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ERRATUM:
“PRIME NUMBER RACES FOR ELLIPTIC CURVES
OVER FUNCTION FIELDS”

BY ByunGcHUL CHA, DANIEL FIORILLI aAND FLORENT JOUVE

ABSTRACT. — The paper mentioned in the title contains a mistake in Proposition 3.1. The expres-
sion for the L-function of the elliptic curve E/F4(¢) is wrong by a small uniformly bounded number
of linear factors in Z[T]. In this note we fix the problem and its minor consequences on other results
in the same paper.

REsuME. — Larticle auquel le titre fait référence contient une erreur dans la proposition 3.1.
L’expression donnée pour la fonction L de la courbe elliptique £/F4(¢) différe de la valeur correcte
par un nombre uniformément borné de facteurs linéaires dans Z[T]. Le but de cette note est de corriger
cette erreur ainsi que les conséquences mineures qu’elle a entrainées sur d’autres résultats du méme
article.

1. The L-function of elliptic curves in Ulmer’s family

First recall some notation used in [1, §3]. Let F,(¢) be the rational function field over a
finite field IF,; of characteristic p > 3. Following [2], fix d € Zs¢ and define E; /F,(¢) to be
the elliptic curve over F,(¢) given by the Weierstrass equation
3 .d

Eg:y*> +xy=x>—t

The following explicit description of the Hasse-Weil L-function of E; /F, () is essential to
the analysis of Chebyshev’s bias for Ulmer’s family performed in [1]. This corrects the flawed
expression for L(E;/Fg4(¢), T) given in [1, Prop. 3.1].

PROPOSITION 1.1. — Suppose that d divides p™ + 1 for some n, and let L(Eg/F,(t), T) be
the Hasse-Weil L-function of Eq over Fy(t). Then,

¢(e)/oc(q)
(1) L(EafFq().T) = (1 =gy (1 + Ty [ (1= (qT)*@) .
eld
et6
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Here, ¢p(e) = #(Z/eZ)* is the Euler-phi function and 0.(q) is the (multiplicative) order of q
in (Z/eZ)*. Further, €5 and ng are defined as

. 0 if3td
0 if2ftdordtqg—1 .
€4 = 1 if3|dand3tq—1

1 if2|dandd|qg—1
721 4 2 if3|dand3|q—1;

)0 if2tdord|q—1 N 0 if3fdor3|g—1
MV 2 dandatg—1 " )1 if3|dand3tq—1.
Note that Proposition 1.1 only differs from its original version [1, Prop. 3.1] by the factor

(14¢T)" appearing in (1). In particular the assumptions as well as the statement about the
rank of E;/F,(¢) in [1, Prop. 3.1] are unchanged.

Proof of Proposition 1.1. — We combine three arguments in order to obtain the expres-
sion stated in the proposition for fz(T) := L(E4/F4(t), T) as an element of Z[T].

(i) We first compute the degree of f;(T') using the conductor-degree formula.
(i) We use our knowledge of deg f;;(T") and the work of Ulmer ([2, Cor. 7.7, Prop. 8.1 and
Th. 9.2]) to obtain the following factorization of f;(T) in Z[T]:
Ja(T) = (1—qT)gq(T)Po(T).,
where P, is the product over divisors e of d not dividing 6 appearing in (1), and
ga(T) € Z|T] has degree 4.

(ii1) We use the geometric construction described in [2, §5] explaining that the difference
between P,(T) and f;(T) is the result of blowing up some relevant quotient F;/T" of
a Fermat surface at points that are either defined over I, or over a quadratic extension
of F, (these points are cube roots or fourth roots of 1).

In the rest of the proof we let k = F,. For (i) we use [3, §3.1.7] and the reduction data [2,
§2] for E;/k(T) to deduce that
0 if6|d
2 ifetd )’

where the first summand —4 on the right-hand side comes from the fact that the base curve
is P! /k and the three remaining summands correspond to the contributions of the bad
reduction places above 7, 1 —2433¢4 oo, respectively. Overall

d-3 if6|d,
d—1 1if6¢td.
As expected, the geometric invariant deg f; does not depend on k, but only on d.
Step (ii) merely consists in extracting information from Ulmer’s work [2]. Since we assume

thatd | p" + 1 for some n, we deduce from [2, Cor. 7.7, Prop. 8.1] that L(E/k, T) is divisible
in Z[T] by

degfd=—4+(1+d+

(@) deg fa = {

$(©)/0¢ (@)
P(T) = [T (1= (q7)@) :
eld
et6
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Note that this factor depends a priori on ¢ since making a field extension £’/ k will result in
replacing ¢ by |k’| each time it occurs in the expression for P,. Moreover, invoking [2, Th.
9.2], we obtain an extra factor (a power of 1—¢T) for L(E/k(t), T) so that overall we deduce
that in Z[T1], the polynomial f; is a multiple of

(3) ha(T) == (1 — qT)Ed l_[ (1 _ (qT)oe(q))d’(e)/oe(q) .

eld

et6
Again note that €; depends on d and on k; precisely its value is affected by the presence
of cube roots or fourth roots of 1 in k. In particular as soon as we work over a field exten-
sion k’/ k containing the cube and fourth roots of 1, the parameter €; becomes independent
of any further base extension.

Let gg = /{—Z € Z|T] and let n; = degg,. From (2) and (3) we deduce the formula

for ng stated in the proposition. In particular, the expression for n; shows that gz = 1
when k contains both the groups of cube roots and fourth roots of 1, and that in any case
na = deggg < 2.

We finally turn to (iii). From [4, (6.3)] we know precisely how the zeta function of &,
relates to L(E4/ k(T), T) (here the notation is as in [2, §3]: €4/ k is the elliptic surface which
is regular, proper and relatively minimal when seen as fibered over P!, and which has generic
fiber E;/k(T)). Also € is constructed (see [2, §5]) from some quotient F;/ T" of the diagonal
Fermat surface F,; / k by a sequence of blow-ups at k-points of 3 and 4 (the groups of cube
roots and fourth roots of 1 in k, respectively), as explained in [2, §5.6].

By [2, Cor. 7.7] the polynomial P, is the characteristic polynomial of the Frobenius
acting on the middle étale cohomology of F;/T". The “missing” factor g4 thus comes as the
arithmetic translation of the sequence of blow-ups leading from F; /T to £4. Let xo be a
k’-rational point of F;/T" which is blown up in the process of constructing £,. As already
mentioned, xo corresponds to an element of j3 U 4 seen as a subset of k. In particular,
k' either equals k or is a quadratic extension of k. In any case we can choose k' to be a
quadratic extension of k such that xq is defined over k’. Then if Y — F;/T is the result
of blowing up x¢ we have by “multiplicativity of zeta functions” that

Z(Fa/D)/K'.T)

Z(Y/K.T) = == — ot

(Here we use the standard fact asserting that if X'/ k is a variety and if Y is a closed subvariety
of X, then Z(X,T) = Z(Y,T) - Z(U,T) where U is the complement U := X \ Y. This is
readily obtained from the definition of the zeta function of a variety over a finite field as an
exponential generating series.) Also one has the following base change formula:

ZY/k',T*) =Z(Y k. T)x Z(Y/k,-T).

(Again this is a standard fact obtained by coming back to the definition of the zeta function
of a variety over a finite field X /k and by exploiting elementary properties of r-th roots of 1
in C, to show that if k. / k is an extension of degree r, then one has Z(X x; Speck,,T") =
[1'2, Z(X,€'T), where § € C is a primitive r-th root of 1.) Combining these facts on zeta
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