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DISCONTINUITY OF THE PHASE TRANSITION
FOR THE PLANAR RANDOM-CLUSTER
AND POTTS MODELS WITH ¢q > 4

BY Huco DUMINIL-COPIN, MaAaxIME GAGNEBIN, MATAN
HAREL, loaAN MANOLESCU aND VINCENT TASSION

ABSTRACT. — We prove that the g-state Potts model and the random-cluster model with cluster
weight ¢ > 4 undergo a discontinuous phase transition on the square lattice. More precisely, we show
(1) Existence of multiple infinite-volume measures for the critical Potts and random-cluster models,
(2) Ordering for the measures with monochromatic (resp. wired) boundary conditions for the critical
Potts model (resp. random-cluster model), and (3) Exponential decay of correlations for the measure
with free boundary conditions for both the critical Potts and random-cluster models. The proof'is based
on a rigorous computation of the Perron-Frobenius eigenvalues of the diagonal blocks of the transfer
matrix of the six-vertex model, whose ratios are then related to the correlation length of the random-
cluster model.

As a byproduct, we rigorously compute the correlation lengths of the critical random-cluster and
Potts models, and show that they behave as exp(2/ /g — 4) as ¢ tends to 4.

REsuME. — Nous démontrons que la transition de phase du mode¢le de Potts a ¢ états et de la
percolation FK avec ¢ > 4 est du premier ordre. Plus précisément, nous montrons: (1) I'existence de
plusieurs mesures en volume infini pour ces modeles au point critique, (2) I'émergence d’une structure
ordonnée pour les mesures avec conditions au bord monochromatiques (resp. liées) pour le modéle
de Potts critique (resp. pour la percolation FK), et (3) la décroissance exponentielle des corrélations
pour les mesures libres des deux modéles au point critique. La preuve repose sur un calcul rigoureux
des valeurs propres de Perron Frobenius associées aux blocs diagonaux de la matrice de transfert du
modele "six-vertex", qui peuvent étre directement reliées a la longueur de corrélation de la percolation
FK. Notamment, cette approche nous donne un calcul rigoureux des longueurs de corrélation critiques
pour la percolation FK et le modéle de Potts au point critique. Nous en déduisons un comportement
asymptotique de la forme exp(72/+/q — 4) lorsque le paramétre ¢ tend vers 4.

0012-9593/06/© 2021 Société Mathématique de France. Tous droits réservés doi:10.24033/asens.2485
ANNALES SCIENTIFIQUES DE ’ECOLE NORMALE SUPERIEURE



1364 H. DUMINIL-COPIN ET AL.

1. Introduction

1.1. Motivation

Lattice spin models were introduced to describe specific experiments; they were later
found to be illustrative of a large variety of physical phenomena. Depending on a param-
eter (most commonly temperature), they exhibit different macroscopic behaviors (also
called phases), and phase transitions between them. Phase transitions may be continuous
or discontinuous, and determining their type is one of the first steps towards a deeper
understanding of the model.

In recent years, the Potts and random-cluster models have been the object of revived
interest after new rigorous results were proved. In [3], the critical points of the models were
determined for any ¢ > 1. In [12], the models were proved to undergo a continuous phase
transition for 1 < ¢ < 4, thus proving half of a famous prediction by Baxter. The object of
this paper is to prove the second half of his prediction - namely, that the phase transition is
discontinuous when g > 4.

1.2. Results for the Potts model

The Potts model was introduced by Potts [21] following a suggestion of his adviser Domb.
While the model received little attention early on, it became the object of great interest in
the last 50 years. Since then, mathematicians and physicists have been studying it intensively,
and much is known about its rich behavior, especially in two dimensions. For a review of the
physics results, see [24].

In this paper, we will focus on the case of the square lattice Z? composed of vertices
x = (x1,x2) € Z2, and edges between nearest neighbors. In the ¢-state ferromagnetic Potts
model (where ¢ is a positive integer larger than or equal to 2), each vertex of a graph receives
a spin taking value in {1,...,q}. The energy of a configuration is then proportional to
the number of neighboring vertices of the graph having different spins. Formally, the Potts
measure on a finite subgraph G = (V, E) of the square lattice, at inverse temperature 8 > 0
and boundary conditions i € {0,1,...,q}, is defined for every 0 € {1,...,q}" by the
formula

i exp[—BH{; (0)]
(1.1) Ue glo] = - )
o Y exp[-BHL(0")]

o’e{l,...q}V
where
L) == Y Mo =0]— 3 Moy =i].
{x,y}eE xedV

Above, 1[-] denotes the indicator function and dV is the set of vertices of G with at least one
neighbor (in Z?) outside of G. Note that when i = 0, the second sum is zero for all .

For any boundary conditions i, the family of measures juf, p converges as G tends to
the whole square lattice. The resulting measure ,ujg defined on the square lattice is called

the Gibbs measure with free boundary conditions if i = 0 (respectively, monochromatic
boundary conditions equal to i ifi € {1,...,q}).
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DISCONTINUOUS PHASE TRANSITION FOR ¢ > 4-POTTS MODEL 1365

The Potts model undergoes an order/disorder phase transition, meaning that there exists
a critical inverse temperature B, = B.(q) € (0, 00)) such that:

— For B < B., the measures u%, i =0,...,q,areall equal.
— For B > B., the measures /Lfé, i =0,...,q, are all distinct.

Baxter [1] conjectured that the phase transition is continuous if ¢ < 4 and discontinuous if
g > 4, meaning that all the measures “’fﬂc withi =0,...,q areequal if and only if ¢ < 4. It
was shown in [3] that 8. = log(1l + ,/g); moreover, when g < 4, it was proved in [12] that
the phase transition is indeed continuous, along with more detailed properties of the unique
critical measure g, . The goal of this article is to complete the proof of Baxter’s conjecture
by proving the following theorem. Below, x,, denotes the site of Z? with both coordinates
equal to |n/2].

THEOREM 1.1. — Consider the q-state Potts model on the square lattice with q > 4. Then,

1. all the measures /ngc fori = 0,...,q are distinct and ergodic (in particular, ;L%C is not

equal to the average of the 'U“j% withi € {1,...,q});

2. foranyi € {1,...,q}, /Lfgc[oo =i]> é.
3. Let A > 0 satisfy cosh(A) = ,/q/2. Then

o0
lim —Llog (1, 00 = 0, ] = 1) =2 +2)" D tanh(kA).
k=1

Furthermore, the quantity above is strictly positive.

The limit computed in the final item above is the inverse correlation length of the critical
Potts model in the diagonal direction. This theorem follows directly from Theorem 1.2 below
via the standard coupling between the Potts and random-cluster models (see Section 3.4 for
details).

1.3. Results for the random-cluster model

The random-cluster model (also called Fortuin-Kasteleyn percolation) was introduced by
Fortuin and Kasteleyn around 1970 (see [14] and [15]) as a class of models satisfying specific
series and parallel laws. It is related to many other models of statistical mechanics, including
the Potts model. For background on the random-cluster model and the results mentioned
below, we direct the reader to the monographs [18] and [7].

Consider a finite subgraph G = (V, E) of the square lattice. A percolation configuration
w is an element of {0, 1}£. An edge e is said to be open (in w) if w(e) = 1, otherwise it is
closed. A configuration w can be seen as a subgraph of G with vertex set V' and edge-set
{e € E : w(e) = 1}. When speaking of connections in w, we view w as a graph. A cluster is
a connected component of w (it may just be an isolated vertex). Let o(w) and ¢(w) denote
the number of open edges and closed edges in w respectively. Let ko(w) denote the number
of clusters of w, and k; (w) the number of clusters of @ when all clusters intersecting dV are
counted as a single one — as before, 3V is the set of vertices of G adjacent to a vertex of Z?
not contained in G.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1366 H. DUMINIL-COPIN ET AL.

F1GURE 1 Simulations (courtesy of Vincent Beffara) of the critical planar Potts
model pL (the spin 1 is depicted in blue) with ¢ equal to 2, 3, 4, 5, 6 and 9
respectwely The behavior for g < 4 is clearly different from the behavior for ¢ > 4.

In the first three pictures, each spin seems to play the same role, while in the last
three, the blue spin dominates the other ones.

Fori € {0, 1}, the random-cluster measure with parameters p € [0,1], ¢ > 0 and
boundary conditions i is given by
p°@ (1 — p)c@ gki(@)
Zi(G.p.q)

where Z!(G, p. q) is a normalizing constant called the partition function. When i = 0 and
i = 1, we speak of free and wired boundary conditions respectively.

¢iG,p,q (w) =

The family of measures ¢é; _p.q converges weakly as G tends to the whole square lattice.
The limiting measures are denoted by qbZz " and are called infinite-volume random-cluster
measures with free and wired boundary conditions (for i equal to 0 and 1 respectively).

For g > 1, the random-cluster model undergoes a phase transition at the critical param-
eter p. = pc(q) = /q/(1+ /q) (see[3] or [9, 10, 11] for alternative proofs), in the following
sense:

—if p > pc(q), ¢§2’p,q = ¢%2,p,q and the probability of having an infinite cluster in w
is 1.

— if p < pe(q), ¢§2,p,q = ¢%2’p’q and the probability of having an infinite cluster in w
is 0.

As before, one may ask whether the phase transition is continuous or not; this comes down

to whether there exists a single critical measure or multiple ones. In [12], it was proved that

forl < g <4, qbZz = ¢Z2 and the probability of having an infinite cluster under this

measure is 0. In thls artlcle we complement this result by proving the following theorem.
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DISCONTINUOUS PHASE TRANSITION FOR ¢ > 4-POTTS MODEL 1367

Recall that, in this model, ¢ is not necessarily an integer. Also recall that x;, is the site with
both coordinates equal to |n/2].

THEOREM 1.2. — Consider the random-cluster model on the square lattice with q > 4. Then
1 0 .

B ¢Zz,pc,q 7 ¢Zz,pc,q’

2. ¢%2 e q[there exists an infinite cluster] = 1;

3. if A > O satisfies cosh(L) = ,/q/2, then

o0
(1.2) nlgrgo —% log ¢(Z)2,pc,q [0 and x,, are in the same cluster] = A + 2 Z % tanh(kA).
k=1
Furthermore, the quantity on the right-hand side is positive and as q | 4,

[o.¢]

00 2
[ _ 4 - __ =
(13) A+2) S tanh(kd) =) (HZ%H)) 8 exp ( W) .

k=1 k—o (2k + 1) sinh

As in the Potts model, the quantity on the left-hand side of (1.2) corresponds to the inverse
correlation length in the diagonal direction. Note that it directly implies exponential tails for
the radius of the cluster.

The proof of this theorem relies on the connection between the random-cluster model and
the six-vertex model defined below. At the level of partition functions, this connection was
made explicit by Temperley and Lieb in [23]. Here, we will further explore the connection to
derive the inverse correlation length; see Section 3.3 for more details.

1.4. Results for the six-vertex model

The six-vertex model was initially proposed by Pauling in 1931 in order to study the
thermodynamic properties of ice. While we are mainly interested in it for its connection to
the previously discussed models, the six-vertex model is a major object of study on its own
right. We do not attempt to give an overview of the six-vertex model here; instead, we refer
to [22] and Chapter 8 of [2] (and references therein) for a bibliography on the subject and to
the companion paper [8] for details specifically used below.

Fix two even numbers N and M, and consider the torus Ty,ar 1= Z/NZ x Z/MZ as
a graph with edge-set denoted E(Tw,a). An arrow configuration @ is a map attributing to
each edge e = {x,y} € E(Ty m) one of the two oriented edges (x, y) and (y, x). We say
that an arrow configuration satisfies the ice rule if each vertex of Ty, s is incident to two
edges pointing towards it (and therefore to two edges pointing outwards from it). The ice
rule leaves six possible configurations at each vertex, depicted in Fig. 2, whence the name of
the model. Each arrow configuration & receives a weight

a™tna . pratna . enstneif ) satisfies the ice rule,

(1.4 @) 0 otherwise,

where a, b, ¢ are three positive numbers, and n; denotes the number of vertices with configu-
rationi € {1,...,6}in &. In this article, we will focus on the casea = b = 1 and ¢ > 2, and
will therefore only consider such weights from now on. This choice of parameters is such that
the six-vertex model is related to the critical random-cluster model with cluster weight ¢ > 4
on a tilted square lattice, as explained in Section 3.3.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1368 H. DUMINIL-COPIN ET AL.

Our choice of parameters corresponds to A = % < —1, called the anti-

ferroelectric phase. The regime A € [—1, 1), also called disordered, is also of interest and
is related to the random-cluster model with g < 4; see [2]. The regime A > 1 (which requires
a # b), called the ferroelectric phase, has also been studied under the name of stochastic six-
vertex model and is related to interacting particle systems and random-matrix theory; see the
recent paper [5] and references therein.

A i e

FIGURE 2. The 6 possibilities for vertices in the six-vertex model. Each possibility
comes with a weight a, b or c.

In the context of this paper, the utility of the six-vertex model stems from its solvability
using the transfer-matrix formalism. More precisely, the partition function of a toroidal six-
vertex model may be expressed as the trace of the M-th power of a matrix V' (depending
on N) called the transfer matrix, which we define next. For more details, see [8§].

Set X = (x1,...,Xx,) to be a set of ordered integers (called entries) 1 < x; <---<x, <N
with0 <n < N.Let Q@ = {—1, 1}®¥ be the 2V -dimensional real vector space spanned by
the vectors Wy € {1}V given by Wz(i) = 1ifi € {x1,...,x,}, and —1 otherwise. The
matrix V is defined by the formula

2 ifw; = 0,
(1.5) V(W5 W5) = EOFON i g o£ W5 and Wi and ¥ are interlaced,
0 otherwise,

where X and y are inferlaced if they have the same numbers of entries n and x; < y; < x5 <
ce <Xy S ypory; <xp < yp <--- <y, < xp. Itisimmediate that V' is a symmetric matrix;
in particular, all its eigenvalues are real. Furthermore, it is made up of diagonal-blocks V']
corresponding to its action on the vector spaces

Qp := Vect(V5 : X has n entries) 0<n<N.

As discussed in [8], each block V" satisfies the assumption of the Perron-Frobenius
theorem (Y, and thus has one dominant, positive, simple eigenvalue. For an integer
0 <r < N/2, let A,(N) be the Perron-Frobenius eigenvalue of the block VIN/2=71 where
we emphasize the dependence of A, on N (recall that N is even). The main result dealing
with the six-vertex model is the following asymptotic for the aforementioned eigenvalues.

(M More precisely, the entries of V1] are non-negative and there exists an integer k such that (V[”]) has only
positive entries. We will henceforth call a matrix with these properties a Perron-Frobenius matrix.

4¢ SERIE - TOME 54 — 2021 — N° 6



DISCONTINUOUS PHASE TRANSITION FOR ¢ > 4-POTTS MODEL 1369

THEOREM 1.3. — For ¢ > 2 and r > 0 integer, fix A > 0 to satisfy cosh(1) = &T—z Then,

.1 A o e % tanh(k))
(1.6) Jim - log Ao(N) = 7+ > —
Ne4N k=1
. Ar(N) N (1)
(1.7) ngnoo Ao(N) = exp [ —r ()L +2 Z % tanh(k/\))].
N e€4N k=1

The limit of X(I)Exg is sometimes interpreted as twice the surface tension of the six-vertex

model, and the second equation is effectively a computation of this quantity. The limit
of 2(’)&; does not have an immediate interpretation but will come in useful when trans-
ferring the result to the random-cluster model (see Remark 3.18). The first identity may
be reformulated in terms of the free energy, which defines the asymptotic behavior of the

partition function, as described below.

c2=2
2

COROLLARY 1.4. — Fix ¢ > 2 and A > 0 such that cosh(A) =
f(1,1,¢) of the six-vertex model satisfies

. 1 . A = e * tanh(k))
o= i gpplee( X w@) =3+

. Then the free-energy

(Z) on TN.M

The previous corollary follows trivially from Theorem 1.3 once observed that the free
energy does exist, and that the leading eigenvalue of V' is the Perron-Frobenius eigenvalue
of VIN/21 (see Section 3.2 for details).

Theorem 1.3 above will be obtained by applying the coordinate Bethe Ansatz to the
blocks V" of the transfer matrix. This Ansatz, aimed at finding eigenvalues of certain types
of matrices, was introduced by Bethe [4] in 1931 for the Hamiltonian of the XXZ model.
It has since been widely studied and developed, with applications in various circumstances,
such as the one at hand. Its formulation for the six-vertex model is described in detail in [§].
For completeness, let us briefly discuss this technique again.

The idea is to try to express the eigenvalues of VIE," Vas explicit functions (see Theorem 3.1

below) of an n-uplet p = (p1,..., pn) € (—m, m)" satisfying the n equations
n

(BEa) Npj =2xl; =Y O(pj.pe)  Yj€{l.....n}.
k=1

where the /; are integers or half-integers (depending on whether n is odd or even) between
—N/2and N/2,and ® : R? — R is the unique continuous function @ satisfying ©(0,0) = 0

and

. e + el —2A
1.8 —i0(x,y)) = 'O
( ) exp( 1 ()C y)) 4 eix 4 =iy —2A

where recall that A = (2 — ¢?)/2. This parameterization of the six-vertex model will be used
throughout the paper. We refer to BEA as the Bethe equations. Depending on the choice
of the I;, the eigenvalue obtained may be different. It is also a priori unclear whether all
eigenvalues of VIE," I can be obtained via this procedure.

@ The fact that © is well-defined, real-valued and analytic can be checked easily.
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1370 H. DUMINIL-COPIN ET AL.

The asymptotic behavior of Ag(N) was computed in [25] using the coordinate Bethe
Ansatz. The argument of [25] assumed that Ag(N) is produced by a solution
P(N) = (p1...., PNj2) to (BEA) withn = N/2 and the special choice /; = j—(n+1)/2. An
asymptotic analysis of the distribution of pi,..., py/2 on [—m, 7] was then used to derive
the asymptotic behavior of A¢(N). To our best understanding, certain gaps prevent this
derivation from being completely justified in this first paper. Among them are the existence
of solutions to (BEA), the fact that the associated eigenvector constructed by the Bethe
Ansatz is non-zero, and the justification of the weak convergence of the point measure of p
to an explicit continuous distribution.

The more refined asymptotic (1.7) requires further justification. For r = 1 (or equiva-
lently —1), the limit was derived in [2] and [6]. Baxter’s result [2] is based on computations
involving a more sophisticated version of the Bethe Ansatz and the eight-vertex model, which
generalizes the six-vertex model. The paper [6] relies on completeness of the six-vertex and
Potts representations of the Bethe Ansatz. To our best understanding, both computations
require assumptions which are difficult to rigorously justify. We are not aware of any compu-
tation of (1.7) for |r| > 2. Similar results were obtained rigorously in [20, 17] for related
models (see the discussion before Theorem 2.3 and Remark 3.5 for more details).

In light of this, we chose to write a fully rigorous, self-contained derivation of both (1.6)
(which matches Baxter’s computation) and (1.7). Moreover, we only use elementary tools,
so as to render it accessible to a more diverse audience, less accustomed to the mathematical
physics literature. The computations of the two limits in Theorem 1.3 will be used in a crucial
way in the proof of Theorem 1.2.

1.5. Organization of the paper

1.5.1. Section 2: Study of the Bethe equations. — This step consists in the study of (BEa)
with the choice

. o n+1
(1.9) lj=j—

for j €{l,...,n}.

This section does not involve any reference to the Bethe Ansatz or the six-vertex model. It is
divided in three steps:

1. We first study two functional equations that we call the continuous Bethe Equation and
the continuous Offset Equation, respectively, via Fourier analysis.

2. We then construct solutions to (BE A ) with prescribed properties. This approach proves
the existence of solutions to the Bethe equations and, more importantly, provides
good control of the increments p; 1 — p; of the solution. This will be crucial when
analyzing the asymptotic of A,(N)/Ao(N). It also provides tools for proving that
the eigenvectors built via the Bethe Ansatz are non-zero and correspond to Perron-
Frobenius eigenvalues.

3. Finally, we study the asymptotic behavior of the solutions of the discrete Bethe equa-
tions using the continuous Bethe Equation. Furthermore, we compare solutions with
different values of n using the continuous Offset Equation.

4¢ SERIE - TOME 54 — 2021 — N° 6



DISCONTINUOUS PHASE TRANSITION FOR ¢ > 4-POTTS MODEL 1371

1.5.2. Section 3: From the Bethe equations to the different models. — This part contains the
proofs of the main theorems. It is divided in two steps.

1. We use the Bethe Ansatz to relate the Bethe equations to the eigenvalues of the
transfer matrix of the six-vertex model. We then study the asymptotic behavior of the
Perron-Frobenius eigenvalues of the different blocks of the transfer matrix using the
asymptotic behavior of the solutions to the continuous Bethe Equation derived in the
previous section (see the proof of Theorem 1.3).

2. We relate the six-vertex model to the random-cluster and Potts models via classical
couplings. These relations, together with new results on the random-cluster model,
enable us to prove Theorems 1.2 and 1.1.

1.5.3. Section 4. Fourier computations. — The study will require certain computations using
Fourier decompositions. While these computations are elementary, they may be lengthy, and
would break the pace of the proofs. We therefore defer all of them to Section 4.

1.5.4. Notation. — Most functions hereafter depend on the parameter A = # < —1. For
ease of notation, we will generally drop the dependency in A, and recall it only when it is
relevant. We write 9; for the partial derivative in the i*” coordinate.

1.5.5. Acknowledgements. — The authors thank Vincent Beffara for the simulations, and
Alexei Borodin for useful discussions. The first author was funded by the ERC grant
CriBLaM. The first and the third authors were funded by the IDEX grant of Paris-Saclay.
The fifth author was funded by a grant from the Swiss NSF. All the authors are partially
funded by the NCCR SwissMap.

2. Study of the Bethe Equation

2.1. The continuous Bethe and Offset Equations

This section studies the following continuous functional equations for A < —1:

(cBEa) 2mp(x) =1+ [_ 810 (x. y)p(y)dy Vx € [~ 7],

O(x,—m) + O(x, ) T
2 e
The first equation naturally arises as a continuous version of the Bethe Equations (BEA),
while the second one will be useful when studying the displacement between solutions of the
Bethe equations for different values of n.
The main object of the section is the following proposition. For A < —1, let k be the
unique continuous function ® from [, ] to itself satisfying

(cOEA) 2mt(x) =

20(x, y)t(y)dy Vx € [-m, 7).

A —io
pikl@ _ ¢ —¢€
eA—ia _ ]

’

where A > 0 is such that cosh(1) = —A.

® The existence of k follows by taking the complex logarithm and fixing k(7)) = =£m. Furthermore, k is
invertible. Also notice that z —> (e* — z)/(e*z — 1) is a Mobiiis transformation mapping the unit circle to itself
and —1 to —1.
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1372 H. DUMINIL-COPIN ET AL.

PROPOSITION 2.1. — For A < —1, let x = k(). The functions p and t defined by ®

1 1
(2.1) plx) = 40k (c) jZG; cosh[r(2nj + &)/ (2A)]

T(x) =) (;1")1'" tanh(Am) sin(ma)
m>0

are the only solutions in L?([—m, ]) of (cBEa) and (cOE) respectively. In particular, the
function p : (A, x) — p(x) is strictly positive and analytic in A < —1 and x € |-, 7].

We prove this result by making a change of variables x = k() to obtain equations
involving a convolution operator, and then using Fourier analysis to compute p and 7 (and
therefore deduce their uniqueness).

Proof. — In this proof, we fix A < —1 and drop it from the notation. Set R(«) =
2np(k(a)k’(a) and T(a) = 2mt(k(a)). The change of variables x = k() trans-
forms (cBEA) and (cOE,) into ®

e

@BE)  R@ =2 -5 [ Eu@-pREP Var & o7,

1
(cOE}) T(a) = ¥(a) - E/ Earla =T (B)dp Va € [-m, 7],

-7
where, for ¢ € R and « € [, 7],

sinh(u) __ Ok(a),—7) + O(k(a), )
cosh(u) — cos() and Vi@ = 2 ’

Bula) =

For any function f € L2?([—x,r]), denote by ( f (m))mez its Fourier coefficients defined
as f(m) := 5 [7 7™ f(a)da. Then, (cBE),) and (cOE/, ) may be rewritten as

(2.2)

R(m) = E,(m) — Ex0(m)R(m) and T(m) = W(m) — E,0(m)T(m)  Vm € Z.

The end of the proof is a simple computation which we resume next; details are given in
Section 4. The residue theorem shows that &, (m) = exp(—u|m|). In addition, a simple
computation implies that ¥(m) = % (1 — @y(m)) form # 0and U(©0) = 0.
Substituting these in (2.2), we deduce that, for all m € Z (m # 0 for the second equality),

R g 1 o —1"
__Sam m) Db m).
1+ &p5(m)  2cosh(im) 1+ 8os(m)  im
The conclusion follows by checking that functions given in (2.1) have the Fourier coefficients
above; details are given in Section 4. The properties of positivity and analyticity of p follow

directly from its explicit expression (observe that the terms of the sum in (2.1) are positive
and converge exponentially fast to 0). O

and f(m) =

® In the definition of 7, the series is not absolutely summable; it stands for the limit of the partial sums.
() A series of algebraic manipulations is necessary for this step. The key is to observe that k’(@) = E ) («) and

Eoala—B) = —550k(@), k(B) = f5O%K(@),k(B)).
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Before turning to the discrete equations, let us provide an alternative proof of the unique-
ness of the solution to (¢cBEA ) based on a fixed-point theorem. While this proof does not give
an explicit formula for p (a formula which will be useful later on), it highlights the importance
of a particular norm which will play a central role in the next section. The goal is to prove
that the map T, defined below is contractive, a fact which immediately implies that (cBEa)
has a unique solution.

Fix A < —1. Consider the map T, from the set ¢/ of bounded functions f : [-7, 7] — R
with ["_ f(x)dx = 1/2 to itself © defined by

1

2aTe(f)x) = 1+ f 2,0 y) f()dy  Vx €[],

We claim that this map is contractive for the norm defined by
(2.3)

1£1 = sup{ [ @) f@)] x € [~ 7]} = sup { K@) fk(@)]. @ € [~ 7]}
Note that £’ is bounded away from 0 and infinity, so that the norm above is equivalent to the
supremum norm || - || (With constants depending on A < —1).

Indeed, let f and g be two functions in §#. Set F = k' - (f o k), G = k' - (g o k),
F =k'(T.(f)ok)and G = k’-(T.(g)ok), and notice that all these functions integrate to 1/2
on [—x, r]. Letting mg = min{E,; (x) : x € [-x, 7]} > 0, we find that, for any o € [—n, 7],

F@-6@| =] [ e pFE - G6nap)

T

1
2w

| (@anta—p) - ma)F® - Gipnas|

-7

LyF - G||oo/ (B2 (B) — mz)dp

-7

(I=mg)|F = G|lco.

2.4)

IA

where we used the fact that E,, (8) integrates to 27 (since E) (0) = 1) in the final line.
Observing that | F — Glleo = ||f —glland |F — Glloo = || Tc(f) — Tc(g)|l, we conclude
that T, is contracting.

2.2. The discrete Bethe equations

The main object of this section is to prove the existence and regularity of solutions to the
Bethe equations recalled below:

n
(BEa) Npj =2xl; =Y O(pj.px).  ¥je{l.....n},
k=1
with the choice (1.9) for the I;, namely I; = j — for 1 < j < n. We will be looking
for solutions p with additional symmetry (which takes into account the symmetry of the /;).
More precisely, we will be looking for solutions in

n+1
2

On = {p: (P1,.--spn) i W< p1<pp<--<pp<mand pyyi—; =—pj,Vj}.

©) That To($#) C &K follows from Fubini’s theorem and the fact that ®(x, y) — O(—m,y) = —2m for all
y € [—m, x].
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For any vector p = (p1,..., pn), We set pg = p, — 2w and p,41 = p1 + 27. Hereafter, N
will always denote an even integer.

Maybe the most natural approach to proving the existence of solutions to (BEA) (for
fixed A, N and n) is to apply the Brouwer Fixed-Point Theorem ) to themap T : §, = Sn
defined by

2nl; 1
T(pro-opn) = == = 2_ O pi)
k=1

1<j=<n

Indeed, p being a fixed point of T is equivalent to it satisfying (BEa ). The fact that T maps &,
to itself follows directly from the monotonicity and anti-symmetry of ®, and from the fact
that

=21 <O(x,y) +O(x,—y) <2m Vx,y € [-m, x].

The Brouwer Fixed-Point Theorem indeed applies to T, and solutions to (BEa) may thus
be shown to exist for any A < —1. Having said that, it will be important that the solutions
vary continuously as functions of A, which does not follow from such arguments. Such a
continuity statement was proved by Karol Kozlowksi in [20] and Pedro Goldbaum in [17] for
the 1D Hubbard model. The argument used in the latter paper generalizes the earlier work
of Yang and Yang [25], using an Index theorem on a well-chosen field, and thus deducing
that the solutions form families of continuous curves, proving that there exists a continuous
curve of solutions to (BEa) in the set [—o00, —1) x [—7, 7]", extending over the whole range
of A.

However, we wish to prove a stronger statement: we would like the solutions to have some
regularity, in that they should be close to p, the solution we explicitly computed in (2.1),
in some appropriately-chosen sense. This will be important when comparing solutions for
different values n to compute the limit of A,(N)/Ao(N).

We therefore choose another path to prove the existence of solutions, based on the
Implicit Function Theorem. Our approach has the further advantage of being fairly short
and elementary, and of proving that the obtained solution is close to the continuous one
(which renders the asymptotic analysis of Ag(N) essentially trivial). Furthermore, we will
also prove that the map A +— pa is not only continuous but analytic, a fact which will be
useful in proving that the eigenvalue associated with pa is the Perron-Frobenius one (see
Section 3.1). The downside is that it only yields a solution on an interval [—oco, Ay] with
An < —1, tending to —1 as N tends to infinity (which will be sufficient for the application
we have in mind).

Before stating the theorem, let us explain how we will compare a solution p of (BEa) to the
continuous solution p of (¢cBEa). For p € &, introduce the step function pj : [-7, 7] — R
defined by

lit1—1; .
(2.5 pp(t) = ——L— ift € [pj. pj+1),
’ N(pj+1 - pj) 7

(™ For sufficiently small values of A, the Brouwer Fixed-Point Theorem is not even necessary, since one may show
that T is contractive for the £! norm; this is not true for A close to —1.
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where I, 41 and [ are defined by 1,41 — I; = I, — [y = N — n. We measure the distance
from p to the continuous solution using [|pp — p||, where || - || is the norm introduced in (2.3).
This norm appears naturally in this context since the map T, — which may be viewed as a
continuous version of T —is contractive for || - ||.

REMARK 2.2. — We chose to write /; 1 — I; in the numerators, since this would be the
natural quantity would the /; take arbitrary values. In our case, /; 1 — I is equal to 1 for
any 1 < j <n,and to2r + 1 for j = 0 and n (recall thatn = N/2 —r).

We are now in a position to state the main theorem of this section.

THEOREM 2.3. — Fixr > 0and Ay < —1. There exist K > 0 and Ny such that, for
any N > Ny, there exists a family of solutions (pa)a<a, to the Bethe Equations (BEa) with
n = N/2 —r satisfying

(1) A+ pa is analytic on [—o00, Ag) ®,

(i) lopa — pll < X forall A < Ao.

Property (ii) should be understood as a regularity statement. It implies in particular that,
forall0 < j <mn,

6 P —pr = = o).

p(pj)N N2
where O(-) depends on Ay only @. As an important consequence for us, the previous expres-
sion implies that, for N > Ny large enough and 0 < j <n,
2(Lj+1— 1))

myN ’
where m, > 0 is the infimum of p over x € [, 7] and A < Ay. It will be crucial to us that
the bound (2.7) above does not depend on the quantity K of Theorem 2.3 (even though N

may depend on K). Also notice that (ii) implicitly shows that pa is in the interior of &, for
all A < Ag, provided N is large enough.

2.7 Pi+1—Pj =<

The rest of this section is dedicated to proving Theorem 2.3.

As we already mentioned, our strategy is based on the Implicit Function Theorem, which
will be applied to I—T (seen as a function of A and p), where I denotes the identity function:

I(A,p) =p, Vpe &,and A < —1.

There is no a priori reason that allows us to apply the Implicit Function Theorem at any zero
of I —T, as the differential is not guaranteed to be invertible. Nonetheless, we will show that
we may construct a family of such zeros that remains close to the continuous solution, and
that this ensures that the differential of I — T is invertible. The key of this argument is the
following stability lemma.

®) Here, f is analytic at —oo if there exists (a,) such that f(x) = fo’:o anx~" for all x sufficiently small.
®) The notation O (N %) is used to indicate a quantity that is bounded by CN ¥ for all N, where C is a constant.
We say O(-) is uniform in certain parameters, to mean that C may be chosen independently of those parameters.
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LEmMMA 2.4, — Fixr > 0and Ay < —1. Then, for K > 0 and Ny large enough, for
any A < Ag and N > Ny, there exists no solutionp € &, of (BEa) withn = N/2 —r
and

K - K
N = llop — pll < N

This lemma should not appear as a surprise. Indeed, as mentioned above, T is, in some
sense, a discrete version of T, (which is contractive and has fixed point p), at least in a vicinity
of p, and could therefore be expected to be contractive for N large enough. We did not
manage to prove this fact, but the lemma above is sufficient for our use.

Let us assume this lemma for now. Write R¢,, for the |n/2]-dimensional subspace of R"
of symmetric vectors:

Rim = {(G1,---.qn) €R" 1 ¢j = —qn+1-j, YJ}.
The map I — T leaves this space stable (as can be seen by the symmetry properties of ©).
Therefore, we may apply the Implicit Function Theorem to I — T as a function from
[00, Ag] X &, to RY,, (recall that §, C R{,,). Write d(I — T) for (the restriction of)
the differential of I — T in p as an automorphism of R, .. To apply the Implicit Function
Theorem at some point (A, p) one needs to ensure that d(I — T)(A, p) is invertible. This is

done via the lemma below; its proof is deferred to the end of the section.

LEMMA 2.5. — Fixr > 0, Ag < 1 and K > 0. Then there exists Ny such that, for
any A < Agand N > Ny, d(I — T)(A,p) is invertible for any solutionp € &, of (BEp)
withn = N/2 —r such that ||pp — pl| < K/N.

Theorem 2.3. — Fixr > 0and Ay < —1; K > 2r and N will be assumed large enough
for Lemmas 2.4 and 2.5 to apply, further conditions on N will appear in the proof.

For A = —oo we have ®(x,y) = y — x, and the Bethe equations have a unique
solution p_o With p; = 2nl;/(N —n) for 1 < j < n. This solution satisfies p € &,
and [|pp — p|| < K/N (p is the constant function 1/(47) when A = —oo and we assumed
K > 2r).

Due to Lemma 2.5, the Implicit Function Theorem may be repeatedly applied to extend
the solution from p_ to an analytic function A - pa, as long as ||pp, — pll < K/N and
Par € & ,. The latter condition is implied by the former when N is large enough; we may
therefore ignore it. Lemma 2.4 shows that pa, being continuous in A, may never exit the ball
of radius K/(2N) around p for the | - ||-norm. Thus, the map A +— pa is defined for all
A < Ay, analytic and such that |[pp, — p|| < K/N forall A < Ay. O

To close the section, we prove Lemmas 2.4 and 2.5.

Lemma 24. — Letr > 0and Ay < —1; bounds on K and Ny will appear throughout
the proof. Consider A < Ag, N > Noandp = (p1,..., pn) a solution of (BEx) with
n=N/2rand |lpp— pll < K/N.

In this proof, O(:) is uniformin K and j = 1,...,n (but may depend on r). In particular,
by (2.7), we may write that p; 1 — p; = O(1/N), provided N is large enough. For further
reference, note that the derivatives of the functions p, k, ©, etc, are all bounded uniformly
inA< Ao.

4¢ SERIE - TOME 54 — 2021 — N° 6



DISCONTINUOUS PHASE TRANSITION FOR ¢ > 4-POTTS MODEL 1377

Let f, : R — R be the smooth function defined by

) S = 5 (x+ 1 D0 ).
k=1

For any t € [pj, pj+1), apply the Mean Value Theorem to construct §; € (p;, pj+1) such
that

@ Liv1—-1; H(pi+1) — fo(p)) /
(2.9) pp(t) = = = fp ).
’ N(pj+1— pj) Pj+1— Dj P
In the second identity, we used that pis a fixed point for T and therefore satisfies fp(p;) = I; /N
forany j € {1,...,n — 1}. In fact, this relation also holds for j = 0 and n; to see this, we
recall that ®(x 4 2m, y) — O(x, y) = —2m, and therefore
N —n
Solx £27) = folx) £ N

Thus,

L —(U,—N I -1
Fon) — fipyy = =2 ED Do

The argument is identical for j = n. Since pj+1 — pj = O(1/N), forany ¢ € [p;, pj+1), we
may approximate p(7) by p(§;) and k’(k~1(¢)) by k’(k~1(§;)) to deduce that
K (k™1 (0))|pp(1) = p()] < (1 + O(F) k' (k1 EN)I £ E) — pED| + O(57)
< (1 +O0(F)Ify = el + O(5).
Therefore, the lemma follows readily from the following inequality, which we prove below:
(2.10) Ify = el < (1 =mz)lpp — pll + O(5).
where mg = inf{E,)(x) : x € [-m,7]and A < Ay} > 0. Indeed, assuming (2.10) holds,
the previous computation shows that
lop = £l < (1 =mz)llpp — pll + O(5),
which implies the result for K large enough (recall that the constant in O(1/N) above does
not depend on K).
Hence, we only need to prove (2.10) to finish the proof of the lemma. Set Rp(x) :=

pp(k(@))k’(«r). Fix x = k(er). With this definition, the change of variable explained in the
previous section implies that

1 < ”

2fy) =14+ 3 D00 = 1+ [ 010G mIdy + O
k=1 -

1
k'(c)
where we used again that max{p;j+1 — p;} = 0(%) and that 9,0, ® is bounded uniformly
to approximate d, ®(x, px) by 910(x, k(8)). Thus,
K (k)] fy () = p(x)| = %/ Ezale — B)(Ry(B) — R(B))dB| + O(x)
1

24) .
= (I=mg)lpp —pl + O(5),

=1+

[ Eox(e — P)Ry(B)P + O(L).
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where in the last inequality, we can apply (2.4) since [* Ry(@)da = [* pp(x)dx = 1. O

Lemma 2.5. — Let r, Ag and K be as in the statement of the lemma; Ny will be chosen
later in the proof. Fix A < Ag, N > Ngand p € &, satisfying (BEx) withn = N/2 —r and
such that ||pp — p|| < K/N.

Note that for A = —oo, Tisequal to /2, and the result is trivial. We may therefore assume
that A € (—o0, Ay].

Write A for d(I — T)(A, p), the differential of I — T in p at the point (A, p) fixed above.
Recall that we see A as an automorphism of R¢,, . We will regard it as a square matrix of
size [n/2], when written in the basis (¢; — en+1—;)1<j<|n/2) Of R{;;,, where (e;)1<;<n 1s the
canonical basis of R”. We may write A explicitly:

fa-nD@a.p], T-T@.p)],

Jk =

0P OPn+1-k
L+ 4 Y. 010(pj, po) — %20(p;, —pj)  ifj =k,
= L]
¥ [920(p;. 1) = 020(p;. —p1)] if j # k.
for 1 < j,k < n/2. For the second equality, we have used p,,+1—x = —pr-

Also, write B for the diagonal matrix of size |n/2], with entries N(pj+1—p;j) = pp(p;)~"
on the diagonal. Rather than proving that A is invertible, we will prove that A = AB is
invertible, by showing that it is diagonally dominated —i.e., 4;; > > i Aij for every i.

Below, the notation O(-) is considered uniform in A < Ag and j, but may depend
on the fixed constants K and r. Due to the condition ||p, — p|| < K/N, we may write

Pj+1 — pj = O(1/N). Finally, we will use that the functions p and ® and their derivatives
are uniformly bounded for A < A (provided that N is large enough).

The diagonal terms of A are

@.11)

A= — (14 5 X 0005 0) + 0(})
k#j

rp(P;)

1 ( ™ (cBEa) 27p(pj)
- L+ [ 9100 y)p()) + 0(4) B =222
rp(P;j) -7 ( N ) rp(P))
For the second equality 19, we used ||pp — p|| < K/N. We further note that the final equality
follows thanks to the fact that m, > 0.

+0(%) =27+ O(%).

We now compute the off-diagonal terms of A. For x,y € [—m,x], write G(x,y) =
O(x,y) — O(—x, y). A direct computation shows that G(x, y) is increasing in y when both
xand y arein [—m,0]. For 1 < j # k <n/2, since O(x,—y) = —O(—x, y), we have

Ajk = (Prs1 — PR)[020(p). pr) — 20(=p;. k)| = (Pr+1 — Pr)02G(pj. pic) = 0.

(10) The equality is obtained by a simple computation similar to that of the proof of Theorem 2.6 below. We omit
the details here.
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Therefore, for any fixed 1 < j <n/2,

/2]
Z |Ajk| = Z Ajx = Z (Pr+1— PR)32G (s, pk) + O(%)
k#j k#j k=1

2.12) = G(p;.0) = G(pj.—m) + O(5).

A straightforward calculus exercise can show that, for any A < Ay, the function
G(x,0) — G(x,—m) satisfies
1

G(x,0) — G(x,—m) < 4arctan (—
2|Aol/ AL — 1

) < 2m, Vx € [-m,0].

In conclusion, (2.11) and (2.12) show that for N large enough (depending on Ag,r and K
only), A4 is diagonal dominant and therefore invertible. O

2.3. The asymptotic behavior of the solutions to the Bethe equations

This section is devoted to two results that control the asymptotic behavior of solutions to
the Bethe equations when p,, is close to p. The first deals with the “first order” asymptotics
of solutions to (BEx) withn = N/2 — r, for fixed r.

THEOREM 2.6. — Fix A < —l andr > 0. Consider a family of p(N) € & nj2—r for N even
large enough satisfying || ppnvy — pll —> 0. Then, uy = % Y i1 8y, (n) converges weakly
to p(x)dx, where dx is Lebesgue’s measure on [—, 7).

Proof. — Fix A < —1,r > Oand set n = N/2 — r. For any continuous function g
on [~m, ] and N > 2r, define gpw) : [-7, 7] — R by gpv)(t) := g(pj) ift € [p;, pj+1)
for some 0 < j < n (where we extend g periodically whenever needed). Then

/ g()dpn (x) = %Zg(pj) = [ Zp(v) (X) ppvy (X)dx + 8(pn) —&(p1) _g(pl),
j=1

T - 2N
and we find
[ epemax— [ e
= [ el — ppm o + [ [0~ gyl 1 + ELL8@D.

Then, (2.6) and (2.7) imply that each integral above converges to 0, and the result follows. [

The second result deals with the displacement of the solutions to the Bethe equations
with N and n = N/2 — r with respect to the solution with N and n = N/2. Fix r > 0 and
write henceforthn = N/2—r.Forp = (p1,..., pnj2) € Snjpandp = (Pr1.....Pn) € Sns
introduce the offset displacement ¢ = ¢(p, p) € R" defined for 1 < j <n by

N(ﬁj - Pj+r/2) if r is even,
g = ‘ _
! N(ﬁj _ Bi—G-vy2 42_ pj_(r+1)/2) if r is odd
and the offset function fy5(t) := ¢; if t € [p;, pj+1) forsome 0 < j <n.

(2.13)
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REMARK 2.7. — The difference of index in (2.13) between p and p is made in such a way
that the indices coincide when “starting from the middle of the interval [, 7]”.

REMARK 2.8. — Consider p and p given by Theorem 2.3 for r and r + 1. Then, the
solutions may be proved to be interlaced 1, in the sense that p; < p; < pj4; for any
1< j < n. We will not use this property later, but this may be useful in subsequent works.

While the asymptotic behavior of individual solutions p is described by the continuous
Bethe Equation, that of the offset displacement is governed by the Offset Equation, as shown
in the next theorem.

THEOREM 2.9. — Fix A < —1 and r > 0. Consider two families p(N) € & nj, and
P(N) € & Nja—r 0f solutions to the Bethe equations with parameters A and N even sufficiently
large. If |lopvy — pll = O() and | pgvy — pll = O(), then

L. p- fav).pv) converges uniformly on [—-m, ] tor - T.

2. Thereexists C > Osuchthat| fyin) vy (x)| < Clx|+O(1/N) forall N andx € [—n, n].

The second property is slightly technical but will be useful when integrating functions
against the empirical measure of the p(N) (see Section 3.2).

Proof. — Wedrop N andn = N/2—r from the notation in the computations, except that
we set fy = fpv),pv). We treat the case r even and odd separately. Below, all quantities
O(-) may depend on A and r but are uniformin j = 1,...,n and x € [-7, 7].

2.3.1. Caser even. — First, we bound the increments of fx and show that fy is almost equal
to 0 at the origin, so as to prove the second property. Equation (2.6) and the bound (2.7) on
the increments of p and p (both valid due to our assumptions) imply that

(2.14)

(2.6) 1 1 1 1 Q2.7 1
lej+1 — &l < - ‘+) = - — ‘+0i = 0(L).
’ ’ P(Pjt+r/2+1)  P(Pj+r/2) p(pj+1)  p(pj) (%) (%)
Now, by symmetry, py/4 = —pn/4a41 (recall that py/4 and pyy441 are the two elements of p
closest to the origin) and p, /2 = —pPu/2+1 SO
(2.15) Enj2 = —Enj2+1 = 0(%)

Finally, observe that pj5 is bounded uniformly in N (since it converges to p in the norm || - ||,
it also does in the uniform norm), and therefore p;+; — p; > ¢/N for all N and j, where
¢ > 0 is some constant independent of N and j. This implies the existence of C > 0,
independent of N and j, such that

(2.16) |fn()| < Clx|+0(&)  forallx € [—m, 7],

(D) The strategy is to show that the property of being interlaced is true for A = —oo (this is a straightforward
computation) and that this property does not cease to be true when increasing A continuously. Namely, one can
prove that for any A < —1, it is not possible that p; < p; < pj4j forevery1 < j < n and pi be equal
to pi or pi 41 forsome 1 < k < n. This is based on the fact that ®(x,0) € (=, x) for any x € (—m, w), and
that G(x, ¥) = O(x,y) — O(—x, y) defined on [—7, 0] is decreasing in the first variable and increasing in the
second one. The continuity of A + p, p is then used to conclude. We leave the details of the computation to the
reader.
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Let us now prove the first statement - that is, the convergence of pfy. In light of (2.14),
we may apply the Arzela-Ascoli theorem to the sequence ( fx) to extract a sub-sequential
limit f. It suffices to show that pf = r - T to conclude.

For N and 1 < j < n, the Bethe equations applied to p;,/» and p; imply

N/2 n
& =Y Opjsr2. pk) — Y O, pr)-
k=1 k=1

In the first sum, we Taylor expand the terms O (pj /2, Pr+r/2) at (p;, pi) forany 1 <k <n
(while leaving the remaining terms as they are). This gives

r/2
g = Z OPj+r/2> Pk) + OPj+r/2: Pnt1-k)
k=1
(1)
n n
@.17) — & 2 N0 e — § Y 820055, hr)ex +O0(57)-
k=1 k=1

2 3)

The final term is due to the second order errors in the Taylor expansion; it is indeed 0(%),
since it contains O(N) terms of order O ().

Fix x € [-m, 7] and for each N (along the subsequence for which fx tends to f') pick p;
so that x € [p;, pj+1). Then the equation displayed above offers an expression for fa (x).
Taking N to infinity, we find that (1) converges to 5(®(x, —m) + ©(x, r)), and (2) and (3)
converge to (1 —2mp(x)) f(x) and ffﬂ 0,0(x,y) f(y)p(y)dy, respectively, by the definition
of f and the weak convergence of uy (defined in statement of Theorem 2.6). Thus,

11

2 f()p(x) = 5(O(x,—1) + O(x. 7)) — [ 320(x,y) f(»)p(y)dy.

-7
It follows that % f(x)p(x) = t(x) by the uniqueness of the solution to the Offset Equa-
tion (cOEp).

2.3.2. Caser odd. — The reasoning is similar. Equation (2.14) may be obtained in the same
way and (2.15) may be replaced by €(,41),2 = 0, which results from the symmetry of p and p.
One then expands around (p;, pr) the expression

n
Z O(pj. Pk) — 3[OPj+¢—1)/2: Pk) + OWPj+¢r+1)/2: Pi) ]
k=1

to obtain the same result. O

3. Proofs of the theorems

3.1. Perron-Frobenius eigenvalues of six-vertex model via Bethe Ansatz

The goal of this section is to show that the Perron-Frobenius eigenvalue of V"l is given

by the Bethe Ansatz from the solution p of (BEa) given by Theorem 2.3 (recall the choice

I; = j — " for 1 < j < nin the theorem). We start by recalling the Bethe Ansatz for the
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transfer matrix of the six-vertex model. A more detailed discussion (with references) and an
expository proof may be found in the companion paper [8].

Recall that A = (2 — ¢?)/2 and that the function ® depends implicitly on A. For z # 1,
define

CzZ C2

3.1 LE:=1+7— and M@E):=1-

1—z°

THEOREM 3.1 (Bethe Ansatz for V). — Fixn < N/2. Let (p1, p2,--., Pn) € (—7m, )" be
distinct and satisfy the equations

(BE) exp (iNp;) = (=1)" ' exp (—i Z G)(pj,pk)) Vje{l,2,....n}.

k=1
Then, ¥ = 3312 ¥ (X) W5 , where y(X) is given by

V() = Y Ao [ [ exp (ipowoxr)

oe6, k=1
where Ag := &(0) 1_[ e'Poty (¢7IPotk) 4 oo — D),

1<k<{<n

(for o an element of the symmetry group &, ) satisfies the equation Vi = Ay, where

[TLE?)+ ] M) i Pr...pn #0,
A=A == i=t
[2 + (N =1)+¢? 281®(O,pj)] . l_[ M(e'P7) if pg = 0 for some (.
J#L J#t

It is a priori unclear whether i is non-zero, so that the previous theorem does not trivially
imply that A(p) is an eigenvalue of V. It is also unclear whether solutions of (BE) exist.
Nonetheless, any solutions of (BE A ) do also satisfy (BE). In particular, Theorem 2.3 provides
us with a family of solutions to (BEa), and our goal is to prove that the corresponding
value A given by the theorem above is the Perron-Frobenius eigenvalue of V1,

Below, we will view V"] as a function of A, hence we write it VA[”]. We begin by computing
the asymptotic of the Perron-Frobenius eigenvalue of VA["] when A tends to —oo.

LEMMA 3.2. — Fixr > 0and N > 2r an even integer. Set n = N/2 — r. Then the largest
eigenvalue A of the matrix

[n]
Vo[g] = Im Va
A——co (=2A)"
is simple and satisfies
r—1 .
w(2j +1)
3.2 A <2 [1 cos —)]
(3.2) < j]:[o +eos (T2

where the empty product is set to 1.
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REMARK 3.3. — The matrix V! is symmetric and thus all its eigenvalues are real; its
largest eigenvalue is therefore well-defined. It is not a Perron-Frobenius matrix, and thus we
cannot be sure a priori that the largest eigenvalue is simple and largest in absolute value. We
further note that the largest eigenvalue of Vo[g Vis actually equal to the RHS of (3.2), as will
be shown in the proof of Corollary 3.4 below.

Proof. — Fix N > 2r andn = N/2 — r. For two distinct configurations W3 and W5
in €, 12, recall that VA["](\IJ;C, W5) is non-zero only when W3 and Wy are interlacing, and in
this case it is equal to

MV DAY = (2 _ g A) 21 VDAY

Since ¥z, W5 € Q,, the number P(W5, V5) = [{i : Wz(i) # W;(i)}] is at most 2n. The
normalization (—2A)" is chosen to ensure that, for any pair of configurations X and y as
above,

1 if P(\IJ;C, \If;,) = 2n,

VI, vy =
o (V5. ¥5) 0 otherwise.

If X and y are configurations as above with Vo[g] (W3, W5) = 1, then W3 has no consec-
utive up-arrows (and by symmetry neither does W5). Indeed, if we suppose that W3 has at
least two consecutive up-arrows, then interlacement requires W5 to have an up-arrow above
at least one of the consecutive up-arrows of X, which induces P(¥3, ¥3) < 2n and therefore
VO[Z,' ](\IJ);, V¥3) = 0. Thus, to study VO[Z,’ ], we may study its restriction to the set of configura-
tions with no consecutive up-arrows.

In the case n = N/2, there is only one pair of such configurations: the completely
staggered configurations — i.c., those with alternating up and down arrows. Hence, VJON/ 2

breaks down into a block-diagonal structure: a 2 x 2 block of the form (9}), and a

[( NA/IZ) — 2] -dimensional block of 0’s. The spectral structure of this matrix is very straight-
forward - there are simple eigenvalues at =1, and all other eigenvalues are 0, as required.

Forn = N/2 — r, the situation is more complicated, and a direct computation of the
spectrum of VJ:;] is best avoided. However, we do have the tools to bound the dominant
eigenvalue.

The set of configurations with no consecutive up-arrows can be parameterized by the
location of the 2r “defects” —i.e., coordinates i with a down arrow preceded by another down
arrow. By periodicity, we say that X has a defect at 1 if X has a down arrow at 1 and at N.

It is straightforward to show that a configuration with n up-arrows has no consecutive up-
arrows if and only if there are exactly 2r defects whose parities alternate. Moreover, X and
y are such that Vo[g](lll;c, V5) = lifand only if W3 # W5 and the locations of the defects
of ¥ may be obtained from those of X, by moving each defect by precisely one unit on the left
or on the right (taken toroidally). Since the parity of the defects alternates in both states, no
two defects can exchange positions between X and y. See Fig. 3 for an example.

Write 2, for the subspace of €2, generated by basis vectors W with no two consecutive
up arrows. Then, Vo[:f I leaves this space stable, and we may consider its restriction to Q.

(12) Recall that 2, is the vector space generated by the W3, where X has 7 entries.
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@ & & O L
@ ) ® @
FIGURE 3. Left: Two configurations X and y with N = 8 and r = 2. The defects are
marked by red arrows and are numbered. Notice that each defect has moved by one

unit when going from W3 (below) to s (above), but none have exchanged places.
Right: The 2r paths corresponding to the evolutions of the defects.

A straightforward computation shows that this matrix is irreducible in the sense that, for
any Wz, W5 € Q.. there exists K such that [ O[Z,’]]K(\IJ;C,\I!;) > 0. As any symmetric
irreducible matrix, it is either aperiodic or of period 2; a more precise analysis can show that
the latter occurs in the case of Vo[g I Thus, the Perron-Frobenius theorem for irreducible (but
not aperiodic) matrices guarantees that the largest eigenvalue is simple and maximizes the
absolute value; the smallest eigenvalue actually has the same absolute value as the largest,

unlike for true Perron-Frobenius matrices.

To determine A, the largest eigenvalue, consider the following related construction. Let
M be an even integer and (aq,...,as,) be an ordered set of integers between 1 and N of
alternating parity. Consider families of 2r paths on Z/NZ denoted

{(X;@¢):0<t<M; j=1,...,2r}

such that, for each j, X;(0) = X;(M) = ajand |X;(t + 1) = X;(1)| = 1forl <t < M.
Additionally, impose that the paths X1, ..., X, are non-intersecting, in the sense that no pair
of adjacent paths ever exchange position. Let Z(M ; ay, ..., as,) be the number of such paths,
and Z(M) the sum of Z(M;ay,...,as,) over all admissible (a1,...,as,). The discussion
above indicates that

Z(M) =Tr (Vi)
which in turn implies that the largest eigenvalue (in absolute value) of Vo[g Vis given by

A= lim Z(M)VM,

M —o0
Families of non-intersecting paths as those appearing in the definition of Z (M) have been

studied before, in particular in the work of Fulmek [16], which enables us to compute the
asymptotic of Z(M) directly. Fulmek enumerates the number of vertex-avoiding paths (i.e.,
families of paths as above, but such that no two ever hit the same vertex, rather than not

intersecting). Luckily, the two are closely related: consider the transformation of a set of
paths {X;(¢) : t, j} as above to the set of paths {X;(¢) : ¢, j} on Z/(N + 2r)Z, where

Xi)=Xj(t)+j, VYI<t<M 1<j<2r
One may check that this transformation induces a bijection between the set of non-

intersecting paths starting and ending at (ay, ..., ds,) on Z/NZ and that of vertex-avoiding
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paths starting and ending at (a1 + 1,...,a2, +2r) on Z/(N + 2r)Z. Note that, while vertex-
avoiding paths are generally allowed to intersect, the parity constraints of the starting posi-
tions prevent them from doing so in this case (more precisely, observe that X 1) — X j(t)is
even for all ¢ and j).

Since we may get from any admissible starting position (that is, with even spacing between
the starting points) to the position (2,4, ...,4r) in at most N steps, the limit of interest to
us may be computed as

lim Z(M)'M = lim Z(M;2,4,...,2r)'/M.
M—o00 M—o00

We now state Corollary 7 of [16], which provides an exact expression of Z(M;2,4,...,2r)
as the determinant of a matrix of size 2r:

 N+t2r-1 e 220+ )\

Z(M;2,4,...,2r) = (N +2r) > det [ £~/ 2D 2 cos | ———— :
( =V + 20 (s > e (NW)])
£=0 1<i,j<2r
where we set £ = el T . Since we are only interested in limys 00 Z(M;2,4,... ,2r)1/M,
we can simply study the dominating terms (as M — oo) in the Leibniz formula for the
determinant on the right-hand side. However, the apparently maximal terms cancel out in
the computation of the determinant, and some care is needed.

To start, observe that the entries of the matrix above may be rewritten by grouping the
terms £ and £ + N/2 + r (which are equal) as a sum with only half the terms:

n+2r—1

267 Y Ez(i_j)z[Zcos(—”](Vzizrl))]M,

Then, we write the determinant out as

2z (24 + 1)\ M
N 4202 22 MED Z (0120 4 o) = (i—a<i>)<zzi+1>[ (17] .
(N +2r) M:24...20 = 3 0[] cos (i 5)
o€Gy, i=1
0<ly,..., U <n+2r

In the above, note that the term taken to the power M does not depend on o. We conclude
that

2r
. 26 + 1)
33 lim Z(M)"M =22 [T (—”( )
o 70— s (5
where £1,...,43, €{0,...,n + 2r — 1} maximize the product above and are such that
2r

(3.4) > e(o) [JE4o@CETD £ 0.

gEG), i=1
Consider {1, ..., £, asabove with £; = ;s for some j # j’ and a permutation ¢. Write t; ;/
for the transposition of j and j’. The sum of the terms corresponding to £1,..., {3, with o

and o o 7; ;» sum up to 0, and we find that the term in (3.4) is zero.

Thus, we may limit ourselves to terms with ¢4, ..., £,, all distinct. Among such sets, one
maximizing the productin (3.3)isgiven by ¢; =i —1fori <rand¥{; = n+2r—ifori > r.
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For this set, we find that the term in (3.3) is equal to

. 76+ N\ 7(2j + 1)
2 H[COS(—N—i—Zr )i| _2],1:!)[1+COS(—n+2r )i|

This does not prove that limys 00 Z(M)'/M is equal to the above, since (3.4) may not be

satisfied. It does, however, show the claimed inequality. O

COROLLARY 3.4. — Fix Ay < —1 andr > 0. Then, for N large enough, the Perron-
Frobenius eigenvalue of VIEIN/Z_r] Sfor Ag is given by A(pa,), where (Pa)a<n, is the family
given by Theorem 2.3 applied to Ay and r.

Proof. — Fix Ag < —1,r > 0 and let N be large enough for Theorem 2.3 to apply. Write
n = N/2—r.Since N is fixed, we drop it from the notation.

The dependency of the Perron-Frobenius eigenvalue of VA["] on A will be important, and
we therefore denote it by A, (A). Also, write ¥ (pa) for the vector given by Theorem 3.1 for
the solution pa to (BEA). We wish to prove that A, (A) = A(pa) for A = Ag. We will prove
more generally that this is true for all A < Ay.

First, observe that the Perron-Frobenius eigenvalue of a family of irreducible symmetric
matrices varying analytically in a parameter (here A) varies analytically in this parameter as
well (since it is a simple zero of the characteristic polynomial). Therefore, A, (A) is an analytic
function. Since A — pa is analytic, we deduce that A — A(pa) also is, so that it is sufficient
to show that A(pa) = A, (A) for A small enough in order to conclude that the two are equal
for all A < Ay. To do this, we shall prove two facts, namely that

— ¥ (pa) is non-zero for A small enough (which implies that A(pa) is an eigenvalue

of VA["] for the corresponding values of A),
— lima——oo =3ay7 A(Pa) is the largest eigenvalue of V7! (defined in Lemma 3.2).

These two facts indeed prove the result: since the largest eigenvalue of Vo[g Vis simple, by
continuity of A > A(pa) and A — V["], we deduce that A(pa) is the largest eigenvalue
of VA["] for A small enough. However, for finite A, VA["] is a Perron Frobenius matrix, and
A(pa) is then its Perron Frobenius eigenvalue. The observation of the previous paragraph is
then sufficient to conclude.

The rest of the proof is dedicated to the two facts listed above. Recall that, at A = —o0,
we have a simple formula for p, namely
27‘[[1'
N —n
27'ri/(N—n).

pj = foralll < j <n.

For the rest of the proof, write { = e

nn—1)

We start with the study of ¥ (pa). Set Yoo := lima—,_o(—2A)" " 2 ¥ (pa). It suffices
then to prove that ¥, has at least one non-zero coordinate, and we shall do so for the
coordinate Vo (2,4,...,2n). First, we need to study the asymptotics of the coefficients A,
appearing in the definition of ¢. Foro € 6,, as A - —o0,

Ay = 8(0') 1_[ I:_ZAZU(])—%] + O(An(nl_l)),

1<j<k<n
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By injecting this into the definition of i, we find that,

Voo 2,....20)

n
> Ao [ ] explipo) - 2k)
oES), k=1
n

> 8(0)( I1 fa(j)_nél) <[] 2o t="3Hk

geG, 1<j<k<n k=1

=§7%(n+1)2n Z S(O)Q‘Z?:lg('i)j-

oe6y,

In the sum above, we recognize the determinant of the matrix (Zj 'k)1<j k<n- Lhis is the
Vandermonde matrix corresponding to the values ¢, {2, ..., ", which are all distinct (since
2n < N). Thus,

nn—1)

Yool2...2n) = lim (—28)7"% Ya(2.....2n) #0.

We now turn to the study of lim,,_, oo (—2A) ™" A(pa) (we show below that this limit exists).
Before starting, we mention that, since ¥, 7# 0, the above limit is an eigenvalue of Vo[g 1 With
this and Lemma 3.2 in mind, it suffices to prove that it is equal to the RHS of (3.2) to deduce
that it is the largest eigenvalue of Vo[ff ], We do this below.

The functions L and M defined in (3.1) depend on A and degenerate when A — —oo.
However, we have

z

1
L(z) P and —ZAM(Z)

oA Vz € [—m, x]\ {0}.

Therefore, we find that

A—>—o00 11—z

if n is even,

2
A(pa) 7= (1—¢/ =¥ D72)
(228)" 8= | (N =) x [T)— j sz (gmbrmz)  ifn is odd.

(Recall that ©_,(x,y) = y — x, c2 behaves like —2A, and {¥ =" = 1.) When 7 is an even
number, the decomposition of the polynomial xV =" — 1 reads

(3.5)

N-—n

xN 1 = 1_[ (x—{j_”/z).

j=1
Thus, if we multiply the numerator and denominator in (3.5) by the terms corresponding
to j =n + 1to N —n and apply the above to x = ¢!/2, we find that
N-— i
2 _ 2x Hj:nn+1 (1 -/ (n+1)/2)
[T (I —gJ=@+D2) = " =0=mp2 ((N-m/2 1)

(1 _ é-j—(n+1)/2)

1
(1 _ é—j+(n+1)/2)

N—n
j=n+
2r—1

Jj=0
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s nQ2j +n+1)
=jl:£ |:2—Zcos (—N—n ):|
= 7@2j + 1)
=2 JE)[1+COS(—N—n )],

where in the second equality we used that {N="/2 = _1 in the third we changed j
to N —n — j and used that N — n = n + 2r, in the fourth we grouped the j = k and
Jj = 2r—1—k terms together. The last equality follows again from the fact that N—n = n+2r
and changing j to r — 1 — j. This matches the expression in (3.2), as required.

We use a similar strategy when n is odd. Noting that

. xN—n -1
I1 (1 - anH)/Z) =lim>—— =N —n,
1<j<N-n =1ox—l
jEmrn/2

we may perform a similar computation to obtain again

n 1 et x(2j + 1)
WN-mx ] (m)zzﬂ)[lﬂos( N—n )} .

J=1Lj#n+1)/2

REMARK 3.5. — The analyticity of A — pa allows us to avoid using a highly non-trivial
fact (which would be necessary would we have continuity only), namely that for each A, N
and n, the vector obtained by the Bethe Ansatz from the solution pa to (BEa) is non-zero.
This is necessary to deduce that the associated value A(pa) is indeed an eigenvalue of the
transfer-matrix. Let us mention that Goldbaum proves that the vector obtained by the Bethe
Ansatz for the 1D Hubbard model is indeed non-zero for every A. The proof relies on a
symmetry of the model which is not satisfied by the six-vertex model. Kozlowski claims a
similar result for the XXZ chain in [20].

3.2. From the Bethe Equation to the six-vertex model: proof of Theorem 1.3

The goal of this section is the proofs of Theorem 1.3 and Corollary 1.4.

Theorem 1.3. — We divide the proof in three steps. We first treat relation (1.6). We then
focus on (1.7) with r > 0, even, and finally treat the case of (1.7) with r > 0, odd. Note that
(1.7) with r < 0 follows directly from r > 0 since the transfer matrix V is invariant under
global arrow flip, and therefore, the spectrums of V' on €, and Q y_, are identical.

Fix ¢ > 2 and recall that A = 2_202 < —1. Generically, in this proof p = pa(/N) and
P = pa(N) are given by Theorem 2.3 applied to A9 = Aandn = N/2and N/2 —r
respectively. We will always assume N to be a multiple of 4 (in particular N/2 is even). For

clarity, we will drop N and A from the notation and write n = N/2 —r.
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3.2.1. Proof of (1.6). — The Bethe Ansatz and Corollary 3.4 imply that

Ao(N) :=2[ ] M),
j=1

where we used above that p is symmetric with respect to the origin and that L(z) = M(2)
for |z] = 1to deduce both products in the expression in Theorem 3.1 are equal to the product
of the |[M|. By Theorem 2.6, we deduce ('3 that

1

log | M (e™)] p(x)dx.

) 1
(3.6) Nh_r}noo N log Ag(N) = /

The explicit form of p enables us to compute this integral explicitly via Fourier analysis (see
Section 4 for details) to obtain the result.

3.2.2. Proof of (1.7), case r > 0 even. — In this case, both N/2 and n are even, so that the
Bethe Ansatz together with Corollary 3.4 imply that

AN) e IM(EP)] T ipy 1\ 2
(37) A()(N) _]1:[1 |M (eipj+r/_2)| (]1:[1|M (6’ p, )l)

(@] 2)

where again we used that p is symmetric with respect to the origin to group the two products
into a single one.

We study the two terms separately. The term (2) converges to |A| ™", since M is continuous,
M(—1) = A and the first /2 coordinates of p converge to —z as N — oo. As for the first
term, by taking the logarithm and using that uxy converges weakly (by Theorem 2.6) and
Jpv), vy converges uniformly (by Theorem 2.9), we deduce that (1) converges to

4
(3.8) exp (r z’(x)f(x)dx),
-7
where £(x) := log|M (e'*)|. Note that £/(x) behaves like 1/|x| near the origin. Nonetheless,
this does not raise any issue here since by Theorem 2.9, fywv)jv)(x) < C|x| uniformlyin N;
thus, £/(x)t (x) is uniformly bounded, and the weak convergence applies.

The explicit forms of T and £ lead to the expression in the statement of Theorem 1.3, thus
concluding the proof. The relevant computation is based on Fourier analysis and is deferred
to Section 4.

(13 One should be wary of the log singularity at 0 of log | M |. However, since log | M| is in L1 [(—=7, 7)], standard
truncation techniques are sufficient to show the convergence of the sum to the integral above. In particular one uses
that the p;’s are well-separated — that is that p; 11 — p; > 7/ N for all sufficiently large values of N, which follows
from (BE A ) and the monotonicity of ® — to ensure that there are not too many p;’s near the origin.
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3.2.3. Proof of (1.7), case r > 0 odd. — In this case N/2 is even and n is odd. The Bethe
Ansatz and Corollary 3.4 imply that

n

243N =D+ Y 8100, 5)) I1 |M(eiﬁ_/)|

Ar(N) _ J#m+1)/2 j=lj#m+1)/2
Ao(N) 2 N/2 _
) [T1m (7))
j=1
(B)

(The 2 in the denominator of the first fraction comes from the fact that A¢(N) involves two
products, whereas A, (N) only contains one.) First, observe that the weak convergence of p;
and (cBE, ) implies that

Nc? T c?
@) == (1+ | 9100.0p(x)dx +0(1) = T27p(O)N +o(N).

-7

We now focus on (B) and divide it into four terms

i M (e'7) | i 2 iy 2\ ! i —1
(B) = | | m-OM(e Pr+1/2)] | | |M (e pf)| ) | M (e'PN/2)|
. . ———
i ‘ ! ®
j#Fm+1)/2
)

1)
n |M (eiﬁj) |
j=1 \/|M (e'Pite=0/2) ||M (e'Pi+r+1/2) |’

()]
where p; = %(pj+(r_1)/2 + Pj+(+1)/2). To obtain the terms (2) and (3), we have used
that py/2+1—-; = —pj. The same arguments as in the previous case imply that (1) converges

to exp(r ff L U'(x)t(x)dx) and (2) to |A|™". Furthermore, symmetry and (2.6) imply () that
for each fixed k,
k—1/2 k?
T o(=),
ON (N2>
where O(-) is uniform in k and N. Since |M(e?)| = ¢2/|p|+0o(1) for p close to 0, we deduce
that

PN/2+k =

(3 = 2p(0;c2N + 0@)’

@= ] _APkPREL gy ﬂ(l—i)+o(1)=%+o(1).

2 2
k=Nj241 (pk + Pr+1) falle 4k

(In approximating (4), we used (2.6) to control py/atk+1 — Pnja+k for k > NV2)
.. . . . T

Combining the estimates above and appealing to the computation of [~ LU ()T (x)dx

in Section 4, we obtain the expected result. O

(14 We used that DPN/24+1 = %(PN/ZJH - PN/2) = m + O(ﬁ> and DPN/2+k+1 — PN/2+k =

W-}-O(%).
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We now prove Corollary 1.4. The proof consists in two steps. We first prove that the free
energy exists and that it is related to the sum of weighted configurations that are “balanced”.
We then relate the latter to the rate of growth of the Perron-Frobenius eigenvalue of VIE,N/ 2

The proof of the existence of the free energy is slightly tedious due to the fact that
the six-vertex model does not enjoy the finite-energy property. Nevertheless, it is close in
spirit to corresponding proofs for other models. The next section enables us to deduce the
existence of the limit along N and M even using the connection to the random-cluster model.
Nonetheless, we believe that a direct proof is of value.

The proof below is not connected to other arguments in this paper except through its
result. We encourage the reader mostly interested in Theorems 1.1 and 1.2 to skip this proof.

Corollary 1.4. — Step 1: Existence of free energy. — For NM € N, let Ry p be the
subgraph of Z? with vertex set V(Ry.a) = {1,..., N} x{1,..., M} and edge-set E(Ry )
formed of all edges of Z? with both endpoints in V(R ar). Define the edge-boundary of Ry, pr
as the set d,Ry ps of edges of Z? with exactly one endpoint in V(Ry ).

A six-vertex configuration on Ry s is an assignment of directions to each edge of
E(Rpy,m) U d.Rn,m. For such a configuration @, the weight is computed as on the torus:

U)(C?)) — an|+n2 'bn3+n4 . Cn5+n6,

where ny, ..., ng are the numbers of vertices of Ry, ar of types 1,. .., 6 respectively (as on the
torus, we implicitly assign weight 0 to configurations not obeying the ice rule). As in the rest
of the paper, we fixa = b = 1and ¢ > 0.
A boundary condition & for Ry, is an assignment of directions to each edge of 9. Ry -
Let
Ziy = D W@ NG0=¢(0) veetoRy,u )

[0]
Here, we are effectively summing only over configurations which agree with & on the edge-

boundary. Observe that configurations obeying the ice-rule and consistent with £ exist only
when Ry, »r has as many incoming as outgoing edges in §.

Some boundary conditions & are called foroidal if £(e) = &(f) for any boundary edges
e and f of Ry y such that f is a translate of e by (0, M) or (N, 0). When N is even, some
toroidal boundary conditions £ are called balanced if they contain exactly N/2 up arrows on
the lower row of d.Ry,ar. Using this notation, the partition function of the six-vertex model
on Ty, p may be expressed as

Znm = Z w(@) = Z ZJEV,M’
OETN. M &: toroidal
where the second sum is over all toroidal boundary conditions £ on Ry, 3. Moreover, set
(bal) _ £
Zym = Z Zynm
&:balanced

the sum now being only over balanced toroidal boundary conditions. Our goal is to prove
that the following limits exist:

. 1 . 1 (bal)

39 1 ——logZ = 1 ——logZ .

(3.9) NM oo MN EENM NNA}IEOO MN CBENM
even
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FiGURE 4. The passage from boundary conditions § to balanced toroidal
boundary conditions {. The letter R inside the rectangles is only to indicate the
performed transformations (rotations, reflections and reversal of all arrows).

Above, the limits can be taken in whichever order we desire. We leave it as a simple exercise
to the reader to check that (3.9) can be easily deduced from the following lemma.

LEMMA 3.6. — (i) The following inequality holds:

. 4
Zonom = ZS{}‘EM > (3N (Zwm)"

(1) There exists C > 0 such that for all integersn > N and m > M withn and N even,
1 1 N M

—log Zt) = ——log Z{) — C (= + = ).
am C8Lnm =y OB LN.M n + m

REMARK 3.7. — This lemma may also be used to show that the free energy of the six-
vertex model with “free boundary conditions” (i.e., with partition function } . ZISV’ u With
sum over all boundary conditions) is equal to f(1,1,¢).

Lemma 3.6. — (i) Before proceeding to the proof, observe that the weight of a configuration
is invariant under horizontal and vertical reflections and rotations by 7 of the configuration,
as well as under the inversion of all arrows. It follows that if & is some boundary condition
on some rectangle Ry s and &’ is the boundary condition obtained from & via one of the
operations mentioned above, then

g _ 5
Zym=Zym

Let N, M be integers and £ be boundary conditions on Ry, . The construction below
is described in Fig. 4. Let & be the boundary conditions on Ry ) obtained from & by
horizontal reflection and arrow reversal, & be obtained from & by vertical reflection and
arrow reversal and &3 be obtained from £ by rotation by 7. Let ¢ be the toroidal boundary
condition on Ryn,2p composed as follows:

— the top half of the left side agrees with £,

— the bottom half of the left side agrees with &,,
— the left half of the top side agrees with & and
— the right half of the top side agrees with &;.
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Note that ¢ is balanced so that

(bal) ¢
Z2N,2M = ZzN,zM z ZzN,2M~

Upon inspection of Fig. 4, one may easily deduce that for any boundary condition &

on RN,M ,

ZS?BM z ZgN,zM z ZJSV,MZJSVI,MZ%,MZ%,M = (va,M)4~
By summing over the 2¥*+M toroidal boundary condition &, the result follows.
(i) Writen = aN + randm = bM + gwith0 < r < Nand0 < ¢ < M. Fixa
balanced toroidal boundary condition & on Ry, . The construction that follows is described
in Fig. 3.2.

Let &; be the toroidal boundary conditions on R, 53 obtained by repeating a times each
horizontal side and b times each vertical side of £ on the corresponding sides of &;.

Let & be the toroidal boundary conditions on R, s, equal to & on the vertical sides,
with r/2 down arrows amassed to the left of the bottom (and top) side, completed by r/2 up
arrows at the right of the bottom (and top) side.

Finally, define &3 to be the toroidal boundary conditions on R, 4 with only left-pointing
arrows on the vertical sides, equal to the top of &; for the left-most a N arrows of both the
top and bottom sides and equal to top of & for the remaining r right-most arrows of the top
and bottom sides.

Set ¢ to be the boundary conditions obtained from the gluing of &1, &, and &3, that is:

— the top and bottom sides of ¢ are equal to those of &3,
— the bottom bM arrows of the left and right sides of ¢ are equal to those of &1,
— the top ¢ arrows of the left and right sides of ¢ are pointing leftwards.

