

luollzo == supf |uo—][ ol (y)dy.
x€R?,r>0JB(x,r) B(x,r)

Secondly, the relevant function space X of solutions is defined by:

X:i= (u:R"xRy > R" | |ulpo@rxz,) + sup  ~1[Vul(x.1)
(x,1)ER? XR

+  sup  HVullpapr, g5y < Ho0h
(x,5)€ER xR 4

where P(x,r) := B(x,r) x (0,r?) and where

ﬁh||i,,(P(x,r)) :=]€J r2|h|P(y,s)dyds, xeR", r>0, p=>1,

(x,r)

where 4 is a tensor defined on R” x R.. The number {4 ||€ P(Pxr) is the normalized p-norm
of h on the parabolic neighborhood P(x,r).

Finally, as in [11], we introduce a somewhat intermediate function space Y:

Y =

R:R* - R™ | sup t||[R(t)|[Leo@n) + sup HRIL1(p(x, 5y < +00¢ -
Z‘GR+ S€R+

We are now in a position to state the main result of this section:

THEOREM 2.1. — There exists e > O such thatifu : R* — N is an expanding solution of the
harmonic map flow coming out ofug € Xo with |||Vu|?||y < e, then there is a neighborhood Uy
of ug in the BM O-topology such that for any 0-homogeneous map vo € Uy, there exists an
expanding solution of the harmonic map flow v : R* — N coming out of vg. Besides, uniqueness
holds in a small ball with center u with respect to the topology of X.
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Proof. — The proof follows closely the one in the paper [16] which in turn is motivated by
the paper [11].

First of all, let us fix some map vo € BMO(R”, N) and define themap 7 : X — X as
follows:

t
T(h) := ks x (vg —up) + / ki—s * R(u,Vu,h,Vh)(s)ds,
0

where R(u, Vu, h, Vh) is defined by (12) and where k; denotes the Euclidean heat kernel

2
ke(x):= (47t)" 2 exp (—%) t>0, xeR"

Cram 1. — T is well-defined and the following estimates holds:

1T x < ¢ (Ilvo — uolleymo + [I1Vullly + llullx I12lx + IAlIZ] 171x) .

for some uniform positive constant ¢ > 0.

Indeed, the estimate
ke * (vo —uo)llx < Cllvo —uollBmMoO

can be found at the beginning of Section 2 in [16] and it follows from Lemma 3.1 in [16] that
t
||/ ki—s*x R(u,Vu,h,Vh)(s)ds||x < C||R(u,Vu,h,Vh)|y.
0

Now a standard computation shows that
IR, Vu, h, Vi)|ly < Cllulx|hlg + Cllhlx + ClIlIVullly 2]l

Similarly one observes that

Cram 2. — T is a contraction on a sufficiently small ball around u in X, i.e., there is
some q € (0, 1) such that

IT(h1) — T(h2)lx < qllh1 — ha|x,
for all hy, hy in Bx(u,8) if § is small enough.

Hence we obtain the desired solution v = u + & from the Banach fixed point theorem. It
was also shown in [16], Proof of Theorem 1.3, that v indeed maps into N. O

3. Preliminaries

3.1. Geometry of hypersurfaces of Euclidean space

Let (N™71, g) be a closed Riemannian manifold which is isometrically embedded in the
Euclidean space R™. Let us denote the distance function to N by dy. Then there exists a
tubular neighborhood Tys,, (N) := {y € R™ |dn(y) < 28y} of N such that the projection
map Iy : Tzs, (N) — N is well-defined and smooth. As in [3], let y be a smooth, non-
decreasing function such that y(s) = s for 0 < s < 8% and y(s) = 2- 8% if s > (2-8n5)%
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We also recall the definition of the signed distance to N. Since (N1, g) is closed and
isometrically embedded in the Euclidean space R™, there is a smooth function p : R” — R
such that

{x e R"|p(x) <0} =: Q isan open bounded domain with smooth boundary N,

{x eR"|p(x) =0} =N, andVp(x) #0, x€dQ=N.
Such a function p is called a defining function for the domain Q which is the “inside” of N,
the set {x € R™ | p(x) > 0} being the “outside” of N: see [Chapter 1, Section 1.2, [12]] for a
systematic study. The signed distance of N denoted by d is then defined by:

(13) dw(x) := sgn(p(x))dn (x), x € R™.

[Theorem 1.2.6, [12]] ensures that dyy is a smooth function on a tubular neighborhood Ths N
of N. As a final remark, we notice that d3 = d>.

Let us treat the case of a Euclidean sphere N = S”~! C R™. A defining function for the
unit m-Euclidean ball B (0, 1) centered at 0 € R™ is p(x) = |x|?> — 1 for x € R™. The signed
distance of S™~! is then Jsm_l (x) = |x| — 1 and it is smooth on R™ \ {0}.

3.2. Properties of the first approximation
Denote by Uy(¢) the caloric extension of the map uy, i.e.,
Uop(x,t) := (ks *ug)(x), (x,1) e R" xRy,

and denote by Uy the map Uy (-, 1). By construction, Uy is 0-homogeneous and hence

Uo(x,1) = Up (% 1) — U, (%) . V(x,1) €eR" xRy

LeEmMA 3.1. — Let ug : R” — (N, g) C R™ be a Lipschitz 0-homogenous map. Then the
caloric extension Uy of ug satisfies

(14) [UollLee =< [luollLee,
(15) sup (1 + [x])|V¥Uo|(x) < C(k.uo).  Vk = 1,
x€R”
(16) (I + [xDdn (Uo(x)) = (1 + [x)|Uo(x) —uo(x/[xD] = C(uo).
Moreover, if ug is in Clic (R™ \ {0}), one has the improved decay
(17) sup (1+ %) ™5 |V Up| (x) < Cuo). & = 1.
xX€R”
(18) (14 [x[*)dn (Uo(x)) = (1 + [x*)|Uo(x) — uo(x/]x])| < C(uo).
Ifug isin C2 (R" \ {0}), withn > 4, one has
19 sup(+ XP)IV3Uel) +  sup (14 [xP)IV(dn (Uo)(x) < Cluo).
x€Rn [x|=R(u0)

for some positive radius R(uyp).

Moreover, if (u3)oejo.1] is a path of C* maps from S" into N such that u = uo and
uy = P € N then the constants (C(u3))sefo,1], (R(U$))oeo,17 in (16), (17), (18) and (19)
satisfy

lim C(ug) =0, sup R(ug) < +oo.
o1 o€l0,1]
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Proof. — The first bound on the C° norm of Uy follows easily from the maximum prin-
ciple applied to the heat equation or by using the explicit formula in terms of the Euclidean
heat kernel. The decay (15) on the first derivatives of Uy is proved by using the corresponding
decay of the derivatives of the initial condition uy. The bound (16) uses the heat equation
in its static form. Since Uy(z) is 0-homogeneous as a time dependent function then the
map Up(-, 1) = Up satisfies Ay Uy =0, i.e,,

50:Uo = —AUp = O((1 +1)7"),
thanks to the previous estimate (15) on the second derivatives of Uy. In particular, this implies
that
Uo(x) = uo(x/|x]) + O((1 + [x7H),
as x tends to 4oco0.

Therefore, dy (Up(x)) < |Up(x) —uo(x/|x])| = O((1 + [x)71).

Now, if ug is in C2_(R" \ {0}), the decays (17) on the first and the second derivatives
of Uy are proved by using the corresponding decay of the derivatives of the initial data ug.
Notice that if & = 0, 1,2 then Vkyu, € LIOC(R”), ifn > 3. Let us prove (17) for the first
derivative V3U, for instance. Since u is not assumed to be in C, loc (R"\{0}), one differentiates

twice the map u( and once the heat kernel k; at time ¢+ = 1 in the integral representation
formula of the caloric extension Uy to get:

w2 d —
|V3Uo|(x)§C1/ =yl —yzscz/ e / WY
R [yl R Ix—yl
> 4 dy
SCz(/ e_% y2+/ e% 2)
lyl<2=1|x| Ix =yl 21 |x|<|y|<2x] lx =yl

2 g
+ Cz/ e_% Y 5
y[>2/x]| lx — y|

The first integral on the righthand side of the previous inequality can be estimated as follows
for some x € R" \ {0}:

_w2 dy 4 _2 C
e s 5 < —5 e 8 dy < —,
ly|<2=1]x| [x — yl 1x1% Jiyi<2-1)x| |x]

by the triangular inequality |x — y| > |x| — |y| > 27! |x| if y € B(0,271|x]).

The second one is handled as follows:

w2 d 1x12 d _x? d
/ e 8 Y > <e 32 Y 5 <e 32 7)}2
271 [x|<ly|<2]x] lx =yl 21 x|<lyl<2lx| 1X = VI le—yl<3lx| [X = ¥l

n—2 R
< Clx|" e 37,

where C is a positive constant uniform in x € R” since |x|™2 € Llloc

(R™).
Finally, the third integral can be estimated similarly.

We proceed similarly to (16) to prove (18), since Uy (¢) is 0-homogeneous as a time depen-
dent function then the map Uj satisfies AUy = 0, i.e.,

(20) gaon = —AUp = O((1 + 3™,
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thanks to the previous estimate on the second derivatives of Uy. In particular, this implies
that
Up(x) = uo(x/|x]) + O((1 + [x[)™H,

as x tends to +oo and therefore dy (Up(x)) = O((1 + |x|*)~1) as x tends to +oo.

It remains to prove (19). The first estimate on the third derivatives can be proved as we
proceed for (17). Let us handle the second term on the lefthand side of (19).

First of all, since the function dyy is differentiable on the set T ~ (), estimate (18) ensures
that dy (Up) < 26x as soon as |x| > R(ug). Now observe that:

|Vdn (Us(x)) = Van (uo(x/IxD)| < ClUo(x) = uo(x/Ix)] = 1C+(72)|2,

by (18). Therefore we get the following intermediate estimate for x € R” \ {0}:
IV(dn (Uo))|(x) = [Vdn (Uo)(VUo)|(x)

< ¥y (uo)(TU) () + {125V
< Vi i) (V)| 0) + 1

- C(uo)
= [V ) (V)| (3) + Cua) [Ty = ) ) + 1128
= C(uo)|V(Uo — uo)|(x) + IC—:T;)C)P’

where we use (17) with & = 1 in the third line and dy (1¢) = 0 in the last line. To conclude,
it suffices to show that V(Up — uo)(x) = O((1 + |x|>)71).

Let us remark that the radial derivative of Uy hence the radial derivative of Uy — ug is
decaying as expected by (20). Now differentiate (20) once and observe that the hessian
of |x|? is 28 where § denotes Euclidean metric. One gets:

1
—AVU, = ga,VUo +5VUo

= %8, rVUy).
Estimate (19) on the third derivatives then implies that
3 (rVUp) = O((1 + |x[)71).
Integrating the previous differential equality along a ray gives:
rVUy(r, w) — VPPug(w) = O((1 +r)72), (r,w) € Ry xS*71,

where VPhy, denotes the spherical derivatives of uq. This fact leads to the expected estimate.
O

The previous Lemma 3.1 and the analysis to follow in the next sections show thatif n > 4,
the choice of the caloric extension of u¢ as a first approximation suffices. If n = 3, we consider
a barycentric approximation of ug as follows: if  : R" — [0, 1] denotes any smooth function
such that n = 1if |x| > 2and n = 0 if |x| < 1, we define

1) Ug := (1—n)P + nuo,
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where P € N is fixed.

The properties of U? can be summarized as follows:

LEMMA 3.2. — With the previous notations, assume that ug is in C
barycentric approximation satisfies

o (R™\ {0}), then the
(22)

IUg |Lee < |P|+ lluglee. Vx €R", Ug(x) =uo(x), [x|=2,
(23)

sup (1 + |x[9) VU |(x) < C(k.ug) < +o0,

X€ERN

0< k < 3,
24) sup (1 +[x[A)|AFUL| < C(ug) < +oo,
xX€RN
(25) dn(U§(x)) =0. if|x| < lorif|x| =2,
(26)

sup (1 + |x?)dn (Ug (x)) < C(uo).
xX€R?
where | P| denotes the euclidean norm of P € R™.

Moreover, if (u3)gefo,1] is a path of C* maps from S"~ into N such that u) =
u

= ug and

o = P € N thenthe constants (C(u$))gefo.1] in (23), (24) and (26) satisfy limg—1 C(u§) = 0.

Proof. — By definition of the map U2, Uob = ug outside B(0,2) C R”. In particular, this
implies (25). Moreover, by the triangular inequality:

|UE1(x) < (1 = n(x))|P| + 1(x) o]l .o

Since 7 takes its values into [0, 1], (22) follows. The estimate (23) comes from the fact
that Vp is compactly supported in B(0, 2) and the decay of the derivatives of u( outside the
origin 0 € R”,

Now since ug is 0-homogeneous, Ay Ué’ = Arug = Aug on R" \ B(0,3) which decays
quadratically. Therefore, (24) follows immediately.
In order to prove (26), let us remark that (1 + |x|2)dN(Ué’ (x)) = 01if |x| = 2 by (25).

Similarly to the proof of (18), one observes that if |x| < 2,

(1+ [x)dw (U§ () = (1 + |x)UG (x) - P

< (14 x| P = uo(x/Ix),
which vanishes identically if |x| < 1. Therefore,

sup (1 + [x[2)dy (Ug(x)) <5 sup |P —uo(x/|x])],
xeRn 1<|x|=2
which implies (26).

O

Because of the similarities shared by Lemma 3.1 with Lemma 3.2, we will only consider
the ansatz with the caloric extension in the next sections.
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3.3. Fixed point formulation

Motivated by Lemmata 3.1 and 3.2, we introduce the Banach space
X =V € Coe®R"R™) | sup (1 + [x|)*IV()] + (1 + [x])?[VV(x)] < +o0p .
x€R”

In order to produce a solution to (8), we look for a solution ug to the homogeneous Chen-
Struwe equation of the form

K d?
(27) diug = Aug — 7)(/ (df (uk)) V (TN) (ug), >0,
(28) uk (1) = Up (%) vk (%) ,

where Uy : R® — R™ denotes the caloric extension of u( as defined in Section 3.2 and where
Vk € X. Notice that the time-dependent map Vg (-, 1) := Vg (-/+/1) will satisfy the bounds

(29) (V1 + x|V (x. )| + (V1 + [x])3|VVk(x,0)| < Ct, Vx eR", Vi>O0.

As we want to use the Leray-Schauder Fixed Point Theorem in order to show Theorem 1.2,
we need to reformulate this problem as follows. Let ¢ € [0, 1] be a parameter and denote
by (u)sef0,1] @ path of C3 maps such that u) = uo and uj = P € N. Note that this path is
chosen inside the homotopy class of [ug] € 7,—1(N).

Thus, solving (8) amounts to solving the static Chen-Struwe equation

d2
(30) ArVk — Kx' (dy (U + Vk)) V (TN) (U +Vk)=0, VkeX.

If Ve X, K > 0and o € [0,1], we denote formally by Fg(V) € X the solution to the
problem
Ap FE(V) = Kx'(d (US))dyg dn (FE(V))Vdy (Ug)

= — Ky (d}(U§))dyg dn (V)Vdy (Ug)
2
+ Ky (dy (U5 + V)V (%N) g + V).

where d,dy (v) = <Vdy(p), v> denotes the differential (when it makes sense) of the signed
distance function dy at the point p € R™ evaluated at the vector v € T,R™.

REMARK 3.3. — The reason why we isolate the term dyg dy (Fg(V))Va_IN (Ug) from the
right hand side is that the map

VeX = dygdy(FE(V)Vdn(U) € X

is not a compact operator.

We proceed in three steps:

1. The map Fg : X x [0,1] — X is a well-defined compact continuous map: this is the
content of Section 3.4.

2. The Leray-Schauder degree of I — F¢ : Bx(0,8) — Bx(0,¢) is 1 when o is close to 1,
for some positive ¢: this is proved in Section 3.5.
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3. (A priori estimates) There is a positive constant M (uniform in o € [0, 1]) such that if
V € X is such that Fg(V) = V then |V||x < M: these are the contents of Sections 4
and 5.

3.4. Fg is a well-defined compact and continuous map

In this section, we prove that the map Fg : X — X is compact and continuous.

Note that the map Fg can also be formally interpreted as

! o 1 ’ o 7 7 o
RO = =K [ [0 o)1 R U g (V) V(U dyds
2

' o 1 / d
ok [ [ (@ g + ) (TN) (U + V) (.5)dyds,
where V(x,t) := V(x/+/t) with V € X and where F; € Z(X, X) denotes the solution of

K / o j j o
0 H7 = MK, — T 1 AR (U)dyg dn (FDVdw (U,
lim 056? = 50.

t—0t

The issue here is to make sense of this solution and therefore, we prefer to work with the static
equation only. To do so, given V € X, we first solve the following Dirichlet problem

AW — Ky (d3 (U§))dyg dw (Wr)Vdy (Ug) = QUG . V), on B(0,R) CR",

(3D
Wr =0, ondB(0,R),
where
oWy, V):= —KX’(dz%/(U(?))dugc?N(V)VjN(U(?)
(32) 2

+ Ky (d3 (U + V)V (dTN) Uy + V).

One can prove that such a solution Wk exists and is unique by the maximum principle.

We start with a lemma analyzing the behavior of the righthand side Q(Ug , V) for V € X.

LEMMA 3.4. — Leto € [0,1]. Then

(33)
10U V)lx <Cw§. K)(1+ |Vx) + CK)| V|3, V € Bx(0,1),
QUG . V2) — QUy . V)llx < Clug, K)|IV2 —Villx + C(K) Vi + Vallx [|V2 — Vilix,

where V1, V, € Bx (0, 1) and where the constant C(ug, K) satisfies limg 1 C(ug, K) = 0 when
K is fixed.

Proof. — Since K is fixed and the expected estimates are depending on K a priori, we can
assume K = 1 to lighten the notations.
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A Taylor expansion of degree 2 around Ug of the righthand side of (32) gives:
d% d%
K @Rg + V)V (D) g + ) =y @k wsny () ws)
d2
(34) T3 Udyg 3 (V) ( v)ws)

2
o (B 04 v ey

where, if A and B are two tensors, A * B denotes any contraction of linear combinations of
the tensor product A ® B. Therefore, by using that

2@V (D) 0) = 2@ UD) (dug @I U) + a5 Vigdn()
one gets,

(35) Qg V) = Y ([dy(U)Ndn UG Vdn (UF) + dn (Us)OV) + V + V.

By using Lemma 3.1 together with (35), one gets:

sup (1+ x| QU V)| x)

2
< Cws) (1 4+ sup (1 + |x|2)|V|<x>) e (sup 1+ |x|2)|V|(x>) ,
x€eR xR

if V € Bx(0, 1). By differentiating (35) and by using Lemma 3.1 once more, one gets the first
line of (33). The estimate on the second line of (33) can be proved similarly. O

In order to obtain a solution defined on all of R”, we first establish an a priori C° bound.

PRrROPOSITION 3.5. — The solution Wg defined above satisfies the following a priori weighted
C° bound:

(36) mmax FIWRl = Cln,m, K)| QUG . V) x

In particular,

IWR Il c2.8(B(0,Re)) < C(B,1,m, Ro, K)|Q(Uy,V)|x, YRo <R, Be(01).

Proof. — Since Q := Q(UZ,V)is C!, the last assertion on the derivatives of Wx follows
immediately by interior elliptic Schauder estimates in case the a priori C° bound holds.
Therefore, it suffices to establish (36). For this we note that

- 2
AsIWrl? = 2[VWR[> + 2K (@3 (U9)) (dugdn (W) —2|Q|IWkl
> 2|VWg|* = 2| Q|[Wg|.

In particular, for & > 0 we consider the function Wy := /|Wg|? + &2 and we get that
W satisfies

Ar[Wgl = ~10] = ~lIQlx f~",
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since Q € X. Now observe that the function ! is a good barrier function since
Apf=h=—f2Ar fH2AVSPST
=—f1 1—2f—Zﬁ
4
<-Ccf™,

for some positive constant C. Indeed, one can check that for n > 2 we have

it (1222 ) 5o
x€R? 412(x)
Hence, for some sufficiently large constant A depending linearly on ||Q||x and which is
independent of ¢,

Ay (IWEl—Af~")>0, on B(0.R).

The maximum principle forces the function |Wg| — Af~! to attain its maximum at the
boundary dB(0, R), hence

max |WE|— Af~' = max |[Wg|—Af~!
13(0,12)| rl=Af 8B(0,R)| ’l=Af

< e

The result follows by letting ¢ go to 0. O

By Proposition 3.5, one can extract a subsequence (Wg, x>0 for a sequence of radii
(Rr)k>0 going to 400, that converges in the le)’cﬂ topology, for any 8 € (0, 1), to a vector
field W : R" — R™ satisfying:

BN AW = KY(d{(US)dygdn (W)Vdy (U7) = Q(US, V),  onR”,
(38) Suél}plel =Cn.m K)[QWg.V)lx.

This solution W is unique among regular solutions that converge to 0 at infinity by the
maximum principle. Therefore, the map FZ makes sense provided the gradient of Fg(V)
decays like f~3/2, 1., FZ (V) € X. This is the content of the next proposition.

PROPOSITION 3.6. — The solution FZ (V) satisfies the weighted a priori C! bound
(39) sup f¥2VEE(V)| = Clum. K)| QUG V) x-

Proof. — Strictly speaking, the solution Fg(V) =: F(V) is in Clz’ﬂ only. Since the

bound we want to establish only involves the first derivatives of F (V) aniiC of Q(UZ, V), we
can assume V and hence F (V) and Q(Ug, V) are smooth. Moreover, by interior parabolic
Schauder estimates applied to the corresponding time-dependent solution F(V)(x,t) :=
F(V)(x/+/t) defined on R” x R, one gets the bounds

(40) sup JOONFEWMlc268@ay < C.m. B, K)QWUG. V)x.
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We compute the evolution equation (in disguise) of the gradient V F(V):

AfVE(V) = V(A F(V)) — %VF(V)

= —%VF(V) + KV ({ (@R WU dygdn (F(V) VAN (US)) + V (QWUS. V).
which implies, by (38) and the fact that Q(UJ,V) € X,
AFIVEW)P 2 292 F (V)P = [VEWV)P 42K 5/ @3 W) [dug dw (VF/)]

(1) —ClOWS . V)llx f 22V F(V))

> 2VEF(V))> = [VF(V))> = ClQWUS . V)llx f 2 IVF(V)).
Indeed,

(V(X'(d} (U Ndygdn (F(V)Vdy (UF)), VF(V))
= 1" U Vdn (US), FV)) - (VAN (UF). Va2, wey F V)

+ 1@} Ug)) (vvg * F(V) + [dUgJN(F(V»T) .

Therefore, (38) and [(19), Lemma 3.1] implies the estimate (41).

Now, recall that Ay f2 = 2f2 4+ 2|V f|?> > 2f? and multiply the differential inequality
(41) by f2 to absorb the term —|V F(V)|? as follows

Ar (FAIVEWP) 2 2f2 V2 F(V)P =832V (V) IVE(V))
+ [PIVF(V))? = C(K, | QUG x) f 2 (FIVE(V)))
>(1=Cf™) FAVFWIP = CloWs . Mix f~
> f2IVEWV)]? = ClloWg . V)lx S~

where we used Young inequality together with (40) to get the last inequality and C denotes
a positive constant independent of V and F (V') that may vary from line to line.

Observe that AgIn f =1—|VIn f|*> < 1onR".

By considering a function of the form k! In f where k is a positive integer, one gets:

Ap (PIVEFODP =k In f = Af7Y) = fAVE(V)P = ClOWUS Wllx S~ =k + ACS™
> fAVEOV)P =k~ Inf —Af = k7!
for any positive constant A larger than C|Q(US,V)|x, for some positive constant C
uniform in 0 € [0, 1]. Now, as we know that the function f2|VF(V)|? is bounded, the
function f2|VF(V)|?—k='In f — Af ! goes to —oo as x goes to +oo. Therefore, it attains
its maximum. The maximum principle applied to the previous differential inequality implies
that
FAVFWV) =k 'Inf —Af ' <k™!, onR".

As A is independent of k, we can let & go to +oc and get the expected result. O

We now claim that the map Fx is a compact operator, the proof of its continuity being
analogous:

ProPOSITION 3.7. — The map Fx : X x [0,1] — X is a continuous and compact map.
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Proof. — We only prove the compactness of the map F¢ where o € [0, 1]. Let (V;);»0 bea

bounded sequence in X . According to (40), the sequence (F¢(V;)); subconverges in the le)’cﬂ

topology to a map that belongs to X . In order to prove that the convergence holds in X, it is
sufficient to prove that for any V € X and i = 0, 1 the following estimates hold:

sup FEHRIVHFZ(V) = FEO)| < C(K,n,m, |V ||x).

In the proof of these estimates, for the sake of clarity, we omit the dependence of F¢ and
Ug§ on K and o.

Recall that Fg(0) =: F(0) is the unique solution in X of:
Ay F(0) — K'(d}y (Uo))du,dn (F(0))Vdy (Uo) = Q(Up.0)

d2
= Kp/'(d3(Uo)V (TN) (Vo).

Therefore, G(V) := F(V) — F(0) € X is a solution of
ArG(V) = Ky (d}(U§))dyg dn(G(V)Vdy (UF) = Q(Us, V) — Q(Up, 0).

Now, a Taylor expansion of degree 2 as in (34), using the very definition (32) of Q(Uyp, V),
shows that the differential of Q with respect to the variable V satisfies:

D>Q(Uo,0)(V) = Kx'(dx (Ug)dn (Uo)VZdy (Uo)(V)
2

d
T K3 (US)dyg d (V)Y (TN) ).

Notice that the second term on the righthand side of (42) is compactly supported in a ball
of R” whose radius is independent of ¢ € [0, 1] by the definition of the function y and
Lemma 3.1.

(42)

In particular, by Taylor’s Theorem together with the estimates of Lemma 3.1,

sup f2H2|VH(Q(Uy. V) — Q(Up, 0)| < C(K.n.m,||[Vllx), i=0,1.
]Rn

As in the proof of Proposition 3.5, one can use a barrier function of the form 2 in order
to prove that G(V') decays like f~2 uniformly with respect to o and V in a fixed ball in X.
Similarly to the proof of Proposition 3.6, one proves the expected decay on the gradient
of G(V) at infinity. O

3.5. Well-posedness of the homogeneous Chen-Struwe equation for small initial data

In this subsection, we assume that o is close to 1 and hence Uy is close to a constant map
in the sense that

U5 — Plizee + sup (1 + [xD|VUg (x)] = C(ug),
X€ER”
where P € S"~! and where limg—,; C(u3) = 0. We show that for every & small enough the
map [ — Fg : Bx(0,e) — Bx(0,¢) has Leray-Schauder degree one at the origin. In other

words, we show that F¢ has a unique fixed point in Bx (0, ¢) if £ and 1 — o are sufficiently
small.
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In order to see this, we note that Lemma 3.4 together with Propositions 3.5 and 3.6 shows
that for all V' € Bx (0, €), we have
IFE(V)lx < Cuf) + Cé?

and therefore we have indeed that Fig maps By (0, €) into itself, provided that 1 —o and ¢ are
chosen small enough.

In order to show that F§ is also a contraction on Bx (0, &), we invoke Lemma 3.4 together
with Propositions 3.5 and 3.6 again to prove that

IFg(V1) — Fg(V2)llx = CellVi = Vallx

and hence this shows the contraction property if we choose ¢ small enough. Altogether, this
implies the desired result about the Leray-Schauder degree.

4. An e-regularity theorem for Chen-Struwe expanding solutions

We emphasize on the fact that this section does not require the target manifold (N, g) to
be embedded as a hypersurface of Euclidean space.

4.1. A Bochner formula

It is a straightforward adaptation from [3] to get the following crucial Bochner formula:

PRrOPOSITION 4.1 (Bochner formula). — Let u : R x (0, T) — R™ be a smooth solution
to the Homogeneous Chen-Struwe flow:

2
43) 0:u — Au + g)(’ (dy W)V (dTN) (u) = 0.

Then, the pointwise energy ex (u) := % (|IVu|? + £y (d% (u))) satisfies the inequality
(3 — A)eg (u) < Ceg(u)?,

onR™ x (0, T), for some positive constant C independent of K.

Proof. — We first remark that if dy (1) < 2-§x then,
d2
¥(3)w

d2
300 = A (@300) = =520 = (7 () ) - v

2
= d2 ).

Now,

1 2 1 s 2,12
5(8,—A)|Vu| =—?V Ky'v > (u) ) - Vu — |Vul~.
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29 (e (B ) o

X (dN(”))

(s (4)n)

which implies the expected result if dy(u) > 2 -6n. If dy(u) < 2 -8y, by using the fact
that y’ is nonnegative we obtain

These computations lead to the estimate

K2
(0 = Aex (u) + |Vl + — x2d () =

W“Il\)

I/\
Nl[\) N

K? 1
(0 = Mex () + |V2ul? + —= %}, () = 55 K*df, ) + | Vul*

for some uniform positive constant ¢ independent of K > 0.
Therefore, in all cases, this gives the expected estimate. O

4.2. An energy inequality and a local entropy monotonicity formula

We define the L120c norm at scale R > 0 ofamapu : R” — R™ in HI})C(R", R™) as follows:
IVulZ, = sup f VUG,
loc, R x0€R?J B(xg,R)
It follows easily that
1 (R R;
44 =) IVu)? < ||Vul|? < —v , 0<R; <R,
( ) Cn (Rz) ” u”leoc,R - ” u“leoc,Rz = Cn Rl ” u” loc Ry ="

Moreover, we use the shorthand notation | Vu ||2 for |Vu ||2
l lo

c.1

Finally, we define the rescaled energy with parameter K > 0 for a solution u to the
Homogeneous Chen-Struwe flow with parameter K > 0 by

. |Vul?
EK,xo (”(Z)) . f;(xo 0 ( b + 2—)( (dN (M))) t >0,
Ek loc(u(?)) == sup Ek xou()), t>0.

xp€R

THEOREM 4.2. — Let ug : R* — (N,g) C R™ be in HILC(R",R’"). Let (u(t))s=o be a

smooth solution to the Homogeneous Chen-Struwe flow with parameter K > 0 coming out
of ug such that (Ex x,(u(t)))s>o is continuous at t = 0 for every xo € R". Then,

(45)  Exo @) = (14 C (mm. [ Vuollz 1)) IVuolZagaiy 1y Yo € R,

(46)  Egjoc(u(t)) < (14 ¢y (e —1)) IIVuollilz . >0,

where lim;_.q C (n,m, ||Vu0||le ,t) =0.

Moreover, the following estimate holds (it is uniform in K )

K
sup / (|E)su|2 + 72X (dj%,(u))) dxds < (14 ¢, (e“" —1)) ||Vu0||22 , t>0.
B(x0,1)x(0,7) S loc

xo€R"
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In particular, if ug is 0-homogeneous and if u is an expanding solution coming out of ug
smoothly, then.

7) Exoc() = (1+ ¢ (¢ = 1) | Vo 25 .

