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SIEVE WEIGHTS AND THEIR SMOOTHINGS

 A GRANVILLE, D KOUKOULOPOULOS
 J MAYNARD

A. – We obtain asymptotic formulas for the 2kth moments of partially smoothed divisor
sums of the Möbius function. When 2k is small compared with A, the level of smoothing, then the
main contribution to the moments comes from integers with only large prime factors, as one would
hope for in sieve weights. However if 2k is any larger, compared with A, then the main contribution
to the moments comes from integers with quite a few prime factors, which is not the intention when
designing sieve weights. The threshold for “small” occurs when A D 1

2k

�2k
k

�
� 1.

One can ask analogous questions for polynomials over finite fields and for permutations, and in
these cases the moments behave rather differently, with even less cancelation in the divisor sums.
We give, we hope, a plausible explanation for this phenomenon, by studying the analogous sums for
Dirichlet characters, and obtaining each type of behavior depending on whether or not the character
is “exceptional”.

R. – On obtient des formules asymptotiques pour les 2k-ièmes moments de quelques
sommes partiellement lissées de la fonction de Möbius sur les diviseurs d’un entier. Quand 2k est petit
en comparaison avec A, qui est le niveau de lissage, alors la contribution principale aux moments
provient des entiers n’ayant que de grands facteurs premiers, comme on l’espérait pour un poids de
crible. Cependant, si 2k est plus grand en comparaison avec A, alors la contribution principale aux
moments provient des entiers ayant beaucoup de facteurs premiers, ce qui n’est pas l’intention quand
on crée des poids de crible. La valeur seuil pour « petit » est A D 1

2k

�2k
k

�
� 1.

On peut aussi poser des questions analogues pour les polynômes sur des corps finis et pour les per-
mutations, et dans ces cas les moments se comportent de façon assez différente, avec moins d’annula-
tions dans les sommes de diviseurs. On donne, on espère, une explication plausible pour ce phénomène,
en étudiant les sommes analogues pour les caractères de Dirichlet, et en obtenant chaque type de com-
portement selon le caractère « exceptionnel » ou non.

We are grateful to the referee of the paper for an extraordinarily thorough reading of the paper that improved
significantly the level of exposition. Our thanks also go to Maksym Radziwill for supplying several key references,
and to him, Ben Green and Henryk Iwaniec for helpful discussions. AG is funded by the National Science and
Engineering Research Council of Canada and by the European Research Council. DK is funded by the National
Science and Engineering Research Council of Canada and by the Fonds de recherche du Québec – Nature et
technologies. JM is funded by a Clay research fellowship and a fellowship by examination of Magdalen College,
Oxford.
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1090 A. GRANVILLE, D. KOUKOULOPOULOS AND J. MAYNARD

1. Introduction

Sieve methods are a set of techniques which give upper and lower bounds for the number
of elements of a set of integers A which have no ‘small’ prime factors. Their key benefit is
that they are very flexible - one can obtain bounds of the correct order of magnitude for many
interesting sets A , even though obtaining asymptotic formulae looks completely hopeless.
In particular, they are typically very effective at obtaining upper bounds for the number of
primes in sets A of interest which are only worse than the conjectured truth by a constant
factor.

One of the most important sieves is the Selberg sieve. Selberg’s approach [19] starts with
the inequality � X

d jn

PC.d/�z

�d

�2
�

X
d jn

PC.d/�z

�.d/ D

(
1; P�.n/ � z;

0; otherwise,(1.1)

which is valid for any real numbers �d with �1 D 1. Here PC.n/ and P�.n/ are the largest
and smallest prime factors of n respectively. Summing (1.1) over n 2 A gives

#fn 2 A W P�.n/ � zg �
X
n2A

� X
d jn

PC.d/�z

�d

�2
D

X
PC.d1/;PC.d2/�z

�d1�d2 � #fn 2 A W Œd1; d2�jng;

which is a quadratic form in the variables �d . Provided d1 and d2 are not too large, say at
most R, one can hope to get a reasonable estimate for the coefficients #fn 2 A W Œd1; d2�jng

of this quadratic form. The best upper bound stemming from this method then comes from
minimizing the quadratic form over all choices of �d 2 Rwith �1 D 1 and �d D 0 for d > R.

For typical sets A that arise in arithmetic problems, one finds that the optimal choice for
the �d takes the form

�d � �.d/ �

�
log.R=d/

logR

�A
.d � R/;

where A is some positive constant. We note that the weights �d decay to 0, and the larger
the value of A, the higher the level of smoothness at the truncation point R. In the optimal
choice, the exponent A is taken to be �, the dimension of the sieve problem. However, for a
given dimension �, it is known [20, pg. 154] that any exponentA > ��1=2 yields weights �d
whose dominant contribution comes from numbers that have very few prime factors smaller
than z, whereas this fails to be true for smaller A. See [8, ch. 10] for further discussion.

More generally, one can consider the smoothed sieve weight

Mf .nIR/ WD
X
d jn

�.d/f

�
log d
logR

�
;

where f W R ! R is a function supported on .�1; 1�, which corresponds to taking
�d D �.d/f .log d= logR/ for d � R. In Selberg sieve arguments one typically chooses f
to be a polynomial in Œ0; 1�, perhaps of high degree. Such an example is offered by the ‘GPY
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SIEVE WEIGHTS AND THEIR SMOOTHINGS 1091

sieve’ of Goldston-Pintz-Yıldırım [9, 24]. In more recent developments on gaps between
primes by the third author [15] and Tao [21] one works with general smooth functions f .

The main motivation of this paper is to understand the exact role of the smoothing in the
structure of the Selberg sieve weights. To this end, we consider their momentsX

n�x

Mf .nIR/
k

as a tool of gaining additional insight on the distribution of the values of Mf .nIR/. On
the practical side, higher moments naturally appear when applying Hölder’s inequality, so
it would be useful to know their behavior (1).

From the discussion above, in the case f .x/ D max.1 � x; 0/A and k D 2, we have seen
that ifA is sufficiently large, thenMf .nIR/2 ‘behaves like a sieve weight’ in the sense that the
sum

P
n<xMf .nIR/

2 isOf .x= logR/ and the main contribution to this comes from numbers
with few prime factors less thanR. IfA is too small and so f is not smooth enough, however,
thenMf .nIR/ exhibits a qualitatively different behavior; the sum is larger than x= logR, and
the main contribution is no longer from numbers with few prime factors � R.

How smooth should f be so that Mf .nIR/2k behaves like a sieve weight when k varies,
that is to say the main contribution to the 2k-th moment (2) of Mf .nIR/ comes from inte-
gers a that have very few prime factors � R? What happens in the extreme case where f is
the discontinuous function 1.�1;1�? These are the types of questions that we will study in this
paper.

1.1. Some smoothing is necessary to behave like a sieve weight

In order to gain a first understanding of the importance of smoothing, let us consider the
sharp cut-off function

f0 WD 1.�1;1�:
If n D 2m with m odd, then we have that

Mf0.nIR/ D
X
d jn
d�R

�.d/ D
X
d jm
d�R

�.d/C
X
d jm
2d�R

�.2d/ D
X
d jm

R=2<d�R

�.d/ DMff0.mIR/;(1.2)

where, with a slight abuse of notation, we have putef0 WD 1.1�log2= logR;1�:(1.3)

In particular, if m is square-free and has exactly one divisor d 2 .R=2;R�, then Mf0.nIR/ D ˙1.
An easy generalization of a deep result of Ford [5, Theorem 4] implies that (3) the proportion

(1) For example, Lemma 3.5 in Pollack’s paper [17] is an example of a case where a fourth moment occurs because
of the use of Cauchy’s inequality, and a similar issue is encountered in Friedlander’s work [7] for the combinatorial
sieve instead of the Selberg sieve.
(2) We are typically interested in how large sieve weights get. If we took odd powers there might be an irrelevant
cancelation, so we focus on even moments.
(3) The key estimates in the proof of the lower bound of Theorem 4 in [5] are the second part of Lemma 4.1,
Lemma 4.3 (the parameters are z D R� R=2 D y), Lemma 4.5, Lemma 4.8 and Lemma 4.9. A key observation
is that only square-free integers are considered in Lemma 4.8, so that a stronger version of the lower bound of
Theorem 4 of [5] can be immediately deduced by the same proof, that counts square-free integers with exactly one
divisor in .R=2;R�.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



1092 A. GRANVILLE, D. KOUKOULOPOULOS AND J. MAYNARD

of such m � x=2 is� .logR/�ı.log logR/�3=2 with

ı D 1 �
1C log log 2

log 2
D 0:086071332 : : : ;

whence we conclude that

#fn � x W Mf0.nIR/ ¤ 0g �
x

.logR/ı.log logR/3=2
.x � R1C�/:

In particular, we find thatMf0.nIR/ is non-zero too often to behave like a sieve weight. This
indicates that part of the importance of smoothing is to reduce the contribution of isolated
divisors of n to Mf .nIR/.

We will prove in Section 5 that

#fn � x W Mf0.nIR/ ¤ 0g �
x

.logR/ı.log logR/3=2
.x � R5=2/:(1.4)

This sharpens a result by Hall and Tenenbaum [11], who used a very similar argument and
the best results about divisors of integers available at that time.

1.2. A heuristic argument

Going back to the study of Mf .nIR/ for a smooth function f , it is reasonable to believe
that the smoother f is, the larger the k are for whichMf .nIR/2k behaves like a sieve weight.
One way to explain this phenomenon is by noticing that various integral transformations
have faster decay for smooth weights, which can help to tame the arithmetic issues at play.
(See, for example, Section 6.) Nevertheless, we prefer to give a number theoretic explanation
in terms of the underlying sieve questions rather than an analytic one focused more on the
technical issues. Assume that n D p

˛1
1 � � �p

˛r
r m, where p1 < � � � < pr , ˛i � 1 and all of the

prime divisors of m are > pr . Then

Mf .nIR/ D
X

d jp2���prm

�.d/f

�
log d
logR

�
C

X
d jp2���prm

�.p1d/f

�
log.p1d/

logR

�
D

X
d jp2���prm

�.d/

�
f

�
log d
logR

�
� f

�
logp1
logR

C
log d
logR

��
:

(1.5)

Continuing as above, we find that

Mf .nIR/ D .�1/
r
X
d jm

�.d/�.r/f

�
log d
logR

I
logp1
logR

; : : : ;
logpr
logR

�
;(1.6)

where �.r/f .xI h1; : : : ; hr / denotes the multi-difference operator defined by

�.1/f .xI h/ D f .x C h/ � f .x/

and

�.r/f .xI h1; : : : ; hr / D �
.r�1/.x C hr I h1; : : : ; hr�1/ ��

.r�1/.xI h1; : : : ; hr�1/:

In particular, if f 2 C r .R/, then

�.r/f .xI h1; : : : ; hr / D

Z hr

0

Z hr�1

0

� � �

Z h1

0

f .r/.x C t1 C t2 C � � � C tr /dt1 � � � dtr :(1.7)

4 e SÉRIE – TOME 54 – 2021 – No 5



SIEVE WEIGHTS AND THEIR SMOOTHINGS 1093

Returning to (1.6), we see that if f 2 CA.R/ and n D p
˛1
1 � � �p

˛r
r m, r � A is as above,

then Mf .nIR/ should heuristically be � Mf .r/.mIR/
Qr
jD1.logpj = logR/. Loosely, this

indicates each additional degree of smoothness of the weight function f cuts the average
size of Mf .nIR/ by about a factor of 1= logR.

The above discussion leads us to conjecture that if f 2 CA.R/ with f .0/ ¤ 0, thenX
n�x

Mf .nIR/
2k
� max

(
x

logR
;

1

.logR/2kA
X
n�x

Mf0.nIR/
2k

)
:(1.8)

Notice that the factor x= logR is necessary because Mf .nIR/ D f .0/ for all integers n that
are free of prime factors � R.

Naturally, for this relation to be useful, we need to understand the asymptotics ofP
n�xMf0.nIR/

2k . Recall the relation (1.9). Expanding the k-th power and swapping the
order of summation, we find thatX

n�x

Mf .nIR/
k
D x � Mf;k.R/CO..kf k1R/

k/

for any f W R! R supported on .�1; 1�, where

Mf;k.R/ WD
X

d1;:::;dk�1

Qk
jD1 �.dj /f .log dj = logR/

Œd1; : : : ; dk �
D

Y
p�R

�
1 �

1

p

� X
pjn)p�R

Mf .nIR/
k

n
:

(1.9)

We are generally interested in the situation whenR is bounded by a small power of x, so that
the error term O..kf k1R/

k/ is negligible. Thus our focus is on the main term Mf;k.R/,
which no longer depends on x. When k D 1, Dress, Iwaniec and Tenenbaum [3] showed
that

Mf0;2.R/ � c1 .R!1/(1.10)

for some constant c1 > 0, and when k D 2, Motohashi [16] showed that

Mf0;4.R/ � c2.logR/2 .R!1/(1.11)

for some constant c2 > 0. In general, Balazard, Naimi, and Pétermann [1] proved that

Mf0;2k.R/ D Pk.logR/CO.e�c.logR/3=5.log logR/�1=5/;

for some polynomial Pk and some constant c D c.k/ > 0. This is built on the work of de la
Bretèche [2], who showed how a wide class of related sums can be evaluated asymptotically.
However, when applying his technique to this question, one would need some strong under-
standing of the growth of �.s/ near to s D 1 to recover the result of [1] (which, for example,
follows from the Riemann Hypothesis).

Notice that if E k D deg.Pk/, so that E 1 D 0 and E 2 D 2, then (1.8) becomesX
n�x

Mf .nIR/
2k
� max

�
x

logR
; x.logR/ E k�2kA

�
:(1.12)

This suggests that Mf .nIR/2k acts like a sieve weight as long as A > E k=2k. The big issue
with the result of Balazard, Naimi and Pétermann is that the degree E k is not determined

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



1094 A. GRANVILLE, D. KOUKOULOPOULOS AND J. MAYNARD

for general k, and that it is essential if one wishes to gain a better understanding of how the
Selberg sieve weights work. Our attention thus turns to calculating E k .

But first, we study seemingly analogous questions (in different settings), that one might
guess would be easier and indicate what kind of estimate we should be looking for.

1.3. Analogous settings

It is well-known that many of the analytic properties of integers are shared by both poly-
nomials of finite fields (c.f. [18]), and by permutations (c.f. [10]). Moreover, polynomials and
permutations are usually easier objects to understand, so in order to gain an understanding
of the exponent E k , it would be natural to consider what happens in these analogous settings
first.

Permutations. – The easiest analogy is to analyze concerns permutations. Every � 2 SN (the
permutations on N letters) can be decomposed in a unique way into a product of disjoint
cycles. Those cycles cannot be decomposed any further and play the role of irreducibles.
Divisors of � are precisely the set of possible products of cycles. If those cycles act on the
subset T of ŒN �, then � fixes T . Moreover, if � fixes T , then � is a product of cycles, a
subproduct of which fixes T . Hence “divisors” correspond to sets T � ŒN � for which
�.T / D T .

To “calibrate” our understandings of the properties of integers and permutations, we
note that for a typical integer n, its j -th largest prime factor is about ee

j
, whereas for a

typical permutation � 2 SN , its j -th largest cycle has length about ej . Thus, the inequality
R=2 < d � R for a divisor d of n corresponds to having a set T that is fixed by � of
size #T D logRCO.1/. Hence we will study

Perm.N;mI k/ WD
1

N Š

X
�2SN

ˇ̌̌ X
T�ŒN �; #TDm;

�.T /DT

�.� jT
/
ˇ̌̌2k
;

(1.13)

where
ŒN � WD f1; : : : ; N g;

and if � jT D C1C2 � � �C` is the product of ` disjoint cycles, then we have set�.� jT / D .�1/
`.

We claim that Perm.N;mI k/ is more natural than it appears at first sight. A usual function
of permutations is the signature �.�/ which counts the number of transpositions (i.e., the
number of interchanges of two elements) needed to create � . For a cycle C , one knows
that �.C / D .�1/#C�1 and hence �.� jT / D �.C1/�.C2/ : : : �.C`/ D .�1/#T�` D

.�1/m�.� jT /, since #T D m here. ThereforeX
�2SN ; T�ŒN �;

#TDm; �.T /DT

�.� jT
/ D .�1/m

X
�2SN ; T�ŒN �;

#TDm; �.T /DT

�.� jT
/;

whence

Perm.N;mI k/ D
1

N Š

X
�2SN

ˇ̌̌ X
T�ŒN �; #TDm;

�.T /DT

�.� jT
/
ˇ̌̌2k
:

Arguing as in the work of Eberhard, Ford and Green [4] that establishes the analogue for
permutations of Ford’s results [5] for integers, it is possible to show that the summands
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SIEVE WEIGHTS AND THEIR SMOOTHINGS 1095

on the right hand of (1.13) (and, hence, of the above formula) are non-zero for a propor-
tion � 1=mı.logm/3=2 of the permutations in SN . The following theorem provides a
formula and an asymptotic estimate for Perm.N;mI k/.

T 1.1. – For each integer k � 1 and each integer m � 1, if N � 2mk then

Perm.N;mI k/ D c.m; k/;

where c.m; k/ is the number of .22k � 1/-tuples .rI /;¤I�f1;:::;2kg of non-negative integers such
that

rI 2 f0; 1g for #I odd;P
I W i2I rI D m, for each i 2 f1; : : : ; 2kg.

Moreover, for fixed k 2 Z�1, the function c.m; k/ is increasing in m and satisfies the estimate

c.m; k/ �k m
22k�1�2k�1

C 1:

Proof of the formula for Perm.N;mI k/. – Given sets T1; : : : ; T2k , the sets

RI WD
�\
i2I

Ti

�
n

� [
i2Œ2k�nI

Ti

�
.I � Œ2k�/

form a partition of ŒN �, with the convention that
T
i2; Ti D ŒN �; that is to say ŒN � equalsF

I RI , the disjoint union of the sets RI . Using this with T1; : : : T2k fixed sets of � (i.e.,
�.Ti / D Ti , so the RI are all fixed by � as well), we find

1

N Š

X
�2SN

ˇ̌̌ X
T�ŒN �; #TDm;

�.T /DT

�.� jT
/
ˇ̌̌2k
D

X
rI�0 8IP
I W i2I rIDm

X
ŒN �D

F
I RI

#RIDrI 8I

1

N Š

Y
I�Œ2k�

� X
�I2SrI

�.�I /
#I
�
:

The inner sums are each rI Š unless #I is odd and rI > 1, in which case we get 0. Additionally,
we get that the number of choices of sets of the given sizes isNŠ=

Q
I rI Š, and hence the above

equals c.m; k/.

The bounds for c.m; k/ will be proven in Section 3.

Evidently, the above results suggest that E k D maxf0; 22k�1 � 2k � 1g. Relation (1.10)
implies that E 1 D 0, but relation (1.11) implies that E 2 D 2 ¤ 23 � 5. This suggests that
there is a discrepancy between the integer and the permutation setting, a very rare difference.

Polynomials over finite fields. Positive integers are uniquely identifiable by their factorization
into primes (the Fundamental theorem of Arithmetic). Note though that every non-zero
integer equals a unit (that is 1 or �1) times one of those positive integers. We will work
with polynomials in FqŒt �. Monic polynomials in FqŒt � are uniquely identifiable by their
factorization into monic irreducible polynomials of degree � 1. Again, note that every non-
zero polynomial in FqŒt � equals a unit (that is, any element a 2 Fq n f0g) times a monic
polynomial. We will work only with monic polynomials, for example when considering
divisors of a given polynomial (rather like we only consider positive integer divisors of a
given integer). The Möbius function of a given polynomial is a multiplicative function, where
�.P / D �1, and �.P k/ D 0 if k � 2, whenever P is irreducible.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



1096 A. GRANVILLE, D. KOUKOULOPOULOS AND J. MAYNARD

To “calibrate” our understandings of the arithmetic properties of integers and polyno-
mials, we note that� 1= log x of integers around x are prime, whereas� 1=m of monic poly-
nomials of degreem are irreducible in FqŒt �. Here the “�” symbol means as q !1 running
through prime powers. Thus, wherever we see log x in an estimate about the integers, we try
to replace it with m in an estimate about degree m polynomials. Similarly a divisor d of n
that is close to R is analogous to a polynomial divisor of F.t/ of degreem, wherem replaces
logR in estimates. Hence we will study

Polyq.n;mI k/ WD
1

qn

X
monic N2Fq Œt�

degNDn

ˇ̌̌ X
monicM jN
degMDm

�.M/
ˇ̌̌2k
;

Here we have divided by qn because this is how many monic polynomials N of degree n are
contained in FqŒt �, which is the analogue of

1

x

X
n�x

� X
d jn

R=2<d�R

�.d/
�2k

;

a quantity directly related to 1
x

P
n�xMf0.nIR/

2k via (1.2). We will prove below the
following estimate:

T 1.2. – For integers k;m � 1 and n � 2mk, we have that

Polyq.n;mI k/ D c.m; k/.1COk.1=q// �k 1Cm
22k�1�2k�1:

We thus see that polynomials behave similarly to permutations (and thus differently than
integers).

1.4. Two worlds apart and a bridge between them

Our discussion of the permutation and polynomial analogues, rather than shedding more
light on the value of the exponent E k , gave rise to even more questions. It turns out that
the integer setting is substantially more complicated than the permutation and polynomial
settings. We now state our main results about integers. First, given A 2 Z�1, we let

fA.t/ WD

(
.1 � t /A for t � 1;

0 otherwise;

an extension of the definition of f0. Note that fA 2 CA�1.R/nCA.R/ for allA � 1. We then
have the following result that determines the value of E k :

T 1.3. – For fixed integers k � 1 and A � 0, there is a constant ck;A > 0 such
that

MfA;2k.R/ D ck;A.logR/ E k;A CO..logR/ E k;A�1/;(1.14)

where

E k;A WD max

( 
2k

k

!
� 2k.AC 1/;�1

)
:
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In particular, E k D E k;0 D
�
2k
k

�
� 2k. Additionally, we find that there is a constant c0

k
> 0

such that for R2k � x we have

1

x

X
n�x

� X
d jn

R=2<d�R

�.d/
�2k
D c0k.logR/.

2k
k /�2k CO

�
.logR/.

2k
k /�2k�1

�
:

(1.15)

All implied constants depend at most on k and A.

R 1.1. – We have no nice formula for the constants ck;A and c0
k

appearing in
Theorem 1.3; we only know how to write them as an enormous rational linear combination of
complicated integrals, and leave it as a challenge to come up with an easy explicit description.

R 1.2. – If the moments of a distribution grow slowly, then the distribution can
be determined via its Laplace transform. However, in our case the moments are of rapidly
increasing magnitude, indeed with different powers of logR, so one cannot immediately
deduce from them the distribution of the weights MfA.nIR/ as n varies over the integers.

R 1.3. – In this paper we only consider integralA, but we would expect analogous
results to hold for all real A > 0.

R 1.4. – In this paper we only consider Selberg-style sieve weights. We would
expect something somewhat analogous to hold for combinatorial-style sieve weights (such
as those used in the ˇ-sieve) but we do not consider such situations here.

For general functions f , we prove that Mf .nIR/2k behaves like a sieve weight as long as
f 2 CA.R/ with A >

�
2k
k

�
=2k D E 2k=2k C 1. Notice that this confirms a weak version of

the heuristic estimate (1.12).

T 1.4. – Let k 2 Z�1, � 2 .0; 1/ and f W R! R be supported in .�1; 1�. Assume
further that for some integer A � 2, f 2 CA.R/ and that all functions f; f 0; : : : ; f .A/ are
bounded.

(a) If A > 1
2k

�
2k
k

�
, then for x � R � 2 and 1 � � � log 2= logR, we have thatX

n�x
9pjn; p�R�

Mf .nIR/
2k
�

�x

logR
:

If, in addition, f .0/ ¤ 0, then there is a constant ck;f > 0 such that for x � R2k log2R
we have that

1

x

X
n<x

Mf .nIR/
2k
D

ck;f

logR
CO

�
1

.logR/2��

�
:

(b) If A � 1
2k

�
2k
k

�
, then for x � R � 2 we have thatX

n�x

Mf .nIR/
2k
� x.logR/.

2k
k /�2kA:

All implied constants depend at most on f , k and �.
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The value of E k D
�
2k
k

�
� 2k given by Theorem 1.3 is significantly smaller than the

exponent 22k�1�2k�1 in the polynomial/permutation setting. So we see the usual analogy
breaking down in quite a severe way, something surprising. We devote Section 2 to the
analysis of this discrepancy. In particularly, we will see that the underlying reason is the
relation X

�2SN ; T�ŒN �;
#TDm; �.T /DT

�.� jT
/ D .�1/m

X
�2SN ; T�ŒN �;

#TDm; �.T /DT

�.� jT
/

(1.16)

that we saw before. Notice here that while �.�/ D �1 for all cycles �, we have that �.�/
takes the values˙1with equal probability as � ranges over cycles of all possible lengths. The
simplest example of a multiplicative function over Z demonstrating this kind of behavior is
that of a real Dirichlet character. To this end, we consider

X2k.R/ D
Y
p�R

�
1 �

1

p

� X
PC.n/�R

1

n

� X
d jn

R=2<d�R

�.d/
�2k

;

which, as in (1.9), is the main term of

1

x

X
n<x

ˇ̌̌ X
d jn

R=2<d�R

�.d/
ˇ̌̌2k
:

We then have the following theorem, which shows that it is possible to bridge the gap between
the two worlds of integers and of permutations/polynomials. All implied constants below
depend at most on k, and we have set

SC.2k/ WD fI � f1; 2; : : : ; 2kg W #I eveng n f;g:

T 1.5. – Let � .mod q/ be a real non-principal character and k 2 Z�1.

(a) If k D 1, then

X2.R/ D
1

2�

Z 1
�1

P.t; �/jL.1C i t; �/j2 sin2.t.log 2/=2/
t2

dt CO
�

1

.logR/100

�
;

where P.�; �/ is a real-valued Euler product whose factors are 1CO.1=p2/. In particular,
P.t; �/ � 1 for all t , uniformly in �.

(b) Assume that k � 2. Let Vk.m/ be the Lebesgue volume in R22k�1�1 given by

Vk.m/ D volf.xI /I2SC.2k/
W xI � 0; m � log 2 �

X
I3i

xI � mg;

and let Sk.�/ be the singular series

Sk.�/ D
Y
p

�
1 �

1

p

�22k�1
fp;

where

fp D

8̂̂<̂
:̂
P
j�0.j C 1/

2k=pj ; if �.p/ D 1;

.1 � 1=p2/�1; if �.p/ D �1;

.1 � 1=p/�1; if pjq:
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Then Vk.m/ �k m2
2k�1�2k�1, Sk.�/ �k L.1; �/2

2k�1
, and

X2k.R/ D Sk.�/ � Vk.logR/CO
�
.logR/2

2k�1�2k�2.log logR/O.1/ log q
�
:

(c) Assume that k � 2 and thatL.ˇ; �/ D 0 for some ˇ > 1�1=.100 log q/. IfQ D e1=.1�ˇ/

and e.logq/C � R � Q for some large enoughC D C.k/, then there is a constant ck.�/ D
.log q/O.1/ such that

X2k.R/ D ck.�/.logR/.
2k
k /�2k

 
1CO

 
.log.q logR//O.1/

logR

!!
:

In the case of our polynomial and permutation models, we have an exponent of
22k�1 � 2k � 1 for the 2k-th moment with k � 2, whilst over the integers we have an
exponent

�
2k
k

�
� 2k. We see that our Dirichlet character model interpolates between these

two settings. If the Dirichlet L-function associated with the character has a zero very close
to 1, then �.p/ D �1 for many small primes p, and so by multiplicativity � behaves similarly
to � (at least in appropriate ranges). This is represented by our exponent of

�
2k
k

�
� 2k in

this case. On the other hand, � is a periodic character, and if the L function does not have a
zero very close to 1, we see that we have an exponent 22k�1 � 2k � 1, matching the exponent
of our polynomial and permutation models. Notice that if L.s; �/ does have an exceptional
zero, then the asymptotic of case (c) for X2k.R/ holds for small R, and transitions into the
asymptotic of case (b) as R grows.

R 1.5. – Relation (1.16) has a polynomial analogue whose consequences are
worth exploring further. Given I � fF 2 FqŒt � W deg.F / D ng, we consider the sumX

F 2I

�.F /:

For example, we could take I D fF 2 FqŒt � W deg.F / D ng, or I D fF 2 FqŒt � W
deg.F � F0/ � hg for some F0 2 FqŒt � of degree n and for some integer h 2 Œ1; n � 1�,
which can be seen as the polynomial analogue of a short interval. ThenX

F 2I

�.F / D .�1/n
X
F 2I

�.F /;

where �.F / D .�1/deg.F /�.F /, which is also a multiplicative function. However, we note
that, even though �.P / D �1 for all irreducibles, we have that �.P / D 1 for about half of
the irreducibles P , and �.P / D �1 for the other half, that is to say � behaves on average
much more like a real Dirichlet character rather than the Möbius function.

This phenomenon is striking and sharply different from what happens over Z, where there
is a dichotomy between multiplicative functions that look like the Möbius functions and
other ones whose average prime value is 0, as is exemplified by Theorem 1.5 (see, also, [13]).
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1.5. Further analysis of truncated Möbius divisor sums

As we saw in Theorem 1.4, if f 2 CA.R/withA > 1
2k

�
2k
k

�
D E k=2kC1, thenMf .nIR/2k

behaves like a sieve weight. When f D fA, we can be more precise:
If A > 1

2k

�
2k
k

�
� 1 D E k=2k, then E k;A D �1 in Theorem 1.3, and so MfA;2k.R/ �

.logR/�1. Since integers n � x with no prime factors less than R contribute a total �
x.logR/�1 to

P
n�xMfA.nIR/

2k , we see that MfA.nIR/
2k is behaving like a sieve weight in

this case.
If A � 1

2k

�
2k
k

�
� 1 D E k=2k, then E k;A � 0, and so MfA;2k.R/ � 1. In partic-

ular, MfA.nIR/
2k no longer behaves like a sieve weight, and the main contribution is from

numbers with several prime factors in Œ1; R�.
The following theorem illustrates further this distinction.

T 1.6. – Let x � R � 2, k 2 Z�1 and A 2 Z�0. Moreover, let�.nIR/ denote the
number of prime factors of n in Œ1; R�, counted with multiplicity.

(a) If A > 1
2k

�
2k
k

�
� 1, then X

n<x
�.nIR/�C

MfA.nIR/
2k
�k;A

x

C logR
:

(b) If A � 1
2k

�
2k
k

�
� 1 and � > 0 is fixed, then there is a ı D ı.�; k/ > 0 such thatX
n<x

j�.nIR/= log logR�.2kk /j��

MfA.nIR/
2k
�k;A x.logR/.

2k
k /�2k.AC1/�ı :

In other words, if A > 1
2k

�
2k
k

�
� 1, then the main contribution to the sum defining

MfA;2k.R/ comes from integers with a bounded number of prime factors � R; whereas
if A �

1
2k

�
2k
k

�
� 1, then the main contribution to the sum comes from integers with��

2k
k

�
C o.1/

�
logR prime factors � R.

Analogous results hold with �.nIR/ replaced by the function #fpjn W p � Rg. We note
that typically one requires x > R2k , as in Theorem 1.3, to estimate a 2k-th moment of a sum
of divisors of size at most R, but the estimates of Theorem 1.6 hold in the much wider range
x � R. We can show similar (but slightly weaker) results for general weights f :

T 1.7. – Let k 2 Z�1 and f W R ! R be supported in .�1; 1�. Assume
further that f 2 CA.R/ and that all functions f; f 0; : : : ; f .A/ are uniformly bounded for some
integer A � 2, and fix some � 2 .0; 1/.

(a) Assume that A > 1
2k

�
2k
k

�
. For x � R � 2 and C � 1, we have thatX
n<x

�.nIR/�C

Mf .nIR/
2k
�k;f

x

C logR
:

(b) If A � 1
2k

�
2k
k

�
and � > 0 is fixed, then there is a ı D ı.�; k/ > 0 such thatX

n<x
j�.nIR/= log logR�.2kk /j��

Mf .nIR/
2k
�k;f;� x.logR/.

2k
k /�2kA�ı .x � R � 2/:
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1.6. Outline of the paper

We start the paper in Section 2 with a discussion on the discrepancy between the exponent
of logR in (1.15) and the exponent of m in Theorem 1.1, which is surprising at first sight.

Sections 3 and 4 study the analogies for permutations and polynomials over finite fields,
respectively. These analogies are considerably easier to analyze than the integer case.

The main body of the paper is then dedicated to the study of moments ofMfA.nIR/ over
Sections 5 – 10. Specifically, in Section 5 we establish relation (1.4) for the size of the support
of Mf0.nIR/, and in Section 6 we study inversion formulas for our divisor sums Mf .nIR/
that will be essential when dealing with their moments. The proof of Theorem 1.3 is separated
over three sections: in Section 7, we establish certain combinatorial inequalities that will be
instrumental in understanding the leading term in the asymptotics for MfA;2k.R/. Then,
in Section 8 we establish Theorem 1.3 by a multidimensional contour shifting argument,
except for showing the positivity of the constants ck;A and c0

k
. The latter will be accomplished

with a different argument in Section 9. Section 10 contains an analysis of the anatomy of
the integers that give the main contribution to moments of Mf .nIR/. Specifically, we prove
Theorems 1.4, 1.6 and 1.7 there.

Finally, in Sections 11 and 12 we study the moments of the sum weighted by Dirichlet
characters, and establish Theorem 1.5, first for non-exceptional Dirichlet characters (where
the proof is similar to Theorem 1.2), and then for exceptional Dirichlet characters (where the
proof is similar to Theorem 1.3).

1.7. Notation

Given an integer N � 1, we set throughout the paper

ŒN � WD f1; 2; : : : ; N g;

SC.N / WD f; ¤ I � ŒN � W #I eveng; S �.N / WD fI � ŒN � W #I oddg;

S .N / WD fI � ŒN �g and S �.N / WD SC.N / [ S �.N /:

Also, we recall that, given an integer n � 1, we write PC.n/ and P�.n/ for its largest and
smallest prime divisors, respectively, with the convention that PC.1/ D 1 and P�.1/ D1.

Finally, given 2k variables s1; : : : ; s2k and I � Œ2k�, we will use the notation sI D
P
i2I si .

2. The discrepancy between integers and polynomials

The goal of this section is to analyze in detail why we have such a different behavior when
considering integers vs. polynomials or permutations.
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2.1. Integer setting

Assume that k � 2. We mimic the proof of Theorem 1.1. Recall the definition of ef0 in
(1.3). Given square-free integers d1; : : : ; d2k and I � S �.2k/, we let DI be the product of
those primes p that divide each of the di ’s with i 2 I but do not divide

Q
i2Œ2k�nI di . Then

the integersDI for I 2 S �.2k/ are pairwise coprime and di D
Q
I W i2I DI for each i , so that

M ef0;2k.R/ D X
R=2<d1;:::;d2k<R

�.d1/ : : : �.d2k/

Œd1; : : : ; d2k �

D

X[

DI .I2S �.2k//
R=2<

Q
I3i DI�R .1�i�2k/

0@ Y
I2S�.2k/

�.DI /

DI

1A0@ Y
I2SC.2k/

1

DI

1A ;
where the notation

X[
means that the summation is running over squarefree and pairwise

coprime integers DI . Set L D e.log logR/3 . The contribution of those tuples with DI > L

for some I odd to M ef0;2k.R/ can be seen to be� 1=ec.log logR/3=2 for some c D c.k/ > 0,
by the Prime Number Theorem. So assume that DI � L for all I odd. Then it is natural to
write

M ef0;2k.R/ � X[

DI�L .I2S �.2k//
DD

Q
I2S�.2k/DI

�.D/

D
� T2k.R1; : : : ; R2k ID/;

where Ri D R=
Q
I3i; I2SC.2k/

DI and

T2k.RI a/ D
X[

.DI ;a/D1 .I2SC.2k//
Ri=2<

Q
I2SC.2k/W i2I

DI�Ri .1�i�2k/

Y
I2SC.2k/

1

DI
:

When logRi D logR C O.logL/ D logR C O..log logR/3=2/, as it is here, we should be
expecting that T2k.RI a/ has an asymptotic formula of the form

T2k.RI a/ D g.a/.logR/2
2k�1�2k�1

CO
�
.logR/2

2k�1�2k�2.log logR/O.1/
�
;

since we have 22k�1 � 1 variables on a logarithmic scale and 2k multiplicative constraints
in dyadic intervals, where g.a/ is a multiplicative function with g.p/ D 1 C O.1=p/.
Since

P1
nD1 �.n/=n D 0, we then find that the total contribution of the main terms

to M ef0;2k.R/ is

.logR/2
2k�1�2k�1

X[

DI�L .I2S�.2k//
DD

Q
I2S�.2k/DI

�.D/g.D/

D
� e�c

0.log logR/3=2 ;

for some c0 D c0.k/ > 0, which is negligible. Consequently,

M ef0;2k.R/� .log logR/O.1/.logR/2
2k�1�2k�2;

whereas the power of m in Theorem 1.1 is 22k�1 � 2k � 1. So this heuristic indicates that
we should get more cancelation in the integer setting than we will obtain in the analogous
permutation question, as established in Theorem 1.1.
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2.2. Polynomial analogue

The reader might be skeptical of the argument presented above, because a direct
analogue exists for polynomials over finite fields too. Specifically, expanding the 2k-th
power in Polyq.n;mI k/, we find that

Polyq.n;mI k/ D
X

G1;:::;G2k

�.G1/ � � ��.G2k/

qdeg.ŒG1;:::;G2k �/

forn � 2mk. Given square-free, monic polynomialsG1; : : : ; G2k overFqŒt � and I � S �.2k/,
we let GI be the product of those monic irreducibles P that divide each of the Gi ’s with
i 2 I but do not divide

Q
i2Œ2k�nI Gi . Then the polynomials GI for I 2 S �.2k/ are pairwise

coprime and Gi D
Q
I W i2I GI for each i , so that

Polyq.n;mI k/ D
X[

GI .I2S �.2k//P
I3i deg.GI /Dm .1�i�2k/

0@ Y
I2S�.2k/

�.GI /

qdeg.GI /

1A0@ Y
I2SC.2k/

1

qdeg.GI /

1A ;
where the notation

X[
means that the summation is running over squarefree and pairwise

monic polynomials GI . As in the integer case, the contribution to Polyq.n;mI k/ of those
tuples .GI /I2S �.2k/ such that deg.GI / is large for some I 2 S �.2k/ is negligible, by the
Prime Number Theorem over FqŒt �. Hence, we may assume that deg.GI / � logm for all
I 2 S �.2k/. Then it is natural to write

Polyq.n;mI k/ D
X[

deg.GI /�logm .I2S�.2k//
GD

Q
I2S�.2k/GI

�.G/

qdeg.G/
� eTq;2k.m1; : : : ; m2k IG/;

where mi D m �
P
I3i; I2SC.2k/

deg.GI / and

eTq;2k.mIA/ WD X[

.GI ;A/D1 .I2SC.2k//P
I2SC.2k/W i2I

deg.GI /Dmi .1�i�2k/

Y
I2SC.2k/

1

qdeg.GI /
:

As before, when `i D mC O.logm/, as above, we should be expecting that eTq;2k.`IA/ has
an asymptotic formula of the formeTq;2k.`IA/ D eg.A/m22k�1�2k�1 CO �m22k�1�2k�2.logm/O.1/

�
;(2.1)

whereeg.A/ is a multiplicative function witheg.P / D 1CO.1=qdeg.P // for irreducibles P .
The above argument suggests that we should have an asymptotic behavior of Polyq.n;mI k/

that is smaller than what Theorem 1.2 states, which is absurd. The problem is that ifP
I3i deg.GI / D m for all i , then we also have that

2km D

2kX
iD1

X
I W i2I

deg.GI / D
X
I

#I deg.GI /:

Reducing this formula mod 2, we find thatX
I2S�.2k/

deg.GI / � 0 .mod /2;(2.2)
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a local constraint that is not present in the integer analogue. In particular, we see that (2.1)
is true only when (2.2) is satisfied. We thus find that the main term for Polyq.n;mI k/ equals

m2
2k�1�2k�1

�

X[

deg.GI /�logm .I2S�.2k//
GD

Q
I2S�.2k/GI ; 2jdeg.G/

�.G/eg.G/
qdeg.G/

D
m2

2k�1�2k�1

2
�

X[

deg.GI /�logm .I2S�.2k//
GD

Q
I2S�.2k/GI

�.G/.1C .�1/deg.G//

qdeg.G/
CO

�1
q

�
� m2

2k�1�2k�1;

because
P
F �.F /=q

deg.F / D 0 and
P
F �.F /.�1=q/

deg.F / D
Q
P .1 � .�1=q/

deg.P // > 0.
Thus we see the local constraint associated to the discreteness of degrees in the polynomial
setting means we have a genuinely different asymptotic behavior.

2.3. Further analysis

The above arguments suggest a possible route to proving Theorem 1.3, by working out
the full asymptotic expansion of T2k.xI a/. Controlling the coefficients in this expansion
is a highly non-trivial problem. Instead, we take another route, using a high-dimensional
contour shifting argument. Our starting point is Perron’s inversion formula which, ignoring
convergence issues, yields

T2k.xI a/ �
1

.2�i/2k

Z
� � �

Z
Re.sj /D1= logR

1�j�2k

X[

.DI ;a/D1

I2SC.2k/

Y
I2SC.2k/

1

D
1CsI
I

2kY
jD1

x
sj
j .1 � 2

�sj /

sj
ds1 � � � ds2k ;

with the notational convention that sI D
P
j2I sj . Therefore

M ef0;2k.R/ � 1

.2�i/2k

Z
� � �

Z
Re.sj /D1= logR

1�j�2k

F.s/

Q
I2SC.2k/

�.1C sI /Q
I2S�.2k/ �.1C sI /

2kY
jD1

1 � 2�sj

sj
ds1 � � � ds2k ;

where F.s/ is analytic and non-zero when Re.sj / > �1=4k for all j . As we will see in
Section 8, shifting contours, we pick up poles any time sI D 0 for some I 2 SC.2k/. What is
the difficulty in proving Theorem 1.3 is that some of these poles can get annihilated by poles
of the zeta factors in the denominator, which is an analytic way of saying that the higher order
terms in the asymptotic expansions of T2k.xI a/ are canceled out.

It is clear from the above discussion that the underlying reason why we got a genuinely
smaller main term for M ef0;2k.R/ is the identity

P1
nD1 �.n/=n D 0, that is to say the fact

that 1=� has a zero at 1. This also explains the phenomenon we see in Theorem 1.5. If we
replace � by a real valued multiplicative function f whose Dirichlet series
F.s/ D

P1
nD1 f .n/=n

s which is not very small at s D 1, then the behavior of the respective
divisor sums should be similar to the permutation analogue, whilst if F.s/ is close to 0
at s D 1 (which occurs if F has a zero very close to 1) the behavior is the same as in the
original integer setting.
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2.4. Further obstructions to the analogy

Is it possible that the local constraints at the prime 2 described above are the only thing
separating integers and polynomials? In order to study this question, we consider the varia-
tions

Polyq.n;m; hI k/ WD
1

qn

X
N2Fq Œt�
degNDn

ˇ̌̌̌
ˇ X

M jN
m�h<degM�m

�.M/

ˇ̌̌̌
ˇ
2k

;

where h 2 Z\ Œ1;mC1�. If h � 2, then the local problems at the prime 2 should be resolved.
However, we will see that this is not sufficient and that the discrepancy between the integer
and the polynomial analogues goes even deeper.

First, let us consider the case h D m C 1 in order to convince the reader that resolving
the constraints at the prime 2 is not sufficient. It is known that a positive proportion of
polynomials N 2 FqŒt � of degree at most r have a simple zero over Fq , and that the number
of zeroes of such a polynomial over Fq is, on average, bounded. So we should expect

Polyq.n;m;mC 1I k/ �
1

qn

X
N2Fq Œt�
degNDn

X
˛2Fq
N.˛/D0
N 0.˛/¤0

ˇ̌̌̌
ˇ X
M jN

degM�m

�.M/

ˇ̌̌̌
ˇ
2k

:

If N has a simple zero at ˛, then we can factor N.x/ D .x � ˛/eN.x/, where eN.˛/ ¤ 0, that
is to say x � ˛ and eN are co-prime. ThenX

M jN
degM�m

�.M/ D
X
M jeN

degM�m

�.M/C
X
M jeN

1CdegM�m

�..x � ˛/ �M/ D
X
M jeN

degMDm

�.M/;

so that

Polyq.n;m;mC 1I k/ �
1

qn

X
˛2Fq

X
eN2Fq Œt�

deg eNDn�1eN.˛/¤0

ˇ̌̌̌
ˇ X

M jeN
degMDm

�.M/

ˇ̌̌̌
ˇ
2k

� m2
2k�1�2k�1

C 1

for n � 2mk, by an easy variation of Theorem 1.2. This argument can be made rigorous; we
leave this task to the interested reader.

Let us now study Polyq.n;m; hI k/ more generally. For any h 2 Z�1 and n � 2mk, we
note that

Polyq.n;m; hI k/ D
X

G1;:::;G2k
m�h<deg.Gi /�m

1�i�2k

�.G1/ � � ��.G2k/

qdeg.ŒG1;:::;G2k �/

D

X[

GI .I2S �.2k//
m�h<

P
I3i deg.GI /�m .1�i�2k/

0@ Y
I2S�.2k/

�.GI /

qdeg.GI /

1A0@ Y
I2SC.2k/

�2.GI /

qdeg.GI /

1A ;
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as before. Applying Fourier inversion 2k times, we find that, for any r 2 .0; 1/,

Polyq.n;m; hI k/ D
X

m�h< j̀�m

1�j�2k

X[

GI .I2S �.2k//

0@ Y
I2S�.2k/

�.GI /

qdeg.GI /

1A0@ Y
I2SC.2k/

�2.GI /

qdeg.GI /

1A
�

2kY
jD1

Z 1

0

.re.�j //
� j̀C

P
I3j deg.GI /d�j :

So, if we set

Z q.w/ D
X

G2Fq Œt�

�
w

q

�deg.G/

D

Y
P

.1 � .w=q/deg.P //�1;

the FqŒt � analogue of the Riemann zeta function, then

Polyq.n;m; hI k/ D
X

m�h< j̀�m

1�j�2k

Z
Œ0;1�2k

eFq..re.�j //j /QI2SC.2k/
Z q.r

#I e.�I //Q
I2S�.2k/ Z q.r#I e.�I //

2kY
jD1

e.� j̀ �j /

r j̀
d�

D

Z
Œ0;1�2k

eFq �.re.�j //j � QI2SC.2k/
Z q.r

#I e.�I //Q
I2S�.2k/ Z q.r#I e.�I //

2kY
jD1

mX
`Dm�hC1

e.�`�j /

r`
d�;

where �I D
P
j2I �j and eFq.w/ is a certain function that is analytic and non-zero when

jwj j <
p
q=2k for all j .

We take r D 1�1=m and note that the main contribution to Polyq.n;m; hI k/ should come
from those values of � for which there are many I 2 SC.2k/ such that �I � 0 .mod /1.
This is the key difference with the integer case: before, we needed many I 2 SC.2k/ with
sI D 0. So we see two different linear algebra problems: one over the group R=Z, which has
torsion, and one over R, which does not. The presence of torsion in R=Z is a reflection of
the discreteness of the polynomial setting (of the degree of the polynomials, more precisely),
and the fact that R is a field reflects the continuous nature of the integer problem (of the
logarithms of integers, more precisely).

When h D 1, then the integrand is � 1=m when �j D O.1=m/ mod 1 for all j , much
like the integer analogue. However, if we take �j D 1=2 C O.1=m/ for all j , then we see
that �I D O.1=m/ mod 1 for I 2 SC.2k/, whereas �I D 1=2 C O.1=m/ mod 1 for I 2
S �.2k/, so the integrand has sizem2

2k�1�1 for such �. The volume of this region is� 1=m2k ,
leading to a contribution of sizem2

2k�1�2k�1 to Polyq.n;m; 1I k/, which is precisely its order
of magnitude for k � 2. Note that the fact the main contribution comes from when �j � 1=2
and not when �j � 0 is a reflection of the local constraint at the prime 2 we noticed above.

Similarly to the above case, if h D 2 and �j D 1=2CO.1=m/, then the integrand becomes

eFq .1=2; : : : ; 1=2/ m22k�1�1.1CO.1=m//
Z q.1=2/4

k

2kY
jD1

.1C e.�j //:

By Taylor expansion, we have that

1C e.�j / D 1 � e.�j � 1=2/ D �.�j � 1=2/ �
.�j � 1=2/

2

2
� � � �
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By symmetry, we should then have thatZ
� � �

Z
j�j�1=2j�1=m

1�j�2k

eFq .1=2; : : : ; 1=2/ m22k�1�1.1CO.1=m//
Zq.1=2/4

k

2kY
jD1

.1C e.�j //d�

D .1CO.1=m//

Z
� � �

Z
j�j�1=2j�1=m

1�j�2k

eFq .1=2; : : : ; 1=2/ m22k�1�1
Z q.1=2/4

k

2kY
jD1

.�j � 1=2/
2

2
d�;

which leads to a contribution of size m2
2k�1�6k�1 to Polyq.n;m; 2I k/. This should be the

dominant contribution for large k, even though for small k other regions can dominate. For
example, if k D 2 and we take �1; �2 2 Œ0:33; 0:34�, �3; �4 2 Œ0:66; 0:67�, and �1C�2, �3 C �4,
�1 C �4 D O.1=m/, then the integrand becomes� m5, and we are integrating over a region
of volume � 1=m3, so we see that Polyq.n;m; 1I 2/ � m2. In fact, this is the exact order of
magnitude of Poly.n;m; 1I 2/.

We conclude our discussion with another peculiar fact: if h D 3, then

mX
`Dm�hC1

e.`�/ D e.m�/.1C e.�/C e.2�// D e.m�/CO.1=m/

when � D 1=2CO.1=m/. So Polyq.n;m; 3I k/ should have the same size as Polyq.n;m; 1I k/,
whereas Polyq.n;m; hI k/ is a bit smaller, by a factor of size mO.k/. In general, no matter
how we choose h, we cannot make the sum

Pm
`Dm�hC1 e.`�/ small enough to cancel the

contribution of the factors Z q.r
#I e.�I // for even I in the region �j � 1=2, so the quantities

Polyq.n;m; hI k/ do not behave in the same way as M ef0;2k.R/ for k large.

3. The analogy for permutations

Completion of the proof of Theorem 1.1. – It remains to prove the two claims for the
quantity c.m; k/, which we recall is defined as the number of .22k � 1/-tuples .rI /;¤I�Œ2k�
of non-negative integers such that rI 2 f0; 1g for #I odd and such that

P
I W i2I rI D m, for

each i 2 Œ2k�.

Given any vector frI W ; ¤ I � Œ2k�g counted by c.m; k/, the vector fr 0I W ; ¤ I � Œ2k�g
is counted by c.m C 1; k/ where r 0

f1;2g
D rf1;2g C 1 and r 0

f3;4;:::;2kg
D rf3;4;:::;2kg C 1, and

r 0I D rI otherwise. Since rI 7! r 0I is injective, we see c.m; k/ � c.mC 1; k/ for all m � 0, as
claimed.

We now estimate c.m; k/. When k D 1, we find immediately that c.m; 1/ D 2, so there is
nothing to prove. Assume now that k � 2. Since c.m; k/ is increasing in m and c.0; k/ D 1,
we may assume thatm is even and large enough. We note that there are�k 1 possibilities for
the rI for the odd-sized I . Otherwise we have to satisfy 2k equations with 22k�1�1 variables.
Hence the number of solutions should be

�k m
22k�1�2k�1

C 1;
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as claimed. Certainly, this argument yields an appropriate upper bound. To prove the lower
bound for k � 2 we will construct this number of solutions. Let

I D ffi; j g W 1 � i < j � 4g [ ff1; j g W 5 � j � 2kg;

so that # I D 2k C 2. Set rI D 0 if I 2 S �.2k/ and, given ı > 0 to be chosen later, let
rI be any even integer from the range Œ0; ım=4k � if I 2 SC.2k/ n .I [ ff5; 6; : : : ; 2kgg/.
Finally, if k > 2, let rf5;6;:::;2kg be an even integer from the range Œm � 2ım;m � ım�. There
are�k;ı m2

2k�1�3�2k such choices of rI , I 2 SC.2k/ n I . Then select

rf1;j g WD m �
X

I2SC.2k/nI ; j2I

rI .5 � j � 2k/;

which is an even integer lying in the interval Œ0; 2ım�, so that
P
I2SC.2k/; j2I

rI D m for
5 � j � 2k. Now set

I 2 D ffi; j g W 1 � i < j � 4g;

mj D m �
X

I2SC.2k/nI 2; j2I

rI .1 � j � 4/:

We note that themj are even integers lying in the interval Œm�2kım;m�. It remains to choose
rI , I 2 I 2, such that

P
I2I 2; j2I

rI D mj for 1 � j � 4. Then, we select any even

integers rf2;4g; rf3;4g from Œ
p
ım � ım;

p
ımC ım�, and we set

rf1;4g D m4 � rf2;4g � rf3;4g:

Finally, we define rf1;2g; rf1;3g; rf2;3g such that

rf1;2g C rf1;3g D m1 � rf1;4g D m1 �m4 C rf2;4g C rf3;4gI

rf1;2g C rf2;3g D m2 � rf2;4gI and

rf1;3g C rf2;3g D m3 � rf3;4g:

Note that the right-hand sides are all even so there is no parity problem, and the solutions
we obtain are non-negative integers for ı small enough. We have thus constructed �k

m2
2k�1�2k�1 solutions counted by c.m; k/. This completes the proof of the lemma.

R 3.1. – It should not be too difficult to determine c.m; k/ exactly in some special
cases. For example, we have that c.m; 1/ D 2 and c.m; 2/ D 1

3
.64m3 � 135m2C 182m� 66/

for all m � 1.

Finally, we prove a probabilistic interpretation for c.m; k/. In its statement, we have set
with a slight abuse of notation

M.cI r/ WD
X

0�bj�cj
1�j�mP
j jbjDr

.�1/b1C���Cbm

(3.1)

for an m-tuple of non-negative integers c D .c1; : : : ; cm/.

P 3.1. – Let X D .X1; X2; : : : ; Xm/ be a vector of pairwise independent
Poisson random variables, where Xj has parameter 1=j . For every k 2 Z�1, we have that

c.m; k/ D EŒM.X Im/2k �:
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In passing, we note that Proposition 3.1 is purely a statement about Poisson random
variables and not immediately related to permutations or polynomials over finite fields, but
our proof makes use of this connection.

Before we prove Proposition 3.1, we need a lemma.

L 3.2. – Let N � m � 1. The proportion of permutations � 2 SN that have no
cycles of length � m is

mY
jD1

e�1=j CO

�
m2

N

�
:

Proof. – Note that this lemma was proven by the first author in [10] for largem, but here
we are mainly interested in the case whenm is very small compared toN . We apply inclusion-
inclusion. If Cj denotes the j -cycles in SN , we write j�j D j for an element � of Cj , and we
let C be the union of C1; : : : ; Cm. Then

#f� 2 SN W � has no cycles of length � mg

D NŠ �
X
�2 C

.N � j�j/ŠC
X

�1;�22 C
�1;�2 disjoint

.N � j�1j � j�2j/Š� � � �

D

X
c1;:::;cm�0

c1C2c2C�Cmcm�n

.�1/c1C���Ccm.N � c1 � 2c2 � � � �mcm/Š
X

�1;�2;���2 C disjoint
#fi Wj�i jDj gDcj 8j

1:

In order to count the inner quantity, we note that if r D c1C � � � C cm is the total number of
disjoint cycles we are choosing, and we have fixed our choice for �1; �2; : : : ; �r�1, then there
are

.N � j�1j � � � � � j�r�1j/Š

j�r jŠ.N � j�1j � � � � � j�r�1j � j�r j/Š

choices for the set of size j�r j fixed by �r , and then .j�r j�1/Š possibilities for a cycle on j�r j
given elements. Inductively, we then find that the total number of possibilities for �1; : : : ; �r
should be

NŠ

.N � j�j � � � � � j�r j/Š
�

1

j�1j � � � j�r j
D

NŠ

.N � c1 � 2c2 � � � � �mcm/Š

mY
jD1

1

j cj
:

Note though we have overcounted: each possibility of j -cycles occurs cj Š times, depending
on the order they are picked, so we must divide the above expression by c1Š � � � cmŠ. We then
find that

#f� 2 SN W � has no cycles of length � mg
NŠ

D

X
c1;:::;cm�0

c1C2c2C�Cmcm�n

mY
jD1

.�1=j /cj

cj Š

D

mY
jD1

e�1=j CO

�
m2

N

�
;

where the error term is obtained by noting that

1c1C2c2C���Cmcm�N � .c1 C 2c2 C � � � Cmcm/=N:
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Proof of Proposition 3.1. – We recall that we have already proved that

c.m; k/ D
1

N Š

X
�2SN

 X
T�Œn�
�.T /DT
#TDm

�.� jT
/

!2k

for any N � 2mk. We will now rewrite the right hand side for n much larger than m and k.
Note that if � has cj cycles of length j for each j 2 f1; : : : ; mg, thenX

T�Œn�
�.T /DT
#TDm

�.� jT
/ DM.cIm/ D

X
0�bj�cj
1�j�mP
j jbjDm

.�1/b1C���Cbm ;

where c D .c1; : : : ; cm/. Moreover, a generalization of Cauchy’s formula (see Lemma 2.2 in
[4]) implies that if t WD c1 C 2c2 C � � � Cmcm � N , then

#f� 2 SN W � has cj j -cycles of length j (1 � j � m)g
NŠ

D

0@ mY
jD1

1

j cj cj Š

1A � #f� 2 SN�t W � has no cycles of length � mg
.N � t /Š

:

Applying Lemma 3.2, it is then easy to conclude that

c.m; k/ D lim
N!1

1

N Š

X
�2SN

 X
T�Œn�
�.T /DT
#TDm

�.� jT
/

!2k

D

X
c1;:::;cm�0

M.cIm/2k
mY
jD1

e�1=j

j cj cj Š
:

Since P.Xj D cj / D e�1=j =.j cj cj Š/, this is EŒM.X Im/2k �, and so completes the proof.

4. The analogy for polynomials over finite fields

Proof of Theorem 1.2. – Throughout this proof all polynomials we consider are monic,
and P denotes a generic monic irreducible polynomial over Fq . Note that

Polyq.n;mI k/ D
1

qn

X
deg.F /Dn

 X
GjF

deg.G/Dm

�.G/

!2k

D

Y
deg.P /�m

 
1 � q�deg.P /

! X
P jF ) deg.P /�m

1

qdeg.F /

 X
GjF

deg.G/Dm

�.G/

!2k

for n � 2km, as can be proven by expanding the 2k-th power in both sides, and noticing
that if Gj jF for each j � 2k, then we may write F D ŒG1; : : : ; G2k �H for some monic
polynomial H .
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Next, note that if F D P n11 � � �P
nr
r is the factorisation of F into monic irreducible factors,

and we write cj D #fi W deg.Pi / D j g for 1 � j � m, thenX
GjF

deg.G/Dm

�.G/ DM.cIm/

with M.cIm/ defined by (3.1). In particular, we see that
P
GjF; deg.G/Dm �.G/ is a function

of the vector c.F / WD .c1; : : : ; cm/. Moreover, given a fixed vector c, we see thatY
deg.P /�m

�
1 � q�deg.P /

� X
F W c.F /Dc

P jF ) deg.P /�m

1

qdeg.F /
D

Y
deg.P /�m

�
1 � q�deg.P /

� mY
jD1

�
Nj
cj

�
.qj � 1/cj

D

mY
jD1

�
Nj
cj

�
.1 � q�j /Nj

.qj � 1/cj
;

where
Nj WD #fP 2 FqŒt � W P irreducible; deg.P / D j g:

(Note that we have .qj � 1/cj and not qjcj in the denominator because we have to sum over
powers of Pj too.) Galois theory implies that qj D

P
j 0jj j

0Nj 0 , whence

Nj D
1

j

X
j 0jj

�.j 0/qj=j
0

D
qj

j

�
1CO

�
1j�2

.qj =j /1=2

��
(4.1)

and

q C jNj � q
j .j � 2/:(4.2)

Our next task is to control the quantity

mY
jD1

�
Nj
cj

�
.1 � q�j /Nj

.qj � 1/cj

and remove the dependence on q. First, note that
mY
jD1

.1 � q�j /Nj D .1CO.1=q//

mY
jD1

e�1=j :

Furthermore,�
Nj
cj

�
.qj � 1/cj

D
N
cj
j .1CO.cj =Nj //

cj

cj Š.qj � 1/
cj

D
1

cj Šj
cj

�
1CO

�
1j�2 � cj
.qj =j /1=2

C
1jD1cj
qj

��
;

provided that c1 � q and that cj �
p
qj =j if j � 2.

Therefore, if c1 � q and
P
2�j�m cj � .j=q

j /1=2 � 1, then

mY
jD1

�
Nj
cj

�
.1 � q�j /Nj

.qj � 1/cj
D

0@1CO 0@c1 C 1
q
C

mX
jD2

cj j
1=2

qj=2

1A1A mY
jD1

e�1=j

cj Šj
cj
:

Together with Proposition 3.1, this implies that

Polyq.n;mI k/ D c.m; k/CO.R1 CR2 CR3/ .n � 2mk/;
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where

R1 D
X

c1;:::;cm�0

M.cIm/2k

0@c1 C 1
q
C

mX
jD2

cj j
1=2

qj=2

1A mY
jD1

e�1=j

cj Šj
cj
;

R2 D
X

c1;:::;cm�0

c1>q or
P
j>1 cj j

1=2=qj=2>1

M.cIm/2k
mY
jD1

e�1=j

cj Šj
cj

�

X
c1;:::;cm�0

M.cIm/2k

0@c1
q
C

mX
jD2

cj j
1=2

qj=2

1A mY
jD1

e�1=j

cj Šj
cj
� R1;

and

R3 D
X

c1;:::;cm�0

c1>q or
P
j>1 cj j

1=2=qj=2>1

M.cIm/2k
mY
jD1

e�1=j
�
Nj
cj

�
.qj � 1/cj

:

For R3, we note that cj � Nj in its range; otherwise,
�
Nj
cj

�
D 0. In particular, c1 � N1 D q.

Moreover, (4.2) implies that

 
Nj

cj

!
�
N
cj
j

cj Š
�

8̂̂̂̂
<̂
ˆ̂̂:
.qj � 1/cj

cj Šj
cj

if j � 2;

qc1

c1
� .1 � 1=q/�q �

.q � 1/c1

c1Š
if j D 1:

Therefore

R3 �
X

c1;:::;cm�0

M.cIm/2k

0@ mX
jD2

cj j
1=2

qj=2

1A mY
jD1

e�1=j

cj Šj
cj
� R1:

We thus see that Theorem 1.2 is reduced to proving that R1 �k c.m; k/=q. It suffices to
show that

Ti WD
X

c1;:::;cm�0

ciM.cIm/
2k

mY
jD1

e�1=j

j cj cj Š
� c.m; k/ .1 � i � m/:

Indeed, we note that the term with ci D 0 does not contribute, and we replace ci by ci C 1
to find that

Ti D
1

i

X
c1;:::;cm�0

M.ei C cIm/
2k

mY
jD1

e�1=j

j cj cj Š
;

where ei denotes them-th dimensional vector that has the i -th coordinate equal to 1 and all
other coordinates equal to 0. Note that

M.ei C cIm/ D
X

0�bj�cj 8j¤i

0�bi�ciC1P
j jbjDm

.�1/b1C���Cbm DM.cIm/C .�1/ciC1M.ci Im � i.ci C 1//;

where ci D .c1; : : : ; ci�1; 0; ciC1; : : : ; cm/, so that

M.ei C cIm/
2k
� 22k�1 .M.cIm/CM.ci Im � i.ci C 1///

2k ;
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by Hölder’s inequality. We thus conclude that

Ti �
22k�1

i
c.m; k/C

22k�1

i

1X
ciD0

e�1=i

ci Šici

X
.cj /j�m;j¤i

M.ci Im � i.ci C 1//
2k
Y
j¤i

e�1=j

cj Šj
cj

�
22k�1

i
c.m; k/C

22k�1

i

1X
ciD0

e�1=i

ci Šici
c.m � i.ci C 1/; k/;

since theM.ci Im� i.ciC1//2k is independent of the value of the cj ’s with j > m� i.ciC1/.
Recalling that c.`; k/ is an increasing function of ` by Theorem 1.1, we arrive to the claimed
bound Ti �k c.m; k/, whence Theorem 1.2 follows.

5. The support of Mf0.nIR/

We prove here (1.4), which we recall is the statement that

#fn � x W Mf0.nIR/ ¤ 0g �
x

.logR/ı.log logR/3=2
.x � R4/:

The lower bound was proven in the introduction, so we are left to show the upper bound. We
recall the relation (1.5)

Mf .nIR/ D
X

d jp2���prm

�.d/

�
f

�
log d
logR

�
� f

�
logp1
logR

C
log d
logR

��
;

where n D p˛11 � � �p
˛r
r m, where p1 < � � � < pr , ˛i � 1 and all of the prime divisors of m are

> pr . Taking r D 2, letting q be the smallest prime dividing n and writing n D qjm with
q - m, we see that

Mf0.nIR/ D
X
d jm

R=q<d�R

�.d/:

Therefore,

#fn � x WMf0.nIR/ ¤ 0g �
X
qj�y

H.x=qj ; qIR=q;R/CO

�
x

logy

�
;(5.1)

for any parameter y � R1=3 to be chosen later, where

H.X; Y IZ;W / WD #fn � X W P�.n/ > Y; 9d jn with Z < d � W g:

We have the following estimate, that is useful in its own right.

P 5.1. – Uniformly for 1 � Y � Z � W � X=.2Z/ and 2Z � W � Z2, we
have

H.X; Y IZ;W /�
X

logY
�

1

�ı.1C log�/3=2
;

where � is defined by the relation W D Z1C1=� and ı D 1 � 1Clog log2
log2 D 0:086071 : : :

R. – In the special case when W D 2Z, Ford [6] used a more refined argument
and determined the exact order of magnitude ofH.X; Y IZ;W /. The exact statement is a bit
complicated, so we refer the interested reader to Ford’s paper.
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Proof. – We adapt the proof of Lemma 6.1 in Ford’s paper [5]. By a dyadic decomposition
argument, it suffices to upper bound the difference H.X; Y IZ;W /�H.X=2; Y IZ;W /. Let
n be counted by this difference, so that it can be written as n D n1n2 with n1 2 .Z;W �. We
thus have that n2 2 .X=2W;X=Z�. If p D minfPC.n1/; PC.n2/g 2 .Y;W �, then we may
write n D apb, where:

(i) all prime factors of a are in .Y; p/;

(ii) all prime factors of b are � p (and there is at least one such prime factor);

(iii) there is a divisor d ja such that pd 2 .Z;W � [ .X=2W;X=Z�.

If we set L .aI �/ WD
S
d jaŒlog d ��; log d/ and � D log.W=Z/, the last condition can be also

written as:

(iii0) either log.Z=p/ 2 L .aI �/, or log.X=.2Wp// 2 L .aI �C log 2/.

Let �0 D � C log 2, and note that �0 � � by our assumption that W � 2Z. Moreover,
let Z1 D Z and Z2 D X=2W , so that condition (iii0) yields condition

(iii00) log.Zj =p/ 2 L .aI �0/ for some j 2 f1; 2g.

Finally, note that since there is d ja with dp > Zj , we must have that p > Zj =d � Zj =a. We
thus conclude that we must have the condition

(iv) p > Qj .a/ WD maxfPC.a/; Zj =ag.

Given a and p satisfying conditions (i), (iii00) and (iv), the number of b 2 .1; X=ap�

such that P�.b/ > p is � X=.ap logp/. Indeed, notice that if there is one such b, then
X=ap � b � p, so that the claimed estimate follows by a standard sieve bound, such as
Theorem 4.3 of [8]. We thus conclude that

H.X; Y IZ;W / �H.X=2; Y IZ;W /� X

2X
jD1

X
a2P.Y;W /

1

a

X
p>Qj .a/

log.Zj =p/2 L.aI�0/

1

p logp
;

where P.Y;W / denotes the set of integers all of whose prime factors are in .Y;W �. As in
the proof of Lemma 6.1 in [5], we have that the sum over p is� L.aI �0/= log2Qj .a/, where
L.aI �/ denotes the Lebesgue measure of L .aI �/. We conclude that

H.X; Y IZ;W / �H.X=2; Y IZ;W /� X

2X
jD1

X
a2P.Y;W /

L.aI �0/

a log2Qj .a/

�
X

logY

2X
jD1

X
PC.a0/�Y

X
a2P.Y;W /

L.aI �0/

aa0 log2Qj .a/
:

Since Qj .a/ � Qj .aa0/ and L.aI �0/ � L.aa0I �0/, we have the estimate

H.X; Y IZ;W / �H.X=2; Y IZ;W /�
X

logY

2X
jD1

X
PC.m/�W

L.mI �0/

m log2Qj .m/
:

Since Z2 D X=2W � Z D Z1, the contribution for j D 2 is bounded by the contribution
from j D 1, and so it suffices to just consider Zj D Z. In this case the contribution is
� 1=.�ı.1C log�/3=2 by Lemma 3.3, equation (3.8) and Lemma 3.7 of [5]. This completes
the proof.
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Proposition 5.1 implies that

H.x=qj ; qIR=q;R/�
x

qj log q
�

�
log q
logR

�ı �
log

logR
log q

��3=2
;

uniformly in 2 � qj � y � R1=2 and x � R5=2. Inserting this bound to (5.1), we deduce
that

#fn � x WMf0.nIR/ ¤ 0g �
x

.logR/ı.log logR/3=2
C

x

logy
:

Selecting y D exp..logR/ı.log logR/3=2/ completes the proof of (1.4).

R 5.1. – It is possible to construct integers n for which Mf0.nIR/ is quite large.
Indeed, let y � 3 and k 2 Z�1 be two parameters such that the interval .y; 21=ky/ contains
at least 2k primes, and let q1 < � � � < q2k be the smallest such primes. Then we set
n D 2q1 � � � q2k and R D 2yk . By (1.5),

Mf0.nIR/ D
X

d jq1���q2k
R=2<d�R

�.d/:

The choice of R implies that the above sum runs over all divisors d of q1; : : : ; q2k with
precisely k prime factors, so that

Mf0.nIR/ D .�1/
k

 
2k

k

!
:

Optimizing the choice of k and y, and using the fact that there are infinitely many y such
that �.yC

p
y logy/��.y/�

p
y= logy (see, for example, [12, Exercice 5, p. 266]), we find

that there exist arbitrarily large integers n such that jMf .nIR/j � nc= log logn, for any fixed
c < log2

2
with R � n1=2.

On the other hand, such extreme values of Mf0.nIR/ are very rare, as Theorem 1.3
indicates.

6. Inversion formulas

Given f W R! R, R � 2 and s 2 C, we setbfR.s/ D Z 1
0

f

�
log x
logR

�
xs�1dx D .logR/

Z 1
�1

f .u/Rsudu;

provided that the above integral converges. If f is Lebesgue measurable, supported
in .�1; 1� and bounded, which will always be the case for us, then bfR defines an analytic
function for Re.s/ > 0. If, in addition, f 2 C j .R/ for some j � 1 and the deriva-
tives f 0; f 00; : : : ; f .j / are all bounded, then integrating by parts j times yields the formula

bfR.s/ D .�1/j

sj .logR/j�1

Z 1
�1

f .j /.u/Rsudu:(6.1)

In particular, we see that ˇ̌̌ bfR.s/ˇ̌̌ � kf .j /k1 � RRe.s/

Re.s/.jsj logR/j
(6.2)

for Re.s/ > 0, where we used our assumption that supp.f / � .�1; 1�.
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Now, for m 2 Z�1, the Mellin inversion formula implies that for c > 0

f

�
logm
logR

�
D

1

2�i

Z
Re.s/Dc

bfR.s/m�sds:(6.3)

In the proof of Theorem 1.3 with A � 1 and of Theorem 1.6, our assumption that f is
a few times differentiable in R allows us to apply (6.2) and write Mf .aIR/ in terms of an
absolutely convergent integral, which can easily be truncated at some appropriate height.
However, when A D 0 in Theorem 1.3, we have f0 D �.�1;1�, so that d.f0/R.s/ D Rs=s.
Truncating Perron’s Formula is still feasible but rather technical. Instead, we perform a
technical maneuver and smoothen f0 a bit. We consider a smooth function h W R! R such
that 8̂̂<̂

:̂
h.x/ D 1 if x � 1 � �;

0 � h.x/ � 1 if 1 � � � x � 1;

h.x/ D 0 if x � 1;

where � D 1=.logR/C for some constant C > 0 that will be chosen appropriately later. We
choose h so that h.j /.x/ �j �

�j , for all j 2 Z�0. We claim that, for any fixed L > 0 and
k � 1, there is C D C.k;L/ such that

Mf0;2k.R/ D M h;2k.R/CO

�
1

.logR/L

�
:(6.4)

Indeed, we have that

jMf0;2k.R/ � M h;2k.R/j � 2k
X

d1;:::;d2k�1�R

R1��<d2k�R

Q2k
jD1 �

2.dj /

Œd1; : : : ; d2k �
� 2k

X
m�R2k

�.m/2k�1

m

X
d jm

R1��<d�R

1;

by setting m D Œd1; : : : ; d2k � and d D d2k . We split the above sum according to whether
�.m/ � .logR/B or not, where B is some parameter. We then find that

jMf0;2k.R/ � M h;2k.R/j � 2k
X

m�R2k

�.m/�.logR/B

.logR/.2k�1/B

m

X
d jm

R1��<d�R

1

C 2k
X

m�R2k

�.m/>.logR/B

�.m/2kC1.logR/�B

m

�k .logR/.2k�1/BC2�C C .logR/2
2kC1�B :

We choose B D L C 22kC1 and C � .2k � 1/22kC1 C 2kL C 2 to complete the
proof of our claim. For the purposes of Theorem 1.3, we may take L D 1, so that having
C � .2k � 1/22kC1 C 2k C 2 suffices. We also note that

bhR.s/ D �1
s

Z 1

1��

h0.u/Rsudu D �
Rs

s

Z �

0

h0.1 � u/R�sudu;

by (6.1) and the fact that h is constant outside Œ1 � �; 1�. In particular, this relation implies
that bhR has a meromorphic continuation to C with only a simple pole at s D 0 of residue
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�
R �
0
h0.1 � u/du D 1. We further note that

dj

dsj

 
sbhR.s/
Rs

!
D .�1/j�1

Z �

0

h0.1 � u/.u logR/jR�sudu

� � � ��1 � .� logR/j D .� logR/j .s 2 C; Re.s/ � �1/:

(6.5)

Moreover, we have thatbhR.s/ D .logR/
Z 1

�1

RusduCO.�.logR/RRe.s//

D
Rs

s
CO..logR/�CC1RRe.s// .Re.s/ � 0/;

(6.6)

a relation that we will use at the very end of the proof of Theorem 1.3.

7. A combinatorial problem in linear algebra

Recall the notations from Section 1.7. Consider the 2k-dimensional vector space (over Q)
of linear forms in the free variables s1; : : : ; s2k , which we denote byWk . Given a subspace V
of Wk , we define

A .V / D
X

J2S �.2k/
sJ2V

.�1/#J :

(We recall that in our notation sJ D
P
j2J sj .) We will prove the following result.

P 7.1. – Let k � 1 and V be a subspace of Wk containing the form
sŒ2k� D

P2k
iD1 si .

(a) If sj 2 V for some j 2 Œ2k�, then A .V / D �1.

(b) If dim.V / D 2k � 1, then

A .V / � dim.V / �

 
2k

k

!
� 2k;

with equality if, and only if, there is a set J � Œ2k� such that #J D k, 1 2 J , and
V D SpanQ.fsj � s1gj2J ; fsj C s1gj2Œ2k�nJ /.

(c) If dim.V / � 2k � 2, then

A .V / � dim.V / �

 
2k

k

!
� 2k � 2:

Proof. – (a) If sj 2 V , then we immediately see that A .V / D �1 by pairing sJ with
sJ[fj g for each J � Œ2k� n fj g.

(b) We may assume that s1; : : : ; s2k … V , by part (a). Since dim.V / D 2k � 1 and s1 … V ,
for each j D 1; : : : ; 2k we have that sj � rj s1 .modV /, for some rj 2 Q n f0g. We may
write rj D bj =q for some bj 2 Z n f0g and q 2 Z�1, so that sJ 2 V if, and only if,
bJ D

P
j2J bj D 0. Therefore

A .V / D �1C

Z 1

0

2kY
jD1

.1 � e.bj �//d� � �1C
Z 1

0

2kY
jD1

j1 � e.bj �/jd�:
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Hölder’s inequality then implies that

A .V / � �1C

2kY
jD1

�Z 1

0

j1 � e.bj �/j
2kd�

� 1
2k

D �1C

 
2k

k

!
;

whence

A .V / �

 
2k

k

!
� 1:(7.1)

Finally, we claim that (7.1) is an equality if, and only if, the multiset fb1; : : : ; b2kg is of the
form fb;�b; : : : ; b;�bg with b D b1 (which must equal q). This claim immediately implies
(b) of the proposition.

If the multiset fb1; : : : ; b2kg is of the form fb;�b; : : : ; b;�bg, then the integral formula
for A .V / becomes A .V / D �1C

R 1
0
j1� e.b�/j2kd� D

�
2k
k

�
� 1. Conversely, we know that

Hölder’s inequality above is an equality if, and only if, there exist real numbers �1; : : : ; �2k
such that j1 � e.bj �/j D �j j1 � e.b1�/j for � 2 Œ0; 1� and j 2 f1; : : : ; 2kg. SinceR 1
0
j1 � e.b�/jd� D 4=� for b ¤ 0, we must have that �j D 1 for all j . Moreover, taking

� close enough to 0, we find that the condition j1�e.bj �/j D j1�e.b1�/j implies that jbj j D
jb1j for all j . So fb1; : : : ; b2kg has ` copies of b1 and 2k � ` copies of �b1, for some ` 2
f1; : : : ; 2kg. Since bŒ2k� D 0 by our assumption that sŒ2k� 2 V , we must have that ` D k,
which completes the proof of our claim.

(c) Write dim.V / D 2k�n, where n � 2. By part (a), we may assume that s1; : : : ; s2k … V .

We first deal with the case n D 2; k D 2 by direct computation. In this case, we have
s1 C s2 C s3 C s4 2 V and s1; : : : ; s4 … V , by assumption. It is thus easy to see that either
V \ fsI W I 2 S �.2k/g D fs1C � � � C s4g or V \ fsI W I 2 S �.2k/g D fs1C � � � C s4; sJ g, for
some J containing two elements. (Here we recall that S �.2k/ D fI � Œ2k� W I ¤ 0g.) In any
case, A .V / � 2, as required. This completes the proof of part (c) when n D 2 and k D 2.

We now assume that either n > 2 or k > 2. Choose a maximal subset of linear
forms fsj1 ; : : : ; sjn0 g that are linearly independent when reduced mod V . Clearly, n0 D n.
Moreover, a permutation of the variables s1; : : : ; s2k allows us to assume without loss of
generality that ji D i for each i . Then

sj �

nX
iD1

ri;j si .modV / .1 � j � 2k/;

for certain ri;j 2 Q. We write ri;j D bi;j =q, where bi;j 2 Z and q 2 Z�1, so that sJ 2 V if,
and only if, bi;J WD

P
j2J bi;j D 0 for each i 2 Œn�. Thus

A .V /C 1 D

Z
Œ0;1�n

2kY
jD1

.1 � e.b1;j �1 C � � � C bn;j �n//d�1 � � � d�n:

We set
Jm D f1 � j � 2k W bn�mC1;j D � � � D bn;j D 0g .0 � m � n/

to be the set of j such that sj is in the span of fs1; : : : ; sn�mg .modV /. In particular, J0 D Œ2k�
and Jn D ;. By construction, si is a basis vector ofWk=V for 1 � i � n, so for 0 � m � n�1
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we have n�m 2 Jm but n�m … JmC1. In particular, #.Jm n JmC1/ � 1 for 0 � m � n� 1.
Then

A .V /C 1 �

Z
Œ0;1�n�1

Y
j2J1

j1 � e.b1;j �1 C � � � C bn�1;j �n�1//j

�

0@Z 1

0

Y
j2Œ2k�nJ1

j1 � e.b1;j �1 C � � � C bn;j �n/jd�n

1A d�1 � � � d�n�1:

By Hölder’s inequality, the innermost integral is bounded byY
j2Œ2k�nJ1

�Z 1

0

j1 � e.b1;j �1 C � � � C bn;j �n/j
2k�#J1d�n

� 1
2k�#J1

:

Since bn;j ¤ 0 for j … J1, we make the change of variables �n ! b1;j �1 C � � � C bn;j �n and
use periodicity to find thatZ 1

0

j1 � e.b1;j �1 C � � � C bn;j �n/j
2k�#J1d�n D

1

jbn;j jj

Z jbn;j j
0

j1 � e.�/j2k�#J1d�

D

Z 1

0

j1 � e.�/j2k�#J1d�:

We set

M.�/ D

Z 1

0

j1 � e.�/j�d� D 2�
Z 1

0

j sin.��/j�d�:

Note that M.2k/ D
�
2k
k

�
. Thus we find that

A .V /C 1 �M.2k � #J1/
Z
Œ0;1�n�1

Y
j2J1

j1 � e.b1;j �1 C � � � C bn�1;j �n�1//jd�1 � � � d�n�1:

We repeat the process to obtain

A .V /C 1 �M.2k � #J1/M.#J1 � #J2/

�

Z
Œ0;1�n�1

Y
j2J2

j1 � e.b1;j �1 C � � � C bn�1;j �n�1//jd�1 � � � d�n�2

�M.2k � #J1/M.#J1 � #J2/ � � �M.#Jn�2 � #Jn�1/M.#Jn�1/:

Thus

A .V /C 1 � supfM.�1/ � � �M.�n/ W �1 C � � � C �n D 2k; �j � 1 .1 � j � n/g:(7.2)

By Cauchy-Schwarz, for any positive reals x; y we have

2.xy/.ACB/=2 D 2.xy/B.xy/.A�B/=2 � .xy/B.xA�B C yA�B/ D xAyB C xByA:

Thus, applying this with x D j sin �1j, y D j sin �2j we find

M.�1/M.�2/ D
2�1C�2

2

Z 1

0

Z 1

0

�
j sin.��1/�1 sin.��2/�2 j C j sin.��1/�1 sin.��2/�2 j

�
d�1d�2

� 2�1C�2
�Z 1

0

j sin.��/j.�1C�2/=2d�
�2
DM

��1 C �2
2

�2
:
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In particular, logM.�/ is a convex function. It is then easy to see that supremum in (7.2) is
attained when �j D 1 for n � 1 of the indices j 2 Œn�, and with the remaining �j being
equal to 2k � nC 1. Indeed, without loss of generality �1; : : : ; �n�1 � �n, and if �j ¤ 1 for
some j < n, then we can increase the size of M.�1/ : : :M.�n/ by replacing �j with �j � 1
and �n with �n C 1. So

A .V / �M.1/n�1M.2k � nC 1/ � 1:

Thus, it suffices to show that

M.1/n�1M.2k � nC 1/ <

 
2k

k

!
� n DM.2k/ � n(7.3)

for 2 � n � 2k � 1 and k � 2.
Firstly, consider n D 2 and k � 3. The function k 7!M.1/M.2k�1/=M.2k/ is decreasing

in k by the convexity of logM.�/. Thus

M.1/M.2k � 1/ �
M.1/M.3/

M.4/
M.2k/ D

64

9�2

 
2k

k

!
<

 
2k

k

!
� 2:

Here we have used the fact that M.1/ D 4=� , M.3/ D 32=3� and performed a quick
computation to verify 64

�
2k
k

�
=.9�2/ <

�
2k
k

�
� 2 for all k � 3.

Now consider 3 � n � 2k � 1. The function n 7! M.1/n�1M.2k � nC 1/ is decreasing
in m since

M.1/n�1M.2k � nC 1/

M.1/n�2M.2k � nC 2/
D
M.1/M.2k � nC 1/

M.2k � nC 2/
�
M.1/2

M.2/
< 1:

Similarly k 7!M.2k�2/=M.2k/ is decreasing in k respectively by the convexity of logM.�/.
Thus we have

M.1/n�1M.2k � nC 1/ �M.1/2M.2k � 2/

�
M.1/2M.2/

M.4/
M.2k/

D
16

3�2

 
2k

k

!