We thus easily deduce that

Zg‘ > ZEI Z$2

& § ab & &
nm Z ZonomZiomZnia = Zym) ZomZiiy:

It remains to prove a lower bound on the last two terms. Observe that there exists at least one
configuration @&z on R,y 414, agreeing with the boundary conditions &3 and having non-zero
weight. Itis obtained by setting all horizontal edges pointing left and all rows of vertical edges
being identical to the top of &3. This proves that

Z5y 4 1rq = W(@3) = min{1, c}@N 4,

A slightly more involved construction is necessary to exhibit a configuration @, on R, s,
consistent with & and with non-zero weight. We represent it in Fig. 3.2 and leave it to the
meticulous reader to check the details of its construction. It follows that

Z%2 = w(@y) = min{1, c}PM"
We conclude that

7 (bal) Z}%,m > (Zzva)ab min{1, c}oMr+aNa+rq,

nm =
By choosing § maximizing Z;’EV’ > We deduce that

Zr(ll?;l]) > (Zj(\l/)j})ab min{l,c}er+aNq+rq( )ab(M+N).

The result follows by taking the logarithm. O

1
2
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FIGURE 5. The block of'size R, v 57 With balanced toroidal boundary conditions
&1 is encircled; on its right is the block R, ;s with boundary conditions &> and
above is the block R,y 4 With boundary conditions &3. In the two latter blocks,
examples of configurations with positive weight are given (only the up and right-
pointing edges are drawn in the interior of the blocks).

Calculation of the free energy. — Recall Proposition 2.1 of [8] and more specifically equation
(3.1), that expresses Z s as the trace of VM. A straightforward adaptation shows that, for
all N multiple of 4 and even,

ZQ = Te[ (VMM ] = a2

where Ao, Aq,... are the ( N]\/lz) eigenvalues of the diagonalizable matrix VIV/2 listed with
multiplicity and indexed such that |Ao| > |A;] > ---. Since VIN/2] is a Perron-Frobenius

matrix, [Ag| > |A1] and A9 = Ao(N) (the eigenvalue computed in Theorem 1.3), so that
. 1 M
Mll_r)nooﬁlogTr (VINZ)™ = 1og Ag(N).

In light of (3.9), the limit defining f(1, 1, ¢) may be taken with M — oo first, then N — oo
along multiples of 4. Thus we find,
L 1 (1.6) A >, e~™* tanh(mA)
fO.10) = lim —logAo(N) =" 2 + > —
N €4N m=1

REMARK 3.8. — We have shown that the free energy for the torus is the same as that
for “free” boundary conditions. However, it is possible to construct boundary conditions
on rectangles that lead to nonzero, but strictly smaller free energy. One prominent example
of this is the Domain Wall boundary conditions, which have been studied extensively due
to their relations to combinatorial objects, such as Young diagrams. Under these boundary
conditions, the six-vertex model partition functions satisfy recursion relations that make it
possible to exactly compute them for finite lattices (see [26] for more detail). This technique
gives a formula for the free energy of this model (see[19]), which is different from the one we
showed above.
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3.3. From the six-vertex to the random-cluster model: proof of Theorem 1.2

The proof'is split into two main steps. First, we present a classical correspondence between
the six-vertex and random-cluster models using a series of intermediate representations (this
correspondence may be found in [2]). Then, certain estimates on the random-cluster model
are provided, that are used to relate its correlation length to quantities obtained via the six-
vertex model.

3.3.1. Correspondence between the random-cluster and six-vertex models. — Fix two inte-
gers M, N, both even and ¢ > 4. Notice that the torus Ty as is then a bipartite graph.
Let Vo(Tn,a) and Va(Tw,ar) be a partition of the vertices of the graph Ty, ar + (3. 3) (that
is, Ty, m translated by (%, %)), each containing no adjacent vertices. Define the graphs ']I“X,, M
and (’]I‘X,’ )" as having vertex sets Vo(Tw,ar) and Vo(Tn,ar), respectively, and having an
edge between vertices u and v if u is a translation of v by (1, 1) or (-1, 1) (see Fig. 6). By
construction, (T ;,)* is the dual graph of Ty, ;.

FIGURE 6. Left: the lattice Ty s used for the six-vertex model. Right: the corre-
sponding lattice for the random-cluster model, ’]I‘})V (o solid lines), and its dual
(with dotted lines).

Let Qgc be the set of random-cluster configurations on ’]I‘X,’ u and Qgy be the set of six-
vertex configurations on Ty, pr. We will exhibit a correspondence between Qrc and Qey
that will allow us to relate the free energy and correlation length of the two models. The
correspondence consists of several intermediate steps embodied by Lemmas 3.9 — 3.12; the
whole process is depicted in Fig. 7. The ultimate goal of this part is Corollary 3.13, which
will be the only result used in the proof of Theorem 1.2.

In linking the random-cluster and six-vertex models, we will use another type of config-
urations, called loop configurations. An oriented loop on Ty, s is a cycle on Ty, pr which is
edge-disjoint and non-self-intersecting. We may view oriented loops as ordered collections of
edges of E(Ty,ar), quotiented by cyclic permutations of the indices. Un-oriented loops (or
simply loops) are oriented loops considered up to reversal of the indices. A (oriented) loop
configuration on Ty, s is a partition of E(Ty, ) into (oriented) loops.

To each w € Qgc we associate a loop configuration w® as in Fig. 2. In order to do so, we
first construct the dual configuration w* on (T}, ,,)* by setting w*(e*) = 1 — w(e), where
e* is the edge of (T}, ,,)™ intersecting the edge e of T ar in its middle (in words, a dual edge
is in w* if the corresponding edge of ’JI‘X,, 18 not in w, and vice versa). Then, consider the
loop configuration w® on T ~n.um created by loops that do not cross the edges of w or w*. It
is easy to see that w — w'® is a bijection between Qgrc and the set of all loop configurations.
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Call £(w) the number of different loops of w®, and £y(w) the number of such loops that
are not retractable (on the torus) to a point. Call £.(w) = £(w) — £o(w), the number of
retractable loops. We say that w has a net if it has a cluster that winds around ’]I‘fv’ ) in both
directions. Set
0 if w has no net,

s(w) = {
Fix g > 4. For w € Qgc, define the weight of w in the critical random-cluster model as

wre(@) = po@ (1 — pe)“@ gk,
s

where we recall that p, = ﬁ? (see [3]).

1 if w has a net.

FIGURE 7. The different steps in the correspondence between the random-cluster
and six-vertex models on a torus. From left to right: A random-cluster configuration
and its dual, the corresponding loop configuration, an orientation of the loop
configuration, the resulting six-vertex configuration. Note that in the first picture,
there exist both a primal and dual cluster winding vertically around the torus;
this leads to two loops that wind vertically (see second picture); if these loops are
oriented in the same direction (as in the third picture), then the number of up arrows
on every row of the six-vertex configuration is equal to % + 1.

LEMMA 3.9. — Forall w € Qrc,
wRC(CU) _ Cﬁl(w)+2s(w),
where C = q% (1 + @)™~ is a constant not depending on w.

Proof. — Set Vo = Vo(Ty,m) and E, to be the set of edges of Ty p. Fix ® € Qrc.
Observe that, due to the Euler formula,
2k(w) = L(w) —o(w) + 2s(®) + |Val.
This relation offers us an alternative way of writing the random-cluster weight of a configu-
ration:

o(w)
wre(w) = (1 — pc)\E.I ( Pe ) ﬁf(w)—O(w)+2s(w)+|V-|.

1— Pec
Since p. = —L2_, the above b
Pe = 13 /> the above becomes
! el _val (@) +25() L(w)+2s(w)
= A — C ,
wre@) = () ViV NG
where we have used that |Es| = M N and |V,| = MN/2. O
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Write w® for oriented loop configurations, £o (w®) for the number of non-retractable loops
of w® and {_(w®) and {4 (®°) for the number of retractable loops of w® which are oriented
clockwise and counterclockwise, respectively. We introduce A > 0 defined by

(3.10) et +er = /g

For an oriented loop configuration w®, write

o () = e @7 TH-@D),

LeMMA 3.10. — For any o € QRgc,

Lo(w)

q

wre(w) = C (%) qs(w) Z We(0°),
w©

where the sum is over the 22©) oriented loop configurations w® obtained by orienting each loop
of 09 in one of two possible ways.

Proof. — Fix w € Qrc and consider its associated loop configuration ®. In summing
the 2¢() oriented loop configurations w® associated with »®, each loop appears with both
orientations. Thus,

to(@) 1 [ 2 \°@
3" (@) = (1 N 1) (e 4 M@ gt gte@ _ E(_) =@ wpc (@),
®© \/(7 0

Notice now that an oriented loop configuration gives rise to 8 different configurations at
each vertex. These are depicted in Fig. 8. For an oriented loop configuration w®, write n; (w®)
for the number of vertices of type i in w®, withi =1, 2, 3, 4, 54, 5B, 6A, 6B.

1 2 3 4 5A 5B 6A 65

F1GURE 8. The 8 different types of vertices encountered in an oriented loop configuration.

LEMMA 3.11. — For any oriented loop configuration »°,

Wo(0°) = 2 M54@)Fn64 @] o= [n55@) +n6p @]

Proof. — Fix an oriented loop configuration w®. Notice that the retractable loops of @°
which are oriented clockwise have total winding —27, while those oriented counterclockwise
have winding 2. Loops which are not retractable have total winding 0. Write W () for the
winding of a loop £ € w®. Then

A
(3.11) Wo(@®) = exp (E 3 W(Z)),
Lew®
where the sum is over all loops £ of w®. The winding of each loop may be computed by
summing the winding of every turn along the loop. The compounded winding of the two
pieces of paths appearing in the different diagrams of Fig. 8 are
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— vertices of type 1, ..., 4: total winding 0;
— vertices of type 54 and 6A: total winding 7;
— vertices of type 5B and 6B: total winding —r.

The total winding of all loops may therefore be expressed as

Y W) =7 [n54(@°) + n6a(@°) —nsp(©°) —nep(@°)].
Lew®

The lemma follows from the above and (3.11). O

For the final step of the correspondence, notice that each diagram in Fig. 8 corresponds
to a six-vertex local configuration (as those depicted in Fig. 2). Indeed, configurations 54
and 5B correspond to configuration 5 in Fig. 2 and configurations 64 and 6 B correspond to
configuration 6 in Fig. 2. The first four configurations of Fig. 8 correspond to the first four
in Fig. 2, respectively.

Thus, to each oriented loop configuration w® is associated a six-vertex configuration @.
Note that the map associating @ to w® is not injective since there are 2”5 @)+n6(®) oriented
loop configurations corresponding to each &.

Define the parameter ¢ of the six-vertex model by

(3.12) c=ed+e =2+ /g

(The latter equality is obtained from (3.10) by straightforward computation.) As in the rest
of the paper, a = b = 1 are fixed. Write wey (&) instead of simply w(®) for the weight of a
six-vertex configuration @ as defined in (1.4).

LEMMA 3.12. — For all six-vertex configurations @ (that is configurations obeying the ice
rule),

wey (@) = Y wo(@?),
0)0
where the sum is over all oriented loop configurations w® corresponding 1o @.

Proof. — Fix a six-vertex configuration @. Let N5 ¢(@) be the set of vertices of type 5 and
6 in &. Then, due to the choice of c,

wey (©) = 1_[ (e% + e_%) = Z l_[ e2e) — Zwo((u“).

MENS,G(CE) ge{:l:l}NS,(S((D) u€N5,6(aﬁ))

For the last equality above, notice that each choice of & € {£1}5.6(®) corresponds to a choice
of type A or B for every vertex of N5 ¢(®), and hence to one of the 215(@)+16() griented loop
configurations corresponding to @. O

For a six-vertex configuration @ on Ty as, write |@| for the number of up arrows on each
row (recall that this number is the same on all rows). The notation obviously extends to
oriented loop configurations. Moreover, for r > 0, set

ZHWN M) = > wer(®).
o |o|=4 —r
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For w € Qgc, let 2U(w) be the total number of times loops of w® wind vertically around
TI‘}’V’ u (due to periodicity, this number is necessarily even).

COROLLARY 3.13. — Let ¢ > 4 and set c = J2+ ./q. Fixr > 1. For N,M even,
set C = q%(l + /) MN . Then

2 Lo(w) @)
(1) wRC(w)(—) g =C Zsy(N.M);
2\
y 2\ @ =
(i1) Z wRC(a))(ﬁ) g—@ <4cC Zgy (N, M);

weQrc:U(w)=1

2 Lo(w) )
(iii) Z ch(w)(ﬁ) g @ > C Zz8) (N M).

weQrc:U(w)>r
Note that Items (ii) and (iii) imply that for r = 1, the left and right sides of (ii) are of the

same order. Item (iii) may appear technical for r > 1, but will be used later to bound the
correlation length of the random-cluster model from below.

Proof. — Let us start by proving (i). Due to Lemmas 3.10 and 3.12, we have

Vi

where the sums in the second and third terms run over all oriented loop configurations and
six-vertex configurations, respectively.

Lo(w)
) ch(w)(i) 7@ = C Y we(@) = C Y wey (@) = Zey (N, M),

wEQRC

Let us now prove (ii). We restrict ourselves to random-cluster configurations with
U(w) = 1. For such configuration @, ® has two loops winding vertically around T. More-
over, for any oriented loop configuration »® which is compatible with »©, we may consider
the oriented loop configuration @°, obtained from w® by orienting the two vertically-winding
loops downwards. Then, wo(w®) = we(®°) and there are four oriented loop configurations
corresponding to any @°. Thus,

2 Lo(w) (@) Z
wre (o) (—) q ' =4C We(w®),
NG "

where the sum in the right-hand side is over oriented loop configurations corresponding to w
in which the two vertically-winding loops are oriented downwards. Since all other loops do
not wind vertically around T, the total number of up arrows on any given row of such an
oriented loop configuration is N/2 — 1. Thus

Lo(w)
2 0
> wRC(a))(—) @ <4ac Y wo(®) = 4C Z)(N. M).
weQrc: U(w)=1 \/q 0°: |w®|=N/2—1
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Finally we show (iii). If @° is an oriented loop configuration with |w°| = N/2 — r,
then, by the same up-arrow counting argument as above, the corresponding random-cluster
configuration w has U(w) > r. Thus,

2 Lo(w)
CZHIN.M)=C Y we)=s ch«o)(—) ¢, O

w©: |w®|=N/2—r w€eQrc: U(w)>r ﬂ

3.3.2. Random-cluster computations. — In this section, we relate the correlation length of
the random-cluster model to the rates of growth of the quantities Z (r) v (N, M) defined in the
previous section. We will need some notation.

. . C
Let a, b be two vertices and C be a subset of vertices. Let {a <> b} be the event that there
exists a path of vertices in C, starting at a and finishing at b composed of edges in w only. In

. . . C .
this case, we say that a is connected to b in C. We also set {A <— B} for the unionona € A

and b € B of {a S b}. When C is the whole graph, we omit it from the notation.

Consider the sub-lattice L. of Z? made of vertices with sum of coordinates even, and edges
between two vertices if one is the translate of the other by (1, 1) or (1, —1) . This is not the
same as in the introduction, but we believe that since this change is restricted to this section,
it should not lead to any confusion. We will view T})v, s as having vertices (i, j) with i, j
integers of even sum, taken modulo N and M respectively. Also, we write [a, b] x [c, d] for
the subgraph of . composed of vertices (i, j) witha <i <bandc < j <d. Let ¢£’pc,q be
the infinite-volume random-cluster measure on IL with free boundary conditions.

Write £(g) for the correlation length of the critical random-cluster model on this rotated
lattice defined by

(3.13) Eg) = lim —%logqbﬂ(lpc’q[o <~ (0,2n)].

By the definition of the lattice IL on which ¢Z2 » is defined, the right-hand side corresponds
to the left-hand side of (1.2). The limit may be ‘shown to exist by sub-additivity arguments.

The two following lemmas will be used to prove Theorem 1.2. Unlike the rest of the paper,
both lemmas below are based on probabilistic estimates specific to the random-cluster model.
We refer the reader to [18] for a manuscript on the subject, and [7] for an account of recent
progress. We will apply repeatedly classical facts about the random-cluster model, and give
each time the precise reference in [18].

LemMma 3.14. — Forallg > 1,

. 1 Lo(@)
(3.14) Jim lim - logdrs |y [(%@) 0@, s(w)] =0.

LEmMA 3.15. — Forallq > 1 andr > 1, we have that

PO _
(3.15) hmmfhmmf—logquo M,pc’q(U(a)) =1)>-£(q)" ",

(3.16) lim sup lim Sup -+ log ¢TN vpoPerd U(w) >r) < —(r—DE@@™".

N—>oco M-

(15 This lattice is the local limit of the graphs T?v, a as M and N tend to infinity. It is a version of /272 rotated
by an angle of /4.
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REMARK 3.16. — Inequality (3.15) should actually be an equality. Unfortunately, we did
not manage to derive the reverse inequality using the random-cluster model only. In order to
circumvent this fact, in the proof of Theorem 1.2 we will rely on (3.16) (see Remark 3.18).

In both proofs below, g > 1 and p = p.(q) are fixed, and we drop them from the notation
of the random-cluster measure.

Lemma 3.14. — Fix ¢ > 1. Since ¢—*) > ¢~!, it is sufficient to prove that

L to(@)
lim A}glwﬁlog¢TR’M[(%) 0 ] =0.

N —o00

Fix § > 0. To start, we will bound brs L, Lo(w) = 6M).

By closing all the edges intersecting R x {—%} and {—%} x R, we transform the random-
cluster model on va’  into the random-cluster model with free boundary conditions on the
rectangle R?v, y = [0, N —1] x [0, M — 1]. The finite-energy property [18, Eq. (3.4)] implies
the existence of a constant ¢ > 0 independent of N, M and § such that
(3.17)

P13, 0 (Lo(w) = M) < MHN gbg?v " (3n disjoint clusters crossing R y s horizontally),

where n = §M — N. The appearance of —N in the definition of n is due to the fact that at
most N of the £o(w) non-retractable loops intersect the horizontal line R x {—%}.

For x1,...,x, on the left side d; of Rf\,’M, let H(xy,...,x,) be the event that x; is
connected to the right side dg of R}’V,M for j = 1,...,r and that the clusters of x1, ..., x,
are all distinct. If @ is a configuration contributing to the right-hand side of (3.17), then there
exist n points x1, ..., X, on dz such that H(xy,...,x,) occurs.

Write Cy; for the cluster of the point x;. Then, for any j > 1 and any subset C of vertices
of Rf\,, > We have that

¢I‘1;>V4M[H(x1, X)) HGa )L Gy = Cl = ¢g%!M\C(x,»+1 «— dR)

i<j
< qb]g(O <~ 0AyN),

where in the first equality, we used the domain Markov property 19 [18, Lem. 4.13] and in
the second, the comparison between boundary conditions [18, Lem. 4.14] and the invariance
under translations of ¢ [18, Thm. 4.19]. By summing over possible values of C, we deduce
that

¢>§}>VM[H(x1, .. .,xj+1)|H(x1, X)) < gbﬂ(f(O <« A pN).
Induction on j < n implies that

PRs  THG )] < 900 < dAN)".

(16) This argument is classical and involves the fact that the cluster of a point is measurable in terms of edges with
one or two endpoints in that cluster (see Fig. 9 for an illustration of this argument).
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FIGURE 9. Left: Exploring one by one the disjoint, horizontally crossing clusters
contributing to (3.17). Each new cluster (for instance the one of x3) is surrounded
by free boundary conditions. Middle: To create w with U(w) = 1, it is sufficient
to ensure that B occurs (dotted red line), and that, conditionally on B, C also
occurs. The latter is more likely than the occurrence of a top-bottom crossing in
the black rectangle with free boundary conditions on the lateral sides. Right: In
exploring H(xy,...,xr), every cluster crossing vertically the torus (except the first)
is surrounded by free boundary conditions.

After taking the union over all possible x1, ..., x, on dz,, we deduce from (3.17) that
M+N M 0 n
¢T;>V,M(€O(w) >86M)<c X ; X P (0 «— dAN)

< (262 [0 < aAN)])M.

where we bound (M) by 2™, and increase M until n > 8M/2. Now, it is classical [18,
Thm. 6.17] that ¢?(0 <— dA y) tends to 0 as N tends to infinity so that for N large enough,

1 M
¢T7V.M(€o(w)25M)§(5) .

This implies that for any § > 0, provided that N is large enough,

(3.18)
i oo, ()] < s e (™ + ()] < e () s
which concludes the proof by letting § tend to 0. O

Before starting the proof of Lemma 3.15, we wish to highlight the fact that the random-
cluster model enjoys a self-duality relation for planar graphs when p = p. [18, Sec. 6.1]. On
the torus, this self-duality can be restated as follows. Consider the measure

pé’(“’)(l _ pc)c(w)qk(a))q—s(w)
Z(N,M)

%ON!M (w) =

)
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where Z (N, M) is the appropriate partition function. If @ is sampled according to $T<1>V y (w),

then w* is sampled according to the measure on (T}}v, )" obtained by translating a’]r]ov Iy (w)
by (1, 0) (this claim follows directly from Lemma 3.9). ’

Also note that (T§, ,,)* can be obtained from T, ,, from reflections from either vertical
or horizontal lines. We will use this observation several times in the next proof to transfer the
probability of events defined in terms of w to similar claims for w* (and vice versa).

(3.15) of Lemma 3.15. — For arectangle R, let Vg (resp. Hg) be the event that there exists
a path in w included in R from the bottom to the top of R (resp. from the left to the right).
We begin by proving 17 that there exists a constant ¢ > 0 such that for any n, N, M with
3n < min{N, M},

(3.19) b5, Vio.nlx[o.n)) = .

Indeed, if this is not the case, then the probability that some rectangle [0, 3n] x [0, ] contains
a path in w* from the left to the right is larger than 1 — ¢. Therefore, the self-duality and the
symmetry between T, ,, and its dual (mentioned above) imply that

¢T?\/,M (H[O,3n]x[0,n]) > lq;zc

The FKG inequality [18, Thm. 3.8] implies that
¢rs  (Hio3nixfo.n N Hio 3nlx(2n,3n1) = (lq;c)z-

Now consider the bottom-most (resp. top-most) path T" (resp. I'’) in w crossing [0, 3n] x
[0, ] (resp. [0, 3n] x [2n, 3n]) from left to right. Fix two possible realizations y and y’ of T’
and I'’. Conditioned on ' = y and I = y’, the law of edges in [0, 3n]? between y and
y' is stochastically dominating the random-cluster measure with wired boundary conditions
on the bottom and top of [0, 3n]?, and free on the left and right. Therefore, one may use
self-duality in the square [0, 3n]? to show that the probability that there is an open path
connecting y to y’ is larger or equal to 1/(1 + ¢?). This reasoning is classical, we refer for
instance to [3]. In particular, this path crosses [0, 3n] x [2n, 3n] from bottom to top. Overall,
summing over all possible y and y’ gives

¢'Jl‘j>v’M (V[0,3n]x[2n,3n]) > _1+1q_2 X ¢T7V,M (H[O,3n]><[0,n] n H[O,3n]x[2n,3n])

en2
> g < (F)
Provided that ¢ = ¢(g) > 0is chosen sufficiently small, this claim contradicts the assumption
that (3.19) was wrong. In conclusion, we proved (3.19) and we can proceed with the proof
of (3.15).

Fix 8n < min{M, N}. As a consequence of (3.19), there exists x € [0,3n] x {0} and
y € [0,3n] x {n} such that

[0,3n]x[0,n] C
<>

r3,,, (¢ y) = o

() This claim was proved in the special case N = M in [3]. Here, some additional care must be taken since the
torus has different vertical and horizontal sizes.
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The FKG inequality [18, Thm. 3.8] and the symmetry under reflections give that

0,3 0,2
L e 0.2m) = ¢y (x

c 2
= (5)
Write M = 2nk + r with k € Nand 0 < r < 2n. We can use the FKG inequality k times to
deduce that

[0,3n]%[0,n] [0,3n]x[n,2n
<> >

P15 01 (x y) x P12 s (v ] x + (0,2n))

[0,3n]%[0,2nk] I )M/n
>

X+ (0,2nk)) > (W

¢'JI‘X,!M (x

Let A be the event that w contains a loop winding vertically around Tj, ;, and staying
in [0, 3n] x [0, M] (seen as a subgraph of T})v, u)> and that every edge of T})v, ) intersecting
R x {—1} but one is closed in w.

. . . [0,3n]x[0,2nk] . .
Since this event can be obtained from {x «———— x + (0,2nk)} by opening (in @)

a self-avoiding path of length 2n — r zigzaging vertically between x + (0,2nk) and x, and
then closing all the remaining edges intersecting R x {—%}, the finite-energy property [18,
Eq. (3.4)] implies that
2n+N L Min

915, (A) = Y x (55)
for some constant ¢ > 0 only depending of ¢. Let B be the event that w does not contain any
path from left to right in [0, 3n] x [0, M], and that every edge of Ty, ,, intersecting R x {—%
but one is open in w. Using the self-duality and the symmetry between T?v, y and its dual,
we deduce that

1 2n+N c \M/n
(3.20) brs, ,, (B) = L x &N (W> :

We are near the end: the event B induces the existence of a path in w* winding vertically
around the torus and contained in its left half. As (3.20) indicates, this comes at a (relatively)
low cost. Next we also construct a vertically winding path contained in w, which will induce
a vertically winding loop.

For each j € N, define y; := (3N/4,2nj) and let C be the event that y; is connected
to yj4+1 (in w) for every 0 < j < M/(2n) !®. Notice that the event U(w) = 1 occurs if B
and C occur together. Therefore,

150 (V@) =D Z brg [ (BOC) Z frg, , (B) x g, (C1B).

We now wish to bound the term drs, ., (C|B). The comparison between boundary conditions
[18, Lem. 4.14] implies that the measure on [N/2, N]x [0, M] induced by ¢va w (-|B) domi-
nates the random-cluster measure ¢ani)/(2, Nix[o.m] O1 [N/2, N] x [0, M] with free boundary

(8) We define y; for every j € N, but we see y; as an element of ’]I‘QNQ s> hence we think of 27 as being taken
modulo M.
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conditions on the left and right sides, and wired on the top and bottom sides. Using the FKG
inequality and the comparison between boundary conditions one more time, we find that
LM/(2n)]

¢, ,,(C1B) = H DN T2 N Ixtoa) (Vi < Vi+1)
j=0

> P 0 (0 < (0,20)FM/C),
Overall, we deduce that
c

ors , Ul)=1) = qiz x 2N (—

M/n
0 1+M/(2n)
9n2) X B3 1, (0 < (0.2n)) m

This in turn implies that
P |
lllum_)lglofﬁ log¢T;>V!M Uw)=1) > %log(gfl—z) + ﬁ logqb?\NM(O <> (0,2n)).

As N tends to infinity (while # is fixed), ¢?\N/4 converges to ¢? [18, Thm. 4.19]. Thus
ST | ¢
lim infliminf - log s | (Ulw) =1) = Llog(5%) + 5 log 2 (0 «— (0.2n)).

Letting n tend to infinity yields (3.15). O

(3.16) of Lemma 3.15. — Fix r > 1 and consider M, N > 2r even integers. Denote
by x; = (2i,0) (fori = 1,...,N/2) the points on the lower side of the torus ']I‘X,’M and
set yj :=x; + (1, M —1).

Let ¢I€HN,M be the measure on T})v, u conditioned on all edges intersecting R x —%} being
closed; it may be viewed as a random-cluster measure on a cylinder Hy, ps of height M with
free boundary conditions on the top and bottom.

Let V(xi....,x,) be the event that x; «— y; for j = 1,...,r and that the clusters
of x1, ..., x, are all distinct. The finite-energy property [18, Eq. (3.4)] implies that

. 1 ) 1
(3.2D) lim sup i log ¢T1°v.M (U(w) = r) = limsup i log ¢§1N‘M V(x1,...,x)]-

M—o0 M—o0

Write Cy; for the cluster of the point x;. Then, for any j > 1, an exploration argument
similar to that of Lemma 3.14 (and therefore omitted (!9) implies that

Bty o V10X D) V(L X))
= ¢y o i+ € Coypyand xp, .5 & Gy [V, -, )]
< GL(Vj+1 <= Xj41)
G2 = 920 < »o).
where yo = (1, M — 1). Applying this r — 1 times yields
¢]1(-)11N’M[V(X1, e x)] < 8000 < ol ! < 1 x $2[0 < (0, M)

(In the second inequality, we used the finite-energy one last time). The conclusion follows
from (3.21), the previous inequality, and the definition of £(g). O

9 Tt involves again the domain Markov property [18, Lem. 4.13] and the comparison between boundary conditions
[18, Lem. 4.14].
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REMARK 3.17. — Note that in order to obtain (3.22), we need to explore the cluster Cy,,
ie, we need j > 1. Indeed, we used that conditioned on V(x,...,x;), the boundary
conditions in ’11‘7\,, m \ (Cx; U--- U Cy;) are dominated by free boundary conditions at
infinity. The fact that we do not obtain a bound on qﬁﬁN_M [V(x1)] (in this case, the boundary
conditions are cylindrical and cannot be easily compared to the free boundary conditions at
infinity) is the reason why we obtain r — 1 instead of r in (3.16).

3.3.3. Proof of Theorem 1.2. — Fix q > 4. By [12], for points 1 and 2 it is sufficient to show
that £(g) < co. We therefore focus on point 3, that is we compute £(g) ! explicitly and show
that it is equal to

(e e)
R(@) =2 +2) C2 tanh(k2) > 0,
k=1
where A > 0 satisfies e* +e™* = /4. We will show that this quantity is positive and analyze
its asymptotics in Section 4.

We will refer to the associated six-vertex model, with ¢ = /2 + ,/g. Write Zrc(N, M)
for the partition function of the random-cluster model with parameters p., g on ']va, > that
is

Zre(N,M):= )" wrc(®).
wERRC
3.3.4. Lower bound on the inverse correlation length. — Equation (3.15) may be rewritten as
Zw:U(w):l wRC(w)
Zrc(N, M)

Since all configurations with U(w) = 1 have exactly two non-retractable loops and no net,
Corollary 3.13 (ii) implies that the numerator above is smaller than

q MN -
LG (04 N 2N M)

1
—1 > _ . . . . _
U R TS

Furthermore, in light of Corollary 3.13 (i), Lemma 3.14 may be rewritten as
MN
1 N “MN 7ev(N. M
lim lim — log 4 (+v4) ov ( ) =
N—>oco M—oco M Zrc(N, M)

Therefore, we may write

(3.23) 1.

Z)(N.M Ay(N
Zer W M) i g og 21UV 0D
Zev (N, M) N—oo = Ao(N)

R(q).

24 !> _liminfliminf — 1
B.24) §(g) = ~limini im inf - log

3.3.5. Upper bound on the inverse correlation length. — For all r > 2, (3.16) may be written
as

_ . . 1 Z U(w)>r ch(a))
r—1 I < _ lim sup lim sup — lo @ =
( )S(Q) - N—>oop M—>oop M & ZRC(N» M)

Using Corollary 3.13 (iii) and (3.23) again, we find
Z3&) (N, M)

Ar(N) q.
(r — Dé&(g)! < —limsuplimsup — log =8*———~= = —limsup log (N) an

= ="rR(q).
Nood Moos M °Zey(N.M) — Noor 2 Ao(N) 1
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The bound above being valid for all » > 2, one may divide by r — 1 and take r to infinity.
The resulting upper bound on £(g)~! matches the lower bound of (3.24), and the theorem is
proved.

REMARK 3.18. — As mentioned before, (3.24) should, in fact, be an equality. This would
allow us to compute £(¢)~! using nothing but the asymptotics of Ag(N) and A;(N), and
require no control of A,(N) for r > 2. However, since we did not manage to derive the
reversed inequality of (3.15) (and hence of (3.24)) using only the random-cluster model, we
used (3.16) and our control of A,(N), r > 2 as an indirect route to the desired bound.

In retrospect, it may be deduced from the Theorem 1.2 that (3.15) and (3.24) are actually
equalities. We believe that proving the equality in (3.15) using only the random-cluster model
is an interesting question.

3.4. From the random-cluster to the Potts model: proof of Theorem 1.1

Below, we consider the Potts and random-cluster models on the standard lattice Z2;

contrarily to previous sections, no reference to the rotated lattice is used. In particular, gbgz o

and ¢22 g ATC infinite-volume measures on Z? (like in the introduction, and unlike in the
previous section).

The results for the Potts model can be obtained from those for the random-cluster model
via a classical coupling, see [13, 18]. We describe the consequences of this coupling in
the theorem below; for a proof, see the references. In the next statement, the operation of
attributing a spins € {1, ...,q} to aset S of vertices means that we fix 0, = s forevery x € §.

THEOREM 3.19. — Fix B > 0 and an integer g > 2. Set p = 1 —e~F.

— Consider w with law ¢§2 v Then, the law of 0 € {1,..., q}zz obtained by attributing
independently and uniformly a spin in {1, ...,q} to each cluster of w is M?;-
— Fixi € {1,...,q} and consider » with law ¢, p.q Then, the law of o € {1... g7

obtained by attributing independently and uniformly a spin in {1,...,q} to each finite
cluster of @, and spin i to the infinite clusters ®® of w is y,‘ﬁ

Theorem 3.19 implies immediately the following facts.

1. The critical inverse-temperature of the Potts model and the critical parameter of
random-cluster model are related by the formula p. = 1 — efe.
2. Foranyi € {1,...,q},

/,L;, [op =i] = % + ¢%2’p’q [0 is in an infinite cluster].
3. Forany x,y € Z2,
M% [ox =0y] = é + qbgz » q[x and y are in the same cluster].

(0 There is in fact a unique one almost surely, see [18, Section 4.4.].
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With these properties at hand, it is elementary to deduce Theorem 1.1 from Theorem 1.2.
Theorem 1.1 (2) follows directly from items 1. and 2. above combined with (2) of Theorem 1.2.
Theorem 1.1 (3) follows from item 3. above and the expression for £(g) obtained in
Theorem 1.2.

For Theorem 1.1 (1), it is well-known (see for instance results in [18]) that a Gibbs measure
is extremal if and only if it is ergodic. Furthermore, the measures ¢§2,p,q and ¢%2,p,q are
ergodic for any value of p € [0, 1]. Since there exists no infinite cluster ¢£2’puq -almost surely
(by (3) of Theorem 1.2), the construction of u%c from d)gz’p“q described in Theorem 3.19
implies that ,u%c is ergodic as well. In the same way, each measure Mig(‘, i =1,...,q, may
be shown to be ergodic (here the existence of an infinite cluster is not problematic, since it is
given the fixed spin 7). By Theorem 1.1 (2), the measures “i% induce different distributions
for the spin of any given vertex, hence they are all distinct.

4. Fourier computations

In this section, we gather the computations of certain Fourier-analytic identities used
throughout the paper.

4.1. Evaluation of the Fourier coefficients of £, and R

Let m > 0 and consider the contour integral

1 sinh(A)e~'™m?
27 Jc, cosh(d) —cos(z)

where Cy is the boundary of [—x, w] + i[—N, 0], oriented clockwise. As N goes to infinity,
this integral goes to Z,(m). Since the only residues of the integrand in the interior of Cy
occur at —i A , we conclude that

Am

Ea(m) =e” m = 0.

If m < 0, we integrate around C,, the boundary of [, 7] +i [0, N], oriented counterclock-
wise. The residue will now be at i A, and

Am m < 0.

@A(m) =e
Via (2.2), this implies
e Aml 1

4.1 R(m) = = :
@D (m) 1+ e=2Aml 2cosh(Am)

4.2. Evaluation of the Fourier coefficients of ¥ and T

To evaluate W, we first note that k(o) is an odd function, and ® is anti-symmetric, meaning
W is an odd function and W(0) = 0. As a consequence, (2.2) implies 7'(0) = 0.
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For an integer m # 0, we first replace O(k(x), ) + O(k(«), —m) with the equivalent
expression 2[®(k(«), 7) — 7] (using the fact that ©(x, 7) = O(x,—m) + 27). Then, using
integration by parts, we find

U(m) = % _” [Ok(a), 7) — wle ™ da

_ 0@, ) — O(=n, m)](—=1)"
- —2mim

—_1m 1 T .
= (Sl / Eop(e —m)e "
-7

1 T d _
+ — / —O(k(a), m)e " du
2rim J_, do

im 2wim
= E0 (1 g 0m).

m

where we used O (xr, 7) — ©(—m, 7) = —2m, the change of variable ¥ = o — 7 and the peri-
odicity of E,, to show that the integral in the penultimate line is equal to 27 (—1)" oFy (m).
Thus,

(_1)m (1 _ e—zllm\) (_1)m

T = =+ o)

tanh(A|m|).

4.3. Computations of R and T

We start with 7. Pairing the terms for m, we find @D

T@ =23 ¢ m)m tanh(Am) (u) —> Z

m>0 m>0

tanh(/\m) sin(ma).

We now turn to R. We will show that it is equal to the sum

. 1
@) = ; cosh[z (277 + @)/ (21)]

by showing that the two have the same Fourier coefficients. By direct computation and the
Dominated Convergence Theorem,

lml)[da

Rm) = = Z /_ x cosh[m(2nr +a)/(24)]

—l mo da
T 4n /oo cosh(mwa/21)
using the 27 periodicity of the numerator. Observe that the hyperbolic secant function can
be written as a continuous Fourier transform:

1 e”ime o
cosh(/\m) 2)& —oo COSh(ma/2A)
This concludes the proof since R(m) = m by (4.1).

(D In the formula, the series is not absolutely convergent, however, Z,[nv —1(=1)" tanh(Am) sin(ma)/m converges
as N — oo, and we will consider this as the limit.
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4.4. Computation of the integral on the right-hand side of (3.6)

The change of variable x = k(«) and some elementary algebraic manipulations give

T ix _ ] T
/ log |[M (e*)] p(x)dx = 7 P(a)R(a)de,

-7 7T

with

A
Pla) = log ()] = Liog (D2 ) _ [Te, @y,

The final equality may be checked by noticing that the two sides have equal derivatives and
are both equal to 0 when A = 0. We note that, even though P () is not a bounded function,
its singularity at « = 0 is logarithmic, and hence it is in L?([—x, 7]). Thus, we can use
Fubini’s Theorem to deduce that

. A A ifm=20
4.2) P(m) =/ e mdr = {1—exp(—2)L|m|) 1 " ,
o - ifm #0.

Finally, Parseval’s Theorem implies that

e P(@)R(a)da =Yy P(m)R(—m) =

A e ™* tanh(Am)
27 J_» 2 + Z

m
meZ m>0

using (4.1) in the final equality.

4.5. Computation of the integral on the right-hand side of (3.7) and (3.8)

We begin our analysis of the second integral by recalling (2.16), which implies the existence
of C such that |t(x)| < C|x|forall x € [—m, x]. Thus, although ¢'(x) grows as 1/|x| near the
origin, the integrand is uniformly bounded. Using the Dominated Convergence Theorem 2
and the explicit computation of 7 in Proposition 2.1, we find

s = [ P@rtid = Y, SIERED [% [ v sin(ma)da]

- - m -
™ ™ m>0 ™

Calculating the integrals on the right-hand side is a simple case of integration by parts:

% i P’(a) sin(ma)do = Pe)sinma)

4

T m b4
_,, — ;/ P(x) cos(ma)da

= —m[P(m) + P(~m)]
— e—2/lm _ 1’

where we use our earlier computation (4.2) for the final line. Substituting this in (3.7) yields

lim log 2 _ . [1og INEDY (_n?m tanh(Lm)(e~2*m — 1)].
m>0

(22) In the formula below, the series in the right-hand side is not absolutely convergent. However, if terms are paired
(each odd term with the succeeding even one) the resulting series becomes absolutely convergent. This observation
is used here and below.
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By expanding log|A| = logcosh(1) in powers of e~* and manipulating the result alge-
braically, we find that

_1\m(,—2Am __
log|A|=A—Z( D™ 1).

m
m>0
This directly implies
-H" —1H"
4.3) log|A[ =" ) tanh(Am)(e™*" = 1) = A +2 ) ) tanh(mA).
m>0 m m>0 m
4.6. Proof of (1.3)
‘We wish to show that
=" 4
44 A+2 tanh(ml) = .
@4) + n; m tanh(mA) ”;) @m + 1) sinh [72@m + 1)/ V)]

Let Cy be the boundary of the rectangle [-2N + 1)/2, (2N + 1)/2] + i[-aN/A,nN/A],
oriented counterclockwise, and consider
/  tanh(Az)dz
JN = _—
cy zsin(wz)

The integrand has a simple pole at every integer m and at iz (2r + 1)/(21) for every
integer r. A straightforward computation shows that the residues of the integrand at the
natural numbers are:

o 7 tanh(Az) ) = :2;’(11;%”% m # 0,
zsin(mz) ) ) A m = 0.

Summing over m € [N, N] N Z gives the partial sums of the right-hand side of (4.4).
Meanwhile,

mtanh(Az) | . -2
Res( Zsin(rz) | T@m 1)/(%)) = @m + Dsinh[z2@m + 1)/C0)]’

The hyperbolic tangent is bounded away for its poles (and therefore on Cy), so we may
deduce that, for some uniform constant cg,

|j | - Co /:rrN/A dt N f(2N+1)/2 dt
NI = 77 1~ — | -

N | J—xnya cosh(mt) —@N+1)/2 |sin(im? /A + 1)
Both integrals are uniformly finite in N, hence .7 5 converges to zero. As a consequence, the
sum of residues of the integrand converges to zero. Using the residues computed above, this
implies @ (4.4).

Upon inspection of the right-hand side of (4.4), we observe that the quantity in the
equation is strictly positive whenever A > 0. The asymptotic behavior of (4.4) as A tends
to —1 (corresponding to 24 ~ /g — 4 tending to 0) is governed by the first term or the right-
hand side, namely ~ 8e~T?/CH),

4
sinh(nz/(ZA))

. . N —1m N
(%) We obtain explicitly & +2 Y-y SP= tanh(mA) — Y5 o @m+D) sinh[]f§(2m+ n/en] ~ 0asN = co.
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TENSOR PRODUCT MULTIPLICITIES
VIA UPPER CLUSTER ALGEBRAS

BY Jiarul FEI

ABSTRACT. — For each valued quiver Q of Dynkin type, we construct a valued ice quiver AZQ.
Let G be a simply connected Lie group with Dynkin diagram the underlying valued graph of Q. The

upper cluster algebra of A2Q is graded by the triple dominant weights (i, v, 1) of G. We prove that

when G is simply-laced, the dimension of each graded component counts the tensor multiplicity c&’v.
We conjecture that this is also true if G is not simply-laced, and sketch a possible approach. Using this
construction, we improve Berenstein-Zelevinsky’s model, or in some sense generalize Knutson-Tao’s
hive model in type A4.

RESUME. — Nous construisons un carquois valué glacé AZQ pour chaque carquois valué de type

Dynkin. Soit G un groupe de Lie simplement connexe dont le diagramme de Dynkin est le graphe valué
sous-jacent de Q. L’algébre amassée supérieure de A2 est graduée par le triplet de poids dominants
(i, v,A)de G. Lorsque G est simplement lacé, nous montrons que la dimension de chaque composante
graduée compte C;)/E,v la multiplicité tensorielle. Nous conjecturons que c’est aussi le cas lorsque G n’est
pas simplement lacé, et nous esquissons une approche possible. En utilisant cette construction, nous
améliorons le mode¢le de Berenstein-Zelevinsky, ou en un certain sens, nous généralisons le modéle de
ruche de Knutson-Tao en type A.

Introduction

Finding the polyhedral model for the tensor multiplicities in Lie theory is a long-standing
problem. By tensor multiplicities we mean the multiplicities of irreducible summands in
the tensor product of any two finite-dimensional irreducible representations of a simply
connected Lie group G. The problem asks to express the multiplicity as the number of lattice
points in some convex polytope.

Accumulating from the works of Gelfand, Berenstein and Zelevinsky since 1970, a first
quite satisfying model for G of type A was invented in [4]. Finally around 1999, building

The author was supported in part by National Science Foundation of China (No. BC0710141).
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upon their work, Knutson and Tao invented their Aive model, which led to the solution of
the saturation conjecture [35]. In fact, the reduction of Horn’s problem to the Saturation
conjecture is an important driving force for the evolution of the models.

Outside type A4, up to now Berenstein and Zelevinsky’s models [5] are still the only known
polyhedral models. Those models lose a few nice features of Knutson-Tao’s hive model.
We will have a short discussion on this in Section 0.1. Despite a lot of effort to improve
the Berenstein-Zelevinsky model, to the author’s best knowledge there is no very satisfying
further result in this direction.

Recently an interesting link between the hive model and the cluster algebra theory was
established in [13] through the Derksen-Weyman-Zelevinsky’s quiver with potential model
[8, 9] for cluster algebras. A similar but different link between the polyhedral models and
tropical geometry was established by Goncharov and Shen in [29]. In fact, from the work of
Berenstein, Fomin and Zelevinsky [5, 3], those links may not be a big surprise.

There are two goals in the current paper. First we want to generalize the work [13] to
other types. More specifically, we hope to prove that the algebras of regular functions on
certain configuration spaces are all upper cluster algebras. Second we want to improve the
Berenstein-Zelevinsky’s model in the spirit of Knutson-Tao. In fact, as we shall see, we
accomplish these two goals almost simultaneously. Namely, we use our conjectural models
to establish the cluster algebra structures. Once the cluster structures are established, the
conjectural models are proved as well.

The key to making new models is the construction of the i4 Rt quivers. Let Q be a valued
quiver of Dynkin type. Let C2Q be the category of projective presentations of Q. We can
associate to this category an Auslander-Reiten quiver A(C? Q) with translation (ARt quiver
in short). The ice ARt quiver (iARt quiver in short) AZQ is obtained from A(C? Q) by freezing
three sets of vertices, which correspond to the negative, positive, and neutral presentations
in C>Q. We can put a (quite canonical) potential W} on the iARt quiver AF,.

A quiver with potential (or QP in short) (A, W) is related to Berenstein-Fomin-
Zelevinsky’s upper cluster algebras [3] through cluster characters evaluating on pu-supported
g-vectors introduced in [13] (see Definition 4.5 and 4.8). The cluster character Cy considered
in this paper is the generic one [42, 12], but it can be replaced by fancier ones. As we have
seen in many different situations [13, 14, 15] the set G(A, W) of u-supported g-vectors is
given by lattice points in some rational polyhedral cone. This is also the case for the iARt
QPs (A%, Wé).

The whole Part I is devoted to the construction of the iARt QP (A2 ,Wé) and the
polyhedral cone G A% It turns out that the cone G A% has a very neat hyperplane presentation

{x € R4 | xH > 0}, where the columns of the matrix H are given by the dimension
vectors of subrepresentations of 3| Q¢| representations of AZQ. These 3| Qg| representations
are in bijection with the frozen vertices of AZQ. They also have a very simple and nice
description (see Theorem 5.3). The main result of Part I is the following.

THEOREM 5.9. — The set GA2Q N 7820 j exactly G(A%,, Wé).
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The upper cluster algebra E(A2Q) has a natural grading by the weight vectors of presenta-

tions. This grading can be extended to a triple-weight grading azg WAGTIIN Z;logo‘. This
grading slices the cone G A% into polytopes

Gaz (0. 2) = {g € Gz [0h(®) = (v, 1)}

Let G := G be the simply connected simple Lie group with Dynkin diagram the underlying
valued graph of Q. Our conjectural model is that the lattice points in G A2, (i, v, A) count the

tensor multiplicity cﬁv for G. Here, cﬁ , 18 the multiplicity of the irreducible representation

L(}) of highest weight A in the tensor product L (i) ® L(v). More often than not we identify
a dominant weight by a non-negative integral vector. To prove this model, we follow a similar
line as [13]. However, we do not have a quiver setting to work with in general. We replace the
semi-invariant rings of triple-flag quiver representations by the ring of regular functions on
a certain configuration space introduced in [19].

Fix an opposite pair of maximal unipotent subgroups (U~,U) of G. The quotient
space o7 := U~\G is called base affine space, and the quotient space #Z° := G/U is
called its dual. The configuration space Conf; ; is by definition (¢# X ¢# X ")/ G, where
G acts multi-diagonally. The ring of regular functions k[Conf, ;] is just the invariant
ring (k[G]Y” ® k[G]Y™ ® k[G]Y)C. The ring k[Conf, ;] is multigraded by a triple

of weights (u,v,A). Each graded component C/’},v = k[Conf3 1],,,,1 is given by the
G-invariant space (L(n) @ L(v) ® L(/\)V)G. So the dimension of Cf},u counts the tensor

multiplicity cﬁ ,- Here is the main result of Part II.

THEOREM 9.1. — Suppose that Q is trivially valued. Then the ring of regular functions

on Conf, 1 is the graded upper cluster algebra ANy, § 2Q ; O'ZQ). Moreover, the generic character

A

maps the lattice points in G A%, onto abasis of this algebra. In particular, c;;

is counted by lattice

points in GA2Q (w,v,A).

We will show by an example that the upper cluster algebra strictly contains the corresponding
cluster algebra in general. We conjecture that the trivially valued assumption can be dropped
in the above theorem and the theorem below. It is pointed in the end that the only missing
ingredient for proving the conjecture is the analogue of [9, Lemma 5.2] for species with
potentials [37].

Fock and Goncharov studied in [19] the similar spaces Conf; (D as cluster varieties.
However, to the author’s best knowledge it is not clear from their discussion what an initial
seed is if G is not of type A. Moreover the equality established in the theorem does not seem
to follow from any result there. In fact, Fock and Goncharov later conjectured in [20] that the
tropical points in their cluster i-varieties parametrize bases in the corresponding (upper)
cluster algebras. Our result can be viewed as an algebraic analog of their conjecture for the
space Conf} ;. Instead of working with the tropical points, we work with the g-vectors.

To sketch our ideas, we first observe that if we forget the frozen vertices corresponding
to the positive and neutral presentations, then we get a valued ice quiver denoted by Ag

(M They considered the generic part of the quotient stack [(¢7")3/ G]. We will work with the categorical quotient
as its partial compactification.
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whose cluster algebra is isomorphic to the coordinate ring k[U]. Roughly speaking, this
procedure corresponds to an open embedding i : H x H x U — Conf; 1, or more precisely
Corollary 8.9. We will define the cluster ¢ 2Q in Theorem through the pullback map i *. It is
then not hard to show that k[Conf, ;] contains the upper cluster algebra C(A%, § 2Q; 05)as
a graded subalgebra. The detail will be given in Section 8.1.

So far we have the graded inclusions

Span (Cw (G,2)) € C(AY. §hioh) < k[Confy,il.

To finish the proof, it suffices to show the containment k[Conf, ;] € Span (CW (GA2Q )).
For this, we come back to the cluster structure of k[U]. It turns out that the analog of
Theorem for U is rather easy to prove. The set G(Ag, Wp) contains exactly lattice points
in the polytope Ga,, which is defined by one of the three sets of relations of G A% On the
other hand, we have two other embeddings i, i, : U < Conf, ;. They are themap i, :=i lu
followed by the twisted cyclic shift of Conf, ;. Another crucial ingredient in this paper is an
interpretation of the twisted cyclic shift in terms of a sequence of mutations u;. Applying
f; and [Ll_l to the QP (Ag, Wp), we get two other QPs (A! ,Wé) and (A7 ,Wé). The
analogous polytopes G AL, and G AL for them are defined by the other two sets of relations
of G A% Finally, after showing the good behavior of g-vectors under the pullback of the three
embeddings, the required inclusion will follow from the fact that

0.1) k[Confs, 1] C {s € US) | if(s) € kU] for # = u, 1, r} :

where (&S 2Q) is the Laurent polynomial ring in the cluster & 2Q The detail will be given in
Section 8.2.

Except for these two main results, we have a side result for the base affine spaces. The
author would like to thank B. Leclerc and M. Yakimov for confirming that the following
theorem was an open problem. It turns out that the cluster structure of ¢# lies between that
of U and Conf, ;. Let AﬁQ be the valued ice quiver obtained from AZQ by deleting frozen
vertices corresponding to neutral presentations.

THEOREM 10.2. — Suppose that Q is trivially valued. Then the ring of regular functions
on oA is the graded upper cluster algebra G(An , (jl/ln ; w(aﬁQ)). Moreover, the generic char-
acter maps the lattice points in G \s onto a basis of this algebra. In particular, the weight multi-

o

plicity dim L(w),, is counted by lattice points in GA”Q (m, ).

0.1. The Models

In [35] Knutson and Tao invented a remarkable polyhedral model called hives or
honeycomb. The author personally thinks that it has at least three advantages over
Berenstein-Zelevinsky’s model [5]. First, the hive polytopes have a nice presentation
{x eR¥® | xH >0, xo = (u, v,)\)}. Second, the cyclic symmetry of the type-A tensor
multiplicity is lucid from the hive model. Actually other symmetries can also follow from
the hive model. Last and most importantly, there is an operation called overlaying for
honeycombs [35].
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In appropriate sense, our models share these nice properties. The first one is clear from
our result. Our H-matrices even have all non-negative entries. However, if readers prefer
the rhombus-type inequalities of the hives, one can transform our model through a totally
unimodular map as in [13]. However, the rhombus-type inequalities are not always as neat
as the ones in type A. We will discuss the transformation and the analogous overlaying else-
where. Although the cyclic symmetry is not immediately clear from H itself, we understand
from our construction and Appendix 11.2 that it is just hidden there. We believe that this is
probably the best we can do outside type A.

In a more general context of Kac-Moody algebras, the tensor multiplicity problem can be
solved by P. Littelmann’s path model [40]. As pointed out in [5], his model can be transformed
into polyhedral ones (with some non-trivial work). However, in general it involves a union
of several convex polytopes.

0.2. Relation to the work of Berenstein-Zelevinsky and Goncharov-Shen

In a groundbreaking work [5] Berenstein and Zelevinsky invented their polyhedral model
for all Dynkin types. Their main tools are Lusztig’s canonical basis and tropical relations
in double Bruhat cells. The polytopes are defined explicitly in terms of their i-trails. But
the author feels that i-trails are hard to compute especially in type E. By contrast, the
subrepresentations defining our H are rather easy to list in most cases. In few difficult cases,
such as type E7 and Eg, we provide an algorithm suitable for computers.

Recently Goncharov and Shen made some further progress in [29]. Using tropical
geometry and geometric Satake, they proved a more symmetric polyhedral model (see [29,
Theorem 2.6 and (214)]). However, there is no further explicit description on the polytopes.
The equality of (0.1) as an intermediate byproduct of our proof is similar to this result.

Loosely speaking, our work is independent of their results, though the author did benefit
a lot from reading their papers. The construction of iARt quivers AZQ is new. We believe that
the construction and results, especially the ideas behind, are beyond just solving the tensor
multiplicity problem for simple Lie groups. The proofs in Part I are similar to those in [13]. In
Part II what we heavily rely on is the cluster structure of k[U] and a mutation interpretation
of the twisted cyclic shift. Throughout the quiver with potential model for cluster algebras
i1s most important.

Outline of the Paper

In Section 1.1 we recall the basics on valued quivers and their representations. We define
the graded upper cluster algebra attached to a valued quiver in Section 1.2 and 1.3. In
Section 2.1 we recall the Auslander-Reiten theory from a functorial point of view. We
specialize the theory to the category of presentations mostly for hereditary algebras in
Section 2.2. In Section 3.1 we define the iARt quivers in general. We then consider the
hereditary cases in more detail in Section 3.2. Proposition 3.6 compares the ARt quivers
of presentations with the more familiar ARt quivers of representations. In Section 4 we
review the generic cluster character in the setting of quivers with potentials. In Section 5 we
study the iARt QPs and their u-supported g-vectors. We prove the two main results of Part
[—Theorem 5.3 and 5.9. In Appendix 6, we provide more examples of iARt quivers.
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In Section 7 we review the rings of regular functions on base affine spaces and maximal
unipotent groups, especially the cluster structure of the latter (Theorem 7.5 and Proposi-
tion 7.6). In Section § we study maps relating the configuration spaces to the corresponding
unipotent groups. These are almost all the technical work required for proving the main
result. In Section 9 we prove our main result—Theorem 9.1. In Section 10 we prove the side
result—Theorem 10.2. In the end we make some remark on the possible generalization to the
non-simply laced cases. In Appendix 11 we prove the mutation interpretation of the twisted
cyclic shift in Theorem 11.14. As a consequence, we produce an algorithm for computing
the (u-supported) g-vector cones.

Notations and Conventions

Our vectors are exclusively row vectors. All modules are right modules. Arrows are

. . . b .
composed from left to right, i.e., ab is the path - % . 2 . Unless otherwise stated,

unadorned Hom and ® are all over the base field k, and the superscript * is the trivial dual
for vector spaces. We write hom and ext for dim Hom and dim Ext. For direct sum of n
copies of M, we write nM instead of the traditional M ®",

PART I
CONSTRUCTION OF IART QPS

1. Graded Upper Cluster Algebras

1.1. Valued Quivers and their Representations

If you are familiar with the usual quiver representations and only care about our results
on the simply laced cases, you can skip this subsection.

DerINITION 1.1. — A valued quiver is a triple Q = (Qo, Q1, C) where
1. Qg is a set of vertices, usually labeled by natural numbers 1,2, ...,n;
2. Q) is a set of arrows, which is a subset of Qg x Qo;

3. C ={(ci,j.cji) e NxN| (i, j) € Q1} is called the valuation of Q.

It is called symmetrizable if there isd = {d; € N | i € Qop} such that d;c; ; = c¢;;d; for
every (i,j) € Q;.

For such a valued quiver, the pair (Qo, Q1) is called its ordinary quiver. Throughout this
paper, all valued quivers are assumed to have no loops or oriented 2-cycles in their ordinary
quivers. If ¢; ; = c¢;,; for every (c; j,c;i) € C, then Q is called equally valued. To draw
a valued quiver (Qop, Q1, C), we first draw its ordinary quiver, then put valuations above
its arrows, eg. i M j. We will omit the valuation if (i, j) is trivially valued, i.e.,
c¢i,;j = ¢;; = 1. All valued quivers in this paper will be symmetrizable. We always fix a choice
of d, so readers may view d as a part of the defining data for Q. We let d; ; = ged(d;, d}).
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Let IF be a finite field. We write IF for an algebraic closure of F. For each positive integer k
denote by Fy the degree k extension of IF in F. Note that the largest subfield of F contained
in both F; and F; is Feeqk,;y = Fx N F;. If k | [ we can fix a basis of IF; over [y and thus
freely identify IF; as a vector space over [Fy.

A representation M of Q is an assignment for each i € Qg a Iy, -vector space M (i), and
for each arrow (i, j) € Q1 an Fy, ;-linear map M(i, j). This definition is different from
the original one in [10], but it is more adapted to the cluster algebra theory (see [45]). The
equivalence of two definitions was established in [45, (2.2)]. The dimension vector dimM is
the integer vector (dimp, M(i))ico,. Similar to the usual quiver representations, we can
define a morphism ¢ : M "> N as the set

{¢i € Hom,, (M(i),N(i))}iGQO such that ¢; M(i. j) = N(i. /)¢ forall (i, j) € Q.
The category Rep(Q) of all (finite-dimensional) representations of Q is an abelian category,
in which the kernels and cokernels are taken vertex-wise. The category Rep(Q) is also Krull-
Schmidt, that is, each object is a finite direct sum of indecomposable objects with local
endomorphism rings.

Just as with usual quivers it is useful to consider an equivalent category of modules
over the path algebra. Such an analog for valued quivers is the notion of F-species. Define
Iy = l_[ier Fg, and T = @ jyeg, Fd;c; ;- Notice that Fy,, ; contains both Fy, and
Fg; and thus we have a I'y-I'p-bimodule structure on I';. Now we define the F-species I'g
to be the tensor algebra Tr,(I'1) of I'1 over ['y. If I'g is finite-dimensional, then it is clear
that the indecomposable projective (resp. injective) modules are precisely P; = e;I'g (resp.
I; = (T'ge;)*) fori € Qo, where ¢; is the identity element in Fy, . The category Rep(Q) has
enough projective and injective objects. The top of P; is the simple representation S;
supported on the vertex i, which is also the socle of I;. The minimal projective and injective
resolutions of simple S; are given by

(1.1) 0— @ ¢iPi—>P -8 —-0 and 0S5 -1 — @ ¢i,jIj = 0.
(i,/)eQ1 (@,7)€Q1
The algebra I'g is hereditary, that is, it has global dimension 1. So for M, N € Rep(Q),
(M,N) = dimp Homg (M, N) — dimg Extg, (M., N)

is a bilinear form only depending on the dimension vectors of M and N. This is called
“Ringel-Euler” form, and we denote the matrix of this form by E(Q). We also define the
matrix £;(Q) := (e ;) and E,(Q) := (e] ;) by

1 i=; 1 i=J
I .. ..
e = 1—¢i (@))€ Q0 efj=1—ci; (i.j)e€ O
0 otherwise, 0 otherwise.

These matrices are related by E(Q) = E;(Q)D = DE.(Q), where D is the diagonal matrix
with diagonal entries d; ; = d;.

ExaMPLE 1.2 (G3). — Consider the valued quiver 1 2 2 of type G, withd = (1, 3). Its
module category has six indecomposable objects
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The simple injective S; : F — 0, and its projective cover P; : F < F3;

The simple projective S, : 0 — F3, and its injective hull I, : F3 < F5;

The module M, : F? — F3, which is presented by P, < 2P;;

The module M, : F3 < ]F%, which is presented by P, < 3P;.

In this paper, we will encounter two kinds of valued quivers. One is valued quivers Q of
Dynkin type, and the other is bigger valued quivers Ap and AZQ constructed from QO (see
Section 3). We will define upper cluster algebras attached to the latter.

1.2. Upper Cluster Algebras

We mostly follow [3, 24, 21]. To define the upper cluster algebra, we need to introduce the
notion of the quiver mutation. The mutation of valued quivers is defined through Fomin-
Zelevinsky’s mutation of the associated skew-symmetrizable matrix.

Every symmetrizable valued quiver A corresponds to a skew symmetrizable integer matrix
B(A) := —E;(A) + E,(A)T. So the entries (by,)u,ven, are given by

Cuvs if (u,v) € Ay,
buy = —Cuw, 1f(v,u) € Ay,
0 otherwise.

The matrix B(A) is skew symmetrizable because DB is skew-symmetric for the diagonal
matrix D. Conversely, given a skew symmetrizable matrix B, a unique valued quiver A can
be easily defined such that B(A) = B.

DEFINITION 1.3. — The mutation of a skew symmetrizable matrix B on the direction
u € Ag is given by u, (B) = (b, ,,), where

Yo by, ifu € {v, w},
v,Ww

by,w + sign(by ) max(0, by by ), otherwise.

We denote the induced operation on its valued quiver also by .

The cluster algebras that we will consider in this paper are skew-symmetrizable cluster
algebras of geometric type. The combinatorial data defining such a cluster algebra is encoded
in a symmetrizable valued quiver A with frozen vertices. Frozen vertices are forbidden to
be mutated, and the remaining vertices are mutable. Such a valued quiver is called valued
ice quiver (or VIQ in short). The mutable part A* is the full subquiver of A consisting of
mutable vertices. In general, to define a(n) (upper) cluster algebra only A* is required to
be symmetrizable. However, in this paper all VIQs happen to be “globally” symmetrizable.
We usually label the mutable vertices as the first p out of g vertices of A. The restricted
B-matrix Ba of A is the first p rows of B(A).

Let k be a field, not necessarily related in any sense to the finite field F or the base field in
the rest of Part L.
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DEFINITION 1.4. — Let ¥ be a field containing k. A seed in of is a pair (A, X) consisting
of a VIQ A as above together with a collection X = {xy,x2,...,x4}, called an extended
cluster, consisting of algebraically independent (over k) elements of ¥, one for each vertex
of A. The elements of x associated with the mutable vertices are called cluster variables; they
form a cluster. The elements associated with the frozen vertices are called frozen variables, or
coefficient variables.

A seed mutation i, at a (mutable) vertex u transforms (A, x) into the seed (A, x') =
1y (A, x) defined as follows. The new VIQ is A’ = uy,(A). The new extended cluster is
x' = x U {x,} \ {x,} where the new cluster variable x], replacing x,, is determined by the
exchange relation

(1.2) XyX,, = l_[ Xyl + 1_[ Xt

(v,u)eAq (u,w)eA

We note that the mutated seed (A’, x’) contains the same coefficient variables as the original
seed (A, x). It is easy to check that one can recover (A, x) from (A’, x) by performing a seed
mutation again at u. Two seeds (A, x) and (A’,x) that can be obtained from each other by
a sequence of mutations are called mutation-equivalent, denoted by (A, x) ~ (A, x’).

DEFINITION 1.5. — The cluster algebra C(A,x) associated to a seed (A, x) is defined as
the subring of &f generated by all elements of all extended clusters of the seeds mutation-
equivalent to (A, x).

Note that the above construction of C(A, x) depends only, up to a natural isomorphism, on
the mutation equivalence class of the initial VIQ A. In fact, it only depends on the mutation
equivalence class of the restricted B-matrix of A. So we may drop x and simply write C(A)
or G(B A)-

An amazing property of cluster algebras is the Laurent Phenomenon.

THEOREM 1.6 ([23, 3]). — Any element of a cluster algebra C(A,X) can be expressed in
terms of the extended cluster x as a Laurent polynomial, which is polynomial in coefficient
variables.

Since C(A,x) is generated by cluster variables from the seeds mutation equivalent
to (A, x), Theorem 1.6 can be rephrased as

0(A7 X) g m zx’,

(A x)~(A,x)
where Zx = k[xif'.....xF ! xpi1....x4]. Note that our definition of Zy is slightly
different from the original one in [3], where Zy is replaced by the Laurent polynomial
Z(x) == k[xif!, ... ,x;,tl,xpi_&l, L xEL

DEFINITION 1.7. — The upper cluster algebra with seed (A, X) is

E(A, X) ;= ﬂ Ty .

(A x)~(A x)
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Any (upper) cluster algebra, being a subring of a field, is an integral domain (and under
our conventions, a k-algebra). Conversely, given such a domain R, one may be interested in
identifying R as a(n) (upper) cluster algebra. The following useful lemma is a specialization
of [21, Proposition 3.6] to the case where R is a unique factorization domain.

LeEmMA 1.8. — Let R be a finitely generated UFD over k. Suppose that (A,X) is a seed
contained in R, and each adjacent cluster variable x,, is also in R. Moreover, each pair in X and
each pair (xy, x,,) are relatively prime. Then R 2 C(A,X).

1.3. g-vectors and Gradings

Let x = {x1, x2,..., x4} be a(n) (extended) cluster. For a vector g € Z4, we write x& for
the monomial xf(l)xg(z) ---xg(q). Foru =1,2,..., p, weset y, = X 2 where b, is the u-th

row of the matrix Ba, and lety = {y1, y2,..., yp}.
Suppose that an element z € Z(X) can be written as

(1.3) 2 =xEOF(y1,y2,...,yp),

where F is a rational polynomial not divisible by any y;, and g(z) € Z4. If we assume that
the matrix Ba has full rank, then the elements y;, y,, ..., y, are algebraically independent
so that the vector g(z) is uniquely determined [24]. We call the vector g(z) the (extended)
g-vector of z with respect to the pair (A, x). Definition implies at once that for two such
elements zy, z, we have that g(z;z2) = g(z1) + g(z2). So the set of all g-vectors in any
subalgebra of Z(x) forms a sub-semigroup of Z4.

Lemma 1.9 ([13, Lemma 5.5], ¢f- [42]). — If the matrix Ba has full rank, then any subset
of T(x) with distinct well-defined g-vectors is linearly independent over k.

DEerINITION 1.10. — A weight configuration o of a lattice L. € R™ on a VIQ A is an
assignment for each vertex v of A a weight vector o (v) € LL such that for each mutable vertex
u, we have that

(14) Z Cv,ua(v) = Z Cu,wa(w)~
(v,u)eA (u,w)eA

The mutation ju,, also transforms o into a weight configuration ¢’ on the mutated quiver
Uy (A) defined as

Z cuwo(w) —o ) ifv=u,
0'/(1)) = 4 (u,w)eA;
o(v) otherwise.

By slight abuse of notation, we can view ¢ as a matrix whose v-th row is the weight
vector o (v). In this matrix notation, the condition (1.4) is equivalent to that Bao is a zero
matrix. So we call the cokernel of By as the grading space of C(A). A weight configuration o
is called full if the corank of B is equal to the rank of ¢. It is easy to see that for any weight
configuration of A, the mutation can be iterated.

Given a weight configuration (A; o), we can assign a multidegree (or weight) to the upper
cluster algebra C(A, x) by setting deg(x,) = o(v) forv = 1,2,...,q. Then mutation
preserves multihomogeneity. We say that this upper cluster algebra is o -graded, and denoted

4¢ SERIE - TOME 54 — 2021 — N° 6



TENSOR PRODUCT MULTIPLICITIES VIA UPPER CLUSTER ALGEBRAS 1425

by C(A,x;0). We refer to (A, x;0) as a graded seed. Note that the variables in y have zero
degrees. So if z has a well-defined g-vector as in (1.3), then z is homogeneous of degree go'.

2. AR-theory of Presentations

2.1. Review of Auslander-Reiten theory

We briefly review Auslander-Reiten theory for Krull-Schmidt exact categories following
[11]. The theory was developed originally for module categories of Artin algebras, but
without much difficulty most of the theory can be generalized to Krull-Schmidt exact
categories. Readers should consult [11, Section 2.2] or the standard textbook [2] for the
basic notions in Auslander-Reiten theory, such as the left and right (minimal) almost split
morphisms.

Let k be a field, and ¢# be a k-linear, Hom-finite, and Krull-Schmidt category with an
exact structure €. So € is a class of exact pairs which is closed under isomorphisms satisfying
Gabriel-Roiter’s axiom (see [11, 1.1]). Recall that a pair (i, d) of composable morphisms

LS M i N in o7 is called exact if i is a kernel of d and d is a cokernel of i. If the
underlying exact structure € is clear, we speak of projective and injective objects rather
than £-projective and E-injective objects. The proof of the following proposition coincides
with the usual one for module categories.

. i d
ProrosiTION 2.1 ([11, Proposition 2.3]). — Suppose that L LM S Nisan exact pair
in €. Then the following assertions are equivalent.
1. i is left minimal almost split.
2. d is right minimal almost split.

3. i is left almost split and d is right almost split.

DEFINITION 2.2. — An exact pair L L M 5 Nin € asin the above proposition is
called an almost split pair. In this case, L is called the translation of N denoted by TN, and
N is called the inverse translation of L denoted by ! L.

Such an almost split pair can only exist provided L is indecomposable non-injective and
N is indecomposable non-projective. The exact category (o#, €) is said to have almost split
pairs if ¢# has almost split morphisms and moreover for all indecomposable non-projective

objects N there exists an almost split pair L SMm —> N and dually for all indecomposable
d
non-injective objects L there exists an almost split pair L 5 M 5 N.The uniqueness

.. . . j d .
of minimal almost split maps shows that almost split pairs L L M S Nare uniquely
determined by L or N.

ExaMPLE 2.3. — Let A be a finite dimensional k-algebra, and mod A be the category of
finite dimensional (right) A-modules. [2, Theorem V.1.15] says that mod A has almost split
pairs, so the translation t is defined for every indecomposable non-projective A-module. It
is given by the trivial dual of Auslander’s transpose functor (see [2, IV.1]).
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Recall that a morphism f € Hom g(M, N) is called radical if 1dps +g f is invertible for
each g € Hom g (N, M). If M and N are indecomposable, then this is equivalent to say
that f is a non-isomorphism. We denote by rad g (M, N) the space of all radical morphisms
in Hom g (M, N). We define radi%(M , N) to consist of all morphisms of form gf, where
f eradg(M,L)and g € radg(L, N) for some L € ¢#. We denote by ind(c#) the full
subcategory of all indecomposable objects in ¢7.

DEFINITION 2.4. — For M, N € ind(c#), an irreducible morphism f : M — N is an
element in rad g (M, N) \ radiﬂ(M , N). We denote

Irr (M, N) := rad (M, N)/ rad’;,(M, N).

For M € ind(¢#), End (M) is local, then
Dy := End z(M)/rad End (M)

is a division k-algebra.

Let M = @;Zl m;M; be an object in ¢# with M; indecomposable and pairwise
non-isomorphic. For f € Hom g(M, N) with N indecomposable, we can write f as
f=(f1,.... fr) where f; = (fi1...., fim;) : mi M; — N. The following proposition was
originally proved for module categories of Artin algebras (see [2, Proposition VII.1.3]) but
the proof there also works in our setting.

PRrOPOSITION 2.5. — The morphism f is right minimal almost split iff the residual classes
of fi,j sinlrr g(M;, N) forma Dx,p-basisfor alli. There is a similar statement for left minimal
almost split morphisms.

. . j d .
We also recall a basic fact [2] that if L 5 M 5 N almost split, then
2.1 dimDMl_ Irr z(M;, N) = dimDX; Irr o (L, M;).

2.2. Presentations

In this subsection we briefly review some results from [44] in our setting. Let A be some
finite dimensional k-algebra with valued quiver Q (see [2, II1.1]). If you do not know what
a valued quiver associated to A is, then you can just take A to be the F-species defined in
Section 1.1. Let C2 A := Ch,(proj -A) be the category of projective presentations. To be more
precise, the objects in C24 are 2-term complexes P L P_ in proj-A (with Py and P_ in
some fixed degrees). The morphisms are commutative diagrams. Let £ be the class of pairs
of morphisms in C2 A, which is split exact in both degrees. It is well known (eg. [44]) that the
category C2 A4 is Krull-Schmidt and € is an exact structure on C2 A. By abuse of notation we
will denote an exact pair in C2 A by an exact sequence 0 — f — g — h — 0.

Let P; be the indecomposable projective module corresponding to i € Q.

DEFINITION 2.6. — Forany 8 € Zgg we denote P, e, B() Pi by P(B). If P+ = P(B+),
then the weight vector (f—,fy) of f is (B—, B+). The reduced weight vector f is the differ-
ence fy —f_.
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DEFINITION 2.7. — Presentations of forms 0 — P, P — 0, and P I—d> P are called
negative, positive, and neutral. They are also denoted by Op, O;,' and Idp respectively. If
P = P;, then they are called i-th negative, positive, and neutral presentation, and denoted
by O;, Ol-Jr and Id; respectively.

LEMMA 2.8 ([7]). — Any presentation [ decomposes as [ = fy @ fia ® f', where f. is
positive, fiq is neutral, and f' is the minimal presentation of Coker( f).

COROLLARY 2.9. — Anindecomposable presentation is one of the following four kinds. They
are i-th negative, positive, neutral presentations, and minimal presentations of indecomposable
non-projective representations of A.

The following lemma is easy to verify.

LEMMA 2.10 ([44, Proposition 3.1]). — For any P4+ i) P_ € C?4Aand P € mod 4, we
have

1. HomczA(O;, f) = HOIIlA(P, P_),'
2. Homea,(f,0F) = Homu(Py, P);
3. Hom¢c2,4(Idp, f) = Homu (P, Py),
4. Home24(f, 1dp) = Homy (P, P).
COROLLARY 2.11 ([44, Corollary 3.1, 3.2]). — The indecomposable E-projective objects

in C? A are precisely O; and 1d;. The indecomposable E-injective objects in C* A are precisely
O and1d;.

Let f and g be two presentations of representations M and N, namely, M = Coker f
and N = Coker g. For any morphism in ¢ € Hom¢24(f, g), we get an induced morphism
¢ € Homy (M, N):

P —L . p M 0
l<ﬂ+ ltﬂ [
Ry —% “R_ N 0.

Conversely, any ¢ € Homyu (M, N) lifts to a morphism in Home2 4(f, g). So we obtain a
surjection

7w : Home2 4(f, g) - Homy(Coker f, Coker g).
7 maps to a zero morphism if and only if the image of ¢_ is contained in the image of g.
In this case, ¢_ lifts to a map in Homy (P—, R ) because P— is projective. Hence the kernel
of 7 is the image of the map ¢

t: Homy(P—, R+) — Home24(f, g), h— gh —hf.
Recall that Homy(P—, R+) = Home24(f, Idg+). So we can summarize the above discus-
sion as follows. The functor Coker : C?4 — mod A4 is full and dense with the kernel
consisting of those morphisms which are factored through positive and neutral presenta-

tions. Let C2A4 be the category C2A4 modulo the morphisms which are factorized through
C-injectives.
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PROPOSITION 2.12 ([44, Proposition 3.3]). — The functor Coker induces an isomorphism
C2A4 ~ mod A.

Here is a main result in [44].
THEOREM 2.13 ([44, Theorem 5.1]). — The exact category C?* A has almost split pairs.

The next two propositions enable us to construct almost split pairs in C2A4. For an
A-module M, we write f(M) : Py(M) — P_(M) for its minimal presentation.