Proof. — We proceed analogously to what is done to establish an energy estimate in this
setting. We multiply the Homogeneous Chen-Struwe flow equation by ¢§03,u where ¢y, :
R"” — Ry is a smooth function with compact support in B(xg, 2) which equals 1 on B(xg, 1)
and whose gradient is less than ¢, and then we integrate by parts to get

K
/R” |8tu|2¢§odx = /Rn<Au,8,u>¢§odx — —/ 3 (x (dy W))) ¢§de

2t R”

= —8t/ eK(u)qSiodx + 2<Vv¢x0u,¢x08,u>Lz
Rn

—5z [, 1) o2,

1
0, [ extwpdx+ 5 1oduul
R7

IA

K
20500l — 55 [ (@) 8, dx

By integrating with respect to time we then obtain

1

K
_/ (|85u|2 + 5 (df,(u))) ¢§0dxds + Ek xo (u(t))
2 Jrrx(0,1) s

1 t
<3 / |Vuol® 3, dx + 2¢* / IVu)IZ, _ds.
R 0 loc,2

2

where we used Young’s inequality together with the L

Therefore, by remark (44), one gets in particular:

continuity of (u(¢));~o atz = 0.

t
f V() 2dx < [Vuol2,  +c / IVuI2, dr,
B(X(),l) loc.1 0 loc.1
which implies:
t
VU@, = 1Vual; +an [ ITuIZ, ds

where ¢, is a positive constant that can vary from line to line depending on the dimension n
only.

The result now follows from Gronwall’s inequality. O

In the following we let yg : R" — [0, 1] be a cut-off function such that yg = 1 outside
B(0,R), ygr = 0in B(0, R/2) and whose gradient satisfies |Vyr| = O(R™!). Then one has
the following localized version of Theorem 4.2 at infinity.
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PropoOSITION 4.3. — Let ug : R* — N be in HILC(]R",]R’"). Let (u(t));>o be a smooth
solution to the Homogeneous Chen-Struwe flow coming out of ug such that (Eg x,(u(t))s>0 is

continuous at t = 0 for every xog € R*. Then, if R > 0,

Vol 2

—1") 0<t<T.

||(Vu(t)))(R||leoc <Cn,T) (”(Vuo)XR”LlZOC + R

In particular, if ug is 0-homogeneous and if u is an expanding solution coming out of uy smoothly,

then we have
||Vuo||L1206>

(48) I(Vu) xrllz =< Cn) (”(V”‘O)XR“L?OC TR

Proof. — The proof follows along the lines of the proof of Theorem 4.2. Let ¢,,, be the cut-
off function defined as previously and let us multiply the Homogeneous Chen-Struwe flow
equation by ¢£0 )(%eatu. Then we integrate by parts in space and we integrate with respect to
time. We get

t ¢ t
IVu) ey = 1 Tuoialy +en [ 1Ll ds+ 75 [ IVuOIE, ds

t
C
< 1o xlZ, +eo [ ICVuG)zalZ, ds+ 5 (e = 1) [Vuoll,
oc 0 oc oc

where we used the estimate (46) in the last line. A straightforward application of the Gronwall
inequality leads to the expected result. O

In order to get a local entropy monotonicity formula, we need to localize the arguments
in [3] since in our case the energy is infinite. For this purpose, let zg := (x¢, %) € R” xR} and
let ¢x, : R* — R4 be a smooth function with compact support in B(xg,2) which equals 1
on B(xg, 1) and whose gradient is less than c. For R € (0,271 - \/#), define as in [Chap. 7,
[13]]:

qD(M,Zo,R) = R2 /1‘@1 eK(u)GZO()b)%()dx |t0—R2’

to—R2
W(u,zg, R) := / eK(u)GZO(pidedl,
1

0—4R2
where
( |x — xo|?
(4r|t — to])2 4[t — 1o
denotes the backward heat kernel on R”. With the notations from the previous sections:
Gz (x,1) = kyy—s(x, xo). We start with a Pohozaev identity like:

Gzo(x,t) = ) xeR*, 1<t

ProPOSITION 4.4 (Pohozaev identity). — Let u : R” x (0, T) — R™ be a smooth solution
to the Homogeneous Chen-Struwe flow (with parameter K > 0). Then, for any C' vector
field¢ : R" x (0, T) — R™ compactly supported in space,

<0su, V§u>L2(Rnx[t1,tz]) = <eg(u), div §>L2(Rnx[tl,,2])

1
— §<%§ (eucl), Vu & Vu> 2wy, i)

4¢ SERIE - TOME 54 — 2021 - N° 5



EXISTENCE OF EXPANDERS OF THE HARMONIC MAP FLOW 1259

where ¢ (eucl) denotes the Lie derivative of the Euclidean metric along the vector field ¢ :
1
E<SZ;(eucl), Vu ® Vu> 1= V;{j Viug Viuy.

And, for any C' function § : R™ x (0,T) — R compactly supported in space, and
O0<t1 <t <T,

K 2
/ (|a,u|2 + o= (d,%,(u))) Odxdt + U eK(u)de:|
L2(R" x[t1,12]) 2t R” t

= / ex(u)0:0 — <Vygu, d;u>dxdt.
R x[ty,12]

Proof. — Define u (x,t) := u(x + tl(x,t),t + t6(x,t)) where ¢(-, ) is a smooth vector
field compactly supported in space for t small and 6(-,¢) is a smooth function compactly
supported in space. Then, 8,u1|t= 0= Veu 4 00,u. Then, on one hand:

/ <0su, Veu>dxdt =/ <Au,Veu>dxdt
R7 x[ty,t2] R” X[t1,t2]

K / 2 d]%/
— <—x (dy) V=) (), Veu>dxdr.
R” X[t1,t2] ! 2
Now, by integrating by parts:
1 .
/ <Au,Veu>dxdt = —/ |Vul*>dive — Ze(Vu, Vu)dxdt
R X[t1,t2] R X[t1,t2]

and, similarly,

K , dl%, 1 K ., .
—/ <—y (dN(u))V — | (w), Veu>dxdt = / —X (dN(u)) div¢dxdt.
R"X[tl tz] ! 2 R

x[t1,t2]

Therefore,
. 1
<8tu, V§u>L2(R”X[t1,t2]) = <eK(u), div §>L2(R"X[t1,t2]) - §<$§- (GUCI), Vu ® Vu>L2(R”X[t1,t2])'
On the other hand:
/ <dsu, 00, u>dxdt = / <Au,00;u>dxdt
R X[t1,t5] R” x[ty,t2]

2

An [t l] [ (dN( )) (dTN) (M), 93tu>dxd[

—/ B,eK(u)dedt—/ <Vygu, 0;u>dxdt
R” x[t1,t2] R x[t1,t2]
d (u)) 0dxdt
Anxtl 2 ZIZX N )

2
/eK(u)de:| —/ <Vvou, d,u>dxdt
RX[ty,12]

151

K
+ / ex(u)d,0dxdt — / >3 X (dj%,(u)) Odxdt.
R R” X[t1,t2] 2t

" x[ty,t2]

O
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We are now in a position to prove a local entropy monotonicity formula.

PRrROPOSITION 4.5 (A local entropy monotonicity formula). — Let ug : R” — (N, g) C R™
bein H (R",R™). Let (u(t)):>o be a smooth solution to the Homogeneous Chen-Struwe flow

coming out of ug such that (Ex x,(u(t))¢>o is continuous at t = 0 for every xo € R". Then, for
any zg = (x0,%) € R" xRy and0 < R < Ry < /Ty <1,

q)(uv 20, R) E q)(uv 20, RO) + C(RO - R)HvuOHiZ(B(xO,Z))’
\IJ(U, Zo, R) E q’(us Z0, RO) + C(RO - R)“VMOHiZ(B(xo,Z))'

Proof. — Choose {(x,t) := Gz, (x, t)qb)%o (x)+(x —xg) for0 <t <ty and x € R". Then,
dive = ¢2, div(Gz, - (x — x0)) + <V3,. Gz, - (x — x0)>

2 |X_XO|2 2
=Gy |~ + 1) Gzp + <V, Gz - (x — X0)>,

20t — 1o
(x — x0)i (x — xo);
Vi(Gao(x = x0)); = (=22 + 8 ) Gay,
2|t —10]
l<sZ( 1), Vu ® Vu> := —M—HV 1?) G2 + <V \Y >G
5 ¢ (eucl), Vu u> = 20— o] u 20Px, Vo2, U Va—xoU>GCz.

Therefore, by applying Proposition 4.4, one gets

1

|x — x0|2 ) |vx—x0u|2 2 2
- <0, Vaegou> — [ o2 4 n ) e (u) — 200 1+ \Vul? | Gy 2 duxdt
z/Rnx[,l,m[ A ( 2|t — 1o 2|t — 1o 0T

1

= / (<V¢§0,x — xo>ex (u) — <Vyg u, Vx_x0u>) G dxdt.
2 R” X[ty,t2] 0

Now, by using Proposition 4.4 with 6(x, t) := (to —t)GZqu)%O for0 <t < tpand x € R"?, one
obtains

n—2 |x—xol? )
3,0 = — G ,
! ( 2 4t — 1o 209,

X — X
V6 = =Gy, + (o~ )Gz V3,

2]
/ |01 (to — t)GZO¢§dedt + [(lo — t)/ eK(u)GZO¢§dei|
R” X[t1,t2] R”

t

n—2 |x—xf 1 i
= B ~<dou, Vye_xou> G o3 dxdt
< /R”X[tl,zz] {eK(u)( 5 2t —1o] + 5 <01, Vxxot zo®2,dx

—/ (to—t)<8,u,VV¢§ u>Gyydxdt.
R x[t1,2] 0
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Subtracting the two previous identities yields

/ (to —1)
R x[ty,12]

K
< - / 2—)( (dN(u)) Gz()d)dexdl / (to—t)<8,u,Vv¢)z( u>G;,dxdt
R x[t1,2] R7x[t1,£2] 0

5]

2
GZ()(;S%dedt + [(to — t)/ eK(u)GZO¢§dei|
Rn

0 —V x—xg U
2Go—0)

31

/ (<V¢§O, x —xo>ex(u) — <Vv¢2 u, Vx_x0u>) Gz dxdt
R” X[t1,t2] *0

E_

N = =

0—1)

/ ((to — t)<Vv¢z u,0;u—V JFoxo u> + <V¢x0, x0>eK(u)) G dxdt
R x[t1,£2] 0 20

1 2

<= (to —1)
2 /R”X[llytz]

On supp(Vey,) we have G, (x,t) < C forallt € [0,1y) and therefore the last term can be
bounded with the help of Theorem 4.2 as follows

B,M—Vx xo U
2(tp—0

G20¢dexdt + c/ ex(u)dxdt.
supp(Vxg)x[t1,2]

ex(u)dxdt < c||Vu0||1242 B .
~/SUPP(V¢XO)><[I1J2] (Bxo.2)

This in turn implies the expected monotonicity result for ®. The monotonicity result for W
follows from the one for ®. O

4.3. An e-regularity theorem

THEOREM 4.6. — Let ug : R* — (N, g) C R™ be a 0-homogeneous Lipschitz map. Then
there exist a radius R = R(||Vu0||Lz ,n,m) > 0and a constant C = C(||Vu0||Lz ,n,m) >0
such that if u is a smooth solution of the Homogeneous Chen-Struwe flow with par a;;aeter K >0
coming out of ug and such that (Ex x,(u(t))s>o is continuous att = 0 for any xo € R”,
u satisfies

C
ex(u)(x,1) < —., |x|>=R
|x|2

Moreover, there exists a constant g9 > 0 depending on n and N only such that if for
some R € (0, min{\/%p, 1}), zo = (x0,20) € R" x R4, u satisfies

Y(u, zo, R) < &0,

then
sup eg(u) < C(8R)2,
Psr(z0)
for some universal positive constant C and some positive constant § depending on n, m,
||Vu0||leoc and min{R, 1}.

Proof. — The proofis a straightforward adaptation of the corresponding proof in the case
of the Chen-Struwe flow. We mention the main steps: see [Lemma 2.4, [3]] for more details.
First of all, let (x;,¢1) =: z; € R" x Ry, 0 < R < 271 /f; and let r; := 28R with
8 € (0,1/4) where § will be defined later. Let r,0 € [0,r;) such that r + ¢ < r; and
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let zg := (xo,%9) € Pr(z1). Thanks to the monotonicity formula from Proposition 4.5, then
one shows that for a given positive ¢, there exists a positive §(¢) such that

49 o™ /P ( )eK(u)dxdt <c¥Wu,z1,R)+c((R—0) + 8)||V“0||i2(3(x1,2))'
a (20

Now, by smoothness of the solution, there exist op € [0, r1) and (xg, fp) € Py,(z1) such
that

(r1 —00)261((”)(?60,10) = max (r —0)2 sup ex(u).
0=o=ri PoCz1)

If one defines pg := %(rl —00), Fo := Jeoppo, and
(x,1) Y e t). (x.1) € Py(0,0)
v(x,t) ;= u|— + xo, — . (x, ,0),
,—eo 0 o 0 ro
then v satisfies

@, — Ay = —

/d2 \v/ d]%/ =0
el (@)Y (T =0

ex(v)(0,0) =1, sup ekx(v) <4.
Pry(0.,0)

By Proposition 4.1 we obtain
(0 — A)eg (v) < 4Ceg(v), on Py (0,0)

and Moser’s Harnack inequality together with (49) shows that ro < 1 if W(u, z;, R) is small
enough (independently of K).

The final step consists in applying Moser’s Harnack inequality again to v in order to get

max (r; —o)*supek(u) < 4pjeq = 4rg
1

0<o<r Py

< cpa"/ ex(u)dxdt
Pﬂ()(antO)

<c¥(u,z;,R) +c(R+ 8)||V“0||i2(3(x1,2))'

The result follows by noticing that if u¢ is Lipschitz then by the chain rule

C
Vu < —.
IVuolr2(x ,2)) = 1+ x|

In particular, thanks to Proposition 4.3, if x; is sufficiently far from the origin, by choosing
f1 := 1, R := 1/4, both W(u,z1,1/4) and ||Vuo||12(p(x, 2)) can be made arbitrarily small,
independently of K.

The second statement can be proved similarly. O
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5. A priori estimates for Chen-Struwe expanding solutions

5.1. C° a priori estimates

We start by establishing an a priori C° bound for Chen-Struwe expanding solutions U ¢
uniform in K > 0and o € [0, 1].

PROPOSITION 5.1. — There is a positive constant M uniform in o € [0, 1] and K > 0 such
that if V € X satisfies FE(V) =V, then |V]co < M.

Proof. — As Fg(V) = V we know that U? := Uy + V solves the static Homogeneous
Chen-Struwe flow

2
AU = KY' (dy(U%))V (dTN) U°).

In particular,

d2
Af|UP? = 2|VU° > + 2<Ky' (df(U°)) V (TN) U°%),U°>.

Next we fix a radius R > 0 and consider maxpo, gy |U?|. If this maximum is attained at
an interior point xg of B(0, R), then we consider two cases.

Either dy (U®(xg)) < 2-8n which implies that maxp,z) |U?| is uniformly bounded by
the triangular inequality.

Ordy(U°(xg)) > 2-6y and this implies by the strong maximum principle applied to the
previous differential inequality that |U?| is constant and that VU? = 0 on a neighborhood
of xg. Therefore, U7 is constant on a neighborhood of xg. By connectedness, U? is constant
on B(0, R). As U? converges to ug at infinity, the term supyp (o, g) dn(U9) goes to 0 as R goes
to +o00. Consequently, this case is impossible if R is large enough.

This discussion ends the proof of the C? estimate. Moreover, this last fact also yields the
desired estimate if the maximum is attained on the boundary. O

By interior parabolic Schauder estimates, one has the following corollary.

COROLLARY 5.2. — Foranyk > 0, thereis a positive constant M (K, k) uniformino € [0, 1]
and K > 0 such that if V € X is a fixed point of the map Fg then |V ||cx < M(K, k).

REMARK 5.3. — The constants M (K, k) in Corollary 5.2 may depend on K.

5.2. A priori C° estimate at infinity

The purpose of this section is to establish a priori C° weighted estimates for Chen-Struwe
expanding solutions that are uniform in ¢ € [0, 1]. The bounds might depend on the
parameter K.

PROPOSITION 5.4. — There is a positive constant M uniform in o € [0, 1] such that if
V € X is a fixed point of Fg then || f V| co < M.

REMARK 5.5. — Because of Proposition 5.1, it suffices to show this a priori bound outside
a ball of radius independent of o € [0, 1].
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Proof. — Since V is fixed point of the map F¥ it follows that

2
(50) APV = Ky (@3 (US + V)V (%N) U +V)
(51) = Kdn(Ug + V) (d§(Ug + V)Vdn (UG + V)
(52) =0(f7'?),

where O(-) is uniform in 0 € [0, 1] and where we used Theorem 4.6 in order to ensure
that dy (US +V) = O(f~V/?). Therefore, by using f ~1/2 as a barrier, one gets a first a priori
bound on the decay of V', namely there exists a positive constant M independent of o € [0, 1]
such that

(53) If2V o < M.

Now, we use the special structure of the nonlinearities of equation (50) together with the
previous a priori estimate (53) and Lemma 3.1. Outside a ball of radius sufficiently large (but
independent of V and o € [0, 1]), one has

Af|VI? = 2IVV > 4 2Kdn (US + V)<Vdy(US + V), V>,
dyg yvdn (V) —dygdn (V)| < C(N, |Ug [[Le) V2,
ldn(US + V) —dn(Ug) — dygdn (V)| < C(N, |U§ )V [,

which implies:
2 2 vl vl 2 3
AfIV2 = 209V 2 = CN, |US o) Kdn (U)IV | 4 2K (duyg du (V)" = COV, [UF o) KV |
> 2|VV > = C(N. |U§ ||eo) Kdn (U V| = C(N. | U L) K|V P
> 2lVV 2= O(fHIVI.
In particular, by the Kato inequality,
ArlV] = =0(f™h,
when | V| does not vanish.
In general, one can use the regularization of |V| of the form V, := /|V|? + &2 where ¢ is
positive which satisfies the same differential inequality
ApVe = —O(f71).
Now, as Ay f~! = —(1 4+ 0(1)) /!, one can use f ! as a barrier function as follows
Ar(Ve—Af™H >0,

outside a sufficiently large ball B(0, R) independent of o € [0, 1] and for any sufficiently large
constant A. In particular, as V; is bounded independently of ¢ € (0, 1] and of o € [0, 1] (and
of K), one can choose a constant A sufficiently large such that on the boundary dB(0, R),
supspo,r) Ve — Af ~1 < 0. By applying the maximum principle to the function V, — Af 7!,
one gets
sup {Ve—Af 7'} <limsup{V, —Af "'} =e.
R”\B(0,R) +00

Since A and R can be chosen independently of ¢ € (0, 1], one can pass to the limit in the
previous inequality as e goes to 0 to get the expected result. O
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5.3. Weighted C! estimate

In this section, we prove a priori C! weighted estimates for Chen-Struwe expanding
solutions that are uniform in the parameter o € [0, 1]. As in Section 5.2, the bounds might
depend on the parameter K.

PROPOSITION 5.6. — There is a positive constant M uniform in o € [0, 1] such that if
V € X is a fixed point of FZ then || f3/2VV|co < M.

REMARK 5.7. — Because of Proposition 5.1, it suffices to show this a priori bound outside
a ball of radius independent of o € [0, 1].

Proof. — We first establish the evolution equation satisfied by the gradient V. Since
U := Ug§ + V is an expanding solution of the homogeneous Chen-Struwe flow and because
of the previous remark, the gradient VV satisfies the following equation outside a sufficiently
large ball independent of o

vV d3
ApVV = -5+ KV (v (TN) (U)) .
More precisely, in coordinates, this gives:

ViV d?
AfViVj = — 2’ + KV; (v,- (TN) (U))

= D KV Ay )Yy )

= 4 K (V@n ) - (VA0 W) + AN () - ViV U)).

By Taylor expansion of order 2 together with Proposition 5.4, Theorem 4.6 and
Lemma 3.1 we have

IV(dy(U) —dy(US) — <Vdy(UG). V>)| < CN)(VVIIV] + VUS|V,
< O(fHIVV+0(f 73/,
and,
(V(VdyUN(V) = O(f 73/,
dn(U) - Vi(V;dy (U)) = O(f /),
Vdy(U) = Vdy(U) + O(V) = Vdy(UZ) + O(f7H).

Now, we can end the argument by discarding the nonnegative terms that are quadratic in
the gradient VV as follows

Af[VVP = 2IV2V 2= (1+ O(f")IVV P = 0(f )|V V|
+2KV(dy(UQ)<Vdy(U),VV> + 2K <Vdy(UZ)VV), Vdy (U)(VV)>
> 2|V2V]2 = (1 + O(f)|VV > = O(f3/?)|VV|
+2K<Vdn(US)VV), Vdn(UZ)(VV)>
> 2|V2VI2 — (1 + O(f~)IVV]> = O(f )| VY],
> 2|V2V )2 = [VV]> = O(f /)| VY],
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where we used in the last line the fact that VV = O( f~'/2) a priori, thanks to Theorem 4.6.

By considering the function f !/ 2|VV|6 — Af~! where |[VV |, denotes a regularization of
the norm of the gradient |VV| and where A is a positive constant large enough depending
eventually on K but independent of ¢ € [0, 1] and ¢ € (0, 1], one can prove the expected a
priori estimate on VV with the help of the maximum principle. O
54. L?

loc COnvergence at ¢t = 0

In this section, we investigate the L = continuity at ¢ = 0 of the expanding solution
of the homogeneous Chen-Struwe equation we produced in the previous sections. Since
U(t) =k *ug + V(t) with ViV(x,1) = O((1 + |x|)2>F) withi = 0,1,ie,V € X. It
suffices to prove the L? convergence on a ball B(0, R) centered at the origin with radius R.
We claim that:
lim [VV.2((0.r) ) = 0.

Indeed, since V € X, VV decays at least quadratically, i.e.,

1 1
VWix,t) =0 ————
N 2
(5 +1)

Therefore,

R
t t
———dx = C(n,uo)/ — ",
BO.R) (Ix] + V1)* o (r+n*
for some positive constant C(n, up).
Now, if n > 5,

”VVHzZ(B(O,R))(t) < C(n,uop)

||VV||§2(B(0 Ry (1) = Cn,uo, R)t — 0, ast — 0.
If n =4,

R
2 - +
||VV||L2(B(0’R))(I) <C(n,up)In («/? + l) t—>0, ast—0".

Ifn =3,
||VV||i2(B(0,R))(t) < C(n,ug)v/t -0, ast—07.

5.5. Proof of Theorem 1.2

In this section, we give the proof of Theorem 1.2.

Proof of Theorem 1.2. — Let K > 0 and let uy : R* — N™~! c R™ be a 0-homogeneous
map ug as in the statement of Theorem 1.2.

Thanks to Propositions 3.5 and 3.6, the map Fx : X x[0, 1] — X is a well-defined compact
continuous map and Proposition 3.7 ensures that Fx is a compact and continuous map.

Moreover, the Leray-Schauder degree of I — Fg : Bx(0,e) — Bx(0,¢) is 1 when o is
close to 1, for some positive ¢ by Lemma 3.4 combined with Section 3.5.

Finally, there is a positive constant M (uniform in o € [0, 1]) such that if V' € X is such
that FZ(V) = V then ||V |x < M by the combination of Propositions 5.1, 5.4 and 5.6 proved
in Section 5 with the help of Section 4.
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As a consequence of the Leray-Schauder fixed point theorem for each positive K, the
map Flg : X — X has a fixed point Vx € X, i.e, the map Ux := Uy + Vi is a smooth
solution to (8) by Section 3.3.

Finally, Section 5.4 ensures that the time-dependent expanding solution u g (¢) converges
strongly to ug as ¢ goes to 0in H,! (R"). O

loc

6. Proof of Theorem 1.1

In this section, we give the proof of Theorem 1.1:

Proof of Theorem 1.1. — Let (u§)ec0,1) be a sequence of 0-homogeneous maps
ug :R* - N CR™in Clic(R” \ {0}) converging to ug in the C° topology as & goes to 0,
such that

(54) lim sup Lip(ug) < Lip(uo).

e—>0

Let K > 0 and let (Ug)qe(0,1) be a sequence of smooth Chen-Struwe expanding solutions
with fixed parameter K coming out of u§ given by Theorem 1.2. By Theorem 1.2, we know
there exist aradius R = R(||Vuf)||leoc, n,m) > 0and aconstant C = C(||Vu3||leoc, n,m) >0
such that,

C
(55) lex (Ug)I(x) < T x| = R,

(56) Nlex (i) Ol 1 mxgry = € (mm IVl 2 anys ) IVHEZ2g00 17y VX0 € R,

& &€
(57) N9rugll 20,0002 ®ny) = C(”’mvl)”V”o”Lfoc(Rn)’

loc

where lim;_,o C (n,m, ||Vuf)||le &Ny t) = lim;—, C(n,m,t) = 1. According to (54), there
exist constants C and R uniform in ¢ such that the previous inequalities hold.

Fix e € (0, 1). As in [3], there exists a subsequence (still denoted by (1% )x>0) converging
weakly to a map u® : R” x Ry — R™ as K tends to 400 such that
ut(Ax,A%) = uf(x,1), VA>0, ae (x,7) e R" xR,
Vus, — Vu®,  weakly* in L® (R4, LE _(R")),
dul — d,uf, weaklyin L2 (R4, LY (R")),
ub —uf, in L% (R"),
wy —u®,  in CXP®R"\ B(0, R)), forall B € (0, 1).
The last point is due to Arzela-Ascoli theorem together with the estimate (55). Moreover,
thanks to (56), u® € N a.e..
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This implies in particular that U? is a Lipschitz function outside B(0, R). To sum it up,
we have obtained that

. C
(58) Lip@)I() = 1 el = R
X
(59 VU O lL2ony = C (mm IVublz gy 1) IVUGl2aeg . ¥xo € R,

& &€
(60) [|9ru ||L2((0,t),L,200(R”)) = C(n,m,l)||Vu0||leoc(R,,).
In particular, if one shows that u®(-, ) := U*®(-/+/t) converges weakly to uf, then,
liggiglf||Vu6(l)||L2(B(x0,1)) > Vg llL2(B(xo,1)-

By combining this fact with (57), one ends up by proving that u®(f) converges to uf
in H,._(R") (in the strong sense).

CrLamm 3. — u®(t) ~ugast — 0.

To prove this statement, let ¥, : R” — R™ be a smooth map with compact support
in B(xo, 1) and let 0<s < ¢. Then, for K>0:

t
/ [ < Uk, Yxy>dxdT
K R

t
< / / |0 ug ||V ldxdt
s JB(xg,1)

t 1/2 t
< (/ / |8ru%|2d'x) (/ / I//)%ded‘r)
s JB(xg,1) s JB(xp,1)

< Com DIVuglz VT =5 IVxoll 2.

/ <u(t) —ug(s), Yx,>dx
Rn

1/2

where we used the a priori uniform bound (60) in the last line. Now, by letting s go to 0, one
gets:

‘/Rn <ug(t) —ugy, Yxo>dx| < C(n,m,t)IIVuf)IIleoC(Rn)x/?IlllfxoIILZ(Rn)»

as u%-(t) converges to up wea ast goes to 0. ettin 0 to 400, one has:
% (@) g klyasr g 0. By letting K g h

‘/ <u®(t) —ug, Yx,>dx
Rn

<C(n,m, t)”V’/’g“leoc(Rn)\/;”on ”L2(Rﬂ)»

which proves the expected convergence as ¢ goes to 0. This ends the proof of the claim.

The fact that U? is regular off a singular closed (hence compact by (58)) set of finite (1 —2)
Hausdorff dimensional measure follows from [Sect. III, [3]] and [4]. Finally, the fact that
u® solves the harmonic map flow follows from [Sect. 111, [3]] as well.

The same strategy can be applied now to the sequence of expanding solutions (4%).c(o,1)
of the Harmonic map flow by using (58), (59), (60) together with (54).

The remaining statement to prove concerns the convergence rate at infinity (5). By using
the evolution equation (4), it is sufficient to prove the following claim:
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Cram 4. — Let U be a solution of (4). Assume U is smooth on B(xg,2r) for some positive
radius r. Then,

1
sup |[V2UP2 <C 1+—2+@+ sup |[VU|+ sup |VU]?| sup |[VUJ
B(xo,r/2) r r B(xo,r) B(xq,r) B(xq,r)

where C is a positive constant independent of U, r and xy.

Proof of Claim 4. — We proceed in the spirit of Shi’s estimates for the Ricci flow [15]. We
compute the evolution equation of the first two derivatives of U

AsVU = —% + A(U) %« V2U x VU + Dy A« VU*3,
AfVPU = —=V?U + VU % VU + V2U*? + V2U * VU** + VU*.
In particular, by using Young’s inequality
As|VU? > 2|V2U > — |VU)? — [V2U||VU > = c|VU*
> VAU —c(1 + |[VUP)|VUP,

where ¢ denotes a positive constant depending on the geometry of N only that can vary from
line to line. Similarly, one has:

Ar|V2UP? > VU —c(1 + |VUP)IV2U > = ¢|V2UP —c(1 + |[VUP)|VU|*.
Now, let @ be a positive constant to be defined later and consider the auxiliary function
F := (|JVU|? + a?)|V2U|?. The function F satifies the following differential inequality

ArF > |V2U* —c(1+ |[VUP)F - 8|VEUP?|VU||V3U|
+ |V2UP(VUP + a?) = c|V2UP(IVU|? + a?)
—c|VU*(IVU? +a®)(1 + |[VU|?)
> %|V2U|4 —c¢(14+|VUPF + |[V3U*(a® - ¢|VU?)
—c|V2UP(IVU? +a®) = c|VUH(VU? +a®)(1 + [VU?).

If a? := csup B(xo.1) | VU |2 where c is a positive constant sufficiently large, then

F2
AfF > i c(14+a®>F —ca 'F*? —c(1 + a®)a®
a
F? 2 2,6
>——c(l+a*)F—c(l4+a)a’,
4a*
by Young’s inequality.
Let ¢ : R® — [0,1] be a smooth positive function with compact support defined
by ¢(x) := Y (rx,/r) where ry,(x) := |x — xo| and where r > 0 and v : [0, +o00[— [0, 1] is
a smooth positive function satisfying

w/l
Vioa/20=1, ¥4 =0, ¥ <0, 750, v’ > —c.
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Define the (last) auxiliary function G := ¢F and consider a point x; € B(xg, 1) such
that G(x1) = maxpg(x,,1) G. By the previous differential inequality satisfied by F evaluated
at x; together with the maximum principle

(61) 0=VG = FV¢+$VF,

G2 \v} 2
]

(62) 0> ¢pAsG > yprie ca’G —c(1+a*)a® -2 + G(A¢ + (V£,V)).

Now,
! 1 i
V¢ = Kero, A¢p = W_Z + KAer.
r r r
Hence,
|V¢|2 1 2v//2 w/
2—¢ —Afd): r_2 T—w” —T((Vf,erO)+Arx0).
Also,

1
Ary, < ”T on B(xo, )\ B(xo,7/2).

Coming back to inequality (62), one gets

2 1 su \Y
a* r2 r
G? 1
> — = 1+az—i——+M G —c(1 4+ a®)a®,
4a* r2 r
by the very definition of f together with the triangular inequality. The expected estimate on
the second derivatives of U follows immediately. O

We are now in a position to prove the convergence rate as stated in (5). Indeed, by
Theorem 4.6 together with Claim 4 applied to a point xo € R” sufficiently far from the origin
0 € R” and to a radius r := |xg|/2, one gets in particular that the Laplacian of U decays at
least linearly at infinity. Consequently, by Equation (4), the radial derivative of U decays at
least quadratically. By integrating along radial lines, U approaches u at a linear rate:

[U(x) —uo(x/lxD| = O(x|7h),

for every x far from the origin. O

REMARK 6.1. — It does not seem straightforward to improve the convergence rate in
case ug is at least le)c (R™\ {0}). The main reason is the lack of an e-regularity theorem that
detects the smoothness of the map uy at infinity.