<

 
2k

k

!
� 2k C 1 DM.2k/ � 2k C 1:

Here we have performed a short computation to verify the final inequality. This completes
the proof of the proposition.

8. Contour integration

In this section we begin our attack on Theorem 1.3. All implied constants might depend
on k and on A. We will actually prove a result that is a little weaker than Theorem 1.3; we
will show that there exist constants ck;A and c0

k
for which

MfA;2k.R/ D ck;A.logR/ E k;A CO..logR/ E k;A�1/;(8.1)
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and

M ff0;2k.R/ D c0k.logR/.
2k
k /�2k CO..logR/.

2k
k /�2k�1/:(8.2)

Here we recall that E k;A D max.
�
2k
k

�
� 2k.AC 1/;�1/, and we have definedef0.x/ D f0.x/ � f0.x C log2

logR /, so that

Mff0.nIR/ D X
d jn

R=2<d�R

�.d/:

Notice that we do not claim here that ck;A ¤ 0 and ck ¤ 0, as is required in order to prove
Theorem 1.3. We do obtain a very complicated expression for these constants, but we are
unable to prove they are non-zero (or evaluate them at all) with the approach of this section.
Showing that ck;A > 0 and c0

k
> 0 is the objective of Section 9.

8.1. Initial preparations

We will first prove relation (8.1). The proof of relation (8.2) is very similar, and we indicate
the necessary changes in the end of Section 8.

We note that d.fA/R.s/ D AŠRs

.logR/AsAC1
:(8.3)

This function is absolutely integrable over vertical lines Re.s/ D c ¤ 0 when A � 1, but this
is not the case when A D 0. However, recall from relation (6.4) that

Mf0;2k.R/ D M h;2k.R/CO

�
1

.logR/2

�
;

where h is a smooth function such that h.x/ D 1 for x � 1 � 1=.logR/C and h.x/ D 0

for x � 1, for some constant C � .2k � 1/22kC1 C 2k C 2 to be chosen later. Therefore
relation (8.1) is reduced to showing that

M g;2k.R/ D ck;A.logR/ E k;A CO
�
.logR/ E k;A�1

�
;(8.4)

where g D h when A D 0, and g D fA when A � 1.

For any � > 1, which will be chosen to be sufficiently large in terms of k, relation (6.3)
implies that

M g;2k.R/ D
X

mj2Z�1
1�j�2k

Q2k
jD1 �.mj /

Œm1; : : : ; m2k �
�

1

.2i�/2k

Z
� � �

Z
Re.sj /D�j = logR

1�j�2k

2kY
jD1

m
�sj
j

0@ 2kY
jD1

bgR.sj /
1A ds2k � � � ds1:

To this end, we introduce the multiple Dirichlet series

D.s/ WD
X

mj2Z�1
1�j�2k

Q2k
jD1m

�sj
j �.mj /

Œm1; : : : ; m2k �
;
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which converges absolutely when Re.sj / > 0 for all j as can be seen, for example, by the
Euler product expansion

D.s/ D
Y
p

 X
�1;:::;�k2f0;1g

.�1/�1C���C�k

p�1s1C���C�ksk
�

1

Œp�1 ; : : : ; p�k �

!

D

Y
p

0@1C 1

p

X
;¤I�Œ2k�

.�1/#I

psI

1A(8.5)

D

Y
p

0@1 � 1

p
C
1

p

2kY
jD1

�
1 �

1

psj

�1A ;(8.6)

where we have used the notation sI D
P
i2I si . (Similar computations are performed in [1].)

We thus see that

M g;2k.R/ D
1

.2i�/2k

Z
� � �

Z
Re.sj /D�j = logR

1�j�2k

D.s/

0@ 2kY
jD1

bgR.sj /
1A ds2k � � � ds1;

for any � > 1.

We shall truncate all variables of integration at height

T WD expf.log logR/2g:

To do so, we notice that bgR.s/� .logR/O.1/=jsj2 for Re.s/ D �j = logR, a consequence of
(6.2) when A D 0 and of (8.3) when A � 1, as well as that D.s/ � .logR/O.1/, an estimate
that follows by (8.5) and the Prime Number Theorem. We conclude that

M g;2k.R/ D Ig;2k.R/CO

�
1

.logR/2

�
;

where

Ig;2k.R/ WD
1

.2i�/2k

Z
� � �

Z
Re.sj /D�j = logR
jIm.sj /j�T
1�j�2k

D.s/

0@ 2kY
jD1

bgR.sj /
1A ds2k � � � ds1:

Motivated by (8.5) and (8.6), we set

P.s/ WD D.s/
Y

I2S �.2k/

�.1C sI /
.�1/1C#I

D

Y
p

8<:
0@1 � 1

p
C
1

p

2kY
jD1

�
1 �

1

psj

�1A Y
I2S �.2k/

�
1 �

1

p1CsI

�.�1/#I9=; ;
which is analytic when Re.sj / > �1=.4k/ for all j , as well as

F.s/ WD P.s/

2kY
jD1

.logR/AbgR.sj /
Rsj �.1C sj /AC1
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and

eI WD

(
A if #I D 1;

.�1/#I if #I � 2;

so that

Ig;2k.R/ D
1

.2i�/2k

Z
� � �

Z
Re.sj /D�j = logR
jIm.sj /j�T
1�j�2k

F.s/Rs1C���Cs2k

.logR/2kA
Y

I2S �.2k/

�.1C sI /
eI ds2k � � � ds1:

Given ` 2 N, we now let

�` WD fs 2 C` W jRe.sj /j < 2=.logT /4=3; jIm.sj /j < T C 1 .1 � j � `/g

and define C ` to be the class of complex-valued functions f such that: (a) f is defined over
a complex domain containing �`; (b) f is analytic in �`; (c) the derivatives of f satisfy the
bound

@j1C���Cj`f

@s
j1
1 � � � @s

j`
`

.s/�j1;:::;j`

.log logR/O.j1C���Cj`/

.js1j C 1/ � � � .js`j C 1/
(8.7)

for all j1; : : : ; j` � 0 and all s D .s1; : : : ; s`/ 2 �`.
We claim that F 2 C2k . Indeed, there are absolute constants ı; c0 > 0 such that

�.s/.s � 1/ is analytic and non-vanishing for js � 1j � ı and

�.j /.s/;

�
1

�

�.j /
.s/�j logjC1.jt j C 2/ when � � 1 �

c0

log.jt j C 2/
; js � 1j � ı;(8.8)

with (8.8) being a consequence (4) of the classical zero-free region for �. Moreover,

dj

dsj

�
sAC1bgR.s/

Rs

�
�

1

.logR/A
.Re.s/ � �1; j 2 Z�0/;(8.9)

an estimate that follows from (6.5) when A D 0 and from the Formula (8.3) for d.fA/R
otherwise. Our claim that F 2 C2k then follows.

8.2. Contour shifting

We will simplify Ig;2k.R/ and prove (8.1) by a 2k-dimensional contour shifting argument
that we will perform in an iterative fashion. The general idea is to move the variables sj
to the left in a certain order. When we move the contour corresponding to the variable sj ,
we will pick up contributions from poles of the integrand (coming from solutions to linear
equations of the form sI D 0, I 2 S �.2k/ with eI > 0), and be left with a residual contour
(which will be negligible in size). Thus we only need to consider the contributions from the
poles, and these contributions will all be multi-integrals similar to Ig;2k.R/ but involving
one fewer variable. By iterating this, we show that Ig;2k.R/ is (up to a small error term)
given by the total contribution of all the successive poles we have encountered having shifted
all 2k variables. We will show that provided one moves the contours in a suitable order, all

(4) The claimed bound follows by [23, Theorems 3.8 and 3.11] and the fact that if f is analytic in a neighborhood
of the circle jzj � r , then f .j/.z0/ D 1

2�i

H
jzjDr f .z/dz=z for any z0 with jz0j < r .
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the contributions from all the multi-poles and all the residual integrals give a contribution
ck;A.logR/ E k;A CO

�
.logR/ E k;A�1

�
.

When we consider poles we encounter equations of the form sI D 0, where we think
of sI D

P
i2I si as a linear form in the variables s1; : : : ; s2k . To avoid any ambiguity when

we consider such multiple equations, we will let L0;I 2 QŒx1; : : : ; x2k � be the linear form
corresponding to sI , that is to say

L0;I .x/ WD
X
i2I

xi :

Before we setup the necessary notation to keep track of all the terms we encounter when
performing the multiple contour shifting, we first describe the first two contour shifting steps
to help motivate the basic idea.

The first variable we move to the left is s2k . When doing so, we pick up the contribution
from some poles in the integrand. Such a pole must occur when L0;I1.s/ D 0 for some
I1 � Œ2k� with eI1 > 0 and 2k 2 I1 (a possible pole from

Q
I2S �.2k/ �

eI .1 C L0;I .s//.)
Having fixed such a pole and the corresponding set I1, we use this equation L0;I1.s/ D 0

to rewrite s2k in terms of sj , j 2 Œ2k� n f2kg. Imposing the same condition on the xj ’s, we
find that for each I � Œ2k�, the linear form L0;I .x1; : : : ; x2k/ becomes a linear form L1;I in
the variables xj for j 2 Œ2k�nf2kg. Trivially,L1;I D 0 if, and only if, I 2 I 1 WD f;; I1g. This
pole contribution can be written as an integral over s1; : : : ; s2k�1, with an integrand that has
poles only when L1;I .s/ D 0.

Next, for this integral over s1; : : : ; s2k�1, we choose some other variable sj2 (precisely how
we choose sj2 will be specified later), and move the sj2 contour. This produces a residual
contour (which will be negligible) and contributions from further poles in the integrand
which occur only when sj2 satisfies a linear equationL1;I2.s/ D 0 for some I2 2 S �.2k/n I 1

with eI2 > 0 and with L1;I2.x/ having a non-zero xj2 coefficient. We use this to write sj2 in
terms of sj , j 2 Œ2k� n f2k; j2g. Imposing the corresponding condition on the variables xj
makesL1;I a linear formL2;I in the variables xj , j 2 Œ2k�nf2k; j2g. Some of these new linear
forms will vanish identically, and the total number will determine the order of this pole.

Continuing in this manner, we eventually write our original integral Ig;2k.R/ in terms
of O.1/ contributions from repeatedly encountered poles (all of which will be of the
form c.logR/m for some c;m) or from terms which correspond to encountering a residual
integral (which will always be small). In order to control this process, we need to keep
track of which poles we encounter, the order of the poles, and the integrands of the new
multi-integrals corresponding to these poles. To do this we introduce some notation and
terminology.

— Let us be given an integer N 2 f0; 1; : : : ; 2kg, which we shall often refer to as the level.
It describes how many iterations we have performed (i.e., how many variables sj we
have shifted). The case N D 0 corresponds to the initial integral Ig;2k.R/.

— Let us be given sets I1; : : : ; IN � Œ2k� and indices j1; : : : ; jN such that:

(i) jn 2 In for each 1 � n � N .

(ii) j1; : : : ; jN are distinct.

(iii) eIn > 0 for each 1 � n � N .
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Here the sets I1; : : : IN correspond to the sequence of poles which we have encountered
from performingN contour shifts, and the index jn corresponds to the variable we have
chosen to use to shift the n-th contour.

Since the ji are distinct, the linear formsL0;I1 ; : : : ; L0;IN are linearly independent overQ.
We let VN be their Q-span and I N to be those forms that vanish identically subject to the
conditions L0;I1 D � � � D L0;IN D 0. More generally, for 0 � n � N let

Vn D SpanQ.L0;I1.x/; : : : ; L0;In.x// and I n D fI 2 S .2k/ W L0;I .x/ 2 Vng;(8.10)

with the conventions that V0 D f0g and I 0 D f;g. Since jr 2 Ir for all r , and j1; : : : ; jn are
distinct integers, if we impose the conditions

P
i2In

xi D 0 on the variables xi , then we may
write xj1 ; : : : ; xjn as Q-linear combinations of the other variables. Hence the linear formL0;I
becomes a linear form Ln;I in the variables xj , j 2 Œ2k� n fj1; : : : ; jng. Clearly, L0;I 2 Vn if
and only if L0;I D 0 after we have “quotiented” the space of linear forms in the variables xj
with the relations L0;I1 D � � � D L0;In D 0, if and only if Ln;I D 0.

R. – We will show later on that the variables s1; : : : ; s2k can be permuted in a way
that allows us to assume that jn D 2k � nC 1 for all n.

D 8.1. – Let N be a level. The triplet .I ;h; d / is called a type of level N if:

(a) I D .I1; : : : ; IN / is an N -tuple of sets such that 2k � n C 1 2 In and eIn > 0 for all
n D 1; 2; : : : ; N .

(b) h D .hn;I /0�n�N;I2S �.2k/ is a tuple of non-negative integers such that:

(i) hn;I D 0 for 0 � n � N if eI D 0 (i.e., if A D 0 and #I D 1);

(ii) 0 D h0;I � h1;I � � � � � hN;I for I 2 S �.2k/;

(iii) If I 2 I n n I n�1 for some n 2 ŒN �, then hm;I D hn;I for all m � n.

The integers hn;I will describe the different terms coming up in poles of high order,
corresponding to taking many derivatives of different parts of the integrand. (The
hN;I -th derivative of �eI .1 C LN;I .s// will occur in the integrand of the term we are
considering.)

(c) d is a non-negative integer.

We will further say that the triplet .I ;h; d / is an admissible type of level N if

HN � N C d;

where

HN D HN .h; I N ; A/ WD
X

I2IN nf;g

.�1/#I �
X

I2S .2k/nIN

hN;I C .AC 1/
X

j2Œ2k�; fj g2IN

1:

R 8.1. – We must have thatHN � N if .I ;h; d / is an admissible type of level N .
We will see that the quantity HN is related to the total order of the poles we have picked up
from the first N contour shiftings. We further note that, in the notation of Section 7, it can
be written as

HN D A .VN / �
X

I2S .2k/nIN

hN;I C .AC 1/
X

j2Œ2k�; fj g2IN

1:
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The data in a type of level N will keep track of all the relevant information on terms we
encounter from poles having shifted N contours. Given a type, we can now define the key
objects we wish to consider:

D 8.2. – Let .I ;h; d / be a type of level N . A function J W R�2 ! C is called
a fundamental component of level N and of type .I ;h; d / if:

— the type .I ;h; d / is admissible, that is to say, we have HN � N C d ;

— when N D 2k, we have J.R/ D .logR/HN�N�d�2kA;

— when N < 2k, we have

J.R/ D
.logR/HN�N�d�2kA

.2i�/2k�N

Z
� � �

Z
Re.sj /D�j = logR
jIm.sj /j�T
1�j�2k�N

G.s/REN .s/

�

Y
I2S .2k/nIN

.�eI /
.hN;I / .1C LN;I .s//ds2k�N � � � ds1

where �j =�j�1 � �,

EN .s1; : : : ; s2k�N / WD LN;Œ2k�.s1; : : : ; s2k�N /;

and G is a function in the variables s1; : : : ; s2k�N that belongs to the class C2k�N .
Moreover, if we have additionally that d D 0, then G is given by

G.s/ D F.LN;f1g.s/; : : : ; LN;f2kg.s//:

We note that when d D 0, we have that G is non-vanishing in �2k�N by (8.8) and the
preceding discussion.

D 8.3. – A fundamental component of level N and type .I ;h; d / is called
irreducible if either N D 2k or EN D 0. Otherwise, it is called reducible.

With the above notation, the integral Ig;2k.R/ is a reducible fundamental component of
level 0 and of type .;;;; 0/.

If we say that J.R/ is a fundamental component of level N , we mean that there exists an
admissible type .I ;h; d / of level N such that J.R/ is a fundamental component of level N
and type .I ;h; d /.

We begin with a lemma that justifies the terms irreducible vs. reducible, showing how
reducible components are a linear combination of irreducible ones (up to a very small error
term). First, we need to introduce a last piece of notation. Notice that if EN ¤ 0, then we
may write uniquely

EN .x/ D 
1x1 C 
2x2 C � � � C 
jNC1xjNC1 ;

for some 
j 2 Q with 
jNC1 ¤ 0. If � is big enough, then the sign of Re.EN .s// throughout
the region of integration is constant and equal to the sign of 
jNC1 . The behavior of reducible
fundamental components differs according to this sign:
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L 8.4. – Assume the above setup. Let J.R/ be a reducible fundamental component
of level N < 2k and type .I ;h; d /, and let 
1; : : : ; 
jNC1 be as above. Assume that � is large
enough in terms of .I ;h; d /.

(a) If 
jNC1 > 0, then J.R/ is a linear combination of O.1/ fundamental components of
level N C 1 with coefficients of size O.1/, up to an error term of size � T �1Co.1/.
Each of these fundamental components has (admissible) type .I 0;h0; d 0/ that depends
only on N; I ;h; d .

(b) If 
jNC1 < 0, then J.R/� T �1Co.1/.

The implied constants depend at most on .I ;h; d /, A and the function G in the definition of J ,
and are independent of R.

We iterate the above lemma until all the fundamental components we are dealing with are
irreducible. For such components, we have the following asymptotic formula.

L 8.5. – Assume the above setup. If J.R/ is an irreducible fundamental component,
then there is some c 2 C such that

J.R/ D c.logR/ E k;A CO..logR/ E k;A�1/;

where we recall that E k;A D max.
�
2k
k

�
�2k.AC1/;�1/. The implied constant and the constant c

are independent of R.

Since Ig;2k.R/ is a reducible fundamental component of level 0, we apply Lemma 8.4
repeatedly to write it as a linear combination of O.1/ irreducible fundamental components,
and then estimate these components by Lemma 8.5. This establishes (8.4). We now prove the
above two key lemmas.

8.3. Proof of the auxiliary Lemmas 8.4 and 8.5

Proof of Lemma 8.4. – Note that if EN ¤ 0, then we must have that either N D 0, or
k � 2 or A � 1: when N D k D 1 and A D 0, the only I � f1; 2g with eI > 0 is I D f1; 2g.
But if xf1;2g D 0, we must have that E1 D 0, a contradiction.

(a) Here 
jNC1 > 0. For notational simplicity, we make the change of variables

s0j D sj .1 � j < jNC1/; s
0
j D sjC1 .jNC1 � j < 2k �N/; s

0
2k�N D sjNC1 ;

which corresponds to a cyclic permutation of the variables sjNC1 ; : : : ; s2k�N . We similarly
define the linear forms x0j , using the corresponding permutation of the forms xj , as well as
the parameters �0j . We shift the s0

2k�N
contour to the line Re.s0

2k�N
/ D �1=.logT /3=2. The

contribution of the horizontal integrals is� .logR/O.1/=T . Moreover, when Re.s0
2k�N

/ D

�1=.logT /3=2 and Re.s0j / D O.1= logR/ for j < 2k �N , we have that

Re.EN .s0// D �

jNC1

.logT /3=2
CO

�
1

logR

�
:

It thus follows that the contribution of the integral with Re.s0
2k�N

/ D �1=.logT /3=2 is

� e�
p

logR, say, which is of negligible size. So we need only worry about the poles that the
contour shifting introduces.
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The poles occur when LN;INC1.s
0/ D 0 for some INC1 2 S .2k/ n I N with eINC1 > 0

such that the coefficient of s0
2k�N

in LN;INC1 is non-zero. As we discussed in Section 8.2,
imposing the relation LN;INC1.x

0/ D 0 allows us to write x0
2k�N

as a linear combination of
the forms x01; : : : ; x

0
2k�N�1

, say x0
2k�N

D C.x01; : : : ; x
0
2k�N�1

/. We then define the sets VNC1
and I NC1 as in (8.10), and similarly let ENC1 D LNC1;Œ2k�.

We need to understand the order of the pole at s0
2k�N

D C.s01; : : : ; s
0
2k�N�1

/. We only look
at generic points .s01; : : : ; s

0
2k�N�1

/: it could be the case that for some measure-zero subset of
points, we get a different pole order. For example, for fixed s1 2 C, the function s2 7! s1=s2
has generically a pole of order 1 at s2 D 0, unless s1 D 0, when there is no pole. This reduced
pole order however would not affect an integral over s1, because it only occurs for a measure-
zero set of s1 values.

With the above discussion in mind, we note that the generic order of the zero of the
analytic function Y

I2S .2k/nINC1

.�eI /.hN;I /.1C LN;I .s
0//

at s0
2k�N

D C.s01; : : : ; s
0
2k�N�1

/ is 0. Indeed, for this product to vanish we must have
that LNC1;I .s0/ D 0, which happens non-generically when I 2 S .2k/ n I NC1.

Next, let � be the generic order of the zero of the analytic function

G.s0/
Y

I2INC1nIN
eID�1; hN;I�2

�
1

�

�.hN;I /
.1C LN;I .s

0//
(8.11)

at s0
2k�N

D C.s01; : : : ; s
0
2k�N�1

/. If d D 0 and hN;I D 0 for all I 2 S �.2k/ \ .I NC1 n I N /,
then the function in (8.11) equals F.LN;f1g.s0/; : : : ; LN;f2kg.s0//, which does not vanish
in �2k , so that � D 0.

From the above discussion, we conclude that the generic order of the pole of the integrand
of J.R/ at s0

2k�N
D C.s01; : : : ; s

0
2k�N�1

/ is

m D
X

I2INC1nIN
#IDeven

.hN;I C 1/ �
X

I2INC1nIN
eID�1; hN;ID0

1C
X

1�j�2k
fj g2INC1nIN

.hN;fj g C A/ � �

D

X
I2INC1nIN

.hN;I C .�1/
#I /C .AC 1/

X
j2Œ2k�; fj g2INC1nIN

1

� � �
X

I2S�.2k/\.INC1nIN /
hN;I�2;#I�3

.hN;I � 1/:

(8.12)

Note that it could be the case thatm � 0, in which case there is no pole contribution to J.R/
from the pole with LN;INC1.s

0/ D 0.
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Assume, now, that m � 1. Then, m C HN � 1 C N C d by our assumption that
HN � N C d . Moreover,

mCHN D
X

I2INC1nf;g

.�1/#I �
X

I2S .2k/nINC1

hN;I C .AC 1/
X

j2Œ2k�; fj g2INC1

1

� � �
X

I2S�.2k/\.INC1nIN /
hN;I�1;#I�3

.hN;I � 1/:
(8.13)

In order to continue, we separate two subcases depending on whether N D 2k � 1 or
N � 2k � 2.

Case 1 of the proof of Lemma 8.4: N D 2k � 1. – In this case, we have that
s0j D L2k�1;fj g.s

0
1/ D aj s

0
1 for all j , where aj 2 Q. Thus, the only potential pole is at s01 D 0.

Ifm � 1, so that there is a genuine pole at s01 D 0, then we obtain an expression for J.R/ as a
finite linear combination of powers of logR (up to an error term of size O..logR/O.1/=T /),
the highest of which has exponent

H2k�1 Cm � 2k � 2kA � d D
X

I2S �.2k/

.�1/#I � � �
X

I2S�.2k/nI 2k�1
h2k�1;I�2;#I�3

.h2k�1;I � 1/ � d � �1;

since I 2k D S .2k/ in this case. We have thus written J.R/ as a linear combination of
irreducible fundamental components of level 2k and suitable type (taking h2k;I D h2k�1;I
and I2k D f1g), up to a small error term. This proves Lemma 8.4 in this case.

As an amusing remark, we note that the above exponent equals E k;A only when
A > 1

2k

�
2k
k

�
� 1, d D 0, � D 0, h2k�1;I 2 f0; 1g for I 2 S �.2k/ n I 2k�1, and

G.s/ D F.a1s; : : : ; a2ks/, in which case the residue is

G.0/ D AŠ2kF.0; : : : ; 0/ D AŠ2k :

Otherwise, these poles contribute towards the error term of Ig;2k.R/.

Case 2 of the proof of Lemma 8.4: N � 2k � 2. – Then the contribution of the pole
s0
2k�N

D C.s01; : : : ; s
0
2k�N�1

/ to J.R/ equals

.logR/HN�N�d�2kA

.2i�/2k�N�1mŠ

Z
� � �

Z
Re.s0

j
/D�0

j
= logR;

jIm.s0
j
/j�T

1�j�2k�N�1

dm�1

d.s0
2k�N

/m�1

ˇ̌̌̌
s0
2k�N

DC.s0
1
;:::;s0

2k�N�1
/

.Z.s0//ds02k�N�1 � � � ds
0
1;

where

Z.s0/ WD G.s0/REN .s
0/.s02k�N �C.s

0
1; : : : ; s

0
2k�N�1//

m
Y

I2S .2k/nIN

.�eI /
.hN;I / .1CLN;I .s

0//:
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Applying the generalized product rule and writing sj in place of s0j , we claim that the above
integral can be expressed as a finite sum of terms of the form

c �
.logR/HNCm�h�N�1�d�2kA

.2i�/2k�N�1

Z
� � �

Z
Re.s0

j
/D�0

j
= logR; jIm.s0

j
/j�T

1�j�2k�N�1

eG.s/RENC1.s/
�

Y
I2S .2k/nINC1

.�eI /
.hNC1;I / .1C LNC1;I .s//ds2k�N�1 � � � ds1;

where:

— c � 1;

— h 2 f0; : : : ; m � 1g;

— hNC1;I � hN;I with equality if I 2 I NC1 n f;g;

—
P
I2S .2k/nINC1

.hNC1;I � hN;I / � h;

— eG is in the class C2k�N�1.

The first four claims are easy to verify, but our claim about eG requires some justification.
To simplify the notation, we make the change of variables s0

2k�N
D � CC.s01; : : : ; s

0
2k�N�1

/.
Let ıN;I denote the coefficient of x0

2k�N
in the linear form LN;I . If I 2 I NC1, so

that LNC1;I D 0, we find that LN;I .s01; : : : ; s
0
2k�N

/ D ıN;I � . So, if I 2 I NC1 n I N ,
then ıN;I ¤ 0. Finally, we let G1.s01; : : : ; s

0
2k�N�1

; �/ be the function G.s01; : : : ; s
0
2k�N

/ after
our change of variables. If �1 denotes the generic order of the zero ofG1.s01; : : : ; s

0
2k�N�1

; �/

at � D 0, then the function eG will simply be a linear combination of the functions

@j

@�j

ˇ̌̌̌
�D0

.���1G1.s
0
1; : : : ; s

0
2k�N�1; �// D

j Š

.j C �1/Š
�
@jC�1G1

@�jC�1
.s01; : : : ; s

0
2k�N�1; 0/:

SinceG is in the class C2k�N , the above functions are in the class C2k�N�1, which proves our
claim about eG.

It is straightforward to verify thath0 and I 0 satisfy the required properties. Thus it remains
to show that there is a suitable d 0.

Now, relation (8.13) implies that the exponent of logR is HNC1 � .N C 1/ � d 0 � 2kA,
with

d 0 D d C � C
X

I2S�.2k/\.INC1nIN /
hN;I�2;#I�3

.hN;I � 1/C h �
X

I2S .2k/nINC1

.hNC1;I � hN;I / � 0:

Moreover, we have that

HNC1 � d
0
D HN � d Cm � h � N C 1 H) HNC1 � d

0
CN C 1;

as needed. Finally, if d 0 D 0, it is easy to check that G.s/ D F.LNC1;f1g.s/; : : : ; LNC1;f2kg.s//.

(b) Here 
jNC1 < 0. We then shift the contours of s2k�N ; s2k�N�1; : : : ; sjNC1 in this order
to the lines Re.sj / D �j =.logT /3=2, jNC1 � j � 2k�N . If � is large enough, then we do not
encounter any poles and the horizontal lines contribute� .logR/O.1/=T when we make this
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shift. Finally, when Re.sj / D �j =.logT /3=2 for jNC1 � j � 2k�N , and Re.sj / D �j = logR
for 1 � j < jNC1, then we have that

Re.E.s// D �
j
jNC1 j�jNC1.1CO.1=�//

.logT /3=2
;

so that our integrand is� e�
p

logR if � is large enough. We thus find that in this case

J.R/� T �1Co.1/;

as needed.

R 8.2. – Case 1 is feasible for some choice of I1; : : : ; I2k�1. Indeed, if k D 1 and
A � 1, so thatN D 1, then we note that at least one of the zeta factors must have survived in
the numerator after shifting the s2 contour, and there are none in the denominator, so there
is a pole at s01 D 0. On the other hand, if k � 2, then if I1 D f2k�1; 2kg, I2 D f2k�1; 2k�2g
and I3 D f2k � 2; 2kg, then a2k D a2k�1 D a2k�2 D 0, and a1 ¤ 0. Taking h2k�1;I D 0 for
all I , we see that

m D
X

I2S .2k/nI 2k�1

.�1/#I C .AC 1/
X

j2Œ2k�; aj¤0

1 D .AC 1/
X

j2Œ2k�; aj¤0

1 � 1;

where we used Proposition 7.1(a). Thus we see indeed that there is a genuine pole at s01 D 0.

It remains to prove the second intermediate step in the proof of (8.4).

Proof of Lemma 8.5. – We separate into three cases depending on whether N D 2k,
N D 2k � 1 or N � 2k � 2.

Case 1 of the proof of Lemma 8.5: N D 2k. – Here there is no integral and we have
that J.R/ D c.logR/H2k�2k.AC1/�d .

Since I 2k D fI � Œ2k�g, we find that H2k D �1C 2k.AC 1/, whence J.R/ D .logR/�d�1.
If d D 0 and E k;A D �1, the lemma follows with c D 1; otherwise, we take c D 0.

Case 2 of the proof of Lemma 8.5: N D 2k � 1. – In this case J.R/ is given by a
one-dimensional integral over s1. Moreover, there exist coefficients aj 2 Q such that
xj D L2k�1;fj g.x1/ D ajx1 for all j . Therefore the only possible pole of the integrand
in J.R/ is when s1 D 0. If there is such a pole, then it means that f1g … I 2k�1. In this
case, the order of this potential pole, say m, would be given by (8.12) with N D 2k � 1,
I 2k D S .2k/ and � defined analogously, so that (8.13) implies that

mCH2k�1 � .2k � 1/ � 2kA D 1C
X

I2S �.2k/

.�1/#I �
X

I2S�.2k/nI 2k�1
#I�3; h2k�1;I�2

.h2k�1;I � 1/ � �

� 0;

(8.14)

First, let us assume that m � 1 (i.e., there is a genuine pole at s1 D 0). We find that
H2k�1 C 1 � 2k.AC 1/ � �1. We then move the line of integration of s1 D �1 C i t1
to the contour �1 D 1=.log.2C jt1j//3=2, jt1j � T . No poles are encountered and the hori-
zontal integrals contribute� .logR/O.1/=T . Moreover, the integral converges fast enough
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now (even when A D 0) that we may remove the condition jt1j � T at the cost of an error
term of size� .logR/O.1/=T . We thus conclude that

J.R/ D c � .logR/H2k�1�2k.AC1/C1�d CO.T �1Co.1//;

where

c D

Z
�1D1=.log.2Cjt1j//3=2

G.s1/
Y

I2S .2k/nI sk�1

.�eI /
.h2k�1;I / .1C aI s1/ds1

is some constant. This contributes towards the error term ifm � 2, d � 1 orA � 1
2k

�
2k
k

�
�1,

and towards the main term if m D 1, d D 0, A > 1
2k

�
2k
k

�
� 1 and h2k�1;I 2 f0; 1g for

each I 2 S �.2k/, in which case H2k�1 � 2k.AC 1/C 1 D �1 by (8.14).

Alternatively, assume that m � 0, so that there is no pole at s1 D 0. We move s1 to the
line Re.s1/ D 0. The horizontal lines contribute� .logR/O.1/=T . Furthermore, we note
that we may extend the range of integration to all s1 2 C with Re.s1/ D 0 at the cost of an
error term of size� .logR/O.1/=T . Consequently,

J.R/ D c � .logR/H2k�1C1�2k.AC1/�d CO..logR/O.1/=T /;

where

c D
1

2�

Z 1
�1

G.it/
Y

I2S .2k/nI 2k�1

.�eI /
.h2k�1;I / .1C iaI t /dt

with aI WD
P
j2I aj . The power of logR is

H2k�1 C 1 � 2k.AC 1/ � d D 1C
X

I2S 2k�1nf0g

.�1/#I �
X

I2S .2k/nI 2k�1

h2k�1;I

� .AC 1/ � #f1 � j � 2k W aj ¤ 0g � d

D 1CA .V2k�1/ �
X

I2S .2k/nI 2k�1

h2k�1;I

� .AC 1/ � #f1 � j � 2k W aj ¤ 0g � d

in the notation of Proposition 7.1. Clearly, this is maximized when h2k�1;I D 0 for all
I 2 S .2k/ n I 2k�1 and d D 0, in which case

G.s/ D F.a1s; : : : ; a2ks/ D
P.a1s; : : : ; a2ks/Q2k

jD1.aj s�.1C aj s//
AC1
CO

 
.log.2C jsj//O.1/

.1C jsj/.2k�1/.AC1/

!
(8.15)

when Re.s/ D 0, by (6.6).

Now, if aj D 0 for some j 2 Œ2k�, then A .V2k�1/ D �1, by Proposition 7.1(a). Note that
there is at least one j such that aj ¤ 0; otherwise, the dimension of V2k�1 would be 2k, as it
would contain the independent forms s1; : : : ; s2k , which is a contradiction. We conclude that
the power of logR is � �.AC 1/ � #f1 � j � 2k W aj ¤ 0g � �A � 1. Consequently,

J.R/� .logR/�A�1

in this case, which contributes towards the error term (i.e., c D 0 in this case).
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Finally, assume that aj ¤ 0 for all j 2 Œ2k�. Since dim.V2k�1/ D 2k�1, Proposition 7.1(b)
implies that the power of logR is

H2k�1 C 1 � 2k.AC 1/ � d � A .V2k�1/ � dim.V2k�1/ � 2kA �

 
2k

k

!
� 2kA;

with the second inequality being an equality when half of the aj ’s equal C1 and the other
half �1.

Even though this is not needed for the proof, we remark that when aj ¤ 0 for all j , we
can give an asymptotic formula for J.R/. For simplicity, let us assume that aj D 1 for j � k
and aj D �1 for j > k. Then aI D #.I \ Œ1; k�/ � #.I \ .k; 2k�/, which has the same
parity as #I . In particular, I �.2k/ \ I 2k�1 D ;, so that h2k�1;I D 0 for all I 2 S �.2k/.
Moreover, given ` 2 Z, we have that aI D ` for exactly

�
2k
kCj`j

�
sets I � Œ2k�. Therefore

J.R/ D
.logR/.

2k
k /�2kA

2�

Z 1
�1

P.it;�i t; : : : ; i t;�i t/

t2k.AC1/
�

Q
` even;�2 j�.1C i`t/j

2. 2kkC`/Q
` odd;�1 j�.1C i`t/j

2. 2kkC`/
dt

CO.T �1Co.1//:

This completes the study of Case 2.

Case 3 of the proof of Lemma 8.5:N � 2k�2. – We shift the contours of s2k�N ; s2k�N�1; : : :,
s1 in this order to the lines Re.sj / D �j =.logT /3=2, 1 � j � 2k �N . If � is large enough in
terms of k (but independently of R), then the functions Re.LN;I .s// with I 2 S .2k/ n I N

have constant sign in the entire domain where the contour shifting is performed, so that no
poles are encountered. The horizontal lines contribute� .logR/O.1/=T . Finally, we note
that the integrand on the new lines of integration is

� .log logR/O.1/=Œ.1C js1j/ � � � .1C js2k�N j/�;

by (8.8) and our assumption that G is in the class C2k�N . We thus find that

J.R/� .logR/HN�N�2kA�d .log logR/O.1/

in this case. We need to understand the power of logR. Firstly, note that

HN �N � 2kA � d � 2k �N C
X

I2IN nf;g

.�1/#I � .AC 1/ � #f1 � j � 2k W fj g … I N g:

To continue, we separate two cases.
If there is fj g 2 I N , then

P
I2IN nf;g

.�1/#I D �1 by Proposition 7.1(a). Since
dim.VN / D N by construction, there are � N integers j with fj g 2 I N . The power
of logR is thus

� 2k �N � 1 � .AC 1/.2k �N/ D �1 � A.2k �N/ � �1 � 2 � 1A�1;

and we can see that J.R/ satisfies the conclusion of the lemma with no main term (i.e., c D 0).
So assume that there is no fj g 2 I N . Then we find that

HN �N � 2kA � 2k �N C
X

I2IN nf0g

.�1/#I � 2k.AC 1/ �

 
2k

k

!
� 2k.AC 1/ � 2;

by Proposition 7.1(c), which again means that the lemma holds with c D 0.
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8.4. Dyadic intervals

We conclude this section with a brief explanation of the proof of (8.2). We have that

M ff0;2k.R/ D M eh;2k.R/CO
�

1

logR

�
;

where eh.x/ D h.x/ � h.x C log2
logR /, by the argument leading to (6.4). We then note that

c.eh/R.s/ D bhR.s/.1 � 2�s/;
so that Perron’s inversion formula and relation (6.2) imply that

M ff0;2k.R/ D 1

.2i�/2k

Z
� � �

Z
Re.sj /D�j = logR

1�j�2k

D.s/

0@ 2kY
jD1

bhR.sj /.1 � 2�sj /
1A ds2k � � � ds1 CO � 1

logR

�
;

where � and T are as before. We thus find that

M ff0;2k.R/ D 1

.2i�/2k

Z
� � �

Z
Re.sj /D�j = logR

1�j�2k

eF .s/Rs1C���Cs2k Y
I2S �.2k/

�.1C sI /
.�1/#I ds1 � � � ds2k

CO

�
1

logR

�
;

(8.16)

where

eF .s/ WD P.s/ 2kY
jD1

bhR.sj /.1 � 2�sj /
Rsj

and P is defined as above. The function eF is in the class C2k , since the factor 1 � 2�sj

annihilates the pole of bhR.sj / at sj D 0. We thus see that the above integral has the same
shape as the integral Ig;2k.R/ with A D 0, with the difference that eI D �1 when #I D 1.
We thus follow the argument leading to (8.1) when A D 0 with the obvious modifications.
The only difference is that in the analogue of (8.12) we have instead

m D �� C
X

I2INC1nIN
#IDeven

.hN;I C 1/ �
X

I2INC1nIN
#IDodd; hN;ID0

1

D �� C
X

I2INC1nIN

.hN;I C .�1/
#I / �

X
I2S�.2k/\.INC1nIN /

hN;I�2;#I�3

.hN;I � 1/;

with � defined as in the proof of Lemma 8.4. We thus find thatm has the same expression as
when A D �1, and relation (8.2) follows by the proof of (8.4) when A D �1. An important
remark is that when A D �1 there is a power of .logR/�2k in the denominator of the
integrand of Ig;2k.R/ that is not present in the denominator of the right hand side of (8.16).
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9. Lower bounds

In this section we complete our proof of Theorem 1.3 by showing that, for fixed k 2 Z�1,
A 2 Z�0 and � > 0, there are positive constants c0

k;A
> 0 and c00

k
> 0 such that

MfA;2k.R/ � c
0
k;A.logR/ E k;A�� CO�..logR/ E k;A�1/;(9.1)

and

M ef0;2k.R/ � c00k.logR/Dk;0�� CO�..logR/Dk;0�1/;(9.2)

where ef0.x/ D f0.x/ � f0.x C
log2
logR /, as before. Evidently, this completes the proof of

Theorem 1.3, since if the constants in the leading terms in (8.1) or (8.2) were 0, we would
obtain a contradiction to the above lower bounds by letting R!1.

As in the previous section, there is some smooth function h such that h.x/ D 1 for
x � 1 � 1=.logR/C and h.x/ D 0 for x � 1, with C D .2k � 1/22kC1 C 2k C 2, so that

Mf0;2k.R/ D M h;2k.R/CO

�
1

logR

�
and M ff0;2k.R/ D M eh;2k.R/CO

�
1

logR

�
;

where eh.x/ D h.x/ � h.x C log2
logR /. So, it suffices to prove that

M g;2k.R/ � c
0
k;A.logR/ E k;A�� CO..logR/ E k;A�1/;(9.3)

where g 2 fh;ehg when A D 0, and g D fA when A � 1.
Positivity is a key to this proof: we will consider the sum restricted to those integers with

a convenient prime factorization, which clearly provides a lower bound. The fact that these
integers have a convenient prime factorization means the corresponding sum is technically
easier to analyze.

9.1. First manipulations

To ease notation, let

…R WD

Y
p�R

�
1 �

1

p

�
:

We start by observing that

M g;2k.R/ D …R

X
PC.n/�R

1

n

0@X
d jn

�.d/g

�
log d
logR

�1A2k ;
since supp.g/ � .�1; 1�. So (9.1) follows immediately when A > �1C 1

2k

�
2k
k

�
by noticing

that E k;A D �1 in this case and that we always have that M g;2k.R/ � …R � 1= logR.

For the rest of the proof, we assume that A � �1C 1
2k

�
2k
k

�
, so that

E k;A D

 
2k

k

!
� 2k.AC 1/ � 0:

Let q1 < q2 < � � � be the sequence of all prime numbers and set

Q D

AC1Y
jD1

qj :
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If A � 1, or if A D 0 and g D h, then we restrict our attention to integers of the form Qn

with P�.n/ > Q, so that

M g;2k.R/ �
…R

Q

X
pjn)qAC1<p�R

1

n

0@ X
J�ŒAC1�

.�1/#J
X
d jn

�.d/g

�
log.qJd/

logR

�1A2k ;
where qJ WD

Q
j2J qj . We define

w.x/ WD
X

J�ŒAC1�

.�1/#Jg

�
x C

log qJ
logR

�
;(9.4)

so that

M g;2k.R/ �
…R

Q

X
pjn)qAC1<p�R

1

n

0@X
d jn

�.d/w

�
log d
logR

�1A2k :(9.5)

We further note that w D eh when A D 0, so that the right hand side of (9.5) is a trivial lower
bound for M eh;2k.R/. Therefore, relation (9.3) will follow in all cases if we can show that

W WD …R

X
pjn) qAC1<p�R

1

n

0@X
d jn

�.d/w

�
log d
logR

�1A2k
� c00k;A.logR/ E k;A�� CO�..logR/ E k;A�1/

(9.6)

for some c00
k;A

> 0, where w is defined by (9.4) with g D h if A D 0 and g D fA if A � 1.

Next, observe that

bwR.s/ D .logR/
X

J�ŒAC1�

.�1/#J
Z 1
�1

g

�
uC

log qJ
logR

�
Rsudu D bgR.s/AC1Y

jD1

.1 � q�sj /:(9.7)

In particular, we see that bwR has an analytic continuation to C and it satisfies the bound

bwR.s/� RRe.s/

.jsj C 1/.logR/A
.Re.s/ � �1/;(9.8)

which follows by the definition of fA when A � 1 and by (6.5) otherwise. Finally, we note
that we also have the bound

bwR.s/� RRe.s/.logR/O.1/

1C jsj2
.Re.s/ � 1= logR/;(9.9)

which follows from (6.2) when A D 0. (This bound can be shown to hold in a larger range,
but the above range is good enough for our purposes.)

Before we apply Perron’s inversion formula to write the right hand side of (9.5) in terms
of bwR, we use positivity again to focus on integers n of a certain convenient form. We set

y D expf.logR/1��
0

g and Y D expf.logR/1��
0=2
g;

where �0 > 0 will be taken to be small enough in terms of �, and write

N D fn 2 Z�1 W pjn ) qAC1 < p � yg:
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We then focus on integers of the form n D mp1 � � �pk , where m 2 N with m � Y , and
p1; : : : ; pk are distinct primes from the interval .R1=2; R�. For such an integer n, if d jn, then
either d D d 0 or d D d 0p`, for some d 0jm and some ` 2 f1; : : : ; kg. So, we conclude that

W �
…R

kŠ

X
m2N
m�Y

X
p
R<p1;:::;pk�R
distinct primes

1

mp1 � � �pk

�

0@ kX
`D1

X
d jm

�.d/w

�
log.p`d/

logR

�
�

X
d jm

�.d/w

�
log d
logR

�1A2k :
Note that the condition that m � Y D Ro.1/ certainly implies that d < R=.2qAC1/ for all
divisors d of m (since qAC1 �A 1), so thatX

d jm

�.d/w

�
log d
logR

�
D

X
J�ŒAC1�

.�1/#J
X
d jm

�.d/

�
1 �

log.qJd/
logR

�A
D

X
d jQm

�.d/

�
1 �

log d
logR

�A
D 0

by observing that �.AC1/.1� x/A D 0 by (1.7), and by applying (1.6) with r D AC 1, since
!.Qm/ � !.Q/ � AC 1 here. We thus conclude that

W �
…R

kŠ

X
m2N
m�Y

X
p
R<p1;:::;pk�R
distinct primes

1

mp1 � � �pk

0@ kX
`D1

X
d jm

�.d/w

�
log.p`d/

logR

�1A2k

�
…R

kŠ.logR/k
X
m2N
m�Y

X
p
R<p1;:::;pk�R
distinct primes

Qk
jD1 logpj
mp1 � � �pk

0@ kX
`D1

X
d jm

�.d/w

�
log.p`d/

logR

�1A2k :
We note that X

n2N ; n>Y

�r .n/

n
� Y �1= logy

X
n2N

�r .n/

n1�1= logy
�

1

.logR/B
;

for any fixed B � 1 and r 2 Z�1. Therefore, we may drop the conditions that m � Y and
that the p`’s are distinct at the cost of an admissible error term, finding that

W �
…R

kŠ.logR/k
X
m2N

X
p
R<p1;:::;pk�R

Qk
jD1 logpj
mp1 � � �pk

0@ kX
`D1

X
d jm

�.d/w

�
log.p`d/

logR

�1A2k

CO

�
1

.logR/100

�
:

Next, we expand the 2k-th power as follows:0@ kX
`D1

X
d jm

�.d/w

�
log.p`d/

logR

�1A2k D X
J1[���[JkDŒ2k�
Ji\JjD; for i¤j

kY
`D1

Y
j2J`

X
dj jm

�.dj /w

�
log.p`dj /

logR

�
;
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with the convention that if J` D ;, then the corresponding factor equals 1. Clearly, if Ji`
is even for all `, then the corresponding summand yields a non-negative contribution to the
above sum. We write J for the set of k-tuples J such that .J1; : : : ; Jk/ is a partition of Œ2k�
and either #J` D 2 for all `, or there is some ` such that #J` is an odd number. Then0@ kX

`D1

X
d jm

�.d/w

�
log.p`d/

logR

�1A2k � X
J2J

kY
`D1

Y
j2J`

X
dj jm

�.dj /w

�
log.p`dj /

logR

�
:

Moreover, if D 2 N , thenX
m2N
Djm

1

m
D

1

D

Y
qAC1<p�y

�
1 �

1

p

��1
D
c1
Q
p�y.1 � 1=p/

�1

D

with c1 D
Q
p�qAC1

.1 � 1=p/ � 1. So, we conclude that

W �
c1
Q
y<p�R.1 � 1=p/

kŠ.logR/k
X
J2J

X
d1;:::;d2k2N

�.d1/ � � ��.d2k/

Œd1; : : : ; d2k �

�

kY
`D1

X
p
R<p`�R

logp`
p`

Y
j2J`

w

�
log.p`dj /

logR

�
�O

�
1

.logR/100

�
:

(9.10)

For the convenience of notation, set

W.J / D
1

.logR/k
X

d1;:::;d2k2N

�.d1/ � � ��.d2k/

Œd1; : : : ; d2k �

kY
`D1

X
p
R<p`�R

logp`
p`

Y
j2J`

w

�
log.p`dj /

logR

�
;

so that

W �
c1
Q
y<p�R.1 � 1=p/

kŠ

X
J2J

W.J / �O

�
1

.logR/100

�
:

We will show that the dominant contribution comes from the terms J with #J` D 2 for all `.

9.2. Mellin transformation

Fix a choice of sets J D .J1; : : : ; Jk/ 2 J and let

L D f1 � ` � k W J` ¤ ;g:

For ` … L , the sum over p` isX
p
R<p`�R

logp`
p`

D
logR
2
CO

�
e�c
p

logR
�
:

So

W.J / D
2# L�k

.logR/# L

X
d1;:::;d2k2N

�.d1/ � � ��.d2k/

Œd1; : : : ; d2k �

Y
`2 L

X
p`>
p
R

logp`
p`

Y
j2J`

w

�
log.p`dj /

logR

�
CO

�
1

.logR/100

�
;

where the condition that p` � R was dropped because it is implied by the fact that
supp.w/ � .�1; 1�.
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Next, we use Perron’s formula 2k times to write each appearance ofw as an integral of bwR.
We thus find that

W.J / D
2# L�k.logR/�# L

.2�i/2k

Z
� � �

Z
Re.sj /D1= logR

1�j�2k

X
d1;:::;d2k2N

Q2k
jD1 �.dj /d

�sj
j

Œd1; : : : ; d2k �

0@Y
`2 L

X
p`>
p
R

logp`

p
1CsJ`
`

1A

�

0@ 2kY
jD1

bwR.sj /
1A ds1 � � � ds2k CO

�
1

logR

�
;(9.11)

with the notational convention that sJ WD
P
j2J sj . By possibly re-indexing the variables

s1; : : : ; s2k , we may assume that L D f1; : : : ; Lg, where L D # L , and that maxJ` D
2k � L C ` for all ` 2 f1; : : : ; Lg. We want to move the variables s2k�LC1; : : : ; s2k to the
left. First, we need some bounds on the sum over p`. We note thatX

p>
p
R

logp
p1Cs

D �
�0

�
.1C s/CO.1/ �

X
p�R1=2

logp
p1Cs

for Re.s/ � �1=3. Using standard bounds on the Riemann zeta function (see, for example,
Titchmarsch [23, Theorem 3.11]), we find thatX

p>
p
R

logp
p1Cs

�
1

jsj
C log.2C jt j/CRmaxf0;��g=2

X
p�
p
R

logp
p

� Rmaxf0;��g=2 log.RC jt j/;

where s D � C i t , as usual. Moreover, note that if �j � �1= logy for all j 2 f1; : : : ; 2kg,
then ˇ̌̌̌

ˇ̌ X
d1;:::;d2k2N

Q2k
jD1 �.dj /d

�sj
j

Œd1; : : : ; d2k �

ˇ̌̌̌
ˇ̌ � X

d1;:::;d2k2N

Q2k
jD1 �

2.dj /d
1= logy
j

Œd1; : : : ; d2k �

�

Y
p�y

 
1C

p1= logy.4k � 1/

p

!
� .logy/4

k�1;

using the estimate p1= logy D 1CO.logp= logy/ for p � y.

We are now ready to move the variables s2k�LC1; : : : ; s2k in (9.11) to the left. First, we
move the variable s2k to the line Re.s2k/ D �1= logy. (Here we can use (9.9) to justify the
convergence required for this maneuver.) We pick up a simple pole from the sum over p2k
when sJL D 0. The integrand when Re.s2k/ D �1= logy is

� .logy/4
k�1.logR/L�1 log.RC jt j/R1=.2 logy/

2kY
jD1

ˇ̌bwR.sj /ˇ̌
�

.logR/O.1/ log.2C jt j/R�1=.2 logy/

.js1j2 C 1/ � � � .js2kj2 C 1/
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by (9.9). So we find that

W.J / D
2L�k.logR/�L

.2�i/2k�1

Z
� � �

Z
Re.sj /D1= logR
1�j�2k�1
sJLD0

X
d1;:::;d2k2N

Q2k
jD1 �.dj /d

�sj
j

Œd1; : : : ; d2k �

0@L�1Y
`D1

X
p`>R

1=2

logp`

p
1CsJ`
`

1A

�

0@ 2kY
jD1

bwR.sj /
1A ds1 � � � ds2k�1 CO

�
1

.logR/100

�
:

Now the product
QL�1
`D1

P
p`>R

1=2.logp`/p
�1�sJ`
`

doesn’t depend on the variables sj 2 JL n f2kg,
and so we encounter no poles if we move all of these variables to the lines Re.sj / D 0. Having
done this, by (9.8) the growth of bwR.sj / only depends weakly on R.

Then we repeat the same argument by moving s2k�1 to the left, then s2k�2, and so on and
so forth, until all the sums over primes have been removed and replaced by contributions
coming from poles. Writing sj D i tj , we conclude that

W.J / D
2L�k.logR/�L

.2�/2k�L

Z
� � �

Z
t1;:::;t2k2R

tJ`D0 .1�`�L/

X
d1;:::;d2k2N

Q2k
jD1 �.dj /d

�itj
j

Œd1; : : : ; d2k �

0@ 2kY
jD1

bwR.i tj /
1A dt1 � � � dt2k�L

CO

�
1

.logR/100

�
:

(9.12)

We note that, for any t1; : : : ; t2k , we haveX
d1;:::;d2k2N

Q2k
jD1 �.dj /d

�itj
j

Œd1; : : : ; d2k �
D

Y
qAC1<p�y

�
1C

�p.t/

p

�
;

where

�p.t/ WD
X

I2S �.2k/

.�1/#Ip�itI D �1C

2kY
jD1

.1 � p�itj /:(9.13)

9.3. An auxiliary result

Before we continue with the estimation of W.J /, we establish a preliminary (and fairly
standard) result.

L 9.1. – For z � y � 3 and t 2 R, we have that

X
y<p�z

1

p1Cit
D

8̂̂̂̂
<̂
ˆ̂̂:

log
�

log z
logy

�
CO.1/ if jt j � 1= log z;

log
�

1

jt j logy

�
CO.1/ if 1= log z < jt j � 1= logy;

O.1/ if y � jt j � 1= logy:
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Finally, if jt j � y, thenˇ̌̌̌
ˇ X
y<p�z

1

p1Cit

ˇ̌̌̌
ˇ � log

�
log.minfjt j; zg/

logy

�
CO.1/:

Proof. – If jt j � 1= log z, then we note that p�it D 1CO.logp= log z/ for p � z, so thatX
y<p�z

1

p1Cit
D

X
y<p�z

1

p
CO.1/ D log

�
log z
logy

�
CO.1/;

as claimed. For jt j � 1= logy and y � jt j, then we note thatX
y<p�z

1

p1Cit
� 1

by relation (4.4) in [14]. Next, if 1= log z � jt j � 1= logy, then we apply the results we just
proved to deduce thatX

y<p�e1=jtj

1

p1Cit
D log

 
log e1=jt j

logy

!
CO.1/ D log

�
1

jt j logy

�
CO.1/

and that X
e1=jtj<p�z

1

p1Cit
� 1:

Finally, if jt j � y, then we note that X
jt j<p�z

1

p1Cit
� 1;

so thatˇ̌̌̌
ˇ X
y<p�z

1

p1Cit

ˇ̌̌̌
ˇ D

ˇ̌̌̌
ˇ̌ X
y<p�minfjt j;zg

1

p1Cit

ˇ̌̌̌
ˇ̌CO.1/ � X

y<p�minfjt j;zg

1

p
CO.1/

� log
�

log.minfjt j; zg/
logy

�
CO.1/:

9.4. Lower bound for the main term

We now return to the study of the quantity W.J /, defined by (9.12). First, we show that
the term when #J` D 2 for all ` contributes what we claim to be our main term. In this
case L D # L D k and, by possibly permuting the tj ’s, we may assume that J` D f`; k C `g
for all ` 2 f1; : : : ; kg. Thus for these terms we have tkC` D �t`. We want to show that the
integrand in (9.12) is non-negative for all choices of t1; : : : ; tk . We have that
2kY
jD1

bwR.i tj / D kY
jD1

bwR.i tj /bwR.�i tj / D kY
jD1

ˇ̌bwR.i tj /ˇ̌2 D kY
jD1

ˇ̌̌
tAC1j bgR.i tj /ˇ̌̌2 AC1Y

aD1

j1 � q
�itj
a j2

t2j
;

which is clearly non-negative for all t1; : : : ; tk . Moreover, if tj � 1 for all j , then relations
(9.7) and (6.6) imply that

2kY
jD1

bwR.i tj / � c2

.logR/2kA
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for some c2 > 0. Furthermore, the Definition (9.13) implies that in this case we have

�p.t/ D �1C

kY
jD1

j1 � p�itj j2 � �1;

so X
d1;:::;d2k2N

Q2k
jD1 �.dj /d

�itj
j

Œd1; : : : ; d2k �
D

Y
qAC1<p�y

�
1C

�p.t/

p

�
� 0

for such t.

Since the integrand in (9.12) is non-negative, we may obtain a lower bound by restricting
the range of integration to any region we wish. We restrict to t1 2 Œ1; 2� and tj 2 Œt1; t1 C 1= logy�
for 2 � j � k. The volume of this region is� 1=.logy/k�1. Moreover, in this region we find
that

�p.t/ D �1C j1 � p
it1 j

2k
CO

�
logp
logy

�
:

ThereforeX
d1;:::;d2k2N

Q2k
jD1 �.dj /d

�itj
j

Œd1; : : : ; d2k �
D exp

(X
p�y

�1C j1 � pit1 j2k

p
CO

� 1
p2

�
CO

� logp
p logy

�)

�
1

logy
exp

(X
p�y

j1 � pit1 j2k

p

)
:

By binomial expansion

j1 � pit1 j2k D
X

jCj 0D2k

 
2k

k

!
.�1/j

0

pi.j�j
0/t1 :

The terms with j D j 0 contribute a factor

exp
�X
p�y

 
2k

k

!
1

p

�
� .logy/.

2k
k /:

By the final part of Lemma 9.1, since t1 2 Œ1; 2� the terms with j ¤ j 0 contribute a factor

exp
�
O
�

sup
jj j�2k

ˇ̌̌X
p�y

pijt1

p

ˇ̌̌��
� 1:

Thus we obtain a lower bound of � .logy/.
2k
k /�1 for our sum over d1; : : : d2k . Since the

region of integration has volume� .logy/�.k�1/, this gives

W.J /�
.logy/.

2k
k /�k

.logR/kC2kA

in this case. So we find that the total contribution to the right hand side of (9.10) from
such J is � c2.logy/.

2k
k /�kC1=.logR/.2AC1/k for some c2 > 0, which is greater than the

claimed main term in (9.6) if �0 is small enough in terms of � and k.
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9.5. Upper bound for the error term

It remains to show that the contribution of the J ’s for which at least one of the #Ja’s is
odd, is smaller than what we have above. Before we get started, we note that

�p.t/ D �1C

2kY
jD1

.1 � p�itj / D �1C

2kY
jD1

.pitj =2 � p�itj =2/ D �1C .�4/k
2kY
jD1

sin
�
tj logp
2

�
whenever t1 C � � � C t2k D 0, which is the case here. In particular, �4k � �p.t/ C 1 � 4k ,
whenceˇ̌̌̌
ˇ̌ X
d1;:::;d2k2N

Q2k
jD1 �.dj /d

�itj
j

Œd1; : : : ; d2k �

ˇ̌̌̌
ˇ̌ D

ˇ̌̌̌
ˇ̌ Y
qAC1<p�y

�
1C

�p.t/

p

�ˇ̌̌̌ˇ̌� Y
4k<p�y

�
1C

�p.t/

p

�
:

Next, we split the region of integration in (9.12) into various subsets. First, we note that,
by a dyadic decomposition argument and (9.9), we have that

W.J /�
.logT /2k

.logR/LC2kA
max

1�T1;:::;T2k�T

ƒ.T /

T1 � � �T2k�L
C
.logR/O.1/

T
;

where

ƒ.T / WD

Z
� � �

Z
Tj�jtj jC1�2Tj
1�j�2k�L
tJ`D0 .`2 L/

Y
4k<p�y

�
1C

�p.t/

p

�
dt1 � � � dt2k�L:

We take
T D expf.log logR/2g

and fix a choice of T1; : : : ; T2k�L as above. We will further break the region of integration
according to which sums tJ D

P
j2J tj are small. Indeed, by Lemma 9.1 the productQ

qAC1<p�y
.1C�p.t/=p/ can become large only if there are such configurations. Note that if

tJ1 and tJ2 are both small, so is any linear combination of tJ1 and tJ2 . Thus, we are naturally
led to the following definition: given free variables x1; : : : ; x2k and J � Œ2k�, we define the
linear form

LJ .x1; : : : ; x2k/ WD
X
j2J

xj ;

(thinking of the linear form as acting on the space Q2k) and, given I � S .2k/, we set

VB.I / WD

8<:X
I2I

aI

qI
� LI W aI ; qI 2 Z \ Œ�B;B�

9=;
(thought of as a subspace in the dual of Q2k). For the simplicity of notation, we also set

V.I / WD V1.I / D SpanQ.fLI W I 2 I g/:

Since there are only finitely many linear forms LI ; I � Œ2k�, there is some finite B0 D B0.k/
such that, for any I , if LJ 2 V.I /, then LJ 2 VB.I / for all B � B0. We assume
that B � B0 from now on (we will eventually choose B to be large enough in terms of k).

We set m D blog logyc and, to each t, we associate the sets

I j D I j .t/ WD fI � Œ2k� W e
m
jtI j C 1 � e

jC1
g .0 � j � m/:
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Note that if LI … VB.I m/, then jtI j > 1. Conversely, if LI 2 VB.J m/, then jtI j �
eB# J m � 1. Since tI � T for all I , Lemma 9.1 implies thatY
4k<p�y

�
1C

�p.t/

p

�
D exp

� X
I2S �.2k/

.�1/#I
X

4k<p�y

�
p�1�itI CO

� 1
p2

���
D exp

� X
I2S �.2k/
LI2VB .Jm/

.�1/#I min
n
log logy; log

� 1

jtI j

�o�
.log logR/O.1/

� .log logR/O.1/
Y

I2S �.2k/
LI2VB .Im/

min
�

logy;
1

jtI j

�.�1/#I
:

If LI 2 VB.I j / n VB.I j�1/, where I �1 D f;g so that VB.I �1/ D f0g, then I … I j�1,
which means that emjtI j C 1 > ej . On the other hand, since LI 2 VB.I j /, then we find
that emjtI j � B � # I j � e

j�m. We thus conclude that

min
�

logy;
1

jtI j

�
� em�j for LI 2 VB.I j / n VB.I j�1/; 0 � j � m:

Therefore Y
4k<p�y

�
1C

�p.t/

p

�
� .log logR/4

k
mY
jD0

e.m�j /Fj ;

where
Fj WD

X
I�Œ2k�

LI2VB .Ij /nVB .Ij�1/

.�1/#I :

(Here we use the fact that there are only finitely many indices j for which I j ¤ I j�1.)
Summing over the� .log logR/O.1/ choices for I 0; I 1; : : : ; I m, we conclude that

ƒ.T /� .log logR/O.1/ max
Im�����I 0�fJ1;:::;JLg

0@�.T ; I / �

mY
jD0

e.m�j /Fj

1A ;
where �.T ; I / denotes the .2k � L/-dimensional Lebesgue measure of .t1; : : : ; t2k�L/ 2 R
such that Tj � jtj j C 1 � 2Tj for j � 2k � L and

fI � Œ2k� W emjtI j C 1 < e
jC1
g D I j .0 � j � m/;

where the variables t2k�LC1; : : : ; t2k are defined via the equations tJ` D 0 for ` 2 f1; : : : ; 2kg.
(In particular, I 0 � fJ1; : : : ; JLg.)

Next, we use linear algebra to understand �.T ; I /. If

Dj D dimV.I j /;

then we may find sets I1; : : : ; IDm such that, for each j � m, fLI1 ; : : : ; LIDj g is a basis
of V.I j /. We may also assume that fJ` W 1 � ` � Lg is contained in fI1; : : : ; ID1g.

Eliminating variables from linear combinations of the asymptotic formulas

tI D O.e
j�m/ .I 2 fI1; : : : ; IDj g/

(for example, as in Gaussian elimination), yields Dj of the variables ti , say the variables
fti W i 2 Dj g (where # Dj D Dj ), in terms of linear combinations of the other variables, up
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to an error ofO.ej�m/. We can also arrange the sets D0; : : : ; DL to satisfy D0 � � � � � DL.
(Recall that I j ¤ I j�1 for only finitely many j ’s.) We may therefore prove that

�.T ; I/� .logy/L

0@ mY
jD0

e.Dj�Dj�1/.j�m/

1A Y
1�j�2k

j…D0[���[DL

Tj

!
;

where the extra factor .logy/L is included because we are not integrating over the variables
t2k�LC1; : : : ; t2k , which are fixed via the conditions tJ` D 0, 1 � ` � L. By the above
discussion, we find that

ƒ.T /� T1 � � �T2k�L.logy/L.log logR/O.1/ max
Im�����I 0�fJ1;:::;JLg

mY
jD0

e.m�j /.Fj�.Dj�Dj�1//:

We note that
mX
jD0

.m � j /.Fj � .Dj �Dj�1// D

m�1X
jD0

m�jX
iD1

.Fj � .Dj �Dj�1//

D

mX
iD1

m�iX
jD0

.Fj � .Dj �Dj�1//

D

mX
iD1

.A .V .I m�i // � dim.V .I m�i ///

in the notation of Section 7, provided that B is large enough. Since exp is a convex function,
we have that

e
Pm
jD0.m�j /.Fj�.Dj�Dj�1// �

1

m

m�1X
jD0

em.A .V.Ij //�dim.V.Ij // �
1

m

m�1X
jD0

.logy/A .V.Ij //�dim.V.Ij //:

We then conclude that

W.J /�
.log logR/O.1/.logy/L

.logR/LC2kA
max

I�fJ1;:::;JLg
.logy/A .V.I //�dim.V.I //:

The above discussion reduces (9.6) to proving that

A .V .I // � dim.V .I // �

 
2k

k

!
� 2k � 1(9.14)

whenever I contains the sets J1; : : : ; JL and at least one of the Ji ’s has an odd number of
elements. This follows directly by Proposition 7.1, thus completing the proof of (9.1) and,
hence, of Theorem 1.3.

10. On the anatomy of integers contributing to Mf;2k.R/

This section is devoted to establishing Theorems 1.6 and 1.4. Throughout this section,
given n 2 Z�1 and R � 1, we adopt the notations

�.nIR/ WD
X

p˛kn;p�R

˛ and �.nI r; R/ WD
X

p˛kn; r<p�R

˛:
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A key observation, that we will use several times, is that if .a; b/ D 1, then

MfA.abIR/ D
X
d ja

X
d 0jb

�.d/�.d 0/fA

�
log d
logR

C
log d 0

logR

�
D

X
d 0jb
d�R

�.d 0/

�
log.R=d 0/

logR

�AX
d ja

�.d/fA

�
log d

log.R=d 0/

�(10.1)

by the definition of fA.

10.1. An estimate for the logarithmic means

We start by proving a preliminary result, where the integer n is weighted by 1=n. The
transition to the uniform weights will be accomplished in the subsequent section.

T 10.1. – Let R � 2, k 2 Z�1 and A 2 Z�0.

(a) If A > 1
2k

�
2k
k

�
� 1 and � 2 Œlog 2= logR; 1�, then

Y
p�R

�
1 �

1

p

� X
PC.n/�R

�.nIR�/MfA.nIR/
2k

n
�k;A

�2k

logR
C .logR/.

2k
k /�2k.AC1/ log logR:

(b) If A � 1
2k

�
2k
k

�
� 1 and 1 � 1=

�
2k
k

�
� v � 2 � �, then

Y
p�R

�
1 �

1

p

� X
PC.n/�R

v�.n/MfA.nIR/
2k

n
��;k;A .logR/v.

2k
k /�2k.AC1/.log logR/Ok.1/:

Proof. – To ease notation, for this proof we let all implied constants depend on k;A and
� without explicitly stating this.

(a) First of all, we claim we may restrict our attention to small enough �. To see this, it
suffices to show that X

PC.n/�R

�.nIRı ; R/MfA.nIR/
2k

n
�ı 1;(10.2)

for any fixed ı > 0. Now, Hölder’s inequality applied to (10.1) yields

MfA.abIR/
2k
� �.b/2k�1

X
d 0jb
d 0�R

�2.d 0/

�
log.R=d 0/

logR

�2kA
MfA.aIR=d

0/2k :(10.3)
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Therefore, writing n D ab, where b D
Q
pvkn;Rı<p�R p

v, we find thatX
PC.n/�R

�.nIRı ; R/MfA.nIR/
2k

n

�

X
pjb)Rı<p�R

�.b/2k�1�.b/

b

X
d 0jb
d 0�R

�2.d 0/

�
log.R=d 0/

logR

�2kA X
PC.a/�R

MfA.aIR=d
0/2k

a

�

X
pjb)Rı<p�R

�.b/2k�1�.b/

b

X
d 0jb
d 0�R

�2.d 0/

�
log.R=d 0/

logR

�2kA logR
log.R=d 0/

�ı 1

by Theorem 1.3, since A > 1
2k

�
2k
k

�
� 1 and so E k;A D �1 and A � 1. This proves (10.2), so

for the rest of the proof, we may assume that � is sufficiently small.
Expanding �.n;R�/, we have that

S WD
Y
p�R

�
1 �

1

p

� X
PC.n/�R

�.nIR�/MfA.nIR/
2k

n

D

Y
p�R

�
1 �

1

p

� X
q�R�

j�1

j

qj

X
PC.m/�R

q-m

MfA.mq
j IR/2k

m

�

Y
p�R

�
1 �

1

p

� X
q�R�

q

.q � 1/2

X
PC.m/�R

�P
d jm �.d/

n
fA

�
logd
logR

�
� fA

�
log.qd/

logR

�o�2k
m

;

where we used (10.1) with a D qj and b D m. Expanding the 2k-th power, we find that

S �
X
q�R�

q

.q � 1/2

X
PC.dj /�R

1�j�2k

Q2k
jD1 �.dj /

n
fA

�
logdj
logR

�
� fA

�
log.qdj /

logR

�o
Œd1; : : : ; d2k �

:

Here A � 1, so that d.fA/.s/ D AŠRs=.sAC1.logR/A/ decays fast, and Perron inversion
implies that

S �
X
q�R�

q

.q � 1/2

Z
� � �

Z
Re.sj /D1= logR

1�j�2k

X
d1;:::;d2k�1

Q2k
jD1 �.dj /d

�sj
j

Œd1; : : : ; d2k �

2kY
jD1

AŠRsj .1 � q�sj /

.logR/AsAC1j

ds1 � � � ds2k :

(10.4)

The above integral is amenable to the methods of Section 8. Precisely, we note that the
integrand is of the form

AŠ2k
�

log q
logR

�2k
P.s/RsŒ2k�

.logR/2k.A�1/
Y

I2S �.2k/

�eI .1C sI /

2kY
jD1

.1 � q�sj /=.sj log q/
.sj �.1C sj //A

;

where P.s/ is as in Section 8, eI D C1 for I 2 SC.2k/, eI D �1 for I 2 S �.2k/ with
#I > 1, and eI D A� 1 � 0 for #I D 1. If q � Rı with ı small enough, then the argument
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leading to (8.1) yields thatZ
� � �

Z
Re.sj /D1= logR

1�j�2k

X
d1;:::;d2k�1

Q2k
jD1 �.dj /d

�sj
j

Œd1; : : : ; d2k �

2kY
jD1

AŠRsj .1 � q�sj /

.logR/AsAC1j

ds1 � � � ds2k

�
.log q/2k

.logR/2kC1
C .logR/.

2k
k /�2k.AC1/;

(10.5)

with the first term coming from Case 1a and the second one from Case 2. Inserting the above
inequality into (10.4) completes the proof of part (a).

(b) We will use a variation of the argument of Section 9. The fact that Proposition 7.1
requires sŒ2k� D 0 complicates the proof; otherwise, a direct application of the method of
Section 9.5 would be possible.

Call S 0 the sum in question. As usual, we may replace f0 by a sufficiently smooth func-
tion h. So write g D h if A D 0, and g D fA otherwise. Note that, since Mg.nIR/ depends
only on the square-free kernel of n, we have that

S 0 D
Y
p�R

�
1 �

1

p

� X
PC.n/�R

�2.n/v!.n/

'v.n/
MfA.nIR/

2k

with 'v.n/ D
Q
pjn.p � v/. Set y D Rc= log logR for a small enough but fixed c. Given an

integer n, we decompose it as n D ab with PC.a/ � y < P�.b/. If !.a/ � A C 1,
then MfA.nIR/ � 4k!.b/, and we immediately find that such n’s contribute at most �
.log logR/O.1/= logR. Otherwise, we sum over all possible choices a D qa0 with!.q/ D AC1
to deduce that

S 0 � vAC1
X

PC.q/�y
!.q/DAC1

�2.q/

'v.q/
S 0.q/CO

 
.log logR/O.1/

logR

!
;(10.6)

where

S 0.q/ WD
Y
p�R

�
1 �

1

p

� X
PC.a/�y

pjb ) y<p�R
.a0;q/D1

�2.a0b/v!.a
0b/

'v.a0b/
MfA.qa

0bIR/2k :

Next, we apply (10.3) with a D a0q to find that

S 0.q/ �
Y
p�R

�
1 �

1

p

� X
PC.a0/�y

pjb ) y<p�R
.a0;q/D1

�2.a0b/v!.a
0b/�.b/2k�1

'v.a0b/

X
d jb
d�R

�
log.R=d/

logR

�2kA
MfA.a

0qIR=d/2k :

Note that 'v.n/ � n=.log logn/v. Hence, fixing a0 and d , and then summing over b yields
that

S 0.q/� .log logR/O.1/
X
d�R

P�.d/>y

4k�.d Iy;R/

d
S 00.d; q/ � .log logR/O.1/

X
d�R

P�.d/>y

S 00.d; q/

d1�2k= logy
;
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where

S 00.d; q/ WD
Y
p�R

�
1 �

1

p

� X
PC.a0/�y
.a0;q/D1

�2.a0/v!.a
0/

'v.a0/

�
log.R=d/

logR

�2kA
MfA.a

0qIR=d/2k

�

Y
p�R

�
1 �

1

p

� X
PC.a/�y
.a;q/D1

v�.a/

a

�
log.R=d/

logR

�2kA
MfA.aqIR=d/

2k :

Before we proceed to the estimation of S 00.d; q/, we note that

S 0.q/� .log logR/O.1/
X
d�R

.�C � 1/.d/

d1�2k= logy
S 00.d; q/;(10.7)

where .�C.m//m�Rı is an upper bound sieve with ı small enough, constructed using the
fundamental lemma of sieve methods, taking � D 1 in [12, Lemma 6.3, p. 159]. Then the
Dirichlet series

P
d .1 � �

C/.d/=d s has a simple pole at s D 1 of residue
P
m �
C.m/=m �

.log logR/O.1/= logR.

Next, if q D pr11 � � �p
rAC1
AC1 is the prime factorisation of q, then (10.1) implies that�

log.R=d/
logR

�A
MfA.aqIR=d/ D

X
d 0jaq

�.d 0/fA

�
log.dd 0/

logR

�
D

X
d 00ja

�.d 00/wq

�
log.dd 00/

logR

�
with

wq.x/ WD
X

J�ŒAC1�

.�1/#JfA

 
x C

P
j2J logpj

logR

!
:

As usual, if A D 0, we may replace f0 by a sufficiently smooth function h at the cost of a
small error. Letting g D h when A D 0 and g D fA otherwise, and letting Wq have the same
definition as wq with g in place of fA, we find that

S 00.d; q/ �
Y
p�R

�
1 �

1

p

� X
PC.a/�y
.a;q/D1

v�.a/

a

0@X
f ja

�.f /Wq

�
log.df /

logR

�1A2k CO � 1

logR

�

D

Q
p�R.1 � 1=p/Q

p�y;p-q.1 � v=p/

X
.fj ;q/D1

1�j�2k

v�.Œf1;:::;f2k �/

Œf1; : : : ; f2k �

2kY
jD1

�.fj /Wq

�
log.dfj /

logR

�
CO

�
1

logR

�
:

We apply Mellin inversion 2k times to find that

S 00.d; q/ �

Q
p�R.1 � 1=p/

.2�i/2k
Q
p�y;p-q.1 � v=p/

Z
� � �

Z
Re.sj /D4k= logy
jIm.sj /j�T
1�j�2k

X
PC.fj /�y; .fj ;q/D1

1�j�2k

v�.Œf1;:::;f2k �/
Q2k
jD1 �.fj /f

�sj
j

Œf1; : : : ; f2k �

�

2kY
jD1

bgR.sj /
d sj

AC1Y
aD1

.1 � p
�sj
a /dsj CO

�
1

logR

�
, where T WD expf.log logR/2g:
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Together with (10.7), this implies that

S 0.q/ �
.log logR/O.1/

Q
p�R.1 � 1=p/

.2�i/2k
Q
p�y;p-q.1 � v=p/

Z
� � �

Z
Re.sj /D4k= logy
jIm.sj /j�T
1�j�2k

X
PC.fj /�y

.fj ;q/D1

1�j�2k

v�.Œf1;:::;f2k �/
Q2k
jD1 �.fj /f

�sj
j

Œf1; : : : ; f2k �

� P.1C sŒ2k� � 2k= logy/
2kY
jD1

bgR.sj /AC1Y
aD1

.1 � p
�sj
a /dsj CO

�
1

logR

�
;

where

P.s/ WD

1X
dD1

.�C � 1/.d/

d s
D �.s/

X
m�Rı

�C.m/

ms
:

We fix s1; : : : ; s2k�1 and move s2k to the line Re.s2k/ D �8k2= logy to pick up the pole
at sŒ2k� D 2k= logy. If c is small enough in the definition of y, and the same is true for ı, the
complementary contours contribute� 1= logR. There are no other poles, since the factors
1 � p

�sj
a are annihilating the poles ofbgR.sj /. We conclude that

S 0.q/�
.log logR/O.1/

.logR/2kAC2�v

Z
� � �

Z
Re.sj /D4k= logy
jIm.sj /j�T
1�j<2k

sŒ2k�D2k= logy

ˇ̌̌̌
ˇ X
PC.fj /�y

1�j�2k

v�.Œf1;:::;f2k �/
Q2k
jD1 �.fj /f

�sj
j

Œf1; : : : ; f2k �

ˇ̌̌̌
ˇ

�

0@ 2kY
jD1

1

jsj jAC1

1A jds1 � � � ds2k�1j C 1

logR
:

Recall the notation �p.t/ defined in (9.13), and combine the above with (10.6) to find that

S 0 �
.log logR/O.1/

.logR/2kAC2�v

Z
� � �

Z
�T�tj�T .1�j<2k/

tŒ2k�D0

Y
p�y

 
1C

v � �p.t/C .AC 1/
P2k
jD1 cos.tj logp/

p

!

�

0@ 2kY
jD1

.log.2C jtj j//2k.AC1/

.1C jtj j/AC1

1A dt1 � � � dt2k�1 C
.log logR/O.1/

logR
;

where we used Lemma 9.1, which implies that expf
P
p�y cos.t logp/=pg � 1

log.2Cjt j/ �

jt jC1
jt jC1= logy for t 2 Œ�T; T �. Then, following the arguments of Section 9.5 (with L D 1), and
recalling the notations V.I / and A .V .I //, we find that

S 0 � max
I�I .2k/

.logR/v.1CA .V.I ///�dim.V.I //C.AC1/U.I /�2kA�1.log logR/O.1/;

where
U.I / WD #f1 � j � 2k W Lfj g 2 V.I /g:

If U.I / � 1, then Proposition 7.1(a) implies that A .V .I // D �1, and the exponent
of logR is then

.AC 1/ � U.I / � dim.V .I // � 2kA � 1 � A � U.I / � 2kA � 1 � �1;
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since we clearly have that 2k � dim.V .I // � U.I /. Assume now that U.I / D 0. If
A .V .I // D

�
2k
k

�
�1 and dim.V .I // D 2k�1, then the exponent of logR is v

�
2k
k

�
�2k.AC1/.

Finally, if this is not the case, then Proposition 7.1 (together with the argument in the end of
Section 9.5) implies that

v.1CA .V .I /// � dim.V .I // � 1 � maxf0; v � 1g

 
2k

k

!
CA .V .I // � dim.V .I //

� maxf0; v � 1g

 
2k

k

!
C

 
2k

k

!
� 2k � 1

� v

 
2k

k

!
� 2k;

by our assumption that v � 1 � 1=
�
2k
k

�
. This completes the proof of the theorem.

10.2. From logarithmic weights to uniform weights

In this section, we show how to go from Theorem 10.1 to the analogous result for the
regular mean value and then prove Theorem 1.6.

T 10.2. – Let x � R � 2, k 2 Z�1, A 2 Z�0 and � 2 .0; 1=2/.

(a) Assume that A > 1
2k

�
2k
k

�
� 1. Then uniformly for � 2 Œlog 2= logR; 1�, we have

1

x

X
n�x

�.nIR�/MfA.nIR/
2k
�k;A

�

logR
:

(b) If A � 1
2k

�
2k
k

�
� 1 and 1 � 1=

�
2k
k

�
C � � 1kD1 � v � 2 � �, then

1

x

X
n�x

v�.nIR/MfA.nIR/
2k
�k;A;� .logR/v.

2k
k /�2k.AC1/.log logR/O.1/:

Proof. – We start by proving a preparatory estimate. Our goal is to show that there is
some constant C D C.k/ such thatX

n�x

MfA.nIR/
2k
�

Cx

logR
.x � R > 1/:(10.8)

When x � 2H for some fixed H 2 Z�1 that will be taken large enough in terms of k and A,
relation (10.8) trivially holds by taking C to be large enough in terms of H . Assume now
that (10.8) holds for all x � 2h, where h � H . We wish to prove that (10.8) is also true when
x 2 .2h; 2hC1�.

We follow a variation of the argument leading to Theorem III.3.5 in [22, p.308]: note thatX
n�x

MfA.nIR/
2k
D

X
n�x

MfA.nIR/
2k log.x=n/

log x
C

X
n�x

MfA.nIR/
2k logn

log x
:(10.9)
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For the first sum, we bound log.x=n/ by x=n to giveX
n�x

MfA.nIR/
2k log.x=n/

log x
�

X
n�x

MfA.nIR/
2k x

n log x

�
x

logR

X
PC.n/�R

MfA.nIR/
2k

n

�
x

logR
;

(10.10)

by Theorem 1.3. In the second sum, we write logn D
P
pj kn j logp to find thatX

n�x

MfA.nIR/
2k logn

log x
D

X
pj�x

j logp
log x

X
m�x=pj

p-m

MfA.mp
j
IR/2k :

Since

MfA.mp
j
IR/ DMfA.mIR/ � 1p<R

�
log.R=p/

logR

�A
MfA.mIR=p/

by (10.1), Minkowski’s inequality implies thatX
n�x

MfA.nIR/
2k logn

log x
�

�
S
1
2k

1 C S
1
2k

2

�2k
;

where

S1 WD
X
pj�x

j logp
log x

X
m�x=pj

MfA.mIR/
2k :

and

S2 WD
X
pj�x
p<R

j logp
log x

�
log.R=p/

logR

�2kA X
m�x=pj

MfA.mIR=p/
2k :

For S1, we note that

S1 D
X
m�x

MfA.mIR/
2k

X
pj�x=m

j logp
log x

�
x

log x

X
m�x

MfA.mIR/
2k

m
�

x

logR
;

by (10.10). Finally, we need to bound S2. First, we bound its subsum with j � 2. We have
that X

pj�x
j�2
p<R

j logp
log x

�
log.R=p/

logR

�2kA X
m�x=pj

MfA.mIR=p/
2k

�

X
pj�x
j�2
p<R

j logp
log x

�
log.R=p/

logR

�2kA X
m�x=pj

MfA.mIR=p/
2k x

pjm

4 e SÉRIE – TOME 54 – 2021 – No 5



SIEVE WEIGHTS AND THEIR SMOOTHINGS 1153

� x
X
pj�x
j�2
p<R

j logp
pj log x

�
log.R=p/

logR

�2kA
�

log x
log.R=p/

;

by (10.10) with R replaced by R=p. Since A � 1 here, we find that the above is

�

X
pj�x
j�2

j logp
pj

�
x

logR
�

x

logR
;

where the implied constant is independent of C .

Finally, we need to bound the part of S2 with j D 1. We note that x=p � 2h and
that R=p � x=p, so we may apply the induction hypothesis. This gives a bound

�

X
p<R

logp
log x

�
log.R=p/

logR

�2kA
�

Cx

p log.R=p/
�

Cx

.log x/.logR/2
X
p<R

.logp/.log.R=p//
p

�
2C

3
�
x

logR
;

provided that H (and hence x) is big enough, where we used our assumptions that A � 1

and x � R. Combining the above, and assuming that C is big enough in terms of k and A
completes the inductive step and hence the proof of (10.8).