PROPOSITION 2.14 ([44, Proposition 5.6]). — If x : 0 — f — e — g — 0 is exact
in C2A with Coker(f) # 0 and Coker(g) # O, then x is almost split iff. the induced
sequence Coker(x) : 0 — Coker(f) — Coker(e) — Coker(g) — 0 is almost split.

PRrOPOSITION 2.15 ([44, Proposition 5.9 and Corollary 5.3]). — The almost split pair
starting at f(I;) has the form:
0— f(I;) —» f(i/soc(l;)) ® O — OFf — 0, if I; is not simple;
0— f(li) —>Idi6901+:+(1l_) — O} >0, if 1; is simple,

where Homy (R, A)* is the maximal injective summand of E, with E — I; a right minimal
almost split morphism in mod A.

COROLLARY 2.16. — We have that tf(M)= f(tM) for M non-projective and
t(0) = f(I;) in C2A.

From now on let us assume 4 is the F-species I'g. We denote C?T'g by C2Q.

LEmMMA 2.17. — Suppose that 0 — L — M — N — 0 is an almost split sequence
in Rep(Q). Then we have the following almost split pairs in C*Q.

2.2 0— f(L) = f(M)— f(N)—0 if L # Si:
(2.2) 0— f(L)y—»> fM)®Id; > f(N)—>0 ifL=3S;.

Proof. — Suppose that L is not simple. We can splice the minimal presentations of L and
N together to form a presentation of M

Py(L)® Py(N) D> P_(L)® P_(N) > M — 0.
By construction, we have the exact sequence 0 — f(L) — f — f(N) — 0. We claim
that f is minimal. This is equivalent to that homgo (M, S;) = homg(L, S;) + homg (N, S;)
and exty, (M, S;) = exty (L, S;) + exty (N, S;) for each S;. Since 0 - L — M — N — 01s
almost split and L is non-simple, it follows that
0 — Homg (N, S;) - Homg (M, S;) - Homg (L, S;) — 0,
0 — Exty(N. S;) — Exty (M, Si) — Extg(L, Si) — 0

are both exact.

In the case where L = §;, by Auslander-Reiten formula [2, Corollary 1V.4.7]

Homg(t7'L, 8;) = Extp(Si. Si)* =0, Exty(t7'L.S;) = Homg(Si, Si)* = k.
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So we have the exact sequence

0 — Homg (M. S;) - Homg(L, S;) = Exty (r 'L, S;) — Extp (M, S;) — 0.
Hence Homg (M., S;) = ExtlQ(M ,S;) = 0. This implies the exactness of (2.2). Finally the
claim follows from Proposition 2.14. O

Similarly the next lemma follows directly from Proposition 2.15.

LEMMA 2.18. — We have the following almost split pairs in C?Q
23) 0— f(;)— @ cirxfr) ® @ Cji Oj+ — Oi+ — 0if'i is not a source;
(k,i)eQ .)€
2.3) 0— f(I;)) > 1d; & @ Cji Oj"." — Olf" -0 if i is a source.
(i,/)€01

3. iARt Quivers

3.1. iARt Quivers

We slightly upgrade the classical Auslander-Reiten quiver by adding the translation
arrows. The following definition is basically taken from [2, VII.1]. Let ¢# be a category as
in Section 2.1. Recall that for each M € ind(¢#), Dy := End (M)/rad End (M) is a
division k-algebra.

DEerINITION 3.1 (ARt quiver). — The ARt valued quiver A(¢#) of ¢# is defined as
follows:

1. The vertex of A(c#) are the isomorphism classes of objects in ind 7.

2. There is a morphism arrow M — N if Irr (M, N) is non-empty. We assign the valua-
tion (a, b) to this arrow, where a = dimp,, Irr z(M, N) and b = dimD?\;» Irr z(M, N).

3. There is a translation arrow from N to t N with trivial valuation if tN is defined.

A vertex u in an ARt quiver is called transitive if the translation and its inverse are both
defined at u.

Note that the number « in the valuation (a, ) can be alternatively interpreted as the (direct
sum) multiplicity of M in E for E — N right minimal almost split. Similarly b is the multi-
plicity of N in E’ for M — E’ left minimal almost split. Moreover, if o7 is k-elementary,
i.e., Dy = k for any M € ind(¢#), then all morphism arrows are equally valued.

DEerFINITION 3.2 (iARt quivers). — We have that:

e the iARt quiver A g is obtained from the ARt quiver A(c#) by freezing all vertices
whose translations are not defined;

e the iARt quiver AZO% is obtained from the ARt quiver A(C? ¢#) by freezing all non-
transitive vertices.
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REMARK 3.3. — When ¢# is the module category of a finite-dimensional algebra, the
frozen vertices of A g are precisely indecomposable projective modules. By Theorem 2.13
and Corollary 2.11, the frozen vertices in Ai% are precisely the negative, positive and neutral
presentations.

We use the notation

L—->M if there is a morphism arrow from L to M ;
L---M if there is a translation arrow from L to M;
L— M if there is an arrow from L to M in the ARt quiver.

LEMMA 3.4, — Let 6 be an additive function from oA to some abelian group, that is,
(L) + 6(N) = 0(M) for each exact sequence 0 — L — M — N — 0in cA. Then at
each transitive vertex L, we have that Y s 1 e, O(M) =",y cL NO(N).

Proof. — We have two almost split sequences
O—>tL—>€BcM,LM—>L—>O, O—>L—>@CL,NN—>1_1L—>O.
M—L L—N
By the additivity of 6, we have that
O(L) = Y cmrO(M)—60(L)= Y cLnO(N)—6(r""L).

M—L L—>N

= Z em,L0(M) = Z cL.NO(N).

M—L L—N L]

A typical additive function in C24 is the weight vector. In some special cases including
examples below, indecomposable presentations are uniquely determined by their weight
vectors. So we can label them on an iARt quiver by their weight vectors. We will use the
“exponential form” as a shorthand. For example, a vector (3,1,0,0,—2,0,—1) is written
as (527, 132).

ExaMPLE 3.5. — Let A be the Jacobian algebra of the quiver with potential (Q, W) (see
3

Section 4.1), where Q = 2+——1 and W is the difference of two oriented triangles. The

4
iARt quiver A2 4 4 1s drawn below. We always put frozen vertices in boxes.

/ "7“\"/‘“\"/° A\

2<———341<———21<———234<———12

N

= b o] B2 o] L=~

4¢ SERIE - TOME 54 — 2021 — N° 6



TENSOR PRODUCT MULTIPLICITIES VIA UPPER CLUSTER ALGEBRAS 1431

Two vertices with the same weight label (1, 2) are identified. The translation arrow going
out from (0, 2) ends in (1, 0).

3.2. Hereditary Cases

In particular, if we take ¢ := Rep(Q) for some valued quiver Q, we get two ARt quivers
A(Q) := A(Rep(Q)) and A(C2Q). We denote the corresponding iARt quivers by Ag
and A%

Q

PROPOSITION 3.6. — The ARt quiver A(C?Q) can be obtained from A(Q) as follows.

1. We add | Q| vertices corresponding to O.Jr and also | Q| vertices corresponding to 1d;.

(b a) +

a,b
2. Foreachi u> j in Q, we draw morphism arrows O+ —> O+ and f(I;) —> j .

We add translation arrows from Ol+ to f(I;).
3. We draw morphism arrows f(S;) — 1d;, and 1d; — v~ £(S;).

Proof. — The vertices of A(Q) are identified with vertices of A(C2 Q) via minimal presen-
tations. By Corollary 2.9, we only need to add the vertices as in (1). Step (2) is due to (2.3)
and (2.3'). Note that t=! £(S;) isequal to f(z~1S;) if i is not a source, otherwise it is equal
to Oi+ . So Step (3) is due to (2.2') and (2.3"). We do not need anything else because of (2.2)
and the easy fact that @ ; j)ep, ¢i Of — O is right minimal almost split. O

Due to this proposition, we will freely identify Ao as a subquiver of AZQ.

From now on, we let Q be a valued quiver of Dynkin type. In this case, any indecompos-
able presentation f is uniquely determined by its weight vector. The quiver Ag was already
considered in [3, 26]. In [3] the authors associated an ice quiver to any reduced expression
of the longest element wy in the Weyl group of Q. The iARt quiver Ay only corresponds to
those reduced expressions adapted to Q.

ExampLE 3.7. — The iARt quiver AZQ for Q of type A, is the ice hive quiver A,
constructed in [13] up to some arrows between frozen vertices.

ExaMPLE 3.8. — The iARt quiver AZQ for Q a D4-quiver:

}

<————31<————42<——

20*---341*---3412* -

.<———21<————342<——“
NSNS

Readers can find a few other iARt quivers in Appendix 6.

©

<o
W
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REMARK 3.9. — One natural question is whether the iARt quivers A7 and A, (or Ag
and Ag’) are mutation-equivalent if Q and Q' are reflection-equivalent. The answer is
positive at least in trivially valued cases. We conjecture that this is also true in general. As
pointed in [3, Remark 2.14], for Ap with Q trivially valued, by the Tits lemma every two
reduced words can be obtained form each other by a sequence of elementary 2- and 3-moves
(see [46, Section 2.1]); by [46, Theorem 3.5] every such move either leaves the seed unchanged,
or replaces it by an adjacent seed. Finally, similar to the proof of Corollary 11.9, the result
can be extended from Ag to AG,.

However, reflection-equivalent quivers cannot be replaced with mutation-equivalent Jaco-
bian algebras (see Section 4.1). The Jacobian algebra in Example 3.5 is obtained from the
above path algebra of D4 by mutating at the vertex 2. According to [33], the iARt quiver in
Example 3.8 is mutation-equivalent to a finite mutation type quiver Eél’l), while the one in
Example 3.5 is mutation equivalent to a wild acyclic quiver, which is of infinite mutation type.

It follows from (2.1) and the fact that each Q is symmetrizable that
LemMa 3.10. — The B-matrix of AzQ is skew-symmetrizable.

It was constructed in [5, Theorem 8.3] a family of compatible pairs {(B(i), A(1))}i, 1.e, B(i)
and A (i) satisfy that B()A(i) = (/,0). The family {B(i)}; contains the restricted B-matrix
of Ag. It follows that

LemMMA 3.11. — The restricted B-matrices of Ag, and thus of AZQ, have full ranks.

By Lemma 3.4, the assignment f — (f_, f}) is a weight configuration of AZQ. However, it
is not full (see Section 1.3). We want to extend it to a full one which is useful for the second
half of the paper. Since Q is of finite representation type, each non-neutral f € ind(C2Q) is
translated from a unique indecomposable positive presentation, that is, f = rt(OiJr) for
somei € Qg and? € Z>o. Now for each f € ind(C2Q), we assign a triple-weight vector as
follows.

DEFINITION 3.12. — If f is translated from O, then the triple weight f € 73190l of f is
given by (e(f),f—,fy) where e(f) := e; the unit vector supported on i. If f = Id;,
then we set f := (0, e;,¢;). We also define another weight vector f € Z!20! attached to f
by f:=e +f_ —fj.

COROLLARY 3.13. — The assignmentazg o f |—>?(resp. ogo: fr— f) defines a full weight
configuration for the iARt quiver AZQ (resp. Ag ).

Proof. — Due to Lemma 3.4, it suffices to show that for each mutable f,
Z cg, re(g) = Z crpe(h).
g—f f—h
We call a vertex u regular if it is transitive and t='v is defined for each v — u, and tw is
defined for each u — w. It is clear from (2.1) that the equation holds at each regular vertex.

From the description of Proposition 3.6, we see that all transitive vertices are regular except
for £(S;) and r=! £(S;). The problem is that these vertices may have (morphism) arrows to
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neutral frozen vertices, whose translation is not defined. But the first component of the triple
weights of Id; is a zero vector so the equality still holds at these vertices.

For the case of Agp, it is enough to observe that the weight vector f is zero on the
positive and neutral frozen vertices of A%, and Ao is obtained from AZQ by deleting these
vertices. O

We shall consider the graded upper cluster algebra B(A2 ; azQ) and the graded cluster algebra
C(Ag; o) later.

4. Cluster Character from Quivers with Potentials

4.1. Quivers with Potentials

The mutation of quivers with potentials is invented in [8] and [9] to model the cluster
algebras. In this and next section and Appendix 11, we switch back to the usual quiver
notation. A quiver A is a quadruple (A, Ay, h, 1), where the maps & and ¢+ map an arrow
a € Aj toits head and tail h(a),t(a) € Ay. Following [8], we define a potential W on
an ice quiver A as a (possibly infinite) linear combination of oriented cycles in A. More
precisely, a potential is an element of the trace space Tr(la) = kA / [ﬁ, ﬁ], where kA is the
completion of the path algebra kA and [IEZ, EZ] is the closure of the commutator subspace
of kKA. The pair (A, W) is an ice quiver with potential, or IQP for short. For each arrow
a € Ay, the cyclic derivative 9, on kA is defined to be the linear extension of

d
da(ay---ag) =Y a*(ar)drs1++aqay -+~ ag_1.
k=1
where a*(b) = 1 if a = b and zero otherwise. For each potential W, its Jacobian ideal oW is
the (closed two-sided) ideal in kA generated by all 0, W. The Jacobian algebra J(A, W) is
the quotient algebra kA JOW . @ If W is polynomial and the quotient of kA by the unclosed
ideal generated by all d, W is finite-dimensional, then the completion is unnecessary to define
J(A, W). This is the case throughout this paper.

The key notion introduced in [8, 9] is the mutation of quivers with potentials and their
decorated representations. For an ice quiver with nondegenerate potential (see [8]), the
mutation in certain sense “lifts” the mutation in Definition 1.3. We have a short review in
Appendix 11.1.

DEFINITION 4.1. — A decorated representation of a Jacobian algebra J := J(A,W)isa
pair oM = (M, M), where M € Rep(J), and M is a finite-dimensional k0-module.

Let (Rep(J) be the set of decorated representations of J(A, W) up to isomorphism. Let
K?J be the homotopy category of C2J . There is a bijection between two additive categories
Rep(J)and K 2 J mapping any representation M to its minimal presentation in Rep(J), and
the simple representation S, of k20 to P, — 0. Suppose that ¢ corresponds to a projective
presentation P(8y) — P(B-).

@ Unlike the definition in [6], we need to include d, W in the ideal dW even if a is an arrow between frozen vertices.
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DEFINITION 4.2. — The g-vector g( M) of a decorated representation ¢ is the reduced
weight vector B4 — B_.

DEerINITION 4.3. — A potential W is called rigid on a quiver A if every potential on A is
cyclically equivalent to an element in the Jacobian ideal dW. Such a QP (A, W) is also called
rigid. A potential W is called p-rigid on an ice quiver A if its restriction to the mutable
part A* is rigid.

It is known [8, Proposition 8.1, Corollary 6.11] that every rigid QP is 2-acyclic, and the
rigidity is preserved under mutations. In particular, any rigid QP is nondegenerate.

DEFINITION 4.4. — Two QPs (A, W) and (A’, W’) on the same vertex set Ag are called
right-equivalent if there is an isomorphism ¢ : kA — kA’ such that ¢ [xa,= Id and (W) is
cyclically equivalent to W’. Two IQPs (A, W) and (A’, W’') are called u-right-equivalent if
they are right-equivalent when restricted to their mutable parts.

DEFINITION 4.5. — A representation is called u-supported if its supporting vertices are
all mutable. We denote by ﬁep“ (J) the full subcategory of all u-supported decorated
representations of J.

REMARK 4.6. — If (A, W) and (A’,W’) are p-right-equivalent, then Rep''(J) and
ﬂep“ (J') are equivalent. Indeed, we write W = W, + W, where W, is the restriction
of W to the mutable part of A. We find that any cyclic derivative d, W, is a sum of paths

passing some frozen vertices. Such a sum gives rise to a trivial relation on the pu-supported
representations.

4.2. The Generic Cluster Character
DEFINITION 4.7. — To any g € Z~0 we associate the reduced presentation space

PHom; (g) := Hom; (P ([g]+). P([—&l+)).

where [g]+ is the vector satisfying [g]+ () = max(g(u),0). We denote by Coker(g) the
cokernel of a general presentation in PHomy (g).

The reader should be aware that Coker(g) is just a notation rather than a specific represen-
tation. If we write M = Coker(g), this simply means that we take a presentation general
enough (according to context) in PHomy (g), then let M to be its cokernel.

DEerFINITION 4.8. — A g-vector g is called u-supported if Coker(g) is u-supported. Let
G(A, W) be the set of all u-supported g-vectors in Z20.

It turns out that for a large class of IQPs the set G(A, W) is given by lattice points in some
rational polyhedral cone. Such a class includes the IQPs introduced in [13, 14, 15], and the
ones to be introduced in Section 5.1.

DEFINITION 4.9 ([42, 12]). — We define the generic character Cyw : G(A, W) — Z(x) by
(4.1) Cw(g) = x5 ) _ x(Gr*(Coker(g)))y*.

where Gr®(M ) is the variety parametrizing e-dimensional quotient representations of M, and
x(—) denotes the topological Euler-characteristic.
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THEOREM 4.10 ([13, Corollary 5.14], cf. [42, Theorem 1.1]). — Suppose that IQP (A, W)
is non-degenerate and B has full rank. The  generic character Cy maps G(A, W) (bijectively)
to a set of linearly independent elements in C(A) containing all cluster monomials.

DEFINITION 4.11. — Wesay that an IQP (A, W) models an algebra C if the generic CElSteI’
character maps G(A, W) (bijectively) onto a basis of C. If Cis the upper cluster algebra C(A),
then we simply say that (A, W) is a cluster model.

REMARK 4.12. — Suppose that (A, W) and (A’,W’) are p-right-equivalent. By
Remark 4.6, (Rep/*(J) and Rep'*(J') are equivalent via some isomorphism ¢ : kA# — k(A')*.
By abuse of notation we denote the equivalence also by ¢. Since ¢ |o,= 1d, (M) and M
are isomorphic and have the same g-vector. We see from (4.1) that if (A, W) is a cluster
model, then so is (A, W').

5. iARt QPs

5.1. The iARt QP (A%, Wé)

For the time being, let us assume Q is a trivially valued Dynkin quiver. A translation
triangle in an iARt quiver is an oriented cycle of the form

M
tL¢————-——--— L.

For each iARt quiver A2, we define the potential Wé as an alternating sum of all trans-
lation triangles. We make this more precise as follows. We can also label each non-neutral

f =171 0; by the pair (i,1)* = (i*(f),t*(f)). The arrows of A2Q are thus classified into
three classes

Type A arrows @, 0)* = (,r + D*, f(S;) — 1d;;
Type B arrows (.0 — (j.0)* Id; — 7L £(S));
Type C arrows @, 0% - (G, t—D*.

Let a (resp. b and ¢) denote the sum of all type A (B and C) arrows. The potential Wé is
defined as a¢h — ab¢. Thus the Jacobian ideal is generated by the elements

(5.1) en(acé — éa)ey, ey (ch —bé)ey,

(5.2) eu(ba — ab)ey.

Let J := J(A}, W) be the Jacobian algebra of (AZ,, Wj). For the rest of this section, we
denote a single arrow by the lowercase letter of its type with some superscript (eg. a and a’).
We observe that for each non-neutral vertex in AZQ there are exactly one incoming arrow and

one outgoing arrow of type C. Moreover, if non-neutral ¥ and v are connected by an arrow
of type B or A, then the relations (11.11) say that

(5.1.1) eyace, = eyc'a’e, or eychbe, = e b'c’e, forsomea,a’,b,b’,c,c.
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In general, the relations (5.2) do not have a similar implication because there is a trivalent
vertex for Q of type D or E. We have that
(5.2.1) e bae, = Z(eua/b’ev oreyb’a’e,).
a’ b
If u and v are not trivalent, then the right sum has only one summand. If both u and v are

negative (resp. positive), then some translation arrows are undefined so the relations (5.1.1)
reduce to the following

(5.1.2) eyacey, = 0 (resp. eycae, = 0 or e, chey, = 0).
Similarly if u (resp. v) is neutral, then

(5.1.3) eybce, = 0 (resp. eycae, = 0).
LEMMA 5.1. — The IQP (A%, Wé) is rigid and J (A%, Wé) is finite-dimensional.

Proof. — To show that J(AZ%), Wé) is finite-dimensional, it suffices to observe that any
nonzero path from f to g in J can be uniquely identified as an element in
@;*:(of) Homg24 (7 f. g). Indeed, suppose that p is a path from f to g. By (5.2.1) and
(5.1.3), we can make p avoid any neutral vertex. By (5.1.1) we can move all arrows of type C
to the left. If we remove all arrows of type C, then the truncated path can be interpreted as
a morphism from t’ f to g.

Due to relations (5.1.1) and (5.2.1), any cycle in the Jacobian algebra is equivalent to
a sum of composition of cycles e, (ach)e,s with u and u’ mutable. It suffices to show that
each eyacbe, isin fact zero in the Jacobian algebra. Applying the relation (5.1.1) twice (if u is
not negative), we see that e, acbhe, is equivalent to ey,a’c’b’e, where u and w are connected
by an arrow of type C. If u is mutable, then there is some negative vertex v connected to u
by arrows of type C. So eyache, is equivalent to e,a”c”b”, which is zero by (5.1.2). O

We delete all translation arrows of AZQ, and obtain a subquiver denoted by /\ZQ. Let R be
the direct sum of all presentations in ind(C2 Q). It is well-known that the Auslander algebra
A% = Endc29(R) is equal to kAg, modulo the mesh relations [2, VIL1]. The Auslander
algebra AZQ is the quotient of Jacobian algebra J by the ideal generated by translation arrows.

Let f : P4 — P_ be a presentation in ind(C2Q). We denote by Ps (resp. I7)
the indecomposable projective (resp. injective) representation of J corresponding to the
vertex f.

LEMMA 5.2. — We have the following for the module P s in J(A%, Wé)

1. Pf(ol_) = HomQ(Pi*(f), Pi),‘

2. Pf(O?_) =~ Homg (P4, Pi);

3. Pf(ld,‘) = HomQ(P_, P;).

Proof. — (1). Recall from the proof of Lemma 5.1 that

*(f)
P;(0;) € @) Homea2o(r' £.07).

t=0
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We know that Home2()(f.O;) = 0 unless f is negative. This implies that P (O;) C
Homg (P;=(r), P;). Conversely, we identify an element in Homg (P;=(ry, P;) by a path
consisting solely of arrows of type B. By adjoining ¢*( f) arrows of type C we get a path
from f to O; , which is easily seen to be nonzero.

(2). We observe that any path from f to Ol-Jr containing a translation arrow must be
equivalent to zero due to the relations (11.11) and (5.1.2). So P (Oi+) is the same as Py (Ol-+)
restricted to the Auslander algebra. The result follows from Lemma 2.10.(4).

(3). Similar to (2), any path from f to Id; containing a translation arrow must be equiv-
alent to zero. The result follows from Lemma 2.10.(2). O

5.2. The Cone G A%

We consider the following set of representations 75

(5.3) 0—>Tv—>lv—>@lojf forv =0y,
i—j

(5.4) 0T, > 1y > P o for v = Of,
i—j

(5.5) O—>Tv—>1v—>@11dj for v = Id;.
i—j

The maps in (5.3) and (5.4) are canonical, that is, the map from I j+ to I 4+ is given by the
l J

morphism arrow Oji — Oii. For the map from I'4, to 14, let us recall from Lemma 2.17.(3)
that Hom(/1q;, I14;) = P14, (Id;) = Homg (P;, P;). We take the map to be the irreducible
map in Homg (P;, P;). It will follow from the proof of Theorem 5.3 that the rightmost maps
in (5.3)—(5.5) are all surjective.

For j € Qq,let j* = i*(O;-r) € Qy. It is well-known that j +— j* is a (possibly trivial)
involution. The involution does not depend on the orientation of Q. Its formula is listed in
[26, Section 2.3]. For any map between projective modules f : P(81) — P(fB2), thei-th top
restriction of f is the induced map top P(81(i)) — top P(B2(i)).

THEOREM 5.3. — We have the following description for the modules T,.

1. The module To- is the indecomposable module supported on all vertices translated
from Ol.t with dimension vector (1,1,...,1);

2. The defining linear map f — g in T+ is given by the i-th top restriction of ¢.t;
3. The defining linear map f — g in Tia; is given by the i-th top restriction of ¢_,
where ¢ = (@4, ¢_) is the irreducible morphism from f to g.

In particular, the dimension vector 8, of T, is given by

bu(f) = e(S/)™) forv =0y,
Oy (f) =1 (0) Jorv =0f,
0, (f) =f_(@i) forv =1d;.
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Proof. — By Lemma 5.2.(1), we can identify Io- (f) with Homg (P;=(ry, P;)*. From the
definition of Tor- and the exact sequence

0— @ HomQ(P,-*(f), Pj) d HomQ(P,-*(f), Pi) e HOI‘IlQ(P,'*(f), Si) — 0,
i—j
we conclude that To-(f) = Homg (Pi=(s). Si)*.
By Lemma 5.2.(2), we can identify I+ (f) with Homg (P4, P;)*. From the definition
of T+ and the exact sequence

0 — @ Homg(Py.. Pj) > Homg(Py. P;) — Homg(Py. S;) — 0.
i—j
we conclude that 7+ (f) = Homg(P4,S;)*. The description of maps follows from the
naturality.
By Lemma 5.2.(3), we can identify I4, (f) with Homg (P, P;)*. From the definition
of Ti4; and the exact sequence

0 — @ Homg(P-. P;) — Homg(P_. P;) — Homg (P, S;) — 0,
i—j
we conclude that Tiq, (f) = Homg (P_, S;)* and the description of maps follows from the
naturality. O

LEMMA 5.4. — Let M = Coker(g), then Homy (M, T,) = 0 for each frozen v if and only
if Homy (M, I,,) = 0 for each frozen v.

Proof. — Since each subrepresentation of 7, is also a subrepresentation of 7, one direc-
tion is clear. Conversely, let us assume that Homjy (M, T,,) = 0 for each frozen vertex v. We
prove that Homy (M, I,,) = 0 by induction.

We first notice that for v = Oi_,Oj',Id,', T, = I, if i is a sink. In general, for an
injective presentation of 7: 0 — T — I; — Iy with Homy(M, Iy) = 0, we have that
Homj; (M, Iy) = 0 is equivalent to Hom (M, T) = 0. Now we perform the induction from
a sink 7/ in an appropriate order using (5.3)—(5.5). We can conclude that Hom; (M, I,) = 0
for all frozen v. O

For the rest of this article, when we write g(—), we view g as a linear functional via the
usual dot product.

DEerINITION 5.5 ([18]). — The tropical F-polynomial fr of a representation T is the func-
tion
g — max —g(dimS).
S—T
We shall show that all these T, are reachable (see 11.1 for the definition) in Appendix 11.3.
THEOREM 5.6 ([18, Theorem 6.5]). — If T is reachable, then for any g € 720 we have that
fr(g) = hom(Coker(g), T).

DEFINITION 5.7. — A vertex v is called maximal in a representation M if dim M(v) = 1
and all strict subrepresentations of M are not supported on v.
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We note that every T, contains a maximal vertex w, which is another frozen vertex. For
example, w = Oit (resp. Id; and O;") for v = O; (resp. O;r and Id;).

DEerINITION 5.8. — We define a cone GAzQ C R(A5)0 by g(dimS) > O for all strict
subrepresentations S C T, and all frozen v.

THEOREM 5.9. — The set of lattice points GA2Q VAR LR exactly G(A%, Wé).

Proof. — Dueto Lemma 5.6 and 5.4, it suffices to show that G A2 is defined by g(dimS) > 0
for all subrepresentations S of T, and all v frozen. We notice that these conditions are the
union of the defining conditions of G A% and g(dim7,) > 0. But the latter conditions are
redundant because dim7), = e,, + (dim7, — e,,) and dimT, — e, is the dimension vector of
a strict subrepresentation of T,,, where w is the maximal (frozen) vertex of T,. O

ExamPLE 5.10 (Example 3.8 continued). — In this case, it is almost trivial to list all strict
subrepresentations for all 7;,. Readers can casily find that there are 3 subrepresentations
for all O;, and 7,6, 1, 1 subrepresentations for O}, 0}, 0F, O respectively, and 1,2,7,7
subrepresentations for Idy, Id,, Ids, Id4 respectively. All these subrepresentations are needed
to define G,z , so there are 44 inequalities. Readers can find an extended version of this

example in [16]. This example can be easily generalized to Q of type D, with a similar
orientation.

REMARK 5.11 (The Valued Cases). — To deal with the general valued quiver Q, we could
have worked with species analogue of QP, but this require some lengthy preparation. To
avoid this we can define the analogous Jacobian algebra by the Ext-completion algebra
[Tiso ExtG(4*, A)®4% for the Auslander algebra A := A7,.

We can even define G 2 without introducing the Jacobian algebra. Without the Jacobian

algebra we are unable to define the module T), by injective presentations, but it still makes
perfect sense to define T, via Theorem 5.3. Once T,’s are defined, we define the cones G2

by Definition 5.8. The same remark also applies for the cone Ga, to be defined below.
In general, some of the defining conditions of G a2, May be redundant as shown in the
following example.

ExAMPLE 5.12. — The most complicated T, for Q of type G, (see Example 1.2 and

/

A
|

\

e —

S —=
|

W — =
A
|

A
|

S — O

A
|
SO —=w—=N

Appendix 6) is Tiq, . Its dimension vector is , and its strict subrepresenta-
tions have 13 distinct dimension vectors. However, we only need 5 of them to define G,> .

Readers can find a full list of inequalities in [16]. In fact, we can download the full H -matrices
of all exceptional types from the author’s web page [17].
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Now we come back to the iARt quiver Ap. We define a potential Wg on Ag by the same
formula defining Wj. The iARt QP (Ag, Wp) is nothing but the restriction of (A3, W3)
to the subquiver Ag. For each O;, we define the representation To- of J(Ag, Wp) by
the same injective presentation (5.3). Similar to Theorem 5.3.(1), the module 7o is the
indecomposable module supported on all vertices translated from O;Ck with dimension
vector (1,1,...,1).

We define a cone Gpa, C R(A20)0 by g(dimS) > 0 for all subrepresentations S < Toy
and all i. Note that we ask all subrepresentations not just strict ones. We observe that the
defining conditions of Ga,, and those of G A2, are related as follows. We group the defining
conditions of G A% into three sets

They arise from the subrepresentations of T, for v negative, neutral and positive respectively.
Then the defining conditions of Ga, are exactly gH, > 0.
Similar to Theorem 5.9, we have the following proposition.

PROPOSITION 5.13. — The set of lattice points Ga, N 780 js exactly G(Ag, Wp).

DEFINITION 5.14. — Given a weight configuration o of a quiver A and a convex polyhe-
dral cone G C R20, we define the (not necessarily bounded) convex polytope G(o) as G cut
out by the hyperplane sections go = o.

Our conjectural model for the tensor multiplicity is that the multiplicity cﬁ’v is counted
by G A2, (i, v, A) for the weight configuration aZQ. We will prove this model for G of type ADE
in Part II.

6. A List of some iARt Quivers

For Q of type B, C and D, we only draw the iARt quiver AZQ for B3, Cz and D5 (Dy4 is our
running example). The reader should have no difficulty to draw the general ones. The cases
of E;7 and Eg can be found in [16]. We label the vertices of Q in the same way as the software
LiE [39] so that you can check things .

1,1

1\

G2 \ 31\.3 31\
NN

N

2,2
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PART II
ISOMORPHISM TO k[Conf; 1]

7. Cluster Structure of Maximal Unipotent Groups

7.1. Basic Notation for a Simple Lie Group

Let k£ be an algebraically closed field of characteristic zero. From now on, G will always
be a simply connected linear algebraic group over k with Lie algebra g. We assume that the
Dynkin diagram of g is the underlying valued graph of Q. The Lic algebra g has the Cartan
decomposition g = n~ @ h@n. Lete;, ), and f; (i € Qo) be the Chevalley generators of g.
The simple coroots o;” of g form a basis of a Cartan subalgebra ). The simple roots a; (i € Qo)
form a basis in the dual space h* such that [h,e;] = «;(h)e;, and [k, f;] = —a;(h) f; for
any h € handi € Q. The structure of g is uniquely determined by the Cartan matrix
cG) = (cl’.,j) given by clf,j = o (cr;”). We have that ¢;; = 2and clf’j = —cj,; so we have
that C(G) = E;(Q) + E,(Q)".

Let U, H and U := U™ be closed subgroups of G with Lie algebras n=, § and n.
Thus H is a maximal torus, and U~ and U are two opposite maximal unipotent subgroups
of G. Let Ul.jE (i € Qp) be the simple root subgroup of U*. By abuse of notation, we let
o : G, — H be the simple coroot corresponding to the root a; : H — G,,. Foralli € Q,,
there are isomorphisms x; : G, — Ui+ and y; : G, — U;” such that the maps

la 10 t 0 v
(O 1) — xi(a), (b 1) = yi(b), (0 tl) = o ()
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provide homomorphisms ¢; : SL, — G. We denote by g +— g7 the transpose anti-
automorphism of G defined by

xi(@)" = yi(a), yi(b)" = xi(b). K" =h. (i € Qo.h € H).
Let s; (i € Qo) be the simple reflections generating the Weyl group of G. Set
Si = xi(=Dyi(Dx; (=1).

The elements s; satisfy the braid relations. So we can associate to each w € W its representa-

tive w in such a way that for any reduced decomposition w = s;, ---s;, onehasw = 5;, ---5;,.
Denote by wq the longest element of the Weyl group. In general sg := Wy? is not the identity
but an order two central element in G. It is well-known that wqo(¢;) = —o;*, wherei — i* is

the same involution in Section 5.1.

The weight lattice P(G) of G consists of all y € h* such that y(«;”) € Z for all i. Thus
P(G) has a Z-basis {w; }ic, of fundamental weights given by w;(a;”) = &; ;. We can thus
identify a weight by an integral vector A € Z<0. We write w (1) for Y ; A(i)w;. In this
notation, @w; = w (e;). We stress that throughout the paper, this identification is widely used.
A weight A € Z20 is dominant if it is non-negative.

7.2. The Base Affine Space
The natural G x G-action on G:
(81.82) & = 81885 .
induces the left and right translation of G on k[G]:

(g1.82)9(g) = ¢(g7 ' gg2) for ¢ € k[G].

The algebraic Peter-Weyl theorem [31, Theorem 4.2.7] says that as a G x G-module k[G]
decomposes as

kiGl= @ LW’ ®LM),
Aezgg

where L(A) is the irreducible G-module of highest-weight @ (1), and L(L)Y is its dual.
Quotienting out the left translation of U™, we get a G-module decomposition of the ring
of regular functions on the base affine space c# = U™\G:

k[A = {p € kIG] | o(u"g) = p(g) foru” e U, g € G} = P L.
Aezgg
Each G-module L(A) can be realized as the subspace of k[ 4]
(7.1) L) = {<p e k[7] | 9(hg) = h®Po(g) forh e H, g € G} .
Similarly for the dual base affine space ¢Z" := G/U, we have that
k("] = {p € k[G] | p(gu) = p(g) foru e U. g € G} = P L),
1229
>0

12 L)Y = {<p e k[ZY] | o(gh) = h™Pg(g) forh € H, g € G} .
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Keep in mind that the G-actions on k[U ~\G] and k[G/ U] are via the right and left transla-
tions respectively.

We fix an additive character U~ — G, then a coset U ~g (resp. gU) determines a point
in o7 (resp. ¢#" ). We refer readers to [29, 1.1.1] for the detail.

For each fundamental representation L(e;) and its dual L(e;)Y, we choose a U~ -fixed
vector u; and a U-fixed vector u’, normalized by (1) | u;) = 1. Following [22] we define for
each fundamental weight w; and each pair w, w’ € W the generalized minor mffw, € k[G]

(7.3) g (wu) | gw'u;).

More concretely, the Bruhat decomposition G = [ [, ey U~ HwU implies that any g € G
can be written as ¢ = u~hwu. Suppose that g lies in the open set Gy := U~ HU, then the
regular function m™i := mg 4 restricted to Gy is given by m®i(g) = h™i (For the type 4,,
this is a principal minor of the matrix g). Then the definition of m™ can be extended to
whole G as in [22, Proposition 2.4].

ProrosITION 7.1. — For g = u”hwu € G, we have that

m®i(g) = h® if w(w;) = w; and m™i(g) = 0 otherwise.

The function m_;’, , is then given by
(7.4) my',(g) =m™ (W' gw’).
It follows from (7.4) or (7.3) that

i

LEMMA 7.2. — The weight for the H x H-action on m?  , is (w(w;), —w'(w;)), i.e.,
mg:w/(hlghz_l) — hllv(ZUz)h;w (ZUz)ms’zw/(g)

7.3. Cluster Structure on k[U]

Now we are ready to recall the cluster algebra structure of k[U]. For this, we associate
to each non-neutral indecomposable presentation f, a generalized minor my as follows.
Suppose that e( ) = e;, i.e., f is translated from Oi+, and moreover w(w;) = w(f), then
we put my = mgy,. Note that if f is positive, then f = m,; is a principal minor. We
take the iARt quiver Ag, and let Mg := {my}reap),- It is known [3, 26] that k[U] is the
upper cluster algebra with this standard seed (Ao, M o). Here we again identify Ao as the
subquiver of AZQ . Moreover, the cluster algebra is equal to its upper cluster algebra when Q is
simply-laced [27].

Recall the weight configuration o ¢ in Definition 3.12. For each vertex f € (Ag)o,
we set 0o (f) = e(f) — f. By Lemma 7.2 the degree of my for the conjugation action
of H is exactly @w(o o(f)). Let py be the matrix with rows also indexed by (Ag)o such
that py (f) is the positive root of G corresponding to f, i.e., po(f) = D_; dim(M(i))a(i)
where M = Coker(f). Note that by the generalized Gabriel’s theorem [10], p, contains
exactly all positive roots of G. The Kostant’s partition function pg(y) by definition counts
the lattice points in the polytope

K(y):=th=>=0|hpy =y}
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Now we consider a labeling dual to the one in Section 5.1. Let (i,¢) = (i(f),?(f)) be the
number such that f = ¢*(O}). Note that i (f)* = i*(f) and 1(f) +1*(f) = t(Of(s)) =
* +
(0 1))
LEMMA 7.3. — We have w (0 o(f)) = ;(:fo)_l po(t™ f).

Proof. — Let M = Coker(f). The equality is equivalent to
t(f)—1
()=t =( X dim(ean) )i
1=0
Recall that the Cartan matrix C(G) is equal to E;(Q) + E,(Q)T. It follows from (1.1)
that matrix £;(Q) transforms —dimM to the reduced weight vector of f(M), and E,(Q)T
transforms dimM to the reduced weight vector f¥ (M) of the minimal injective presentation
of M, or equivalently, f¥ (M) = —f(z ' M). So the righthand side is equal to
t(f)—1
Yo @M~ (M),

=0
After some cancelations, only two terms survive. They are e( ) and —f = —f(M). O

For the weight configuration w(0g) = {@(00(f))}re(ap), and the polyhedral cone
Ga,, we consider the polytope Ga,, (y) as in Definition 5.14.

LemmaA 7.4. — The function |Ga, (=) N Z80)o| is the partition function po(—).

Proof. — Recall that Ga,, (y) is defined by Y'- L g(z'f) > 0for / € (Ag)o and
gw(og) = y. We introduce new variables h(f) for each f satisfying that h(f) =

") g(¢! £). Then

() H()-1
hoo =Y Y e Nro(N) =Y. D &(fNpoc™" f) =gw(oo).
f =0 f  t=0

The second equality is established through an easy bijection and the last one is due to
Lemma 7.3. So the defining condition for Ga,, (y) is equivalent to that for the polytope K(y).
Finally, we observe that the transformation from g to h is totally unimodular. In particular,
the transformation and its inverse preserve lattice points. O

THEOREM 7.5. — The coordinate ring of U is equal to the graded cluster algebra
C (AQ, Mo: w(aQ)). Moreover, if Q is trivially valued, then (Ag, Wg) is a cluster model
( Definition 4.11).

Proof. — We only need to prove the second statement. Recall that the universal enveloping
algebra U(n) has a standard grading by deg(e;) = «;. It is a classical fact [36] that the
partition function pg(y) counts the dimension of the homogeneous component U(n),.. The
algebra k[U] is graded dual to U(n) with (see [47])

k[U]l, = {p € k[U] | (huh™") = h”p(u) forh € H, u € U}.

We have seen that the degree of oMo (f) = my is w(oo(f)). So the second statement
follows from Theorem 4.10, Lemma 7.4, and the fact that C(Ag) = E(AQ). O
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There are another two seeds of this cluster structure of k[U]. One is called left stan-
dard, and the other is called right standard. Both are obtained from the standard seed by a
sequence of mutations. The sequences of mutations u; and g, will be defined and studied
in Appendix 11. Let

(Z#,WS, Z;GZ)ZM#(AQ,WQ,WQ;GQ) for#t =1,r.

For what follows in this section, # always represents / and r. Let AIQ (resp. A’Q) be the
ice quiver obtained from AZQ by deleting the negative and positive (resp. negative and
neutral) frozen vertices. By Corollary 11.11, Zz and A% are equal up to arrows between
frozen vertices. Since the QP (Ag, Wp) is rigid, so is (Z’é, I/NVSE ). Let Wj be the poten-
tial Wj restricted to A%. By [8, Proposition 8.9] (A%, W}) is also rigid. In particular,
both (A%, Wg) and (A}, W) are p-rigid. By the equivalent definition of rigidity ([8,
Definition 6.10, Remark 6.8]), (A% , Wg ) is p-right-equivalent to (A%, W).

[13, Proposition 5.15] implies that being a cluster model is mutation-invariant. It follows
that (A%, Wg ) is also a cluster model. In view of Remark 4.12, we can replace (A%, Wg )

by (A%, WY).

PROPOSITION 7.6. — (AL, M ;orlQ) and (A", MY, ;0) are another two graded seeds
for the cluster algebra k[U]. Moreover, if Q is trivially valued, both (AL, Wé) and (A7, Wé)
are cluster models.

REMARK 7.7. — Later we will also need a concrete description of G(AIQ, Wé) and
G(Ay. Wg). Both are given by lattice points in rational polyhedral cones. Recall the three
sets of defining conditions of the polyhedral cone G A%

gH, >0, gH; >0, gH, > 0.

We define the polyhedral cones G AL, © RA0» and G Ay, C R(40)0 by the relations

gH; > 0 and gH, > 0 respectively. Almost the same proof as Theorem 5.9 can show that
/ r

G(Ap. Wh) = Gy NZE2° and G(Ap, Wp) = Gy, N ZA00.

8. Maps Relating Unipotent Groups

8.1. Standard Maps

Recall the base affine space ¢ and its dual ¢Z" defined in Section 7.2. Let Conf,; =
(A" x A")/G be the categorical quotient in the category of varieties ®.

LeEmMA 8.1. — The ring of regular functions on Conf, 1 is a unique factorization domain.

Proof. — 1t is well-known [34] that k[G] is a UFD. Since the groups U and G have no
multiplicative characters, by [43, Theorem 3.17] k[Conf}, ;] is also a UFD. O

3 For our purpose, it is enough to work with the categorical quotient, which has the same ring of regular functions
on the corresponding quotient stack.
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By the Bruhat decomposition, any pair (4;,4y) € Conf;; has a representative
(U hw,U) for some h € H,w € W. A pair (4;,A4;) € Confy is called generic if
the w € W can be chosen as the identity. Let Conf} ; be the open subset of Conf,
where each pair (4;, Ay) is generic (but we do not impose any condition among 4;’s). By
definition, we have an isomorphism H = Confj ;. Let: : H < Conf}; be the open
embedding & +— (U~ h,U). For each i € Q¢ we define the regular function @; on Confj ;
by @; (U~ g1,g0U) = m™i(g180). It is clear that the definition does not depend on the
representatives. It follows from Proposition 7.1 that

LEmMA 8.2. — k[H] is exactly the localization of k[Conf, 1] at all @;.

From now on, we will focus on the space Conf} ;. Its ring of regular functions has a triple-
weight decomposition

k[Confil= P (L LM ®LMWY)T.
u,v,kezgg

We write very often C ﬁ,v for the graded component k[Confy 1], 4. It is clear that
ek, =dimC} .

We recall several rational maps defined in [19, 29]. Leti : H x H x U — Conf ; be the
open embedding

(l’l], hz, u) = (Uihl, Uihzu, U)

It is an embedding because the stabilizer of the generic pair (U "k, U) is 1g. It is clear that
the image of i is exactly Conf;,l. By restriction we get an embedding i* : k[Conf, ;] —
k[H x H x U]. We will view two H’s and U as subgroups of H x H x U in the natural
way, and write i1, i and i, for the restriction of i on first H, second H and U respectively.
A function s in C;/},v is uniquely determined by its restriction i} (s) on U because

(8.1) s(hy hy.u) = KT WRT W) for (hy,hy.u) € H x H x U.

So i* embeds le,v into k[U] (in fact into k[U] 4 (u+v—2) by easy calculation). We note that
each C ;i,v is not disjoint under this embedding.

We recall a classical interpretation of the multiplicity cﬁv. Let L(u), be the weight-y
subspace of the irreducible G-module L(u). We denote

Ly = {p € Luy | ¢/ () = 0fori € Qof .
LemMA 8.3 ([41]). — We have that c}:,, = dim L(11)% ey

LEMMA 8.4. — For any f € ind(C%Q), the generalized minor my spans the space
. f
L (e(f));(f) C k[cA). In particular, CeELf),f_ =1.

Proof. — Recall that the Chevalley generator ¢; acts on k[G] by

d
cig(g) = —| _ ¢(gxi(1)).
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For any ¢ € k[G], the coefficient of each " in ¢(x;(t)) is equal to e?¢(1g)/n!. If ¢ is
bihomogeneous of degree (y,)’), then ¢(lg) can be nonzero only if y = y’. It follows
that ¢(x; (r)) contains only " with na; = y — y’. So for (y,y’) = (w(e(f)), w(f))
e=O%y — 0 ifand only if (F_(i) + De; # e(f) —T,
where ¢; is the i-th column of the Cartan matrix C(G). Since e( f)(i) < 1 and ci(i) =2, we
can never have (e(f)+f- —f1)(@) = (f=(i) + 1)c; (i). Hence we proved that e;‘(’)Hmf =0
fori € Qg so thatmy € L (e(f)) i r)-
Suppose that my = mZ %». The generalized minor m + spans the space because

dim L(&j)w(w;) = dim L(gj)w, = 1. O

We recall that each m+ is a principal minor, which evaluates to 1 on U; and now we
1
set myq; = 1.

LEMMA-DEFINITION 8.5. — For any f €ind(C2Q), there is a unique function
sy € k[Confy 1]e(f).f_ . Such that
iy (sp) =my.
Moreover, s € C} satisfies iyi(s) = 1if and only if s = s's3, where s := TJ; sgg) and
s =TT 51

Proof. — The first statement follows from Lemma 8.4. For the last statement, it suffices to
prove the “only if” part. If i;; (s) = 1, then 1 +v = A because i;; (s) has degree @w (u +v—21).

It is clear that cl‘fj:” = 1 (consider tensoring the highest weight vectors of L(u) and L(v)),
but s sy also has degree (w, v, u + v), s0 s = siisp. O

REMARK 8.6. — For Q of type A, the analogous map i * was also considered in a quiver-
invariant theory setting (see [13, Example 3.10, 3.12]). In that setting, the map comes from a
semi-orthogonal decomposition of the module category of a triple flag quiver.

COROLLARY 8.7. — For each f € ind(C?Q), sy is irreducible in k[Conf 1].

Proof. — It is clear that the zero-degree component of k[Conf ;] is k. If f is positive or
neutral, then the degree of f is obviously indecomposable. The same argument as in [13,
Lemma 1.8] shows that s is irreducible.

We remain to consider the case where f is the minimal presentation of a general repre-
sentation. It is known that all generalized minors my are irreducible in k[U]. Suppose that
sy factors as sy = 182, then iy (sy) = iy (s1)i,; (s2) = my. So one of them, say 7} (s1), has
to be a unit. According to Lemma 8.5, 57 is a polynomial in So+ s and sig;’s. So there is a
homogenous component s} of s, and some p and v such that sl;sis(‘)’ has the same degree
as sy, i.e., sés_’ts(‘,’ € C,:(*'f)’f_. Since f is a minimal presentation of a general representation,
we must have v = 0. If u is nonzero, then we must have i = e(f). Then the weight of s, is
(0,f—,f+ —e(f)), and f_ has to be equal to f1. —e( f). Buti,; embeds C:(J;,)’f_ into k[Ule(ry—+.
Since f is not positive or neutral, e( ) # f, which is a contradiction. O

4¢ SERIE - TOME 54 — 2021 — N° 6



TENSOR PRODUCT MULTIPLICITIES VIA UPPER CLUSTER ALGEBRAS 1449

Let p be a rational inverse of i, which is regular on Conf; ; = i(H x H x U). Let py, p2
and p, be the composition of p with the natural projection to first H, second H, and U
respectively.

COROLLARY 8.8. — On the open subset Conf; ; C Conf;
patms) = sp (s5955) g
pi(m) = Sor+ P2 > (Wi) = s14;
for any indecomposable presentation f.
Proof. — They follow from straightforward calculation
(pumy) (i(hy ha,w)) = my (pui(hy ha, u)) = mg (u);
spi(hi, haw)) = BT PR Omp ), (5556 (hy haou)) = 7O R7 ).
The statement for p}, p5 is rather obvious. For example,
Soir ({1, ha,u)) = hy iy w o)) = hi'" = pl(@i) (i (h1, h2,w)) . 0

COROLLARY 8.9. — The localization of k[Conf 1] at all s¢’s for f positive and neutral is
exactly k[H x H x U].

Proof. — Let p; and p, be the natural projections Conf,; — Conf;; given by
(A1, A2, AY) + (A1, Ay) and (A, 42, Ay) +— (A2, Ay). Then Conf; ; is the inter-

section py'(Conf] ) N p5"(Conf} ;). It suffices to show that p}(@;) = s,+ and
75 (@i) = siq;. The map (p; agrees with p; on a dense subset of Conf,; fori = 1,2.
So pY (@) = py*(@i) = pi(wi) = Soi and P> (@i) = p3u*(@:) = p;(wi) = 510, O

COROLLARY 8.10. — The set of functions 052Q = {7 }reind(c20) IS algebraically indepen-
dent over the base field k.

Proof. — Since the map p : Conf,; — H x H x U is birational, the pullbacks of (two
copies of) w; € H and my € U are algebraically independent. We have seen that up to
a factor of some monomial in SotsS1d; € o) 2Q, they are exactly the functions in & 2Q Our
claim follows. l O

Suppose that f as above is mutable. Let m’ be a function in k[U] in the exchange relation
(8.2) memy = ] mgs" + [] my™".
g—f fr—h
Let (1. v, X') = Xy crnlelh). h_.hy) = (e(f).F-. ).

LEmMA 8.11. — The function s/’, = p;(m})si/s(‘j/ is regular on Conf,  satisfying
ir (s}) = m} and the exchange relation

stf = 1_[ sgg/ + 1_[ sC”’.
g—f Sfr—h
Moreover, s} and sy are relatively prime in k[Conf5 1].
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Proof. — Since i is a regular section of p, we have that i} (s}) = m} and s} is regular

on Conf; ; = i(H x H x U). We pull back (8.2) through p,, and multiply s_’ﬁ/s(‘j/ on both
sides. Then we get from Corollary 8.8 that

(8.3) Sf (p:(m})si/s(‘)’/) = l_[ 55 + 1—[ s
g—f S—h

We remain to show that s} is in fact regular on whole Conf ;. By (8.3), the locus of indeter-
minacy of s} is contained in the zero locus Z(sy) of sy. Since s ly = ms> the intersection
of Z(sy) and Confj ; is nonempty. In other words, Z(sy) is not contained in the comple-
ment of Conf;’ 1- Since Z(sy) is irreducible (Corollary 8.7), we conclude that s} is regular
outside a codimension 2 subvariety of Conf; ;. Since Conf, ; is factorial (Lemma 8.1) and
thus normal, by the algebraic Hartogs s} is a regular function on Conf} ;.

For the last statement, we suppose the contrary. Since sy is irreducible, sy is then a
factor of s}. But this is clearly impossible by comparing the first component of their triple-
weight. O

8.2. Twisted Maps

Let v (written exponentially) be the morphism
U™\G — G/U givenby (U g)¥ + @y ‘g 'woU.
Let [ be the twisted cyclic shift on &7 x o x A"
(A1, A2, AY) = (A2, A3Wg, (A1W0)").
Suppose that (A1, 4>, AY) = (U~ g1. U~ g2, g3U), then
(8:4) 1(g(A1. 42, 4Y)) = (U™ g187" U 287" gg3U)

= (U g8 .U wo(gg3) " sc(g18") ' wol)
=g(U g2, U Wog; ", g7 'wo 'U).

By the universal property of categorical quotients, I descends to an endomorphism /
on Conf, ;, which is an automorphism on the generic part of Conf; ;.

We have that
I?(A1. A2, AY) = (A3Wg, 56 A1. (A2T5)Y),

and [3 = (s6A1,56A2,56AY) = (A1, Az, AY) is the identity. We define i; := i, : U — Conf3 1,
that is

u > (U u, U Wy, Wy 'U).
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We write r for /2. Similarly we denote i, := riy, : U < Conf ;.

COIlfz,l
]
YARIRN

i iy

Conf; Confy ; .

l

It turns out that the twisted cyclic shift is also related to the sequence u; of mutations
considered in Section 7.3. We will see in Theorem 11.14 that [*(s¢) = p;(s¢) for f mutable.
Note that /* permutes frozen variables

SO; = Sol_+, SO[_+ (g SId,-* , S1d; > SO;* .

LeEmMA 8.12. — We have the following:

i) = i np), i7(s7) = iy mg) for f mutable
i]*(sldi) = mO;*, l.l*(SOI_*) = il*(so.‘*‘) =1;
l:(sol'i') = mOi_’ lr*(Sol—) = i:(sldi) =1.

Proof. — First consider the case where f is mutable, then /* is given by a sequence of
mutations u;. The pullback i clearly commutes with any sequence of mutations, so by
Lemma 8.5

i (sp) = iyl (sp) = iy (i (s7)) = py (i (s5)) = py(my).

For f frozen, by Lemma 8.5 we have that
il*(sldi) = i;(Soi—*) = moi—*, il*(Sol,—) = i:(Soﬁ-) = 1, il*(soﬂ') = i,’;(sldi*) =1.

The argument for i is similar. O

We set A, = Ag and Mg = oMg. We define three linear natural projections
i R4S _, RO for # ¢ {u,l,r}, where iy (resp. i iy) forgets the coordinates corre-
sponding to the neutral and positive (resp. positive and negative; negative and neutral)
frozen vertices.

Recall the definition of the g-vector with respect to a pair (A, x) as in Section 1.3. Let
(S 2Q) be the Laurent polynomial ring in & 2Q Note that Z(& 2Q) has a basis parameterized

by all possible g-vectors (with respect to (A%, § ZQ)), which can be identified with Z(42)

LeEmMA 8.13. — Ifs € %(oﬁ’z) C k(Conf, 1) has a well-defined g-vector g with respect
to (A%, (SZQ) then so is the g-vector of i (s) with respect to (A%, WZ), which is equal to i},(g)
Jor# e{u,l,r}.
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Proof. — We will only prove the statement for i; because the argument for the other two
is similar. Suppose that s = x8F(y) where x(f) = sy and y is as in Section 1.3. We have
seen in Lemma 8.12 that i (sy) = p;(my) = WIQ (f) if f is not negative or positive. If
S 1s negative or positive, then i (sy) = 1 s0 i (x8) = (x;)if(g) where x;(f) = p;(my).
Recall that the quiver AIQ is obtained from AZQ by deleting the negative and positive frozen

. . . o -b!
vertices. According to this description, we have that i (y(f)) = i/ x7bry = X; 7=
yi(f), where by (resp. bjl,) is the row of BA2Q (resp. BA/Q) corresponding to f. Hence, we
get i (s) = (x)) 7@ F(y). O

A

LeEmMA 8.14. — The polytope GAZQ (@, v, &) has lattice points no less than c;, ,,.

Proof. — By Corollary 8.9, we have that k[Conf, ;] C ﬁZi((SZQ). Since iy, ij, i, are all
regular, we trivially have that

(8.5) k[Confs,1] C {s € US2) | if(s) € k[U] for # = u,l,r}.

Ifs € Z(& ZQ) has a well-defined g-vector, then by the previous lemma the g-vector of i} (s) is
equal to i}, (g). Soifij(s) € k[U], thenij(g) € GAZ by Lemma 1.9, Proposition 5.13, 7.6 and
Remark 7.7.

Due to (8.5), it suffices to show that the lattice points in G A% (i, v, A) can be identified with

points g € AGTAL of weight (i, v, A) such that i}, (g) € GAZ for # € {u, [, r}. But this follows
from the description of the cones GA2Q . Gag» GAIQ and GArQ (Theorem 5.9, Proposition 5.13,
and Remark 7.7). ]

9. Cluster Structure on k[Conf ;]

THEOREM 9.1. — Suppose that Q is trivially valued. Then the ring of regular functions

on Conf, ; is the graded upper cluster algebra (A%, CSZQ;GZQ)‘ Moreover, (A%, Wé) is a

A

cluster model. In particular, ¢ v

is counted by lattice points in GA2Q (u,v,A).

Proof. — By Lemma 8.10 and Corollary 3.13, (A%, QS’zQ; O'ZQ) form a graded seed. Due to

Lemma 8.11 and Corollary 8.7, we can apply Lemma 1.8 to conclude that C(A2,, § ZQ; aZQ) is
a graded subalgebra of k[Conf; ;].

By Theorem 4.10, Cy (G A% (n,v,A) N Z(AzQ)O) is a linearly independent set in C//},v for

any triple weights. But Lemma 8.14 says that the cardinality of G A% (n,v,A) N 7820 is at

least cﬁ »- So they actually span the vector space Civ. We conclude that C(A%, § 2Q; O'ZQ) is
equal to k[Conf, 1], and (A%, Wé) is a cluster model. O

It follows that (8.5) is in fact an equality. The proof shows that C(A2,, § z); aZQ) is a graded
subalgebra of k[Conf, ;] no matter if Q is trivially valued.

CONJECTURE 9.2. — The first and last statement of Theorem 9.1 is true even if Q is not
trivially valued.
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We illustrate by example that in general the upper cluster algebra G(A ) strictly contains
the cluster algebra G(A ).

ExaMPLE 9.3. — Let Q be of type D4 as in Example 3.8. It can be checked by the 44
inequalities in Example 5.10 that g = e34,12 —e34,1 +€2,0 (in weight labeling) is u-supported.
Its triple weight is (e, €2, €2), and moreover ¢Z2 ., = 1. This is clearly an extremal weight. So
it suffices to show that no cluster variable has this g-vector. For this, we need a result in [7],
which says that the g-vector of a cluster variable is a g-vector of a rigid presentation in the
Jacobian algebra. The rigidity is characterized by the vanishing of the E-invariant introduced
in [9, 7]. It is not hard to show that E(f; /) := Homgus ;) (f. f[1]) # 0 where f is a general
presentation in Homy (P ([g]+), P([g]-))-

10. Epilogon G/ U
10.1. Cluster Structure of Base Affine Spaces

We denote the ice quiver obtained from A2 by deleting neutral frozen vertices by Att
Let W#Q = {mf}fE(An . We define the welght configuration a on A# by aQ(f)

(e(f).f). Recall from Lemma 7.2 that the degree of my is w(aQ(f)). As a side result, we
will show that the ring of regular functions on the base affine space oZ := U™\G is the
graded upper cluster algebra E(AﬁQ, oﬂ/lﬂ ; w(aﬂQ)).

The proof is similar to but easier than the one for Conf, ; so our treatment may be a little
sketchy. Recall the open set Go = U~ HU of G. We have an open embedding

to: HxU =U"\Gyp— U"\G.
The localization of k[ /] at allm’s for f positive is exactly k[H x U]. In particular, k[ /] is
contained in the Laurent polynomial ring in W#Q Consider the open embedding
t=(t1,t2) : Hx ¢ — Conf,, (h,U g)— (U h,U g,U).

Note that the map ((Idg, t9) : H x HxU — Conf} ; is the map i defined in Section 8.1. Let
p be a rational inverse of ¢, and p, be the map p followed by the second component projec-
tion. We define the birational map r’ : U7\G — U~\G to be the composition r’ := p,ri,.
The map r’ can be viewed as a variation of Fomin-Zelevinsky’s twist automorphism [22] on
the big cell U™\ Gy. Readers can check that they differ by a (fibrewise) rescaling along the
toric fiber of H x U, but we do not need this fact.

Leti, := |y and i, := r'iys. Then we have the following commutative diagram. The
map i, is in fact regular because r’ is regular on the image of i,,’.

Conf, 1 ——  + Confy,

A,
/\

U\G ——— U"\G.
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To finish the proof, we only need three maps i,/, i,» and r’. Analogous to Theorem 11.14, we
have that the pullback (r')* is related to the sequence of mutations u,. More precisely, we
have that

w.(myg) = (r')*(my) for any f mutable.

So analogous to Lemma 8.12, we have that i, (my) = (r')*(ms) = p,(my) for f mutable.
Obviously we also have that i, (mo+) = mo: and zr,(mo )=1.

Analogous to iy and iy, we have the maps i, : R(A0)0 _, R(B0) and i R®00 _,
RA0) The map i, (resp. iy,) forgets the coordinates corresponding to the positive (resp.
negative) frozen vertices. We have the following analog of Lemma 8.13. If m € ¢# has a well-
defined g-vector g with respect to (Wﬁ , Al ) then so are the g-vectors of i}, (m) and i}, (m)
with respect to (cMg. Ag) and (Mp. A ) They are equal to i}, (g) and i, (g) respectively.

We restrict the iARt QP (A%, Wé) to the subquiver A#Q. We denote the restricted poten-
tial by Wé Almost the same proof as in Theorem 5.9 shows that the set G(Au ,Wé)
of u-supported g-vectors is given by the lattice points in the polyhedral cone G s . The cone
is defined by the two sets of defining conditions of G A% namely, gH,, > 0 and gH, > 0.
By almost the same argument, we get the following analog of Lemma 8.14. For the weight
configuration w(ag) we define the polytope G A% (m, A) as in Definition 5.14.

LEMMA 10.1. — The polytope G 5 (i, A) has lattice points no less than dim k[ 7], 2.
e

THEOREM 10.2. — Suppose that Q is trivially valued. Then the ring of regular functions
on oA is the graded upper cluster algebra E(AﬁQ @]Mﬂ ;w(aﬂg)). Moreover, (A‘i , WS) is a
cluster model. In particular, the weight multiplicity dim L ()« (5 is counted by lattice points
inG A% (m, A).

Proof. — We know from [3] that (Att ,JM%) is a seed satisfying the condition of
Lemma 1.8. By Lemma 1.8, B(Ati , @]Vln ;w(aé)) is a graded subalgebra of k[ 4.

8
By Theorem 4.10, Cy (GA,; (n,A)N Z(AQ)O) is a linearly independent set in k[c/#],

o
for any u, A. But Lemma 10.1 implies that they actually span the vector space k[ /], 1. We
conclude that Z(A'i , ME w(oZ)) is equal to k[ /4], and (Aﬁ , Wé) is a cluster model. [J

REMARK 10.3. — For Q of type A, the theorem was proved in [14, Example 3.10] using
the technique of projection. The map p; is induced from a semi-orthogonal decomposition
of the module category of a triple flag quiver.

In general, the cluster algebra G(AnQ) is also strictly contained in its upper cluster algebra.
The example is still given by the Q of type D4. We take the same g-vector as in Example 9.3.

REMARK 10.4. — Let K?>Q := K?(proj-Q) be the homotopy category of C2Q as in
[7]. Then the ice quiver AnQ can be obtained from the ARt quiver A(K?Q) by freezing the
negative and positive vertices.

There are two other seeds mutation equivalent to this seed via u; and u,. Their quivers
are obtained from AZQ by deleting the positive and negative frozen vertices respectively.
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10.2. Remark on the Non-simply Laced Cases

Suppose that G is not simply laced, or equivalently Q is not trivially valued. To prove
Conjecture 9.2, let us examine the arguments in proving Theorem 9.1. We find that there
are two missing ingredients. One is the straightforward generalization of Theorem 11.14,
and the other is an analogous cluster character for species with potentials. Although the
proof of Theorem 11.14 depends on a result involving preprojective algebras, the author has
a much longer proof for all cases using only a conjectural generalization of Lemma 11.3
to the species with potentials. For the missing cluster character, as proved in [13] for the
usual QPs, the existence of such a map to the upper cluster algebra is also equivalent to
Lemma 11.3. The argument there can be generalized. So the upshot is that the only missing
part for Conjecture 9.2 is a certain generalization of Lemma 11.3. But to the author’s best
knowledge, the existing theory of species with potentials, such as [37], is far from reaching
this goal.

11. The Twisted Cyclic Shift via Mutations

11.1. Mutation of Representations, g-vectors, and F-polynomials

We review some material from [9]. Let (A, W) be a QP as in Section 4.1. The mutation 1,
of (A, W) at a vertex u is defined as follows. The first step is to define the following new QP
(A, W) = (A, W). We put Ag = Ay and Aq is the union of three different kinds

e all arrows of A not incident to u,
e a composite arrow [ab] from ¢ (a) to h(b) for each a, b with h(a) = t(b) = u,

e an opposite arrow a* (resp. b*) for each incoming arrow a (resp. outgoing arrow b)
at u.

Note that this A is the result of the first two steps in Definition 1.3. The new potential on Ais
given by
W:=[Wl+ Y.  b*a*[ab].
h(a)=t(b)=u
where [W]is obtained by substituting [ab] for each word ab occurring in W. Finally we define
(A, W) = py (A, W) as the reduced part ([8, Definition 4.13]) of (A, W). For this last step,
we refer readers to [8, Section 4,5] for details.

Now we start to define the mutation of decorated representations of (A, W). Consider the
resolution of the simple module S,

a@ap)) b
(11.1) i D Puw P Puy 2 P S0,
h(a)=u t(b)=u
(@a a@rap)p
h@—u ()
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where I, is the indecomposable injective representation of J(A, W) corresponding to a
vertex u. We thus have the triangle of linear maps with 8,y, = 0 and y,a, = 0.

M(u)

Dh@y=u M(t(a)) D py=u M(1(b)).

Yu
We first define a decorated representation % = (ﬁ M ) of Tiu (A, W). We set
M@) = M(v), Mt @) =M* ) (v #u);
Ker y, Ker ay,

— —~ Ker 8y,
M(“)=m€9lmyu@ Tm 7, & M™*(u), M+(”)=m-
We then set ﬁ(a) = M(a) for all arrows not incident to u, and ]\7([ab]) = M(ab). It is
defined in [8] a choice of linear maps M (a®), M (b*) making M a representation of (Z, W).
We refer readers to [9, Section 10] for details. Finally, we define o' = uy (M) to be the
reduced part ([8, Definition 10.4]) of ’J;Z We say a representation M of (A, W) reachable if
there is a sequence of mutations u such that g (M) has only the decorated part.

Recall the g-vector form Definition 4.2. We can also define the dual g-vectors using
the injective presentations. Let M be a representation of J(A, W) with minimal injective
presentation 0 — M — I(BY) — I(BY), then the dual g-vector g¥(M) of M is the
reduced weight vector g¥ = BY — BY. The definition can also be extended to all decorated
representations similar to g-vectors.

Recall the y-variables y, = x~?* as in Section 1.3. The seed mutation of Definition 1.4
induces the y-seed mutation. We recall the mutation rule [24, (3.8)]. Let (y/, A) := uy(y, A)
and B(A) = (by ), then A’ = p,, (A) and

-1 : .
113 . ifv=u;
- T Lok g e it £

DEerINITION 11.1 ([9]). — We define the dual F-polynomial of a representation M by
(11.4) Fyp(y) =Y x(Gre(M))y®,

where Gre(M) is the variety parameterizing e-dimensional subrepresentations of M.

REMARK 11.2. — The F-polynomial of M is Fas(y) = ) . x(Gr®(M))y®. We only need
the dual version in 11.3. Our dual g-vector and dual F-polynomial is the g-vector and
F-polynomial in [24, 9].

Here is the key lemma in [9].

LEMMA 11.3. — Let oM be an arbitrary representation of a nondegenerate QP (A, W), and
let M = (M), then

1. The F-polynomials of M and M’ are related by
(11.5) Gu+ DO FY ) = Oy, + DO ERL ).

4¢ SERIE - TOME 54 — 2021 — N° 6



TENSOR PRODUCT MULTIPLICITIES VIA UPPER CLUSTER ALGEBRAS 1457

2. The g-vector and g¥-vector of oM and M’ are related by

, —g(w) ifu=v,
(11.6) () = |
8 =1 g0) + Dol 80) + boabt) ifu # v,
NN —g"(u) ifu=mv,
(11.7) €) () =
8w ggv(v)+[—bv,u]+gv(u)—bv,uﬂi(u) ifu# v,

REMARK 11.4. — If oM is g-coherent (that is min(B+ (u), B—(u)) = 0 for all vertices u, or
equivalently, 8+ = [g]+ and B— = [—g]+), then (11.6) reads

—g(u) ifu =v;
(11.8) g'(v) = {g(V) + byulg)]s  if byu > 0;
g(v) + byul—gW)]+ ifbyy <0.
It is known [13] that if o corresponds to a general presentation, then g( o) is g-coherent.

If oM is obtained from positive simple (0, S;,) via a sequence of mutations, then oM corre-
sponds to an indecomposable rigid presentation. In particular, it is general [7].

11.2. The Twisted Cyclic Shift via Mutations
We recall from Section 8.2 the twisted cyclic shift / on Conf,,; induced by
(A1, Az, AY) = (A2, A3Wo, (A1W0) "),

where v 1 Z — A, (U™ g)Y +— @y ‘g 'woU. To understand this map, we introduce a
“half” of this map. Consider the involution * : G — G as in [30] defined by

xi(@)* = xix(a), yi(b)* = yi=(b), h* =wo 'h™'Wo. (i € Qo.h € H).

The involution # preserves U, U~ and H so it induces an involution of ¢ and ¢#Z" . Thus it
acts on Conf, ;. We consider the automorphism of Conf, ; induced by

(A1, Az, AY) > (A3, (A1wo)", (A3)Y).
We denote this map by +/I. It is clear that | = (+/7)2. It will turn out (see Remark 11.15) that

this map is the Donaldson-Thomas transformation of Conf, ; in the sense of [30].

Let us recall a sequence of mutations constructed in [27, Section 13]. The sequence is
originally defined for the ice quiver Ag in terms of reduced expression of wy. We now
translate it into our setting. Recall that we can label the non-neutral vertices of AZQ by a
pair (i,7) (before Lemma 7.3). Let

t; = 1*(0f) = max{r | (i.1) € AR}

We first assume that the vertices of Q are ordered such thati < j if (i, j) € Q. Then we
totally order the mutable vertices of A2Q by the relation that (i,¢) < (i’,¢') ift <t’,ort = ¢’
andi < i’

Starting from the minimal vertex (1, 1) in the ascending order just defined, we perform a
sequence of mutations u; , for each (mutable) vertex of AZQ . For the vertex (i, 1), the sequence
of mutations is defined to be w; ; := i ;¢ -+ i 24,1 So the whole sequence of mutations

|/ TRV I NE
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Let 7 be the permutation on (A2Q)0 defined by
(i,t) — (i,t; —t) if (i, t) is mutable,
O; — Of, O} — 1d;, 1d; — O; .

1

Itis clear that 7 is an involution on the set of mutable vertices. When applying it to the quiver
AZQ or its B-matrix, we view 7 as a relabeling of the vertices.

For a (trivially valued) Dynkin quiver Q, let I1g be its associated preprojective algebra.
Recall that the module category mod Ig is a Frobenius category. Let modIl o be its stable
category. Recall that such a stable category is naturally triangulated with the shift functor
given by the (relative) inverse Syzygy functor 7. Readers can find these standard termi-
nology in, for example, [27]. We will write Homp,, for Hommodri, - In [26] the authors
defined a tilting module V := @uE(AQ)O V, in mod I (it is denoted by Ip in [26]). They
proved that the quiver of the endomorphism algebra Endp, (V)P is exactly Ag with its
frozen vertices of corresponding to the projective-injective objects in mod ITo. Moreover, it
is known [6] that the stable endomorphism algebra Endy, (V)°P is the Jacobian algebra J#*
of the QP (A%, W) restricted to its mutable part Af.

For each rigid ITg-module M, we can associate a function g € k[U] asin[25]. This func-
tion turns out to be a cluster variable for the standard seed (Ao, oM ¢). In [25] the mutation
of maximal rigid modules of Il is defined so that it is compatible with the seed mutation.
In particular, it is compatible with the quiver mutation, so the quiver of Endp, (1y(V)) is
exactly uy, (Ap).

ProrosiTioN 11.5 ([27, Proposition 13.4]). — The sequence of mutations p s takes the
modules V) to Q™Y (Vy,) for u mutable in Ag.

COROLLARY 11.6. — Identifying Ag as a subquiver of A%, we have that r i(Ag) and
(A @) have the same restricted B-matrix.

Proof. — Since Q is an autoequivalence, 1 ;7(Ag) and w(Ag) have the same mutable
part. Leti; , := p; , -+ ptq 1. In[27, Section 13.1], the authors described each mutated quiver
after applying each i, ,. It follows easily from their description that after forgetting arrows
between frozen vertices, p_/;(Ap) is a subquiver of A% whose frozen vertex 017; is identified
with the frozen vertex O; of u /;7(Ap). O

Let (A%, W) be the restriction of (Ag, Wp) to its mutable part. Next, we compute
the g-vectors of cluster variables after applying u /7 to the seed (A%, x). The g-vector of

the initial cluster variable x;; at the vertex (i,¢) is the unit vector e;; € Z(Ag)o. By [9,
Theorem 5.2], the g-vector of p_s;(xX;,) is nothing but the g-vector of ;LT[II(O, S;.¢), where

(0, Si,¢) is the positive simple representation of (A%, Wj).

LeEmMA 11.7. — We have that ”“?fll(ei”) = —e; 4, for each e; ;. Here, we view e;; as the
g-vector of the simple representation (0, S; ;) of p ﬂ(A” , Wg).
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Proof. — It is equivalent to show that p /(—ei,—) = ei;. Let iy, 1= p;,---py ;. We
study the mutated g-vector m; ,(—e;s;—,) for each (i,7). From the description of mutated
quiver ft; ,(Ag) [27, Section 13.1] and the Formula (11.8), we find that for j # i, each p;
does not play any role in r i(—eiz;—). In other words, it suffices to compute R yi(—€is—t)
on the full linear subquiver with vertices (i, ) fort = 1,--- ,¢; — 1. Using the Formula (11.8),
we can easily prove by induction that

_ _ Veig—s —eig—s— s+t <,
/Li,s(_ei,ti—t) -

€t otherwise.

We conclude from this that ;Lfl(—ei,,l. —t) = €i;. O
Let g’:ﬁ be the set of g-vectors given by

(11.9) &) = —er + Y (e(N)i)eor + Fi(i)egr +f-(Dera; )

iGQO

Let 6™ - be the weight configuration defined by

Vi
07 (f) = (Fr.e(f).F),

where f > f* is the involution on Z2° induced by e; - e;+, so —wo(w (f)) = @ (f*).

COROLLARY 11.8. — For any f mutable, we have that ”’ifll(ef) = g’:ﬁ(n(f)). Here,
we view er as the g-vector of the simple representation (0,Sy) of uﬁ(AZQ,Wé). So

L0 Q)(f) =07 (x(f)).

Proof. — In Lemma 11.7 we have obtained the principal part of /erll(e ¢ ), which is —e(ry.
Now we are going to recover its extended part from its principal part.