7. Taylor expansions at infinity for expanders of the harmonic map flow

We gather necessary conditions at infinity on an expanding solution of the Homogeneous
Ginzburg-Landau flow (10) or the harmonic map flow smoothly coming out of a 0-homo-
geneous map ug : "1 — §”71 € R™ in C®(R" \ {0}). A similar treatment could be done
for the Homogeneous Chen-Struwe flow for a general target closed manifold (&, g) isomet-
rically embedded in some Euclidean space R™.
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Let U be an expanding solution to the Homogeneous Ginzburg-Landau flow with param-
eter K > 0 coming out of the map ug.

Let us assume that there are smooth maps u; : S*~! — R™ i = 1, ..., k, such that
k

vt = 3 ML o2,

4 |x|2i
1=0

as x goes to +oo for every nonnegative integer k. This expansion is assumed to hold in the
smooth sense. Then, on one hand,

k
AfU = Z (|X|_2i_2AS”—1ui + Af(|x|_2i)ui) + 0(|x|—2k—2)

(=}

(117272 Agnarui + (20 23 + 1) —n)|x|72 — i) |x| 7% u;) + O(|x|7272)

Il
'M’“

Il
o

6172 (Agnrttioy = iu + 2 = 1)(2i = n)ui—1) + O(x|7472).

[
M=

1

On the other hand,
(1- |U|2)U =|1- Z |x|_2’ui + 0(|x|‘2k—2) (Z IXI_Z’u,- + 0(|X|_2k_2))
i=0 i=0
k ) i k .
= — Z |x|—2l <uj,Uj—j> (Z |x|_2’u,~> + 0(|x|—2k—2)
i=1 j=0 i=0
k i
= =D | Yy |+ O(x 7,
i=0 =0
where
i
ap:=0, a;:= Z<uj,ui—j>, i>1.
Jj=0

Therefore, by identifying terms by terms, fori > 1,
i
ASnflui_l —iu; +2(0 —1)Q2i —n)uj—; — K Zajui_j =0,
j=1
which gives fori = 1:
Agn—1ug —u; —2K<ui,up>ug =0,

that is:
2K

m<Asn—l Up, Ug>Uy.

u = Asn—luo —
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In general, if i > 2, one has:
iu; + 2K <u;,uo>ug = Agn—1uo + 2(i — 1)(2i —n)u;—
i—1 i—1
—K Zajui,j - K Z<uj,ui,j>u0,
j=1 j=1

which determines u; .
Let U be an expanding solution to the harmonic map flow K > 0 coming out of the
map ug. Then, since the maps (u;);>¢ are spherical,

k 2
v (Dxr”u,-)
i=0

IVUP? = + O(|x|7*7?)
k .
Y20 X[

i=0

2

+

2
+ O(x| 772

k
3 TNV )
i=0

k-1 i
—2i— crs . n—1 n—1 —2k—
:Z|x| 2i=2 2:4](1—j)<2/lj,ui_j>—|-<vS Mj,VS Uj—j> —|—0(|x| 2k 2),
i=0 j=0

which implies:

k i
IVUPU =) |x|™ (Z bzui_z) + 0(Ix| 77,

i=0 1=0
where,

1
by:=0, by := Z4j(i —j)<u_,~,ui,j>+<Vsn_lu_i,VS"_lui,j>, i>0.
j=0
By identification,

i
Agn—1uj—1 —iu; +2(0 —1)2i —n)uj—; = —szui_l, i>1.
1=0
For instance, ifi =1,

(63) ur = Agiorttg + V5" ugPuo,

which can be understood as the formal limit as K goes to +oo of the sequence of the corre-
sponding coefficients (u{< )k >0 of the Taylor expansion derived previously for the Ginzburg-
Landau Equation with parameter K. Indeed, as K goes to +o00, one gets by (7) that:

Khl-l;-l u{( = Asnfl Ug — <ASn71M0, Ug>Ug
—>T00

= Agn—1up + |VSn_lu0|2u0,
which is exactly formula (63) since 0 = Agu—1 uo|? = 2<Agn—110,uo> + 2|V ug%.
The same holds for the other coefficients (ug)x>1.
Moreover, one can check that if u is harmonic, i.e., if Agn—1uo + |VSn_l uo|?up = 0 then
all the other terms vanish: u; = 0, for all k > 1.
In particular, we get the following corollary:
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COROLLARY 7.1. — Let ug : R® — S™! be a 0-homogeneous map of the harmonic map
flow in C®(R” \ {0}) and let U : R* — S™! be an expanding solution of the harmonic map
flow smoothly coming out of ug. Then the convergence rate of U at infinity is faster than any
polynomial rate.

REMARK 7.2. — As in [6], it can be shown that the convergence rate of a smooth
expanding solution u to its initial condition uq is exactly O (r_”e_’z/ 4) if ug is harmonic,
hence much faster than what Corollary 7.1 predicts. This decay reveals the role of the

Hermite functions at infinity: they are intimately connected to the weighted Laplacian Ay.

BIBLIOGRAPHY

[1] P. BIErRNAT, P. BizoN, Shrinkers, expanders, and the unique continuation beyond
generic blowup in the heat flow for harmonic maps between spheres, Nonlinearity
24 (2011), 2211-2228.

[2] Y. M. CHEN, The weak solutions to the evolution problems of harmonic maps, Math.
Z. 201 (1989), 69-74.

[3] Y. M. CHEN, M. STRUWE, Existence and partial regularity results for the heat flow for
harmonic maps, Math. Z. 201 (1989), 8§3-103.

[4] X. CHENG, Estimate of the singular set of the evolution problem for harmonic maps,
J. Differential Geom. 34 (1991), 169-174.

[5] A. DERUELLE, Smoothing out positively curved metric cones by Ricci expanders,
Geom. Funct. Anal. 26 (2016), 188-249.

[6] A. DERUELLE, Asymptotic estimates and compactness of expanding gradient Ricci
solitons, Ann. Sc. Norm. Super. Pisa Cl. Sci. 17 (2017), 485-530.

[7] A. DERUELLE, A relative entropy for expanders of the harmonic map flow, Comm.
Partial Differential Equations 44 (2019), 1481-1541.

[8] P. GErMAIN, T.-E. GHouL, H. M1uURA, On uniqueness for the harmonic map heat
flow in supercritical dimensions, Comm. Pure Appl. Math. 70 (2017), 2247-2299.

[9] P. GERMAIN, M. RUPFLIN, Selfsimilar expanders of the harmonic map flow, Ann. Inst.
H. Poincaré Anal. Non Linéaire 28 (2011), 743-773.

[10] H. Jia, V. SVERAK, Local-in-space estimates near initial time for weak solutions of
the Navier-Stokes equations and forward self-similar solutions, Invent. math. 196
(2014), 233-265.

[11] H. KocH, T. LaAMM, Geometric flows with rough initial data, Asian J. Math. 16 (2012),
209-235.

[12] S. G. KranTZ, H. R. PARKS, The geometry of domains in space, Birkhduser Advanced
Texts, Birkhauser, 1999.

[13] F. LiN, C. WANG, The analysis of harmonic maps and their heat flows, World Scientific
Publishing Co. Pte. Ltd., 2008.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE


http://smf.emath.fr/Publications/AnnalesENS/4_54/html/ens_ann-sc_54_5.html#1
http://smf.emath.fr/Publications/AnnalesENS/4_54/html/ens_ann-sc_54_5.html#2
http://smf.emath.fr/Publications/AnnalesENS/4_54/html/ens_ann-sc_54_5.html#3
http://smf.emath.fr/Publications/AnnalesENS/4_54/html/ens_ann-sc_54_5.html#4
http://smf.emath.fr/Publications/AnnalesENS/4_54/html/ens_ann-sc_54_5.html#5
http://smf.emath.fr/Publications/AnnalesENS/4_54/html/ens_ann-sc_54_5.html#6
http://smf.emath.fr/Publications/AnnalesENS/4_54/html/ens_ann-sc_54_5.html#7
http://smf.emath.fr/Publications/AnnalesENS/4_54/html/ens_ann-sc_54_5.html#8
http://smf.emath.fr/Publications/AnnalesENS/4_54/html/ens_ann-sc_54_5.html#9
http://smf.emath.fr/Publications/AnnalesENS/4_54/html/ens_ann-sc_54_5.html#10
http://smf.emath.fr/Publications/AnnalesENS/4_54/html/ens_ann-sc_54_5.html#11
http://smf.emath.fr/Publications/AnnalesENS/4_54/html/ens_ann-sc_54_5.html#12
http://smf.emath.fr/Publications/AnnalesENS/4_54/html/ens_ann-sc_54_5.html#13

1274 A. DERUELLE AND T. LAMM

[14] J. LotT, P. WiLsoN, Note on asymptotically conical expanding Ricci solitons, Proc.
Amer. Math. Soc. 145 (2017), 3525-3529.

[15] W.-X. SHI, Deforming the metric on complete Riemannian manifolds, J. Differential
Geom. 30 (1989), 223-301.

[16] C. WaNG, Well-posedness for the heat flow of harmonic maps and the liquid crystal
flow with rough initial data, Arch. Ration. Mech. Anal. 200 (2011), 1-19.

(Manuscrit regu le 15 février 2018 ;
accepté le 8 avril 2020.)

Alix DERUELLE
Institut de Mathématiques de Jussieu
Paris Rive Gauche (IMJ-PRG) UPMC
Campus Jussieu, 4, place Jussieu
Boite Courrier 247
75252 Paris Cedex 05
E-mail: alix.deruelle@imj-prg.fr

Tobias LaMM
Institute for Analysis
Karlsruhe Institute of Technology
Englerstr. 2
76131 Karlsruhe, Germany
E-mail: tobias.lamm@kit.edu

4¢ SERIE - TOME 54 — 2021 - N° 5


http://smf.emath.fr/Publications/AnnalesENS/4_54/html/ens_ann-sc_54_5.html#14
http://smf.emath.fr/Publications/AnnalesENS/4_54/html/ens_ann-sc_54_5.html#15
http://smf.emath.fr/Publications/AnnalesENS/4_54/html/ens_ann-sc_54_5.html#16

Ann. Scient. Ec. Norm. Sup.
4 série, t. 54, 2021, p. 1275 a 1296

ASYMPTOTICS OF QUANTUM REPRESENTATIONS
OF SURFACE GROUPS

BY JULIEN MARCHE AND RAMANUIAN SANTHAROUBANE

ABSTRACT. — Forabanded link L in a surface times a circle, the Witten-Reshetikhin-Turaev invari-
ants are topological invariants depending on a sequence of complex 2 p-th roots of unity (4p)pean. We
show that there exists a polynomial P, such that these normalized invariants converge to Py, (u) when
Ap converges to u, for all but a finite number of u’s in S1. This is related to the AMU conjecture which
predicts that non-simple curves have infinite order under quantum representations (for big enough lev-
els). Estimating the degree of Py, we exhibit particular types of curves which satisfy this conjecture.
Along the way we prove the Witten asymptotic conjecture for links in a surface times a circle.

RESUME. — Pour un entrelacs en bande L dans le produit d’une surface par un cercle, les inva-
riants de Witten-Reshetikhin-Turaev sont des invariants topologiques dépendant d’une suite de racines
2 p-iemes de I'unité (4p)pe2n. Nous montrons qu’il existe un polyndme Py, tel que ces invariants nor-
malisés convergent vers Pr (1) quand A, tend vers u, sauf pour un nombre fini de u dans S1. Ceci
est relié a la conjecture AMU qui prédit que les courbes non simples sont d’ordre infini dans la repré-
sentation quantique (en niveau assez grand). En estimant le degré de Py, on exhibe certaines courbes
qui satisfont la conjecture. En chemin, nous prouvons la conjecture asymptotique de Witten pour les
entrelacs dans le produit d’une surface par un cercle.

1. Statement of the results

1.1. Motivation and Main result

This paper is concerned with invariants arising from Witten-Reshetikhin-Turaev SU(2)
topological quantum field theories (TQFT) following the skein theoretical approach
of [3]. Such a TQFT defines for M an oriented compact 3-manifold without boundary
and L C M a banded link, a sequence of invariants Z,(M, L) indexed by even inte-
gers p = 2r > 6. For a given p, the invariant Z,(M, L) belongs to the cyclotomic field
K, = Q[A]/(¢2p(A)),where ¢, denotes the cyclotomic polynomial, that is the (monic)

(D) Indeed in a finite extension of it, but we will not need it here.

0012-9593/05/(C) 2021 Société Mathématique de France. Tous droits réservés doi:10.24033/asens.2481
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1276 J. MARCHE AND R. SANTHAROUBANE

minimal polynomial over Q of ¢!”/?. To have a numerical invariant, one needs to specify
an embedding of K, into C or equivalently a 2p-th primitive root of unity 4, € C. We
will denote by evgq, Z,(M,L) € C the associated numerical evaluation. An interesting
question is to understand the asymptotic of the quantity ev4, Z,(M, L) as p — oo and
as A, converges to a given number on the unit circle. When 4, = —e!™/P this problem is
called the Witten asymptotic expansion conjecture. Other limits have not been studied yet
with the exception of some Seifert spaces studied by Lawrence and Zagier, see [12].

In this paper, we focus on the case M = X x S! where ¥ is a compact connected oriented
closed surface. We look for a formula for the quantum invariant

Z,(ExS'.L) _
Z,( x S1.0)

where L C ¥ x S!is a given banded link. Notice that the quantity Z,(X x S', ) is the
dimension of V,(X): the K,-vector space associated to X by the Witten-Reshetikhin-Turaev
TQFT. Moreover, dim V, (%) is computed by the Verlinde formula and is polynomial in p
with degree 0, 1,3g — 3 if the genus of X is g = 0, 1 or g > 2 respectively. Hence the asymp-
totics of the quantity evy, Z,(E x S, L) is determined by the asymptotics of evy, tr,(L).
The main result of this paper is that the asymptotics of ev4,, tr, (L) is almost determined by
the evaluation of a Laurent polynomial with integral coefficients depending only on L.

trp(L) = K,

THEOREM 1.1. — Let L be a link in = x S'. There exist a Laurent polynomial Py, € Z[A*!]
and a finite set Q. C S such that for any sequence {A,}pean such that A, — u ¢ Q, one
p—>00

has |
eva, try(L) = PL(u) + 0(;).
In particular the polynomial Py € Z[A*"] is well-defined and is a topological invariant of L.
The polynomial Py, can be viewed as a generalization of the Kauffman bracket of a link
in S3. Indeed if L C B3 is a link inside a 3-ball embedded in £ x S, the polynomial Py, is
nothing but the usual Kauffman bracket of L. For a more complicated link inside ¥ x S,
this polynomial can be computed algorithmically, see Section 2. The existence of such a
polynomial is not clear a priori, we note that Gilmer already built one in the case of a
connected sum of S? x S1’s using other methods (see [7]). A similar comment can be made
on Costantino’s work (see [5]).

1.2. Cyclic expansions

In order to prove Theorem 1.1, we introduce the key notion of cyclic expansion. We will
denote by C the vector space of maps f : R — R which are piecewise polynomial with
compact support.

DErFINITION 1.2. — We will say that the sequence tr, (L) has a cyclic expansion if there

exist Py € Z[AT!], an integer # > 0 and a family f;, ..., Jf2p—1 € Csuch that

28-1

(1) trp(L) = Py(A) + % 3y arbrrag, (%) Lo (%) _

a=0 nez
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We need to explain the meaning of 0(%) in Equation (1). Indeed, we have to interpret both

sides as elements of K, ® R endowed with the norm ||x||, = inf{max, |c,|, x = Zﬁ;}) cp A"},
The main technical result of this article is the following theorem.

THEOREM 1.3. — For any banded link L C £ x S, the sequence tr,(L) admits a cyclic
expansion.

The proof of this theorem consists in a careful counting of integral points in various
polytopes related to TQFT. It is postponed to Section 3. The interest of having such a cyclic
expansion is that the study of asymptotics is reduced to the following question.

Let f bein C, 8 be a non zero integer and A4, be a convergent sequence of 2 p-th primitive
roots of unity. What is the asymptotics of % Y onez A,z,ﬂ "f (%) as p tends to infinity? This
problem can be solved with elementary analytic tools as follows.

PrOPOSITION 1.4. — Let f € Cand B be a positive integer. Let Ay, be a sequence of 2 py-th
primitive roots of unity with py a strictly increasing sequence of even integers.
1. If lim Ax = u withu®? # 1 one has
k—o00
1 n 1
Ly () =o(h)
Pk o Pk Pk
2. Ifklim Ar = u with u®® = 1 we write Ay = ue'™% so that klim Or = 0. If prOx
—00 —00
diverges when k goes to infinity then
1 28 n 1
o A () = o(5)
Pkt Pk POk
2pk

3. In the same setting as (2) suppose that py6y does not diverge. As Ay = 1, the
sequence Oy py takes discrete values and up to extracting a subsequence, one can suppose

ino

that it is constant equal to % i.e. A = uePrr for some odd integer o. Then, we have

1 : 1

N ZAIZC/S"’J(‘<£) — / eZlnxaf(x)dx + 0(_)

Pk nez Pk R Pk
Proof. — We set H = ﬁ > wez Aiﬂ"f(;’—k). We compute

(1= A2 Hy = i,;fiﬁ" (r(2)-r(=1) = o(=).

Pk Pk Pk

The last equality is obtained by applying a Taylor expansion of f away from a finite number
of values: this is possible since f is piecewise polynomial.

In the first case, since u2# # 1, we deduce that Hy = O(i).

In the second case, we simply observe that 1 — Aiﬁ ~ —2iB0 hence Hy = O(ﬁ) and
we can conclude.

In the last case, we write Hy = ﬁ > ez * ™ i f(3;) and recognize a Riemann sum.
This gives Hy = [ €*™% f(x)dx + O(I)ik). O

We observe that Proposition 1.4 and Theorem 1.3 imply directly Theorem 1.1.
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1.3. Applications for the AMU conjecture for surface groups

The polynomial Py, associated to the cyclic expansion can be used for proving the AMU

conjecture. Let X be a closed surface of genus at least 2, p = 2r be an even integer and

r—1
®) pp : 11 (Z) — [ | PAut(V,(E. n))

n=1
be the quantum representation @ considered by Koberda and the second author in [9].
Here V, (X, n) denotes the vector space associated by the SU(2) Witten-Reshetikhin-Turaev
TQFT to the surface ¥ equipped with a banded point colored by n. It corresponds to the
SU((2)-TQFT at level k = r — 2 in the geometric setting. Here, we use the notation of [3]
with a shift of 1 concerning the color n. A consequence of the AMU conjecture stated by
Andersen, Masbaum and Ueno in [2] is the following (see [10, Section 7] for more detail on
this implication).

CoNJECTURE (AMU conjecture for surface groups). — If y € n1(X) \ {1} is not a power
of a simple element then p,(y) has infinite order for all p big enough.

Here a non-trivial element of 71 (X) is said simple if it is freely homotopic to a simple
closed curve. We denote by (Z[AF'])" = {£A™},.ez the group of units in Z[A*']. Using
cyclic expansions we define the following:

DEFINITION 1.5. — Let y € m;(X) be represented by a loop y : S! — X. We define
7 ¢ ¥ x Stastheknott € S! — (y(t),t) € ¥ x S! with arbitrary banded structure.
For n € N\ {0}, we denote by (y,n) the banded link y colored by n and by tr,(y,n) its
normalized trace (observe that n = 1 is the trivial color and n = 2 the usual one). Because
of the indeterminacy of the banded structure, the polynomial P, , is well-defined up to the
multiplication by a unit.

THEOREM 1.6. — Let y € m1(X). If for some n, Py, is neither zero nor a unit, then the
AMU conjecture for surface groups holds for y.

Proof. — We have by definition tr,(y,n) = (;;np”v—z&)) where pp,, is the n-th factor of the

representation p, defined in Equation 2. If p, ,(y) has finite order, then its eigenvalues are
roots of unity and we have for any primitive root of unity of order 2 p the inequality

leva, try(7,n)] < 1.
By Proposition 1.4, for all but a finite number of u € S!, one has

lim eva, tl‘p()’),n) = Py,n(u)~
Ap—u

Hence, if pp, ,» has finite order for a sequence pi going to infinity, then | Py, (u)| < 1 for all
u € S'. The theorem is then a direct consequence of Lemma 1.7. O

LEMMA 1.7. — Let P € Z[A*] such that sup,cs1 |P(z)| < 1. Then one has P = 0 or
P e (Z[AF])".

@ Strictly speaking, the definition given in [9] was in SO(3)-TQFT but the exact same can be done in the SU(2)
setting.
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Proof. — We can write P = Y, a;A" with the a;’s in Z. Let us define the continuous
function f(t) = P(e?""). One has

1
2 _ Zd < 1.
;wn /Olf(t)l (<1

Since the a;’s are in Z this implies that P = 0 or P = £ A" for some m € Z. O

Notice that determining if the polynomials P,,, belong to (Z[A*!]) “U{0} is similar to the
problem of determining if a non-trivial knot in S3 has non-trivial colored Jones polynomials,
which is believed to be true. The following Theorem 1.10 will provide examples where the
degree of the polynomial P, 3 can be controlled. This is reminiscent of the estimation of the
colored Jones polynomials of alternating knots.

1.3.1. A4 formula for Pr. — We give here a formula for Py in the case where L is a banded
link in ¥ x S! whose projection on the first factor is a multicurve.

PROPOSITION 1.8. — Let p : £ x S! — X be the first projection map and consider a
collection of disjoint and non-parallel annuli Ty, ..., T, C %. Let L C X x S be a banded link
projecting to U;’:l T; and set L; = L N p~Y(T}). We have Pp, = ]_[;-1:1 Pp,; so that one can
reduce to the case where L is inside an annulus times a circle. We put P, = 1 if L is the empty
link.

Let L be a banded link in U = S' x S' x [0, 1] which is a union of banded knots
i CSUx SUx{t; for0 <ty <--- <ty <1. Letxy,...,xx € H\(U,Z) bethe corresponding
homology classes. We have

2A X05E1X] 5eees Ef X
Pp =2 Z A2 ATEa(X0,E1X1 51028 Xk)

€1 yeues ex==x1s.1
xo+e1x1+e X =0

where Area(yq,...,yr) = 0 is the area of the polygon in Hi(U,R) whose sides are the
vectors Vo, . .., V.

This formula will be useful for proving that P, 3 is non-trivial for some curves y € m;(X).
In order to describe them, we introduce the notion of Euler incompressibility.

DEerINITION 1.9. — A cycle in a graph G is called Eulerian if it visits every edge at most
once. A graph G embedded in ¥ is said Euler-incompressible when no Eulerian cycle of G
bounds a disk in X.

THEOREM 1.10. — Let ¥ be a closed surface of genus ¢ > 2 andy : S' — X be an
embedding with N transverse double points whose image T' = y(S") is Euler-incompressible.
Then, up to multiplication by a unit, we have

4N

Py,3= Z C,'Ai,

i=—4N

where c_4n and cqn are not zero. In particular, it is not trivial if N > 0 and Theorem 1.6 applies.
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Figure 1 shows an example of curve which fulfills the assumptions of Theorem 1.10. Note
that this loop is filling the surface in the sense that the complement of its image is a disjoint
union of topological disks. According to Kra’s Theorem [11, Theorem 1.1], this loop is sent
to a pseudo-Anosov element in the Birman Exact Sequence. To the authors’ knowledge, this
is the first example of a pseudo-Anosov element in the mapping class group of a genus g >
2 surface satisfying the AMU conjecture. Moreover we note that any loop whose image’s
complementary is a single disk fulfills the assumptions of Theorem 1.10.

FIGURE 1. An Euler incompressible filling curve

1.4. Geometric interpretation of the cyclic expansion

The standard root of unity 4, = —e!™/P is generally used in TQFT as the vector
space V,(X) is Hermitian in that case. Most of the results or conjectures about the asymp-
totics of TQFT concern this setting. The Witten conjecture is the most well-known and
our work is related to the case when the underlying manifold is £ x S'!. Consider for more
generality an odd integer o and replace A, with A7. Observe that for these roots to be
primitive of order 2p we need that 2 p is coprime to 0 which we assume from now on.

Suppose that L € ¥ x S! is a banded link having a cyclic expansion as in Equation (1).
Then this expansion governs the asymptotics in the sense that we have

28—1
pli)lgo evgg trp(L) = Pr(=1) + /Rezmm Z (=D fou(x) | dx.
a=0

Let X(Z x S!) be the space of conjugacy classes of irreducible representations
p : m (2 x S1) — SU,. Denoting by ¢ the generator of m1(S'), such a representation
has to satisfy p(¢) = %1 as ¢ is central. Hence X(X x S1) is a union of two copies of X(X)
(the space of conjugacy classes of irreducible representations p : 71(X) — SU,), defined in
the same way. This manifold has dimension 6g — 6 and is endowed with a natural symplectic
form w and volume form v = W We set vg = [y(z) V-

When o =1, the Witten conjecture predicts the following asymptotics where
L=L U---ULy.

li L L))d
Jim eva, (1) = 5 [ - 1‘[( tr p(L)dv ().

This formula was proved in [13] in the case where L lies inside ¥ x [0,1] € X x S'. This
formula has also an intersection with [1], where special links in finite order mapping tori were
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studied. Theorem 1.11 will cover the general case where L and o are arbitrary. Unfortunately,
the geometric meaning of the formula is less clear when o > 1.

THEOREM 1.11. — Let ¢ be an odd integer and set A, = —e'™/P IfL C % x S! projects
to X without crossings, we have the following formula.

k
1
limeVntrLz—/ —tr p(L;)?)dv(p).
Jim e @)= | Tl wraon)an)

This formula extends to all links using the Kauffman relation, however we do not know
a direct expression of lim evyq tr,(L) for general banded links. The fact the o exponent
pP—>00

moved from A, to p(L;) is a striking phenomenon which deserves further study. The theorem
will be a rather direct consequence of Theorem 3.6 proved in Section 3.4.

2. Skein computations

2.1. Computing the polynomial Pr

The computation of the polynomial Py, associated to a banded link L C X x S!is
better understood in terms of skein modules. For any compact oriented manifold M (maybe
with boundary), we denote by £(M) the Kauffman bracket skein module with coefficients
in Z[A*1]. We recall that it is the free Z[A*!]-module generated by the set of isotopy classes
of banded links in the interior of M quotiented by the following relations. First

Ly =ALs + A 'Ly,

where Ly, Lo, L are any three banded links in M which are the same outside a small 3-ball
but differ inside as in Figure 2. In this case, the triple Ly, Lo, Lo is called a Kauffman triple.
The second relation satisfied in JF(M)is LU D = —(A% + A~2) L where L is any link in M
and D is a trivial banded knot.

\ ~—
Ly Ly Lo
FI1GURE 2. Kauffman triple
PROPOSITION 2.1. — Let Ly, Lo, Loo be a Kauffman triple in ¥ x S'. If the sequences

tr,(Lo) and tr, (L) have a cyclic expansion then the sequence tt, (L) has a cyclic expansion.
Moreover,

Pr,. =APL + A_IPLO.

Proof. — Remark that the Witten-Reshetikhin-Turaev invariants satisfy the skein rela-
tion: trp(Lx) = Atry(Leo) + A~ tr,(Lo). Therefore, it is enough to prove that cyclic
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expansions behave well under multiplication by A*! and finite sum. For 8 > 0 an integer,
f=foros fopor) € C*F we define

28—1

(B f) =+ 3 S A f (),

a=0 nez

Let B > 0 be an integer and let f = (fo,..., f25-1) € . Applying a Taylor expansion
to the functions fy, ..., f25—1 we have the following (1 — Azﬂ)Hp(,B, )= O(%). Hence the
sequence AT H »(B, f) admits a cyclic expansion. This says that if a sequence admits a cyclic
expansion then the same sequence multiplied by A*! also admits a cyclic expansion.

Let 8/ > 0 be an integer divisible by 8 and set § = f’/8. One can make the Euclidean
division n = §m + o’ and write

2;9 1§-1

Hy(B. f) = Z Z Z Aat2B +2mﬂ’f (5m + o )

@=0 o/=0meZ P
By the previous argument and the estimation fa(a'mij’) = fa(STm) + 0(%), we find that

there exists g € C**" such that H,(f.8) = Hy(g.B") + 0(%). From this we can deduce that
the sum of two sequences admitting cyclic expansions also admits a cyclic expansion. O

This proposition means that the polynomial Py extends to a Z[A¥!]-linear map 7
FUZ x SY) — Z[AT!] defined by n(L) = Pr.If L sits inside a ball B € X x S, the
polynomial Py is just the Kauffman bracket of L. Hence the map 7 defines a section of the
natural inclusion map JF(B) — F(Z x S'). We will construct n by giving its value on a
Z[A*1]-span of F(Z x S'). That this map is well-defined is a non-trivial consequence of
the existence of TQFT invariants and properties of the cyclic expansions.

Before that, we need to recall the results concerning the multiplicative structure of the
skein module of the torus times an interval.

2.1.1. Review of the skein module of the torus times an interval. — We denote by T
the torus S' x S!. It was proven by Frohman-Gelca and Sallenave (see [6, 14]) that
the skein module of the torus 7" is isomorphic to the symmetric part of the quantum
torus. Formally, we define the quantum torus as the non-commutative Z[A*!]-algebra
T = ZAT(M*E, LT /(LM — A2ML). Let o be the involution of & defined by
oM™MLYy =MLt

PROPOSITION 2.2. — For any (m,l) € Z? we set
(m,Dp = (=D)AL ML e F°.

There is an isomorphism of algebras Y : FUAT x[0,1]) = ° which maps the standard banded
curve in T x [0, 1] with slope (m, 1) to the element (m, )T when gcd(m,[) = 1.
We have for any a, b, c,d € Z the following product-to-sum formula:

(a,b)r(c,d)r = AP (a+c,b+d)r + A4 (q —c.b—d)r.

For technical reasons, we will also need the following normalization:

(I,myr = M™L" + M—™ L7,
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REMARK 2.3. — This proposition implies that (T x [0,1]) is generated as a
Z[A*']-module by {(m, )7 | (m,]) € Z?} U {@}.

2.1.2. Weighted multicurves. — We introduce weighted multicurves as a set of generators
of F(T x S1) over Z[A*1].

DEerINITION 2.4. — Letk > 0, a k-multicurve is a collection of k disjoint essential simple
oriented and non pairwise parallel closed curves.

DEFINITION 2.5. — Lety = y; U---U y, be a k-multicurve. A weight on y is an element
w = (ay,by,...,ar,by) € 72k thought as an assignment of a pair (a;, b;) for each connected
component y; of y. A pair (y, w) will be called a weighted multicurve.

Lety = y; U--- Uy be a k-multicurve on X with weight w. For 1 < j < k, we choose a
diffeomorphism between S! and y; respecting the orientation. Denote by T the torus S'xS!:
we can embed 7 in ¥ x S! by sending the first factor to y;. This embedding extends to an
embedding ®; : T x [0,1] — X x S! respecting the orientation of £ x S1.

DEFINITION 2.6. — The skein associated to the weighted multicurve (y, w) is the element
[y,w] = U?:l ®;({a;,bj)T) € FUZ x SYY where w = (a1, by, ..., ax, br) and (a,b)r is the
skein element defined in Subsection 2.1.1.

PROPOSITION 2.7. — The set of weighted multicurves [y, w] spans the Z[AT']-module

F(Z x Sh.

Proof. — Let L C ¥ x S! be a banded link. Set J = {e*" |t € [0,1]} and J* = S\ J.
There is a finite set {p1,..., py} of banded points in ¥ (perhaps empty) so that one has up
to isotopy L N (X X J*) = {p1,..., pn} x J*. Let L’ be the intersection of L with X x J.
We have the following picture:

FIGURE 3. A banded linkin & x S
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Applying the skein relations we can reduce to the case where the projection of L’ on X is a
finite disjoint union of banded simple closed curves and banded points. Hence we can find an
integer k > 0 and a k-multicurve y = y; U---U y, in ¥ such that, up to isotopy, L C 7 x S'!
where y C X is a tubular neighborhood of y. This says that L is in the image of the canonical
map (T x [0, 1])® — F(T x S!) induced by the inclusion 7 x S' < X x S!. Finally
from Remark 2.3 we conclude that L is a Z[A*!]-linear combination of weighted multicurves
where the underlying multicurve is y. O

Theorem 1.1 will follow from the following one which will be proved in Section 3.