We now turn to proving part (a), that is bounding the sum

S.x;R;Q/ WD
X
n�x

�.nIQ/MfA.nIR/
2k :

The proof is similar to the proof of (10.8), so we only give the main technical twists: we
use induction on the dyadic interval in which x lies to prove that there is some constant
C 0 D C 0.k; �/ such that

S.x;R;Q/ �
C 0x logQ
.logR/2

.x � R � Q � 2/:(10.11)

When x � 2H , for some fixedH 2 Z�1 that will be taken large enough in terms of k,A and �,
this trivially holds by taking C 0 to be large enough in terms of H . Assume now that (10.8)
holds for all x � 2h, where h � H . We will prove that it also holds for x 2 .2h; 2hC1�. Note
that the analogues of (10.9) and (10.10) hold here as well, so let us focus on understanding
the sum

T WD
X
n�x

�.nIQ/MfA.nIR/
2k logn

log x
:

Fix a large integer N and call T1 the portion of this sum with �.nIQ/ > 2N and T2 the
remaining sum. Writing logn D

P
pj kn j logp, we find that

T1 D
X
pj�x

j logp
log x

X
m�x=pj ; p-m
�.mpj IQ/>2N

�.mpj IQ/MfA.mp
j
IR/2k :
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If T 01 is the part with �.mpj IQ/ � 2j and T 001 is the rest, then

T 01 �
X
pj�x
j>N

2j 2 logp
log x

X
m�x=pj

p-m

MfA.mp
j
IR/2k

x

pjm

� x
X

pj�x;p�e
p

logR

j>N

j 2 logp
pj logR

X
PC.m/�R

p-m

MfA.mpIR/
2k

m
C
x.logR/O.1/

e
p

logR

�N x
X

pj�x;p�e
p

logR

j>N

j 2 logp
pj logR

�

(�
logp
logR

�2k
C .logR/1C.

2k
k /�2k.AC1/

)

�
x

.logR/2kC1
C x.logR/.

2k
k /�2k.AC1/;

where the second to last bound follows from (10.5). Finally, in the range of T 001 , we note
that �.mIQ/ � .�.mIQ/ C j /=2 > N , so that �.mpj IQ/ � j.1 C �.mIQ// �

.1C 1=N/ � j ��.mIQ/. Therefore,

T1 �
N C 1

N

X
pj�x

j 2 logp
log x

X
m�x=pj ; p-m
�.mpj IQ/>2N

�.mIQ/MfA.mp
j
IR/2k

CO

�
x

.logR/2kC1
C x.logR/.

2k
k /�2k.AC1/

�
:

(10.12)

Next, we need to bound

T2 D
X
n�x

�.nIQ/�2N

�.nIQ/MfA.mp
j
IR/2k

logn
log x

:

If Q > R1=.2N
2/, then we simply note that

T2 � 2N
X
n�x

MfA.nIR/
2k
�N

x

logR
�N

x logQ
.logR/2

by (10.8). Here the implied constant depends on N but does not depend on C 0.
On the other hand, if Q � R1=2N

2
, then we have that

P
pj kn;p�Q j logp � .log x/=N ,

so that

T2 �
S.x;R;Q/

N
C

X
n�x

�.nIQ/�2N

�.nIQ/MfA.nIR/
2k

X
pj kn;p>Q

j logp
log x

�
S.x;R;Q/

N
C

X
pj�x
p>Q

j logp
log x

X
m�x=pj ; p-m
�.mpj IQ/�2N

�.mIQ/MfA.mp
j
IR/2k :

Combining the above inequality and (10.12), we deduce that

T �
S.x;R;Q/

N
C
N C 1

N

X
pj�x

j 2 logp
log x

X
m�x=pj ; p-m

�.mIQ/MfA.mp
j
IR/2k CON

�
x logQ
.logR/2

�
:
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We thus conclude that

S.x;R;Q/ �
N C 1

N � 1

X
pj�x

j 2 logp
log x

X
m�x=pj ; p-m

�.mIQ/MfA.mp
j
IR/2k CON

�
x logQ
.logR/2

�
:

We can bound the sum on the right hand side in an entirely analogous way to the proof of
(10.8). Choosing N sufficiently large, and then C 0 large enough in terms of N completes the
inductive step and thus the proof of (10.11). This proves part (a) of the theorem.

(b) The proof of part (b) is, for the most part, similar to the proof of (10.8). An important
detail is that, after applying the induction hypothesis, we use the fact thatX

p<R

v logp
log x

�
log.R=p/

logR

�2kA
�
.log.R=p//v.

2k
k /�2k.AC1/.log log.R=p//D

p

�
v

v
�
2k
k

�
� 2k C 1

�
logR
log x

� .logR/.
2k
k /�2k.AC1/.log logR/D

(10.13)

for any fixed D � 0, as R!1. This is sufficient when k � 2, because

v

v
�
2k
k

�
� 2k C 1

�
1 � 1=

�
2k
k

��
2k
k

�
� 2k

�
1

2

in this case.

However, when k D 1, the situation is more tricky. First of all, we note that the above
argument allows to establish the theorem for x � R2v=.2v�1/. (Note that if p < R

and x � R2v=.2v�1/, then we also have that x=p � .R=p/2v=.2v�1/, so that the inductive
hypothesis can be applied.) Finally, it remains to treat the case when x � R2v=.2v�1/. We
then observe that �.nIRı ; R/��;ı 1, for any fixed ı. It would thus suffice to prove thatX

n�x

v�.nIR
ı/ı�.nIR

ı ;R/Mf0.nIR/
2
� C 00x.logR/2v�2.log logR/D .x � R � 2/;(10.14)

for some appropriate constants C 00;D > 0. Then, in place of (10.13), we note thatX
p<R

.v � 1p�Rı C ı � 1Rı<p�R/ logp

log x

�
log.R=p/

logR

�2kA
�
.log.R=p//v.

2k
k /�2k.AC1/.log log.R=p//D

p

<
1

2
� .logR/.

2k
k /�2k.AC1/.log logR/D

as R ! 1, as long as ı is small enough. This allows us to complete the inductive step and
establish (10.14), thus completing the proof of the theorem.

Given the above result, proving Theorem 1.6 is quite easy:

Proof of Theorem 1.6. – (a) This an immediate consequence of Theorem 10.2(a).

(b) We use Rankin’s trick: Given a small ˛ > 0 and 1 � v � 3=2, we have thatX
n�x

�.nIR/>.2kk /.1C˛/ log logR

MfA.nIR/
2k
�

X
n�x

v�.nIR/�.
2k
k /.1C˛/ log logRMfA.nIR/

2k :
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Theorem 10.2(b) then implies thatX
n�x

�.nIR/>.2kk /.1C˛/ log logR

Mf .nIR/
2k
� .logR/.

2k
k /�2k.AC1/C.

2k
k /.v�1�.1C˛/ logv/;

provided that v is close enough to 1. We optimize this by choosing v D 1 C ˛, so that
1 � v C .1C ˛/ log v D

R 1C˛
1

.log t /dt > 0.
Similarly, we have thatX

n�x

�.nIR/<.2kk /.1�˛/ log logR

MfA.nIR/
2k
�

X
n�x

v�.nIR/�.
2k
k /.1�˛/ log logRMfA.nIR/

2k ;

for any 1 � 1=
�
2k
k

�
C � � 1kD1v � 1. Applying Theorem 10.2(b) and choosing v D 1 � ˛ for

small enough ˛ completes the proof of the theorem.

10.3. Estimates for general weight functions

It is not so hard to go from estimates for the moments of MfA.nIR/ to the moments
of Mf .nIR/ for a general weight function f . The following lemma provides the key link.

L 10.3. – Let f W R! R be supported in .�1; 1�. Assume further that f 2 CA.R/
and that all functions f; f 0; : : : ; f .A/ are uniformly bounded for some integer A � 1. Then

Mf .nIR/
2k
�A;k;f

Z 1

log2
logR

u2k.A�1/MfA�1.nIR
u/2kduC

1

.logR/2kA
:

Proof. – Since f .x/ D 0 for x > 0 and f 2 CA.R/, we must have that f .j /.1/ D 0

for j � A. Taylor’s theorem with the integral form of the remainder term implies that

f .x/ D

Z x

1

f .A/.u/

.A � 1/Š
.x � u/A�1du D

.�1/A

.A � 1/Š

Z
Œx;1�

f .A/.u/.u � x/A�1du;

for all x, since both sides vanish if x > 1. Therefore,

Mf .nIR/ D
.�1/A

.A � 1/Š

X
d jn

�.d/

Z
logd
logR�u�1

f .A/.u/

�
u �

log d
logR

�A�1
du

D
.�1/A

.A � 1/Š

Z 1

0

f .A/.u/
X
d jn
d�Ru

�.d/

�
u �

log d
logR

�A�1
du

D
.�1/A

.A � 1/Š

Z 1

log2
logR

f .A/.u/uA�1MfA�1.nIR
u/duCO

�
1

.logR/A

�
;

by noting that d D 1 if d � Ru < 2. Hölder’s inequality then completes the proof.

We use the above lemma to show the analogue of Theorem 10.2 for general weight func-
tions f .

T 10.4. – Let k 2 Z�1, x � R � 2 and f W R ! R be supported in .�1; 1�.
Assume further that f 2 CA.R/ and that all functions f; f 0; : : : ; f .A/ are uniformly bounded
for some integer A � 1, and fix some � 2 .0; 1/.
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(a) Let A > 1
2k

�
2k
k

�
. Uniformly for � 2 Œlog 2= logR; 1�, we have

1

x

X
n�x

�.nIR�/Mf .nIR/
2k
�

�

logR
:

(b) If A � 1
2k

�
2k
k

�
and 1 � 1=

�
2k
k

�
C � � 1kD1 � v � 2 � �, then

1

x

X
n�x

v�.nIR/Mf .nIR/
2k
� .logR/v.

2k
k /�2kA.log logR/O.1/:

All implied constants depend at most on k, f and �.

Proof. – (a) Lemma 10.3 implies thatX
n�x

�.nIR�/Mf .nIR/
2k
�

Z 1

log2
logR

u2k.A�1/
X
n�x

�.nIR�/MfA�1.nIR
u/2kdu

CO

�
x log logR
.logR/2kA

�
:

(10.15)

When u � �, Theorem 10.2(a) implies thatZ 1

�

u2k.A�1/
X
n�x

�.nIR�/MfA�1.nIR
u/2kdu�

�x

logR
:(10.16)

Finally, we consider the integral over u 2 Œlog 2= logR; ��. Observe thatX
n�x

�.nIRu/MfA�1.nIR
u/2k �

x

u logR
;

by Theorem 10.2(a). If x � R100, then we also have that �.nIRu; R�/ � 100=u for each
n � x, so that X

n�x

�.nIRu; R�/MfA�1.nIR
u/2k �

x

u2 logR

by Theorem 10.2. We thus find thatZ �

log2
logR

u2k.A�1/
X
n�x

�.nIR�/MfA�1.nIR
u/2kdu�

Z �

log2
logR

u2k.A�1/�2x

logR
du�

�x

logR
:

Together with (10.15) and (10.16), this proves part (a) in the case where x � R100.

Finally, let us consider the case where x > R100. ThenX
n�x

�.nIRu; R�/MfA�1.nIR
u/2k �

X
pj�x

Ru<p�R�

j
X

m�x=pj

MfA�1.mIR
u/2k :

When pj�1 �
p
x, then we bound the inner sum trivially by � .x=pj /.logR/O.1/,

so that the total contribution of such summands is �
p
x.logR/O.1/. Finally, when

pj�1 �
p
x, then we see that x=pj �

p
x=R � x0:499 � Ru, so that the sum over m is

� .x=pj /= log.Ru/, by Theorem 10.2(a). We thus conclude thatX
n�x

�.nIRu; R�/MfA�1.nIR
u/2k �

x log.�=u/
u logR

C
x

.u logR/2
�

x

u logR
:
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Therefore, Z �

log2
logR

u2k.A�1/
X
n�x

�.nIR�/MfA�1.nIR
u/2kdu�

�x

logR
;

in this case as well, thus completing the proof of part (a) of the theorem.

(b) The proof of this part is similar. We start again with Lemma 10.3 to find that
Lemma 10.3 implies thatX

n�x

v�.nIR/Mf .nIR/
2k
�

Z 1

log2
logR

u2k.A�1/
X
n�x

v�.nIR/MfA�1.nIR
u/2kdu

CO
�
x.logR/v�1�2kA

�
;

(10.17)

where we also used Theorem III.3.5 in [22, p.308].

Next, if w D maxfv; 1g and log 2= logR � u � 1, then note thatX
n�x

v�.nIR/MfA�1.nIR
u/2k �

X
a�x

PC.a/�Ru

v�.aIR
u/MfA�1.aIR

u/2k
X
b�x=a

P�.b/>Ru

w�.bIR
u;R/:

When x=a � Ru, the sum over b is� u1�wx=.a log.Ru// by Theorem III.3.5 in [22, p.308].
Hence, X

n�x

v�.nIR/MfA�1.nIR
u/2k �

u1�wx

log.Ru/

X
a�x

PC.a/�Ru

v�.aIR
u/MfA�1.aIR

u/2k

a

C

X
a�x

PC.b/�Ru

v�.aIR
u/MfA�1.aIR

u/2k :

We bound the first sum by Theorem 10.1(b) and the second one by Theorem 10.2(b) to find
that X

n�x

v�.nIR/MfA�1.nIR
u/2k � xu1�wCv.

2k
k /�2kA.logR/v.

2k
k /�2kA:

Inserting the above bound into (10.17) completes the proof of the theorem.

We conclude this section with the proof of Theorem 1.4. We need a preliminary lemma.

L 10.5. – If m 2 Z�1, g 2 C 1.Rm/ and z � y � 3, then there is a positive
constant c > 0 such thatX

y<p1<���<pm�z

g.logp1; : : : ; logpm/
.p1 � 1/ � � � .pm � 1/

D
1

mŠ

Z
Œlogy;log z�m

g.t1; : : : ; tm/

t1 � � � tm
dt1 � � � dtm

CO

 
kgk1 C krgk1

ec
p

logy
�
.
P
y<p�z 1=p/

m�1 C .
R z
y

dt=t log t /m�1

mŠ=m2

!
:
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Proof. – First of all, note thatX
y<p1<���<pm�z

g.logp1; : : : ; logpm/
.p1 � 1/ � � � .pm � 1/

D
1

mŠ

X
y<p1;:::;pm�z

distinct

g.logp1; : : : ; logpm/
.p1 � 1/ � � � .pm � 1/

D
1

mŠ

X
y<p1;:::;pm�z

g.logp1; : : : ; logpm/
p1 � � �pm

CO

 
m2kgk1.

P
y<p�z 1=p/

m�1

mŠy

!
:

So, if we can show thatX
y<p1;:::;pm�z

g.logp1; : : : ; logpm/
p1 � � �pm

D

Z
Œlogy;log z�m

g.t1; : : : ; tm/

t1 � � � tm
dt1 � � � dtm

CO

0@ mX
jD1

kgk1 C k@g=@xj k1

ec
p

logy

�Z z

y

dt
t log t

�j�1  X
y<p�z

1

p

!m�j1A ;
then the lemma will follow. But this estimate can be easily proved by induction onm and the
Prime Number Theorem, and the proof is completed.

Let us now see how we can deduce Theorem 1.4 from the above results:

Proof of Theorem 1.4. – The first estimate of part (a) follows by 10.4(a) and part (b)
follows by Theorem 10.2(b). It remains to prove the second estimate of part (a). Note that it
suffices to prove thatY

p�R

�
1 �

1

p

� X
PC.n/�R

Mf .nIR/
2k

n
D

ck;f

logR
CO

�
1

.logR/2��

�
;

since x � R2k log2R here. Fix � 2 Œlog 2= logR; 1� to be chosen later. Then Theorem 10.4(a)
implies that X

PC.n/�R
P�.n/�R�

Mf .nIR/
2k

n
�

X
PC.n/�R

�.nIR�/Mf .nIR/
2k

n
� �:

Moreover, for each positive integer m, we have thatX
pjn)R�<p�R

!.n/Dm

Mf .nIR/
2k

n
D

X
R�<p1<���<pm�R

Mf .p1 � � �pmIR/

.p1 � 1/ � � � .pm � 1/
:

We note that

Mf .p1 � � �pmIR/ D gm

�
logp1
logR

; : : : ;
logpm
logR

�
;

where

gm.t1; : : : ; tm/ WD
X

J�f1;:::;mg

.�1/#Jf

0@X
j2J

tj

1A ;
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which is a smooth function satisfying the estimates kg2km k1 � 4
kmkf k2k1 and krg2km k1 �

2k4kmkf 0k1kf k
2k�1
1 . Therefore Lemma 10.5 implies thatX

pjn)R�<p�R
!.n/Dm

Mf .nIR/
2k

n
D

1

mŠ

Z
Œ�;1�m

gm.t1; : : : ; tm/
2k

t1 � � � tm
dt1 � � � dtm

CO

 
.4k log.1=�/CO.1//m

ec
p

log.R�/mŠ=m2

!
for all m 2 Z�1. We thus conclude thatX

PC.n/�R

M.nIR/2k

n
D F.�/CO

 
�C

log2.1=�/

�4
k
ec
p

log.R�/

!
.0 < � � 1; R� � 2/;(10.18)

where

F.�/ WD 1C

1X
mD1

1

mŠ

Z
Œ�;1�m

gm.t1; : : : ; tm/
2k

t1 � � � tm
dt1 � � � dtm:

Completing the proof is now an exercice in real analysis. We start by proving that
lim�!0C F.�/ exists. Indeed, applying (10.18) twice, we deduce that

F.�1/ � F.�2/� max
j2f1;2g

8<:�j C log2.1=�j /

�4
k

j e
c
p

log.R�j /

9=;
whenever 0 < �1 � �2 � 1 and R�1 � 2. Letting R!1, we find that

F.�1/ � F.�2/� �2 .0 < �1 � �2 � 1/:(10.19)

In particularly, Cauchy’s convergence criterion implies that lim�!0C F.�/ exists. Call F this
limit, which clearly equals F.0/, and note that letting �1 ! 0C in (10.19) implies that

F.�/ D F CO.�/ .0 < � � 1/:

Together with (10.18), this yields the estimateX
PC.n/�R

M.nIR/2k

n
D F CO

 
�C

log2.1=�/

�4
k
ec
p

log.R�/

!
.0 < � � 1; R� � 2/:

Selecting � such that

R� D e.log logR/3

completes the proof of Theorem 1.4.

We conclude this section with the proof of Theorem 1.7.

Proof of Theorem 1.7. – The first estimate of part (a) can be proven following mutatis
mutandis the proof of Theorem 1.6(a) above, using Theorem 10.4 in place of Theorem 10.2.
Similarly, part (b) follows from the proof of Theorem 1.6(b).

4 e SÉRIE – TOME 54 – 2021 – No 5



SIEVE WEIGHTS AND THEIR SMOOTHINGS 1161

11. The analogy for non-exceptional Dirichlet characters

In the section, we study the sum

X2k.R/ D
Y
p�R

�
1 �

1

p

� X
PC.n/�R

1

n

0BB@ X
d jn

R=2<d�R

�.d/

1CCA
2k

when k � 2 and L.1; �/ is not very small and prove Theorem 1.5(b). We may assume
throughout that q � R1= log logR; otherwise, the needed estimate holds trivially.

We have that

X2k.R/ D
X

R=2<d1;:::;d2k�R

�.d1/�.d2/ � � ��.d2k/

Œd1; : : : ; d2k �
:

We want to introduce new variables DI , I 2 S �.2k/, as in Section 2, but first we perform
a technical maneuver to simplify the situation. We write di D d 0id

00
i , where PC.d 0i / � y <

P�.d 00i /, where

y WD .logR/4
kC1:

The contribution to X2k.R/ of d ’s for which d 00i is not square-free for some i is� .logR/4
k�1=y

by a crude upper bound, and so is the contribution of those d ’s with maxi d 0i > B, where

B WD e.log logR/3 ;

by Rankin’s trick. Then we letDI , I 2 S �.2k/, be the product of those primes that divide d 00i
when i 2 I , and are coprime to the other d 00i ’s. The numbers DI are pairwise coprime and
square-free, and d 00i D

Q
I2S �.2k/; I3i DI , so that

�.d 001 /�.d
00
2 / � � ��.d

00
2k
/

Œd 001 ; : : : ; d
00
2k
�

D

Q
I2SC.2k/

�0.DI /
Q
I2S�.2k/ �.DI /Q

I2S �.2k/DI
:

We may now drop the condition that the DI ’s are square-free and coprime, since the
contribution to I 2k.R/ of the DI ’s not satisfying these conditions is � .logR/4

k�1=y.
Finally, we may drop the condition that .DI ; q/ D 1 for I 2 SC.2k/, encoded in the
notation �0.DI /, since the contribution of DI ’s with P�.DI / > y and .DI ; q/ > 1 is
� .logR/4

k�1
P
pjq;p>y 1=p � .logR/4

k
=y. The above discussion implies that

X2k.R/ D
X

PC.d 0
i
/�y; d 0

i
�B

1�i�2k

�.d 01/ � � ��.d
0
2k
/

Œd 01; : : : ; d
0
2k
�

X
P�.DI />y .I2S �.2k//

R=.2d 0
i
/<
Q
I2S�.2k/; I3i DI�R=d

0
i

1�i�2k

Q
I2S�.2k/ �.DI /Q
I2S �.2k/DI

CO

�
1

logR

�
:

Next, we note that X
n�x

P�.n/>y

�.n/�
x1�1=.30 logy/

logy
.x � maxfq4; yg/;
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by Lemma 2.4 in [14]. Therefore,

X
n>q4B
P�.n/>y

�.n/

n
�

1

y
:

(11.1)

This implies that the contribution to X2k.R/ with DI > q4B for some I 2 S �.2k/ is
� .logR/4

k�1=y. To conclude, we have shown that

X2k.R/ D
X

PC.d 0
i
/�y; d 0

i
�B

1�i�2k

X
DI�q

4B
P�.DI />y
I2S�.2k/

�.d 01/ � � ��.d
0
2k
/

Œd 01; : : : ; d
0
2k
�
�

Q
I2S�.2k/ �.DI /Q
I2S�.2k/DI

� T .R1; : : : ; R2k/

CO

�
1

logR

�
:

(11.2)

where Ri D R=.d 0i
Q
I2S�.2k/; I3i DI / and

T .R/ WD
X

P�.DI />y .I2SC.2k//
Ri=2<

Q
I2SC.2k/; I3i

DI�Ri

1�i�2k

1Q
I2S �.2k/DI

:

Our task now becomes estimating T .R/. Let d D 22k�1 � 2k and recall the defini-
tion of Vd .�/ from the statement of Theorem 1.5(b). The proof of Theorem 1.1 shows
that Vk.m/ � md . We claim that

T .R/ D Vk.logR/
�
1CO

�
log.qB/

logR

��Y
p�y

�
1 �

1

p

�22k�1�1
(11.3)

whenever R=.q4D/4
k
� Ri � R for all i , as is the case here. Proving (11.3) can be

accomplished easily using a lattice point count and the fundamental lemma of sieve methods.
First of all, note that the part of T .R/ where DI � B for some I 2 SC.2k/ is trivially�
.'.P /=P /2

2k�1�1.logR/d�1 logB by an upper bound sieve, where we have setP WD
Q
p�y p

for simplicity. In the rest of the range, we set � D 1 C 1= logR and divide the variables DI
into boxes of the form .�mI ; �mIC1�,mI � 0. ReplacingDI by �mI in the conditionsRi=2 <Q
J2SC.2k/; J3i

DJ � Ri creates a total error of size � .'.P /=P /2
2k�1�1.logR/d�1. In

addition, if �mI � B D e.log logR/3 , then we have that

X
�mI <DI��

mIC1

P�.DI />y

1

DI
D .log �/

'.P /

P
COC

�
1

.logR/C

�
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for any fixed C , by the fundamental lemma of sieve methods (see, for example, [22,
Theorem I.4.3]). We thus conclude that

T .R/ D ..log �/'.P /=P /2
2k�1�1

X
mI�logB= log� .I2SC.2k//

log.Ri =2/
log� <

P
I2SC.2k/; I3i

mI�
logRi
log�

1

CO
�
.'.P /=P /2

2k�1�1.logR/d�1 logB
�
:

A straightforward lattice point counting argument implies that the sum on the right hand
side equals

Wk.logR1; : : : ; logR2k/

.log �/22k�1�1

�
1CO

�
logB
logR

��
;

where Wk.m/ is the volume of the polytope f.xI /I2SC.2k/
W xI � 0 8I; mi � log 2 �P

I3i xI � mi 8ig. Since mi D logRi D logR C O.log.qB// here, we may show using
the Mean Value Theorem that Wk.m/ D Vk.m/ C O..logR/d�1 log.qB//. Relation (11.3)
then follows.

We are now ready to complete the proof of Theorem 1.5(a): inserting the estimate (11.3)
into (11.2), we conclude that

X2k.R/ D
Vk.logR/

.P='.P //2
2k�1�1

X
PC.d 0

i
/�y; di�B

1�i�2k

X
DI�q

4B
P�.DI />y
I2S�.2k/

�.d 01/ � � ��.d
0
2k
/

Œd 01; : : : ; d
0
2k
�
�

Q
I2S�.2k/ �.DI /Q
I2S�.2k/DI

CO..logR/d�1.log logR/O.1/ log q/:

We now remove the conditions DI � q4B and d 0i � B via (11.1) and Rankin’s trick,
respectively. We conclude that

X2k.R/ D
Vk.logR/

.P='.P //2
2k�1�1

X
PC.d 0

i
/�y

1�i�2k

X
P�.DI />y
I2S�.2k/

�.d 01/ � � ��.d
0
2k
/

Œd 01; : : : ; d
0
2k
�
�

Q
I2S�.2k/ �.DI /Q
I2S�.2k/DI

CO..logR/d�1..log logR/O.1/ log q/:

Finally, we note that

X
PC.d 0

i
/�y

1�i�2k

�.d 01/ � � ��.d
0
2k
/

Œd 01; : : : ; d
0
2k
�
D

Y
p�y

0BB@1C 1X
jD1

X
j1;:::;j2k�0

maxfj1;:::;j2kgDj

�.p/j1C���Cj2k

pj

1CCA :
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The coefficient of 1=p is .22k�1 � 1/�0.p/C 22k�1�.p/. We thus conclude that

.'.P /=P /2
2k�1�1

X
PC.d 0

i
/�y

1�i�2k

X
P�.DI />y
I2S�.2k/

�.d 01/ � � ��.d
0
2k
/

Œd 01; : : : ; d
0
2k
�
�

Q
I2S�.2k/ �.DI /Q
I2S�.2k/DI

D

Y
p�y

0BB@1C 1X
jD1

X
j1;:::;j2k�0

maxfj1;:::;j2kgDj

�.p/j1C���Cj2k

pj

1CCA�1 � 1

p

�22k�1�1 Y
p>y

�
1 �

�.p/

p

��22k�1

D

Y
p

0BB@1C 1X
jD1

X
j1;:::;j2k�0

maxfj1;:::;j2kgDj

�.p/j1C���Cj2k

pj

1CCA�1 � 1

p

�22k�1�1
CO

�
1

y

�
:

An easy calculation then completes the proof of Theorem 1.5(b).

12. The analogy for exceptional Dirichlet characters

In this section, we consider the quantity X2k.R/ when k D 1, or when �.p/ D �1 for
most primes p � R, and complete the proof of Theorem 1.5. Our arguments here resemble
closely the ones of Section 8, so we only highlight the key points here. Throughout the proof,
we assume that R � q2c1 , the complimentary case being trivial.

12.1. Initial preparations

Arguing as in Section 8.4, we find that

X2k.R/ D
1

.2i�/2k

Z
� � �

Z
Re.sj /D�j = logR
jIm.sj /j�T
1�j�2k

X
d1;:::;d2k�1

Q2k
jD1 �.dj /d

�sj
j

Œd1; : : : ; d2k �

2kY
jD1

bhR.sj /.1 � 2�sj /ds1 � � � ds2k

CO

�
1

.logR/100

�
;

where h is a smooth function with h.x/ D 1 for x � 1 � 1=.logR/.2k�1/2
2kC1C200kC2 and

h.x/ D 0 for x > 1, T D expf.log logR/2g, and � is some large parameter > 1 to be chosen
later.

By expanding as an Euler product, we find that for Re.s1/; : : :Re.s2k/ � �1=4k we have

X
d1;:::;d2k�1

Q2k
jD1 �.dj /d

�sj
j

Œd1; : : : ; d2k �
D

Y
p

0@1C X
I2S �.2k/

�.p/#I

p1CsI
CO

�
1

p2�2k=4
k

�1A
D P.s/

Y
I2S �.2k/

L.1C sI ; �
#I /;
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where P.s/ is given by an Euler product which converges absolutely in the region
Re.sj / > �1=4k for all j . Next, we set

F.s/ D P.s/

2kY
jD1

bhR.sj /.1 � 2�sj /
Rsj

and

�q.s/ WD L.s; �0/ D �.s/
Y
pjq

�
1 �

1

ps

�
;

so that

X2k.R/ D
1

.2i�/2k

Z
� � �

Z
Re.sj /D�j = logR
jIm.sj /j�T
1�j�2k

F.s/RsŒ2k�
Y

I2S�.2k/

L.1C sI ; �/

�

Y
I2SC.2k/

�q.1C sI /ds1 � � � ds2k CO
�

1

.logR/100

�
:

(12.1)

Similarly to Section 8, we let eC ` denote the class of complex-valued functions f defined
in a domain containinge�` WD fs 2 C` W jRe.sj /j < 1=5k; jIm.sj /j < T C 1 .1 � j � `/g;

it is analytic in e�`, and its derivatives satisfy the bound

@j1C���Cj`f

@s
j1
1 � � � @s

j`
`

.s/�j1;:::;j`

Ỳ
mD1

Œ.1C .qT /�Re.sm//.log logR/jm �O.1/

jsmj C 1
(12.2)

for all j1; : : : ; j` � 0 and all s D .s1; : : : ; s`/ 2 e�`.
Since there is an absolute constant c1 > 0 such that

L.j /.s;  /�m .1C .q C jt j/
c1.1��// logjC1.q C jt j/C

1 D�0
js � 1jjC1

(12.3)

for j 2 Z�0,  2 f�; �0g and j 2 f0; 1g, a standard consequence of bounds on the
exponential sum

P
n�N; n�a .modq/ n

it (see, for example, Lemma 4.1 in [14]), we have thatF is

in the class eC2k .

12.2. The case k D 1

We first deal with the case k D 1 that is easy and will help us clarify some of the technical
details of the argument. When k D 1, we move the variable s2 to the line Re.s2/ D ��, for
a sufficiently small �. The contribution of the horizontal contours is� .logR/O.1/=T , and
the contribution of the contour Re.s2/ D �ı is� R�ı , for some positive ı D ı.�/ by (12.3),
and by our assumptions that F 2 C2 and that R � q2c1 . In conclusion,

X2.R/ D
1

2i�

Z
Re.s1/D�= logR
jIm.s1/j�T
1�j�2k

F.s1;�s1/L.1C s1; �/L.1 � s1; �/ds1 CO
�

1

.logR/100

�
:
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Finally, we move s1 to the line Re.s1/ D 0. No poles are encountered, and the contribution
of the horizontal lines is easily seen to be� .logR/O.1/=T , so that

X2.R/ D
1

2�

Z T

�T

F.it;�i t/jL.1C i t; �/j2dt CO
�

1

.logR/100

�
D

1

2�

Z .logR/102

�.logR/102
P.it;�i t/

ˇ̌̌
L.1C i t; �/bhR.i t/.1 � 2it /ˇ̌̌2 dt CO

�
1

.logR/100

�
;

sincebhR.i t/.1� 2it /� 1=.1C jt j/. Finally, using 6.6 to replacebhR.s/ by Rs=s, choosing C
to be large enough, and then extending the range of integration to R yields the estimate

X2.R/ D
1

2�

Z 1
�1

P.it;�i t/

ˇ̌̌̌
L.1C i t; �/ �

sin.t.log 2/=2/
t

ˇ̌̌̌2
dt CO

�
1

.logR/100

�
;

which proves Theorem 1.5(a). (Obviously, we can obtain a much stronger error term, but we
have chosen to content ourselves with a more qualitative result.)

12.3. Contour shifting

Next, we focus on the case k � 2 and prove Theorem 1.5(c). From now on, we will always
be working under the assumptions and notations

L.ˇ; �/ D 0; ˇ > 1 � 1=.100 log q/; Q D e1=.1�ˇ/:

As it is well-known, we have that
P
q<p�Q.1C �.p//=p � 1 and

P
p>Q �.p/=p � 1 (see,

for example, Theorems 2.1 and 2.4 in [13]). As a consequence, we note once and for all that

L.1; �/ �
1

logQ

Y
p�q

�
1C

1C �.p/

p

�
:(12.4)

As in Section 8, we shift the contours of the variables s1; : : : ; s2k in a certain order. As in
that section, to describe the general contour shifting argument after N steps, 0 � N � 2k,
we fix sets I1; : : : ; IN , and distinct integers jn 2 In for each n. Recall, also, that sj denotes a
variable and xj denotes a linear form. We then define

Vn D SpanQ.xI1 ; : : : ; xIn/ and I N D fI 2 S .2k/ W xI 2 Vng .0 � n � N/:

Imposing the conditions xI1 D � � � D xIn D 0, we may write xj1 ; : : : ; xjn in terms of the
variables sj with j 2 Œ2k�nfj1; : : : ; jN g. Hence xI becomes a linear formLN;I in the variables
sj with j 2 Œ2k� n fj1; : : : ; jN g. Moreover, xI 2 VN if and only if LN;I D 0.

As we will see, we will always be able to assume that jn D 2k�nC1. Let d 2 Z�0 and given
the above set-up with jn D 2k � nC 1, an integer d 2 Z�0 and h D .hn;I /0�n�N;I2S �.2k/

be a vector of non-negative integers such that:

— 0 D h0;I � h1;I � � � � � hN;I for I 2 S �.2k/;

— if I 2 I n n I n�1 for some n 2 f1; : : : ; N g, then hm;I D hn;I for all m � n;

— XN � N C d , where

XN WD #.I N \ SC.2k// �
X

I2S�.2k/[.SC.2k/nIN /

hN;I :

A function J W R�2 ! C is a called a fundamental component of level N and of
type .I ;h; d / if:
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— when N D 2k, it equals

J.R/ D .logR/XN�N�d
Y

I2S�.2k/

L.hN;I /.1; �/ I

— when N < 2k, it is of the form

J.R/ D

�
'.q/

q

�MN .logR/XN�N�d

.2i�/2k�N

Y
I2S�.2k/\IN

L.hN;I /.1; �/

�

Z
� � �

Z
Re.sj /D�j = logR
jIm.sj /j�T
1�j�2k�N

G.s/REN .s/
Y

I2S�.2k/nIN

L.hN;I /.1C LN;I .s/; �/

�

Y
I2SC.2k/nIN

�
.hN;I /
q .1C LN;I .s//ds2k�N � � � ds1;

where �j =�j�1 � �, EN .s/ WD LN;Œ2k�.s/,

MN WD

NX
nD1

X
I2.I nnI n�1/\SC.2k/

.hn�1;I C 1/;

andG is a function in the variables s1; : : : ; s2k�N that belongs to the class C2k�N , given
by

G.s/ D F.LN;f1g.s/; : : : ; LN;f2kg.s//

when d D 0. In particular, G is non-vanishing in �2k�N when d D 0 by (12.3).

As in Section 8.2, a fundamental component of level N is called reducible when N < 2k

and EN ¤ 0. Otherwise, it is called irreducible. With this above terminology, the integral
on the right hand side of (12.1) is a reducible fundamental component of level 0 and of
type .;;;; 0/.

Again as in Section 8.2, when EN ¤ 0 there are some 
j 2 Q with 
jNC1 ¤ 0 such that

EN .x/ D 
1x1 C 
2x2 C � � � C 
jNC1xjNC1

If � is big enough, then the sign of Re.EN .s// throughout the region of integration is
constant and equal to the sign as 
jNC1 .

The analogies of Lemmas 8.4 and 8.5 can be proven in this setting:

L 12.1. – Assume the above setup, let J.R/ be a reducible fundament compo-
nent of level N < 2k, and let 
jNC1 be as above. Suppose, further, that k � 2 and that
e.logq/2 � R � Q. All implied constants below depend at most on k.

(a) If 
jNC1 > 0, thenJ.R/ is a linear combination of fundamental components of levelNC1,
up to an error term of size� 1= logR. Moreover, the coefficients of this linear combination
are� .log q/O.1/.

(b) If 
jNC1 < 0, then J.R/� T �1Co.1/.

We iterate the above lemma till all the fundamental components we are dealing with are
irreducible. For such components, we have the following asymptotic formula.
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L 12.2. – Assume the above setup. Suppose, further, that k � 2 and that e.logq/2 �

R � Q. If J.R/ is an irreducible fundamental component, then there is some complex
number c � .log q/O.1/ such that

J.R/ D c.logR/.
2k
k /�2k CO..log.q logR//O.1/.logR/.

2k
k /�2k�1/:

All implied constants depend at most on k.

Since the integral on the right hand side of (12.1) is a reducible fundamental component
of level 0, we apply Lemma 8.4 repeatedly to write it as a linear combination of irreducible
fundamental components, and then estimate these components by Lemma 8.5. This proves
that there is a constant ck.�/� .log q/O.1/ such that

X2k.R/ D ck.�/ � .logR/.
2k
k /�2k CO

�
.log.q logR//O.1/.logR/.

2k
k /�2k�1

�
(12.5)

when k � 2 and e.logq/2 � R � Q. We will show that ck.�/ � .log q/�O.1/ in Section 12.5
and complete the proof of Theorem 1.5. The key intermediate Lemmas 12.1 and 12.2 are
proven in the next section.

12.4. Proof of the auxiliary Lemmas 12.1 and 12.2

For easy reference, we record the following bound that we will repeatedly use: forR � Q,
we have

.logR/XN�N�d
Y

I2S�.2k/\IN

L.hN;I /.1; �/� .log q/O.1/.logR/A .VN /�N�D;(12.6)

where
D D d C

X
I2S .2k/nIN

hN;I C
X

I2S�.2k/\IN
hN;I�1

.hN;I � 1/

and A .VN / is defined in Section 7. Indeed, when hN;I D 0 with I 2 S �.2k/ \ I N , we use
(12.4) to find that

L.1; �/�
.log q/2

logQ
�
.log q/2

logR
:

Otherwise, we use the boundL.hN;I /.1; �/� .log q/hN;IC1. Putting these estimates together
yields (12.6).

Proof of Lemma 12.1. – (a) Here 
jNC1 > 0. We make the change of variables

s0j D sj .1 � j < jNC1/; s
0
j D sjC1 .jNC1 � j � 2k �N/; s

0
2k�N D sjNC1 ;

and similarly for the forms xj and the parameters �j .
Next, we shift the s0

2k�N
contour to the line Re.s0

2k�N
/ D �� for a small enough � > 0.

The integral on the new contour is � .logR/O.1/=T , which is negligible, and we are left
with having to analyze the pole contributions. The poles occur when LN;INC1.s

0/ D 0 for
some INC1 2 SC.2k/ n I N such that the coefficient of s0

2k�N
in LN;INC1 is non-zero. As

we discussed in the previous section, imposing the relation LN;INC1.x
0/ D 0 to write the

form x0
2k�N

as a linear combination of x01; : : : ; x
0
2k�N�1

, say x0
2k�N

D C.x01; : : : ; x
0
2k�N�1

/.
In particular, LN;I .x0/ becomes a linear form LNC1;I in the variables x01; : : : ; x

0
2k�N�1

. We
also set ENC1 D LNC1;Œ2k� and let I NC1 be the set of I � Œ2k� such that LNC1;I D 0.
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The generic order of the pole at s0
2k�N

D C.s01; : : : ; s
0
2k�N�1

/ is

m D
X

I2.INC1nIN /\SC.2k/

.hN;I C 1/ � �;(12.7)

where � is the generic order of the zero of

G.s/
Y

I2S�.2k/\.INC1nIN /

L.hN;I /.1C LN;I .s/; �/

at the same point. In particular, � D 0 if d D 0 (so thatG.s/ D F.LN;f1g.s/; : : : ; LN;f2kg.s//)
and hN;I D 0 for all I 2 S �.2k/ \ .I NC1 n I N /. By a direct computation, we then find
that

X2k�1 Cm D #.I NC1 \ SC.2k// �
X

I2S�.2k/[.SC.2k/nINC1/

hN;I � �:(12.8)

We note that m � 1 for all N � 2k � 1 when k � 2 and � D 0; otherwise, we would have
that SC.2k/ � I N , which is impossible because the dimension of VN is N , whereas the
dimension of the span of the linear forms sI , I 2 SC.2k/, is 2k.

We want to understand the pole contribution when m � 1. We separate two subcases:

Case 1 of the proof of Lemma 12.1: N D 2k � 1. – In this case, we have that s0j D
L2k�1;fj g.s

0
1/ D aj s

0
1 for all j , where aj 2 Q. Then the pole occurs necessarily when s01 D 0.

Thus I 2k D S .2k/, and we obtain an evaluation of J.R/ as finite linear combination of
powers of logR, the highest of which has exponent

X2k�1 Cm � 2k D 2
2k�1

� 2k � 1 �
X

I2S�.2k/

h2k�1;I � �;

up to an admissible error. The coefficients of the polynomial in logR are given in terms of the
derivatives L.j /.1; �/. Specifically, the coefficient of .logR/X2k�1Cm�2k�h, 0 � h � m� 1, is
a linear combination of products of the form�

'.q/

q

�M2k Y
I2S�.2k/

L.h2k;I /.1; �/;

with the coefficients of this linear combination being� 1, and with the parameters h2k;I
satisfying h2k;I � h2k�1;I with equality if I 2 I 2k�1 n f0g, and

P
I2S�.2k/.h2k;I � h2k�1;I / � h.

Arguing as in the proof of (12.6), we find that

J.R/�
.log q/O.1/.logR/X2k�1Cm�2k�h

.logQ/#fI2S�.2k/Wh2k;ID0g
�
.log q/O.1/.logR/2

2k�1�2k�1�
P
I2S�.2k/ h2k;I

.logR/#fI2S�.2k/Wh2k;ID0g
;

where we used that Q � R, � � 0 and h �
P
I2S�.2k/.h2k;I � h2k�1;I /. We thus conclude

that

J.R/�
.log q/O.1/

.logR/2kC1
�

1

logR
:

This completes the proof of the lemma in this case (the linear combination is empty).
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Case 2 of the proof of Lemma 12.1: N � 2k � 2. – Arguing as in the proof of part (b) of
Lemma 8.4, the contribution of the pole s0

2k�N
D C.s01; : : : ; s

0
2k�N�1

/ to J.R/ can be seen
to be a linear combination of terms of the form�

'.q/

q

�MNC1 .logR/XNCm�h�N�1�d

.2i�/2k�N�1

Z
� � �

Z
Re.sj /D�

0
j
= logR; jIm.sj /j�T

1�j�2k�N�1

eG.s/RENC1.s/
�

Y
I2S�.2k/

L.hNC1;I /.1C LNC1;I .s/; �/

�

Y
I2SC.2k/nINC1

�
.hNC1;I /
q .1C LNC1;I .s//ds2k�N�1 � � � ds1

plus an error term of sizeO.1= logR/, where h 2 f0; : : : ; m�1g, hNC1;I � hN;I with equality
if I 2 I NC1 nf0g, and

P
I2S�.2k/[.SC.2k/nINC1/

.hNC1;I �hN;I / � h. Relation (12.8) then
implies that the power of logR is then XNC1 �N � 1 � d 0 with

d 0 D d C � C h �
X

I2S�.2k/[.SC.2k/nINC1/

.hNC1;I � hN;I / � 0:

Moreover, XNC1 � d 0 D XN Cm � h � N C 1. This completes the proof of part (a).

(b) Here 
jNC1 < 0. We treat this case using the same argument as in part (b) of
Lemma 8.4, with the difference that the contours of s2k�N ; s2k�N�1; : : : ; sjNC1 are shifted
to the lines Re.sj / D �j =..log q/C .logT /3=2/, jNC1 � j � 2k � N . Since q � e

p
logR by

assumption, we find that

J.R/� T �1Co.1/;

as needed.

Proof of Lemma 12.2. – We distinguish three cases.

Case 1 of the proof of Lemma 12.2: N D 2k. – Here I 2k D S .2k/ and thus J.R/ �
.log q/O.1/=.logR/2kC1 by (12.6), which proves Lemma 12.2 in this case.

Case 2 of the proof of Lemma 12.2:N D 2k�1. – As in Case 1 of the proof of Lemma 12.1,
we have that sj D L2k�1;fj g.s1/ D aj s1 for all j , where aj 2 Q. Then

J.R/ D

�
'.q/

q

�M2k�1 .logR/X2k�1�2kC1�d

2�i

Y
I2S�.2k/\I 2k�1

L.h2k�1;I /.1; �/

�

Z
Re.s1/D�1= logR
jIm.s1/j�T

G2k�1.s1/
Y

I2S�.2k/nI 2k�1

L.h2k�1;I /.1C aI s1; �/

�

Y
I2SC.2k/nI 2k�1

�
.h2k�1;I /
q .1C aI s1/ds1:

We first show a crude bound on J.R/, that will allow us to focus on a more convenient
subcase. We move the line of integration to Re.s1/ D �= log.qT / and use (12.3) to find that
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the integral over s1 is� .log.q logR//O.1/. Together with (12.6) and Proposition 7.1, this
implies that

J.R/� .log.q logR//O.1/ � .logR/.
2k
k /�2k�1;

unless d D 0, h2k�1;I 2 f0; 1g for all I 2 S �.2k/ \ I 2k�1, h2k�1;I D 0 for all
I 2 S .2k/ n I 2k�1, half of the aj ’s areCb and the other half are �b, for some b ¤ 0.

We have thus reduced proving the lemma to the case when d D 0, h2k�1;I 2 f0; 1g for all
I 2 S �.2k/ \ I 2k�1, h2k�1;I D 0 for all I 2 S .2k/ n I 2k�1, half of the aj ’s are Cb and
the other half are �b, where b ¤ 0. In particular, we find that I 2k�1 \ S �.2k/ D ; and
that #.I 2k�1 \ SC.2k// D

�
2k
k

�
� 1, so that

J.R/ D

�
'.q/

q

�M2k�1 .logR/.
2k
k /�2k

2�i

Z
Re.s1/D�= logR
jIm.s1/j�T

G.s1/
Y

I2S�.2k/

L.1C aI s1; �/

�

Y
I2SC.2k/nI 2k�1

�q.1C aI s1/ds1:

Since � D 0 here, we saw before that the integrand has a genuine pole of orderm � 1 at s1 D 0
by a dimension argument. In fact, we have that m � 2: indeed, we know that Œ2k� 2 I 2k�1

by our assumption that E2k�1 D 0, so that I 2 I 2k�1 if and only if Œ2k� n I 2 I 2k�1. In
particular, since we know that there is at least one I 2 SC.2k/ n I 2k�1, there must be at
least two such I ’s.

The presence of this pole makes the estimation of J.R/ tricky. In particular, we cannot
shift the contour to the line Re.s1/ D 0 as in Case 2 of Section 8.2. Instead, we write

L.1C aI s1; �/ D L.ˇ C aI s1; �/C�.aI s1/;

where

�.s/ WD L.1C s; �/ � L.ˇ C s; �/:

We thus find that

�.s/ D

Z 1

ˇ

L0.uC s; �/du�
log.q C jt j/

logQ
.� � �1= log.q C jt j//;

by (12.3) and the assumption that ˇ > 1 � 1=.100 log q/. With this notation,

J.R/ DM CE;

where

M D

�
'.q/

q

�M2k�1 .logR/.
2k
k /�2k

2�i

Z
Re.s1/D�= logR
jIm.s1/j�T

G2k�1.s1/
Y

I2S�.2k/

L.ˇ C aI s1; �/

�

Y
I2SC.2k/nI 2k�1

�q.1C aI s1/ds1

and E is a sum of similar expressions where at least one of the L.ˇ C aI s1; �/ factors is
replaced by �.aI s1/.
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First, we bound E. Moving s1 to the line Re.s1/ D 1= log.qT /, we find that

E �
.log.q logR//O.1/.logR/.

2k
k /�2k

logQ
� .log.q logR//O.1/.logR/.

2k
k /�2k�1:

Finally, we estimate M by moving the line of integration of s1 to Re.s1/ D 0, and use the
fact that G.s1/ � 1=.1 C js1j/

2k (note that the integrand is now analytic, since the pole of
the �q ’s is annihilated by the zeroes of the L.�; �/’s) to find that

J.R/ D

�
'.q/

q

�M2k�1 .logR/.
2k
k /�2k

2�

Z T

�T

G.it/
Y

I2S�.2k/

L.ˇ C iaI t; �/

�

Y
I2SC.2k/nI 2k�1

�q.1C iaI t /dt CO..log.q logR//O.1/.logR/.
2k
k /�2k�1/:

Note that G.s/ D F.a1s; : : : ; a2ks/ here, because d D 0. When jt j � logR, we use (6.6) to
replacebhR byRs=s, and when jt j > logR we use the boundbhR.s/� R�=jsj by (6.5). Taking
C to be large enough, we thus conclude that

J.R/

.logR/.
2k
k /�2k

D
.'.q/=q/M2k�1

2�

Z 1
�1

F.ia1t; : : : ; ia2kt /
Y

I2S�.2k/

L.ˇ C iaI t; �/

�

Y
I2SC.2k/nI 2k�1

�q.1C iaI t /

2kY
jD1

1 � 2�iaj t

iaj t
dt CO

 
.log.q logR//O.1/

logR

!
:

This completes the proof of Lemma 12.2 in this case.

Case 3 of the proof of Lemma 12.2:N � 2k�2. – As in the corresponding case of the proof
of Lemma 8.5, and using (12.6), we find that

J.R/� .log.q logR//O.1/.logR/XN�N�d
Y

I2S�.2k/\IN

jL.hN;I /.1; �/j

� .log.q logR//O.1/.logR/A .VN /�N :

Proposition 7.1(c) then implies that A .VN /�N �
�
2k
k

�
� 2k � 2, thus completing the proof

of Lemma 12.2.

12.5. Lower bounds

In order to complete the proof of Theorem 1.5, we show that constant ck.�/ in (12.5) is
� .log q/�O.1/. In order to do so, we follow the argument of Section 9 and prove that, for
any � > 0, there is a constant ck > 0 such that

X2k.R/ � ck
.logR/.

2k
k /�2k��

.log q/O.1/
�O�

�
.log.q logR//O.1/.logR/.

2k
k /�2k�1

�
;(12.9)

provided that
p

logQ � logR � 2c1 log q, where c1 is the constant appearing in (12.3). (For
this section, all constants will be independent of �, unless specified by a subscript, as above.)

We set

y D expf.logR/1��
0

g and Y D expf.logR/1��
0=2
g;
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where �0 will be taken to be small enough in terms of �, and focus our attention on integers
of the form n D ap1 � � �pk with PC.a/ � y, a � Y , and p1; : : : ; pk are distinct primes such
that p` >

p
R and �.p`/ D �1 for all ` 2 f1; : : : ; kg. Then

X2k.R/ �

Q
p�R.1 � 1=p/

kŠ

X
PC.a/�y
a�Y

X
pj>
p
R

�.pj /D�1

1�j�k

�2.p1 � � �pk/

ap1 � � �pk

0BB@ kX
`D1

X
R=.2p`/<d�R=p`

d ja

�.d/

1CCA
2k

:

The next step is to drop the condition that a � Y by an application of Rankin’s trick
and to remove the condition that the pj ’s are distinct. We further replace the sharp cut-off

R=.2p`/ < d � R=p` by the smooth cut-off h. log.dp`/
logR / � h. log.2dp`/

logR /, where h.x/ D 1

for x � 1 � 1=.logR/B and h.x/ D 0 for x � 1, with B sufficiently large. To conclude, we
have that

X2k.R/ �

Q
p�R.1 � 1=p/

kŠ.logR/k
X

PC.a/�y

X
p
R<pj�R

�.pj /D�1

1�j�k

Qk
jD1 logpj
ap1 � � �pk

0@ kX
`D1

X
d ja

�.d/w

�
log.dp`/

logR

�1A2k

CO

�
1

logR

�
;

where w.x/ D h.x/ � h.x C log 2= logR/.

The rest of the proof follows the argument of Section 9, with a small twist, as we
will explain in the end. We expand the 2k-th power and focus on a convenient subset of
summands. We then conclude that

X2k.R/ �

Q
y<p�R.1 � 1=p/

kŠ

X
J2J

X.J /CO

�
1

logR

�
with

X.J / D
1

.logR/k
X

PC.dj /�y

1�j�2k

�.d1/ � � ��.d2k/

Œd1; : : : ; d2k �

�

kY
`D1

X
p
R<p`�R

.1 � �.p`// logp`
2p`

Y
j2J`

w

�
log.p`dj /

logR

�
;

where J is as in Section 9. We set

S WD
X

p
R<p�R

.1 � �.p// logp
2p

� logR
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and write L for the set of ` 2 f1; : : : ; kg such that J` ¤ ;. Then, using Perron’s formula 2k
times to write each appearance of w as an integral of bwR, we find that

X.J / D
Sk�# L .logR/�k

.2�i/2k

Z
� � �

Z
Re.sj /D1= logR

1�j�2k

X
PC.dj /�y

1�j�2k

Q2k
jD1 �.dj /d

�sj
j

Œd1; : : : ; d2k �

�

0@Y
`2 L

X
p`>
p
R

.1 � �.p`// logp`

2p
1CsJ`
`

1A0@ 2kY
jD1

bwR.sj /
1A ds1 � � � ds2k CO

�
1

logR

�
;

where sJ D
P
j2J sj , as usual, and the condition that p` � R was dropped because it is

encoded in the support ofw. By possibly re-indexing the variables s1; : : : ; s2k , we may assume
that L D f1; : : : ; Lg, where L D # L , and that maxJ` D 2k � LC ` for all ` 2 f1; : : : ; Lg
with L D # L . As in Section 9, we will move the variables s2k�LC1; : : : ; s2k to the left. We
note thatX

p>
p
R

.1 � �.p// logp
p1Cs

D �
�0

�
.1C s/C

L0

L
.1C s; �/CO.1/ �

X
p�R1=2

logp
p1Cs

for Re.s/ � �1=3. The above has simple poles at s D 0 and s D ˇ � 1, each of residue 1.
Therefore, using the argument leading to (9.12), we find that

X.J / D
X

�`2f0;ˇ�1g
1�`�L

Sk�L.logR/�k

2L.2�i/2k�L

Z
� � �

Z
Re.sj /D1= logR .1�j�2k�L/

sJ`D�` .1�`�L/

X
PC.dj /�y

1�j�2k

Q2k
jD1 �.dj /d

�sj
j

Œd1; : : : ; d2k �

�

0@ 2kY
jD1

bwR.sj /
1A ds1 � � � ds2k�L CO

�
1

logR

�
:

(12.10)

The above expression is sufficient for handling the terms J 2 J with at least one J` of
odd cardinality: following the argument of Section 9.5 with the obvious modifications implies
that

X.J /� .log.q logR//O.1/
.logy/.

2k
k /�2k�1CL

.logR/L
;(12.11)

where we used the fact that supq<p�Q.1C �.p//=p � 1.

However, we need to be more careful on our lower bound for the main term, that is
to say for X.J / with #J` D 2 for all `. First of all, by relabeling our variables, we may
assume that J` D f`; ` C kg for all `. In our expression (12.10) for X.J /, we see that
sJ` D �` 2 f0; ˇ � 1g implies that s`Ck D �s`CO.1= logQ/. We want to replace s`Ck by�s`.
This introduces an error that we will control by an application of the mean value theorem.
In particular, we need to understand the derivative of the integrand. If

G.s/ D
X

PC.dj /�y

1�j�k

Q2k
jD1 �.dj /d

�sj
j

Œd1; : : : ; d2k �
;
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then �G0.s/=G.s/ equals
P
I2S �.2k/

P
p�y �

#I .p/ logp=p1CsI , plus lower order terms, so
that G0.s/� .logy/G.s/ for the vectors s we are considering. Similarly, bwR.sC �/=RsC� DbwR.s/=Rs CO.�=.jsj C 1// by (6.5). Since we also have thatZ

� � �

Z
Re.sj /D1= logR
jsjCkCsj j�1�ˇ

1�j�k

jG.s/j

kY
jD1

jdsj j
1C jsj j2

� .log.q logR//O.1/
.logy/.

2k
k /�k

.logR/k
;

by the argument leading to (12.11), we conclude that

X.J / D
.1CRˇ�1/k

.2�i logR/k

Z
� � �

Z
Re.sj /D1= logR
sjCkD�sj
1�j�k

G.s/

0@ 2kY
jD1

bwR.sj /
1A ds1 � � � dsk

CO

 
logy
logQ

�
.log.q logR//O.1/.logy/.

2k
k /�k

.logR/k

!
:

The main term can now be bounded from below as in Section 9.4. We thus arrive to the lower
bound

X.J / � ck
.logy/.

2k
k /�k.logR/�k

.log q/O.1/
�O

 
.log.q logR//O.1/.logy/.

2k
k /�kC1

.logR/kC2

!
;

using that
P
q<p�Q.1C �.p//=p � 1 and y � R � e

p
logQ here. This completes the proof

of (12.9), and thus of Theorem 1.5(c).
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TAUTOLOGICAL CLASSES
WITH TWISTED COEFFICIENTS

 D PETERSEN, M TAVAKOL  Q YIN

A. – LetMg be the moduli space of smooth genus g curves. We define a notion of Chow
groups ofMg with coefficients in a representation of Sp.2g/, and we define a subgroup of tautological
classes in these Chow groups with twisted coefficients. Studying the tautological groups of Mg with
twisted coefficients is equivalent to studying the tautological rings of all fibered powers Cng of the
universal curveCg !Mg simultaneously. By taking the direct sum over all irreducible representations
of the symplectic group in fixed genus, one obtains the structure of a twisted commutative algebra on
the tautological classes. We obtain some structural results for this twisted commutative algebra, and
we are able to calculate it explicitly when g � 4. Thus we completely determine the tautological rings
of all fibered powers of the universal curve overMg in these genera. We also give some applications to
the Faber conjecture.

R. – Notons parMg l’espace de modules des courbes lisses de genre g. Nous définissons une
notion de groupes de Chow deMg à coefficients dans une représentation de Sp.2g/, et nous définissons
en outre un sous-groupe de classes tautologiques dans ces groupes de Chow à coefficients tordus.
L’étude des groupes tautologiques de Mg à coefficients tordus est équivalente à l’étude simultanée
des anneaux tautologiques de toutes les puissances fibrées Cng de la courbe universelle Cg ! Mg .
En prenant la somme directe de toutes les représentations irréductibles du groupe symplectique en
genre fixe, on obtient sur les classes tautologiques la structure d’une algèbre tordue commutative.
Nous obtenons des résultats structurels pour cette algèbre tordue commutative, et nous la calculons
explicitement lorsque g � 4. Ainsi, nous déterminons complètement les anneaux tautologiques de
toutes les puissances fibrées de la courbe universelle sur Mg pour g � 4. Quelques applications à la
conjecture de Faber sont données.

1. Introduction

Say that g � 2, and let C ng be the moduli space of smooth genus g curves with n ordered
not necessarily distinct marked points. Equivalently, C ng is the n-fold fibered power of the
universal curve over Mg with itself. Suppose that we want to study the cohomology of the
spacesC ng . A natural approach is to apply the Leray-Serre spectral sequence for the fibration

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE
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1180 D. PETERSEN, M. TAVAKOL AND Q. YIN

f WC ng ! Mg that forgets the n markings. Since f is smooth and proper, the spectral
sequence degenerates by Deligne’s decomposition theorem [8], and

H k.C ng ;Q/ Š
M

pCqDk

Hp.Mg ; R
qf�Q/:

To each dominant weight � of Sp.2g/ there is associated a local system Vh�i on Ag , the
moduli space of principally polarized abelian varieties of dimension g. The sheaves Rqf�Q
decompose into direct sums of local systems Vh�i, where we use the notation Vh�i also for
their pullback along the Torelli map. The local systems Vh�i occuring as summands ofRf�Q
are precisely those with j�j � n.

It follows that the two collections of cohomology groups

H �.C ng ;Q/ for n � N and H �.Mg ;Vh�i/ for j�j � N

contain more or less the same information. However, this information is “packaged” in a
much more efficient way in the local systems. The cohomology groups of C ng are generally
very large, but when expressed in terms of local systems we see that most of the cohomology
just encodes how the complex Rf�Q decomposes into summands—that is, it encodes the
Künneth formula for the n-fold self-product of a genus g curve, and some representation
theory of Sp.2g/. By studying the local systems we may focus our attention on the “inter-
esting” part of the cohomology in a systematic way.

Our first goal of this paper is to do the same thing for the tautological rings of C ng . We
remind the reader that the tautological ringR�.C ng / is the subalgebra of CH�.C ng / generated
by the classes of the diagonal loci �ij where two markings coincide, the classes  1; : : : ;  n
which are the Chern classes of the n cotangent line bundles at the marked points, and the
Morita-Mumford-Miller classes �d . The image of R�.C ng / in cohomology under the cycle
class map is denoted RH �.C ng /.

We will be able to define tautological cohomology groups RH �.Mg ;Vh�i/ � H �.Mg ;Vh�i/,
with the property that the collections of tautological groups

RH �.C ng / for n � N and RH �.Mg ;Vh�i/ for j�j � N

bear exactly the same relation to each other as the collections of cohomology groups
H �.C ng ;Q/ and H �.Mg ;Vh�i/. Thus we are able to decompose the tautological groups
of C ng into pieces indexed by local systems; the tautological groups of the local systems
package all the information about the tautological groups of C ng in a much more efficient
way, and working with twisted coefficients allows us to “zoom in” on particularly interesting
parts of the tautological groups. Moreover, the groups RH �.Mg ;Vh�i/ turn out to be more
computable than the groups RH �.C ng /.

In fact, we will actually not only do this on the level of cohomology groups, but for Chow
groups. (The results are new already on the level of cohomology, though.) For this we should
not work with local systems onMg , but with relative Chow motives over the baseMg . Instead
of decomposing the complex Rf�Q into local systems Vh�i, we will decompose the Chow
motive h.C ng =Mg/ into Chow motives Vh�i which are motivic lifts of the local systems Vh�i.
Once the correct framework is in place, working with motives rather than local systems
provides no extra difficulties.
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The utility of working with the local systems is illustrated by our Theorem 10.1, in which
we completely determine all tautological groups with twisted coefficients when g D 2; 3; 4.
It is an easy matter to compute from Theorem 10.1 the ranks of all the groupsRk.C ng / when
g � 4, the decompositions of these tautological groups into Sn-representations, and the
socle pairing. Thus a lot of useful information about the tautological rings is encoded in a
few lines of information about the local systems.

Since the tautological rings are defined in terms of explicit generators, understanding
the tautological rings is equivalent to finding the complete list of relations between these
generators. A conjectural complete description of the tautological rings was formulated by
Faber [12]. Namely, a theorem of Looijenga [43] asserts thatRg�2Cn.C ng / Š Q, and that the
tautological ring vanishes above this degree. Thus any two monomials of degree g � 2 C n
in the generators of the tautological ring are proportional to each other, and the proof of
the �g�g�1-conjecture [19, 21] gives explicit proportionalities. (In fact, both Looijenga’s
theorem and the proportionalities were part of Faber’s original conjecture.) What Faber then
conjectured was that any possible relation which is consistent with the pairing into the top
degree is a true relation; that is, the ringR�.C ng / should satisfy Poincaré duality. The general
belief now is that this conjecture should fail. One reason is that the original conjecture was
later extended to a “trinity” of conjectures for the spacesM rt

g;n,M ct
g;n andM g;n [56, 13], and

the conjectures for M 2;n and M ct
2;n are known to fail when n � 20 and n � 8, respectively

[62, 60]. The Faber conjecture for the spacesM rt
g;n is equivalent to the Faber conjecture forC ng

[59], and is still open. It has more recently been conjectured that Pixton’s extension of the
FZ relations (see Section 9) gives rise to all relations between tautological classes, and this
conjecture is known to contradict the Faber conjecture [63].

An interesting aspect of our work is that even though the decomposition of the tauto-
logical groups R�.C ng / into pieces indexed by representations of Sp.2g/ is not compatible
with the ring structure, the multiplication into the top degree behaves very well: the matrix
describing the top degree pairing is block diagonal with respect to our decomposition of
the tautological groups. This has the consequence that the Faber conjecture can be fruit-
fully studied from the perspective of the motives Vh�i—Poincaré duality can be checked for
each Vh�i separately. Using this we show that the Faber conjecture is true for the moduli
space C ng (hence also the space M rt

g;n) when g � 4 and n is arbitrary, and we make some
progress in trying to understand likely failures of the Faber conjectures in higher genera.

A completely different perspective on our results is provided by work of Kawazumi-
Morita and Hain. For a fixed genus g � 2, one can define a structure of commutative ring
on the direct sum

Tg D
M
�

H �.Mg ;Vh�i/˝ V�
h�i;

where the direct sum is taken over all dominant weights � of Sp.2g/. Let Ag D
V

V�
h1;1;1i

=.V�
h2;2i

/

denote the exterior algebra on the representation V�
h1;1;1i

, modulo the ideal generated by the

subrepresentation V�
h2;2i
�
V2V�

h1;1;1i
. If V�

h1;1;1i
is placed in degree 1, then one can define

a natural Sp.2g/-equivariant homomorphism of graded commutative rings 'WAg ! Tg . In
particular, we get a morphism between the subalgebras of symplectic invariants,

'Sp.2g/
WASp.2g/
g ! TSp.2g/

g D H �.Mg ;Q/:

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE
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According to a theorem of Kawazumi-Morita [38] the image of 'Sp.2g/ coincides with the
tautological cohomology ring of Mg . For this reason it is natural, following Hain [25],
to define the image of ' as the “tautological subalgebra” Rg � Tg . By considering the
individual summands of Rg one obtains an a priori completely different definition of the
tautological subgroup of H �.Mg ;Vh�i/. We prove in Theorem 12.8 that the two definitions
coincide, which in particular re-proves the theorem of Kawazumi-Morita. Our low genus
results can be seen as calculations of the ring Rg for g � 4; these are the first nontrivial
cases where this ring is completely known. A consequence of our general results is that the
morphism 'WAg ! Tg can be lifted to take values in Chow groups rather than cohomology
groups, answering a question of Hain. A final remark is that Morita has conjectured [51] that
the morphism 'Sp.2g/ is injective, so that A

Sp.2g/
g is isomorphic to the tautological ring ofMg

for any g. By extension it is natural to ask also whether ' is injective. Our results in genus
four show that this is not the case, however: A4 ! R4 is not an isomorphism.

Let us now state in some more detail what we do in this paper:

1. For any partition �1 � �2 � � � � � �g � 0, we construct a relative Chow motive Vh�i
over the moduli space Mg , which is a motivic version of the local system over Mg

associated to a representation of Sp.2g/ of highest weight �.

2. For any n � 0, we let h.C ng =Mg/ be the relative Chow motive over Mg given by the
n-fold fibered power of the universal curve. We prove that there exists a direct sum
decomposition

(1) h.C ng =Mg/ Š
M
i

Vh�i i
˝ Lmi ;

where L denotes the Lefschetz motive, and in particular we get upon taking Chow
groups

(2) CHk.C ng / Š
M
i

CHk�mi .Mg ;Vh�i i
/:

3. We construct an algebra of correspondences defined by tautological classes, which
acts on the motives h.C ng =Mg/, and hence on the Chow groups CHk.C ng /. Using
this algebra we obtain a canonical choice of decomposition (1), and a method for
computing the projection of any class in CHk.C ng / into any particular summand on
the right hand side of (2).

4. We define subgroups Rk.Mg ;Vh�i/ � CHk.Mg ;Vh�i/ with the property that for any
decomposition of h.C ng =Mg/ as in Eq. (1), we have

Rk.C ng / Š
M
i

Rk�mi .Mg ;Vh�i i
/:

We call the groupsRk.Mg ;Vh�i/ the tautological groups ofMg with twisted coefficients.
Informally, all information about the tautological rings R�.C ng / is contained in the
groups Rk.Mg ;Vh�i/.

5. The motives Vh�i come with a duality pairing Vh�i˝Vh�i ! Lj�j, which is the motivic
avatar of the fact that all representations of the symplectic group are self-dual. We
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prove that the socle pairing

(3) Rk.C ng /˝R
g�2Cn�k.C ng /! Rg�2Cn.C ng / Š Q

is a direct sum of pairings of the form

(4) Rk.Mg ;Vh�i/˝Rg�2Cj�j�k.Mg ;Vh�i/! Rg�2Cj�j.Mg ;Lj�j/ D Rg�2.Mg/ Š Q

for j�j � n. In particular, R�.C ng / is a Gorenstein algebra—that is, (3) is a perfect
pairing for all k—if and only if (4) is a perfect pairing for all k and all j�j � n.

6. If we fix a genus and consider the direct sum over all partitions,M
�

R�.Mg ;Vh�i/˝ ��T ;

where ��T denotes the representation of the symmetric group corresponding to the
partition conjugate to �, we obtain the structure of a twisted commutative algebra. The
� D 0 component of this twisted commutative algebra is just the tautological ring
ofMg . We prove using the FZ relations that this twisted commutative algebra is finitely
generated with an explicit bound for the degrees of the generators, which for � D 0

specializes to the theorem of Ionel-Morita [31, 50].

7. For g D 2; 3; 4we completely determine the groupsRk.Mg ;Vh�i/ for all k and �. A key
input is that the twisted commutative algebra described in point (vi) above will in these
low genera have only 0, 2 and 3 generators, respectively, by our generalization of the
theorem of Ionel-Morita. As a consequence we can compute the ranks Rk.C ng / for all
k and n in these genera, and how these tautological groups decompose into irreducible
representations of Sn. It also follows that R�.C ng / is always a Gorenstein algebra in
these genera.

The algebra of projectors described in point (iii) above seems like a particularly powerful
tool for “zooming in” on a specific part of the tautological ring. As explained in Section 10.4
we expect that the Faber conjecture fails when g D 5 and n D 8 for the motives Vh2;2;2;2i
and Vh3;2;2;1i. Using our algebra of projectors we can project specific tautological classes
onto these summands, which gives explicit classes which pair to zero with everything in
complementary degree but which are conjecturally nonzero.

It would be interesting to try to extend our results from Mg to the Deligne-Mumford
compactification M g . On the level of cohomology this would correspond to studying the
forgetful maps f WM g;n !M g rather than C ng !Mg . Then f is no longer smooth, but still
proper, so by the decomposition theorem [3] the complex Rf�Q is a direct sum of perverse
sheaves. In fact, each of these perverse sheaves will be the pushforward along some gluing
map � Y

v2Vert.�/

M g.v/;n.v/

�
=Aut.�/!M g;n

of the intermediate extension of a product of local systems associated to representations
of the smaller symplectic groups Sp.2g.v//. This suggests that one should try to define a
subspace of tautological classes inside the intersection cohomology groups IH �.M g ;Vh�i/
for each genus g and dominant weight �, and that these tautological groups should “govern”
all of the tautological groups R�.M g;n/ much in the same way as the tautological groups
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of V� onMg govern all the tautological groups R�.C ng /. Similarly there should be tautolog-
ical classes inside IH �.M ct

g ;Vh�i/ D H �.M ct
g ;Vh�i/ which govern all the tautological rings

R�.M ct
g;n/. The result [60, Theorem 3.4] can be seen as calculating the tautological subspace

of H �.M ct
2 ;Vh�i/ for all �. Moreover, it should be possible to carry out the suggestions in

this paragraph also on the level of Chow groups, using the intersection chow motives of
Corti-Hanamura [7].

1.1. How to read this paper

As mentioned already, this paper is written in the language of Chow motives. Readers who
would prefer not to know what a motive is should still be able to follow the arguments by
translating the arguments to cohomology using the following table:

Chow motive h.X=S/ of a family f WX ! S Complex Rf�Q in the derived category of S

Decomposition h.X=S/ Š
M
i

hi .X=S/ Decomposition Rf�Q Š
M
i

Rif�QŒ�i �

Chow group CHk.S; hi .X=S// Cohomology group H2k�i .S;Rif�Q/

Lefschetz motive L Constant sheaf Q, considered as a complex
concentrated in degree 2

Chow motive Vh�i over Mg
Local system Vh�i on Mg , considered as a complex
concentrated in degree j�j

Thus the only real complication is the indexing: the kth Chow group of the motive Vh�i˝Li

corresponds to the .2k � j�j � 2i/th cohomology group of the local system Vh�i.

Sections 2–4 of this paper explain necessary preliminary material from the representation
theory of the symplectic group and about Chow motives. In particular, Section 4 explains
a result of Ancona which is used to lift our methods from cohomology to Chow groups. It
could be a good idea for the reader to start from Section 5 and refer back to the previous
sections only as needed. Section 5 provides the theoretical backbone to the article, and
Section 6 provides some simple (hopefully instructive) example calculations. In Sections 7–
10 the theory is applied and our main results are proven. The concluding Sections 11 and 12
explain the relationship between what we do and previous work of Looijenga, Hain, Morita,
and Kawazumi.

1.2. Conventions

Representations of groups will be considered as left representations unless specified other-
wise. However, if V is a left representation, then we consider its dual V � as a right represen-
tation. (Recall that the dual of a left module over a noncommutative ring is a right module,
and vice versa.)

Chow groups are always taken with rational coefficients.

We occasionally consider cohomology groups as well as Chow groups. Although we write
cohomology with rational coefficients throughout, it will be clear that all results could have
been carried out equally well in the étale setting, with coefficients in Q`.
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2. Chow motives

The results of this paper will be formulated in the language of Chow motives. The first
parts of this section briefly recall standard definitions for the reader’s convenience and to fix
conventions. For a more detailed and motivated introduction see e.g., [66].

2.1. The category of Chow motives

Let S be a smooth connected scheme or Deligne-Mumford stack over a field k that we
assume algebraically closed for simplicity. LetX and Y be smooth proper schemes over S . (1)

We define a graded vector space of correspondences over S as follows: if X is connected and
X ! S is of relative dimension d then CorrS .X; Y / D CHdC�.X �S Y /; in the general case
we define CorrS .

`
˛ X˛; Y / D

Q
˛ CorrS .X˛; Y /. We write

f WX ` Y

to denote that f is a correspondence from X to Y . The composition of f WX ` Y and
gWY ` Z is defined by

g ı f D .p13/�.p
�
12.f / � p

�
23.g//;

(note the reversed ordering!) where pij denotes the projection from X �S Y �S Z onto the
i th and j th factor of the fibered product. One checks that composition of correspondences is
associative and that the diagonal, considered as a correspondenceX ` X , acts as the identity
idX , so that CorrS is a category.

We say that a correspondence pWX ` X of degree 0 is idempotent if p ı p D p. We also
say that p is a projector.

We define the category MotS of Chow motives over S . The objects of MotS are triples
.X; p; n/ where X is smooth and proper over S , pWX ` X is a projector, and n 2 Z.
Morphisms are defined by

MotS ..X; p; n/; .Y; q;m// D q ı Corrm�nS .X; Y / ı p � CorrS .X; Y /;

where CorrrS .X; Y / denotes the degree r part of CorrS .X; Y /, and q ı Corrm�nS .X; Y / ı p

denotes the joint image of the projectors p and q acting on CorrS .X; Y / on the right and
on the left, respectively.

The Lefschetz motive over S is defined as .S; id;�1/ and will be denoted by LS . If S is
clear from context we will omit the subscript and write L.

We define a tensor product on motives as follows. If M D .X; p; n/ and N D .Y; q;m/

then M ˝ N D .X �S Y; p � q; nCm/. This makes MotS a symmetric monoidal category
with monoidal unit 1 D .S; id; 0/. The category is in fact rigid symmetric monoidal, i.e.,
every object has a dual: ifX is of pure dimension d over S , then the dual ofM D .X; p; n/ is

(1) If S is a Deligne-Mumford stack we do not impose the condition thatX and Y are schemes, only that the maps
to S are representable in schemes.
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M � D .X; pt ; d �n/, where pt denotes the transpose correspondence. The category also has
direct sums. The sum .X; p; n/˚ .Y; q;m/ is the easiest to define when n D m, in which case
it is given by .X t Y; p ˚ q; n/.

LetVS be the category of smooth proper schemes over S . There is a contravariant functor
VS ! MotS which is given on objects by X 7! .X; id; 0/ and which maps an S -morphism
f WY ! X to the class of the transpose of its graph in CHdimS .X/.X �S Y /. For X ! S

smooth and proper we denote by h.X=S/ the corresponding Chow motive over S . Note
that h.X=S/� Š h.X=S/˝ L�dimS X (Poincaré duality).

2.2. Chow groups and cohomology groups of a Chow motive

Let M be a Chow motive over S . We define its Chow groups by CHk.S;M/ D

MotS .LkS ;M/. We can make this definition more explicit as follows. Note that for X a
smooth proper scheme over S we have CH�.X/ D CorrS .S;X/. As such, the algebra
CorrS .X;X/ acts on the Chow groups ofX on the left. LetM D .X; p; n/ be a Chow motive
over S . Then its Chow groups are given by

CHk.S;M/ D p ı CHkCn.X/:

R 2.1. – It is also true that CH�.X/ D CorrS .X; S/ (up to a degree shift),
so that CorrS .X;X/ acts on the Chow groups of X on the right. One could also define
CHk.S;M/ D CHkCn.X/ ı pt , where pt denotes the transpose correspondence of p.

Let us suppose that S is a complex algebraic variety. There is a Betti realization functor
real W MotS ! Db.S/ into the bounded derived category of sheaves of Q-vector spaces on S .
For �WX ! S a smooth proper scheme over S we have

real h.X=S/ D R��Q:

The algebra CorrS .X;X/ acts on the complexR��Q, and for pWX ` X idempotent we define
real .X; p; n/ D Im.p�WR��Q ! R��Q/Œ2n�, where Œ2n� denotes the suspension functor
in Db.S/. There is a cycle class map

CHk.S;M/! H2k.S; realM/

(where H denotes hypercohomology) which on motives of the form h.X=S/ agrees with the
usual cycle class map:

CHk.X/ D CHk.S; h.X=S//! H2k.S; realM/ D H2k.S;R��Q/ D H 2k.X;Q/:

Over an arbitrary field there is an analogous realization functor from MotS to the derived
category of étale Q`-sheaves on S .
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2.3. Künneth decomposition, the summands h0 and h2d

Let�WX ! S be smooth, proper and purely of relative dimension d . By Deligne’s theorem
[8] there is an isomorphism in Db.S/:

R��Q Š
2dM
iD0

Ri��QŒ�i �:

In particular, this decomposition implies that the Leray spectral sequence for � degenerates,
and H k.X;Q/ Š

L
pCqDkH

p.S;Rq��Q/: It is expected that this decomposition always
lifts to the category of Chow motives. Thus there should be an isomorphism

h.X=S/ Š

2dM
iD0

hi .X=S/

for which real hi .X=S/ Š Ri��QŒ�i �. In particular one would have

CHk.X/ Š

2dM
iD0

CHk.S; hi .X=S//:

The summands h0 and h2d can easily be constructed unconditionally. Let us suppose
thatX is connected, and let z 2 CHd .X/ be a cycle of degree 1 on each fiber ofX ! S , e.g.,
a section. One checks that the two correspondences X ` X given by

�0 D Œz �X� and �2d D ŒX � z�

are idempotent. If we define h0.X=S/ D .X; �0; 0/ and h>0.X=S/ D .X; idX � �0; 0/ then

h.X=S/ Š h0.X=S/˚ h>0.X=S/

which on realizations gives the decomposition

R��Q Š R0��Q˚ ��1R��Q;

where � denotes a truncation functor in the derived category Db.S/. Similarly we get
decompositions h.X=S/ Š h<2d .X=S/ ˚ h2d .X=S/ with realization ��2d�1R��Q ˚
R2d��QŒ�2d�.

L 2.2. – Let X and z be as above. Then h0.X=S/ Š 1 and h2d .X=S/ Š Ld .

Proof. – We prove only the second isomorphism. By definition we have

MotS .Ld ; h2d .X=S// D �2d ı CHd .X/

MotS .h
2d .X=S/;Ld / D CH0.X/ ı �2d :

It is clear that �2d ı z D z and 1 ı �2d D �0 ı 1 D 1 (cf. Remark 2.1). As such the
cycle z and the fundamental class 1 define morphisms Ld ! h2d .X=S/ ! Ld . Moreover,
their composition in MotS .Ld ;Ld / D CH0.S/ is given by ��.z/ D 1, the identity. Their
composition in MotS .h

2d .X=S/; h2d .X=S// D �2d ı CHd .X �S X/ ı �2d is given by the
correspondence �2d , which is also the identity.
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One might want to define a motive h?.X=S/ D .X; id��0��2d / to get a decomposition
h.X=S/ Š h0.X=S/˚ h?.X=S/˚ h2d .X=S/, where the Betti realization of h?.X=S/ is the
complex ��1��2d�1R��Q. Unfortunately the correspondence id��0��2d is not in general
idempotent, since �0 and �2d are not in general orthogonal when the base scheme S is
nontrivial; this will be clear from the proof of the following lemma. To make the projectors
orthogonal one needs to slightly modify the cycle z.

L 2.3. – Let �WX ! S be as above. Let z 2 CHd .X/ be a cycle of degree 1 on each
fiber over S . Define z0 D z� 1

2
����.z

2/. Then z0 also has degree 1 on each fiber, the projectors
�0 D Œz

0 �X�, �2d D ŒX � z0� are orthogonal, and there is a decomposition

h.X=S/ Š h0.X=S/˚ h?.X=S/˚ h2d .X=S/

with h0.X=S/ D .X; �0; 0/, h?.X=S/ D .X; idX ��0��2d ; 0/ and h2d .X=S/ D .X; �2d ; 0/.

Proof. – We check that �0 and �2d are orthogonal. We have

�0 ı �2d D .p13/�.p
�
12.�2d / � p

�
23.�0// D .p13/�.p

�
1 .z
0/ � p�3 .z

0// D 0

and

�2d ı �0 D .p13/�.p
�
12.�0/ � p

�
23.�2d // D .p13/�.p

�
2 .z
0/2/:

From the cartesian diagram

X �S X �S X X �S X

X S

p13

p2 ���

�

we get .p13/�.p�2 .z
0/2// D .� � �/�.��.z

0/2/: But now

��.z
0/2 D ��.z

2
� z � ����z

2
C
1

4
.����z

2/2/ D ��.z
2/ � ��.z

2/C 0 D 0:

R 2.4. – The decomposition h.X=S/ Š h0.X=S/˚ h?.X=S/˚ h2d .X=S/ is not
unique: it depends very much on the choice of a cycle z. Nevertheless each of the summands
on the right hand side is determined up to a canonical isomorphism, independently of z.
Indeed after Lemma 2.2 we only need to verify this for h1, and a small verification shows
that the diagonal in X �S X composed with the respective projectors gives the required
isomorphism.

2.4. Künneth decomposition for abelian schemes

The decomposition of Lemma 2.3 provides a Künneth decomposition for families of
curves (or surfaces with no odd cohomology). The other case we will use in this paper is the
existence of a motivic Künneth decomposition for abelian schemes:

T 2.5 (Shermenev, Deninger-Murre, Künnemann). – Let A ! S be an abelian
scheme of relative dimension g. There exists a Künneth decomposition

h.A=S/ Š

2gM
iD0

hi .A=S/
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in which we have hi .A=S/ Š Symih1.A=S/ for all i , and Symih1.A=S/ D 0 for i > 2g.

Shermenev’s proof of this fact starts by choosing a curve C such that its jacobian maps
surjectively onto A. This makes the decomposition highly noncanonical, and limits the
construction to the absolute case—there is no reason for a general abelian scheme to be a
quotient of the jacobian of a family of curves. By contrast, the constructions of Deninger-
Murre [10] and Künnemann [39] use Fourier theory and are canonical and functorial.

The Deninger-Murre decomposition can be described using Manin’s identity principle (see
e.g., [66, 2.3]), which says that although a Chow motive M over S is not determined by its
Chow groups, it is determined by its Chow groups after any base change; more precisely, the
functor that takes a smooth proper morphism f WT ! S to the Chow groups of the relative
Chow motive f �M over T , determines M completely. For an abelian scheme A ! S we
have the morphism ŒN �WA! A of multiplication byN > 1, and the Chow groups of A (and
any base change ofA) can be decomposed canonically into eigenspaces forN , for allN . The
summand hi .A=S/ in the Deninger-Murre decomposition corresponds to theN i -eigenspace
of the Chow groups of A.