We recall from [13, Proposition 5.15] that being u-supported for a g-vector is mutation
invariant. The general presentation with g-vector equal to —es corresponds to the indecom-
posable projective representation Pys. By Lemma 5.2 P, (Oi+) =~ Homg (P4, P;). So to
make the g-vector —es not supported on OiJr , we must add at least f4 (i )eol_+ to it. Similarly

we must add at least f_(i)erq, and e(f)(i)eo- as well. On the other hand, it is easy to check
that (11.9) is u-supported. So adding any additional positive component on the frozen
vertices will make the general presentation of this g-vector decomposable, which is not the

case. Hence, p_/;(ef) = g’fﬁ(n(f)).
For the last statement, recall that 0’2Q (f) =(e(f),f—,f+). Then

g7 (f)oh = —(e(f). f.f) + (e(f).e(/)".0) + (F+.0.f1) + (0., f)
= (fy.e(f)". ).
Hence, p ;(6Q)(f)=n s(er)og =g (n(f)oy = o7 (x(f)). O

COROLLARY 11.9. — uﬁ(AZQ) and JT(AZQ) have the same restricted B-matrix.
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Proof. — By Corollary 11.6, u_;(A3) and (A7) have the same mutable part as well. It
remains to show that the blocks of their restricted B-matrices corresponding to positive and
neutral frozen vertices are equal. But this follows from an easy linear algebra consideration.
Indeed, let Bfﬁ and B_;; be the restricted B-matrices of ﬂ(AZQ) and pu ;7(Ag) and denote

2 . 2 2 2 _ P2 2 .
o= [Lﬁ(O'Q). We have that Bﬁaﬂ = 0. We write Bﬂ and o, in blocks: (B ;. C)
and ( :+‘f : ), where 041 = (£97) contains weights corresponding to the positive and
neutral frozen vertices. We have that

(11.10) (B, cﬁ)(;’ﬁd) =B 0 s+ C 0400 = 0.

Since 0 4 14 1s of full rank, this linear equation is underdetermined (for solving C 7). We have
seenthat B ; = Br(ap)ando s;(f) = a’fﬁ(n(f)), thenitisclear that C ; = 7(C) satisfies
(11.10), where C is the block in BA2Q = (Bay, C). O

DEFINITION 11.10. — Let 7 := mp st We define p; = wb gy and p, = T

COROLLARY 11.11. — p; (AZQ) and nz(AZQ) have the same restricted B-matrix. Moreover,

ri(@p)(f) = (F-.f5,e(f)*) for f mutable.
Note that 72 fixes the mutable vertices and shuffles the frozen vertices of AZQ
Oz+ = Oz_’ Ol_ ad Idi*, Idi* = Oz+ .

COROLLARY 11.12. — We have that [L?(BAZQ,X) = (BAzg,x).

Proof. — Since 7® = 1d, the fact that ;L?(BAzQ) = BAzQ follows from Corollary 11.11. As

pointed in [26], it is well-known [1] that the functor Q2 is also 6-periodic. [28, Proposition 6.3]
says that the mutation of maximal rigid modules of I1¢ is compatible with the mutation of
the corresponding QP-representations (see remarks before Proposition 11.5). So by Propo-
sition 11.5 the positive simples (0, Sy) of (Ag, Wp) are invariant under u;. The invariance
obviously extends to (A2, Wé). The desired result follows. O

By experiment with [33] we believe the following conjecture.

CoNJECTURE 11.13. — Corollary 11.9 (and thus Corollaries 11.11, 11.12 and Theorem
11.14 below) hold for non-trivially valued Q as well.

We define a rational self-map p; of C(A%, § 2Q) induced by

sf = py(sy) if f is mutable,
SO?_ = SOFV SO; = SIdi*v Sldi* = so?‘-

Since our main theorem (Theorem 9.1) uses the following theorem, we cannot assume
that G(Az,QS’ZQ) = k[Conf, ;]. But from the proof of Theorem 9.1, we have that

C(A%), §5) C k[Confy,1]. So the pullback /* is defined on C(A%. §7).

THEOREM 11.14. — The map 1 is equal to the pullback I* of the twisted cyclic shift.
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Proof. — We need to show that p;(¢) = ¢l. It suffices to prove the statement for ¢’s in
some extended cluster because of the definition of the upper cluster algebra. The cluster we
shall take is ;LIZ(@S’ ZQ), which is the same as [Ll_l (> ZQ) by Corollary 11.12. The statement can
be easily checked for the frozen variables. For example, Sot = Sid [, that is

(11.11) Soi (A1, A2, A7) = s1q,.. (42, A3Wo, (A110)”).
Indeed, by Corollary 8.8 we have that Sot = pi(w;) and s14, = p3(w;). So by (8.4)
s0i+(U7h1, U hou,U) =h{",
std;« (U™hau, U0, hy'wo ' U) = (wohy'wg )™i* = h{".

Next let us assume that ¢ = p7(sy) for some mutable f € ind(C*Q). We need
to show that p;(¢)(A1, A2, AY) = @(Az, A3wg, woAY). We argue by multidegrees. By
Corollary 11.11, the degree of ¢ is (f%,e(f),f*). Then according to (7.1) and (7.2), the
degree of ¢(A2, A3wg, woAY) is (e(f).f_,f;), which is also the degree of pu;(¢) = sr. So
by Lemma 8.4, we must have that p;(¢) = ce! for some ¢ € k. Again by the relation (11.11)
we must have ¢ = 1. O

REMARK 11.15. — The similar argument can show that 7w ; is equal to the pull-

back v/I". In view of Lemma 11.7, the automorphism ~// is the Donaldson-Thomas
transformation of Conf ; in the sense of [30].

11.3. An Algorithm

In this section, we present an algorithm to find all subrepresentations of 7, defined
in Section 5.1. As said in the introduction, only few T),’s for type E; and Eg need this
algorithm. With a little more effort, one can show that Corollary 11.11 can be strengthened
to u;(A%) = n*(A%) for any orientation of type D, and E7, Eg, and for some orientations
of type A, and E¢. For any particular case whether p;(A3) = 7?(A%) holds can be checked
by computer.

We first observe that by the description of 7,’s in Theorem 5.3, all subrepresentations
of Tol,— are known. In particular, we have the dual F-polynomial of Tol,—. Even better, Toi—
can be mutated from the positive simple (0, So--) of the (unfrozen) QP p; (A(C 20), Wé)

via p; !, where p; := p; opti,0 and the bold g, ¢ is defined in the beginning of Appendix 11.2.
Indeed, it can be easily checked by (11.7) that the gV -vector of such a mutated representation
is exactly eo- — Zi_,j eo; - Since To- is the cokernel of a general presentation of such
a weight, our claim follows from Remark 11.4. The idea of the algorithm is that we can
generate the dual F-polynomial of Tig;. (resp. 7,+) from that of To- through the sequence
of mutations u; (resp. ,) just defined. l

ProposITION 11.16. — If[LI(A2Q) = nz(AZQ), then [LI(TOI,*) = Tiq;« andp,,(To;) = TOI_+.
Here, we view Tia,. and T+ as representations of the original QP via the automorphisms 72

and 2.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1462 J. FEI

Proof. — 1t is clear from (11.7) that the gV-vector eor — Dl j €0 is unchanged
under ;. If ;LI(AZQ) = nz(AZQ), by Corollary 11.11 the mutated g -vector can be viewed
as erd;« — ). €1d;. for the original QP (A2 ,Wé) via the automorphism 7~2. Note
thati — jifand onlyifi* — j*. Clearly Tig,. is the cokernel of the general presentation of
weight ejq,, — Zi*_ﬁ* era- Hence, ;LI(TO;) = Tig;+ - The argument for /Lr(To;) = T0,~+ 1S
similar. 0

By the positivity of the cluster variables [32, 38], the coefficients of F-polynomials of these
cluster variables are all positive. So we can compute F7YI . (resp. Fy/ +) by applying u;
i* o}

(resp. u,) to F. VO using the Formula (11.5). In this way, we find all Isubrepresentations

of Ty’s.
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LOCAL NORMAL FORMS FOR C-PROJECTIVELY EQUIVALENT
METRICS AND PROOF OF THE YANO-OBATA CONJECTURE
IN ARBITRARY SIGNATURE.

PROOF OF THE PROJECTIVE LICHNEROWICZ CONJECTURE
FOR LORENTZIAN METRICS

BY ALEXEY V. BOLSINOYV, VLAaDIMIR S. MATVEEV
AND STEFAN ROSEMANN

ABSTRACT. — Two Kéhler metrics on a complex manifold are called c-projectively equivalent
if their J-planar curves coincide. These curves are defined by the property that the acceleration is
complex proportional to the velocity. We give an explicit local description of all pairs of c-projectively
equivalent Kahler metrics of arbitrary signature and use this description to prove the classical Yano-
Obata conjecture: we show that on a closed connected Kdhler manifold of arbitrary signature, any
c-projective vector field is an affine vector field unless the manifold is CP” with (a multiple of) the
Fubini-Study metric. As a by-product, we prove the projective Lichnerowicz conjecture for metrics of
Lorentzian signature: we show that on a closed connected Lorentzian manifold, any projective vector
field is an affine vector field.

RESUME. — Deux métriques kidhlériennes sur une variété complexe sont appelées c-projectivement
équivalentes si leurs courbes J-planaires coincident. Ces courbes sont définies par la propriété que
I’accélération est proportionnelle (au sens complexe) a la vitesse. Nous donnons une description locale
de tous les paires de métriques kidhlériennes c-projectivement équivalentes de signature arbitraire et
utilisons cette description pour prouver la conjecture classique de Yano-Obata: nous montrons que sur
une variété kahlérienne de signature arbitraire, connexe et fermée, tout champ de vecteurs c-projectif
est un champ de vecteur affine sauf si la variété est CP”, munie de la métrique de Fubini-Study. En
tant que sous-produit, nous prouvons la conjecture de Lichnerowicz pour les métriques de signature
lorentzienne. Plus précisément, sur une variété lorentzienne connexe fermée tout champ de vecteurs
projectif est un champ de vecteurs affine.

1. Introduction

1.1. Definitions and description of results

Let (M, g, J) be a Kédhler manifold of arbitrary signature of real dimension 2n > 4. We
denote by V the Levi-Civita connection of g and let w = g(J-,-) denote the Kdhler form.
All objects under consideration are assumed to be sufficiently smooth.

0012-9593/06/© 2021 Société Mathématique de France. Tous droits réservés doi:10.24033/asens.2487
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A regular curve y : R D I — M is called J-planar if there exist functions o, 8 : I — R
such that

(1.1) Vi (t) = ay(t) + Iy (1)) forall r € 1,

where y = %y.

From the definition we see immediately that the property of J-planarity is independent
of the parameterisation of the curve, and that geodesics are J-planar curves. We also see
that J-planar curves form a much bigger family than the family of geodesics; at every point
and in every direction there exist infinitely many geometrically different J-planar curves.

Two metrics g and ¢ of arbitrary signature that are Kéhler w.r.t the same complex struc-
ture J are c-projectively equivalent if any J-planar curve of g is a J-planar curve of g. Actu-
ally, the condition that the metrics are Kahler with respect to the same complex structure
is not essential; it is an easy exercise to show that if any J-planar curve of a Kéahler struc-
ture (g, J) isa J -planar curve of another Kéahler structure (g, J ), then J==J.

C-projective equivalence was introduced (under the name “h-projective equivalence”) by
Otsuki and Tashiro in [37, 43]. Their motivation was to generalize the notion of projective
equivalence to the Kihler situation. Since the notion of projective equivalence plays an
essential role in our paper let us recall it. Two metrics g and g of arbitrary signature are
projectively equivalent, if each g-geodesic is, up to an appropriate reparameterisation, a
g-geodesic.

Otsuki and Tashiro have shown that projective equivalence is not interesting in the
Kahler situation, since only simple examples are possible, and suggested c-projective equiv-
alence as an interesting object of study instead. This suggestion appeared to be very fruitful
and between the 1960s and the 1970s, the theory of c-projectively equivalent metrics and
c-projective transformations was one of the main research topics in Japanese and Soviet
(mostly Odessa and Kazan) differential geometry schools. For a collection of results of these
times, see for example the survey [34] with more than 150 references. Moreover, two classical
books [42, 46] contain chapters on c-projectively equivalent metrics and connections.

Relatively recently c-projective equivalence was re-introduced, under different names and
because of different motivation. In fact, c-projectively equivalent metrics are essentially the
same as Hamiltonian 2-forms, defined and investigated in Apostolov et al. [1, 2, 3, 4] for
positive definite metrics, see also [17]. Though the definition of Hamiltonian 2-forms is
visually different from that of c-projectively equivalent metrics, the defining equation [1,
equation (12)] of a Hamiltonian 2-form is algebraically equivalent to a reformulation (see
(1.4) below) of the condition “g is c-projectively equivalent to g” into the language of PDE.
The motivation of Apostolov et al. to study Hamiltonian 2-forms is different from that of
Otsuki and Tashiro. Roughly speaking, in [1, 2] Apostolov et al. observe that many interesting
problems in Kéhler geometry lead to Hamiltonian 2-forms and suggest studying them. The
motivation is justified in [3, 4], where the authors indeed construct interesting and useful
examples of Kdhler manifolds. In dimension > 6, c-projectively equivalent metrics are also
essentially the same as Hermitian conformal Killing (or twistor) (1, 1)-forms studied in
[35, 40, 41], see [1, Appendix A] or [33, §1.3] for details. Finally, such metrics are closely
related to the so-called Kahler-Liouville integrable systems of type A introduced by Kiyohara
in [24], see also [25].
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We would also like to mention a recent review on c-projective geometry [16] that contains
many new and old results in this area. Let us however make clear that our paper is totally
independent of [16]. The work on these two papers was carried out more or less simultane-
ously and the second author of the present paper, being also one of the authors of [16], was
quite careful about possible intersections between them. The only exception is Lemma 2.2 for
which we suggest an alternative proof, for more details see discussion just after Lemma 2.2.
It is worth noticing that the present paper and paper [16] represent two rather different
approaches in c-projective geometry. Our approach is based on the reduction to the real
projective setting, we explain it in §1.2, whereas [16] studies c-projectively equivalent metrics
using ideas and methods of parabolic geometry.

Our paper contains three main results. The first result is a local description (near a generic
point) of c-projectively equivalent Kahler metrics of arbitrary signature, see Example 5 and
Theorem 1.6. If g is positive definite, such a description follows from the local description of
Hamiltonian 2-forms due to Apostolov et al. [1]. Although the precise statements are slightly
lengthy, we indeed provide an explicit description of the components of the metrics and of the
Kéhler form w = g(J-,-). The parameters in this description are almost arbitrary numbers
and functions of one variable and, in certain cases, almost arbitrary affinely equivalent
Kahler metrics of smaller dimension (note that the description of affinely equivalent Kahler
metrics was recently obtained by Boubel in [14]).

It is hard to overestimate the future role of a local description in the local and global
theory of c-projectively equivalent metrics. Almost all known local results can easily be
proved using it. Roughly speaking, using the local description, one can reduce any problem
that can be stated using geometric PDEs (for example, any problem involving the curvature)
to the analysis of a system of ODEs. As we mentioned above, in the positive definite case,
the description of c-projectively equivalent metrics in the language of Hamiltonian 2-forms
is due to Apostolov et al. [1], and with the help of such a description they did a lot. In
particular they described possible topologies of closed manifolds admitting c-projectively
equivalent Kahler metrics, described Bochner-flat Kdhler metrics and constructed new
examples of Einstein and extremal Kéhler metrics on closed manifolds, see [1, 2, 3, 4]. We
expect similar applications of our description and some have been already obtained, e.g.,
in [13] the local description of c-projectively equivalent metrics has been used to describe
all Bochner-flat (pseudo-)Kahler metrics, generalizing results of [1] and [15] to the case
of arbitrary signature. We plan to look for other applications and in particular to study
the topology of c-projectively equivalent closed Kahler manifolds of arbitrary signature in
further papers.

A demonstration of the importance of the local description is our second main result,
which is a proof of the natural generalization of the Yano-Obata conjecture for Kéahler
manifolds of arbitrary signature. A vector field on a Kihler manifold is called c-projective
if its local flow sends J -planar curves to J -planar curves, and affine if its local flow preserves
the Levi-Civita connection.

THEOREM 1.1 (Yano-Obata conjecture). — Let (M, g,J) be a closed connected Kdihler
manifold of arbitrary signature and of real dimension 2n > 4 such that it admits a c-projective
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vector field that is not an affine vector field Then the manifold is isometric to
(CP™, c - ggs, Jstandard) for some non-zero constant c, where ggs is the Fubini-Study metric.

For positive definite metrics, Theorem 1.1 was proved in [32], where also a history
including a list of previously proven special cases can be found. Generalizations of [32] to
the case of complete positive definite metrics is in [16, Theorem 7.6] and [31, Theorem 1.2].
The 4-dimensional version of Theorem 1.1 was proved in [11].

We see that a closed Kahler manifold with a non-affine c-projective vector field has definite
signature. This phenomenon is, of course, essentially global since locally we can construct
counterexamples in any signature. In dimension 4, such examples are described in [11], and
in Proposition 5.7 we explicitly construct Kahler metrics of any dimension and any signature
admitting non-affine c-projective vector fields. Let us also mention (see, e.g., [32, Example 2])
that (CP", ¢ - grs, Jstandard) @dmits many non-affine c-projective vector fields.

As a by-product of our proof of the Yano-Obata conjecture (we explain in the next
section why it is a by-product), we establish the possibly more popular projective Lichnerowicz
conjecture for metrics of Lorentzian signature. Recall that a vector field is projective with
respect to a (arbitrary, not necessarily Kahler) metric g, if its local flow sends geodesics
viewed as unparameterised curves to geodesics.

THEOREM 1.2 (Projective Lichnerowicz conjecture for metrics of Lorentzian signature).
Let (M, g) be a closed connected Lorentzian manifold of dimension n > 2. Then any
projective vector field on M is an affine vector field.

For Riemannian metrics, the analogue of Theorem 1.2 was proved in [27] (dimension 2)
and [28] (dimension greater that 2—this paper also contains a historical overview and a list
of previously known special cases), see also [48]. In Japanese mathematics, this statement,
at least in the Riemannian setting, is also known as projective Obata conjecture and was
published many times as an important conjecture, see introduction to [28] for details and
precise references. For 2-dimensional Lorentzian manifolds, Theorem 1.2 was proved in [29].

We would like to emphasize here that our proofs of the Yano-Obata and Lichnerowicz
conjectures are not generalizations of the proofs from [16, 27, 28, 32, 48], and are based on a
different circle of ideas. In general, it is difficult to extend global statements about Rieman-
nian metrics to the pseudo-Riemannian setting, since many “global” methods require defi-
niteness of the metrics. This is also the case in our situation; the main ingredients of the proofs
of [27, 28, 32, 48, 16, 31] are the global ordering of the eigenvalues of the endomorphisms A
and L (given by (1.2) and (1.6)—these endomorphisms play an important role in our paper),
and an investigation of the behavior of curvature invariants (scalar curvature in [28], holo-
morphic sectional curvature in [32], norm of the projective and c-projective Weyl tensors
in [16, 31, 48]) along the orbits of the group of projective and c-projective transformations.
None of these ingredients exists in the case of indefinite signature. Examples show that in the
pseudo-Kahler case the eigenvalues of A (resp. L) are not globally ordered anymore, holo-
morphic sectional curvature is usually unbounded even on closed manifolds, and vanishing
of the norm of a tensor does not imply that the tensor is zero. Moreover, as follows from our
calculations in §5.6, in the indefinite case, all curvature invariants along integral curves of
projective and c-projective vector fields can be bounded. In Remark 5.1 we give more details
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on what ideas of [28, 32, 48, 16, 31] were used in our paper, and also on some new methods
developed here. Other proofs of special cases of the Yano-Obata and Lichnerowicz conjec-
ture (see e.g., [45, 47]) are based on the Bochner technique, which also requires that the metric
is definite.

1.2. Main idea

The local description of c-projectively equivalent metrics will be given in Theorem 1.6 in
§1.3 (which does not require this paragraph so a hurried reader can directly go there). The
goal of this section is to explain the main idea of our solution. We hope that this allows the
reader to see the geometry behind the formulas and also may be used in many other problems
related to c-projectively equivalent metrics.

Experts always expected that projectively equivalent metrics must have a close rela-
tion with c-projectively equivalent metrics. The expectation is based on the following
informal observation: most mathematicians that studied c-projectively equivalent metrics
and c-projective vector fields studied projectively equivalent metrics and projective vector
fields before. It appears that many ideas and many results in the theory of projectively equiv-
alent metrics have their counterparts in the c-projective setting, though most of the proofs in
the c-projective setting are longer and are more involved than their projective analogues. ()

We suggest an explanation about why the theories are closely related, which is simulta-
neously the main idea of our description. The following observation, which we formalize
(and give a self-contained proof) in §2, is crucial: c-projectively, but not affinely equivalent
metrics g and ¢ allow us to construct vector fields K1, ..., K; which preserve the complex
structure and which are Killing with respect to both metrics. For Hamiltonian 2-forms (at
least for a positive definite metric), the existence of these Killing vector fields was shown by
Apostolov et al. [1], and in the framework of Kahler-Liouville manifolds (under certain non-
degeneracy assumptions) their existence was observed by Kiyohara and Topalov [25].

We consider the local action of these vector fields and the local quotient Q of M with
respect to this action (it will be shown that such a quotient is well-defined near a generic
point). Let us denote the quotient metrics by gp and §o. Notice that O is not a Kéhler
quotient and the metrics g and g¢ are in general not Kéhler.

Main Observation. The following statements hold:

1. go and go are projectively equivalent;

2. themetrics g and g can be reconstructed from gg and g in a relatively straightforward
way.

Recently, projectively equivalent metrics have been explicitly locally described in [10]. We
obtain our description of c-projectively equivalent metrics by taking the formulas from [10]
for the quotient metrics gp and gp and then “reconstructing” g and g.

(M This analogy between c-projective and projective geometry fails at the level of affine connections (note that the
definition of c-projective equivalence makes also sense for affine connections which are not necessarily Levi-Civita
connections): though both affine projective and affine c-projective geometries are parabolic geometries, there are
essential differences between these theories if only connections are involved, see e.g., [16].
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However, not every pair of projectively equivalent metrics g g, §¢ as considered in [10] can
be obtained from a pair g, g of c-projectively equivalent metrics: we will describe the condi-
tions that gp and g have to satisfy in order to arise as quotients from c-projectively equiv-
alent metrics. These additional conditions actually simplify the formulas for the metrics g,
&0 as compared to the formulas from [10] for the general case. Moreover, we show, assuming
these conditions are satisfied, how to effectively reconstruct the initial metrics g and &. This
yields our description of c-projectively equivalent Kdhler metrics.

The relation between projectively and c-projectively equivalent metrics plays also an
important role in the proof of the Yano-Obata conjecture. We will see that under the
additional assumption that the degree of mobility is 2 (which means that the “space of
c-projectively equivalent metrics” is two-dimensional—the formal definition is in §5.1 where
it is also explained why it is the most non-trivial case in the proof of the Yano-Obata conjec-
ture), a c-projective vector field on the initial manifold reduces to a projective vector field on
the quotient.

We expect further applications of this observation which suggests, in the metric setting, an
almost algorithmic way to produce results in c-projective geometry from results in projective
geometry and the latter is much better developed.

Unfortunately, this almost algorithmic way does not automatically work in the other
(c-projective — projective) direction. The reason is that the quotient metrics go and go,
as already noticed, satisfy certain additional conditions. The most important of them is as
follows: for the metrics & = gp and h = 8o the endomorphism L given by (1.6) below has
no Jordan blocks with non-constant eigenvalues. For general projectively equivalent metrics,
L may have non-trivial Jordan blocks with non-constant eigevalues. This is the only reason
why we can not modify the proof of the Yano-Obata conjecture to obtain the proof of the
projective Lichnerowicz conjectures for metrics of all signatures. For the metrics of Lorentzian
signature, at most one non-trivial Jordan block may occur and after some additional work in
§6 we exclude this case in the proof of the projective Lichnerowicz conjecture. The rest of the
proof of the projective Lichnerowicz conjecture is a straightforward modification (actually,
a simplification) of the proof of the Yano-Obata conjecture and when proving the projective
Lichnerowicz conjecture in the “no-Jordan-blocks” case (Theorem 5.1), we confine ourselves
with a series of remarks explaining necessary amendments.

1.3. Local description of c-projectively equivalent metrics

Let (M, g, J) be a Kdhler manifold of real dimension 2n > 4and let Vand w = g(J-,)
denote the Levi-Civita connection and Kéahler form respectively. We do not require that g or
any other Kdhler metric that appears has positive signature.

Instead of the pair (g, &) of c-projectively equivalent metrics it is appropriate to consider
the pair (g, A), where A : TM — TM is a Hermitian (i.e., g-selfadjoint and J-commuting)
endomorphism constructed from g and g by

detgf)Z(”lJrU o
g.

(1.2) A=A(g.8) = (detg
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In this formula, we view g,& : TM — T*M as bundle isomorphisms. In tensor notation
(with summation convention in force),

1

) detg\zo¥D .

Al = Aik :
J (detg) & 8k

where g/ denotes the inverse to &;;, i.e., % gx; = 8t
Clearly, one can reconstruct ¢ from the pair (g, A) and obtains

(1.3) ¢ = (detA)"2g(AL.,).

The endomorphism A, introduced in [19], plays an important role in the theory of c-projec-
tively equivalent metrics. One of the reasons for this is that the condition that g and g are
c-projectively equivalent amounts to the fact that the tensor A satisfies the linear partial
differential equation

(1.4) Vid=X"Q@A+ A" QX + (JX)" Q@ JA + (JA) ® J X,

forall X € TM, where A = %grad(tr A) and X° = g(X,-). We say that g and A are compat-
ible in the c-projective sense or just c-compatible if A is a Hermitian endomorphism solving
(1.4). In particular, any Hermitian endomorphism A with nowhere vanishing determinant
and c-compatible with g gives us a c-projectively equivalent metric ¢ by (1.3), this metric is
automatically Kahler with respect to J.

Another reason for working with A instead of g is that in our local description, the
formulas for (g, A) are much simpler than those for (g, &).

We describe locally all Kahler structures (g, J,w) admitting solutions 4 to (1.4) in
Theorem 1.6 below. Since the description is relatively complicated, we first consider two
special cases corresponding to the “weakest” (Theorem 1.3) and “strongest” (Theorem 1.4)
case of c-projective equivalence.

Note that any parallel Hermitian endomorphism A4 (i.e., satisfying VA = 0), in particular
the identity Id : TM — TM, is a solution to (1.4). Such solutions correspond to Kahler
metrics & which are affinely equivalent to g, i.e., which have the same Levi-Civita connection
as g.

THEOREM 1.3 (Well-known special case of Theorem 1.6). — Let (M, g,J) be a Kdihler
manifold of arbitrary signature and A : TM — TM a parallel Hermitian endomorphism.
Then locally (M, g, J) is a direct product of Kdihler manifolds (M,,,g,,J,), y = 1,...,N,
and A decomposes as A = Ay + -+ + An, where A, : TM,, — TM,, is a parallel Hermi-
tian endomorphism on (M., gy, J,) having either a single real eigenvalue c,, or a pair of
complex-conjugate eigenvalues cy, Cy.

The above theorem is just the de Rham—Wu decomposition [39, 44] of the Kidhler mani-
fold into components corresponding to the parallel distributions given by the generalized
eigenspaces of A. This is not a complete description of pairs ((g, J), A), where (g, J) is
Kahler and A is a parallel Hermitian endomorphism: what is left is an explicit description
of the blocks (g, J,) and A,. In the positive definite case, the description of these blocks
is trivial since in this case A4, is a constant multiple of Id : TM, — TM,,. If the signature
of g, is arbitrary, the local description of (g, J, ) and A, has recently been obtained by C.
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Boubel in [14]. Boubel’s description of (g,, J,, 4,) is quite complicated, we will not repeat
it here and refer to [14] for more details.

REMARK 1.1. — Let us reformulate the statement from Theorem 1.3 in matrix notation:
we can find local coordinates such that the matrices of g, J and 4 in these coordinates are
block-diagonal with the same structure of blocks:

81 Ji Ay
(1.5) g= . J= ., A=

&N JNn AN
In all matrices, the components of each block only depend on the corresponding coordinates
and foreach y = 1,..., N the endomorphism 4, is Hermitian and parallel w.r.t. the Kéhler
structure (g, Jy).

The “main idea” and “main observation” described in §1.2 become vacuous in the setting
of Theorem 1.3: the number of “canonical” Killing vector fields Ky, ..., Ky is zero, hence, the
quotient of the manifold is the manifold itself. The “main observation” remains, of course,
formally true but in this case projective equivalence is affine equivalence.

A special feature of the situation described in Theorem 1.3 is that the eigenvalues of A
are constant, and may have high multiplicities. Let us now consider the “strongest” special
case of c-projective equivalence: all eigenvalues of A are non-constant (when considered as
functions on M), and their multiplicity is minimal possible.

Consider two projectively equivalent pseudo-Riemannian metrics 4 and A (i.e., metrics
having the same unparametrised geodesics) and define the endomorphism L by

1
deth|"™" _

1
— h.
deth

(1.6) L=Lhh) =

It is well known that L satisfies the equation
(1.7) VxL=X"@A+A"®@X, forallX e TM,

where A = % grad(tr L), X® = h(X,-) and V denotes the Levi-Civita connection of /.
Moreover, if L is h-selfadjoint and non-degenerate, then (1.7) is equivalent to the projective
equivalence of & and A given by

(1.8) h=|detL|""h(L™"-,")

see [42] and e.g., [9]. To emphasize both the difference and similarity with c-compatibility
introduced above, we will say that & and an h-selfadjoint endomorphism L satisfying (1.7)
are compatible in the projective sense or just compatible.

EXAMPLE 1. — Assume that on a certain domain U C R’ we have a compatible pair &
and L for which the following conditions hold:

Al. The eigenvalues p1, ..., py of L are all distinct at each point of U (complex conjugate
pairs p, p with Imp # 0 are allowed too), which allows us to view them as smooth
functions on U;

A2. dp; # 0ateachpointof U,i =1,...,%.
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We now explain how, starting from such a compatible pair

L )4

; 0
— _ 1
(1.9) h = w; B;;(x)dx;dx; and L = L; Lidx; ® e
one can naturally construct a c-compatible pair, i.e., a Kdhler structure (g, J,w) and a
Hermitian endomorphism A satisfying (1.4). By uq,...,u¢ we denote the elementary
symmetric polynomials in py, ..., pg (i.e., (Tt + p1)--- (t 4+ pg) = 8 4+ vt + - + ub).
Notice that under the assumption that p; are all distinct and dp; # 0, the differentials of p;
are linearly independent, i.e., dp; A dps A --- A dpg # 0. This follows from [9, Theorems 2,
3] and was essentially known to Levi-Civita [26]. Thus, both systems of functions p;’s and
Wi’s can be considered as local coordinates on U.

Consider a domain V C R¢ with local coordinates 1, ..., #; and define g,wonV xUin
the following way

2 12 £
(1.10) g= Y Hup(x)dtadig + Y Bij(x)dxidx;. =) duaAda.
o,B=1 i,j=1 a=1

where Hop = _,; BY (x)%"T??‘Tf and B are the components of the matrix inverse to B;;,

ie, Y BixBY = 811 We also set

I4 L
9 . 9
_ B 9 o L
(1.11) A= a}ﬂ; M ()dtg @ 5~ + ,~§,~=:1 Lj(¥)dx; @ 7.

B _ i Oup Ox;
where MO{ = Zi,j L]Walb_a
Equivalently, in matrix form w.r.t. the coordinates #4, . .., fg, X1, . . . , X¢, the above expres-
sions take the form

_(PRT'PT O [0 =P _(PLPTHT 0
(112 g_< 0 h)’ C()_(PTO)’ A_< 0 L)

where P = (%"“T‘l") is the Jacobi matrix of the system of functions uy, ..., ug (w.r.t. the local
coordinates xy, ..., xg).

The following theorem, which describes c-projectively equivalent metrics under the
assumption that A(g, &) has the maximal number of non-constant eigenvalues, shows that
in this case the relation between projective equivalence and c-projective equivalence is rather
straightforward.

THEOREM 1.4. — Let (h, L) be a compatible pair on U satisfying Al and A2. Then the
above Formulas (1.10) and (1.11) (or equivalently (1.12) in matrix form) define a Kdhler
structure (g, w) and a Hermitian endomorphism A which are c-compatible, i.e., satisfy (1.4).
Conversely, if a Kihler structure (g, w) and a Hermitian endomorphism A are c-compatible and
the eigenvalues of A (as a complex endomorphism) satisfy Al and A2 in the neighborhood of
some point, then locally, in the neighborhood of this point, g, w and A can be written in the form
(1.10) and (1.11), where h =} _; ; Bij(x)dx;dx;j and L = 3, L;-de ® dy; are compatible.
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ExaMPLE 2. — The simplest example of the situation described in Theorem 1.4 is
obtained by starting with a 2-dimensional compatible pair (k, L) such that L has two
real non-constant eigenvalues p, o satisfying Al and A2. The description of such a pair
is due to Dini [18], see also [10]: locally, we find coordinates x, y such that p = p(x) and
o =o(y)and

0

d
h=(p—o)(dx>+dy?), L=pdx® — +ody® —.
ax ady

Applying Theorem 1.4 to these formulas, we obtain the formulas for the Kéhler struc-

ture (g, w) and the c-compatible endomorphism A. These formulas can be found in [11,
(3.1) and (3.2)].

We see that in the situation of Theorem 1.4, the entries of g, w and A do not depend on
the coordinates 71, . . ., f;. This implies that % o, % are J -preserving Killing vector fields,
and they are precisely the Killing vector fields Ky, ..., K; which we mentioned in §1.2. The
quotient with respect to the local action of these vector fields is n-dimensional with local
coordinates xi, ..., x¢, and the metric g descends to the metric go = & on the quotient.
As claimed in the “main observation” of §1.2, go admits a projectively equivalent metric o
defined by the endomorphism L which also can be treated as the quotient L = Ag of the
Hermitian endomorphism A.

In the next example and theorem, we present the most general local expression which a
Kébhler structure (g, ) together with a solution A4 to Equation (1.4) can take. The construc-
tion below combines the previous two cases from Theorem 1.3 and Example 1.

ExaMPLE 3. — We start with two ingredients:

— a compatible pair & and L defined on a domain U C R and satisfying the conditions
Al and A2 as in Example 1, see (1.9);

— a Kahler structure (g¢, @.) defined on some domain S with a parallel Hermitian endo-
morphism A (notice that the eigenvalues of A, are constant).

In addition, we assume that the eigenvalues of L at each point p € U are all different from

those of A..
Consider the direct product V- x U x S, where V' C R¢ is a certain domain of the

same dimension £ as U, and denote local coordinates on V, U and S by (t1,...,1%),
(x1,...,x¢) and (y1,..., yax) respectively. On this product V x U x S, we now define a
pseudo-Riemannian metric g and a 2-form w:
J4 4

g= ) Hup(Mbabp + D Bij(0)dxidx; + go(xz(4e)-.-).
(1.13) "‘le =t

w = Z dpg A Oy + wc(XL(Ac)H '),

a=1

where yz () = det(z-Id — L) is the characteristic polynomial of L, 6; = dt; + «; and the
1-forms o; on S are chosen in such a way that do; = (1) wc(457-,) (which is possible

since we (Af_i -,+) is a parallel 2-form on S). The other ingredients, H,g and u;, are defined
as above in Example 1 and in addition we set o = 1.
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Further we define the endomorphism
(1.14)

a 0§,
A = Z MB(X)9ﬁ®_+ Z L i) dx; ® + Z (Ao)f dyp® <8y _Zaiq§>’
q . l

a,B=1 i,j=1 p.q=1 i=1

where Mo’? = Z L; %‘;B g;f and o4 resp. (AC) denote the components of o; resp. A¢ W.r.t.

the coordinates y1, ..., Yo, i.e., 0 = Zq 0igdyg and A, = Zp,q(Ac)Z dy, ® 9y, .

Equivalently, in matrix form (w.r.t. the basis 6y, ...,0¢,dxy,...,dx,,dyq,...,dysx), the
above formulas take the form:

Ph1PT 0 0 0 —P 0 (PLP~HT 0 0
g= 0 h 0 , o=]|PT 0 0 , A= 0 Lo|,
0 0 gexr(Ac) 0 0 weyr(Ac) 0 0 Ac
where P = (%"“"‘) is the Jacobi matrix of the system of functions uy, ..., ug (w.r.t. the local
coordinates xy, ..., Xg).

REMARK 1.2. — Each of the 1-forms ¢; on S is determined by (wc, Ac) up to adding the
differential of a function. However, replacing 6; by the 1-forms 6; = 6;+d fi in the formulas
of Example 3 for functions f; on S, it is easy to construct a local transformation f : M — M
identifying the formulas in Example 3 written down w.r.t. 6; and 6; respectively, see also the
discussion after Proposition 4.3 below.

We will call a point p € M regular with respect to a solution A of (1.4), if in the
neighborhood of this point the number of different eigenvalues of A is constant (which
implies that the eigenvalues are smooth functions in some neighborhood of p), and for each
eigenvalue p either dp # 0, or p is constant in the neighborhood of p. Clearly, the set M° of
regular points is open and dense in M . Further (see Lemma 2.2 (4) below) we will see that the
number of non-constant eigenvalues of A4 is the same near every regular point. The following
theorem generalizes Theorems 1.3 and 1.4:

THEOREM 1.5. — The metric g and 2-form w defined by (1.13) are a Kdhler structure and
A defined by (1.14) is a Hermitian solution of (1.4).

Conversely, let (M, g, w) be a Kdihler manifold of arbitrary signature and A be a Hermitian
solution of (1.4). Then in the neighborhood of a regular point, the Kdhler structure (g, ) and
the endomorphism A can be written in the form (1.13) and (1.14) from Example 3.

ExaMPLE 4. — The simplest example of the situation described in Theorem 1.5 is
obtained by starting with a 1-dimensional compatible pair # = dx?, L = pdx ® 0y
for a function p = p(x) satisfying dp # 0 and a 2-dimensional Kéhler structure (g¢, w.)
with parallel Hermitian endomorphism A, = ¢-Id for a constant ¢. Applying Theorem 1.4 to
these formulas, we obtain the formulas for the Kéhler structure (g, w) and the c-compatible
endomorphism A given by [11, formulas (3.5) and (3.6)] (up to a slight change of notation).
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Theorem 1.5 gives us a description of a c-compatible pair (g,w) and A (at a generic
point) provided we know a description of compatible pairs (&, L) and also of Kéhler struc-
tures (gc, w.) admitting a parallel Hermitian endomorphism A.. As we already mentioned
above, the latter have been described in [14]. The local normal forms for compatible
pairs (%, L) have been obtained in [10] and this combined with Theorem 1.5 implies the
local normal forms for a c-compatible pair (g, w) and A, see Example 5 and Theorem 1.6
below. We also refer to [11, Theorem 3.1] for the formulas in the 4-dimensional case.

EXAMPLE 5 (Main example). — Let 2n > 4 and consider an open subset W of R?" of
the form W = V x U x §; x --- x Sy for open subsets V,U C R¢ and S, <€ R2my
Let #1,...,t; denote the coordinates on V and let the coordinates on U be separated into
r complex coordinates zy, ..., z, and ¢ = £ — 2r real coordinates x, 41, ..., X, 44.

Suppose the following data is given on these open subsets:

— Kahler structures (g, J,,wy) on S, fory =1,.... N.

— Foreach y = 1,..., N, a parallel Hermitian endomorphism 4, : TS, — TS,
for (gy,J,) having a pair of complex conjugate eigenvalues ¢,,¢, € C \ R for
y =1,..., R and a single real eigenvalue ¢, € Rfory = R+ 1,..., N such that the
algebraic multiplicity of ¢, equalsm,, /2fory = 1,..., Randm, fory = R+1,...,N.

— Holomorphic functions p;(zj) of z; for 1 < j < r and smooth functions p; (x;)
forr+1<j<r+gqg.

Moreover, we choose 1-forms ay,...,ag on § = S7 x --- x Sy which satisfy
(1.15) day = (=)' Doy (45770,
y=1

We introduce some notation to be used throughout the paper. The function A; for1 <i <r +g¢
is given by A = [ ep, o\ (53 (Pi — P), Where Enc = {p1, 01, Pr, Pro Pr+1,- -+ Pr4g ). The
I-forms 6;,...,0; on W are defined by 6; = dt; + «;. The function u; denotes the ith
elementary symmetric polynomial in the £ variables E,, u; (0s) denotes the ith elementary
symmetric polynomial in the £ — 1 variables E, \ {ps} and the notation “c.c.” refers to the
conjugate complex of the preceding term.

Suppose that at every point of W the values of the functions py, p1., . .., pr+4 are mutually
different and different from the constants ¢y, ¢y, ..., cy and their differentials are non-zero
(which, as explained above, implies that they are linearly independent). Then (g, @, J) given
by the formulas

r r+q £ N
1 . A
(1.16) g=-7 Yo (Aidz? +ce) + Y eMdF Y (D Y g (45
i=1 i=r+1 i=0 y=1
i Z 42 (H»z l(pS)/"Lj 1(6s) (%)2 —I—C.C.)
i,j=1 s=1 Zs
i 1(ps)u; 1(5s) ((0ps \?
— ] 16;6;,
+s2r—:|—1 S axs ] Y
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4 4 N
0= dui A6+ Y (1) s Yoy (A7),
i=1 i=0 y=1

1 dp; & 0p;
dzioJ—4—iZu] 100i)6;, dx,oJ———iZ;Lj 1(0i)9;,

(G0 i () -1 e opi "
(1.17) 9,-01:72,0]. pon dz,+cc+( DTS el WJ- dx;
Jj=1 j=r+1
is Kéhler, where &; = 1 depending on the signature of g. Moreover, writing o;; = ¢ %iqdYq

and 4, = )", (4)); dy, ® dy, w.r.t. local coordinates y1, ..., yox on S =[], S, we have
that the endomorphism A given by

(1.18)
£ r+q 9
= Z /’Ll(glj - 81(1 1) + Z(Psts + c.c)+ Z psdxs ® a_
i,j=1 s=r—+1

o ) 9
LTS Uty ( —za,-qg)
i=1 !

y=1p,q=1

is a Hermitian solution to (1.4).

Example 5 is an explicit construction of a Kihler metric (1.16) and a solution (1.18)
of (1.4). This fact can be verified by a straightforward, though non-trivial computation.
Another proof will be given in Sections 4.2 and 4.3. The next theorem shows that in the
neighborhood of a generic point, a Kdhler metric g (of any signature) and a solution 4 of
(1.4) are, in a certain coordinate system, as in Example 5.

THEOREM 1.6 (Local description of c-projectively equivalent metrics).

Let (M, g, J) be a Kdhler manifold of arbitrary signature and A be a Hermitian solution of
(1.4). If in a small neighborhood W < M° of a regular point, A has

— € = 2r + q non-constant eigenvalues on W which separate into r pairs of complex-
conjugate eigenvalues py, p1, . .., pr, pr : W — Cand q real eigenvalues py11, . .., pr4q :
W — R,

— N + R constant eigenvalues which separate into R pairs of complex conjugate eigenvalues
€1,C1y...,CR,CR and N — R real eigenvalues cry1,...,CN,

then the Kdhler structure (g, J, w) and A are given on W by the Formulas (1.16) and (1.18) from
Example 5.

REMARK 1.3. — As stated above, the corresponding local description of a positive defi-
nite Kéahler structure (g, J, w) admitting a Hermitian solution A of (1.4) has been obtained

in [1] in the language of Hamiltonian 2-forms.
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REMARK 1.4. — As mentioned above, Theorem 1.6 yields an “almost” explicit descrip-
tion (in the neighborhood of a regular point) of a Kidhler metric g admitting a c-projectively
equivalent metric. What is not described explicitly are the Kéhler structures (g, ,w,) that
admit parallel Hermitian endomorphisms A,,. The formulas for such a triple (g, w,, 4,) in
local coordinates can be found in [14].

REMARK 1.5. — As explained above, for positive definite metrics the local classification
was obtained in [1]. The main reason why the proofs from [1] cannot be generalized to metrics
of arbitrary signature is rather simple. Many calculations and arguments in [1] use the frame
in which both metrics are simultaneously diagonal. This is impossible in the pseudo-Kéahler
case, since self-adjoint operators in pseudo-Hermitian vector spaces are not necessarily
semisimple. The above examples demonstrate that this phenomenon effectively shows up.

Recall that even the simplest cases of such a situation are nontrivial. Indeed, in the
Riemannian signature affinely equivalent metrics locally split into a direct product of
proportional metrics (with constant coefficient on each factor) and were completely under-
stood by Cartan and Eisenhart 100 years ago. For arbitrary signature, affinely equivalent
metrics have been described only very recently, in [14]. Similarly, in the Riemannian signa-
ture, projectively equivalent metrics were described already by Levi-Civita in 1896. The case
of arbitrary signature is much more complicated and has been solved only recently in [10, 9].

Note that in view of the discussion in §1.2, a local description of c-projectively equivalent
metrics “includes” (i.e., essentially implies) the results of [14] and [9]. A straightforward
attempt to generalize the proofs from [1] to an arbitrary signature would make it necessary
to re-obtain, in a different language, the main results of [14] and [9]. Note also that in
[15] (which in fact studies c-projectively equivalent metrics with special properties) it was
explicitly pointed out that the case of arbitrary signature is essentially more complicated due
to certain algebraic difficulties.

1.4. Structure of the paper

In §2, we recall that the existence of a c-projectively equivalent metric ¢ for a Kahler
metric g implies the existence of a family of independent commuting Hamiltonian (w.r.t. the
Kahler form w) Killing vector fields K7, ..., K. These vector fields are also Killing w.r.t. g.

We can form the quotient of M w.r.t. the local R¢-action induced by these vector fields
and obtain a bundle structure M — Q with fibers being the leaves of the foliation generated
by the vector fields K;. Since g, ¢ are invariant w.r.t. the action of the vector fields K;
and the orthogonal complements to the fibers w.r.t. ¢ and g coincide, they descend to
metrics go. g o on the quotient. This reduction will be explained in detail in §3. As we already
mentioned, in §1.2, the crucial observation is that the metrics on the quotient are projectively
equivalent. We prove this property in §3.2. More precisely, as explained in Example 1, instead
of go we consider the endomorphism A obtained from g and g by (1.6) and check the
compatibility condition for the pair gg, Ag.

The local classification of pseudo-Riemannian projectively equivalent metrics, or equiv-
alently, compatible pairs gp and A has been derived in [10]. We apply these results in §4.1
to obtain the normal forms for gg, Ag on the quotient. These normal forms are, in fact,
simpler than the generic ones for projectively equivalent metrics: the tensor A = A(g, &)
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from Theorem 1.6 has non-constant eigenvalues of (complex) algebraic multiplicity equal
to one such that the corresponding tensor Ap on the quotient has no non-trivial Jordan
blocks corresponding to the non-constant eigenvalues. This makes the formulas from [10]
much easier.

The requirement that g is Kadhler and A4 is Hermitian implies that they are completely
determined by the reduced objects gp and Ao on the quotient. In §4.1 we derive the formulas
for (g, w) and A which are in essence equivalent to (1.13) and (1.14) (Proposition 4.3). The
next step is to show that there are no further restrictions on g, w and A4 so that the formulas
from Proposition 4.3 give us a desired local description, see §4.2.

Finally in §4.3, we complete the proof of Theorem 1.6 by deriving the explicit Formulas (1.16)
and (1.18) from Example 5.

The second part of the article contains the proof of Theorems 1.1 and 1.2. As we already
pointed out, there is a close relationship between c-projective and projective equivalence.
This makes the proofs of these theorems rather similar. In Section 5 we focus on the proof of
the Yano-Obata conjecture (Theorem 1.1) and explain in a series of remarks how this proof
can be adapted for the Lichnerowicz conjecture (Theorem 1.2). This is done under one addi-
tional algebraic condition: the endomorphism A compatible with the metric g and induced
by the projective vector field v has no Jordan blocks with non-constant eigenvalues . The
latter case when A admits a “non-constant” Jordan block is treated in Section 6.

2. Canonical Killing vector fields for c-projectively equivalent metrics

Let (M, g, J) be a connected Kéhler manifold of real dimension 2n > 4. Since by defi-
nition any A which is c-compatible with (g, J) commutes with J, we can consider A as an
endomorphism of the n-dimensional complex vector space 7, M (with complex multiplica-
tion given by (¢ +ib)X = aX + bJ X). The determinant of A considered as complex endo-
morphism will be denoted by detc A. It is a smooth function on M and since 4 is Hermitian,
it is real valued. Up to a sign detc A4 equals +/det A, though the latter is always positive and
smoothness may fail at the points where it vanishes.

Recall that a vector field is called a Killing vector field w.r.t. the metric g, if its local
flow preserves g. Similarly, a vector field is called holomorphic if its local flow preserves the
complex structure J.

Since the local flow of a holomorphic Killing vector field K preserves the symplectic
form w = g(J-,-), the vector field K is Hamiltonian in the neighborhood of any point or,
more generally, on every simply connected open subset. Recall that a vector field K is called
Hamiltonian if there exists a function f such that

ixw = —d f or, equivalently, K = Jgrad f.

Such a function f is called a Hamiltonian for K and it is only unique up to adding a constant.
Conversely, since every Hamiltonian vector field preserves w, it is Killing if and only if it
is holomorphic. Recall also that holomorphic vector fields are characterized by the prop-
erty that their covariant differential is complex-linear (when considered as endomorphism

@ According to the local description given by Theorem 1.6, in the c-projective setting such blocks do not occur.
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of T, M) and therefore a Hamiltonian vector field K = Jgrad f is holomorphic if and only
if the hessian V2 f is Hermitian.

LemMA 2.1. — For any A which is c-compatible with (g, J) the function detc A is a Hamil-
tonian for a Killing vector field.

We do not pretend that Lemma 2.1 is new: for positive definite metrics it is equivalent to
[1, Proposition 3] and this proof can be generalized to all signatures. We give a different and
shorter proof, which is based on the same observation as the proof given in [16, Proposi-
tion 4.10] but does not require introducing c-projectively invariant objects.

Proof. — Since the statement is local, w.1.0.g. we may assume that det A # 0, otherwise we
can locally replace A by A + const-Id. Then, as explained in §1.3, the metric g given by (1.3)
is c-projectively equivalent to g. We denote by V and V the Levi-Civita connections of g and
g. It is well known (see for example the survey [34]), and follows directly from the definition
of c-projective equivalence, that the connections V and V are related by the equation

(2.1) VY —VyY = ®(X)Y + ®(Y)X —Dd(JX)JY —d(JY)JX,

where @ is an exact 1-form equal to the differential of the function

detg
_ 1
Combining (1.3) and (2.2), we see that
exp(—2¢) = |detc A].

Now, it follows from straightforward calculations using (2.1) (see e.g., [34]), that the Ricci
tensors Ric and Ric of the metrics g and ¢ are related by

Ric—Ric = —2(n + 1)(V® — 2 + (o J)?).

Note that V& is a symmetric (0, 2)-tensor. For a Kdhler metric, the Ricci tensor is Hermitian
w.r.t. the complex structure. Then the above equation implies that V& — ®2 + (d o J)? is
Hermitian. Hence,

V2 |dete A| = VZexp(—2¢) = 2exp(—2¢)(—V P + 20?)
= 2exp(—2¢)(—(V® — ®? + (D 0 J)?) + ®? + (P o J)?)
is Hermitian as well. This implies that Jgrad |detc 4| is Killing. O

For each A which is c-compatible with (g, J), Lemma 2.1 gives us a Hamiltonian Killing
vector field with the Hamiltonian function detc A. If A is not parallel, this function is non-
constant and therefore the Killing vector field is non-trivial.

Since Equation (1.4) is linear in A and admits Id : TM — TM as a solution, we actually
have a whole family A(¢) = ¢ - Id — A of endomorphisms c-compatible with (g, J). For any
fixed ¢, the function detc A(¢) is a Hamiltonian for a Killing vector field which we denote
by K(t). We will call these vector fields, and also all their linear combinations with constant
coefficients, canonical Killing vector fields corresponding to the solution A of (1.4) (or to the
c-projectively equivalent metric g), or simply canonical Killing vector fields.
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LEmMA 2.2. — The following statements hold for any endomorphism A which is c-
compatible with (g, J):

1. Suppose for a smooth function p on an open subset U € M and for any point p € U the
number p(p) is an eigenvalue of A at p of algebraic multiplicity > 4. Then this function p is
a constant on U. Moreover, for any point of the manifold the constant p is an eigenvalue
of A.

2. Thevectors grad p and J grad p are eigenvectors of A with eigenvalue p at the points where
the eigenvalue p is a smooth function.

3. At a generic point, the number of linearly independent canonical Killing vector fields
coincides with the number of non-constant eigenvalues of A.

4. At each regular point the number of eigenvalues p with dp # 0 is the same.

5. At regular points, the restriction of g to the distribution spanned by the canonical Killing
vector fields is non-degenerate.

6. The canonical Killing vector fields K(t), and also the vector fields JK(t) commute: for
any ty,t, € R we have

[K(11), K(12)] = [K(t1), JK(12)] = [JK(11), JK(t2)] =0 and w(K(t1), K(t2)) = 0.
7. The local flow of every canonical Killing vector field preserves A.

8. For any two canonical Killing vector fields K(t1), K(t2) the vector J Vg, K(t2) at any
point is contained in the span of the vector fields K(t), t € R.

Most statements of the lemma can be found in [16]. More precisely, the first statement
is [16, Lemma 5.16], the second statement is [16, Corollary 5.17], the third statement follows
from[16, Theorem 5.18(1)], the fourth statement is [16, Proposition 5.12], the sixth statement
is explained in [16, §5.6] and the seventh statement follows from [16, Theorem 5.18(1)]. The
proofs in the present paper are different from those in [16], shorter and do not require
introducing c-projectively invariant objects. For g positive definite, most statements of the
lemma have been obtained in the language of Hamiltonian 2-forms in [1]. It is not possible
(that is, we did not find an easy way to do it, see also discussion in Remark 1.5) to directly
generalize the proofs from [1] to metrics of all signatures. Note also that Lemma 2.2(1), i.e.,
the non-existence of “non-constant” Jordan-blocks, was shown before in [11, Lemma 2.5]
for dim¢ (M) = 2.

Proof. — Let A1(x), ..., Ar(x) be the eigenvalues of 4 at a point x € M. In the proof
of the Ist statement of Lemma 2.2 we will work in the neighborhood of a generic point,
which implies that we may assume w.l.0.g. that the algebraic multiplicities of the eigenvalues
are 2my, ..., 2my, they do not change in this neighborhood and all A; are smooth, possibly
complex-valued functions. Now, evidently f(¢) = dete(¢-1d—A) = (1 —A1)"L -+ (t —Ag)™k.
Note that the formula for f(#) makes sense also if # € C \ R. Indeed, because of linearity
of the Killing equation, for a Hamiltonian function f(¢) with t € C \ R the Hamiltonian
vector field, which is now complex-valued, is still a holomorphic Killing vector field in the
sense that its real and imaginary parts are holomorphic Killing vector fields. To see this, note
that f(¢) is a polynomial in ¢ so all of its coefficients are Hamiltonians for holomorphic
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Killing vector fields. Thus, for complex-valued 7 the real and imaginary parts of f(¢) are still
linear combinations of the coefficients.

Consider now the family d f(¢) of differentials of Hamiltonians of the canonical Killing
vector fields. It is given by

mi(t —A)™M e = A)™2 - (f — Ag)™ed Ay
(23) + ma(t — A)™ (1 = A2)"™2 7 e (1 — Ag) R d A,
b (= A" (= A2)™ e (= M) d A

Suppose now that a (possibly complex-valued) eigenvalue A; has algebraic multiplicity
2m; > 4. W.lo.g. we may think that i = 1. We take an arbitrary point p, set A= A(p)
and consider the Hamiltonian f(¢) with ¢t = X. Since m; > 2, we see that d f (/N\) = 0at p.
Then the components of the matrix of the hessian V2 f(1) at p in any coordinate system x;
are simply given by the components 9;9; f (i) of the usual hessian at p and, hence,

V2 Q) (p) = mi(my — DA = A)" (A = A)™2 -+ (A — Ap)™dAT .

We see that if A; is actually real-valued, the hessian V2 f(1) at the point p vanishes or has
rank 1. But it cannot have rank 1 because it is Hermitian. Thus, V2 (1) has to vanish.
Suppose now A; = « + if8, where @ and § are real-valued functions. Then,

dA? = da® — dB? + 2idadp.

If da and dB are linearly dependent, da? — dB? and dadf have rank 1 or 0. Since rank 1 is
impossible (this would imply that V2 f (5&)( p) has rank 1 leading us to a contradiction) they
vanish. The case where da and df are linearly independent cannot occur because in this case
the bilinear forms da? — df? and dadp have signature (1, 1, 2n — 2), which contradicts the
fact that they are Hermitian. Finally, V2 f ()Nt) =0at p.

It is well known that the first jet (i.e, the vector field and its first covariant derivative) of a
Killing vector field at a point determines the Killing vector field on the whole manifold. As
we just proved, the first jet of the Killing vector field corresponding to the Hamiltonian f ()1)
vanishes at p. Then it vanishes on the whole manifold which implies that the function f )
is a constant. It is clearly zero at the point p so it is identically zero and Xisan eigenvalue at
every point of the manifold. The 1st statement of Lemma 2.2 is proved.

Let us now prove the 2nd statement. Denote by X a vector field of eigenvectors corre-
sponding to a non-constant eigenvalue p (viewed as a function on the manifold). First
observe that for any vector Y we have

(A—p-Id)Vy X =dp(Y)X —g(X,Y)A —g(X,A)Y
—g(X,JY)JA —g(X,JAN)JY.

To obtain (2.4), take the covariant derivative in the direction of Y of the equation
(A—p-1Id)X = 0, substitute (1.4) and rearrange the terms.

Taking Y orthogonal to X and to JX, we see that the right hand side of (2.4) is a
linear combination of the vectors X, ¥ and JY. Note that since the algebraic multiplicity
of p is two, we have g(X,X) = g(JX,JX) # 0 implying that X, Y and JY are linearly
independent. Since the left hand side (A—p-Id) Vy X is orthogonal to the kernel of (A—p-1d),
the coefficient of X, which is dp(Y"), is zero. Thus, the function p is constant in any direction
orthogonal to X and to JX. By the 1st statement of Lemma 2.2, the algebraic multiplicity

24
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of p is 2 and it follows that grad p and J grad p are eigenvectors of A corresponding to the
eigenvalue p.

To prove the 3rd statement, consider the non-constant eigenvalues of A and denote them
by p1, ..., pe. We will work near a generic point so we may assume that pq, ..., py are smooth
functions with non-zero differentials. Observe that for any ¢ the function (+ — A;)™ is a
constant if the eigenvalue A; is a constant and, in view of the proved first statement, if
m; > 2. Then each f(¢) is proportional with a constant coefficient to (t —p1) - - - (t — p¢). The
function £ (1) = (t —p1) - (t — pg) is a polynomial of degree £ with leading coefficient equal
to 1 and has at most £ non-constant coefficients. Thus, the number of linearly independent
canonical Killing vector fields is at most £.

Since the gradients grad p; belong to different eigenspaces, they are linearly independent
and in view of (2.3), the differentials of f (¢1) and f(¢,) are linearly independent for ¢; # ¢,
so the number of linearly independent canonical Killing vector fields is precisely £.

To prove the 4th statement, recall that a Killing vector field which vanishes on an open set
vanishes everywhere. Then, by the 3rd statement of the lemma, the number of non-constant
eigenvalues is the same on every open subset of regular points and the claim follows.

In order to prove the Sth statement, observe that the distribution spanned by the canonical
Killing vector fields, at regular points, coincides with the distribution spanned by the Hamil-
tonian vector fields generated by the non-constant eigenvalues. By the 2nd statement, such
Hamiltonian vector fields have non-zero length at regular points and are mutually orthog-
onal, and the claim follows.

Let us prove the 6th statement. By the 2nd statement, we have
w(K(t1), K(12)) = g(JK(11), K(12)) = 0

for any real numbers ¢1,1,. By definition of a Poisson bracket, this equation is equivalent
to say that the Hamiltonian functions f(¢1), f(¢t2) corresponding to K(¢1), K(t;) Poisson
commute, { f(¢1), f(t2)} = 0. On the other hand, recall that [K(¢;), K(;)] is the Hamiltonian
vector field corresponding to the Hamiltonian { f(¢1), f(¢2)}. We obtain [K(#1), K(¢2)] = 0.
The remaining equations follow from the fact that the vector field K(¢) is holomorphic and
therefore JK(¢) is also holomorphic.

To prove the 7th statement, assume w. I. 0. g. that A is non-degenerate (the statement of
part (7) is local and we may change A — A + const - Id). Then we can consider the metric g
from (1.3) c-projectively equivalent to g. It is sufficient to show that the canonical Killing
vector fields for g are also canonical Killing vector fields for . W.l.0.g. we may work in the
neighborhood of a regular point. Let py, ..., py denote the non-constant eigenvalues of A.
If we swap the metrics g and ¢ in the Definition (1.2), the tensor constructed by the pair
of metrics g, g is clearly the inverse of the initial A, therefore its non-constant eigenvalues
are pil, e ﬁ.

We will show that the canonical Killing vector field K(¢) for g, whose Hamiltonian is
detc (¢ - Id — A), is proportional with a non-zero constant coefficient to the canonical Killing
vector field K (1) for ¢, whose Hamiltonian is detc (1 - 1d — A71).

Since the multiplicity of the non-constant eigenvalues of A is two, up to multiplication
by a constant, for any ¢, the differential of detc (¢ - Id — A) coincides with the differential
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of (t — py)---(t — pg) which is

(t=p2)---(t —pe)dpy + (t — p1)(t — p3) -+~ (t — pe)dpa + -+ + (£ — p1) -+ (t — pe—1)dpg.

Similarly, for any 7 # 0, the differential of detc (} - Id — A™!) is proportional with a constant

coefficient to the differential of ( — L)... (1 — i) which is, up to multiplication by a non-

t P1 t
zero constant, given by

dete(4) ((Pz —1)---(pg — f),,%dpl

+ (o1 —1)(p3 — 1) (pg — f)édpz + (o1 — 1) (pg—1 — l)édp[).

Now, the canonical vector fields K(7) and K (%) are related to the differentials of detc (7 - Id — A)
and detc (1 -1d — A1) by

K(t) = Jgradgdetc(r - 1d — A) and K (1) = Jgradgdetc (L -1d— A7)

Combining this with (1.3) and the 2nd statement, we conclude that K(¢) is proportional
to K (1) with a constant factor.

Let us now prove the 8th statement. It is sufficient to prove it on the dense and open
subset M° of regular points. As usual, by p, ..., p¢ we denote the non-constant eigenvalues
of A. From the definition, it follows that the integrable distribution % spanned by the
canonical Killing vector fields K(¢), t € R, coincides with the distribution spanned by the
vector fields Jgradp;, i = 1,...,£. Consider the distribution of = UV @ J . It is spanned
by the family of vector fields K(¢), JK(t), t € R, is integrable by the 6th statement and
coincides with the span of gradp;, Jgradp;,i = 1,...,£. From Formula (2.4) combined with
the 2nd statement, it follows immediately that the distribution o7 is totally geodesic. By the
Sth statement, the restriction gy of g to an integral leaf £ € M© of & is nondegenerate.

Then it follows that the integral leafs Z C Z of the integrable subdistribution J U C f are
totally geodesic since they are orthogonal in (Z, 8| z) to a distribution spanned by Killing
vector fields. This implies that Vg ;,)JK(t2) is tangent to J 9, or equivalently (since J is
parallel and K(¢) is holomorphic), that J Vg, )K (1) is tangent to % as we claimed. This
completes the proof of Lemma 2.2. O

Let u; denote the ith elementary symmetric polynomial in py, ..., p¢, i.e., in the non-
constant eigenvalues of A c-compatible with (g, J). Note that although the p; may fail to
be smooth at certain points, the u; are globally defined smooth functions on M : clearly we
have detc(r-Id—A) = P(1) Y. (—1)! w1, where P(t) is a polynomial of degree n—¢ with
constant coefficients and we put po = 1. In what follows we will mainly work with a special

set of canonical Killing vector fields Ky, ..., Ky corresponding to 4, where K; is defined to
be the Hamiltonian vector field with w; as a Hamiltonian function, i.e.,
(2.5) K; = Jgradu,;.

These Killing vector fields have been considered in [1]. By Lemma 2.2, the span of these
vector fields at each point coincides with the span of the vector fields K(z), t € R, and
therefore, they share all the properties that have been proven for the vector fields K(¢) in
Lemma 2.2. For instance, o(K;, Kj) = 0, hence, [K;, K;] = [JK;, K;] = [JK;, JK;] =0
and Ky A--- A Ky # 0 at each point of MO,
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3. Reduction to the real projective setting

We recall the description of a Kahler manifold with a local isometric Hamiltonian
Rf-action in §3.1. In the setting of c-projectively equivalent Kihler metrics, this action is
given by the commuting Killing vector fields K3, ..., Ky from (2.5) induced by a Hermitian
solution A of (1.4). As stated in §1.2, the quotient of the Kéhler manifold (M, g, J) w.r.t. to
this action yields a manifold (Q, gp) and go admits a projectively equivalent metric. This
will be described in detail in §3.2.

3.1. The Kihler quotient w.r.t. a local isometric Hamiltonian R¢-action

Recall from [1, §3.1] that a local isometric Hamiltonian Rt-action on a Kihler mani-
fold (M, g, J) is given by holomorphic Killing vector fields K, ..., Ky satisfying

a)(K,-,Kj) =0

and K; A--- A K; # 0 on a dense and open subset M® C M called the set of regular points.

Note that in [1], the name “{-torus action” was used instead of “R¢-action”. The point
is that the metrics in [1, 2] are positive definite so that under the additional assumption of
compactness, the isometric R¢-action described above generates a commutative subgroup of
the compact group of isometries, its closure being a torus.

Since the vector fields K7, ..., Ky are symplectic, they are also locally Hamiltonian, i.e.,
we have K; = Jgradpu; for certain local functions u;, i = 1,...,£. The condition
o(K;, Kj) = 0 moreover implies that the vector fields mutually commute.

By Lemma 2.2, the canonical Killing vector fields (2.5) coming from a solution A of (1.4)
generate a local isometric Hamiltonian R¢-action, where £ is the number of non-constant
eigenvalues of A at a regular point. The notion of regular points as introduced above coin-
cides with the notion of regular points introduced in §1.3. However, for the time being, we
will forget about c-projective geometry and will first restrict to the general setting of a local
isometric Hamiltonian R¢-action.

Since we are dealing with metrics of arbitrary signature, we have to take care of the non-
degeneracy of orbits of an Rf-action. A local isometric Hamiltonian R¢-action given by
Killing vector fields K7, ..., Ky is called non-degenerate if the restriction of the metric g to
the (regular) distribution

VY = span{Ky,..., K¢}
on the regular set M° is non-degenerate.

As shown in Lemma 2.2 (5), the R¢-action coming from the canonical Killing vector fields
corresponding to a solution A of (1.4) is non-degenerate in the above sense.

Given a local isometric non-degenerate Hamiltonian R¢-action, we will now reduce the
setting by considering the quotient of M w.r.t. the action of the Killing vector fields. The
procedure of this reduction and the local description of Kéhler metrics admitting a local
isometric Hamiltonian R¢-action can be found in [1, §3.1] and [38]. For the sake of complete-
ness, we will recall these results. The only difference in our case is that the metric g is allowed
to have arbitrary signature but assuming non-degeneracy, there is actually no difference to
the procedure described in [1].

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1486 A.V. BOLSINOV, V.S. MATVEEV AND S. ROSEMANN

Consider a non-degenerate local isometric Hamiltonian R¢-action on (M, g, J) by holo-
morphic Killing vector fields K7, ..., K¢. Let us restrict our attention to the regular set M°
and let G denote the commutative (pseudo-)group generated by the local flows of K1, ..., K.
Consider the (local) quotient Q = M/ G of M w.r.t. the G-action and the (local) fiber bundle

T:M— Q=M/G.

The vertical distribution of this bundle coincides with the distribution %) and we define a
(G-invariant) horizontal distribution ) = D Let 6 = 61,....6;) : TM — R be the
corresponding connection 1-form on M, where the components 6; have been chosen to be
dual to the Killing vector fields K;, that is, the 1-forms 6; are defined by

gi(Kj) = 8,']' and QZ(Q) =0.

As above, the local generators for the vector fields K; will be denoted by u; (so that
K; = Jgrad ;) and we can gather these functions into a (locally defined) moment map
w=(t1,...,pe) : M — (RY)* for the Hamiltonian action of G. Lemma 2.2 (6) implies that
the moment map p is G-invariant, thus it descends to a mapping 1 : QO — (RY)* on the
quotient. The level sets S, in Q of this mapping are the Kéhler quotients of (M, g, J) w.r.t.
the isometric Hamiltonian action of G. We refer the reader to [22, §3] for some background
on symplectic reduction and Kéhler quotients.

On the other hand, we can also take the (local) quotient of M w.r.t. the action of the
commutative (pseudo-)group G generated by the local flows of the commuting vector
fields K1, ..., Ky, JK1,..., JK;. The result is a manifold S = M/G(C and since the tangent
spaces of the fibers of the bundle M — S are J-invariant and the action of GC is by
holomorphic transformations, S inherits a canonical complex structure Js. As a complex
manifold, S can canonically be identified with the Kdhler quotients S,,. In view of this,
S carries a family of Kihler structures (g,.,®,) which are compatible with the complex
structure Js. The quotient Q may locally be written in the form Q = S x U, where the
open subset U C (RY)* parametrises the level sets of j. In this picture, the subset U can be
viewed as the parameter space for the family of compatible Kédhler structures (g, w,) on S.

Since the forms 6; o J and du; span the same subspace of 7* M, we can define a point-wise
non-degenerate matrix of functions G;; and its inverse with components H;; by

4 4
(3.1) 9,' oJ = ZGijd,U«j and dy,l' oJ = —ZH,']'QJ'.

j=1 j=1
Note that it follows from (3.1) that
Hi; = g(Ki. Kj),

in particular, H;; and G;; are symmetricin i, j.
The Kéhler structure can now be written in the form
) )

g=8u+ Z H;;0;0; + Z Gijdu;du;,
ij=1 ij=1

(3.2) .
® = wy —i—Zdui A 0.

i=1

4¢ SERIE - TOME 54 — 2021 — N° 6



YANO-OBATA AND LICHNEROWICZ CONJECTURES 1487

In our case, the R¢-action induced by a solution A of (1.4) satisfies one additional property
called rigidity that essentially simplifies the above local formulas for g and w.

Recall from [1, §3.2] that a local Hamiltonian R¢-action on a Kihler manifold (M, g, J)
given by holomorphic Killing vector fields K, ..., Ky is called rigid if the leaves of the
distribution

F=VoJYV
are totally geodesic (where @ is the vertical distribution of M — Q).

There are a number of equivalent conditions to this rigidity property, see [1, Proposi-
tion 8]. We recall this result for convenience of the reader. Note that, although it has been
proven in [1] for positive signature, the proof still works in arbitrary signature assuming
non-degeneracy of the R¢-action.

PROPOSITION 3.1 ([1]). — Consider a local isometric Hamiltonian R -action given by holo-
morphic Killing vector fields K1, ..., K¢. The following assumptions are equivalent:

1. The action is rigid.

2. The functions H;; = g(K;, K;) are constant on the level surfaces of the moment map
w: M — (RH*.

3. Vg, Kj € & foralli,j =1,...,L

4. The Kihler quotient forms w,, depend affinely on the components p; of the moment
map 1 2 Q — (RY* and their linear part pulls back to the curvature of (61, ..., 6p).

REMARK 3.1. — Condition (3) of the proposition can be replaced by “Vg, K; € J U for
alli,j = 1,...,£”. Indeed, if this holds, &7 is obviously totally geodesic, hence, the action
is rigid. The converse direction follows from the same line of arguments that has been used
in the proof of Lemma 2.2 (8). We see that “J % is totally geodesic” is another condition
equivalent to rigidity of the action.

Proposition 3.1 gives rise to some simplifications in (3.2) and we come to the following
local description:

PROPOSITION 3.2. — Let (M, g, J, ) be a Kéihler 2n-manifold together with a rigid non-
degenerate (local) isometric Hamiltonian R¢-action generated by Hamiltonian Killing vector
fields K; = Jgrad u;, i = 1,...,L. Then locally M can be presented as direct product

Vit ... te) X Uptr, o pg) X S(y1, -+ yak),

and g, w and J take the following form:
4 )4 L
(3.3) g= Y Hy(wbib + Y Gi(ududu; + Y pigi + go,

ij=1 i,j=1 i=1

{
> HijG = Six
j=1
¢ ¢
(3.4) o= du A0+ pio; + o

i=1 i=1
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and

L L
(3.5 ol = ZGijdﬂh dpioJ = —Z H;j0;, dy;oJ =dy;o Js,
j=1 j=1

where the ingredients in these formulas are as follows:
1. 6; =dt; + o withda; = w;;

2. (g,Lz D i Migi+ 8o, W= ; hiw;i +wo, JS), is a Kdhler structure on S for any p € U
(compatible with the same complex structure Js independent of |1);

3. 94, Gk =y, Gig.

Conversely, if on M = V x U x S we consider g, w, J as above, then (g, ) is a Kdihler
structure on M and the generators |41, . . ., |L¢ define a rigid non-degenerate (local) isometric
Hamiltonian Rt-action. In particular, the vector fields K; = J grad p; are holomorphic Killing
vector fields.

3.2. Reduction from the c-projective to the projective setting

We continue to use the notation introduced in the preceding section but assume that
the nondegenerate local isometric Hamiltonian R¢-action is given by the Killing vector
fields K, ..., K¢ from (2.5) that come from a certain solution A4 of (1.4). Let gp denote the
metric on the local quotient Q = M/ G obtained from g. In the notation of Proposition 3.2,
Q can locally be identified with U x S and g can be obtained from (3.3) by removing the
first term, i.e.,

L )4
(3.6) go= Y Gi(wduwdu; + > pigi + go.
ij=1 i=1

Recall that the vertical distribution %) = span{Kj,..., Ky} coincides with the span of
the vector fields Jgrad pq, ..., Jgrad ps, where py, ..., p¢ are the non-constant eigenvalues
of A. Since by Lemma 2.2, the vector fields Jgrad p; take values in the eigenspaces of 4,
the distribution % is A-invariant and consequently, A preserves also §) = . On the other
hand, according to Lemma 2.2 (7), A is preserved by the Killing vector fields K; and it follows
that A descends to a gp-selfadjoint endomorphism Ag : TQ — TQ.

Recall the O’Neill formula [36] for a Riemannian submersion relating the Levi-Civita
connection V€ of the quotient metric go to the Levi-Civita connection V of g by

(3.7) V2Y = pro(VxY),

where prg : TM — §) is the projection onto the horizontal distribution ¢) and we adopted
the convention to denote vector fields on Q and their horizontal lifts to ¢) by the same
symbol. Note that the vector field A in (1.4) is tangent to the horizontal distribution ¢) and it
is invariant w.r.t. the action of the K;’s. Thus, A is (the horizontal lift of) a vector field on Q.

LEMMA 3.3. — The endomorphism Ag : TQ — TQ obtained from A by reduction satisfies
the equation

(3.8) V24 =X"@A+ A X

4¢ SERIE - TOME 54 — 2021 — N° 6



YANO-OBATA AND LICHNEROWICZ CONJECTURES 1489

for all X € TQ, where X* = go(X,-). In other words, gg and Ag are compatible in the
projective sense.

Proof. — From the O’Neill Formula (3.7), the definition of Ao and commutativity of A
with pry), it follows that

(VR AQ)Y = VE(AgY) — Ag(VEY) = pry((Vx A)Y).
Inserting (1.4) into this equation and using the fact that J A is tangent to U = Ql, we obtain
(VEA0)Y = g(X.Y)A + g(A.Y)X = go(X.Y)A + go(A.Y)X

as we claimed. ]

The local description of compatible pairs (gg. Ag) has been recently obtained in [10]
(see also [9]). These results, after some adaptation, will lead us to the local description of

pairs (g, A).

4. Local description of c-projectively equivalent metrics

In this section we prove Theorems 1.5 and 1.6.

4.1. Local description of the quotients of c-projectively equivalent metrics and lifting

We have shown above that by taking the quotient of M w.r.t. the action of the Killing
vector fields Ky, ..., K¢, the local description of a Kahler manifold (M, g, J) of arbitrary
signature admitting a Hermitian solution A4 of (1.4) is reduced to the classification of pseudo-
Riemannian manifolds (Q, go) admitting a go-selfadjoint solution Ag to (3.8). In other
words, a description of c-compatible pairs g, A4 is reduced to a similar problem for compatible
pairs gg, Ag on the quotient 0 = M/G which has been solved in [10] and we apply this
result to our situation.

Before deriving the local description for the pair (gg, Ap) in our specific situation, we
briefly recall the “splitting and gluing constructions” from [9] appropriately reformulated for
our purposes, we refer to [10, §1.2] for a more detailed summary.

Let (Q, go) be a pseudo-Riemannian manifold and Ag : TQ — TQ be a gp-selfadjoint
endomorphism compatible with g¢ in the projective sense, i.e., satisfying (3.8).