THEOREM 2.8. — For any weighted curve [y, w] the sequence tr,, ([y, w]) has a cyclic expan-
sion. Let k be the number of connected components of y. One has n([y, w]) = 2% if w = 0 and
0 otherwise.

This theorem conjugated with the following lemma proves Proposition 1.8.

LEmMMA 2.9. — Let T be the standard torus and o be the I-form on Hy(T,R) given
by ax(y) = det(x, y) where det stands for the intersection product.

Let xq,...,x; be vectors in Hi(T,Z). We denote by P(xy,...,xx) the concatenation of
the segments generated by the vectors xy, ..., xx. For x € H{(T,Z), we denote by (x)T the
corresponding vector in J(T x [0, 1]). We have then the following formula:

Gor--r = Y AlPCoereesen0 (o 4 ey e
E],...,8k=:|:1

Proof. — This is a generalization of the product-to-sum formula which can be proved by
an immediate induction, observing that

/ oz=/ o +det(xo + -+ + Xk, Xk41)- O
P(x050-s Xk +1) P(x0,....Xx)

The main application of this lemma will concern the case when xg + e1x1 + -+ ggxx =0
in which case Stokes formula and the equality do = 2 det imply

.....

2.2. Application to the AMU conjecture

In this section, we prove Theorem 1.10.

We define the degree of a non-zero Laurent polynomial by the following formula:

deg P =inf{n e N, P(4) = > ¢;A'}.

i=—n

We fix a surface X of genus g and start the proof with two technical lemmas.
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DEerFINITION 2.10. — Let G be a graph embedded in X with one oriented edge. Consider
a tubular neighborhood V of G and amap f : V — S! which is constant equal to 1 out of
the labeled edge and makes one positive turn along the oriented edge. We define the following
banded graph:

G ={(x,f(x)),xeVicExS.

Moreover we denote by 3G the banded link in £ x S! defined by the boundary of G.

Given a banded graph G C T x S!. We say that a component C of G bounds a disk if
there is an embedded disk D € ¥ x S! suchthat DN G = C.

LEMMA 2.11. — Let G be agraph embeddedin X with one oriented edge and suppose that the
component of G containing the arrow is not the boundary of a disk. Then the degree of 1(0G) is
bounded by twice the number of components of G bounding a disk in ¥ x S

Proof. — Each trivial component produces a factor —[2] by the Kauffman relations: this
shows that the bound is optimal. Remove all these components from 3G . We are reduced to
prove that the polynomial n(aé) has degree zero. Represent the directed edge by 2 arrows
on the multicurve 0G C X. The lemma follows from a case by case study of the possible
configurations of arrows.

Case 1. — The two arrows belong to the same component and cancel. This component is non-
trivial as we removed them before starting. We conclude with the following observation: the
polynomial associated to a multicurve in ¥ is a constant. Indeed, the multicurve is a union
of parallel copies of curves of type (1,0)7. Lemma 2.9 gives (1,0)} = (n'/lz) which is an
integer.

Case 2. — The two arrows belong to the same component y and add. This is indeed impos-
sible by considering y as a boundary curve of the component of the banded graph containing
the arrows. By construction, the two arrows are in opposite directions relatively to this orien-
tation and hence cannot add.

Case 3. — The two arrows belong to two non parallel components. Hence, one of them is non-
trivial and its neighborhood has the form x = (1,0)%(1, 1)7(1,0)%. Invoking Lemma 2.9,
there are no closed paths in the expansion of x, hence n(x) = 0.

Case 4. — The two arrows belong to two parallel and trivial components. Then these curves
bound a trivial circle containing the arrow which is forbidden by assumption.

Case 5. — The two arrows belong to parallel and consecutive non-trivial components. Then

this corresponds to x = (0, 1)7.(1, I)ZT(O, 1)7. Again by Lemma 2.9, any closed path in the
expansion of x has vanishing area, hence 7n(x) is an integer.
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Case 6. — The two arrows belong to parallel and non-consecutive non-trivial components.
Then, noticing that there exists an embedded arc which joins them, we are in the configura-
tion (1, 1)7(1,0)%.(1, 1)7. We conclude as in the Case 5. O

LEMMA 2.12. — Let G be an embedded graph with one oriented edge. Let n and e be
respectively the number of vertices and edges of G. Let

e u be the number of components of G bounding simply connected components of G

e v be the number of components of G bounding a disk and not counted in u.

Suppose that G is Euler-incompressible and at most quadrivalent. Then we have the following
inequalities
e+u<2n and v <n.

Moreover v —n = u + e —2n = 0 implies that G is a disjoint union of circles (none of them
bound a disk in ¥ since G is Euler-incompressible ).

Proof. — Let (G;);es be the connected components of G with negative Euler character-
istic.

Let n; (resp. e;) be the number of vertices (resp. edges) of G;. As G; is not a circle, one
has n; > 0. Since G; is at most quadrivalent, we have ¢; < 2n; and hence —y(G;) < n;. We
compute

—x(G)=e—n=—-u+ Z_X(Gi) <—u+ Zn,- <—-u+n,
iel iel
from which we conclude e + u < 2n.

Now let w; be the number of boundary components of G; and v; be the number of
boundary components of G; bounding a disk in X. Since G; is Euler-incompressible, we have
Zi erVi = V.

Consider the closed surface S; obtained by gluing disks to the boundary components
of G;. If S; is a sphere then any boundary component of G; is an Eulerian cycle which implies
v; = 0 by Euler-incompressibility. The equation v; < n; follows in that case. If S; is not a
sphere, we have y(S;) < 0. From ¢; < 2n; and v; < w; we get

3) —ni+vi <nj—e +v; < x(Si) =ni —ei +w; 0.

In any cases, v; < n;, and summing over i € I we get v < n.

It remains to prove the last part of the lemma. Suppose that v —n = u + e —2n = 0 and
fixi € I. We have v; = n;. If S; is a sphere we have v; = n; = 0: this is not possible since a
graph should have at least one vertex. Therefore (3) implies y(S;) = 0 and w; = v;. Hence
G; is embedded in a torus S; in such a way that any of its boundary components bounds a
disk in X. This allows to define an embedding S; — X: since the genus of X is at least two,
this is not possible. We conclude that I is empty and G is a disjoint union of circles. O

Proof of Theorem 1.10. — We denote by [7,3] € F(Z x S!) the skein element obtained
by coloring p (see Definition 1.5) by the color 3 (2 in the [3] setting). In the setting of [3], this
corresponds to the insertion of the idempotent f, in dp as shown in Figure 4.
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N ]
N [

FIGURE 4. The idempotent f>

For any banded graph I' C X x S, we will denote by [T, 3] the element of (T x S!) ®
Q(A) obtained by inserting the idempotent f, in I at all edges of . Setting [2] = A%+ A2,
these skein elements satisfy the following skein relation:

) X:A4)(+[2]><+A—4x

We extend the map 7 : (T x S') — Z[AT!] by tensoring with Q(A) so that we can
evaluate banded colored graphs. The proof will consist in investigating all terms in the state
sum suggested by Equation (4).

SetI' = y(S!) C X and orient the edge going through the base point. Let V be the
set of vertices of I'. Given S : V — {—1,0, 1}, we define I'y to be the graph obtained by
transforming all vertices of I" as follows: if a vertex evaluates to 1 under S it is replaced by a
positive smoothing, if a vertex evaluates to —1 under S it is replaced by a negative smoothing
and if a vertex evaluates to 0 under S it is not changed. I's can be viewed as a quadrivalent
graph in ¥ with one directed edge. Consider the banded graph I's in & x S! defined by
Definition 2.10.

For S : V — {—1,0, 1}, we denote by ags, bs, ns respectively the number of preimages
of 1,—1,0. Applying the rule (4) to all the crossings of y gives

NP3 = Y ANeTIIppsyfs.3).
S:V—>{-1,0,1}

Consider one term of the sum associated to a map S. To avoid heavy notations, we remove
the subscript S to a,b and n. We have the decomposition N = n + a + b and n is the
number of vertices of I'g. The original graph I" was a quadrivalent graph with N vertices
hence satisfying y(I') = —N. The graph I's being obtained by smoothing a + b vertices
satisfies y(I's) = —N +a + b = —n.

Computing r)[f“s, 3] involves inserting idempotents in all edges of I's. Let Eg be the set
of edges of I's. For £ : Eg — {0, 1}, we define I's ¢ to be the graph obtained by deleting all
edges e such that §(e) = 1. We define s = card(§7! ({1}). According to the rule of Figure 4,
we have

nfs.3l= Y [27%n(lse).
£:Es—{0,1}
Now fixing § : Es — {0, 1} we want to bound deg A**~*[2]"~$1(3dTs ¢) (here s stands
for s¢). Note that y(I's ¢) = —n +s and recall that as I' is Euler-incompressible, this property
still holds for I's ¢. Hence Lemma 2.11 applies for I's ¢ and we have

(5) deg A% =40 (2"~ y(8T's ) < 4la —b| 4+ 2(n — s + ¢),
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where ¢ is the number of components of d['s¢ which bound a disk in X. Let us write
¢ = u + v, where u is the number of simply connected components of I's ¢.

We denote by T the left-hand side of Equation (5). Supposing that @ > b, we can apply
Lemma 2.12 to I's ¢. Hence (5) gives T < 4N —8b + 2(v —n) + 2(u — s5) < 4N (we
recall thata + b +n = N and y(I'sg) = —n + s = n — e). This is strictly less that 4N
unless b = 0and n = 0 (by Lemma 2.12), that is unless we smoothed all the vertices
of T in the positive way. Doing so, I's is a collection of non-trivial curves (since I" is Euler-
incompressible) colored by 3, one of them being oriented.

The computation can be done locally in an annulus times an interval. Expanding the
idempotent f>, an unoriented curve colored by 3 is [(1, 0), 3] = (1,0)% — [0] = (2,0)7 + [4]
and similarly, an unoriented curve colored by 3 is equal to [(1, 1),3] = (2,2)7 + [@]. Hence
expanding 7n([(1,0), 3]"[(1, 1), 3][(1, 0), 3]™) with the help of Lemma 2.9 gives a positive
result. Repeating the argument for negative smoothing, we finally proved Theorem 1.10. O

3. Proof of the cyclic expansion

3.1. Curve operators acting on the torus

Let (e;);=1,...r—1 be the basis of V,(T') obtained by filling 7 with D? x S! and coloring the
core curve by /. Notice that we use the convention of [4], that is ¢; corresponds to (—1) ~1u;_4
where u; is the basis used in [3]. The algebra JE(T x [0, 1]) acts naturally on V,(7) by the
axioms of a TQFT. Let us cover this action by an action of the quantum torus.

Define £, = Djez)pz K »(+/2)0, as a p-dimensional Hermitian vector space formally
generated by 8; where (6;, 6,,) = 8;’_ - BY convention, we set 87 = 1if pli and 0 otherwise.
The quantum torus & acts on E, by the formulas M6; = A?'6; and L6, = 6;4,.

LEMMA 3.1. — Let o be the involution of E, defined by o(6;) = 0_;. Then the map
Vo(T) — E, defined by e; +— %(0; — 0_;) is an isometry onto the o-antisymmetric part

which commutes with the action of & °.

Proof. — This is well-known, see for instance [4, Section 2]. Indeed, we get the expected
formulas

(1,0O)re; = (-M — M )e; = (—A* — A_”)ezD

0. )re; = (=L — L™ ey = —er41 — ey

LEMMA 3.2. — We have the formula

(a.b)rer.em) = A2 OS], =60 )+ ACCIEOG) L —8 ).
Proof. — This is a direct computation, replacing e¢; with \%(91 —6_). O
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FIGURE 5. Surgery on ¥

3.2. Reduction to weighted multicurves

We remark that because of Proposition 2.7 and Proposition 2.1, it is enough to prove that
any weighted multicurve has a cyclic expansion.

Lety = y1 U--- Uy be a k-multicurve. We denote by 2, the surface obtained by surgery
on every component of y. For any i, we add two marked points p;, ¢; from each side of the
handle used in the surgery at y; as in Figure 5.

Finally, given a vector x = (ny,my,...,nx,myg) €{1,...,r — 1}2" thought as a coloring
of the points p;, g;, we set

Cyp(x) =dimV,(Z,,n1,mq, ..., ng, my).

Proof of Theorem 2.8. — Let y = y; U --- U y; be a multicurve with weight
w = (ai, by,...,a, bk) Let V/ and be twoparallelcoples ofy] suchthatCD (TX{O l}) =

,,,,,

with D2 x S (the same with 7).

The TQFT axioms imply the following equation where n and m are elements of {1,...,r — 1}¥.
k
Cyp(n,m)
trp[y, w] = Z H((aj’bJ')T €n;sem;) m-
n.m \j=0

Using Lemma 3.2, we have

©) trply,w] = Z H (Azn]aj @, +b—m; f,+b,+m,)

nm j=1
Cy.p(n,m)

—2nja 14 p
+ A2 (5 iy )>zp(2x51)‘

n;j—bj—m; nj—b;+m;
Introducing signs & and ¢ in {£1}*, we can rewrite the sum in the following way

trp[y, w] = Z ]_[AZS/”’“’C 8P nj+e;bi—t; Sraplt i),

et " Zp(Zx ST’
We conclude using Proposition 3.4 where x stands for the 2k-tuple (ny,my,...,ng, my),
lj(x) = nyj —ij]',aj = —SJ'bj fOI‘j = 1,...,k,D = gcd(al,...,ak) and l()(x) =
%Zj nja;. O
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3.3. Counting points in polytopes

DEFINITION 3.3. — Let N be a positive integer and A be an affine lattice of RY. We
denote by covol(A) the volume for the Lebesgue measure of RE /A where A is the vectorial
part of the affine lattice A.

PROPOSITION 3.4. — Let D be an integer, L = (ly,...,l;) be a surjective linear map
L:7% - 7K and o = (ay, ..., ox) € ZF some integers. Then setting
k
2DI
Q) Blw= 3,  aPPOTT8 0 Crp),
x€{l,~,r—1}2k Jj=1
Fp(l,a)

the quantity -

Z,(5x8T) has a cyclic expansion.

Proof. — Let H be a disjoint union of handlebodies bounding X, and I' be a unitrivalent
banded graph embedded in H suchthat 'NX = dI"' = {p1,41,..., Pk.qx} and such that H
retracts on I'. We will denote by E the set of edges of ' and identify an element of 9T" with
the edge incident to it.

Then it follows from [3, Theorem 4.11] that C, ,(x) is the cardinality of the set
(intrP)NAN{c; = x;,i € T} C RE,
where we have set

P={r:E-01,u<t+n%u+7+1n% <2}
A={c:E—Z,c; +cj+ cr odd}.

In these two expressions (i, j, k) runs over all triples of edges in E incident to a same trivalent
vertex of I'.

This comes from the fact that V,(X,, x) has a basis obtained by coloring the edges of I"
with ¢ for ¢ € rint P N A satisfying ¢; = x; for all i € dI", see Theorem 4.11 in [3].

Observe that for alli € Z, 87 = Y ., 8i+ps where §; = 1if i = 0 and 0 otherwise.
Plugging this into Formula (7) gives F, (I, &) = Y,k Gp(l, a + ps) where G, has the same
definition as F;, with 67 replaced with §. We will see that this sum is actually finite so that we
are reduced to study the cyclic expansion of G,,.

As an example of what will follow, taking y = @, we have the equality Z,(Z x S!) =
dim V,(¥) = card P N %A. Comparing the number of integral points with the volume gives
the following estimate, proved in detail in Lemma 3.5:

p VOl P

ZP(E x Sl) — rdim + O(VdimP_l).

covol A
Heredim P = 3g—3ifg > land 1 if g = 1, vol(P) is computed from the Lebesgue measure
onRE and covol(A) is defined in Definition 3.3. One can compute covol(A) = 22863 if g > 1
and 1 if g = 1. Notice that up to a normalization factor, the leading order in r is the volume
of the moduli space Hom(7r; (£), SU,)/SU, with the volume form associated to the Atiyah-
Bott-Goldman symplectic structure (see [8] and also [13]).
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The proof of the general case will rely on the same kind of estimations. More precisely,
let V,, be the affine subspace of RE given by the equations lj(x) =a;forj=1,...,kand
lo(x) = n. Then we have G,(l,a) = Y, ; A2"P g, (n) where

gr(n) =card(intrP) NV, NA.

We would like to apply Lemma 3.5 to this situation in order to estimate g, (n). The lemma
applies to the polytope P NV, included in the euclidean space V, provided that rP NV}, has
non-empty interior and V, N A is an affine lattice in V,,. If the first assumption does not
hold, it implies that V,, N int(rP) = @ and hence g,(n) = 0. Next, the linear part 1%
of V,, is by hypothesis the kernel of the linear forms /o, .. ., [y which are integral and linearly
independent. It follows that V N A is a free abelian group of rank N — k — 1 where we have
set N = card E = dim P. Hence, V,, N A is a lattice in V,, if and only if it is non-empty.

We observe that this last condition only depends on n modulo 2. Indeed, if¢c : £ — Z
satisfies the equation defining V,, and A modulo 2, we can add to ¢ a function d : d" — Z
which satisfies 2/o(d) = n — lp(c) and 2/;(d) = «o; — [j(c). Such a function exists by the
assumption that L is surjective. It follows that we need to specify the parity of n. In the sequel,
we will denote by v € Z /27 a solution of the preceding system and restrict to those n’s which
are congruent to v.

For n = v mod 2 we have
_x— Vol PN %Vn

9] N—-k—2 .
covol V, N A +0 )

gr(n) =r¥

We have covol V;, N A = covol V N A, showing that this quantity does depend on 7.
On the other hand, the function V(«y, ...,0x) = vol{r € P,l;(r) = «aj,j =0,....k}is
a piecewise polynomial function with compact support . It follows that

pN—1-k n oo «
gr(n)=——=--—=V (—, i 281,00, s + 2Sk) + O(VN_k_z),
covol VN A ror r
which can be written g,(n) = rN-17kf ) + O(rN=%=2) for a piecewise polynomial
function f with compact support. This finally proves the proposition. O

LEmMMA 3.5. — Let P be a polytope with non-empty interior in a Euclidean space E of
dimension N and A be an affine lattice in E. We define the radius of A as the constant
(independent of 1) p(A) = sup{d(x, L), where x € E satisfies d(x,A) < d(x,u)Vu € A}.

vol P < Z ber VOle(l)CF.

d@intP N A) —
card(in ) covol A covol(A)

In this formula F runs over the faces of P of positive codimension cr and by, is the volume of
the unit ball in R".

Proof. — For any A € A define its Voronoi cell
VA) ={x e RV st.d(x,A) <d(x,u) Vi € A}

Then we have | ;.4 V(A) = E, vol V(A1) = covol(A) and int V(A) Nint V() = @for A # .

Consider Q = U V(&) such that vol Q = card(int P N A)vol V(1). Any point x in
A€int PNA
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the symmetric difference PAQ is at distance at most p = p(A) from the boundary of dP as
we have p = sup{d(x,A),x € V(A)}.
Hence, | vol P — vol Q| < vol PAQ < vol N,(0P), where we have set

Np(0P) = {x € E.d(x,0P) < p}.

Any point in N,(dP) has its closest point in dP belonging to some face F' of P of positive
codimension. This gives the following estimation, proving the lemma.

VOl N,(0P) < ZVO] F bepp°F. O
F

3.4. A geometric interpretation of the trace

Consider a surface ¥ and a weighted multicurve (y, w). The aim of this subsection is to
provide a geometric interpretation for the evaluations ev4g trp[y, w].

Recall that we have set X(X) to be the space of conjugacy classes of irreducible represen-
tations p : 71 (X) — SU,, v the volume form and vy = fX(E) v. Every component y; of y
defines a map 6; : X(X) — [0, 1] by the formula

®) trp(yi) = 2cos i ([p]).

Suppose that y is a pants decomposition of ¥ and denote by I" the corresponding graph.
Then, the functions are well-known to be action variables on X (X), see [8, 13]. Precisely, these
maps Poisson commute and the joint map ® = (0;,...,60) : X(X) — R* has image the
polytope P defined in the proof of Proposition 3.4. The Hamiltonian flows of the maps 6;
induce an action of RZ which acts transitively on the fibers of ®. Moreover, the kernel of this
action is precisely 1 A.

We prove here the following theorem which implies Theorem 1.11 and extends the main
result of [13].

THEOREM 3.6. — Let o be an odd integer and set A, = 7 Suppose that p goes to
infinity such that o and 2p are coprime. Then

1
lim evyo trp[y, w] = —/ tr p(y;)%?dv(p)
p=oo "0 F Ve X(E)l]_-[ ’

if' >_; bj is even and 0 otherwise.

Before entering into the proof, let us see how this theorem implies Theorem 1.11. For any
banded link L C ¥ x ST, we set Ax(L) = limpeo evyg trp(L). The compatibility with
Kauffman relations implies that A, isa linear formon F(X xS, —-1) = F(ExS!) ® C.

Z[Ail]
Here Z[A*!] acts on C by the formula P(A4).z = P(—1)z.

On the other hand, let y = y; U---Uy; be a pants decomposition of = and F’ (XxS!) be
the sub-module generated by banded links living in N, the product of a neighborhood of y
with the circle. We denote by 7 : X(Z x S!) — {£1} the function satisfying p(¢) = t(p)Id.
Any element of &’ (X x S1) may be viewed as a function on the character variety X(X x S')
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which depends only on 6y, ..., 8; and 7. That is, we can associate to any banded link L C N
a function Fr(0y,..., 6k, 7) satisfying

[T-troLi) = FL@:(p).....0c(p). ().
i

In this setting, we define a linear form A, : F&'(Z x S') — C by the formula
AL(L) = [ Fp(obh,...,00k, t)dp where p is the image of v/v, by (61,. .., 6. 7). Hence,
by construction, we have A (f) = i fX(EX s1) fdv. Theorem 1.11 consists in proving the
formula Ag(L) = A/ (L) for a banded link L projecting without crossing. On the other
hand, weighted multicurves [y, w] with fixed y are generators for &’ (X x S1), hence it is
sufficient to prove the equality Ay [y, w] = AL [y, w] for all weights w.

Fix a weight w = (a1.b1,...,ax,bx). In the torus y; x [0, 1], the element (a;,b;)r
corresponds to the function mapping the representation [p] to trp(y;%t%/). Hence,
F=T]J, 2cos(a;0;)t% and A [y, w] = i fX(zxsl) [, tr p(y;°% )% dv(p).

As X(Z x S1) is a disjoint union of two copies of X(X) defined by the equations ¢ = 1
and ¢ = —1, the integral vanishes if }_; b; is odd, and otherwise reduces to the integral in
the right hand side of the equation in Theorem 3.6. The conclusion follows.

Proof of Theorem 3.6. — With the notation of the proof of Proposition 2.8, we have the
formula

N 2imo Z o P Cy,p(m,n)
evag trply, w] = Z e v SN Hgnjﬂjbj—é‘jmj m.
J

m,n,g,§

For C,, ,(m, n) to be non-zero we need to have 0 < mj,n; < r. At the same time there
exists k; € Zsuchthatn; —{jm; +¢;b; = 2rk;. Henceif {; = 1, we have necessarily k; = 0.
If{; = —1, we have either k; = Oandn; +m; = —s;bj ork; = landnj +m; = 2r —¢;b;.
The number of solutions is bounded with respect to r, and such terms can be neglected in
the sum. Hence, we can suppose that {; = 1 and replace §? with §. This gives

2in0 v g.a-n: 71 Cr.p(n + b, n) |
evag tply.w] = 3 5 Xy [ LTI 4 0( ).
i y4

n,e
where n + ¢b is a shorthand for the tuple (n; + ¢;b;).

Let T be the graph adapted to y introduced in the proof of Proposition 3.4. We also
introduce the polytope P and the lattice A.

Applying Lemma 3.5, we get that C,, ,(m, n) is either zero or equivalent to %,
where Vi, , 1s the affine space given by the equations ¢y, = m; andc¢,; =nj;forj =1,... .k
Supposing non-triviality, we get further
vol(P N Vg,%)

N Y 0 cardE—2k—l.
covol(A N Vi) +oC )

Cy,p (m , I’l) — rcard E—2k
Denote by I the graph obtained from I' by gluing the vertices pjandgjforj =1,... k.
The graph I' has an associated polytope and affine lattice that we respectively denote by P

and A. Then, the same reasoning gives Z,(Z x S!) = rcardE_kﬁ + O(reard E—k=1y

1 : 5 D
As 7% and 7 are equal up to O(5), t}}e volume vol(P N V%,%) isequal tovol P N Vu up
to 0(%) where Vz is the subspace of RE defined by the equation ¢; = “L.

r
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Let us deal with the term covol(A N V,, ,) by considering first the case of . Let
Cy (f’, 7Z./27) be the cellular complex associated to r.A coloring ¢ : E — Z reduces
modulo 2 to an element of Cy(I", Z/27). In this setting, the condition defining the vectorial
part of A is simply to be a cycle. It follows that the index of A in ZZ is the cardinality
of C1 (", Z/2Z)/ ker @ which is 2¢ard E—dim H, (1'2/22)

The same reasoning applies to I', supposing that A N V}, , is non-empty. The vectorial
partof ANV, isamapc : E — Z which vanishes at boundary points and such that
c(e;) + c(e;) + c(ex) is even for all triples (7, j, k) incident to a same vertex. Its reduction
modulo 2 is a cycle in C; (T, Z/27), hence, the index of A NV, , is 26214 E—2k—dim H1(I'2/22)
Supposing it is non-zero, we get the following estimate where &7 = —dim H (1. Z /27) +
dim H{(T', Z/2Z).

Cy’p(myn) ok vol P N ‘7&

=r L2k o(rTF ).
Zy(X xSt vol P

()]
Let [ be the number of connected components of I'. The exact sequence of the pair (f‘, )
gives the formula & +k — + 1 = 0 which replaces the power of 2 in Equation (9) with 2/~ 1.

Consider now the problem of the non-vanishing of C,, ,(m,n). Anelementc € ANV p
satisfies c(p;) = m;, c(q;) = n; and c(e;) +c(ej) + c(ex) = 1 for all triple of edges e;, e; , ex
incident to a same vertex. Summing ¢ + 1 twice over each edge of any component I'; of T’
gives modulo 2 the equality /; (¢) = card aT'; where /;(¢) = erar,« ¢(x). Summing over the
connected components and observing that m; + n; = b; modulo 2, this gives the identity
>.ibj=0.

Conversely, a simple argument involving the homology of (I, dT;) modulo 2 implies
that Cy,,(m, n) is non-zero if and only if /; (m, n) = 0 for all i. Hence, assuming that  ; b; is
even, we get

1 2RO S pgn a1 vol P N Vﬂ 1
evyo try[y, w] = — e P Litiainiy — + O(—).
[ rk Z vol P p

n,e
l; (n+eb,n)=0

The parity conditions /; should divide the sum by 2! but the sum Zle li(n+eb,n)=>b;
vanishes modulo 2. Hence they divide the sum by 2/~ and this factor cancels.

We recognize a Riemann sum: setting f(x) = % we get
Vi
lim evy, tr,[y, w] = / E 27O 89X f(x)dx
p—>00 R <

:/RHZCOS(Znoajxj)f(x)dx.

J

This proves the proposition as f(x)dx is equal to the push-forward ®*vlg and by

eiml; 0
construction p(y;) is conjugate to 0 e-int |’ -
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FLAG-APPROXIMABILITY OF CONVEX BODIES
AND VOLUME GROWTH OF HILBERT GEOMETRIES

BY CONSTANTIN VERNICOS anD CorMAc WALSH

ABSTRACT. — We introduce the flag-approximability of a convex body to measure how easy it is
to approximate by polytopes. We show that the flag-approximability is exactly half the volume entropy
of the Hilbert geometry on the body, and that both quantities are maximized when the convex body is
a Euclidean ball.

We also compute explicitly the asymptotic volume of a convex polytope, which allows us to prove
that simplices have the least asymptotic volume.

RESUME. — Nous introduisons ’approximabilité-drapeau d’un corps convexe qui mesure la diffi-
culté de 'approcher par des polytopes convexes. Nous montrons que I’approximabilité-drapeau d’un
corps convexe est égale a la moitié de ’entropie volumique de sa géométrie de Hilbert associée et que
les deux invariants sont maximaux lorsque le corps convexe est une boule euclidienne.

Nous calculons également le volume asymptotique de la géométrie de Hilbert d’un polytope
convexe, ce qui nous permet de démontrer que les simplexes ont le volume asymptotique minimal.

Introduction

An important problem with many practical applications is to approximate convex bodies
with polytopes that are as simple as possible, in some sense. Various measures of complexity
of a polytope have been considered in the literature. These include counting the number of
vertices, the number of facets, or even the number of faces [3]. One could also use, however,
the number of maximal flags. Recall that a maximal flag of a d-dimensional polytope is a
finite sequence ( fo, ..., fq) of faces of the polytope such that each face f; has dimension i
and is contained in the boundary of f; 4.

The authors acknowledge that this material is based upon work partially supported by the ANR Blanche
“Finsler” grant.
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Suppose we wish to approximate a convex body Q by a polytope within a Hausdorff
distance & > 0. Let N¢(e, 2) be the least number of maximal flags over all polytopes satisfying

this criterion. We define the flag approximability of 2 to be
log N¢(e, 2
ag(2) := lim inngf—(S).
&0 —loge
This is analogous to how Schneider and Wieacker [10] defined the (vertex) approximability,
where the least number of vertices was used instead of the least number of maximal flags.

Facet and face approximabilities can also be defined in a similar fashion. It is not known if
any equalities hold between the vertex, facet, face, and flag approximabilities. An advantage
of using the flag approximability is that one can relate it to the volume entropy of the Hilbert
metric on the body in the following way.

Choose a base point p in the interior of the convex body €2, and for each R > 0 denote
by Ba(p. R) the closed ball centered at p of radius R in the Hilbert geometry. Let Vol?
denote the Holmes-Thompson volume. The (lower) volume entropy of the Hilbert geometry
on 2 is defined to be

log Vol (Ba(p, R))

Ent(2) := liminf .
R—o0 R

Observe that this does not depend on the base point p, and moreover does not change if
one takes instead the Busemann volume. One can also define the upper flag approximability
and the upper volume entropy by taking supremum limits instead of infimum ones. Although
the two entropies do not generally coincide, as shown by the first author in [13], all our results
and proofs hold when replacing lim inf with lim sup.

THEOREM 1. — Let Q@ C R? be a convex body. Then,
Ent(Q2) = 2a¢(R).

The same result concerning the vertex approximability was proved by the first author [13]
in dimensions two and three. In higher dimension, it was shown only that the volume entropy
is greater than or equal to twice the vertex approximability. The motivation was to try to
prove the entropy upper bound conjecture, which states that the volume entropy of any
convex body is no greater than d — 1. This would follow from equality of the two quantities
just mentioned using the well-known result, proved by Fejes-Toth [7] in dimension two and
by Bronshteyn-Ivanov [5] in the general case, that the vertex approximability of any convex
body is no greater than (d — 1)/2.

We show, using a slight modification of the technique in Arya-da Fonseca-Mount [3], that
the Bronshteyn-Ivanov bound also holds for the flag approximability.

THEOREM 2. — Let Q@ C R? be a convex body. Then,
1

d —
a(f) = ——.