P 2.6. – Let C ! S be a family of smooth curves, and J ! S the jacobian.
Then there exists an isomorphism of Chow motives h1.C=S/ Š h1.J=S/, where h1.C=S/ is the
summand of h.C=S/ described in Lemma 2.3 and h1.J=S/ is the summand of h.J=S/ provided
by the decomposition of Deninger-Murre.

Sketch of proof. – After replacing S with a finite étale Galois cover we may assume
that C ! S has a section. It is enough to prove the isomorphism under this assump-
tion; since we work with Q-coefficients we may then take Galois invariants to obtain the
conclusion over our original base scheme. The section defines an Abel-Jacobi map C ! J

and puts us in the situation considered by Shermenev [67]. Shermenev’s construction
provides a motivic Künneth decomposition h.J=S/ D

L
i h
i .J=S/ for which it is clear from

construction that h1.C=S/ D h1.J=S/. Unfortunately the resulting motivic decomposition
of h.J=S/ is in general different from that of Deninger-Murre.

The claim is now that even though the two direct sum decompositions of the Chow groups
of J are different, they give rise to the same descending filtration of the Chow groups, so that
the two associated graded objects are isomorphic. Since S is arbitrary it will then hold also
after base change to an arbitrary smooth properS 0 ! S , and from Manin’s identity principle
it will then follow that the motives hi .J=S/ obtained from Shermenev’s decomposition are
isomorphic to those of Deninger-Murre. The fact that the two descending filtrations of Chow
groups coincide is part of a theorem of Moonen-Polishchuk [47, Theorem 4].

3. Preliminaries from representation theory

We define a partition to be a non-increasing sequence of natural numbers which eventually
reaches zero: � D .�1 � �2 � �3 � � � � � 0 � 0 � � � � /. The weight of a partition is defined
as j�j D

P
i �i . The length of a partition is defined as `.�/ D maxfi W �i ¤ 0g. Partitions

are often identified with Young diagrams. Our convention for Young diagrams is that the
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numbers �i are the lengths of the rows in the diagram. We denote the conjugate partition
of �, obtained by reflecting the Young diagram across the diagonal, by �T .

3.1. Schur-Weyl duality

Let V be a vector space over Q. (Everything that follows is true more generally over any
field of characteristic zero.) Partitions with `.�/ � dim.V / are in a natural bijection with
irreducible finite dimensional representations of GL.V / via the theory of highest weight
vectors. We write V� for the representation of GL.V / corresponding to �. For example, if
� D .n � 0 � 0 � � � � /, then V� D Symn.V / and V�T D

Vn
V . If `.�/ > dim.V /

then we define V� to be zero. The representations of the symmetric group are also indexed
by partitions: the partitions with j�j D n are in natural bijection with the representations of
the symmetric group Sn, which we denote by ��. If � D .n � 0 � 0 � � � � / then �� is the
trivial representation and ��T is the sign representation.

The vector space V ˝n carries commuting left and right actions by GL.V / andSn, respec-
tively. Schur-Weyl duality in its most basic form is an expression of how to decompose V ˝n

into irreducible representations under this action of GL.V / �Sn:

V ˝n D
M
j�jDn

V� ˝ �
�
� :

Although �� Š ��� , we dualize to emphasize that we are considering a right action.
Schur-Weyl duality can be formulated more abstractly in terms of mutual centralizers.

Namely, V ˝n admits commuting actions of GL.V / and the group algebra QŒSn�, and
Schur-Weyl duality is equivalent to the claim that the centralizer of GL.V / in EndQ.V

˝n/

equals the image of QŒSn� in EndQ.V
˝n/, and vice versa. A useful consequence of this

more abstract viewpoint is that it produces for all � an explicit idempotent endomorphism
of V ˝n whose image is exactly the summand V� ˝ ��

�
. Namely, the group algebra QŒSn�

contains a family of orthogonal idempotents called Young symmetrizers. If c� denotes a
Young symmetrizer corresponding to the partition �, then the image of c� is the summand
V� ˝ �

�
�

of V ˝n.

3.2. Symplectic groups and Weyl’s construction

Suppose that the vector space V is equipped with a symplectic form. Then partitions of
length `.�/ � 1

2
dim.V / are in a bijection with irreducible finite dimensional representations

of Sp.V /, and we write Vh�i for the representation of Sp.V / corresponding to �. Similarly we
set Vh�i D 0 if `.�/ > 1

2
dim.V /. The decomposition of V ˝n into irreducible representations

of Sp.V /�Sn is more complicated than that for GL.V /. The first nontrivial example is the
case n D 2:

V ˝2 D Vh2i ˝ �
�
2 ˚ Vh1;1i ˝ �

�
1;1 ˚ Vh0i ˝ �

�
1;1:

The first two terms are exactly what one expects from Schur-Weyl duality. The third term
arises because

V2
V is not irreducible: it contains the trivial representation spanned by the

class of the symplectic form as a subrepresentation.
The example n D 2 generalizes to larger values of n as follows. We define

V hni � V ˝n
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to be the subspace of traceless tensors, i.e., the intersection of the kernels of all
�
n
2

�
maps

V ˝n ! V ˝.n�2/

given by contracting with the symplectic form. Alternatively, we can think of V hni as a
quotient of V ˝n, where we divide by the images of all

�
n
2

�
maps V ˝.n�2/ ! V ˝n given by

inserting the class of the symplectic form. The subspace V hni is clearly Sp.V /-invariant, and
Weyl proved that there is an isomorphism

V hni D
M
j�jDn

Vh�i ˝ �
�
�

for all n. Thus we know how to decompose the subspace V hni into irreducible representations
of Sp.V / �Sn. Moreover, we may write V ˝n as the direct sum of V hni and the image of all
the maps V ˝.n�2/ ! V ˝n; we may write V ˝.n�2/ as the direct sum of V hn�2i and the image
of all maps V ˝.n�4/ ! V ˝.n�2/, etc. This leads inductively to a decomposition of V ˝n

into irreducible Sp.V / � Sn-representations. All Vh�i with j�j � n and j�j � n .mod 2/
will occur in this decomposition. We refer to this as Weyl’s construction of the irreducible
representations of Sp.V /.

3.3. Brauer algebra

We now wish to give a version of Schur-Weyl duality for the symplectic group in terms of
mutual centralizer algebras for the action of Sp.V / on V ˝n. The centralizer of Sp.V / acting
on V ˝n is larger than QŒSn�. It can be described as the algebra of endomorphisms of V ˝n

generated by QŒSn� and the maps given by compositions

V ˝n ! V ˝.n�2/ ! V ˝n;

where the first map contracts two tensor factors using the symplectic form, and the second
map inserts the form. Brauer [5] introduced a diagrammatic calculus which is useful for
describing endomorphisms in this centralizer algebra. We give here a category-theoretic
treatment of the Brauer algebra. Somewhat similar presentations can be found in [40, 65].

Let n andm be nonnegative integers. We define an .n;m/-Brauer diagram to be a diagram
of two rows containing n and m dots, respectively, and .nC m/=2 strands connecting these
dots pairwise. The set of .n;m/-Brauer diagrams is empty unless n � m .mod 2/. Here is a
(4,6)-Brauer diagram:

For any parameter ı 2 Q, letBr.ı/.n;m/ be the Q-vector space spanned by all .n;m/-Brauer
diagrams. We define a composition map

Br.ı/.n;m/˝Br.ı/.m; k/! Br.ı/.n; k/

which is defined on basis elements as follows: to compose an .n;m/-Brauer diagram and an
.m; k/-Brauer diagram, connect the strands on the bottom of the first diagram with those on
the top of the second diagram, erase any loops that are formed in the process, and multiply
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the result by ı to the power of the number of erased loops. The following example illustrates
a compositionBr.ı/.5; 7/˝Br.ı/.7; 3/! Br.ı/.5; 3/:

D ı �

0B@
1CA

This composition defines in particular the structure of an associative algebra onBr.ı/.n; n/.
This algebra is classically called the Brauer algebra.

D 3.1. – Let V be an object of a symmetric monoidal category. A dual of V is
an object V � equipped with unit and counit maps 1! V ˝ V � and V � ˝ V ! 1 such that
both the following compositions are identities:

V Š 1˝ V ! V ˝ V � ˝ V ! V ˝ 1 Š V

and
V � Š V � ˝ 1! V � ˝ V ˝ V � ! 1˝ V � Š V �:

An object V is self-dual if it is equipped with a pair of maps 1 ! V ˝ V and V ˝ V ! 1
making V into its own dual. It is symmetrically self-dual if, in addition, the unit and counit
are invariant under the flip map V ˝ V ! V ˝ V . If V is dualizable, then we define the
quantum dimension of V to be the element of End.1/ given by the composition

1! V ˝ V � Š V � ˝ V ! 1:

The following proposition can be seen as part of the diagrammatic calculus of “string
diagrams,” describing morphisms in tensor categories (see e.g., [37, Chapter XIV]). In this
calculus the precise form of the diagrams depend on the properties of the tensor category. For
example, in a symmetric monoidal category strings are allowed to cross each other freely, but
in a braided monoidal category the strings must be considered as braids. If we did not insist
that V was symmetrically self-dual in the following proposition, we would need to equip the
strands in the Brauer algebra with orientations or framings.

P 3.2. – Let V be a symmetrically self-dual object of quantum dimen-
sion ı in a Q-linear symmetric monoidal category C. There is a natural map Br.ı/.n;m/ !
HomC.V ˝n; V ˝m/ which makes the following diagram commute:

Br.ı/.n;m/˝Br.ı/.m; k/ Br.ı/.n; k/

HomC.V ˝n; V ˝m/˝HomC.V ˝m; V ˝k/ HomC.V ˝n; V ˝k/:

The collection of mapsBr.ı/.n;m/! HomC.V ˝n; V ˝m/ are completely determined by
the images of the three diagrams

4 e SÉRIE – TOME 54 – 2021 – No 5



TAUTOLOGICAL CLASSES WITH TWISTED COEFFICIENTS 1193

which generate the Brauer algebras in an appropriate sense; these diagrams are mapped to
the flip map V ˝ V ! V ˝ V , the counit V ˝ V ! 1 and the unit 1! V ˝ V , respectively.

R 3.3. – The proposition can be formulated using the language of PROPs: the
collection fBr.ı/.n;m/gn;m�0 is a PROP, and V is an algebra over this PROP in the cate-
gory C.

Let sV denote the symplectic vector space V considered as a Z=2-graded vector space
concentrated in odd degree. Let 1 be the monoidal unit in this category, i.e., the vector
space Q placed in even degree. The symplectic form defines “contraction” and “insertion”
maps

sV ˝ sV ! 1 and 1! sV ˝ sV:

Taking into account the Koszul sign rule for Z=2-graded vector spaces, both these maps are
now S2-invariant; that is, by shifting V into odd degree, we have converted the symplectic
form to a symmetric bilinear form. Equivalently, sV is symmetrically self-dual in the category
of Z=2-graded vector spaces. The quantum dimension of sV is �2g.

C 3.4. – Let V be a symplectic vector space of dimension 2g. The map which
sends an .n;m/-Brauer diagram to a morphism .sV /˝n ! .sV /˝m makes the following
diagram commute:

Br.�2g/.n;m/˝Br.�2g/.m; k/ Br.�2g/.n; k/

HomSp.V /..sV /
˝n; .sV /˝m/˝HomSp.V /..sV /

˝m; .sV /˝k/ HomSp.V /..sV /
˝n; .sV /˝k/;

and the vertical maps are surjective.

Proof. – After the previous proposition, we only need to explain surjectivity. Surjectivity
is equivalent to the statement that the space of symplectic invariant tensors inside .sV /˝2n is
spanned by the classes obtained by inserting the symplectic form n times, which follows from
Weyl’s decomposition of V ˝2n into irreducible representations described in the previous
section. Alternatively, surjectivity is part of the first fundamental theorem of invariant theory
for the symplectic group.

In particular, the Brauer algebraBr.�2g/.n; n/ surjects onto the centralizer EndSp.V /..sV /
˝n/.

Moreover, there is an isomorphism EndSp.V /..sV /
˝n/ Š EndSp.V /.V

˝n/ given by desus-
pending and carefully inserting signs. This isomorphism is described explicitly by Hanlon
and Wales [28, Theorem 2.10]. Let us explain why their result gives such an isomorphism.
Hanlon and Wales define two versions of Brauer algebra, A.x/

f
and B.x/

f
, for any natural

number f and any parameter x in the ground field. These algebras act naturally on the f th
tensor power of a vector space of dimension x equipped with a symmetric or antisymmetric
bilinear form, respectively. They show by a direct calculation that there is an isomorphism
A
.x/

f
Š B

.�x/

f
for all f , x: in our terms, this isomorphism arises from the fact that the

functor V 7! sV maps a vector space of dimension x to a space of dimension �x, and
converts a symmetric bilinear form to an antisymmetric one and vice versa. Our algebra
Br.�2g/.n; n/ is identical with their A.�2g/n .
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The Brauer algebra contains the group algebra QŒSn�—as it should, since the central-
izer of Sp.V / acting on V ˝n should contain the centralizer of GL.V /—as the subalgebra
consisting of .n; n/-Brauer diagrams in which all strands are vertical, i.e., go from the top
row to the bottom row. The inclusion QŒSn� ! Br.�2g/.n; n/ has a left inverse, given by
mapping any diagram containing a horizontal strand to zero; one checks that the subspace
spanned by all diagrams containing a horizontal strand is an ideal.

T 3.5 (Symplectic Schur-Weyl duality). – Let V be a symplectic vector space of
dimension 2g.

1. The image of the Brauer algebraBr.�2g/.n; n/ in EndQ.V
˝n/ is the centralizer of Sp.V /,

and vice versa.

2. There is an isomorphism

V ˝n Š
M
j�j�n

j�j�2 .mod n/

Vh�i ˝ ˇ
�
�;n;

where ˇ�;n denotes the simple module over the Brauer algebra Br.�2g/.n; n/ corre-
sponding to �.

3. For j�j D n, the representation ˇ�;n coincides with the representation ��T of Sn,
considered as a module over the Brauer algebra via the map Br.�2g/.n; n/ ! QŒSn�
which sends any diagram containing a horizontal strand to zero.

Part (2) follows from (1), given a description of how the split semisimple algebra
EndSp.V /.V

˝n/ decomposes into simple algebras [75, Corollary 3.5].

R 3.6. – It may seem strange that the representation ��T , rather than ��, appears
in part (3) of Theorem 3.5. Indeed, we have seen from Weyl’s construction that V ˝n, when
decomposed into irreducible representations of Sp.V / �Sn, should contain the summands
Vh�i ˝ �

�
�

for j�j D n. But Theorem 3.5 says that V ˝n contains the summands Vh�i ˝ ˇ��;n,
and that ˇ�;n Š ��T when j�j D n. So why isn’t this a contradiction? The reason is that when
Sn acts on V ˝n via the composition

QŒSn� ,! Br.�2g/.n; n/! EndQ..sV /
˝n/ Š EndQ.V

˝n/;

then this action is not equal to the standard action of Sn on V ˝n by permuting the factors;
instead, one obtains the standard action twisted by the sign representation. So the isomor-
phism ˇ�;n Š ��T does hold when ˇ�;n is considered as a QŒSn�-module by restriction of
scalars, but this is not the same as theQŒSn�-module structure obtained by the natural action
of Sn on V ˝n.

The conventions are more natural when V is placed in odd degree: the composition
QŒSn� ! Br.�2g/.n; n/ ! EndQ..sV /

˝n/ does give the standard action of Sn on .sV /˝n,
which now takes the Koszul sign rule into account. Thus .sV /˝n will contain Vh�i ˝ ���T as
a summand, placed in odd/even degree according to whether n is odd/even. We caution the
reader that the calculations of this paper will require some care to be taken to tensor with
the sign representation when appropriate, in particular when passing between Chow groups
and cohomology groups.
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R 3.7. – If we want to decompose V ˝n into irreducible representations of
Sp.V / �Sn, then we may start from the usual Schur-Weyl duality (which gives a decom-
position into irreducible representations of GL.V / � Sn), and apply a branching formula
for Sp.V / � GL.V /. Equivalently we could start with the symplectic Schur-Weyl duality
(which gives a decomposition into Sp.V / �Br.�2g/.n; n/-representations) and try to deter-
mine how the modules ˇ�;n over Br.�2g/.n; n/ decompose into sums of Specht modules
under restriction of scalars to QŒSn�: note that if

ResGL.V /
Sp.V / V� Š

M
�

a�� Vh�i

for some integers a��, then ˇ�;n Š
L
j�jDn a

�
� ��T as QŒSn�-modules. Then the decomposi-

tion of V ˝n reads

V ˝n Š
M
j�jDn

M
�

a�� Vh�i ˝ �
�
� :

The discussion in the preceding paragraphs says that a�� ¤ 0 only for j�j � j�j .mod 2/ and
j�j < j�j, with the sole exception of a�

�
D 1. The problem of calculating the coefficients a��

was first solved by Littlewood [42] and Newell [53], and many subsequent authors have given
methods for computing them.

3.4. Projectors

Given the above, it is natural to ask for an analogue of Young symmetrizers in the Brauer
algebra. That is, one would like idempotents ��;n 2 Br

.�2g/.n; n/ such that the image
of ��;n acting on V ˝n is the irreducible summand Vh�i ˝ ˇ�

�;n
. The question of how to

find such idempotents �� was posed already by Weyl. Nevertheless, no explicit construction
was known until Nazarov [52] gave a simple formula describing ��;n in the most interesting
case j�j D n. Although the statement of the result is elementary and involves only very
classical representation theory, the proof proceeds through the theory of quantum groups.

The results of Section 10, and some of the examples in Section 6, rely on computer
calculations which require us to have explicit formulas for the idempotents ��;n for j�j D n.
However, the reader does not need to know the precise expression for ��;n to follow the
arguments, only that such a formula exists. Nevertheless we state Nazarov’s theorem here
for completeness. For a partition �, we define the row tableau associated to � to be the Young
tableau given by filling in the numbers 1; 2; : : : ; n in the Ferrers diagram so that the first row
gets the numbers 1; 2; : : : ; �1, the second row gets the numbers�1C1; �1C2; : : : ; �1C�2, and
so on. We define the content of a box in the i th row and j th column of the Ferrers diagram to
be j � i . For k 2 f1; : : : ; ng, we define the number ck.�/ to be the content of the box labeled
“k” in the row tableau corresponding to �.

For any 1 � i; j � n, letBij be the element ofBr.�2g/.n; n/ corresponding to contracting
and inserting the i th and j th tensor factors with the symplectic form. That is, it has n � 2
vertical strands, and two horizontal ones: one connecting the i th and j th “inputs,” and one
connecting the i th and j th “outputs”.
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T 3.8 (Nazarov). – For any partition � of n, define

��;n D
Y
k;l

�
1C

Bkl

2g C 1C ck.�/C cl .�/

�
� c�T 2 Br.�2g/.n; n/:

Here the product ranges over all pairs 1 � k < l � n such that the boxes labeled k and l are in
distinct rows of the row tableau associated to �. Since the operators Bkl do not commute, this
must be interpreted as an ordered product: we order the terms in the product lexicographically
by .k; l/. Finally, c�T is a Young symmetrizer. The image of ��;n acting on .sV /˝n is the
summand Vh�i ˝ ���T , which is placed in odd degree if n is odd and even degree if n is even.

R 3.9. – For our purposes it would be enough to have formulas for such idempo-
tents in the smaller algebra EndSp.V /..sV /

˝n/, which a priori do not have to lift to an idem-
potent ofBr.�2g/.n; n/. This means that in principle we could have used results of Ram and
Wenzl [64] instead of Nazarov’s theorem.

4. A result of Ancona

4.1. Schur functors

Let C be a Q-linear symmetric monoidal category, and let M 2 obC. Then M˝n has an
action of the group algebra QŒSn�, in the sense that there is a homomorphism of Q-algebras
QŒSn�! HomC.M˝n;M˝n/.

Let us suppose moreover that C is pseudo-abelian, i.e., that every idempotent endomor-
phism in C has an image. For j�j D n, let�� 2 QŒSn� be a Young symmetrizer corresponding
to �, and define S�.M/ to be the image of the idempotent �� acting onM˝n. We call S� the
Schur functor corresponding to �. Then there is a decomposition [9]

M˝n D
M
j�jDn

S�.M/˝ ��� ;

where �� denotes the representation of the symmetric group corresponding to �. When C is
the category of finite dimensional Q-vector spaces, this is the decomposition of M˝n given
by Schur-Weyl duality, described in Section 3.

The key fact used in proving this result is that QŒSn� is a semisimple algebra and in fact
a product of matrix algebras over Q: there is an isomorphism QŒSn� Š

Q
j�jDn EndQ.��/.

4.2. Brauer algebra action

We will need to generalize Proposition 3.2 to a weaker notion of symmetrically self-dual
object. An objectL of C is called invertible if the functor�˝L is an equivalence of categories.
If this is the case thenL is dualizable, the quasi-inverse is given by tensoring withL�, and the
maps 1! L˝L� andL˝L� ! 1 are isomorphisms. We say thatL is even or odd ifSn acts
on HomC.L˝n; L˝n/ Š HomC.1; 1/ by the trivial representation or the sign representation,
respectively.

We say thatM 2 obC is weakly self-dual if there is an even invertible object L 2 obC, and
unit and counit maps

L!M ˝M M ˝M ! L
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such that the compositions

M ˝ L!M ˝M ˝M ! L˝M

and
L˝M !M ˝M ˝M !M ˝ L

both equal the swap map. This implies that M � Š M ˝ L�. We call M weakly symmet-
rically self-dual if moreover the unit and counit maps are invariant under the swap map
M ˝M !M ˝M . We omit the proof of the following result, which generalizes Propo-
sition 3.2 and is an exercise in the diagrammatic calculus for rigid symmetric monoidal
categories.

P 4.1. – Let M be a weakly symmetrically self-dual object of C of quantum
dimension ı. There is an action ofBr.ı/.n; n/ onM˝n, under which the subalgebra QŒSn� acts
on M˝n in the usual way, and a Brauer diagram of the form acts as the composition

M ˝M ! L!M ˝M:

A more general statement is that any element ofBr.ı/.m; n/ gives a well defined morphism
in HomC.M˝m ˝ Ln�m;M˝n/ D HomC.M˝m;M˝n ˝ Lm�n/, in a way compatible with
composition.

R 4.2. – Proposition 4.1 does not in general lead to a decomposition of M˝n

into summands indexed by irreducible representations of the Brauer algebra, even over Q.
The reason is that the algebraBr.ı/.n; n/ is not in general semisimple, which was the crucial
property of QŒSn� used for defining the decomposition of M˝n in terms of Schur functors.
In the case of Br.�2g/.n; n/, which acts naturally on V ˝n for V a symplectic vector space
of dimension 2g, what does hold is that EndSp.2g/.V

˝n/, i.e., the image of Br.�2g/.n; n/
in EndQ.V

˝n/, is a product of matrix algebras over Q.

4.3. Self-products of abelian schemes

Let f WA! S be an abelian scheme of relative dimension g, where we assume S smooth
and connected. Let V be the local system R1f�Q on S of rank 2g. Then V is defined by
a homomorphism �1.S; x0/ ! Sp.2g;Q/. The Brauer algebra Br.�2g/.n; n/ acts on the
n-fold tensor power of the defining representation V of Sp.2g/, and hence also on V˝n. As
explained in Theorem 3.5 the Brauer algebra action gives rise to a decomposition

V ˝n Š
M
j�j�n

j�j�n .mod 2/

Vh�i ˝ ˇ
�
�;n;

which then gives us also a decomposition of V˝n, i.e., V˝n Š
L

j�j�n
j�j�n .mod 2/

Vh�i ˝ ˇ��;n:

The next result is a special case of the main theorem of [2]. See also [46].

T 4.3. – The above decomposition of V˝n lifts to the category of Chow motives
over S :

h1.A=S/˝n Š
M
j�j�n

j�j�n .mod 2/

h1.A=S/h�i ˝ L.n�j�j/=2 ˝ ˇ��;n:
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We note that the action of Br.�2g/.n; n/ lifts to an action on h1.A=S/˝n. This follows
from Proposition 4.1 given that the cup product h1.A=S/ ˝ h1.A=S/ ! L makes
h1.A=S/ weakly symmetrically self-dual, and that dim h1.A=S/ D �2g. To see that
dim h1.A=S/ D �2g, observe that the quantum dimension of an object is preserved by any
strict symmetric monoidal functor. We apply this to !WMotS ! grVectQ given by !.M/ DL
i H

i .realM/x0
, where x0 2 S is an arbitrary point. Since MotS .1; 1/ D grVectQ.1; 1/ D Q

we have dim h1.A=S/ D dim!.h1.A=S//. But !.h1.A=S// is the 2g-dimensional vector
space H 1.Ax0

;Q/ placed in degree 1, so its dimension in the sense of graded vector spaces
is �2g.

As explained in Remark 4.2, the obstruction to obtaining a result like Theorem 4.3 in a
general rigid symmetric monoidal category is that the algebraBr.�2g/.n; n/ does not split as
a product of matrix algebras; only its quotient EndSp.2g/.V

˝n/ does. The key point is then
that the action ofBr.�2g/.n; n/ on h1.A=S/˝n factors through EndSp.2g/.V

˝n/. In Ancona’s
paper [2] this is proven using O’Sullivan’s results on symmetrically distinguished cycles on
abelian varieties [55]. An alternative proof (cf. [1], [40, Theorem 4.8]) proceeds by using
invariant theory to show that the kernel of the homomorphism of PROPs of Proposition 3.4
is the PROP-ideal generated by a single element ofBr.�2g/.gC 1; gC 1/ whose vanishing is
equivalent to

V2gC2
.V / D 0. Then the fact that this single relation holds also on the level of

Chow groups is equivalent to the fact that h1.A=S/ is a finite dimensional motive in the sense
of Kimura. Either way it is clear that the result is at present quite special to abelian varieties.

5. The Künneth decomposition of the tautological ring

Let pWCg ! Mg be the universal genus g curve, and C ng the n-fold fibered power of Cg
over Mg . There are n natural line bundles Li on C ng ; the fiber of Li over a moduli point
is given by the cotangent space of the curve at the i th marking. We denote the first Chern
class of Li by  i . Thus  i is pulled back from Cg along the map C ng ! Cg that forgets all
markings except the i th.

We make the definition �d D p� 
dC1
1 2 CHd .Mg/. In particular, ��1 D 0 and

�0 D .2g � 2/. We denote by the same symbol �d also the pullback of this class to C ng .
For any distinct elements i; j 2 f1; : : : ; ng we denote by �ij 2 CH1.C ng / the class of the

diagonal locus where the i th and j th marked points coincide with each other.

D 5.1. – The tautological ringR�.C ng / is the subring of CH�.C ng / generated by
all  -classes, �-classes and diagonal classes. The tautological cohomology ring RH �.C ng / is
the image of the tautological ring insideH �.C ng ;Q/ under the cycle class map. (The grading
of RH �.C ng / is twice that of R�.C ng /, so that RH k.C ng / � H

k.C ng ;Q/.)

The generators for the tautological rings satisfy the following relations for all i , j and k:

�ij�ik D �ij�jk ;

�ij i D �ij j ;

�2ij D ��ij i :

(5)

The first two are geometrically obvious, and the third one is a consequence of the excess
intersection formula.
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D 5.2. – LetS�n be the commutative gradedQ-algebra generated by classes�ij
and  i of degree 1 (where i and j range from 1 to n and are distinct) and �d of degree d for
all d � 1, modulo the above three relations.

R 5.3. – By a “commutative graded” algebra (as opposed to a “graded commu-
tative” algebra) we mean an algebra in which x � y D y � x for all x; y, regardless of their
degree; we do not impose the Koszul sign rule x � y D .�1/jxj�jyjy � x.

For each g � 2, there is a natural surjection

S�n ! R�.C ng /;

and describing the tautological ring R�.C ng / is equivalent to describing the kernel of this
surjection. The algebra S�n plays the same role for the study of R�.C ng / as the strata algebra
does for the study of R�.M g;n/, cf. e.g., [58, 0.3].

R 5.4. – As mentioned in the introduction, tautological classes are usually
considered on the Deligne-Mumford spaces. In that case the tautological rings R�.M g;n/

can be defined, following Faber and Pandharipande [15], as the smallest collection of unital
subrings of CH�.M g;n/ closed under pushforward along the gluing maps

M g;nC2 !M gC1;n and M g;nC1 �M g0;n0C1 !M gCg0;nCn0

and the forgetful maps

M g;nC1 !M g;n:

Although it is not imposed in the definition, it turns out that the tautological rings are
also closed under pullback along the same maps. A similar characterization can be given of
the tautological rings R�.C ng /. For any function �W f1; : : : ; ng ! f1; : : : ; mg there is a map
Cmg ! C ng ,

.C; x1; x2; : : : ; xm/ 7! .C; x�.1/; : : : ; x�.n//:

We call all maps of this form tautological. Then it is not hard to see that the system of
tautological rings R�.C ng / can be defined to be the smallest collection of unital subrings
closed under pushforward along all tautological maps, and it turns out a posteriori that the
tautological rings are also closed under pullback along the same maps.

5.1. The Künneth decomposition of the universal curve

As explained in Section 2.3, any choice of a cycle z 2 CH1.Cg/ of degree 1 on each fiber
of pWCg !Mg gives rise to a decomposition of the relative Chow motive:

h.Cg=Mg/ D h
0.Cg=Mg/˚ h

1.Cg=Mg/˚ h
2.Cg=Mg/:

Since CH1.Cg/ D Qf�1;  1g, and �1 vanishes on the fibers of p, the only possibilities we
have are z D 1

2g�2
 1 C .const:/ � �1. Regardless of the constant we get z0 D z � 1

2
p�p�z

2 D
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1
2g�2

 1 �
1

2.2g�2/2
�1. Hence without making any choices we get projectors �0, �1 and �2

acting on h.Cg=Mg/, defined by

�0 D
1

2g � 2
 1 �

1

2.2g � 2/2
�1;

�1 D �12 �
1

2g � 2
. 1 C  2/C

1

.2g � 2/2
�1;

�2 D
1

2g � 2
 2 �

1

2.2g � 2/2
�1:

We have isomorphisms 1 Š h0.Cg=Mg/ and L Š h2.Cg=Mg/, where 1 and L denote the
unit object and the Lefschetz motive in the category of Chow motives over Mg . Thus the
interesting motive is h1.Cg=Mg/.

We may form the Chow groups of these relative motives: there is an isomorphism

CHk.Cg/ D CHk.Mg ; h.Cg=Mg// D

2M
iD0

CHk.Mg ; h
i .Cg=Mg//;

where

CHk.Mg ; h
0.Cg=Mg// D Im.�0WCHk.Cg/! CHk.Cg// Š CHk.Mg/

CHk.Mg ; h
1.Cg=Mg// D Im.�1WCHk.Cg/! CHk.Cg//

CHk.Mg ; h
2.Cg=Mg// D Im.�2WCHk.Cg/! CHk.Cg// Š CHk�1.Mg/:

The isomorphism CHk.Mg ; h
0.Cg=Mg// Š CHk.Mg/ is induced by the pullback p�, and

the isomorphism CHk.Mg ; h
2.Cg=Mg// Š CHk�1.Mg/ by the proper pushforward p�.

Informally, the Chow groups of h1.Cg=Mg/ capture the parts of the Chow groups ofCg that
do not come from the base Mg .

Now let us consider the n-fold fibered power C ng !Mg . Then h.C ng =Mg/ D h.Cg=Mg/
˝n,

so our decomposition yields an equally canonical isomorphism

h.C ng =Mg/ D
M

i1;:::;in2f0;1;2g

nO
jD1

hij .Cg=Mg/:

We call this the relative Künneth decomposition of h.C ng =Mg/. By extension, we will also refer

to CHk.C ng =Mg/ D
L
i1;:::;in2f0;1;2g

CHk.Mg ;
Nn
jD1 h

ij .Cg=Mg// as the relative Künneth
decomposition of the Chow groups of C ng .

For any i1; : : : ; in 2 f0; 1; 2g we get a projector �i1 � � � � � �in acting on h.C ng =Mg/ with

image
Nn
jD1 h

ij .Cg=Mg/. In particular this projector acts by correspondences on CHk.C ng /

with image CHk.Mg ;
Nn
jD1 h

ij .Cg=Mg//. We write ��n1 for the projector �1��1�� � ���1.

5.2. Tautological maps

Let us consider how the decomposition just defined behaves under the tautological maps
between the moduli spaces C ng .
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5.2.1. Cross product. – The isomorphism h.C ng =Mg/˝ h.C
m
g =Mg/ Š h.C

nCm
g =Mg/ yields

cross product maps
CHk.C ng /˝ CHl .Cmg /! CHkCl .C nCmg /I

explicitly, ˛�ˇ D pr�1.˛/ �pr�2.ˇ/, where pr1 and pr2 denote projections onto the first n and
last m factors, respectively.

Since the relative Künneth decomposition of C nCmg is the tensor product of the relative
Künneth decompositions of C ng and Cmg , it follows that the cross product maps are compat-
ible with the projectors �i in a strong sense: for i1; : : : ; in 2 f0; 1; 2g and j1; : : : ; jm 2 f0; 1; 2g
we have

.�i1 � � � � � �in/ ı ˛ � .�j1
� � � � � �jm

/ ı ˇ D .�i1 � � � � � �in � �j1
� � � � � �jm

/ ı .˛ � ˇ/:

5.2.2. Forgetful maps. – Let pWC nCmg ! C ng be the map that forgets the last m markings.
Considering p as a correspondence gives maps of Chow motives

h.C ng =Mg/! h.C nCmg =Mg/ and h.C nCmg =Mg/! h.C ng =Mg/˝ Lm;

which upon taking Chow groups gives the maps

p�WCHk.C ng /! CHk.C nCmg / and p�WCHk.C nCmg /! CHk�m.C ng /:

Now the map h.C ng =Mg/ ! h.C nCmg =Mg/ coincides with the composition h.C ng =Mg/ Š

h.C ng =Mg/˝ h
0.Cg=Mg/

˝m � h.C nCmg =Mg/, and h.C nCmg =Mg/! h.C ng =Mg/˝ Lm

coincides with the composition h.C nCmg =Mg/� h.C ng =Mg/˝ h
2.Cg=Mg/

˝m Š h.C ng =Mg/˝ Lm.
It follows that the maps p� and p� are also compatible with the relative Künneth decompo-
sition of Chow groups:

— The map p� is given by mapping each summand .�i1 � � � � � �in/ ı CHk.C ng / isomor-

phically onto the summand .�i1 �� � ���in ��0�� � ���0/ıCHk.C nCmg /. This can also
be seen from the fact that p� is given by cross product with the class 1 2 CH0.Cmg /.

— The map p� maps each summand .�i1 � � � � � �in � �2 � � � � � �2/ ı CHk.C nCmg /

isomorphically onto the summand .�i1 � � � � ��in/ ıCHk�m.C ng /, and p� vanishes on
all summands not of this form.

5.2.3. Diagonals. – The diagonal Cg ! C 2g , considered as a correspondence, defines a map
of Chow motives h.Cg=Mg/˝h.Cg=Mg/! h.Cg=Mg/. This is the cup product on the level
of Chow motives. Forming the relative Künneth decomposition on both sides, we see that the
cup product is the sum of maps hi .Cg=Mg/˝ h

j .Cg=Mg/! hk.Cg=Mg/.
We caution the reader that this is not in general a multiplicative decomposition, in the

sense of [72]: that is, the maps hi .Cg=Mg/˝h
j .Cg=Mg/! hk.Cg=Mg/ are not only nonzero

for i C j D k. To see this, note that if ı � C 3g denotes the small diagonal, considered as a
correspondence C 2g ` Cg , then the decomposition is multiplicative if and only if

�k ı ı ı .�i � �j / D 0

for i C j ¤ k. Now we have

�k ı ı ı .�i � �j / D .p126/�.p
�
13.�i / � p

�
24.�j / ��345 � p

�
56.�k//

D .p456/�.�123 � p
�
14.�

t
i / � p

�
25.�

t
j / � p

�
46.�k//

D .�2�i � �2�j � �k/ ı�123:
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Thus we get a more symmetric condition for the decomposition to be multiplicative: we must
have .�a � �b � �c/ ı �123 D 0 for a C b C c ¤ 4. In particular, e.g., the nonvanishing of
the Gross-Schoen cycle (Example 6.4) implies that the decomposition is not multiplicative.

However, let us also remark that when g D 2, we do have that .�a � �b � �c/ ı�123 D 0
for aCbCc ¤ 4, and the decomposition is multiplicative. More generally, it follows from the
results of [71] that the decomposition is multiplicative over the moduli space of hyperelliptic
curves of arbitrary genus.

In any case, failure of decomposition to be multiplicative implies that the cup product
in the algebra CH�.C ng / will look somewhat strange with respect to the relative Künneth
decomposition of the Chow groups of CH�.C ng /. The situation is analogous to what happens
in topology, when one has a multiplicative spectral sequence Epqr H) H �, and the cup
product on the E1 page of the spectral sequence is different from the cup product in the
algebraH �. On the level of Betti realizations, this is more than an analogy. The cohomology
groups H �.C ng ;Q/ carry a Leray filtration, and the associated graded grLH

�.C ng ;Q/ is
isomorphic to the E1 page of the Leray spectral sequence for C ng !Mg . Our canon-
ical decomposition of the Chow motive h.C ng =Mg/ gives, on the level of cohomology,
an isomorphism of Q-vector spaces H �.C ng ;Q/ Š grLH

�.C ng ;Q/. But this is not an
isomorphism of algebras: the multiplication in grLH

�.C ng ;Q/ is defined by using only the
maps hi .Cg=Mg/ ˝ h

j .Cg=Mg/ ! hk.Cg=Mg/ for i C j D k, and discarding all other
parts of the cup product h.Cg=Mg/

˝2 ! h.Cg=Mg/.

5.3. Decomposition into representations of the symplectic group

Let Jg ! Mg be the universal jacobian. By Proposition 2.6 there is an isomorphism of
Chow motives over Mg :

h1.Cg=Mg/ Š h
1.Jg=Mg/:

It follows that Theorem 4.3 gives us a decomposition

h1.Cg=Mg/
˝n
Š

M
j�j�n

j�j�n .mod 2/

h1.Cg=Mg/h�i ˝ Ln�j�j ˝ ˇ��;n:

We denote the motive h1.Cg=Mg/h�i by Vh�i. We often write V for the motive Vh1i.
We also denote by Vhni the summand of V˝n given by

L
j�jDn Vh�i ˝ ���T , and we refer

to this as the primitive part of V˝n.
One can make the action of the Brauer algebra Br.�2g/.n; n/ on V˝n more explicit. Let

B be an .n; n/-Brauer diagram. Label the nodes in the Brauer diagram along the top row
as 1; : : : ; n and along the bottom row as nC 1; : : : ; 2n. Write .ij / 2 B to denote that the i th
and j th row are connected by a strand. ThenY

.ij /2B

p�ij .�1/ 2 CHn.C 2ng /

is a well defined correspondence C ng ` C ng , where we consider �1 as a cycle in CH1.C 2g /

and pij denotes the projection onto the i th and j th factor. This correspondence gives a
map h.C ng =Mg/ ! h.C ng =Mg/ that preserves the summand h1.Cg=Mg/

˝n, and we obtain

a well defined action of Br.�2g/.n; n/ on h1.Cg=Mg/
˝n. This action agrees with the one

defined in Proposition 4.1.
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On the level of Chow groups, we can also describe the action of a Brauer diagram as
follows. An .n; n�2/-Brauer diagram in which the i th and j dot on the top row are connected
by a strand, and all others are vertical, gives rise to the following morphism of Chow groups:

CH�.Mg ;V˝n/ ,! CH�.C ng /
��

ij

�! CH�.C n�1g /
p�
�! CH��1.C n�2g /;

where p denotes the projection that forgets the marked point corresponding to the diag-
onal �ij . The image of the composition of these morphisms actually lands inside the
summand CH��1.Mg ;V˝n�2/ � CH��1.C n�2g /. Similarly, an .n � 2; n/-Brauer diagram in
which the i th and j th dots on the bottom row are connected by a strand gives rise to the
following morphism of Chow groups:

CH�.Mg ;V˝.n�2// ,! CH�.C n�2g /
p�

�! CH�.C n�1g /
.�ij /�
�! CH�C1.C ng /

��n
1
�! CH�C1.Mg ;V˝n/:

5.4. Decomposing the tautological ring

We have explained that h.C ng =Mg/ is a direct sum of terms of the form h0.Cg=Mg/
˝n0 ˝

h1.Cg=Mg/
˝n1˝h2.Cg=Mg/

˝n2 , with n0Cn1Cn2 D n. Since we also have h0.Cg=Mg/ Š 1
and h2.Cg=Mg/ Š L, and h1.Cg=Mg/

˝n1 is a direct sum of terms of the form Vh�i˝Ln1�j�j,
we conclude that h.C ng =Mg/ is a direct sum of motives of the form Vh�i and their Tate twists.

T 5.5. – Let n be arbitrary, and consider C ng !Mg . Choose any decomposition

h.C ng =Mg/ Š
M
i

Vh�i i
˝ Lmi

in MotMg
. Then under the equality CHk.C ng / Š CHk.Mg ; h.C

n
g =Mg// we have the following

compatibility:

CHk.C ng /
L
i CHk�mi .Mg ;Vh�i i

/

Rk.C ng /
L
i R

k�mi .Mg ;Vh�i i
/;

Š

�

Š

�

where both horizontal arrows are induced by our choice of decomposition of h.C ng =Mg/.

Proof. – Consider a summand Vh�i ˝ Lm1 of h.C n1
g =Mg/ and a summand Vh�i ˝ Lm2

of h.C n2
g =Mg/. Then there exists a correspondence � 2 CH.C n1Cn2

g /—not a correspon-
dence of degree 0, in general—which maps the first summand isomorphically onto the
second, considered as a correspondence C n1

g ` C
n2
g . Moreover, � can be built out of the

projectors onto the Künneth components of h.C ng =Mg/ and the correspondences given by
Brauer diagrams. As such, � is actually a tautological class.

Now CH�.Mg ;Vh�i˝Lm1/ is a summand of CH�.C n1
g / and as such there is a well defined

subspace of tautological classes inside it, which we denote R�.Mg ;Vh�i ˝ Lm1/. Similarly
for the other summand. Now the correspondence � which gives the isomorphism between
the two summands is a tautological class, and in particular it maps tautological classes to
tautological classes and gives an isomorphism (not preserving the grading unlessm1 D m2),
R�.Mg ;Vh�i ˝ Lm1/ Š R�.Mg ;Vh�i ˝ Lm2/.
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Finally since the projectors onto each summand Vh�i i
˝ Lmi of h.C ng =Mg/ are all given

by tautological classes, the tautological ring R�.C ng / is the direct sum of its projections onto
each of the summands in the decomposition of CH�.C ng /.

5.5. Curves with rational tails

LetX be a smooth projective variety, andXŒn� the Fulton-MacPherson compactification
of the configuration space of n distinct ordered points onX [17]. A result of Li [41] expresses
the Chow motive h.XŒn�/ as a direct sum of Chow motives of the form h.X/˝i ˝ Lj

for 0 � i � n; this can be seen by an inductive argument from the blow-up formula and
the construction of XŒn� as an iterated blow-up of the cartesian product Xn.

The analogous statement remains true (with the same proof) for a family X ! S of
smooth projective varieties, and the relative Chow motive of the relative Fulton-MacPherson
compactification. In particular we may consider the universal family Cg ! Mg over the
moduli space of curves. In this case the relative configuration space of n distinct ordered
points is the space Mg;n, and the relative Fulton-MacPherson compactification of Mg;n is
the moduli space M rt

g;n of curves with rational tails, which is an iterated blow-up of C ng . By
“relative compactification” we mean that the map M rt

g;n !Mg is proper.
It follows from the above considerations that the results of this section remain valid when

C ng is replaced with M rt
g;n. There will in particular exist a decomposition of Chow motives

h.M rt
g;n=Mg/ Š

M
i

Vh�i i
˝ Lmi ;

and moreover, there is a canonical choice of such decomposition in which each correspon-
dence projecting onto a summand is a tautological class (cf. [41, Theorem 3.2]). It follows in
particular that

R�.M rt
g;n/ Š

M
i

R��mi .Mg ;Vh�i i
/:

The results of [41] give explicit formulas expressing the motive h.M rt
g;n=Mg/ in terms of

motives V˝i ˝Lj and hence in terms of Tate twists of motives Vh�i. For anSn-equivariant
version (formulated in that paper only in terms of cohomology) see [18].

5.6. Tautological cohomology groups

For a partition � we let Vh�i be the Q-local system on Mg defined by the representa-
tion of Sp.2g/ of highest weight �. Then the Chow motive Vh�i has as its Betti realization
Vh�iŒ�j�j�, i.e., the local system V�, considered as a complex concentrated in cohomological
degree j�j, and there is a cycle class map

CHk.Mg ;Vh�i/! H 2k�j�j.Mg ;Vh�i/:

We denote by RH �.Mg ;Vh�i/ the image of R�.Mg ;Vh�i/ under the cycle class map. For
� D 0 we get the usual tautological cohomology groups of Mg . A folklore conjecture says
that any homological equivalence between tautological classes is a rational equivalence,
which would imply that

Rk.Mg ;Vh�i/! RH 2k�j�j.Mg ;Vh�i/

is always an isomorphism.
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We caution the reader that since the Betti realization of V is not the local system V,
but VŒ�1�, there are many opportunities to get confused about the Koszul sign rule when
comparing results in cohomology and in Chow.

All the results of this section are valid mutatis mutandis also on the level of cohomology.
One can either see this formally by applying the Betti realization functor or by repeating the
proofs in the cohomological setting. For example, let us state the cohomological version of
Theorem 5.5:

T 5.6. – Let n be arbitrary, and consider f WC ng !Mg . Choose a decomposition

Rf�Q Š
M
i

Vh�i i
Œ�mi �

in Db
c .Mg/. Under the equality H k.C ng ;Q/ Š Hk.Mg ; Rf�Q/ we have the following compat-

ibility:

H k.C ng ;Q/
L
i H

k�mi .Mg ;Vh�i i
/

RH k.C ng /
L
i RH

k�mi .Mg ;Vh�i i
/;

Š

�

Š

�
where both horizontal arrows are induced by the choice of decomposition of Rf�Q.

6. Examples

6.1. Example:  n1
Let us consider the class  n1 2 CHn.C 1g /. Its image under the projectors �0, �1 and �2 is

given by

�0 ı  
n
1 D .p2/�.

1

2g � 2
 nC11 �

1

2.2g � 2/2
�1 

n
1 / D

1

2g � 2
�n �

1

2.2g � 2/2
�1�n�1;

�1 ı  
n
1 D .p2/�.�12 

n
1 �

1

2g � 2
 n1 2 �

1

2g � 2
 nC11 C

1

.2g � 2/2
�1 

n
1 /

D  n1 �
1

2g � 2
�n�1 1 �

1

2g � 2
�n C

1

.2g � 2/2
�1�n�1;

�2 ı  
n
1 D .p2/�.

1

2g � 2
 n1 2 �

1

2.2g � 2/2
�1 

n
1 / D

1

2g � 2
�n�1 1 �

1

2.2g � 2/2
�1�n�1:

Here p2WC 2g ! C 1g forgets the first marked point. These are thus the projections of the
class  n1 2 CHn.Cg/ into the three summands CHn.Mg ; h

0.Cg=Mg//, CHn.Mg ; h
1.Cg=Mg//

and CHn.Mg ; h
2.Cg=Mg//, respectively. We can make some simple observations/sanity

checks:

— The three classes sum to  n1 .

— The class in CHn.Mg ; h
0.Cg=Mg// is pulled back from CHn.Mg/.

— When n D 1, the class in CH1.Mg ; h
2.Cg=Mg// restricts to a cycle of degree 1 in CH1

of a fiber of �WCg !Mg .

— The classes �0 ı  n1 and �1 ı  n1 push forward to zero under �WCg ! Mg . The
class �2 ı  n1 has the same pushforward as  n1 .
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We note that �1 ı n1 vanishes for n D 0 and n D 1, using that �0 D 2g � 2. This could also
have been seen from the fact that

CHk.Cg/ Š CHk.Mg ; 1/˚ CHk.Mg ;Vh1i/˚ CHk.Mg ;L/

D CHk.Mg/˚ CHk.Mg ;V/˚ CHk�1.Mg/

which (using Harer’s calculation of the Picard groups of Mg and Cg [29]) implies that
CH0.Mg ;V/ D CH1.Mg ;V/ D 0. The first of these classes which can be nontrivial is thus
�1 ı  

2
1 2 CH2.Mg ;V/. This class vanishes for g � 4, but is nonzero if g � 5.

To prove that the class is nonzero for g � 5 it is easier to work in cohomology. For large g,
nontriviality is a consequence of Harer stability and the Mumford conjecture [45]: as g!1,
H �.C 1g / stabilizes to a polynomial ring in the �-classes and  1 [44, Proposition 2.1]. More
precisely, H 4.C 1g / is in the stable range when g � 7, so there are no relations between the
generators in this degree and �1 ı  21 must be nonzero. Nontriviality for g D 5; 6 can be
checked e.g., by multiplying the class with  21 and pushing it down to Mg . One computes
that

��. 
2
1 � .�1 ı  

2
1 // D �3 �

2

2g � 2
�2�1 C

1

.2g � 2/2
�31 :

This class can then be multiplied with �g�51 to get a class in the socle of the tautological
ring, which can be verified to be nonzero by integrating it against �g�g�1. (We discuss the
�g�g�1-pairing more in Section 7.)

The vanishing for g � 4 can be proven by standard methods for computing tautological
rings and a dimension count. Let us consider the case g D 4: in this case one only needs
to know that R1.M4/ Š R2.M4/ Š Q and that R2.C 14 / Š Q2. Now we have the relative
Künneth decomposition

R2.C4/ D R
2.M4/˚R

2.M4;V/˚R1.M4/;

where the first and last terms are one-dimensional since R1.M4/ Š R2.M4/ Š Q; conse-
quently, the middle term has to vanish since R2.C4/ is two-dimensional. But �1 ı  21 is an
element of R2.M4;V/, so it must vanish.

6.2. Example: the diagonal

Let us decompose the class �12 2 CH1.C 2g / into summands. One finds exactly three
nonzero terms:

.�2 � �0/ ı�12 D
1

2g � 2
 1 �

1

2.2g � 2/2
�1 2 CH1.Mg ;L˝ 1/;

.�1 � �1/ ı�12 D �12 �
1

2g � 2
. 1 C  2/C

1

.2g � 2/2
�1 2 CH1.Mg ;V˝ V/;

.�0 � �2/ ı�12 D
1

2g � 2
 2 �

1

2.2g � 2/2
�1 2 CH1.Mg ; 1˝ L/;

where h0.Cg=Mg/ D 1, h1.Cg=Mg/ D V, h2.Cg=Mg/ D L. Thus the terms in the
decomposition of�12 are given exactly by the projectors �i themselves, considered as classes
on C 2g .

Note that V˝ V Š Vh2i ˚ Vh1;1i ˚ L. In fact we have CH1.Mg ;Vh2i/ D CH1.Mg ;Vh1;1i/ D 0,
and the class �1 is a generator for the summand CH1.Mg ;L/ Š CH0.Mg/ Š Q.
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The fact that CH1.Mg ;Vh2i/ D CH1.Mg ;Vh1;1i/ D 0 can be proven by a dimen-
sion count argument much like the one from the previous example, using CH1.C 2g / D

Qf�1; �12;  1;  2g, which follows from Harer’s calculation of the Picard group of Mg;n

[29]. Now in the relative Künneth decomposition of CH1.C 2g / we find the summands
CH1.Mg ; 1 ˝ 1/ Š Qf�1g, CH1.Mg ; 1 ˝ L/, CH1.Mg ;L ˝ 1/ and CH1.Mg ;L/ �
CH1.Mg ;V˝V/. All these last three terms are nonzero since CH1.Mg ;L/ Š CH0.Mg/ Š Q.

6.3. Example: the Faber-Pandharipande cycle

We consider the class �12 1 2 CH2.C 2g /. Applying the operator ��21 gives the class

��21 ı�12 1 D �12 1 �
1

2g � 2
 1 2 �

1

2g � 2
. 21 C  

2
2 /C

1

.2g � 2/2
�1. 1 C  2/

C
1

.2g � 2/2
�2 �

1

.2g � 2/3
�21

(6)

which now defines an element of CH2.Mg ;V˝2/. Since the class (6) is S2-invariant, it is in
fact a class in CH2.Mg ; Sym2V/. We call this class the unrefined Faber-Pandharipande cycle.

Now we have a decomposition Sym2V D Vh1;1i ˚ L. So (6) can be written as the sum
of a class in CH2.Mg ;Vh1;1i/ and a class in CH2.Mg ;L/ Š CH1.Mg/. As explained in
Subsection 3.3, Nazarov’s theorem gives a general method to write down a projector acting
on CH�.Mg ;V˝n/ whose image is a particular summand CH�.Mg ;Vh�i/˝ ���T , where � is
a partition of n. Although Nazarov’s theorem is overkill in this case, where one could quite
easily figure out the right projector by hand, the result is that the correspondence

� D
1

2
.b13b24 C b14b23/C

1

2g
b12b34 2 CH2.C 4g /

acts on CH�.Mg ;V˝2/ with image CH�.Mg ;Vh1;1i/ ˝ ��2 Š CH�.Mg ;Vh1;1i/. Here bij
denotes the class�ij � 1

2g�2
. i C j /C

1
.2g�2/2

�1, i.e., the pullback of the correspondence
defining the projector �1.

Applying � gives the class

�12 1 �
1

2g � 2
 1 2 �

1

2g � 2
. 21 C  

2
2 /C

1

.2g � 2/2
�1. 1 C  2/C

1

.2g � 2/2
�2

�
1

.2g � 2/3
�21 �

2g � 1

2g.2g � 2/
�1.�12 �

1

2g � 2
. 1 C  2/C

1

.2g � 2/2
�1/

(7)

which now defines an element of CH2.Mg ;Vh1;1i/. We call (7) the refined Faber-Pandharipande
cycle. This is the projection of �12 1 onto the summand CH2.Mg ;Vh1;1i/. Comparing the
expressions for the refined and unrefined Faber-Pandharipande cycles, we see that we have
subtracted the term

2g � 1

2g.2g � 2/
�1b12:

This term is thus the projection of �12 1 onto the summand CH2.Mg ;L/ � CH2.Mg ; Sym2V/.
We remark that since we know from the previous example that b12 lies in the summand
CH1.Mg ;L/ � CH1.Mg ;V˝2/, it follows that �1b12 indeed gives a class in CH2.Mg ;L/ �
CH2.Mg ;V˝2/.
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Let X be a curve of genus g. It is interesting to consider the image of the Faber-
Pandharipande cycle in CH2.X2/. In this case, removing terms which obviously vanish
leaves

�12 1 �
1

2g � 2
 1 2 2 CH2.X2/:

This simplified expression is what is more commonly referred to as the Faber-Pandharipande
cycle. Green and Griffiths [22] proved that the Faber-Pandharipande cycle is nonzero
in CH2.X2/ for a very general curve X of genus � 4 over the complex numbers. The third
author gave a different proof of this result [76] valid also in positive characteristic. Such a
result is rather subtle since the Faber-Pandharipande cycle is not only homologically trivial
but Abel-Jacobi trivial.

Reasoning as in Example 6.1, one can show that the refined Faber-Pandharipande cycle is
zero for g D 2; 3 but that it is nonzero for all g � 4. Thus the refined Faber-Pandharipande
cycle is nonzero precisely in those genera where it is nonzero in CH2.X2/ for a generic
curve X . By contrast the unrefined Faber-Pandharipande cycle is nonzero also for g D 3,
even though R2.M3;Vh1;1i/ D 0. This illustrates the utility of Nazarov’s refined projectors
when trying to determine precisely which of these local systems have nonzero tautological
groups.

6.4. Example: the Gross-Schoen cycle

Let us consider the class �123 2 CH2.C 3g /. We can apply ��31 to this class to get

��31 ı�123 D �123 �
1

2g � 2
..�12 C�23/ 1 C .�13 C�23/ 2 C .�12 C�13/ 3/

C
1

.2g � 2/2
. 21 C  

2
2 C  

2
3 /C

2

.2g � 2/2
. 1 2 C  1 3 C  2 3/

C
1

.2g � 2/2
�1.�12 C�13 C�23/ �

3

.2g � 2/3
�1. 1 C  2 C  3/

�
1

.2g � 2/3
�2 C

3

.2g � 2/4
�21 :

We call this the Gross-Schoen cycle. Being S3-invariant, it defines a class in the summand
CH2.Mg ; Sym3V/ � CH2.Mg ;V˝3/. There is now a decomposition

Sym3V Š Vh1;1;1i ˚ Vh1i ˝ L;

and one could try to define a “refined” Gross-Schoen cycle by projecting onto the summand
CH2.Mg ;Vh1;1;1i/, just as we did for the Faber-Pandharipande cycle in the previous example.
However, the difference between the refined and unrefined Gross-Schoen cycles would
then be an element of CH2.Mg ;Vh1i ˝ L/ D CH1.Mg ;V/, which always vanishes. By
using Nazarov’s theorem one can construct a “refined projector” onto CH�.Mg ;Vh1;1;1i/;
the image of �123 under this refined projector agrees with the image under the naive
projector ��31 , which is a nontrivial consistency check.

The cycle originally considered by Gross and Schoen in [23] is related to ours as follows.
Let X be a smooth curve and z a degree 1 zero-cycle on X . Then they studied the cycle

�123 � z1�23 � z2�13 � z3�12 C z2z3 C z1z3 C z1z2 2 CH2.X3/;
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where zi denotes the pullback of z from the projection map onto the i th factor. Considering
our cycle in CH2.X3/ and removing terms which obviously vanish gives

�123 �
1

2g � 2
..�12 C�23/ 1 C .�13 C�23/ 2 C .�12 C�13/ 3/

C
2

.2g � 2/2
. 1 2 C  1 3 C  2 3/;

which does not coincide with the usual Gross-Schoen cycle for z D 1
2g�2

 . However,
the difference between the two cycles is given by a sum of Faber-Pandharipande cycles. In
particular, our Gross-Schoen cycle and the usual one will have the same image under the
Abel-Jacobi map, since the Faber-Pandharipande cycle is Abel-Jacobi trivial.

The Gross-Schoen cycle defines a nontrivial class in CH2.Mg ;Vh1;1;1i/ for all g � 3.
Nonvanishing of the Gross-Schoen cycle is equivalent to nonvanishing of the Ceresa cycle
[6], which is known to be nonzero in CH2.X3/ if X is a very general curve of genus g � 3.
See [16] for this result in positive characteristic.

7. Consequences for Gorenstein conjectures

By a theorem of Looijenga [43], it is known that

Rg�2Cn.C ng / Š Q

and that the tautological ring vanishes above this degree. More precisely, Looijenga proved
the vanishing and that this group is at most 1-dimensional, and Faber [14] found an example
of a nonzero tautological class in this degree. The top nonzero degree of the tautological ring
is called the socle.

This isomorphism can be made explicit in the following way. We define a map

Rg�2.Mg/! Q

by

˛ 7!

Z
Mg

˛ � �g�g�1;

where ˛ denotes the closure of an algebraic cycle representing the class ˛, and �i denotes the
i th Chern class of the Hodge bundle. We recall that the Hodge bundle is the locally free sheaf
of rank g whose fiber at a moduli point ŒC � is the space of holomorphic differentials on C .
A priori the integral would seem to not be well defined, since it depends on the choice of
an algebraic cycle representing ˛, but the integral is in fact well defined since multiplication
by �g�g�1 kills everything supported on the Deligne-Mumford boundary. For n > 0, one
has an isomorphism

Rg�2Cn.C ng /! Rg�2.Mg/

given by pushforward (with inverse given by pullback and multiplication by 1
.2g�2/n

 1 2 � � � n).
All in all, this means that we have a pairing, which we denote by brackets:

Rk.C ng /˝R
g�2Cn�k.C ng / Q

˛ ˝ ˇ h˛; ˇi
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given by cup product, pushing down to Mg , and integrating against �g�g�1. Arbitrary
integrals of tautological classes onM g;n can be calculated algorithmically and efficiently [11,
35], in particular integrals over M g of top degree classes in Rg�2.Mg/ paired with �g�g�1.

L 7.1. – Let ˛ 2 Rk.C ng / and ˇ 2 Rg�2Cn�k.C ng /, and let i1; : : : ; in 2 f0; 1; 2g.
There is an equality˝

.�i1 � � � � � �in/ ı ˛; ˇ
˛
D
˝
˛; .�2�i1 � � � � � �2�in/ ı ˇ

˛
:

Proof. – Consider ˛ as a morphism 1 ! h.C ng =Mg/ ˝ L�k , and ˇ as a morphism
h.C ng =Mg// ˝ L�k ! L2�g . The composition ˇ ı ˛ 2 MotMg

.1;L2�g/ D CHg�2.Mg/ is
the product ˛ � ˇ pushed forward to Mg . Now if � is any correspondence C ng ` C

n
g then

ˇ ı .� ı ˛/ D .ˇ ı �/ ı ˛:

But ˇ ı � D � t ı ˇ by Remark 2.1. Since .�i1 � � � � � �in/
t D .�2�i1 � � � � � �2�in/ we are

done.

As explained in Subsection 5.2.3, the cup product in CH�.C ng / (and then also in R�.C ng /)
is in general not so easily described in terms of the relative Künneth decomposition of these
algebras. The next proposition shows, however, that the socle pairing onR�.C ng / takes a very
simple form with respect to the Künneth decomposition.

P 7.2. – The Gram matrix describing the socle pairing in the algebraR�.C ng / is
block-diagonal with respect to the relative Künneth decomposition of R�.C ng /. More precisely,
the summand

Rk.Mg ; h
i1.Cg=Mg/˝ � � � ˝ h

in.Cg=Mg// � R
k.C ng /

pairs to zero with all summands in complementary degree except for

Rg�2Cn�k.Mg ; h
2�i1.Cg=Mg/˝ � � � ˝ h

2�in.Cg=Mg// � R
g�2Cn�k.C ng /:

Proof. – Take ˛ 2 Rk.C ng /. Suppose it lies in the summand

Rk.Mg ; h
i1.Cg=Mg/˝ � � � ˝ h

in.Cg=Mg//I

equivalently, .�i1 � � � � � �in/ ı ˛ D ˛. For ˇ in complementary degree we have

h˛; ˇi D
˝
.�i1 � � � � � �in/ ı ˛; ˇ

˛
D
˝
˛; .�2�i1 � � � � � �2�in/ ı ˇ

˛
by the previous lemma. But if ˇ lies in any summand except for

Rg�2Cn�k.Mg ; h
2�i1.Cg=Mg/˝ � � � ˝ h

2�in.Cg=Mg//;

then .�2�i1 � � � � � �2�in/ ı ˇ D 0, hence h˛; ˇi D 0, as claimed.

R 7.3. – The previous proposition shows that the socle pairing in R�.C ng /

depends only on the cup product maps hi .Cg=Mg/ ˝ h
2�i .Cg=Mg/ ! h2.Cg=Mg/ Š L.

Since for i D 0 or i D 2 these maps are given by the canonical isomorphisms 1 ˝ L ! L
and L˝ 1! L, the socle pairing in fact only depends nontrivially on the maps

Rk.Mg ; h
1.Cg=Mg/

˝m/˝Rg�2Cm�k.Mg ; h
1.Cg=Mg/

˝m/! Rg�2Cm.Mg ;L˝m/ Š Rg�2.Mg/:
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R 7.4. – On the level of Betti realizations, Proposition 7.2 says that even
though the algebras H �.C ng ;Q/ and grLH

�.C ng ;Q/ (and then also RH �.C ng ;Q/ and
grLRH

�.C ng ;Q/) have very different cup product, both algebras RH �.C ng ;Q/ and
grLRH

�.C ng ;Q/ will have identical socle pairings.
In particular, the algebra RH �.C ng / is Gorenstein (i.e., satisfies Poincaré duality) if and

only if the same holds for the algebra grLRH
�.C ng /. That said, Proposition 7.2 is not actually

needed to prove this last fact. Since the Leray filtration is compatible with cup product, we
know a priori that the Gram matrix describing the socle pairing for the algebra RH �.C ng / is
block-triangular, and that the diagonal blocks coincide with the Gram matrix for the socle
pairing in the algebra grLRH

�.C ng /. In particular both matrices have the same rank. In these
terms, Proposition 7.2 says that even though the intersection pairing forRH �.C ng / is a priori
only block-triangular, it turns out to actually be block-diagonal.

T 7.5. – Fix a genus g. The following are equivalent:

1. All algebras R�.C ng / for n � 0 are Gorenstein.

2. For each partition �, the pairing

Rk.Mg ;Vh�i/˝Rg�2Cj�j�k.Mg ;Vh�i/! Rg�2Cj�j.Mg ;Lj�j/ Š Rg�2.Mg/ Š Q

is perfect.

The pairing in (2) comes from the map of motives Vh�i ˝ Vh�i ! Lj�j given by the fact
that Vh�i is self-dual.

Proof. – If we decompose h.C ng =Mg/ as a direct sum of motives Vh�i˝Lm, then the socle
pairing in R�.C ng / is the direct sum of the various pairings

Rk.Mg ;Vh�i/˝Rg�2Cj�j�k.Mg ;Vh�i/! Rg�2.Mg/ Š Q:

Thus the socle pairing in the tautological ring of C ng is perfect if and only if the same holds
for the pairing for each of the motives Vh�i.

A variant of the preceding theorem, with the same proof, is as follows:

T 7.6. – Fix a genus g. The following are equivalent:

1. All algebras R�.C ng / for 0 � n � N are Gorenstein.

2. For each partition � with j�j � N , the pairing

Rk.Mg ;Vh�i/˝Rg�2Cj�j�k.Mg ;Vh�i/! Rg�2.Mg/ Š Q

is perfect.

We also wish to mention the following result, which was proven by somewhat different
arguments in [59, 70].

T 7.7. – The following statements are equivalent:

1. All algebras R�.C ng / for 0 � n � N are Gorenstein.

2. The algebra R�.M rt
g;N / is Gorenstein.
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This shows that the Faber conjecture for the spacesM rt
g;n can also be equivalently reformu-

lated in terms of the motives Vh�i. We saw in Section 5.5 that the tautological groups ofM rt
g;n

can be expressed in terms of the tautological groups of the motives Vh�i; however, there does
not appear to be an analogue of Theorem 7.2 for the spacesM rt

g;n: the socle pairing forM rt
g;n is

block upper triangular with respect to the natural decomposition, but not in general block
diagonal.

7.1. Symmetric powers

We may also consider the symmetric powers of the universal curve.

D 7.8. – We define C .n/g to be the nth symmetric power of the universal curve
over Mg ; that is, C .n/g D C ng =Sn. We define its tautological ring by R�.C .n/g / D R�.C ng /

Sn .

L 7.9. – Suppose that the Chow groups CH�.C ng / are decomposed as a direct sum

of summands CH�.Mg ;Vh�i/. The only local systems occuring in the subspace CH�.C .n/g / �

CH�.C ng / are those of the form � D .1; 1; 1; : : :/, i.e., those that occur as summands of the
symmetric powers of V.

Proof. – Consider first the summand CHk.Mg ;V˝n/. TheSn-invariants in this subspace
are CHk.Mg ; SymnV/, which proves the lemma in this case. In general for n D n0Cn1Cn2,
the summand

CHk.Mg ; h
0.Cg=Mg/

˝n0 ˝ h1.Cg=Mg/
˝n1 ˝ h2.Cg=Mg/

˝n2/;

together with its conjugates under the action ofSn, can be written as the induced represen-
tation

IndSn

Sn0
�Sn1

�Sn2
CHk.Mg ;V˝n1 ˝ Ln2/:

In particular, the Sn-invariants in this induced representation are isomorphic to

CHk�n2.Mg ;V˝n1/Sn1 D CHk�n2.Mg ; Symn1V/

by Frobenius reciprocity.

T 7.10. – Fix a genus g. The following are equivalent:

1. For all n � 0, R�.C .n/g / is a Gorenstein ring.

2. For some n � g, R�.C .n/g / is a Gorenstein ring.

Proof. – The ring R�.C .n/g / is Gorenstein if and only if all motives Vh�i occuring in the
decomposition of h.C .n/g =Mg/ have the property that the pairing

Rk.Mg ;Vh�i/˝Rg�2Cj�j�k.Mg ;Vh�i/! Q

is perfect. But the motivesVh�i occuring in the decomposition of the nth symmetric power are
exactly those with � D .1; 1; : : :/, where j�j � n, by the previous lemma. The result follows
from the fact that the motive Vh1;1;1;:::i is zero if the number of 1’s is greater than g.
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More generally, we can consider the “partial symmetric powers,” i.e., the tautological
rings of C nCkg =Sn, the n-fold symmetric power of the universal curve over C kg . For k D 1

these rings were considered in [77], where they were proven to be intimately related to the
tautological ring of the universal jacobian variety over Cg D Mg;1. The previous theorem
admits a variant for the partial symmetric powers as well.

T 7.11. – Fix a genus g. The following are equivalent:

1. For all n � 0, R�.C nCkg =Sn/ is a Gorenstein ring.

2. For some n � g C k, R�.C nCkg =Sn/ is a Gorenstein ring.

Proof. – The relative Chow motive of C nCkg =Sn over Mg is the tensor product

h.C
.n/
g =Mg/ ˝ h.C kg =Mg/. Since h.C kg =Mg/ only contains motives V� with j�j � k,

and h.C .n/g =Mg/ only contains motives V� with j�j � g (by the argument of the preceding
proof), the result follows.

R 7.12. – In [77, Theorem 7.15] it is proven that if R�.C nC1g =Sn/ is Gorenstein
for some n � 2g� 1 then R�.C nC1g =Sn/ is Gorenstein for all n � 0. The proof uses the rela-
tionship with the tautological ring of the universal jacobian Jg overCg , and thatC nC1g =Sn is
a projective bundle over Jg for n � 2g�1. Thus the arguments here re-prove this result with
a slightly better lower bound.

8. Twisted commutative algebras and tautological rings

In the next sections we will analyze the structure of the collection of tautological
rings R�.C ng / for fixed g but varying n. When we consider the direct sum

L
nR
�.C ng /

we obtain the structure of a twisted commutative algebra.

D 8.1. – A twisted associative algebra is anN-graded unital associative algebra
(say over Q)

A D
M
n�0

A.n/

together with an action of the symmetric group Sn on the summand A.n/, such that the
multiplication

A.n/˝ A.m/! A.nCm/

is equivariant for the action of Sn � Sm on both sides. We say that A.n/ is the arity n
component of A.

D 8.2. – LetA D
L
n�0A.n/ be a twisted associative algebra. We say thatA is

a twisted commutative algebra if the diagram

A.n/˝ A.m/ A.nCm/

A.m/˝ A.n/ A.mC n/
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commutes for all n;m � 0, where the horizontal maps are given by multiplication, the
left vertical map swaps the two factors, and the right map is given by acting via the “box
permutation” swapping the first n and the last m elements.

R 8.3. – Let us make three remarks concerning the definition.

1. In all our examples, we will have what should more properly be called a “twisted
commutative graded algebra”—each summand A.n/ is itself Z-graded, and the multi-
plication respects the Z-grading.

2. The notion of a twisted commutative graded algebra is potentially ambiguous: in
the commutativity condition, should the Koszul sign rule be applied to the map
A.n/˝A.m/! A.m/˝A.n/ that swaps the two factors? In fact we will require both
possible conventions in this paper: when working with Chow groups we do not impose
the Koszul sign rule, but when working with cohomology groups we do impose it.
This is because the Chow ring CH�.X/ of an algebraic variety X is commutative in
the strict sense, whereas the cohomology ring H �.X/ is commutative in the graded
sense. We will pass over this ambiguity in silence for the rest of the paper; this should
not cause any confusion.

3. There are many equivalent ways to axiomatize the notion of a twisted commutative
algebra. Here is an alternative one: let B be the symmetric monoidal category of
finite sets and bijections, with monoidal structure given by disjoint union. A twisted
commutative algebra is a lax symmetric monoidal functor B ! VectQ (or to the
category of graded Q-vector spaces, with or without the Koszul sign rule).

For more on twisted commutative algebras see e.g., [20] or [36, Chapitre 4].

Our main example will be the following. Fix a genus g � 2. The direct sum
L
n�0 CH�.C ng /

is an example of a twisted commutative algebra. The multiplication

CHk.C ng /˝ CHl .Cmg /! CHkCl .C nCmg /

is given by the cross product, as defined in 5.2.1. More generally, for any partition
f1; : : : ; ng D T t T 0 we have maps CHk.C Tg / ˝ CHl .C T

0

g / ! CHkCl .C ng /. We will
refer to maps of this form, too, as cross product maps; this should not cause any confusion.

We now have the following proposition, which in a sense explains why we will find the
notion of a twisted commutative algebra useful. We have defined maps
R�.C ng / ! R�.Mg ;V˝n/ ! R�.Mg ;Vhni/; recall that Vhni denotes the “primitive part”
of V˝n and was defined in Subsection 5.3. These maps are not in any sense ring homomor-
phisms (in fact there is no ring structure on the latter two spaces). Nevertheless these will
define homomorphisms of twisted commutative algebras, when we consider all n simultane-
ously:
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P 8.4. – Fix g � 2, and consider the following commutative diagram:L
n�0 CH�.C ng /

L
n�0 CH�.Mg ;V˝n/

L
n�0 CH�.Mg ;Vhni/L

n�0 S
�
n L

n�0R
�.C ng /

L
n�0R

�.Mg ;V˝n/
L
n�0R

�.Mg ;Vhni/.

Each entry in this diagram is a twisted commutative algebra, and the arrows in this diagram are
morphisms of twisted commutative algebras.

Let us remind the reader of the definitions needed to make sense of Proposition 8.4.S�n was
defined in Definition 5.2; it is the graded polynomial algebra on classes  i , �ij and �i ,
modulo the geometrically obvious relations of Eq. (5).

The maps CH�.C ng /! CH�.Mg ;V˝n/ are given by the projectors ��n1 . The same is true
for the maps R�.C ng /! R�.Mg ;V˝n/.

The maps CH�.Mg ;V˝n/ ! CH�.Mg ;Vhni/ and the twisted commutative algebra
structure on

L
n�0 CH�.Mg ;Vhni/ are both defined by the fact that Vhni is in a canonical

way a direct summand of V˝n. As such, the natural projection V˝n ! Vhni defines the
map CH�.Mg ;V˝n/ ! CH�.Mg ;Vhni/. The multiplication in the twisted commutative
algebra

L
n�0 CH�.Mg ;Vhni/ is defined by using the composition

Vhni ˝ Vhmi V˝n ˝ V˝m D V˝.nCm/ VhnCmi

to define a product CH�.Mg ;Vhni/˝CH�.Mg ;Vhmi/! CH�.Mg ;VhnCmi/. This is associa-
tive: the diagram

Vhni ˝ Vhmi ˝ Vhki VhnCmi ˝ Vhki

Vhni ˝ VhmCki VhnCmCki

commutes, since both compositions coincide with the map given by

Vhni ˝ Vhmi ˝ Vhki V˝.nCmCk/ VhnCmCki:

Proof. – (of Proposition 8.4.) That the map
L
n�0 S

�
n !

L
n�0 CH�.C ng / is a homo-

morphism of twisted commutative algebras is obvious. That the maps ��n1 WCH�.C ng / !
CH�.Mg ;V˝n/ are homomorphisms with respect to the cross product is explained in 5.2.1.
That the maps CH�.Mg ;V˝n/ ! CH�.Mg ;Vhni/ are homomorphisms with respect to
the cross product is also clear, since the multiplication in the twisted commutative algebra
CH�.Mg ;Vhni/ was defined by lifting elements to CH�.Mg ;V˝n/, and using the multiplica-
tion in the twisted commutative algebra “upstairs” to multiply.

D 8.5. – Let S ! Rg ! R0g ! R00g be the four twisted commutative algebras
linked by the chain of surjectionsM

n�0

S�n !
M
n�0

R�.C ng /!
M
n�0

R�.Mg ;V˝n/!
M
n�0

R�.Mg ;Vhni/:
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P 8.6. – The twisted commutative algebra S is the free twisted commu-
tative algebra generated by the elements �d 2 Sd0 for d � 1,  m1 2 S

m
1 for m � 0, and

�12���n 
m
1 2 S

n�1Cm
n for m � 0.

Proof. – It is straightforward that every monomial inS�n can be uniquely reduced modulo
the relations of Eq. (5) to a product

mY
iD1

�di
�

kY
jD1

�Pj
 
ej
Pj

where .d1; : : : ; dm/ 2 Zm>0, .e1; : : : ; ek/ 2 Zk�0, P1; : : : ; Pk is some partition of the
set f1; : : : ; ng into nonempty blocks, and  Pj

denotes  a for any a 2 Pj (this is also
observed in [34, Lemma 5]). For example, the monomial �21�13�14 

2
3 2 S

�
4 would corre-

spond to .d1; d2/ D .1; 1/, P1 D f2g, e1 D 0, P2 D f1; 3; 4g, e2 D 2. But such a
product is exactly the same as a cross product of the generators for the twisted commutative
algebra S .

D 8.7. – For n � 0 and r � n � 1 we put

Dn;r D

(
�r n D 0

�12���n 
1�nCr
1 n � 1:

Note thatD1;r D  r1 ,D0;�1 D ��1 D 0, andD0;0 D �0 D 2g� 2. The previous proposition
can be stated in a more compact form in terms of this notation: specifically, that the twisted
commutative algebra S is freely generated bySn-invariant classesDn;r placed in arity n and
degree r , where n D 0 and r � 1 or n � 1 and r � n � 1.

The fact that the classes Dn;r generate S implies that their images generate the twisted
commutative algebras Rg , R0g and R00g , since the map from S to these algebras is surjective.

P 8.8. – Fix g � 2 and consider the surjectionsRg ! R0g ! R00g . The kernels
of these maps are ideals in the respective twisted commutative algebras.

1. The kernel of Rg ! R0g is the ideal generated by 1 2 CH0.C 1g / and  1 2 CH1.C 1g /.

2. The kernel of Rg ! R00g is the ideal generated by 1 2 CH0.C 1g /,  1 2 CH1.C 1g /

and �12 2 CH1.C 2g /. Equivalently, the kernel of R0g ! R00g is the ideal generated
by ��21 �12 D �12 �

1
2g�2

. 1 C  2/C
1

.2g�2/2
�1.

Proof. – (1) The kernel of CHk.C ng / ! CHk.Mg ;V˝n/ equals the image of the projec-
tors�i1�� � ���in where .i1; i2; : : : ; in/ ¤ .1; 1; : : : ; 1/; equivalently, the image of all projectors

id � id � � � � � �i � � � � � id

(i.e., all factors except one are given by the identity correspondence, the diagonal), where
i D 0; 2. By Sn-symmetry, let’s assume that all factors except the first are given by the
identity. Let ˛ 2 CH�.C ng /. One checks that

.�0 � id � � � � � id/ ı ˛ D 1 � ˛0 �
1

2.2g � 2/2
�1 � 1 � ˛

00
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and

.�2 � id � � � � � id/ ı ˛ D  1 � ˛00 �
1

2.2g � 2/2
�1 � 1 � ˛

00;

where ˛0 D .p23���n/�. 1 � ˛/ and ˛00 D .p23���n/�.˛/. Hence both projectors map all cycles ˛
into the ideal generated by  1 2 CH1.C 1g / and 1 2 CH1.C 1g /. Conversely, one checks that
�1 annihilates both 1 and  1.

(2) The map CHk.Mg ;V˝n/! CHk.Mg ;Vhni/ is defined by the projection V˝n ! Vhni,
and the kernel of V˝n ! Vhni is spanned by the image of all

�
n
2

�
maps V˝.n�2/ ˝ L! V˝n

given by .n�2; n/-Brauer diagrams of the form considered in the second half of Section 5.3.
But it is clear from the description in Section 5.3 that an element of CHk.Mg ;V˝n/ is in
the image of one of the maps CHk�1.Mg ;V˝.n�2//! CHk.Mg ;V˝n/ precisely if it can be
written in a nontrivial way as a cross product with ��21 �12.

R 8.9. – Let us emphasize that the word “ideal” in the preceding proposition
should be understood in the sense of twisted commutative algebras; that is, the smallest
twisted commutative submodule containing the given elements. In particular, the ring
structures of (say) the individual tautological rings R�.C ng / are not what is important.

C 8.10. – The twisted commutative algebraR00g is generated by the images of the
elements Dn;r such that n D 0 and r � 1, or n � 1 and r � max.n � 1; 2/.

Proof. – We have seen that S is generated by the classes Dn;r for n D 0 and r � 1

or n � 1 and r � n � 1. Since the generators D1;0, D1;1 and D2;1 go to zero under
S ! R00g by Proposition 8.8, we deduce that R00g is generated by the images of the remaining
generators.

C 8.11. – The arity n component R00g.n/ vanishes in degrees below 2n
3

.

Proof. – Every generatorDn;r fulfills this bound, since max.n�1; 2/ � 2n
3

for all natural
numbers n (with equality only for n D 3). Since the bound is linear, and degrees and arities
are both additive under cross product, the result follows.

R 8.12. – The cohomology groups of the spaces C ng also form twisted commuta-
tive algebras, and so do the cohomology groups of the local systemsVhni onMg . In particular
we have a chain of surjections of twisted commutative algebras in graded vector spaces:M

n�0

H �.C ng ;Q/!
M
n�0

H ��n.Mg ;V˝n/!
M
�

H ��n.Mg ;Vh�i/˝ ���T :

If we consider
L
n�0 CH�.C ng /,

L
n�0 CH�.Mg ;V˝n/ and

L
� CH�.Mg ;Vh�i/˝���T also as

twisted commutative algebras in graded vector spaces, but with doubled degrees, then they
map compatibly to the cohomological versions of these twisted commutative algebras under
the cycle class map. We also get twisted commutative algebras of tautological classesM

n�0

RH �.C ng ;Q/!
M
n�0

RH ��n.Mg ;V˝n/!
M
�

RH ��n.Mg ;Vh�i/˝ ���T :

There is a natural “suspension” operation on twisted graded commutative algebras [61, 4.1]
which has the effect of shifting the grading on the arity n component by n and tensoring with
the sign representation of Sn. In this way one can get rid of both the annoying degree shift
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which appears in cohomology and the conjugate of the partition �: one finds that there is a
natural structure of twisted commutative algebra onM

�

H �.Mg ;V�/˝ ���

with a subalgebra
L
�RH

�.Mg ;V�/˝ ��� of tautological classes.

9. A consequence of the FZ relations

In this section we will recall the FZ relations between tautological classes in R�.C ng /, and
draw some simple consequences from them. In particular, we will prove an analogue of the
following theorem, which was conjectured by Faber [12] and proved independently by Ionel
[31] and Morita [50]. (Morita’s proof was only valid in cohomology, but Ionel’s proof worked
in Chow, too.)

T 9.1 (Ionel, Morita). – The tautological ring R�.Mg/ is generated by the
classes �r for which 3r < g C 1.

This theorem is a direct consequence of the FZ relations. We will see that the FZ relations
can be used to prove the following stronger result:

T 9.2. – Fix a genusg � 2. The twisted commutative algebraRg D
L
n�0R

�.C ng /

is generated by the classes Dn;r for which 3r � n < g C 1.

This implies in particular the result of Ionel-Morita, since the arity 0 component of Rg is
the tautological ring R�.Mg/, and D0;r is the kappa class �r .

9.1. The FZ relations

In the early 2000s, Faber and Zagier (in unpublished work) formulated a conjectural
infinite family of relations in the tautological ringR�.Mg/. These relations were proven using
the geometry of stable quotients by Pandharipande and Pixton [57]. Around the same time,
Pixton found a generalization of this conjecture to incorporate also marked points and an
extension of these relations to the Deligne-Mumford boundary. These extended FZ relations
onM g;n were subsequently proven in cohomology by Pandharipande-Pixton-Zvonkine [58]
and on the level of Chow rings by Janda [34, 33].

The FZ relations on C ng take a simpler form than on M g;n. Let us state the result in this
case, following [34, Section 4].