In the neighborhood of a generic point, the eigenvalues of Ap are smooth (possibly
complex valued functions). Some of them, say ¢y, ..., c,, are constant. Then the character-
istic polynomial x(¢) = det(¢ - Id — Ag) of Ag can be written as

X@) = xnc(t) - xc(t)

where the roots of y. are the constant eigenvalues of Ao (with multiplicities), whereas the
roots of y,c are the non-constant eigenvalues. Assume that these polynomials y,.(¢) and
xc(t) are relatively prime, i.e., the non-constant eigenvalues cannot take the values ¢y, ..., ¢,.
In other words, we divide the spectrum of Ag(p), p € Q into the “constant” and “non-
constant” parts, and assume that these parts are disjoint for any p € Q.
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ProposITION 4.1. — [9] Locally Q can be presented as U(x1,...,xg) X S(¥1,...,Ys) SO
that the endomorphism Ao and the metric gg take the following block-diagonal form

(L) o _ () 0
@.1) AQ(X»y)—< 0 Ac(y)) and gQ(x’y)_( 0 gc(y)-xnc(Ac(y)))’

where L and h are compatible (that is, satisfy (1.7)) on U, and A is parallel on S w.r.t. g..

Conversely, Ag(x,y) and go(x,y) defined by (4.1) are compatible in the projective sense,
i.e., satisfy (3.8) on U x S, whenever h and L are compatible, A. is parallel w.r.t. g. and the
spectra of L and A, are disjoint.

Notice that the formula for the metric gg can be equivalently rewritten as follows

L 4
42)  go= Y By(dxdx; + ) wi(x)gi+go. & =(-1'ge(AI7),
ij=1 i=1

which completely agrees with the Formula (3.6) for the reduced metric gp. Here the first
term corresponds to the metric 2 and the remaining terms represent the other block, i.e., the
metric gc(¥) - ¥nc (Ac(y)) which can be understood as a family g,, = > u; g; + go of metrics
on § parametrised by the coefficients w1, ..., i of the characteristic polynomial y,. = yr
of the “non-constant” block L. Notice that the splitting of Q into the direct product U x S
in both cases is determined by the decomposition of 7, O into two A p-invariant subspaces
corresponding to the partition of the spectrum of Ag into two parts, “constant” and “non-
constant”. Also notice that in both cases u; are the same: these are the elementary symmetric
polynomials of non-constant eigenvalues of L (or, which is the same, of A4).

Formula (4.2) describes, however, a more general situation than (3.3). In particular, in
Proposition 4.1, the non-constant eigenvalues may have arbitrary multiplicities and the
“constant” block (S, g¢, Ac) carries no Kéhler structure. Thus, some additional specific
properties of gg and A should be taken into account. In particular, we need local formulas
for the metric which simultaneously satisfies (4.2) and (3.3).

As we know from Lemma 2.2 (1), the multiplicities of the non-constant eigenvalues
p1, ..., pe of Ag equal one and moreover dp; A--- Adpy 7% 0 on Q by Lemma 2.2 (3). This
condition guarantees that both the eigenvalues py, ..., p; and the symmetric polynomials
U1,..., ¢ can be taken as local coordinates on U. Also we know from (3.3) that S is
endowed with a natural complex structure Jg and for each u € U, the metric

L
gu = Z Migi + &o
i=1
on S is Kihler and A; on S is Hermitian w.r.t. (g, Js). In addition A, is parallel w.r.t.
ge = gu(xnc(Ac)™1-, ) by Proposition 4.1. This obviously implies that the metrics g, and
g, are affinely equivalent for each u, i.e., their Levi-Civita connections coincide. Hence, if we
introduce w, = g.(Js-,:) = c()M(()(nc(AC))_l -,-), then w, is parallel and therefore (g¢, ¢, Js)
is a Kdhler structure on S admitting a parallel Hermitian endomorphism A, (in other words
the conclusion about the constant block in Proposition 4.1 now holds in the Kahler setting).

Summarizing, we see that the pair (gg., Ap) admits the following local description.
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ProrosITION 4.2, — Using the natural decomposition Q = U(x1,...,x0)XS(V1,. .., Yak)
as in Proposition 4.1, we can write g and Ag as follows

L(x) 0 h(x) 0
. = d -
(43)  Ag(x.y) ( 0 Ac(y)) and  gg(x,y) (0 gc(y)'XL(Ac)’)

where

— (L, h) is a compatible pair on U (in the projective sense) such that the eigenvalues
P1,---,pe of L are all distinct and dp; # 0. Moreover, y(t) = det(t - Id — L) denotes
the characteristic polynomial of L;

— (S, gc, Js) is a Kihler manifold and A. is a parallel Hermitian endomorphism on S.

The metric & = }; ; Bjjdx;dx; can be rewritten in coordinates 1, ..., f¢
¢ 14 ¢ D1t D115
o
h = Z B,-jdx,-dxj = Z Gaﬂd,uadu,g, Bij = Z Gaﬂ 3)6,' E
i,j=1 a,B=1 a,f=1

asin Proposition 3.2. As we know from this proposition, the components G;; must satisfy one
additional condition, namely %/ij’ = Bgff . It turns out (see Proposition 4.4 and Lemma 4.5
below) that this property follows automatically from the compatibility of & and L. This
means that we have no more restrictions onto the reduced pair gp and Ag, and can now

summarize the above discussion as follows.

ProrosiTiION 4.3. — Let (M, g, J, w) be a Kéihler 2n-manifold and let A be a Hermitian
solution to (1.4). Then in the neighborhood of a regular point p € M°, where A has non-constant
eigenvalues p1, . . ., pg, we can introduce a local coordinate system

V(ty,....t0) xU(x1,...,x0) X SOV1, .-+, Vak)
in which g, w and A take the following form

)2 L 12
(44 §= D Huplabp + D Biydidx; + Y pi- (=1)'ge(A")
a,B=1 i,j=1 i=0
4 l ' )
(4.5) = dueg Ay + Y i - (=1 (AT, )
a=1 i=0
S . :
(4.6) A=Y ME(x)6® ot Z Li(x)dx; ® P
a,f=1 i,j=1
2k 9 14 9
+ ) (Afdy, ® (a_ - Z%—) 7
_ Yg iZ 01
p.q=1 i=1

where the ingredients in these formulas are as follows:

L. (gc, wc) is a Kihler structure and Ac = 3 _, , (A)idy, ® dy, is a parallel Hermitian
endomorphism on S;

2. h = Bj;(x)dx;dx; is a pseudo-Riemannian metric and L(x) is an endomorphism on U
forming a compatible pair (in the projective sense);
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3. the eigenvalues p1, ..., pg of L are pairwise distinct and satisfy dp; # 0 on U, they are
also different from the constant eigenvalues of A,

4. w; denote the elementary symmetric polynomials in py,...,pe, i = 1,...,¢, and we
set o =1,

5. 0; = dti+a;, wherea; =), aigdygisal-formon S satisfying de; = (=D w (A5,

6. and finally Heg =Y ; ; B a ¥ \hore B is the inverse of Bij and

ox; 0x;
B _ i dup 9x;
M, = Zi,j Lj Ox; e

Proof. — The Formulas (4.4) and (4.5) follow from the discussion above. It remains to
derive Formula (4.6) for A. First of all we note that the basis dual to the coframe 6;, dx; , dy, is
given by

I B BN

o ox; Ay ;“”’ o
Comparing Formula (4.3) for Ap with Formula (4.6) for A, we see that the reduction of A
given by (4.6) is indeed given by Ao from Proposition 4.2. It remains to show how A acts on
the Killing vector fields d;, . Formula (4.5) shows that iatB o = —dug, hence, d;, = Jgrad pug.

Using that A commutes with J and that L is /-selfadjoint, we obtain

y4 )4
a ;oug dx; 0 a
A— = JA(grad pug) = JL(grad, jug) = LT — =N B
dtg i,“z“::l T 0x; Opg Oty o; Y Oty
which establishes Formula (4.6). O

Thus, we are led to the situation described in Example 3 and, therefore, the second part
of Theorem 1.5 is proved.

The main ingredients in the above local formulas are the pair (4, L) on U and the triple
(gc, e, Ac) on S. The 1-forms o; on S are determined by (w., A¢) only up to the transfor-
mation «; —> «o; + d f; for arbitrary functions f; on S. However, such functions define a
fiber-preserving local transformation f : M — M,

S, x,y) =+ fr(y),....te + fe(¥),x, ),

that fulfills f*6; = 6; + d f;, f*dx; = dx; and f*dy, = dy, and pulls back the objects
in Proposition 4.3 written down w.r.t. 6; to the corresponding objects written down w.r.t.
6 = 60; + d f;. All the other ingredients appearing in the formulas of Proposition 4.3
can be uniquely reconstructed from (4, L) and (g¢, w¢, Ac). However, we do not know yet
whether these ingredients can be arbitrarily chosen or should, perhaps, satisfy some addi-
tional restrictions which are not mentioned in Proposition 4.3. The next section shows that
there are no more restrictions and (4.4), (4.5) and (4.6) can be used for the local description
of c-compatible g and A. To that end, we only need to substitute into these formulas the
local normal forms for (&, L) and (g, wc, Ac) which were previously found in [10] and [14]
respectively.
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4.2. Realization

The purpose of this section is to prove the following result which is equivalent to the first
part of Theorem 1.5.

PROPOSITION 4.4, — Let h = Zf,j:l B;;(x)dx;dx; be a pseudo-Riemannian metric and
L(x) an endomorphism on U forming a compatible pair (in the projective sense) and let (g, wc)
be a Kiihler structure of arbitrary signature and A. a parallel endomorphism on S. Suppose that
the eigenvalues of L and A. satisfy condition (3) from Proposition 4.3 and the 1-forms a; on S
are chosen as in condition (5). Then

— g and w given by (4.4) and (4.5) define a Kdihler structureon V.x U x S,

— A given by (4.6) is Hermitian w.r.t. (g, w) and satisfies (1.4), in other words A and (g, ®)
are c-compatible.

Proof. — To verify that g and w define a Kéhler structure, we use Proposition 3.2.
Formulas (4.4) and (4.5) are similar to (3.3) and (3.4) but we still need to verify some
conditions. First of all, we can use ug,..., e as local coordinates on U to rewrite the
term h = Y, . Biydx;dx; as ), 5 Gagduadug, where Bi; = 3, 4 Gaﬁ%%‘% and then
the matrices H,g and G,p are inverse to each other as required in Proposition 3.2. Next we
need to check that g, = Y F_o i - (—1) ge(A -y and w,, = Y5 i - (=1 we(AS-, 1)
define a Kéhler structure on S for any u, but this condition immediately follows from the
fact that (gc, w.) is Kéhler and A, is Hermitian and parallel with respect to it. Notice that
the complex structure Jg is, by construction, the same for all (g, w,).

Less trivial is the fact that & is a Hessian metric in the coordinates uq,..., iy, i.€.,
that d,,Gjx = 0,,Gix holds for all i, j,k (condition (3) from Proposition 3.2). To
prove it, we first notice that this condition is equivalent to the fact that the vector fields
grad uy,...,grad uy commute. Indeed, 9,,Gjr = d,,Gix means that the 1-forms
Br = Y_; Gixdu,; are all closed. Hence, the statement immediately follows from the obser-
vation that the forms fi,..., B¢ are dual to the vector fields grad uq,...,grad g, ie.,
Bi(grad ;) = b;.

Thus, it remains to prove the following lemma (cf. Lemma 2.2 (6) which is a c-projective
analogue of this statement).

LEMMA 4.5. — Let h be a pseudo-Riemannian metric on U C R and L be an h-selfadjoint
endomorphism compatible with h in the projective sense. Let

J4
det(r -Id — L) = Y "(=1) p;t“",

i=0

where the functions i, i = 1,...,¢, are the elementary symmetric functions in the eigenvalues
of L and o = 1. Then,

[grad p;, grad u;] = 0 for all i, j.
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Proof. — First of all, since the vector fields grad uy,...,grad uy are constant linear
combinations of the vector fields of the form v, = graddet(s - Id — L) forz € R and vice
versa, it suffices to prove that

4.7 [V, v5] =0

forallz, s € R. Moreover, it suffices to prove (4.7) for ¢, s which do not belong to the spectrum
of L locally in the neighborhood of a point. For L : TM — TM an arbitrary non-degenerate
endomorphism and X an arbitrary vector field, recall the general formula

X(det L) = (det L)tr(L™'VxL).
In our case, L and therefore Ly = s - Id — L satisfy (1.7), i.e.,
(4.8) Vx(s-1d—L)=-VxL=-X"@A-A"®@ X

holds for a certain vector field A. Defining f; = det L; and combining the previous two
equations we obtain

4.9) X(fs) = =2fh(X. L' A),

or equivalently, vy = grad f; = —2f,L; ' A. Note that this formula is meaningful and holds
true even if s is in the spectrum of L. We calculate

Vxvs = 2fs [R(X. Ly"A)L7'A —h(A, L' AL X — L7 Vx A].
It is a well-known statement in projective geometry that the endomorphisms L and VA
commute, see for example the discussion below Theorem 7 in [7]. Replacing X by v, in the
last equation and using [L;!, VA] = 0, we obtain
Vo vs = 4fs fr [h(L7P A LA LTYA + h(A LA LTVLT'A + LT LT ' VAA]L
Thus,
[Ut» vs] = vvt Vs — vvs Ut
=4f fi [-h(A,L7'LTPA)L = LyYA + h(A (L = L)AL LA

Inserting the identity L;! — L7! = (t —s)L; ' L7 ! into the last equation, we obtain (4.7) as
we claimed. O

Applying this lemma to & and L from Proposition 4.4, we get condition (3) from Propo-
sition 3.2. Thus, now Proposition 3.2 implies that ¢ and w given by (4.4) and (4.5) indeed
define a Kéhler structure on V' x U x § which completes the proof of the first statement of
Proposition 4.4.

It is easy to see that 4 is Hermitian w.r.t. (g, ). It remains to show that A satisfies (1.4)
and we will proceed as follows. Consider the Hermitian metric

(4.10) g = (detc A)lg(a™t.,)

obtained from g and A by solving (1.2) w.r.t. g. First, we show that g is a Kdhler metric
on (V x U x 8,J). Then we show that g and g are c-projectively equivalent. This implies
that A satisfies (1.4) and we are done.

PROPOSITION 4.6. — The metric g is a Kihler metric on (V x U x S, J).

4¢ SERIE - TOME 54 — 2021 — N° 6



YANO-OBATA AND LICHNEROWICZ CONJECTURES 1495

Proof. — We use the (local) formulas for g, w and A from Proposition 4.3 and the notation
introduced there. Since ¢ is Hermitian w.r.t. J by construction, we only need to check
that & = g(J-,-) = (detc A)"lw (A~ ") is closed.

Notice that detc A = ¢ - g for some constant ¢ so that we may, without loss of generality,
replace & by pu; 'w(A71, ).

Then, by (4.5) and (4.6), we get

- . Mk
cd=> pM(dpio LT A G+ ) a4,
i=1 k=0 M
where w; = (—1)*wc(A57*-, ).

The closeness of @ now follows from two facts

— py'(dpi o L7') = —djigq1—;, where i denotes the kth elementary symmetric
polynomial in the eigenvalues of L™!, i.e., in p7*,..., p;'. This is a general property
of a compatible pair (4, L), see Lemma 4.7 below.

4 -1 4 ~ TN . .
— D k=0 ‘;—’Zwk(Ac ) = =D gm0 ek @ky1 = — D _j—y fgs1-iwi—wgy1. This relation
is straightforward.

Hence
¢ ¢
c o=-— Z dilgr1-i A Oi— Z fgy1—i@i—wet1
i=1 i=1
and the property do = 0 becomes obvious, as wy’s are all closed and d6; = w; by
construction.

Thus, in order to complete the proof of Proposition 4.6 it remains to prove

LemMA 4.7. — Let h and L be compatible in the projective sense. Then the following relation
holds

qotL (dpi o L7") = —=djftgs1—

fori =1,...,L, where fu is the kth symmetric polynomial in p7*, ... p;".

Proof. — Recall that the compatibility condition (1.7) implies that the Nijenhuis torsion
of L vanishes (see for instance [§, Theorem 1]). Lemma 10 from [9] states that for such L the
following formula holds:

dyr@)oL —t-dyp(t) = yo(t)-dtrL,

where yp (t) = det(¢-1d— L) is the characteristic polynomial of L. Let us multiply both sides
of this formula by L=1:

dyo(t)—t-dyp(t)o L™ = yp(t)-dtrLo L™!.
Hence,

dyr(t)oL™" = —(dyr(t) — yo(t)-dtrLo L7').

~ | =
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Using another nice formula dtr L o L™! = d(Indet L), we get

1 TdetL-dyp(t) — yo(t)-ddet L
dye(®)o L™ = —(dxe() = xo () d(indet L) = — rl Qef( :

_detLdetL-dyp(t)— xp(t)-ddetL  detL q xL ()
ot det> L Tt detL )’

or equivalently

L g @eL = d (“—U)) ,

det L det L
which coincide with the desired relation if we take into account that yz () = Zfzo(—l)i ittt
and consider ¢ as a formal parameter. O

REMARK 4.1. — We can derive the formulas in Lemma 4.7 in an alternative way: by the
same arguments as used in the proof of Lemma 2.2 (7), one easily derives the formula

—1n?
(4.11) grad; ;1 (1/1) = (le—_)lgradh)(L(t),

where /1 is the metric given by (1.8). The only thing we used to derive (4.11) is that grad,, p; isin
the p;-eigenspace of L for each eigenvalue p; of L (and, of course, that each p; is smooth with
dp; # 0). The polynomial expression (4.11) in ¢ resp. 1/¢ gives rise to equivalent equations
on the coeflicients. These equations are given by grad,pu; = —grad;flg+1—; (or, what is

equivalent, grad;fi; = —gradju¢+1-;) for all i. Taking into account Formula (1.8) for h
and the fact that L is A-selfadjoint, one sees that the latter equations are just the gradient
version of the formulas in Lemma 4.7.

Thus, ¢ defined by (4.10) is a Kdhler metricon (V x U x S, J). O

Consider now the Kihler metrics g, g on (V xU x S, J) with Levi-Civita connections V, \Y
respectively. Let 7' be the (1, 2)-tensor defined by
T(X.Y) = VxY — VxY.
Since V,V are both torsion-free, T is symmetric in X, Y. Moreover, since both V, v

preserve J, we have the symmetry

4.12) T(X,JY)=T(JX.Y) = JT(X,Y).

LeEmMA 4.8. — The tensor T satisfies
4.13) TX,Y)=do(X)Y +d(Y)X —P(JX)JY —D(JY)JX

for a certain 1-form ® on V x U x S.

Proof. — First we recall that A preserves the vertical distribution % and the horizontal
distribution ¢) = P+ so that @) does not change if we consider g instead of g. We will use
the same symbol for a vector field on Q and its horizontal liftto M =V x U x S.

Denoting by prg : TM — () the projection to the horizontal distribution, the O’Neill
Formula (3.7) implies

pro(T(X,Y)) = V2Y —VZY
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for vector fields X,Y e T (TQ), where ve, V@ are the Levi-Civita connections of the
horizontal parts gp and go of g and g respectively.

From Formula (4.10) we see that §o = ¢ - (det Ag)~'go(A4y'+, ") for some constant c,
where Ag is the quotient of A4 and we used that detc A equals det Ap up to multiplying with
a constant. Comparing this formula for go with (1.8) and noting that, by construction, go
and A are compatible on Q, we see that g is projectively equivalent to go. Thus, we have
that

(4.14) V2Y —V2Y = d(X)Y + &(Y)X

is satisfied forall X, Y € T'(TQ) fora 1-form ® on Q. Indeed, the fact that (4.14) is equivalent
to go, §o being projectively equivalent is a classical statement in projective geometry, see
[26].

Using (4.14), we obtain that the horizontal part of T is given by

pro(T(X,Y)) = B(X)Y + &(Y)X.

However, since % is spanned by the Killing vector fields Kj, any g-or g-geodesic y(¢)
in M being initially tangent to ¢ remains tangent to it for all values of . It follows
that Vx X,VxX € ¢ whenever X € . Then T(X,X) € @ forall X € ¢ and by
polarization (recall that 7' is symmetric) we have 7(X,Y) € @ forall X,Y € ¢). Thus, we
obtain

4.15) T(X.Y) = ®(X)Y + ®(Y)X,

forall X,Y € ¢). Since the form ® in (4.14) is explicitly given by the formula
1
= _Ed In(det L)

(which is a classical formula that can be obtained from (4.14) by contraction), we see that it
vanishes upon insertion of vector fields that are contained in the generalized eigenspaces of A
corresponding to constant eigenvalues. Thus, (4.15) establishes Formula (4.13) for vector
fields tangent to ¢).

It remains to verify Equation (4.13) upon insertion of vertical vector fields J X, J Y, where
X,Y € JU C Q. Using (4.12), we obtain

TUX,JY)=-T(X, Y)Y —ox)y — o)X

=0(JX)JY +OJY)IX -DJIX)JJY —D(JJY)JJX,
=0
which establishes (4.13) evaluated on JX, JY. Further, for arbitrary Z tangent to ¢), we
obtain

T(Z,JX) = JT(Z, X) “L o(2)J X + o(X)JZ

=Q(2Z)IX +PUX)Z-DJZ)JIX —D(JIX)IZ,
~—— ~——
=0 =0
establishing (4.13) when evaluated on Z, J X. Thus, we verified (4.13) on all possible combi-
nations of tangent vectors and the claim follows. O
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It is a classical statement in c-projective geometry, see for example [34, 43], and we used
this fact already in the proof of Lemma 2.1 that two complex torsion-free connections
V.Vona complex manifold (M, J) are c-projectively equivalent (i.e., their J-planar curves
coincide) if and only if (4.13) is satisfied for a certain 1-form ®. Lemma 4.8 then shows
that g, & are c-projectively equivalent. This implies that A = A(g, &) is a solution of
Equation (1.4) and completes the proof of the second part of Proposition 4.4. O

4.3. Explicit formulas

In the preceding sections, we have proved Theorem 1.5 (see Propositions 4.3 and 4.4)
which can be understood as an invariant version of Theorem 1.6. We are now going to derive
the formulas from Example 5. Our starting point is Proposition 4.3. We will derive explicit
formulas for all the objects that have been introduced there and thereby prove Theorem 1.6.

The compatible pair &, L can be described explicitly by using the results from [10].
The latter article contains explicit formulas for a compatible pair in the general pseudo-
Riemannian case. In our case, there are no Jordan blocks (with non-constant eigenvalues)
and the formulas become similar to the classical Levi-Civita theorem—the only modification
being signs &; = +1 for each non-constant real eigenvalue p; (which allow us to “produce”
an arbitrary signature) and the occurrence of complex eigenvalues. Let

En = {Pl,ﬁl,---aPr»ﬁr»pr+l»~--’pr+q}

denote the set of (non-constant) eigenvalues of L (r pairs of complex-conjugate eigenvalues
and ¢q real eigenvalues). Recall that the “gluing data” in [10, Theorem 1.3] takes the form of
a 1-dimensional block

hi = eidx?, L;i = p;(x;)dy; ® dx;,
for a real eigenvalue p; and (as follows from [10, Theorem 5] or [12, Theorem 2]) the form of
a 2-dimensional block
L _ _ _ _
hi = 2 (0;Z0) = pi(z))(dz7 = d2D), Li = pi(z)0; ® dzi +;(Fi)dz, @ dZi,
if p;, p; is a pair of complex conjugate eigenvalues, where z; is a complex coordinate w.r.t.
which p; is a holomorphic function.

Thus, by [10, Theorem 1.3], we find local coordinates z1, . .., zr, Xr41, - . ., Xr 44  (Where
the z; are complex coordinates and the x; are real coordinates) such that

+q
1 r r
h =—ZZ(Aidzi2+c.c.)+ Z Ajeidx?,
i=1 i=r+1
4.16 ’
( ) r r+q
L= (pid; ®dz; +c.c)+ Y pidy; ® dxi,
i=1 i=r+1
(3 These coordinates should not be confused with the general coordinate system x1, ..., x¢ used, for instance, in

Proposition 4.3.
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where for 1 <i < r, p;(z;) is a holomorphic function of z;, forr + 1 <i < r + ¢, pi(x;)
only depends on x;, “c.c.” denotes the complex conjugate of the preceding term and

A; = l_[ (0i = p)-

peEnc\{pi}
The parts of g, w and A4 in (1.16) and (1.18), which correspond to the “constant” block,
are obtained from the expressions

)4 L 2k )4
D (=1 ge(AT ), Y i (=D we(AT ) and Y (A dy,® (i -3 aiqi)
i=0 i=0 pa=1 Oyq = o
in the Formulas (4.4), (4.5) and (4.6) by decomposing (g., w.) in the sense of de Rham—-Wu
[39, 44] according to the parallel distributions belonging to the generalized eigenspaces of A..
Each component (g, , w,, A,) of this decomposition, as we have already mentioned, can be
described explicitly using the results of Boubel [14].

To establish the Formulas (1.16) and (1.18) for g, w and A, it remains to find the formulas
for the parts of g,w and A in the direction tangent to the Killing vector fields. We will
specialize the general coordinate system xy, . .., x; in Formula (4.4) by choosing 1, ..., (g
as coordinates, compare also the Formulas (3.3)—(3.5) in Proposition 3.2. With this choice of
coordinates, the matrix H;; (inverse to G;; defined by i = G;;du;du;) is just given by

(4.17) Hi; = g(Ki, K;) = g(gradgu;, gradg pu;) = h(grad, i, grady ;).
Let u;(p) denote the ith elementary symmetric polynomial in the £ — 1 variables Ey. \ {p}.
Writing du; = g, #i—1(p)dp in the coordinates from Formula (4.16) we have

r rt+q

@®) =Y (G0 e ) + 3wl

s=1 s=r+1
Using the Formula (4.16) for & together with (4.18), we obtain

r+q A~
Hj— 1(Ps) 8,0s i—1(0s) dps 0
(4.19) grad, u; = —4 E ( —4cc. |+ E 8SA—38_xS P

From (4.17), (4.18) and (4.19), we obtain

(4.20)
r A A r+q 2
L pi—1 () i—1(Fs) (9ps ) o, i 1(ps)u, 1(Ps) (3ps

Inserting the Formulas (4.16) and (4.20) into (4.4), we obtain the Formula (1.16) for g. It
remains to find the formula for 4 and the formulas for J acting on ¢; and dp; respectively.
Taking the differential of the identity
¢
[Te-p =3 D us
PEEL s=0
and inserting ¢t = p;, we obtain
¢

1 -1 L—s
dpi = =D (=17 p{ " dps.
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By (3.5), we have

4
1
dp; o J = X > (=11 pf 75 Hy ;.

! s,t=1
Inserting (4.20) into this and applying standard Vandermonde identities (see the appendix
of [1]), we obtain

19
dZ,OJ—4A—8—plZ,uJ 1(6:)0j for1 <i <r
and
dx-OJ——g—laﬂZ;L ()b forr+1<i <r+q.
i A,a = Jj—1\Pi

Inverting these formulas by using Vandermonde identities shows the formula for 6; o J
expressed as a linear combination of the dz; and dx;. This establishes the formula for J
in (1.16).

Let us derive the remaining part of the Formula (1.18) for A. We have to show that
A 3‘1 = W; an az,+1 (where we put at = 0). The formula for @ in Proposition 4.3 shows

that the Killing vector fields 3 o c01n01de with K; = Jgrad u;. Thus, we need to show that
(4.21) AK,' =;,L,'K1—Ki+1 foralli = 1,...,6

(where we put K, = 0), which immediately implies (1.18). As soon as (4.21) is derived, all
formulas from Example 5 are established and Theorem 1.6 is proven.

Formula (4.21) is in fact the reformulation to our setting of [1, formula (58)] and it can
be proven in the same way: let v, = grady y(¢), where as usual yz () = det(s - Id — L)
= Y (=1)ipt* denotes the characteristic polynomial of L (in the terminology of
Proposition 4.3). For abbreviation define v; = grad,u; such that K; = Jv; and 2A = v;.

Recall that, using the compatibility of L and the metric 4, we have derived the identity
¢
(422) (Z N Id - L)vt = _det(t . Id — L)Ul = — Z(_l)i/’(’ite_ivl

in the proof of Lemma 4.5. Inserting v, = Y.-_,(—1)'z¢v; into the left-hand side of
(4.22) and setting vy, = 0, we obtain 0 = Y*_ (=1)/ (vis1 + Lv; — pivy)rt™, hence,
Lv; = pivy — vi41. Of course, this holds also with L replaced by A and (4.21) follows after
multiplying with J and using that A commutes with J.

5. Proof of the Yano-Obata conjecture (Theorem 1.1)

The main goal of this section is to prove Theorem 1.1. Simultaneously, we will give a proof
of an important special case of the projective Lichnerowicz conjecture (Theorem 1.2), see
Theorem 5.1.
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Recall that the existence of a projective vector field v for a (pseudo)-Riemannian metric g
implies the existence of an endomorphism A compatible with g. According to Proposi-
tion 4.1, in the neighborhood of a regular point, A naturally splits into two blocks 4. and
L with constant and non-constant eigenvalues respectively.

If the non-constant block L (see Proposition 4.1) is diagonalisable ¥, i.e., contains no
Jordan blocks, then the proofs of Theorems 1.1 and 1.2 are almost identical. For that reason,
parallel to the proof of the Yano-Obata conjecture, we will prove the following version of the
(pseudo-Riemannian) projective Lichnerowicz conjecture:

THEOREM 5.1. — Let M be a closed connected manifold with an indefinite metric g on it.
Assume that (M, g) admits a projective vector field v and let A be an endomorphism compatible
with g in the projective sense, A # c - 1d. If there exists a regular point p € M° at which the
non-constant block of A is diagonalisable, then v is affine.

In other words, this theorem says that in the absence of Jordan blocks with non-constant
eigenvalues, the (pseudo-Riemannian) projective Lichnerowicz conjecture holds true, i.e.,
non-affine projective vector fields do not exist on compact manifolds with indefinite metrics.
To complete the proof of this conjecture in full generality, it remains to show that Jordan
blocks with non-constant eigenvalues are also “forbidden”. For Lorentzian metrics, this will
be done in Section 6 which is the final step of the proof of Theorem 1.2.

The proof of Theorem 5.1 is organized as a series of remarks: at any step of the proof of
Theorem 1.1 we put a remark explaining how to change, if necessary, the proof in order to
obtain a proof of an analogous step of Theorem 5.1. In particular, we use similar notations
for the projective and c-projective cases.

5.1. Conventions and degree of mobility

Within the whole §5 (except Remarks 1-9 for Theorem 5.1 where we use similar notation
in the projective setting) we assume that (M, g, J) is a closed connected Kidhler manifold of (a
priori) arbitrary signature and of dimension 2n > 4 (though the case 2n = 4 has been settled
in [11]), and that v is a c-projective vector field which is not an affine vector field. We denote
by &7 its flow, by definition the pullback of g w.r.t. &7 is a metric which is c-projectively
equivalent to g.

We define the degree of (c-projective) mobility D(g, J) of (g, J) as the dimension of the
space of Hermitian solutions of Equation (1.4). We always have 1 < D(g,J) < oo (cf.
(16, 21]). If D(g,J) = 1, the flow of v acts by homotheties, since otherwise @} g is non-
proportional to g and hence D(g,J) > 2. Thus, this case is impossible since we assumed
that v is not an affine vector field.

Now, in the case D(g,J) > 3, Theorem 1.1 follows from [21, Theorem 1], where it is
proved that a closed connected Kahler manifold of arbitrary signature with D(g, J) > 3 is
either (CP(n), ¢ - grs, Jstandard) for some ¢ € R\ {0} or any metric which is c-projectively
equivalent to g is affinely equivalent to g. Thus, if D(g, J) > 3, we are done. In the remaining
part of this section, we shall treat the case D(g, J) = 2.

) Recall that in the c-projective setting this condition is fulfilled automatically (see Lemma 2.2 (1)), whereas in the
projective setting non-constant Jordan blocks are allowed.
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Here is our first remark related to the proof of Theorem 5.1.

REMARK 1 FOR THEOREM 5.1. For a (pseudo)-Riemannian metric g, the degree of
(projective) mobility D(g) is the dimension of the vector space of g-selfadjoint solutions of
(1.7). If D(g) = 1, every projective transformation is a homothety and is an affine transfor-
mation. If D(g) > 3 and g has indefinite signature, then by [30, Corollary 5.2] (which plays
here the role analogous to the role of [21] in the Kédhler setting) each projective transforma-
tion is an affine transformation. Therefore, in the rest of the proof of Theorem 1.1 we may
(and will) assume that D(g) = 2.

5.2. Scheme of the proof

Let us outline the steps of the proof of Theorem 1.1 under the assumption D(g, J) = 2.
In §5.3, we will derive the PDE’s that describe the evolution of the c-compatible pair g and
A along a projective vector field v.

In §5.4 we show that the equation for A can be reduced to one of three a priori possible
canonical forms. By using these forms we show that A cannot have non-constant complex
eigenvalues and moreover, the real eigenvalues are bounded only for one particular canonical
form, namely Z,4 = A(Id — A). This equation will automatically imply that the constant
eigenvalues of A, if they exist, are 0 and 1.

This simplifies the formulas in Theorem 1.6 considerably. In the local classification, g and
A are in block-diagonal form. In §5.5, we will obtain a partial solution to the PDE system by
only considering the part that corresponds to the block spanned by the gradients of the non-
constant eigenvalues p1, ..., pg of A (that is the L-block from Theorem 1.5 and Example 3).
The PDE system restricted to this block reduces to ordinary differential equations on a

certain set of functions Fi(p1), ..., Fz(p¢) and on the eigenvalues p;. Thus, we obtain quite
explicit formulas for 4, g and v involving some yet unknown constants aq, ...,ay and C as
parameters.

In §5.6, we will use these formulas to analyze the asymptotic properties of the scalar prod-
ucts g(K;, K;) of the Killing vector fields and the eigenvalues of the curvature operator. We
will conclude from this analysis that there cannot be more than one non-constant eigen-
value p (otherwise the eigenvalues of the curvature operator are unbounded for r — +oo
(which is impossible on a closed manifold) or g(K;, K;) does not tend to zero for t — Foo
(as it should)).

Now we are left with a very specific form of the formulas in Theorem 1.6: there is only one
non-constant eigenvalue p and at most two constant eigenvalues 0 and 1. In §5.7 we complete
the proof of Theorem 1.1. We do this by deriving further restrictions on the constant C
from above that appears as a parameter in the metric. Using results of [21] we are then able
to conclude that the metric, up to a sign, is positive definite. This traces back the proof of
Theorem 1.1 to the corresponding result [32] for positive signature.

REMARK 5.1. — As recalled in Introduction, a Riemannian version of Theorem 1.1 and
its generalizations for complete manifolds and for discrete groups of transformations were
proved before, in [32, 48, 16, 31]. However, the proofs in all these papers are visually very
different from ours. Indeed, the papers [32, 48, 16, 31] do not use local description of c-projec-
tively equivalent metrics or calculations in local coordinates at all. Instead, one studies the
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evolution of the sectional curvature or the norm of the c-projective Weyl curvature along the
orbits of the c-projective group. One observes that they are either unbounded, which may not
happen on a closed manifold M, or the metrics satisfy an additional equation which in view
of results [21] implies that M is CP" with the Fubini-Study metric on it.

This circle of ideas cannot be generalized for metrics of indefinite signature as in this case
sectional curvature is usually unbounded even on closed manifolds, and vanishing of the
norm of a tensor does not imply that the tensor is zero.

Of course, in our proof we do use certain ideas and results that have been developed and
obtained before. As we explained in §5.1 above, a crucial role in our proof belongs to [21,
Theorem 1]. Also the results and ideas of [32] related to c-projectively invariant form of (1.4)
and special features of the degree of mobility 2 case, see §5.3, are very important for our
proof; combining them with local description of c-projectively equivalent metrics we obtain
a local description of (pseudo)Kéhler metrics admitting essential c-projective vector fields,
see §5.5. But then the analysis of such metrics requires completely new methods since those
which were effective in the Riemannian situation simply do not work.

We would like to point out some of them, namely those which can be (and have been
already) used for solving other problems in differential geometry, see e.g., [13] and [6]):

— Reduction from the c-projective to the projective setting that relates c-projectively
equivalent (pseudo)-Kiahler metrics with projectively equivalent metrics (with some
special properties) and vice versa (Section 3).

— Analysis of the evolution of the eigenvalues of the Hermitian operator A associated
with a pair of c-projectively equivalent metrics by (1.2) along a c-projective vector field
in the complex domain which finally shows that A admits no complex eigenvalues in
the case where the degree of mobility equals two (Section 5.4).

— Studying asymptotic properties of the scalar products g(K;, K;) of the Killing vector
fields (Section 5.6).

— Interpretation of the curvature tensor R of a Kahler metric as a linear operator acting
on the unitary Lie algebra u(g, J) and studying its algebraic properties in the case of
c-projectively equivalent Kahler metrics. In particular, we show that R belongs to a very
special class of the so-called sectional operators well-known and playing an important
role in the theory of integrable systems on semisimple Lie algebras (see Appendix).

— Analysis of the eigenvalues of the curvature operator R : u(g, J) — u(g, J) based on
the latter observation (Proposition A.2).

5.3. C-projectively invariant form of Equation (1.4) and special features of D(g, J) = 2

Consider the canonical line bundle & = A2"T*M over the Kihler manifold (M, g, J)
(where 2n = dimg M). For a real number w, we define the line bundle € (w) whose transition
functions are given by the transition functions of € to the power w. Note that M, as a
complex manifold, has a canonical orientation and we can assume positivity of the transition
functions of €. For an arbitrary tensor bundle E over M, we can then define the “weighted
version” E(w) = E ® E(w). Let S} TM denote the bundle of Hermitian contravariant
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2-tensors and denote by V the Levi-Civita connection of g. In the appendix of [32] it was
shown that the PDE

(5.1 Vxo =XOAs +JXOJA;, Xe€TM

on sections o of S} ™ (nlj), is c-projectively invariant, that is, it does not depend on
the choice of connection V in the class [V] of c-projectively equivalent connections. The
weighted vector field Ay € T'(TM (ﬁ)) in (5.1) is the V-divergence of o divided by 2n and
XOY =X®Y +Y ® X denotes the symmetric product. For details we refer the reader
to the appendix of [32]. Let us denote by ¢#([g], J)C S; ™ (ﬁ) the space of solutions of
(5.1). There is an isomorphism between the space ¢#(g, J) of Hermitian solutions to (1.4)
(i.e., the space of Hermitian endomorphism c-compatible with (g, J)) and ¢#([g], J) given
by
¢ Agl.J) — Ag.J). (o) =00, ",
where 1
o, =g ' @voly ™"

and voly, is the volume form of g. Note that o' € S7T*M(—537),s0in ¢(0) = oo, ! the
weight cancels out and we obtain an ordinary field of endomorphisms. As described in more
detail in the appendix of [32], taking the Lie derivative Z,o of a solution ¢ to (5.1) w.r.t. the
c-projective vector field v yields again a solution to (5.1). Thus, we obtain a linear mapping

Ly = HU8). J) —> (8], D).

Under the assumption D(g,J) = 2, we can chose a basis 0,6 of ¢#([g], /) and find the

equations

Zyo = ao + B6,
(5.2) R R
Zv6 = yo + 86

for certain real numbers «, 8, v, 6.
Using (5.2) we can easily derive the Lie derivatives of A € ¢#(g, J) and g along v.

PROPOSITION 5.2. — Let v be a c-projective vector field for g and A € A(g,J), A # c-1d.
Then we have the equations

(5.3) ZyA = —BA* + (8 —a)A + y1d
and
(5.4) Zvg = (—gtrA —(n+ l)a) g — BgA,

for some constantsa, B,y,8 € R. Moreover, the restriction p(t) = p(®} (p)) of every eigenvalue
p of A to an integral curve of v satisfies the ODE

(5.5) p=—Bp>+@E—a)p+v.

Proof. — Take 0 = 04 and 6 = ¢ 1(A) = Ao, as a basis of ¢#Z([g], J). Then by using
(5.2), we get

TyA = Zv(ﬁagl) = (yog + 8&)0;1 — 60§1(a0g + ,36)0;1

= yId + 64 —ad — BA>.
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This yields (5.3). Moreover, a straightforward calculation yields

Tvg = Ly ((det g)r(nl-i-l) o, tr(g ' Zvg)g — g(aog + ,Bé)ag_1

) = o
g 2n+1)
1
= ——tr(g7 ' Zvg) — — BgA.
(Z(n D 1(g™ Zvg) a) g§—Bg
Left-multiplying by g~! and taking the trace of this equation gives us
1 1 B
—t Zvg) = —an — —tr A
e e =—en—ou
and inserting this back into the equation for the Lie derivative of g, we obtain (5.4).

The remaining Formula (5.5) immediately follows from (5.3). O

REMARK 2 FOR THEOREM 5.1. The projective (and projectively invariant) analogue of
(5.1) was obtained in [20]. Arguing as above we obtain the following version of Proposi-
tion 5.2:

Let v be a projective vector field for g and let A be compatible to g in the projective sense,
A # ¢ -1d. Then we have (5.3) and (5.5) and the Lie derivative of g satisfies
Zvg = (-BtrA—(n+ a)g — fgA, n =dimM,

L.e., in the first term on the right-hand side of (5.4) we simply need to replace 5 by 8.

5.4. Properties of the eigenvalues of A

The Equation (5.5) allows us to make several important conclusions about the eigenvalues
of A e Ag,J).

First of all we notice that the coefficient 8 in Equation (5.5) does not vanish. Indeed,
otherwise this equation takes the form p = (6§ — a)p + y and its non-constant solutions
are unbounded which is impossible due to compactness of M. Hence the eigenvalues of A
are all constant which contradicts the assumption that v is not affine. Thus, 8 # 0.

Next, we see that the constant eigenvalues of A are solutions to the quadratic equation
0 = —Bx? + (§ — a)x + y. Hence, there are at most two constant eigenvalues.

To simplify the further discussion, without loss of generality we may assume that the
evolution of a non-constant eigenvalue p of A along v is given by one of the ODEs
(5.6) p=p>+1, p=p(l—p)orp=p>
Indeed, the Equations (5.5) can be reduced to one of these canonical forms by rescaling v
and replacing A by c; A + c¢,1d for an appropriate choice of constants ¢y # 0,¢, € R.

We now show that the eigenvalues of A cannot be complex.
ProOPOSITION 5.3. — Let (M, g,J) be a closed connected Kihler manifold of degree of

mobility D(g,J) = 2 and let v be a c-projective vector field which is not affine. Then all non-
constant eigenvalues of A € cA(g, J) are real-valued.
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Proof. — If we allow p to be complex-valued, each of the above ODEs (5.6) should be
considered as a system of two ODESs on the real and imaginary part of p. The phase portraits
corresponding to these systems are shown in Figure 1. It can be seen from the pictures or
shown directly using the ODEs (5.6), that a non-constant solution to one of these equations
with imaginary part not identically zero is given by a circle in the complex plane.

FIGURE 1. The phase portraits for the ODEs p = p2 + 1, p = p(1 — p), p = p>
(from left to right).

As we see from Figure 1, the maximal value of an imaginary part of a complex eigenvalue,
taken over all points of the manifold and all eigenvalues, is not equal to the imaginary part
of a constant eigenvalue (for each case in (5.6), the constant eigenvalues are =i, 0 and 1 or 0
resp.). In particular, the derivative of this eigenvalue in the direction of the c-projective vector
field is well-defined and non-zero. More precisely, the derivative of the imaginary part of p is
zero whereas the derivative of the real part is not. We now show that for complex eigenvalues
such a situation is impossible.

Basically this fact follows from our local description of c-projectively equivalent metrics
(Theorem 1.6) which states that the complex eigenvalues are holomorphic in an appropriate
local coordinate system. However, such a coordinate system exists only at generic points, so
we need to modify thisidea and in particular to take into account the fact that the eigenvalues
cannot be considered as smooth functions at “collision” points where the multiplicities of the
eigenvalues change.

Assume that at a point p € M, a complex eigenvalue p of A, Imp(p) # O, has
multiplicity k. It follows from standard facts that for small neighborhoods U(p) € M of p
and U(p(p)) € C of p(p), A has precisely k eigenvalues p1, ..., px at each point of U(p)
contained in U(p(p)) and that the elementary symmetric functions in the variables py, . .., pg
are smooth complex-valued functions on U(p). In particular, the function p; + --- + pg is
smooth in U(p).

LeEmMA 5.4. — Let the differential of the imaginary part of p1 + - - - + py vanish at p. Then
dpr + -+ pr) = 0.

Proof. — By contradiction, assume that d(po; + --- 4+ px) # 0. Consider the smooth
endomorphism

A= (A=p1-1d)-- (A= py -1d) : TEU(p) — TEU(p),
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where T U(p) denotes the complexified cotangent bundle of U(p). The kernel of A defines a
smooth complex k-dimensional distribution D in TXU(p) whose value D(p) at the point p
coincides with the kernel of (4 — p(p) - Id)*. The subspace D(p) is therefore the generalized
p(p)-eigenspace of A.

The differential of the smooth function p; + -+ 4+ pg at a generic point of U(p) is
dp; +---+ dpg and since dp; o A = p;dp; (because, by Lemma 2.2, grad p; is an eigenvector
with eigenvalue p; of the g-selfadjoint endomorphism A), we obtain that d(p; + --- + pg) is
contained in D at every point of U(p). In particular we have that at p, d(p; + -+ + px) is
contained in D(p), i.e., it is a generalized eigenvector of A corresponding to p(p). On the
other hand, since d(Im(py + -+ + px))(p) = 0, d(p1 + -+ + p) is a real 1-form at p. This
contradicts the following simple fact from Linear Algebra: if p is a complex eigenvalue of
a real linear endomorphism A, then the generalized p(p)-eigenspace of A contains no real
vectors. O

Now take a point p € M such that the imaginary part of an eigenvalue p of multiplicity k
at p takes its maximum in the sense that it is greater than or equal to the imaginary parts of
all eigenvalues at all points of M and apply Lemma 5.4. The imaginary part of p; +--- + pg
obviously satisfies d (Im ) p; (p)) = 0. On the other hand, the Lie derivative of )_ p; along
v at the point p is k - p # 0, where p is defined by one of the Equations (5.6). Thus,
d(p1 + -+ + px) # 0 in contradiction with Lemma 5.4. This completes the proof. O

In fact, only the second equation of (5.6) is allowed. Indeed, since v is not affine, 4
must have at least one non-constant eigenvalue and, moreover, this eigenvalue has to be real
according to Proposition 5.3. But it is easy to see that the equations p = p? + 1 and p = p?
have no bounded real-valued non-constant solutions whereas p(z) must be bounded due to
compactness of M.

Thus, we are left with the case where the eigenvalues of A satisfy

(5.7) v(p) = p(1 —p)

and we may summarize the above discussion in the following

PROPOSITION 5.5. — Let (M, g, J) be a closed connected Kihler manifold of real dimen-
sion 2n > 4 such that D(g,J) = 2 and let v be a c-projective vector field that is not affine.
Then, after an appropriate rescaling of v, we can find A € A(g, J) such that

1. the eigenvalues of A satisfy (5.7);
2. the eigenvalues of A are all real;

3. A has at most two constant eigenvalues 0 and 1.

REMARK 3 FOR THEOREM 5.1. The reduction of (5.5) to one of the canonical forms (5.6)
is a simple general fact from the theory of ODE’. The statement of Proposition 5.3 was
proved in [10, Theorem 1.11] even under more general assumptions: on a compact mani-
fold M, each non-real eigenvalue of an endomorphism A compatible with g is necessarily
constant.

The first and third canonical forms from (5.6) are impossible for the same reason: in these
two cases non-constant real eigenvalues are not bounded (along v). Thus, the eigenvalues
of A satisfy (5.7) and the statement of Proposition 5.5 remains true without any changes.
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5.5. Explicit formulas for the non-constant block

In what follows, we will work with A € ¢#(g,J) and a c-projective vector field v as in
Proposition 5.5. In particular, we assume that the non-constant eigenvalues p1,. ..., p¢ of A
are real-valued and the constant eigenvalues, 0 and 1, have multiplicities mo > 0 and m; > 0
respectively.

Under these assumptions, the PDE systems (5.3) and (5.4) take the form

oA = A(Id — A),

Lvg = —gA — (Zp, + 0) g,

where C is some constant (yet unknown and playing the role of an additional parameter).

(5.9)

We are going to evaluate the PDE system (5.8) component-wise. To make this more
transparent, we notice that on the set of regular points M there is a natural structure
of two mutually orthogonal foliations. Recall that ¥ denotes the integrable and totally
geodesic distribution spanned by the commuting vector fields given by the Killing vector
fields K1, ..., Ky and the vector fields JK1, ..., JK;. Now let %/ be the distribution gener-
ated by grad p1, ..., grad pg (or, equivalently, by JK1, ..., JKg) so that of = U@ UV, where
% is the distribution generated by Ky, ..., K; and defined in the first part of the article. The
leaves of the other distribution %L, orthogonal to %/, are just common level surfaces of
the eigenvalues pq, ..., p¢. Note that both distributions are integrable: for 94" this holds by
definition and for </ it follows from the fact that %/ is generated by the commuting vector
fields JKq, ..., JK;.

The next statement summarizes some general properties of %/ which hold true for any
metric g from Theorem 1.6.

PROPOSITION 5.6. — Let M® C M be the set of regular points (in particular, the non-
constant eigenvalues py, . .., pg of A are all distinct and independent on M°). Then on M°
there is a structure of the integrable distribution U generated by grad p; (i = 1,..., L) with the
Jfollowing properties:

The leaves of °U are totally geodesic.
The leaves of Ut are common level surfaces of p1, ..., py-

Let T C M° be a leaf of U, then g, and A g are compatible in the projective sense.

The non-constant eigenvalues p1, . . ., pg can be considered as local coordinates on <.

A e

Locally the metric g can be written as
L
g=_gi(Pdp} + D bap(p, y)dyadys,
i=1 a,B

L - .
where ";_, gi(p)dp? is 8|y
6. The vector fields grad p; on M and on T coincide (no matter which metric, g or gy is

used to take the gradient) and therefore the quantities g(grad f1(p), grad f>(p)) do not
depend on how we compute them (on M or on Z).
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7. The vector field A = %grad (tr A) is the same on ¢ and M. The tangent space of < is
invariant with respect to the endomorphism V A, moreover, the restriction of VA on T
coincides with V| zA computed on . This implies in particular that the eigenvalues
0fV| zA are some of the eigenvalues of VA.

8. The leaves of U are (locally) isometric.

Proof. — In view of VJ = 0 and the fact that K;, JK; are holomorphic, (1) follows
immediately from Lemma 2.2 (8).

(2) is clear from the definition.

(3) follows immediately from (1) combined with Equation (1.4) (compare also Lemma 3.3).

(4) follows from the assumption that pq, ..., pg are independent.

(5) isimmediate from the local classification Theorem 1.6 and (6) follows directly from (5).
The first statement of (7) follows from (6) and the formula A = % Zle grad p;. The
remaining statements of (7) then follow directly from (1).

The last statement (8) can be seen from the formula for g in (5). O

REMARK 4 FOR THEOREM 5.1. In the projective setting, the definition of the set M° of
regular points remains essentially the same. We say that p € M is regular if: 1) the algebraic
type of A does not change in a (sufficiently small) neighborhood U of p, 2) each eigenvalue p
is either constant on U (and then p equals either 0 or 1) or, if p is not constant on U, then
dp(p) # 0. Recall that in view of (5.7):

p(p) #0orl = dp(p) #0.

Clearly, M° is open and everywhere dense on M . However, a priori M ° might contain several
components related to different algebraic types. In particular, the number £ of non-constant
eigenvalues may be different for different components of M°. We continue to work with one
of the components of M? (for simplicity, we will still denote this component by M?). Since
we want to prove Theorem 5.1 by contradiction, we assume from now on that there is a
regular point (or, which is the same, one of the connected components of M°) where the
non-constant part of A4 is diagonalisable (over R), i.e., with no Jordan blocks. Recall from
the formulas in [10, Theorems 1.3 and 1.5] that in this case each non-constant eigenvalue
has multiplicity one.
Summarizing we have an open subset M® C M with the following properties:

1. at each point p € M?°, the endomorphism A has £ non-constant real eigenvalues
p1 < --- < pg, each of multiplicity one;

2. dp; # 0 everywhere on M?;

3. the “constant part” of A has some fixed algebraic type with at most two eigenvalues 0
and 1 of multiplicity m¢ and m; respectively.

In particular, according to [10], locally in the neighborhood of every point p € M°, we
can choose a coordinate system p1,..., p¢, ¥1,..., ys (cf. Proposition 4.1) in which both g

and A split:
g=<h(p) 0 ) i AZ(L(p) 0 )
0 ge(») - xL(4c(»)) 0 Ac(y)
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Here L. = diag(ps, ..., p¢), the metric 4 and the endomorphism L are compatible in the
projective sense, A. is parallel w.r.t. gc and yp(r) = (¢t — p1)(t — p2)---(t — pg) is the
characteristic polynomial of L. This decomposition into “constant” and “non-constant”
blocks can naturally be reformulated in terms of two orthogonal foliations % and 2.
Proposition 5.6 remains true without any changes.

Also notice that (5.8) holds without any change in spite of the fact that in (5.4) we should
replace % by B. This happens because % is compensated by the factor 2 in the formula for
the trace in the c-projective setting where trA = 2 p; + const (whereas in the real case,
tr4 =) p; + const).

The further analysis deals with the restrictions of g and v to leaves of %/. These restrictions
are exactly the same for the projective and c-projective cases and, until §5.7, the proof for both
cases will be the same. The difference which appears in §5.7 will be clearly described.

We now want to derive explicit formulas for the restrictions of g and v to leaves of %/. This
is sufficient for many discussions since some of the globally defined objects derived from g
and A4 only depend on the level sets of the non-constant eigenvalues, see §5.6 below.

We first notice that according to Theorem 1.6, at regular points p € M° we have
pi = pi(x;) and moreover g%_ = 0. This means, in particular, that we can use p; as local
coordinates instead of x;. This change of variables will simplify further computations.

Let v = v1 + v, be the decomposition of the c-projective vector field v w.r.t. TM = U & U,
According to Proposition 5.6, there are certain functions v} such that v can be written as

)
59 = 1— .
(5.9 v Zvlapi + vz

Since each eigenvalue p; satisfies (5.7) and is constant in the direction of U, we imme-
diately see that

v(pi) = vj a—l = pi(1 = pi),
Pi
that is, v} = p; (1 — p;).

From Theorem 1.6, we know that in our simplified situation (no complex non-constant
eigenvalues), g and gA can be written in the form (after the above change of variables
Xi < pi),

LA ¢
g = Z?:dpiz + Y Hijbi6; + ge(fnc(Ao)- ).

i=1 ij=1

(5.10) . ,
A; -
gAd = Zpi#dplz + Z Hijeiej + gc(nc(Ac) Ac-, -,
i

i=1 i,j=1

2 .
where A; = [[;; (pi—pj), Fi = & (g%) , the functions H;j, H;; only depend on py, ..., pg

and yne(t) = [Ti—,(t — pi)-
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PROPOSITION 5.7. — Locally, the metric g and the c-projective vector field v in the coordi-
nates p1, ..., pg are given by the formulas

14

14
A; 0
(5.11) §= E del‘z—i-"', v = E Pi(l—Pi)a—p‘f‘"',
1 i=1 1

i=1
where A; =[] (pi — p;) and
(5.12) Fi(t) = a;(1 — 1)~ Cp1He+c
for some real constants a; and C.

Note that the term g — Z, 1 F’ dp? in Formula (5.11), which is not written down explic-
itly, coincides with } _, 5 b;; (p, y)dyady,g from part (5) of Proposition 5.6. The expression

v— Zle pi (1 — pl-)a—g is just the projection of v onto /*.

Proof. — Tt easily follows from the explicit form of g given by (5.10) that the second
equation of (5.8) implies

14 ¢ 14
A; A;
(5.13) Zy, (Z Ffdp?) == | P+ D0+ C| def.
i=1 "' i=1 j=1 !

where vy = ) p;j(1— pj)%. In other words, the first part of g can be differentiated along v
independently of the remaining terms.

From this equation we can easily derive the explicit formulas for F;. To that end, we
compute the left hand side of (5.13):

L, (ZZ: dp,) ZZPJ ; (%’) dp?

i=1 i= 11#1
+ZP1(1 Pt)_ (_) +Z_Lvldpl
¢
-3y piL=pj) Ais
= — ;
i=1 i Pj — Pi F;
¢ ¢
pi (1 — pi) A aF A;
I MBI T
i=1 i PP i=1 i
¢
A; 0
2y =L 1 — p;))dp?
+ ; F; pi (Pt( Pt)) O;
:Z (p]( pj)+Pt( pl))'—ldpiz
i=1j;éi pj — pi pi — pj F;

—Zp, ma de +2Z—(1—2p,)dp,
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14
alnF,- A,‘
=D | 2 —pi—p) —pi(l=p) +2(1=2p) | Z-dp?
, — i F;
i=1 \j#i
_ ¢ ¢ ¢ ¢ 81nF,- Ald 2
—; —1=( —2>pi—;pj—pi(1—pi) g T 20=200) | e
¢ dn Fi \ A;
=> [ e+1=+2p =) pj—pi(1 = p)—— | =dp}.
i=1 j=1 8,01 Fi

Comparing this expression with the right hand side of (5.13), we obtain a simple ODE
on Fj:

¢ ¢
d1n F;
£+1_(€+2)Pi_zpj_l)i(l_pi) a_l=— ,0,'+ij+0 s
=1 P =1
which after simplification becomes
olnF, L+14+C—+Dp; C 1+£44+C
= = +

pi pi (1= pi) 1—p; Pi

and we get
Fi = a;(1—p;)”CplTre,

as required. O

In the proof of Proposition 5.7, we have actually shown that for D(g, J) = 2, not only g
and A restricted to integral leaves £ of %/ are compatible in the projective sense, but also
the projection vy of v to Z is a projective vector field for & = g ” Indeed, the second
equation of (5.8) we used in the construction implies the second equation of (5.14) which
is equivalent to the property of v; to be a projective vector field for . Moreover, we already
know that v; = v1(p) depends only on p which is equivalent to the fact that v preserves the
distribution /" Similarly, we have that v, = v,(y) (in the notation of Proposition 5.6) for
the component of v tangent to Ut or, equivalently, that v preserves %/. To see this, note that
we have [v, K;](p;) = Oforalli,j = 1,...,£ (since K;(p;) = 0and v(p;) = p;(1 — pj)),
hence, [v, K;] € Q4% Since v is holomorphic and, by the first equation in (5.8), preserves
the generalized eigenspaces of A, we obtain that [v, JK;] € U foralli = 1,...,£, hence, v
preserves /. We summarize this discussion in the following

COROLLARY 5.8. — Let v be a c-projective vector field and D(g,J) = 2. Consider the
natural decomposition of v associated with the distributions U and st

V=01 +Vvy, V1€ Uy € k.

Let T denote an integral leaf of U and denote by h = g, and L = A . the restrictions of g
resp. A to 7. Then

1. The vector field v preserves both distributions U and UL, that is, vi = v1(p) and
vy = v2(¥) (in the notation of Proposition 5.6 ).
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2. The projection vy of v onto < is a projective vector field for h and the Equations (5.8) can
be naturally restricted onto T, namely we have

Zo,L =L(Id— L),

5.14 ‘
G119 Loh =—hL— (Y pi + C)h.
i=1

5.6. There is only one non-constant eigenvalue

The goal of this subsection is to prove

PROPOSITION 5.9. — Let A € cA(g, J) and the assumptions be as in Proposition 5.5. Then
A cannot have more than one non-constant eigenvalue.

The idea of the proof is based on the analysis of geometric properties of the metric g
given by (5.11) or, more precisely, of the restriction & = gy By construction these explicit
formulas for g are local, but we will show that they make sense for all admissible values of p;.

ProrosITION 5.10. — Consider the domain U = {0 < py < --- < pg < 1} with the metric
)4
A,
Z Fidpi
i=1
(compare (5.11)). There is a natural isometric embedding of ¢ : U — M (as a maximal leaf
of the totally geodesic foliation °U).

Proof. — Locally, ¢ is defined in a very natural way. We choose a particular leaf Z with
pi as local coordinates and say that ¢(p1, ..., p¢) is the point on Z with the same coordi-
nates p1,..., p¢g. We start with a certain point ag € U and then extend this map as long as
we can. The map ¢ so obtained is obviously an isometry. We need to show that such a prolon-
gation can be made to any point of U.

The argument is standard. Consider a smooth curve a(z) with a(0) = a9 € U and
a(l) = a; € U, and choose Ty € [0, 1] to be the supremum of those T € [0, 1] for which the
extension along the curve a(t), t € [0, T'], is well defined. Take the image ¢ (a(t)),t € [0, Tp).
Since M is compact, we can find a limit point p of ¢(a(t)) as ¢t — Ty. By continuity, the
eigenvalues of A(p) coincide with the coordinates of a(Tp) in U, i.e.,0 < p; <--- < pg < 1.
But this condition guarantees that p € M?, i.e., in the neighborhood of p, the foliation % is
defined. This obviously implies that p € Z, moreover p = ¢ (a(Tp)) and we can extend ¢ to
some neighborhood of a(7y) € U. In particular, Ty cannot be an interior point of [0, 1]. In
other words, the prolongation of ¢ along a(z) is well defined for all ¢ € [0, 1]. O

Consider the function f : U — R:

L L
(5.15) J(P) = h(grad ) _pi.grad ) pi).

i=1 i=1
where / 1s the metric on U defined explicitly by (the first term of g in) (5.11).
According to Proposition 5.10, we can naturally identify the domain

U={0<p <---<p <1}
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with a leaf Z of 9. Moreover, the function f can be considered (up to a constant multiple)
as the restriction to Z of the function g(grad tr 4, grad tr A) which is globally defined and
smooth on M (see part (6) of Proposition 5.6). This immediately implies certain conditions

on f(p).
PROPOSITION 5.11. — The function f(p) must be bounded on U. Moreover, we have
f(@) — 0as (p1,...,p¢) = (0,...,0)0r (p1,...,p¢) = (1,...,1).

Proof. — The first claim follows from the compactness of M. Since tr A takes its minimum
resp. maximum value at the limit points (0, ..., 0) resp. (1,..., 1), we obtain that grad tr A
tends to zero if (py, ..., p¢) tends to (0,...,0) or (1,...,1). The proves the proposition. [

These conditions will give us some further restrictions on g. It is straightforward to
compute the function f(p) explicitly using (5.1 1):

S ai(1—pi)~ pl+é+0
(5.16) flp) =
Z Z Hj;éi (0i = pj)
To study the limiting behav1or of such functlons we use the following
LEMMA 5.12. — 1. Letky,... kg befunclions of one variable. Then the function
ki(pi)
f=
Z l_[/ ;éz (pl
defined on the domain p; < --- < py, is equal to the quotient of determinants
-1
1 | 1 1 - 1
P1 P2 P pPr P2 o Py
det det
Py P e pf? Py 52 pf?
k1 (p1) ka(p2) -+ ke(po) Pt st !
2. If f is bounded on the domain py < --- < pg, thenk; = --- = ky.

3. We have f(p1,...,p¢) = 0if and only if ki(p;) = p(p;i), where p(p;) is a polynomial
in p; (independent of i) of degree < £ — 2.

Proof. — The proof of (1) follows from standard manipulations for calculating determi-
nants and by applying the formula for the determinant of the Vandermonde matrix.

To prove (2), consider for instance the limit p; — p, under which the Vandermonde
determinant in the denominator of the expression for f tends to zero. Since f is bounded,
the determinant in the numerator must also tend to zero which implies that k; and &, are
equal.

Part (3) follows immediately from the formula in part (1) and the vanishing of the deter-
minant in the numerator. O

We apply part (2) of Lemma 5.12 to the function f(p) from (5.15) written in the form
(5.16) to obtain
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COROLLARY 5.13. — The parameters a;’s in (5.11), (5.12) are all equal. In other words, the
functions F; from (5.11) coincide and take the form

Fi(t) = F(t) = a(1 — )" 1+4+C,

To find restrictions on the constant C and the number £ of non-constant eigenvalues we
use another interesting property of functions of the form (5.16).

LEMMA 5.14. — Let

Z k(pi)
I—[j;é[ (lol
where p = (01, ..., p¢). If k is smooth in the nelghborhood of x € R, then
1
1 p) = —— kD
/g}cf(p) 1 (x),

where we define X = (x, ..., x).

Proof. — In the neighborhood of x, we can write k in the form
-1

k(y=>Y" %k(j)(x)(t —x) + 0t — x)h).

j=0

Inserting this into the formula for f, we obtain
)4
Z O(pi — x)e)

f(p) = Z MW@ZH N R
JFi N

Applying Lemma 5.12 (3) to the functions k; (p;) of the form (p; — x)/, we obtain

r#i (pl pr

f(p) =

L
Cl(pr — )
-1
= AP )

The claim now follows by taking the limit 5 — X. O

The function F(z) from Corollary 5.13 is clearly smooth at each point z € (0, 1). Applying
Lemma 5.14, we obtain that lim-_ - f(5) = F“ D (r)/(£—1)! holds for the function f(5) =

p—>t
Zi=1 F(p;)/A; from (5.15). The limiting behavior limﬁ_); f(@) > O0fort — landt — 0
(see Proposition 5.11) then implies the inequalities

—C>f¢—land1+£L+C>{€—1.
Equivalently we have
2<C<1-¢.
This inequality is not fulfilled for £ > 3. Thus, we have

COROLLARY 5.15. — The number £ of non-constant eigenvalues is either 1 or 2. Moreover,
we have

2<C<-1fort=2 and —2<(C<0 forl =1.
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Now let us show that also £ = 2 contradicts our assumptions. If £ = 2, then the metric
h =g| ’ (see Proposition 5.7) takes the form
dpi  dp3 )

F(p1) F(p2)
where F(t) = a(1 —1)~%3*Cand —2 < C < —1. Without loss of generality we may assume
thata = 1.

Let us compute one special eigenvalue of the curvature operator of the metric g on M by
using Proposition A.2, see appendix. We know that each eigenvector of A4 (e.g., grad p;) is at
the same time an eigenvector of VA (Lemma A.1 and Remark A.1). In particular, we must
have

(5.17) (o1 — p2) (

Veradp; A = mjgradp; fori =1,2,
where the functions my, m, are the eigenvalues of the endomorphism VA (of course, this
observation is not limited to the case £ = 2). Then according to Proposition A.2 and
Remark A.2, the function
A= mi —myp
L1 — P2
is an eigenvalue of the curvature operator.

PROPOSITION 5.16. — The eigenvalue A of the curvature operator is given (up to multipli-
cation with a non-zero constant) by the formula

_ (o1 — p2)(F'(p1) + F'(p2)) + 2(F(p2) — F(p1))

(5.18) 4 4(p1 — p2)?

where F(t) = (1 —1)~C3+C,
Proof. — We have A = %(grad p1 + grad p;), hence,

1 1 1
VAA = Evgrad 01 A+ E Vgrad 02 A= 5 (m 1 grad p1+ ngrad 102)-
Dualizing this (and using that VA is g-selfadjoint), we obtain
dg(A,A) = mydp; + madp,.
Thus, to find the formulas for m; and m, it remains to calculate the differential of g(A, A).
By (5.17) we have
1 Fi(p1) — Fa(p2)
4 p—p2
The functions F; (¢) are given by Formula (5.12) (with £ = 2) and by Corollary 5.13, they are
all equal. Then,

1
gAA) = Z(Igrad/oll2 + |gradp,|*) =

WD = o=

— ((p1 — p2) F'(p2) + F(p2) — F(Pl))dpz]

[((o1 = p2)F/(p1) + F(p2) = F(p1))dpy

and we obtain
_ (o1 — p2) F'(p1) + F(p2) — F(p1)
4(p1 — p2)?

my
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and
my = — L= P2)E'(p2) + Fp2) = Flp)
4(p1 — p2)? .
Thus, A = (m; —m3)/(p1 — p2) is given by Formula (5.18) as we claimed. O

From Proposition 5.6, we also know that this number A can be computed for the
restriction & of g to the totally geodesic leaves of the distribution %/, i.e., for the metric
(5.17). Notice that (5.18) coincides with the usual formula for the scalar curvature of 4.
Being an eigenvalue of the curvature operator of g, the function A must be bounded on
U={0<p1 <,02<1}.

LEmMMA 5.17. — If F is smooth at x € R, then the function A(py, p2) given by (5.18) is
bounded in the neighborhood of the point (x, x). Moreover,

1
lim Alpq, = —F"(x).
(p1,p2)—>(x,x) (P1.p2) 24 *)

Conversely, if lim;_., F"'(t) = oo, then A is not bounded as (p1, p2) — (x, x).

Proof. — Setting y = p; and x = p, in Formula (5.18) for A and inserting the Taylor
expansion at the point x of F(y) considered as a function of y, we obtain

(y =x)(F'(y) + F'(x)) + 2(F(x) — F(y))
4(y —x)?

1 1
= Iim m(()’ —X)2F'(x) + F"(x)(y —x) + EF’”(X)(y —x)%)

lim A(y,x) = lim
y—x y—>Xx

S2F W0 =) + S F 00 =07+ 00 = 0% + 00— 0))

) =)+ 0y -0 1
_ 6 . m
= Jim 4y —x)3 =5t -

Now it is easy to see that the condition that F"’(¢) is bounded as¢ — O and ¢t — 1
for F(t) = (1 — t)~%3%C can only be fulfilled for ¢ = 0,—1,—2,—3 (by the way, in
this case A is constant). But in our case, —2 < C < —1 so that A goes to infinity either
for (p1, p2) — (1. 1) or (p1. p2) — (0.0).

Thus, we conclude that £ = 2 is forbidden and the only remaining case is £ = 1. This
completes the proof of Proposition 5.9.

REMARK 5 FOR THEOREM 5.1. Inthe proof of Proposition 5.16, we used Proposition A.2
to derive a formula for one of the eigenvalues of the curvature operator. An analogue of
Proposition A.2 holds in the non-Kéhler case too (see [6, Proposition 6]) and the proof
remains essentially the same. Thus, Proposition 5.16 and Lemma 5.17 remain unchanged
and we obtain that the number of non-constant eigenvalues £ is 1 (in the neighborhood of a
regular point).
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5.7. Proof of Theorem 1.1 when there is only one non-constant eigenvalue

We deal with the PDE system (5.8) which, in the case one single non-constant eigenvalue p

of A, takes the form

TwA = A(Id — A),
(5.19)
Zvg =—-8A—(p+0)g.

Recall from Proposition 5.6 that we have two mutually orthogonal integrable distribu-
tions 9/ and 9 on M, the first one U being 1-dimensional and totally geodesic and the
metric takes the following matrix form

g = (gl(p) 0 )
0 g(p.y)
w.r.t. the orthogonal decomposition TM = % @& ™. We also have a c-projective vector

field v preserving both %/ and Ut so that v = v1(p) + va(y), where vy and v, are the
components of v w.r.t. U resp. q/t (see also Corollary 5.8). Hence

.EZU g1 0
(5.20) Zvg = ! ,
( 0 Zy,g2+ :fl)vlgz)

where /), means that we differentiate each term of the matrix g, along v;.

Our goal is to analyze how the volume form of the metric g,, defined on the leaves
of Ut is changing under the flow generated by v,. In other words, we want to compute the
coefficient f(p, y) in the formula Z,,volg, = f(p, y)-volg,. We will show that this coefficient
is constant. Namely,

PROPOSITION 5.18. — We have Zy,Vvolg, = (—C — 1)(m1 + mg + 1)voly,.

Proof. — By (5.19), we have Zvg = —g-(A+(p+ C)Id). Since A admits a natural splitting
(8 :2> w.r.t. % and U, we get (using (5.11))

Zog = (—%(2p+ 0) 0 )
’ 0 —g2(A2+ (o + OId) )

Hence, comparing with (5.20), we obtain Zy,g> = —g2(42 + (o + O)1d) — Dy, g2
We now use the following general formula that explains the relation between Z,,g> and
Ly, V0lg,:

1 _
Ly,volg, = f -volg,, where f = St (g5 Zv,82).
Hence in our case

1
/= -3 tr(Az + (p + O)Id'f‘gz_l $v1g2)~

Let us compute tr (g5 Dy, g2). In our case vy = p(1 — p)% and the metric g, has the
form

F(p)92 + gc((Ac —p-1d), ‘)’
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hence, Xy, g2 = p(1 — p)F'(p)0? — p(1 — p)gc(-,-). We may think of g5 as a block diagonal
form, then /), &> is block-diagonal too so that we can write it as Dy, g2 = g2C, where C is
an endomorphism with the matrix

F'(p)
c— (p(l—p) ian) 0 )

0 —p(1 = p)(Ac —p)~!

Therefore we have the following formula:

_ dln F _
trgy" Dv &2 =trC = p(l —p)W—p(l — p)tr (4. —p) .

The first term can be easily computed from the explicit formula for F. The second term is
easy to find as we know that the eigenvalues of A, are 0 and 1 with multiplicities 2m¢ and
2m respectively. We get
trg;’ Do 82 = 2+ C—2p) — p(1 — p)(—2mop™" +2m1(1—p)7")
=24 C+2mo — p(2mo + 2m1 + 2).

The matrix of A, is known, namely A, = (8 :c ) SotrA; = p+trAc = p+2m;y. Thus,
finally

1
f= —§(p+2m1 + (p+ C)2my +2mg + 1) + 2+ C+ 2mg — p(2mo + 2m1 + 2))
= (=C—1D(mo +m; + 1),

as claimed. O

This proposition immediately implies that C = —1. Indeed, consider M, = {p = c}
where ¢ € (0,1). Then M, is a compact smooth submanifold of M which entirely belongs
to the set of regular points M° and, therefore, the formula from Proposition 5.18 holds for
the volume form on M, as a whole. However, due to compactness of M, this is impossible
unless —C— 1 = 0. Thus, we have completely reconstructed the “non-constant” block of the
metric g and now we can rewrite g as follows:

(5.21) g = F(p)~'dp> + F(p)6” + ge((Ac — p1d)-,-),

where F(p) = —4B(1 — p)p and B # 0 is some constant (the notation —4 B for the constant
factor is chosen to emphasize the relationship with some formulas from [21] that are used at
the final stage of our proof).

REMARK 6 FOR THEOREM 5.1. The proof of and the formula in Proposition 5.18 slightly
change because now the terms with 8 do not appear. Here is the modified version in the
projective setting:

PROPOSITION 5.19. — We have Zy,volg, = 1(—C — 1)(my + mg)volg,.

Proof. — By (5.19), we have Zvg = —g-(A+(p+ C)Id). Since A admits a natural splitting
(8 /?2) w.r.t. 9 and U, we get

Zug = (—%(2p+ 0) 0 )
’ 0 —g2(A2+ (o + Old) )
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Hence, comparing with (5.20), we obtain Zv,g> = —g2(42 + (0 + O)Id) — Dy, 2. Using

Ly,volg, = f -volg,, where f = %tr (g5 Zv,82),
we obtain in our case
f =gt Aot (o4 Od+ g5 Do),

Let us compute tr (g5’ Dy, 82). In our case v; = p(1 — p)a% and the metric g, has the
form g>(-,-) = gc((Ac — p - 1d)-, ), hence,

Do, &2 = —p(1 = p)ge(-,).
Thus we can write /)y, g2 as Dy, g2 = g2C, where C is an endomorphism with the matrix

C =—p(1—p)(Adc—p)~".
Therefore we have the following formula:

tr g5 Dy, g2 =1tr C = —p(1 = p)tr (A — p) .
This quantity is easy to find as we know the eigenvalues of A, are 0 and 1 with multiplicities
mgo and m; respectively. We get
tr 5" Do, 82 = —p(1 — p)(=mop™" +m1(1—p)~") = mo(1 — p) —m1p.

The matrix of A, coincides with A, so that tr A, = tr Ac = m. Thus, finally

/= —%('m + (o + O)(m1 + mo) 4+ mo(1 — p) —m1p) = %(—0— D(mo + my),

as claimed. O

The conclusion from this proposition remains unchanged: C = —1 as required. We use
the fact that the leaves of 9/ are smooth closed submanifolds of the form {p = ¢} which
are entirely located in the set of regular points. Since the leaves of 9+ are common levels
of non-constant eigenvalues, the latter follows from the fact (used already several times)
that 0 < p < 1 implies dp(p) # 0. Hence we have the following formula for the metric
(this is (5.21) with the term with 6 removed):

(5.22) g =F(p)~'dp” + gc((Ac — p1d)-,-),
where F(p) = —4B(1 — p)p, B # 01is some constant and A, is parallel w.r.t. g..

Denote by Eq resp. £ the generalized eigenspaces of A corresponding to the eigenvalues 0
resp. 1. Let Ly = A| Eq and L; = A| E, denote the restrictions of A to these subspaces.
We start with describing VA restricted to Eg resp. £, explicitly as a matrix function of L
resp. L. In fact, it is a general statement (see Remark A.1 in the appendix), that VA and A

commute and, moreover, at each point VA can be written as a function (or even polynomial)
of A.