This allows us to deduce the entropy upper bound conjecture. N. Tholozan has also
proved this conjecture recently using a different method [11].
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COROLLARY 3. — Let Q C R be a convex body. Then,

Ent(Q) <d —1.

For many Hilbert geometries, such as hyperbolic space, the volume of balls grows expo-
nentially. However, for some Hilbert geometries, the volume grows only polynomially. In this
case it is useful to make the following definition. Fix some notion of volume Vol. The asymp-
totic volume of the Hilbert geometry on a d-dimensional convex body 2 is defined to be

Vol(Ba(p. R))

Asvol(Q2) := liRm inf Rd

—00

Note that, unlike in the case of the volume entropy, the asymptotic volume depends on the
choice of volume. The first author has shown in [12] that the asymptotic volume of a convex
body is finite if and only if the body is a polytope.

In the next theorem, we again see a connection appearing between volume in Hilbert
geometries and the number of maximal flags. We denote by Flags(P) the set of maximal
flags of a polytope 2. Let T be a simplex of dimension d. Observe that Flags(Z) consists
of (d + 1)! elements.

THEOREM 4. — Let P be a polytope of dimension d, and fix some notion of volume Vol.
Then,

|Flags(P)|

Asvol(P) = @1

Asvol(X).

An immediate consequence is that the simplex has the smallest asymptotic volume among
all convex bodies. This was conjectured by the first author in [12].

COROLLARY 5. — Let Q C RY be a convex body. Then,
Asvol(2) > Asvol(X),

with equality if and only if Q is a simplex.
Another corollary is the following result, proved originally by Foertsch and Karlsson [8].

COROLLARY 6. — If the Hilbert geometry on a convex body Q is isometric to a finite-
dimensional normed space, then Q is a simplex.

1. Preliminaries

A proper open set in R is an open set not containing a whole line. A non-empty proper
open convex set will be called a convex domain. The closure of a bounded convex domain is
called a convex body.
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1.1. Hilbert geometries

A Hilbert geometry (Q2,dg) is a convex domain Q in R? with the Hilbert distance dg
defined as follows. For any distinct points p and ¢ in 2, the line passing through p and ¢
meets the boundary 02 of 2 at two points a and b, labeled so that the line passes consecu-
tively through a, p, ¢, and b. We define

1
do(p.q) == Elog[a, p.4.bl,
where [a, p, ¢, b] is the cross ratio of (a, p, g, b), that is,
b
_ laallpl
|pal 1qb]

with |xy| denoting the Euclidean distance between x and y in R?. If either a or b is at infinity,
the corresponding ratio is taken to be 1.

la.p.q.0]:

Note that the invariance of the cross ratio under projective maps implies the invariance
of do under such maps. In particular, since any convex domain is projectively equivalent
to a bounded convex domain, most of our proofs will reduce to that case without loss of
generality.

1.2. The Holmes-Thompson and Busemann volumes

Each Hilbert geometry € is naturally endowed with a C° Finsler metric Fg as follows. Let
p beapointin €, and let v be a non-zero vector in the tangent space 7,2, which we identify
with R?. The straight line passing through p in the direction v meets dQ at two points pg
and pg . Lets™ and 1~ be two positive numbers such that p +1Fv = pd and p—17v = pg.
These numbers correspond to the time necessary from an affine point of view to reach the
boundary starting at p with velocities v and —v, respectively. We define

1/1 1
Fo(p,v) = E(t_+ + t_—) and Fq(p,0):=0.

If pg+2 or pg is at infinity, the corresponding ratio should be taken to be 0.

The Hilbert distance dg is the distance induced by Fg. We shall denote by Bg(p, r) the
closed metric ball of radius r centered at the point p € @, and by Sq(p, r) the corresponding
metric sphere.

From the Finsler metric, we can construct two important Borel measures on 2. The first
is called the Busemann volume and is denoted by Volg. It is actually the Hausdorff measure
associated to the metric space (2, dg); see Burago-Burago-Ivanov [6], Example 5.5.13. It is
defined as follows. For any p € Q, let

Ba(p) :={v e R? | Fa(p,v) < 1}

be the open unit ball in 7,2 = R? of the norm Fq(p,-). Denote by w, the Euclidean
volume of the open unit ball of the standard Euclidean space R?. Consider the (density)
function 7§:Q —> R given by h§(p) := wg/Leb[Ba(p)], where Leb is the canonical
Lebesgue measure of R?, equal to 1 on the unit “hypercube”. Then for any Borel set A in €,

VolB(4) := / hE(p)dLeb(p).
A
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The second, called the Holmes-Thompson volume, will be denoted by VolZ, and is defined
as follows. Let B (p) be the polar dual of Bo(p), and let hg : Q2 —> R be the density defined
by h (p) := Leb[Bg(p)]/@a. Then Vol is the measure associated to this density.

In what follows, we will denote by Areag and Areag, respectively, the d — 1-dimensional
measures associated to the Holmes-Thompson and Busemann measures.

LemMmaA 7 (Monotonicity of the Holmes-Thompson area). — Let (2,dq) be a Hilbert
geometry in R%. The Holmes-Thompson area measure is monotonic on the set of convex bodies
in Q, that is, for any pair of convex bodies K1 and K, in Q, such that K1 C K, one has

(1) Areadd (0K,) < Aread (0K>).

Proof. — 1f 9Q is C? with everywhere positive Gaussian curvature, then the tangent unit
spheres of the Finsler metric are quadratically convex. According to Alvarez Paiva and
Fernandes [2, Theorem 1.1 and Remark 2], there exists a Crofton formula for the Holmes-
Thompson area, from which inequality (1) follows. Such smooth convex bodies are dense
in the set of all convex bodies in the Hausdorff topology. By approximation, it follows that
inequality (1) is valid for any 2. O

LeEmMMA 8 (Minimality of flats). — Letr (Q,dg) be a Hilbert geometry in Re. Then, the
affine hypersurfaces contained in Q are minimal with respect to the Holmes-Thompson area.

Proof. — It was shown in [1, Theorem 5.5], that, in Finsler manifolds where the tangent
unit spheres are quadratically convex, totally geodesic hypersurfaces are minimal with
respect to the Holmes-Thompson area. This applies to Hilbert geometries when the
boundary dQ of the domain is C? with everywhere positive Gaussian curvature. In this
case the totally geodesic hypersurfaces are affine. A simple approximation process like in the
proof of Lemma 7 allows us to extend the result to all Hilbert geometries. O

The next result was essentially proved by Berck-Bernig-Vernicos in [4, Lemma 2.13].

LEMMA 9 (Co-area inequalities). — Let (2,dq) be a Hilbert geometry containing the
origin o, and let L be a cone with apex o. Then, for some constant C > 1 depending only on
the dimension d

1 d
ol Aread(Sa(0.R)N L) < R Vol§ (Ba(o, R) N L) < C Aread(Sa(o. R) N L),
forall R > 0.

REMARK 10. — It is important here to point out that all the statements presented in this
paper are actually independent of the definition of volume chosen, provided the volume
has the following properties: continuity with respect to the Hausdorff pointed topology,
monotony with respect to inclusion, and invariance under projective transformations. We
also need, as a normalization, that the volume coincides with the standard one in the case
of an ellipsoid (see Vernicos [13] for more details). In fact, the value of the volume entropy
does not depend at all on the chosen volume, and so Theorem 1 and its corollaries are true
whatever the choice. On the other hand, while the asymptotic volume does depend on the
choice of volume, the dependence is such that Theorem 4 and its corollaries remain true
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whichever volume satisfying the above properties is chosen, as long as one is consistent in
this choice.

1.3. Asymptotic balls

Let © be a bounded open convex set, and denote by cl €2 its closure. For each R > 0 and
y € Q, we call the dilation of cl 2 about y by a factor 1 — exp(—2R) the asymptotic ball of
radius R about y, and we denote it by

AsBqo(», R) :=y + (1 —e 2R)(clQ — ).

Some authors dilate by a factor tanh R instead, but there is very little difference when R is
large. By convention, we take AsBg (v, R) to be empty if R < 0. When there is no ambiguity,
we sometimes omit mention of 2 or y when denoting a ball or asymptotic ball.

The following lemma shows the close connection between asymptotic balls and the balls
of the Hilbert geometry.

LeEmMMA 11. — Let Q be a bounded open convex set, containing a point y. Assume that Q
contains the Euclidean ball of radius | > 0 about y, and is contained in the Euclidean ball of
radius L > 0 about y. Then for all R > 0 we have

1 L
AsB(y. R - 3 log(1 + 7)) C Ba(r. R) C AsBa(y. R).

Proof. — Letx € Q, and let w and z be the points in the boundary of 2 that are collinear
with x and y, labeled so that w, x, y, and z lie in this order. Observe that |[xy| < L and
|yz| = I. Therefore,

lyz| lyz| !
The point x is in the ball Bq(y, R) if and only if
oyl ezl _ e
lwx|[yz]

and is in the asymptotic ball AsBg(y, R) if and only if

logM <2R.
lwx|

The result follows easily. O

Recall that the Lowner-John ellipsoid of €2 is the unique ellipsoid of minimal volume
containing 2. By performing affine transformations, we may assume without loss of
generality that the Lowner-John ellipsoid of 2 is the Euclidean unit ball £. It is known
that (1/d) € is then contained in €2, that is,

1
EECQC(?.

Thus, in this case the assumptions of Lemma 11 are satisfied with L = land! = 1/d,
taking y to be the origin. A convex body will be said to be in canonical form if its Lowner-
John ellipsoid is the Euclidean unit ball.
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2. Asymptotic volume and flags

In this section, we study the asymptotic volume of polytopes. By polytope, we mean the
convex hull of a finite number of points. Our technique is to decompose the polytope into
flag simplices. We show that the asymptotic volume of a flag simplex is independent of the
shape of the polytope, and depends only on the dimension. Since there is one flag simplex for
every maximal flag of the polytope, our formula follows.

2.1. Flags and flag simplices

Recall that to a closed convex set K C R? we can associate an equivalence relation,
where two points a and b are equivalent if they are equal or if there exists an open segment
(c,d) C K containing the closed segment [a, b]. The equivalence classes are called faces.
A face is called a k-face if the dimension of its affine hull, that is, the smallest affine set
containing it, is k. A 0-face is usually called an extremal point, or, in the case of polytopes, a
vertex. A facet is the closure of a face of co-dimension 1.

Thus defined, each face is an open set in its affine hull. For instance, the segment [a, b]
in R admits three faces, namely {a}, {b}, and the open segment (a, b). Notice that if K has
non-empty interior, then the interior is a d-dimensional face.

When a face f is in the relative boundary of another face F, we write f < F.

DEFINITION 12 (Flag). — Let 2 be a d-dimensional polytope. A maximal flag of P is a
(d+1)-tuple (fo, ..., fq) of faces of 2 such thateach f; hasdimensioni,and fo < --- < fyz.

We denote by Flags(P) the set of maximal flags of a polytope 2. We use |-| to denote
the number of elements in a finite set. The following formula will be useful. Let {F;} be the
set of facets of 2. So, each F; is a polytope of dimension d — 1. We have that

) | Flags(P)| = ) _ | Flags(Fy)|.

In this paper, a simplex in R? is the convex hull of d + 1 projectively independent points,
that is, a triangle in R?, a tetrahedron in R3, and so forth. If ¥ is a simplex of dimension d,
then Flags(X) consists of (d + 1)! elements.

DEFINITION 13 (Flag simplex). — A simplex & is a flag simplex of a polytope 2 if there
is amaximal flag ( fy. ..., fg) of &2 such that each of the faces f; contains exactly one vertex

of &.

Let 2 be a polytope. Suppose that for each face of S we are given a point in the face.
Then, associated to each maximal flag there is a flag simplex of .2, obtained by taking the
convex hull of the corresponding points. Moreover, these flag simplices form a simplicial
complex, and their union is equal to 2. We call this a flag decomposition of . If each point
is the barycenter of its respective face, then the resulting flag decomposition is just the well
known barycentric decomposition.
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2.2. Flag simplices of simplices

LEMMA 14. — Let T and S be flag simplices of a d-dimensional simplex . Then, there
exists a projective linear map ¢ leaving ¥ invariant, such that ¢(T) C S.

Proof. — We use induction on the dimension. The induction hypothesis is that if 7 and S
are flag simplices of a d -dimensional simplex X, and { p; } is a finite set of points in the interior
of X, then there exists a projective linear map ¢ leaving X invariant, such that ¢ (7)) C S and
the points {¢(p;)} are all contained in the interior of S.

The hypothesis is clearly true in dimension 1, since in this case X is a closed interval,
the flag simplices are the closed segments in X having one endpoint that coincides with
an endpoint of ¥ and the other in the interior; and the group of projective linear maps is
generated by a one-parameter family that acts transitively on the interior of X, along with
reflection in the midpoint of the interval.

Assume the hypothesis is true in dimension d, let 7 and S be flag simplices of a
d + 1-dimensional simplex X, and let {p;} be a finite subset of the interior of X. Since
the group of projective linear maps acts transitively on the facets of X, we may assume that
the flags associated to, respectively, 7 and S have, as their facets, the same facet F of X.

Let v be the vertex of X not contained in F, and let x be the vertex of T not contained in F.
Project the points { p; } onto F along rays emanating from v, to get a set of points {¢; }. Project
x in the same way to get a point y. By the induction hypothesis, there exists a projective
linear map ¢¢ leaving F invariant such that ¢o(7 N F) C S N F, and the point y and all
the points {g;} are mapped by ¢y into the relative interior of S N F. We can extend ¢ to
a projective linear map on the whole of ¥ that fixes v. We denote this extended map again
by ¢o.

There exists a 1-parameter family of projective linear maps that fix F and v. Among these
maps, we can find one that maps x as close as we wish to y, and each of the points p; as close
as we wish to the corresponding point ¢;. We choose such a map ¢; so that the image of x and
of each of the points {p;} is in the interior of ¢y (S). So, the map ¢ := ¢ o ¢y maps x and
each of the points { p; } into the interior of §, and furthermore maps 7 N F into S N F. Since
T is the convex hull of x and T N F, we have that ¢(7') C S. This completes the induction
step. O

LEMMA 15. — Consider the Hilbert geometry on a d -dimensional simplex 3. Let S be a flag
simplex of ¥. Then for any z in X,

. 1
lim o Vol(AsB(z, R)N S) =

R—o0

1
m ASVO](E).

Proof. — Because all simplices of the same dimension are affinely equivalent, we may
assume that ¥ is a regular simplex with the origin o as its barycenter.

Let T be a barycentric flag simplex of X.

A projective linear map leaving ¥ invariant is an isometry of the Hilbert metric on X, and

therefore preserves volume. Combining this with the fact that

3) B(x,R—d(x,y)) C B(y.R) C B(x,R+d(x,y)).

4¢ SERIE - TOME 54 — 2021 - N° 5



FLAG-APPROXIMABILITY AND VOLUME GROWTH 1305

for any points x, y € int ¥ and R > 0, we get
. 1 . 1
4) nglclw = Vol(B(o, R) N ¢(T)) = Rh_r)n(xJ R Vol(B(o,R) N T),

for any projective linear map ¢ leaving ¥ invariant.

From Lemma 14, there exist projective linear maps ¢; and ¢, leaving ¥ invariant, such

that ¢1(T) C S C ¢2(T). Combining this with (4), we get
. 1 . 1
Rh_r)noo = Vol(B(o,R) N S) = Rh_r)noo = Vol(B(o,R)NT).

Denote by IT the group of permutations of vertices of 3. Observe that IT has (d + 1)!
elements. The group IT acts on X, leaving the center o of X fixed. We have that the union
of the sets {¢(T')}gem is X, and that the interiors of these sets are pairwise disjoint. So, by
symmetry,

. 1 1

The last step is to use (3) and Lemma 11 to get that

. 1 ) 1
lim =7 Vol(AsB(z,R)N S) = ngnoo 2 Vol(B(o. R) N S). O

R—00

2.3. Flag simplices of polytopes

LEMMA 16. — Let P be a polytope, and let S be a flag simplex of P. Then there exist
simplices U and V satisfying U C P C V such that S is a flag simplex of both U and V.

Proof. — We prove the existence of U by induction on the dimension. The one dimen-
sional case is trivial, since here 2 is already a simplex. So, assume the result holds in dimen-
siond, and let P be d + 1-dimensional. Let p be the vertex of S that lies in the interior of 2.
The remaining vertices of S form a flag simplex S’ of a facet of 2. Applying the induction
hypothesis, we get a simplex U’ contained in this facet such that S is a flag simplex of U’. It
is not difficult to see that we may perturb p in such a way as to get a point p’ € 2 such that
the simplex U formed from p’ and U’ contains p in its interior. It follows that U C 2, and
that S is a flag simplex of U.

We also prove the existence of V' by induction on the dimension. Again, the 1-dimensional
case is trivial. As before, we assume the result holds in dimension d, and let 2 be d +
1-dimensional. Recall that p is the vertex of S that lies in the interior of <2, and that the
remaining vertices of S form a flag simplex S’ of a facet F of 2. Applying the induction
hypothesis, we get a simplex V' containing this facet such that S’ is a flag simplex of V.
Denote by o the vertex of S that is also a vertex of 2. Without loss of generality we may
assume that o is the origin of the vector space R+!. Observe that if we multiply the vertices
of V' by any scalar « greater than 1, then S’ remains a flag simplex of «V’. Choose g € R4+!
and o > 1 such that every vertex of P lies in the convex hull

V := convig,aV'}.
Then, 52 C V and S is a flag simplex of V. O
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Proof of Theorem 4. — Choose a flag decomposition of 2. Let x be the vertex that is
common to all the flag simplices, which lies in the interior of 2.

Let S be any one of the flag simplices. By Lemma 16, there are simplices U and V satisfying
U C &L C V such that S is a flag simplex both of U and of V. Hence,

) Voly (X) = Vol p(X) = Voly (X),
for any measurable subset X of the interior of U. Observe that, for any R > 0,
6) AsBy(x,R)NS =AsBao(x,R)NS = AsBy(x,R) N S.
Combining (5) and (6) with Lemma 15, we get

. 1 1
Rh—r>noo F VOI(@(ASB&D(X, R) n S) = m ASVO](Z).
Using Lemma 11, we get from this that
. 1 1
Rll_I;l"lo0 F VOI(@(BCG/D(X, R) n S) = m ASVO](Z).
But this holds for any flag simplex of the decomposition, and summing over all the flags we
get the result. O

Proof of Corollary 5. — The first author proved in [12] that the asymptotic volume of a
convex body is finite if and only if it is a polytope. The result follows because the simplex has
fewer flags than any other polytope of the same dimension. O

Proof of Corollary 6. — When one considers the Busemann volume, the asymptotic
volume of every normed space of a fixed dimension d is the same, and is equal to Asvol(X)
since the Hilbert geometry on a simplex is isometric to a normed space. Hence Asvol(2) =
Asvol(X), and the result follows from Corollary 5. O

3. A general bound on the flag approximability

Here we prove Theorem 2, that is, that the flag approximability of a d -dimensional convex
body is no greater than (d — 1)/2.

Our technique is to modify the proof of the main result of Arya-da Fonseca-Mount [3].
In that paper, essentially the same result was proved for the face-approximability, which is
defined analogously to the flag-approximability, but counting the least number of faces rather
than the least number of flags.

Their proof uses the witness-collector method. Assume we have a set S of points in R¥,
a set 9 of regions called witnesses, and a set C of regions called collectors, satisfying the
following properties.

i. each witness in %/ contains a point of S in its interior;

ii. any halfspace H of R¢ either contains a witness W € 9J, or H N S is contained in a
collector C € (;

iii. each collector C € C contains some constant number of points of S.
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We strengthen Lemma 4.1 of Arya-da Fonseca-Mount [3]. In what follows, given a quan-
tity D, any other quantity is said to be O(D) if it is bounded from above by a multiple,
depending only on the dimension of D.

LEmMMA 17. — Given a set of witnesses and collectors satisfying the above properties, the
number of flags of the convex hull P of S is O(|C)).

Proof. — Take any facet F of P, and let H be the half-space whose intersection with P
is F. Asin the original proof, H does not contain any witness, for otherwise, by property (i), it
would contain a point of S in its interior. So, by (ii), the intersection of H and S is contained
in some collector C. Therefore, by (iii), F has at most n vertices, where n is the number of
points in each collector.

So, we see that each facet has at most 2" faces, and so has at most (2%)?*+! flags, since each
flag can be written as a sequence of d + 1 faces. Also, the number of facets is at most 2" | (|
since each facet has a different set of vertices, and this set is a subset of some collector. We
deduce that the number of flags is at most (27)¢+2| ). O

We conclude that the main theorem of [3] holds when measuring complexity using flags
instead of faces.

Proof of Theorem 2. — The proof follows that of the main result of [3], but using
Lemma 17 above instead of Lemma 4.1 of that paper. O

4. Upper bound on the volume entropy

We show that the volume entropy of a convex body is no greater than twice the flag
approximability.

4.1. A uniform upper bound on the volume of a ball

To prove the upper bound on the volume entropy, we will need to bound uniformly the
volume of balls of any radius in a polytopal Hilbert geometry in terms of the number of flags
of the polytope and the radius. The asymptotic result of Theorem 4 is insufficient because it
says nothing about the rate of convergence, which might be slower for some polytopes than
others. On the other hand, we will not be too concerned here with the exact dependence on
the radius—showing that it is polynomial will be enough.

We use B(R) to denote the ball in a Hilbert geometry of radius R and centered at o,
and S(R) to denote the boundary of this ball. We remind the reader that € stands for the
Euclidean unit ball.

LEmMMA 18. — Foreachd € Nand0 < [ < 1, there exists a polynomial pg; of degree d
such that the following holds. Let P be a d-dimensional polytope endowed with its Hilbert
geometry, satisfying 1.E C P C E. Let F be a facet of <P, and let L be the cone with base F
and apex o. Then,

Vol# (B(R) N L) < pa;(R)|Flags(F)|,  forall R > 0.
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Proof. — We will use induction on the dimension d. When d = 1, there is only one Hilbert
geometry, up to isometry. In this case, Vol (B(R) N L) = R, and |Flags(F)| = 1, and so
the conclusion is evident.

Assume now that the conclusion is true when the dimension is d — 1 and [/ is unchanged.

Using the co-area formula in Lemma 9, we get that
d
Yin Vol? (B(R)N L) < C Area® (S(R) N L),

for some constant C depending only on the dimension d. Since the Busemann and Holmes-
Thompson areas agree up to a constant,

Area® (S(R)N L) < C' Area” (S(R) N L),

with C’ depending only on the dimension.
Denote the facets of F by {F;};. So, each F; is the closure of a face of P of co-dimension 2.
By (2),

D _[Flags(Fi)| = [Flags(F)|.

1
For each i, let L; be the d — 1 dimensional cone with base F; and apex o.

Observe that, from Lemma 11, B(R) N L C AsB(R) N L, for all R > 0. So, using the
monotonicity of the Holmes-Thompson measure (Lemma 7), we get

Area” (S(R)N L) + ZAreaH (B(R)N L)

1

< Area” (AsS(R)N L) + ZAreaH (AsB(R) N L;).

1

Here AsS(R) is the boundary of the asymptotic ball of radius R about o. By the minimality
of flats for the Holmes-Thompson volume (Lemma 8), we have that

Area” (AsS(R)N L) < ZAreaH (AsB(R) N L;).

From Lemma 11, we have that AsB(R) C B(R + c¢), where ¢ depends only on /. Also, by
the induction hypothesis, we have, for each i,

Area” (B(R +¢) N L;) < pa—1,(R + ¢)|Flags(F;)|.
Putting all this together, we get that
d
R Vol®(B(R) N L) <2CC’pg_1.1(R + c)|Flags(F)|.

The result follows upon integrating with respect to R, and using that the Holmes-Thompson
volume is no greater than the Busemann volume. O

The two- and three-dimensional cases of the following theorem follow from Theorem 10
in first author’s paper [13].
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FI1GURE 1. Diagram for the proof of Lemma 20.

THEOREM 19. — Foreachd € Nand0 < [ < 1, there is a polynomial p, ; of degree d such
that, for any d-dimensional polytope <P satisfyingl.E C P C &, we have

Vol (B(R)) < pa(R)|Flags(P)|.  forall R > 0.

The same result holds for the asymptotic balls.

Proof. — We will consider the metric balls; passing from these to the asymptotic balls can
be accomplished using Lemma 11.

Let p;; be the polynomial obtained from Lemma 18. According to that lemma, for each
facet F of & and for each R > 0, we have

Vol# (B(R) N L) < pa;(R)|Flags(F)|,

where L is the cone with base F and apex o. Using (2) and summing over all the facets of 2,
we get the result. O

4.2. The upper bound on the volume entropy

LEMMA 20. — Let Q1 and Q2 be convex bodies within a Hausdorff distance ¢ > 0 of each
other, each containing the Euclidean ball 1. of radius | > 0 centered at the origin. Then,
(1//\)92 C Qq,withd =1+ 8/1

Proof. — Consider a ray emanating from the origin, and let x; and x; be the intersections
of this ray with the boundaries of 2; and €25, respectively. Let /; and /; be the distances from
the origin to x; and x,, respectively, and suppose that /, > [;. Define the cone

F:={xi+a(x;—z)|a>0andz €l.E}.

See Figure 1. No point in the interior of the cone F can be in ;. However, the distance
from x, to 27 is no greater than e. This implies that the ball of radius ¢ around x5 is not
contained in the interior of F. Looking at the sine of the angle subtended by F at x;, we see

that//l; <e/(l; — ;). We deduce that
12 12 — 11 &
— =1 <14+ -.
T A
The conclusion follows. O

LEMMA 21. — Let Q be a convex body in R?. The volume entropy of Q is no greater than
twice its flag approximability, that is,

Ent(Q) < 2ag(Q).
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Proof. — Without loss of generality, we may assume that € is in canonical form. Let
R >0, and let ¢ > 0 be such that —2R = loge. Let P* be a polytope approximating €2
within Hausdorff distance ¢, having the least possible number N¢(e, 2) of maximal flags.
Write P := (1/A)P*, where A := 1 + 2de. When ¢ is small enough, both 2 and P* contain
(1/2d) &, and so, by Lemma 20,

(7 (1/A*)Q c P cCQ.

We will henceforth assume that ¢ is small enough for this to be the case, and for P to
contain (1/4d)E. Since  is in canonical form, this implies that P satisfies the assumptions
of Theorem 19, with [ = 1/4d. Therefore, there exists a polynomial p; of degree d,
depending only on the dimension d, such that

Vol (AsBp (0, R)) < Ni(e, ) pa(R).

From (7),

Vol (1) < Vol ().

Observe that ((1 —¢)/A?)Q is the asymptotic ball of Q of radius R’, where —2R’ = log ¢/,
with 1 —¢’ = (1—¢)/A2. Also, the asymptotic ball of P of radius R is (1—¢) P. So, according
to (7),

AsBg (0, R") C AsBp(o, R).

Finally, Lemma 11 gives that Bg (0, R') C AsBg (0, R).
Putting all this together, we conclude that

1 " , log (Ni(e. ) pa(R))
= log Vol (Ba(o, R')) <2 “Joge .

We now take the limit infimum as R tends to infinity, in which case R’ also tends to infinity,
and ¢ and & tend to zero. A simple calculation shows that, in this limit, the ratio &'/e
converges to 4d + 1. The result follows. O

5. Lower bound on the volume entropy

We show that the volume entropy of a convex body is no less than twice the flag approx-
imability.

LEMMA 22. — Let Q be a convex body in R%. Then, 2a;(Q2) < Ent(Q).

Our proof will be a modification of the method used in Arya-da Fonseca-Mount [3].
We start with a lemma concerning the centroid of a convex body, otherwise known as its
barycenter or center of mass.

LEMMA 23. — Let D be a convex body in R¢. Let p € D and g € D be such that the
centroid x of D lies on the line segment [pq). Then, |px| > |pq|/(d + 1).

Proof. — Let h be a hyperplane tangent to D at p. The ratio |px|/| pg| is minimized when
D is a simplex with a vertex at ¢ and all the other vertices on /. O
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F1GURE 2. Diagram for the proof of Lemma 24.

Recall the following definitions. A cap C of a convex body Q2 is a non-empty intersection
of Q with a closed halfspace H. The base of the cap C is the intersection of 2 with the
hyperplane 4 that bounds the halfspace. An apex of C is a point of C of maximum distance
from A. Thus, the apexes of C all lie in a hyperplane tangent to €2 and parallel to . The width
of the cap is the distance from any apex to 5.

Let Q be a convex body containing the origin o in its interior. Consider the ray emanating
from o and passing through another point x. We define the ray-distance ray(x) to be the
distance from x to the point where this ray intersects 2.

LEMMA 24. — Let Q C R? be a convex body in canonical form. Let x be the centroid of the
base of a cap of width & of Q, with e < 1/3d. Then, the ray-distance ray(x) is greater than C's,
for some constant C' > 0 depending only on the dimension d.

Proof. — Let C be a cap of width ¢, and let x be the centroid of its base D. Let z be an
apex of C. So, z is at distance ¢ from &, the hyperplane defining the cap.

Consider the 2-plane IT containing the points o, x, and z. (If these points are collinear,
then take IT to be any 2-plane containing them.)

The intersection of D with IT is a line segment. Let p and g be the endpoints of this line
segment. Label them in such a way that the ray ox intersects the line segment pz at a point w.
See Figure 2. Think of D as a convex body in 4. We get from Lemma 23 that | px| > | pq|/d,
since x is the centroid of D.

We consider separately the cases where the angle £ pzq is acute and where it is not.

Case /pzq < 7 /2. Observe that the cap C does not intersect the Euclidean ball (1/3d) €.
Moreover, the intersection of this ball with the plane IT lies in the infinite wedge-shaped
region of IT defined by the angle /pzq. Since z is at distance at most 1 from the origin, we
deduce that the magnitude of Z pzg must be at least A := 2 arcsin(1/3d). In the present case,
this implies that sin Z pzgq is at least sin A. Note that |zg| > ¢. Two applications of the sine
rule give

|px| sin £ pzq

xw| = |zq|+—= .
ew] |ql|pq|s1n4pwx
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We deduce that |xw| > esin(A4)/d

Case / pzq > /2. In this case there is a point y between p and ¢ such that Zpzy = 7 /2.
Drop the perpendicular from x to the line pz to get a point w’ such that Zpw'x = /2.
Using similarity of triangles, we get

X z X V4 &

Ipyl lpql d
In both cases we have shown that [xw| is at least ¢ times some constant depending on the
dimension. The conclusion follows since ray(x) > |[xw|. O

The following is part of Theorem 2 of [12].

LEMMA 25. — For each dimension d, there is a constant ¢ > 0 such that
Vol (Ba(x, R)) = cRY,
for each convex body 2, point x € intQ, and radius R > 0.

Let Q be a convex body containing a point x in its interior. The Macbeath region about x
is defined to be

1 1
/ o— _ _ — —
M (x) ._x+(5(sz SREE sz)).
Macbeath regions were introduced by A. M. Macbeath in [9]. They are related to balls of the

Hilbert geometry as follows.
LEMMA 26. — The Macbeath region M'(x) about any point x satisfies
1 6 , 1 3
B(x, Elog g) CcC M (x)cC B(x, Elog E).