Let

A.z/ D
X
i�0

.6i/Š

.2i/Š.3i/Š
zi B.z/ D

X
i�0

.6i/Š

.2i/Š.3i/Š

.6i C 1/

.6i � 1/
zi :

We introduce a sequence of further power series Cn by

(8) C1 D
B

A
I CnC1 D .12z

2 d

dz
� 4nz/Cn:

We note that Cn is a multiple of zn�1. We will also define

C0 D log.A/;
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which is a multiple of z1. Then we have

(9) C1 D �1C 144z C 2
533z2

d

dz
C0;

so that the coefficients C1 (and hence also the higher Cn) are in fact recursively expressed in
terms of those of C0, except for low order terms.

For any power series F.z/ D
P
i�0 aiz

i in QŒŒz��, we define bracket operators

fF g� D
X
i�0

�iaiz
i

and
fF g�S

D

X
i�0

.�1/jS j�1�S 
i�jS jC1
S aiz

i

for any S � f1; : : : ; ng; here  S denotes  j for any j 2 S .
We use ŒF �zr to denote the coefficient of zr in a power series.

T 9.3 (Janda, Pixton-Pandharipande, Pixton-Pandharipande-Zvonkine).
For any r such that 3r � g � 1 � n is a nonnegative even integer, the expression�

exp.�flog.A/g�/
X

P partition of n

Y
S2P

fCjS jg�S

�
zr

vanishes in CHr .C ng /.

D 9.4. – We denote the above expression Œexp.�flog.A/g�/
P
P

Q
S2P fCjS jg�S

�zr

by FZg;n;r .

L 9.5 (Ionel). – All coefficients ŒCn�zr , for n D 0 and r � 1 or n � 1 and r � n� 1,
are strictly positive rational numbers, except the constant term of C1 which is negative.

Proof. – The case n D 0 is [31, Lemma 3.6], since the coefficients of C0 are (up to
rescaling) the numbers she denotes ck;k . The case n D 1 follows from this by the differential
Equation (9); in fact, it is even stated in Ionel’s lemma, since the coefficients of C1 are (up to
rescaling) the numbers she calls ck;k�1. The differential Equation (8) says that

ŒCnC1�zrC1 D .12r � 4n/ŒCn�zr

for n � 1, and one checks that 12r�4n is strictly positive in all cases of interest except n D 1,
r D 0, where it is negative: consequently, all coefficients of Cn for n � 2, r � n�1 are strictly
positive, too.

We may now prove Theorem 9.2.

Proof. – (of Theorem 9.2) We know that the twisted commutative algebra Rg is gener-
ated by the images of the classes Dn;r 2 Sg . Consider some generator Dn;r for which
3r � g � 1 � n � 0. If 3r � g � 1 � n is even then one of the terms in the relation FZg;n;r
equals

.�1/n�1ŒCn�zr �Dn;r ;

and all other terms are products of generators with smaller r . By Lemma 9.5, ŒCn�zr is
nonzero, and this relation can be used to express the class Dn;r in terms of “simpler”
generators.
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If 3r � g � 1 � n is odd, we may instead consider the FZ relation  nC1 � FZg;nC1;r , and
push forward along the map forgetting the last marked point to get a codimension r relation
on C ng . When we push down a monomial in the kappa, diagonal and psi-classes from C nC1g

to C ng , we get a multiple of Dn;r exactly when we push down DnC1;rC1 D �12���nC1 
r�nC1
1

(which pushes forward toDn;r ) and when we push downDn;r �D1;1 D �12���n r�nC11  nC1,
which pushes forward to .2g � 2/Dn;r . Thus the resulting relation on C ng will have as one of
its terms

.�1/n
�
ŒCnC1�zr � .2g � 2/ŒCn�zr ŒC1�z0

�
�Dn;r ;

and all other terms are products of generators with smaller values of r . By Lemma 9.5 the
coefficients ŒCnC1�zr and ŒCn�zr are positive and the coefficient ŒC1�z0 is negative, so the coef-
ficient behind Dn;r is nonzero and we may use this relation to eliminate the generator Dn;r .

10. Low genus calculations

In this section of the paper we will completely calculate the groupsRk.Mg ;Vh�i/ for all k
and � when g � 4.

T 10.1. – Recall the twisted commutative algebraR00g D
L
�R
�.Mg ;Vh�i/˝���T ,

defined for any g � 2.

1. The twisted commutative algebra R002 is trivial. Equivalently, Rk.M2;Vh�i/ D 0 unless
k D 0, � D 0, for which R0.M2;Vh0i/ D R0.M2/ Š Q.

2. The twisted commutative algebra R003 is generated by �1 and the Gross-Schoen cycle. We
have

R0.M3;Vh0i/ Š R1.M3;Vh0i/ Š R2.M3;Vh111i/ Š Q;
and all other tautological groups of all other motives Vh�i on M3 vanish. The group
R1.M3;Vh0i/ is spanned by �1 and the group R2.M3;Vh111i/ is spanned by the Gross-
Schoen cycle.

3. The twisted commutative algebra R004 is generated by �1, the Gross-Schoen cycle, and
the Faber-Pandharipande cycle. The complete list of motives Vh�i on M4 with nontrivial
tautological groups are

R0.M4;Vh0i/ Š R1.M4;Vh0i/ Š R2.M4;Vh0i/ Š Q;

R2.M4;Vh111i/ Š R3.M4;Vh111i/ Š Q;

R2.M4;Vh11i/ Š Q;

R4.M4;Vh2211i/ Š Q:

The group Rk.M4;Vh0i/ is spanned by �k1 . The group R2.M4;Vh111i/ is spanned by
the Gross-Schoen cycle, and R3.M4;Vh111i/ by the product of �1 and the Gross-Schoen
cycle. The group R2.M4;Vh11i/ is spanned by the Faber-Pandharipande cycle. Finally,
R4.M4;Vh2211i/ is spanned by the cross product of two Gross-Schoen cycles; that is, the
projection of �123�456 into the summand CH4.M4;Vh2;2;1;1i/˝ �4;2 gives a generator.
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In all cases, Poincaré duality holds, in the sense that

Rk.Mg ;Vh�i/˝Rg�2Cj�j�k.Mg ;Vh�i/! Rg�2.Mg ;Vh0i/ Š Q

is a perfect pairing.

The proof of this theorem occupies the rest of this section. In all genera, the strategy of
the proof will be the same:

— Using Corollary 8.10 and Theorem 9.2 we get a finite list of generators for the twisted
commutative algebra R00g . Thus we have reduced the problem to finding the complete
set of relations between these generators.

— We use the FZ relations to obtain relations between the generators. Since we are
working in the twisted commutative algebra R00g , it is enough to consider the FZ
relations modulo the equivalence relation �, which often dramatically simplifies the
relations. In this way we find that all but a finite list of twisted tautological classes are
zero, and we are done if we can prove nonvanishing of each of these.

— Using Nazarov’s Theorem 3.8 and our Theorem 5.5, we can represent each of
the remaining potentially nonzero twisted tautological classes by an explicit class
in R�.C ng /, so that we reduce the problem to proving that a finite number of tauto-
logical classes (without twisted coefficients) in C ng are nonzero. This is now done by
a standard argument: we multiply with some other class in complementary degree
to land in the top degree part of the tautological ring, and then push down to get
an element in the top degree of the tautological ring of Mg , whose structure we
understand completely.

To formulate the calculations, it will be convenient to introduce the following notation:
for x; y 2 CHk.C ng /, we write x � y to denote that x and y have the same image

in CHk.Mg ;Vhni/. Equivalently by Theorem 8.8, x � y if x and y are equivalent modulo
the twisted commutative algebra-ideal generated by 1 2 CH0.C 1g /,  1 2 CH1.C 1g / and
�12 2 CH1.C 2g /.

R 10.2. – We caution the reader that the relation � does not respect the multi-
plication in the rings R�.C ng /, and is not preserved when pushing forward a relation along a
diagonal inclusion. That is, if we are given an element R 2 Skn such that R � 0 in Rk.C ng /,
then it does not follow e.g., that  1 � R � 0 in RkC1.C ng /, nor that the pushforward of R

toRkC1.C nC1g / along a diagonal inclusion vanishes modulo�. One must therefore be careful
to first multiply or push forward and only afterward reduce modulo�.

10.1. Genus two

By Corollary 8.10 and Proposition 9.2, all of the generatorsDn;r go to zero inR002. SoR002 is
the free twisted commutative algebra on no generators, i.e., it contains only the unit element
in arity 0. This proves the genus 2 case of Theorem 10.1.

This result was previously obtained (in a different form) in [69].
The analogous statement is also true in genus one: Rk.M1;1;Vhai/ Š Q for k D a D 0,

and vanishes otherwise; this reformulates a result from [68]. This statement is not hard to
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prove in our framework, but we have chosen to simplify the exposition by only talking about
tautological groups R�.Mg ;Vh�i/ on moduli spaces of unpointed curves.

10.2. Genus three

By Corollary 8.10 and Proposition 9.2, the twisted commutative algebra R003 is generated
by the images of D0;1 and D3;0, i.e., �1 and the Gross-Schoen cycle. Thus R003 is completely
determined if we can find the complete set of relations between these generators. We claim
that the product of any two generators vanishes. We have three products we need to check
are zero:

1. The relation �21 D 0 in R2.M3;Vh0i/ is well known and is a very special case of
Looijenga’s theorem (see Section 7).

2. Modulo the equivalence relation�, the relation FZ3;3;3 simplifies to

18432�123 1 � 960�123�1 � 0:

That is, this is the expression obtained from FZ3;3;3 by removing all terms which are
divisible (in the twisted commutative algebra R3) by 1 2 R0.C 1g /,  1 2 R

1.C 1g / and
�12 2 R

1.C 2g /. Note that this is the relation we used to show that the generator�123 1
can be expressed in terms of simpler generators in the proof of Theorem 9.2.

Now consider instead the pushforward of FZ3;2;2 along a diagonal inclusion
C 2g ,! C 3g . Modulo�, that relation simplifies to

�1152�123 1 C 240�123�1 � 0:

It is now clear that we obtain �123�1 � 0, so that the product of the Gross-Schoen
cycle and �1 vanishes in R00g .

3. Observe first of all that modulo the relation�, the only nonzero monomials in S46 (see
Definition 5.2) are �123�456 and its S6-conjugates.

For distinct elements i; j 2 f1; :::; 6g, consider the pushforward of the rela-
tion FZ3;5;3 along the corresponding diagonal inclusion. The observation just made,
and the fact that FZ3;5;3 is S5-invariant, implies that the resulting relation takes the
form X

StTDf1;:::;6g
jS jDjT jD3
i;j2S

�S�T � 0

(up to a nonzero constant), as all other terms in the pushforward of FZ3;5;3 vanish
modulo �. We think of these relations as

�
6
2

�
D 15 equations in 1

2

�
6
3

�
D 10 unknowns

�S�T . It is a simple matter of linear algebra to check that the matrix of equations has
full rank, so that �S�T � 0 for all S , T .

We should also verify that �1 and the Gross-Schoen cycle are both nonzero in genus
three, and that Poincaré duality holds. Nonvanishing of �1 is well known. The square of the
Gross-Schoen cycle, pushed down toM3, equals 7

4
�1 (as one can verify on a computer). This

proves both nonvanishing of the Gross-Schoen cycle and Poincaré duality, since the pairing
R2.M3;Vh1;1;1i/˝R2.M3;Vh1;1;1i/! R1.M3;Vh0i/ Š Q is exactly given by multiplying the
two cycles and pushing the result down toM3. This proves the genus 3 case of Theorem 10.1.
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10.3. Genus four

By Corollary 8.10 and Proposition 9.2 we now have three generators for the twisted
commutative algebra R004: �1, the Gross-Schoen cycle, and the Faber-Pandharipande cycle.

We claim that �21 and the product of �1 and the Gross-Schoen cycle are both nonzero
in R004. Moreover, let us consider the product of two Gross-Schoen cycles. If we consider
the subspace of the twisted commutative algebra S spanned by all possible products of two
classesD3;0, then this decomposes as a representation ofS6 as �4;2˚�6 D IndS6

.S3/2oS2
1. We

claim that the representation �6 goes to zero in R004, but that the representation �4;2 survives
to R004.6/.

Finally, we also claim that all other products of generators for the twisted commutative
algebra R004 vanish. More precisely, we need to check the following relations:

1. �31 � 0,

2. �21�123 � 0,

3. �1�12 1 � 0,

4.
P
StTDf1;:::;6g
jS jDjT jD3

�S�T � 0,

5. �123�456�789 � 0,

6. �123�45 4 � 0,

7. �123�456�1 � 0,

8. �12 1�34 3 � 0.

(1) It’s well known that �31 D 0.
(2) Modulo � the only nonzero monomials in S43 are �123 21 , �123 1�1, �123�21 , and

the S3-conjugates of  21�23 2. The relation FZ4;1;2 reduces to  21 � 0, which also implies
 21�23 2 � 0. This leaves us with three potentially nonzero monomials. But FZ4;3;4, the
pushforward along a diagonal of FZ4;2;3, and the pushforward of FZ4;1;2, give us three
linearly independent linear relations between these monomials modulo�.

(3) The only nonzero monomials in S32 modulo � are �12 21 and �12�1 1. The rela-
tions FZ4;2;3 and the pushforward of the relation FZ4;1;2 along the diagonal give two distinct
linear relations between these monomials modulo�, so both are zero modulo�.

(4) The relation  7 � FZ4;7;4, pushed down along the forgetful map that forgets the 7th
marked point, reduces to this expression modulo �. Alternatively, since the expression is
S6-invariant, its image in R004 lands in the summand R�.M4;Vh1;1;1;1;1;1i/ ˝ ��6 . But the
motive Vh1;1;1;1;1;1i is zero.

(5) Modulo�, the only nonzero monomials inS69 are theS9-conjugates of�123�456�789.
For any four indices i; j; k; l we may consider the pushforward of FZ4;7;4 along the i; j -th
and k; l-th diagonal, to get a relation which up to a scalar must equalX

StTtUDf1;:::;9g
jS jDjT jDjU jD3
i;j2S k;l2T

�S�T�U � 0:

This gives 1
2

�
9

2;2;5

�
D 378 relations between 1

3Š

�
9

3;3;3

�
D 280 unknowns, and one can check

using a computer that the resulting matrix has full rank; in particular, �123�456�789 � 0.
(6) Modulo�, there are exactly 11 nonzero monomials in S45 :�12345, and theS5-conju-

gates of �123�45 4. The relation FZ4;5;4, and the 10 different pushforwards of the rela-
tion FZ4;4;3 along a diagonal inclusion, give 11 linear relations between these monomials
modulo�. The resulting 11� 11 matrix is invertible and we conclude that �123�45 4 � 0.
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(7) The nonzero monomials in S56 are �123456, �123�456 1, �123�456�1, �12�3456 1,
and their S6-conjugates. This implies that the relation FZ4;5;4, pushed forward along the
i; j -th diagonal and multiplied with �1, must be equal toX

StTDf1;:::;6g
jS jDjT jD3
i;j2S

�S�T �1 � 0

up to a nonzero scalar, since all the monomials involved in this relation must involve �1
and have i; j in the same diagonal block. But this implies �123�456�1 � 0 by the same
calculation as for relation (3) in genus 3.

(8) The nonzero monomials in S44 are�12 1�34 3, 21�234,�1234 1,�1234�1 and their
S4-conjugates. Since  21 � 0, as observed in (2) above, we will also have  21�234 � 0.
Moreover, the relation FZ4;4;3 simplifies to �1234 � 0, so that also �1234�1 � 0. This
leaves only four potentially nonzero monomials. The relations given by  1 � FZ4;4;3, �12 �
FZ4;4;3,�13 �FZ4;4;3 and�1;4 �FZ4;4;3 give four linearly independent relations between these
monomials, and we conclude that they all vanish modulo�.

We should also prove that all these cycles are nonzero and that Poincaré duality holds.
We use that the relation 3�21 D �32�2 holds in R2.M4/ D Qf�21g. The Gross-Schoen
cycle squared, pushed down to M4, equals 3

2
�1. This shows both that the Gross-Schoen

cycle is nonzero and that its product with �1 is nonzero. The Faber-Pandharipande cycle
squared, pushed down to M4, equals 19

96
�21 �

4
3
�2, which is then also nonzero. The projec-

tion of �123�456 onto R4.M4;Vh2;2;1;1i/ ˝ �4;2, squared and pushed down to M4, equals
19877
29160

�21 �
25
729
�2, which is then also nonzero.

This settles the genus 4 case, and hence concludes the proof of Theorem 10.1.

10.4. Genus five

Let us briefly comment on the situation in genus 5. The generators for the twisted commu-
tative algebra R005 are �1,  21 , �12 1, �123, and �1234. For n � 7 we find that the algebra
R�.C n5 / is Gorenstein, and we can compute the groupsR�.M5;Vh�i/ for j�j � 7 by methods
like those used in lower genera. One finds the following table of results, in which the classes
in the right hand column project onto generators for the tautological groups listed in the left
hand column.

R0.M5/ Š R
1.M5/ Š R

2.M5/ Š R
3.M5/ Š Q

R2.M5;Vh1i/ Š Q  21

R2.M5;Vh1;1i/ Š R3.M5;Vh1;1i/ Š Q �12 1; �12 1�1

R2.M5;Vh1;1;1i/ Š R3.M5;Vh1;1;1i/ Š R4.M5;Vh1;1;1i/ Š Q �123; �123�1; �123�
2
1

R3.M5;Vh1;1;1;1i/ Š R4.M5;Vh1;1;1;1i/ Š Q �1234; �1234�1

R4.M5;Vh1;1;1;1;1i/ Š Q �123�45 4

R4.M5;Vh2;1;1;1i/ Š Q �123�45 4

R4.M5;Vh2;2;1i/ Š Q �123�45 4

R4.M5;Vh2;2;1;1i/ Š Q �123�456
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R5.M5;Vh2;2;1;1i/ Š Q �123�456�1

R5.M5;Vh2;2;1;1;1i/ Š Q �123�4567

R5.M5;Vh2;2;2;1i/ Š Q �123�4567

For n D 8 the Faber conjecture predicts the vanishing results

�1234�5678 � �123�456�78 7 � 0:

Assuming that the FZ relations are all relations between tautological classes, one finds
that �1234�5678 and �123�456�78 7 should both have nonzero image in R005.8/, and we
expect that

R6.M5;Vh2;2;2;2i/ Š R6.M5;Vh3;2;2;1i/ Š Q:
Either of these nonvanishings would imply that R�.C 85 / is not Gorenstein. Proving them
seems like a hard problem; nevertheless, we consider this to be progress in trying to find a
counterexample to the Faber conjecture. Trying to prove that a specific cohomology group
(or cohomology class) does not vanish is a far more appealing problem than, say, trying to
prove that the rank of R6.C 85 / is greater than 35166. Moreover, our approach relates the
Faber conjecture to actively studied questions about modified diagonals, see e.g., [54, 73, 48].

11. Relation to work of Looijenga

11.1. The theorems of Harer and Madsen-Weiss

Let M
g;E1

denote the moduli space parametrizing smooth genus g curves equipped with
a marked point and a nonzero tangent vector at the marking. The (analytifications of the)
spacesMg andM

g;E1
are bothK.�; 1/ spaces in the orbifold sense, meaning in particular that

their cohomology is given by the group cohomology of their fundamental groups. Whereas
the (orbifold) fundamental group of Mg is the mapping class group of a closed genus g
surface, the fundamental group ofM

g;E1
is the mapping class group of a genus g surface with

a parametrized boundary component. As such, there is a “stabilization” map

Hk.Mg;E1
;Z/! Hk.MgC1;E1

;Z/

which on the level of fundamental groups is given by gluing a torus with two boundary
components onto the boundary of the genus g surface. See also [26, Section 4] for how to
define these stabilization maps algebro-geometrically.

The celebrated stability theorem of Harer [30] asserts that the stabilization map is an
isomorphism for g � k.

T 11.1 (Harer). – Hk.Mg;E1
;Z/ ! Hk.MgC1;E1

;Z/ is an isomorphism for
k � 2

3
.g � 1/.

If we are interested primarily in closed surfaces, we also have a stabilization result for the
forgetful map M

g;E1
!Mg that forgets the marking and the tangent vector:

T 11.2 (Harer). – The map Hk.Mg;E1
;Z/ ! Hk.Mg ;Z/ is an isomorphism

for k � 2
3
g.
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The original bounds for the stable range of Harer have successively been improved by
multiple people to obtain these results, see [4, 74]. We note that to obtain stability with integer
coefficients in Theorem 11.2 it is crucial that Mg is considered as a stack—if we work with
its coarse moduli space, the result is only valid with Q-coefficients.

It is a formidable problem to actually compute the stable homology ofMg . With Q-coef-
ficients, an answer was conjectured by Mumford and proven by Madsen-Weiss [45]:

T 11.3 (Madsen-Weiss). – The map QŒ�1; �2; �3; : : :� ! H �.Mg ;Q/ is an
isomorphism in the stable range, i.e., in degrees up to 2

3
.g � 1/.

R 11.4. – If we formally denote the value of the stable cohomology by H �.M1;Q/,
then the statement is that H �.M1;Q/ is a polynomial algebra in the � classes. Since the
tautological ring ofMg is defined as the algebra generated by the � classes, it therefore makes
sense to say that the tautological cohomology of Mg is the image of the stable cohomology in
the unstable cohomology.

11.2. Twisted coefficients

One can also ask whether homological stability holds with coefficients in a local system
Vh�i. In this case, stabilization should be interpreted as appending an integer �gC1 D 0 to
the weight vector �1 � � � � � �g � 0. The analogue of Harer stability holds in this case, too,
by a theorem of Ivanov [32]:

T 11.5 (Ivanov). – The map H k.Mg ;Vh�i/ ! H k.MgC1;Vh�i/ is an isomor-
phism for g � k; j�j.

We should remark that Ivanov’s statement was not specifically about the local systemsVh�i;
his theorem is valid for a more general notion of coefficient system of finite degree which
makes sense over an arbitrary base ring, and the local systems Vh�i are an example of such.

Ivanov’s theorem did not actually calculate the stable cohomology with twisted coeffi-
cients. Rationally, the stable cohomology with coefficients in Vh�i was calculated by Looi-
jenga [44], in a paper that strongly influenced our way of thinking on these subjects.

The first step in Looijenga’s calculation of H �.M1;Vh�i/ is to compute the stable coho-
mology of the spaces C ng . His result can be reformulated in a rather appealing way in terms
of twisted commutative algebras:

T 11.6 (Looijenga). – The twisted commutative algebra
L
n�0H

�.C n1;Q/ is free
on Sn-invariant generators Dn;r in arity n and cohomological degree 2r for n D 0, r � 1 and
n � 1; r � n � 1. In other words, the map S�n ! H 2�.C ng / is an isomorphism in the stable
range.

We note that this theorem contains in particular the Madsen-Weiss theorem, by restricting
to the case n D 0 (in which case the generators D0;r are kappa classes), even though Looi-
jenga’s paper predates the Madsen-Weiss theorem. Thus Looijenga’s theorem was rather that
the stable cohomology ofMg with twisted coefficients is a free module over the stable coho-
mology with constant coefficients with explicitly given generators; plugging in the Madsen-
Weiss theorem gives the above result.
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To compute H �.M1;Vh�i/ from Theorem 11.6, one notes that there is a surjection of
twisted commutative algebras

L
n�0H

�.C n1;Q/ !
L
n�0

L
j�jDnH

��n.Mg ;Vh�i/˝ ��T ,
whose kernel is the ideal generated by the classes D1;0, D1;1 and D2;1. Thus one finds:

T 11.7 (Looijenga). – The twisted comm. algebra
L
�H

��j�j.M1;Vh�i/˝ ��T

is the free twisted commutative algebra on Sn-invariant generators Dn;r in arity n and coho-
mological degree 2r for n D 0, r � 1 and n � 1; r � max.2; n � 1/.

By decomposing this free twisted commutative algebra into irreducible representations
ofSn, one finds a calculation of the stable cohomologyH �.M1;Vh�i/ for any �. Looijenga
does not state his result in these terms: he defines a certain algebra B�n which he decomposes
into irreducible representations of Sn, and this algebra (tensored with the polynomial ring
in the kappa classes) is the arity n component of the free twisted commutative algebra in the
previous result.

The conclusion is in any case the following. For constant coefficents, the stable coho-
mology of Mg is a free polynomial algebra on the �-classes. The image of the stable coho-
mology inside the unstable cohomology can be defined to be the tautological cohomology
of Mg . If we consider instead the stable cohomology with all possible twisted coefficients,
i.e., the direct sum

L
�H

��j�j.Mg ;Vh�i/ ˝ ��T , then this is a free twisted commutative
algebra, and the image of the stable cohomology inside the unstable cohomology is now
exactly what we defined to be the tautological cohomology of Mg with twisted coefficients.

12. The “primary approximation” to the cohomology of the moduli space

Prior to this paper, Hain [25] proposed a definition of tautological cohomology groups
RH �.Mg ;Vh�i/ of Mg with coefficients in a symplectic representation, which is a priori
different from ours. In this section we will show that the two definitions coincide. In case
� D 0, this gives a new proof of a theorem of Kawazumi and Morita [38]. We note that Hain
asked in loc. cit. whether his construction could be lifted to the level of Chow groups; our
constructions provide such a lifting.

Let O.Sp.2g// be the algebraic coordinate ring of the symplectic group over Q. By the
Peter-Weyl theorem, there is an isomorphism of Sp.2g/ � Sp.2g/-bimodules

O.Sp.2g// Š
M
�

Vh�i ˝ V
�
h�i;

where the sum runs over all irreducible representations of the symplectic group. We consider
Vh�i to have a left action and V �

h�i
with a right action. Using the left action of Sp.2g/

on O.Sp.2g//, we may consider it as defining a local system of algebras O.Sp.2g// on Mg .
Taking its cohomology, we get that

Tg
def
D H �.Mg ;O.Sp.2g/// D

M
�

H �.Mg ;Vh�i/˝ V �h�i

is in a natural way a commutative Q-algebra. See [26, Section 9.5] or [25].
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R 12.1. – A perhaps more down to earth way to understand this multiplication
is as follows. Suppose that we have Vh�i ˝ Vh�i � Vh�i. Then we get a multiplication map

H �.Mg ;Vh�i/˝H �.Mg ;Vh�i/! H �.Mg ;Vh�i/

which however depends nontrivially on the choice of an intertwiner Vh�i˝Vh�i ! Vh�i. What
is instead completely well defined is the map

HomSp.2g/.Vh�i ˝ Vh�i; Vh�i/˝H
�.Mg ;Vh�i/˝H �.Mg ;Vh�i/! H �.Mg ;Vh�i/;

which (using the canonical identification Hom.M;N / D N ˝ M �) can be thought of
equivalently as an Sp.2g/-equivariant map

H �.Mg ;Vh�i/˝ V �h�i ˝H
�.Mg ;Vh�i/˝ V �h�i ! H �.Mg ;Vh�i/˝ V �h�i:

Let us now consider the Gross-Schoen cycle as a class ˛ 2 H 1.Mg ;Vh1;1;1i/. We have a
vector subspace ˛ ˝ V �

h1;1;1i
� Tg , and therefore by the universal property of a polynomial

algebra a morphism of graded commutative rings
�^
V �
h1;1;1i ! Tg :

There is an inclusion V �
h2;2i

�
V2

V �
h1;1;1i

. Since ˛ is tautological, every class in the
image of this homomorphism is tautological; it follows from this that the summand
V �
h2;2i
�
V2

V �
h1;1;1i

lies in the kernel, since one can compute from our results (or rather the

work of Looijenga) that RH 2.Mg ;Vh2;2i/ D 0. We denote the algebra
V�

V �
h1;1;1i

=.V �
h2;2i

/

by Ag . It follows that there exists an Sp.2g/-equivariant ring homomorphism

'WAg ! Tg :

D 12.2. – The H-tautological ring is the subring Rg � Tg given as the image
of '. By decomposing the H -tautological ring into irreducible summands for its natural
action of Sp.2g/ we get a subspace of H -tautological classes inside H �.Mg ;Vh�i/ for any
partition �.

R 12.3. – When g D 2 the local system Vh1;1;1i vanishes (and so does the Gross-
Schoen cycle), and theH -tautological ring consists only of the unit element inH 0.M2;Vh0i/.

R 12.4. – The definition above may seem very ad hoc—why should the Gross-
Schoen cycle play a more distinguished role than any other tautological class? A more
“invariant” definition is that the H -tautological ring is the subring of H �.Mg ;O.Sp.2g///
generated by all normal functions over Mg [27].

R 12.5. – It is a striking fact that unlike the usual tautological ring ofMg or C ng ,
the H -tautological ring is generated by a single algebraic cycle class.

Restricting to symplectic invariants, we get a map

'Sp.2g/
WASp.2g/
g ! TSp.2g/

g D H �.Mg ;Q/:

This morphism is exactly what Morita calls the primary approximation to the cohomology
ring ofMg . Morita originally described it in rather different terms [49]; this re-interpretation
is due to Hain. A theorem of Kawazumi and Morita [38] asserts that the image of 'Sp.2g/ is
the tautological cohomology ring of Mg . We will prove a more general result below.
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R 12.6. – The above map can also be understood in terms of relative Malcev
completion [24]. Hain constructs a Lie algebra ug of mixed Hodge structures with
Sp.2g/-action (the Lie algebra of the pro-unipotent radical of the relative completion of
the mapping class group) and an Sp.2g/-equivariant map H �.ug/ ! H �.Mg ;O.Sp.2g///.
The results of [24] (and subsequent improvements) show that the weights of ug are negative
and that GrW�1ug Š V

�
h1;1;1i

, GrW�2ug Š V
�
h2;2i

. It follows that the algebra Ag is the pure partL
k WkH

k.ug/ of the Chevalley-Eilenberg cohomology of ug , so the H -tautological ring
can also be defined as the image of the lowest weight part of the cohomology of ug .

L 12.7. – Let n;m be integers with n � 0, m � 0 and nC 2m � 2 > 0. Construct a
.3 � .nC 2m� 2/; n/-Brauer diagram as follows: for i D 1; : : : ; nC 2m� 3, draw a horizontal
strand connecting the .3i/th node on the top row to the .3iC1/st. Of the remaining nC2m nodes
on the top row, pick n of them arbitrarily and connect them to the nodes along the bottom row,
and connect the remaining 2m nodes arbitrarily to each other bym horizontal strands. Consider
the resulting map

HnC2m�2.Mg ;V˝3.nC2m�2//! HnC2m�2.Mg ;V˝n/:

The image of ��31 .�123/
�.nC2m�2/ under this map is the class ��n1 .�12���n 

m
1 / if n > 0, and

�m�1 if n D 0.

Proof. – This is an easy consequence of the discussion in Section 5.3. Namely, to compute
the image of ��31 .�123/

�.n�2C2m/ we start with the cycle �123�456�789 � � � , restrict to a
suitable diagonal locus—specifically, the diagonals are specified by the horizontal strands
in the Brauer diagram—and then project away from the markings corresponding to these
diagonals. This gives �12���n m1 if n > 0, and �m�1 if n D 0, after which we should apply
��n1 , which gives the result.

T 12.8. – The space of H -tautological classes inside H �.Mg ;O.Sp.2g/// coin-
cides with the spaceRH �.Mg ;O.Sp.2g/// D

L
�RH

�.Mg ;Vh�i/˝V �� of tautological classes
in our sense.

Proof. – We note first that RH �.Mg ;O.Sp.2g/// is a subalgebra ofH �.Mg ;O.Sp.2g//.
Indeed, consider the multiplication map

HomSp.2g/.Vh�i ˝ Vh�i; Vh�i/˝H
�.Mg ;Vh�i/˝H �.Mg ;Vh�i/! H �.Mg ;Vh�i/:

Every element of HomSp.2g/.Vh�i ˝ Vh�i; Vh�i/ is given by Brauer diagrams. It follows that
if we realize the cohomologies of the different local systems as summands of the coho-
mologies of fibered powers C ng , then the multiplication H �.Mg ;Vh�i/ ˝ H �.Mg ;Vh�i/ !
H �.Mg ;Vh�i/ is induced by an algebraic correspondence given by tautological cycles, for
any choice of intertwiner Vh�i ˝ Vh�i ! Vh�i. This means in particular that the cup product
maps tautological classes to tautological classes.

In particular, this means that everyH -tautological class is a tautological class in our sense:
since theH -tautological ring is generated by the Gross-Schoen cycle, it must be contained in
the subalgebra of all tautological classes.

Conversely we need to prove that every tautological class in our sense can be written as a
product of Gross-Schoen cycles. It is enough to prove this for the generators of the twisted
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commutative algebra R00g , i.e., the images of the classes �12���n m1 and the �-classes. If we
consider the Brauer diagram of Lemma 12.7 as an element of HomSp.2g/..Vh1;1;1i/˝.n�2C2m/;Vhni/;
then the image of this Brauer diagram and n � 2 C 2m copies of the Gross-Schoen cycle
under the cup product map

HomSp.2g/..Vh1;1;1i/˝.n�2C2m/;Vhni/˝H 1.Mg ; .Vh1;1;1i/˝.n�2C2m/ ! Hn�2C2m.Mg ;Vhni/

equal the image of �12���n m1 under the projection H 2.n�1Cm/.C ng ;Q/! Hn�2C2m.Mg ;Vhni/,
as Lemma 12.7 shows. The result follows.

C 12.9 (Kawazumi-Morita). – The image of .
V�

Vh1;1;1i=Vh2;2i/
Sp.2g/ !

H �.Mg ;Q/ is the tautological cohomology ring of Mg .

Proof. – This is the case � D 0 of the preceding theorem.

Morita [51] has conjectured that the map 'Sp.2g/ is injective: that is, it defines an isomor-
phism between A

Sp.2g/
g and the tautological ring R�.Mg/. Compared to other conjectural

descriptions of the tautological ring, e.g., the conjecture that all relations are consequences
of the FZ relations, this gives a remarkably quick and direct description of the tautolog-
ical ring (even though it is not so easy to determine the structure of the algebra A

Sp.2g/
g ).

A natural generalization of Morita’s conjecture is to ask whether 'WAg ! Rg is an isomor-
phism. A consequence of our results is that this is not the case, however:

P 12.10. – The map ' is not injective when g D 4.

Proof. – Using a computer algebra system, one can verify that the third exterior powerV3
V �
h1;1;1i

contains the irreducible representation V �
h3;2;2;2i

as a summand. On the other
hand the degree 3 part of the ideal .V �

h2;2i
/ is a quotient ofV �

h2;2i
˝V �
h1;1;1i

, which contains only
representations of weight at most 7. It follows that A4 has a nontrivial summand V �

h3;2;2;2i
in

degree 3. But our calculations of the tautological groups with twisted coefficients in genus
four show that RH 3.M4;Vh3;2;2;2i/ D 0, so this summand must be in the kernel of '.

As pointed out in the introduction of this section, Hain asked whether the construction of
a tautological algebra insideH �.Mg ;O.Sp.2g/// could be lifted to the level of Chow groups,
and our construction in this paper gives an affirmative answer to this question. However,
there does not seem to be any sensible way to get the grading on the level of Chow groups,
at least not without introducing fractional Tate twists. The source of the problem is that an
intertwiner in HomSp.2g/.Vh�i˝Vh�i; Vh�i/ does not give rise to a morphism of Chow motives
Vh�i ˝ Vh�i ! Vh�i unless j�j C j�j D j�j; in general one only gets a morphism to a Tate
twist of Vh�i. One option is to work instead with Chow motives with respect to ungraded
correspondences—one can make sense of O.Sp.2g// as a relative Chow motive over Mg

with respect to ungraded correspondences—but the Chow groups of a motive with respect
to ungraded correspondences only form a vector space, not a graded vector space, and so
the grading needs to be put in “by hand”. Alternatively, if we allow half-integer Tate twists,
then we can replace Vh�i with Vh�i ˝ L�j�j=2 throughout, which will allow us to recover the
cohomological grading (halved).
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12.1. The twisted commutative algebra and the Peter-Weyl theorem

We have now seen two a priori completely different ways to build an algebra by considering
all local systems Vh�i simultaneously: the commutative ring Tg D

L
�H

�.Mg ;Vh�i/˝ V �h�i
and the twisted commutative algebra

L
�H

�.Mg ;Vh�i/ ˝ ��� (see Remark 8.12). We now
want to explain a connection between the two constructions.

Suppose that A is a ring in the category of graded Sp.2g/-representations. We associate
to A two twisted commutative algebras LA and LıA given by

n 7! LA.n/ D .A˝ V
˝n/Sp.2g/

and
n 7! LıA.n/ D .A˝ V

hni/Sp.2g/:

(Recall that V hni D
L
�`n Vh�i ˝ �

�
�

.) The multiplication in LA is given by

LA.n/˝ LA.m/ D .A˝ V
˝n/Sp.2g/

˝ .A˝ V ˝m/Sp.2g/
� .A˝ V ˝n ˝ A˝ V ˝m/Sp.2g/

mult:
�! .A˝ V ˝n ˝ V ˝m/Sp.2g/

D LA.nCm/;

and similarly forLıA. We obtain two functors from the category of rings with action of Sp.2g/
to the category of twisted commutative algebras.

We will apply our functors to the rings Ag , Rg and Tg defined above. (2) We find for
example that

LıTg
.n/ D HomSp.2g/.H

�.Mg ;O.Sp.2g//; V hni/

Š

M
�

M
�`n

H �.Mg ;V�/˝HomSp.2g/.V�; V�/˝ �
�
�

Š

M
�`n

H �.Mg ;Vh�i/˝ ��� D H
�.Mg ;Vhni/:

In particular, LRg
and LıRg

are the cohomological analogues of the twisted commutative
algebras denotedR0g andR00g in Section 8. So our twisted commutative algebras can be recov-
ered functorially from Hain’s tautological ring Rg , which explains how the two constructions
are related.

A slightly more refined version of the above construction is possible. Recall that a twisted
commutative algebra can be defined as a lax symmetric monoidal functor from

`
n�0Sn

to graded vector spaces. We define instead a twisted Brauer algebra as a lax symmetric
monoidal functor from Br.�2g/ to graded vector spaces. Recall that the category Br.�2g/

was defined in Section 3.3; it is the category whose objects are the natural numbers and
morphisms n ! m are .n;m/-Brauer diagrams, with symmetric monoidal structure given
on objects by addition and on morphisms by disjoint union. There is an evident inclusion`
n�0Sn ! Br.�2g/, by interpreting a bijection Œn� ! Œn� as an .n; n/-Brauer diagram

with only vertical strands, which defines a forgetful functor from twisted Brauer algebras to
twisted commutative algebras.

(2) Strictly speaking these are rings in the category of representations of Sp.2g/op, rather than Sp.2g/: if we want to
work with usual representations we should have

V�
Vh1;1;1i=.Vh2;2i/ rather than

V�
V �
h1;1;1i

=.V �
h2;2i

/. We will
ignore this detail.
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It is not hard to see that ifA is a ring with Sp.2g/-action, thenLA may in fact be considered
as a twisted Brauer algebra. (3) This has some advantages. For example, we noted that the
ring Rg is generated by a single algebraic cycle class (more precisely, by a single copy of the
representation V �

h1;1;1i
), whereas the twisted commutative tautological algebras Rg , R0g and

R00g had large numbers of generators. If we consider LRg
as a twisted Brauer algebra rather

than a twisted commutative algebra, it is in fact generated by a single element in arity 3
corresponding to the Gross-Schoen cycle. This shows that by considering twisted Brauer
algebras one retains slightly more information.
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EXISTENCE OF EXPANDERS
OF THE HARMONIC MAP FLOW

 A DERUELLE  T LAMM

A. – We investigate the existence of weak expanding solutions of the harmonic map
flow for maps with values into a smooth closed Riemannian manifold. We prove the existence of such
solutions in the case the target manifold is isometrically embedded as a hypersurface of some Euclidean
space and the initial condition is a Lipschitz map that is homotopic to a constant. Regularity is proved
outside a compact set.

R. – Nous nous intéressons à l’existence de solutions faibles au flot d’applications harmo-
niques pour des applications à valeurs dans une variété riemannienne compacte lisse et sans bord. Nous
montrons l’existence de telles solutions dans le cas où la variété cible peut-être plongée isométrique-
ment comme une hypersurface de l’espace euclidien et si la condition initiale est une application lip-
schitzienne homotope à une constante. La question de la régularité est également traitée.

1. Introduction

In this paper we consider the Cauchy problem for the heat flow of harmonic maps .u.t//t�0
from Rn, n � 3 to a closed smooth Riemannian manifold .Nm�1; g/ isometrically embedded
as a hypersurface in some Euclidean spaceRm,m � 2. More precisely, we study the parabolic
system

(1)

(
@tu D �uC A.u/.ru;ru/; on Rn � RC;
ujtD0

D u0;

for a given map u0 W Rn ! N , where A.u/.�; �/ W TuN � TuN ! .TuN/
? denotes the second

fundamental form of the embeddingNm�1 ,! Rm evaluated at u. Note that the equation (1)
is equivalent to @tu � �u ? TuN for a family of maps .u.t//t�0 which map into N . Recall
that this evolution equation is invariant under the scaling

.u0/�.x/ WD u0.�x/; x 2 Rn;(2)

u�.x; t/ WD u.�x; �
2t /; � > 0; .x; t/ 2 Rn � RC:(3)

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE
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1238 A. DERUELLE AND T. LAMM

If u0 is invariant under the above scaling, i.e., if u0 is 0-homogeneous, solutions of
the harmonic map flow which are invariant under scaling are potentially well-suited
for smoothing out u0 instantaneously. Such solutions are called expanding solutions or
expanders. In this setting, it turns out that (1) is equivalent to a static equation, i.e., that
it does not depend on time anymore. Indeed, if u is an expanding solution in the previous
sense then the map U.x/ WD u.x; 1/ for x 2 Rn, satisfies the elliptic system

(4)

(
�f U C A.U /.rU;rU/ D 0; on Rn;

lim
r!C1

U.r; !/ D u0.!/; .r; !/ 2 RC � Sn�1;

where f and �f are defined by

f .x/ WD
jxj2

4
C
n

2
; x 2 Rn;

�f U WD �U Crf � rU D �U C
r

2
@rU:

The function f is called the potential function and it is defined up to an additive constant.
The choice of this constant is dictated by the requirement

�f f D f:

The operator �f is called a weighted laplacian and it is unitarily conjugate to a harmonic
oscillator � � jxj2=16.

Conversely, ifU is a solution to (4) then the map u.x; t/ WD U.x=
p
t /, for .x; t/ 2 Rn�RC,

is a solution to (1). Because of this equivalence, u0 can be interpreted either as an initial
condition or as a boundary data at infinity.

The interest in expanding solutions is basically due to two reasons. On the one hand, these
scale invariant solutions are important with respect to the continuation of a weak harmonic
map flow between two closed Riemannian manifolds. Indeed, by the work of Chen and
Struwe [3], there always exists a weak solution of the harmonic map flow starting from a
smooth map between two closed Riemannian manifolds. It turns out that such a flow is not
always smooth and the appearance of singularities is caused by either non-constant 0-homo-
geneous harmonic maps defined from Rn to N , the so called tangent maps, or shrinking
solutions (also called quasi-harmonic spheres) that are ancient solutions invariant under
scaling. Expanding solutions can create an ambiguity in the continuation of the flow after
it reaches a singularity by a gluing process. On the other hand, one might be interested in
using the smoothing effect of the harmonic map flow. More precisely, it is tempting to attach
a canonical map to any map between (stratified) manifolds with prescribed singularities.
It turns out that 0-homogeneous maps are the building blocks of such singularities and
expanding solutions are likely to be the best candidates to do this job.

In this paper, we investigate the question of existence of expanding solutions coming
out of u0 in the case where there is no topological obstruction, i.e., under the assumption
that u0 is homotopic to a constant when restricted to Sn�1. Our main result is the following

T 1.1. – Let n � 3 andm � 2 be two integers and let u0 W Rn ! .Nm�1; g/ � Rm

be a Lipschitz 0-homogeneous map such that its restriction to Sn�1 is homotopic to a constant.
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Then there exists a weak expanding solutionu.�; 1/ DW U.�/ of the harmonic map flow coming
out of u0 weakly which is regular off a closed singular set with at most finite .n�2/-dimensional
Hausdorff measure. Moreover, there exist a radius R D R.kru0kL2loc

; n;m/ > 0 and a
constant C D C.kru0kL2loc

; n;m/ > 0 such that U is smooth outside B.0;R/ and,

jrU j.x/ �
C

jxj
; jxj � R;

kru.t/kL2.B.x0;1// � C
�
n;m; kru0kL2loc.Rn/

; t
�
kru0kL2.B.x0;1//; 8x0 2 Rn;

k@tukL2..0;t/;L2loc.Rn//
� C.n;m; t/kru0kL2loc.Rn/

;

where limt!0 C
�
n;m; kru0kL2loc.Rn/

; t
�
D limt!0 C.n;m; t/ D 1.

In particular, u.�; t / tends to u0 as t goes to 0 in theH 1
loc.R

n/ sense and if u0 is not harmonic
then u.�; t / is not constant in time. Finally, one has the following convergence rate:

jU.x/ � u0.x=jxj/j � C jxj
�1; jxj � R:(5)

We remark that the regularity result of the theorem is reminiscent of and based on
the fundamental work of Chen and Struwe [3] and Cheng [4]. We localize their approach
to ensure the smoothness of the solution outside a closed ball since the local energy is
decaying to 0 at infinity. This lets us establish a sharp convergence rate for Lipschitz maps.
Theorem 1.1 and its proof provide the existence of a non constant in time (or equivalently
non radial) expanding solution in case the initial map is not harmonic. Since the initial
condition u0 is allowed to have large local-in-space energy, it is likely that uniqueness will
fail. In particular, the authors do not know if the solution produced by Theorem 1.1 coming
out of a 0-homogeneous harmonic map will stay harmonic.

Let us make some comments about the proof of Theorem 1.1 before we describe its
main steps. A direct perturbative approach is well-suited in case the target Riemannian
manifold .N; g/ has non-positive sectional curvature as shown by the second author [7] or
if the L2loc.R

n/ energy of u0 is assumed to be arbitrarily small: see Section 2 for a proof. One
more instance where such a direct approach works well is by imposing further symmetry on
the initial condition u0 and the target manifoldN as initiated by Germain and Rupflin [9]. To
conclude, the nonlinearity of the target manifold and the potential formation of finite time
singularities are the two main obstacles to a direct perturbative approach in general.

To circumvent this issue, we follow Chen-Struwe’s penalisation procedure [3] and we
construct our expanding solution to the harmonic map flow as a limit of expanding solutions
starting from the same initial condition u0 of a so called homogeneous Chen-Struwe flow
with parameter K, see Section 3.3 for more definitions. Before stating the main result about
this flow, we recall some definitions.

Let n � 3 and let u0 W Rn ! .N; g/ � Rm be a 0-homogeneous map. Let us notice
that .N; g/ is not assumed to be a hypersurface of Rm at this stage.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



1240 A. DERUELLE AND T. LAMM

A map u W Rn � .0; T /! Rm is a weak solution of the Homogeneous Chen-Struwe flow
with initial condition u0 if it satisfies:

(6)

8̂<̂
:@tu D �u �

K

t
�0
�
d2N .u/

�
r

�
d2N
2

�
.u/; on Rn � RC;

ujtD0
D u0; in the weak sense;

where � is a smooth, non-decreasing function such that �.s/ D s for 0 � s � ı2N and
�.s/ D 2 � ı2N if s � .2 � ıN /2 for some positive constant ıN depending on the geometry of
the embedding ofN in Rm. As in [3], such a function � is designed to ignore the set of points
of Rm nN where the distance function dN is not smooth. We notice that (6) differs from the
flow introduced by Chen and Struwe by a factor of time t�1 in front of the parameterK: the
main reason is to keep (6) invariant under parabolic rescalings as defined in (3).

Moreover, the pointwise energy associated to a solution u W Rn � RC ! Rm of the
Homogeneous Chen-Struwe flow (6) is defined by

eK.u/.x; t/ WD
1

2

�
jruj2.x; t/C

K

t
�
�
d2N .u.x; t//

��
; .x; t/ 2 Rn � RC:(7)

For any expanding solution uK of the Homogeneous Chen-Struwe flow with parameterK
defined onRn�RC, we denote its evaluation at time t D 1 byUK.x/ WD uK.x; 1/, for x 2 Rn.

Formally speaking, the Homogeneous Chen-Struwe flow with parameterK is the gradient
flow of the (total) energy of a solution u given by the integral of the pointwise energy eK
introduced in (7). As K goes toC1, the penalty term

K

Z
B.x0;1/

�
�
d2N .u.x; t//

�
dx; .x0; t / 2 Rn 2 RC

forces the unconstrained solutions uK to take their values in N , at least heuristically.
The following theorem sums up the main properties of the expanding solutions to this

Homogeneous Chen-Struwe flow we are able to construct and make precise these heuristics:

T 1.2. – Let u0 W Rn ! .Nm�1; g/ � Rm be a 0-homogeneous map in C 3loc.R
n n f0g/

for n � 3 such that its restriction to Sn�1 is homotopically trivial. Then for any K > 0, there
exists a regular Chen-Struwe expanding solution uK coming out of u0

(8)

8̂<̂
: ��f UK CK�

0
�
d2N .UK/

�
r

�
d2N
2

�
.UK/ D 0;

lim
t!0C

uK.�; t / D u0 in the weak sense.

Moreover, there exist a radius R D R.kru0kL2loc
; n;m/ > 0 and a positive constant

C D C.kru0kL2loc
; n;m/ such that,

eK.uK/.x; 1/ WD
jrUK.x/j

2

2
C
K

2
�
�
d2N .UK.x//

�
�

C

jxj2
; jxj � R;

keK.uK/.t/kL1.B.x0;1// � C
�
n;m; kru0kL2loc.Rn/

; t
�
kru0k

2
L2.B.x0;1//

; 8x0 2 Rn;

k@tuKkL2..0;t/;L2loc.Rn//
� C.n;m; t/kru0kL2loc.Rn/

;

(9)

where limt!0 C
�
n;m; kru0kL2loc.Rn/

; t
�
D limt!0 C.n;m; t/ D 1.

Finally, uK.t/ converges strongly to u0 as t goes to 0 in H 1
loc.R

n/.

4 e SÉRIE – TOME 54 – 2021 – No 5



EXISTENCE OF EXPANDERS OF THE HARMONIC MAP FLOW 1241

The proof of Theorem 1.2 is divided into four steps explained just before Section 3.4. Each
step is proved in Sections 3.4, 3.5, 4 and 5.

In order to prove Theorem 1.2, we reformulate (8) as a fixed point problem in the perspec-
tive of applying the Leray-Schauder Fixed Point theorem as has been done in [10] in the
context of the Navier-Stokes equation: the main reason why we assume the target Rieman-
nian manifold .Nm�1; g/ to be isometrically embedded as a hypersurface of Rm is to make
sense of this fixed point formulation.

In order to guess the qualitative properties of the space of perturbations, we investigate
the properties of the first approximations in Section 3.2.

In the case of the target manifold being a round sphere another approximation of the
harmonic map flow was introduced by Chen [2]. In our setting, it is given by the homoge-
neous Ginzburg-Landau flow with parameter K > 0

(10)

8<:@tu D �uC
K

t
.1 � juj2/u; on Rn � RC;

ujtD0
D u0:

The reason why we introduce the factor t�1 in front of the term K.1� juj2/u is to make the
Ginzburg-Landau flow invariant under the same scaling (2) and (3) as the harmonic map
flow. Despite its physical relevance, the homogeneous Ginzburg-Landau flow does not seem
to give a precise estimate on the singular set of the limiting harmonic map as was noticed by
Chen and Struwe. This is essentially due to the lack of a good Bochner formula which in turn
is caused by the difficulty of controlling the vanishing set of an expanding solution a priori.
Still, with the same methods one gets the following result:

T 1.3. – Let u0 W Rn ! Sm�1 � Rm be a 0-homogeneous map in C 3loc.R
n n f0g/,

n � 3, such that its restriction to the sphere Sn�1 is homotopically trivial. Then for anyK > 0,
there exists a smooth Homogeneous Ginzburg-Landau expanding solution uK coming out of u0:

(11)

8<:�f UK CK.1 � jUK j
2/UK D 0;

lim
t!0C

uK.�; t / D u0; in the weak sense.

Moreover, if

eK.uK/.x; t/ WD
1

2

�
jruK j.x; t/

2
C
K

2t
.1 � juK.x; t/j

2/2
�
; .x; t/ 2 Rn � RC;

denotes the pointwise energy associated to the solution uK then:

keK.uK/.t/kL1.B.x0;1// � C
�
n;m; kru0kL2loc.Rn/

; t
�
kru0k

2
L2.B.x0;1//

; 8x0 2 Rn;

k@tuKkL2..0;t/;L2loc.Rn//
� C.n;m; t/kru0kL2loc.Rn/

;

where limt!0 C
�
n;m; kru0kL2loc.Rn/

; t
�
D limt!0 C.n;m; t/ D 1.

In particular, uK.t/ converges strongly to u0 as t goes to 0 in H 1
loc.R

n/.

We would like to relate our work to previous articles on this subject. To our knowledge,
most of the literature concerns maps fromRn to an equator of a rotationally symmetric target
manifold such as the works of Germain and Rupflin [9], Biernat and Bizon [1] and the more
recent work due to Germain, Ghoul and Miura [8]. In particular, our setting includes theirs in
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1242 A. DERUELLE AND T. LAMM

the case the target is a sphere since a map from Sn�1 with values in an equator is homotopic to
a constant. Of course, since (1) reduces to an ODE in such a corotational setting, the above
mentioned works obtain more quantitative results even if the question of regularity is not
really addressed.

There are at least two other partial differential equations that motivate this work. Jia
and Šverák [10] proved the existence of smooth expanding solutions of the Navier-Stokes
equation. In this case, the homogeneity is of degree �1. To prove Theorem 1.2, we proceed
similarly to their work by using the Leray-Schauder degree theory. For this, one needs a path
of initial conditions .u�0 /0���1/ W Sn�1 ! N connecting the restriction u00 of u0 to Sn�1 to
a suitable map u10. A suitable map u10 means here that there is an obvious solution coming
out of u10 for which there is a uniqueness result for small solutions lying in a suitable function
space. In the case of the Navier-Stokes equation, the path is given for free since it suffices to
contract the initial vector field to zero. In our case, the path is given by assumption. There
is also a deep analogy with the Ricci flow that exhibits the same scale invariance. In the
setting of the Ricci flow, u0 is replaced by a metric cone C.M/ over a closed Riemannian
manifold .M; g/ endowed with its Euclidean cone metric dr2 C r2g and the topological
assumption on M similar to the triviality of the homotopy class of u0 is that it is null
cobordant. See [6] and [5] in the case .M; g/ is a Riemmanian manifold with curvature
operator larger than 1.

Finally, let us describe the content of each section.

In Section 2 we show a perturbation result for expanding solutions with small energy.

Section 3 defines the notion of homogeneous Chen-Struwe flow and investigates the
existence of smooth expanding solutions to this flow as stated in Theorem 1.2. Section 3.2
analyzes carefully the properties of the first approximation and Section 3.3 reduces the
analysis to a fixed point problem. Sections 3.4 and 3.5 prove this fixed point problem is
well-posed in the context of Leray-Schauder degree theory. Before proceeding to a priori
bounds on expanding solutions to the Homogeneous Chen-Struwe flow, Sections 4.1 and
4.2 establish a Bochner formula and a local entropy monotonicity formula that are crucial to
prove an "-regularity theorem in this setting: see Section 4.3. Then Section 5.1 starts proving
a priori C 0 bounds of such expanding solutions. Sections 5.2 and 5.3 take care of bounding
such expanding solutions at infinity a priori. Section 6 ends the proof of Theorem 1.2.

Finally, Section 7 investigates Taylor expansions at infinity of any expanding solutions of
the harmonic map flow in terms of the jets of the initial condition at a formal level. This
section is inspired by a similar expansion for asymptotically conical expanding solutions of
the Ricci flow done by Lott and Wilson [14].

Acknowledgments. – The authors wish to thank the anonymous referees for helpful sugges-
tions that helped to improve the exposition of this paper.

2. Deformation theory of expanders (with small energy)

From now on, let u W Rn ! N be an expanding solution of the harmonic map flow, fixed
once and for all. We consider the linearisation of equation (1) around u. It takes the following
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time-dependent form: if uC h is an expanding solution then,

@t .uC h/ D �.uC h/C A.uC h/.r.uC h/;r.uC h//j;

is equivalent to

@th D �hC A.uC h/.r.uC h/;r.uC h// � A.u/.ru;ru/

DW �hCR.u;ru; h;rh/;

where

R.u;ru; h;rh/ WD A.uC h/.r.uC h/;r.uC h// � A.u/.ru;ru/:(12)

Our main result in this section is a uniqueness result for expanding solutions close to a
constant map.

First, let us introduce the main function space for the initial conditions:

X0 WD fu0 W Rn ! N � Rm j ku0kBMO < C1g ;

where

ku0kBMO WD sup
x2Rn;r>0

�

Z
B.x;r/

ju0 � �

Z
B.x;r/

u0j.y/dy:

Secondly, the relevant function space X of solutions is defined by:

X WD fu W Rn � RC ! Rm j kukL1.Rn�RC/ C sup
.x;t/2Rn�RC

p
t jruj.x; t/

C sup
.x;s/2Rn�RC

krukL2.P.x;
p
s// < C1g;

where P.x; r/ WD B.x; r/ � .0; r2/ and where

khk
p

Lp.P.x;r//
WD �

Z
P.x;r/

r2jhjp.y; s/dyds; x 2 Rn; r > 0; p � 1;

where h is a tensor defined on Rn�RC. The number khkp
Lp.P.x;r//

is the normalized p-norm
of h on the parabolic neighborhood P.x; r/.

Finally, as in [11], we introduce a somewhat intermediate function space Y :

Y WD

(
R W Rn ! Rm j sup

t2RC
tkR.t/kL1.Rn/ C sup

s2RC
kRkL1.P.x;

p
s// < C1

)
:

We are now in a position to state the main result of this section:

T 2.1. – There exists " > 0 such that ifu W Rn ! N is an expanding solution of the
harmonic map flow coming out of u0 2 X0 with kjruj2kY < ", then there is a neighborhood U0

of u0 in the BMO-topology such that for any 0-homogeneous map v0 2 U0, there exists an
expanding solution of the harmonic map flow v W Rn ! N coming out of v0. Besides, uniqueness
holds in a small ball with center u with respect to the topology of X .
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Proof. – The proof follows closely the one in the paper [16] which in turn is motivated by
the paper [11].

First of all, let us fix some map v0 2 BMO.Rn; N / and define the map T W X ! X as
follows:

T .h/ WD kt � .v0 � u0/C

Z t

0

kt�s �R.u;ru; h;rh/.s/ds;

where R.u;ru; h;rh/ is defined by (12) and where kt denotes the Euclidean heat kernel

kt .x/ WD .4�t/
�n2 exp

�
�
jxj2

4t

�
; t > 0; x 2 Rn:

C 1. – T is well-defined and the following estimates holds:

kT .h/kX � c
�
kv0 � u0kBMO C

�
kjruj2kY C kukXkhkX C khk

2
X

�
khkX

�
;

for some uniform positive constant c > 0.

Indeed, the estimate

kkt � .v0 � u0/kX � Ckv0 � u0kBMO

can be found at the beginning of Section 2 in [16] and it follows from Lemma 3:1 in [16] that

k

Z t

0

kt�s �R.u;ru; h;rh/.s/dskX � CkR.u;ru; h;rh/kY :

Now a standard computation shows that

kR.u;ru; h;rh/kY � CkukXkhk
2
X C Ckhk

3
X C Ckjruj

2
kY khkX :

Similarly one observes that

C 2. – T is a contraction on a sufficiently small ball around u in X , i.e., there is
some q 2 .0; 1/ such that

kT .h1/ � T .h2/kX � qkh1 � h2kX ;

for all h1, h2 in BX .u; ı/ if ı is small enough.

Hence we obtain the desired solution v D uC h from the Banach fixed point theorem. It
was also shown in [16], Proof of Theorem 1:3, that v indeed maps into N .

3. Preliminaries

3.1. Geometry of hypersurfaces of Euclidean space

Let .Nm�1; g/ be a closed Riemannian manifold which is isometrically embedded in the
Euclidean space Rm. Let us denote the distance function to N by dN . Then there exists a
tubular neighborhood T2ıN .N / WD fy 2 Rm j dN .y/ < 2ıN g of N such that the projection
map …N W T2ıN .N / ! N is well-defined and smooth. As in [3], let � be a smooth, non-
decreasing function such that �.s/ D s for 0 � s � ı2N and �.s/ D 2 � ı2N if s � .2 � ıN /2.
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We also recall the definition of the signed distance to N . Since .Nm�1; g/ is closed and
isometrically embedded in the Euclidean space Rm, there is a smooth function � W Rm ! R
such that
fx 2 Rm j �.x/ < 0g DW � is an open bounded domain with smooth boundary N;

fx 2 Rm j �.x/ D 0g D N; and r�.x/ ¤ 0; x 2 @� D N:

Such a function � is called a defining function for the domain � which is the “inside” of N ,
the set fx 2 Rm j �.x/ > 0g being the “outside” of N : see [Chapter 1, Section 1:2, [12]] for a
systematic study. The signed distance of N denoted by NdN is then defined by:

NdN .x/ WD sgn.�.x//dN .x/; x 2 Rm:(13)

[Theorem 1:2:6, [12]] ensures that NdN is a smooth function on a tubular neighborhood T2ıN
of N . As a final remark, we notice that Nd2N D d

2
N .

Let us treat the case of a Euclidean sphere N D Sm�1 � Rm. A defining function for the
unitm-Euclidean ball Bm.0; 1/ centered at 0 2 Rm is �.x/ D jxj2�1 for x 2 Rm. The signed
distance of Sm�1 is then NdSm�1.x/ D jxj � 1 and it is smooth on Rm n f0g.

3.2. Properties of the first approximation

Denote by U0.t/ the caloric extension of the map u0, i.e.,

U0.x; t/ WD .kt � u0/.x/; .x; t/ 2 Rn � RC;

and denote by U0 the map U0.�; 1/. By construction, U0 is 0-homogeneous and hence

U0.x; t/ D U0

�
x
p
t
; 1

�
D U0

�
x
p
t

�
; 8.x; t/ 2 Rn � RC:

L 3.1. – Let u0 W Rn ! .N; g/ � Rm be a Lipschitz 0-homogenous map. Then the
caloric extension U0 of u0 satisfies

kU0kL1 � ku0kL1 ;(14)

sup
x2Rn

.1C jxj/jrkU0j.x/ � C.k; u0/; 8k � 1;(15)

.1C jxj/dN .U0.x// � .1C jxj/jU0.x/ � u0.x=jxj/j � C.u0/:(16)

Moreover, if u0 is in C 2loc.R
n n f0g/, one has the improved decay

sup
x2Rn

.1C jxj2/
minfk;2g

2 jr
kU0j.x/ � C.u0/; k � 1;(17)

.1C jxj2/dN .U0.x// � .1C jxj
2/jU0.x/ � u0.x=jxj/j � C.u0/:(18)

If u0 is in C 3loc.R
n n f0g/, with n � 4, one has

sup
x2Rn

.1C jxj3/jr3U0j.x/C sup
jxj�R.u0/

.1C jxj3/jr. NdN .U0//j.x/ � C.u0/;(19)

for some positive radius R.u0/.
Moreover, if .u�0 /�2Œ0;1� is a path of C 3 maps from Sn�1 into N such that u00 D u0 and

u10 � P 2 N then the constants .C.u�0 //�2Œ0;1�, .R.u
�
0 //�2Œ0;1� in (16), (17), (18) and (19)

satisfy
lim
�!1

C.u�0 / D 0; sup
�2Œ0;1�

R.u�0 / < C1:
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Proof. – The first bound on the C 0 norm of U0 follows easily from the maximum prin-
ciple applied to the heat equation or by using the explicit formula in terms of the Euclidean
heat kernel. The decay (15) on the first derivatives ofU0 is proved by using the corresponding
decay of the derivatives of the initial condition u0. The bound (16) uses the heat equation
in its static form. Since U0.t/ is 0-homogeneous as a time dependent function then the
map U0.�; 1/ D U0 satisfies �f U0 D 0, i.e.,

r

2
@rU0 D ��U0 D O..1C r/�1/;

thanks to the previous estimate (15) on the second derivatives ofU0. In particular, this implies
that

U0.x/ D u0.x=jxj/CO..1C jxj/�1/;

as x tends toC1.

Therefore, dN .U0.x// � jU0.x/ � u0.x=jxj/j D O..1C jxj/�1/:

Now, if u0 is in C 2loc.R
n n f0g/, the decays (17) on the first and the second derivatives

of U0 are proved by using the corresponding decay of the derivatives of the initial data u0.
Notice that if k D 0; 1; 2 then rku0 2 L1loc.R

n/, if n � 3. Let us prove (17) for the first
derivativer3U0 for instance. Since u0 is not assumed to be inC 3loc.R

nnf0g/, one differentiates
twice the map u0 and once the heat kernel k1 at time t D 1 in the integral representation
formula of the caloric extension U0 to get:

jr
3U0j.x/ � C1

Z
Rn
jx � yje�

jx�yj2

4
dy

jyj2
� C2

Z
Rn
e�
jx�yj2

8
dy

jyj2
D C2

Z
Rn
e�
jyj2

8
dy

jx � yj2

� C2

�Z
jyj�2�1jxj

e�
jyj2

8
dy

jx � yj2
C

Z
2�1jxj�jyj�2jxj

e�
jyj2

8
dy

jx � yj2

�
C C2

Z
jyj�2jxj

e�
jyj2

8
dy

jx � yj2
:

The first integral on the righthand side of the previous inequality can be estimated as follows
for some x 2 Rn n f0g:Z

jyj�2�1jxj

e�
jyj2

8
dy

jx � yj2
�

4

jxj2

Z
jyj�2�1jxj

e�
jyj2

8 dy �
C

jxj2
;

by the triangular inequality jx � yj � jxj � jyj � 2�1jxj if y 2 B.0; 2�1jxj/.

The second one is handled as follows:Z
2�1jxj�jyj�2jxj

e�
jyj2

8
dy

jx � yj2
� e�

jxj2

32

Z
2�1jxj�jyj�2jxj

dy

jx � yj2
� e�

jxj2

32

Z
jx�yj�3jxj

dy

jx � yj2

� C jxjn�2e�
jxj2

32 ;

where C is a positive constant uniform in x 2 Rn since jxj�2 2 L1loc.R
n/.

Finally, the third integral can be estimated similarly.

We proceed similarly to (16) to prove (18), since U0.t/ is 0-homogeneous as a time depen-
dent function then the map U0 satisfies �f U0 D 0, i.e.,

r

2
@rU0 D ��U0 D O..1C r2/�1/;(20)
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thanks to the previous estimate on the second derivatives of U0. In particular, this implies
that

U0.x/ D u0.x=jxj/CO..1C jxj2/�1/;

as x tends toC1 and therefore NdN .U0.x// D O..1C jxj2/�1/ as x tends toC1.
It remains to prove (19). The first estimate on the third derivatives can be proved as we

proceed for (17). Let us handle the second term on the lefthand side of (19).
First of all, since the function NdN is differentiable on the set T2ıN .N /, estimate (18) ensures

that dN .U0/ < 2ıN as soon as jxj � R.u0/. Now observe that:ˇ̌
r NdN .U0.x// � r NdN .u0.x=jxj//

ˇ̌
� C jU0.x/ � u0.x=jxj/j �

C.u0/

1C jxj2
;

by (18). Therefore we get the following intermediate estimate for x 2 Rn n f0g:

jr. NdN .U0//j.x/ D jr NdN .U0/.rU0/j.x/

� jr NdN .u0/.rU0/j.x/C
C.u0/

1C jxj2
jrU0j

� jr NdN .u0/.rU0/j.x/C
C.u0/

1C jxj3

� jr NdN .u0/.ru0/j.x/C C.u0/jr.U0 � u0/j.x/C
C.u0/

1C jxj3

D C.u0/jr.U0 � u0/j.x/C
C.u0/

1C jxj3
;

where we use (17) with k D 1 in the third line and NdN .u0/ D 0 in the last line. To conclude,
it suffices to show that r.U0 � u0/.x/ D O..1C jxj3/�1/:

Let us remark that the radial derivative of U0 hence the radial derivative of U0 � u0 is
decaying as expected by (20). Now differentiate (20) once and observe that the hessian
of jxj2 is 2ı where ı denotes Euclidean metric. One gets:

��rU0 D
r

2
@rrU0 C

1

2
rU0

D
1

2
@r .rrU0/ :

Estimate (19) on the third derivatives then implies that

@r .rrU0/ D O..1C jxj3/�1/:

Integrating the previous differential equality along a ray gives:

rrU0.r; !/ � r
sphu0.!/ D O..1C r/�2/; .r; !/ 2 RC � Sn�1;

wherersphu0 denotes the spherical derivatives of u0. This fact leads to the expected estimate.

The previous Lemma 3.1 and the analysis to follow in the next sections show that if n � 4,
the choice of the caloric extension ofu0 as a first approximation suffices. If n D 3, we consider
a barycentric approximation of u0 as follows: if � W Rn ! Œ0; 1� denotes any smooth function
such that � � 1 if jxj � 2 and � � 0 if jxj � 1, we define

U b0 WD .1 � �/P C �u0;(21)
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where P 2 N is fixed.

The properties of U b0 can be summarized as follows:

L 3.2. – With the previous notations, assume that u0 is in C 3loc.R
n n f0g/, then the

barycentric approximation satisfies

kU b0 kL1 � jP j C ku0kL1 ; 8x 2 Rn; U b0 .x/ D u0.x/; jxj � 2;(22)

sup
x2Rn

.1C jxjk/jrkU b0 j.x/ � C.k; u0/ < C1; 0 � k � 3;

(23)

sup
x2Rn

.1C jxj2/j�f U
b
0 j � C.u0/ < C1;(24)

dN .U
b
0 .x// D 0; if jxj � 1 or if jxj � 2;(25)

sup
x2Rn

.1C jxj2/dN .U
b
0 .x// � C.u0/;

(26)

where jP j denotes the euclidean norm of P 2 Rm.

Moreover, if .u�0 /�2Œ0;1� is a path of C 3 maps from Sn�1 into N such that u00 D u0 and
u10 � P 2 N then the constants .C.u�0 //�2Œ0;1� in (23), (24) and (26) satisfy lim�!1 C.u

�
0 / D 0:

Proof. – By definition of the map U b0 , U b0 � u0 outside B.0; 2/ � Rn. In particular, this
implies (25). Moreover, by the triangular inequality:

jU b0 j.x/ � .1 � �.x//jP j C �.x/ku0kL1 :

Since � takes its values into Œ0; 1�, (22) follows. The estimate (23) comes from the fact
that r� is compactly supported in B.0; 2/ and the decay of the derivatives of u0 outside the
origin 0 2 Rn.

Now since u0 is 0-homogeneous, �f U b0 D �f u0 D �u0 on Rn n B.0; 3/ which decays
quadratically. Therefore, (24) follows immediately.

In order to prove (26), let us remark that .1 C jxj2/dN .U b0 .x// D 0 if jxj � 2 by (25).
Similarly to the proof of (18), one observes that if jxj � 2,

.1C jxj2/dN .U
b
0 .x// � .1C jxj

2/jU b0 .x/ � P j

� .1C jxj2/�.x/jP � u0.x=jxj/j;

which vanishes identically if jxj � 1. Therefore,

sup
x2Rn

.1C jxj2/dN .U
b
0 .x// � 5 sup

1�jxj�2

jP � u0.x=jxj/j;

which implies (26).

Because of the similarities shared by Lemma 3.1 with Lemma 3.2, we will only consider
the ansatz with the caloric extension in the next sections.
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3.3. Fixed point formulation

Motivated by Lemmata 3.1 and 3.2, we introduce the Banach space

X WD

�
V 2 C 1loc.R

n;Rm/ j sup
x2Rn

.1C jxj/2jV.x/j C .1C jxj/3jrV.x/j < C1

�
:

In order to produce a solution to (8), we look for a solution uK to the homogeneous Chen-
Struwe equation of the form

@tuK D �uK �
K

t
�0
�
d2N .uK/

�
r

�
d2N
2

�
.uK/; t > 0;(27)

uK.x; t/ WD U0

�
x
p
t

�
C VK

�
x
p
t

�
;(28)

where U0 W Rn ! Rm denotes the caloric extension of u0 as defined in Section 3.2 and where
VK 2 X . Notice that the time-dependent map VK.�; t / WD VK.�=

p
t / will satisfy the bounds

.
p
t C jxj/2jVK.x; t/j C .

p
t C jxj/3jrVK.x; t/j � Ct; 8x 2 Rn; 8t > 0:(29)

As we want to use the Leray-Schauder Fixed Point Theorem in order to show Theorem 1.2,
we need to reformulate this problem as follows. Let � 2 Œ0; 1� be a parameter and denote
by .u�0 /�2Œ0;1� a path of C 3 maps such that u00 D u0 and u10 � P 2 N . Note that this path is
chosen inside the homotopy class of Œu0� 2 �n�1.N /.

Thus, solving (8) amounts to solving the static Chen-Struwe equation

�f VK �K�
0
�
d2N .U

�
0 C VK/

�
r

�
d2N
2

�
.U �0 C VK/ D 0; VK 2 X:(30)

If V 2 X , K > 0 and � 2 Œ0; 1�, we denote formally by F �K .V / 2 X the solution to the
problem

�f F
�
K .V / �K�

0.d2N .U
�
0 //dU�0

NdN .F
�
K .V //r

NdN .U
�
0 /

D �K�0.d2N .U
�
0 //dU�0

NdN .V /r NdN .U
�
0 /

CK�0
�
d2N .U

�
0 C V /

�
r

�
d2N
2

�
.U �0 C V /;

where dp NdN .v/ D <r NdN .p/; v> denotes the differential (when it makes sense) of the signed
distance function NdN at the point p 2 Rm evaluated at the vector v 2 TpRm.

R 3.3. – The reason why we isolate the term dU�
0

NdN .F
�
K .V //r

NdN .U
�
0 / from the

right hand side is that the map

V 2 X ! dU�
0

NdN .F
�
K .V //r

NdN .U
�
0 / 2 X

is not a compact operator.

We proceed in three steps:

1. The map FK W X � Œ0; 1� ! X is a well-defined compact continuous map: this is the
content of Section 3.4.

2. The Leray-Schauder degree of I � F �K W BX .0; "/! BX .0; "/ is 1 when � is close to 1,
for some positive ": this is proved in Section 3.5.
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3. (A priori estimates) There is a positive constant M (uniform in � 2 Œ0; 1�) such that if
V 2 X is such that F �K .V / D V then kV kX � M : these are the contents of Sections 4
and 5.

3.4. FK is a well-defined compact and continuous map

In this section, we prove that the map F �K W X ! X is compact and continuous.

Note that the map F �K can also be formally interpreted as

F �K .V /.x; t/ D �K

Z t

0

Z
Rn

K
�
t�s.x; y/

1

s
�0.d2N .U

�
0 //dU�0

NdN .V /r NdN .U
�
0 /dyds

CK

Z t

0

Z
Rn

K
�
t�s.x; y/

1

s
�0
�
d2N .U

�
0 C V /

�
r

�
d2N
2

�
.U �0 C V //.y; s/dyds;

where V.x; t/ WD V.x=
p
t / with V 2 X and where K

�
t 2 L .X;X/ denotes the solution of

@t K
�
t D �K

�
t �

K

t
�0.d2N .U

�
0 //dU�0

NdN .K
�
t /r
NdN .U

�
0 /;

lim
t!0C

K
�
t D ı0:

The issue here is to make sense of this solution and therefore, we prefer to work with the static
equation only. To do so, given V 2 X , we first solve the following Dirichlet problem

�fWR �K�
0.d2N .U

�
0 //dU�0

NdN .WR/r NdN .U
�
0 / D Q.U

�
0 ; V /; on B.0;R/ � Rn;

WR D 0; on @B.0;R/;
(31)

where

Q.U �0 ; V / WD �K�
0.d2N .U

�
0 //dU�0

NdN .V /r NdN .U
�
0 /

CK�0
�
d2N .U

�
0 C V /

�
r

�
d2N
2

�
.U �0 C V /:

(32)

One can prove that such a solution WR exists and is unique by the maximum principle.

We start with a lemma analyzing the behavior of the righthand sideQ.U �0 ; V / for V 2 X .

L 3.4. – Let � 2 Œ0; 1�. Then

kQ.U �0 ; V /kX � C.u
�
0 ; K/.1C kV kX /C C.K/kV k

2
X ; V 2 BX .0; 1/;

kQ.U �0 ; V2/ �Q.U
�
0 ; V1/kX � C.u

�
0 ; K/kV2 � V1kX C C.K/kV1 C V2kXkV2 � V1kX ;

(33)

where V1; V2 2 BX .0; 1/ and where the constantC.u�0 ; K/ satisfies lim�!1 C.u
�
0 ; K/ D 0when

K is fixed.

Proof. – SinceK is fixed and the expected estimates are depending onK a priori, we can
assume K D 1 to lighten the notations.
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A Taylor expansion of degree 2 around U �0 of the righthand side of (32) gives:

�0
�
d2N .U

�
0 C V /

�
r

�
d2N
2

�
.U �0 C V / D �

0.d2N .U
�
0 //r

�
d2N
2

�
.U �0 /

C �00.d2N .U
�
0 //dU�0 d

2
N .V /r

�
d2N
2

�
.U �0 /

C �0.d2N .U
�
0 //r

2
U�
0

�
d2N
2

�
.V /C V � V:

(34)

where, if A and B are two tensors, A � B denotes any contraction of linear combinations of
the tensor product A˝ B. Therefore, by using that

�0.d2N .U
�
0 //r

2

�
d2N
2

�
.V / D �0.d2N .U

�
0 //

�
dU�

0

NdN .V /r NdN .U
�
0 /C

NdN .U
�
0 /r

2
U�
0

NdN .V /
�
;

one gets,

Q.U �0 ; V / D �
0.d2N .U

�
0 //
NdN .U

�
0 /r

NdN .U
�
0 /C

NdN .U
�
0 /O.V /C V � V:(35)

By using Lemma 3.1 together with (35), one gets:

sup
x2Rn

.1C jxj2/jQ.U �0 ; V /j.x/

� C.u�0 /

�
1C sup

x2Rn
.1C jxj2/jV j.x/

�
C C

�
sup
x2Rn

.1C jxj2/jV j.x/

�2
;

if V 2 BX .0; 1/. By differentiating (35) and by using Lemma 3.1 once more, one gets the first
line of (33). The estimate on the second line of (33) can be proved similarly.

In order to obtain a solution defined on all of Rn, we first establish an a priori C 0 bound.

P 3.5. – The solutionWR defined above satisfies the following a priori weighted
C 0 bound:

max
B.0;R/

f jWRj � C.n;m;K/kQ.U
�
0 ; V /kX :(36)

In particular,

kWRkC2;ˇ.B.0;R0// � C.ˇ; n;m;R0; K/kQ.U
�
0 ; V /kX ; 8R0 < R; ˇ 2 .0; 1/:

Proof. – Since Q WD Q.U �0 ; V / is C 1, the last assertion on the derivatives of WR follows
immediately by interior elliptic Schauder estimates in case the a priori C 0 bound holds.
Therefore, it suffices to establish (36). For this we note that

�f jWRj
2
� 2jrWRj

2
C 2K�0.d2N .U

�
0 //

�
dU�

0

NdN .WR/
�2
� 2jQjjWRj

� 2jrWRj
2
� 2jQjjWRj:

In particular, for " > 0 we consider the function W "
R WD

p
jWRj2 C "2 and we get that

W "
R satisfies

�f jW
"
Rj � �jQj � �kQkXf

�1;
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since Q 2 X . Now observe that the function f �1 is a good barrier function since

�f f
�1
D �f �2�f f C 2jrf j

2f �3

D �f �1
�
1 � 2f �2

jxj2

4

�
� �Cf �1;

for some positive constant C . Indeed, one can check that for n � 2 we have

inf
x2Rn

�
1 � 2

jxj2

4f 2.x/

�
> 0:

Hence, for some sufficiently large constant A depending linearly on kQkX and which is
independent of ",

�f
�
jW "
Rj � Af

�1
�
> 0; on B.0;R/:

The maximum principle forces the function jW "
Rj � Af

�1 to attain its maximum at the
boundary @B.0;R/, hence

max
B.0;R/

jW "
Rj � Af

�1
D max

@B.0;R/
jW "
Rj � Af

�1

� ":

The result follows by letting " go to 0.

By Proposition 3.5, one can extract a subsequence .WRk /k�0 for a sequence of radii
.Rk/k�0 going to C1, that converges in the C 2;ˇloc topology, for any ˇ 2 .0; 1/, to a vector
field W W Rn ! Rm satisfying:

�fW �K�
0.d2N .U

�
0 //dU�0

NdN .W /r NdN .U
�
0 / D Q.U

�
0 ; V /; on Rn;(37)

sup
Rn
f jW j � C.n;m;K/kQ.U �0 ; V /kX :(38)

This solution W is unique among regular solutions that converge to 0 at infinity by the
maximum principle. Therefore, the map F �K makes sense provided the gradient of F �K .V /
decays like f �3=2, i.e., F �K .V / 2 X . This is the content of the next proposition.

P 3.6. – The solution F �K .V / satisfies the weighted a priori C 1 bound

sup
Rn
f 3=2jrF �K .V /j � C.n;m;K/kQ.U

�
0 ; V /kX :(39)

Proof. – Strictly speaking, the solution F �K .V / DW F.V / is in C
2;ˇ
loc only. Since the

bound we want to establish only involves the first derivatives of F.V / and of Q.U �0 ; V /, we
can assume V and hence F.V / and Q.U �0 ; V / are smooth. Moreover, by interior parabolic
Schauder estimates applied to the corresponding time-dependent solution F.V /.x; t/ WD
F.V /.x=

p
t / defined on Rn � RC, one gets the bounds

sup
x2Rn

f .x/kF.V /kC2;ˇ.B.x;1// � C.n;m; ˇ;K/kQ.U
�
0 ; V /kX :(40)
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We compute the evolution equation (in disguise) of the gradient rF.V /:

�f rF.V / D r.�f F.V // �
1

2
rF.V /

D �
1

2
rF.V /CKr

�
�0.d2N .U

�
0 //dU�0

NdN .F.V //r NdN .U
�
0 /
�
Cr

�
Q.U �0 ; V /

�
;

which implies, by (38) and the fact that Q.U �0 ; V / 2 X ,

�f jrF.V /j
2
� 2jr2F.V /j2 � jrF.V /j2 C 2K�0.d2N .U

�
0 //

h
dU�

0

NdN .rF.V //
i2

� CkQ.U �0 ; V /kXf
�3=2
jrF.V /j

� 2jr2F.V /j2 � jrF.V /j2 � CkQ.U �0 ; V /kXf
�3=2
jrF.V /j:

(41)

Indeed,˝
r
�
�0.d2N .U

�
0 //dU�0

NdN .F.V //r NdN .U
�
0 /
�
;rF.V /

˛
D �00.d2N .U

�
0 //hr

NdN .U
�
0 /; F .V /i � hr

NdN .U
�
0 /;rr.d2

N
.U�
0
//F.V /i

C �0.d2N .U
�
0 //

�
rU �0 � F.V /C

h
dU�

0

NdN .F.V //
i2�

:

Therefore, (38) and [(19), Lemma 3.1] implies the estimate (41).
Now, recall that �f f 2 D 2f 2 C 2jrf j2 � 2f 2 and multiply the differential inequality

(41) by f 2 to absorb the term �jrF.V /j2 as follows

�f
�
f 2jrF.V /j2

�
� 2f 2jr2F.V /j2 � 8f 3=2jr2F.V /jjrF.V /j

C f 2jrF.V /j2 � C.K; kQ.U �0 ; V /kX /f
�1=2 .f jrF.V /j/

�
�
1 � Cf �1

�
f 2jrF.V /j2 � CkQ.U �0 ; V /kXf

�1

� f 2jrF.V /j2 � CkQ.U �0 ; V /kXf
�1;

where we used Young inequality together with (40) to get the last inequality and C denotes
a positive constant independent of V and F.V / that may vary from line to line.

Observe that �f lnf D 1 � jr lnf j2 � 1 on Rn.
By considering a function of the form k�1 lnf where k is a positive integer, one gets:

�f
�
f 2jrF.V /j2 � k�1 lnf � Af �1

�
� f 2jrF.V /j2 � CkQ.U �0 ; V /kXf

�1
� k�1 C ACf �1

� f 2jrF.V /j2 � k�1 lnf � Af �1 � k�1

for any positive constant A larger than CkQ.U �0 ; V /kX , for some positive constant C
uniform in � 2 Œ0; 1�. Now, as we know that the function f 2jrF.V /j2 is bounded, the
function f 2jrF.V /j2�k�1 lnf �Af �1 goes to �1 as x goes toC1. Therefore, it attains
its maximum. The maximum principle applied to the previous differential inequality implies
that

f 2jrF.V /j2 � k�1 lnf � Af �1 � k�1; on Rn.