LEMMA 5.20. — At each regular point, we have

(523) VAl op = —8AMNA—pld) T, =B —p)p(Ad—pld)7h o
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Proof. — In the special case of only one non-constant eigenvalue p, A = % grad p itself is
an eigenvector field of A corresponding to the eigenvalue p. Hence, we can apply (2.4) with
X replaced by A. Then (2.4) becomes

(A—pId)Vy A = —g(A, A)Y,

for any tangent vector Y € Ey & E;, or equivalently, if we take into account that Eq @ E is
invariant under A — p-Idand (4 —p - Id)| Eo®E, is invertible:

— —1
VAl pop, = —8AMA—pId) ™

It remains to notice that (5.21) implies g(A, A) = %g(grad p,gradp) = B(1—p)p, as
stated. O

LEMMA 5.21. — At each regular point, we have A|E0 =Ly=0 ana’A|E1 =L; =1d

Proof. — Our statement is equivalent to the absence of non-trivial Jordan blocks corre-
sponding to the constant eigenvalues 0 and 1. By contradiction, assume that non-trivial
Jordan blocks exist and apply Proposition A.2 to compute the eigenvalues of the curvature
operator of g related to these blocks.

Formula (5.23) expresses VA Eq®E (pointwise) as a matrix function f (4 Eg®E, ), where

f() = B — p)p(t — p)~!. Then according to Proposition A.2 and Remark A.2 from
appendix, we conclude that if L (resp. L) has a non-trivial Jordan block, then

4f'(0) = —4B1 =2 (resp. A1) = _4BL)
p 1—p

is an eigenvalue of the curvature operator R of (M, g, J). When restricted to a non-constant
integral curve of v, this eigenvalue goes to infinity for ¢+ — —oo resp. t — +o0 which
contradicts the boundedness of the eigenvalues of R. Thus, we conclude Ly = 0 and
Ly =1d. O

REMARK 7 FOR THEOREM 5.1. Lemma 5.20 uses Formula (2.4) which, in the pseudo-
Riemannian case takes the form:
(A—pld)Vy X =dp(Y)X —g(X,Y)A — g(X,AN)Y

where A = % gradtr4 = % grad p, X is a vector field satisfying (4 — pId)X = 0, i.e,a
p-eigenvector field and Y is an arbitrary vector field.

Notice that in this case A satisfies the condition for X, so in this formula we may set
X = A. Then we get

(A—pld)Vy A = 2g(A,Y)A — g(A, A)Y —g(Y.A)A = g(A,Y)A — g(A, N)Y,

and if we assume that Y € Ey & E; and take into account that A is orthogonal to Eq @ E1,
we obtain the same formula as in the Kéhler case:

(A—pId)Vy A = —g(A, A)Y.

The rest of the proof does not change and therefore, in the projective setting, Lemmas 5.20
and 5.21 remain unchanged.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1522 A.V. BOLSINOV, V.S. MATVEEV AND S. ROSEMANN

LEMMA 5.22. — At every point, we have
(5.24) VA =pld+ BA
for the constant B and a function u = B(p — 1). Moreover,

(5.25) Vi =2BA".

Proof. — We will first prove the lemma near a regular point. We know that the eigenspaces
of A are invariant under VA and from Lemma 5.20, we know the formula for the restriction
of VA onto Ey & E;. Taking into account Lemma 5.21 we obtain

VAl =B —p)p(=pld)™" = B(p— DId = (u1d + BA)|, .

and
VA, = B(1—p)p(d - pld)™ = Bpld = (u1d + BA) ..

Thus, it remains to verify the formula for the restriction of VA onto the two-dimensional
p-eigenspace E,,.
Notice that A € E, and moreover A is the tangent vector to the one-dimensional

totally geodesic distribution %/. In other words, we can consider A as a tangent vector to
a geodesic y(t). Hence, (VA)A = VAA = fA where f = 3 2&&0

Using A = % grad p and the explicit Formula (5.21) for g, we obtain

f=BR2p—1).
The other p-eigenvector is JA. Since A and JA commute, we get

(VA)JA = VipaA = VAJA = JVAA = J(B(2p—1)A) = B(2p — 1)JA.

Thus,
VA|, =BQ2p—DId = (uld + BA)|, .
E, Ep

Since at regular points TM decomposes as TM = E, & Ey & E;, we have verified
Equation (5.24) in the neighborhood of every point of a dense and open subset of M for
a local constant B and a locally defined function & = B(p — 1). Taking the derivative of
this function (and using dp = 2A") shows that it satisfies (5.25). It was proven in [21, §2.5]
that having the Equations (5.24) and (5.25) satisfied in the neighborhood of almost every
point for locally defined constant B and function u, the constant B is the same for each
such neighborhood, hence, is globally defined, and therefore w is also globally defined. This
completes the proof of the lemma. O

REMARK 8 FOR THEOREM 5.1. The statement of Lemma 5.22 remains unchanged. The
proof of Lemma 5.22 changes slightly, as the p-eigenspace is one-dimensional (not two-
dimensional as it was in the c-projective setting). This makes the proof shorter as we do
not need to consider the second eigenvector JA. The projective analogue of [21, §2.5] is [23,
§2.3.4].
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Now we can prove Theorem 1.1. We have shown that the existence of a non-affine
c-projective vector field on a closed connected Kéhler manifold (M, g, J) of arbitrary
signature implies the existence of a solution (A4, A, u) of the system

VxA=X" @A+ A" @X + (X)) QJA+(JAN Q@ JX,
VA = pld + BA,
Vi =2BA",
for a certain constant B. This solution is non-trivial in the sense that A is not identi-
cally zero. By [21, Remark 12], for a certain constant ¢ # 0, (M,c - g,J) is isometric
to (CP", ggs, Jstandard) as we claimed. Theorem 1.1 is proved.

REMARK 9 FOR THEOREM 5.1. The existence of (L, A, u) satisfying (1.7) and (5.24)
immediately implies that the (non-constant) function o = tr(L) satisfies the equation

(5.26) V3a(X,Y, Z)—B-(2(Va®g)(X, Y, Z)+(Va®g)(Y, X, Z)+(Va®g)(Z, X, Y)) = 0,

see e.g., [23, Corollary 4]. By [30, Theorem 1], the metric —Bg is positive definite. This
contradiction proves Theorem 5.1.

6. Final step of the proof of Theorem 1.2: the case of a non-constant Jordan block

In §5, the Lichnerowicz conjecture was proved under the additional assumption that the
non-constant part of A4 is diagonalisable.

In the case where the endomorphism A4 has a non-trivial Jordan block with a non-constant
eigenvalue, the scheme of the proof remains essentially the same but we need to modify some
steps accordingly. In fact, the proof becomes much easier because the presence of a Jordan
block, as we shall see below, immediately leads to unboundedness of one special eigenvalue
of the curvature operator.

The first steps of the proof do not use the algebraic type of 4 and, therefore, they remain
the same as in Sections 5.3 and 5.4. Namely, we may assume that the degree of mobility of g
equals 2 and g, 4 and v satisfy the equations

TwA =—A% + A,
Zvg = —gA—(tr A+ C)g.

These equations coincide with (5.8) though we need to replace > p; by tr A as some non-
constant eigenvalues may now have multiplicity > 1, see also our comment on (5.8) in
Remark 4 for Theorem 5.1.

All the eigenvalues of A4 are real and satisfy the equation Z,p = —p? + p, in particular,
there are at most two constant eigenvalues, 0 and 1, and, due to boundedness of the non-
constant eigenvalues, they satisfy 0 < p; < 1.

(6.1)

The definition of the set M ° of regular points also remains the same but the algebraic type
of A changes. Recall that in general M° may consist of several connected components with
different algebraic types, so we continue working with one of them (we still denote it by M°
and refer to it as the set of regular points). In the Lorentzian case, two sizes of Jordan blocks
for g-selfadjoint endomorphisms are allowed, 2 x 2 and 3 x 3. Thus, to complete the proof
of Theorem 1.2 we need to consider two additional types of regular points p € M.
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Namely, below we assume that the endomorphism A has £ non-constant distinct real
eigenvalues py, ..., p¢ and, possibly, two constant eigenvalues 0 and 1 of multiplicity m¢ and
m respectively. The first eigenvalue p; has multiplicity 2 or 3, and the endomorphism A
“contains” a single 2 x 2 or resp. 3 x 3 Jordan p;-block. On M, the eigenvalues p;’s are
ordered:

(6.2)
0<pp<---<pg <1 andp; belongs to one of the intervals (0, p2), (02, p3), - -, (pe, 1).

Due to the existence of the projective vector field v, the above conditions automatically imply
that dp; # 0 on M.

In the neighborhood of any point p € M° we can now, following [10], find a canonical
coordinate system and reduce g and A to a normal form. In general, this normal form
contains arbitrary functions F;(p;). The existence of a projective vector field v on M9, satis-
fying (6.1) allows us to reconstruct these functions (as well as the components of v) almost
uniquely, i.e., up to a finite number of arbitrary constants of integration (cf. Proposition 5.7).
This “reconstruction” can be done by a straightforward computation as in Proposition 5.7,
but since now we deal with a more complicated situation involving Jordan blocks, we prefer
to use the following general statement which explains how to split (6.1) in a block-wise
manner. This statement is a direct corollary of the splitting construction from [9].

THEOREM 6.1. — Let (h, L) be a compatible pair on M which splits into two blocks in the

sense of [9, 10], i.e., there exist a local coordinate system x,y with x = (x1,...,Xp,) and
¥ = (V1. ..., Yn,) and compatible pairs (hl(x), Ll(x)) and (hz(y), Lz(y)) such that
h L 0 L 0
hx.y) =( (e (B () ) LGx.y) =( 1) )
0 ha(y)xL, (L2(y)) 0 La(y)

where yr, () and x1,(-) denote the characteristic polynomials of the blocks Ly and L, respec-
tively. Let v be a projective vector field for g satisfying the equations

ZyL =—-L*+ L,
Zvh = —hL — (tr L + CO)h.
Then the vector field v and Equations (6.3) also split as follows:

(6.3)

v(x,y) = v1(x) + v2(y),

where v; denote the natural projections of v on the x-- and y--subspaces and (6.3) is equivalent
to

EZUILl = —L% + L4, %vlhl = (I’lz — 1)h1L1 —(trLy + C+ nz)hl,

zszz = —L% + Lo, %vzl’lz = (l’l] — l)thz — (tI’ Ly, + C+ 111)]’12.
Proof. — The first part v(x, y) = v1(x) + v2(y) follows from the fact that v preserves the
invariant x-and y-subspaces of L (see also [9, Lemma 3]). The latter can be seen from the

equation Z,L = —L? + L. The formulas for Z,, L and Z, L, are straightforward. After
this we can differentiate / as follows:

‘ (hmz(m 0 ):(zvl(hle2<L1))+h1(c@vzuz)(m 0 )
R0 hyyr, (L) 0 Loy (haxzy (L)) +ha( Doy 11, (Lo) )
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where /), xz; means that we differentiate each coefficient of the characteristic polyno-
mial yz, along v; in the usual sense. We can rewrite the right-hand side as

Loy (1 x> (L1)) + hi( Doy x1:)(L1) = (Lo h1) xr, (L1)
+ h1 )L, (L1) Zo, (In(xz,(L1)))
+ b, (L) D, (In(xL, (L1))).
On the other hand, from (6.3) we know that this expression equals
hixo,(L1)(—Ly —tr L-Id — C-1d).

Multiplying by xz,(L1)~! we get

ZLoyht = =1 (Lo, (NG, (L1) + Do (012, (L1) + Ly + tr L1d + C1d).

To evaluate this further, let A4, ..., A,, denote the eigenvalues of L, i.e., the roots of yr,
(some of them may coincide). Then,

Loy (In(r2,(L1))) = Zo, (Z In(L; — Ai-ld))
i=1

n2

na
=Y Ly = A Id) T Dy Ly = Y (L — A ld) T (=L + Ly)

i=1 i=1

(‘/C[)vz (ln(XLz(Ll))) = C/C[)v2 (Z ln(Ll - Alld)>

i=1
ny na
== (L1 =2 1) Dy di = =) (L1 = Ald) ™ (A7 + A).
i=1 i=1
Hence,

oy (2, (L1) + Doy (Grzo (L) = 3 Ly = A - 1) (—L3 + Ly + A2 -1d — A; - 1d))

i=1

ny
=Y (d—Ai-1d—Ly) =ny-1d —tr Ly - 1d = np Ly
i=1
Finally, we obtain
%vlhl = —h1 (I’lz'Id —tr LzId — nle + L1 +tr L-1d + GId)
= —hl((l —np)Ly 4+ (trLy + C+ I’lz)Id),

as we claimed. The calculations for Z,, %, are analogous. O

Let us apply the theorem by specifying the blocks into which we want to split:

() To make some expressions shorter, we are using the formula Z,(In B) = B~!Z, B which, in the matrix
case, holds true if B and Zy B commute. In our case this condition is fulfilled for B = L and, consequently,
for B = x7,(L1)since Ly, L1 = —L% + L.
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COROLLARY 6.2. — Let (h, L) be a compatible pair that splits into two blocks of compatible
pairs (hy, Ly), (ha, Lo) of dimensions ny and n, respectively as in Theorem 6.1. Suppose v is a
projective vector field such that h, L and v satisfy (6.3).

1. Case of a trivial 1 x 1 Jordan p-block. Let (hy, L1) be given by

1 0
hi = dp?, L1 =p— ®dp,
F(p) ap
w.r.t. a coordinate p. Then vi = p(1 — p)% and
(64) F = a(l p) C n+l+0

2. Case of a 2 x 2 Jordan p-block. Let (hy, Ly) be given by

(6.5) h1=< 0 F(p)+x)andL1=(pF(p)+x)
F(p) +x 0 0 o

w.r.t. coordinates x, p. Then vy = G(x,p)% + p(1 — p)a%, where

1
G(x,p) = E((nz —Dp—1—=C—na)x + Gi(p)
and F(p), G1(p) satisfy the ODE system

F/zp(1 p)( (n2—=1p—1—=C—nz2)F —Gy),

6.6
( ) G/1=2(I’l2—1)F.

3. Case of a 3 x 3 Jordan p-block. Let (hy, L1) be given by

0 0 F(p)+2x2 pl X1
(6.7) hy = 0 1 X1 and Ly = | 0 p F(p) + 2x2
F(p) + 2x5 x1 x? 00 0

in coordinates x1, x3, p. Then,
d 0 0
v1 = G(x1, %2, ) s + H(x2, p)=— + p(1 = p) =,
ox1 0xo ap
where
1 1
G(x1.x2,p) = —5(0 +na +2—nzp)x; + 22 + G1(p)

and
1
H(xz,p) = —5(0 +n2 + (4 —n2)p)x2 + Hi(p)
and F(p), Hi(p), G1(p) satisfy the ODE system

F'= (- p)( (C+na+ (4—n2)p)F +2H),
(68) H{ = 2(]12_2)[7_(;17
G =0.
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REMARK 6.1. — Formulas (6.5) and (6.7) are exactly the normal forms obtained in [10]
for compatible pairs & and L in the case where L is conjugate to a 2 x 2 resp. 3 x 3 Jordan
block with a non-constant eigenvalue. Notice that these formulas are only meaningful at
those points where F + x # 0 (resp. F + 2x, # 0).

REMARK 6.2. — In part (1) of Corollary 6.2, we actually re-derived the Formulas (5.12)
for the components of v and the functions F; parametrizing the metric
¢
A .
h=g), =) 7 dof
i=1 !

obtained from the metric g by restricting it to leaves < of the distribution <.

Proof of Corollary 6.2. — Theorem 6.1 shows that &7, L; and v; have to satisfy the equa-
tions

(6.9) zvlLl = —L% + L7 and ZZUlhl =y —1)hL; —(tr L1 + C—i-nz)hl,
where n, = n—n; is the dimension of the block (%,, L,) of (h, L) complementary to (hy, L1).

(1) From the first equation in (6.9), it follows immediately that v = p(1 —p)d,. This solves
the first equation identically. It is straightforward to check that the second equation in (6.9)
with n, replaced by n — 1 is equivalent to the ODE

dF n+1+0—(n+1)pd

o p(1—p)
The solution to this ODE is (6.4) as we claimed.

(2) Since the first equation in (6.9) implies that v; preserves invariant subspaces of L, we
can suppose that
v1 = G(x,0)0x + p(1 — p)dp
for a certain function G(x, p). Using this, together with the explicit formulas for 4; and L,
we see that the first equation in (6.9) is equivalent to

(6.10) p(1=p)F' + G —(F +x)0xG =0

whilst the second equation in (6.9) is equivalent to the equations

(6.11) p(1=p)F' + G+ (F +x)0xG+ 1+ C+ny+ (1 —n3)p) =0
and

(6.12) 20,G = (np — 1)(F + x).

Substracting (6.10) from (6.11) and dividing by F + x yields

(6.13) 20;G+ 1+ C+ny+ (1 —ny)p=0.

This shows that G must be of the form
1
G(x,p) = 5((”2 —Dp—1-=C—na)x + Gi(p),

as we claimed. Inserting this into (6.10) (now equivalent to (6.11)) and (6.12), we obtain (6.6)
after rearranging terms.
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(3) Again, since vq preserves invariant subspaces of L1, we have
d 0 a
v1 = G(x1,x2,0)— + H(x2, p)7— + p(1 = p) =
dx1 0xo ap

for certain functions G(x1, x2, p) and H (x5, p). A straightforward calculation gives that the
first equation in (6.9) is equivalent to the equations

(6.14) —14+20+ 0, H —05x,G =0,

(6.15) 2%+ F 4+ G+ 0,H — (F 4+ 2x2)05x,G —x105,G =0

and

(6.16) 2H + p(1 — p)F' — (F 4 2x2)0x, H = 0,

whilst the second equation in (6.9) is equivalent to the equations

6.17) 2H + p(1 = p)F' + (F +2x2)(1 + C+na + 2 —n2)p + 9x,G) =0,
(6.18) C+ny+ (4—nz)p+20x,H =0,
(6.19)

1+ C+na+2—n2)p+0x, H)x1 + G+ 0,H — (F 4+ 2x2)(n; — 1 — 9,,G) =0
and
(6.20) (24 C+ny—nap)x? +2(G + d,H)x; — 2(F + 2x2)((n2 — 1)x; — 3,G) = 0.
Subtracting (6.16) from (6.17) and dividing by F + 2x,, we obtain
1+ C+ny+ 2—n2)p+09x,G+ 35, H=0.
Hence, using (6.14),
0y, G = %(nzp —2—C—ny)and 0, H = %((nz —4p—C—ny)

or, in other words,

1 -
G(x1,x2,p) = E(nzp—Z— C—no)x1 + G(x2,p)

and H(x,p) = 3 ((n2 — p— €~ n2)xs + Ha(p)

for certain functions G (x2, p), H; (p). Inserting this back into our PDE system (6.14)—(6.20)
we obtain that (6.9) is equivalent to the equations

(6.21) %nzxz + F + G+ H| — (F 4 2x3)35,G =0,
(6.22) (C+na+ (4—na)p)F +4Hy +2p(1 — p)F' =0,
(6.23) —%nzxz +G + H| + (F +2x2)8:,G + (1 —n)F =0
and

(6.24) (—naxy — (n2 —2)F 4+ 2G + 2H})x1 + 2(F + 2x2)3,G = 0.

Substracting (6.21) from (6.23) and dividing by F + 2x; gives —n, + ZBXZG = 0 and we see
that

~ 1
G(x2,p) = SMa¥2 + G1(p).
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Inserting this formula for G into (6.21)—(6.24), we obtain that (6.9) is equivalent to the
equations
1
E(z—nz)F + Gy + H{ =0,
(C+ny+ (4 —ny)p)F +4H, +2p(1 —p)F' =0,
4x,G1 + ((2—n2)x1 + 2G)F +2x1(G, + H{) = 0.

The first two of these equations give the first two equations in (6.8). Multiplying the first
equation by 2x; and subtracting it from the third gives 2(F + 2x,)G] = 0, hence, G} = 0
as we claimed. O

Now we are ready to describe the local structure of g, A and v in the case where
A “contains” a 2 x 2 or 3 x 3 Jordan block.

PROPOSITION 6.3. — 1. Let p € M° be a regular point and A contain a 2 x 2 Jordan
block with a non-constant eigenvalue p = py. Then in the neighborhood of p there exists
a local coordinate system x, p1,...,p¢, Vis-.., YN, N = mg + my, in which g and A

take the following form:

(6.25) A:(L(x’ﬁ) 0 ) and gz(h(x’ﬁ) 0 )
0 Acy) 0 ge(y) - xL(4c(»))

where
L](X,p])O"' 0 h](X,,O])'A](L]) 0
0 p2--0 0 Fyl(p2) - Ay - 0
620 L= . | h= .
0 0-pe 0 0 ~F (po) - Ay

and the ingredients in these matrices are as follows:
— Ly and hy are defined by (6.5) with p=p1,
— A1 (") is the polynomial of the form A(t) = Hfzz(t —pj),
— Filpi)=a;(1— pi)~Cp{ %,
— Ni=(pi —p)’ T, (o —py) i =2, L,
— Ac(y) is selfadjoint and parallel w.r.t. g.(y).

Furthermore,

L
d 0
= G(x.py)— (1= p))— + -+,
v @m%x+2¥( Py T
with G(x, p1) as in Corollary 6.2 (2), withn, = £ —1, p; = p.

2. Similarly, let p € M° be a regular point and A contain a 3 x 3 Jordan block with a non-
constant eigenvalue p = py. Then in the neighborhood of p € M° we can choose local
coordinates x1,x2, P1,...,0P¢, V1,-.., YN such that A and g are given by (6.25), (6.26)
where x = (x1, X2) and the other ingredients are as follows:
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— the 3 x 3 blocks L1(x1,x2, p1) and h1(x1, x2, p1) are defined by (6.7) with py = p,
— A1 () is the polynomial of the form Ay (t) = Hfzz(t - 0j),
— Fi(p)=a;(1—p)~ %ot i =2,....¢,

— ANi=(pi = p)*T_y (o =) i =2,
— Ac(y) is selfadjoint and parallel w.r.t. g.(y).

Furthermore,

¢
d 0 d
v:G(xlsxz»Pl)E‘f‘H(x%Pl)E‘f‘ g Pi(l—Pi)a—p‘i‘"',
i=1 !

with G(x1, X2, p1) and H(x3, p) as in Corollary 6.2 (3), withn, = £ — 1, p1 = p.

Proof. — The Formulas (6.25) and (6.26) (with F(p), F2(p2), ..., F¢(p¢) being arbitrary
functional parameters) are just a reformulation of the main result of [10] in the case where
A has the algebraic type described above.

In our situation we have, in addition, a projective vector field v satisfying (6.1). Consider
the natural decomposition of v that corresponds to the splitting (6.25) of g, 4 into “constant”
and “non-constant” blocks: v = vyc(x, p) + v ().

It is easy to see (cf. (5.13), (5.14)) that (6.1) can be rewritten for the non-constant block
without any change, i.e.,

Lo L =—L*+ L, %y, h=—hL—(trL+ O)h.

Unc Unc

HeretrA + ¢ = trL + Cand C = C + m; where m, is the multiplicity of the constant
eigenvalue 1 or, which is the same, m; = tr A..

After this remark, Proposition 6.3 follows immediately by applying Theorem 6.1 and
Corollary 6.2 (for i, L and vy but not v !) to reconstruct the functions F(p), F2(p2), ..., Fi(or)
as well as the components of vy, (the components of v.(y) are not important for our purposes
and we ignore them, in Proposition 6.3 they are denoted by “--- ). O

Partitioning local coordinates into two groups x, p1,...,p¢ and yi,..., yy determines
two natural integrable distributions %/ and 9/~ on MO similar to those from §5.5. All
geometric properties of the corresponding foliations listed in Proposition 5.6 still hold with
one little amendment that dim %/ = £+ 1 or £+ 2 (but not £ as before) so that now we should
think of x as an additional coordinate to p;’s.

The next statement is an analogue of Proposition 5.10. Consider the domain
U C R (x, p1...., pe)inthe case of a 2x2 Jordan block (resp. U € RT2(xq, x2, p1, ..., pr)
in the case of a 3x3 Jordan block) on which the above local Formulas (6.26) for / are naturally
defined. More precisely, U is defined by the inequalities (6.2) for the p;’s and the additional
coordinates x and x; satisfy F(p1) + x # 0 for a 2 x 2-block and resp. F1(p1) + 2x, # O for
a 3 x 3 block, see Remark 6.1.

PROPOSITION 6.4. — There is a natural isometric immersion ¢ : U — M (as a leaf of
the totally geodesic foliation determined by U ). In other words, the above Formulas (6.25) and
(6.26) have global meaning on M for all admissible values of coordinates.
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Proof. — The idea of the proof is similar to that of Proposition 5.10. We start with a
certain point p € M?° and locally identify the leaf of %/ through p with U by using a
canonical coordinate system in its neighborhood constructed in Proposition 6.3.

After this we use prolongation along a path as in the proof of Proposition 5.10. We
need to justify several facts which guarantee that such a prolongation is always possible,
namely, that the limit point of the curve ¢(a(t)) ast — Ty (we use the same notation as
in Proposition 5.10) exists, is unique and lies in M?, the set of regular points. First, we will

ensure that for any sequence t; <t < --- < t;--- i_—)>°o To such that ¢(a(t;)) converges, we
have lim; o ¢ (a(t;)) € M°. This will follow from Lemma 6.5 below.

Since ¢ preserves the eigenvalues of L, the multiplicities of the eigenvalues remain
unchanged and the inequalities (6.2) hold at the limit point. The condition dp; #0 is fulfilled
automatically and we only need to check that the Jordan block “survives” at the limit point.
A priori under continuous deformations the Jordan block may split into smaller blocks and
we need to show that this event may not happen under our assumptions.

To prove this fact we use the following algebraic lemma.

LEMMA 6.5. — Let h be a non-degenerate bilinear form of Lorentzian signature and L
be an h-selfadjoint endomorphism. Assume that L has a single real eigenvalue p and ey is a
p-eigenvector of L. Then in dimension 2 and 3 we have respectively:

1. For any canonical basis ey, e; (i.e., such that h = ((1) (1)) or, equivalently, h(e;, ej) = 8;3—;),
the matrix of L has the form
L={""].
0p

Moreover, a does not depend on the choice of e,, and can be computed from the following
formula a = voly, (ez, (L—p Id)ez).

o=o

. . . 001 ;
2. For any canonical basis ey, ez, es (ie., such that h = ((1) 8) or, equivalently,

h(ei,e;) = 8;a—j), the matrix of L has the form

pafp
L=]|0pa«a
00p

Moreover, a does not depend on the choice of e; and e3, and can be computed from the
following formula o = volp,(e3, (L — pId)es, (L — pId)?e3)>.

Proof. — The proofis straightforward and we only give some comments for dim = 3. The
first statement follows immediately from two facts:

1. L is h-selfadjoint and therefore the matrices of L and & satisfy LTh = hL;
2. the first column of L is (p,0,0) .
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The formula for « is obvious in the basis ej, es, e3. We now check that this formula
is independent of the choice of e, and e3. Let ey,e), e} be another canonical basis.
Then e} = aje + azes + azes, but h(ei,e3) = h(e;,e}) = 1 immediately implies
that a3 = 1. Hence, using the explicit formula for L, we can easily conclude that the
additional terms a1e; + a»e, do not contribute. Indeed,

voly (e5,(L — pld)es, (L — pld)?ey) =

voly(es + arey + azes, (L — pId)es 4+ a(L — pId)ey, (L — pId)?es) =
voly(e3 + arer + azes, Ber + wey, a’er) = ot3volg(e3, e e1) = a’. O
This lemma gives us a simple method to recognize if L has a Jordan block of maximal size
or not.
Let us return to the proof of Proposition 6.4. Since M is closed, any sequence has a

convergent subsequence. We take a sequence 11 < fp < +++ < t;--- T o and assume
without loss of generality that ¢ (a(#;)) converges to a certain point which we denote by p.
Let us show that p is regular, i.e., the Jordan block “survives”. We know that the eigenvalue
p1 of the Jordan block is a smooth function on M °. Moreover, the vector field e; = grad p;
does not vanish and is an eigenvector of the p;-block. Notice that these conditions hold not
only on M°, but also on a slightly bigger set M® (M® C M?) which can be characterized
by the property that the multiplicities of eigenvalues are fixed but the algebraic type of L is
allowed to change, namely, the Jordan p;-block may split into smaller p;-blocks. Notice that
the natural splitting into blocks corresponding to the eigenvalues of g makes sense on M,
so we can work with each block separately. An important additional fact, we are going to
use, is that ¢, by construction, preserves grad p;.

We use Lemma 6.5 to verify that the parameter « in the matrix of L(p) does not vanish.
Since both L and e; are smooth, we have by continuity o = limy, 7, «(#;), where a(t;) is
computed at the point ¢ (a(z;)) (W.r.t. to e; = grad p). But since ¢ is an isometry whenever it
is well defined, then the limit can be computed on U. Since all the points of U are regular
by construction, we have limy, 7, «(#;) # 0 as required. Thus, the limit point p of the
sequence ¢ (a(t;)) is regular.

We continue the proof for U < R2?**¢ ie., in the case of 3 x 3 Jordan block; the
case of 2 x 2 block is similar. In some neighborhood V(p) C M9, we can choose a
canonical coordinate system (x1, X2, 01, 02, - -, 0¢, V1, - - - » YN ) @sin Proposition 6.3 adapted
to the orthogonal integrable distributions %/ and 94*. A similar canonical coordinate system
X1, X2, 01, P2, - - -, P¢ can be chosen on U in the neighborhood U(a(Ty)) of a(Ty).

In both cases, p; are defined intrinsically as being eigenvalues of L. According to [10,
Remark 1.8], the other two coordinates x1, x, are defined up to shift x; — x; + ¢; (p1) (with
¢;i (p1) explicitly given in [10, Remark 1.8]) so that they become unique if we “fix the origin”
by setting x1(¢) = 0, x2(g) = 0 for a chosen point g.

Now choose t = 1 such that a(t') € U(a(Tp)) and ¢(a(t’)) € V(p) and “shift” the
coordinate systems introduced in V(p) and U (a(Tp)) to make them centered at ¢ (a(t')) and
a(t’) respectively as just explained. In terms of these coordinate systems, the prolongation
of ¢ along a(t) is defined simply by

a(t) = (x1(2), x2(6). p1(1). ... pe (1)) = P(a(t)) = (x1(2). x2(6). p1(1). ... pe(1). 1. ... IN).
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where y; are constant, i.e., ¢(a (t)) always remains on the same %/-leaf. This formula makes
sense as long as a(t)|[t,,TO] remains within the coordinate neighborhood U (a(TO)) and
¢(a(z)|[t,,T0]) remains within the coordinate neighborhood V(p). We can easily guarantee
these conditions by an appropriate choice of t' = #; making a(¢') very close to a(Tp) and

¢(a(t")) very close to p.

Thus, the prolongation along a(z) from¢t = t' uptot = Ty (and even a bit further
if Tp < 1) is well defined by the above formula. In particular, lim; .7, ¢ (a(¢)) exists and
therefore coincides with p = ¢(a(T0)) so that p belongs to the same %-leaf as the one we
started with. This completes the proof. O

Now to prove that Jordan blocks with non-constant eigenvalues cannot appear on
compact manifolds, we compute one special eigenvalue of the curvature operator of the
metric g given by the formulas from Proposition 6.3. For this computation we use the
following real analogue of Proposition A.2, which can be proved in a similar way.

PROPOSITION 6.6 ([6]). — Let g and L be compatible in the projective sense and A be as in
(1.7). Let VA = f(L) at some point p € M, where f(-) is a polynomial (or, more generally,
an analytic function) and suppose L(p) has a non-trivial Jordan p-block. Then one of the
eigenvalues of the curvature operator of g at the point p takes the form

f'(p).

This number can be computed for our metric g (equivalently, for & given by (6.26)) A
straightforward calculation shows the following:

ProOPOSITION 6.7. — 1. For a2 x 2 Jordan pi-block, we have

Fl/(pl) F;(pi)

Fle) = ~(Fi(py) + )3 [Tisa (01 — pi) * = 4oi = p1)* [0, (01 — i)

2. For a3 x 3 Jordan py-block, we have

3 Fi(pi)

Fle) = C4(Fi(p1) + 2x2)* [Tisa (o1 — pi) - g 4(pi — p1)° [T ¢1.i3(0i — 7))

These formulas immediately imply that the quantity f’(p;) (which is some special eigen-
value of the curvature operator of g) is unbounded on M°. Indeed, x and x, may vary
independently of the other coordinates and, in particular, we may fix the values of all p;’s
and then vary x (resp. x») so that Fy(p;) + x (resp. F1(p1) + 2x2) tends to 0 and therefore
f'(p1) — oo, which is impossible due to compactness of M. Thus, Jordan blocks with
non-constant eigenvalues may not occur in our situation and this conclusion completes the
proof of Theorem 1.2.
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Appendix
Eigenvalues of the curvature operator
In what follows, we consider a real vector space V with a complex structure J and an inner

product g (not necessarily positive definite) such that g(Ju, Jv) = g(u,v). Such a triple
(V, g, J) will be referred to as a pseudo-Hermitian vector space. We use the symbol

u(g,J)={X egl(V):[X,J] =0and g(Xu,v) = —gu, Xv)}
to denote the space (Lie algebra) of skew-Hermitian endomorphisms on V.

Let us first reformulate the integrability condition for Equation (1.4) in a way adapted
to the Lie theory. Recall that the Riemann curvature operator (at a point x € M) can be
understood asamap R : TxM ® TxM — so(g), R(u,v) = V,,Vy — VyVy, — V[, Taking
into account the fact that we are dealing with a Kédhler manifold and using the symmetries

of the curvature tensor of a Kéhler metric, we can also think of R as an operator defined on
the unitary Lie algebra (we still use the same notation)

R:u(g,J)—>u(g,J)
by setting R(u,v) = § R(u Ay v), where
(A.1D) urnyv=u'®@uv—1o’ ®u+(]u)b®Jv—(Jv)b®Ju cu(g,J)
and u” = g(u, -) denotes the metric dual of u.

LEMMA A.1. — Let (M, g, J) be a Kihler manifold of arbitrary signature, A € A (g, J) be
a Hermitian solution of (1.4) and A = % grad(tr A). Then the curvature operator
R :u(g,J) — u(g, J) satisfies the relation

(A.2) [R(X), Al = 4[X,VA] forall X € u(g,J).
Proof. — The Ricci identity applied to an arbitrary field of endomorphisms A reads
VuVoA — Vy VA — Vi, A = [R(u, v), A]

for any vector fields u, v. Let now A € ¢#(g, J) be a Hermitian solution of (1.4). Since VA is
g-selfadjoint and J-linear, i.e., Hermitian too, we have

VuVoA = VyVyAd = Vi A = 10" @ VyA + (VuA) @ v —u’ @ VA — (V,A) @ u
+ (Jv)° ® VyuA + (VyuA) ® Jv
— (Ju)’ ® VyuA — (VyuA)’ ® Ju = [X, VA],

where X = u Ay v. This proves Formula (A.2) for elements X € u(g, J) of the formu Ay v
and the claim follows from the fact that all skew-Hermitian endomorphisms are sums of such
elements. 0

REMARK A.l1. — If Formula (A.2) holds for an operator R : u(g,J) — u(g,J)
and Hermitian endomorphisms A and VA then, in fact, VA can be presented in the
form VA = p(A) for some polynomial p(-) with real coefficients. To show this, take an
arbitrary J-complex matrix ¥ and consider the following algebraic relations:

tr (X - [VA.Y]) = tr (Y - [X. VA]) = itr (Y - [R(X). A]) = %tr (R(X) - [A.Y]),
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where X € u(g, J) and tr denotes the complex trace. Since u(g, J) spans gl(Tx M, J) in the
complex sense, we conclude that [VA, Y] = 0 for any Y commuting with A. It is a well-known
algebraic fact that in this case VA can be written as a polynomial of A. Moreover, as both A
and VA are Hermitian, this polynomial must be real, i.e., with real coefficients.

Proposition A.2 below together with Formula (A.2) allows us to calculate eigenvalues of
the curvature operator in terms of the eigenvalues of A and VA. For the main concepts of the
proof of this proposition and for the relation to sectional operators in the theory of integrable
systems compare also with [7, §3] and [6, 5].

ProposiTION A.2. — Let (V, g, J) be a pseudo-Hermitian vector space andlet A : V — V
be a Hermitian endomorphism. Suppose an operator R : u(g, J) — u(g, J) satisfies

(A.3) [R(X),A] = [X,B] forall X e u(g,J),
where B = p(A) and p(-) is a polynomial with real coefficients. Then we have the following:
1. For all real eigenvalues A; # A; of A,
p(Ai) — p(4))
Ai —Aj
is an eigenvalue of R.

2. If A has a non-trivial A;-Jordan block, A; € R, then p’'(A;) is an eigenvalue of R.

REMARK A.2. — The first item of Proposition A.2 can be understood in a slightly
different way. Notice that B = p(A) implies that each eigenvector of A with an eigen-
value A; is, at the same time, an eigenvector of B with the eigenvalue m; = p(A4;). Hence

the formula for the eigenvalue of R from item (1) can be rewritten as 'Zi :;"j’ so that we

do not actually need to find p(-) explicitly; it is sufficient to know the eigenvalues m; of B
corresponding to A;.

The second item of Proposition A.2 can also be modified by using the following simple
fact from Linear Algebra. Let A be an eigenvalue of an endomorphism A having a non-
trivial A-Jordan block. Let p(-) and ¢(-) be two polynomials (or even more generally, analytic
functions) such that p(4) = ¢(A), then p(1) = ¢g(A) and p’(A) = ¢’'(1). It follows from
this statement that the polynomial p in the second item of Proposition A.2 can be replaced
by any other function ¢ satisfying p(A|VM) = q(A|VAi ), where V), denotes the generalized

A;-eigenspace of A.

Proof of Proposition A.2. — We start with some general considerations regarding
Formula (A.3). We view this formula as an equation on R for fixed 4 and B = p(A).
Suppose Ry, Ry : u(g, J) — u(g, J) are two solutions of (A.3). Then,

[R1(X)— R2(X), Al =0forall X € u(g,J),
that is, R; — R, takes values in the Lie algebra
g4 ={X €u(g.J):[X A] =0},

the centralizer of A in u(g, J). Thus, any solution R of (A.3) is unique up to adding an oper-
ator u(g,J) — g4. Moreover, an operator R satisfying (A.3) preserves the centralizer gy.
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Indeed, since B = p(A) is a polynomial in A, we have [X, B] = 0 for all X € g4. Then (A.3)
implies [R(X), A] = 0 for X € g4, showing

R(ga) C g4,

as we claimed. For any solution R of (A.3), we may therefore consider the induced operator

R:u(g, J)/ga — w(g.J)/ga

on the quotient space. It is a general fact that eigenvalues of the quotient operator R are
eigenvalues of the original operator R. On the other hand, we have just seen that the quotient
map R is the same for all solutions R of (A.3). We will use these facts by working with the
quotient map R, coming from a special solution Rg of (A.3) defined by

d
Ro= ¢ p(A+1X)|,_,.

This is indeed a solution of (A.3) as follows immediately from differentiating the identity
[p(A+1tX),A+1tX] = 0att = 0. By definition, if p(t) = Y j_, axt¥, then

RO(X)=iak > ArxAl

k=1  p+q=k-1

Hence for a generating element u Ay v, we obtain

m
(A.4) Ro(u Ay v) = Zak Z APu ny Alv.
k=1 pHq=k—1
We are now in the position to prove Proposition A.2. First, we show that Ry has eigenvalues
as given in part (1) and (2) of the proposition:
(1) Suppose u and v are eigenvectors of A for real eigenvalues A; and A; respectively,
A; # A;. Then (A.4) becomes equal to

m k—1 m k k
PR 1) = p(A;
Ro(u Ay v) = (Z ay ZAH}‘*") UAJU = (Z ak“) UNJ U= %ﬁj(ﬂ” AT V.
k=1 r=0 k=1 PTA P4

Hence,
p(Ai) — p(4))
Ai —Aj
is an eigenvalue of Ry with eigenvector u Ay v.

(2) Let us first argue, that without loss of generality we can suppose that a fixed real
eigenvalue A; of A is equal to zero. Indeed, using A = A — 2;Id instead of 4 in (A.3),
the Equation (A.3) holds for Ry, A and the same B = p(A) for another polynomial
(1) = Y ¥ dxt* that is equal to p(t + ;). Since 5'(0) = p’(X;), we may assume that
the fixed eigenvalue A; under consideration is equal to zero. Suppose A has a non-trivial
Ai-Jordan block and denote by V), the generalized A;-eigenspace. Let u € V}, be an
eigenvector of A, i.e., Au = 0, and v € V), satisfy Av = u. Then (A.4) becomes

m
Ro(u Anjv) = Zak(u AJ Ak_lv) =aiu Ay .
k=1
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Thus, a; is an eigenvalue of Ry with eigenvector u Ay v. Since a; = p’(0), the eigenvalue is
as in part (2) of Proposition A.2.

To summarize, we have shown that R, has eigenvalues as given in part (1) and (2) of the
proposition. It remains to show that these eigenvalues are also eigenvalues for the quotient
map Ro. Since for an arbitrary operator R solving (A.3) we have R = Rg, we then obtain
that R and hence R, has eigenvalues as in part (1) and (2) of the proposition.

It is straightforward to show that for any operator ¢ : V — V with a ¢-invariant
subspace U C V, an eigenvalue A of ¢ is also an eigenvalue of the quotient map

G:V/U—>V/U
if and only if the generalized A-eigenspace of ¢ is not contained in U (although, it may have

a non-trivial intersection with U).

To complete the proof of Proposition A.2, it therefore suffices to show the following
statements, each of which proves one of the parts of the proposition:

(1) uAjv ¢ gy for eigenvectors u and v of A corresponding to real eigenvalues A; and A;
respectively, A; # A;.
(2) u Ay v ¢ g4 for an eigenvector u of A corresponding to a real eigenvalue A; and a
vector v € Vy, such that Av = u + A;v.
Introducing the notation
uojv=uw v+’ u+ (Ju) ® Jv+ (Jv)’ @ Ju,
we have [u Ay v, A] = Au ©y v —u @y Av. Thus, for case (1) we obtain
[Lt AT U,A] = (A —Aj)u Oy,
which is non-zero, hence, u Ay v ¢ g4. For case (2) we obtain
[unrjv,Al=Aiu@;v—u®y U+ Av)=—-udyu,
which is non-zero, hence, u Ay v ¢ g4. This finishes the proof of the proposition. O
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ARITHMETIC AMPLENESS
AND AN ARITHMETIC BERTINI THEOREM

BY Frangois CHARLES

ABSTRACT. — Let X be a projective arithmetic variety of dimension at least 2. If £ is an ample
hermitian line bundle on X, we prove that the proportion of those effective sections o of %" such
that the divisor of o on X is irreducible tends to 1 as n tends to co. We prove variants of this statement
for schemes mapping to such an X.

On the way to these results, we discuss some general properties of arithmetic ampleness, including
restriction theorems, and upper bounds for the number of effective sections of hermitian line bundles
on arithmetic varieties.

RESUME. — Soit X une variété arithmétique projective de dimension au moins 2, et soit £ un
fibré hermitien sur X'. Si £ est ample, on démontre que la proportion des sections effectives de o qui
définissent un diviseur irréductible sur X tend vers 1 quand » tend vers co. On démontre également des
variantes de ce résultat pour des schémas admettant un morphisme vers X

On prouve par ailleurs un certain nombre de propriétés générales de ’amplitude arithmétique,
autour notamment de théorémes de restriction et d’estimées pour le nombre de sections effectives de
fibrés en droites hermitiens.

1. Introduction

1.1. Bertini theorems over fields

Let k be an infinite field, and let X be an irreducible variety over k with dimension at
least 2. Given an embedding of X in some projective space over k, the classical Bertini
theorem [23, Theorem 3.3.1] shows, in its simplest form, that infinitely many hyperplane
sections of X are irreducible.

In the case where k is finite, the Bertini theorem can fail, since the finitely many hyperplane
sections of X can all be reducible. As was first explained in [26] in the setting of smoothness
theorems, this phenomenon can be dealt with by replacing hyperplane sections with ample
hypersurfaces of higher degree. We can state the main result of [11]—see Theorem 1.6 in[11]
and the discussion in the proof of Theorem 6.1 below—as follows: let k be a finite field, let
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1542 F. CHARLES

X be a projective variety over k and let L be an ample line bundle on X. Let Y be an integral
scheme of finite type over k together with a morphism f : ¥ — X. Assume that the image
of f has dimension at least 2. If Z is a subscheme of Y, write Zyq,i, for the union of those
irreducible components of Z that do not map to a closed point of X. Then the set

P = {a € U HO(X, L®"), div(f*0)horiz is irreducible}
n>0
has density 1, in the sense that
. |PnHOX, L®)]

lim =

n—oo  |HO(X, L®")|
Here if S is a set, we denote by |S| its cardinality. When Y is a subscheme of X, we can
disregard the horizontality subscript.

1.2. The arithmetic case

In this paper, we deal with an arithmetic version of Bertini theorems as above. Let
X be an arithmetic variety, that is, an integral scheme which is separated, flat of finite type
over Spec Z. Assume that X is projective, and let £ be a relatively ample line bundle on X'. As
is well known, sections of £ over X are not the analogue of global sections of a line bundle
over a projective variety over a field. Indeed, it is more natural to consider a hermitian line
bundle £ with underlying line bundle £ and consider the sets

—=®
HY (X, L")
of sections with norm at most 1 everywhere. We discuss ampleness for hermitian line bundles

in Section 2, which we refer to for definitions.

Given finite sets (Xj)n>0, and a subset P of [ J
following equality holds:

2>0 Xn, say that P has density p if the
. PN Xy
lim —— =

n—o00 |Xn|

The main result of this paper is the following arithmetic Bertini theorem. Again, given
a morphism of schemes f : Y — X, and if Z is a subscheme of Y, we denote by Zpori,
the union of those irreducible components of Z that do not map to a closed point of X.
If M = (M,]||.]]) is a hermitian vector bundle and § is a real number, write M(§) for
the hermitian vector bundle (M, e~ %||.||). Write ||0||oo for the sup norm of a section of a
hermitian vector bundle.

THEOREM 1.1. — Let X be a projective arithmetic variety, and let L be an ample hermitian
line bundle on X. Let Y be an integral scheme of finite type over SpecZ together with a
morphism Y — X which is generically smooth over its image. Assume that the image
of Y has dimension at least 2. Let € be a positive real number. Then the set

{a e |J HAX.Z@®"). 110] ;e lloo = 1and div(f*0)nori is irreducible}

n>0

. . 0 A
has density 1 in {o € U, Ha (X, L(e)®"), ||0|f(y(©)||oo <1}
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Recall that by definition, the condition o € H (X, £(¢)®") means

llolleo = &".

REMARK 1.2. — A Weil divisor is said to be irreducible if it comes from an integral
codimension 1 subscheme.

REMARK 1.3. — The hypothesis that f is generically smooth over its image is necessary:
when f is the Frobenius morphism of a fiber X, all div(f*o) have components with
multiplicities divisible by p. Of course, it holds when Y is flat over Spec Z. Without this
hypothesis on f, the conclusion is only that the support of div(f*o) is irreducible for a
density 1 set of 0.

An important special case of the theorem deals with the special case where f is dominant.
In this case, generic smoothness is automatic.

THEOREM 1.4. — Let X be a projective arithmetic variety, and let L be an ample hermitian
line bundle on X. Let Y be an integral scheme of finite type over SpecZ together with a
morphism f 1Y — X. Assume that the image of Y has dimension at least 2 and f is dominant.
Then the set

{rr e | J HL(X.Z®"), div(f*0)noriz is irreducible}

n>0

has density 1 in | J,.o HJ (X, Z®n).

n>0

REMARK 1.5. — We will prove Theorem 1.1 as a consequence of Theorem 1.4. However,
the latter is a special case of the former. Indeed, with the notation of Theorem 1.1, when f is
dominant, if o € HY (X, L(s)®", then the condition

1] sy llee =1

is equivalent to

llolloo = 1,

ie,o € HXT(X,ZW).

The case where ) = X is particularly significant. We state it independently below. Most
of this paper will be devoted to its proof, and we will prove 1.1 and 1.4 as consequences.

THEOREM 1.6. — Let X be a projective arithmetic variety of dimension at least 2, and let
L be an ample hermitian line bundle on X. Then the set

{e e | J HYLx.Z%"), div(o) s irreducible}

n>0

has density 1 in | J ng(X, Z®n).

n>0
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1544 F. CHARLES

Theorem 1.6 is stronger than the Bertini irreducibility theorem of [11, Theorem 1.1], as
we explain in Section 3. Note however that we use the results of [11] in our proofs.

In Theorem 1.6, the case where X’ has dimension at least 3—that is, relative dimension at
least 2 over Spec Z—is easier. Indeed, if p is a large enough prime number, we can apply the
Bertini irreducibility theorems over finite fields to the reduction of X modulo p, which with
moderate work is enough to prove the theorem. However, when X is an arithmetic surface,
Theorem 1.6 is genuinely different from its finite field counterpart. Note that the hardest case
of the main result of [11] is the surface case as well.

Theorem 1.1 should be compared to the Hilbert irreducibility theorem, which implies,
if £ is very ample on the generic fiber of X and Y is flat over Z, the existence of many
sections o of £ such that the generic fiber of div( f*0) is irreducible. However, the Hilbert
irreducibility theorem does not guarantee that these sections have small norm. To our
knowledge, Theorem 1.1 does not imply the Hilbert irreducibility theorem, nor does it
follow from it.

1.3. Previous results and applications

Arithmetic Bertini theorems, in the setting of both general arithmetic geometry and
Arakelov geometry, have appeared in the literature. In [26], Poonen is able to prove a Bertini
regularity theorem for ample line bundles on regular quasi-projective schemes over Spec Z
under the abc conjecture and technical assumptions. The statement does not involve hermi-
tian metrics but still involves a form of density.

In [24], Moriwaki proves a Bertini theorem showing the existence of at least one effective
section of large powers of an arithmetically ample line bundle that defines a generically
smooth divisor—this was reproved and generalized in [19]. As a byproduct of our discussion
of arithmetic ampleness in Section 2 and Poonen’s result over finite fields, we will give a short
proof of a more precise version of this result.

THEOREM 1.7. — Let X be a projective arithmetic variety with smooth generic fiber, and let
L be an ample hermitian line bundle on X. Then the set

{0 € U ng(X,Z@m), div(o)gis smooth}
n>0
has density 1 in | .o HY (X, Z®n).

n>0

Of course, this result can be combined with Theorem 1.6 if X’ has dimension at least 2.

Weaker Bertini theorems over rings of integers in number fields have been used in higher
class-field theory, under the form of the Bloch-Raskind-Kerz approximation lemma proved
in [5, 28, 35, 21}—see [33, Lemme 5.2] for a discussion. These results can be obtained easily
as a special case of our Corollary 3.6 (or its variant corresponding to Theorem 1.1 for
Wiesend’s version)—this corollary allows us furthermore to control the cohomology class
of the irreducible subvarieties involved.

An arithmetic Bertini theorem has been proved by Autissier in [2, 3]. Counts of irreducible
divisors on arithmetic varieties have been provided by many authors, starting with Faltings
in [14].
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Our Bertini theorem is expected to be used in its precise form in upcoming work of
Hrushovski on the model theory of number fields. We hope to discuss its applications to both
general Arakelov geometry and number-theoretic problems in future work.

1.4. Strategy of the proofs

The starting point of our proof is that, as in [11], the Bertini irreducibility theorem is
susceptible to a counting approach: to show that most divisors are irreducible, simply bound
the number of the reducible ones.

To carry on this approach, we need to translate in Arakelov geometry results from classical
geometry. The two key results in that respect are the study of restriction maps for powers
of ample hermitian line bundles we prove in 2.3 and bounds for sections of hermitian line
bundles on surfaces in 4.2. We hope that these results have independent interest.

Even with these tools at our disposal, we are not able to adapt the methods of [11], for
two reasons. First, the error terms in the various estimates we deal with (including arithmetic
Hilbert-Samuel) are big enough that we need a more involved sieving technique than in
[11] involving the analysis of simultaneous restriction of sections modulo infinite families
of subschemes. Second, given a section of a hermitian line bundle with reducible divisor on
a regular arithmetic surface, we need to construct a corresponding decomposition of the
hermitian line bundle, which involves constructing suitable metrics. The relevant analysis is
dealt with in 4.1 and can only be applied when suitable geometric bounds hold. To get a hold
of the geometry, we need a careful analysis dealing with infinite families of curves over finite
fields—coming from the reduction of our given arithmetic surface modulo many primes. This
is the content of 5.2.

1.5. Notation and definitions

If S is a set, we denote by | S| the cardinal of S.

If X is a scheme of finite type over Spec Z, we denote by X?" the associated complex
analytic space.

By an arithmetic variety, we mean an integral scheme which is flat of finite type
over SpecZ. A projective arithmetic variety of dimension 2 is an arithmetic surface. If
X is a scheme over SpecZ and if p is a prime number, we will denote by &}, the reduction
of X modulo p. If f : X — Y is a morphism of noetherian schemes, we say that an
irreducible component of X is vertical if its image is a closed point of Y, and horizontal if
not. We denote by Xy, the union of the horizontal components of X.

Let X be a complex analytic space. A hermitian vector bundle M = (M, ||.||) is a pair
consisting of a vector bundle M on X and a hermitian metric on the restriction of M to the
reduced subspace Xi.q. We require furthermore for the metric to be smooth, i.e., if X is of
pure dimension d, given any holomorphic map from the unit disk D¢ in C¢ to X, the metric
pulled-back from X to D¢ is smooth.

Let X be a scheme of finite type over SpecZ. A hermitian vector bundle M on X is a
pair M = (M, ]||.||) where M is a vector bundle on X and ||.|| is a smooth metric on
the restriction of M to the complex space X (C). If M is a hermitian vector bundle over a
scheme X of finite type over Z, we will denote by M the underlying vector bundle. Note that
if the generic fiber Xy is empty, i.e., if X' is vertical, a hermitian vector bundle on X is nothing
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but a vector bundle. If M = (M, ||.||) is a hermitian vector bundle and § is a real number,
write M(§) for the hermitian vector bundle (M, e7%][.]).

Let M be a hermitian vector bundle on a proper scheme X over Z. If o is a section of M
on X, we will often denote by ||0]|oo the sup norm of o, that is, ¢ is the supremum of the
|lo(x)]| as x runs through all complex points of x. We will call ||o || the norm of o.

If||o||eo < 1(resp. ||o||lco < 1), wesay that o is effective (resp. strictly effective). We denote
by H? (X, M) the set of effective sections of £, and write

h (X, M) = log |[HR, (X, M)|.
If Xy is generically reduced, then ng()( , M) is finite. Note again that if Xg is empty, then
H) (X, M) = H°(X, M).

We say that a hermitian line bundle on X is effective if it has a regular effective section.

1.6. Outline of the paper

Section 2 is devoted to a general discussion of arithmetic ampleness. After setting defini-
tions, we recall aspects of the arithmetic Hilbert-Samuel theorem, taking care of error terms.
We then prove a number of results concerning the image of restriction maps for sections of
large powers of ample hermitian line bundles.

In the short Section 3, we make use of the previous section to discuss consequences and
variants of the main theorems. We prove Theorem 1.7.

In Section 4, we gather general results—both analytic and arithmetic—dealing with
hermitian line bundles on Riemann surfaces and arithmetic surfaces. We prove norm esti-
mates in the spirit of [10], and we prove a basic upper bound on the number of effective
sections for positive line bundles—in some sense—on arithmetic surfaces, making use of the
f-invariants of Bost, as well as a result on the effective cone of arithmetic surfaces.

Section 5 is devoted to the proof of Theorem 1.6, and Section 6 to the remaining theorems
of the introduction.
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2. Some results on arithmetic ampleness

In this section, we gather some results on ample hermitian line bundles on arithmetic vari-
eties. Most results are well-known and can be found in a similar form in the literature. Aside
from a precise statement regarding error terms in the arithmetic Hilbert-Samuel theorem,
our main original contribution consists in the results of 2.3 that deals with restriction maps
for sections of ample line bundles.

2.1. Definitions and basic properties

We recall basic properties of arithmetic ampleness as used in the work of Zhang [39].

DEFINITION 2.1. — Let X be a complex analytic space, andlet L = (L, ||.||) be a hermitian
line bundle on X . We say that L is semipositive if for any open subset U of X, and any section s
of L on U, the function —log ||s||? is plurisubharmonic on U.

REMARK 2.2. — Since for any holomorphic function f, the function —log]|f|? is
harmonic, it is readily checked that L is semipositive if X admits a covering by open
subsets U such that there exists a nowhere vanishing section s of L on U such that the func-
tion —log||s||? is plurisubharmonic on U. In particular, semipositivity is a local property
on X.

DEFINITION 2.3. — Let X be a projective arithmetic variety, and let L be a hermitian line
bundle on X. We say that L is ample if L is ample, L is semipositive on X*® and for any large
enough integer n, there exists a basis of H°(X, L®") consisting of strictly effective sections.

PROPOSITION 2.4. — Let X be a projective arithmetic variety, and let L be an ample
hermitian line bundle on X. Let M = (M., ||.||) be a hermitian vector bundle on X, and let
F be a coherent subsheaf of M. Then there exists a positive real number ¢ such that for any
large enough integer n, there exists a basis of H*(X, L®" ® F) ¢ HY(X, L®" ® M) consisting
of sections with norm at most e "¢,

Proof. — Since L is relatively ample, for any large enough integers a and b, the morphism
HO(X,£%) @ HO(X, L% ® F) — H(X, L& @ F)
is surjective. As a consequence, for any two large enough integers a and b, and any positive
integer n, the morphism
HO(X, £8)®" @ HO(X, LB @ F) — HO(X, L2+ @ F)

is surjective.

Choose a large enough so that the space H°(X, £L®%) has a basis consisting of sections
with norm at most « for some o < 1. Choose by, ..., b, large enough integers that form a
complete residue system modulo /. We can assume that the maps

HO(X,£®H)®n ® HO(X,,C@bi ® ‘7:) — HO(X,£®an+bi ® f)
are surjective for all positive integer n and all i between 1 and a. Now choose bases for the
spaces HO(X, L%V ® F) as i varies between 1 and a, and let B be an upper bound for the

norm of any element of these bases. Taking products of elements of these bases, we find a
subspace of full rank in H%(X, £L®"*bi @ F) which has a basis whose elements have norm
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at most «” 8. By [38, Lemma 1.7], this implies that H°(X, L8+ ® F) has a basis whose
elements have norm at most ra” 8, where r is the rank of HO(X, £L®"+bi @ F).

The theory of Hilbert polynomials shows that the rank of H°(X, £%"+?i) is bounded
above by a polynomial in an + b;. Since & < 1, the number ra” 8 decreases exponentially
as an +b; grows, which shows the result since any integer can be written as an + b; for some i
and n. O

COROLLARY 2.5. — Let X be a projective arithmetic variety. Let L be an ample hermitian
line bundle on X and let M be a hermitian line bundle on X. Then for any large enough integer n,
the hermitian line bundle L=" ® M is ample if and only if it is semipositive.

Proof. — Since L is relatively ample, for any large enough integer n, the line bundle
L®" ® M is relatively ample and the morphisms

HO(X,,C®n ®M)®m — HO(X, (£®n ®M)®m)

are surjective for any positive integer m.

For large enough 1, Proposition 2.4 guarantees that there is a basis for H%(X, L®" ® M)
consisting of sections with norm at most e™"# for some positive number £. As a conse-
quence, we can find a subspace of full rank in HO(X,(£L®" ® M)®") with a basis
consisting of sections with norm at most e~™"¢. By [38, Lemma 7.1], this implies that
HO(X, (L®" @ M)®™) itself has a basis whose elements have norm at most re™""¢, where
r is the rank of H(X, (L®" ® M)®™). Since again r is bounded above by a polynomial
in mn, this shows the result. O

COROLLARY 2.6. — Let f : Y — X be a morphism of projective arithmetic varieties, and
let L be an ample hermitian line bundle on X. Then there exists a positive real number & such
that for any large enough integer n, there exists a basis of H°(Y, f*L®") consisting of sections
with norm bounded above by e™"¢.

Proof. — By the projection formula, for any integer k, we have a canonical isomorphism

HOY, f*L®) ~ HO(x, L® @ f,.0y).
Since L is relatively ample, for any two large enough integers n and k, the map
HO(X,£®n) ® HO(X,£®k ® f.0y) — HO(X,£®(n+k) ® fxOy)
is surjective, which means that the natural map
HO(X,£®n) ® HO(y’ f*[:@k) N I_]O(y7 f*ﬁ®(n+k))
is surjective.

Fix a large enough integer k for the previous assumption to hold. By Proposition 2.4, the
space H°(X, £®") admits a basis consisting of elements with norm decreasing exponentially
with n, which shows that the same property holds for HO(Y, f*£2®+K), O

COROLLARY 2.7. — Let f be a finite morphism between projective arithmetic varieties. The
pullback of an ample hermitian line bundle by f is ample.
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Proof. — By the previous results, we only have to show that if f : X — Y is a finite map
between complex projective varieties, and if L is a semipositive hermitian line bundle on Y,
then f*L is semipositive.

Let U be an open subset of Y on which L is trivial, and let s be a nowhere vanishing section
of L on U. Then f*s is a nowhere vanishing section of f*L on f~!(U), and the function

—logl|f*s|I> = (=log|ls[|*) o f
is plurisubharmonic on f~1(U), being the composition of a holomorphic function and a
plurisubharmonic function. Remark 2.2 shows that f*L is semipositive. O

Let n be a positive integer, and consider the complex projective space CP". The line
bundle O(1) on CP”" is endowed with the Fubini-Study metric ||.|| defined as follows. Let x be
a point of CPP* with homogeneous coordinates [xg : --- : x,]. The fiber of O(1) at x may be
identified with linear forms C(xy, ..., x;) — C. Endow the line C(xy, . .., x1) with the norm
induced by the standard hermitian norm on C**!. Then the Fubini-Study metric on O(1) is
the one that corresponds to the operator norm on linear forms.

The following is the basic example of an ample hermitian line bundle.

PROPOSITION 2.8. — Let n be a positive integer, and let O(1) be the hermitian line bundle
on P, corresponding to the line bundle O(1) endowed with the Fubini-Study metric. Then for
any € > 0, the hermitian line bundle O(1)(¢) is ample on IP7;.

Proof. — The line bundle O(1) is ample on P?, and the Fubini-Study metric is known to
have positive curvature.

Let X(')i0 ~~X,‘f" be a monomial of total degree d > 0, seen as a section of O(d). With
respect to the Fubini-Study metric, if x is a point of CP" with homogeneous coordinates
[xo : -1 xp], we have

do dn
|.X0 e xn < 1

(IX0l? + -+ + |xa[>)4/2
This shows that H°(P%, O(d)) has a basis consisting of sections of norm bounded above by 1,
and proves the result. O

d,
[1Xg0 -+ X (x)|| =

The following follows immediately from Proposition 2.8 and Corollary 2.7.

COROLLARY 2.9. — Let X be an arithmetic variety, and let L be a relatively ample line
bundle on X. Then there exists a metric ||.|| on L¢, invariant under complex conjugation, such
that the hermitian line bundle (L, ||.||) is ample.

Proof. — Some positive power £L®" of L is the pullback of the line bundle O(1) on some
projective space. By Proposition 2.8 and Corollary 2.7, the pullback of the Fubini-Study
metric, scaled by e~ for some & > 0, to LZ" gives L®" the structure of an ample hermitian
line bundle.

Endow £ with the hermitian metric ||.|| whose n-th power is the metric above. We get a
hermitian line bundle £ = (£, ||.||) such that £=" is ample. This implies that Z is ample. [J
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2.2. Arithmetic Hilbert-Samuel

We turn to the arithmetic Hilbert-Samuel theorem, giving an estimate for hgr()( , Z®n),
where £ is ample and 7 is large. This has been proved by Gillet-Soulé in [17, Theorem 8 and
Theorem 9] and extended by [39, Theorem (1.4)], see also [1] and [6]. In later arguments, we
will need an estimate for the error term in the arithmetic Hilbert-Samuel theorem. In the case
where the generic fiber of X' is smooth, such an estimate follows from the work of Gillet-
Soulé and Bismut-Vasserot. The general case does not seem to be worked out. However, for
arithmetic surfaces, an argument of Vojta gives us enough information for our later needs.

We start with a proposition relating the Hilbert-Samuel function of a hermitian line
bundle and its pullback under a birational morphism.

PrOPOSITION 2.10. — Let f : Y — X be a birational morphism of projective arithmetic
varieties, and let L be an ample hermitian line bundle on X. Then there exists a positive integer k
and a positive real number C such that for any integer n and any hermitian vector bundle M
on X, the following equality holds:

—®(n+k)

(X, 22" @ M) < hQ, (. f*(L>" ® M)) < S, (X, ® M(C)).

Proof. — Pullback of sections induces an injective map
£ L. L2 @ M) — HO, (V. £ @ M)).
which proves the first inequality.

The coherent sheaf H2l( f« Oy, Ox) is non-zero. As a consequence, there exists a positive
integer k such that the sheaf

HP(fOy, Ox) ® LEK = H(f Oy, LEF)
has a nonzero global section ¢. Since f is birational, the morphism
¢ fxOy — LBk

is injective. If U is an open subset of the compact complex manifold X' (C) and n is an integer,
we endow the spaces

HO(U.L®" @ M ® f.0y) = HO(f1(U), f*L®" @ M)
and
HO(U, L8O @ M)
with the sup norm—which might take the value co. Since X' (C) is compact, we can find a
constant C such that the maps

v : H(U, f20y) - HO(U. L)
all have norm bounded above by ¢€. As a consequence, all the maps
Id® ¢y : HOU, LZ" @ M ® f.0y) — HO(U, LE"HR) @ M)
have norm bounded above by e€ as well, and the induced map
HO, f*(L®" @ M)) — HO(X, LOU+0) @ M)
has norm bounded above by e€ . Since this map is injective, we have an injection

HY., (%" @ M) — H, (X, 2" @ M(C)),
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which shows the second inequality. O

We may now state some forms of the arithmetic-Hilbert-Samuel theorem. For the
purposes of this paper, the key statement is (iii). We will need the more precise estimate on
the error term it provides compared to (i).

THEOREM 2.11. — Let X be a projective arithmetic variety of dimension d, let L be an ample
hermitian line bundle on X, and let M be a hermitian vector bundle of rank r.

(1) As n tends to oo, we have
— — —d
h(X. T2 @ M) = %,c n? + o(n);
(ii) if Xg is smooth and the curvature form of L is positive, then
r

d!zdnd + 0% 'logn)

m (X, 2% @ M) =
as n tends to oco;
(iil) if'd = 2, then
W (X, L% @ M) > %Zznz + O(nlogn)
as n tends to oo.

Proof. — The first statement can be found in [36, Corollary 2.7(1)]. It is a consequence of
the extension by Zhang in [39, Theorem (1.4)] of the arithmetic Hilbert-Samuel theorem of
Gillet-Soulé of [17, Theorem 8], together with [16, Theorem 1].

Let us prove the second statement. Choose a Kéhler metric on X (C), assumed to be
invariant under complex conjugation, and write y;2 (Z®n ® M) (resp. Jsup (Z®n ® M)) for
the logarithm of the covolume of H%(X, " ® M) for the associated L2 norm (resp. for the
sup norm). Then by [17, Theorem 8], we have

XLZ(ZW M) = %_dnd + 0% logn).
By the Gromov inequality as in for instance [36, Corollary 2.7(2)], this implies

— — r—d
Aoup L2 @ M) = L%+ 0(n? ™ logn).

Consider the lattice A = H%(X, £L®" ® M), endowed with the sup norm. Then since A is
generated by elements of norm strictly smaller than 1, the dual of A does not contain any
nonzero element of norm smaller than 1. Furthermore, the geometric version of the Hilbert-
Samuel theorem shows that the rank of A has the form O(n¢~'). By [16, Theorem 1], we
get

—=®n _ —— —®n _ — _
W8 (XL @ M) — xup(L @ M)| = O(n?~"logn),
which proves the desired result.

We now prove the last statement. Let f : ) — X be the normalization of X, so that f is
birational, finite, and ) has smooth generic fiber.

Since f is finite, the line bundle f* L is ample. Let L be f*Land M be f*M. Choose a
Kahler metric on Y(C), assumed to be invariant under complex conjugation, and again write
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XL2 (Z/@m ® H’) for the logarithm of the covolume of H%(Y, £'®" ® M’) for the associated
L? norm.

By Proposition 2.10, we can find a constant C and an integer k£ such that for any integer n
greater or equal to k, we have

— - —Qn—k = —

2.1) WX, 22" @ M) = hQ (V. L' @ M (-C)).

Applying the arithmetic Riemann-Roch theorem for n large enough so that the higher
cohomology groups of £'®" ® M’ vanish, we get the following equality:

— — 1 r—
22 (%" @ M (=C)) — ST = E,cznz + o),
where by T,, we denote the analytic torsion of the hermitian vector bundle L% ® M. The
equality above is proved via the computations of [17, Theorem 8], or [15, Théoréme 1]. In
contrast with the usual setting of Hilbert-Samuel, note that the curvature form of Z might
not be positive everywhere, so that we cannot apply the estimates of [4] for 7;,. However, since
the dimension of X is 2, we have
Tw = §1,,(0),

where {; is the zeta function of the Laplace operator acting on forms of type (0, 1) with values
inZ®" ®/7/(—C ). We can use an estimate of Vojta to control the analytic torsion 7},. Indeed,
by [34, Proposition 2.7.6], we have

{1,(0) = —Knlogn

for some constant K, so that

en  — _ 1 _
22 y(C% @M (=C)) = L0 + =T, + O(n) > %Eznz + O(nlogn).

2 2
Combining as above Gromov’s inequality, [16, Theorem 1], Corollary 2.6 and the
geometric version of Hilbert-Samuel, we can write

S, (V. %" & M (=C)) — x12(L%" ® M (—=C))| = O(nlogn),
which together with (2.2) gives the estimate

W, V. 2% @ M (-C)) > gzznz + O(nlogn).
From (2.1), we finally obtain
W (X, L% @ M) > %Zz(n — k)% + O(nlogn) > %Zzn2 + O(nlogn). 0

2.3. Restriction of sections

Let k be a field, and let X be a projective variety over k. Let £ be an ample line bundle
on X.If'Y is any closed subscheme of X, consider the restriction maps

¢t HO(X, L®") — HO(Y, L|S").
The map ¢, is surjective if n is large enough and, obviously, there are bijections between the
different fibers of ¢, when it is surjective.
In this section, we give arithmetic analogues of these results, looking at HJ instead

of H%—this is Theorem 2.17. Furthermore, we show in Theorem 2.21 that the lower bound
on the dimension of the image of the restriction map can be given to be independent of Y.
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In the following, let X be a projective arithmetic variety, and let £ be an ample hermitian
line bundle on X. If n is an integer, we denote by A, the space H%(X, £L®") endowed with
the sup norm, and we write r,, for its rank. If R is a nonnegative real number, let B, (R) be
the closed ball of radius R in A,. In particular, we have

B,(1) = HO(X,Z®").
Let B, (R)r be the closed ball of radius R in A,, ® R. Let Vol denote the volume with
respect to the unique translation-invariant measure on A, ® R for which Vol(B,(1)r) = 1.
If 7 is a quasi-coherent sheaf of ideals on X', we write AZ for the subgroup H°(X, £L®" ® T)

of HO(X, £®"), endowed with the induced norm. We write rZ, B,(R)%, B,(R)Z, Vol* for
the corresponding objects.

We gather a few results regarding point counting in the lattices AZ. The following is a basic
estimate.

LEMMA 2.12. — Let n be a positive real number. Let C be any real number. Then, as n goes
to infinity, we have, for any positive R,
VolZ (B, (R + Ce™™ME) = R (1 + CR™'rZe™ + o(R™'rZe™™)),

where the implied constant in o depends only on C.

Proof. — We write
VolZ (By(R + Ce™™ME) = (R + Ce ")
= R exp (rFlog(1 + CR'e™))
= R exp (CR™'rFe™ + o(R™'rFe™))
= R (1 + CR™'rZe™ 4 o(R™'rTe™™)). O
Fix 7 as above. Let n be a large enough integer. By Proposition 2.4, we can find a positive

number &7, independent of 7, and a basis o1, . .., 0,7 of A} such that [0} |00 < e"¢" for all
iedl,..., r,{ }. Consider the fundamental domain

i
2.3) D,{:{ina,»wie{1,...,n},05x,-<1}.
i=1
PROPOSITION 2.13. — Let o be a positive number with 0 < a < 1. As n tends to oo, we
have, for any R > e™"%,
| By (R)[Vol™ (D) ~ R

Proof. — Let n be a large enough integer. As o runs through the elements of AZ, the
sets 0 + DI are pairwise disjoint and cover AZ ® R. Furthermore, the diameter of D} is
bounded above by rnIe_"sI. As a consequence, if o is any element of AZ, then
o+ DE C Bu(llolo + rfe™)E
and

— z
(@ + D) N Bu(llolloc —ry e ™ )i = 0.

n
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As a consequence, we have
Vol (B, (R — rfe™")Z) < |Bu(r)%|VolZ (DE) < VolX (Bu(R + rfe™)E).
By Riemann-Roch, the rank rZ grows at most polynomially in n. As a consequence,

R*IrnIe*"eI goes to 0 as n goes to infinity, and Lemma 2.12 shows that both the left
and right terms are equivalent to R asn goes to infinity. O

PROPOSITION 2.14. — Let a and n be positive real numbers with 0 < a < 1. Let C be any

real number. Then, as n tends to 0o, there exists a positive real number n' such that we have, for
any positive R > e,
|| B2 (R + Ce ™| — | By (R)*|]
|Bn(R)*|

where the implied constants depend on o, C and 1.

= 0(e™™),

Proof. — We assume that C is positive. The case where C is negative (or zero) can be
treated by the same computations.

Let 1’ be a positive number strictly smaller than both ¢ and 7. Since the 0 + DI are
pairwise disjoint as o runs through the elements of AZ, we get, for large enough n

(IB2(R + Ce™"")*| — | B, (R)*|) VoI* (D})
< Vol (B, (R + Ce™" + rZe™")I) — Vol? (B, (R — rfe "))
< VolZ (B (R + ¢ )Z) — VolZ (B, (R — e™""")E)
~ 2RI T
where in the last line we applied Lemma 2.12, using that R~'rZe """ tends to 0 as n tends
to o0o.

Putting the previous estimate together with Proposition 2.13 and replacing ' with a
smaller positive number, we get the desired result. O

The following is a first step in controlling restriction maps.

PROPOSITION 2.15. — Let a be a positive number with 0 < a < 1. There exists a positive
constant 1 such that for any large enough integer n, if N is any positive integer with N < e,
then the following statements hold:

(1) the map ¢ n : ng(X,Z@’”) — A,/ NA, is surjective;
(i) for any two s,5’in A/ NA,, we have
Ik O =l _ _,,
| v (9)]
Proof. — Let r,, be the rank of A,. Let n be a positive integer, which will be chosen large
enough, and let N be an integer bounded above by e”” .

By Proposition 2.4, we can find a positive number ¢, independent of n, and a basis
01,...,0r, of Ay such that ||0i||ec < e foralli € {l1,...,r,}. Anyelement of A,/ NA, is

the image of an element of A, of the form

0 =A01+ -+ A0,
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where the A; are integers between 0 and N — 1. We have

[l6]]oo < Nrpe ™8 < rne"af”s.

We know that r, is a polynomial in n for large enough n and @ < 1 by assumption, so
that any o as above is strictly effective for large enough n. This shows that the map ¢, x is
surjective and proves ().

We now proceed to the proof of (ii). Let n be a large enough integer. By the discussion
above, we can find a positive real number ¢’ such that for any large enough integer n, and
any s in A,/NA,, there exists an element og in A, with ||oo||lec < ¢ that restricts to s.
We have

¢pn(s) ={00 + No|o € Ay.|loo + Nolleo

so that, up to replacing &’ by a smaller positive number

|Ba(1/N = e < g, N (5)] < [ Ba(1/N +¢7)]

IA

1},

and
(2.4) |16 ) = 1y | < [Ba(1/N +e™")| = [Bu(1/N — ™)
for any two s, s” in A, /NA,. We conclude by applying Proposition 2.14. O

We need a variant of a theorem of Bost.