Proof. — Recall that the Funk distance between two points p and ¢ is defined to be

dr(p.g) = log 22,
b
where b is as in the definition of the Hilbert metric in Section 1. The Funk metric is not actu-
ally a metric since it is not symmetric. Its symmetrisation is the Hilbert metric: dg(p, q) =
(dr(p.q) +dr(q, p)/2.
One can show that a point y is in M’(x) if and only if both dr(x,y) < log(5/4) and
dr(y,x) <log(6/5). The conclusion follows. O

The following is a modification of Lemma 3.2 of [3]. The assumptions are similar; the main
difference is the bound on the number of caps. The original bound was O(1/8§@~1D/2),

LEMMA 27. — Let Q C R? be a convex body in canonical form. Let 0 < § < 1/3d, and
let C be a set of caps each of width 8, such that the Macbeath regions M'(x) centered at the
centroids x of the bases of these caps are disjoint. Then,

10| = O(VolH (AsB(o. R))),

where 2R := —log C4§, and C is a constant depending only on the dimension.
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Proof. — Let x be the centroid of the base of one of the caps in C. By Lemma 24, the ray-
distance satisfies ray(x) > C’§, where C’ is the constant appearing in that lemma. Since  is
contained in the unit ball, this implies that x € AsB(o, R’), where 2R’ = —log C’3.

So, from Lemma 11, we get that x lies within the Hilbert metric ball B(o, R’ 4+ C"), where
C” := (1/2)log(1 + d). Applying Lemma 26 then gives that the whole Macbeath region
M’ (x) is contained in B(o, R), with R := R'+ C” + C" and C"" := (1/2)log(3/2). Using
Lemma 11 again, we get that the Macbeath region is contained within AsB(o, R).

Combining Lemmas 25 and 26, we get that there is a constant C; such that the Macbeath
region M’(x) has volume at least Cj.

A volume argument now gives that | C|C; < Vol (AsB(o, R)). O

We can now prove the lower bound on the volume entropy.

Proof of Lemma 22. — We may assume without loss of generality that € is in canonical
form.

We follow the method of [3], but using the bound in Lemma 27 on the number of non-
intersecting Macbeath regions, rather than the bound given in Lemma 3.2 of [3]. Given an
& > 0, this method produces a set of points S, a set %%/ of witnesses, and a set C of collectors
satisfying the assumptions in Section 3, such that the convex hull of S is an e-approximation
of Q. Furthermore, Lemma 27 leads to the following bound on the number of collectors:

0] < Cil Vol” (AsB(o. R)).

where 2R := —log C§ and § := Cy¢/log(1/¢), with the constants C, Cy, and C, depending
only on the dimension.

Since we are concerned with the flag-approximability, we must, just as in the proof of
Theorem 2, use Lemma 17 from Section 3 instead of Lemma 4.1 of [3]. We get that the
number N¢(e, Q) of flags of the approximating polytope is at most a fixed multiple C3|C|
of | C].

Now let € tend to zero. Observe that log §/ log & converges to 1. So,

log Ni(e, @
a5(S) = lim inf &N S
£—>0 —loge

.. log((C3/Cy) Vol (AsB(o, R)))
< liminf
R—o0 2R + IOg C

1
= — Ent(Q).
5 Ent()
The proof of the main result of the paper is now complete.

Proof of Theorem 1. — We combine Lemmas 21 and 22. O
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GLOBAL WELL-POSEDNESS
FOR THE 2D STABLE MUSKAT PROBLEM IN H3/2

BY Dieco CORDOBA aND OMAR LAZAR

ABSTRACT. — We prove a global existence result of a unique strong solution in H 5/2 with small
H3/2 semi-norm for the 2D Muskat problem. Hence, allowing the interface to have arbitrary large
finite slopes and finite energy (thanks to the L2 maximum principle). The proof is based on the use
of a new formulation of the Muskat equation that involves oscillatory terms. Then, a careful use of
interpolation inequalities in homogeneneous Besov spaces allows us to close the a priori estimates.

RESUME. — Nous prouvons un résultat d’existence globale d’une unique solution forte dans H 5/2
en supposant que la semi-norme H 3/2 soit petite pour le probleme de Muskat 2D. Ceci permet donc
d’avoir des interfaces dont la pente peut étre arbitrairement grande et finie (grace au principe du maxi-
mum L?). La preuve est basée sur I'introduction d’une nouvelle formulation de I'équation de Muskat
en termes d’intégrales oscillantes. Ensuite, une utilisation minutieuse d’inégalités d’interpolations dans
des espaces de Besov homogenes permet de clore les estimations a priori.

1. Introduction

In this paper, we are interested in the Muskat problem which was introduced in [27] by
Morris Muskat in order to describe the dynamics of water and oil in sand. The Muskat
problem models the motion of an interface separating two incompressible fluids in a porous
medium. One can imagine the plane R? split into two regions, say I'; (¢), I'»(¢) that evolve
with time. We assume that the first region I'; (¢) is occupied by an incompressible fluid with
density p; and the second region I'»(¢) is occupied by another fluid with density p,. We
further assume that both fluids are immiscible. The non mixture condition allows one to
consider the interface between these two fluids. This interface corresponds to their common
boundary dI'; (¢) and dI'2(¢). The velocity in each region I';(¢) (i = 1 or 2) is governed by
the so-called Darcy’s law [18], which states that the velocity depends on the gradient pressure,

0012-9593/05/(C) 2021 Société Mathématique de France. Tous droits réservés doi:10.24033/asens.2483
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1316 D. CORDOBA AND O. LAZAR

the gravity and the density of the fluid (which is transported by the flow) via the following
relation,

(1.1) Pu.t) ==vp—(0.2p).

where p is the constant viscosity, « is the permeability of the porous media and g is the
gravity. For the sake of simplicity, we may, without loss of generality, assume that all those
constants are equal to 1. The system is then driven by the following transport equation

(1.2) dp+u-Vp=0.
Since the fluids are incompressible we also have
(1.3) V.-u=0.
Equations (1.1), (1.2) and (1.3) give rise to the so-called incompressible porous media system
(IPM). Saffman and Taylor [31] pointed out that in 2D the Muskat problem is similar to the
evolution of an interface in a vertical Hele-Shaw cell.

For the Muskat problem we can rewrite the IPM system in terms of the dynamics of the

interface in between both fluids (see [1] and [14]). If we denote the interface by a planar
curve z (e, t) and if we neglect surface tension, then the interface satisfies

p2—p1 [ zi(a,t) —z1(B,1)
2w |Z(a,t)—Z(ﬂ,[)|2(aaz(a’t)_8/32(,8»[))d,3,

where the curve z is asymptotically flat at infinity i.e., (z(«, ) — (@, 0)) — O as |a| — oo. The
point (0, co) belongs to I'; (¢), whereas the point (0, —oo) belongs to I';(¢). From elementary
potential theory, we can derive explicit formulas for the velocity field u and the pressure p
from the curve z.

0:z(a,t) =

A convenient way of studying the evolution of the interface is to consider this latter as
a parametrized graph of a function. When the interface is a graph of a function z(x,t) =
(x, f(x,1)), then this characterization is preserved locally in time by the system and f satis-
fies the contour equation

(1.4) Ji(x, 1) = =p(Af +T(f)).
where p is equal to #2252, and the operator A¥, 0 < y < 2, denotes the usual fractional
Laplacian operator of order y and is defined as

f0) = flx =),

ly[t+Y

’

AV f = (=A)Y2f =C,P.V.
R

where C,, > 0 is a positive constant. In particular, when y = 1, the constant is equal to %
The operator ¢/ denotes the Hilbert transform operator which is defined by

(,%f:lpy'/wda'
T o

In particular, one may easily check that 9, $# = A.
As for T, which is the nonlinear term, it is defined by

0 f(x) = e f(x —)  (LE=C=0)?
« 1+ (M)

(1.5) ()=~ /R

2a’oz.
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Equivalently, the Muskat equation can be written as
0 f = PVB /arctanAafdoe

f(x,O) = fo(x).
where Ay f = f(x,t)—‘{(x—a,t) — SD(fO(!x,t).

(M) :

Indeed, it is well known that linearizing ¢/ around the flat solution gives rise to the
fractional heat equation f; = pAf (see e.g., [1] and [14]). The equation is linearly stable
if and only if the heavier fluid is below the interface (that is p, > p;), otherwise we say that
the curve is in the unstable regime. This is known as the Rayleigh-Taylor condition and is
determined by the normal component of the pressure gradient jump at the interface having
a distinguished sign (also called the Saffman-Taylor condition).

This equation has attracted the attention of the mathematical community in the past
several years and we shall briefly sum up the results known regarding the Cauchy problem
for (M) in the stable regime (p > 0). First of all, let us recall that this equation has a
maximum principle for || f(-,#)||re and || f(:,#)||z2. Indeed, it is shown in [15] that

| foll oo ®)
14+t

Moreover, the authors showed in [15] that if |0 fo|lLee < 1,then ||0x f (-, ¢)||Loe < ||0x follzoe
for all# > 0. On the other hand, there is also an L? maximum principle (see [12]). More

I/ Ollzoom) =

precisely we have

||f(T)||Lz(R)+/ /[log (1+ (f(a .8) — /J;(ﬁ s)) )dadﬁds= 1 follZ2 -

This does not imply, for large initial data, a gain of regularity in the system. However, it
was observed in [22] that a gain of regularity is possible even if we start with L? initial
data, under the condition that the slope is initially less than 1 (see [22]). Recall that the
Muskat equation has a scaling: if f is a solution associated to the initial data fy, then the
function A~ f(Ax, A1), A > Ois also a solution for the corresponding initial data A =1 fo(1x).
In particular, the Lipschitz norm W1 is critical as well as the homogeneous Sobolev
norm H3/%. More generally, the whole family of homogeneous Besov spaces B;,Jgp ' with
(p,q) € [1, +00]? is critical with respect to the scaling of oM.

As far as the local well-posedness results are concerned, in [14], the authors proved local
existence in H3. The authors of [10] were able to lower the local theory to H2. Recently, in
[13], Constantin, Gancedo, Shvydkoy and Vicol have proved that the equation is locally well-
posed in W22 with p > 1. There is another result by Matioc [26] where local existence is
obtained in H*, s € (3/2,2]. Instant analyticity is obtained in [9] from any initial data in H*
(see also [20]).

If the heavier fluid is above the interface, i.e., p < 0, then the equation (/) is ill-posed in
Sobolev spaces (see [14] and [3]). However, there exists weak solutions to the (IPM) system
starting with an initial data with a jump of densities in the unstable regime. These solutions
create a zone around the initial interface where the two fluids mix. This zone grows over time,
for more details see [28], [33], [7] and [21].
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1318 D. CORDOBA AND O. LAZAR

As for the global well-posedness results, all the available theorems were obtained in the
case of data having small slopes ||0x fo|lLc < 1. These theorems are usually proved by
taking advantage of the parabolic nature of (o#) for very small initial data. The first global
well-posedness result for small initial data is established in [14], which was inspired by the
proof in [32] for a different setting (the fluids have same densities but different viscosities).
In the critical framework, the authors of [12] and [11] obtained a global existence result of
a unique strong solution in H 3, if initially the Wiener norm (i.e., those f verifying that the
Fourier transform of A f is integrable) is smaller than 1/3 (which, in particular, implies a slope
smaller than 1). As well, the authors of [12] were able to show the global propagation of the
Lipschitz regularity provided the initial data has a Lipschitz norm less than 1. Recently, the
authors of [13] improved the continuation criteria for solutions from the previously known
C2“ bound to instead uniformly continuous bounded slope. In [26], the authors obtained
the same kind of result in the space H3/2%¢ (for € > 0) with smallness in the same space.
Furthermore, in [13], the authors obtained a regularity criteria, that as long as the slope
has a uniform modulus of continuity there is existence. Recently, by taking advantage of
this regularity criteria, it was proved in [6] a global existence of smooth solutions under a
smallness assumption of some critical quantity : the product sup f; (x)xsup — f;(y) has to be
smaller than 1. In [29] they prove optimal decay estimates for higher derivatives in the Wiener
norm. By adapting the proof of [12], Deng, Lei, and Lin [20] have been able to prove the
existence of a global solution for arbitrarily large monotonic initial data. The key ingredient
in the proof is that, under a monotonicity assumption, the slope of the interface still satisfies
the L°° maximum principle. Although, these solutions fail to be in L2.

There are also several results about the development of singularities for the Muskat
equation (/) in the stable regime. Indeed, it has been shown in [9] that there exists a family
of initial data (with very large slope) where the interface reaches a regime in finite time
in which it is no longer a graph. Therefore there exists a time T where the slope of the
solution of (M) blows up: || fx ||Leo (T*) = oo. In[8], they proved that there exists a class of
analytic initial data in the stable regime for the Muskat problem such that the solution turns
to the unstable regime and no longer belongs to C*. Another recent physical scenario was
studied in [17] where the authors proved that some solutions can pass from the stable to the
unstable regime and return back to the stable regime before the solution breaks down. This
shift of stability phenomena illustrates the unpredictability of the solutions to the Muskat
equation even starting in the stable regime. Moreover, there is numerical evidence of initial
data ||0x fo||Le = 50 that develops an infinite slope in finite time (see [16]). Similar results
in a confined porous media have been obtained; for global existence see [24] and for shift of
stability see [23].

In this paper, we develop a H 3 critical theory under an arbitrary bounded slope assump-
tion. The approach in this paper is completely new and is based on a reformulation of the
usual Muskat equation (/7). This new formulation allows one to take advantage of the oscil-
lations which are crucial in this problem. There are many ways of measuring smoothness
while trying to do a priori estimates in critical spaces. Contrarily to (almost) all previous
works in the Muskat equation we shall never split the study into high/low frequencies or
small/big increment in the finite difference operator. On the contrary, we shall consider the
interaction between both and the Besov spaces techniques will be the main tool to achieve
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this. It is worth saying that the new formulation of the problem turns out to be crucial to prove
the main theorems of this paper since it gives new features that are very difficult to see in the
original formulation (o). If one tries to do H3/2 estimates using Besov spaces techniques
by using the classical formulation of the problem as stated in the introduction (), then one
would quickly notice that there is a big issue to control the higher order terms. Therefore, a
direct use of Besov space estimates would not give a satisfactory result.

This article is a significant step in understanding the theory of global well-posedness of
large solutions in the Lipschitz space. Indeed, the main result of this paper is the global well-
posedness of strong solution in H°/2 under a smallness assumption on the H3/2 norm of
the initial data. It would not be possible to prove a global result for all data in the Lipschitz
space since the authors of [17] have shown that there are solutions with initial data having
a (relatively) high slope that become singular in finite time showing the instability of the
Cauchy problem associated to initial data in critical spaces.

The strategy of the proof is classical. We first establish the a priori estimates and then we
construct a solution via classical compactness arguments that allow us to pass to the weak
limit in a parabolic regularized Muskat equation.

The outline of this paper is as follows. In the next section, we state the main results. In the
third section, we give the definitions of the spaces along with some harmonic analysis tools
that we shall use throughout the article. The fourth section is devoted to the new formulation
of the problem. The fifth section is the proof of the a priori estimates in H3/2. In the sixth
section, we give the a priori estimates in H >/2. The last section is the proof of the main results.

2. Main results

The main result of this article is the following global existence theorem of a unique strong
solution for small data in the critical Sobolev space.

THEOREM 2.1. — Assume fo € H? with | foll gs» < where C is a

c
1+10x folZ oo
fixed constant, then, there exists a unique strong solution f to equation (M) which verifies
f € L=([0.T]. H2) N L2([0. T], H?), for all T > 0.

REMARK 1. — By using the L2 maximum principle, it suffices to prove a priori estimates
in H/2.

REMARK 2. — It would be possible to lower the initial regularity by considering a data
in H® with 3/2 < s < 5/2. This would lead to tedious computations, the present article does
only treat the case of regular enough data with finite energy for the sake of simplicity.

In order to prove the main result, we shall prove a regularity criterion in terms of the
control of the slopes that gives a condition for a weak solution to be strong.

THEOREM 2.2. — Let fo € WY N H32 and let T > 0. Assume there is a solu-
tion f on [0, T] with slope |0y f|lLee and || foll g2 < W where C is a fixed
xJOll7 00

constant, then there exists a unique weak solution | to equation (M) which verifies
f e L™(o,T], (He’/2 N W1’°°)) N L2([O, T], Hz) and in particular, ||f(T)||H3/2 < ||f0||H3/2.
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1320 D. CORDOBA AND O. LAZAR

REMARK 3. — The definition of weak solutions is easy to get. Indeed, we say that f isa
weak solution to the Muskat problem if, for all ¢ € ([0, T] x R), we have the following
equality

T
/0 /qbs(x,s)f(x,s) ds dx—l—/d)(x,O)fo(x) dx

_ /()T/gbx(x,s) //0“’8_16_8 sin(8Aq ) 8 da dx ds.

3. Functional setting

We shall use the homogeneous Sobolev space H*, which is endowed with the semi-norm
1/l gs = IA® fllL2.

We recall the definition of the homogeneous Besov spaces B;’q(R) (see [5], [30]).
Let (p.q.s) € [l,00]? x R, we say that a tempered distribution f (which is such that
its Fourier transform is integrable near 0) belongs to the homogeneous Besov space B;’ PLOLY
if the following quantity (which is a semi-norm), is finite, that is

1190,11()8y £ + 1pa20(s) @Sy f + 8y )llLr
[yl

1£ 1155, =

< 00,
L4(R,|y|~1dy)

where 8, f(x) = f(x) = f(x —y) and &, f(x) = f(x) = f(x + ).

Let us recall some classical embeddings (see e.g., [4], [2]).

We have, for all (p1, p2.r) € [, o0]?
B (R) — B52 (R),

p1,r p2,r

where s1 + i = §5y + p—ll and p; < p2. We also have for all (pq,s1) € [2,00] xR,

Byl (R) = Byt (R),

1,71 1,72
for all (ry, r,) €]1, 00]? such that r; < ry.
Let (s1,52) € R? so that s; < s,. Then, forall & € ]0,1[and p € [I, 00], we have the
following real interpolation inequality

C 1 1
3.1 . Qs sy, < — 9‘5 1—39 .
G 115 0-0mn = = (G 7 ) 1 W12

We shall use the following generalized Calderéon commutator type estimate which was
proved by Dawson, Macghan, and Ponce in [19]. Let & € W**1:> and let us consider the
commutator

Tof =[cH. D] /.
then, for all p € 11, 00[, (k,/) € Nand for all f € L? the following estimate holds,
(3.2) 7ot 1| ., = Crapl @il Fllzr.

Throughout the article, we shall use the notation A < B if there exists a fixed constant
C > Osuchthat A < CB.
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4. A new formulation of the stable Muskat equation

In this section, we give another formulation of the Muskat equation in terms of oscillatory
integrals that will be useful when doing estimates (especially to control high regularity terms)
in Besov spaces.

PROPOSITION 4.1. — Assume that f solves (M) then f is a solution of(@j@ that is
P < s
- t,x)=—PV. [ 0\, / e °cos(6A, f) db da
e =Eev foner | (58 )
f(0.x) = fo(x).
Reciprocally, if f solves (M) then f solves (M). That is,
(M) = ().

@.1)

Proof of Proposition 4.1. — Consider the following integrable function

1
(4.2) p(x) = 5 exp(—|x]).

Its Fourier transform is well defined and since u is even, we have,
o0
) = / e~¥ cos(8€) ds.
0

By denoting I = f0°° e~% cos(8€) d§ and by integrating by parts twice, it is not difficult to
check that I = —£21 + 1. Therefore,
1
1+ g2
Then, by considering the restriction of this Fourier transform onto A, f one readily

arrives to (oM). Conversely, if f is a solution of (oﬁ%) then it is obviously also a solution
of (¢M) by using once again the identity (4.3) applied to £ = A, f. O

(4.3) /0 s cos(8€) d§ =

We shall assume, without loss of generality, that p = 7. The purpose of the next section
is to prove that one has nice a priori estimates in H3/2,

5. A priori estimates in H3/2

We start this section by proving some useful identities that we shall use in the a priori
estimates. Introduce the operator A, f = W and consider the difference
D = Ay f — Ay f. We have the following identity for D.

) 0= LERDETEZD LY a9+ il =) = 2000 ds + 240,
o a Jo
We shall also need an expression for d, D.
(5.2)
9, D = S +a) = frlx —a) =21 (x) _ f(;x (fx(x—8) + frlx +5) = 2fx(x)) dS‘

o a?
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Set S = Ay f — Ay f. Analogously, we shall need to get some nice expression of S and 9,.S.
More precisely, we have the following identities:

(frtao)+ flx—a) —2f(x)

o

(5.3) S=Aof +Asf =~

For 9,5, we have that,
Sx+a)+ fx—a) —2f(X)'

(54) aaS = AOtfx - Aafx + D)
o

Note that those identities will be useful since they make appear the more favorable second
finite order differences. We can now state the main result of this section which is the following
lemma.

LEMMA 5.1. — Let T > 0, assume that fo € H3/2 0 WY and that the L® ([0, T], W %)

norm remains bounded. Then, if we set K = sup | fx(x,2)|, we have
(x,t)eRx[0,T]

T
2 T 2
1T+ 1 [ 11y ds
T
S ol + (1 oo,y oz + 1/ 12 oo m ) /0 1£12,, ds.

Proof of Lemma 5.1. — We multiply A%2 f against A>/2 f, and integrate with respect to
the space variable, we obtain

%E%IIf [P [ H frx / Oxx Ao f /0 e cos(8Aq f(x)) d8 da dx
—/ H fxx /(aanf)2 /00 Se % sin(8Aq f(x)) d8 da dx
0

=L+ 1. O]

Obviously, the more singular term is 7;. The estimation of such a term requires a long
splitting into several terms that will be nicely estimated. This is the aim of the next subsection.

5.1. Decomposition of the term 7/,

The aim of this subsection is to decompose /; into a sum of more easily controllable terms.
The idea is to symmetrize the terms in order to make appear second finite order differences.
Indeed, having a second finite order difference would allow us to share the powers of « in a
more balanced way. Besides, estimating terms rigorously in homogeneous Besov spaces with
high regularity (that is s € (1, 2)) requires to have second finite order differences. The main
strategy will be to use the convenient identity

I (f(x+a) = f(x —a) = 0a(f(x + @) + f(x —a) =2/ (x)).

This identity shows that f(x 4+ @) — f(x —a) = Aqf — Ay f contains a hidden second
finite order difference. To estimate the term 7; we shall try to force the appearance of such
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symmetric terms using this idea.
h= [ Gfn [@netaf =tuBaf) [ e cosohas ) db da dn
0
- / H frx / Ixx Do f / Vet cos(8Ay f) d§ da dx
0
= / A frx / (OxxAq f — OxxAa f) / ” e % cos(8Aq f(x)) d§ da dx
0
/ M frx /axanf / cos(SA f) —cos(§Aq f)) déda dx
/(_%fxx /8xxA f / 3 cos(8Ay f) d§ do dx.
Hence, by symmetry (note that dxxAq f — dxxAq f is invariant by @« — —a), one obtains
_ i [ T for / (Dexd f — Dexdg ) /0 T e (0S(8Ay (1)) + cos(BAy (1)) d da dx
+ % / T frex / dex A f / s (cos(8Aq f) —cos(8Aq f)) d8 da dx.
0
By using classical trigonometry formulas, /; may be rewritten as
1 _
- 5/ Cc]éfxx/(axanf _axxA(xf)
/ e~ cos( (A f — A f))cos( (Ao f + Ay f)) dS da dx
[ e [oustas [T e sinG 0 s ~ BufDsinG(Saf +Baf))db dadx.
Finally, we get
_/ (%fxx/(axanf_axanf)
x /oo e® cos(g(Aaf — Ao f)) sinz(g(Aaf + Ao f)) d§ da dx
0
43 [ Ghn [Gutaf ~0sBaf) [ e cos(G(busf ~ Baf) d dadx

*© § - § _
_ / T frx / Bxx A f /0 e SN (A f = Ba f)sinC (Mg f + Ba f)) d8 da dx
=hi+ L2+ 1.

The aim will be to estimate the /;,; with j = 1,2,3. It is important to note that the
gain of regularity will come from the term /; ». Indeed, since cos(x) = 1 —2 sin?(x/2), we
immediately notice that [, = dissipation + remainder. The main task in this term will be
to estimate the remainder. As a matter of fact, this remainder will be the sum of a term that
will be nicely estimated plus the elliptic component (see (5.9)).
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5.1.1. Estimates of I,,1. — To control I, ;, we use the continuity of the Hilbert transform
on L2 along with the embedding H3/2 < B, ,. then one gets

11,1 = _/ géfxx/(axanf _axanf)
x /Oo e™® cos(g(Aaf — A f)) sinz(g(Aaf + Ao f)) d§ do dx
0

8(1 ga 200
<O g, [V eV

1 2
eI

1
S 5||f|| 21 152

5.1.2. Estimates of 1. — Recall that I 5 is given by
1 - * 8 -
ha=3 [ Sf [Oubdaf ~0mbaf) [~ e cosG(Baf = Baf)) d8 da dx
0
1 1 . ©° o8 .
= 5/ M frx / — 00§08 fx + 0o fx} / e cos(E(Aaf — Ay f))dSdadx,
o 0

therefore, an integration by parts (with respect to «) gives

Ly = %/e%fxx/ Se(x —a) + fulx + @) =2/ (x)

062
x /Oo e™d cos(g(Aaf — A f)) dS da dx
0
1 Sr(x —a) + fr(x + ) =2 fx(x)
+3 / T frx /

o

x /Oo 8¢ 330 {Aa f — Ao [} sin(g(Aaf — Ao f))d$ da dx.
0

Then, in order to force the appearance of a second finite order difference, we use the identity
(5.2). Therefore, we get

I = %/&mx /fx(X—a)+fx(X+a)—2fx(x)

o2

X /Oo ed cos(é(Aaf — Ao f)) db da dx
0 2
+1/WM /fx(x—a>+fx(x+a)—2fx(x>

o

[ Se _5fx(x_a)+fxfxx+a) 2fx(x) ( (Ag f — A o f)) d8 da dx
Jr(x—o) + frlx +a) —2fx(x) -
o [ = /0 e

X /a fe(x —5)+ fr(x +5)—2f(x)ds sin(g(Aaf — Ao f)) dS da dx.
0
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Then, importantly, one has to remark that the first term of /; 5, that is

/(%fxx/fX(x o) + fx(x +a) =2 fx(x)

o2

cos( (Ao f — Ay f)) d8 da dx,

contains a dissipative term. Indeed, using the trigonometry formula cos(#) = 1 — 2 sin?( %9)
and the well-know identity

L -+ hx+o)—2fK)

o2

(55) —27TAfx =-2r C?Afxxa

one deduces that,

1 felx —a) + fulx + @) =2/ (x)
5/ (géfxx[

-3 cos(§(Aa f—Ayf))dsda dx

052
(5.6) =—n/|o%fxx| dx — /o%fxx/fx(x D+ Sty + o) = 2
X/ e sm( (Ao f — Ao f)) dS da dx
0
(5.7) =_ﬂ||f||zz_[%fxx/fx(X—(X)+fxOE)2C+Ol)—2fx(x)

o) $ B
x / e™? sinZ(Z(Aaf — Ao f))dS da dx.
0
As we shall see, the remaining nonlinear term, namely

_/(%fxx/fx(x_a)+fx(x+a)_2fx(x)

a?

S -
-3 sinz(Z(Aaf — Ao f)) dS da dx,
will be split into two terms. One term will be nicely estimated and the other term will be the
elliptic component. Hence, using (5.6), we finally have

(5.8)
Il,zz—/(%fxx /fx(x—a)+fx(x+06)—2fx(x)

a2
X /oo ¢S sin2(§(Aaf — Ao f)) d da dx
0 4
1 Se(x —a) + frlx + o) =2 fx(x)
“I‘Z/(’yéfxx /

o

x/mse—Sf"(x_“)+f’“((xx+“)_2f’C(x) sin(g(Aaf—Aaf)) 8 da dx
0

1 Selx—a) + fx(x +a) =2fc(x) [ 5
-3t [ " [T

o . S _
X / Se(x =)+ filx +5) =2 fx(x) ds sm(E(Aaf — Ay f))dédadx — ﬂ||f||§z
0
=lip1+1Tipo+Tip3+ 1124,

We shall estimate the /15 ;, j = 1,2, 3, in the next subsection.
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5.1.2.1. Estimate of the I »,;. — Recall that I 5 ; is given by
X —o)+ x+o)—2f Kk
Iiay = _/ T for /fx( )+ fx( ) — 2 fx(x)

a2

(5.9)

x / e™? sinz(g(Aaf —Ag f)) d§ da dx.
0

Since we have

/fx(x_a)+fx(x+a)_2fx(x) da

5 = 2aAfy = =27 H frx.
o

Therefore, we notice that if we neglect the effect of the oscillatory integral we find,

(5.10) —/o%fxx/ frx =) + frlx +0) = 2/5x) dx=2n/|(%fxx|2 dx.

oa?

This is a bad term since it cancels the gain of regularity obtained in the term /7, 4 (see
(5.8)). So it is crucial to use the oscillations. The phase of the oscillatory integrals is not
regular enough to be controlled in L™ Indeed, estimating Ay f — A4 f in L™ would imply a
smallness on the slope. The idea is to find a second order finite difference in Ay f — Ag f. By
using the formula (5.1), we know that A, f — A, f can be written as a second finite difference
plus a correction term which is 2 £ (x). The idea will be therefore to force the appearance of
this correction term in the oscillatory integral. The correct quantity to substract and add in
order to force the appearance of 2 fy (x) is sin?( % fx). Hopefully, this quantity is independent
of «. This will allow us to remove the a-dependence in the §-integral which is crucial in order
to break the regularity issue. The remaining integral will be the desired elliptic component

21

11,2’1 — _/ géfxx/ fx(X—a)+fx(x+()l)—2fx(x)

o2

which will be of the form 3 1 Xj,z as we shall see below. More precisely, we write

% /OOO e™d (sinz(g(Aaf —Aof)) — sinz(gfx)) d§ da dx
_/ I fex / Sr(x —a) + fr(x +a) =2 fc(x)

o2

o 1]
/ e 8 sin?(= fy) d§ do dx
0 2
=lp11+ 112,12

In order to estimate I1 5.1, we use the following useful identity
sin®(§ (A f — Baf )~ sin*(] f2)
1) =asinC (Aaf — Baf ~2f() S0 (Baf — Baf +2f0))
x 00 (B f — B f —2e () 055 (B f — B + 26

So that, by using the classical estimate | sin 8| < |0| we get

(512 |G A f ~ B f) —sin’(G fo)| < 8|80 — Baf + 2400,
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Hence, by using the identity (5.1) one gets
. / [ fx(x — o) + folx 4+ ) = 2fc(x)|lLoe

a1l S g FE

o /“ IfxCr +5) + fex =9) =2/ (Dl 4
0

549

ds.

Let ¢ € [1, 00) be a real number, using Holder inequality in s (with »~! 4+ 7~ = 1) we find

2/ [ falx —a) + falx + @) =2/ (x) L

[T12,01] SIS g FE

" (/"‘ I fx(x +5) + falx —5) =2/ ()7, ds)
0

1/r

sqr

o 1/r
(/ s1" ds) do
0

a _ _ r 1/r
" (/ [ fx(x +5) + fx(x —8) =2 fx(x)]|]> ds) o
0

sqr

<N f g / 1 fex — ) + fulx + o) — 2f(x) | os

o307

e R Y N R LAl

1.
ca—1
oo.1 B2vr

Then, by real interpolation and by choosing ¢ = 9/8, r = ¥ = 2 one obtains

] 1/4 3/4 )
(N2l = I Hg2ll fllg, 17 1751 s

B3 %
Using the interpolation inequality, we get

3/4 1/4
1 gaye < A1 0 7105,

along with the fact that H'/2*7 < B, . for n = 3/2 and n = 1, one finally gets
12,00] S N1l g

Then, it remains to estimate /12,1 2, we write

[1’2’1,2=_[é7£fxx /fx(X—a)+fx(X+a)—2fx(x)

o2

(5.13) x /Oo e sinz(gfx(x)) d§ do dx.
0

Importantly, we may explicity compute independently the a-integral and the §-integral.
Indeed, the a-integral gives —27 S# fx (see Equation (5.10) above). As for the §-integral,
one may easily check that it is equal to

& . 5.8 1 f2
5.14 / e ¥ sin?(= fe(x)) d§ = — —2%
(5.14) i GRG0 = 5
Indeed, to prove equality (5.14) it suffices to use equality (4.3) applied to £ = fy(x). One
gets

1

o0 _s _
/0 e °cos(bfx(x)) ds = 1T 7002 [AEER
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Using the trigonometric identity cos(8) = 1 — 2 sinz(%G) applied to 8 = §fy(x) gives

© 8 R
‘/0' e (1 — 2sin (Efx(x))) dé = m

Therefore, using that fooo e=%d§ = 1 one gets the desired identity, that is
fx(x)?