As A is independent of k, we can let k go toC1 and get the expected result.

We now claim that the map FK is a compact operator, the proof of its continuity being
analogous:

P 3.7. – The map FK W X � Œ0; 1�! X is a continuous and compact map.
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Proof. – We only prove the compactness of the map F �K where � 2 Œ0; 1�. Let .Vi /i�0 be a

bounded sequence inX . According to (40), the sequence .F �K .Vi //i subconverges in theC 2;ˇloc
topology to a map that belongs toX . In order to prove that the convergence holds inX , it is
sufficient to prove that for any V 2 X and i D 0; 1 the following estimates hold:

sup
Rn
f 2Ci=2jri .F �K .V / � F

�
K .0//j � C.K; n;m; kV kX /:

In the proof of these estimates, for the sake of clarity, we omit the dependence of F �K and
U �0 on K and � .

Recall that F �K .0/ DW F.0/ is the unique solution in X of:

�f F.0/ �K�
0.d2N .U0//dU0

NdN .F.0//r NdN .U0/ D Q.U0; 0/

D K�0.d2N .U0//r

�
d2N
2

�
.U0/:

Therefore, G.V / WD F.V / � F.0/ 2 X is a solution of

�fG.V / �K�
0.d2N .U

�
0 //dU�0

NdN .G.V //r NdN .U
�
0 / D Q.U0; V / �Q.U0; 0/:

Now, a Taylor expansion of degree 2 as in (34), using the very definition (32) of Q.U0; V /,
shows that the differential of Q with respect to the variable V satisfies:

D2Q.U0; 0/.V / D K�
0.d2N .U

�
0 //
NdN .U0/r

2 NdN .U0/.V /

CK�00.d2N .U
�
0 //dU�0 d

2
N .V /r

�
d2N
2

�
.U �0 /:

(42)

Notice that the second term on the righthand side of (42) is compactly supported in a ball
of Rn whose radius is independent of � 2 Œ0; 1� by the definition of the function � and
Lemma 3.1.

In particular, by Taylor’s Theorem together with the estimates of Lemma 3.1,

sup
Rn
f 2Ci=2jri .Q.U0; V / �Q.U0; 0//j � C.K; n;m; kV kX /; i D 0; 1:

As in the proof of Proposition 3.5, one can use a barrier function of the form f �2 in order
to prove that G.V / decays like f �2 uniformly with respect to � and V in a fixed ball in X .
Similarly to the proof of Proposition 3.6, one proves the expected decay on the gradient
of G.V / at infinity.

3.5. Well-posedness of the homogeneous Chen-Struwe equation for small initial data

In this subsection, we assume that � is close to 1 and hence U �0 is close to a constant map
in the sense that

kU �0 � P kL1 C sup
x2Rn

.1C jxj/jrU �0 .x/j � C.u
�
0 /;

where P 2 Sm�1 and where lim�!1 C.u
�
0 / D 0. We show that for every " small enough the

map I � F �K W BX .0; "/ ! BX .0; "/ has Leray-Schauder degree one at the origin. In other
words, we show that F �K has a unique fixed point in BX .0; "/ if " and 1 � � are sufficiently
small.
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In order to see this, we note that Lemma 3.4 together with Propositions 3.5 and 3.6 shows
that for all V 2 BX .0; "/, we have

kF �K .V /kX � C.u
�
0 /C C"

2

and therefore we have indeed that F �K maps BX .0; "/ into itself, provided that 1�� and " are
chosen small enough.

In order to show that F �K is also a contraction onBX .0; "/, we invoke Lemma 3.4 together
with Propositions 3.5 and 3.6 again to prove that

kF �K .V1/ � F
�
K .V2/kX � C"kV1 � V2kX

and hence this shows the contraction property if we choose " small enough. Altogether, this
implies the desired result about the Leray-Schauder degree.

4. An "-regularity theorem for Chen-Struwe expanding solutions

We emphasize on the fact that this section does not require the target manifold .N; g/ to
be embedded as a hypersurface of Euclidean space.

4.1. A Bochner formula

It is a straightforward adaptation from [3] to get the following crucial Bochner formula:

P 4.1 (Bochner formula). – Let u W Rn � .0; T /! Rm be a smooth solution
to the Homogeneous Chen-Struwe flow:

@tu ��uC
K

t
�0
�
d2N .u/

�
r

�
d2N
2

�
.u/ D 0:(43)

Then, the pointwise energy eK.u/ WD 1
2

�
jruj2 C K

t
�
�
d2N .u/

��
satisfies the inequality

.@t ��/eK.u/ � CeK.u/
2;

on Rn � .0; T /, for some positive constant C independent of K.

Proof. – We first remark that if dN .u/ � 2 � ıN then,ˇ̌̌̌
r

�
d2N
2

�
.u/

ˇ̌̌̌2
D d2N .u/:

Now,

1

2
.@t ��/�

�
d2N .u/

�
D �

K

t
�02d2N .u/ � r

�
�0r

�
d2N
2

�
.u/

�
� ru;

1

2
.@t ��/jruj

2
D �

1

t
r

�
K�0r

�
d2N
2

�
.u/

�
� ru � jr2uj2:
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These computations lead to the estimate

.@t ��/eK.u/C jr
2uj2 C

K2

t2
�02d2N .u/ D �

2

t
r

�
K�0r

�
d2N
2

�
.u/

�
� ru

�
K

t2
�
�
d2N .u/

�
� �

2

t
r

�
K�0r

�
d2N
2

�
.u/

�
� ru;

which implies the expected result if dN .u/ > 2 � ıN . If dN .u/ � 2 � ıN , by using the fact
that �0 is nonnegative we obtain

.@t ��/eK.u/C jr
2uj2 C

K2

t2
�02d2N .u/ �

1

2t2
K2d2N .u/C cjruj

4

for some uniform positive constant c independent of K > 0.

Therefore, in all cases, this gives the expected estimate.

4.2. An energy inequality and a local entropy monotonicity formula

We define theL2loc norm at scaleR > 0 of a map u W Rn ! Rm inH 1
loc.R

n;Rm/ as follows:

kruk2
L2loc;R

WD sup
x02Rn

�

Z
B.x0;R/

jruj2.y/dy:

It follows easily that

(44) c�1n

�
R1

R2

�n
kruk2

L2loc;R1

� kruk2
L2loc;R2

� cn

�
R2

R1

�n
kruk2

L2loc;R1

; 0 < R1 � R2:

Moreover, we use the shorthand notation kruk2
L2loc

for kruk2
L2loc;1

.

Finally, we define the rescaled energy with parameter K > 0 for a solution u to the
Homogeneous Chen-Struwe flow with parameter K > 0 by

EK;x0.u.t// WD �

Z
B.x0;1/

�
jruj2

2
C
K

2t
�
�
d2N .u/

��
dx; t > 0;

EK;loc.u.t// WD sup
x02Rn

EK;x0.u.t//; t > 0:

T 4.2. – Let u0 W Rn ! .N; g/ � Rm be in H 1
loc.R

n;Rm/. Let .u.t//t>0 be a
smooth solution to the Homogeneous Chen-Struwe flow with parameter K > 0 coming out
of u0 such that .EK;x0.u.t///t>0 is continuous at t D 0 for every x0 2 Rn. Then,

EK;x0.u.t// �
�
1C C

�
n;m; kru0kL2loc

; t
��
kru0k

2
L2.B.x0;1//

; 8x0 2 Rn;(45)

EK;loc.u.t// �
�
1C cn

�
ecnt � 1

��
kru0k

2

L2loc
; t > 0;(46)

where limt!0 C
�
n;m; kru0kL2loc

; t
�
D 0.

Moreover, the following estimate holds (it is uniform in K)

sup
x02Rn

Z
B.x0;1/�.0;t/

�
j@suj

2
C

K

2s2
�
�
d2N .u/

��
dxds �

�
1C cn

�
ecnt � 1

��
kru0k

2

L2loc
; t > 0:
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In particular, if u0 is 0-homogeneous and if u is an expanding solution coming out of u0
smoothly, then:

EK;loc.u/ � .1C cn .e
cn � 1// kru0k

2

L2loc
:(47)

Proof. – We proceed analogously to what is done to establish an energy estimate in this
setting. We multiply the Homogeneous Chen-Struwe flow equation by �2x0@tu where �x0 W
Rn ! RC is a smooth function with compact support inB.x0; 2/which equals 1 onB.x0; 1/
and whose gradient is less than c, and then we integrate by parts to getZ

Rn
j@tuj

2�2x0dx D

Z
Rn
<�u; @tu>�

2
x0
dx �

K

2t

Z
Rn
@t
�
�
�
d2N .u/

��
�2x0dx

D �@t

Z
Rn
eK.u/�

2
x0
dx C 2<rr�x0u; �x0@tu>L2

�
K

2t2

Z
Rn
�
�
d2N .u/

�
�2x0dx

� �@t

Z
Rn
eK.u/�

2
x0
dx C

1

2
k�x0@tuk

2
L2

C2krr�x0uk
2
L2
�
K

2t2

Z
Rn
�
�
d2N .u/

�
�2x0dx:

By integrating with respect to time we then obtain

1

2

Z
Rn�.0;t/

�
j@suj

2
C
K

s2
�
�
d2N .u/

��
�2x0dxds CEK;x0.u.t//

�
1

2

Z
Rn
jru0j

2�2x0dx C 2c
2

Z t

0

kru.s/k2
L2loc;2

ds;

where we used Young’s inequality together with the L2loc continuity of .u.t//t>0 at t D 0.
Therefore, by remark (44), one gets in particular:

�

Z
B.x0;1/

jru.t/j2dx � kru0k
2

L2loc;1
C cn

Z t

0

kru.s/k2
L2loc;1

dt;

which implies:

kru.t/k2
L2loc
� kru0k

2

L2loc
C cn

Z t

0

kru.s/k2
L2loc

ds;

where cn is a positive constant that can vary from line to line depending on the dimension n
only.

The result now follows from Gronwall’s inequality.

In the following we let �R W Rn ! Œ0; 1� be a cut-off function such that �R � 1 outside
B.0;R/, �R � 0 in B.0;R=2/ and whose gradient satisfies jr�Rj D O.R�1/: Then one has
the following localized version of Theorem 4.2 at infinity.
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P 4.3. – Let u0 W Rn ! N be in H 1
loc.R

n;Rm/. Let .u.t//t>0 be a smooth
solution to the Homogeneous Chen-Struwe flow coming out of u0 such that .EK;x0.u.t//t>0 is
continuous at t D 0 for every x0 2 Rn. Then, if R > 0,

k.ru.t//�RkL2loc
� C.n; T /

 
k.ru0/�RkL2loc

C

kru0kL2loc

R

!
; 0 < t � T:

In particular, ifu0 is 0-homogeneous and ifu is an expanding solution coming out ofu0 smoothly,
then we have

k.ru/�RkL2loc
� C.n/

 
k.ru0/�RkL2loc

C

kru0kL2loc

R

!
:(48)

Proof. – The proof follows along the lines of the proof of Theorem 4.2. Let �x0 be the cut-
off function defined as previously and let us multiply the Homogeneous Chen-Struwe flow
equation by �2x0�

2
R@tu. Then we integrate by parts in space and we integrate with respect to

time. We get

k.ru.t//�Rk
2

L2loc
� k.ru0/�Rk

2

L2loc
C cn

Z t

0

k.ru.s//�Rk
2

L2loc
ds C

cn

R2

Z t

0

kru.s/k2
L2loc

ds

� k.ru0/�Rk
2

L2loc
C cn

Z t

0

k.ru.s//�Rk
2

L2loc
ds C

cn

R2

�
ecnt � 1

�
kru0k

2

L2loc
;

where we used the estimate (46) in the last line. A straightforward application of the Gronwall
inequality leads to the expected result.

In order to get a local entropy monotonicity formula, we need to localize the arguments
in [3] since in our case the energy is infinite. For this purpose, let z0 WD .x0; t0/ 2 Rn�RC and
let �x0 W Rn ! RC be a smooth function with compact support in B.x0; 2/ which equals 1
on B.x0; 1/ and whose gradient is less than c. For R 2 .0; 2�1 �

p
t0/, define as in [Chap. 7,

[13]]:

ˆ.u; z0; R/ WD R2
Z
Rn
eK.u/Gz0�

2
x0
dx jt0�R2

;

‰.u; z0; R/ WD

Z t0�R
2

t0�4R2
eK.u/Gz0�

2
x0
dxdt;

where

Gz0.x; t/ WD
1

.4�jt � t0j/
n
2

exp
�
�
jx � x0j

2

4jt � t0j

�
; x 2 Rn; t < t0

denotes the backward heat kernel on Rn. With the notations from the previous sections:
Gz0.x; t/ D kt0�t .x; x0/: We start with a Pohozaev identity like:

P 4.4 (Pohozaev identity). – Let u W Rn � .0; T /! Rm be a smooth solution
to the Homogeneous Chen-Struwe flow (with parameter K > 0). Then, for any C 1 vector
field � W Rn � .0; T /! Rm compactly supported in space,

<@tu;r�u>L2.Rn�Œt1;t2�/ D <eK.u/; div �>L2.Rn�Œt1;t2�/

�
1

2
< L � .eucl/;ru˝ru>L2.Rn�Œt1;t2�/;
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where L � .eucl/ denotes the Lie derivative of the Euclidean metric along the vector field �:

1

2
< L � .eucl/;ru˝ru> WD ri�jriukrjuk :

And, for any C 1 function � W Rn � .0; T / ! R compactly supported in space, and
0 < t1 < t2 < T ,Z

L2.Rn�Œt1;t2�/

�
j@tuj

2
C

K

2t2
�
�
d2N .u/

��
�dxdt C

�Z
Rn
eK.u/�dx

�t2
t1

D

Z
Rn�Œt1;t2�

eK.u/@t� �<rr�u; @tu>dxdt:

Proof. – Define u� .x; t/ WD u.x C ��.x; t/; t C ��.x; t// where �.�; t / is a smooth vector
field compactly supported in space for � small and �.�; t / is a smooth function compactly
supported in space. Then, @�u� j�D0 D r�uC �@tu: Then, on one hand:Z

Rn�Œt1;t2�
<@tu;r�u>dxdt D

Z
Rn�Œt1;t2�

<�u;r�u>dxdt

�

Z
Rn�Œt1;t2�

<
K

t
�0
�
d2N .u/

�
r

�
d2N
2

�
.u/;r�u>dxdt:

Now, by integrating by parts:Z
Rn�Œt1;t2�

<�u;r�u>dxdt D
1

2

Z
Rn�Œt1;t2�

jruj2 div � � L � .ru;ru/dxdt

and, similarly,

�

Z
Rn�Œt1;t2�

<
K

t
�0
�
d2N .u/

�
r

�
d2N
2

�
.u/;r�u>dxdt D

1

2

Z
Rn�Œt1;t2�

K

t
�
�
d2N .u/

�
div �dxdt:

Therefore,

<@tu;r�u>L2.Rn�Œt1;t2�/ D <eK.u/; div �>L2.Rn�Œt1;t2�/ �
1

2
< L � .eucl/;ru˝ru>L2.Rn�Œt1;t2�/:

On the other hand:Z
Rn�Œt1;t2�

<@tu; �@tu>dxdt D

Z
Rn�Œt1;t2�

<�u; �@tu>dxdt

�

Z
Rn�Œt1;t2�

<
K

t
�0
�
d2N .u/

�
r

�
d2N
2

�
.u/; �@tu>dxdt

D �

Z
Rn�Œt1;t2�

@teK.u/�dxdt �

Z
Rn�Œt1;t2�

<rr�u; @tu>dxdt

�

Z
Rn�Œt1;t2�

K

2t2
�
�
d2N .u/

�
�dxdt

D �

�Z
Rn
eK.u/�dx

�t2
t1

�

Z
Rn�Œt1;t2�

<rr�u; @tu>dxdt

C

Z
Rn�Œt1;t2�

eK.u/@t�dxdt �

Z
Rn�Œt1;t2�

K

2t2
�
�
d2N .u/

�
�dxdt:
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We are now in a position to prove a local entropy monotonicity formula.

P 4.5 (A local entropy monotonicity formula). – Let u0 W Rn ! .N; g/ � Rm

be inH 1
loc.R

n;Rm/. Let .u.t//t>0 be a smooth solution to the Homogeneous Chen-Struwe flow
coming out of u0 such that .EK;x0.u.t//t>0 is continuous at t D 0 for every x0 2 Rn. Then, for
any z0 D .x0; t0/ 2 Rn � RC and 0 < R � R0 <

p
t0 � 1,

ˆ.u; z0; R/ � ˆ.u; z0; R0/C c.R0 �R/kru0k
2
L2.B.x0;2//

;

‰.u; z0; R/ � ‰.u; z0; R0/C c.R0 �R/kru0k
2
L2.B.x0;2//

:

Proof. – Choose �.x; t/ WD Gz0.x; t/�
2
x0
.x/ � .x � x0/ for 0 < t < t0 and x 2 Rn. Then,

div � D �2x0 div.Gz0 � .x � x0//C<r�
2
x0
; Gz0 � .x � x0/>

D �2x0

�
�
jx � x0j

2

2jt � t0j
C n

�
Gz0 C<r�

2
x0
; Gz0 � .x � x0/>;

ri .Gz0.x � x0//j D

�
�
.x � x0/i .x � x0/j

2jt � t0j
C ıij

�
Gz0 ;

1

2
< L � .eucl/;ru˝ru> WD

�
�
jrx�x0uj

2

2jt � t0j
C jruj2

�
Gz0�

2
x0
C<r

r�2x0
u;rx�x0u>Gz0 :

Therefore, by applying Proposition 4.4, one gets

1

2

Z
Rn�Œt1;t2�

�
<@tu;rx�x0u> �

�
�
jx � x0j

2

2jt � t0j
C n

�
eK.u/ �

jrx�x0uj
2

2jt � t0j
C jruj2

�
Gz0�

2
x0
dxdt

D
1

2

Z
Rn�Œt1;t2�

�
<r�2x0 ; x � x0>eK.u/ �<rr�2x0

u;rx�x0u>
�
Gz0dxdt:

Now, by using Proposition 4.4 with �.x; t/ WD .t0� t /Gz0�
2
x0

for 0 < t < t0 and x 2 Rn, one
obtains

@t� D

�
n � 2

2
�
jx � x0j

2

4jt � t0j

�
Gz0�

2
x0
;

r� D �
x � x0

2
Gz0�

2
x0
C .t0 � t /Gz0r�

2
x0
;Z

Rn�Œt1;t2�
j@tuj

2.t0 � t /Gz0�
2
x0
dxdt C

�
.t0 � t /

Z
Rn
eK.u/Gz0�

2
x0
dx

�t2
t1

�

Z
Rn�Œt1;t2�

�
eK.u/

�
n � 2

2
�
jx � x0j

2

4jt � t0j

�
C
1

2
<@tu;rx�x0u>

�
Gz0�

2
x0
dxdt

�

Z
Rn�Œt1;t2�

.t0 � t /<@tu;rr�2x0
u>Gz0dxdt:
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Subtracting the two previous identities yieldsZ
Rn�Œt1;t2�

.t0 � t /

ˇ̌̌̌
@tu � r x�x0

2.t0�t/
u

ˇ̌̌̌2
Gz0�

2
x0
dxdt C

�
.t0 � t /

Z
Rn
eK.u/Gz0�

2
x0
dx

�t2
t1

� �

Z
Rn�Œt1;t2�

K

2t
�
�
d2N .u/

�
Gz0�

2
x0
dxdt �

Z
Rn�Œt1;t2�

.t0 � t /<@tu;rr�2x0
u>Gz0dxdt

�
1

2

Z
Rn�Œt1;t2�

�
<r�2x0 ; x � x0>eK.u/ �<rr�2x0

u;rx�x0u>
�
Gz0dxdt

� �
1

2

Z
Rn�Œt1;t2�

�
.t0 � t /<rr�2x0

u; @tu � r x�x0
2.t0�t/

u>C<r�2x0 ; x � x0>eK.u/

�
Gz0dxdt

�
1

2

Z
Rn�Œt1;t2�

.t0 � t /

ˇ̌̌̌
@tu � r x�x0

2.t0�t/
u

ˇ̌̌̌2
Gz0�

2
x0
dxdt C c

Z
supp.r�x0 /�Œt1;t2�

eK.u/dxdt:

On supp.r�x0/ we have Gz0.x; t/ � C for all t 2 Œ0; t0/ and therefore the last term can be
bounded with the help of Theorem 4.2 as followsZ

supp.r�x0 /�Œt1;t2�
eK.u/dxdt � ckru0k

2
L2.B.x0;2//

:

This in turn implies the expected monotonicity result for ˆ. The monotonicity result for ‰
follows from the one for ˆ.

4.3. An "-regularity theorem

T 4.6. – Let u0 W Rn ! .N; g/ � Rm be a 0-homogeneous Lipschitz map. Then
there exist a radiusR D R.kru0kL2loc

; n;m/ > 0 and a constant C D C.kru0kL2loc
; n;m/ > 0

such that if u is a smooth solution of the Homogeneous Chen-Struwe flow with parameterK > 0

coming out of u0 and such that .EK;x0.u.t//t>0 is continuous at t D 0 for any x0 2 Rn,
u satisfies

eK.u/.x; 1/ �
C

jxj2
; jxj � R:

Moreover, there exists a constant "0 > 0 depending on n and N only such that if for
some R 2 .0;minf

p
t0; 1g/, z0 D .x0; t0/ 2 Rn � RC, u satisfies

‰.u; z0; R/ < "0;

then

sup
PıR.z0/

eK.u/ � C.ıR/
�2;

for some universal positive constant C and some positive constant ı depending on n, m,
kru0kL2loc

and minfR; 1g.

Proof. – The proof is a straightforward adaptation of the corresponding proof in the case
of the Chen-Struwe flow. We mention the main steps: see [Lemma 2:4, [3]] for more details.

First of all, let .x1; t1/ DW z1 2 Rn � RC, 0 < R < 2�1
p
t1 and let r1 WD 2ıR with

ı 2 .0; 1=4/ where ı will be defined later. Let r; � 2 Œ0; r1/ such that r C � < r1 and
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let z0 WD .x0; t0/ 2 Pr .z1/: Thanks to the monotonicity formula from Proposition 4.5, then
one shows that for a given positive ", there exists a positive ı."/ such that

��n
Z
P� .z0/

eK.u/dxdt � c‰.u; z1; R/C c..R � �/C "/kru0k
2
L2.B.x1;2//

:(49)

Now, by smoothness of the solution, there exist �0 2 Œ0; r1/ and .x0; t0/ 2 P�0.z1/ such
that

.r1 � �0/
2eK.u/.x0; t0/ D max

0���r1
.r1 � �/

2 sup
P� .z1/

eK.u/:

If one defines �0 WD 1
2
.r1 � �0/, r0 WD

p
e0�0, and

v.x; t/ WD u

�
x
p
e0
C x0;

t

e0
C t0

�
; .x; t/ 2 Pr0.0; 0/;

then v satisfies

.@t ��/v D �
K

e0t0 C t
�0
�
d2N .v/

�
r

�
d2N
2

�
.v/ D 0;

eK.v/.0; 0/ D 1; sup
Pr0 .0;0/

eK.v/ � 4:

By Proposition 4.1 we obtain

.@t ��/eK.v/ � 4CeK.v/; on Pr0.0; 0/

and Moser’s Harnack inequality together with (49) shows that r0 � 1 if ‰.u; z1; R/ is small
enough (independently of K).

The final step consists in applying Moser’s Harnack inequality again to v in order to get

max
0���r1

.r1 � �/
2 sup
P�

eK.u/ � 4�
2
0e0 D 4r

2
0

� c��n0

Z
P�0 .x0;t0/

eK.u/dxdt

� c‰.u; z1; R/C c.RC "/kru0k
2
L2.B.x1;2//

:

The result follows by noticing that if u0 is Lipschitz then by the chain rule

kru0kL2.B.x1;2// �
C

1C jx1j
:

In particular, thanks to Proposition 4.3, if x1 is sufficiently far from the origin, by choosing
t1 WD 1, R WD 1=4, both ‰.u; z1; 1=4/ and kru0kL2.B.x1;2// can be made arbitrarily small,
independently of K.

The second statement can be proved similarly.
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5. A priori estimates for Chen-Struwe expanding solutions

5.1. C 0 a priori estimates

We start by establishing an a priori C 0 bound for Chen-Struwe expanding solutions U �K
uniform in K > 0 and � 2 Œ0; 1�.

P 5.1. – There is a positive constant M uniform in � 2 Œ0; 1� and K > 0 such
that if V 2 X satisfies F �K .V / D V , then kV kC0 �M:

Proof. – As F �K .V / D V we know that U � WD U �0 C V solves the static Homogeneous
Chen-Struwe flow

�f U
�
D K�0

�
d2N .U

� /
�
r

�
d2N
2

�
.U � /:

In particular,

�f jU
�
j
2
� 2jrU � j2 C 2<K�0

�
d2N .U

� /
�
r

�
d2N
2

�
.U � /; U �>:

Next we fix a radius R > 0 and consider maxB.0;R/ jU � j. If this maximum is attained at
an interior point xR of B.0;R/, then we consider two cases.

Either dN .U � .xR// � 2 � ıN which implies that maxB.0;R/ jU � j is uniformly bounded by
the triangular inequality.

Or dN .U � .xR// > 2 � ıN and this implies by the strong maximum principle applied to the
previous differential inequality that jU � j is constant and that rU � D 0 on a neighborhood
of xR. Therefore,U � is constant on a neighborhood of xR. By connectedness,U � is constant
onB.0;R/. AsU � converges to u�0 at infinity, the term sup@B.0;R/ NdN .U

� / goes to 0 asR goes
toC1. Consequently, this case is impossible if R is large enough.

This discussion ends the proof of the C 0 estimate. Moreover, this last fact also yields the
desired estimate if the maximum is attained on the boundary.

By interior parabolic Schauder estimates, one has the following corollary.

C 5.2. – For anyk � 0, there is a positive constantM.K; k/ uniform in� 2 Œ0; 1�
and K > 0 such that if V 2 X is a fixed point of the map F �K then kV kCk �M.K; k/:

R 5.3. – The constants M.K; k/ in Corollary 5.2 may depend on K.

5.2. A priori C 0 estimate at infinity

The purpose of this section is to establish a priori C 0 weighted estimates for Chen-Struwe
expanding solutions that are uniform in � 2 Œ0; 1�. The bounds might depend on the
parameter K.

P 5.4. – There is a positive constant M uniform in � 2 Œ0; 1� such that if
V 2 X is a fixed point of F �K then kf V kC0 �M:

R 5.5. – Because of Proposition 5.1, it suffices to show this a priori bound outside
a ball of radius independent of � 2 Œ0; 1�.
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Proof. – Since V is fixed point of the map F �K it follows that

�f V D K�
0.d2N .U

�
0 C V //r

�
d2N
2

�
.U �0 C V /(50)

D K NdN .U
�
0 C V /�

0.d2N .U
�
0 C V //r

NdN .U
�
0 C V /(51)

D O.f �1=2/;(52)

where O.�/ is uniform in � 2 Œ0; 1� and where we used Theorem 4.6 in order to ensure
that NdN .U �0 CV / D O.f �1=2/:Therefore, by using f �1=2 as a barrier, one gets a first a priori
bound on the decay of V , namely there exists a positive constantM independent of � 2 Œ0; 1�
such that

kf 1=2V kC0 �M:(53)

Now, we use the special structure of the nonlinearities of equation (50) together with the
previous a priori estimate (53) and Lemma 3.1. Outside a ball of radius sufficiently large (but
independent of V and � 2 Œ0; 1�), one has

�f jV j
2
D 2jrV j2 C 2K NdN .U

�
0 C V /<r

NdN .U
�
0 C V /; V >;

jdU�
0
CV
NdN .V / � dU�

0

NdN .V /j � C.N; kU
�
0 kL1/jV j

2;

j NdN .U
�
0 C V / �

NdN .U
�
0 / � dU�0

NdN .V /j � C.N; kU
�
0 kL1/jV j

2;

which implies:

�f jV j
2
� 2jrV j2 � C.N; kU �0 kL1/K

NdN .U
�
0 /jV j C 2K

�
dU�

0

NdN .V /
�2
� C.N; kU �0 kL1/KjV j

3

� 2jrV j2 � C.N; kU �0 kL1/K
NdN .U

�
0 /jV j � C.N; kU

�
0 kL1/KjV j

3

� 2jrV j2 �O.f �1/jV j:

In particular, by the Kato inequality,

�f jV j � �O.f �1/;

when jV j does not vanish.
In general, one can use the regularization of jV j of the form V" WD

p
jV j2 C "2 where " is

positive which satisfies the same differential inequality

�f V" � �O.f �1/:

Now, as �f f �1 D �.1C o.1//f �1, one can use f �1 as a barrier function as follows

�f .V" � Af
�1/ > 0;

outside a sufficiently large ballB.0;R/ independent of � 2 Œ0; 1� and for any sufficiently large
constant A. In particular, as V" is bounded independently of " 2 .0; 1� and of � 2 Œ0; 1� (and
of K), one can choose a constant A sufficiently large such that on the boundary @B.0;R/,
sup@B.0;R/ V" � Af

�1 < 0. By applying the maximum principle to the function V" � Af �1,
one gets

sup
RnnB.0;R/

˚
V" � Af

�1
	
� lim sup

C1

˚
V" � Af

�1
	
D ":

Since A and R can be chosen independently of " 2 .0; 1�, one can pass to the limit in the
previous inequality as " goes to 0 to get the expected result.
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5.3. Weighted C 1 estimate

In this section, we prove a priori C 1 weighted estimates for Chen-Struwe expanding
solutions that are uniform in the parameter � 2 Œ0; 1�. As in Section 5.2, the bounds might
depend on the parameter K.

P 5.6. – There is a positive constant M uniform in � 2 Œ0; 1� such that if
V 2 X is a fixed point of F �K then kf 3=2rV kC0 �M:

R 5.7. – Because of Proposition 5.1, it suffices to show this a priori bound outside
a ball of radius independent of � 2 Œ0; 1�.

Proof. – We first establish the evolution equation satisfied by the gradient rV . Since
U WD U �0 C V is an expanding solution of the homogeneous Chen-Struwe flow and because
of the previous remark, the gradientrV satisfies the following equation outside a sufficiently
large ball independent of �

�f rV D �
rV

2
CKr

�
r

�
d2N
2

�
.U /

�
:

More precisely, in coordinates, this gives:

�f riVj D �
riVj

2
CKri

�
rj

�
d2N
2

�
.U /

�
D �
riVj

2
CKri

�
NdN .U /rj NdN .U /

�
D �
riVj

2
CK

�
ri . NdN .U // � .rj NdN /.U /C NdN .U / � ri .rj NdN .U //

�
:

By Taylor expansion of order 2 together with Proposition 5.4, Theorem 4.6 and
Lemma 3.1 we have

jr. NdN .U / � NdN .U
�
0 / �<r

NdN .U
�
0 /; V >/j � C.N/.jrV jjV j C jrU

�
0 jjV j

2/;

� O.f �1/jrV j CO.f �3=2/;

and,

.r.r NdN .U
�
0 ///.V / D O.f �3=2/;

NdN .U / � ri .rj NdN .U // D O.f �3=2/;

r NdN .U / D r NdN .U
�
0 /CO.V / D r NdN .U �0 /CO.f �1/:

Now, we can end the argument by discarding the nonnegative terms that are quadratic in
the gradient rV as follows

�f jrV j
2
� 2jr2V j2 � .1CO.f �1//jrV j2 �O.f �3=2/jrV j

C2Kr. NdN .U
�
0 //<r

NdN .U /;rV >C 2K<r NdN .U
�
0 /.rV /;r

NdN .U /.rV />

� 2jr2V j2 � .1CO.f �1//jrV j2 �O.f �3=2/jrV j

C2K<r NdN .U
�
0 /.rV /;r

NdN .U
�
0 /.rV />

� 2jr2V j2 � .1CO.f �1//jrV j2 �O.f �3=2/jrV j;

� 2jr2V j2 � jrV j2 �O.f �3=2/jrV j;
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where we used in the last line the fact that rV D O.f �1=2/ a priori, thanks to Theorem 4.6.
By considering the function f 1=2jrV j" �Af

�1 where jrV j" denotes a regularization of
the norm of the gradient jrV j and where A is a positive constant large enough depending
eventually on K but independent of � 2 Œ0; 1� and " 2 .0; 1�, one can prove the expected a
priori estimate on rV with the help of the maximum principle.

5.4. L2loc convergence at t D 0

In this section, we investigate the L2loc continuity at t D 0 of the expanding solution
of the homogeneous Chen-Struwe equation we produced in the previous sections. Since
U.t/ D kt � u0 C V.t/ with riV.x; 1/ D O..1 C jxj/�2�i / with i D 0; 1, i.e., V 2 X . It
suffices to prove the L2 convergence on a ball B.0;R/ centered at the origin with radius R.
We claim that:

lim
t!0
krV kL2.B.0;R//.t/ D 0:

Indeed, since V 2 X , rV decays at least quadratically, i.e.,

rV.x; t/ D O

0B@ 1
p
t

1�
jxj
p
t
C 1

�2
1CA :

Therefore,

krV k2
L2.B.0;R//

.t/ � C.n; u0/

Z
B.0;R/

t

.jxj C
p
t /4
dx D C.n; u0/

Z R

0

t

.r C
p
t /4
rn�1dr;

for some positive constant C.n; u0/.
Now, if n � 5,

krV k2
L2.B.0;R//

.t/ � C.n; u0; R/t ! 0; as t ! 0C.

If n D 4,

krV k2
L2.B.0;R//

.t/ � C.n; u0/ ln
�
R
p
t
C 1

�
t ! 0; as t ! 0C.

If n D 3,

krV k2
L2.B.0;R//

.t/ � C.n; u0/
p
t ! 0; as t ! 0C.

5.5. Proof of Theorem 1.2

In this section, we give the proof of Theorem 1.2.

Proof of Theorem 1.2. – LetK > 0 and let u0 W Rn ! Nm�1 � Rm be a 0-homogeneous
map u0 as in the statement of Theorem 1.2.

Thanks to Propositions 3.5 and 3.6, the mapFK W X�Œ0; 1�! X is a well-defined compact
continuous map and Proposition 3.7 ensures that FK is a compact and continuous map.

Moreover, the Leray-Schauder degree of I � F �K W BX .0; "/ ! BX .0; "/ is 1 when � is
close to 1, for some positive " by Lemma 3.4 combined with Section 3.5.

Finally, there is a positive constant M (uniform in � 2 Œ0; 1�) such that if V 2 X is such
thatF �K .V / D V then kV kX �M by the combination of Propositions 5.1, 5.4 and 5.6 proved
in Section 5 with the help of Section 4.
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As a consequence of the Leray-Schauder fixed point theorem for each positive K, the
map F 0K W X ! X has a fixed point VK 2 X , i.e., the map UK WD U0 C VK is a smooth
solution to (8) by Section 3.3.

Finally, Section 5.4 ensures that the time-dependent expanding solution uK.t/ converges
strongly to u0 as t goes to 0 in H 1

loc.R
n/.

6. Proof of Theorem 1.1

In this section, we give the proof of Theorem 1.1:

Proof of Theorem 1.1. – Let .u"0/"2.0;1/ be a sequence of 0-homogeneous maps
u"0 W Rn ! N � Rm in C 3loc.R

n n f0g/ converging to u0 in the C 0 topology as " goes to 0,
such that

lim sup
"!0

Lip.u"0/ � Lip.u0/:(54)

LetK > 0 and let .U "K/"2.0;1/ be a sequence of smooth Chen-Struwe expanding solutions
with fixed parameter K coming out of u"0 given by Theorem 1.2. By Theorem 1.2, we know
there exist a radiusR D R.kru"0kL2loc

; n;m/ > 0 and a constantC D C.kru"0kL2loc
; n;m/ > 0

such that,

jeK.U
"
K/j.x/ �

C

jxj2
; jxj � R;(55)

keK.u
"
K/.t/kL1.B.x0;1// � C

�
n;m; kru"0kL2loc.Rn/

; t
�
kru"0k

2
L2.B.x0;1//

; 8x0 2 Rn;(56)

k@tu
"
KkL2..0;t/;L2loc.Rn//

� C.n;m; t/kru"0kL2loc.Rn/
;(57)

where limt!0 C
�
n;m; kru"0kL2loc.Rn/

; t
�
D limt! C.n;m; t/ D 1. According to (54), there

exist constants C and R uniform in " such that the previous inequalities hold.

Fix " 2 .0; 1/. As in [3], there exists a subsequence (still denoted by .u"K/K>0) converging
weakly to a map u" W Rn � RC ! Rm as K tends toC1 such that

u".�x; �2t / D u".x; t/; 8� > 0; a.e. .x; t/ 2 Rn � RC;

ru"K * ru
"; weakly� in L1.RC; L2loc.R

n//;

@tu
"
K * @tu

"; weakly in L2loc.RC; L
2
loc.R

n//;

u"K ! u"; in L2loc.R
n/;

u"K ! u"; in C 0;ˇloc .R
n
n B.0;R//, for all ˇ 2 .0; 1/.

The last point is due to Arzela-Ascoli theorem together with the estimate (55). Moreover,
thanks to (56), u" 2 N a.e..
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This implies in particular that U " is a Lipschitz function outside B.0;R/. To sum it up,
we have obtained that

jLip.U "/j.x/ �
C

jxj
; jxj � R;(58)

kru".t/kL2.B.x0;1// � C
�
n;m; kru"0kL2loc.Rn/

; t
�
kru"0kL2.B.x0;1//; 8x0 2 Rn;(59)

k@tu
"
kL2..0;t/;L2loc.Rn//

� C.n;m; t/kru"0kL2loc.Rn/
:(60)

In particular, if one shows that u".�; t / WD U ".�=
p
t / converges weakly to u"0 then,

lim inf
t!0

kru".t/kL2.B.x0;1// � kru
"
0kL2.B.x0;1//:

By combining this fact with (57), one ends up by proving that u".t/ converges to u"0
in H 1

loc.R
n/ (in the strong sense).

C 3. – u".t/ * u0 as t ! 0.

To prove this statement, let  x0 W Rn ! Rm be a smooth map with compact support
in B.x0; 1/ and let 0<s < t . Then, for K>0:ˇ̌̌̌Z

Rn
<u"K.t/ � u

"
K.s/;  x0>dx

ˇ̌̌̌
D

ˇ̌̌̌Z t

s

Z
Rn
<@�u

"
K ;  x0>dxd�

ˇ̌̌̌
�

Z t

s

Z
B.x0;1/

j@�u
"
K jj x0 jdxd�

�

�Z t

s

Z
B.x0;1/

j@�u
"
K j
2dx

�1=2 �Z t

s

Z
B.x0;1/

 2x0dxd�

�1=2
� C.n;m; t/kru"0kL2loc.Rn/

p
t � sk x0kL2.Rn/;

where we used the a priori uniform bound (60) in the last line. Now, by letting s go to 0, one
gets: ˇ̌̌̌Z

Rn
<u"K.t/ � u

"
0;  x0>dx

ˇ̌̌̌
� C.n;m; t/kru"0kL2loc.Rn/

p
tk x0kL2.Rn/;

as u"K.t/ converges to u0 weakly as t goes to 0. By letting K go toC1, one has:ˇ̌̌̌Z
Rn
<u".t/ � u"0;  x0>dx

ˇ̌̌̌
� C.n;m; t/kru"0kL2loc.Rn/

p
tk x0kL2.Rn/;

which proves the expected convergence as t goes to 0. This ends the proof of the claim.

The fact thatU " is regular off a singular closed (hence compact by (58)) set of finite .n�2/
Hausdorff dimensional measure follows from [Sect. III, [3]] and [4]. Finally, the fact that
u" solves the harmonic map flow follows from [Sect. III, [3]] as well.

The same strategy can be applied now to the sequence of expanding solutions .u"/"2.0;1/
of the Harmonic map flow by using (58), (59), (60) together with (54).

The remaining statement to prove concerns the convergence rate at infinity (5). By using
the evolution equation (4), it is sufficient to prove the following claim:
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C 4. – Let U be a solution of (4). Assume U is smooth on B.x0; 2r/ for some positive
radius r . Then,

sup
B.x0;r=2/

jr
2U j2 � C

 
1C

1

r2
C
jx0j

r
C sup
B.x0;r/

jrU j C sup
B.x0;r/

jrU j2

!
sup

B.x0;r/

jrU j2;

where C is a positive constant independent of U , r and x0.

Proof of Claim 4. – We proceed in the spirit of Shi’s estimates for the Ricci flow [15]. We
compute the evolution equation of the first two derivatives of U

�f rU D �
rU

2
C A.U / � r2U � rU CDUA � rU

�3;

�f r
2U D �r2U Cr3U � rU Cr2U �2 Cr2U � rU �2 CrU �4:

In particular, by using Young’s inequality

�f jrU j
2
� 2jr2U j2 � jrU j2 � jr2U jjrU j2 � cjrU j4

� jr
2U j2 � c.1C jrU j2/jrU j2;

where c denotes a positive constant depending on the geometry ofN only that can vary from
line to line. Similarly, one has:

�f jr
2U j2 � jr3U j2 � c.1C jrU j2/jr2U j2 � cjr2U j3 � c.1C jrU j2/jrU j4:

Now, let a be a positive constant to be defined later and consider the auxiliary function
F WD .jrU j2 C a2/jr2U j2: The function F satifies the following differential inequality

�f F � jr
2U j4 � c.1C jrU j2/F � 8jr2U j2jrU jjr3U j

C jr
3U j2.jrU j2 C a2/ � cjr2U j3.jrU j2 C a2/

� cjrU j4.jrU j2 C a2/.1C jrU j2/

�
1

2
jr
2U j4 � c.1C jrU j2/F C jr3U j2.a2 � cjrU j2/

� cjr2U j3.jrU j2 C a2/ � cjrU j4.jrU j2 C a2/.1C jrU j2/:

If a2 WD c supB.x0;1/ jrU j
2 where c is a positive constant sufficiently large, then

�f F �
F 2

2a4
� c.1C a2/F � ca�1F 3=2 � c.1C a2/a6

�
F 2

4a4
� c.1C a2/F � c.1C a2/a6;

by Young’s inequality.

Let � W Rn ! Œ0; 1� be a smooth positive function with compact support defined
by �.x/ WD  .rx0=r/ where rx0.x/ WD jx � x0j and where r > 0 and  W Œ0;C1Œ! Œ0; 1� is
a smooth positive function satisfying

 jŒ0;1=2� � 1;  jŒ1;C1Œ � 0;  0 � 0;
 02

 
� c;  00 � �c:

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE



1270 A. DERUELLE AND T. LAMM

Define the (last) auxiliary function G WD �F and consider a point x1 2 B.x0; 1/ such
that G.x1/ D maxB.x0;1/G. By the previous differential inequality satisfied by F evaluated
at x1 together with the maximum principle

0 D rG D Fr� C �rF;(61)

0 � ��fG �
G2

4a4
� ca2G � c.1C a2/a6 � 2G

jr�j2

�
CG.�� C hrf;r�i/:(62)

Now,

r� D
 0

r
rrx0 ; �� D

 00

r2
C
 0

r
�rx0 :

Hence,

2
jr�j2

�
��f � D

1

r2

�
2 02

 
�  00

�
�
 0

r
.hrf;rrx0i C�rx0/:

Also,

�rx0 �
n � 1

r
; on B.x0; r/nB.x0; r=2/.

Coming back to inequality (62), one gets

0 �
G2

4a4
� c

�
a2 C

1

r2
C

supB.x0;r/ jrf j

r

�
G � a6

�
G2

4a4
� c

�
1C a2 C

1

r2
C
jx0j

r

�
G � c.1C a2/a6;

by the very definition of f together with the triangular inequality. The expected estimate on
the second derivatives of U follows immediately.

We are now in a position to prove the convergence rate as stated in (5). Indeed, by
Theorem 4.6 together with Claim 4 applied to a point x0 2 Rn sufficiently far from the origin
0 2 Rn and to a radius r WD jx0j=2, one gets in particular that the Laplacian of U decays at
least linearly at infinity. Consequently, by Equation (4), the radial derivative of U decays at
least quadratically. By integrating along radial lines, U approaches u0 at a linear rate:

jU.x/ � u0.x=jxj/j D O.jxj�1/;

for every x far from the origin.

R 6.1. – It does not seem straightforward to improve the convergence rate in
case u0 is at least C 3loc.R

n n f0g/: The main reason is the lack of an "-regularity theorem that
detects the smoothness of the map u0 at infinity.

7. Taylor expansions at infinity for expanders of the harmonic map flow

We gather necessary conditions at infinity on an expanding solution of the Homogeneous
Ginzburg-Landau flow (10) or the harmonic map flow smoothly coming out of a 0-homo-
geneous map u0 W Sn�1 ! Sm�1 � Rm in C1.Rn n f0g/. A similar treatment could be done
for the Homogeneous Chen-Struwe flow for a general target closed manifold .N; g/ isomet-
rically embedded in some Euclidean space Rm.
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LetU be an expanding solution to the Homogeneous Ginzburg-Landau flow with param-
eter K > 0 coming out of the map u0.

Let us assume that there are smooth maps ui W Sn�1 ! Rm, i D 1; :::; k, such that

U.x/ D

kX
iD0

ui .x=jxj/

jxj2i
CO.jxj�2k�2/;

as x goes to C1 for every nonnegative integer k. This expansion is assumed to hold in the
smooth sense. Then, on one hand,

�f U D

kX
iD0

�
jxj�2i�2�Sn�1ui C�f .jxj

�2i /ui
�
CO.jxj�2k�2/

D

kX
iD0

�
jxj�2i�2�Sn�1ui C

�
2i.2.i C 1/ � n/jxj�2 � i

�
jxj�2iui

�
CO.jxj�2k�2/

D

kX
iD1

jxj�2i .�Sn�1ui�1 � iui C 2.i � 1/.2i � n/ui�1/CO.jxj�2k�2/:

On the other hand,

.1 � jU j2/U D

0@1 � ˇ̌̌̌ˇ kX
iD0

jxj�2iui CO.jxj�2k�2/

ˇ̌̌̌
ˇ
2
1A kX

iD0

jxj�2iui CO.jxj�2k�2/

!

D �

0@ kX
iD1

jxj�2i

0@ iX
jD0

<uj ; ui�j>

1A1A kX
iD0

jxj�2iui

!
CO.jxj�2k�2/

D �

kX
iD0

jxj�2i

0@ iX
jD0

ajui�j

1ACO.jxj�2k�2/;

where

a0 WD 0; ai WD

iX
jD0

<uj ; ui�j>; i � 1:

Therefore, by identifying terms by terms, for i � 1,

�Sn�1ui�1 � iui C 2.i � 1/.2i � n/ui�1 �K

iX
jD1

ajui�j D 0;

which gives for i D 1:

�Sn�1u0 � u1 � 2K<u1; u0>u0 D 0;

that is:

u1 D �Sn�1u0 �
2K

2K C 1
<�Sn�1u0; u0>u0:
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In general, if i � 2, one has:

iui C 2K<ui ; u0>u0 D �Sn�1u0 C 2.i � 1/.2i � n/ui�1

�K

i�1X
jD1

ajui�j �K

i�1X
jD1

<uj ; ui�j>u0;

which determines ui .
Let U be an expanding solution to the harmonic map flow K > 0 coming out of the

map u0. Then, since the maps .ui /i�0 are spherical,

jrU j2 D

ˇ̌̌̌
ˇr
 

kX
iD0

jxj�2iui

!ˇ̌̌̌
ˇ
2

CO.jxj�2k�2/

D

ˇ̌̌̌
ˇ kX
iD0

.�2i/jxj�2i�1ui

ˇ̌̌̌
ˇ
2

C

ˇ̌̌̌
ˇ kX
iD0

jxj�2i�1.rSn�1ui /

ˇ̌̌̌
ˇ
2

CO.jxj�2k�2/

D

k�1X
iD0

jxj�2i�2

0@ iX
jD0

4j.i � j /<uj ; ui�j>C<r
Sn�1uj ;r

Sn�1ui�j>

1ACO.jxj�2k�2/;

which implies:

jrU j2U D

kX
iD0

jxj�2i

 
iX
lD0

blui�l

!
CO.jxj�2k�2/;

where,

b0 WD 0; biC1 WD

iX
jD0

4j.i � j /<uj ; ui�j>C<r
Sn�1uj ;r

Sn�1ui�j>; i � 0:

By identification,

�Sn�1ui�1 � iui C 2.i � 1/.2i � n/ui�1 D �

iX
lD0

blui�l ; i � 1:

For instance, if i D 1,

u1 D �Sn�1u0 C jr
Sn�1u0j

2u0;(63)

which can be understood as the formal limit as K goes toC1 of the sequence of the corre-
sponding coefficients .uK1 /K>0 of the Taylor expansion derived previously for the Ginzburg-
Landau Equation with parameter K. Indeed, as K goes toC1, one gets by (7) that:

lim
K!C1

uK1 D �Sn�1u0 �<�Sn�1u0; u0>u0

D �Sn�1u0 C jr
Sn�1u0j

2u0;

which is exactly formula (63) since 0 D �Sn�1 ju0j
2 D 2<�Sn�1u0; u0>C 2jr

Sn�1u0j
2:

The same holds for the other coefficients .uk/k�1.
Moreover, one can check that if u0 is harmonic, i.e., if�Sn�1u0Cjr

Sn�1u0j
2u0 D 0 then

all the other terms vanish: uk D 0, for all k � 1.
In particular, we get the following corollary:
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C 7.1. – Let u0 W Rn ! Sm�1 be a 0-homogeneous map of the harmonic map
flow in C1.Rn n f0g/ and let U W Rn ! Sm�1 be an expanding solution of the harmonic map
flow smoothly coming out of u0. Then the convergence rate of U at infinity is faster than any
polynomial rate.

R 7.2. – As in [6], it can be shown that the convergence rate of a smooth

expanding solution u to its initial condition u0 is exactly O
�
r�ne�r

2=4
�

if u0 is harmonic,

hence much faster than what Corollary 7.1 predicts. This decay reveals the role of the
Hermite functions at infinity: they are intimately connected to the weighted Laplacian �f .
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ASYMPTOTICS OF QUANTUM REPRESENTATIONS
OF SURFACE GROUPS

 J MARCHÉ  R SANTHAROUBANE

A. – For a banded linkL in a surface times a circle, the Witten-Reshetikhin-Turaev invari-
ants are topological invariants depending on a sequence of complex 2p-th roots of unity .Ap/p22N. We
show that there exists a polynomial PL such that these normalized invariants converge to PL.u/ when
Ap converges to u, for all but a finite number of u’s in S1. This is related to the AMU conjecture which
predicts that non-simple curves have infinite order under quantum representations (for big enough lev-
els). Estimating the degree of PL, we exhibit particular types of curves which satisfy this conjecture.
Along the way we prove the Witten asymptotic conjecture for links in a surface times a circle.

R. – Pour un entrelacs en bande L dans le produit d’une surface par un cercle, les inva-
riants de Witten-Reshetikhin-Turaev sont des invariants topologiques dépendant d’une suite de racines
2p-ièmes de l’unité .Ap/p22N. Nous montrons qu’il existe un polynôme PL tel que ces invariants nor-
malisés convergent vers PL.u/ quand Ap tend vers u, sauf pour un nombre fini de u dans S1. Ceci
est relié à la conjecture AMU qui prédit que les courbes non simples sont d’ordre infini dans la repré-
sentation quantique (en niveau assez grand). En estimant le degré de PL, on exhibe certaines courbes
qui satisfont la conjecture. En chemin, nous prouvons la conjecture asymptotique de Witten pour les
entrelacs dans le produit d’une surface par un cercle.

1. Statement of the results

1.1. Motivation and Main result

This paper is concerned with invariants arising from Witten-Reshetikhin-Turaev SU.2/
topological quantum field theories (TQFT) following the skein theoretical approach
of [3]. Such a TQFT defines for M an oriented compact 3-manifold without boundary
and L � M a banded link, a sequence of invariants Zp.M;L/ indexed by even inte-
gers p D 2r � 6. For a given p, the invariant Zp.M;L/ belongs to the cyclotomic field (1)

Kp D QŒA�=.�2p.A//,where �2p denotes the cyclotomic polynomial, that is the (monic)

(1) Indeed in a finite extension of it, but we will not need it here.
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1276 J. MARCHÉ AND R. SANTHAROUBANE

minimal polynomial over Q of ei�=p. To have a numerical invariant, one needs to specify
an embedding of Kp into C or equivalently a 2p-th primitive root of unity Ap 2 C. We
will denote by evAp Zp.M;L/ 2 C the associated numerical evaluation. An interesting
question is to understand the asymptotic of the quantity evAp Zp.M;L/ as p ! 1 and
as Ap converges to a given number on the unit circle. When Ap D �ei�=p, this problem is
called the Witten asymptotic expansion conjecture. Other limits have not been studied yet
with the exception of some Seifert spaces studied by Lawrence and Zagier, see [12].

In this paper, we focus on the caseM D †�S1 where† is a compact connected oriented
closed surface. We look for a formula for the quantum invariant

trp.L/ D
Zp.† � S

1; L/

Zp.† � S1;;/
2 Kp;

where L � † � S1 is a given banded link. Notice that the quantity Zp.† � S1;;/ is the
dimension of Vp.†/: theKp-vector space associated to† by the Witten-Reshetikhin-Turaev
TQFT. Moreover, dimVp.†/ is computed by the Verlinde formula and is polynomial in p
with degree 0; 1; 3g � 3 if the genus of † is g D 0; 1 or g � 2 respectively. Hence the asymp-
totics of the quantity evAp Zp.† � S

1; L/ is determined by the asymptotics of evAp trp.L/.
The main result of this paper is that the asymptotics of evAp trp.L/ is almost determined by
the evaluation of a Laurent polynomial with integral coefficients depending only on L.

T 1.1. – LetL be a link in†�S1. There exist a Laurent polynomialPL 2 ZŒA˙1�
and a finite set �L � S1 such that for any sequence fApgp22N such that Ap �!

p!1
u … �L, one

has

evAp trp.L/ D PL.u/CO
� 1
p

�
:

In particular the polynomial PL 2 ZŒA˙1� is well-defined and is a topological invariant of L.

The polynomial PL can be viewed as a generalization of the Kauffman bracket of a link
in S3. Indeed if L � B3 is a link inside a 3-ball embedded in † � S1, the polynomial PL is
nothing but the usual Kauffman bracket of L. For a more complicated link inside † � S1,
this polynomial can be computed algorithmically, see Section 2. The existence of such a
polynomial is not clear a priori, we note that Gilmer already built one in the case of a
connected sum of S2 � S1’s using other methods (see [7]). A similar comment can be made
on Costantino’s work (see [5]).

1.2. Cyclic expansions

In order to prove Theorem 1.1, we introduce the key notion of cyclic expansion. We will
denote by C the vector space of maps f W R ! R which are piecewise polynomial with
compact support.

D 1.2. – We will say that the sequence trp.L/ has a cyclic expansion if there
exist PL 2 ZŒA˙1�, an integer ˇ � 0 and a family f0; : : : ; f2ˇ�1 2 C such that

(1) trp.L/ D PL.A/C
1

p

2ˇ�1X
˛D0

X
n2Z

A2ˇnC˛f˛

�
n

p

�
CO

�
1

p

�
:
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We need to explain the meaning ofO. 1
p
/ in Equation (1). Indeed, we have to interpret both

sides as elements ofKp˝R endowed with the norm jjxjjp D inffmaxn jcnj; x D
Pp�1
nD0 cnA

ng.
The main technical result of this article is the following theorem.

T 1.3. – For any banded link L � † � S1, the sequence trp.L/ admits a cyclic
expansion.

The proof of this theorem consists in a careful counting of integral points in various
polytopes related to TQFT. It is postponed to Section 3. The interest of having such a cyclic
expansion is that the study of asymptotics is reduced to the following question.

Let f be in C , ˇ be a non zero integer andAp be a convergent sequence of 2p-th primitive
roots of unity. What is the asymptotics of 1

p

P
n2ZA

2ˇn
p f . n

p
/ as p tends to infinity? This

problem can be solved with elementary analytic tools as follows.

P 1.4. – Let f 2 C and ˇ be a positive integer. LetAk be a sequence of 2pk-th
primitive roots of unity with pk a strictly increasing sequence of even integers.

1. If lim
k!1

Ak D u with u2ˇ ¤ 1 one has

1

pk

X
n2Z

A
2ˇn

k
f
� n
pk

�
D O

� 1
pk

�
:

2. If lim
k!1

Ak D u with u2ˇ D 1 we write Ak D uei��k so that lim
k!1

�k D 0. If pk�k
diverges when k goes to infinity then

1

pk

X
n2Z

A
2ˇn

k
f
� n
pk

�
D O

� 1

pk�k

�
:

3. In the same setting as (2) suppose that pk�k does not diverge. As A2pk
k

D 1, the
sequence �kpk takes discrete values and up to extracting a subsequence, one can suppose

that it is constant equal to �
ˇ

, i. e. Ak D ue
i��
ˇpk for some odd integer � . Then, we have

1

pk

X
n2Z

A
2ˇn

k
f
� n
pk

�
D

Z
R
e2i�x�f .x/dx CO

� 1
pk

�
:

Proof. – We set Hk D 1
pk

P
n2ZA

2ˇn

k
f . n

pk
/. We compute

.1 � A
2ˇ

k
/Hk D

1

pk

X
n2Z

A
2ˇn

k

�
f
� n
pk

�
� f

�n � 1
pk

��
D O

� 1
pk

�
:

The last equality is obtained by applying a Taylor expansion of f away from a finite number
of values: this is possible since f is piecewise polynomial.

In the first case, since u2ˇ ¤ 1, we deduce that Hk D O. 1pk /.

In the second case, we simply observe that 1�A2ˇ
k
� �2i�ˇ�k henceHk D O

�
1

pk�k

�
and

we can conclude.
In the last case, we write Hk D 1

pk

P
n2Z e

2i�� n
pk f . n

pk
/ and recognize a Riemann sum.

This gives Hk D
R
R e

2i��xf .x/dx CO
�
1
pk

�
.

We observe that Proposition 1.4 and Theorem 1.3 imply directly Theorem 1.1.
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1278 J. MARCHÉ AND R. SANTHAROUBANE

1.3. Applications for the AMU conjecture for surface groups

The polynomial PL associated to the cyclic expansion can be used for proving the AMU
conjecture. Let † be a closed surface of genus at least 2, p D 2r be an even integer and

(2) �p W �1.†/ �!

r�1Y
nD1

PAut.Vp.†; n//

be the quantum representation (2) considered by Koberda and the second author in [9].
Here Vp.†; n/ denotes the vector space associated by the SU.2/Witten-Reshetikhin-Turaev
TQFT to the surface † equipped with a banded point colored by n. It corresponds to the
SU.2/-TQFT at level k D r � 2 in the geometric setting. Here, we use the notation of [3]
with a shift of 1 concerning the color n. A consequence of the AMU conjecture stated by
Andersen, Masbaum and Ueno in [2] is the following (see [10, Section 7] for more detail on
this implication).

C (AMU conjecture for surface groups). – If 
 2 �1.†/ n f1g is not a power
of a simple element then �p.
/ has infinite order for all p big enough.

Here a non-trivial element of �1.†/ is said simple if it is freely homotopic to a simple
closed curve. We denote by

�
ZŒA˙1�

��
D f˙Amgm2Z the group of units in ZŒA˙1�. Using

cyclic expansions we define the following:

D 1.5. – Let 
 2 �1.†/ be represented by a loop 
 W S1 ! †. We define
O
 � † � S1 as the knot t 2 S1 7! .
.t/; t/ 2 † � S1 with arbitrary banded structure.
For n 2 N n f0g, we denote by . O
; n/ the banded link O
 colored by n and by trp. O
; n/ its
normalized trace (observe that n D 1 is the trivial color and n D 2 the usual one). Because
of the indeterminacy of the banded structure, the polynomial P
;n is well-defined up to the
multiplication by a unit.

T 1.6. – Let 
 2 �1.†/. If for some n, P
;n is neither zero nor a unit, then the
AMU conjecture for surface groups holds for 
 .

Proof. – We have by definition trp. O
; n/ D
tr�p;n.
/
dimVp.†/

where �p;n is the n-th factor of the
representation �p defined in Equation 2. If �p;n.
/ has finite order, then its eigenvalues are
roots of unity and we have for any primitive root of unity of order 2p the inequality

j evAp trp. O
; n/j � 1:

By Proposition 1.4, for all but a finite number of u 2 S1, one has

lim
Ap!u

evAp trp. O
; n/ D P
;n.u/:

Hence, if �pk ;n has finite order for a sequence pk going to infinity, then jP
;n.u/j � 1 for all
u 2 S1. The theorem is then a direct consequence of Lemma 1.7.

L 1.7. – Let P 2 ZŒA˙1� such that supz2S1 jP.z/j � 1. Then one has P D 0 or
P 2

�
ZŒA˙1�

��.

(2) Strictly speaking, the definition given in [9] was in SO.3/-TQFT but the exact same can be done in the SU.2/
setting.
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Proof. – We can write P D
P
l alA

l with the aj ’s in Z. Let us define the continuous
function f .t/ D P.e2i�t /. One hasX

l

jal j
2
D

Z 1

0

jf .t/j2dt � 1:

Since the aj ’s are in Z this implies that P D 0 or P D ˙Am for some m 2 Z.

Notice that determining if the polynomialsP
;n belong to
�
ZŒA˙1�

��
[f0g is similar to the

problem of determining if a non-trivial knot in S3 has non-trivial colored Jones polynomials,
which is believed to be true. The following Theorem 1.10 will provide examples where the
degree of the polynomial P
;3 can be controlled. This is reminiscent of the estimation of the
colored Jones polynomials of alternating knots.

1.3.1. A formula for PL. – We give here a formula for PL in the case where L is a banded
link in † � S1 whose projection on the first factor is a multicurve.

P 1.8. – Let p W † � S1 ! † be the first projection map and consider a
collection of disjoint and non-parallel annuli T1; : : : ; Tn � †. LetL � †�S1 be a banded link
projecting to

Sn
jD1 Tj and set Lj D L \ p�1.Tj /. We have PL D

Qn
jD1 PLj so that one can

reduce to the case where L is inside an annulus times a circle. We put PL D 1 if L is the empty
link.

Let L be a banded link in U D S1 � S1 � Œ0; 1� which is a union of banded knots

i � S

1 � S1 � ftig for 0 < t0 < � � � < tk < 1. Letx0; : : : ; xk 2 H1.U;Z/ be the corresponding
homology classes. We have

PL D 2
X

"1;:::;"kD˙1 s.t.
x0C"1x1C���"kxkD0

A2Area.x0;"1x1;:::;"kxk/;

where Area.y0; : : : ; yk/ D 0 is the area of the polygon in H1.U;R/ whose sides are the
vectors y0; : : : ; yk .

This formula will be useful for proving that P
;3 is non-trivial for some curves 
 2 �1.†/.
In order to describe them, we introduce the notion of Euler incompressibility.

D 1.9. – A cycle in a graph G is called Eulerian if it visits every edge at most
once. A graph G embedded in † is said Euler-incompressible when no Eulerian cycle of G
bounds a disk in †.

T 1.10. – Let † be a closed surface of genus g � 2 and 
 W S1 ! † be an
embedding with N transverse double points whose image � D 
.S1/ is Euler-incompressible.
Then, up to multiplication by a unit, we have

P
;3 D

4NX
iD�4N

ciA
i ;

where c�4N and c4N are not zero. In particular, it is not trivial ifN > 0 and Theorem 1.6 applies.
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Figure 1 shows an example of curve which fulfills the assumptions of Theorem 1.10. Note
that this loop is filling the surface in the sense that the complement of its image is a disjoint
union of topological disks. According to Kra’s Theorem [11, Theorem 1.1], this loop is sent
to a pseudo-Anosov element in the Birman Exact Sequence. To the authors’ knowledge, this
is the first example of a pseudo-Anosov element in the mapping class group of a genus g �
2 surface satisfying the AMU conjecture. Moreover we note that any loop whose image’s
complementary is a single disk fulfills the assumptions of Theorem 1.10.

F 1. An Euler incompressible filling curve

1.4. Geometric interpretation of the cyclic expansion

The standard root of unity Ap D �ei�=p is generally used in TQFT as the vector
space Vp.†/ is Hermitian in that case. Most of the results or conjectures about the asymp-
totics of TQFT concern this setting. The Witten conjecture is the most well-known and
our work is related to the case when the underlying manifold is † � S1. Consider for more
generality an odd integer � and replace Ap with A�p . Observe that for these roots to be
primitive of order 2p we need that 2p is coprime to � which we assume from now on.

Suppose that L � † � S1 is a banded link having a cyclic expansion as in Equation (1).
Then this expansion governs the asymptotics in the sense that we have

lim
p!1

evA�p trp.L/ D PL.�1/C
Z
R
e2i�x�

0@2ˇ�1X
˛D0

.�1/˛f˛.x/

1A dx:
Let X.† � S1/ be the space of conjugacy classes of irreducible representations

� W �1.† � S
1/ ! SU2. Denoting by t the generator of �1.S1/, such a representation

has to satisfy �.t/ D ˙1 as t is central. Hence X.† � S1/ is a union of two copies of X.†/
(the space of conjugacy classes of irreducible representations � W �1.†/! SU2), defined in
the same way. This manifold has dimension 6g�6 and is endowed with a natural symplectic
form ! and volume form � D !3g�3

.3g�3/Š
. We set �g D

R
X.†/

�.

When � D 1, the Witten conjecture predicts the following asymptotics where
L D L1 [ � � � [ Lk .

lim
p!1

evAp trp.L/ D
1

2�g

Z
X.†�S1/

kY
iD1

.� tr �.Li //d�.�/:

This formula was proved in [13] in the case where L lies inside † � Œ0; 1� � † � S1. This
formula has also an intersection with [1], where special links in finite order mapping tori were
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studied. Theorem 1.11 will cover the general case whereL and � are arbitrary. Unfortunately,
the geometric meaning of the formula is less clear when � > 1.

T 1.11. – Let � be an odd integer and set Ap D �ei�=p. If L � † � S1 projects
to † without crossings, we have the following formula.

lim
p!1

evA�p trp.L/ D
1

2�g

Z
X.†�S1/

kY
iD1

.� tr �.Li /� /d�.�/:

This formula extends to all links using the Kauffman relation, however we do not know
a direct expression of lim

p!1
evA�p trp.L/ for general banded links. The fact the � exponent

moved fromAp to �.Li / is a striking phenomenon which deserves further study. The theorem
will be a rather direct consequence of Theorem 3.6 proved in Section 3.4.

2. Skein computations

2.1. Computing the polynomial PL

The computation of the polynomial PL associated to a banded link L � † � S1 is
better understood in terms of skein modules. For any compact oriented manifoldM (maybe
with boundary), we denote by K .M/ the Kauffman bracket skein module with coefficients
in ZŒA˙1�. We recall that it is the free ZŒA˙1�-module generated by the set of isotopy classes
of banded links in the interior of M quotiented by the following relations. First

L� D AL1 C A
�1L0;

whereL�,L0,L1 are any three banded links inM which are the same outside a small 3-ball
but differ inside as in Figure 2. In this case, the tripleL�,L0,L1 is called a Kauffman triple.
The second relation satisfied in K .M/ is L[D D �.A2CA�2/ L where L is any link inM
and D is a trivial banded knot.

F 2. Kauffman triple

P 2.1. – Let L�, L0, L1 be a Kauffman triple in † � S1. If the sequences
trp.L0/ and trp.L1/ have a cyclic expansion then the sequence trp.L1/ has a cyclic expansion.
Moreover,

PL� D APL1 C A
�1PL0 :

Proof. – Remark that the Witten-Reshetikhin-Turaev invariants satisfy the skein rela-
tion: trp.L�/ D A trp.L1/ C A�1 trp.L0/. Therefore, it is enough to prove that cyclic
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1282 J. MARCHÉ AND R. SANTHAROUBANE

expansions behave well under multiplication by A˙1 and finite sum. For ˇ � 0 an integer,
f D .f0; : : : ; f2ˇ�1/ 2 C2ˇ we define

Hp.ˇ; f / D
1

p

2ˇ�1X
˛D0

X
n2Z

A˛C2nˇf˛

� n
p

�
:

Let ˇ > 0 be an integer and let f D .f0; : : : ; f2ˇ�1/ 2 C2ˇ . Applying a Taylor expansion
to the functions f0; : : : ; f2ˇ�1 we have the following .1�A2ˇ /Hp.ˇ; f / D O. 1p /. Hence the

sequenceA˙1Hp.ˇ; f / admits a cyclic expansion. This says that if a sequence admits a cyclic
expansion then the same sequence multiplied by A˙1 also admits a cyclic expansion.

Let ˇ0 > 0 be an integer divisible by ˇ and set ı D ˇ0=ˇ. One can make the Euclidean
division n D ımC ˛0 and write

Hp.ˇ; f / D
1

p

2ˇ�1X
˛D0

ı�1X
˛0D0

X
m2Z

A˛C2ˇ˛
0C2mˇ 0f˛

�ımC ˛0
p

�
:

By the previous argument and the estimation f˛. ımC˛
0

p
/ D f˛.

ım
p
/ C O. 1

p
/, we find that

there exists g 2 C2ˇ
0

such thatHp.f; ˇ/ D Hp.g; ˇ0/CO. 1p /. From this we can deduce that
the sum of two sequences admitting cyclic expansions also admits a cyclic expansion.

This proposition means that the polynomial PL extends to a ZŒA˙1�-linear map � W

K .† � S1/ ! ZŒA˙1� defined by �.L/ D PL. If L sits inside a ball B � † � S1, the
polynomial PL is just the Kauffman bracket of L. Hence the map � defines a section of the
natural inclusion map K .B/ ! K .† � S1/. We will construct � by giving its value on a
ZŒA˙1�-span of K .† � S1/. That this map is well-defined is a non-trivial consequence of
the existence of TQFT invariants and properties of the cyclic expansions.

Before that, we need to recall the results concerning the multiplicative structure of the
skein module of the torus times an interval.

2.1.1. Review of the skein module of the torus times an interval. – We denote by T

the torus S1 � S1. It was proven by Frohman-Gelca and Sallenave (see [6, 14]) that
the skein module of the torus T is isomorphic to the symmetric part of the quantum
torus. Formally, we define the quantum torus as the non-commutative ZŒA˙1�-algebra
T D ZŒA˙1�hM˙1; L˙1i=.LM � A2ML/. Let � be the involution of T defined by
�.MmLl / DM�mL�l .

P 2.2. – For any .m; l/ 2 Z2 we set

.m; l/T D .�1/
lCmAml .MmLl CM�mL�l / 2 T

�
:

There is an isomorphism of algebras‡ W K .T �Œ0; 1�/
�
! T

� which maps the standard banded
curve in T � Œ0; 1� with slope .m; l/ to the element .m; l/T when gcd.m; l/ D 1.

We have for any a; b; c; d 2 Z the following product-to-sum formula:

.a; b/T .c; d/T D A
ad�bc.aC c; b C d/T C A

�adCbd .a � c; b � d/T :

For technical reasons, we will also need the following normalization:

hl; miT DM
mLl CM�mL�l :
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R 2.3. – This proposition implies that K .T � Œ0; 1�/ is generated as a
ZŒA˙1�-module by fhm; liT j .m; l/ 2 Z2g [ f;g.

2.1.2. Weighted multicurves. – We introduce weighted multicurves as a set of generators
of K .† � S1/ over ZŒA˙1�.

D 2.4. – Let k � 0, a k-multicurve is a collection of k disjoint essential simple
oriented and non pairwise parallel closed curves.

D 2.5. – Let 
 D 
1 [ � � � [ 
k be a k-multicurve. A weight on 
 is an element
w D .a1; b1; : : : ; ak ; bk/ 2 Z2k thought as an assignment of a pair .ai ; bi / for each connected
component 
i of 
 . A pair .
; w/ will be called a weighted multicurve.

Let 
 D 
1 [ � � � [ 
k be a k-multicurve on † with weight w. For 1 � j � k, we choose a
diffeomorphism betweenS1 and 
j respecting the orientation. Denote byT the torusS1�S1:
we can embed T in † � S1 by sending the first factor to 
j . This embedding extends to an
embedding ĵ W T � Œ0; 1�! † � S1 respecting the orientation of † � S1.

D 2.6. – The skein associated to the weighted multicurve .
; w/ is the element
Œ
; w� D

Sk
jD1 ĵ .haj ; bj iT / 2 K .†�S1/ where w D .a1; b1; : : : ; ak ; bk/ and ha; biT is the

skein element defined in Subsection 2.1.1.

P 2.7. – The set of weighted multicurves Œ
; w� spans the ZŒA˙1�-module
K .† � S1/.

Proof. – Let L � † � S1 be a banded link. Set J D fei�t j t 2 Œ0; 1�g and J � D S1 n J .
There is a finite set fp1; : : : ; png of banded points in † (perhaps empty) so that one has up
to isotopy L \ .† � J �/ D fp1; : : : ; png � J �. Let L0 be the intersection of L with † � J .
We have the following picture:

F 3. A banded link in † � S1
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Applying the skein relations we can reduce to the case where the projection ofL0 on† is a
finite disjoint union of banded simple closed curves and banded points. Hence we can find an
integer k � 0 and a k-multicurve 
 D 
1[ � � �[
k in† such that, up to isotopy, L � Q
 �S1

where Q
 � † is a tubular neighborhood of 
 . This says thatL is in the image of the canonical
map K .T � Œ0; 1�/˝k ! K .† � S1/ induced by the inclusion Q
 � S1 ,! † � S1. Finally
from Remark 2.3 we conclude thatL is aZŒA˙1�-linear combination of weighted multicurves
where the underlying multicurve is 
 .

Theorem 1.1 will follow from the following one which will be proved in Section 3.

T 2.8. – For any weighted curve Œ
; w� the sequence trp .Œ
; w�/ has a cyclic expan-
sion. Let k be the number of connected components of 
 . One has �.Œ
; w�/ D 2k if w D 0 and
0 otherwise.

This theorem conjugated with the following lemma proves Proposition 1.8.

L 2.9. – Let T be the standard torus and ˛ be the 1-form on H1.T;R/ given
by ˛x.y/ D det.x; y/ where det stands for the intersection product.

Let x0; : : : ; xk be vectors in H1.T;Z/. We denote by P.x0; : : : ; xk/ the concatenation of
the segments generated by the vectors x0; : : : ; xk . For x 2 H1.T;Z/, we denote by .x/T the
corresponding vector in K .T � Œ0; 1�/. We have then the following formula:

.x0/T � � � .xk/T D
X

"1;:::;"kD˙1

A
R
P.x0;"1x1;:::;"kxk/

˛
.x0 C "1x1 C � � � "kxk/T :

Proof. – This is a generalization of the product-to-sum formula which can be proved by
an immediate induction, observing thatZ

P.x0;:::;xkC1/

˛ D

Z
P.x0;:::;xk/

˛ C det.x0 C � � � C xk ; xkC1/:

The main application of this lemma will concern the case when x0C "1x1C � � � "kxk D 0
in which case Stokes formula and the equality d˛ D 2 det implyZ

P.x0;"1x1;:::;"kxk/

˛ D 2Area.x0; "1x1; : : : ; "kxk/:

2.2. Application to the AMU conjecture

In this section, we prove Theorem 1.10.

We define the degree of a non-zero Laurent polynomial by the following formula:

degP D inffn 2 N; P.A/ D
nX

iD�n

ciA
i
g:

We fix a surface † of genus g and start the proof with two technical lemmas.
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D 2.10. – Let G be a graph embedded in † with one oriented edge. Consider
a tubular neighborhood V of G and a map f W V ! S1 which is constant equal to 1 out of
the labeled edge and makes one positive turn along the oriented edge. We define the following
banded graph:

OG D f.x; f .x//; x 2 V g � † � S1:

Moreover we denote by @ OG the banded link in † � S1 defined by the boundary of OG.

Given a banded graph G � † � S1. We say that a component C of G bounds a disk if
there is an embedded disk D � † � S1 such that D \G D C .

L 2.11. – LetG be a graph embedded in†with one oriented edge and suppose that the
component ofG containing the arrow is not the boundary of a disk. Then the degree of �.@ OG/ is
bounded by twice the number of components of @ OG bounding a disk in † � S1.

Proof. – Each trivial component produces a factor �Œ2� by the Kauffman relations: this
shows that the bound is optimal. Remove all these components from @ OG. We are reduced to
prove that the polynomial �.@ OG/ has degree zero. Represent the directed edge by 2 arrows
on the multicurve @G � †. The lemma follows from a case by case study of the possible
configurations of arrows.

Case 1. – The two arrows belong to the same component and cancel. This component is non-
trivial as we removed them before starting. We conclude with the following observation: the
polynomial associated to a multicurve in † is a constant. Indeed, the multicurve is a union
of parallel copies of curves of type .1; 0/T . Lemma 2.9 gives �.1; 0/nT D

�
n
n=2

�
which is an

integer.

Case 2. – The two arrows belong to the same component 
 and add. This is indeed impos-
sible by considering 
 as a boundary curve of the component of the banded graph containing
the arrows. By construction, the two arrows are in opposite directions relatively to this orien-
tation and hence cannot add.

Case 3. – The two arrows belong to two non parallel components. Hence, one of them is non-
trivial and its neighborhood has the form x D .1; 0/nT .1; 1/T .1; 0/

m
T . Invoking Lemma 2.9,

there are no closed paths in the expansion of x, hence �.x/ D 0.

Case 4. – The two arrows belong to two parallel and trivial components. Then these curves
bound a trivial circle containing the arrow which is forbidden by assumption.

Case 5. – The two arrows belong to parallel and consecutive non-trivial components. Then
this corresponds to x D .0; 1/nT .1; 1/

2
T .0; 1/

m
T . Again by Lemma 2.9, any closed path in the

expansion of x has vanishing area, hence �.x/ is an integer.
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Case 6. – The two arrows belong to parallel and non-consecutive non-trivial components.
Then, noticing that there exists an embedded arc which joins them, we are in the configura-
tion .1; 1/T .1; 0/nT .1; 1/T . We conclude as in the Case 5.

L 2.12. – Let G be an embedded graph with one oriented edge. Let n and e be
respectively the number of vertices and edges of G. Let

� u be the number of components of @ OG bounding simply connected components of OG

� v be the number of components of @ OG bounding a disk and not counted in u.

Suppose that G is Euler-incompressible and at most quadrivalent. Then we have the following
inequalities

e C u � 2n and v � n:

Moreover v � n D uC e � 2n D 0 implies that G is a disjoint union of circles (none of them
bound a disk in † since G is Euler-incompressible).

Proof. – Let .Gi /i2I be the connected components of G with negative Euler character-
istic.

Let ni (resp. ei ) be the number of vertices (resp. edges) of Gi . As Gi is not a circle, one
has ni > 0. Since Gi is at most quadrivalent, we have ei � 2ni and hence ��.Gi / � ni . We
compute

��.G/ D e � n D �uC
X
i2I

��.Gi / � �uC
X
i2I

ni � �uC n;

from which we conclude e C u � 2n.

Now let wi be the number of boundary components of Gi and vi be the number of
boundary components ofGi bounding a disk in†. SinceGi is Euler-incompressible, we haveP
i2I vi D v.

Consider the closed surface Si obtained by gluing disks to the boundary components
ofGi . If Si is a sphere then any boundary component ofGi is an Eulerian cycle which implies
vi D 0 by Euler-incompressibility. The equation vi � ni follows in that case. If Si is not a
sphere, we have �.Si / � 0. From ei � 2ni and vi � wi we get

(3) � ni C vi � ni � ei C vi � �.Si / D ni � ei C wi � 0:

In any cases, vi � ni , and summing over i 2 I we get v � n.

It remains to prove the last part of the lemma. Suppose that v � n D uC e � 2n D 0 and
fix i 2 I . We have vi D ni . If Si is a sphere we have vi D ni D 0: this is not possible since a
graph should have at least one vertex. Therefore (3) implies �.Si / D 0 and wi D vi . Hence
Gi is embedded in a torus Si in such a way that any of its boundary components bounds a
disk in †. This allows to define an embedding Si ! †: since the genus of † is at least two,
this is not possible. We conclude that I is empty and G is a disjoint union of circles.

Proof of Theorem 1.10. – We denote by Œ O
; 3� 2 K .† � S1/ the skein element obtained
by coloring O
 (see Definition 1.5) by the color 3 (2 in the [3] setting). In the setting of [3], this
corresponds to the insertion of the idempotent f2 in @ O
 as shown in Figure 4.
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F 4. The idempotent f2

For any banded graph � � †� S1, we will denote by Œ�; 3� the element of K .†� S1/˝

Q.A/ obtained by inserting the idempotent f2 in @� at all edges of �. Setting Œ2� D A2CA�2,
these skein elements satisfy the following skein relation:

(4) D A4 C Œ2� C A�4

We extend the map � W K .† � S1/ ! ZŒA˙1� by tensoring with Q.A/ so that we can
evaluate banded colored graphs. The proof will consist in investigating all terms in the state
sum suggested by Equation (4).

Set � D 
.S1/ � † and orient the edge going through the base point. Let V be the
set of vertices of �. Given S W V ! f�1; 0; 1g, we define �S to be the graph obtained by
transforming all vertices of � as follows: if a vertex evaluates to 1 under S it is replaced by a
positive smoothing, if a vertex evaluates to�1 under S it is replaced by a negative smoothing
and if a vertex evaluates to 0 under S it is not changed. �S can be viewed as a quadrivalent
graph in † with one directed edge. Consider the banded graph O�S in † � S1 defined by
Definition 2.10.

For S W V ! f�1; 0; 1g, we denote by aS ; bS ; nS respectively the number of preimages
of 1;�1; 0. Applying the rule (4) to all the crossings of 
 gives

�.Œ O
; 3�/ D
X

S WV!f�1;0;1g

A4.aS�bS /Œ2�nS�Œ O�S ; 3�:

Consider one term of the sum associated to a map S . To avoid heavy notations, we remove
the subscript S to a; b and n. We have the decomposition N D n C a C b and n is the
number of vertices of �S . The original graph � was a quadrivalent graph with N vertices
hence satisfying �.�/ D �N . The graph �S being obtained by smoothing a C b vertices
satisfies �.�S / D �N C aC b D �n.

Computing �Œ O�S ; 3� involves inserting idempotents in all edges of �S . Let ES be the set
of edges of �S . For � W ES ! f0; 1g, we define �S;� to be the graph obtained by deleting all
edges e such that �.e/ D 1. We define s� D card.��1.f1g/. According to the rule of Figure 4,
we have

�Œ O�S ; 3� D
X

�WES!f0;1g

Œ2��s��.@ O�S;�/:

Now fixing � W ES ! f0; 1g we want to bound degA4a�4bŒ2�n�s�.@ O�S;�/ (here s stands
for s� ). Note that �.�S;�/ D �nCs and recall that as � is Euler-incompressible, this property
still holds for �S;� . Hence Lemma 2.11 applies for �S;� and we have

(5) degA4a�4bŒ2�n�s�.@ O�S;�/ � 4ja � bj C 2.n � s C c/;
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where c is the number of components of @ O�S;� which bound a disk in †. Let us write
c D uC v, where u is the number of simply connected components of �S;� .

We denote by T the left-hand side of Equation (5). Supposing that a � b, we can apply
Lemma 2.12 to �S;� . Hence (5) gives T � 4N � 8b C 2.v � n/ C 2.u � s/ � 4N (we
recall that a C b C n D N and �.�S;�/ D �n C s D n � e). This is strictly less that 4N
unless b D 0 and n D 0 (by Lemma 2.12), that is unless we smoothed all the vertices
of � in the positive way. Doing so, �S is a collection of non-trivial curves (since � is Euler-
incompressible) colored by 3, one of them being oriented.

The computation can be done locally in an annulus times an interval. Expanding the
idempotent f2, an unoriented curve colored by 3 is Œ.1; 0/; 3� D .1; 0/2T � Œ;� D .2; 0/T C Œ;�
and similarly, an unoriented curve colored by 3 is equal to Œ.1; 1/; 3� D .2; 2/T C Œ;�. Hence
expanding �.Œ.1; 0/; 3�nŒ.1; 1/; 3�Œ.1; 0/; 3�m/ with the help of Lemma 2.9 gives a positive
result. Repeating the argument for negative smoothing, we finally proved Theorem 1.10.