PROPOSITION 2.16. — Let X be a reduced complex analytic space, Y a closed reduced
subspace of X, L an ample line bundle on X and ||.|| a semipositive smooth metric on L. Then for
any € > 0, any large enough integer n, and any s € H°(Y, L|§’"), we can findo € H(X, L®")
such that Oly =5 and

llofleo < €*™|Is]loo-

Proof. — If the metric ||.|| is positive, then this is the content of [8, Theorem A.1](. Since
L is ample, it admits a positive hermitian metric, so that we can find a smooth function
¢ : X — R such that ||.||e™® is positive. Since ||.|| is semipositive, the metric ||.]|e™%? is
positive for any § > 0.

Let € be a positive real number, and choose § > 0 such that
Vx e X,|8¢(x)| <e.

Apply [8, Theorem A.1] to the line bundle L with the positive metric ||.||e~5¢: if n is large
enough, and s € H°(Y, L®"), we can find 0 € H°(X, L®") such that 0|, =sand

llolloo < € [Is]loo-

This shows the result. O
The following is a key property of ample line bundles.

(1 The only assumption necessary in [8] is that Y and X¢ are reduced, see [27] for a statement that makes this
explicit.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1556 F. CHARLES

THEOREM 2.17. — Let X be a projective arithmetic variety, and let L be an ample line bundle
on X. Let Y be a closed subscheme of X, such that Yy is reduced. If n is a positive integer, let

¢nt HO(X. L®") — H°(V. L")
be the restriction map. For any positive ¢, define
Ag = HY (X L") 0 ¢ (HE, (V. £(—0)|5").
that is, A, is the space of effective sections o of " such that the restriction of o to Y has norm
at most e "¢, Write Y, 1= (¢")|Aﬁ' Then the following statements hold:
(i) for any large enough integer n, the restriction map
Y A = HL (V. L(-0)| ")
is surjective;
(1) there exists a positive constant 1 such that for any large enough integer n, and any two
s, s in ng(y,Z(—a)@"), we have
162" =17 ] _ .
¢! (5)] B ’
(iii) n being chosen as above, for any s € HJ (Y, L(—¢) @”), we have
|AG
|HR (Y, L(—&)®")] ‘
Proof. — Fix ¢ > 0. The group
o € HL, (. Z(#)|Z". llocl| = 0}

is the torsion subgroup of H Xr(y,Z(—e)@”), which we denote by HY (V. E@”)tor—note
that this group does not depend on ¢ nor the hermitian metric. This is a finite group. Let
N be a positive integer with

<e g, (9)]-

oyt (s) —

NHR (V. L[5 or = 0.
Assume 7 is large enough. The restriction map
$n i An = H(X, LZ") > H' V. L")
is surjective since L is relatively ample. The map
An/NAy = H (Y, £15 ) eor

is well-defined and surjective as well. Applying Proposition 2.15, this shows that the image
of ¥, contains HY (V. L@")wr.

Let s be an element of HJ (Y, Z(—e)@”). Let &' be a real number with 0 < &’ < e. Apply

Proposition 2.16 to the closed subspace V¢ of X¢. If n is large, we can find a section o of £L®"
on X¢ with ||o|ec < e and oy, = sc. Up to replacing o with ¢ + @, and making &’

smaller, we may assume that o is a section of £L®" over AR, that is,

oeB, (e_ngl)]R.
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Let 7 be the ideal of Y in X. The kernel of the—surjective when n is large enough—
restriction map

$n Ay — H V. LIS")
is AZ. Let o’ be an element of A, mapping to s. Then o € (AL)g + o’

The fundamental domain D} defined in (2.3) has diameter bounded above by L
note that #” > rZ. In particular, we can find 6” € AZ + ¢’ with
llo” = 0lloo < rae™",
so that

0" |loo < €7 + rpe™" < 1

for large enough n. We have v, (0)c = sc, 1.€., ¥, (o) — o is torsion. This shows that the
image of v, maps surjectively onto the quotient of ng(y,Z(_g)@n) by ng(y, £| ?n) tor-
Since we showed above that it contains HJ (Y, L@" )tor, this proves that v, is surjective.

Apply statement (i) after replacing £ with £(—8), where § > 0 is chosen small enough so
that £(—8) is ample. Then if ¢ > § and # is large enough, for any s € ng(y, Z(_E)@n)’ we

can find o9 € HY (X, L(—8)®") that restricts to s.

To prove (ii), we argue as in Proposition 2.15. Let s and o be as above. Then
U, ' (s) = {00 + olo € AL, |joo + 0| < 1}

and
|Ba(1— ™| < [y, ()] < Bu(l + )T,

Using Proposition 2.14 again, this proves (ii).

To prove (iii), write

ALl = > ¥, ()],

SEHR(V.L(=0)|2")
so that for any large enough n and any s € HY (), Z(—s)@”), we have
AL = [ " ONHHR D L) $D1| < e [y, O HR V. L(=e) 8. O
We keep the notation of the theorem.

COROLLARY 2.18. — Let E be a subset of |~ ng(y,Z(—e)@”). Set

E = {o € U Af,,a|y € E}

n>0

Forany 0 < p <1, the set E has density p in |
density p in|J,~q AS.

HY (), Z(—s)@") if and only if E' has

n>0
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Proof. — For any positive integer n, define
— —=®
E,:=EnN ng(y,ﬁ(—g)lgn), E :=ENHY(X.L ')=E NAS.
Denoting by v, the restriction maps as before, we can write

Epl= > 1, ).

s€Ey,

Summing the estimate of Theorem 2.17, (iii) over all s € E, for large enough n, we can find
a positive constant n such that, for large enough n,

E
(A 1
[H (V. L(—) "]
and, dividing by |A| < |E,|,
MGl HGO.Z-e)Eml| =
Letting n tend to oo gives us the result we were looking for. O

As a special case of the theorem, we get the following.

COROLLARY 2.19. — Let X be a projective arithmetic variety, and let L be an ample line
bundle on X. Let Y be a closed subscheme of X lying over 7/ NZ for some positive integer N .
Then for any large enough integer n, the restriction map

—=®
o H(X. L) — HO(Y, L")
is surjective and there exists a positive constant n such that for any s € H°(Y, L®"), we have

—Q®n
HY (X.C
470 = AT LI o )
|[HO(Y, £|3")]
We now turn to uniform lower bounds on the image of restriction maps. We first deal with
a geometric result.

PROPOSITION 2.20. — Let S be a noetherian scheme, and let X be a projective scheme
over S. Let L be a line bundle on X, relatively ample over S. Let d be a positive integer. Then
there exists an integer N and a positive constant C such that for any point s of S, any closed
subscheme Y of X5 of dimension d, and any n > N, the image of the restriction map

HO(X;, £L%") — HO(Y, L£|®")

has dimension at least Cn®.

Proof. — Since S is noetherian, we can find an integer M such that for any point s of S
and any integer n > M, the restriction of L®" to X; is very ample.

Let s be a point of S, and let Y be a closed subscheme of X of positive dimension d. Let
k be an infinite field containing the residue field of s, and write X for the base change of X
to k.
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Since £®" is very ample on X; and k is infinite, we can find a d + 1-dimensional
subspace V C H°(X, £®") such that the restriction to Y of the rational map

¢: X -—>PV"

is dominant. Let ay,...,0, be a basis of V, and let Hy, be the divisor div(oy). Identify
the subspace of P(V*) defined by o9 # 0 to the standard affine space AZ with coordi-
nates xp, ..., Xz. Then the map ¢ is defined outside H,,—as certainly the base locus of V is
contained in Hy, and maps onto Ag.

For any positive integer r and any integer n > (r + 1)M, the line bundle L& (—rHy,) ~ L®"~™M
is very ample. In particular, we can find a section o of £®” that vanishes to the order r along
Hyo, but does not vanishon Y.

Let P € k[xy,...,xq4] be a polynomial of degree at most r, considered as a morphism
A¢ — Al. Since o vanishes to the order r along He, the section (P o ¢)o of L&, which is
a priori defined only outside Hy, defines a global section of £L®". Because o does not vanish
on Y, the restrictions (P o ¢)0|Y are linearly independent as sections of L®" ly as P varies.
In particular, the image of the restriction map

HO(X,L®") — HO(Y,L|®")

has dimension at least equal to the dimension of the space of polynomials of degree at most r

in x1,...,Xx4, so that it has dimension at least
r+d 1 4 -1
for any r with r + 1 < n/M. This proves the result. O

THEOREM 2.21. — Let X be a projective arithmetic variety, and let L be an ample hermitian
line bundle on X. If' Y is a subscheme of X, let

$ny t HOX, LO") — HO(V.L|3")
be the restriction map.

There exists an integer N and a positive real number n such that for any n > N and any
closed subscheme Y of X of dimension d > 0, we have

| Ker(pny) N H (X, L")

A = 0(e™M),
|H? (X, L")

where the implied constant depends on X and L, butnoton'y.

Proof. — We only have to consider those ) that are irreducible. Let us first assume
that Y is flat over SpecZ. Let H,, be the kernel of the restriction map
Aw=HOX.LZ") - HO Y. L"),
and let k, be the corank of H,, i.e., the rank of the image of the restriction map. By

Proposition 2.20 applied to Xy and Vg, there exists a positive constant C, independent of Y,
such that if » is larger than some integer N, independent of ), then

(2.5) ky > Cn% 1.
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Up to enlarging N, Proposition 2.4 allows us to assume that for n > N, A, has a basis
consisting of elements with norm at most e™"¢ for some ¢ > 0. Forn > N, we can find
elements oy, ..., 0k, of A, that are linearly independent in A, /H,, and satisfy ||0;|]|oc < e7"¢
fori € {1,...,kn}.

Let 5 be a positive number smaller than ¢. Then for any 0 € H, N B,(1)r and any
integers Ay, ..., Ak, with |A;| <e"" fori € {1,...,k,}, we have

kn
o+ D Aiilleo < 1+ kpe ™€,
i=1
Furthermore, as o runs through the elements of H,, and A4,..., A, run through the inte-
gers, the o + Zfil A;o; are pairwise distinct. As a consequence, we have

enknn|H N By()g| < |Bn(1 + kne—n(s—fl))|.

Applying Proposition 2.14 and noting that k,, is bounded above by r;,, which is a polyno-
mial in n, we get

|Bn(1) N Hp| _

[Ba(D]

Together with (2.5), this shows the required estimate.

(e7"knm).

Now assume that Y is not flat over Z. Since Y is irreducible, it lies over a closed point p
of Spec Z. By Proposition 2.20, we can find an integer N and a constant C, independent of
and p, such that for any n > N, the kernel of the restriction map

HO(Xp, £%") — HO(V.L|3")

has codimension at least Cn¢ as a vector space over F,,. Let k, be this codimension. Then

(2.6) kn > Cn?.

Again, by Proposition 2.4, up to enlarging N, we can find a positive number ¢, depending
only on & and £, such that for any n > N, there exist sections o1, ..., 0%, of H Ox, £®™)
with ||0;||ee < e foralli € {1,...,k,},suchthat theimagesofoy,...,0x, in HO(Y, E@”)

are linearly independent over [F,.

Let H, be the kernel of the restriction map ¢, y. If o is an element of H,, and if
A1, ..., Ak, areintegers running through {0, ..., p—1}, theno +A 01+ - -+ Ay, 0, belongs
to H, if and only if all the A; vanish. Furthermore, the elements o + 1107 + -+ + Ak, 0%,
are pairwise disjoint. As a consequence, considering only those A; that are 0 or 1, we have

201 H, 0 HO (X, L2 < |Bu(1 + kne ™).

Again, applying Proposition 2.14 and noting that k,, is bounded above by r,, which is a
polynomial in n, we get

|Bn(1) N Hn| —k
— = 0(e™"7).
| Bn(1)]
Together with (2.6), this shows the required estimate. O
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3. Variants and consequences

3.1. The irreducibility theorem over finite fields

The arithmetic Bertini theorems we prove are stronger than their finite fields counterparts.
Since the latter are already known, we give only an example to illustrate how one can deduce
them.

PROPOSITION 3.1. — Assume Theorem 1.1. Let k be a finite field, and let X be an irreducible
projective variety over k of dimension at least 2. Let L be a very ample line bundle on X. Then
the set

{o € U H%(X,L®"), div(o) s irreducible}
n>0
has density 1in | J,., H°(X, L®").

n>0

Proof. — Since L is very ample, we can find a positive integer N and a closed embedding
i X — IP’IJCV such that L = i*O(1). Apply Theorem 1.1 to the composition

f:X—>P) > Py,
where K is a number field together with a finite prime p such that Og/p = k, and the line
bundle £ = (’)Pg (1)(e), & > 0, endowed with the Fubini-Study metric scaled by e~%.
K —
The hermitian line bundle £ is the pullback of O(1) by the finite map Py =~ — PJ. By
Proposition 2.8 and Corollary 2.7, £ is ample.

Since f(X) is supported over a closed point of Spec Z, Theorem 1.1 guarantees that the
set
{o € U ng(PgK,Zm), diV(a|X) is irreducible}

n>0

has density 1 in |J ng (IP’%K ,Z®n). By Corollary 2.18, the theorem holds. O

n>0

Note that since on a scheme X defined over a finite field, every line bundle is a hermitian
line bundle, and every section is effective, we can remove the flatness assumptions on the
theorems of the introduction and have uniform statements that cover both the results of this
paper and those of [11].

3.2. Generic smoothness
We first state the Bertini smoothness theorem of Poonen [26] in the form we need—see

[13] for the proof of this version.

THEOREM 3.2. — Let X be a smooth projective variety over a finite field k, and let L be an
ample line bundle on X . Then the density of those o € | .o H°(X, L®") such that div(o) is
smooth is equal to {x (1 + dim(X))_l, where {x is the zeta function of X.

Applying the above result together with the restriction results of Corollary 2.18, we find
the following.
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PROPOSITION 3.3. — Let X be a projective arithmetic variety, and let L be an ample
hermitian line bundle on X. Let p be a prime number such that X, is smooth over TFp.

Then the density of those 6 € |U,-o ng(X,Z@’”) such that diV(0|X ) is smooth is equal
P
10 £ (dim(X)) ™1, where ¢, is the zeta function of X,.
Proof. — We apply Corollary 2.18 to the subspace JJ = &), of X and the subset E
of U,=0 H O(XP,L@") consisting of sections with smooth divisor. Theorem 3.2 shows
523
that £ has density ¢, (1 + dim(&X,))~! = £,(dim(X))~!, which implies the result. O

We may prove Theorem 1.7.

Proof of Theorem 1.7. — In the situation of the theorem, we know that X), is smooth for
all large enough p. Furthermore, denoting again the zeta function of &), by {,, we have

plggo {p(x) =1

for any x > 1 by [30, 1.3]. This shows that the density of those o € | J,,-.o H2 (X, f®n) such

that there exists p with A}, smooth and div(0| X ) smooth is equal to 1. For any such o, the
P

divisor div(o)q is smooth, which proves the result. O

3.3. Irreducibility theorems with local conditions

We can give variants of the irreducibility theorems with conditions at prescribed
subschemes. For an easier formulation, we give them in the setting of Theorem 1.6.

PROPOSITION 3.4. — Let X be a projective arithmetic variety, and let L be an ample
hermitian line bundle on X. Let Zy be a finite subscheme of X, and let Z, be a positive-
dimensional subscheme of X. Choose a trivialization ¢ : L| 7 = Oz,, and let T be a subset

of H%(Z1,0z,). Then the density of those o € | ng(x,zm) such that g, belongs
to T (under the trivialization ¢ ) and o does not vanish identically on any component of Z, is
equal to

n>0

7|
|H%(Z1,0gz,)|
Proof. — By Corollary 2.18, the density of those o such that g, belongs to T is indeed
#. On the other hand, Theorem 2.21 ensures that the density of those o that do
|H(Z1,02)|

not vanish identically on any component of Z, is equal to 1. O

Given Theorem 1.6—proven in the last section of this paper—and Theorem 1.7, we find
the two following results.

COROLLARY 3.5. — Let X be a projective arithmetic variety of dimension at least 2, and let
L be an ample hermitian line bundle on X. Let Z1 be a finite subscheme of X, and let Z, be
a positive-dimensional subscheme of X. Choose a trivialization ¢ : LlZl ~ Ogz,, and let T be

a subset of H%(Z1,0gz,). Then the density of those o € | ngr(X,Z(@n) such that the
following conditions hold:

n>0

(1) 9|y, belongs to T (under the trivialization ¢ );
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(i1) o does not vanish identically on any component of Z,,
(i) div(o) is irreducible,
is equal to
7|
|H%(Z1,0gz,)|
COROLLARY 3.6. — Let X be a projective arithmetic variety with smooth generic fiber, and

let L be an ample hermitian line bundle on X. Let Z; be a finite subscheme of X, and let Z» be
a positive-dimensional subscheme of X. Choose a trivialization ¢ : £| 7, = Ogz,, and let T be

a subset of H%(Z1,0z,). Then the density of those o € |J HXI(X,Z@L) such that the
following conditions hold.:

n>0

(1) Ty, belongs to T (under the trivialization ¢ )
(i1) o does not vanish identically on any component of Z,,
(iti) div(o)q is smooth,
is equal to
7|
|H(Z1,02,)|

4. Preliminary estimates

This section gathers preliminary material on hermitian line bundles on arithmetic
surfaces, which will be used in the proof of Theorem 1.6. In 4.1, we give lower bounds
for the norm of products of sections of hermitian line bundles. In 4.2, we give an upper
bound for the number of effective sections of a hermitian line bundle in terms of its degree
with respect to a positive enough hermitian line bundle. Such a result is closely related to the
effective bounds of [37]. Our proof is better expressed in terms of the 8-invariants of Bost
[9], which we only consider in a finite-dimensional setting. In 4.3, we give an estimate for the
number of effective hermitian line bundles satisfying certain boundedness properties.

4.1. Norm estimates for sections of hermitian line bundles

Let X be a compact connected Riemann surface. Let w be a real semipositive 2-form of
type (1,1) on X with
/ w = 1.
X

1 _
——(0—0),
2i71( )

Define
dC

so that
dd° = 193,
T

Let s be a section of a hermitian line bundle on X. In what follows, we will write ||s]|| for
the function P + ||s(P)||.
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Let L = (L,]|.]|) be a hermitian line bundle on X. If s is a nonzero section of L, the
Lelong-Poincaré formula gives us the equality of currents
—dd*log||s|| = e1(L) — 8,
where ¢; (L) is the curvature form of L, D is the divisor of s and 8p is the current of
integration along D.
Define, following [10, (1.4.8)]

lIsllo =exp( [ loglls|le).
X

Since [y @ = 1, the following inequality holds:
[slo = 1I5]]oo-

Say that L is w-admissible, or admissible for short, if ¢; (L) is proportional to . If L is
admissible, then the Gauss-Bonnet formula shows

c1(L) = (deg L)w.

Let M be any line bundle on X . By the 93 lemma, we can find a hermitian metric||.|| on M
such that the hermitian line bundle (M, ||.||) is admissible. Given a nonzero global section s
of M, there exists a unique such metric such that ||s]|o = 1.

If D is an effective divisor on X, let op be the section of O(D) that is the image of 1
under the natural morphism Oy — O(D). The discussion above shows that there exists a
unique admissible hermitian line bundle O(D) = (O(D), ||.||) on X such that ||op|lo = 1.
Of course, if D; and D, are effective divisors, we have

O(Dy + D3) = O(D1) @ O(D»).

The functions op satisfy basic uniformities in the point P of X which are readily proved
by the following argument using Green functions.

PROPOSITION 4.1. — Endow X with a Riemannian metric with induced geodesic distance d.
Then there exist positive constants C,C’ and n such that the following inequalities hold:

(i) VP e X, |loplleo = C;
(ii) V(P. Q) € X x X, op(Q) = min(C'd(P, Q).1).

Proof. — Let A C X x X be the diagonal. Let o be a real closed form of type (1, 1)

on X x X of the form
a=pio+pio+ Y piBi A Pivi,
iel

where p; and p, are the two projections from X x X to X and the 8; (resp. y;) are 1-forms
on X. Choose the 8; and y; so that « is symmetric with respect to the involution of X x X
that exchanges the two factors, and that it is cohomologous to the class of the diagonal A
in the de Rham cohomology of X x X. By the do lemma, we can find a hermitian metric on
the line bundle O(A) with curvature form «. For any P in X, this hermitian metric induces
a hermitian metric on O(P) by restriction to {P} x X.
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Let o be the global section of O(A) corresponding to the constant function 1. For any P
in X, write tp for the section of O(P).

tp . O = oa(P, Q).
Then

—dd“log||tp|| = a|,,,  —8p = © = 8p,

which shows that the metric on O(P) coming from that on O(A) differs from the canon-
ical one defined above by a homothety. In particular, we can find a continuous function
X — R%, P+ A(P) such that

V(P Q) € X x X, |lop(Q)I| = A(P)|loa(P, Q)]|.

Since (P, Q) + oa(P, Q) is a smooth section of O(A) that vanishes with the order 1
along A, this shows the result @, O

We will make use of the uniformity above to prove inequalities between norms. The
following is a variant of [10, Corollary 1.4.3].

PROPOSITION 4.2. — Let L = (L,||.||) be an admissible hermitian line bundle on X. Let
P be a point of X, and let s be a section of L. Then

degL
lIs(P)I| = lIsllo [lop[Io® ™
In particular, there exists a positive constant Cy such that

deg L
[Islloo = €7 ls]lo-

Proof. — We can assume that s is nonzero. Let D be the divisor of s. Define
g = —log|ls]]
and
gp = —log|lop||.
By Lelong-Poincaré, we have
dd°g = (deg L)w — 8p
and
dd°gp = w —8p.
The Stokes formula

[gdd”gp =/gpdd“’g
X b¢
gives us

-log|[s|lo 4 log|ls(P)|| = —deg L log|lop|lo + log|lop (D)]| = log|lop (D).

where, if D = )", n; P;, we wrote

llor (D) = [ Tllo ()" |I.
i
@ Actually, a straightforward computation shows that ||tp || is a constant function of P, so that A is constant.
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Since the degree of D is equal to the degree of L, we get the first inequality. The second one
follows from the first and Proposition 4.1. O

LEMMA 4.3. — Let L = (L, ||.||) be an admissible hermitian line bundle on X with positive
degree. Then for any section s of L, and any P in X, the following inequality holds:
18]l = Ca(deg L)||sop|[oo
where Cy is a positive constant depending only on X and .
Proof. — Let B be the ball {z € C||z| < 3}. Let (U;)ier be a finite cover of X by open
subsets such that there exist biholomorphic functions
fi :B —> Ui

and assume that X is covered by the f;({z € C||z| < 1}). Foralli € I, choose a smooth
function ¢; : B — R such that —dd“¢; = f;*w.

Since L is admissible, the curvature form of L is (deg L)w and for any i € I, we can find
an isomorphism of hermitian line bundles on B

fXL ~ (0,7,
where |.| is the standard absolute value and A = deg L.
Choose an element i € I, and a complex number z with |z| < 1 such that
|5 @)e™44 D = Is]]oo,
where f;*s(z) is considered as a complex number via the isomorphism above. By Proposi-
tion 4.1, we can find positive constants ¢ < A and n depending only on X and w such that
either |op(z)| > ¥ or,

VI eC| —z|= = = lop()l =

> |

Ifop(z) > %,then
oIl = llsop (£ GDII = FsCAEN = il

Assume on the contrary op(z) < % By the maximum principle, we can find a complex
number z’ with |z — z| = £ and | f;*s(z)| > | f;*s(2)|. In particular, |z| < 2 and

n M (2)—: (2 — n
lIsop|loo = [lsop (fi (DI = Tls|loe * @ E#1ED > =€ [I51]oo-
A deg L
where C is an upper bound for the differential of the ¢; on the ball {z € C||z| < 2} asi varies
through the finite set /. O

PROPOSITION 4.4. — Let L = (L, ||.||) and M = (M., ||.||) be two admissible hermitian
line bundles on X. Then for any two sections s and o of L and M respectively, the following
inequality holds:

lIslloollo]lo < (Ca(deg L + deg M)*EM |50 || oo,

where C, is a positive constant depending only on X and w.
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Proof. — Let D be the divisor of 0. Then M is isomorphic to O(D), and the hermitian
line bundles M and O(D), as well as the sections o and op differ by a homothethy. Since the
inequality we want to prove is invariant under scaling, we can assume that M = O(D) and
o=op.If D =3, n; P;, we have

o) =QOor) "

and
op = Mo},

so that the result follows from successive applications of Lemma 4.3. O

4.2. An upper bound for the number of sections

Let X be a projective arithmetic variety with smooth generic fiber. Choose a Kéhler
form on X(C) which is invariant under complex conjugation and has volume 1. If £ is
a hermitian line bundle on X, we write h3(X, £) for h}(H (X, L)), where the hermitian
vector bundle H ]‘32 (X, L) over SpecZ is endowed with the L2 norm induced by the Kihler
metric on X,

We will need a comparison result between the sup norm and the L? norm on the space of
sections of hermitian line bundles, which we will obtain through a minor generalization of
Gromov’s lemma [17, Lemma 30]. We follow the proof of Gillet-Soulé and start with a local
result.

In the following, if z is an element of C4, we write z1, ..., z4 € C for its coordinate, and,
forany k € {1,...,d}, we write zx = xi + iyx, where x; and yj are real.

LEMMA 4.5. — Let d be a positive integer, and let B be the open ball {z € C?||z| < 3}
in C2. Let ¢ be a real-valued smooth function on B, and let g be a smooth positive function
on B. Then there exists a positive constant C depending only on ¢ and g such that for any real
number A > 1, any holomorphic function f on B and any w in B with |w| < 1,

/“ ‘ / |z_w|<1|f(Z)|ze_2A¢(z)g(z)dx1 ceedyg > C|f(w)|ze_2/l¢(w)/x_2d~

Proof. — If A is an integer, the inequality is the “local statement” proved in the beginning
of the proof of [17, Lemma 30].

To prove our result, after adding a negative constant to ¢, we can assume that ¢ is negative
on the ball |z| < 2. Let C’ be a lower bound for the values of ¢ on the ball |z| < 2. If A > 11is
arbitrary, write A = n 4+ r, with 0 < r < 1. Then

e—2)t¢(z) — e—2nq§(z)e—2r¢(z) > e—2n¢(z)
for any z with |z| < 2, so that
/ B / |z—w\<1|f(z)|2eizk¢(z)g(z)dxl ce dyd z / B / |z—w|<1|f(Z)|2e72n¢(2)‘(’7(z)dxl a 'dyd

> C|f(w)|ze_2"¢(w)n_2d
> C |f(w) |26—21¢(w)62r¢(w)/\—2d

> CeZC/lf(w)|2e—2/1¢(w))L—2d )
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Replacing C with Ce2C’, we get the result. O

PROPOSITION 4.6. — Let X be a compact connected riemannian complex manifold of
dimension d, let @ be a real form of type (1,1) on X. Then there exists a positive constant C
such that for any hermitian line bundle L on X with positive degree and curvature form Aw with
|A| > 1, and any section s of L over X, we have

—d
lIsllz2 = CIA[™[s]]oo,

where ||s|| 2 denotes the L? norm of s with respect to the given metric on X .

In particular, if d = 1, there exists a positive constant C’ such that for any hermitian line
bundle L with curvature form proportional to w and positive degree, and any section s of L, we
have

[Is]lz2 = C"(deg £)7"[|s]]co-
Proof. — As above, let B be the open ball {z € C¢||z| < 3} in C?. Let (U;);; be a finite
cover of X by open subsets such that there exists biholomorphic functions
fi B — Ui

and assume that X is covered by the f;({z € C?||z| < 1}). Foranyi € I, we can find a
positive smooth function g; such that the pullback of the standard metric of X to B by f; is
gidxy---dyg.

For alli € I, choose a function ¢; on B such that —dd“¢; = f;*w. Let L be a hermitian
line bundle with curvature form Aw for some real number A with |A| > 1. Then, foranyi € I,
we can fix an isomorphism of hermitian line bundles

XL ~ (O, e i),

where |.| is the standard absolute value. Applying Lemma 4.5 (up to replacing ¢; by —¢; if A is
negative), we can find a positive constant K, independent of £, such that, given any section s
of £, foranyi € I and any w in B with |w| < 1, we have

f oot S @Pe M O g (2)dx - dya = K| fFs(w)Pe 22724,

where we consider f;*s as a holomorphic function via the local trivializations of L. This
inequality means

/|Z,w|<1IIS(fi(Z))Ilzg(Z)dxl coedyg = KA Is(fi w))| 2,
so that
lsI2, = / oy SCHEDIPEEx - dya = KIAT2Is(fi )P

for any w, which proves the first result.

The second result is a consequence of the first one and the Gauss-Bonnet formula. O

Given a real form w of type (1, 1), write lsi\cw (X) for the group of w-admissible hermitian
line bundles on X, that is, hermitian line bundles whose curvature form is proportional to w.
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ProPOSITION 4.7. — Let X be a regular projective arithmetic surface. Choose a Kdhler
form on X (C) which is invariant under complex conjugation, and let B be a hermitian line bundle
on X. Let w be areal form of type (1, 1) on X (C) with fX((C) w # 0. Assume that the following
conditions hold:

(i) Some positive power of B is effective;
(i) B.B>0;
(iii) If M is an effective hermitian line bundle on X, then B.M > 0.
Then for any effective M l;i\cw (X), we have

— BM)? _ _
WYX, M) < (22\%) + O(M.Blog(1 + M.B)) + O(deg Mg log(1 + deg Mg)) + O(1),

where the implied constants depend on X, B and w, but not on M.

REMARK 4.8. — Using the precise computations of [9, Chapter 3], it would be possible to
make the implied constants above effective.

REMARK 4.9. — If M is effective, then both B.M and deg M are nonnegative.

Proof. — Let M be an effective, w-admissible, hermitian line bundle. If Mg has degree
zero, then the curvature form of M vanishes, so that M is isomorphic to Oy and the
inequality of the proposition holds. We can assume that the degree of Mg is positive. Let
us write d for the degree of M.

After replacing B by a positive power, we can assume that B is effective. Let o be a nonzero
effective section of B with divisor D. We have an exact sequence of line bundles

0—>M®B®_1—>M—>M|D—>O,

in which the first map is multiplication by o and the second one is restriction of sections.
Taking global sections, we get an exact sequence

0> H' X MeB%° ) > H X, M) > HO(D,M|D).
The map of lattices
i HSX, M®BY ) - HY, (X, M)
is the multiplication by the section o, whose sup norm is bounded above by 1, so the operator

norm of i is bounded above by 1.
Endow HO(D,H|D) with the L2 norm

12, = 3 @I
zeD(C)

fors € HO(D, M| )~ Then for any section 7 of M over D, we have

1% 2 =7
cg g

2
21172

If 5 is a global section of M on X, then certainly we have, for the sup norms

lIslleo = [15]  lleo
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and consequently
2
s > —||s .
slloo = oo 5111172
By Proposition 4.6, with s as above, we have
lIsllz> = € d7 sl

where we recall that d is the degree of Mg and C is a positive constant independent of M.
We obtain

>
sllee 2 g5

In other words, the operator norm of the map of lattices

riHp (X, M) — H (D, M| ),

-1
dls| 1125

given by restricting sections to D is bounded above by C’d, where C’ is a positive constant
independent of M. In other words, the induced map of lattices

HY» (X, M) — H£2(D,H|D)(log C’' +logd)
has norm at most 1—here if A is a lattice and § a real number, we write A (8) for the lattice A
with the metric scaled by e~%. Note that from [9, Corollary 3.3.5, (2)], we have
hg(ng(D,ﬂb)(log C’ +logd)) < hg(D,ﬂb) + deg Dg(log C' + logd).

From the monotonicity and the subadditivity of #-invariants proved in [9, Proposi-
tion 3.3.2, Proposition 3.8.1], we get

(4.1) (X M) < W)X MB® ) + h3(D. M) ) + O(logd) + O(1),

where the implied constants are independent of M.
By [9, Proposition 3.7.1, Proposition 3.7.2], we have ®

hg(D, M| ) < max(deg M| ,0) + O(1) < M.B + O(1)
since we assumed that M.B > 0 and since D is the zero locus of an effective section of B.
Together with (4.1), we obtain
4.2) (X, M) <h)(X, M ® B®™) + MB + 0(logd) + O(1).
Now let m be the smallest integer such that mB.B > M.B, so that
m < |[M.B/BB] +1.

®—i .
as i runs from 0 to m — 1, we get

Applying the argument above inductively to £.B
M.B)?
2B.B

By construction, B.(M & B> ") < 0, so that condition (iii) ensures that M ® B° " is
not effective. By [9, Corollary 4.1.2], we get

WX, M®B® ") < 0(dlogd) + O(1)

43) WX, M) <hdX. MeB* ™) + + O(M.Blogd) + O(M.B) + O(1).

® In [9], hermitian vector bundles are only considered over the ring of integers of number fields. However, this
assumption is irrelevant, and can be removed by considering the pullback of ﬂ| pto the normalization of D.
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since the rank of H%(X, M ® B®™™) is certainly bounded above by O(d).
Finally, we have

_ B _ _
(4.4) hg()\,’,M) < — 4+ O(M.Blogd) + O(d logd) + O(M.B) + O(1),
which shows the result. O

COROLLARY 4.10. — Let X be a regular projective arithmetic surface, and let B be a
hermitian line bundle on X. Let w be a real form of type (1,1) on X (C) with fX(C) w # 0.
Assume that the following conditions hold:

(i) Some positive power of B is effective;
(i) B.B > 0;
(iii) If M is an effective hermitian line bundle on X, then B.M > 0.
Then for any effective M lgi\cw (X), we have
WS (X, M) < (ié\%z + O(M.Blog(M.B)) + O(deg Mg log(deg Mg)) + O(1),

where the implied constants depend on X and B, but not on M.

Proof. — From Proposition 4.7 and [9, Theorem 4.1.1], we find that the inequality holds if
one replaces hgr (X, M) with hOAr 12X, M)—this expression being defined as the logarithm

of the number of sections of M with L? norm bounded above by 1. Choosing the Kihler
form on X to have volume 1, we have

W (X, M) < 1Y 2(X, M),
which finishes the proof. O

REMARK 4.11. — In [37, Theorem A], Yuan and Zhang prove an explicit upper bound
for 1 (X, M) from which one can deduce—via log-concavity of volumes—special cases of
our inequality.

4.3. An upper bound for the number of effective hermitian line bundles

LEMMA 4.12. — Let X be a projective arithmetic surface, and let L be an ample hermitian
line bundle on X. If M is an effective hermitian line bundle on X which is not isomorphic to O x,
then

LM > 0.

Proof. — Let s be an effective section of M, and let D be the divisor of s. Then by the
formula [12, (6.3.2)], we have

Zﬂ:@ww[ log|lsclle1 @),
X (C)

where h denotes the height with respect to D. The first term is nonnegative since L is
ample, and vanishes if and only if D = 0. Since s is effective and the curvature form of £ is
semipositive—and positive on a Zariski-dense open subset of X'(C) as L¢ is ample—the
second term is nonnegative as well, and vanishes if and only if the norm of s is identically 1.
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As a consequence, for £.M to vanish, it is necessary for M to have a nowhere vanishing
section of norm identically 1, i.e., to be isomorphic to O ». O

PROPOSITION 4.13. — Let X be a projective arithmetic surface, and let L be an ample
hermitian line bundle on X. Let w be a semipositive real form of type (1,1) on X(C) with
/ x(©) @ # 0. Let N be a subgroup of the group Picy, (X)) of w-admissible hermitian line bundles

on X. Assume that the intersection of N with Ker(l;i\cw (X) — Pic(X)) ~ R is discrete. Then
N isagroup of finite type. Let p be the rank of N, and let N denote the subspace of N consisting
of effective line bundles. As n tends to oo, we have

(M € Nea| LM < n}| = O(n®).

Proof. — The abelian group Pic(X) is finitely generated by [29]—see [20] for a modern
proof—so that the image of N in Pic(X) is a group of finite type. Since the intersection of N
with Ker(ﬁi\ca, (X) — Pic(&X)) is discrete, it is of finite type as well, which proves that N is a
group of finite type.

The linear form on N
M LM
extends to a linear form on N := N ® R which we still denote by

a— Lo

Let N.g be the closure of Neg in N ® R. Lemma 4.12 shows that the linear form above is
nonnegative on Neg, SO it is nonnegative on N .

Our assumption on N guarantees that the first chern class map
—~ —1
¢y : Picy, (X) - CH (X)
extends to an injection
—1
C1,R : N®R— CHR(X),

—1
where CH (X) is the arithmetic Chow group with real coeflicients defined in [7, 5.5]. Indeed,
we have an exact sequence

0 — (N N Ker(Pic, (X) — Pic(X))) ® R - N ® R — Pic(X) ® R,
and the first term can be identified with R by assumption.

By the Hodge index theorem of Faltings [14] and Hriljac [18] as stated in [7, Theorem 5.5,
(2)], the intersection pairing on (/ZI\{;g (X) is non-degenerate: it has signature (+, = ).
Since w is semipositive and | x@ @ # 0, there exists an ample line bundle H in Pic,, ().
Then H.H > 0, so that the intersection pairing on Pic, (X) is non-degenerate as well.

In particular, if x is a nonzero element of Ny, we can find a hermitian line bundle
M € Pic,(X) with M.x < 0. If n is a large enough integer, Corollary 2.5 shows that
" ® M is ample, so that the discussion above guarantees the inequality

(Z®n Q M).x =nLl.x + M.x > 0.

This shows that £.x is positive.
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The linear form x ~ L.x is positive on the complement of the origin in the closed
cone N .¢. As a consequence, the number of integral points x of N g with £.x < n is bounded
above by a quantity of the form O(n”), where p is the rank of N. O

5. Irreducible ample divisors on arithmetic surfaces

5.1. Setup and an easy estimate

In this section, we prove Theorem 1.6 for arithmetic surfaces.

Let f : X — SpecZ be a projective arithmetic surface, and £ an ample line bundle on X.
If n is a large enough integer, we want to give an upper bound for the number of sections
of £%" that define a divisor which is not irreducible. We will give three different bounds that
depend on the geometry and the arithmetic of the irreducible components of that divisor.

In the statement below, X is not assumed to be regular, but heights are still well-defined,
see [39, (1.2)].

1
2
proportion of those elements s of ng (X,E®”) that vanish on some Weil divisor D of X with

hz(D) < n® goes to zero as n goes to infinity.

PROPOSITION 5.1. — Let a be a real number with 0 < «a < 5. If n is an integer, the

Proof. — Assume that n is large enough. By [25, Theorem B], the number of divisors D
on X with hz(D) < n® is bounded above by e€"** for some positive constant C. By
Theorem 2.21, we can find positive constants C’ and 7 such that for any D as above,
the proportion of those elements s of Hj (X ,Z®n) that vanish on D is bounded above
by C’e ™7,

As a consequence, the proportion of those s that vanish on any D with hz(X) < n®is
bounded above by

C/eana —nn ,

which goes to zero as n goes to infinity. O

5.2. Degree bounds and reduction modulo p

Let f : X — SpecZ be as above. We want to investigate irreducible divisors on the
fibers of f above closed points and derive global consequences. Our goal here is to prove
Proposition 5.6.

Since X is reduced, we can find a non-empty open subset S of SpecZ such that the
restriction fg : Xs — S has reduced fibers.

Let r be the number of irreducible components of the geometric generic fiber of f. Up
to shrinking S, we may assume that if 5 is any geometric point of S, then the number
of irreducible components of Xy is exactly r. Since X is reduced by assumption, this is
equivalent to the fact that the specialization map induces a bijection between the components
of Xg and those of A%.

The degree of Lg equals rd, where d is the degree of the restriction of £ to a component
of Ag. Write £, for the restriction of £ to &j.

If X is a reduced scheme, and C is an irreducible component of X, we will always consider
C as a closed subscheme of X, endowed with its reduced structure.
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LEMMA 5.2. — Let C be an integral projective curve over a perfect field, with arithmetic
genus pa(C). Let L be a line bundle on C. Then

h(C,L) = 1= pa(C) + deg(L)
and equality holds if the degree of L is strictly bigger than p,(C).

Proof. — The first statement follows directly from the Riemann-Roch theorem. To prove
the second one, consider the normalization 7 : C — C of C. Then C is smooth over the
base field k, and its genus is bounded above by the arithmetic genus p,(C) of C.

Since C is reduced, it is Cohen-Macaulay, so that the dualizing sheaf wc,¢ of C is
Cohen-Macaulay by [32, Tag 0BS2]. In particular, it is torsion-free, so that the morphism
n*oc/k — o i 1s injective. Now assume that the degree of £ is strictly bigger than p,(C).
In particular, we have

deg(n*L) > deg(wg /x)
and
h'(C.L) = h°(C, LY ®op wc/k) < h°(C.7* LY ®ox wg ;) = 0.
By Riemann-Roch, we have
ho(C, L) = (L) =1 — pa(C) + deg(L). O

LEMMA 5.3. — Let p be a prime number corresponding to a point in S, and let E be
an algebraic closure of Fp,. If C is an irreducible component of X,, let rc be the number
of irreducible components of Gy, and if k is a positive integer, let Ny (C) be the number of
irreducible divisors of degree k on C. Then the following holds as k tends to oco.

1 rck
[Nrck(€) = 2 p"*[ = 0(p™2),
where the implied constants only depend on fs : Xs — S.

Proof. — The r¢ irreducible components of Cy,, are all defined over IF,rc, and they form
a single orbit under Galois. Denote them by Ci, ..., C,.. The Lang-Weil estimates of [22]
give us the inequality, for any positive integer k:

, rek
IC1(Fyrei)| — p"¥| = O(p 7).

where the implied constants only depend on the degree of an embedding of C; into some
projective space—in particular, it only depends on fs. As a consequence, if M, is the number
of elements in Cy (F ¢« ) with residue field exactly F - «, we have:

| My = ¥ < Y ipisk PCT+ O p 2 ) = Okp 7).

Now assume that r¢k is strictly larger than the degree of the residue field of any singular
point of C—this degree can be bounded independently of C as fs is generically smooth.
Irreducible divisors of degree rck on C are in one-to-one correspondence irreducible divisors
of degree k on C;/F,rc , which in turn are in one-to-one correspondence with Galois orbits
over IF,r¢ of elements of Cy (IFpkrc) with residue field exactly Forek. As a consequence, we
have |

Ne(C€) = £ Mg,

which proves the lemma. O
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LeEmMA 5.4. — There exists a positive integer N with the following property: for any prime
number p corresponding to a point in S, any irreducible component C of X, and anyn > N,
the restriction map

0 ® 0 ®
HY(Xp, L") — H(C, L")

is surjective.

Proof. — Since the result certainly holds if N is allowed to depend on p by general
vanishing results for ample line bundle, we may replace S by any nonempty open subset,
which we will do along the proof.

Choose a finite flat map S’ — S such that the irreducible components of the generic fiber
of Xs» — § are geometrically ireducible. In particular, our assumption on s guarantees that
the irreducible components of the fiber of Xs» — S’ over any closed point s” are geometri-
cally irreducible, and are the intersection of an irreducible component of X with Xy .

Let s’ be a point of S” over p, and let Cy be the union of irreducible components of X/
corresponding to C. Up to shrinking S, we may assume that Cy, as a reduced scheme, is the
intersection of Xy and some union C of irreducible components of Xs/. Let Z¢ be the sheaf
of ideals on X defining C. Then the sheaf of ideals defining Cy is Z¢ B0y, Ox,, . Note that
there are only finitely many possibilities for C.

Let k be a positive integer such that £®¥ has a nonzero section. Up to shrinking S, we
may assume that this section does not vanish along any component of a fiber of Xss — §’.
Consider the map

b/ XS/ —> S/
If n is large enough and since L is relatively ample, relative vanishing guarantees that the
coherent sheaf on §
RIJT*(,C@M ®OXS’ Ic)
is zero. Pick a positive N once and for all such that the vanishing above holds for
n=N,...,N + k — 1. Then after shrinking S once again, we may assume that the vanishing
above implies
H' (X LN ®0,  Tc) = 0

fori =0,...,k—1.

Now since £® has a nonzero section over Xy, we have an exact sequence, for any

integer n,
0 — L%®" ®OXS’ Icr — £®n+k ®OXS’ Tcr — K —0,
where K is a coherent sheaf supported on a zero-dimensional subscheme of Xy . In particular,
the map
H' (X, L¥" ®0,, Tcr) = H' (X, L2 R0, , Tc)
is onto and the right-hand term vanishes as soon as the left-hand one does. Finally, we have
found N, independent of C and p, such that for alln > N, we have

HI(XS’MC@n ®OXS/ IC/) = O’
which implies that the map
H(X,,L2") — H°(C.LS")

is surjective. U
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PROPOSITION 5.5. — Let p be a prime number corresponding to a point in S, and let L, be
the restriction of L to X,,. Let C be an irreducible component of X, and let rc be the number
of irreducible components of C,-

Let B be a real number with 0 < 8 < 1. There exist positive constants A and B, depending
only on B and Xs — S but not on p, such that for any n > A, the proportion of those sections s
of H°(X,, LE’”) that do not vanish identically on C and such that div(s) has an irreducible

component of degree at least rc (nd — n?) lying on C is at least BnP=1.

Proof. — Our assumption on p guarantees that C is reduced. The degree of £, on C
equals rcd. Let n be a large enough positive integer. Let & be an integer such that
nrcd > rck. Let D be an irreducible divisor of degree rck on C. Then the number of
sections of Ef’" over C that vanish on D is equal to the number of sections of Eff’" (-=D)
over C, which, according to Lemma 5.2, is bounded below by

pl—pa(c)-i-nrcd—rck

Assume that rck > %n rcd. Then a nonzero section of q?” over C vanishes on at most

one irreducible divisor of degree rck. Applying Lemma 5.3, it follows that the number of
nonzero sections of Ef?” over C that vanish on some irreducible divisor of degree rck is
bounded below by

1 1

£pl—pa(C)+nrcd(1 _ 0(p—%rck)) _ EPer,
the last term taking care of the zero section being counted multiple times.

Assume now that
rck <nrcd — ps(C).
Then the term above is bounded below by
1

ﬁl’

1—pa(C)+nrcd

for large enough n.

Summing over all those k such that rck > nrcd — ren®, we find that the number of those
elements s of H%(X), L?") such that div(s) has an irreducible component of degree at least
nrcd — n® is at least

1
nﬂ pl—pa(C)-i-nrcd(l +0(1))
2nd

as n goes to infinity, the implied constants depending only on 8, p,(C) and the ones occur-
ring in Lemma 5.3. Since p,(C) is the genus of some reunion of irreducible components of
the geometric generic fiber of X', the implied constants only depend on 8 and X'.

By Lemma 5.2, if nrcd > p,(C), we have

h°(C.LE") =1 — pa(C) + nred.

This shows that the proportion of those sections s of Lf?" over C such that div(s) has an
irreducible component of degree at least nrcd —ren® is at least Bn#~! for some constant B
as in the statement of the proposition.

By Lemma 5.4, after choosing n large enough, this implies the desired statement. O

We can now prove the main result of 5.2.
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PROPOSITION 5.6. — Inthe situation of 5.1, let B be a real number withQ < 8 < 1. Then the
proportion of those elements o of H (X, Z®n) such that div(o)q has an irreducible component
on Xg of degree at least n deg Lo — rn® goes to 1 as n goes to infinity.

Proof. — Let y be a real number with 1 — 8 < y < 1. Let n be a large enough
integer. Letting ¢ be the largest integer smaller than n?, let pq,..., p; be the r smallest primes
corresponding to points of S, and let N be their product. By the prime number theorem, we
have p; ~ ilogi ast — oo, so that p; < 2ilogi for large enough i, and, when ¢ is large
enough:

(5.1) N < Qtlogt) = 0™,

where y’ is any real number with y < y’ < 1.
Write A, for H°(X, £%") and let Xy — SpecZ/NZ be the reduction of X modulo N.
The exact sequence defining Xy is

0—-NOxy - Ox = Ox, — 0,
hence the exact sequence
0— Ap/NA, - H°(Xn,L®") - HY(X,L2")[N] — 0.
If n is large enough, then H (X, £L®") = 0 and we have
(5.2) HO(XN,L%") = A, /NA,.
The scheme Xy is the disjoint union of the X,,,, 1 <i < t. As a consequence, we have
HO(xy.L®") = ] Hx,.L%").
1<i<t

Given a prime number p that corresponds to a point of S, let E, be the subset
of H%(X,, £®") described by Proposition 5.5: E,, is the set of sections s of H(X,, L®")
such that there exists an irreducible component C of X, such that Cr, has r¢ irreducible
components, the restriction of s to C is not identically zero and vanishes along an irreducible
divisor D, of degree at least rc (nd — nb).

By Proposition 5.5, if n is greater than A, the proportion of those elements s of H%(Xy, L&)
such that s does not project to £, foranyi € {1,...,t} is bounded above by

(1= BnP™Y > (1= BnP™\)" = exp(—=Bn?B~1 4 o(n”*B71)) = o(1)
since y + B — 1 > 0, so that as n goes to infinity, the proportion of those elements
of H%(Xy, £L®") that project to at least one of the E,, goes to 1.

By Proposition 2.15 which we may apply thanks to (5.1), and by (5.2), the proportion of
those elements of ng(x,zm) that restrict to E,, for some i € {I,...,f} goesto 1 asn
goes to infinity. We claim that these elements satisfy the condition of the proposition we are
proving.

Let p be a prime number that corresponds to a point of S. Let o be a section of £®”
over X such that the restriction of o to &, belongs to E,. Let C be a component of &}, such
that Cr, has r¢ irreducible components, and let D, be an irreducible divisor of degree at
least rc (nd —nP) on C such that o vanishes on D,.
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We can find an irreducible component D of div(o) with D| Xy = D, If n is large enough,
we can assume that no component of (Dl’)@ lies on two distinct irreducible components
of Cﬂ—it is enough to require that n is large enough compared to the degree of the residue
fields of the intersection points of any two components of CE‘ As a consequence, the degree
of the restriction of D, to any of the rc components of Cr, is at least nd — n?. Since Xp is
irreducible, the degree of the restriction of Dg to any component of Ag is at least nd — nb
as well, so that the degree of Dg is at least

r(nd —nﬁ) = ndeg[,@—rnﬂ.

This is what we needed to prove. O

5.3. End of the proof

We can finish the proof of Theorem 1.6 in the case where X is an arithmetic surface. We
will state this intermediate result in Proposition 5.10 below. The strategy follows roughly the
outline of the proof of [11, Proposition 4.1] which deals with the corresponding result over
finite fields.

Let 7 : X — X be a resolution of singularities of X'. Recall that we denoted by r the
number of irreducible components of X. Then the complex curve X is the disjoint union
of r smooth, connected components.

Define B = 7*L. Let w be the first Chern class of B. Then w is semipositive. We say that
a hermitian line bundle on X is admissible if it is w-admissible, and we write I/’i\cw (;YV ) for the
group of isomorphism classes of w-admissible hermitian line bundles on X

We have an exact sequence

0 — R — Picy, (X) — Pic(X) — 0.
We fix once and for all a subgroup N of lg.i?:a, (X ) such that the following conditions hold:
(1) N is a group of finite type;
(i) N surjects onto Pic(X) and contains the class of B;
(iii) N N Ker(Pic,(X) — Pic(X)) has rank 1.

Such a group N certainly exists since Pic(j(v ) is a group of finite type. Note that these condi-
tions mean that N is a discrete cocompact subgroup of lg.i\ca, (;\,7 ). In particular, there exists a
positive constant C such that for any admissible hermitian line bundle M = (M, |.||) on X,
there exists a hermitian metric ||.|| on M such that (M, ||.||") belongs to N and the norms
[I.|| and ||.]|" satisfy the inequality

(53) CTHLI =1L = CILHI-

The following result is classical in the geometric setting: big divisors are (rationally) the
sum of ample divisors and effective divisors.

LEMMA 5.7. — The hermitian line bundle B satisfies the conditions of Proposition 4.7.
Furthermore, there exists a positive integer k, and line bundles A and € on X which are ample
and effective respectively, such that
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Proof. — Since L is ample, some power of £ is effective, and so is the same power of B. We
also have B.B = L.L > 0. Finally, let M be an effective line bundle on X, let s be a nonzero
effective section of M, and let D be the divisor of s. Then

BM = hy(D) — /~ log [|sclz*c1 (Z).
X (C)

Considering an effective section of some power of B that does not vanish along any compo-
nent of D—which exists since large powers of £ are generated by their effective sections—we
see that first term is nonnegative. The second one is nonnegative as well since ¢; (£) is semi-
positive on X'. This shows the first statement of the proposition.

Let A be an effective ample line bundle on X, let o be a section of A and let H be the
divisor of 0. Let H' be the schematic image 7 (H ). Since £ is ample, we can find an integer &
and a nonzero section s; of £L®¥1 that vanishes on H’. We can write

n*s1 = ooy,
where o, is a section of B®¥1 @ A®~1. Choose a large enough integer k,, and let s, be a
nonzero section of £8%2 with small enough norm. Writing o> = 7*s,, we have

n*(s152) = 00102,

. . . e =8k +ky) _—®—1 .
and 0105 is an effective section of the hermitian line bundle B 1+k2) ® A~ , which proves

the result. O
Let @ and B be real numbers with0 < § < « < % If n is a positive integer, let H, be the
subset of H/?“(X , f®n) consisting of those effective sections o of %" such that:
(i) o does not vanish on any Weil divisor D of X with h7(D) < n®;
(i1) there exists an irreducible component D of div(o) such that
deg(Dg) > ndeglg — rnf.

Use Lemma 5.7 to find a positive integer k with

where A is ample and £ is effective.

LEMMA 5.8. — The set\J,~ o H,, has density 1in |, ng(X,ng).

n>0

Proof. — This is a direct consequence of Proposition 5.1 and Proposition 5.6. O

LEMMA 5.9. — Let 8,y be any real numbers with0 < B <y < 6 < «. Let n be a large
enough integer, and let o be an element of H,, such that div(o) is not irreducible. Then we can
find hermitian line bundles £, and L, on X, and sections

o; € HO(X, L)),
i = 1,2, with the following properties.
(i) L1 and L, belong to N ;
(i) ||oilloo < €™ i =1,2;

(iii) n® < £,.B <nB.B—n’;
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(iv) £,.A < knB.B;
W) L1 ® L, ~ B
(vi) up to the isomorphism above, 6102, = ©.

Proof. — Let D be the divisor of 7 *o. Since the divisor of ¢ is not irreducible, D is not
irreducible either and we can write

D = D; + D,,

where the D; are nonzero effective divisors on the regular scheme X such that both Weil
divisors 74« (D7) and 7« (D5) are nonzero. Since div(o) has an irreducible component of
generic degree bounded below by n deg Lo — rn#, and since

5.4 deg D19 +deg Dy o = ndegLg,
we can assume, up to exchanging D and D5,

(5.5) ndeg Lo —rnP < deg Dy g < ndegLy.
(5.6) 0 < deg Dy g < rnf.

We can also assume that no component of Dy is contracted by the morphism 7 : X—>Xx—
simply by replacing D, by the sum of D, and all those contracted components of Dy,
which are all supported above closed points of SpecZ. Let £; be the line bundle O %(D;)
fori = 1,2. Then we can identify £; ® £, with B%®", and we can find sections o; of £; with
div(o;) = D; such that 0 = 0105.

Recall that we defined w as ¢, (B). We consider the norms ||.||o with respect to w. Consider
the unique hermitian metric ||.||5, on £, which is admissible with respect to o, scaled so that
lo2]lo0 = 1.

By (5.3), we can find a metric ||.|| on £, such that £, := (L5, ||.||) belongs to N and
(5.7) C™' <lozllo < C.
Endow £; with the unique hermitian metric such that
B” =L, L,
as hermitian line bundles on X , where we write £; for the induced hermitian line bundles.
Since B belongs to N by assumption, so do £; and £,. This makes sure that conditions (i),
(v) and (vi) of the lemma are satisfied.
Since ||0||oo < 1, we have

(5.8 llozllo = Cllalllolloz]lo = Cllollo = C.

The inequalities (5.4), (5.6) imply, via Proposition 4.4 the following estimate, since
llo2llo = C ™" and [|o]|oo < 1:

llo1]loo < €71 (nCs deg Lg)™

for some constant C» depending only on X and £. Similarly, (5.6) and Proposition 4.2 give
us, for some constant C, depending only on X and L:

B
lloz2lloo = CC{™ .
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For any y > §, and any n large enough, this ensures that condition (ii) is satisfied.

We now turn to condition (iii). For i = 1,2, choose a nonzero effective section s; of
some power ZW of £ such that the divisor of 7*s; has no common component with D;.
Computing the height ha (D;) using the section 7*s; of Ew, we get:

hE®Z (Di) = /’lZ@z (JT*(D,')).
and
hzee(Di) = Lhoge(ma(D;)) = €n®.
Write

EZi.EzhEW(Di)—E/ log||o;||@ zﬁn“—K/ log||o;||w
X(C) X(©)

and use log ||0;||co < nY. We find

(5.9) Li.B>n%—n"degLy > n?

for any large enough n since 8, y < «. Since
L1.B+ L,.B=nB.B,

this proves that (iii) holds.

Let us prove condition (iv). Since B is isomorphic to A ® £, we have

LiA=kL;.B—L;.E

fori = 1,2, so that

(5.10) L1 A=kL1.B—L1.E =knBB—kLy.B—L.E.

Let 7 be a nonzero effective section of &, with divisor D,. Then we have
L8 =g, (D)= [ togllellen @,
X(©)

Since the degree of £; is nonnegative, the form ¢;(£;) is a nonnegative multiple of , and
since t is effective, we have

—/~ log|l7ller(Z1) = 0.
X (C)

By assumption, no component of the divisor Dy of o7 is contracted by the resolution 7.
Furthermore, the definition of the set H,, guarantees that if C is any component of D1, then
the height of 7, (C) with respect to £ is bounded below by n%. This implies that if  is large
enough, the divisors Dy and D, have no component in common, so that

hz,(D;) = —deg D, glog|lo1|| = —deg D, qn”
and, as a consequence,
(5.11) L1.€ > —n” deg&y.
Putting the inequalities (5.11) and (5.9) together with (5.10), we obtain
L1 A<knBB+n"deg€y—kn'.

Since £ is ample, B.B = L.L is positive, and since y < §, this shows that condition (iv) of
the lemma is satisfied as soon as n is large enough. O
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We can finally prove the key result of this paper via a counting argument.

PROPOSITION 5.10. — Let X be an integral projective arithmetic surface, and let L be an
ample hermitian line bundle on X. Then the set

{o € U ng(x,Z@’”), div(o) is irreducible}
n>0

has density 1.

Proof. — Choose§ and y with § < y < § < «. Lemma 5.8 shows that theset | J,,. , H,, has
density 1in HJ (X ,Z®n), so that we only have to prove that the set of those o in |, H,,
with reducible divisor has density 0 in HXI(X , Z®n). Let Z,, be this set.

Let n be large enough so that Lemma 5.9 applies. To any o in Z,, we can associate
hermitian line bundles £; and £,, together with respective sections o and o>, so that the
conditions (i) — (vi) of the lemma hold. Since ¢ = 0,05, the data of the £; and o; fori = 1,2
determine o.

We will give an upper bound for the number of elements ¢ in Z,, by estimating the number

of possible L; and o;. In other words, we will count the number of triples (L1,01,02), where
—= . N =~ . . .= — —®—1
L1 is a hermitian line bundle on X, o, is a section of £, and, setting £, := B®n ® L? ,

05 is a section of £,, so that
(i) £, and £, belong to N;
(i) [loi|| <™ i =1,2;
(iii) n® < £,.B <nB.B—n®;
(iv) £,.A<knB.B.
Below, when using the O notations, implied constants only depend on X > XL Ao, B.6,y.
Let £, be a hermitian line bundle as above, and write i := £;.1, so that
n® <i < nB.B—n’.
We want to bound the number of sections of £ that have norm at most e””, that is, the

number of effective sections of £; (n”). First remark that deg L1, < ndegBg as the degree
of £1,g and £, g are both nonnegative and have sum n deg Bg. Furthermore, we have

Li(n")B=i+n"Oz%(1).B=0(n)
sincey <4 < 1.
Corollary 4.10 gives us
~ = (i + Kn?)?
5.12 ]’10 X,E nY ST-FOI’IIOI’Z,
(5.12) Ar(X, L1(n")) BE (nlogn)
where K is the constant O 5(1).B.
Similarly, we have
(nB.B—i+ Kn)?

0 Y 7 _(nV)) <
(5.13) W (X, o)) < .

+ O(nlogn).
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Adding (5.12) and (5.13), we find, recalling that 0 < y < 1:

~_ ~_ 1 ,—— 2i(nB.B—1i)

B (X, Ly(n”)) + hQ (X, Lr(n”)) < =n*BB—-"——— 2
Ar(X L1 (7)) + ha (X, L2(n”)) < i N

2K?n? +2KB.Bn'tY

nT A EABE T L Omlogn)
2B.B
< anE.E— m + O0m't).

2 B.B

Sincen® <i <nB.B-— n‘s, we have
i(”E_E__i) > pl+8 _ U 2
B.B o B.B
and, since 26 <1 <1+,

~ ~ 1 —
RO (X, L1(n”)) + hQ (X, La(n)) < znzB.B —n't L om't).

We now count the number of possible £;. Let ¢ > 0 be such that O(¢) belong to N.
Let k(n) be the smallest positive integer such that k(n)t > nY?. Then the hermitian line
bundle £; (k(n)t) is effective, belongs to N, and we have

L1(k(n)t).A = 0@)

since y < 1. As a consequence of Proposition 4.13, this shows that the number of possible
L,—or equivalently, £, (k(n)t)—appearing in the triples above is bounded by O(n”), where
p is the rank of N.

The estimates above show that we have the following inequality:
1 ,—— | [
log|Z,| < O(plogn) + EnzB.B—nH‘g +0m'tY) = EnZB.B —n'"t L om't).

However, Theorem 2.11, (iii) shows that we have

1

no (X, L") > §n22.2+ O(nlogn) = %nZE.BJr O(nlogn).

Since § > y, these two inequalities prove that  J,,.., Z, has density 0in H) (X, f®n), which
proves the proposition. O

6. Proofs of the main results

The goal of this section is to give a proof of Theorem 1.1. We will deduce it from its special
case Theorem 1.6
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6.1. Proof of Theorem 1.6

We first state the Bertini irreducibility theorem of [11] in the form that we will need.

THEOREM 6.1. — Let k be afinite field, and let X be a projective variety over k. Let L be an
ample line bundle over X . Let Y be an integral scheme of finite type over k, andlet f : Y — X be
amorphism which is generically smooth onto its image. Assume that the dimension of the closure
of f(Y) is at least 2. Then the set of those o € | J, .o H°(X, L®") such that div(f*0)noriz is
an irreducible Cartier divisor has density 1.

n>0

Proof. — This is almost a special case of [11, Theorem 1.6]. There, the result is given when
X is a projective space and L = O(1). This means that—unfortunately—{[11] can formally
only be applied to the situation where L is very ample. However, the proofs of [11] apply
with no change when projective space is replaced by an arbitrary projective scheme with a
distinguished ample line bundle.

A second difference between our statement and that of [11, Corollary 1.4] is that we claim
that we can require div(f*o) to be irreducible as a Cartier divisor: the underlying scheme
is irreducible and has no multiple component, whereas the statement in [11] only states
irreducibility.

The fact that for a density 1 of ¢, the divisor div(c) has no multiple component follows
from arguments in [11]. Indeed, since Y is reduced and k is perfect, there is a dense open
subset U of Y that is smooth over k£ and such that f lu is smooth onto its image. By [11,
Lemma 3.3], for a density 1 of sections o, all the components of div( f*0 )noriz intersect U,
and by [11, Lemma 3.5], for a density 1 of o, the intersection div( f *o) N U is smooth outside
a finite number of points, so that it does not have any multiple component. O

LEMMA 6.2. — Let X be a projective arithmetic variety of dimension at least 2, and let L be
an ample hermitian line bundle on X. Then the set

{o € U ngr(X , Z®n), div(o) has no vertical component}
n>0

has density 1.

Proof. — If X is an arithmetic surface, the result follows from Proposition 5.10. Let d be
the relative dimension of X’ over Spec Z, and assume that d > 2.

Apply Theorem 2.21 where Y runs through the irreducible components of the fibers of X
over closed points of Spec Z. Since these components have dimension d, we find that for any
small enough ¢ > 0, the proportion of these elements o of Hy (X, Z®n) such that div(o) has
a vertical component over some prime p with p < exp(en?) is bounded above by a quantity
of the form

O(exp(en® —nn?)) = o(1).
as n goes to infinity.

We now show that for most o € ng(X , Z®n), div(o) does not have any vertical compo-
nent above a large prime.

Let C C X be a closed arithmetic curve, flat over Spec Z, such that for any large enough
prime p, the intersection of C with any irreducible component of the fiber X, of X above p

is nonempty. Let n be a positive integer, and let o be an element of HY (X, Z®n). If div(o)
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does not contain C, and if it has a vertical component above a prime p, then div(c) and C
intersect at a point above p, so that

nhz(C) = hz®n (C) = logp.
In particular, for such a o, we have p < exp(nhz(C)).

By Theorem 2.21, the proportion of those o € ng(X,ZW) that vanish on C tends
to 0 as n tends to infinity. In particular, the proportion of those 6 € HY (X ,Z®n) such
that div(o) has a vertical component above a prime p > exp(nhz(C)) goes to 0 as n goes to
infinity.

Together with the above estimate, this shows the result. O

Proof of Theorem 1.6. — If X is an arithmetic surface, then the result was proved in
Proposition 5.10. Assume that X’ has dimension at least 3. Let p be a prime number large
enough so that ), is reduced, and specialization indices a bijection between the irreducible
components of A and those of A . Let Xp, , be an irreducible component of &, endowed
with the reduced structure.

Let n be a positive integer, and let o be a global section of £L®". If D is a horizontal
component of div(c), then D intersects all components of A7, so that D intersects X, .
This shows that for any section o of £L®" if div(0| X ) is irreducible as a Weil divisor, then

WP

div(o) has a single component that is flat over Z.
Now we have the following results:

() the density of those 0, € |J
Cartier divisor is 1;

H°(X,,p, L2") such that div(o,) is an irreducible

n>0

(ii) the density of those o € (o HA (X, Z®n) such that div(o) does not have a vertical

component is 1.

n>0

Indeed, (i) follows from Theorem 6.1 with X = Y, and (ii) is Lemma 6.2. By the discussion
above, if o satisfies (i) and (ii), then div(o) is irreducible. Finally, Corollary 2.18 shows that
the density of those 0 € | ..o Ha (X, Z®n) such that the restriction of o to Xy, , satisfies (i)
is 1. This proves the result. O

6.2. Proof of Theorem 1.1

In this section, we deduce Theorem 1.4 from Theorem 1.6, following the arguments of [11,
Section 5]. We then prove Theorem 1.1 as a consequence.

In the following, fix a projective arithmetic variety X', together with an ample hermitian
line bundle L.

LeEmMMA 6.3. — Let Y be an irreducible scheme of finite type over SpecZ, together with a
morphism f Y — X. Let U be an open dense subscheme of Y. Then for all o in a density 1
subset of | J ng (x, Z®n), we have the equivalence

n>0

div(f *0)noriz is irreducible < (div(f*o) N U)poriz is irreducible.
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Proof. — This is analogous to [11, Lemma 3.3]. The implication
div( f*0)noriz is irreducible = (div(f*0) N U)noriz is irreducible

always holds. We prove the reverse implication.

Let D be an irreducible component of ) \ U whose image under f is positive-
dimensional—meaning by definition that D is a component of (Y \ U )noriz- By Theorem 2.21,
the density of those 0 € | J,,-o H (X, Z®n) that vanish identically on f(D) is zero.

Now assume that o does not vanish identically along any component of (¥ \ U)noriz—
this is a condition satisfied by a density 1 set of sections by the paragraph above. Then
any horizontal component of div( f *0)poriz meets U, which implies that the Zariski closure
of (div(f™0) N U)noriz 18 div(f *0)noriz-

In particular, for those o, the implication

n>0

(div(f*0) N U)poriz 18 irreducible = div( f * 0 )noriz is irreducible
holds. =

LEMMA 6.4. — Let Y and Z be two irreducible schemes that are flat, of finite type
over Spec Z. Let
7Y —>Z
be a finite étale morphism, and let
viZ->X
be a morphism that has relative dimension s at all points of Z. Assume that the dimension of the

closure of Y (Z) in X is at least 2. Then for all o in a density 1 subset of | ) ngr(X, Z®n),
we have the implication

n>0

div(y*o)is irreducible = div(r*vy*0) is irreducible.

Proof. — We follow the argument of [11, Lemma 5.1]. Irreducibility is more difficult to
achieve if we replace ) by a finite cover. As a consequence, we may assume that 7 is a Galois
étale cover. Let G be the corresponding Galois group. Let m be the dimension of ¥ (Z).

If z isa closed point of Z, let |z| be the cardinality of the residue field of z and let F, denote
the conjugacy class in G associated to the Frobenius. We claim that for a density 1 set of o,
the conjugacy classes F, cover all conjugacy classes of G as z runs through the closed points
of div(y*o).

Indeed, let C be such a conjugacy class. Let U be a normal, dense affine open subset of Z.
By the Chebotarev density theorem of [31, Theorem 9.11] applied to #=1(U) — U, the
number of closed points z of U with |z] <t and F, = C is equivalent to

|C| ts+m
E (s +m)logt
ast tends to co. Let Ec; be the set of those z.

By the Lang-Weil estimates, since the fibers of i have all dimension s, the number of
points z with |z| < ¢ in a given fiber of ¢ above a closed point is bounded above by a quantity
of the form

at®,
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for some positive «, so that | (Ec,)| is bounded below by a quantity of the form
tm
ﬁl
ogt
for some positive f. Note that if x € ¥ (Ec,), then |x| < 1.
Fix ¢ large enough. Theorem 2.17 shows that the density of those o € | J,».o H (X, Z®n)
that do not vanish on any element of ¥ (Ec,) is equal to

n>0

"=

1
Myey(gey(1—|x]7h) < (1 —7HPr"/loet = eXP<_ﬁ - (1 +0(1))>’

log

which tends to zero as ¢ tends to oo since m > 2. As a consequence, the density of those o
such that ¢ *o vanishes at a closed point z with F, = C is 1, which proves the claim.

Now let 0 € U,o9 HS.(X ,Z®n) such that div(y*o) is irreducible and contains
closed points z such that the F, cover all conjugacy classes of G. Then #~'div(y*o) =
div(z*y *0) is irreducible. This proves the lemma. O

Proof of Theorem 1.4. — We follow the argument of [11, Lemma 5.2]. By Lemma 6.3, we
can replace ) by any dense open subscheme. As a consequence, we can assume that f factors
as

y_*.z V. x

where 7 is finite étale, Z is an open subset of some affine space A% and ¥ is the projection
onto X—indeed, the function field of ) is a finite separable extension of a purely transcen-
dental extension of the function field of X.

By Lemma 6.3 and Lemma 6.4, for o in a density 1 subset of | J H/gr(é\’ ,Z®n), the
implication

n>0

div(o) is irreducible = div( f*0)nori 18 irreducible

holds. By Theorem 1.6, the divisor div(o) is irreducible for ¢ in a density 1 subset of
Unso H2 (X, Z®"), which proves the result. O

Proof of Theorem 1.1. — We first assume that ) is not flat over SpecZ. Then f : Y — X
factors as

y-Ix, o x

for some prime number p. By Theorem 6.1, the density of those s € (J,~o H(X,, L®")
such that div(f,"s)noriz is irreducible is equal to 1. Applying Corollary 2.18 to L(e) proves
the theorem.

We now assume that ) is flat over SpecZ. Let )’ be the Zariski closure of f()) in X.
Then ) is a projective arithmetic variety, and the restriction of £ to )’ is ample by Corol-
lary 2.7. Furthermore, the map fy» : Y — )’ is dominant by assumption. Theorem 1.4
guarantees that the density of the set E consisting of those o € |J,-o HS. (V' f®n) such
that div( f;,a)horiz is irreducible is equal to 1. Applying Corollary 2.18 to L(g) proves the
theorem. O
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FINITENESS OF SUPERELLIPTIC CURVES
WITH CM JACOBIANS

BY Ke CHEN, XiNn LU AND KaNG ZUO

ABSTRACT. — This paper proves the Coleman conjecture for superelliptic curves: there are, up to
isomorphism, at most finitely many superelliptic curves whose Jacobians are CM abelian varieties, as
long as these curves are of genus at least 8. Here superelliptic curves are smooth projective curves over C
admitting affine equations of the form y” = ¢(x) with ¢ a separable polynomial. The proof is reduced
to the geometry of superelliptic Torelli locus 7 S in the Siegel modular variety Ag: we establish the
generic exclusion from 7Sz of any special subvariety of dimension > 0 in Ag for g > 8, and the
stability properties of Higgs bundles associated to surface fibrations play a crucial role in our study.

RESUME. — Dans ce travail on montre la conjecture de Coleman pour les courbes super-elliptiques:
I’ensemble des classes d’isomorphismes des courbes super-elliptiques dont les jacobiennes sont a mul-
tiplication complexe comme variétés abéliennes est au plus fini, lorsque ces courbes sont de genre au
moins 8. Par courbes super-elliptiques on comprend les courbes projectives lisses sur C admettant une
équation affine sous la forme y” = {(x) ou ¢ est un polynome séparable. La démonstration se réduit a
la géométrie du lieu de Torelli super-elliptique 7 Sg dans la variété modulaire de Siegel Ag: on montre
qu’aucune sous-variété spéciale de dimension > 0 dans Ag n’est contenue génériquement dans 7 Sg
pour g > 8, et un rdle crucial dans nos études est joué par les propriétés de stabilité des fibrés de Higgs
associés aux fibrations des surfaces algébriques.

1. Introduction

This paper is dedicated to the Coleman conjecture for the superelliptic curves.
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1.1. Coleman conjecture

We start with the Coleman conjecture in its original form:

CoNJECTURE 1.1 (Coleman). — Up to isomorphism, there are at most finitely many smooth
projective curves whose Jacobians are abelian varieties with complex multiplication, as long as
these curves are of sufficiently high genus.

The conjecture was made in the 1980s, cf. [7], and no precise bound on the genus was given.
We can reformulate the conjecture in terms of geometry of moduli spaces. Recall that the
Torelli morphism in genus g > 2 is

J i Mg — Ag, [C] — [Jac(C)].
where

(1) Ajg is the moduli scheme of principally polarized abelian varieties of dimension g, with
suitable level structure to insure the representability of the moduli functor;

(2) Mg is the moduli scheme of smooth projective curves of genus g, with similar
constraints on the level structure induced from (1);

(3) Jj sends the isomorphism class of a curve [C] to the isomorphism class of its Jacobian
variety [Jac(C)], which is functorial because Jac(C) is nothing but the neutral compo-
nent of the Picard scheme Pic ¢, and thus j is well-defined as a morphism between
moduli schemes.

In this setting the Coleman conjecture amounts to the finiteness of CM points inside the
schematic image Imj C A,, where by CM points we mean points in A, parametrizing
abelian varieties with complex multiplication. It is well-known that Im is a locally closed
subscheme in A, of dimension 3¢ — 3, and it is referred to as the open Torelli locus 7.
Its closure is the Torelli locus 7. Since 7, is dense in A, for g = 2,3, it suffices to study
Coleman’s conjecture for g > 4.

The following equivalent form of Conjecture 1.1 is more convenient to work with:

CoNJECTURE 1.2 (Coleman-Oort). — When the integer g is sufficiently large, any special
subvariety S C Ag of dimension > 0 is NOT generically contained in 7Tg.

Here a closed subvariety S C A, is said to be generically contained in T, if S is contained
in 7, and that the intersection S N7, is Zariski dense inside S; and special subvarieties in Ag
are (geometrically) connected closed subvarieties parametrizing abelian varieties with “addi-
tional Hodge symmetry”, see section 2 as well as [5] for details. Special subvarieties of dimen-
sion zero inside A, are the same as CM points, and any special subvariety always contains
a Zariski-dense subset of CM points. The equivalence of Conjecture 1.2 and Conjecture 1.1
is an immediate consequence of the following theorem, proved by Tsimerman in [37]:

THEOREM 1.3 (André-Oort conjecture for Ag). — Let X be an infinite subset of CM points
in Ag. Then the Zariski closure of ' equals a finite union of special subvarieties.

Roughly speaking, a special subvariety in A, supports a universal family of abelian vari-
eties with prescribed Hodge classes, and Conjecture 1.2 predicts that such a family cannot
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be deduced generically from a universal family of Jacobians (supported by a subvariety
inside 7,9).

We refer to [26] (and the references therein) for a thorough discussion on the Coleman-
Oort conjecture. The rich geometry of Shimura varieties has led to various results confirming
the conjecture for many classes of special subvarieties, cf. [16, 19, 5] etc. Also, examples of
special subvarieties generically contained in 7, are known up to genus 7, mainly constructed
out of cyclic branched covers of P!, cf. [25].