T 21+ fr(0)?

Hence, combining the two identities (5.10) and (5.14), we get that

lians = _/ T fox /fx(x—a)+fx(x+a)—2fx(x) ooe_g sinz(gfx(x)) d8 do dx
0

/ $sin (3 fu(x)) d
0

o2
5.15) == fZ | SH frox|? dx.

1+ f2
Set K = sup | fx(x,t)|. Using the fact that x +— 11% is an increasing function

(x,t)eRx[0,T]
on Rt we get that,
5.16 1
(5.16) 12,12 = 1+K2 1/ 1%
Therefore, we find that
2

(5.17) Hizaa + hizazl S 1152 <||f||H3/2 + ||f||H3/2) T K2 17 1%

5.1.2.2. Estimate of I12,. — To estimate I, 5, we observe that

Lz = l/(%fxx /fx(x_a)+fx(x+a)_2fx(x)

o

/ ot LTSI T O G o f — B f) dB d dx
/2
S g ( /s (x =) + fx(j)jj‘ ) _zfx(x)”Lz doe)

8 ( LAl =) + flx + @) =2/ ()70 da)”z
o?

YA ELRA VE AR

SIS e

To estimate 7 5 3 we write

Iios =—%/§;fxx /fx(X—Ol)+fx(X+Ol)—2fx(x)

o3

X /00853_5 /Ol frl(x—8)+ fr(x +5)—2f(x)ds sin(é(Aaf — Ao f))db da dx.
0 0 2
Hence,

Iip3 < l||f||H2 f/wge—s I fe(x —0) + fulx + o) —2fc(x) Lo
0

o]
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X/O | fx(x —38) = fx@) 2 + I fx(x +5) — fx ()2 ds d§ da
SIS e ([ |G = @) + filx + o) = 2fe(x) o da)

o~

felx =) = fr@5, Y7 Lfelx +9) = fr@lr, Y7
" [(/ NG w) +(/ B as)

< .
S ”f”HZ”fx”Bi:{f—% ||fo|B;,;;

Then, by choosing ¢ = 9/8, r = ¥ = 2, and real interpolation (to get a control of B“/ 8

along with classical homogeneous Besov embeddings one gets

1
(N2.3] = SI g2l AW gasys A0 s

1

=3I Nl UG LI WA 1152,

1
§||f||22||f”33/2-

Recalling that (5.8) is a dissipative term, and that (5.15) is the elliptic component, we have
proved that

A

IA

(2l SUANG UL e + 1 gan) = 7l f 12 + T K2 11132
where K = sup | fx(x,t)|. Finally,
(x,t)eRx[0,T]
2 2
(5.18) T2l S I W2 U W + 1 Nars2) = 72 K2 11152

5.1.3. Estimates of I13. — Let us estimate /; 3. Let us recall that

o0 5 - 8 _
ha== [ @t [0sdaf [ sinG (B ~ Buf))sinG(Auf + Baf) d8 dad
0
The estimate of /; 3 is not immediate. Indeed, if we do a direct estimate of /;,3 we get that

2 ”&xf +Saf||L°° _ 2

ha s [P o — 1

Using the interpolation inequality (3.1), for p = oo and 6s; + (1 — 0)s, = 1 where 51 < 55
one obtains

(5.19) 1A g1, S I 0Gs IS

The conditions 6s; + (1 —60)s, = 1 and s1 < s, necessarily imply that s, > 1. Therefore, this
would give a control of || f||z1 by a quantity of the type || /| Blre, which is a subcritical
norm with respect to the scalfrig of the equation (recall that the critical space in that scale
is BL o)

Since there is a regularity issue, the idea is to try to balance the derivatives. The idea is to
write that fix(x — @) — frx(x) = 04 (fx(x) — fx(x — @) — frx(x). This kind of splitting
is usually not very helpful because the finite difference is always more regular than each
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term written separately. However, the presence of &# fy in front of fyy(x) creates a new
regularizing effect since it has a nice commutator structure. More precisely, we write

11,3=—/0775fxx /fxx(x)_fxx(x—oe)

o

X /oo e® sin(§(Aaf — Ao f)) sin(é(Aaf + Ay f)) db da dx
0 2 2
_ / I frex /fxx(x_a)_fxx(x)

o

x / T sinC(Baf — Baf) sinC(Baf + Ao f) dB da dx
0 2 2
= [ ope [ Lt St

o

/oo sm( (Ao f — Aaf))sm( (Ao f + Ao f)) dS da dx

/ T frx f S (’“) sin(E(Aaf ~Raf)) sin<5<Aaf + Ao f)) d8 da dx.

commutator structure

Integrating by parts (in o) and using the notations D = Ay f — Ay f and S = Ay f + Aq f,
one finds

(5.20)
o= [ g [ 2= s
(5.21)
/°° s . 6 - .6 -
X e sin(=(Agf — A f))sin(=(Ag f + Ay f)) db da dx
0 2 2
1 fx(x) = fr(x —a)
_5[ g‘fxxf a
(5.22)
/oo -8 8 - . 8 N
x 8¢ %0eD cos(z(Aaf — A f)) sm(i(Aaf + Ay f)) dS do dx
0
1 Sx(x) — fr(x — )
_5/ C?éfxx/ a
(5.23)

/ §e %34 Ssm( (Ao f — Ay f))cos( (Ao f + Ao f)) db da dx

/ T / Sex ) / sin (A f — Ba DS (Au f + B ) db da dx
4
= le,a,i-
i=1

In the next subsection, we shall estimate the /3, fori =1,...,4.
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5.1.3.1. Estimates of I13,;. — This term is estimated as follows, by observing that
H? < B2 we may for instance write

00,2
/°° so—t 1) = fe(r — D2 f(x —e) + fx + &) =2 (D)L
0

lf?

13,10 < 1 f Nl g2 da

P "
SNl fell gl f g

2
S I 1 s

5.1.3.2. Estimates of 11 3,2. — Recall that,
1 X) — X—o
11,3’22_5/(%](”/ Sx(x) O];x( )

X /oo §e 34D cos(§(Aaf — Ao f)) sin(ﬁ(Aaf + Ay f)) db da dx.
0 2 2

_ — o2 B 3 1/2
<TQIf 4 (/ I fe0) = frlr =)l /Ilf(x @) + f(x +a) =2/ ()P da)

Hence, by using the identity (5.2), one gets and we infer that,

(5.24)

1 Sx(x) = frx(x —a) o s filx+ o)+ filx —a) =2 3 (x)
11,3,2 Z_E/ G?lfxx / o /0 de § ”

X cos(g(Aaf — Ao f)) sin(g(Aaf + Ay f)) dS da dx

1 fe) = fele—a) [ 5 fo (fe(x =)+ fxlx +5) =2/x(x)) ds

+ 5/ Ocﬂfxxf o /0 de 0 o?

X cos(g(Aaf — Ao f)) sin(g(Aaf + Ay f)) db da dx

(5.25)

=321+ 11322
We may estimate those two terms as follows. For the first one, it suffices to use the

embedding H' < B;é,zz, indeed we have

1304] < l”fllgz/ 1£5() = fele =@l L +0) + fulx =) = 2fc (e

o o
SIS N el arzl el g

2
S I G2 1 N gsre-

For 1132, for some ¢, r and 7 (so that 1/r + 1/7 = 1) that will be chosen later, we write

1 xX) — Jx(X —« oo o0 _ 1
|11,3’2,2| < 5”]('”1{2 / ”f ( ) f ( )”L / Se 8|O{|q+’l’
0

A

jf?
P o _ r 1/r 5
y (/ [ fe(x —8) 4+ fa(x +5) = 2fx ()72 ds) 1ot +8afllLoe o 0
0 sqr |o|
Q) £ () = fe(x =)llLoe [18af + 8a fllzoo
< S el ey [ Selli g
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1332
1) = fex =B [ I6af +Baf B, )"
PR ( e [ doe)
SISl g1y 11 5—0mp 11 U,

< . L )y
SNt 1S Dz

Then, by choosing ¥ = r = 2 and ¢ = 1, we obtain

2 2
szl S 110 1 e

Finally, we have shown that

il S 110 1

5.1.3.3. Estimates of 11 3,3. — Recall that

Ii33 :_%[ (’%fxx/ fx(X)—ix(X—a)
x/‘” S8 Sin(§(Aaf — Ao f))3S COS(§(Aaf + Ay £))d5 da dx.
0 2 5

By using the identity (5.4), one finds

_ 1 fx(x)_fx(x_a)
Ii33 = —5/ e%fxx/ o
X / - e™® sin(é(Aa f—Aa f)Ag fr cos(é(Aa f+ Ay f))ds do dx
0 2 2

1 fx(X)—fx(x—Ol)
+ E/ (glffxx/ o
X / - Se™® sin(g(Aa f—Aq f)Ag fr cos(g(Aa f+ Ay f))ds do dx
0
1 )= filx—a) [0 45 . 3 X
5[ s | / /0 5070 Sin( (B f — B /)

flx+a)+ féz — o) =2/ (x) cos(g(Aaf + Aq f)) d8 da dx

X

3
= E L33,
i=1

The control of I; 33,1 is relatively easy, indeed, it suffices to write

r(2) (/ 1 fe () = felx — )2, da/ | fre(x) —

1/2
(x4 a)||?

Lisaal < —= 111l
[11,3,31] < > I /1l g2 i« |oe|2

2
SN g2 P2
4.2

2
SN a2 S g

2
SN g2l 1 g
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As well, one may easily estimate /3,3 2 by writing

I'2) / I fx(x) = fa(x — )74

1113,32] < Tllfllgz o
S Mgl felln
B4,2
2
S I g2l 1774
2.2
2
SIS 1 gare-

For 1, 3,33, it suffices to see that

re)
[11,3,33] < T||f||H2

) (/ | fe@) = f(x = )2, I+ a) + f(x—a)=2f ()7, da)l/z

da

da

lcf? Jerf*

_ PN N 5 1/2
<1l (/ I £ () |}o’j|(2x s, [IS+e)+ f(|z|4 @) -2 ()2, da)
S ||f||H2“fx”[gif”f”[gif
SN g2l fll graral f Nl grosa
S AN e

Therefore,

(5.26) sl S U150 D gare-

5.1.3.4. Estimates of I13,4. — It remains to estimate /; 34, to this end, we shall use the
following decomposition in terms of nice controlled commutators. One may indeed rewrite
I1,3.4, using the anti-symmetry of ¢/, as follows

Iisa :_/ T for /fxx(x)

o

X / ” e™? sin(§(Aa f—Asf)) sin(ﬁ(Aa f+Ayf)) dsdadx
0 2 2

- %/fxx /000/6_8; |:(>775, sin(g(Aaf —Aaf)) sin(g(Aaf + Aaf))] Fex d8 da dx.

Hence, we may rewrite this term as a sum of two commutators, namely

Ii34= %f/ fXX(X)_O{XX(x_a)

« [ e |:c>% sinC (Aa f = Ba f)sin(2(Aaf + Aaf»} Fexd$ da dx
A 2 2

n %// fxx();_a)

« / s [c% sinC (Aa f = B ) sinC(Aaf + Aaf»} fox d8 da dx
0 2 2
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1 Jax(X) = frax(x —a)
-5 )]
/oo I . .8 . 7
x e | H,sin(5(Ag f — Aa f))sin(5 (A f + Aa f)) | fxxdd do dx
0 L 2 2 i

%// o (fx(x — ) — fr(x))

o

x / - e d _o%, sin(é(Aa f—Asf)) sin(é(Aa f+ Agy f))_ Frexd$ do dx.
0 L 2 2 ]

Finally, by integrating by parts with respect to x in the first integral and with respect to « in
the last integral, one finds,

L[ fx(x) - fx(x —a)
a/

I134 =~

x/w e, [Q% sm( (Ag f — Ay f)) sin(= (Aaf+Aaf))] Srxd8 do dx
/ fx(x_a) Jx(x)

x/ I:Q% sm( (Ao f — Aaf))sm( (Ay f—l—Aaf))] frxdd da dx
0

1 Sr(x —a) = fx(x)
+§/ o

o 8 - S _
y / 0, [&z sin( (8 f — B ) sing (B f + Aaf»} Fend$ da dx
0
527y =hsan+ 11342+ 11343

Let us estimate /1,3,4,1-

[l13,41] < = /”fx(x)_fx X—(X)”LQ/O -

IOlI

déda dx.
LOO

i} § i}
Ox [c‘% Sin(E(Aaf — Ao f)) Sin(z(Aaf + Aaf))] Sx

We then use the commutator estimate (3.2) in the case [ = 1 and k& = 0. To do so, we
first notice that, by using |sin(%(Aafx + Ao )| < %lAafx + Ag fx| and that cos and
sin functions are bounded by 1, we have for any § > 0

9, (sin(ﬁ(Aaf ~Bu/Dsin((Auf + Aaf»)

Loo

2 _ _ § _
= ?”A fx Aozfx”L‘x’”Aaf +Aaf||L°° + E”Aafx +Aozfx||L°°
2 8 _
—(||A fellos + 1Aa fellLoo) |1 Aa f 4+ A fllLee + E”Aafx + Aq fxllLoe.
Then, we find,
| fx(x) = falx —a)|[r2 || fx(x) = fx(x — @)L
L e P e ™
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M=) + fx+ o) —2f ()l

||
4 ”f”m/ [l fx(x) —j|‘;|(x—a)||Lz | fx(x) — f|);(|x + )|z
M=)+ flx+ o) =2/ ()|l o
||
+ ||f||H2/ [ fx(x) — ]|{;|(X =)z | fa(x —a) + fx(TaT @) —2fx(x)]lLee Ja
_ _ 2 1/2
SN ( [l da)

1/4

9 (/ If(x =) + fx + o) =2/ ()70 da)

loe?

1/4 1/4
X[(/ 120 = fulx = Ol da) +(/ () = fulx + @)l da) }

|3 |3

_ _ 5 1/2
Ul ( / 1) = fulx —a)l2, da)

||

1/2

X( IfGr—o) + flx + ) =2/ (0[] da)

loe|?

S W g gzl g, Wl g + U Mgl e F s
2 2
S g2 1 a2

where we used the following embeddings 32 < Bl , H? — B;ﬁ, and H¥2 < B! ).

Then, we estimate /; 3 4,2, we see that this term may be written as

Sre(x —a) — fx(x)

o2

1
($528) hsaz=s / T

X /“x’/e—b’ Sin(g(Aaf — Ao f)) sin(g(Aaf + Ao f)) d§ da dx
0
(5.29) + %/fxx M fx(x —a) = H fx(x)

o?

X / /e_8 sin(g(Aaf — Ao f)) sin(g(Aaf + Ay f)) d8 da dx
0
(5.30) =I13421+ 11,3422

To estimate /1,3,4,2,1, we write

1 (X —a) — fx 0 18y £+ 8o || Loo
szl = gl [LEEZD SOz [7 s 10af 250 e
0

a? |ot]

I —a) = A2 NP [ 180f + 8af 1P
5||f||m<f L da) (/%@

SN g2l W g Lf 1l gara
00,2

dé da

1/2
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2
S I 21 e

Since &/ is continuous on L2, one gets the same control for /73422 so that one finally
obtains

2
a2l S/ 1 a2

It therefore remains to estimate /1,3,4,3. To do so, we open the commutator and use the anti-
symmetry of ¢#. Then, we explicitely compute the derivative in «. Hence, we obtain the
following decomposition

(5.31)
11,3,4,3 = _% / fxx O?éfx(x _02 — OG]AfX(X) /(; /86_8305(Aaf - Aaf)
X cos(g(Aaf — Ao f)) sin(g(Aaf + Ay f)) d8 da dx
(5.32)
- %/ (gléfxx fX(x — 02 — fX(X)
x/w/86_58 (Aaf — By £) oS (Aaf — Ay £))Sin(C(Aa f + Ag f) d8 det dx
0 o o o 2 o o 2 o o
(5.33)
1 M fr(x —a) — A fr(x)
3 / fxx/ «
x /w 8¢ 9u(Aa f + A f) cos(g(Aaf +Auf) sin(g(Aaf —Aof) d8da dx
0
(5.34)
! felv—a)— o) [% 5 i 5 i
1) ot | ) /0 3¢ 300 f + B f) 005 (B f + B f)
x sin(g(Aaf — Ao f) dbda dx
(5.35)

4
= E I1343,-
i=1

Since we shall do L? estimates, p € (1, 00) on the terms involving ¢/ one observes that these
terms have the same regularity as the terms /; 3 ; for j = 2, 3 (see (5.24)). It is therefore not
difficult to see that,

113,430 + D432 S U150 15
and,
113,433+ Iizasal SUAIGa00 1 s

Therefore, we have obtained

(5.36) 1l S 10 (17 By + 15 sz
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5.2. Estimate of I,
To estimate

_/ &fxx /(axAcxf)z /Ooo 86_8 Sin(SAaf(x)) dé da dx,

it suffices to write that,
1/2

— _ 2 _ 2
|12|§r(2)”f”m( [l f(x) J;cZ(x a)lle ) (/ [l fx(x) fx(x @)z dot)

Therefore, we obtain

(L2l S WS W2 el grra 1L W e

(5.37) S A1 N e
Finally, combining all the estimates, we get that
1
(538 S0 By + 1oz 1 Ve S (1 oo + 1 r2)

And then integrating in time s € [0, T'] one gets the desired energy inequality of Lemma 5.1.
Therefore, if || fo|| ;3,2 is smaller than some C(K) that depends only on K, then the solu-
tion is in L°°([0, T'], L?) N L2([0, T], H?). This concludes the H3/2-estimates and therefore
Lemma 5.1 is proved.

6. A priori estimates in H /2 estimates
In this section we shall prove the following lemma.

LEMMA 6.1. — Let T > O and fo € H32 N H3? 50 that || fol| g3/2 < C([|9x follLo), then
we have

T
T
1)+ s [ 11y ds

T
ol sz + (1 ooy + 1 IR oo / 11, ds
e 0

where K = sup | fx(x, ).
(x,t)eRx[0,T]

Proof of Lemma 6.1. — We now do an a priori estimate in H /2. Using the anti-symmetry
property of the Hilbert transform, one finds

S0l S By = [ s [ 03001 /0 " o cos(6ha f) dx do d§
-3 93 Ay f 0xxAg 005 ¥ sin(8Ay f) dx da d§
/o%xf/ f f/o ¢ sin(3Aq f) dx do

—/ @ﬁaif /(aanf)3/ §2e8 cos(6Ay f) dx da db
0
=T +1T2+ Ts.
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Analogously to the H3/2 a priori estimate, we decompose the first term as follows. By
noticing that /; is analogous to Ty, we find that

= [ oo /(aiAaf—aiAaf)
x/m cos( (Ao f — Ay f))sin (i(A £+ Ao f)) d§ da dx
f(_%83f f(83A f—83Raf) /oo cos( (Ao f — Ag f)) d5 da dx
+[Q%if/ai fx) = 32 (x — a)

o

o 5 - by _
x / e sin(5(Aaf = Ra ) sinC; (af + Ao f)) d8 da dx
0
=T+ Tip+ T3

Note that 71,1, 71,2, and T; 3 are respectively analogous to /1,1, /1> and 7 3. Using (5.20),
we immedialy infer that

- [ s f(aiAaf—aiAm
x [ e o5 b f — Baf N sin* (B + Baf) d8 da dx
/(%33f /(83A f=0Asf) / cos( (Ao f — Ao f)) db da dx
ey /fxx(x) ferli — @)
/0 e sm( (Ao f — Aq f))sm( (Aaf + Ag f)) dS da dx
L[ o /fxx(x)—fxxu—a)
x/ §e~39,D cos( (Ao f — Aaf))sm( (Ao f + A £))d8 da dx

[ s /fxx(x) freslx — )

x/ Se™3 9 Ssm( (Ao f — Ag f)) cos( (Aaf + Mg £))dS da dx

~[as [orrew [t sinG@as - B f)sinG Baf + Baf )y d dadx

6
=> T, O
i=1

We then estimate the 77,7, j = 1,...,6.

4¢ SERIE - TOME 54 — 2021 - N° 5



GLOBAL WELL-POSEDNESS FOR THE 2D STABLE MUSKAT PROBLEM IN H3/2 1339

6.1. Estimate of 7' ;

To control 77,1, we use the continuity of the Hilbert transform on L? along with the
embedding H3/2 < B!, then one gets,

Tia=— [ J02f [@8af -8hap)
X /oo e™d cos(g(Aaf — Ao f)) sinz(g(Aaf + Ay f)) db da dx
0

80{ gﬂt 200
<O g, [V eV,

S0 £ 15 ,
oo,
N VAN W e

6.2. Estimate of 7 »

We first rewrite T » as follows, by integrating by parts, one finds
1 - © § -
Tip= 5/ SH3 f /(8§Aaf — Ao f) [ e? COS(E(Aaf —Ayf))dsdadx
0

= %/ c%aif / éaa{(sotfxx + Socfxx} /Ooo eS8 Cos(g(Aaf — Aaf)) dé do dx
1 Srex(x —a) + fax(x + ) — 2fx (%)
=3[ s

a2

x /oo e™? cos(§(Aaf — A f)) dS da dx
0 2
1 Sex(x —a) + frx(x + ) =2 frx(x)
+ Z/ (%agf/

o

x /oo 8 0o {Ag f — Aaf}sin(g(Aaf — Ay f)) d§ da dx.
0

Then, we obtain that
Tip = _/ (%aif / fax(x — ) + fax(x + @) — 2 frx(x)

oa?

X /oo e™® sin2(§(Aaf — A f)) d8 da dx
o 4
i l[ c?éaif [ fxx(x —a) + frx(x + o) =2 frx(x)

[07
/ S—Sf"(x_“)Jrf"i”“) 2/x() ((Af Ao f)) ds da dx
fxx(x Ol) + fxx(x + O[) 2fxx(x)
_Z/ g;af;f/ =

x/oofie_s /a Se(x =)+ fi(x +5) —2fc(x) dssin(g(Ao,f—Aaf)) d§ da dx
0 0
—71/ SH2 A frox dx
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1340 D. CORDOBA AND O. LAZAR

=Tip1+Tip2+T123+T1,2,4.
In order to estimate 77, we shall estimate the 775 ;, for j = 1,2,3. Note that Ty 54 is a
dissipative term. We start with 77,1, and observe that this term is analogous to /12,1 (see
(5.8)). More precisely, we write

Tl,2,1 =_/e°7£8)3cf / fxx(X—Ol)+fxx(x+Ot)—2fxx(x)

oa?

X /oo et sinz(ﬁ(ﬁaf — Ao f)) dS da dx
o 4
_ _f C7£83f f Jex(x —a) + fex(x + o) =2 fxx(x)

oa?

X /0 - e™? (sin2(§(Aa f—Asf)) — sinz(g fx(x))) dé da dx
+f57£aif /fxx(x_a)+fxx(x+0l)—2fxx(x)

o?

f e7d sinz(g fe(x)) d§ da dx
0

=Tio11+T12,1,2.
In order to estimate T} »,1,1 we use the estimate (5.12) together with the identity (5.1). So that
by using Holder inequality one finds that
[ fox (o — ) + fax(x + &) =2 fax (%)l oo
Taaaal S 171 [ 22 = =

loe|?

x /0 1 felx = 5) = fu(@)llz2 ds de.

Then, by using Holder inequality in the s-integral (where r and 7 are conjugate) and for some
real number ¢ € [0, 2] that will be chosen later, we have
1/r

| fx (=) = fex @l gt ([ 10 =9) = 07

Taaal S 1l [ PO SOM pr IO ) da
o ]
S ol el oy WSy
By choosingg = 9/8, r =¥ = 2, we find
171200l S0 sl Fexl s 1Ll s
Then, by interpolating in the space B;i/ls, we find,
1/12 11/12
Tl S Lash Flgays A2 A2

Since,
1/12 11/12
1/ g < ISP I303,
then, by using classical Besov embeddings, one finally gets

T2l SN0 f llgase:
H

As for the term T 5,12, we use the same idea as the estimate of the term 1} 5 1,2 (see (5.16)).
We have that,

T”“:‘/ o3 f f Jrrx =) + fox(x @) = 2/2x()

o2
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x / e™d sinz(g Fe(x)) d8§ do dx
0

6.1) =2 [(p? [ st fu) a5 dv < w11

where K = sup | fx(x,1)|. Therefore, we find that for some ﬁxed constant C > 0,
(x,t)€Rx[0,T]

(6.2) Ti2110+ Ti212 <C|fI> il s + 71— ||f||

1+ K2
To estimate T 2 2, it suffices to write that

TIZZZ_/ e%(%scf /fxx(x—o‘)+fxx(x+a)_2fxx(x)

o
/ se=b Sx(x—a) + frlx +a) — fo(x)

o

( (Ag f — Ao f)) d8 da dx

a2 a2

1/2
I frx e—a)+ frx ) =2 Frx ()12 0o | fx (x—0)+ frx (x+a) =2 fr (0]
<713, (/ L 2 da)

S s gsre | fell 12

SN2 1 o
We now estimate T} 2 3. Let ¢ € [0,2] and let r, 7 so that 1/r 4+ 1/7 = 1, we write

T1,2,3 = —%/ %aif [ fxx(x —Ol) + fxx(x =+ a) — 2fxx(x) /(;oo 58—8

013
x/“ fex —5) + fulx +5) = 2fx(x) ds sin(g(Aaf — Ao f)) dS da dx
1IIfIIH/ so—8 [ fex (@ — @) + fax(x + &) = 2fx(xx) [

4 EE

N

X/O ||fx(X—S) —fx(x)||L2 =+ ||fx(x +S) _ fx(x)”LZ ds d§ da
Sl gs (/ | frx (X —a) + frx (X + &) = 2 frx (x)[[Loo da)

o707

e =5) = frl;, N\ Lfelx +5) = fr@lr, Y7
" [(/ NG w) +(/ sfor is)

S ANl faxll gt 12Nt
Boo,l BZ.r

Then, by choosingg = 2, r =7 = 2, we get
EEEXEIDSY WA 'R WA 5728 WA PE73

oo,1 T >

Then, using the interpolations H/% = [H3/2, H3] 2 and B2 = [Bolo o s Bgé%x,]

1
35

wIN
W=

we find

2/3 1/3 1/3 2/3
T2l S W Il A IR0 N30 g W15
S Ul e
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6.3. Estimate of 7 3

To estimate 77 3, it suffices to write that
o0
— —_ 0o — _ 2
|T1,3| < ||f||H3/ 86—8 ”fxx(x) fxx(x (X)”L ”f(x Ol) + f(x + Ol) f(X)”Lz 48 da
0

leef?

xXx —fxx(x— 2 —a)+ +a)—2 2 1/2
<TOf 42 (/ | fox ()= frex =) 12 o0 da/ 1/ (et f(eta) -2/ (12, da)

la|? lal?
SIS Mgl el g2 1S 1532
2
S IGsI gare-

6.4. Estimate of 7 4

The control of T 4 is done thanks to the following decomposition which is analogous to
the decomposition of I; 3, (see (5.24)), namely

T1,4=—%[0753,3¢f [fxx(x)_fxx(x_a) oo86‘_5]{36(96"‘Ol)"‘fx(x_‘)‘)_zfx(x)

o 0 o

X cos(g(Aaf — Ay f)) sin(g(Aaf + Ay f)) dS da dx
1 Sex(X) = frx(x — ) © fafx(x_s)+fx(x+s)_2fx(x)ds
oy | [ o

o a?

x cos(g(Aaf — Ao f)) sin(g(Ao,f + Ay f)) dS da dx

=Ti41+ T4
We have
< | fex(x) = fax(x —a)|lLoe || fx(x +a) + falx —a) — 2fx(x)||L2
T a1l S f N gs o] ]

S sl Mgz 1S 1 g3z
2
SN gl g

For T} 4,5, we write

1 X) — X —a)l|pe o 1
|T1,4’2| S §||f||H3 f ”fxx( ) fxx( )”L / 86 8|a|q+F
0

e[

P _ _ r 1/r 5
X(/ 1o = )+ fulx +5) = 2£e 0l ds) s +8uf i
0 17 o
_re) O e L
< W sl oy [ -
1/2
fox() = fia = 0me [ f+8 £
Sl el ( / T do | oe)

S gsIA potih LIl Pl 1A 122
S ||f||Hz||f||Hz||f|| q+2||f||33 e
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where we have chosen 7 = r = 2 and then by choosing ¢ = 1 we obtain
ITvanl S WS gslf sl f Igsalf g2
2 2
S gl a2

Therefore,

Tral S 11U Mgz + 1 1,2)-

6.5. Estimate of 7 5

We now estimate T 5, analogously to /133 (see (5.24)) we use the identity (5.4). So that,

Tl s = __/ %83 fxx(x) - fxx(x —a)

o

x / s~ sin(g(Aaf — A )08 cos(g(Aaf + Ay f)) d8 da dx
0
1 3 Jax(X) = fax(x —a)
—; [ ewis

o

X /oo Se™8 sin(g(Aaf — A ) A fx cos(g(Aaf + Ay f)) db da dx
0
1 3 Sax () = fax(x — )
+ 5/ SHOLf

o

X /OO Se™8 sin(g(Aaf — Ao ) Ag fr cos(g(Aaf + Ay f)) db da dx
0
1 Jex(X) = fax(x —a) [ —§ ) n
5 [ | | s sinGau s = Bu )

o

LSt + f(x—a) —2f(x)

o2

cos(g(Aaf + Ay f)) dé da dx

3
=2 Tis;.
j=1
The estimate of T3 5,1 is relatively easy, indeed it suffices to write

xx — Jxx(X — 200 e — filx+ 22 1/2
|T1,5,1|s@||f||m(/ = doz)

lcf? lef?

S gl s 1A W g2
SIS Wl f Wl o

As well, one may easily estimate T} 5 by writing

— 2 1/2
|T1 52| < _||f||H3 (/ ”fxx(x) fxx(X—O[)”ioo dO[/ ”fx(x) fx(X +0{)||L2 da)

|| |or|?
S Mgl s 11 g3
2
SIS 0 W s
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For T 5,3, it suffices to write

— (y—. 2 +a)+ —a)—2 2 1/2
Tissl < ()”f”H (/ 1 frx ()= frex (r—0)12 o da/ If G+ fx—a)—2£ ()12 da)

la|? o] *

1/2
I fex GO — frox r=a)112 oo ILf Geta)+ f (x—a)—2.f ()|
5||f||H3( / el gy | w2/l dot)

S sl Sl g2 1l 302
2
SISl s

Therefore,

(6.3) Tusl S 0S50 f e

It remains to estimate T ¢, this is the purpose of the next subsection.

6.6. Estimate of 7' ¢

Aswe did for I; 3 4 (see equality (5.27)), we first rewrite 71 ¢ in term of controlled commu-
tators.