3. Proof of the cyclic expansion

3.1. Curve operators acting on the torus

Let .el /lD1;:::;r�1 be the basis of Vp.T / obtained by filling T withD2�S1 and coloring the
core curve by l . Notice that we use the convention of [4], that is el corresponds to .�1/l�1ul�1
where ul is the basis used in [3]. The algebra K .T � Œ0; 1�/ acts naturally on Vp.T / by the
axioms of a TQFT. Let us cover this action by an action of the quantum torus.

Define Ep D
L
l2Z=pZKp.

p
2/�l as a p-dimensional Hermitian vector space formally

generated by �l where h�l ; �mi D ı
p

l�m
. By convention, we set ıpi D 1 if pji and 0 otherwise.

The quantum torus T acts on Ep by the formulas M�l D A
2l�l and L�l D �lC1.

L 3.1. – Let � be the involution of Ep defined by �.�l / D ��l . Then the map
Vp.T / ! Ep defined by el 7! 1p

2
.�l � ��l / is an isometry onto the � -antisymmetric part

which commutes with the action of T
� .

Proof. – This is well-known, see for instance [4, Section 2]. Indeed, we get the expected
formulas

.1; 0/T el D .�M �M
�1/el D .�A

2l
� A�2l /el

.0; 1/T el D .�L � L
�1/el D �elC1 � el�1:

L 3.2. – We have the formula

hha; biT el ; emi D A
2a.lCb/.ı

p

lCb�m
� ı

p

lCbCm
/C A2a.�lCb/.ı

p

l�b�m
� ı

p

l�bCm
/:

Proof. – This is a direct computation, replacing el with 1p
2
.�l � ��l /.
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F 5. Surgery on †

3.2. Reduction to weighted multicurves

We remark that because of Proposition 2.7 and Proposition 2.1, it is enough to prove that
any weighted multicurve has a cyclic expansion.

Let 
 D 
1[� � �[
k be a k-multicurve. We denote by†
 the surface obtained by surgery
on every component of 
 . For any i , we add two marked points pi ; qi from each side of the
handle used in the surgery at 
i as in Figure 5.

Finally, given a vector x D .n1; m1; : : : ; nk ; mk/ 2 f1; : : : ; r � 1g2k thought as a coloring
of the points pi ; qi , we set

C
;p.x/ D dimVp.†
 ; n1; m1; : : : ; nk ; mk/:

Proof of Theorem 2.8. – Let 
 D 
1 [ � � � [ 
k be a multicurve with weight
w D .a1; b1; : : : ; ak ; bk/. Let 
 0j and 
 00j be two parallel copies of 
j such that ĵ .T �f0; 1g/ D


 0j �S
1[
 00j �S

1. Consider the basis .ei /iD1;:::;r�1 of Vp.
 0j �S
1/ obtained by filling 
 0j �S

1

with D2 � S1 (the same with 
 00j ).

The TQFT axioms imply the following equation where n and m are elements of f1; : : : ; r � 1gk .

trpŒ
; w� D
X
n;m

0@ kY
jD0

hhaj ; bj iT enj ; emj i

1A C
;p.n;m/

Zp.† � S1/
:

Using Lemma 3.2, we have

(6) trpŒ
; w� D
X
n;m

kY
jD1

�
A2nj aj .ı

p

njCbj�mj
� ı

p

njCbjCmj
/

C A�2nj aj .ı
p

nj�bj�mj
� ı

p

nj�bjCmj
/
� C
;p.n;m/
Zp.† � S1/

:

Introducing signs " and � in f˙1gk , we can rewrite the sum in the following way

trpŒ
; w� D
X
n;m;";�

Y
j

A2"jnj aj �j ı
p

njC"j bj��jmj

C
;p.n;m/

Zp.† � S1/
:

We conclude using Proposition 3.4 where x stands for the 2k-tuple .n1; m1; : : : ; nk ; mk/,
lj .x/ D nj � �jmj , j̨ D �"j bj for j D 1; : : : ; k, D D gcd.a1; : : : ; ak/ and l0.x/ D
1
D

P
j njaj .
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3.3. Counting points in polytopes

D 3.3. – Let N be a positive integer and ƒ be an affine lattice of RN . We
denote by covol.ƒ/ the volume for the Lebesgue measure of RE= Eƒ where Eƒ is the vectorial
part of the affine lattice ƒ.

P 3.4. – Let D be an integer, L D .l0; : : : ; lk/ be a surjective linear map
L W Z2k ! ZkC1, and ˛ D .˛1; : : : ; ˛k/ 2 Zk some integers. Then setting

(7) Fp.l; ˛/ D
X

x2f1;��� ;r�1g2k

A2Dl0.x/
kY

jD1

ı
p

lj .x/� j̨
C
;p.x/;

the quantity Fp.l;˛/

Zp.†�S1/
has a cyclic expansion.

Proof. – LetH be a disjoint union of handlebodies bounding†
 and � be a unitrivalent
banded graph embedded inH such that �\† D @� D fp1; q1; : : : ; pk ; qkg and such thatH
retracts on �. We will denote by E the set of edges of � and identify an element of @� with
the edge incident to it.

Then it follows from [3, Theorem 4.11] that C
;p.x/ is the cardinality of the set

.int rP / \ƒ \ fci D xi ; i 2 @�g � RE ;

where we have set

P D f� W E ! Œ0; 1�; �i � �j C �k ; �i C �j C �k � 2g

ƒ D fc W E ! Z; ci C cj C ck oddg:

In these two expressions .i; j; k/ runs over all triples of edges inE incident to a same trivalent
vertex of �.

This comes from the fact that Vp.†
 ; x/ has a basis obtained by coloring the edges of �
with c for c 2 r intP \ƒ satisfying ci D xi for all i 2 @�, see Theorem 4.11 in [3].

Observe that for all i 2 Z, ıpi D
P
s2Z ıiCps where ıi D 1 if i D 0 and 0 otherwise.

Plugging this into Formula (7) gives Fp.l; ˛/ D
P
s2Zk Gp.l; ˛Cps/ whereGp has the same

definition as Fp with ıp replaced with ı. We will see that this sum is actually finite so that we
are reduced to study the cyclic expansion of Gp.

As an example of what will follow, taking 
 D ;, we have the equality Zp.† � S1/ D
dimVp.†/ D cardP \ 1

r
ƒ. Comparing the number of integral points with the volume gives

the following estimate, proved in detail in Lemma 3.5:

Zp.† � S
1/ D rdimP volP

covolƒ
CO.rdimP�1/:

Here dimP D 3g�3 if g > 1 and 1 if g D 1, vol.P / is computed from the Lebesgue measure
onRE and covol.ƒ/ is defined in Definition 3.3. One can compute covol.ƒ/ D 22g�3 if g > 1
and 1 if g D 1. Notice that up to a normalization factor, the leading order in r is the volume
of the moduli space Hom.�1.†/; SU2/=SU2 with the volume form associated to the Atiyah-
Bott-Goldman symplectic structure (see [8] and also [13]).
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The proof of the general case will rely on the same kind of estimations. More precisely,
let Vn be the affine subspace of RE given by the equations lj .x/ D j̨ for j D 1; : : : ; k and
l0.x/ D n. Then we have Gp.l; ˛/ D

P
n2ZA

2nDgr .n/ where

gr .n/ D card.int rP / \ Vn \ƒ:

We would like to apply Lemma 3.5 to this situation in order to estimate gr .n/. The lemma
applies to the polytope rP \Vn included in the euclidean space Vn provided that rP \Vn has
non-empty interior and Vn \ ƒ is an affine lattice in Vn. If the first assumption does not
hold, it implies that Vn \ int.rP / D ; and hence gr .n/ D 0. Next, the linear part EV
of Vn is by hypothesis the kernel of the linear forms l0; : : : ; lk which are integral and linearly
independent. It follows that EV \ Eƒ is a free abelian group of rank N � k � 1 where we have
set N D cardE D dimP . Hence, Vn \ƒ is a lattice in Vn if and only if it is non-empty.

We observe that this last condition only depends on n modulo 2. Indeed, if c W E ! Z
satisfies the equation defining Vn and ƒ modulo 2, we can add to c a function d W @� ! Z
which satisfies 2l0.d/ D n � l0.c/ and 2lj .d/ D j̨ � lj .c/. Such a function exists by the
assumption thatL is surjective. It follows that we need to specify the parity of n. In the sequel,
we will denote by � 2 Z=2Z a solution of the preceding system and restrict to those n’s which
are congruent to �.

For n D � mod 2 we have

gr .n/ D r
N�k�1

volP \ 1
r
Vn

covolVn \ƒ
CO.rN�k�2/:

We have covolVn \ƒ D covol EV \ Eƒ, showing that this quantity does depend on n.

On the other hand, the function V.˛0; : : : ; ˛k/ D volf� 2 P; lj .�/ D j̨ ; j D 0; : : : ; kg is
a piecewise polynomial function with compact support . It follows that

gr .n/ D
rN�1�k

covol EV \ Eƒ
V
�n
r
;
˛1

r
C 2s1; : : : ;

˛k

r
C 2sk

�
CO.rN�k�2/;

which can be written gr .n/ D rN�1�kf .n
r
/ C O.rN�k�2/ for a piecewise polynomial

function f with compact support. This finally proves the proposition.

L 3.5. – Let P be a polytope with non-empty interior in a Euclidean space E of
dimension N and ƒ be an affine lattice in E. We define the radius of ƒ as the constant
(independent of �) �.ƒ/ D supfd.x; �/; where x 2 E satisfies d.x; �/ � d.x; �/8� 2 ƒg.ˇ̌̌̌

card.intP \ƒ/ �
volP

covolƒ

ˇ̌̌̌
�

X
F

bcF volF �.�/cF

covol.ƒ/
:

In this formula F runs over the faces of P of positive codimension cF and bn is the volume of
the unit ball in Rn.

Proof. – For any � 2 ƒ define its Voronoi cell

V.�/ D fx 2 RN s.t. d.x; �/ � d.x; �/8� 2 ƒg:

Then we have
S
�2ƒ V.�/ D E, volV.�/ D covol.ƒ/ and intV.�/\ intV.�/ D ; for � ¤ �.

Consider Q D
S

�2intP\ƒ
V.�/ such that volQ D card.intP \ ƒ/ volV.�/. Any point x in
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the symmetric difference P�Q is at distance at most � D �.ƒ/ from the boundary of @P as
we have � D supfd.x; �/; x 2 V.�/g.

Hence, j volP � volQj � volP�Q � volN�.@P /, where we have set

N�.@P / D fx 2 E; d.x; @P / � �g:

Any point in N�.@P / has its closest point in @P belonging to some face F of P of positive
codimension. This gives the following estimation, proving the lemma.

volN�.@P / �
X
F

volF bcF �
cF :

3.4. A geometric interpretation of the trace

Consider a surface † and a weighted multicurve .
; w/. The aim of this subsection is to
provide a geometric interpretation for the evaluations evA�p trpŒ
; w�.

Recall that we have set X.†/ to be the space of conjugacy classes of irreducible represen-
tations � W �1.†/ ! SU2, � the volume form and �g D

R
X.†/

�. Every component 
i of 

defines a map �i W X.†/! Œ0; 1� by the formula

(8) tr �.
i / D 2 cos��i .Œ��/:

Suppose that 
 is a pants decomposition of † and denote by � the corresponding graph.
Then, the functions are well-known to be action variables onX.†/, see [8, 13]. Precisely, these
maps Poisson commute and the joint map ‚ D .�1; : : : ; �k/ W X.†/ ! Rk has image the
polytope P defined in the proof of Proposition 3.4. The Hamiltonian flows of the maps �i
induce an action of RE which acts transitively on the fibers of‚. Moreover, the kernel of this
action is precisely 1

2
Eƒ.

We prove here the following theorem which implies Theorem 1.11 and extends the main
result of [13].

T 3.6. – Let � be an odd integer and set Ap D �e
i�
p . Suppose that p goes to

infinity such that � and 2p are coprime. Then

lim
p!1

evA�p trpŒ
; w� D
1

�g

Z
X.†/

Y
j

tr �.
j /aj �d�.�/

if
P
j bj is even and 0 otherwise.

Before entering into the proof, let us see how this theorem implies Theorem 1.11. For any
banded link L � † � S1, we set ƒ� .L/ D limp!1 evA�p trp.L/. The compatibility with
Kauffman relations implies thatƒ� is a linear form on K .†�S1;�1/ D K .†�S1/ ˝

ZŒA˙1�
C.

Here ZŒA˙1� acts on C by the formula P.A/:z D P.�1/z.

On the other hand, let 
 D 
1[� � �[
k be a pants decomposition of† and K


.†�S1/ be

the sub-module generated by banded links living in N , the product of a neighborhood of 

with the circle. We denote by � W X.† � S1/ ! f˙1g the function satisfying �.t/ D �.�/Id.
Any element of K



.†�S1/may be viewed as a function on the character varietyX.†�S1/
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which depends only on �1; : : : ; �k and � . That is, we can associate to any banded linkL � N
a function FL.�1; : : : ; �k ; �/ satisfyingY

i

� tr �.Li / D FL.�1.�/; : : : ; �k.�/; �.�//:

In this setting, we define a linear form ƒ0� W K


.† � S1/ ! C by the formula

ƒ0� .L/ D
R
FL.��1; : : : ; ��k ; �/d� where � is the image of �=�g by .�1; : : : ; �k ; �/. Hence,

by construction, we have ƒ01.f / D
1
�g

R
X.†�S1/

fd�. Theorem 1.11 consists in proving the
formula ƒ� .L/ D ƒ0� .L/ for a banded link L projecting without crossing. On the other
hand, weighted multicurves Œ
; w� with fixed 
 are generators for K



.† � S1/, hence it is

sufficient to prove the equality ƒ� Œ
; w� D ƒ0� Œ
; w� for all weights w.
Fix a weight w D .a1; b1; : : : ; ak ; bk/. In the torus 
j � Œ0; 1�, the element haj ; bj iT

corresponds to the function mapping the representation Œ�� to tr �.
j aj tbj /. Hence,
F D

Q
j 2 cos.�aj �j /�bj and ƒ0� Œ
; w� D

1
2�g

R
X.†�S1/

Q
j tr �.
j �aj /��bj d�.�/.

As X.† � S1/ is a disjoint union of two copies of X.†/ defined by the equations t D 1

and t D �1, the integral vanishes if
P
j bj is odd, and otherwise reduces to the integral in

the right hand side of the equation in Theorem 3.6. The conclusion follows.

Proof of Theorem 3.6. – With the notation of the proof of Proposition 2.8, we have the
formula

evA�p trpŒ
; w� D
X
m;n;";�

e
2i��
p

P
j "j ajnj

Y
j

ı
p

njC"j bj��jmj

C
;p.m; n/

Zp.† � S1/
:

For C
;p.m; n/ to be non-zero we need to have 0 < mj ; nj < r . At the same time there
exists kj 2 Z such that nj ��jmjC"j bj D 2rkj . Hence if �j D 1, we have necessarily kj D 0.
If �j D �1, we have either kj D 0 and nj Cmj D �"j bj or kj D 1 and nj Cmj D 2r � "j bj .
The number of solutions is bounded with respect to r , and such terms can be neglected in
the sum. Hence, we can suppose that �j D 1 and replace ıp with ı. This gives

evA�p trpŒ
; w� D
X
n;"

e
2i��
p

P
j "j ajnj

Y
j

C
;p.nC "b; n/

Zp.† � S1/
CO

� 1
p

�
;

where nC "b is a shorthand for the tuple .nj C "j bj /.
Let � be the graph adapted to 
 introduced in the proof of Proposition 3.4. We also

introduce the polytope P and the lattice ƒ.
Applying Lemma 3.5, we get that C
;p.m; n/ is either zero or equivalent to vol.rP\Vm;n/

covol.ƒ\Vm;n/
,

where Vm;n is the affine space given by the equations cpi D mi and cqj D nj for j D 1; : : : ; k.
Supposing non-triviality, we get further

C
;p.m; n/ D r
cardE�2k

vol.P \ Vm
r ;
n
r
/

covol.ƒ \ Vm;n/
CO.rcardE�2k�1/:

Denote by O� the graph obtained from � by gluing the vertices pj and qj for j D 1; : : : ; k.
The graph O� has an associated polytope and affine lattice that we respectively denote by OP
and Oƒ. Then, the same reasoning gives Zp.† � S1/ D rcardE�k vol OP

covol Oƒ
CO.rcardE�k�1/.

As m
r

and n
r

are equal up to O.1
r
/, the volume vol.P \ Vm

r ;
n
r
/ is equal to vol OP \ OVn

r
up

to O.1
r
/ where OVn

r
is the subspace of R OE defined by the equation cj D

nj
r

.
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Let us deal with the term covol.ƒ \ Vm;n/ by considering first the case of O�. Let
C�. O�;Z=2Z/ be the cellular complex associated to O�. A coloring c W OE ! Z reduces
modulo 2 to an element of C1. O�;Z=2Z/. In this setting, the condition defining the vectorial
part of Oƒ is simply to be a cycle. It follows that the index of Oƒ in Z OE is the cardinality
of C1. O�;Z=2Z/= ker @ which is 2card OE�dimH1. O�;Z=2Z/.

The same reasoning applies to �, supposing that ƒ \ Vm;n is non-empty. The vectorial
part of ƒ \ Vm;n is a map c W E ! Z which vanishes at boundary points and such that
c.ei /C c.ej /C c.ek/ is even for all triples .i; j; k/ incident to a same vertex. Its reduction
modulo 2 is a cycle in C1.�;Z=2Z/, hence, the index ofƒ\Vm;n is 2cardE�2k�dimH1.�;Z=2Z/.
Supposing it is non-zero, we get the following estimate where h D � dimH1. O�;Z=2Z/ C
dimH1.�;Z=2Z/.

(9)
C
;p.m; n/

Zp.† � S1/
D r�k

volP \ OVn
r

vol OP
2kCh CO.r�k�1/:

Let l be the number of connected components of �. The exact sequence of the pair . O�; �/
gives the formula hC k� l C 1 D 0 which replaces the power of 2 in Equation (9) with 2l�1.

Consider now the problem of the non-vanishing of C
;p.m; n/. An element c 2 ƒ\ Vm;n
satisfies c.pi / D mj , c.qi / D ni and c.ei /C c.ej /C c.ek/ D 1 for all triple of edges ei ; ej ; ek
incident to a same vertex. Summing c C 1 twice over each edge of any component �i of �
gives modulo 2 the equality li .c/ D card @�i where li .c/ D

P
x2@�i

c.x/. Summing over the
connected components and observing that mj C nj D bj modulo 2, this gives the identityP
j bj D 0.

Conversely, a simple argument involving the homology of .�i ; @�i / modulo 2 implies
that C
;p.m; n/ is non-zero if and only if li .m; n/ D 0 for all i . Hence, assuming that

P
j bj is

even, we get

evA�p trpŒ
; w� D
1

rk

X
n;"

li .nC"b;n/D0

e
2i��
p

P
j "j ajnj 2l�1

volP \ OVn
r

vol OP
CO.

1

p
/:

The parity conditions li should divide the sum by 2l but the sum
Pl
iD1 li .nC "b; n/ D

P
bi

vanishes modulo 2. Hence they divide the sum by 2l�1 and this factor cancels.

We recognize a Riemann sum: setting f .x/ D vol OP\ OVx
vol OP

we get

lim
p!1

evAp trpŒ
; w� D
Z
R

X
"

e2i��
P
j "j aj xj f .x/dx

D

Z
R

Y
j

2 cos.2��ajxj /f .x/dx:

This proves the proposition as f .x/dx is equal to the push-forward ‚�
�
�g

and by

construction �.
j / is conjugate to

 
ei��j 0

0 e�i��j

!
.
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FLAG-APPROXIMABILITY OF CONVEX BODIES
AND VOLUME GROWTH OF HILBERT GEOMETRIES

 C VERNICOS  C WALSH

A. – We introduce the flag-approximability of a convex body to measure how easy it is
to approximate by polytopes. We show that the flag-approximability is exactly half the volume entropy
of the Hilbert geometry on the body, and that both quantities are maximized when the convex body is
a Euclidean ball.

We also compute explicitly the asymptotic volume of a convex polytope, which allows us to prove
that simplices have the least asymptotic volume.

R. – Nous introduisons l’approximabilité-drapeau d’un corps convexe qui mesure la diffi-
culté de l’approcher par des polytopes convexes. Nous montrons que l’approximabilité-drapeau d’un
corps convexe est égale à la moitié de l’entropie volumique de sa géométrie de Hilbert associée et que
les deux invariants sont maximaux lorsque le corps convexe est une boule euclidienne.

Nous calculons également le volume asymptotique de la géométrie de Hilbert d’un polytope
convexe, ce qui nous permet de démontrer que les simplexes ont le volume asymptotique minimal.

Introduction

An important problem with many practical applications is to approximate convex bodies
with polytopes that are as simple as possible, in some sense. Various measures of complexity
of a polytope have been considered in the literature. These include counting the number of
vertices, the number of facets, or even the number of faces [3]. One could also use, however,
the number of maximal flags. Recall that a maximal flag of a d -dimensional polytope is a
finite sequence .f0; : : : ; fd / of faces of the polytope such that each face fi has dimension i
and is contained in the boundary of fiC1.

The authors acknowledge that this material is based upon work partially supported by the ANR Blanche
“Finsler” grant.
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1298 C. VERNICOS AND C. WALSH

Suppose we wish to approximate a convex body � by a polytope within a Hausdorff

distance " > 0. LetNf.";�/ be the least number of maximal flags over all polytopes satisfying
this criterion. We define the flag approximability of � to be

af.�/ WD lim inf
"!0

logNf.";�/

� log "
:

This is analogous to how Schneider and Wieacker [10] defined the (vertex) approximability,
where the least number of vertices was used instead of the least number of maximal flags.

Facet and face approximabilities can also be defined in a similar fashion. It is not known if
any equalities hold between the vertex, facet, face, and flag approximabilities. An advantage
of using the flag approximability is that one can relate it to the volume entropy of the Hilbert
metric on the body in the following way.

Choose a base point p in the interior of the convex body �, and for each R > 0 denote
by B�.p;R/ the closed ball centered at p of radius R in the Hilbert geometry. Let VolH

denote the Holmes-Thompson volume. The (lower) volume entropy of the Hilbert geometry
on � is defined to be

Ent.�/ WD lim inf
R!1

log VolH
�
B�.p;R/

�
R

:

Observe that this does not depend on the base point p, and moreover does not change if
one takes instead the Busemann volume. One can also define the upper flag approximability
and the upper volume entropy by taking supremum limits instead of infimum ones. Although
the two entropies do not generally coincide, as shown by the first author in [13], all our results
and proofs hold when replacing lim inf with lim sup.

T 1. – Let � � Rd be a convex body. Then,

Ent.�/ D 2af.�/:

The same result concerning the vertex approximability was proved by the first author [13]
in dimensions two and three. In higher dimension, it was shown only that the volume entropy
is greater than or equal to twice the vertex approximability. The motivation was to try to
prove the entropy upper bound conjecture, which states that the volume entropy of any
convex body is no greater than d � 1. This would follow from equality of the two quantities
just mentioned using the well-known result, proved by Fejes-Toth [7] in dimension two and
by Bronshteyn-Ivanov [5] in the general case, that the vertex approximability of any convex
body is no greater than .d � 1/=2.

We show, using a slight modification of the technique in Arya-da Fonseca-Mount [3], that
the Bronshteyn-Ivanov bound also holds for the flag approximability.

T 2. – Let � � Rd be a convex body. Then,

af.�/ �
d � 1

2
:

This allows us to deduce the entropy upper bound conjecture. N. Tholozan has also
proved this conjecture recently using a different method [11].
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C 3. – Let � � Rd be a convex body. Then,

Ent.�/ � d � 1:

For many Hilbert geometries, such as hyperbolic space, the volume of balls grows expo-
nentially. However, for some Hilbert geometries, the volume grows only polynomially. In this
case it is useful to make the following definition. Fix some notion of volume Vol. The asymp-
totic volume of the Hilbert geometry on a d -dimensional convex body � is defined to be

Asvol.�/ WD lim inf
R!1

Vol.B�.p;R//
Rd

:

Note that, unlike in the case of the volume entropy, the asymptotic volume depends on the
choice of volume. The first author has shown in [12] that the asymptotic volume of a convex
body is finite if and only if the body is a polytope.

In the next theorem, we again see a connection appearing between volume in Hilbert
geometries and the number of maximal flags. We denote by Flags.P/ the set of maximal
flags of a polytope P . Let † be a simplex of dimension d . Observe that Flags.†/ consists
of .d C 1/Š elements.

T 4. – Let P be a polytope of dimension d , and fix some notion of volume Vol.
Then,

Asvol.P/ D
jFlags.P/j

.d C 1/Š
Asvol.†/:

An immediate consequence is that the simplex has the smallest asymptotic volume among
all convex bodies. This was conjectured by the first author in [12].

C 5. – Let � � Rd be a convex body. Then,

Asvol.�/ � Asvol.†/;

with equality if and only if � is a simplex.

Another corollary is the following result, proved originally by Foertsch and Karlsson [8].

C 6. – If the Hilbert geometry on a convex body � is isometric to a finite-
dimensional normed space, then � is a simplex.

1. Preliminaries

A proper open set in Rd is an open set not containing a whole line. A non-empty proper
open convex set will be called a convex domain. The closure of a bounded convex domain is
called a convex body.
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1.1. Hilbert geometries

A Hilbert geometry .�; d�/ is a convex domain � in Rd with the Hilbert distance d�
defined as follows. For any distinct points p and q in �, the line passing through p and q
meets the boundary @� of � at two points a and b, labeled so that the line passes consecu-
tively through a, p, q, and b. We define

d�.p; q/ WD
1

2
logŒa; p; q; b�;

where Œa; p; q; b� is the cross ratio of .a; p; q; b/, that is,

Œa; p; q; b� WD
jqaj

jpaj

jpbj

jqbj
> 1;

with jxyj denoting the Euclidean distance between x and y inRd . If either a or b is at infinity,
the corresponding ratio is taken to be 1.

Note that the invariance of the cross ratio under projective maps implies the invariance
of d� under such maps. In particular, since any convex domain is projectively equivalent
to a bounded convex domain, most of our proofs will reduce to that case without loss of
generality.

1.2. The Holmes-Thompson and Busemann volumes

Each Hilbert geometry� is naturally endowed with aC 0 Finsler metricF� as follows. Let
p be a point in�, and let v be a non-zero vector in the tangent space Tp�, which we identify
with Rd . The straight line passing through p in the direction v meets @� at two points pC�
and p�� . Let tC and t� be two positive numbers such that pC tCv D pC� and p� t�v D p��.
These numbers correspond to the time necessary from an affine point of view to reach the
boundary starting at p with velocities v and �v, respectively. We define

F�.p; v/ WD
1

2

�
1

tC
C

1

t�

�
and F�.p; 0/ WD 0:

If pC� or p�� is at infinity, the corresponding ratio should be taken to be 0.
The Hilbert distance d� is the distance induced by F�. We shall denote by B�.p; r/ the

closed metric ball of radius r centered at the point p 2 �, and by S�.p; r/ the corresponding
metric sphere.

From the Finsler metric, we can construct two important Borel measures on �. The first
is called the Busemann volume and is denoted by VolB�. It is actually the Hausdorff measure
associated to the metric space .�; d�/; see Burago-Burago-Ivanov [6], Example 5.5.13. It is
defined as follows. For any p 2 �, let

ˇ�.p/ WD fv 2 Rd j F�.p; v/ < 1g

be the open unit ball in Tp� D Rd of the norm F�.p; �/. Denote by !d the Euclidean
volume of the open unit ball of the standard Euclidean space Rd . Consider the (density)
function hB�W� �! R given by hB�.p/ WD !d=Leb

�
ˇ�.p/

�
, where Leb is the canonical

Lebesgue measure of Rd , equal to 1 on the unit “hypercube”. Then for any Borel set A in�,

VolB�.A/ WD
Z
A

hB�.p/ d Leb.p/:
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The second, called the Holmes-Thompson volume, will be denoted by VolH� , and is defined
as follows. Let ˇ��.p/ be the polar dual of ˇ�.p/, and let hH� W� �! R be the density defined
by hH� .p/ WD Leb

�
ˇ��.p/

�
=!d . Then VolH� is the measure associated to this density.

In what follows, we will denote by AreaH� and AreaB�, respectively, the d � 1-dimensional
measures associated to the Holmes-Thompson and Busemann measures.

L 7 (Monotonicity of the Holmes-Thompson area). – Let .�; d�/ be a Hilbert
geometry in Rd . The Holmes-Thompson area measure is monotonic on the set of convex bodies
in �, that is, for any pair of convex bodies K1 and K2 in �, such that K1 � K2, one has

(1) AreaH� .@K1/ � AreaH� .@K2/:

Proof. – If @� is C 2 with everywhere positive Gaussian curvature, then the tangent unit
spheres of the Finsler metric are quadratically convex. According to Álvarez Paiva and
Fernandes [2, Theorem 1.1 and Remark 2], there exists a Crofton formula for the Holmes-
Thompson area, from which inequality (1) follows. Such smooth convex bodies are dense
in the set of all convex bodies in the Hausdorff topology. By approximation, it follows that
inequality (1) is valid for any �.

L 8 (Minimality of flats). – Let .�; d�/ be a Hilbert geometry in Rd . Then, the
affine hypersurfaces contained in � are minimal with respect to the Holmes-Thompson area.

Proof. – It was shown in [1, Theorem 5.5], that, in Finsler manifolds where the tangent
unit spheres are quadratically convex, totally geodesic hypersurfaces are minimal with
respect to the Holmes-Thompson area. This applies to Hilbert geometries when the
boundary @� of the domain is C 2 with everywhere positive Gaussian curvature. In this
case the totally geodesic hypersurfaces are affine. A simple approximation process like in the
proof of Lemma 7 allows us to extend the result to all Hilbert geometries.

The next result was essentially proved by Berck-Bernig-Vernicos in [4, Lemma 2.13].

L 9 (Co-area inequalities). – Let .�; d�/ be a Hilbert geometry containing the
origin o, and let L be a cone with apex o. Then, for some constant C > 1 depending only on
the dimension d ,

1

C
AreaB�

�
S�.o; R/ \ L

�
�

d

dR
VolB�

�
B�.o; R/ \ L

�
� C AreaB�

�
S�.o; R/ \ L

�
;

for all R � 0.

R 10. – It is important here to point out that all the statements presented in this
paper are actually independent of the definition of volume chosen, provided the volume
has the following properties: continuity with respect to the Hausdorff pointed topology,
monotony with respect to inclusion, and invariance under projective transformations. We
also need, as a normalization, that the volume coincides with the standard one in the case
of an ellipsoid (see Vernicos [13] for more details). In fact, the value of the volume entropy
does not depend at all on the chosen volume, and so Theorem 1 and its corollaries are true
whatever the choice. On the other hand, while the asymptotic volume does depend on the
choice of volume, the dependence is such that Theorem 4 and its corollaries remain true
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whichever volume satisfying the above properties is chosen, as long as one is consistent in
this choice.

1.3. Asymptotic balls

Let � be a bounded open convex set, and denote by cl� its closure. For each R � 0 and
y 2 �, we call the dilation of cl� about y by a factor 1 � exp.�2R/ the asymptotic ball of
radius R about y, and we denote it by

AsB�.y;R/ WD y C .1 � e�2R/.cl� � y/:

Some authors dilate by a factor tanhR instead, but there is very little difference when R is
large. By convention, we take AsB�.y;R/ to be empty ifR < 0. When there is no ambiguity,
we sometimes omit mention of � or y when denoting a ball or asymptotic ball.

The following lemma shows the close connection between asymptotic balls and the balls
of the Hilbert geometry.

L 11. – Let � be a bounded open convex set, containing a point y. Assume that �
contains the Euclidean ball of radius l > 0 about y, and is contained in the Euclidean ball of
radius L > 0 about y. Then for all R > 0 we have

AsB�
�
y;R �

1

2
log
�
1C

L

l

��
� B�.y;R/ � AsB�.y;R/:

Proof. – Let x 2 �, and letw and z be the points in the boundary of� that are collinear
with x and y, labeled so that w, x, y, and z lie in this order. Observe that jxyj � L and
jyzj � l . Therefore,

1 �
jxzj

jyzj
D 1C

jxyj

jyzj
� 1C

L

l
:

The point x is in the ball B�.y;R/ if and only if

log
jwyj

jwxj

jxzj

jyzj
� 2R;

and is in the asymptotic ball AsB�.y;R/ if and only if

log
jwyj

jwxj
� 2R:

The result follows easily.

Recall that the Löwner-John ellipsoid of � is the unique ellipsoid of minimal volume
containing �. By performing affine transformations, we may assume without loss of
generality that the Löwner-John ellipsoid of � is the Euclidean unit ball E . It is known
that .1=d/ E is then contained in �, that is,

1

d
E � � � E :

Thus, in this case the assumptions of Lemma 11 are satisfied with L D 1 and l D 1=d ,
taking y to be the origin. A convex body will be said to be in canonical form if its Löwner-
John ellipsoid is the Euclidean unit ball.
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2. Asymptotic volume and flags

In this section, we study the asymptotic volume of polytopes. By polytope, we mean the
convex hull of a finite number of points. Our technique is to decompose the polytope into
flag simplices. We show that the asymptotic volume of a flag simplex is independent of the
shape of the polytope, and depends only on the dimension. Since there is one flag simplex for
every maximal flag of the polytope, our formula follows.

2.1. Flags and flag simplices

Recall that to a closed convex set K � Rd we can associate an equivalence relation,
where two points a and b are equivalent if they are equal or if there exists an open segment
.c; d/ � K containing the closed segment Œa; b�. The equivalence classes are called faces.
A face is called a k-face if the dimension of its affine hull, that is, the smallest affine set
containing it, is k. A 0-face is usually called an extremal point, or, in the case of polytopes, a
vertex. A facet is the closure of a face of co-dimension 1.

Thus defined, each face is an open set in its affine hull. For instance, the segment Œa; b�
in R admits three faces, namely fag, fbg, and the open segment .a; b/. Notice that if K has
non-empty interior, then the interior is a d -dimensional face.

When a face f is in the relative boundary of another face F , we write f < F .

D 12 (Flag). – Let P be a d -dimensional polytope. A maximal flag of P is a
.dC1/-tuple .f0; : : : ; fd / of faces of P such that each fi has dimension i , and f0 < � � � < fd .

We denote by Flags.P/ the set of maximal flags of a polytope P . We use j�j to denote
the number of elements in a finite set. The following formula will be useful. Let fFig be the
set of facets of P . So, each Fi is a polytope of dimension d � 1. We have that

jFlags.P/j D
X
i

jFlags.Fi /j:(2)

In this paper, a simplex in Rd is the convex hull of d C 1 projectively independent points,
that is, a triangle in R2, a tetrahedron in R3, and so forth. If † is a simplex of dimension d ,
then Flags.†/ consists of .d C 1/Š elements.

D 13 (Flag simplex). – A simplex S is a flag simplex of a polytope P if there
is a maximal flag .f0; : : : ; fd / of P such that each of the faces fi contains exactly one vertex
of S .

Let P be a polytope. Suppose that for each face of P we are given a point in the face.
Then, associated to each maximal flag there is a flag simplex of P , obtained by taking the
convex hull of the corresponding points. Moreover, these flag simplices form a simplicial
complex, and their union is equal to P . We call this a flag decomposition of P . If each point
is the barycenter of its respective face, then the resulting flag decomposition is just the well
known barycentric decomposition.
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2.2. Flag simplices of simplices

L 14. – Let T and S be flag simplices of a d -dimensional simplex †. Then, there
exists a projective linear map � leaving † invariant, such that �.T / � S .

Proof. – We use induction on the dimension. The induction hypothesis is that if T and S
are flag simplices of a d -dimensional simplex†, and fpig is a finite set of points in the interior
of†, then there exists a projective linear map � leaving† invariant, such that �.T / � S and
the points f�.pi /g are all contained in the interior of S .

The hypothesis is clearly true in dimension 1, since in this case † is a closed interval;
the flag simplices are the closed segments in † having one endpoint that coincides with
an endpoint of † and the other in the interior; and the group of projective linear maps is
generated by a one-parameter family that acts transitively on the interior of †, along with
reflection in the midpoint of the interval.

Assume the hypothesis is true in dimension d , let T and S be flag simplices of a
d C 1-dimensional simplex †, and let fpig be a finite subset of the interior of †. Since
the group of projective linear maps acts transitively on the facets of †, we may assume that
the flags associated to, respectively, T and S have, as their facets, the same facet F of †.

Let v be the vertex of† not contained inF , and let x be the vertex of T not contained inF .
Project the points fpig ontoF along rays emanating from v, to get a set of points fqig. Project
x in the same way to get a point y. By the induction hypothesis, there exists a projective
linear map �0 leaving F invariant such that �0.T \ F / � S \ F , and the point y and all
the points fqig are mapped by �0 into the relative interior of S \ F . We can extend �0 to
a projective linear map on the whole of † that fixes v. We denote this extended map again
by �0.

There exists a 1-parameter family of projective linear maps that fix F and v. Among these
maps, we can find one that maps x as close as we wish to y, and each of the points pi as close
as we wish to the corresponding point qi . We choose such a map �1 so that the image of x and
of each of the points fpig is in the interior of ��10 .S/. So, the map � WD �0 ı �1 maps x and
each of the points fpj g into the interior of S , and furthermore maps T \F into S \F . Since
T is the convex hull of x and T \ F , we have that �.T / � S . This completes the induction
step.

L 15. – Consider the Hilbert geometry on a d -dimensional simplex†. Let S be a flag
simplex of †. Then for any z in †,

lim
R!1

1

Rd
Vol

�
AsB.z; R/ \ S

�
D

1

.d C 1/Š
Asvol.†/:

Proof. – Because all simplices of the same dimension are affinely equivalent, we may
assume that † is a regular simplex with the origin o as its barycenter.

Let T be a barycentric flag simplex of †.

A projective linear map leaving† invariant is an isometry of the Hilbert metric on†, and
therefore preserves volume. Combining this with the fact that

(3) B
�
x;R � d.x; y/

�
� B.y;R/ � B

�
x;RC d.x; y/

�
;
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for any points x; y 2 int† and R > 0, we get

(4) lim
R!1

1

Rd
Vol

�
B.o;R/ \ �.T /

�
D lim
R!1

1

Rd
Vol

�
B.o;R/ \ T

�
;

for any projective linear map � leaving † invariant.

From Lemma 14, there exist projective linear maps �1 and �2 leaving † invariant, such
that �1.T / � S � �2.T /. Combining this with (4), we get

lim
R!1

1

Rd
Vol

�
B.o;R/ \ S

�
D lim
R!1

1

Rd
Vol

�
B.o;R/ \ T

�
:

Denote by … the group of permutations of vertices of †. Observe that … has .d C 1/Š
elements. The group … acts on †, leaving the center o of † fixed. We have that the union
of the sets f�.T /g�2… is †, and that the interiors of these sets are pairwise disjoint. So, by
symmetry,

lim
R!1

1

Rd
Vol

�
B.o;R/ \ T

�
D

1

.d C 1/Š
Asvol.†/:

The last step is to use (3) and Lemma 11 to get that

lim
R!1

1

Rd
Vol

�
AsB.z; R/ \ S

�
D lim
R!1

1

Rd
Vol

�
B.o;R/ \ S

�
:

2.3. Flag simplices of polytopes

L 16. – Let P be a polytope, and let S be a flag simplex of P . Then there exist
simplices U and V satisfying U � P � V such that S is a flag simplex of both U and V .

Proof. – We prove the existence of U by induction on the dimension. The one dimen-
sional case is trivial, since here P is already a simplex. So, assume the result holds in dimen-
sion d , and let P be dC1-dimensional. Let p be the vertex of S that lies in the interior of P .
The remaining vertices of S form a flag simplex S 0 of a facet of P . Applying the induction
hypothesis, we get a simplex U 0 contained in this facet such that S 0 is a flag simplex of U 0. It
is not difficult to see that we may perturb p in such a way as to get a point p0 2 P such that
the simplex U formed from p0 and U 0 contains p in its interior. It follows that U � P , and
that S is a flag simplex of U .

We also prove the existence of V by induction on the dimension. Again, the 1-dimensional
case is trivial. As before, we assume the result holds in dimension d , and let P be d C
1-dimensional. Recall that p is the vertex of S that lies in the interior of P , and that the
remaining vertices of S form a flag simplex S 0 of a facet F of P . Applying the induction
hypothesis, we get a simplex V 0 containing this facet such that S 0 is a flag simplex of V 0.
Denote by o the vertex of S that is also a vertex of P . Without loss of generality we may
assume that o is the origin of the vector space RdC1. Observe that if we multiply the vertices
of V 0 by any scalar ˛ greater than 1, then S 0 remains a flag simplex of ˛V 0. Choose q 2 RdC1

and ˛ > 1 such that every vertex of P lies in the convex hull

V WD convfq; ˛V 0g:

Then, P � V and S is a flag simplex of V .
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Proof of Theorem 4. – Choose a flag decomposition of P . Let x be the vertex that is
common to all the flag simplices, which lies in the interior of P .

LetS be any one of the flag simplices. By Lemma 16, there are simplicesU andV satisfying
U � P � V such that S is a flag simplex both of U and of V . Hence,

VolU .X/ � Vol P .X/ � VolV .X/;(5)

for any measurable subset X of the interior of U . Observe that, for any R > 0,

AsBU .x;R/ \ S D AsB P .x;R/ \ S D AsBV .x;R/ \ S:(6)

Combining (5) and (6) with Lemma 15, we get

lim
R!1

1

Rd
Vol P

�
AsB P .x;R/ \ S

�
D

1

.d C 1/Š
Asvol.†/:

Using Lemma 11, we get from this that

lim
R!1

1

Rd
Vol P

�
BP .x;R/ \ S

�
D

1

.d C 1/Š
Asvol.†/:

But this holds for any flag simplex of the decomposition, and summing over all the flags we
get the result.

Proof of Corollary 5. – The first author proved in [12] that the asymptotic volume of a
convex body is finite if and only if it is a polytope. The result follows because the simplex has
fewer flags than any other polytope of the same dimension.

Proof of Corollary 6. – When one considers the Busemann volume, the asymptotic
volume of every normed space of a fixed dimension d is the same, and is equal to Asvol.†/
since the Hilbert geometry on a simplex is isometric to a normed space. Hence Asvol.�/ D
Asvol.†/, and the result follows from Corollary 5.

3. A general bound on the flag approximability

Here we prove Theorem 2, that is, that the flag approximability of a d -dimensional convex
body is no greater than .d � 1/=2.

Our technique is to modify the proof of the main result of Arya-da Fonseca-Mount [3].
In that paper, essentially the same result was proved for the face-approximability, which is
defined analogously to the flag-approximability, but counting the least number of faces rather
than the least number of flags.

Their proof uses the witness-collector method. Assume we have a set S of points in Rd ,
a set W of regions called witnesses, and a set C of regions called collectors, satisfying the
following properties.

i. each witness in W contains a point of S in its interior;

ii. any halfspace H of Rd either contains a witness W 2 W, or H \ S is contained in a
collector C 2 C ;

iii. each collector C 2 C contains some constant number of points of S .

4 e SÉRIE – TOME 54 – 2021 – No 5



FLAG-APPROXIMABILITY AND VOLUME GROWTH 1307

We strengthen Lemma 4.1 of Arya-da Fonseca-Mount [3]. In what follows, given a quan-
tity D, any other quantity is said to be O.D/ if it is bounded from above by a multiple,
depending only on the dimension of D.

L 17. – Given a set of witnesses and collectors satisfying the above properties, the
number of flags of the convex hull P of S is O.j C j/.

Proof. – Take any facet F of P , and let H be the half-space whose intersection with P
isF . As in the original proof,H does not contain any witness, for otherwise, by property (i), it
would contain a point of S in its interior. So, by (ii), the intersection ofH and S is contained
in some collector C . Therefore, by (iii), F has at most n vertices, where n is the number of
points in each collector.

So, we see that each facet has at most 2n faces, and so has at most .2n/dC1 flags, since each
flag can be written as a sequence of d C 1 faces. Also, the number of facets is at most 2nj C j
since each facet has a different set of vertices, and this set is a subset of some collector. We
deduce that the number of flags is at most .2n/dC2j C j.

We conclude that the main theorem of [3] holds when measuring complexity using flags
instead of faces.

Proof of Theorem 2. – The proof follows that of the main result of [3], but using
Lemma 17 above instead of Lemma 4.1 of that paper.

4. Upper bound on the volume entropy

We show that the volume entropy of a convex body is no greater than twice the flag
approximability.

4.1. A uniform upper bound on the volume of a ball

To prove the upper bound on the volume entropy, we will need to bound uniformly the
volume of balls of any radius in a polytopal Hilbert geometry in terms of the number of flags
of the polytope and the radius. The asymptotic result of Theorem 4 is insufficient because it
says nothing about the rate of convergence, which might be slower for some polytopes than
others. On the other hand, we will not be too concerned here with the exact dependence on
the radius—showing that it is polynomial will be enough.

We use B.R/ to denote the ball in a Hilbert geometry of radius R and centered at o,
and S.R/ to denote the boundary of this ball. We remind the reader that E stands for the
Euclidean unit ball.

L 18. – For each d 2 N and 0 < l � 1, there exists a polynomial pd;l of degree d
such that the following holds. Let P be a d -dimensional polytope endowed with its Hilbert
geometry, satisfying l: E � P � E . Let F be a facet of P , and let L be the cone with base F
and apex o. Then,

VolH
�
B.R/ \ L

�
� pd;l .R/jFlags.F /j; for all R � 0:
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Proof. – We will use induction on the dimension d . When d D 1, there is only one Hilbert
geometry, up to isometry. In this case, VolH

�
B.R/ \ L

�
D R, and jFlags.F /j D 1, and so

the conclusion is evident.

Assume now that the conclusion is true when the dimension is d � 1 and l is unchanged.

Using the co-area formula in Lemma 9, we get that

d

dR
VolB

�
B.R/ \ L

�
� C AreaB

�
S.R/ \ L

�
;

for some constant C depending only on the dimension d . Since the Busemann and Holmes-
Thompson areas agree up to a constant,

AreaB
�
S.R/ \ L

�
� C 0AreaH

�
S.R/ \ L

�
;

with C 0 depending only on the dimension.

Denote the facets ofF by fFigi . So, eachFi is the closure of a face of P of co-dimension 2.
By (2), X

i

jFlags.Fi /j D jFlags.F /j:

For each i , let Li be the d � 1 dimensional cone with base Fi and apex o.

Observe that, from Lemma 11, B.R/ \ L � AsB.R/ \ L, for all R � 0. So, using the
monotonicity of the Holmes-Thompson measure (Lemma 7), we get

AreaH
�
S.R/ \ L

�
C

X
i

AreaH
�
B.R/ \ Li

�
� AreaH

�
AsS.R/ \ L

�
C

X
i

AreaH
�
AsB.R/ \ Li

�
:

Here AsS.R/ is the boundary of the asymptotic ball of radius R about o. By the minimality
of flats for the Holmes-Thompson volume (Lemma 8), we have that

AreaH
�
AsS.R/ \ L

�
�

X
i

AreaH
�
AsB.R/ \ Li

�
:

From Lemma 11, we have that AsB.R/ � B.RC c/, where c depends only on l . Also, by
the induction hypothesis, we have, for each i ,

AreaH
�
B.RC c/ \ Li

�
� pd�1;l .RC c/jFlags.Fi /j:

Putting all this together, we get that

d

dR
VolB.B.R/ \ L/ � 2CC 0pd�1;l .RC c/jFlags.F /j:

The result follows upon integrating with respect toR, and using that the Holmes-Thompson
volume is no greater than the Busemann volume.

The two- and three-dimensional cases of the following theorem follow from Theorem 10
in first author’s paper [13].
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x2x1

l

o

F 1. Diagram for the proof of Lemma 20.

T 19. – For each d 2 N and 0 < l � 1, there is a polynomial pd;l of degree d such
that, for any d -dimensional polytope P satisfying l: E � P � E , we have

VolH .B.R// � pd;l .R/jFlags.P/j; for all R � 0:

The same result holds for the asymptotic balls.

Proof. – We will consider the metric balls; passing from these to the asymptotic balls can
be accomplished using Lemma 11.

Let pd;l be the polynomial obtained from Lemma 18. According to that lemma, for each
facet F of P and for each R > 0, we have

VolH .B.R/ \ L/ � pd;l .R/jFlags.F /j;

whereL is the cone with base F and apex o. Using (2) and summing over all the facets of P ,
we get the result.

4.2. The upper bound on the volume entropy

L 20. – Let �1 and �2 be convex bodies within a Hausdorff distance " > 0 of each
other, each containing the Euclidean ball l: E of radius l > 0 centered at the origin. Then,
.1=�/�2 � �1, with � WD 1C "=l .

Proof. – Consider a ray emanating from the origin, and let x1 and x2 be the intersections
of this ray with the boundaries of�1 and�2, respectively. Let l1 and l2 be the distances from
the origin to x1 and x2, respectively, and suppose that l2 > l1. Define the cone

F WD
˚
x1 C ˛.x1 � z/ j ˛ > 0 and z 2 l: E

	
:

See Figure 1. No point in the interior of the cone F can be in �1. However, the distance
from x2 to �1 is no greater than ". This implies that the ball of radius " around x2 is not
contained in the interior of F . Looking at the sine of the angle subtended by F at x1, we see
that l= l1 � "=.l2 � l1/. We deduce that

l2

l1
D 1C

l2 � l1

l1
� 1C

"

l
:

The conclusion follows.

L 21. – Let � be a convex body in Rd . The volume entropy of � is no greater than
twice its flag approximability, that is,

Ent.�/ � 2af.�/:
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Proof. – Without loss of generality, we may assume that � is in canonical form. Let
R > 0, and let " > 0 be such that �2R D log ". Let P � be a polytope approximating �
within Hausdorff distance ", having the least possible number Nf.";�/ of maximal flags.
Write P WD .1=�/P �, where � WD 1C 2d". When " is small enough, both� and P � contain
.1=2d/ E , and so, by Lemma 20,

.1=�2/� � P � �:(7)

We will henceforth assume that " is small enough for this to be the case, and for P to
contain .1=4d/ E . Since� is in canonical form, this implies that P satisfies the assumptions
of Theorem 19, with l D 1=4d . Therefore, there exists a polynomial pd of degree d ,
depending only on the dimension d , such that

VolHP
�
AsBP .o; R/

�
� Nf.";�/pd .R/:

From (7),
VolH� .�/ � VolHP .�/:

Observe that ..1� "/=�2/� is the asymptotic ball of� of radiusR0, where �2R0 D log "0,
with 1�"0 D .1�"/=�2. Also, the asymptotic ball ofP of radiusR is .1�"/P . So, according
to (7),

AsB�.o; R0/ � AsBP .o; R/:

Finally, Lemma 11 gives that B�.o; R0/ � AsB�.o; R0/.

Putting all this together, we conclude that

1

R0
log VolH�

�
B�.o; R

0/
�
� 2

log
�
Nf.";�/pd .R/

�
� log "0

:

We now take the limit infimum as R tends to infinity, in which case R0 also tends to infinity,
and " and "0 tend to zero. A simple calculation shows that, in this limit, the ratio "0="

converges to 4d C 1. The result follows.

5. Lower bound on the volume entropy

We show that the volume entropy of a convex body is no less than twice the flag approx-
imability.

L 22. – Let � be a convex body in Rd . Then, 2af.�/ � Ent.�/.

Our proof will be a modification of the method used in Arya-da Fonseca-Mount [3].
We start with a lemma concerning the centroid of a convex body, otherwise known as its
barycenter or center of mass.

L 23. – Let D be a convex body in Rd . Let p 2 @D and q 2 D be such that the
centroid x of D lies on the line segment Œpq�. Then, jpxj � jpqj=.d C 1/.

Proof. – Let h be a hyperplane tangent toD at p. The ratio jpxj=jpqj is minimized when
D is a simplex with a vertex at q and all the other vertices on h.
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o
q

z

p

x
w

F 2. Diagram for the proof of Lemma 24.

Recall the following definitions. A cap C of a convex body � is a non-empty intersection
of � with a closed halfspace H . The base of the cap C is the intersection of � with the
hyperplane h that bounds the halfspace. An apex of C is a point of C of maximum distance
from h. Thus, the apexes ofC all lie in a hyperplane tangent to� and parallel to h. The width
of the cap is the distance from any apex to h.

Let� be a convex body containing the origin o in its interior. Consider the ray emanating
from o and passing through another point x. We define the ray-distance ray.x/ to be the
distance from x to the point where this ray intersects @�.

L 24. – Let� � Rd be a convex body in canonical form. Let x be the centroid of the
base of a cap of width " of�, with " < 1=3d . Then, the ray-distance ray.x/ is greater than C 0",
for some constant C 0 > 0 depending only on the dimension d .

Proof. – Let C be a cap of width ", and let x be the centroid of its base D. Let z be an
apex of C . So, z is at distance " from h, the hyperplane defining the cap.

Consider the 2-plane … containing the points o, x, and z. (If these points are collinear,
then take … to be any 2-plane containing them.)

The intersection of D with … is a line segment. Let p and q be the endpoints of this line
segment. Label them in such a way that the ray ox intersects the line segment pz at a pointw.
See Figure 2. Think ofD as a convex body in h. We get from Lemma 23 that jpxj � jpqj=d ,
since x is the centroid of D.

We consider separately the cases where the angle ∠pzq is acute and where it is not.
Case ∠pzq � �=2. Observe that the capC does not intersect the Euclidean ball .1=3d/ E .

Moreover, the intersection of this ball with the plane … lies in the infinite wedge-shaped
region of … defined by the angle ∠pzq. Since z is at distance at most 1 from the origin, we
deduce that the magnitude of ∠pzq must be at leastA WD 2 arcsin.1=3d/. In the present case,
this implies that sin∠pzq is at least sinA. Note that jzqj � ". Two applications of the sine
rule give

jxwj D jzqj
jpxj

jpqj

sin∠pzq

sin∠pwx
:
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We deduce that jxwj � " sin.A/=d

Case ∠pzq � �=2. In this case there is a point y between p and q such that ∠pzy D �=2.
Drop the perpendicular from x to the line pz to get a point w0 such that ∠pw0x D �=2.
Using similarity of triangles, we get

jxwj � jxw0j D
jpxjjyzj

jpyj
�
jpxjjyzj

jpqj
�
"

d
:

In both cases we have shown that jxwj is at least " times some constant depending on the
dimension. The conclusion follows since ray.x/ � jxwj.

The following is part of Theorem 2 of [12].

L 25. – For each dimension d , there is a constant c > 0 such that

VolH�
�
B�.x;R/

�
� cRd ;

for each convex body �, point x 2 int�, and radius R > 0.

Let� be a convex body containing a point x in its interior. The Macbeath region about x
is defined to be

M 0.x/ WD x C
�1
5
.� � x/ \

1

5
.x ��/

�
:

Macbeath regions were introduced by A. M. Macbeath in [9]. They are related to balls of the
Hilbert geometry as follows.

L 26. – The Macbeath region M 0.x/ about any point x satisfies

B
�
x;
1

2
log

6

5

�
�M 0.x/ � B

�
x;
1

2
log

3

2

�
:

Proof. – Recall that the Funk distance between two points p and q is defined to be

dF .p; q/ WD log
jpbj

jqbj
;

where b is as in the definition of the Hilbert metric in Section 1. The Funk metric is not actu-
ally a metric since it is not symmetric. Its symmetrisation is the Hilbert metric: d�.p; q/ D
.dF .p; q/C dF .q; p//=2.

One can show that a point y is in M 0.x/ if and only if both dF .x; y/ � log.5=4/ and
dF .y; x/ � log.6=5/. The conclusion follows.

The following is a modification of Lemma 3.2 of [3]. The assumptions are similar; the main
difference is the bound on the number of caps. The original bound was O.1=ı.d�1/=2/.

L 27. – Let � � Rd be a convex body in canonical form. Let 0 < ı < 1=3d , and
let C be a set of caps each of width ı, such that the Macbeath regions M 0.x/ centered at the
centroids x of the bases of these caps are disjoint. Then,

j C j D O
�

VolH
�
AsB.o; R/

��
;

where 2R WD � logCı, and C is a constant depending only on the dimension.
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Proof. – Let x be the centroid of the base of one of the caps in C . By Lemma 24, the ray-
distance satisfies ray.x/ � C 0ı, where C 0 is the constant appearing in that lemma. Since� is
contained in the unit ball, this implies that x 2 AsB.o; R0/, where 2R0 D � logC 0ı.

So, from Lemma 11, we get that x lies within the Hilbert metric ball B.o;R0CC 00/, where
C 00 WD .1=2/ log.1 C d/. Applying Lemma 26 then gives that the whole Macbeath region
M 0.x/ is contained in B.o;R/, with R WD R0 C C 00 C C 000 and C 000 WD .1=2/ log.3=2/. Using
Lemma 11 again, we get that the Macbeath region is contained within AsB.o; R/.

Combining Lemmas 25 and 26, we get that there is a constant C1 such that the Macbeath
region M 0.x/ has volume at least C1.

A volume argument now gives that j C jC1 � VolH .AsB.o; R//.

We can now prove the lower bound on the volume entropy.

Proof of Lemma 22. – We may assume without loss of generality that � is in canonical
form.

We follow the method of [3], but using the bound in Lemma 27 on the number of non-
intersecting Macbeath regions, rather than the bound given in Lemma 3.2 of [3]. Given an
" > 0, this method produces a set of points S , a set W of witnesses, and a set C of collectors
satisfying the assumptions in Section 3, such that the convex hull of S is an "-approximation
of �. Furthermore, Lemma 27 leads to the following bound on the number of collectors:

j C j �
1

C1
VolH

�
AsB.o; R/

�
;

where 2R WD � logCı and ı WD C2"= log.1="/, with the constants C , C1, and C2 depending
only on the dimension.

Since we are concerned with the flag-approximability, we must, just as in the proof of
Theorem 2, use Lemma 17 from Section 3 instead of Lemma 4.1 of [3]. We get that the
number Nf.";�/ of flags of the approximating polytope is at most a fixed multiple C3j C j
of j C j.

Now let " tend to zero. Observe that log ı= log " converges to 1. So,

af.�/ D lim inf
"!0

logNf.";�/

� log "

� lim inf
R!1

log
�
.C3=C1/VolH .AsB.o; R//

�
2RC logC

D
1

2
Ent.�/:

The proof of the main result of the paper is now complete.

Proof of Theorem 1. – We combine Lemmas 21 and 22.
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GLOBAL WELL-POSEDNESS
FOR THE 2D STABLE MUSKAT PROBLEM IN H 3=2

 D CÓRDOBA  O LAZAR

A. – We prove a global existence result of a unique strong solution in H5=2 with small
PH3=2 semi-norm for the 2D Muskat problem. Hence, allowing the interface to have arbitrary large

finite slopes and finite energy (thanks to the L2 maximum principle). The proof is based on the use
of a new formulation of the Muskat equation that involves oscillatory terms. Then, a careful use of
interpolation inequalities in homogeneneous Besov spaces allows us to close the a priori estimates.

R. – Nous prouvons un résultat d’existence globale d’une unique solution forte dans H5=2

en supposant que la semi-norme PH3=2 soit petite pour le problème de Muskat 2D. Ceci permet donc
d’avoir des interfaces dont la pente peut être arbitrairement grande et finie (grâce au principe du maxi-
mum L2). La preuve est basée sur l’introduction d’une nouvelle formulation de l’équation de Muskat
en termes d’intégrales oscillantes. Ensuite, une utilisation minutieuse d’inégalités d’interpolations dans
des espaces de Besov homogènes permet de clore les estimations a priori.

1. Introduction

In this paper, we are interested in the Muskat problem which was introduced in [27] by
Morris Muskat in order to describe the dynamics of water and oil in sand. The Muskat
problem models the motion of an interface separating two incompressible fluids in a porous
medium. One can imagine the plane R2 split into two regions, say �1.t/, �2.t/ that evolve
with time. We assume that the first region �1.t/ is occupied by an incompressible fluid with
density �1 and the second region �2.t/ is occupied by another fluid with density �2. We
further assume that both fluids are immiscible. The non mixture condition allows one to
consider the interface between these two fluids. This interface corresponds to their common
boundary @�1.t/ and @�2.t/. The velocity in each region �i .t/ (i D 1 or 2) is governed by
the so-called Darcy’s law [18], which states that the velocity depends on the gradient pressure,
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1316 D. CÓRDOBA AND O. LAZAR

the gravity and the density of the fluid (which is transported by the flow) via the following
relation,

(1.1)
�

�
u.x; t/ D �rp � .0; g�/;

where � is the constant viscosity, � is the permeability of the porous media and g is the
gravity. For the sake of simplicity, we may, without loss of generality, assume that all those
constants are equal to 1. The system is then driven by the following transport equation

(1.2) @t�C u � r� D 0:

Since the fluids are incompressible we also have

(1.3) r � u D 0:

Equations (1.1), (1.2) and (1.3) give rise to the so-called incompressible porous media system
(IPM). Saffman and Taylor [31] pointed out that in 2D the Muskat problem is similar to the
evolution of an interface in a vertical Hele-Shaw cell.

For the Muskat problem we can rewrite the IPM system in terms of the dynamics of the
interface in between both fluids (see [1] and [14]). If we denote the interface by a planar
curve z.˛; t/ and if we neglect surface tension, then the interface satisfies

@tz.˛; t/ D
�2 � �1

2�

Z
z1.˛; t/ � z1.ˇ; t/

jz.˛; t/ � z.ˇ; t/j2
.@˛z.˛; t/ � @ˇz.ˇ; t//dˇ;

where the curve z is asymptotically flat at infinity i.e., .z.˛; t/� .˛; 0//! 0 as j˛j ! 1: The
point .0;1/ belongs to �1.t/, whereas the point .0;�1/ belongs to �2.t/. From elementary
potential theory, we can derive explicit formulas for the velocity field u and the pressure p
from the curve z.

A convenient way of studying the evolution of the interface is to consider this latter as
a parametrized graph of a function. When the interface is a graph of a function z.x; t/ D
.x; f .x; t//, then this characterization is preserved locally in time by the system and f satis-
fies the contour equation

(1.4) ft .x; t/ D ��.ƒf C T .f //;

where � is equal to �2��1
2

, and the operator ƒ
 , 0 < 
 < 2, denotes the usual fractional
Laplacian operator of order 
 and is defined as

ƒ
f D .��/
=2f D C
P:V:

Z
R

f .x/ � f .x � y/

jyj1C

dy;

where C
 > 0 is a positive constant. In particular, when 
 D 1, the constant is equal to 1
�

.
The operator H denotes the Hilbert transform operator which is defined by

Hf D
1

�
P:V:

Z
f .x � ˛/ � f .x/

˛
d˛:

In particular, one may easily check that @x H D ƒ.
As for T , which is the nonlinear term, it is defined by

T .f / D
1

�

Z
R

@xf .x/ � @xf .x � ˛/

˛

�
f .x/�f .x�˛/

˛

�2
1C

�
f .x/�f .x�˛/

˛

�2 d˛:(1.5)
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Equivalently, the Muskat equation can be written as

.M / W

8<:@tf D
�

�
P:V: @x

Z
arctan�˛f d˛

f .x; 0/ D f0.x/;

where �˛f �
f .x;t/�f .x�˛;t/

˛
D

ı˛f .x;t/
˛

:

Indeed, it is well known that linearizing M around the flat solution gives rise to the
fractional heat equation ft D �ƒf (see e.g., [1] and [14]). The equation is linearly stable
if and only if the heavier fluid is below the interface (that is �2 > �1), otherwise we say that
the curve is in the unstable regime. This is known as the Rayleigh-Taylor condition and is
determined by the normal component of the pressure gradient jump at the interface having
a distinguished sign (also called the Saffman-Taylor condition).

This equation has attracted the attention of the mathematical community in the past
several years and we shall briefly sum up the results known regarding the Cauchy problem
for .M / in the stable regime (� > 0). First of all, let us recall that this equation has a
maximum principle for kf .�; t /kL1 and kf .�; t /kL2 . Indeed, it is shown in [15] that

kf .t/jjL1.R/ �
kf0kL1.R/

1C t
:

Moreover, the authors showed in [15] that if k@xf0kL1 < 1, then k@xf .�; t /kL1 < k@xf0kL1

for all t > 0. On the other hand, there is also an L2 maximum principle (see [12]). More
precisely we have

kf .T /k2
L2.R/ C

Z T

0

Z
R

Z
R

log

 
1C

�
f .˛; s/ � f .ˇ; s/

˛ � ˇ

�2!
d˛dˇds D kf0k

2
L2.R/:

This does not imply, for large initial data, a gain of regularity in the system. However, it
was observed in [22] that a gain of regularity is possible even if we start with L2 initial
data, under the condition that the slope is initially less than 1 (see [22]). Recall that the
Muskat equation has a scaling: if f is a solution associated to the initial data f0, then the
function ��1f .�x; �t/, � > 0 is also a solution for the corresponding initial data ��1f0.�x/.
In particular, the Lipschitz norm PW 1;1 is critical as well as the homogeneous Sobolev

norm PH 3=2. More generally, the whole family of homogeneous Besov spaces PB1Cp
�1

p;q with
.p; q/ 2 Œ1;C1�2 is critical with respect to the scaling of M .

As far as the local well-posedness results are concerned, in [14], the authors proved local
existence in H 3. The authors of [10] were able to lower the local theory to H 2. Recently, in
[13], Constantin, Gancedo, Shvydkoy and Vicol have proved that the equation is locally well-
posed in PW 2;p with p > 1. There is another result by Matioc [26] where local existence is
obtained inH s , s 2 .3=2; 2�. Instant analyticity is obtained in [9] from any initial data inH 4

(see also [26]).

If the heavier fluid is above the interface, i.e., � < 0, then the equation .M / is ill-posed in
Sobolev spaces (see [14] and [3]). However, there exists weak solutions to the (IPM) system
starting with an initial data with a jump of densities in the unstable regime. These solutions
create a zone around the initial interface where the two fluids mix. This zone grows over time,
for more details see [28], [33], [7] and [21].
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As for the global well-posedness results, all the available theorems were obtained in the
case of data having small slopes k@xf0kL1 < 1. These theorems are usually proved by
taking advantage of the parabolic nature of .M / for very small initial data. The first global
well-posedness result for small initial data is established in [14], which was inspired by the
proof in [32] for a different setting (the fluids have same densities but different viscosities).
In the critical framework, the authors of [12] and [11] obtained a global existence result of
a unique strong solution in H 3, if initially the Wiener norm (i.e., those f verifying that the
Fourier transform ofƒf is integrable) is smaller than 1/3 (which, in particular, implies a slope
smaller than 1). As well, the authors of [12] were able to show the global propagation of the
Lipschitz regularity provided the initial data has a Lipschitz norm less than 1. Recently, the
authors of [13] improved the continuation criteria for solutions from the previously known
C 2;˛ bound to instead uniformly continuous bounded slope. In [26], the authors obtained
the same kind of result in the space H 3=2C� (for � > 0) with smallness in the same space.
Furthermore, in [13], the authors obtained a regularity criteria, that as long as the slope
has a uniform modulus of continuity there is existence. Recently, by taking advantage of
this regularity criteria, it was proved in [6] a global existence of smooth solutions under a
smallness assumption of some critical quantity : the product supf 00.x/�sup�f 00.y/ has to be
smaller than 1. In [29] they prove optimal decay estimates for higher derivatives in the Wiener
norm. By adapting the proof of [12], Deng, Lei, and Lin [20] have been able to prove the
existence of a global solution for arbitrarily large monotonic initial data. The key ingredient
in the proof is that, under a monotonicity assumption, the slope of the interface still satisfies
the L1 maximum principle. Although, these solutions fail to be in L2.

There are also several results about the development of singularities for the Muskat
equation .M / in the stable regime. Indeed, it has been shown in [9] that there exists a family
of initial data (with very large slope) where the interface reaches a regime in finite time
in which it is no longer a graph. Therefore there exists a time T � where the slope of the
solution of .M / blows up: kfxkL1.T �/ D1. In [8], they proved that there exists a class of
analytic initial data in the stable regime for the Muskat problem such that the solution turns
to the unstable regime and no longer belongs to C 4. Another recent physical scenario was
studied in [17] where the authors proved that some solutions can pass from the stable to the
unstable regime and return back to the stable regime before the solution breaks down. This
shift of stability phenomena illustrates the unpredictability of the solutions to the Muskat
equation even starting in the stable regime. Moreover, there is numerical evidence of initial
data jj@xf0jjL1 D 50 that develops an infinite slope in finite time (see [16]). Similar results
in a confined porous media have been obtained; for global existence see [24] and for shift of
stability see [23].

In this paper, we develop a PH
3
2 critical theory under an arbitrary bounded slope assump-

tion. The approach in this paper is completely new and is based on a reformulation of the
usual Muskat equation .M /. This new formulation allows one to take advantage of the oscil-
lations which are crucial in this problem. There are many ways of measuring smoothness
while trying to do a priori estimates in critical spaces. Contrarily to (almost) all previous
works in the Muskat equation we shall never split the study into high/low frequencies or
small/big increment in the finite difference operator. On the contrary, we shall consider the
interaction between both and the Besov spaces techniques will be the main tool to achieve
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this. It is worth saying that the new formulation of the problem turns out to be crucial to prove
the main theorems of this paper since it gives new features that are very difficult to see in the
original formulation .M /. If one tries to do PH 3=2 estimates using Besov spaces techniques
by using the classical formulation of the problem as stated in the introduction .M /, then one
would quickly notice that there is a big issue to control the higher order terms. Therefore, a
direct use of Besov space estimates would not give a satisfactory result.

This article is a significant step in understanding the theory of global well-posedness of
large solutions in the Lipschitz space. Indeed, the main result of this paper is the global well-
posedness of strong solution in H 5=2 under a smallness assumption on the PH 3=2 norm of
the initial data. It would not be possible to prove a global result for all data in the Lipschitz
space since the authors of [17] have shown that there are solutions with initial data having
a (relatively) high slope that become singular in finite time showing the instability of the
Cauchy problem associated to initial data in critical spaces.

The strategy of the proof is classical. We first establish the a priori estimates and then we
construct a solution via classical compactness arguments that allow us to pass to the weak
limit in a parabolic regularized Muskat equation.

The outline of this paper is as follows. In the next section, we state the main results. In the
third section, we give the definitions of the spaces along with some harmonic analysis tools
that we shall use throughout the article. The fourth section is devoted to the new formulation
of the problem. The fifth section is the proof of the a priori estimates in PH 3=2. In the sixth
section, we give the a priori estimates in PH 5=2. The last section is the proof of the main results.

2. Main results

The main result of this article is the following global existence theorem of a unique strong
solution for small data in the critical Sobolev space.

T 2.1. – Assume f0 2 H 5=2 with kf0k PH3=2 < C

1Ck@xf0k
2
L1

where C is a

fixed constant, then, there exists a unique strong solution f to equation .M / which verifies
f 2 L1.Œ0; T �;H 5=2/ \ L2.Œ0; T �; PH 3/, for all T > 0.

R 1. – By using the L2 maximum principle, it suffices to prove a priori estimates
in PH 5=2.

R 2. – It would be possible to lower the initial regularity by considering a data
inH s with 3=2 < s � 5=2. This would lead to tedious computations, the present article does
only treat the case of regular enough data with finite energy for the sake of simplicity.

In order to prove the main result, we shall prove a regularity criterion in terms of the
control of the slopes that gives a condition for a weak solution to be strong.

T 2.2. – Let f0 2 PW 1;1 \ PH 3=2 and let T > 0. Assume there is a solu-
tion f on Œ0; T � with slope k@xf kL1 and kf0k PH3=2 < C

1Ck@xf0k
2
L1

, where C is a fixed

constant, then there exists a unique weak solution f to equation .M / which verifies
f 2 L1.Œ0; T �; . PH 3=2 \ PW 1;1// \ L2.Œ0; T �; PH 2/ and in particular, kf .T /k PH3=2 � kf0k PH3=2 .
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R 3. – The definition of weak solutions is easy to get. Indeed, we say that f is a
weak solution to the Muskat problem if, for all � 2 D.Œ0; T � � R/, we have the following
equalityZ T

0

Z
�s.x; s/f .x; s/ ds dx C

Z
�.x; 0/f0.x/ dx

D

Z T

0

Z
�x.x; s/

“ 1

0

ı�1e�ı sin.ı�˛f / dı d˛ dx ds:

3. Functional setting

We shall use the homogeneous Sobolev space PH s , which is endowed with the semi-norm

kf k PH s D kƒ
sf kL2 :

We recall the definition of the homogeneous Besov spaces PBsp;q.R/ (see [5], [30]).
Let .p; q; s/ 2 Œ1;1�2 � R, we say that a tempered distribution f (which is such that
its Fourier transform is integrable near 0) belongs to the homogeneous Besov space PBsp;q.R/
if the following quantity (which is a semi-norm), is finite, that is

kf k PBsp;q
D






k1�0;1Œ.s/ıyf C 1Œ1;2Œ.s/.ıyf C Nıyf /kLpjyjs







Lq.R;jyj�1dy/

<1;

where ıyf .x/ D f .x/ � f .x � y/ and Nıyf .x/ D f .x/ � f .x C y/.
Let us recall some classical embeddings (see e.g., [4], [2]).
We have, for all .p1; p2; r/ 2 Œ1;1�3

PBs1p1;r .R/ ,! PBs2p2;r .R/;

where s1 C 1
p2
D s2 C

1
p1

and p1 < p2. We also have for all .p1; s1/ 2 Œ2;1� � R,

PBs1p1;r1.R/ ,! PBs1p1;r2.R/;

for all .r1; r2/ 2 �1;1�2 such that r1 � r2.
Let .s1; s2/ 2 R2 so that s1 < s2. Then, for all � 2 �0; 1Œ and p 2 Œ1;1�, we have the

following real interpolation inequality

(3.1) kf k
PB
�s1C.1��/s2
p;1

�
C

s2 � s1

�
1

�
C

1

1 � �

�
kf k�

PB
s1
p;1

kf k1��
PB
s2
p;1

:

We shall use the following generalized Calderón commutator type estimate which was
proved by Dawson, Macghan, and Ponce in [19]. Let ˆ 2 PW kCl;1 and let us consider the
commutator

Tˆf D ŒH ; ˆ� f;

then, for all p 2 �1;1Œ, .k; l/ 2 N and for all f 2 Lp the following estimate holds,

(3.2)



Tˆ@kxf 


 PW l;p

� Ck;l;pkˆk PW kCl;1kf kLp :

Throughout the article, we shall use the notation A . B if there exists a fixed constant
C > 0 such that A � CB.
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4. A new formulation of the stable Muskat equation

In this section, we give another formulation of the Muskat equation in terms of oscillatory
integrals that will be useful when doing estimates (especially to control high regularity terms)
in Besov spaces.

P 4.1. – Assume that f solves .M / then f is a solution of . QM / that is

(4.1) . QM / W

8<:ft .t; x/ D
�

�
P:V:

Z
@x�˛f

Z 1
0

e�ı cos.ı�˛f / dı d˛

f .0; x/ D f0.x/:

Reciprocally, if f solves . QM / then f solves .M /. That is,

. QM / ” .M /:

Proof of Proposition 4.1. – Consider the following integrable function

(4.2) �.x/ D
1

2
exp.�jxj/:

Its Fourier transform is well defined and since � is even, we have,

b�.�/ D Z 1
0

e�ı cos.ı�/ dı:

By denoting I D
R1
0
e�ı cos.ı�/ dı and by integrating by parts twice, it is not difficult to

check that I D ��2I C 1. Therefore,

(4.3)
Z 1
0

e�ı cos.ı�/ dı D
1

1C �2
:

Then, by considering the restriction of this Fourier transform onto �˛f one readily
arrives to . QM /. Conversely, if f is a solution of . QM / then it is obviously also a solution
of .M / by using once again the identity (4.3) applied to � D �˛f .

We shall assume, without loss of generality, that � D � . The purpose of the next section
is to prove that one has nice a priori estimates in PH 3=2.

5. A priori estimates in PH 3=2

We start this section by proving some useful identities that we shall use in the a priori
estimates. Introduce the operator N�˛f D

f .x;t/�f .xC˛;t/
˛

and consider the difference
D D �˛f � N�˛f . We have the following identity for D.

(5.1) D D
f .x C ˛/ � f .x � ˛/

˛
D
1

˛

Z ˛

0

fx.x C s/C fx.x � s/ � 2fx.x/ ds C 2fx.x/:

We shall also need an expression for @˛D.
(5.2)

@˛D D
fx.x C ˛/ � fx.x � ˛/ � 2fx.x/

˛
�

R ˛
0
.fx.x � s/C fx.x C s/ � 2fx.x// ds

˛2
:
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Set S D �˛f � N�˛f . Analogously, we shall need to get some nice expression of S and @˛S .
More precisely, we have the following identities:

S D �˛f C N�˛f D �
.f .x C ˛/C f .x � ˛/ � 2f .x//

˛
:(5.3)

For @˛S , we have that,

@˛S D N�˛fx ��˛fx C
f .x C ˛/C f .x � ˛/ � 2f .x/

˛2
:(5.4)

Note that those identities will be useful since they make appear the more favorable second
finite order differences. We can now state the main result of this section which is the following
lemma.

L 5.1. – Let T > 0, assume that f0 2 PH 3=2\ PW 1;1 and that theL1.Œ0; T �; PW 1;1/

norm remains bounded. Then, if we set K D sup
.x;t/2R�Œ0;T �

jfx.x; t/j, we have

kf k2
PH3=2

.T /C
�

1CK2

Z T

0

kf k2
PH2
ds

. kf0k PH3=2 C
�
kf kL1.Œ0;T �; PH3=2/ C kf k

2

L1.Œ0;T �; PH3=2/

� Z T

0

kf k2
PH2
ds:

Proof of Lemma 5.1. – We multiply ƒ3=2f against ƒ3=2ft and integrate with respect to
the space variable, we obtain

1

2
@tkf k

2
PH3=2
D

Z
Hfxx

Z
@xx�˛f

Z 1
0

e�ı cos.ı�˛f .x// dı d˛ dx

�

Z
Hfxx

Z
.@x�˛f /

2

Z 1
0

ıe�ı sin.ı�˛f .x// dı d˛ dx

D I1 C I2:

Obviously, the more singular term is I1. The estimation of such a term requires a long
splitting into several terms that will be nicely estimated. This is the aim of the next subsection.

5.1. Decomposition of the term I1

The aim of this subsection is to decompose I1 into a sum of more easily controllable terms.
The idea is to symmetrize the terms in order to make appear second finite order differences.
Indeed, having a second finite order difference would allow us to share the powers of ˛ in a
more balanced way. Besides, estimating terms rigorously in homogeneous Besov spaces with
high regularity (that is s 2 .1; 2/) requires to have second finite order differences. The main
strategy will be to use the convenient identity

@x.f .x C ˛/ � f .x � ˛// D @˛.f .x C ˛/C f .x � ˛/ � 2f .x//:

This identity shows that f .x C ˛/ � f .x � ˛/ D �˛f � N�˛f contains a hidden second
finite order difference. To estimate the term I1 we shall try to force the appearance of such

4 e SÉRIE – TOME 54 – 2021 – No 5



GLOBAL WELL-POSEDNESS FOR THE 2D STABLE MUSKAT PROBLEM IN H3=2 1323

symmetric terms using this idea.

I1 D

Z
Hfxx

Z
.@xx�˛f � @xx N�˛f /

Z 1
0

e�ı cos.ı�˛f .x// dı d˛ dx

�

Z
Hfxx

Z
@xx�˛f

Z 1
0

e�ı cos.ı N�˛f / dı d˛ dx

D

Z
Hfxx

Z
.@xx�˛f � @xx N�˛f /

Z 1
0

e�ı cos.ı�˛f .x// dı d˛ dx

C

Z
Hfxx

Z
@xx�˛f

Z 1
0

e�ı
�
cos.ı�˛f / � cos.ı N�˛f /

�
dı d˛ dx

�

Z
Hfxx

Z
@xx�˛f

Z 1
0

e�ı cos.ı�˛f / dı d˛ dx:

Hence, by symmetry (note that @xx�˛f � @xx N�˛f is invariant by ˛ ! �˛), one obtains

I1 D
1

4

Z
Hfxx

Z
.@xx�˛f � @xx N�˛f /

Z 1
0

e�ı.cos.ı�˛f .x//C cos.ı N�˛f .x// dı d˛ dx

C
1

2

Z
Hfxx

Z
@xx�˛f

Z 1
0

e�ı
�
cos.ı�˛f / � cos.ı N�˛f /

�
dı d˛ dx:

By using classical trigonometry formulas, I1 may be rewritten as

I1 D
1

2

Z
Hfxx

Z
.@xx�˛f � @xx N�˛f /

�

Z 1
0

e�ı cos.
ı

2
.�˛f � N�˛f // cos.

ı

2
.�˛f C N�˛f // dı d˛ dx

�

Z
Hfxx

Z
@xx�˛f

Z 1
0

e�ı sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx:

Finally, we get

I1 D �

Z
Hfxx

Z
.@xx�˛f � @xx N�˛f /

�

Z 1
0

e�ı cos.
ı

2
.�˛f � N�˛f // sin2.

ı

4
.�˛f C N�˛f // dı d˛ dx

C
1

2

Z
Hfxx

Z
.@xx�˛f � @xx N�˛f /

Z 1
0

e�ı cos.
ı

2
.�˛f � N�˛f // dı d˛ dx

�

Z
Hfxx

Z
@xx�˛f

Z 1
0

e�ı sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx

D I1;1 C I1;2 C I1;3:

The aim will be to estimate the I1;j with j D 1; 2; 3. It is important to note that the
gain of regularity will come from the term I1;2. Indeed, since cos.x/ D 1 � 2 sin2.x=2/, we
immediately notice that I1;2 D dissipationC remainder. The main task in this term will be
to estimate the remainder. As a matter of fact, this remainder will be the sum of a term that
will be nicely estimated plus the elliptic component (see (5.9)).
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5.1.1. Estimates of I1;1. – To control I1;1, we use the continuity of the Hilbert transform
on L2 along with the embedding PH 3=2 ,! PB11;2, then one gets

I1;1 D �

Z
Hfxx

Z
.@xx�˛f � @xx N�˛f /

�

Z 1
0

e�ı cos.
ı

2
.�˛f � N�˛f // sin2.

ı

4
.�˛f C N�˛f // dı d˛ dx

�
�.3/

4
kf k2

PH2

Z
kı˛f C Nı˛f k

2
L1

j˛j3
d˛

.
1

2
kf k2

PH2
kf k2

PB1
1;2

.
1

2
kf k2

PH2
kf k2

PH3=2
:

5.1.2. Estimates of I1;2. – Recall that I1;2 is given by

I1;2 D
1

2

Z
Hfxx

Z
.@xx�˛f � @xx N�˛f /

Z 1
0

e�ı cos.
ı

2
.�˛f � N�˛f // dı d˛ dx

D
1

2

Z
Hfxx

Z
1

˛
@˛fı˛fx C Nı˛fxg

Z 1
0

e�ı cos.
ı

2
.�˛f � N�˛f // dı d˛ dx;

therefore, an integration by parts (with respect to ˛) gives

I1;2 D
1

2

Z
Hfxx

Z
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛2

�

Z 1
0

e�ı cos.
ı

2
.�˛f � N�˛f // dı d˛ dx

C
1

4

Z
Hfxx

Z
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛

�

Z 1
0

ıe�ı@˛f�˛f � N�˛f g sin.
ı

2
.�˛f � N�˛f // dı d˛ dx:

Then, in order to force the appearance of a second finite order difference, we use the identity
(5.2). Therefore, we get

I1;2 D
1

2

Z
Hfxx

Z
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛2

�

Z 1
0

e�ı cos.
ı

2
.�˛f � N�˛f // dı d˛ dx

C
1

4

Z
Hfxx

Z
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛

�

Z 1
0

ıe�ı
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛
sin.

ı

2
.�˛f � N�˛f // dı d˛ dx

�
1

4

Z
Hfxx

Z
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛3

Z 1
0

ıe�ı

�

Z ˛

0

fx.x � s/C fx.x C s/ � 2fx.x/ ds sin.
ı

2
.�˛f � N�˛f // dı d˛ dx:
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Then, importantly, one has to remark that the first term of I1;2, that is

1

2

Z
Hfxx

Z
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛2

Z 1
0

e�ı cos.
ı

2
.�˛f � N�˛f // dı d˛ dx;

contains a dissipative term. Indeed, using the trigonometry formula cos.�/ D 1�2 sin2.1
2
�/

and the well-know identity

(5.5)
Z
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛2
d˛ D �2�ƒfx D �2� Hfxx ;

one deduces that,

1

2

Z
Hfxx

Z
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛2

Z 1
0

e�ı cos.
ı

2
.�˛f � N�˛f // dı d˛ dx

D ��

Z
jHfxxj

2 dx �

Z
Hfxx

Z
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛2
(5.6)

�

Z 1
0

e�ı sin2.
ı

4
.�˛f � N�˛f // dı d˛ dx

D ��kf k2
PH2
�

Z
Hfxx

Z
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛2
(5.7)

�

Z 1
0

e�ı sin2.
ı

4
.�˛f � N�˛f // dı d˛ dx:

As we shall see, the remaining nonlinear term, namely

�

Z
Hfxx

Z
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛2

Z 1
0

e�ı sin2.
ı

4
.�˛f � N�˛f // dı d˛ dx;

will be split into two terms. One term will be nicely estimated and the other term will be the
elliptic component. Hence, using (5.6), we finally have

I1;2 D �

Z
Hfxx

Z
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛2

(5.8)

�

Z 1
0

e�ı sin2.
ı

4
.�˛f � N�˛f // dı d˛ dx

C
1

4

Z
Hfxx

Z
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛

�

Z 1
0

ıe�ı
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛
sin.

ı

2
.�˛f � N�˛f // dı d˛ dx

�
1

4

Z
Hfxx

Z
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛3

Z 1
0

ıe�ı

�

Z ˛

0

fx.x � s/C fx.x C s/ � 2fx.x/ ds sin.
ı

2
.�˛f � N�˛f // dı d˛ dx � �kf k

2
PH2

D I1;2;1 C I1;2;2 C I1;2;3 C I1;2;4:

We shall estimate the I1;2;j , j D 1; 2; 3, in the next subsection.
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5.1.2.1. Estimate of the I1;2;1. – Recall that I1;2;1 is given by

I1;2;1 D �

Z
Hfxx

Z
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛2
(5.9)

�

Z 1
0

e�ı sin2.
ı

4
.�˛f � N�˛f // dı d˛ dx:

Since we haveZ
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛2
d˛ D �2�ƒfx D �2� Hfxx :

Therefore, we notice that if we neglect the effect of the oscillatory integral we find,

(5.10) �

Z
Hfxx

Z
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛2
d˛ dx D 2�

Z
jHfxxj

2 dx:

This is a bad term since it cancels the gain of regularity obtained in the term I1;2;4 (see
(5.8)). So it is crucial to use the oscillations. The phase of the oscillatory integrals is not
regular enough to be controlled inL1. Indeed, estimating�˛f � N�˛f inL1 would imply a
smallness on the slope. The idea is to find a second order finite difference in�˛f � N�˛f . By
using the formula (5.1), we know that�˛f � N�˛f can be written as a second finite difference
plus a correction term which is 2fx.x/. The idea will be therefore to force the appearance of
this correction term in the oscillatory integral. The correct quantity to substract and add in
order to force the appearance of 2fx.x/ is sin2. ı

2
fx/. Hopefully, this quantity is independent

of ˛. This will allow us to remove the ˛-dependence in the ı-integral which is crucial in order
to break the regularity issue. The remaining integral will be the desired elliptic component

which will be of the form 1
2

f 2x
1Cf 2x

as we shall see below. More precisely, we write

I1;2;1 D �

Z
Hfxx

Z
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛2

�

Z 1
0

e�ı
�

sin2.
ı

4
.�˛f � N�˛f // � sin2.

ı

2
fx/

�
dı d˛ dx

�

Z
Hfxx

Z
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛2

Z 1
0

e�ı sin2.
ı

2
fx/ dı d˛ dx

D I1;2;1;1 C I1;2;1;2:

In order to estimate I1;2;1;1 we use the following useful identity

sin2.
ı

4
.�˛f � N�˛f // � sin2.

ı

2
fx/

D 4 sin.
ı

4
.�˛f � N�˛f � 2fx.x/// sin.

ı

4
.�˛f � N�˛f C 2fx.x///(5.11)

� cos.
ı

4
.�˛f � N�˛f � 2fx.x/// cos.

ı

4
.�˛f � N�˛f C 2fx.x///:

So that, by using the classical estimate j sin � j � j� j we getˇ̌̌̌
sin2.

ı

4
.�˛f � N�˛f // � sin2.

ı

2
fx/

ˇ̌̌̌
� ı

ˇ̌
�˛f � N�˛f C 2fx.x/

ˇ̌
:(5.12)
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Hence, by using the identity (5.1) one gets

jI1;2;1;1j . kf k PH2

Z
kfx.x � ˛/C fx.x C ˛/ � 2fx.x/kL1

j˛j3

�

Z ˛

0

kfx.x C s/C fx.x � s/ � 2fx.x/kL2

sq
sq ds:

Let q 2 Œ1;1/ be a real number, using Hölder inequality in s (with r�1 C Nr�1 D 1) we find

jI1;2;1;1j . kf k PH2

Z
kfx.x � ˛/C fx.x C ˛/ � 2fx.x/kL1

j˛j3

�

�Z ˛

0

kfx.x C s/C fx.x � s/ � 2fx.x/k
r
L2

sqr
ds

�1=r �Z ˛

0

sq Nr ds

�1= Nr
d˛

. kf k PH2

Z
kfx.x � ˛/C fx.x C ˛/ � 2fx.x/kL1

j˛j3�q�
1
Nr

�

�Z ˛

0

kfx.x C s/C fx.x � s/ � 2fx.x/k
r
L2

sqr
ds

�1=r
d˛

� kf k PH2kfxk
PB
2�q� 1

Nr
1;1

kfxk
PB
q� 1r
2;r

:

Then, by real interpolation and by choosing q D 9=8; r D Nr D 2 one obtains

jI1;2;1;1j � kf k PH2kf k
1=4

PB11;1
kf k

3=4

PB
3=2
1;1

kfxk PB5=8
2;2

:

Using the interpolation inequality, we get

kf k PB13=8
2;2

� kf k
3=4

PH3=2
kf k

1=4

PH2
;

along with the fact that PH 1=2C� ,! PB
�
1;1 for � D 3=2 and � D 1, one finally gets

jI1;2;1;1j . kf k
2
PH2
kf k PH3=2 :

Then, it remains to estimate I1;2;1;2, we write

I1;2;1;2 D �

Z
Hfxx

Z
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛2

�

Z 1
0

e�ı sin2.
ı

2
fx.x// dı d˛ dx:(5.13)

Importantly, we may explicity compute independently the ˛-integral and the ı-integral.
Indeed, the ˛-integral gives �2� Hfxx (see Equation (5.10) above). As for the ı-integral,
one may easily check that it is equal to

(5.14)
Z 1
0

e�ı sin2.
ı

2
fx.x// dı D

1

2

f 2x
1C f 2x

:

Indeed, to prove equality (5.14) it suffices to use equality (4.3) applied to � D fx.x/. One
gets Z 1

0

e�ı cos.ıfx.x// dı D
1

1C fx.x/2
:
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Using the trigonometric identity cos.�/ D 1 � 2 sin2.1
2
�/ applied to � D ıfx.x/ givesZ 1

0

e�ı
�
1 � 2 sin2.

ı

2
fx.x//

�
dı D

1

1C fx.x/2
:

Therefore, using that
R1
0
e�ıdı D 1 one gets the desired identity, that isZ 1
0

e�ı sin2.
ı

2
fx.x// dı D

1

2

fx.x/
2

1C fx.x/2
:

Hence, combining the two identities (5.10) and (5.14), we get that

I1;2;1;5 D �

Z
Hfxx

Z
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛2

Z 1
0

e�ı sin2.
ı

2
fx.x// dı d˛ dx

D �

Z
f 2x

1C f 2x
jHfxxj

2 dx:(5.15)

Set K D sup
.x;t/2R�Œ0;T �

jfx.x; t/j. Using the fact that x 7! x2

1Cx2
is an increasing function

on RC, we get that,

I1;2;1;2 � �
K2

1CK2
kf k2

PH2
:(5.16)

Therefore, we find that

(5.17) jI1;2;1;1 C I1;2;1;2j . kf k
2
PH2

�
kf k PH3=2 C kf k

2
PH3=2

�
C �

K2

1CK2
kf k2

PH2
:

5.1.2.2. Estimate of I1;2;2. – To estimate I1;2;2, we observe that

I1;2;2 D
1

4

Z
Hfxx

Z
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛

�

Z 1
0

ıe�ı
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛
sin.

ı

2
.�˛f � N�˛f // dı d˛ dx

. kf k PH2

 Z
kfx.x � ˛/C fx.x C ˛/ � 2fx.x/k

2
L2

˛2
d˛

!1=2
�

�Z
kfx.x � ˛/C fx.x C ˛/ � 2fx.x/k

2
L1

˛2
d˛

�1=2
. kf k PH2kfxk PB1=2

1;2

kf k PH3=2

. kf k2
PH2
kf k PH3=2 :

To estimate I1;2;3 we write

I1;2;3 D �
1

4

Z
Hfxx

Z
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛3

�

Z 1
0

ıe�ı
Z ˛

0

fx.x � s/C fx.x C s/ � 2fx.x/ ds sin.
ı

2
.�˛f � N�˛f // dı d˛ dx:

Hence,

I1;2;3 �
1

4
kf k PH2

“ 1

0

ıe�ı
kfx.x � ˛/C fx.x C ˛/ � 2fx.x/kL1

j˛j3
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�

Z ˛

0

kfx.x � s/ � fx.x/kL2 C kfx.x C s/ � fx.x/kL2 ds dı d˛

. kf k PH2

 Z
kfx.x � ˛/C fx.x C ˛/ � 2fx.x/kL1

j˛j3�q�
1
Nr

d˛

!

�

"�Z
kfx.x � s/ � fx.x/k

r
L2

jsjqr
ds

�1=r
C

�Z
kfx.x C s/ � fx.x/k

r
L2

jsjqr
ds

�1=r#
. kf kH2kfxk

PB
2�q� 1

Nr
1;1

kfxk
PB
q� 1r
2;r

:

Then, by choosing q D 9=8; r D Nr D 2, and real interpolation (to get a control of PB11=81;1 )
along with classical homogeneous Besov embeddings one gets

jI1;2;3j �
1

2
kf k PH2kf k PB13=8

2;2

kf k PB11=8
1;1

�
1

2
kf k PH2kf k

1=4

PB1
1;1

kf k
3=4

PB
3=2
1;1

kf k
1=4

PB2
2;2

kf k
3=4

PB2
2;2

�
1

2
kf k2

PH2
kf k PH3=2 :

Recalling that (5.8) is a dissipative term, and that (5.15) is the elliptic component, we have
proved that

jI1;2j . kf k
2
H2
.kf k2

PH3=2
C kf k PH3=2/ � �kf k

2
PH2
C �

K2

1CK2
kf k2

PH2
;

where K D sup
.x;t/2R�Œ0;T �

jfx.x; t/j. Finally,

(5.18) jI1;2j . kf k
2
H2
.kf k2

PH3=2
C kf k PH3=2/ �

�

1CK2
kf k2

PH2
:

5.1.3. Estimates of I1;3. – Let us estimate I1;3. Let us recall that

I1;3 D �

Z
Hfxx

Z
@xx�˛f

Z 1
0

e�ı sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx:

The estimate of I1;3 is not immediate. Indeed, if we do a direct estimate of I1;3 we get that

I1;3 . kf k
2
PH2

Z
kı˛f C Nı˛f kL1

˛2
d˛ D kf k2

PH2
kf k PB1

1;1
:

Using the interpolation inequality (3.1), for p D 1 and �s1 C .1 � �/s2 D 1 where s1 < s2
one obtains

(5.19) kf k PB1
1;1

. kf k�
PB
s1
1;1

kf k1��
PB
s2
1;1

:

The conditions �s1C .1��/s2 D 1 and s1 < s2 necessarily imply that s2 > 1. Therefore, this
would give a control of kf k PB1

1;1
by a quantity of the type kf k PB1C�1;1 which is a subcritical

norm with respect to the scaling of the equation (recall that the critical space in that scale
is PB11;1/.

Since there is a regularity issue, the idea is to try to balance the derivatives. The idea is to
write that fxx.x � ˛/ � fxx.x/ D @˛.fx.x/ � fx.x � ˛// � fxx.x/. This kind of splitting
is usually not very helpful because the finite difference is always more regular than each
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term written separately. However, the presence of Hfxx in front of fxx.x/ creates a new
regularizing effect since it has a nice commutator structure. More precisely, we write

I1;3 D �

Z
Hfxx

Z
fxx.x/ � fxx.x � ˛/

˛

�

Z 1
0

e�ı sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx

D

Z
Hfxx

Z
fxx.x � ˛/ � fxx.x/

˛

�

Z 1
0

e�ı sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx

D

Z
Hfxx

Z
@˛ ffx.x/ � fx.x � ˛/g

˛

�

Z 1
0

e�ı sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx

�

Z
Hfxx

Z
fxx.x/

˛

Z 1
0

e�ı sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx„ ƒ‚ …

commutator structure

:

Integrating by parts (in ˛) and using the notationsD D �˛f � N�˛f and S D �˛f C N�˛f ,
one finds

I1;3 D

Z
Hfxx

Z
fx.x/ � fx.x � ˛/

˛2

(5.20)

�

Z 1
0

e�ı sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx

(5.21)

�
1

2

Z
Hfxx

Z
fx.x/ � fx.x � ˛/

˛

�

Z 1
0

ıe�ı@˛D cos.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx

(5.22)

�
1

2

Z
Hfxx

Z
fx.x/ � fx.x � ˛/

˛

�

Z 1
0

ıe�ı@˛S sin.
ı

2
.�˛f � N�˛f // cos.

ı

2
.�˛f C N�˛f // dı d˛ dx

(5.23)

�

Z
Hfxx

Z
fxx.x/

˛

Z 1
0

e�ı sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx

D

4X
iD1

I1;3;i :

In the next subsection, we shall estimate the I1;3;i for i D 1; : : : ; 4.
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5.1.3.1. Estimates of I1;3;1. – This term is estimated as follows, by observing that
PH 2 ,! PB

3=2
1;2, we may for instance write

jI1;3;1j � kf k PH2

Z 1
0

ıe�ı
kfx.x/ � fx.x � ˛/kL2kf .x � ˛/C f .x C ˛/ � 2f .x/kL1

j˛j3
dı d˛

� �.2/kf k PH2

 Z
kfx.x/ � fx.x � ˛/k

2
L2

j˛j2
d˛

Z
kf .x � ˛/C f .x C ˛/ � 2f .x/k2L1

j˛j4
d˛

!1=2
. kf k PH2kfxk PB1=2

2;2

kf k PB3=2
1;2

. kf k2
PH2
kf k PH3=2 :

5.1.3.2. Estimates of I1;3;2. – Recall that,

I1;3;2 D �
1

2

Z
Hfxx

Z
fx.x/ � fx.x � ˛/

˛

�

Z 1
0

ıe�ı@˛D cos.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx:

Hence, by using the identity (5.2), one gets and we infer that,

I1;3;2 D �
1

2

Z
Hfxx

Z
fx.x/ � fx.x � ˛/

˛

Z 1
0

ıe�ı
fx.x C ˛/C fx.x � ˛/ � 2fx.x/

˛

(5.24)

� cos.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx

C
1

2

Z
Hfxx

Z
fx.x/ � fx.x � ˛/

˛

Z 1
0

ıe�ı
R ˛
0
.fx.x � s/C fx.x C s/ � 2fx.x// ds

˛2

� cos.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx

D I1;3;2;1 C I1;3;2;2:

(5.25)

We may estimate those two terms as follows. For the first one, it suffices to use the
embedding PH 1 ,! PB

1=2
1;2, indeed we have

jI1;3;2;1j �
1

2
kf k PH2

Z
kfx.x/ � fx.x � ˛/kL2

j˛j

kfx.x C ˛/C fx.x � ˛/ � 2fx.x/kL1

j˛j
d˛

. kf k PH2kfxk PB1=2
2;2

kfxk PB1=2
1;2

. kf k2
PH2
kf k PH3=2 :

For I1;3;2;2, for some q, r and Nr (so that 1=r C 1= Nr D 1) that will be chosen later, we write

jI1;3;2;2j �
1

2
kf k PH2

Z
kfx.x/ � fx.x � ˛/kL1

j˛j3

Z 1
0

ıe�ı j˛jqC
1
Nr

�

�Z ˛

0

kfx.x � s/C fx.x C s/ � 2fx.x/k
r
L2

sqr
ds

�1=r
kı˛f C Nı˛f kL1

j˛j
dı d˛

�
�.2/

2
kf k PH2kfxk PB

q� 1r
2;r

Z
kfx.x/ � fx.x � ˛/kL1

j˛j3�q�
1
Nr

kı˛f C Nı˛f kL1

j˛j
d˛
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. kf k PH2kf k PBqC1�
1
r

2;r

 Z
kfx.x/ � fx.x � ˛/k

2
L1

j˛j4�2q�
2
Nr

d˛

Z
kı˛f C Nı˛f k

2
L1

˛4
d˛

!1=2
. kf k PH2kf k PBqC1�

1
r

2;r

kf k
PB
5
2
�q� 1

Nr
1;2

kf k PB3=2
1;2

. kf k PH2kf k
PB
qC 1

2
2;r

kf k PB2�q
1;2

kf k PB3=2
1;2

:

Then, by choosing Nr D r D 2 and q D 1, we obtain

jI1;3;2;2j . kf k
2
PH2
kf k2

PH3=2
:

Finally, we have shown that

jI1;3;2j . kf k
2
PH2
kf k2

PH3=2
:

5.1.3.3. Estimates of I1;3;3. – Recall that

I1;3;3 D �
1

2

Z
Hfxx

Z
fx.x/ � fx.x � ˛/

˛

�

Z 1
0

ıe�ı sin.
ı

2
.�˛f � N�˛f //@˛S cos.

ı

2
.�˛f C N�˛f //dı d˛ dx:

By using the identity (5.4), one finds

I1;3;3 D �
1

2

Z
Hfxx

Z
fx.x/ � fx.x � ˛/

˛

�

Z 1
0

ıe�ı sin.
ı

2
.�˛f � N�˛f // N�˛fx cos.

ı

2
.�˛f C N�˛f //dı d˛ dx

C
1

2

Z
Hfxx

Z
fx.x/ � fx.x � ˛/

˛

�

Z 1
0

ıe�ı sin.
ı

2
.�˛f � N�˛f //�˛fx cos.

ı

2
.�˛f C N�˛f //dı d˛ dx

�
1

2

Z
Hfxx

Z
fx.x/ � fx.x � ˛/

˛

Z 1
0

ıe�ı sin.
ı

2
.�˛f � N�˛f //

�
f .x C ˛/C f .x � ˛/ � 2f .x/

˛2
cos.

ı

2
.�˛f C N�˛f // dı d˛ dx

D

3X
iD1

I1;3;3;i :

The control of I1;3;3;1 is relatively easy, indeed, it suffices to write

jI1;3;3;1j �
�.2/

2
kf k PH2

 Z
kfx.x/ � fx.x � ˛/k

2
L4

j˛j2
d˛

Z
kfx.x/ � fx.x C ˛/k

2
L4

j˛j2
d˛

!1=2
. kf k PH2kfxk

2
PB
1=2
4;2

. kf k PH2kf k
2
PB
7=4
2;2

. kf k2
PH2
kf k PH3=2 :

4 e SÉRIE – TOME 54 – 2021 – No 5



GLOBAL WELL-POSEDNESS FOR THE 2D STABLE MUSKAT PROBLEM IN H3=2 1333

As well, one may easily estimate I1;3;3;2 by writing

jI1;3;3;2j �
�.2/

2
kf k PH2

Z
kfx.x/ � fx.x � ˛/k

2
L4

j˛j2
d˛

. kf k PH2kfxk
2
PB
1=2
4;2

. kf k PH2kf k
2
PB
7=4
2;2

. kf k2
PH2
kf k PH3=2 :

For I1;3;3;3, it suffices to see that

jI1;3;3;3j �
�.2/

2
kf k PH2

�

 Z
kfx.x/ � fx.x � ˛/k

2
L4

j˛j2
d˛

Z
kf .x C ˛/C f .x � ˛/ � 2f .x/k2

L4

j˛j4
d˛

!1=2

. kf k PH2

 Z
kfx.x/ � fx.x � ˛/k

2
L4

j˛j2
d˛

Z
kf .x C ˛/C f .x � ˛/ � 2f .x/k2

L4

j˛j4
d˛

!1=2
. kf k PH2kfxk PB1=2

4;2

kf k PB3=2
4;2

. kf k PH2kfxk PH3=4kf k PH7=4

. kf k2
PH2
kf k PH3=2 :

Therefore,

(5.26) jI1;3;3j . kf k
2
PH2
kf k PH3=2 :

5.1.3.4. Estimates of I1;3;4. – It remains to estimate I1;3;4, to this end, we shall use the
following decomposition in terms of nice controlled commutators. One may indeed rewrite
I1;3;4, using the anti-symmetry of H , as follows

I1;3;4 D �

Z
Hfxx

Z
fxx.x/

˛

�

Z 1
0

e�ı sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx

D
1

2

Z
fxx

Z 1
0

Z
e�ı

1

˛

�
H ; sin.

ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f //

�
fxx dı d˛ dx:

Hence, we may rewrite this term as a sum of two commutators, namely

I1;3;4 D
1

2

“
fxx.x/ � fxx.x � ˛/

˛

�

Z 1
0

e�ı
�

H ; sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f //

�
fxxdı d˛ dx

C
1

2

“
fxx.x � ˛/

˛

�

Z 1
0

e�ı
�

H ; sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f //

�
fxx dı d˛ dx
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D
1

2

“
fxx.x/ � fxx.x � ˛/

˛

�

Z 1
0

e�ı
�

H ; sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f //

�
fxxdı d˛ dx

�
1

2

“
@˛.fx.x � ˛/ � fx.x//

˛

�

Z 1
0

e�ı
�

H ; sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f //

�
fxxdı d˛ dx:

Finally, by integrating by parts with respect to x in the first integral and with respect to ˛ in
the last integral, one finds,

I1;3;4 D �
1

2

“
fx.x/ � fx.x � ˛/

˛

�

Z 1
0

e�ı@x

�
H ; sin.

ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f //

�
fxxdı d˛ dx

�
1

2

“
fx.x � ˛/ � fx.x/

˛2

�

Z 1
0

e�ı
�

H ; sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f //

�
fxxdı d˛ dx

C
1

2

“
fx.x � ˛/ � fx.x/

˛

�

Z 1
0

e�ı@˛

�
H ; sin.

ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f //

�
fxxdı d˛ dx

D I1;3;4;1 C I1;3;4;2 C I1;3;4;3:(5.27)

Let us estimate I1;3;4;1.

jI1;3;4;1j �
1

2

Z
kfx.x/ � fx.x � ˛/kL2

j˛j

Z 1
0

e�ı

�





@x �H ; sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f //

�
fxx






L1

dı d˛ dx:

We then use the commutator estimate (3.2) in the case l D 1 and k D 0. To do so, we
first notice that, by using j sin. ı

2
.�˛fx C N�˛fx//j �

ı
2
j�˛fx C N�˛fxj and that cos and

sin functions are bounded by 1, we have for any ı � 0



@x �sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f //

�




L1

�
ı2

4
k�˛fx � N�˛fxkL1k�˛f C N�˛f kL1 C

ı

2
k�˛fx C N�˛fxkL1

�
ı2

4

�
k�˛fxkL1 C k N�˛fxkL1

�
k�˛f C N�˛f kL1 C

ı

2
k�˛fx C N�˛fxkL1 :

Then, we find,

jI1;3;4;1j . kf k PH2

Z
kfx.x/ � fx.x � ˛/kL2

j˛j

kfx.x/ � fx.x � ˛/kL1

j˛j
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�
kf .x � ˛/C f .x C ˛/ � 2f .x/kL1

j˛j
d˛

C kf k PH2

Z
kfx.x/ � fx.x � ˛/kL2

j˛j

kfx.x/ � fx.x C ˛/kL1

j˛j

�
kf .x � ˛/C f .x C ˛/ � 2f .x/kL1

j˛j
d˛

C kf k PH2

Z
kfx.x/ � fx.x � ˛/kL2

j˛j

kfx.x � ˛/C fx.x C ˛/ � 2fx.x/kL1

j˛j
d˛

. kf k PH2

 Z
kfx.x/ � fx.x � ˛/k

2
L2

j˛j2
d˛

!1=2
�

�Z
kf .x � ˛/C f .x C ˛/ � 2f .x/k4L1

j˛j5
d˛

�1=4
�

"�Z
kfx.x/ � fx.x � ˛/k

4
L1

j˛j3
d˛

�1=4
C

�Z
kfx.x/ � fx.x C ˛/k

4
L1

j˛j3
d˛

�1=4#

C kf k PH2

 Z
kfx.x/ � fx.x � ˛/k

2
L2

j˛j2
d˛

!1=2
�

�Z
kf .x � ˛/C f .x C ˛/ � 2f .x/k2L1

j˛j2
d˛

�1=2
. kf k PH2kf k PH3=2kf k PB1

1;4
kfxk PB1=2

1;4

C kf k PH2kf k PH3=2kf k PB1
1;2

. kf k2
PH2
kf k2

PH3=2
;

where we used the following embeddings PH 3=2 ,! PB11;4, PH 2 ,! PB
3=2
1;4, and PH 3=2 ,! PB11;2.

Then, we estimate I1;3;4;2, we see that this term may be written as

I1;3;4;2 D
1

2

Z
Hfxx

fx.x � ˛/ � fx.x/

˛2
(5.28)

�

Z 1
0

Z
e�ı sin.

ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx

C
1

2

Z
fxx

Hfx.x � ˛/ � Hfx.x/

˛2
(5.29)

�

Z 1
0

Z
e�ı sin.

ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx

D I1;3;4;2;1 C I1;3;4;2;2:(5.30)

To estimate I1;3;4;2;1, we write

jI1;3;4;2;1j �
1

2
kf k PH2

Z
kfx.x � ˛/ � fx.x/kL2

˛2

Z 1
0

e�ı
kı˛f C Nı˛f kL1

j˛j
dı d˛

. kf k PH2

 Z
kfx.x � ˛/ � fx.x/k

2
L2

˛2
d˛

!1=2  Z
kı˛f C Nı˛f k

2
L1

˛4
d˛

!1=2
. kf k PH2kf k PH3=2kf k PB3=2

1;2
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. kf k2
PH2
kf k PH3=2 :

Since H is continuous on L2, one gets the same control for I1;3;4;2;2 so that one finally
obtains

jI1;3;4;2j . kf k
2
PH2
kf k PH3=2 :

It therefore remains to estimate I1;3;4;3. To do so, we open the commutator and use the anti-
symmetry of H . Then, we explicitely compute the derivative in ˛. Hence, we obtain the
following decomposition

I1;3;4;3 D �
1

4

Z
fxx

Hfx.x � ˛/ � Hfx.x/

˛

Z 1
0

Z
ıe�ı@˛.�˛f � N�˛f /

(5.31)

� cos.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx

�
1

4

Z
Hfxx

fx.x � ˛/ � fx.x/

˛

(5.32)

�

Z 1
0

Z
ıe�ı@˛.�˛f � N�˛f / cos.

ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f / dı d˛ dx

�
1

4

Z
fxx

Z
Hfx.x � ˛/ � Hfx.x/

˛

(5.33)

�

Z 1
0

ıe�ı@˛.�˛f C N�˛f / cos.
ı

2
.�˛f C N�˛f // sin.

ı

2
.�˛f � N�˛f / dı d˛ dx

�
1

4

Z
Hfxx

Z
fx.x � ˛/ � fx.x/

˛

Z 1
0

ıe�ı@˛.�˛f C N�˛f / cos.
ı

2
.�˛f C N�˛f //

(5.34)

� sin.
ı

2
.�˛f � N�˛f / dı d˛ dx

D

4X
iD1

I1;3;4;3;i :

(5.35)

Since we shall doLp estimates, p 2 .1;1/ on the terms involving H one observes that these
terms have the same regularity as the terms I1;3;j for j D 2; 3 (see (5.24)). It is therefore not
difficult to see that,

jI1;3;4;3;1 C I1;3;4;3;2j . kf k
2
PH2
kf k2

PH3=2
;

and,

jI1;3;4;3;3 C I1;3;4;3;4j . kf k
2
PH2
kf k PH3=2 :

Therefore, we have obtained

(5.36) jI1;3j . kf k
2
PH2

�
kf k2

PH3=2
C kf k PH3=2

�
:
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5.2. Estimate of I2

To estimate

I2 D �

Z
Hfxx

Z
.@x�˛f /

2

Z 1
0

ıe�ı sin.ı�˛f .x// dı d˛ dx;

it suffices to write that,

jI2j � �.2/kf k PH2

 Z
kfx.x/ � fx.x � ˛/k

2
L2

˛2
d˛

!1=2 �Z
kfx.x/ � fx.x � ˛/k

2
L1

˛2
d˛

�1=2
:

Therefore, we obtain

jI2j . kf k PH2kfxk PB1=2
1;2

kf k PH3=2

. kf k2
PH2
kf k PH3=2 :(5.37)

Finally, combining all the estimates, we get that

(5.38)
1

2
@tkf k

2
PH3=2
C

�

1CK2
kf k2

PH2
. kf k2

PH2

�
kf k2

PH3=2
C kf k PH3=2

�
:

And then integrating in time s 2 Œ0; T � one gets the desired energy inequality of Lemma 5.1.
Therefore, if kf0k PH3=2 is smaller than some C.K/ that depends only on K, then the solu-
tion is in L1.Œ0; T �; L2/ \ L2.Œ0; T �; PH 2/. This concludes the PH 3=2-estimates and therefore
Lemma 5.1 is proved.

6. A priori estimates in PH 5=2 estimates

In this section we shall prove the following lemma.

L 6.1. – Let T > 0 and f0 2 PH 5=2 \ PH 3=2 so that kf0k PH3=2 < C.k@xf0kL1/, then
we have

kf k2
PH5=2

.T /C
�

1CK2

Z T

0

kf k2
PH3
ds

. kf0k PH5=2 C
�
kf kL1.Œ0;T �; PH3=2/ C kf k

2

L1.Œ0;T �; PH3=2/

� Z T

0

kf k2
PH3
ds;

where K D sup
.x;t/2R�Œ0;T �

jfx.x; t/j.

Proof of Lemma 6.1. – We now do an a priori estimate in PH 5=2. Using the anti-symmetry
property of the Hilbert transform, one finds

1

2
@tkf k

2
PH5=2
D

Z
H@3xf

Z
@3x�˛f

Z 1
0

e�ı cos.ı�˛f / dx d˛ dı

� 3

Z
H@3xf

Z
@x�˛f @xx�˛f

Z 1
0

ıe�ı sin.ı�˛f / dx d˛ dı

�

Z
H@3xf

Z
.@x�˛f /

3

Z 1
0

ı2e�ı cos.ı�˛f / dx d˛ dı

D T1 C T2 C T3:
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Analogously to the PH 3=2 a priori estimate, we decompose the first term as follows. By
noticing that I1 is analogous to T1, we find that

T1 D �

Z
H@3xf

Z
.@3x�˛f � @

3
x
N�˛f /

�

Z 1
0

e�ı cos.
ı

2
.�˛f � N�˛f // sin2.

ı

4
.�˛f C N�˛f // dı d˛ dx

C
1

2

Z
H@3xf

Z
.@3x�˛f � @

3
x
N�˛f /

Z 1
0

e�ı cos.
ı

2
.�˛f � N�˛f // dı d˛ dx

C

Z
H@3xf

Z
@3xf .x/ � @

3
xf .x � ˛/

˛

�

Z 1
0

e�ı sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx

D T1;1 C T1;2 C T1;3:

Note that T1;1, T1;2, and T1;3 are respectively analogous to I1;1, I1;2 and I1;3. Using (5.20),
we immedialy infer that

T1 D �

Z
H@3xf

Z
.@3x�˛f � @

3
x
N�˛f /

�

Z 1
0

e�ı cos.
ı

2
.�˛f � N�˛f // sin2.

ı

4
.�˛f C N�˛f // dı d˛ dx

C
1

2

Z
H@3xf

Z
.@3x�˛f � @

3
x
N�˛f /

Z 1
0

e�ı cos.
ı

2
.�˛f � N�˛f // dı d˛ dx

C

Z
H@3xf

Z
fxx.x/ � fxx.x � ˛/

˛2

�

Z 1
0

e�ı sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx

�
1

2

Z
H@3xf

Z
fxx.x/ � fxx.x � ˛/

˛

�

Z 1
0

ıe�ı@˛D cos.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f //dı d˛ dx

�
1

2

Z
H@3xf

Z
fxx.x/ � fxx.x � ˛/

˛

�

Z 1
0

ıe�ı @˛S sin.
ı

2
.�˛f � N�˛f // cos.

ı

2
.�˛f C N�˛f //dı d˛ dx

�

Z
H@3xf

Z
@3xf .x/

Z 1
0

e�ı sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f //

1

˛
dı d˛ dx

D

6X
iD1

T1;j :

We then estimate the T1;j , j D 1; : : : ; 6.
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6.1. Estimate of T1;1

To control T1;1, we use the continuity of the Hilbert transform on L2 along with the
embedding PH 3=2 ,! PB11;2, then one gets,

T1;1 D �

Z
H@3xf

Z
.@3x�˛f � @

3
x
N�˛f /

�

Z 1
0

e�ı cos.
ı

2
.�˛f � N�˛f // sin2.

ı

4
.�˛f C N�˛f // dı d˛ dx

�
�.3/

4
kf k2

PH3

Z
kı˛f C Nı˛f k

2
L1

j˛j3
d˛

. kf k2
PH3
kf k2

PB1
1;2

. kf k2
PH3
kf k2

PH3=2
:

6.2. Estimate of T1;2

We first rewrite T1;2 as follows, by integrating by parts, one finds

T1;2 D
1

2

Z
H@3xf

Z
.@3x�˛f � @

3
x
N�˛f /

Z 1
0

e�ı cos.
ı

2
.�˛f � N�˛f // dı d˛ dx

D
1

2

Z
H@3xf

Z
1

˛
@˛fı˛fxx C Nı˛fxxg

Z 1
0

e�ı cos.
ı

2
.�˛f � N�˛f // dı d˛ dx

D
1

2

Z
H@3xf

Z
fxx.x � ˛/C fxx.x C ˛/ � 2fxx.x/

˛2

�

Z 1
0

e�ı cos.
ı

2
. N�˛f ��˛f // dı d˛ dx

C
1

4

Z
H@3xf

Z
fxx.x � ˛/C fxx.x C ˛/ � 2fxx.x/

˛

�

Z 1
0

ıe�ı@˛f�˛f � N�˛f g sin.
ı

2
.�˛f � N�˛f // dı d˛ dx:

Then, we obtain that

T1;2 D �

Z
H@3xf

Z
fxx.x � ˛/C fxx.x C ˛/ � 2fxx.x/

˛2

�

Z 1
0

e�ı sin2.
ı

4
. N�˛f ��˛f // dı d˛ dx

C
1

4

Z
H@3xf

Z
fxx.x � ˛/C fxx.x C ˛/ � 2fxx.x/

˛

�

Z 1
0

ıe�ı
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛
sin.

ı

2
.�˛f � N�˛f // dı d˛ dx

�
1

4

Z
H@3xf

Z
fxx.x � ˛/C fxx.x C ˛/ � 2fxx.x/

˛3

�

Z 1
0

ıe�ı
Z ˛

0

fx.x � s/C fx.x C s/ � 2fx.x/ ds sin.
ı

2
.�˛f � N�˛f // dı d˛ dx

� �

Z
H@3xfƒfxx dx
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D T1;2;1 C T1;2;2 C T1;2;3 C T1;2;4:

In order to estimate T1;2 we shall estimate the T1;2;j , for j D 1; 2; 3. Note that T1;2;4 is a
dissipative term. We start with T1;2;1, and observe that this term is analogous to I1;2;1 (see
(5.8)). More precisely, we write

T1;2;1 D �

Z
H@3xf

Z
fxx.x � ˛/C fxx.x C ˛/ � 2fxx.x/

˛2

�

Z 1
0

e�ı sin2.
ı

4
. N�˛f ��˛f // dı d˛ dx

D �

Z
H@3xf

Z
fxx.x � ˛/C fxx.x C ˛/ � 2fxx.x/

˛2

�

Z 1
0

e�ı
�

sin2.
ı

4
. N�˛f ��˛f // � sin2.

ı

2
fx.x//

�
dı d˛ dx

C

Z
H@3xf

Z
fxx.x � ˛/C fxx.x C ˛/ � 2fxx.x/

˛2

Z 1
0

e�ı sin2.
ı

2
fx.x// dı d˛ dx

D T1;2;1;1 C T1;2;1;2:

In order to estimate T1;2;1;1 we use the estimate (5.12) together with the identity (5.1). So that
by using Hölder inequality one finds that

jT1;2;1;1j . kf k PH3

Z
kfxx.x � ˛/C fxx.x C ˛/ � 2fxx.x/kL1

j˛j3

�

Z ˛

0

kfx.x � s/ � fx.x/kL2 ds d˛:

Then, by using Hölder inequality in the s-integral (where r and Nr are conjugate) and for some
real number q 2 Œ0; 2� that will be chosen later, we have

jT1;2;1;1j . kf k PH3

Z
kfxx.x � ˛/ � fxx.x/kL1

j˛j3
j˛jqC

1
Nr

�Z
kfx.x � s/ � fx.x/k

r
L2

jsjqr
ds

�1=r
d˛

. kf k PH3kfxxk
PB
2�q� 1

Nr
1;1

kfxk
PB
q� 1r
2;r

:

By choosing q D 9=8; r D Nr D 2; we find

jT1;2;1;1j . kf k PH3kfxxk PB3=8
1;1

kfxk PB5=8
2;2

:

Then, by interpolating in the space PB19=81;1 , we find,

jT1;2;1;1j . kf k PH3kf k PB13=8
2;2

kf k
1=12

PB11;1
kf k

11=12

PB
5=2
1;1

:

Since,
kf k PB13=8

2;2

� kf k
1=12

PH3
kf k

11=12

PH3=2
;

then, by using classical Besov embeddings, one finally gets

jT1;2;1;1j . kf k
2
PH3
kf k PH3=2 :

As for the term T1;2;1;2, we use the same idea as the estimate of the term I1;2;1;2 (see (5.16)).
We have that,

T1;2;1;2 D �

Z
H@3xf

Z
fxx.x � ˛/C fxx.x C ˛/ � 2fxx.x/

˛2
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�

Z 1
0

e�ı sin2.
ı

2
fx.x// dı d˛ dx

D 2�

Z
.H@3xf /

2

Z 1
0

e�ı sin2.
ı

2
fx.x// dı dx � �

K2

1CK2
kf k2

PH3
;(6.1)

where K D sup
.x;t/2R�Œ0;T �

jfx.x; t/j. Therefore, we find that for some fixed constant C > 0,

(6.2) T1;2;1;1 C T1;2;1;2 � Ckf k
2
PH3
kf k PH3=2 C �

K2

1CK2
kf k2

PH3
:

To estimate T1;2;2, it suffices to write that

T1;2;2 D �

Z
H@3xf

Z
fxx.x � ˛/C fxx.x C ˛/ � 2fxx.x/

˛

�

Z 1
0

ıe�ı
fx.x � ˛/C fx.x C ˛/ � 2fx.x/

˛
sin.

ı

2
.�˛f � N�˛f // dı d˛ dx

. kf k2
PH3

�Z
kfxx.x�˛/Cfxx.xC˛/�2fxx.x/k

2
L1

˛2
kfx.x�˛/Cfx.xC˛/�2fx.x/kL2

˛2
d˛

�1=2
. kf k PH3kf k PB5=2

1;2

kfxk PB1=2
2;2

. kf k2
PH3
kf k PH3=2 :

We now estimate T1;2;3. Let q 2 Œ0; 2� and let r; Nr so that 1=r C 1= Nr D 1, we write

T1;2;3 D �
1

4

Z
H@3xf

Z
fxx.x � ˛/C fxx.x C ˛/ � 2fxx.x/

˛3

Z 1
0

ıe�ı

�

Z ˛

0

fx.x � s/C fx.x C s/ � 2fx.x/ ds sin.
ı

2
.�˛f � N�˛f // dı d˛ dx

�
1

4
kf k PH3

Z 1
0

ıe�ı
kfxx.x � ˛/C fxx.x C ˛/ � 2fx.xx/kL1

j˛j3

�

Z ˛

0

kfx.x � s/ � fx.x/kL2 C kfx.x C s/ � fx.x/kL2 ds dı d˛

. kf k PH3

 Z
kfxx.x � ˛/C fxx.x C ˛/ � 2fxx.x/kL1

j˛j3�q�
1
Nr

d˛

!

�

"�Z
kfx.x � s/ � fx.x/k

r
L2

jsjqr
ds

�1=r
C

�Z
kfx.x C s/ � fx.x/k

r
L2

jsjqr
ds

�1=r#
. kf kH3kfxxk

PB
2�q� 1

Nr
1;1

kfxk
PB
q� 1r
2;r

:

Then, by choosing q D 2; r D Nr D 2, we get

jT1;2;3j . kf kH3kf k PB3=2
1;1

kf k PB5=2
2;2

:

Then, using the interpolations PH 5=2 D
�
PH 3=2; PH 3

�
1
3 ;
2
3

and PB3=21;1 D
h
PB11;1; ;

PB
5=2
1;1

i
2
3 ;
1
3

,

we find

jT1;2;3j . kf kH3kf k
2=3

PH3
kf k

1=3

PH3=2
kf k

1=3

PB
5=2
1;1

kf k
2=3

PB11;1

. kf k2
H3
kf k PH3=2 :
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6.3. Estimate of T1;3

To estimate T1;3, it suffices to write that

jT1;3j � kf k PH3

Z 1
0

ıe�ı
kfxx.x/ � fxx.x � ˛/kL1kf .x � ˛/C f .x C ˛/ � 2f .x/kL2

j˛j3
dı d˛

� �.2/kf k PH3

�Z
kfxx.x/�fxx.x�˛/k

2
L1

j˛j2
d˛

Z
kf .x�˛/Cf .xC˛/�2f .x/k2

L2

j˛j4
d˛

�1=2
. kf k PH3kfxxk PB1=2

1;2

kf k PB3=2
2;2

. kf k2
PH3
kf k PH3=2 :

6.4. Estimate of T1;4

The control of T1;4 is done thanks to the following decomposition which is analogous to
the decomposition of I1;3;2 (see (5.24)), namely

T1;4 D �
1

2

Z
H@3xf

Z
fxx.x/ � fxx.x � ˛/

˛

Z 1
0

ıe�ı
fx.x C ˛/C fx.x � ˛/ � 2fx.x/

˛

� cos.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx

C
1

2

Z
H@3xf

Z
fxx.x/ � fxx.x � ˛/

˛

Z 1
0

ıe�ı
R ˛
0
fx.x � s/C fx.x C s/ � 2fx.x/ ds

˛2

� cos.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx

D T1;4;1 C T1;4;2:

We have

jT1;4;1j . kf k PH3

Z
kfxx.x/ � fxx.x � ˛/kL1

j˛j

kfx.x C ˛/C fx.x � ˛/ � 2fx.x/kL2

j˛j
d˛

. kf k PH3kf k PB5=2
1;2

kf k PB3=2
2;2

. kf k2
PH3
kf k PH3=2 :

For T1;4;2, we write

jT1;4;2j �
1

2
kf k PH3

Z
kfxx.x/ � fxx.x � ˛/kL1

j˛j3

Z 1
0

ıe�ı j˛jqC
1
Nr

�

�Z ˛

0

kfx.x � s/C fx.x C s/ � 2fx.x/k
r
L2

jsjqr
ds

�1=r
kı˛f C Nı˛f kL1

j˛j
dı d˛

�
�.3/

2
kf k PH3kfxk PB

q� 1r
2;r

Z
kfxx.x/ � fxx.x � ˛/kL1

j˛j2�q�
1
Nr

kı˛f C Nı˛f kL1

˛2
d˛

. kf k PH3kfxk PBq�
1
r

2;r

 Z
kfxx.x/ � fxx.x � ˛/k

2
L1

j˛j4�2q�
2
Nr

d˛

Z
kı˛f C Nı˛f k

2
L1

˛4
d˛

!1=2
. kf k PH3kf k PBqC1�

1
r

2;r

kf k
PB
7=2�q� 1

Nr
1;2

kf k PB3=2
1;2

. kf k PH3kf k PH2kf k
PB
qC 1

2
2;2

kf k PB3�q
1;2

;
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where we have chosen Nr D r D 2 and then by choosing q D 1 we obtain

jT1;4;2j . kf k PH3kf k PH3=2kf k PH5=2kf k PH2

. kf k2
PH3
kf k2

PH3=2
:

Therefore,

jT1;4j . kf k
2
PH3
.kf k PH3=2 C kf k

2
PH3=2

/:

6.5. Estimate of T1;5

We now estimate T1;5, analogously to I133 (see (5.24)) we use the identity (5.4). So that,

T1;5 D �
1

2

Z
H@3xf

Z
fxx.x/ � fxx.x � ˛/

˛

�

Z 1
0

ıe�ı sin.
ı

2
.�˛f � N�˛f //@˛S cos.

ı

2
.�˛f C N�˛f // dı d˛ dx

D
1

2

Z
H@3xf

Z
fxx.x/ � fxx.x � ˛/

˛

�

Z 1
0

ıe�ı sin.
ı

2
.�˛f � N�˛f // N�˛fx cos.

ı

2
.�˛f C N�˛f // dı d˛ dx

C
1

2

Z
H@3xf

Z
fxx.x/ � fxx.x � ˛/

˛

�

Z 1
0

ıe�ı sin.
ı

2
.�˛f � N�˛f //�˛fx cos.

ı

2
.�˛f C N�˛f // dı d˛ dx

�
1

2

Z
H@3xf

Z
fxx.x/ � fxx.x � ˛/

˛

Z 1
0

ıe�ı sin.
ı

2
.�˛f � N�˛f //

�
f .x C ˛/C f .x � ˛/ � 2f .x/

˛2
cos.

ı

2
.�˛f C N�˛f // dı d˛ dx

D

3X
jD1

T1;5;j :

The estimate of T1;5;1 is relatively easy, indeed it suffices to write

jT1;5;1j �
�.2/

2
kf k PH3

 Z
kfxx.x/ � fxx.x � ˛/k

2
L1

j˛j2
d˛

Z
kfx.x/ � fx.x C ˛/k

2
L2

j˛j2
d˛

!1=2
. kf k PH3kf k PB5=2

1;2

kf k PB3=2
2;2

. kf k2
PH3
kf k PH3=2 :

As well, one may easily estimate T1;5;2 by writing

jT1;5;2j �
�.2/

2
kf k PH3

 Z
kfxx.x/ � fxx.x � ˛/k

2
L1

j˛j2
d˛

Z
kfx.x/ � fx.x C ˛/k

2
L2

j˛j2
d˛

!1=2
. kf k PH3kf k PB5=2

1;2

kf k PB3=2
2;2

. kf k2
PH3
kf k PH3=2 :
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For T1;5;3, it suffices to write

jT1;5;3j �
�.2/

2
kf k PH3

�Z
kfxx.x/�fxx.x�˛/k

2
L1

j˛j2
d˛

Z
kf .xC˛/Cf .x�˛/�2f .x/k2

L2

j˛j4
d˛

�1=2
. kf k PH3

�Z
kfxx.x/�fxx.x�˛/k

2
L1

j˛j2
d˛

Z
kf .xC˛/Cf .x�˛/�2f .x/k2

L2

j˛j4
d˛

�1=2
. kf k PH3kfxxk PB1=2

1;2

kf k PB3=2
2;2

. kf k2
PH3
kf k PH3=2 :

Therefore,

(6.3) jT1;5j . kf k
2
PH3
kf k PH3=2 :

It remains to estimate T1;6, this is the purpose of the next subsection.

6.6. Estimate of T1;6

As we did for I1;3;4 (see equality (5.27)), we first rewrite T1;6 in term of controlled commu-
tators.

T1;6 D �

Z
H@3xfxx

Z
@3xf .x/

˛

Z 1
0

e�ı sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx

D
1

2

Z
@3xf

Z 1
0

e�ı
Z
1

˛

�
H ; sin.

ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f //

�
@3xf dı d˛ dx

D
1

2

“
@3xf � @

3
xf .x � ˛/

˛

�

Z 1
0

e�ı
�

H ; sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f //

�
@3xf dı d˛ dx

C
1

2

“
@3xf .x � ˛/

˛

�

Z 1
0

e�ı
�

H ; sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f //

�
@3xf dı d˛ dx:

Finally, by integrating by parts one obtains

T1;6;1 D �
1

2

“
fxx.x/ � fxx.x � ˛/

˛

�

Z 1
0

e�ı@x

�
H ; sin.

ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f //

�
@3xf dı d˛ dx

�
1

2

“
fxx.x � ˛/ � fxx.x/

˛2

�

Z 1
0

e�ı
�

H ; sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f //

�
@3xf dı d˛ dx

C
1

2

“
fxx.x � ˛/ � fxx.x/

˛

�

Z 1
0

e�ı@˛

�
H ; sin.

ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f //

�
@3xf dı d˛ dx
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D T1;6;1 C T1;6;2 C T1;6;3:

By using the generalized Calderón commutator estimate (3.2) along with some classical
Besov embeddings, we may control T1;6;1 as follows:

jT1;6;1j . kf k PH3

Z
kfxx.x/ � fxx.x � ˛/kL2

j˛j

kfx.x/ � fx.x � ˛/kL1

j˛j

�
kf .x � ˛/C f .x C ˛/ � 2f .x/kL1

j˛j
d˛

C kf k PH3

Z
kfxx.x/ � fxx.x � ˛/kL2

j˛j

kfx.x/ � fx.x C ˛/kL1

j˛j

�
kf .x � ˛/C f .x C ˛/ � 2f .x/kL1

j˛j
d˛

C kf k PH3

Z
kfxx.x/ � fxx.x � ˛/kL2

j˛j

kfx.x � ˛/C fx.x C ˛/ � 2fx.x/kL1

j˛j
d˛

. kf k PH3

 Z
kfxx.x/ � fxx.x � ˛/k

2
L2

˛2
d˛

!1=2
�

�Z
kf .x � ˛/C f .x C ˛/ � 2f .x/k4L1

j˛j5
d˛

�1=4
�

"�Z
kfx.x/ � fx.x � ˛/k

4
L1

j˛j3
d˛

�1=4
C

�Z
kfx.x/ � fx.x C ˛/k

4
L1

j˛j3
d˛

�1=4#

C kf k PH3

 Z
kfxx.x/ � fxx.x � ˛/k

2
L2

˛2
d˛

!1=2
�

�Z
kfx.x � ˛/C fx.x C ˛/ � 2fx.x/k

2
L1

˛2
d˛

�1=2
. kf k PH3kf k PH5=2

�
kf k PB1

1;4
kf k PB3=2

1;4

C kf k PB3=2
1;2

�
. kf k PH3kf k PH5=2

�
kf k PB1

1;4
kf k PB3=2

1;4

C kf k PB3=2
1;2

�
. kf k PH3kf k

1=3

PH3=2
kf k

2=3

PH3

�
kf k PH3=2kf k PB2

2;2
C kf k PH2

�
. kf k2

PH3
kf k2

PH3=2
C kf k2

PH3
kf k PH3=2 :

Then, we estimate T1;6;2. Analogously to I1;3;4;2 (see (5.28)) we see that this term may be
rewritten as

T1;6;2 D
1

2

Z
H@3xf

Z
fxx.x � ˛/ � fxx.x/

˛2

�

Z 1
0

e�ı sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx

C
1

2

Z
@3xf

Z
Hfxx.x � ˛/ � Hfxx.x/

˛2

�

Z 1
0

e�ı sin.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx
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D T1;6;2;1 C T1;6;2;2:

To estimate T1;6;2;1, we use the embedding PH 2 ,! PB
3=2
1;2 along with classical interpolation

inequalites to get

jT1;6;2;1j . kf k PH3

Z
kfxx.x � ˛/ � fxx.x/kL2

˛2

Z 1
0

ıe�ı
kı˛f C Nı˛f kL1

j˛j
dı d˛

. kf k PH3

 Z
kfxx.x � ˛/ � fxx.x/k

2
L2

˛2
d˛

!1=2  Z
kı˛f C Nı˛f k

2
L1

˛4
d˛

!1=2
. kf k PH3kf k PH5=2kf k PH2

. kf k2
PH3
kf k PH3=2 :

Since H is continuous on L2, one gets the same control for T1;6;2;2. Therefore,

jT1;6;2j . kf k
2
PH3
kf k PH3=2 :

It remains to estimate T1;6;3, to do so, we use the following decomposition (which is analo-
gous to equality (5.31)).

T1;6;3 D �
1

4

Z
@3xf

Z
Hfxx.x � ˛/ � Hfxx.x/

˛

Z 1
0

ıe�ı@˛.�˛f � N�˛f /

� cos.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f // dı d˛ dx

�
1

4

Z
H@3xf

Z
fxx.x � ˛/ � fxx.x/

˛

Z 1
0

ıe�ı@˛.�˛f � N�˛f /

� cos.
ı

2
.�˛f � N�˛f // sin.

ı

2
.�˛f C N�˛f / dı d˛ dx

�
1

4

Z
@3xf

Z
Hfxx.x � ˛/ � Hfxx.x/

˛

Z 1
0

ıe�ı@˛.�˛f C N�˛f /

� cos.
ı

2
.�˛f C N�˛f // sin.

ı

2
.�˛f � N�˛f / dı d˛ dx

�
1

4

Z
@3xf

Z
fxx.x � ˛/ � fxx.x/

˛

Z 1
0

ıe�ı@˛.�˛f C N�˛f /

� cos.
ı

2
.�˛f C N�˛f // sin.

ı

2
.�˛f � N�˛f / dı d˛ dx:

Since we shall do Lp estimates, p 2 .1;1/ on the terms involving H . We observe that these
terms have the same regularity as the terms I1;3;4;3 (see (5.31)) and therefore one analogously
infers that,

jT1;6;3j . kf k
2
PH3
kf k2

PH3=2
C kf k2

PH3
kf k PH3=2 ;

hence,

jT1;6j . kf k
2
PH3
.kf k PH3=2 C kf k

2
PH3=2

/:

Therefore, we get that

jT1j . kf k
2
PH3
.kf k2

PH3=2
C kf k PH3=2/ � �kf k

2
PH3
C �

K2

1CK2
kf k2

PH3
:
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Finally, we obtain that

(6.4) jT1j . kf k
2
PH3
.kf k2

PH3=2
C kf k PH3=2/ �

�

1CK2
kf k2

PH3
:

6.7. Estimate of T2

Recall that

T2 D �3

Z
H@3xf

Z
@xx�˛f @x�˛f

Z 1
0

ıe�ı sin.ı�˛f .x// dı d˛ dx:

To estimate this term, it suffices to observe that

jT2j . kf k PH3

 Z
kfxx.x/ � fxx.x � ˛/k

2
L2

˛2
d˛

!1=2 �Z
kfx.x/ � fx.x � ˛/k

2
L1

˛2
d˛

�1=2
:

Therefore,

jT2j . kf k PH3kf k PH5=2kfxk PB1=2
1;2

:

Hence, using the embedding PH 1 ,! PB
1=2
1;2 along with Sobolev interpolations PH 2 D�

PH 3=2; PH 3
�
2
3 ;
1
3

and PH 5=2 D
�
PH 3=2; PH 3

�
1
3 ;
2
3

, one finds

(6.5) jT2j . kf k
2
PH3
kf k PH3=2 :

6.8. Estimate of T3

It suffices to observe for instance that PB5=36;3  -
PH 2 D

�
PH 3=2; PH 3

�
2
3 ;
1
3

, so that

T3 D �2

Z
H@3xf

Z
.@x�˛f /

3

Z 1
0

ı2e�ı cos.ı�˛f / dx d˛ dı(6.6)

. kf k PH3kf k
3
PB
5=3
6;3

. kf k2
PH3
kf k2

PH3=2
:

Finally, by (6.4), (6.5) and (6.6) and by integrating in time s 2 Œ0; T � we find that for all
T > 0,

kf k2
PH5=2

.T /C
�

1CK2

Z T

0

kf k2
PH3
ds . kf0k PH5=2 C P.f /

Z T

0

kf k2
PH3
ds;

where K D sup
.x;t/2R�Œ0;T �

jfx.x; t/j and P.f / D kf kL1.Œ0;T �; PH3=2/ C kf k
2

L1.Œ0;T �; PH3=2/
. This

ends the proof of Lemma 6.1.
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7. Proofs of Theorems 2.1 and 2.2

Consider the following approximated system,

(7.1) . QM �/ W

8<:@tf�.t; x/ �
�

�

Z
@x�˛f�

Z 1
0

e�ı cos.ı�˛f�/ dı d˛ � ��f� D 0

f0;�.x/ D f0.x/ � ��.x/;

where �� is a classical mollifier that is ��.x/ D ��1�.x��1/, � 2 D.R/ so that � is nonneg-
ative and

R
�.x/dx D 1. If the Lipschitz norm remains bounded on a time interval Œ0; T�/

and if kf�kL1 PH3=2 is smaller than a constant that depends only on the L1.Œ0; T�/; PW 1;1/

norm then we may locally solve the equation. Using the same a priori estimate as proved in
Section 5 for the regularized equation . QM �/ we may show that actually T� D C1. One has
(uniformly in �) that

kf0;�kH3=2 . kf0kH3=2

as well as

kf0;�k PW 1;1 . kf0k PW 1;1 :

Therefore, the regularized initial data converges strongly in H 3=2 \ PW 1;1. Let
 2 D.Œ0; T � � R/ be nonnegative, from the a priori estimates we know that  f� is bounded
in L1.Œ0; T �IH 3=2 \ PW 1;1/ \ L2.Œ0; T �IH 2/. Since those spaces are separable Banach
spaces, thanks to the Banach-Alaoglu theorem, we may extract from these solutions f� a
subsequence ff�k gk�0 that converges weakly to a solution f 2 L2.Œ0; T �IH 2/ and *-weakly
in L1.Œ0; T �IH 3=2/. In order to obtain the convergence in the sense of distribution, one
needs to prove a strong convergence in .L2L2/loc. To do so, we need for instance to get a
nice bound on @tf� locally in space and time, namely on

��ƒ2f� �ƒf� � 2

Z
@x�˛f�

Z 1
0

ıe�ı sin2.
ı

2
�˛f�/ dı d˛:

Since f� is bounded in L2.Œ0; T �I PH 2/ then @xf� is bounded in L2.Œ0; T �I PH 1/. It is not
difficult to see that the contribution coming from the nonlinear part of @tf� is a locally
bounded sequence in L2H�1=4. Indeed, by using the dual form of the Sobolev embedding
it suffices to have a bound on the L2L4=3 norm of the nonlinearity. By controling the
product, we find that if f� 2 PB

3=2
2;2 \

PB
3=4
8;2 then the nonlinear part of @tf is bounded

in L2 PH�1=4. We know that f� is locally bounded in L2 PH 3=2 \ L2 PH 9=8. Since this space
embeds into PB3=22;2 \

PB
3=4
8;2 , therefore, we get that the nonlinear term of @tf� is a bounded

sequence in L2 PH�1=4. Since the linear part is locally bounded in L2 PH 1, we may use the
Rellich compactness theorem (see e.g., [25]) to get the strong convergence of a subsequence
in .L2L2/loc. Consequently, the nonlinear term converges in DÕ. It is then classical to prove
that the limit is a solution of the equation. For higher regularity data (that is f0 2 H 5=2,
with f0 small enough in PH 3=2), using the a priori estimates proved in Section 6 we know that
up to an extraction, f� is a bounded sequence in L1.Œ0; T �;H 5=2/ (in particular the semi-
norm supt>0 kfxkL1 will remain bounded). Hence, we can pass to the weak limit as well
since Rellich gives also the strong compactness in .L2L2/loc. This concludes the result.

By doing the same a priori estimates for the difference of two solutions in H 3=2

(resp. H 5=2), one observes that the uniqueness follows easily from the regularizing effect
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together with the fact that the L1t H
3=2 norm decays (resp L1t H

5=2). Hence, Grönwall’s
inequality gives the uniqueness in the usual way and we therefore omit the details.
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ERRATUM:
“PRIME NUMBER RACES FOR ELLIPTIC CURVES

OVER FUNCTION FIELDS”

 B CHA, D FIORILLI  F JOUVE

A. – The paper mentioned in the title contains a mistake in Proposition 3.1. The expres-
sion for the L-function of the elliptic curve E=Fq.t/ is wrong by a small uniformly bounded number
of linear factors in ZŒT �. In this note we fix the problem and its minor consequences on other results
in the same paper.

R. – L’article auquel le titre fait référence contient une erreur dans la proposition 3.1.
L’expression donnée pour la fonction L de la courbe elliptique E=Fq.t/ diffère de la valeur correcte
par un nombre uniformément borné de facteurs linéaires dans ZŒT �. Le but de cette note est de corriger
cette erreur ainsi que les conséquences mineures qu’elle a entrainées sur d’autres résultats du même
article.

1. The L-function of elliptic curves in Ulmer’s family

First recall some notation used in [1, §3]. Let Fq.t/ be the rational function field over a
finite field Fq of characteristic p � 3. Following [2], fix d 2 Z>0 and define Ed=Fq.t/ to be
the elliptic curve over Fq.t/ given by the Weierstrass equation

Ed Wy
2
C xy D x3 � td :

The following explicit description of the Hasse-WeilL-function ofEd=Fq.t/ is essential to
the analysis of Chebyshev’s bias for Ulmer’s family performed in [1]. This corrects the flawed
expression for L.Ed=Fq.t/; T / given in [1, Prop. 3.1].

P 1.1. – Suppose that d divides pnC1 for some n, and letL.Ed=Fq.t/; T / be
the Hasse-Weil L-function of Ed over Fq.t/. Then,

(1) L.Ed=Fq.t/; T / D .1 � qT /�d .1C qT /�d

Y
ejd
e-6

�
1 � .qT /oe.q/

��.e/=oe.q/

:
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1354 B. CHA, D. FIORILLI AND F. JOUVE

Here, �.e/ D #.Z=eZ/� is the Euler-phi function and oe.q/ is the (multiplicative) order of q
in .Z=eZ/�. Further, �d and �d are defined as

�d WD

(
0 if 2 - d or 4 - q � 1
1 if 2 j d and 4 j q � 1

C

8̂̂<̂
:̂
0 if 3 - d
1 if 3 j d and 3 - q � 1
2 if 3 j d and 3 j q � 1I

�d WD

(
0 if 2 - d or 4 j q � 1

1 if 2 j d and 4 - q � 1
C

(
0 if 3 - d or 3 j q � 1

1 if 3 j d and 3 - q � 1:

Note that Proposition 1.1 only differs from its original version [1, Prop. 3.1] by the factor
.1CqT /�d appearing in (1). In particular the assumptions as well as the statement about the
rank of Ed=Fq.t/ in [1, Prop. 3.1] are unchanged.

Proof of Proposition 1.1. – We combine three arguments in order to obtain the expres-
sion stated in the proposition for fd .T / WD L.Ed=Fq.t/; T / as an element of ZŒT �.

(i) We first compute the degree of fd .T / using the conductor-degree formula.

(ii) We use our knowledge of degfd .T / and the work of Ulmer ([2, Cor. 7.7, Prop. 8.1 and
Th. 9.2]) to obtain the following factorization of fd .T / in ZŒT �:

fd .T / D .1 � qT /
�dgd .T /P2.T / ;

where P2 is the product over divisors e of d not dividing 6 appearing in (1), and
gd .T / 2 ZŒT � has degree �d .

(iii) We use the geometric construction described in [2, §5] explaining that the difference
between P2.T / and fd .T / is the result of blowing up some relevant quotient Fd=� of
a Fermat surface at points that are either defined over Fq or over a quadratic extension
of Fq (these points are cube roots or fourth roots of 1).

In the rest of the proof we let k D Fq . For (i) we use [3, §3.1.7] and the reduction data [2,
§2] for Ed=k.T / to deduce that

degfd D �4C

 
1C d C

(
0 if 6 j d

2 if 6 - d

!
;

where the first summand �4 on the right-hand side comes from the fact that the base curve
is P1=k and the three remaining summands correspond to the contributions of the bad
reduction places above t; 1 � 2433td ;1, respectively. Overall

(2) degfd D

(
d � 3 if 6 j d ;

d � 1 if 6 - d :

As expected, the geometric invariant degfd does not depend on k, but only on d .
Step (ii) merely consists in extracting information from Ulmer’s work [2]. Since we assume

that d j pnC1 for some n, we deduce from [2, Cor. 7.7, Prop. 8.1] thatL.E=k; T / is divisible
in ZŒT � by

P2.T / WD
Y
ejd
e-6

�
1 � .qT /oe.q/

��.e/=oe.q/

:
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Note that this factor depends a priori on q since making a field extension k0=k will result in
replacing q by jk0j each time it occurs in the expression for P2. Moreover, invoking [2, Th.
9.2], we obtain an extra factor (a power of 1�qT ) forL.E=k.t/; T / so that overall we deduce
that in ZŒT �, the polynomial fd is a multiple of

(3) hd .T / WD .1 � qT /
�d

Y
ejd
e-6

�
1 � .qT /oe.q/

��.e/=oe.q/

:

Again note that �d depends on d and on k; precisely its value is affected by the presence
of cube roots or fourth roots of 1 in k. In particular as soon as we work over a field exten-
sion k0=k containing the cube and fourth roots of 1, the parameter �d becomes independent
of any further base extension.

Let gd WD
fd

hd
2 ZŒT � and let �d D deggd . From (2) and (3) we deduce the formula

for �d stated in the proposition. In particular, the expression for �d shows that gd D 1

when k contains both the groups of cube roots and fourth roots of 1, and that in any case
�d D deggd � 2.

We finally turn to (iii). From [4, (6.3)] we know precisely how the zeta function of E d
relates toL.Ed=k.T /; T / (here the notation is as in [2, §3]: E d=k is the elliptic surface which
is regular, proper and relatively minimal when seen as fibered over P1, and which has generic
fiberEd=k.T /). Also E d is constructed (see [2, §5]) from some quotientFd=� of the diagonal
Fermat surfaceFd=k by a sequence of blow-ups at k-points of�3 and�4 (the groups of cube
roots and fourth roots of 1 in k, respectively), as explained in [2, §5.6].

By [2, Cor. 7.7] the polynomial P2 is the characteristic polynomial of the Frobenius
acting on the middle étale cohomology of Fd=�. The “missing” factor gd thus comes as the
arithmetic translation of the sequence of blow-ups leading from Fd=� to E d . Let x0 be a
k0-rational point of Fd=� which is blown up in the process of constructing E d . As already
mentioned, x0 corresponds to an element of �3 [ �4 seen as a subset of Nk. In particular,
k0 either equals k or is a quadratic extension of k. In any case we can choose k0 to be a
quadratic extension of k such that x0 is defined over k0. Then if Y ! Fd=� is the result
of blowing up x0 we have by “multiplicativity of zeta functions” that

Z.Y=k0; T / D
Z..Fd=�/=k

0; T /

1 � q2T
:

(Here we use the standard fact asserting that ifX=k is a variety and if Y is a closed subvariety
of X , then Z.X; T / D Z.Y; T / � Z.U; T / where U is the complement U WD X n Y . This is
readily obtained from the definition of the zeta function of a variety over a finite field as an
exponential generating series.) Also one has the following base change formula:

Z.Y=k0; T 2/ D Z.Y=k; T / �Z.Y=k;�T / :

(Again this is a standard fact obtained by coming back to the definition of the zeta function
of a variety over a finite field X=k and by exploiting elementary properties of r-th roots of 1
in C, to show that if kr=k is an extension of degree r , then one has Z.X �k Spec kr ; T r / DQr
iD1Z.X; �

iT /, where � 2 C is a primitive r-th root of 1.) Combining these facts on zeta
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functions, we deduce that

Z.Y=k; T / �Z.Y=k;�T / D
Z..Fd=�/=k

0; T 2/

.1 � qT /.1C qT /
:

One possibly has to iterate the above process several times (depending on the number of blow-
ups that are necessary to construct E d from Fd=�). However each time a point is blown up,
the zeta function for the resulting variety only differs from that of the initial variety by a
factor 1�qT or 1CqT . Of course a factor 1�qT affects the rank ofEd=k.T /, but the rank
is known by [2, Th. 9.2]. We deduce that gd has to be a power of the polynomial 1C qT and
that the exponent is necessarily �d by (ii) above.

We deduce the following corrected version of [1, Prop. 3.2].

P 1.2. – Let c˙.X/ be defined by

c˙.X/ WD

(
q=.q � 1/ for even X;
p
q=.q � 1/ for odd X:

Then, denoting by Td .X/ the quantity TEd
.X/ defined by [1, (1)], we have

(4) Td .X/ D �c˙.X/C
�d

1 � q�
1
2

C
�d ei�X

1C q�
1
2

C

X
ejd
e-6

�.e/
q�.X mod oe.q//=2

1 � q�oe.q/=2
C oX!1.1/

for X large enough, where 0 � .X mod `/ � ` � 1 is the remainder in the Euclidean division
of X by `.

R 1.3. – Note that the only difference between (4) and the expression for Td .X/
stated in [1, Prop. 3.2] that it corrects, is the summand �d ei�X=.1C q�

1
2 / on the right hand

side. The hypotheses of Proposition 1.2 are the same as in the original [1, Prop. 3.2].

Proof of Proposition 1.2. – We combine [1, Cor. 2.10] and Proposition 1.1 to obtain that
(5)

Td .X/ D �c˙.X/C
�d

1 � q�
1
2

C
�d ei�X

1C q�
1
2

C

X
ejd
e-6

�.e/

oe.q/

oe.q/�1X
kD0

e2�ikX=oe.q/

1 � q�
1
2 e�2�ik=oe.q/

CoX!1.1/ :

The end of the proof of [1, Prop. 3.2] remains valid.

The definition of the “periodic part” of Td .X/ has to be corrected accordingly. We set
(compare with [1, (44)])

T
per
d
.X/ WD �c˙.X/C

�d

1 � q�
1
2

C
�d ei�X

1C q�
1
2

C

X
ejd
e-6

�.e/
q�.X mod oe.q//=2

1 � q�oe.q/=2
:

The statement of [1, Cor. 3.4] remains valid (in the proof, one has to replace the flawed
expression for Td .X/ by (4) but this has no impact on the statement of [1, Cor. 3.4] since
�d � 0).
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2. Corrected versions of [1, Th. 1.5] and of some related statements

The fact that the expression for Td .X/ was incorrect in [1] has consequences on some of
the results of [1] on Chebyshev’s bias in Ulmer’s family .Ed=Fq.t//. In this section we state
and prove the following corrected version of [1, Th. 1.5].

T 2.1. – For the family fEd=Fq.t/g (where we recall that the integer d and the
characteristic p of Fq are linked by the relation d j pn C 1 for some n � 1), one has the
following cases of extreme bias.

(i) Suppose that 3 j d and 3 j q � 1 and that either d is odd or 4 j q � 1. Then, Td .X/ > 0
for all large enough X , and thus ı.Ed / D ı.Ed / D 1.

(ii) If q D pk with p large enough and d D pn C 1 for some 1 � n � eq
1
2 =6 with

n � 0 mod k, then Td .X/ > 0 for all large enough X , and thus ı.Ed / D ı.Ed / D 1.

(iii) Fix � > 0. There exists primes d � 3 and p such that p is a primitive root modulo d , and
such that if we pick q D p

dC1
2 , then the associated curveEd has analytic rank 1 (resp. 2)

if .d � 1/=2 is even (resp. odd) and

0 < ı.Ed / � ı.Ed / < � :

R 2.2. – Let us emphasize the differences between the statement of Theorem 2.1
and the statement that it corrects: [1, Th. 1.5]. In (i) we originally assumed that either d is a
multiple of 3, or that d is even and 4 j q�1. We see now that the proof requires the assumption
3 j d as well as the congruence condition q � 1 mod 3. Statement (ii) only differs from the
original one by the exponent in the upper bound on the range of n: we need to assume that
it is
p
q=6 as opposed to the original exponent

p
q=2.

Finally, note that the statement (iii) is unchanged, compared with [1, Th. 1.5(iii)], but since
its proof has to be amended, we chose, for completeness, to give a full corrected statement
for [1, Th. 1.5].

Proof of Theorem 2.1(i). – If d and q satisfy the stated assumptions, then �d 2 f2; 3g and
�d D 0. Then, the statement easily follows because

�c˙.X/C
�d

1 � q�
1
2

C
�d ei�X

1C q�
1
2

� �
1

1 � q�1
C

�d

1 � q�
1
2

�
�d

1C q�
1
2

D
�1C �d � �d C q

� 1
2 .�d C �d /

1 � q�1
> 0;

thus using Proposition 1.2 we see that Td .X/ > 0 for all large enough X .

Proof of Theorem 2.1(ii). – By Proposition 1.2 and by positivity, we have that (recall
that p is large enough, and therefore so is d )

Td .X/ D �c˙.X/C
�d

1 � q�
1
2

C
�d ei�X

1C q�
1
2

C

X
ejd
e-6

�.e/
q�.X mod oe.q//=2

1 � q�oe.q/=2
C oX!1.1/

� �.d/q�.X mod od .q//=2 � 1 � �d C op!1.1/C oX!1.1/

� �.d/q�.od .q/�1/=2 � 3C op!1.1/C oX!1.1/:
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However, we have that q2n=k � 1 mod d , that is od .q/ j 2n=k. We conclude that

Td .X/ � �.d/q
1
2 q�

n
k � 3C op!1.1/C oX!1.1/

D �.d/q
1
2 .d � 1/�1 � 3C op!1.1/C oX!1.1/:

This quantity is positive for large enough X since, for d large enough, we have that
�.d/=.d � 1/ � .e�
 C o.1//= log log d and the condition on n implies that

log log.pn C 1/ � q
1
2 =6C log logp C 1:

Since 6 exp.�
/ > 3 the proof is complete.

The proof of [1, Th. 1.5(iii)] uses [1, Prop. 3.5] which remains valid although parts of its
proof require some corrections that we now explain.

Proof of Proposition 3:5 in [1]. – The argument given in [1] to prove [1, Prop. 3.5(i)]
remains valid since the hypotheses on the parameters imply that �d D 0.

We turn to the proof of [1, Prop. 3.5(ii)]. The hypotheses imply �d D 0 and �d D 1. Thus,
by Proposition 1.2, one has that

Td .X/ D �c˙.X/C
ei�X

1C q�
1
2

C �.`/
q�.X mod o`.q//=2

1 � q�o`.q/=2
C �.2`/

q�.X mod o2`.q//=2

1 � q�o2`.q/=2
C oX!1.1/:

We have qn � .�p�1/n � �1 mod d . We claim that n is the least positive integer
such that this congruence holds. Indeed this minimality condition holds by definition for the
congruence pn � �1 mod d . Now q � �p�1 mod d and n is even, thus the claim follows.
Since q is odd the property ` j qk�1 is equivalent to 2` j qk�1, for all k 2 Z�1. In particular
we have od .q/ D o2`.q/ D o`.q/ D 2n.

Now, let j be an integer such that 4 � j � 2n � 1. We have that

�.`/
q�.j mod o`.q//=2

1 � q�o`.q/=2
C �.2`/

q�.j mod o2`.q//=2

1 � q�o2`.q/=2
� `q�4=2 � pn�2.n�1/ D p2�n :

If j is odd, we have that c˙.j /� q�
1
2 D p.1�n/=2 and ei�j D �1. We deduce that for p and

X large enough we have Td .X/ < 0 (recall n � 4) as soon as X � j mod 2n.

If j is even, we have that

Td .X/ D �c˙.j /C
1

1C q�
1
2

CO.p2�n/CoX!1.1/ D �
p�.n�1/=2

1 � q�1
CO.p2�n/CoX!1.1/;

which is < 0 for large enough p and X . Hence we deduce that

0 � ı.Ed / � ı.Ed / �
2

n
:

As for the lower bound, it is given by [1, Cor. 3.4].

Proof of Theorem 2.1(iii). – This is a direct consequence of [1, Prop. 3.5(i)] and [1, Cor.
3.7] (the argument given in the proof of [1, Th. 1.5(iii)] can be applied without modifications).
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3. Corrected version of [1, Th. 1.7] and of some related results

The corrected version of [1, Th. 1.7] is the following statement.

T 3.1. – For the family fEd=Fq.t/g, one has the following cases where Td .X/ is
completely unbiased. Fix p � 3 mod 4 and let d � 5 be an odd divisor of p2 C 1. Pick
q D p4kC1 with k � 1. Then the analytic rank of Ed is .d � 1/=4 and we have

ı.Ed / D ı.Ed / D
1

2
:

R 3.2. – Here the only difference with the original statement [1, Th. 1.7] is that
we now assume that d is odd. In Remark 3.3 below we prove that this hypothesis is in fact
necessary for Theorem 3.1 to hold. Note that d being an odd divisor of a sum of two coprime
squares implies that the stated value .d � 1/=4 of the analytic rank is indeed an integer.

In [1], the proof of [1, Th. 1.7] follows another statement about moderate bias, namely [1,
Prop. 3.8]. The latter remains valid although the proof requires some corrections that we now
explain.

Proof of Proposition 3.8 in [1]. – Under the stated assumptions q � p mod 4 thus
4 - q � 1 and of course 2 j d . Also since n is even, 3 - d . We deduce �d D 0 and �d D 1 and,
from (4), we obtain the formula

Td .X/ D �c˙.X/C
ei�X

1C q�
1
2

C

X
ejd
e-6

�.e/
q�.X mod oe.q//=2

1 � q�oe.q/=2
C oX!1.1/:

As in the proof of [1, Prop. 3.8], one shows that, for each e j d with e - 6, we have
that oe.q/ � 3.

Using this fact, we have that if X � 3 mod 2n (recall n � 2 so that 3 is an admissible
remainder for the Euclidean division by 2n), then

Td .X/ D �c˙.X/ �
1

1C q�
1
2

C

X
ejd
e-6

�.e/
q�3=2

1 � q�oe.q/=2
C oX!1.1/:

This last quantity is negative for large enough X � 3 mod 2n. Indeed .1 C q�
1
2 /�1 D

1C op!1.1/, and since X is odd we have c˙.X/ D op!1.1/. Also,X
ejd
e-6

�.e/
q�3=2

1 � q�oe.q/=2
� q�

3
2 d � pn�3.knC1/=2 � p�

5
2 ;

which is op!1.1/. We conclude by invoking [1, Cor. 3.4].

Proof of Theorem 3.1. – We argue as in [1, Proof of Th. 1.7] to see that �d D 0. Moreover,
since we assume d is odd and d j p2 C 1 � 2 mod 3, we have �d D 0 and d � 1 mod 4
(indeed d is an odd divisor of a sum of two coprime squares). Note also that if e j d with
e … f1; 2g (i.e., e ¤ 1 since d is odd), then q2 � p2 � �1 mod e, hence oe.q/ D 4.
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The rank of Ed is then easily computed with the help of [1, Prop. 3.1]. Moreover, we
deduce from (4) that

Td .X/ D �c˙.X/C
X
ejd
e¤1

�.e/
q�.X mod 4/=2

1 � q�2
C oX!1.1/;

hence T per
d
.X/ is 4-periodic.

If X � 0 mod 4, then

Td .X/ D �
q

q � 1
C

X
ejd
e¤1

�.e/

1 � q�2
C oX!1.1/ � �2C

d � 1

1 � q�2
C oX!1.1/;

which is positive for X large enough.

If X � 1 mod 4, then

Td .X/ D �
q

1
2

q � 1
C

X
ejd
e¤1

�.e/q�
1
2

1 � q�2
C oX!1.1/ D q

� 1
2

�
d � 2 � q�1

1 � q�2

�
C oX!1.1/;

which is again positive for X large enough.

The analysis of cases X � 2; 3 mod 4 is unchanged compared with [1, Proof of Th. 1.7],
except for their index set in the sums

P
ejd;e¤1;2 that have to be replaced by

P
ejd;e¤1.

R 3.3. – In [1, Th. 1:7] the constraint “d odd” does not appear. However taking
into account the correcting factor .1 C qT /�d in the expression for L.Ed=Fq.t/; T / (in
Proposition 1.1) we now see that this is a necessary restriction. Let us investigate the changes
to the above proof implied in case d is even. Since 3 - d and 4 - q � 1 we still have �d D 0;
however if d is even, we have �d D 1. The argument according to which any divisor e ¤ 1; 2
of d satisfies oe.q/ D 4 is still valid and thus Proposition 1.2 gives

Td .X/ D �c˙.X/C
.�1/X

1C q�
1
2

C

X
ejd
e¤1;2

�.e/
q�.X mod 4/=2

1 � q�2
C oX!1.1/;

hence with notation as before T per
d
.X/ is again 4-periodic.

The formula for the rank in [1, Prop. 3.1] provides the explicit value .d � 2/=4 for the
analytic rank of Ed=Fq.t/ (note that d is an even divisor of p2C 1 and thus d � 2 mod 4).

Let us determine the sign of Td .X/ depending on X mod 4. If X � 0 mod 4, then

Td .X/ D �
q

q � 1
C

1

1C q�
1
2

C

X
ejd
e¤1;2

�.e/

1 � q�2
C oX!1.1/

� �2C
1

1C q�
1
2

C
d � 2

1 � q�2
C oX!1.1/;

which is positive for X large enough.
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Likewise for X � 3 mod 4 the contribution is negative in case d is odd (as seen in the
proof above). For even d the factor .1CqT /�d of the L-function produces an extra negative
contribution:

Td .X/ D �
q

1
2

q � 1
�

1

1C q�
1
2

C

X
ejd
e¤1;2

�.e/q�
3
2

1 � q�2
C oX!1.1/;

thus Td .X/ is a fortiori negative for X large enough.
For X � 2 mod 4, the contribution remains negative. Indeed we have that

Td .X/ D �
q

q � 1
C

1

1C q�
1
2

C

X
ejd
e¤1;2

�.e/q�1

1 � q�2
C oX!1.1/

D �
q�

1
2

1 � q�1
C
.d � 2/q�1

1 � q�2
C oX!1.1/

D
�q�

1
2 C .d � 2/q�1 � q�

3
2

1 � q�2
C oX!1.1/;

which is negative for X large enough since .d � 2/q�
1
2 � p2�2k�

1
2 � p�

1
2 .

Finally if X � 1 mod 4, the contribution is negative (contrary to the case d odd). Indeed
we have that

Td .X/ D �
q

1
2

q � 1
�

1

1C q�
1
2

C

X
ejd
e¤1;2

�.e/q�
1
2

1 � q�2
C oX!1.1/

D
�1

1 � q�1
C
q�

1
2 .d � 2/

1 � q�2
C oX!1.1/ D

�1 � q�1 C q�
1
2 .d � 2/

1 � q�2
C oX!1.1/ :

As seen above .d � 2/q�
1
2 � p�

1
2 and thus Td .X/ is negative for large enough X .

As a conclusion, we obtain that under the assumptions of Theorem 3.1 but fixing this time
an even divisor d of p2 C 1, we have ı.Ed / D 1=4.

4. Corrected proof of [1, Th. 1.8] and of some related results

The statement of [1, Th. 1.8] remains valid, however its proof relies on [1, Prop. 3.10], the
statement of which remains valid as well, although its proof requires some fixing. We now
explain the details.

Proof of Proposition 3:10 in [1]. – We first see that the hypotheses on the parameters
imply that �d D �d D 0. Indeed, as in [1, Proof of Prop. 3.10] we show that d � n � 1 mod 2
and that d � n mod 3.

Since n is prime, we deduce that .6; d/ D 1 as soon as n > 3. Now if n D 3, the assumption
3 - p C 1 and the fact that p3 C 1 � p C 1 mod 3 imply that d � 1 mod 3 and again
we conclude .6; d/ D 1. Therefore under the assumptions stated in [1, Prop. 3.10], we have
�d D �d D 0.

The rest of the proof of [1, Prop. 3.10] is unchanged.
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The way [1, Th. 1.8] is deduced from [1, Prop. 3.10] is unchanged.

Acknowledgements. – We thank Richard Griffon for helpful discussions that led to the
correct computation (1) of theL-function of Ulmer’s elliptic curveEd=Fq.t/. We are grateful
to the anonymous referee for comments which led to improvements in the exposition of this
note.
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