3 [e%s)
Tie = — / T3 fox / LSt /0 ¢ Sin(5 (A f — Ba ) Sin(3 (B + B f) d5 das d

=3 far [T [o% (3 (B f ~ B f)sinCS (Auf + Aaf))] 91 d5 da dx

// 3 f 83f(x—ot)

x/ [o% sm( (Ao f — Ay f)) sin(= (Ao,f~|—Aaf))]33fd5dadx

// 3 f (x —a)

X / [o% s1n( (Ao f — Aaf))sm( (Ao f + Aaf))] 32 f ds da dx.
0

Finally, by integrating by parts one obtains
T 1 / Srx(X) = fax(x — )
161 = ~5

o

X/oo e %0, [c% s1n( (Ao f — Ay f))sm( (Ao f + Ay f))}83fd8dadx
/ fxx(x fxx(x)

x/ |:o775 sm( (Ao f — Ay f))sm( (Ao f + Ay f)):|83fd8dozdx
0

1 fxx(x_a)_fxx(x)
+ 5/

o

x /Oo e 39, [Q% sin(g(Aaf — Ao f)) sin(g(Aaf + Aaf))} P fdsdadx
0
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=Tie61+ Ti,62+ T1,6,3-

By using the generalized Calderéon commutator estimate (3.2) along with some classical
Besov embeddings, we may control 77 6,1 as follows:

Treal < ||f||H3/ [ fx (%) = frx (X — ) lz2 [ fx(¥) = fx(x — @) ||zoo

af al
Moo v 2,
o
[ () = =@l 1) = e + @)l
1S | - -
Mo v 2
o
() = fux & = @) il =) + fox + @) = 25 () e
. d
1S | - =
_ 2 1/2
U ( i)~ fonle 01 da)

( £ (x =) + fx + @) = 2f ()[4 )”“
X da

o
(/ 1fe () = felx + @)[[4 da)““
IE

o) = fulx =l
* [(/ o )

| fax (x) = fox(x — O‘)” )

1/4

o?

+ 1 g3 (
X( I feCx =) + frx + @) =22 (0) 700 da)

a2

1/2

S Ul s (LA 0ge 1Nz +1F 05 )
Sl s (LA 0g 1 g +1F 050 )

S Iash Al A1 (L sl sz, + 1f g2
SN0 W+ 1S W0 S W o

Then, we estimate 71,6,2. Analogously to /73,4, (see (5.28)) we see that this term may be
rewritten as

Ti6r= - /0%33 /fxx(x — frx(x)

/ e” sm( (Ao f — Aaf))sm( (Ao f + Ay f)) d§dadx
/33 /(’?éfxx(x O?Afxx(x)

x/ sm( (Ao f — Aaf))sm( (Ao f + Ay f)) d§dadx
0
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=Ti621+ 11,622

3/2

To estimate T;,6,2,1, We use the embedding H? < B 5 along with classical interpolation

inequalites to get

Tr62.1] SN gs dé§ do

| frx(x — o) = fax(X) |2 /oo Se—8 e f + Saf”LOO

a? ||

R G N W [ )
5||f||H3(f - Lda) (/%m)

S W Nl f sl f 1 g2
2
S Wl s

Since §/ is continuous on L2, one gets the same control for T1,6,2,2- Therefore,

2
ITve2l S 1/ sl f 1l gase-

It remains to estimate 77 ¢ 3, to do so, we use the following decomposition (which is analo-
gous to equality (5.31)).

Tm_——/a3 [ e &zfxxm/ (A f B f)

o

X cos(—(Aaf —Ayf)) sin(—(Aaf + Ay f)) dSdadx

/ (%533 / Jax(x — ) — frx(x) f Se —53 (Ao f — A 13
X cos(E(Aa f=Asf)) sin(E(Aa f+Ayf) dSdadx
1 M frax(x —a) = A frx(x) [ -8 A
er] ) |0 0u8a s + Ba)
x cos(é(Aa f+ALf) sin(é(Aa f—Ayf) d§dadx

/33 = fxx(x)/ 559 (A £ + Ay 1)

x cos(E(Aaf + Ao f)) sin(E(Aaf — Ao f) d§dadx.

Since we shall do L? estimates, p € (1, 00) on the terms involving ¢#. We observe that these
terms have the same regularity as the terms /; 3.4,3 (see (5.31)) and therefore one analogously
infers that,

2 2
Tr6.3] S WA Wgall F 13m0 + 1A 15l f o

hence,
Tuel S N1 gan + 1 15)-

Therefore, we get that

71l S0 W (U Wgae + 1S Nggae) = 7l f 15 + 1 1%

1+K2
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Finally, we obtain that

(6.4) T S0 WU Wogar + 1l ggas2) = I1Lf 1%

1+K2

6.7. Estimate of 7,
Recall that
o
T, = —3/ &Zf)if /8”Aaf 0xAy f / Sed sin(6Aq f(x)) db do dx.
0

To estimate this term, it suffices to observe that

1/2

— _ 2 _
|T2|§||f||33< o)~ o — Ol da) (1ot Sl )

Therefore,
I VPNV PRATAPS

Hence, using the embedding H! — BY 22 along with Sobolev interpolations H? =

[H3/2 H?]|, | and H>?2 = [H%? H?],
3

-, one finds
'3 33

(6.5) T2l S 1S Wl f 1 g

6.8. Estimate of T3

It suffices to observe for instance that B 3 > =[H%2 H? 1,50 that

w\ [N}
u\

6.6 T;=-2 93 Ao )2 0032 -8 §Ag f) dx da d§
6.6) ) /c%xf/( f)/o e cos(3Aqf) dx da
< ||f||H3||f||3-5/3
S A1 1350

Finally, by (6.4), (6.5) and (6.6) and by integrating in time s € [0, 7] we find that for all
T >0,

T T T
1125, (T >+1+K2[ 113 ds,SIIfo||H5/2+P(f)fo 1 /1%, ds

where K = su (x,t)]and P(f) = o + - This
LS ) £ = W oy + 11 o gy 32y
ends the proof of Lemma 6.1. O
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7. Proofs of Theorems 2.1 and 2.2

Consider the following approximated system,

1Y o -8 _
a1 (oj’le) : 8,f€(t,x)—;/8anfe /0 e °cos(6Ay fe)dSda —eAfe =0
Jo,e(x) = fo(x) * pe(x),

where ¢, is a classical mollifier that is ¢e(x) = € 1 (xe™!), ¢ € D(R) so that ¢ is nonneg-
ative and [ ¢(x)dx = 1. If the Lipschitz norm remains bounded on a time interval [0, 7¢)
and if || fe|l; o gy3/2 1s smaller than a constant that depends only on the L*°([0, T¢), W/ 1.00)
norm then we may locally solve the equation. Using the same a priori estimate as proved in
Section 5 for the regularized equation (Qﬁﬁe) we may show that actually 7 = +o00. One has
(uniformly in €) that

I fo.cllzsrz S Nl follgsre

as well as

I fo.ellyirroo S Il follyirtco-

Therefore, the regularized initial data converges strongly in H3/2 N Wh*. Let
¥ € (0, T] x R) be nonnegative, from the a priori estimates we know that v f; is bounded
in L°([0, T]; H32 n W) N L2([0, T]; H?). Since those spaces are separable Banach
spaces, thanks to the Banach-Alaoglu theorem, we may extract from these solutions f. a
subsequence { f¢, }k>o that converges weakly to a solution f € L2([0, T']; H?) and *-weakly
in L°°([0, T]; H*'?). In order to obtain the convergence in the sense of distribution, one
needs to prove a strong convergence in (L2L?)joc. To do so, we need for instance to get a
nice bound on 9, f locally in space and time, namely on

oo
—eN2f. — Af. — z/ 8xA(,f€/ Se™® sinz(gAafs) dé da.
0

Since f, is bounded in L2([0, T]; H?) then 9, f. is bounded in L2([0, T]; H'). It is not
difficult to see that the contribution coming from the nonlinear part of 9d; f¢ is a locally
bounded sequence in L2H ~'/#. Indeed, by using the dual form of the Sobolev embedding
it suffices to have a bound on the L2L*/3 norm of the nonlinearity. By controling the
product, we find that if f, € 323’/22 N B;’,/; then the nonlinear part of 9, f is bounded
in L2H~1* We know that £, is locally bounded in L2H3/2 n L2H®/8. Since this space
embeds into 323’/22 N 383’/24, therefore, we get that the nonlinear term of 9, f¢ is a bounded
sequence in L2H~'/#, Since the linear part is locally bounded in L2H!, we may use the
Rellich compactness theorem (see e.g., [25]) to get the strong convergence of a subsequence
in (L2L?)}c. Consequently, the nonlinear term converges in ZO. It is then classical to prove
that the limit is a solution of the equation. For higher regularity data (that is f, € H5/2,
with fo small enough in H3/2), using the a priori estimates proved in Section 6 we know that
up to an extraction, f; is a bounded sequence in L ([0, T'], H>/2) (in particular the semi-
norm sup,~q || fx|lzee will remain bounded). Hence, we can pass to the weak limit as well
since Rellich gives also the strong compactness in (L?L?)oc. This concludes the result.

By doing the same a priori estimates for the difference of two solutions in H?3/2
(resp. H>/?), one observes that the uniqueness follows easily from the regularizing effect
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together with the fact that the L° H>/2 norm decays (resp L% H>/?). Hence, Gronwall’s
inequality gives the uniqueness in the usual way and we therefore omit the details. O
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ERRATUM:
“PRIME NUMBER RACES FOR ELLIPTIC CURVES
OVER FUNCTION FIELDS”

BY ByunGcHUL CHA, DANIEL FIORILLI aAND FLORENT JOUVE

ABSTRACT. — The paper mentioned in the title contains a mistake in Proposition 3.1. The expres-
sion for the L-function of the elliptic curve E/F4(¢) is wrong by a small uniformly bounded number
of linear factors in Z[T]. In this note we fix the problem and its minor consequences on other results
in the same paper.

REsuME. — Larticle auquel le titre fait référence contient une erreur dans la proposition 3.1.
L’expression donnée pour la fonction L de la courbe elliptique £/F4(¢) différe de la valeur correcte
par un nombre uniformément borné de facteurs linéaires dans Z[T]. Le but de cette note est de corriger
cette erreur ainsi que les conséquences mineures qu’elle a entrainées sur d’autres résultats du méme
article.

1. The L-function of elliptic curves in Ulmer’s family

First recall some notation used in [1, §3]. Let F,(¢) be the rational function field over a
finite field IF,; of characteristic p > 3. Following [2], fix d € Zs¢ and define E; /F,(¢) to be
the elliptic curve over F,(¢) given by the Weierstrass equation
3 .d

Eg:y*> +xy=x>—t

The following explicit description of the Hasse-Weil L-function of E; /F, () is essential to
the analysis of Chebyshev’s bias for Ulmer’s family performed in [1]. This corrects the flawed
expression for L(E;/Fg4(¢), T) given in [1, Prop. 3.1].

PROPOSITION 1.1. — Suppose that d divides p™ + 1 for some n, and let L(Eg/F,(t), T) be
the Hasse-Weil L-function of Eq over Fy(t). Then,

¢(e)/oc(q)
(1) L(EafFq().T) = (1 =gy (1 + Ty [ (1= (qT)*@) .
eld
et6
0012-9593/05/(C) 2021 Société Mathématique de France. Tous droits réservés doi:10.24033/asens.2484
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Here, ¢p(e) = #(Z/eZ)* is the Euler-phi function and 0.(q) is the (multiplicative) order of q
in (Z/eZ)*. Further, €5 and ng are defined as

. 0 if3td
0 if2ftdordtqg—1 .
€4 = 1 if3|dand3tq—1

1 if2|dandd|qg—1
721 4 2 if3|dand3|q—1;

)0 if2tdord|q—1 N 0 if3fdor3|g—1
MV 2 dandatg—1 " )1 if3|dand3tq—1.
Note that Proposition 1.1 only differs from its original version [1, Prop. 3.1] by the factor

(14¢T)" appearing in (1). In particular the assumptions as well as the statement about the
rank of E;/F,(¢) in [1, Prop. 3.1] are unchanged.

Proof of Proposition 1.1. — We combine three arguments in order to obtain the expres-
sion stated in the proposition for fz(T) := L(E4/F4(t), T) as an element of Z[T].

(i) We first compute the degree of f;(T') using the conductor-degree formula.
(i) We use our knowledge of deg f;;(T") and the work of Ulmer ([2, Cor. 7.7, Prop. 8.1 and
Th. 9.2]) to obtain the following factorization of f;(T) in Z[T]:
Ja(T) = (1—qT)gq(T)Po(T).,
where P, is the product over divisors e of d not dividing 6 appearing in (1), and
ga(T) € Z|T] has degree 4.

(ii1) We use the geometric construction described in [2, §5] explaining that the difference
between P,(T) and f;(T) is the result of blowing up some relevant quotient F;/T" of
a Fermat surface at points that are either defined over I, or over a quadratic extension
of F, (these points are cube roots or fourth roots of 1).

In the rest of the proof we let k = F,. For (i) we use [3, §3.1.7] and the reduction data [2,
§2] for E;/k(T) to deduce that
0 if6|d
2 ifetd )’

where the first summand —4 on the right-hand side comes from the fact that the base curve
is P! /k and the three remaining summands correspond to the contributions of the bad
reduction places above 7, 1 —2433¢4 oo, respectively. Overall

d-3 if6|d,
d—1 1if6¢td.
As expected, the geometric invariant deg f; does not depend on k, but only on d.
Step (ii) merely consists in extracting information from Ulmer’s work [2]. Since we assume

thatd | p" + 1 for some n, we deduce from [2, Cor. 7.7, Prop. 8.1] that L(E/k, T) is divisible
in Z[T] by

degfd=—4+(1+d+

(@) deg fa = {

$(©)/0¢ (@)
P(T) = [T (1= (q7)@) :
eld
et6
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Note that this factor depends a priori on ¢ since making a field extension £’/ k will result in
replacing ¢ by |k’| each time it occurs in the expression for P,. Moreover, invoking [2, Th.
9.2], we obtain an extra factor (a power of 1—¢T) for L(E/k(t), T) so that overall we deduce
that in Z[T1], the polynomial f; is a multiple of

(3) ha(T) == (1 — qT)Ed l_[ (1 _ (qT)oe(q))d’(e)/oe(q) .

eld

et6
Again note that €; depends on d and on k; precisely its value is affected by the presence
of cube roots or fourth roots of 1 in k. In particular as soon as we work over a field exten-
sion k’/ k containing the cube and fourth roots of 1, the parameter €; becomes independent
of any further base extension.

Let gg = /{—Z € Z|T] and let n; = degg,. From (2) and (3) we deduce the formula

for ng stated in the proposition. In particular, the expression for n; shows that gz = 1
when k contains both the groups of cube roots and fourth roots of 1, and that in any case
na = deggg < 2.

We finally turn to (iii). From [4, (6.3)] we know precisely how the zeta function of &,
relates to L(E4/ k(T), T) (here the notation is as in [2, §3]: €4/ k is the elliptic surface which
is regular, proper and relatively minimal when seen as fibered over P!, and which has generic
fiber E;/k(T)). Also € is constructed (see [2, §5]) from some quotient F;/ T" of the diagonal
Fermat surface F,; / k by a sequence of blow-ups at k-points of 3 and 4 (the groups of cube
roots and fourth roots of 1 in k, respectively), as explained in [2, §5.6].

By [2, Cor. 7.7] the polynomial P, is the characteristic polynomial of the Frobenius
acting on the middle étale cohomology of F;/T". The “missing” factor g4 thus comes as the
arithmetic translation of the sequence of blow-ups leading from F; /T to £4. Let xo be a
k’-rational point of F;/T" which is blown up in the process of constructing £,. As already
mentioned, xo corresponds to an element of j3 U 4 seen as a subset of k. In particular,
k' either equals k or is a quadratic extension of k. In any case we can choose k' to be a
quadratic extension of k such that xq is defined over k’. Then if Y — F;/T is the result
of blowing up x¢ we have by “multiplicativity of zeta functions” that

Z(Fa/D)/K'.T)

Z(Y/K.T) = == — ot

(Here we use the standard fact asserting that if X'/ k is a variety and if Y is a closed subvariety
of X, then Z(X,T) = Z(Y,T) - Z(U,T) where U is the complement U := X \ Y. This is
readily obtained from the definition of the zeta function of a variety over a finite field as an
exponential generating series.) Also one has the following base change formula:

ZY/k',T*) =Z(Y k. T)x Z(Y/k,-T).

(Again this is a standard fact obtained by coming back to the definition of the zeta function
of a variety over a finite field X /k and by exploiting elementary properties of r-th roots of 1
in C, to show that if k. / k is an extension of degree r, then one has Z(X x; Speck,,T") =
[1'2, Z(X,€'T), where § € C is a primitive r-th root of 1.) Combining these facts on zeta
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functions, we deduce that

Z((Fq/T)/k', T?)

(1-qT)(1 +qT)

One possibly has to iterate the above process several times (depending on the number of blow-
ups that are necessary to construct €4 from F;/T'). However each time a point is blown up,
the zeta function for the resulting variety only differs from that of the initial variety by a
factor 1 —gT or 1 +¢T. Of course a factor 1 —¢T affects the rank of E;/k(T), but the rank
is known by [2, Th. 9.2]. We deduce that g; has to be a power of the polynomial 1 + ¢7 and
that the exponent is necessarily n4 by (ii) above. O

Z(Y/k.T)x Z(Y/k,~T) =

We deduce the following corrected version of [1, Prop. 3.2].

PRrROPOSITION 1.2. — Let ¢+ (X) be defined by

_Ya/g—1) for even X,
" Va/g-1) forodd X.

Then, denoting by Ty (X) the quantity Tg,(X) defined by [1, (1)], we have

C:t(X) .

€4 ndeinX l]_(X mod 0.(q))/2
@) Ta(X)=—cx(X)+ — T — +Z¢(€)1__—Oe@)/2 + 0x>o0(1)
1—qg2 1+qg2 eld q
et6

for X large enough, where 0 < (X mod {) < £ — 1 is the remainder in the Euclidean division
of X by L.

REMARK 1.3. — Note that the only difference between (4) and the expression for T (X)
stated in [1, Prop. 3.2] that it corrects, is the summand 74e"X /(1 + q_%) on the right hand
side. The hypotheses of Proposition 1.2 are the same as in the original [1, Prop. 3.2].

Proof of Proposition 1.2. — We combine [1, Cor. 2.10] and Proposition 1.1 to obtain that

(5)
inX () 0c(g)—1 o2k X /oc (q)

€4 Nac
Ty(X) = —cx(X)+ + + .
g% 1443 goe(q) S 1 — g S tmik/oc)

+0X—>oo(1) .

The end of the proof of [1, Prop. 3.2] remains valid. O

The definition of the “periodic part” of T, (X) has to be corrected accordingly. We set
(compare with [1, (44)])

cinX q—(X mod 0¢(q))/2
TP (X) = —cx(X)+ —4 4 14 Nyl
4 l—g % l4gq°2 eXM: I —goc@P?
et6

The statement of [1, Cor. 3.4] remains valid (in the proof, one has to replace the flawed
expression for 7;(X) by (4) but this has no impact on the statement of [1, Cor. 3.4] since
na = 0).
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2. Corrected versions of [1, Th. 1.5] and of some related statements

The fact that the expression for 7;(X) was incorrect in [1] has consequences on some of
the results of [1] on Chebyshev’s bias in Ulmer’s family (£, /F,(¢)). In this section we state
and prove the following corrected version of [1, Th. 1.5].

THEOREM 2.1. — For the family {E;/F,(t)} (where we recall that the integer d and the
characteristic p of ¥y are linked by the relation d | p" + 1 for some n > 1), one has the
following cases of extreme bias.

(1) Suppose that3 | d and 3 | g — 1 and that either d is odd or 4 | ¢ — 1. Then, Tz(X) > 0
for all large enough X, and thus §(Eg) = §(Eg) = 1.

1
(i) If ¢ = p* with p large enough and d = p" + 1 for some 1 < n < 92/ with

n = 0mod k, then Ty(X) > 0 for all large enough X, and thus §(E4) = §(Eg) = 1.
(ii1) Fix € > 0. There exists primes d > 3 and p such that p is a primitive root modulo d, and

such that if we pick ¢ = p%, then the associated curve E g has analytic rank 1 (resp. 2)
if (d —1)/2 is even (resp. odd) and

0 <38(Eq) <8(Eq) <e.

REMARK 2.2. — Let us emphasize the differences between the statement of Theorem 2.1
and the statement that it corrects: [1, Th. 1.5]. In (i) we originally assumed that either d is a
multiple of 3, or that d iseven and 4 | g—1. We see now that the proof requires the assumption
3| d as well as the congruence condition ¢ = 1 mod 3. Statement (ii) only differs from the
original one by the exponent in the upper bound on the range of n: we need to assume that
itis ,/q/6 as opposed to the original exponent ,/g/2.

Finally, note that the statement (iii) is unchanged, compared with [1, Th. 1.5(iii)], but since
its proof has to be amended, we chose, for completeness, to give a full corrected statement
for[1, Th. 1.5].

Proof of Theorem 2.1(1). — If d and ¢ satisfy the stated assumptions, then ¢; € {2,3} and
na = 0. Then, the statement easily follows because

€d nae”™x 1 €d d
—cx(X) + rt r == -t T L 1
1—q™ 2 14+q¢g2 l1—g¢q 1—q™2 1+qg2
_1
_ —lteg—nag+q 2(eq + na)
= > 0,
1—g1
thus using Proposition 1.2 we see that 7;(X) > 0 for all large enough X. O

Proof of Theorem 2.1(i1). — By Proposition 1.2 and by positivity, we have that (recall
that p is large enough, and therefore so is d)

€4 ndeinX q—(X mod 0.(q))/2
Tq(X) = —c£(X) + T+ T+ Zd’(e)ﬁ + 0x—00(1)
l—q™2 144972 ;g I =gmoc
et6

> ¢(d)g~Emedoa@2 1y 40, 00(1) + 0x—00(1)
> ¢(d)g 1 DV2 _3 4 0, o (1) + 0x—oo(1).
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However, we have that ¢>*/% = 1 mod d, that is 04(¢) | 2n/ k. We conclude that
Ta(X) = $(d)42qF =3+ 0psco(1) + 0x—0o(1)
= $(d)q(d = D)™ =3+ 0proo(1) + 0x00(1).
This quantity is positive for large enough X since, for d large enough, we have that
¢(d)/(d —1) > (7" + 0(1))/loglog d and the condition on n implies that
loglog(p" + 1) < q%/6 + loglog p + 1.
Since 6 exp(—y) > 3 the proof is complete. O

The proof of [1, Th. 1.5(iii)] uses [1, Prop. 3.5] which remains valid although parts of its
proof require some corrections that we now explain.

Proof of Proposition 3.5 in [1]. — The argument given in [1] to prove [1, Prop. 3.5(1)]
remains valid since the hypotheses on the parameters imply that n; = 0.

We turn to the proof of [1, Prop. 3.5(i1)]. The hypotheses imply ¢, = 0 and n; = 1. Thus,
by Proposition 1.2, one has that

einX (X mod or(@))/2 g~(X mod 020(0))/2
Tiy(X)=—ce(X) + 1+q7% +¢(£)l_q_w +¢(2Z)W+OX—>OO(1)-
We have ¢* = (—p~')" = —1modd. We claim that n is the least positive integer

such that this congruence holds. Indeed this minimality condition holds by definition for the
congruence p” = —1 mod d. Now ¢ = —p~! mod d and # is even, thus the claim follows.
Since ¢ is odd the property £ | ¢ —1is equivalent to 2¢ | gk —1, for all k € Zs . In particular
we have 04(q) = 02¢(q) = 0¢(q) = 2n.

Now, let j be an integer such that 4 < j < 2n — 1. We have that

q—(j mod 0¢(q))/2 q—(j mod 02¢(q))/2

0 —4/2 n—2m—-1) _ 2-n
$(0) roet - an <l < p = p.

1 —goc@/2

If j is odd, we have that c4.(j) > q_% = pU=m/2 and e/ = —1. We deduce that for p and
X large enough we have T;(X) < 0 (recall n > 4) as soon as X = j mod 2n.

If j is even, we have that
p—(n—l)/2

T +0(P*™) +0x>00(1),

+O(p2_n)+0X—>oo(1) = - 1

. 1
Ta(X) =—cx(j)+—
14+qg2
which is < 0 for large enough p and X . Hence we deduce that
- 2
0<3(Eq) <d(Eq) < —.

n

As for the lower bound, it is given by [1, Cor. 3.4]. O

Proof of Theorem 2.1(ii1). — This is a direct consequence of [1, Prop. 3.5(i)] and [1, Cor.
3.7] (the argument given in the proof of [1, Th. 1.5(iii)] can be applied without modifications).
O
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3. Corrected version of [1, Th. 1.7] and of some related results

The corrected version of [1, Th. 1.7] is the following statement.

THEOREM 3.1. — For the family {E;/F4(t)}, one has the following cases where T4(X) is
completely unbiased. Fix p = 3 mod 4 and let d > 5 be an odd divisor of p?> + 1. Pick
g = p**Vwith k > 1. Then the analytic rank of E4 is (d — 1)/4 and we have

8(Eq) =8(Eq) = =

REMARK 3.2. — Here the only difference with the original statement [1, Th. 1.7] is that
we now assume that d is odd. In Remark 3.3 below we prove that this hypothesis is in fact
necessary for Theorem 3.1 to hold. Note that d being an odd divisor of a sum of two coprime
squares implies that the stated value (d — 1)/4 of the analytic rank is indeed an integer.

In [1], the proof of [1, Th. 1.7] follows another statement about moderate bias, namely [1,
Prop. 3.8]. The latter remains valid although the proof requires some corrections that we now
explain.

Proof of Proposition 3.8 in[1]. — Under the stated assumptions ¢ = p mod 4 thus
4+q—1and of course 2 | d. Also since n is even, 3 t d. We deduce ¢; = 0 and ny = 1 and,
from (4), we obtain the formula

—(X mod 0¢(q))/2
Ty(X) = —cx(X)+ — + qu(e)ﬁ + 0x—o0(1).
I+q72 0 g
et6

As in the proof of [1, Prop. 3.8], one shows that, for each ¢ | d with e t 6, we have
that 0.(gq) > 3.

Using this fact, we have that if X = 3 mod 2n (recall n > 2 so that 3 is an admissible
remainder for the Euclidean division by 2n), then

—3/2
Ta(X) = —cx(X)— —— + Z¢<e) peATE + 0x 5o0(1).
I+q72 2 -
et6

This last quantity is negative for large enough X = 3 mod 2n. Indeed (1 + q_%)_1 =
1 + 0p—oo(1), and since X is odd we have c4+(X) = 0p-00(1). Also,

q>"> -3 —3(kn+1)/2 -3
2O o <4 d < prER < pTI,
eld
et6
which is 0,0 (1). We conclude by invoking [1, Cor. 3.4]. O

Proof of Theorem 3.1. — We argue asin [1, Proof of Th. 1.7] to see that ¢; = 0. Moreover,
since we assume d isodd and d | p2 + 1 = 2mod 3, wehave n; = 0O andd = 1 mod 4
(indeed d is an odd divisor of a sum of two coprime squares). Note also that if e | d with
e ¢ {1,2} (i.e., e # 1since d is odd), then ¢g> = p? = —1 mod e, hence 0.(q) = 4.
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The rank of E,; is then easily computed with the help of [1, Prop. 3.1]. Moreover, we
deduce from (4) that

q —(X mod 4)/2
Ta(X) = —cx(X) + 3 ple)————— + 0xo0(D),
eld 4
e#1

hence T} (X) is 4-periodic.
If X = 0 mod 4, then

e d—
Td(X) = _qil +Z 1€i(q)—2 +0X—>oo(1) > -2+ [ —o—2 +0X—>oo(1),

eld
e#1
which is positive for X large enough.

If X = 1 mod 4, then

3 =3 d—2—q
Td(X) —qq— + Z ¢(8)Z o) + 0X—>oo(1) (ﬁ) + 0X—>oo(1)7

e;él
which is again positive for X large enough.

The analysis of cases X = 2,3 mod 4 is unchanged compared with [1, Proof of Th. 1.7],
except for their index set in the sums ), ., , that have to be replaced by 3,1y ,2;- O

REMARK 3.3. — In[1, Th. 1.7] the constraint “d odd” does not appear. However taking
into account the correcting factor (1 + ¢7)" in the expression for L(E;/F,(¢). T) (in
Proposition 1.1) we now see that this is a necessary restriction. Let us investigate the changes
to the above proof implied in case d is even. Since 3 t d and 4 1 ¢ — 1 we still have ¢; = 0;
however if d is even, we have ny = 1. The argument according to which any divisor e # 1,2
of d satisfies 0.(q) = 4 is still valid and thus Proposition 1.2 gives

—(X mod 4)/2
Ta(X) = —cx(X) + ——— + Y ) Tm——— + oxsoo(D).
1+ q eld
e#1,2

K\)

hence with notation as before 77 (X) is again 4-periodic.

The formula for the rank in [1, Prop. 3.1] provides the explicit value (d — 2)/4 for the
analytic rank of E;/F,(¢) (note that d is an even divisor of p? + 1 and thus d = 2 mod 4).

Let us determine the sign of 7;(X) depending on X mod 4. If X = 0 mod 4, then

1 e
L=ty L 3 o)
q 1+qg~ 5 eld —q
e#1,2
1 d—-2
> -2+ T+ ) + 0xo00(1),
l+g 2 1l—g

which is positive for X large enough.
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Likewise for X = 3 mod 4 the contribution is negative in case d is odd (as seen in the
proof above). For even d the factor (1 4+ ¢7T)"¢ of the L-function produces an extra negative
contribution:

: 1 $(e)g >
TiX)=———— —— + 3 8 o),
a=1 14q2 o7 1-¢
e#1,2

thus 74 (X) is a fortiori negative for X large enough.
For X = 2 mod 4, the contribution remains negative. Indeed we have that

q 1 pe)g!
Ta(X) =— 1+ 1 + Z 1—_2+0X—>oo(1)
q— 1+qg2 eld —q
e#1,2
1
2 d—2)g71
U e ——t

1—g7! 1—g2

g i+ d-2g g3
- =

+ OX—N)Q(I)a

which is negative for X large enough since (d —2)g~2 < p>~2%~3 < p=3.
Finally if X = 1 mod 4, the contribution is negative (contrary to the case d odd). Indeed
we have that

(S

q 1 JOr
Ta(X) =— [T oo T > T2 T ox-0(D)
q-— I1+q72 7 14
e#1,2
1 1
-1 ~2(d -2 —1—q ' +q2(d-2
= — T q2( - ) +0x->00(1) = 1 q_z ( ) + 0x—>00(1) .
l—¢q l—¢q l—¢q

As seen above (d —2)g™2 < p_% and thus 7z (X) is negative for large enough X.
As a conclusion, we obtain that under the assumptions of Theorem 3.1 but fixing this time
an even divisor d of p? 4 1, we have §(E;) = 1/4.

4. Corrected proof of [1, Th. 1.8] and of some related results

The statement of [1, Th. 1.8] remains valid, however its proof relies on [1, Prop. 3.10], the
statement of which remains valid as well, although its proof requires some fixing. We now
explain the details.

Proof of Proposition 3.10 in [1]. — We first see that the hypotheses on the parameters
imply that e; = ng = 0. Indeed, asin[1, Proof of Prop. 3.10] we show thatd = n = 1 mod 2
and that d = n mod 3.

Since # is prime, we deduce that (6, d) = 1 assoonasn > 3. Nowifn = 3, the assumption
3t p + 1 and the fact that p3> + 1 = p + 1 mod 3 imply that d = 1 mod 3 and again
we conclude (6, d) = 1. Therefore under the assumptions stated in [1, Prop. 3.10], we have
€d =na =0.

The rest of the proof of [1, Prop. 3.10] is unchanged. O
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The way [1, Th. 1.8] is deduced from [1, Prop. 3.10] is unchanged.
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