1.2. Variant for superelliptic curves

Naturally one may formulate problems of Coleman-Oort type for moduli spaces of curves
with additional data.

DEerINITION 1.4, — For an integer n > 1, an n-superelliptic curve is a complex smooth
projective algebraic curve of genus g > 2 (or simply superelliptic curve if n is clear from the
text) which can be defined by an n-superelliptic equation, i.e., an affine equation of the form

y' =),

with ¢ a separable polynomial (i.e., admitting no multiple root). When n = 2 we obtain the
usual notion of hyperelliptic curves. Note that the genus of such a curve can be computed
explicitly in terms of n and deg¢, cf. (3-4), and that for any fixed g > 2, there are finitely
many possibilities of (n, deg ¢) such that the curve defined above is of genus g.

Define Sg,, to be the moduli space of cyclic branched cover C — P! defined by an
n-superelliptic equation as above, with C of fixed genus g. We have the evident morphism
forgetting the cover

Sgn > Mg, (C— [Pl) — C,

and we write 7 S, ,, for its image inside A, under the Torelli morphism, referred to as the
n-superelliptic open Torelli locus. Similar to the case of 7., it is locally closed in Ag, and

its closure 7S, , = T Sg , is called the n-superelliptic Torelli locus. Often the integer n is
omitted when it is clear from the context. We can now state our main result:

MAIN THEOREM. — For g > 8, the superelliptic Torelli locus does not contain generically
any special subvariety of Ag of positive dimension.

Thanks to Theorem 1.3, our result is equivalent to the finiteness of superelliptic curves
with CM Jacobians:

COROLLARY 1.5. — For fixed genus g > 8, there exist, up to isomorphism, at most finitely
many smooth superelliptic curves of genus g whose Jacobians are CM abelian varieties.

Note that our result is sharp due to the counterexample with g = 7 given in [25] mentioned
above. Precedent to our result, various cases of the superelliptic Coleman-Oort conjecture
have been studied by Y. Zarhin in a series of works (see for example [40, 41], and the references
therein), with emphasis on the endomorphism algebras of the Jacobians when the Galois
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group of the cover is the full permutation group S, or the alternative group Ay;. When n is
prime to 3, the problem for the n-superelliptic Legendre family

YW=x(x—-1)(x—-2)

has already been considered in [18]. In [25], Moonen has proved that the n-superelliptic
Torelli locus 7 Sy, itself is not a special subvariety when the genus g is at least 8.

1.3. Strategy of the proof

The proof of the Main Theorem is divided into two main steps: we first reduce the proof
to the case of special curves (i.e., special subvarieties of dimension one), and then we exclude
the existence of special curves using the stability properties of the logarithmic Higgs bundles
associated to the first higher direct image of the constant sheaf.

The reduction to special curves is formulated as follows:

THEOREM 1.6. — Let g be an integer at least 2. Then the superelliptic Torelli locus T Sg
in Ag contains generically some special subvariety of positive dimension if and only if it contains
generically some special curve.

In fact one first reduces the above theorem to the statement for simple Shimura varieties of
positive dimension, cf. Lemma 2.9; and then the boundary behavior of Baily-Borel compact-
ification implies the dimensional reduction to special curves, using the crucial property that
the open n-superelliptic Torelli locus contains no compact (i.e., complete) curves. Note that
when n = 2, the open hyperelliptic Torelli locus is affine, while the general superelliptic case
follows from Theorem 3.9.

Based on the above dimension reduction, the main theorem is thus reduced to:

THEOREM 1.7. — There does not exist any special curve contained generically in the Torelli
locus of superelliptic curves of genus g > 8.

The proof of Theorem 1.7 is the most technical part of our paper. The main idea is
to study the logarithmic Higgs bundle for the family of semi-stable superelliptic curves
associated to such a possible special curve Cy contained generically in 7S, 5, in particular
its eigenspace decomposition with respect to the action of the cyclic group G = Z/nZ. We
apply Viehweg-Zuo’s characterization for special curves by the maximality of Higgs fields on
Higgs eigen-subbundles and the geometrical properties of the family to obtain an irregular
horizontal fibration on the total space of this family with some extra properties, and deduce
a contradiction by analyzing this new fibration, which establishes Theorem 1.7.

REMARK 1.8. — The hyperelliptic case (n = 2) of the main theorem has already been
established in our unpublished preprint [6]. However, soon after the announcement in [6],
we realized that the same idea should be fruitful for general superelliptic curves, which has
thus grown into the present uniform treatment.

The paper is organized as follows. In section 2 we recall some preliminaries on special
subvarieties and present the dimensional recurrence so that the main theorem is reduced to
the exclusion of special curves. In section 3 we provide some properties about families of
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superelliptic curves, mainly including the invariants, the slope inequalities and the existence
of horizontal fibration structures under certain assumptions. Finally in section 4, we prove
Theorem 1.7 along the idea explained above, and hence complete the proof of the main
theorem.

Notations

1. Let @ and b be two non-zero integers. We write a | b if a divides b, i.e., if b = ac for
some integer c.

2. If x is a rational number, we denote its integral part and fractional part by [x] and {x}

respectively; e.g., [3] = 1 and {3} = 2.

3. For an n-superelliptic curve in Definition 1.4 defined by y" = {(x), we denote by oy =
deg(?¢) the degree of ¢(x), and

oo, ifn | ag;

1-1 =
(-1 * ag+ 1, ifn fap.

2. Shimura varieties and dimensional reduction

In this section we recall some basic constructions and properties of Shimura varieties and
prove Theorem 1.6 to reduce the main theorem to the exclusion of special curves.

2.1. Shimura varieties

We mainly follow our previous work [5] for the definitions of connected Shimura data and
Shimura varieties, which are slightly varied from the definitions in [10] and [24] etc.:

DEFINITION 2.1. — (1) A connected Shimura datumis a triple (G, X ; X *) where (G, X) is
a pure Shimura datum in the sense of [10], and X+ is a connected component of X; X+ is
an Hermitian symmetric domain on which G(R) ™" (in fact G¢"(R)* as well) acts transitively
through G*(R)*, and points in X can be identified as homomorphisms S — Gg subject
to certain Hodge-theoretic constraints. Here S = Resc/rGm,c is the Deligne torus, i.e., the
R-torus whose R-points form the Lie group C*.

A connected Shimura subdatum (G’, X’; X'T) of (G, X;X™) can be obtained using
certain x € X whose associated homomorphism %, : S — Gg factors through G} with
X' = G'(R)x and X't = G'(R)*x. Note that X’ is of dimension zero if and only if G’ is a
Q-torus.

(2) A connected Shimura variety associated to (G, X; X+) is a quotient of the form
M =T\ X1 where I' is a congruence subgroup in G4*(Q)* acting on X+ through its image
in G*4(Q)t.

Write gr for the complex uniformization map

Xt > M="T\X", xTux.

A special subvariety of M is the closed subvariety of the form M’ := pr(X’'") associated to
a connected Shimura subdatum (G', X'; X'1).
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In particular, when G’ is a Q-torus, we obtain zero-dimensional special subvarieties, which
are also called special points in M. They are dense for the Zariski topology.

The adjective “connected” will be omitted unless ambiguity arises. We also require for
simplicity that the congruence subgroups involved are torsion-free, so that the Shimura
varieties of interest are smooth as algebraic varieties.

ExaMPLE 2.2 (Siegel modular variety). — Let (V, ¥) be the standard symplectic Q-space
on V = Q% . We have the connected Shimura datum (G, X; X t) = (GSpyy., Xgi; X; ) where

— GSp,, is the Q-subgroup of GL,, that preserves the symplectic Q-form up to scalar;
— th is Siegel double half space, identified with the set of polarizations of (Vg, ¥);
— X; is the connected component of H;,t consisting of positive definite polarizations.

Choose I' = I'(¢) to be the principal congruence subgroup of level £, with £ > 3 an integer.
Then M = I‘\é\,’é;Ir is the moduli scheme of principally polarized abelian varieties with full
level-£ structure, and this is the Siegel modular variety A, that we refer to in this paper.

Special subvarieties in .4, are also known as subvarieties of Hodge type: they parametrize
abelian varieties with prescribed Hodge classes, cf. [11].

2.2. Special curves in A,

In this subsection we describe one-dimensional special subvarieties, namely special curves
in Ag. Using our terminology, they are given by subdata (G, X; Xt) of (GSpyy, Xéit; X; )
such that Xt is of dimension one, and this forces X T to be the Poincaré upper half plane
which is the only one-dimensional Hermitian symmetric domain. We are interested in the
description of Gder.

It is explained in [10] that G is a product of simple Q-groups of the form G’ = Resy ;oH
where L is a totally real number field and H is an absolutely simple L-group, and G’(R) is
not compact. Note that

G® =[] HRo).
o:L—R
where H(R, ¢) is the Lie group obtained from H along the real embedding ¢ : L — R. Since
the Hermitian symmetric domain associated to G4°*(R)* is the Poincaré upper half plane, it
turns out that GY°* = G’ has to be Q-simple, and H is an L-form of SL, or PGL,, such that
only one embedding t : L < R gives rise to a non-compact factor H(R, 7), with the other
factors H(R, o) being compact (o # 1).

Cram 2.3. — The L-group H above has to be an L-form of SL, instead of PGL,.

Proof. — The inclusion of Hermitian symmetric subdomain X+ < X.F is equivariant
with respect to the Lie group homomorphism G4"(R)* — Spye (R) in the sense of [34],
in which a complete classification of such embeddings is described in terms of symplectic
representation. In our case, G4*(R)* = [ 1, H(R, 0) is a product of simple Lie groups, with
H(R, 7) being non-compact and the others being compact. The compact factors acting on
the Poincaré upper half plane X trivially, and the embedding is equivariant with respect
to H(R, 7) < Sp,, (R).
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If we have H(R, t) >~ PGL,(R), then we obtain the representation
p: SLa(R) — H(R, 7) <= Spy (R)

and the embedding X T — X; is equivariant with respect to p. The classification of Satake
([35] 3.2) shows that p is isomorphic to a product of the standard representation of SL, (R) on
itself, which is faithful and can not factor through H(R, ) ~ PGL,(R). Therefore H(R, 7) is
isomorphic to SL,(R) and His an L-form of SL, 1. O

We refer to Section 3 of Chapter 2 in [31] for the description of H as an L-form of SL,,
which will be useful for the decomposition of Higgs bundles:

(i) H is an inner form of SL,, realized as the kernel of Nrd : G,g/ L Gm,r where D is
a quaternion L-algebra, G,g/ Lis the L-group sending an L-algebra R to (R ®;, D)*,
and Nrd is the reduced norm homomorphism;

(i) H is an outer form of SL,, which is the derived group of a unitary L-group U:

(ii-a) either U is the L-group of automorphisms of an Hermitian form E? x E? — E
for an imaginary quadratic extension of L;

(ii-b) or for some imaginary quadratic extension E over L and some quaternion divi-
sion E-algebra D there exists an involution % of second hand on D together with
a *«-Hermitian form D x D — E, of which U is the L-group of automorphisms
commuting with the natural action of D. (Note that (ii-a) can be seen as the case
when D = Mat,(F).)

It is also known that the special curve associated to (G, X; X ) is non-compact (i.e., non-
proper) if and only if the Q-rank of GY°' is non-zero; in the case of special curves in Ay this
means G9* is not isomorphic to SL,.

2.3. Properties of special subvarieties

In this section we collect a few properties of general special subvarieties in A, that will
be used in the proof of Theorem 1.6. We start with the theorem of Baily and Borel whose
description of boundaries of Shimura varieties is crucial to our reduction.

THEOREM 2.4 (Baily-Borel compactification). — Let M = T\X™ be a Shimura variety.
Then the following hold.

(1) M is a normal quasi-projective algebraic variety over C. It admits a compactification,
called the Baily-Borel compactification MBB, which is a projective algebraic variety over C
containing M as a dense open subvariety. Moreover, if f : M' =T'\X't - M =T\X%isa
morphism between Shimura varieties induced from a morphism of Shimura data, then f extends
uniquely to their compactifications:

fBB . M/BB N MBB

sending M"®® — M" into MBB — M.
(2) The boundary components of M, i.e., irreducible components of MB® — M, are of
codimension at least 2, unless G* admits a Q-factor isomorphic to PGL, .
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In fact from [2] we know that the boundary components are lower dimensional Shimura
varieties associated to Levi subgroups L of proper parabolic Q-subgroups of G. In particular,
if G admits no proper parabolic Q-subgroups, then no boundary component is needed, and
the Shimura variety in question is projective itself. Note that these boundary components are
NOT viewed as special subvarieties in M associated to L C G, because.the corresponding
homomorphisms S — L are NOT induced by the inclusion L C G.

COROLLARY 2.5. — Let M = T'\X 7 be a Shimura variety defined by (G, X; X ) and a
congruence subgroup T C GI"(R)*. Let M’ C M be a special subvariety defined by some
subdatum (G', X'; X'7) such that G'*¢ admits no Q-factor isomorphic to PGL, q. Write M
for the closure of M inside M BB, then the irreducible components of M —M’ are of codimension
at least 2 in M .

Proof. — The closed immersion M’ < M extends to a morphism between their compact-
ifications M’BB — MBB, which is generically injective, and the closure M of M’ in MBB is
also the closure of the image of M’BB. The conclusion is clear because M'BB only differs
from M’ by finitely many boundary components of codimension at least 2. O

We also need an elementary property of intersections of special subvarieties:

LEMMA 2.6. — Let M' and M" be special subvarieties of an ambient Shimura variety
M = T\X™ defined by (G, X; X*). Then M’ N M" is a finite union of special subvarieties
of M if the intersection is non-empty.

This is a standard result which can be interpreted in the language of Hodge classes, cf.
[11] and [24]. In fact we may fix a faithful representation G — GLy over Q. Then an
Hermitian symmetric subdomain X’ of X which arises from some Shimura subdatum can be
characterized as those points x in X that correspond to homomorphisms S — Gg such that S
fixes a given collection of Q-tensors (z,) on V. Hence such Hermitian symmetric subdomains
are stable under finite intersection. Passing to the quotient modulo I' gives the desired result
in M.

Finally we mention the notion of decomposable locus in Ag.

DEFINITION 2.7. — A principally polarized abelian variety A over C is said to be decom-
posable if it is isomorphic to a direct product A = A; x A, with A; and A, both principally
polarized of dimension > 0 whose polarizations induce the polarization of A. We thus get
the moduli subscheme Agec C A, which parametrizes decomposable principally polarized
abelian varieties.

LEMMA 2.8. — Agec is a finite union of special subvarieties in Ag.

Proof. — It suffices to notice that if a g-dimensional principally polarized abelian
variety A admits a decomposition A >~ A; x A, as in Definition 2.7, with dim A; = m > 0
and dim A, = g —m > 0, where we assume for simplicity m < g — m, then the point
in A corresponding to A lies in the special subvariety A, ¢—», of Ag which is defined by
the subdatum (GSp,, 26 —2m- Xm.g—m: Xt o)

m,g—m
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— Here GSp, 25-2m 18 the Q-subgroup of GSp,, consisting of symplectic simili-
tude on Q28 preserving the direct sum Q%¢ = Q> @ Q2™ into two symplectic
Q-subspaces using the evident symplectic basis,

— Xt = X5 x XL, is the product of two Siegel upper half spaces, and Xy, g is

the orbit of Ay, ¢ —m inside Xy under GSp,,, 552/ (R).

Since GSpgf,{,zg_zm = SPam X Spag—2m C Spag, one verifies easily that Xy, g—p, consists of
only two copies of X5 ..

The conclusion is thus clear because

Agec — U Am,g—m

1<m=<g/2

is a finite union of special subvarieties. O

2.4. Proof of Theorem 1.6

In this subsection we prove the reduction of the main results to the exclusion of special
curves. We first use properties of Hecke translation to reduce the main theorem to the case
where the special subvarieties in question are simple, i.e., defined by Shimura data (G, X; X )
such that G is a simple Q-group. Then we use boundary behaviors of special subvarieties
to reduce to generic exclusion of special curves.

We start with the fact that a non-simple Shimura variety contains a non-trivial special
subvariety of dimension > 0, the proof of which is reduced to the following lemma on
subdata of non-simple Shimura data.

LEMMA 2.9. — Let M = T\X7T be a Shimura variety associated to some connected
Shimura datum (G, X; X ). Assume that G* is NOT simple as a Q-group. Then M contains
special subvarieties M’ C M of dimension > 0.

Proof. — We first consider the case where G = G?¢. Take a decomposition G = G; x G,
of G into non-trivial Q-groups of adjoint type G; and G-, then we obtain a decomposition
of Shimura data:

(G, X:X*) ~ (G, X1; X{) x (G, X2; X))

where points in X; correspond to the composition S h—§ Gr — G;p using i, coming
from x € X. Oneeasily verifies that (G;, X;; X i+) (i = 1,2)are Shimura data. We also assume
for simplicity that ' = 'y x ', with I'; C Gf‘“(]R)Jr a congruence subgroup, so that we have
M = My x M, where M; = I';\ X 1.+ are Shimura varieties of dimension > 0 because G; are
non-trivial. Then taking a special point x; € M; gives us a special subvariety {x;} x My C M
which is of dimension > 0.

In general the Shimura variety M = I'\X T admits a morphism to M?2¢ := Tad\ x+
where the later is the Shimura variety associated to (G4, X2d; X *) induced from (G, X; X 1)
such that X24 is the G*(R)-orbit of X *, whose connected components are in bijection with
70(G*4(R)), and we simply take I'*d to be the image of I" in G*¢(R) ™. The map M — M4 is
an isomorphism, because I' acts on X * exactly through I'*d. It is immediate that M and M 24
share the same collection of special subvarieties. O
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Inside a Shimura variety M = T'\X T defined by (G, X; X*) we can talk about Hecke
translation associated to elements in G(Q) ™, cf. Definition 2.1.9 in [5]. It is a natural way to
produce new special subvarieties from old ones:

DEFINITION 2.10 (Hecke translate and Hecke orbit). — Let M = T'\X* be a Shimura
variety associated to (G, X; X*) and I'. Let M’ = pr(X't) C M be the special subvariety
associated to the subdatum (G’, X’; X'*). Then for any g € G(Q)T, (¢G'q~ !, ¢X’;qX'T) is
a Shimura subdatum of (G, X; X ), and the special subvariety M" := pr(¢gX'") it defines
is called a Hecke translate of M’.

The union

HyM'):= ) ergx'™")
q€G(@QT
is called the Hecke orbit of M’ in M.

It should be pointed out that the Hecke translate gpr (g X’") defined above depends on the
choice of the subdatum defining M’. Rather we should define Hecke correspondence using
double cosets I'qT" whose irreducible components are of the form gr(aX'") for suitable
a € G(Q)™. But the current version is sufficient for our purpose.

LEMMA 2.11. — Let M’ C M be a special subvariety associated to the subdatum
(G, X;X'") C (G,X;X™). Then the Hecke orbit Hpy (M) is dense in M for the analytic
topology.

Proof. — The real approximation theorem for linear groups over Q affirms that G(Q)* is
dense in G(R)™ for the analytic topology. This implies that the G(Q)-orbit of any given
point x in X is dense for the analytic topology, and thus its image under gr is dense in M.
It then suffices to take x from X'*. O

COROLLARY 2.12. — Let M C Ay be a special subvariety defined by (G, X; X ™).

(1) Let Z be alocally closed subvariety in Ag of dimension > 0. Assume that M is contained
generically in Z, i.e., the intersection M N Z is Zariski open in M. Assume further that M
contains a special subvariety S C M of dimension > 0. Then there exists a Hecke translate S’
of S inside M which is contained generically in Z.

(2) It suffices to prove the main theorem for M such that G* is Q-simple.

Proof. — (1) This is exactly the same as [5, Lemma2.1.10], and we recall briefly the
arguments. Write Z for the closure of Z in Ag. Since M is contained generically in Z, we
see that the closed subvariety M is contained in Z. If a Hecke translate S’ of S in M is
not contained generically in Z, then S’ is contained in the closed complement Z — Z. But
the union of all such S’ is dense in M by Lemma 2.11, hence there must be some Hecke
translate S’ which is contained generically in Z.

(2) From Lemma 2.9 we know that non-simple Shimura variety contains proper special
subvarieties of dimension > 0. Thus it suffices to take Z = 7 S, , and apply (1). O

Aside from the basic properties of Shimura varieties listed above, we need the following
crucial fact:
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PROPOSITION 2.13. — The open n-superelliptic Torelli locus T Sg ,, contains no complete

curves.

The proof of this property is given later in Section 3, as a consequence to Theorem 3.9.
This property is well-known in the hyperelliptic case (n = 2), cf. [8].

THEOREM 2.14 (dimensional reduction). — If the n-superelliptic Coleman-QOort conjec-
ture holds for special curves in Ag, then it holds for any special subvarieties in Ag .

Proof. — Let M be a special subvariety of strictly positive dimension inside A, and we
want to show that the intersection M N7 Sg , consists of at most finitely many points when
TSg , does not contain generically any special curve.

By Corollary 2.12, it suffices to consider the case where M is a simple Shimura variety
in A of dimension > 2, defined by some Shimura datum (G, X; X 7). This implies that G*¢
admits no Q-factor isomorphic to PGL, g. Write M for the closure of M in the Baily-
Borel compactification ABB, whose boundary components in M — M are of codimension
at least 2. One may thus take a generic projective curve C C M such that the intersection
C N (M — M) is empty.

If the singular locus in 7 S, ,, namely the intersection 7S5a¢ := TS, N Adec, also
meets M in codimension at least 2, then we may further choose C such that C N TS;if;,g is
empty. But this would produce a projective curve C contained in 7S , which contradicts
Proposition 2.13. Hence at least one of the irreducible components in 7Sg3¢ N M = Ae 0 M
is of codimension 1 in M.

Since Agec is a finite union of special subvarieties in A, , we deduce that A3 N M is a
finite union of special subvarieties, one of which is of codimension 1 in M. Hecke translation
moves it into a special subvariety M’ C M contained generically in 7 Sy , of strictly lower
dimension, and the reduction is proved. O

3. Family of superelliptic curves

In this section we consider the geometry of 1-parameter semi-stable families of superel-
liptic curves. In subsection 3.1 we recall some basic facts and notations on families of curves,
in subsection 3.2 investigate the invariants of a superelliptic family, in subsection 3.3 deduce
slope inequalities for such a family, and finally in subsection 3.4 study the behavior of the flat
part contained in the associated logarithmic Higgs bundle and prove the existence of hori-
zontal fibration structures on total space under certain assumptions.

3.1. Preliminaries

In the subsection, we collect some generalities on families of curves, and refer to [3] for
more details.

Recall that a semi-stable (resp. stable) curve of genus at least 2 is a complete connected
reduced nodal curve such that each rational component intersects with the other components
at > 2 (resp. 3) points. A semi-stable (resp. stable) family of curves is a flat projective
morphism f : S — B from a smooth surface S to a smooth curve B with connected
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fibers such that all the singular fibers of f are semi-stable (resp. stable) curves. We assume
both S and B are projective unless stated otherwise. The family f is said to be superelliptic
if a general fiber of f is a superelliptic curve, and to be isotrivial if all its smooth fibers are
isomorphic to each other. In the rest, we assume that f : S — B is a semi-stable family of
curves of genus g > 2 with singular fibers Y — A.smooth.

DEFINITION 3.1. — A horizontal fibration on § is a fibration f’: § — B’ whose general
fiber mapped under f surjectively onto B. It is said to be irregular if g(B’) > 0.

Denote by ws/;p = ws ® f*wy the relative canonical sheaf of f. Let x(Os) be the
Euler characteristic of the structure sheaf, and yop(-) be the topological Euler characteristic.
Consider the following relative invariants:

wgp = w5 —8(g—1)(g(B) — 1),
(3-1) 8(f) = xiop(S) —4(g = )(g(B) — 1) = > 8(F),

FeY
deg fuws/p = x(Os) — (¢ — D (g(B) — 1),
where §(F') is the number of nodes contained in the fiber F. All the invariants in (3-1) are
nonnegative and satisfy the Noether’s formula:

(3-2) 12deg fuws/p = wg,p + 8(S).

A singular point g of F is of typei € [1, g/ 2]] (resp. 0) if the partial normalization
of F at g consists of two connected components of arithmetic genera i and g — i (resp. is
connected). Let §; (F) be the number of nodes of type i contained in F, and

[g/2]
8(F) = Z 8i(F).
A singular fiber F has a compact Jacobian if and only if §o(F) = 0. Define
lg/2]
5i(f) =Y &i(F). &(F)= Z 8i(F). 8u(f)=Y_ 8u(F).
FeY FeY

3.2. Invariants

The main purpose of this section is to define the local invariants for families of superel-
liptic curves, and to show that the relative invariants (3-1) of such a family can be expressed
as suitable combinations of the local invariants.

Fix &, a primitive n-th root of unity which gives a trivialization G = Z/nZ. For an
n-superelliptic curve F defined as in Definition 1.4, the map given by y +— &,y defines
a natural action of the group G = Z/nZ on the n-superelliptic curve F. We call G the
n-superelliptic automorphism group of F, and the induced cover 7 : F — F/G = P! the
n-superelliptic cover.

For any n-superelliptic curve F, its induced n-superelliptic cover = : F — P! is a cyclic
cover with covering group G = Z/nZ, branch locus R, and local monodromy @ around R.
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Here R and a are given by
R=1{x1,...,Xq0}, and a =(1,...,1), if n|ao;

3-3
(3-3) R={x1,...,X49,00}, anda = (1,...,1,ac), ifn f oo,

where ag = deg({(x)), {X1.....Xaq} are the roots of ¢(x), and aee = n ([%2] + 1) — ao.

In the case where n f o, the ramification index of 7 at 0o is roe = m. Thus by the
Riemann-Hurwitz formula,
(n—1)(ag —2) )
— if n|ay,
(3-4) =
7Y =@ —2) + (n—ged(@o.n))
5 . ifnfao;

REMARK 3.2. — For a given n-superelliptic curve F, there might be more than one
n-superelliptic automorphism group (equivalently, more than one n-superelliptic cover)
on F. For instance, the Fermat curve of degree n admits at least three different n-superel-
liptic automorphism groups. Throughout this paper, we always choose and fix the choice of
an n-superelliptic automorphism group on F if there are more than one.

LEMMA 3.3. — Let f : S — B be a family of semi-stable superelliptic curves ( B could be
non-compact).

(1) After a suitable finite surjective base change, the action of the n-superelliptic automor-
phism group of F can be extended to S.

(1) If moreover the general fiber F admits a unique n-superelliptic automorphism group
G = Z/nZ, and there exists a generator of ¢ € G commuting with any automorphism of
the general fiber, then the action of G can be extended to S without base change.

Proof. — (i). Let Morp (S, S) be the functor which associates any B-scheme T to the set of
all T-morphism from St = S xp T toitself. The functor Morp (S, S) is representable (cf. [13,
Thm. 5.23]). Denote by Morg(S, S) the scheme representing 9otg (S, S). Let Autp(S) be
the functor which associates any B-scheme T to the set of all automorphisms of Sz over 7.
Then Autg (S) is also representable. Actually it can be represented by an open subscheme

Autg(S) — Morg(S,S).

Since f is flat projective of genus g > 2, the scheme Autp(S) is a finite flat group
scheme over B. Therefore, after a suitable finite base change, one can produce a section
of Autg(S) — B that reduces to a generator o of G on the general fiber. In other words,
after a suitable finite base change, the action of the generator ¢ and hence the whole
superelliptic automorphism group G on the general fiber F can be extended to S.

(i1). By (i), there exists a base change 77 : B — B such that Autg(g) — B admits a
section & whose restriction on F is the generator 0 € G, where S = S xp B. We may
assume that the base change 7 is Galois with Galois group Gal(B, /B). Then Gal(B, /B) acts
on S, and hence also on Autg(:S’v) and Aut(F) by conjugation. By assumption, Gal(ﬁ/B)
fixes o, hence also &. Note that

Aut(S)/Gal(B/B) = Autg(S).

Thus & produces a section of Autg(S), which extends the action of o on S. O
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We first study local families of semi-stable superelliptic curves, i.e., restriction of a family
f S — T toanopensubset 7o C T with Ty >~ {t € C : |t| < 1} (for the analytic topology).

LEMMA 3.4. — Let fo: So — Ty be a local family of semi-stable superelliptic curves, with
Ty identified with the open unit disk in C. Assume that Fo = f; ' (0) is the unique singular fiber.
Then after a suitable base change, the following statements hold:

1. the action of the superelliptic automorphism group G = Z/nZ on the general fiber can
be extended to Sy, such that the quotient map Iy : So — So/G branches over a disjoint
sections {D; {7, of go plus certain nodes in 'y = To(Fp), where a is given in (1-1), and
o : So/G — Ty is the induced family,

2. the fiber Ty with Ty N {D;}¥_, as its marked points is a semi-stable a-pointed (maybe
reducible) rational curve;

3. for any node y € Ty, there are at least two marked points of T'g on Ty, where T is any
one of the two connected components of Ty \ {y}.

Proof. — (1). That the action of G can be extended to Sy follows from Lemma 3.3. Let
R C Sy be the fixed locus of G, i.e.,

R={xeSy|h(x) =xforsomel #heG}CSp.

Then the branch locus of g is nothing but I1o(R) < Sy/G. As the fixed locus of G, R
consists of certain multiple sections plus some nodes in Fy. After suitable base change, we
may assume that these multiple sections become sections. So is [1o(R).

(i1). By (i), the restricted cover

HOIFO . F() — FO

branches over at most on I'oN{D;}¥_, and nodes of I'y. Note that I'y is connected. Thusif I'
were not a semi-stable pointed rational curve, then there would exist a component Cy C I'y
that would contain no marked point and would intersect other components of Iy at only one
point. Then the inverse image of Cy would create a smooth rational curve intersecting other
components at only one point, and hence contradicting the semi-stability of Fp.

(iii). First, if T'j does not contain any marked point, then there must be a component Cy
of T'j that contains no marked point and intersects other components of I'y at only one point.
Similar as (ii), one obtains a contradiction. Hence it suffices to derive a contradiction if T}
contains exactly one marked point. If this indeed occurs, then there is a component Co C Iy
such that Cy intersects I'g \ Cy at only one point and that there is at most one marked point
on Cy. It follows that E is still a smooth rational curve with one intersection point with Fy\ E,
ie., E is a (—1)-curve, where E C Fy is any component in the inverse image of Cy. This
implies that the fiber Fj is not semi-stable, which is absurd. O

DEFINITION 3.5. — Let fo : So — To £ {r||z] < 1} be a local family of semi-stable

n-superelliptic curves with Fop = f;'(0) as the unique singular fiber. The index of a node
x € Fy, denoted as index(x), is defined as follows:

(1) Assume first that fj satisfies the three statements in Lemma 3.4. Let £ = |G - x| be
the number of points in the G-orbit of x, and y € I'y = Fy/G be the image of x. Assume
that Ty \ {y} = Iy U I'§ such that I (resp. I'j) contains y (resp. @ — y) marked points
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with « — y > y. In the case where n } «, the section D, is assumed to be the one whose
local monodromy is equal to a,, Where @ is the local monodromy of oo as in (3-3); and we
always assume that p, := Do NTy € I'jif y = /2. Then we define index(x) to be the triple
(y, £, k) with

0, ifn|a,orifn faand py € Ty

1, ifn fa and p, € T,

i i

Xy Xt
i o
Do Pa
F(/) Y points Y @ =Y points F(/)/ F(/) ¥ points Y @ =Y points Fg
typical case when index(x) = (y, £, 0); typical case when index(x) = (y, £, 1).

(ii). In the general case, we choose any base change 7; — T, such that the family
fo © S§ — T obtained by pulling-back satisfies the three statements in Lemma 3.4 and let
x' € Fj be any node over x. Then we define index(x) := index(x’). One checks that the
definition is independent on the choices of the base change and the node x’.

DEFINITION 3.6. — (i). For any singular fiber F in a semi-stable family f : § — B of
n-superelliptic curves of genus g > 2, we define the singularity index s, ¢ x (F) of F to be the
number of nodes in F with index equal to (y, £, k).

(i1). For a semi-stable family f : S — B of n-superelliptic curves of genus g > 2, we
define the singularity indices of f as

Sy (f) =Y syex(F).

Here the sum takes over all singular fibers (which are finitely many) of f. If there is no
confusion, we simply denote by s, ¢ = 5y,¢.x(f)-

PRrROPOSITION 3.7. — (i) For any singular fiber F, we have

(3-5) Sye1(F) =0, VL, ifn|a,
and
[a/2]
D0 (5y.00(F) + sy,0.1(F)) = 8o(F):
y=2{>1
Sy,1,0(F) 4+ sy.1,1(F) = 8ip) (F), if rec = 1,

Sy1,0(F) =8ip)(F),  sy1,1(F) = 8 (F), ifreo # 1,
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where roo = m is the ramification index of the cover m at oo (see (3-3)), and
o =Dy -1
i(y) = >
, (n =Dy —2) + ==L .n (n—D@—y—1)
ily) = 3 =g- 5 .

(1) The index (y, £, k) of a node x satisfies that 2 <y < [a/2], and that
ged(y, n), ifk =0;
(3-6)

- ged(a — vy, n), ifk = 1.

In other words,

Syek =0, ify=1ory>[a/2];
Sye0 =0, if £ # ged(y, n);
Sy,é,l = 07 lfz 7é ng((x - V,n)~

Proof. — (i) This follows the definition of singularity indices and 6; (F') introduced in the
last subsection.
(i1) By Definition 3.5, we may assume that the singular fiber Fy admits a cyclic cover
7 : Fo — 'y with covering group G, where Iy is a singular rational curve. Let y = w(x),
and Iy \ {y} = Ty U I’y with I} (resp. I'j) containing y (resp. « — y > y) marked points.
Then
e if k = 0: the local monodromy of each marked point on I'j is equal to 1, and thus

- if n | y:  is not branched over y;

- ifn f y: thelocal monodromy around y € I} for the restricted cyclic cover 7! (I')) — I}
is equal to

ay =n(Z)+1)-y:

e if k = 1: the local monodromy of each marked point on I'j is equal to 1, and thus

- if n| (@ — y): 7 is not branched over y;

- if n f (o — y): the local monodromy around y € I'j for the restricted cyclic cover is

ay =n(“=L1+ 1) = @—).
n
We thus obtain the value of ¢:
n = ged(y, n), ifk =0andn|y;
B ged(al,, n) = ged(y, n), ifk=0andn/y;
t=1G-xl="'WI=y"_ " o h .
n = ged(a — vy, n), ifk=1andn|(a—y);
gcd(a;/, n) = ged(a — y, n), ifk=1andn/(a—y).
This completes the proof. O

ProrosITION 3.8. — Let f : S — B be a family of semi-stable n-superelliptic curves of
genus g > 2 witha > 5. Assume moreover that the general fiber of f is not hyperelliptic. Then
[ admits no (smooth or singular) hyperelliptic fiber with a compact Jacobian.
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Proof. — We divide the proof into three steps.

Step I. — We show that f admits no smooth hyperelliptic fiber.

Indeed, if there is such a smooth hyperelliptic fiber F, then F admits two different maps
of degree 2 and n respectively onto P! without common non-trivial factorization. Hence
g < n — 1 by the Castelnuovo-Severi inequality (cf. [17, Exercise V.1.9]). This is a contradic-
tion to (3-4) once o > 5.

Step II. — Let F be a singular hyperelliptic fiber of f with a compact Jacobian. For any
irreducible component D C F, we show that

e cither g(D) = 0and D? = —2;
e orl<g(D)<"tand D? = —1.

Let F* be the stable model of F. Then it suffices to show 1 < g(D) < %51 and D? = —1
for any component D € F*. Note that F# admits two automorphisms t and 1, where
7 is of order n and ¢ is the hyperelliptic involution. Both the quotients F#/(zr) and F# /()
are trees of rational curves. By [23, Lemma4.7], any component D < F* is not rational,
i.e., g(D) > 1. Hence both t and ¢ act non-trivially on D. It is clear that the hyperelliptic
involution ¢ keeps D invariant and acts faithfully on D. Without loss of generality, we may
assume that 7 also keeps D invariant and hence acts faithfully on D; otherwise, we replace
7 by a suitable power t%0 (the only difference is that the order of t is smaller after this
replacement). For the sake of notations, we still denote by 7 and ¢ their restriction on D.
Let

Yp = {x € D | x is anode of F¥}.

It is clear that |[Zp| = —D?2, Moreover, as F# admits a compact Jacobian, x is fixed by
both 7 and ¢ for any node x € F¥;in fact, let F’ and F” be the two connected components
of F#\ {x}. Then both F’ and F” are kept invariant under 7 (and ¢), and x is the unique
intersection of F’ and F” since F# admits a compact Jacobian. Hence x = F’ N F” is fixed
by both 7 and ¢. Thus 7 and ¢ are commutative with each other as automorphisms of D, since
they admit at least one common fixed point on D (i.e., any point in Xp). It follows that T
induces a non-trivial automorphism t’ on D/(t) = P!. Let |z| be the order of 7, and

D, = {x e D | xis fixed by o for some 1 < k < |r|} c D,
and y = |D¢|. Then by Hurwitz formula, one has
2¢(D) = (n—1)(n—2).
Since g(D) # 0, it follows that u > 3. Let Fix(¢’) < P! be the fixed locus of v’. Then
|Fix(t)| =2, and x(D:) C Fix(¢'),

where w : D — D/{1) = P! is the quotient map, which is of degree two. Note that p < D,
and 7! (7 (x)) = x for any x € p. It follows that

3 < =|D| <2|Fix(z)\ n(Ep)| + |Zp| = 4—|Zp|.

Therefore u = 3, and hence g(D) < % and D? = —|Xp| = —1 as required.
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Step I11. — We show that f admits no singular hyperelliptic fiber with a compact Jacobian.

If there were such a singular hyperelliptic fiber F, let k (resp. k') be the number of rational
components (resp. irrational components) in F. Then by Step II, one has

1 1 1
§(F) = = D-D'=—= D? = —(2k + k).
(P =3 > 5 D D?=Ck+k)
{D#D'}CF DCF
Also, since F admits a compact Jacobian, we get
S(F)=k+k'—1.
Combining the above two equalities, we obtain &’ = 2. Hence g < k-0 + k' - ”;1 =n-—1,
which contradicts the Hurwitz Formula (3-4) since & > 5. This completes the proof. O

THEOREM 3.9. — Let f : S — B be a family of semi-stable n-superelliptic curves of
genus g > 2 over a projective curve, and let b, = % —n2. Then

Sy,£,0 .
Zby- o ifn|a,
y, L

> _ 02 —r3)y(y =D Syto
GRS Z(by_ rso(a—l)(a—z))' e

1 X

ifnfe,
+3 (b =)@ =)@ —y=DY sy
o\ 2@~ D@ —2) 2
(3-3)
1 s |
13 2 by + 6 T2, ifn)a.
v, L
degf*a)s B = LZ b +€2_ (nz—rgo)y()/— 1) ] $y,£,0
/ 124\ rZla-he-2)) £
ifnfa,
+ = b +42—(”2—Vozo)(“—)’)(a—y—1) Sye
12\ Z@—1)@—2) I
Zsy,é,o» if‘n |a7
y, L
(3-9) 5(f) =
Z(SV,LO“‘S;/,EJ), ifnfa.
y, L

The crucial property in Proposition 2.13 follows from the theorem above:

Proof of Proposition 2.13. — 1f a complete curve C exists in 7S; ,, then its pull-back B
in Sg, remains complete. This gives a (non-isotrivial) family of super-elliptic curves
f S — B which admits no singular fiber. Using (3-8) we deduce that deg fiws/p = 0,

which is a contradiction, cf. [1]. O
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Proof of Theorem 3.9. — First, (3-9) follows directly from Definition 3.6; see also Proposi-
tion 3.7 (i). Note also that (3-8) follows from (3-2), (3-7) and (3-9). So it suffices to prove (3-7).

Since any finite base change only modifies the two sides of (3-7) by a common multiple, we
may, up to a finite base change, assume that there exists an action of G = Z/nZ on S, such
that Y = S/G is ruled over B, and that the quotient I1 : S — Y is branched over « disjoint
sections {D; }?:1 of the induced family ¢ : ¥ — B and possibly some of the nodes in fibers
of ¢ (cf. Lemma 3.4). Moreover, if n f«, one may further assume that D,, is the section whose
restriction to a general fiber I' 2 P! of ¢ corresponds to the branch point oo of the restricted
cover H| P F — T =~ P! In this case, the ramification index of Dy is reo = m. Let’s
consider the following commutative diagram:

s— T  y=5/G

S l lw
B _— B_

For any node y; in some fiber I'g of ¢, if the local equation of ¥ around y; is given
by xy—t"/, then we call m; the multiplicity of y;. Let £; be the number of pointsin S over y;,
and 'y \ {y;} = I U Ty with T'§ (resp. I'y) containing y; (resp. « —y; > y;) marked points.
Ifn foa and y; = /2, then we assume that D, N Ty € I'}. Then we define the index of y; to
be (yj, £;. k;), where

0, ifn|a,orifnfaand Dy N Ty € I'y;

ki =
77N, ifnfaand D, N T, €Ty,

With the notations introduced above, we claim that

Cram 3.10. — (i) If n| o, then

(@=1)) D} == myjle—y).
Yj

i=1

(1) If n f«, then

a—1
(@=2)y D} == "mi(y; — k)@ +k; —1—v);
i=1

Yj
o
(@=1)Y D} ==Y mjyjla—y).
i=1 ¥;

Proof of Claim 3.10. — The proof is similar to that of [§, Lemma4.8]. As an illustration,
we prove (ii) here.

Note that both of the sides are invariant if we resolve the singularities on Y, and hence
we may assume that Y is smooth. Moreover, we may contract Y to a P! bundle¢ : ¥ — B
over B such that the order of the singularities of Ry = Y D; ¢ is at most [«/2], and that Dy o
does not pass through any singularity of order equal to «/2 if n f o, where D; o C Y is the
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image of D;. Note that in the P! bundle Y, one has (Dj,0 — Dj0)> = 0,ie, D} + D7, =
2D; - Djo. Hence

a—1
(@=2)> D} =2 Y Dio-Djp:
i=1

1<i<j<a-—1

o
(@—1)> D} =2 Y Dio-Djo.
i=1

I<i<j=a
Now blowing up a point with exactly y of these sections passing through it will create a node
y of index (y, £, k) in the fibers, where k = 0 if Dg ¢ does not pass through this point, and
k = 1if Dgy o passes through this point; at the same time, the left hand side (resp. the right
hand side) of the first equality above decreases by (y —k)(x—2) (resp. (y=k)(y—k— l)), and
the left hand side (resp. the right hand side) of the second equality above decreases by y(a¢—1)
(resp. y(y — 1)). Thus

a—1
(@=2)Y D} =2 > Di-Dj—Y mi(y; —kj)a+kj —1—y):
i=1

1<i<j<a—1 yj
o
(@=1) D} =2 Y Di-Dj—Y myjla—y)).
i=1 l<i<j<a yj
Note that in Y, these sections {Di}?;l are disjoint with each other, i.e,, D; - D; = 0 for

any i # j.Hence we complete the proof of the claim. O

Come back to the proof of (3-7). Let £, ¢ x be the number of the nodes in fibers of ¢ with
index (y, £, k), counted according to their multiplicities. Then

Eyeo 02 Eyen 02
(3-10) SyL,0 = L. I’]l//e = ; : Ey,(,Ov SyL1 = ¢ I:/f = ; : Ey,l,l-
By the definitions, we have (see also Proposition 3.7 (i))
(3-11) Eye1 =58y01=0, ifn|a.
According to Claim 3.10, we obtain that if n | &, then
o
ny(a—1y)
(3-12a) (@=1)Y DZ ==Y yla—yio =) 5" s
i=1 7.4 7.4
and that if n } o, then
(3-12b)
a—1
@=2Y D ==Y (vl@—1= e+ (= D@=Eyen)
i=1 v, L
_ ny(@—1-—y) n(y —D@—y)
== —a wtot T S )
y, L
- ny(@—y)
@=1Y DF == y@=1)CreotEne) ==Y =5 (n00 + 50
i=1 v, £ 7,4
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By the construction, we have

n(Sy,e,0 + Sy,e,1)
(-13)  wy/p = —Z(éy,e,o +&y01) = —Z %; wyp - Di = —D}.

vt v, L

By the Riemann-Hurwitz formula, one has

n—1g .
H*(wY/B-}-TZDi), ifn|o;
2 i=1
Ws/p =

-1 oa—1 1 .
H*(wY/B+n_ZDl+ Too Da), 1fn,{’(x.
R Teo
Hence if n | «, then

—1& 2 _
(3-14a) w§/3=n(wy/3+nn lZDi)2=n(a)}2,/B_uZDi2),

i=1 i=1

and if n f «, then

oo

2 a—1 2
n-—1 re, —
_ 2 2 T 2
= n(wY/B - E D; pe Da).
i=1 o0

Combining the equalities (3-14a), (3-14b), (3-13), (3-12a), (3-12b), and (3-11) all together, we
complete the proof of (3-7). O

n—1%4 Fo— 1 \2
w§/p = ”(wY/B t— Z D + = Da)
(3-14b) =1

Ifthe family f isirregular, i.e., the relative irregularity of the family is positive, there would
be some constraints on the invariants introduced in Definition 3.6.

ProOPOSITION 3.11. — Let f : S — B be a family of semi-stable n-superelliptic curves of
genus g > 2 as in Theorem 3.9. Assume that the relative irregularity g5 := q(S) — g(B) > 0.
Then

4 ny(o — V) '
E S2.n,1 = Z EZ(OI (Sy,Z,O + Sy,(f,l),

(3-15)
1 - ( ny(y =1 n@—y)e—-y-1 )
~S2m e B e v Sy ) -
v, L

Ca-De-2"" T Ba-Da-2)

Proof. — To prove (3-15), we may assume that s, , 1 > 0, i.e., the singular fibers of f
contain nodes with index (2, n, 1). In particular, n | (@ — 2) by (3-6), i.e., 29 = nk + 1 for
some integer k by (1-1). Hence for any general fiber F of f,

(3-16) the induced n-superelliptic cover 7 : F — P! is totally ramified.

Similar to the proof of Theorem 3.9, we may assume that G = Z/nZ admits an action
on § such that IT : S — Y is branched over « disjoint sections {D;}¥_, and possibly over
some nodes in fibers of ¢. Let p : Y — Y be the resolution of the singularities of Y, and
o Y — Y be a contraction to a P!-bundle over B such that the order of the singularities
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o
of Ry = ). Djo is at most [/2], and that Dy o does not pass through any singularity of
i=1
order equal to &r/2, where Dj o € Y is the image p(5~'(D;)).

|}
S,

Note that p consists of a sequence of blowing-ups centered at singularities of Ry. We reorder

these blowing-ups as p : y 2 Y L9 ¥ such that Po 1s the resolution of singularities

a—1
of Y D; . In other words, all nodes in the fibers of ¢ with index equal to (2, n, 1) (resp. not

i=1
equal to (2,n, 1)) are created by p; (resp. po), where the notion for the index of a node in
the fibers of ¢ is introduced in the proof of Theorem 3.9. Let D; 1 = p1(p~'(D;)). Then by
(3-10),

2 - 2 4
ZDI 1 = Z ~71(Di)) +4& 001 = Z (ﬁil(Di)) + o “ 821,15

i=1 i=1
— — 1
Di,l = (P I(Da))2 +&n1 = (P I(Doz))z + o S2.1,1

Note also that the sections {D;}?_, do not pass through any singularity of Y. Hence
{p~Y(D; )}¢_, are still disjoint sectlons and by (3-12b) one gets

o

S (51 (Dy)? 202 Z’Z((z (S0 + Sp1):

i=1

1 2 2 ny(y —1) na—y)a—y—1)
7N = e ;(wa—l)( s + e g )

Therefore, it suffices to show that Z D2 < 0and D2, <0, which follow directly from the

1 ol —

i=

next lemma. O
LEMMA 3.12. — Keep the assumptions as in the proposition above. Then the divisor

o
Ry = ) Dj; is semi-negative definite.
i=1

Proof Let v : S — S be the minimal blowing-up such that there exists a morphism
I: S — Y with the following commutative diagram:

Y
&
Y.

p1

Y1
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Let (pl o ﬁ)_l (Ry) C S be the total inverse image of Ry, and R C S beits support. Then it
suffices to show that the divisor R is semi-negative definite.

By construction, the action of G = Z/nZ on S lifts to S. Let Alb(§) be the Albanese
variety of S, and t be any generator of G. Then f := f o ¢ induces a map Alb( f )
Alb(S) — Alb(B) and 7 has a natural action on Alb(S). Let

n
Albg(S) = {x € AIb(S) | > r'(x) =ep. wheree € Alb(S) is the identity element.

i=1

Then we claim that
CraiM 3.13. — AIb(S) isisogenous to Alby(S) @ Alb(f)~'(Alb(B)) and dim Alby(S) = gy

Proof of Claim 3.13. — Note that t has a natural action on H°(S, Q%) by pulling-back,
and the map f induces an injection

f*: H(B.Q}) < HO(S.2}). suchthat f*H°(B.Q}) = {0 c H*(5.Q}) | *(©) = o}.

To prove this claim, it suffices to show that
(3-17)

H(S.QY) = f*H"(B.Q}) ® W. where W = §a) eH'(5. )| Y ) () = o} :

On the one hand, it is clear that f*H %(B,Qp) N W = 0. On the other hand, for any
~ n 7 ~
we HO(S, Q%), letw =1 AZI(I*)I (w). Then it is easy to verify that o’ € f*H°(B,Q}),
i=
and that w —w’ € W. Hence we obtain the decomposition w = o’ + (v —w’) as required. [
Denote by Jj : S — Alby (S ) the induced map. Then we claim that

Cramm 3.14. — Let §1 - S be the strict inverse image of Ry. Then E is contracted by Jy.

PlOOf of Claim 3.14. — Let D C B, be any irreducible component, D its normalization,
j: D — S the induced mapand ¢ = Jyo j : D — Albo(S) the composition. We have to
prove that 19(D) is a point.

We prove by contradiction. Assume that 9(D) is one-dimensional. Then the induced map

) (5.25)

is non-zero. Also, it is clear that #* factors through

9% HO (Albo(S) QL)

HO (Albo(3), 24y ) ~> 1O (5. 28) L5 10 (B, 2b).

By (3-17), there is a decomposition of the form H° (§ 8215) f*H°(B,QL) @ W,and W
contains the image of J; according to the proof of Claim 3.13. To deduce a contradiction,
it suffices to prove that the restriction

J¥y W— H° (5, Qlﬁ)

1S zero.
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In fact, let p € D be an arbitrary smooth point of D. Note that t fixes D due to (3-16).
Hence locally around p, there exists a local coordinate (x, y) such that C is defined by y = 0
and the action of 7 is given by t(x, y) = (x, €y), where € is a primitive n-th root of 1. For
any 1-form

o =C(x,y)dx + n(x, y)dy € H° (§ Q%ﬁ) ,

one has
n n
weW < ) t(x.ey)=0. Y enx.ey) =0.
i=1 i=1

Hence if o € W, y should divide the function ¢{(x, y), i.e., {(x,y) = y - E(x, y) for some
function ¢(x, y). In other words, j*w|j_1(p) = 0 forany w € W. It follows that j*w = 0
for any w € W since p is arbitrary. This completes the proof. O

Come back to the proof of Lemma 3.12. By construction, the divisor R consists
of B, plus some rational curves. According to Claim 3.14, R is contracted by the map
S > Albo(g) Note that the image Jo(g) generates the abelian Variety Albo(g) with
dlmAlbo(S) = ¢y by Claim 3.13. Since g5 > 0, it follows that JO(S) is not a point, i.e.,
dim Jo(S) > 1. Therefore by the Hodge index theorem, R is semi-negative definite, and
hence R; is also semi-negative definite. This completes the proof of Lemma 3.12. O

3.3. The slope

Based on Theorem 3.9 and Proposition 3.11, we will prove the following inequalities.

ProPoOSITION 3.15. — Let f : S — B be a family of semi-stable n-superelliptic curves as
in Theorem 3.9, and let Y, — Ay be the singular fibers with non-compact Jacobians.
). If Aye = @ and g > n, then

(3-18) w5/ = Anc - deg fuws/p +281(f) + 381(f),
where
(3-19)
I —1) .
- = -
2@ —3) ifn =3anda > 6;
—1
12_3(0[ ), ifn =4ando = 4k + 3 withk > 1;
Ane = a—3
n, ifn|a;
48(c — 1
12 — 8 ) . otherwise; here d = n i
(nz—(n/d)z)(oc—3) —, ifnjfa.
ged(n, ap)

(ii). Assume that Ape # 9, g > 4 and gy > 0. If either n = 3 or 4, then

(3-20) 03/ = Annc - deg frws/p + 281(f) + 38u(f),
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where
60 — 18
- > ifa =3k +2withk > 2,
o —
(3-2) A3ne = 150 — 63 .
_—, otherwise;
2(o —3)
l4a — 44
20[—5, ifa =4k +2withk > 1,
(3-22) Aape =1 22
9o — 33 )
—_— otherwise.
a—3

Proof. — We use the notation introduced in subsection 3.2.
(1). Since A, = 0, one gets that §o(f) = 0, from which and Proposition 3.7, it follows
that s, 40 = 5,¢,1 = 0forany £ > 1, and

Sy1,0 =0, if ged(y,n) #1, and 5,1, =0, if ged( —y.n) # L.

Moreover,
$2,1,0» ifn = 3;

81(f) = 452,1,1, ifn =4and o = 4k + 3 with k > 1;

0, otherwise.
[a/2]
Su(f) =Y (sy.00 + sy.11) = 81(f).
y=2

Hence by Theorem 3.9 we obtain

a)é/B — An,c - deg frws/p
[a/2]

A’}’lC )
Z (Zy - 12’ (zy + 1))sy,1,0, if n | ay,
y=2
[a/2] A [ee/2] A
(ZJ/ - %(Zy + l))sy,l,o + Z (Z; — 1n250 (Z;, —+ 1))5%1’1, ifn,{’ao,
y=2 =
> 281(f) + 38 (f),
where

L _@mye—y) L, @—dye- e i

v a—1 d?(a — 1) (e —2) Feor ifn fato,

z, = w_nz_ (* —d*) (@ —y)a—y—1)

' ol = Da—2)

This completes the proof.

(i1). We first prove the case where n = 3. Since n = 3, it follows from (1-1) that @ = 3k or
3k + 2 for some integer k. According to (3-5) and (3-6), when o = 3k, we have

Sy’g,l = 0; Sy,1,0 = 0, if 3 | Vs $y,3,0 = O, 1f3/{/]/,
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and when 3k + 2, we have

$y,1,0 =0, if3|)/; Sy,1,1 =0, 1f3|()/ + 1);
sy3,0 =0, if3fy; sy31 =0, if3f(y+1).
Hence
[e/2] [a/2]
(3-23)  So(f) =D (sya0+Sy31). 81(f) =s210. Su(f) =Y (sy.00+ .11
y=2 y=3

If « = 3k, then s, 3,1 = 0; moreover, since g > 4, one has k > 2 by (3-4). Hence by

Theorem 3.9 one obtains that (where A; = 125(523)3

[a/2]
8y (o — A 8y (o —
- r-se o =33 (5 5) 0 (D))

y—2 a—1 a—1
[o/2]
8y(e—y) Al 8)/(05 —)
i Z (( N —1) 1) 12 9a—1) )(sm,o +57.3.1)
2251(f) + 381 (f).

If o = 3k + 2, then one again has k > 2. If moveover s, 3,1 = 0, then one can show again
that

15 — 63
wg/p > 2w=3) deg fuws/p 4+ 261(f) + 36, (f).

Hence we may assume that s, 3,1 7 0. In this case, we have (where A, = 63‘38)

w§/3 — Ay -deg fuws/p

[@/2] 8y(a —y) A (8y(a—1y)
(3-24) - Y; (( ) - 8)) (5y.1.0 + Sy.11)

[a/2]
1 8y(a—y) Ay 8y(a—vy)
S2 3,1 + Z (( 9(0{ — 1) 1) — E —9(()[ — 1) ) (Sy,3,0 + sy’3,1).

Note that s5,1,1 = 0 in this case. Hence by (3-15) for n = 3 one obtains that

[e/2] [a/2]
9y (e —y) ( 5y.3,0 y(a—y) 8.3, 1)
< = 77 2 AN
23,1 = 2 Sy,1,0 + 9 )-i- o (y11+ A
y=2 y=3
[a/2] [ee/2]
9y(y — 1) syso) Na—y)a—y—1) sy31)
< vy —1 .3,
§2,3,1 = VEZZ 2 —2) (sy,l,o + 9 + yE=3 2@—2) ( Sy.11 + 9
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Letx = %. Then 0 < x < 1 since o > 8. Hence
[a/2]
Iy (a — 9 —1 S
5231 < Z( r@=y) x+%«(l—x)) (Sy,l,o-i- %93’0)
[a/2]
(o —y) Na—y)a—y—1) 5y.3.1
(o e )
(3-25)

WD op@— (+ Dt 10y +4) sy
Zyz=z rRETE R CICA
[ee/2] 9(0[ _ ),)(()/ + 2)0{ — 10]/ + 4) Sy.3,1
+ Z 2o —D@—3) ( y.1,1 yT)

y=3
Combining (3-25) together with (3-24) and (3-23), we obtain that if s, 3.1 > 0, then

,  _ 6a—18
Wg/p =

-deg fiws/p +261(f) + 36,(f).

This completes the proof of (3-20) for the case where n = 3.

The case where n = 4 can be proven along the same idea. In fact, by (1-1) one has o« = 4k,
4k + 2 or 4k + 3 for some integer k. According to (3-5) and (3-6), we have

Sy1,0 =8y2,0 =0, if4|y: sy10=95y40=0, if4fybut2|y; sy20=25y4,0=0,if2/y.
Moreover, when o = 4k, it holds

Sye1 =0, forall y, ¢;
and when o = 4k + ¢ fort = 2 or 3, it holds

Sy =Sy21 =0, if4|(y +1);
(3-26) Sy, 1,1 = Sy,4,1 = 0, 1f4,r()/ + I) but 2| ()/ + l);
Sy2,1 = Sp4,1 = 0, 1f2,{’(y + Z).

Hence

[e/2]

80(f) = Y (Sy2.0 + Sy2.1 + Sy.a0 + Sya.1).
y=2

(3-27) 81(f) = s2,1,1,
[e/2]

Su(f) =Y (sy10 + Sp1,0)-

y=3
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If @ = 4k, then s, 4,1 = 0; moreover, since g > 4, by (3-4) one hask > 2if ¢ = 4k. Hence
by Theorem 3.9 one obtains that (where A3 = 93:;’3

w5 — A3 - deg frws/p

[o/2]
— 15y (e — ) Az /15y(a—7y)
- y2=3 ((? - 16) -2 (? — 15)) (yr0 + Spa1)
/2]
15y(e—7) Az (15y(a—y)
- Z (( Ha—1) -4)-3 (4(01—_1) —3)) (5y.2.0 + $2.1)
[a/2
15y(@—y) Az 15y(@—y)
' ; ((m )5 m) (Sy4.0 + S7.4.1)

= 261(f) + 38 (f)-

If o = 4k +3,thenk > 1since g > 4, and we still have s, 4.1 = 0. Based on Theorem 3.9,
one shows similarly as above that

w§/p — A3 - deg fuws/p = 281(f) + 38(/).
Finally, we consider the case where « = 4k +2. In thiscase k > 1 since g > 4. If moveover
52,4,1 = 0, then we can show again that
g, p — A3 - deg fuws/p = 281(f) + 38(/).

Hence we may assume that s 4,1 # 0. In this case, we have (where 14 = w

a—5
(3-28)
a)g/B — A4 . degf*a)s/B

[/2]
= Z ((_15)/(05 —7) - 16) — k . (—15)/(05 —7) — 15)) (Sy,1,0 + Sy,1,1)

y=3 a—1 12 a—1
[o/2]
15y(a —y) }»4 15y(a — y)
" 1,2:; (<m B 4) 12 (m - 3)) ($y.2.0 + 8y.2,1)
[o/2]
I5y(a —y) As 15y(a—y)
" 1;1 ((m B 1) 12 m) (Sy,4,0 + Sy.4,1)

7a—22_5(a—2).k)s
8@—1) 3R@-—1) ")+t

According to the first inequality in (3-15) for n = 4, one obtains
8y(ax—y)
52,41 = Z T e (Sy,,0 + Sy,6,0)-
@:.0#2,4)

Combining this together with (3-26), (3-27) and (3-28), one shows that

4o — 44
0§/p 2 —— deg fewsys +251(f) + 36().

This completes the proof of (3-20) for the case where n = 4. O
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COROLLARY 3.16. — Let f : S — B be a family of semi-stable superelliptic curves as in
Proposition 3.15.
(1). If Aye = B and g > n, then

2g —2

(3-29) deg fiws/p < -deg Q};,

n,c
where A, . is defined in (3-19).

(ii). Assume that Ap. # 9, g > 4 and qy > 0. If either n = 3 or 4, then
-2

2
(3-30) deg fxws/p < -deg Qg (log Apc),

An,nc

where A3 pc and Ay, are defined in (3-21) and (3-22) respectively.

Proof. — The above lemma follows directly from the above slope inequalities for a
family of semi-stable superelliptic curves and the Miyaoka-Yau type inequality (cf. [23,
Theorem 4.1]). O

3.4. Existence of horizontal fibration structures

The main purpose of this subsection is to prove the existence of horizontal fibration struc-
tures on the total space of a family of semi-stable superelliptic curves up to base change under
certain assumptions, namely Proposition 3.24. We will freely use the notations introduced at
the beginning of subsection 3.2.

As the main technique is based on cyclic covers, we always assume in this subsection that
the group G = Z/nZ admits an action on S whose restriction on the general fiber is the
n-superelliptic automorphism group. As we see in Lemma 3.3, one can achieve this by a
suitable finite surjective base change (not necessarily étale).

Since the group G admits an action on the surface S, it induces a natural action on the
cohomology groups of S, and on the local system Vg, := R' f,Qg\y and hence also on its
associated logarithmic Higgs bundle (E 113’0 <) Eg’l, 93). In our case, the Higgs bundle has
the form

Ep® = f.Qg p(log Y). Ep' = R' £,0s,
and the Higgs field
O . Eg® — Ep' ® Qp(logAnc)
is induced by the edge morphism of the tautological sequence
0— f*QplogA) — Q(log 1) — Qg p(log T) — 0.

Since f is semi-stable, one checks that the sheaf Qg /B (log Y1) is locally free; indeed, it suffices
to verify the local-freeness around a node p in fibers of f. Assume the family f is locally

given by 1 = xy around p. Then around p, /*Q} (log A) is generated by ];**(é’)) = dx—x + dy—y,

and Q%(log ) is generated by {dx dy }, which implies that Qg ,p(logY) is locally free

Ty
around p. Hence

(3-31) Q plog ) = O (cl(Qg/B(1og T))) = ws/p.
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Consider the corresponding eigenspace decompositions

n—1 n—1
(32 Vg, ®C=@Vss: (E;°@ £y 65) =D (Ey @ £} 0s) .
i=0 i=0

Since the quotient Y = §/G is ruled over B, it follows that
Ve =0 and  (Ep°@E}'. 65) =0.

Moreover, by a formula due to Hurwitz-Chevalley-Weil (cf. [26, Proposition 5.9]), one has
(3-33)

(n—1i)ag

n—i)a .
g—l, ifn | ag, ornfaygand —— € 7Z;
n

n

[M] ifn farg and =D o7
n n

1,0 _ 0,1 _
rank EB,Z. = rank EB’n_l. =

The eigenspace decomposition on (E llg’o ®EY 93) induces thus eigenspace decomposi-
tions on its associated subbundles in (4-2):

n—1

(457 @ 5% 0 0) =@ (1370 5" Ony)
(3-34) -

n—1
(Fp*eFy'. o) =P (F3° @ Fp'. 0) .
1
i=1

Note that the Galois cover IT: § — Y = §/G induces a Galois cover IT" : §" — Y
whose branch locus is a normal crossing divisor and with Gal(I1') =~ G, where Y — Y isthe
minimal resolution of singularities. Let S — $’ be the minimal resolution of singularities.
Then there is an induced birational contraction S — S fitting into the following commuta-
tive diagram.

II
T
ils I Yy |é
% |
B B

Fi1GURE 3.1. Induced Galois cover

Since IT" : S’ — Y isa cyclic cover of degree n, we may assume it is defined by the
following relation:

L' = Oy (E)V%) where ‘=" stands for linear equivalence.

4¢ SERIE - TOME 54 — 2021 — N° 6



FINITENESS OF SUPERELLIPTIC CURVES WITH CM JACOBIANS 1621

For a general fiber T =~ P! of @, its inverse image is a superelliptic curve admitting a cyclic
cover to P! with branch locus as in (3-3). Hence

E Xi, if n|ag;
~ O R

(3-35) Rpx =

Qo
E Xi + doo00, ifn fap.
i=1

Following [12], if R = > a;D; is the decomposition into prime divisors, we define

9 =r'eop(~Y [%]D,)

Restricting to a general fiber T of @, it follows from (3-35) that

% LT
(3-36) CU)H‘ = OP]( Iz?oe(?’ Tf iZO -
Op1 ([7] + 1), 1f7 7.

Let R € Y be the reduced branch divisor of IT’, i.c., the support of R. Then by [38,
Lemma 1.7], one has the inclusion

n—1
~ ~ ~N—1
(3-37) 7 Lot — QP | P abdogR) ® £V
Jj=1

We first prove a general result on local systems generalizing Deligne’s original theorem
with the constant coefficient.

LeEMMA 3.17. — Let f : X° — B\ A be a smooth projective morphism over a curve. Let
X D X0 beasmooth compactification of X° andU be a locally constant sheaf on X coming from
arepresentation of w1 (X)) into a unitary group. Then the canonical homomorphism is surjective:

H*(X,U) — H°(B\ A, R* £,1).

Proof. — We will follow Deligne’s proof for the case that U = Q (cf. [9, §4.1]) verbatim.

The unitary locally constant sheaf U on X carries in a natural way a polarized variation of
Hodge structure, say, of pure type (0, 0). Hence it follows from Saito’s theory that there is an
induced pure Hodge structure of weight k on H¥(X,U) as well as on H* (X}, U Xb) where
X3 is any (smooth projective) fiber of f : X° — B\ A.

We first show the “edge-homomorphism”

(3-38) pe: HX(X°, U) — H°(B\ A, R* ,U)

is surjective by the following argument from the proof of [30, Proposition 1.38].

Indeed, if we take h € H2(X?, Q) to be the restriction of a hyperplane class of X, then it
suffices to show that the cup-products satisfy the hard Lefschetz property, i.e., the following
homomorphism is an isomorphism for any 0 < k < m, where m is the dimension of a general
fiber of f:

[UR*: R™* U — R™* fU.
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Note that the hard Lefschetz property can be verified fiber-by-fiber. On each fiber the natural
locally constant metric on U induces a Hodge decomposition of the cohomology with coef-
ficients in U, hence the hard Lefschetz property holds. So p, in (3-38) is surjective.

Since the restriction homomorphism (as monodromy invariant)

H°(B\ A, R*f,U) - H*(Xp. U] )

is injective and H¥(X b, U Xb) carries a pure Hodge structure of weight-k, one gets that

H°(B\ A, R¥ £,U) carries a pure Hodge structure of weight-k. The surjectivity of p. in
(3-38) also induces surjective morphisms between the weight-filtrations of both cohomolo-
gies. In particular, we have a surjective homomorphism

(3-39) Wi (H*(X°,0)) — Wi (H°(B\ A, R* £,U)) = H(B\ A, R £,U).

By [29], Wi (H*(X°, U)) is nothing but the image of the restriction homomorphism
H*(X,U) > H*(x°, V).

Combining this with (3-39), one gets the required surjective homomorphism. O

LEMMA 3.18. — Let Fl;’? - FI;’O be the eigensubspace as in(3-34). Foreach1 <i <n—1,
there is a sheaf morphism
~% 21,0 =
(3-40) 0i 1 §*Fg — TLQL,
such that the induced canonical morphism
(3-41)  Fgi = ¢.¢"Fg7 — @ IL.QE = £uQL = £.Q5 — £.Q) p(log ) = E5°
coincides with the inclusion Fé’? — F;’O — Ell;’o. Moreover, we may choose o; so that the

image of o; is contained in Qlf(log ﬁ) ® LD under the inclusion (3-37).

Proof. — Since the local monodromy of Vg, around the boundary A is unipotent and the
local monodromy of the unitary subsheaf Vi “around A is semisimple, Vi extends on B as
a locally constant sheaf, still denoted by V% . The inclusion Vi < Vp, corresponds to a

0 0
section

ne H(Bo. Vi, ® (V,)") = H(Bo. R' fiu(Cr-1(y ® f*(V5)")).
By Lemma 3.17, n lifts to a class j € H(S, f *(V%O)V) under the canonical morphism
H'(S, f*(V,)Y) — H°(Bo. R' f(Cs, ® [*(VE)Y)).

Note that this canonical morphism is a morphism between pure Hodge structures of
weight-1, and by the construction 7 is of type (1,0), so 7 is of type (1,0), i.e.,

e H'(S.Q5 ® f*(Fg°)Y).
which corresponds to a morphism
(3-42) o frFy’ — Q.
such that the induced canonical morphism

Fp' = fuf*Fg° — £uQ% — fuQk(og ) — foQY 5(logT) = Eg°
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coincides with the inclusion Fz® < E°. Since 5*QL € Q % by pulling back (3-42), we
obtain a sheaf morphism
[rFg =5 f*Fg® — QF,
which corresponds to an element
e H(S.Qk® f*(F3°)).
By pushing-out, we also obtain an element
. e #° (V.1 (ke /*(F")")) = 1° (V. T2k 0 6*(F3°)").
Hence one gets a sheaf morphism
(3-43) 0: ¢*Fy® — TL.QL
By restricting to ¢* F 1:?, we obtain g; as in (3-40) such that the induced morphism (3-41)
coincides with the inclusion F ;? — F 5’0 — E ;,o'
Note that the group G acts on both sides of (3-42). One may require that the morphism ¢’ is

equivariant with respect to G. So it is with the morphism ¢. Combining (3-43) with (3-37),
we obtain a sheaf morphism

n—1
~ ~ N—1
¢ Fg’ — QP | P 2 logR) @ LY
j=1

which is compatible with the G-actions on both sides. Hence the image of g; is contained in
QL(ogR) @ O 0

LEMMA 3.19. — Let R C Y be the reduced branch divisor of I as above, and T bea
general fiber of ¢. Assume that R contains at least one section of ¢, and that there exist
| <iy <iy <n—1suchthat Fg} #0, Fg # 0, and

(3-44) z. (wy(ﬁ) 2 (E(i‘)_l ®£(iz)_1)) o
Then both F ;lol and F ;102 become trivial bundles after a suitable finite étale base change.

Proof. — We divide the proof into two steps.

Step I. — We show that for any non-zero unitary subbundle UCF ;? withi = iy or ip,
the image o; (gb*LA{) is an invertible subsheaf M such that M is numerically effective (nef),
M?=0,and M - D = 0 for any component D C Ry, where 0; 1s given in (3-40).

We only prove it for i = iy, as the case for i = i is completely parallel. By Lemma 3.18,
the image o;, (<,Z)*Zfl) is contained in Q%(log Té) ® £(i1)_1, and it is non-zero if U # 0.
Mimicking the proof of [21, Theorem A.1], it suffices to show that the image o;, (@*L?) isa
subsheaf of rank one if 7/ # 0. We prove this by contradiction. Assume that it is not the case.
By taking wedge-product, one obtains a non-zero map

T0Q;, ATOQj, ! (ﬁ*Z] ® ('Z*Fl;:?z — /\ZQIY(Iog IAi) ® (E(il)_l ® E(iz)_l)

—op® e (£ ™).

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1624 K. CHEN, X. LU AND K. ZUO

Denote by C the image of the above map, we proceed to establish the semi-positivity of C;
here we recall that a locally free sheaf £ on Y is called semi-positive, if for any morphism
viZ— Y from a smooth complete curve Z, the pulling-back ¢*& has no quotient line
bundle of negative degree.

e On the one hand, for any morphism ¢ : Z — Y from a smooth complete curve Z,
Y*(g*F, é’?l ® @*F 1;’?2 ) is poly-stable of slope zero since it comes from a unitary
representation (cf. [27]), which implies that ¢*U ® ¢* F ;?2 is semi-positive. Therefore,

as a quotient of @*Z:l ® p*F l;’ioz , C 1s also semi-positive.

e On the other hand, from (3-44) it follows that a)y(ﬁ) ® (ﬁ(i‘)_l ® E(i2)_1) can not
contain any non-zero semi-positive subsheaf. It contradicts the semi-positivity of C.

Hence the image o;, ((,Z)*L?) is a subsheaf of rank one as required.

Step II. — We show that both F 1;?1 and F 1;:1(')2 become trivial after a suitable finite étale base
change.

In fact, by [9, §4.2], it suffices to show that F ;lo is a direct sum of line bundles after a
suitable unramified base change for i = iy or i,. By assumption, ﬁh contains at least one
section of ¢. Let D C I?h be such a section, and

1’0 —_— ..
Fgi =D U
J

be the decomposition of F 1;:) into irreducible subbundles. By Step I with the unitary
subbundle U;; < Fé:?, we obtain M;; - D = 0, i.e,, degOp(M;;) = 0, where M;; is the
image 0; (¢*U;j). As D is a section, D = B. Hence we may view Op(M;;) as an invert-
ible sheaf on B, which is a quotient of U;; since M;; is a quotient of ¢*U;;. As U;; comes
from a unitary local system, ;; is poly-stable. Thus U4;; = Op(M;;) & Lli’j. Because U;; is
irreducible, U;; = Op(M;;) is a line bundle as required. O

REMARK 3.20. — Let ay be the local monodromy around oo for the induced cyclic cover
to P! on the general fiber of f asin (3-3). If aso # 1, then R clearly contains a section of ¢.
In general, as pointed out at the beginning in the proof of Theorem 3.9, after a suitable finite
base change (may not be étale), R consists of distinguished sections of ¢ (i.e., the inverse
image of { D; }*_, ) plus certain components in the fibers of ¢ (i.e., the inverse image of certain
nodes in fibers of ¢). In particular, we can always achieve the assumption that R contains at
least one section of ¢ using base change (may not be étale).

PROPOSITION 3.21. — Assume that R contains at least one section of ¢, and that Fé’g) #0

for some iy > n/2. Then after a suitable unramified base change, F é’? is trivial for any
n—iop<i <ip.

Proof. — Note that
" - op — 2, if n | ao;
I' w7 (R) =
() a—1,  ifnfao.
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Hence by (3-36), one checks easily that

T. (wy(ﬁ) ® (L(")_l ® L(io)_l)) <0, Vn—ig<i<io
Hence by applying Lemma 3.19 to the case where i; = igand i, = i withn — iy <i < iy
and F ;:? # 0, we complete the proof. O

Since G acts on S, it induces an action on H°(S, Q%). Let

n—1
0 1 0 1
HO(S, Q) = @H (S. QS)i

i=0
be the eigenspace decomposition. Then H(S, Qy), = f*H°(B. Q}). and according to
[14, Theorem 3.1],
(3-45) dim H°(S, Qf), = rank (Fg?)", V1<i<n-1,
where (F l;:?)" CF 1;,’? is the trivial part contained in the flat bundle F 1;,’? as in Lemma 4.2.

LEMMA 3.22. — Assume that there exist 1 < iy < iy < n — 1, such that (3-44) holds,
and that H°(S, QY), # 0and H°(S, Q5). # 0. Then there exists a unique fibration

1] 2

f': S — B’ such that
(3-46) HO(S, QY), < (f)"H(B'. Q)).  fori =iiis.
Proof. — First, the uniqueness of such a fibration is clear. It suffices to show the existence

of such a fibration with the property (3-46). By Castelnuovo-de Franchis lemma (cf. [3,
Theorem I'V-5.1]), it is enough to show that
(3-47) wi, ANwi, =0, Yo, € H(S, le)l.l and w;, € H°(S, le)i2~
As an easy case, if i1 + i, = n, then it is clear that

wi, N\, € HO(S, Q%)G = H*HO(Y, Qf,) =0, sinceY isruled over B.

In general, we have to apply a more detailed description on the differential sheaves associated
to cyclic covers due to Esnault-Viehweg [12]. First note that H O(g, Q%) ~ HO(S, Qk) for
k = 1,2, and this isomorphism is compatible with the action of the group G. It suffices to
prove (3-47) for S. There is an inclusion

n—1
u: L% — (@ Q% (logR) @ LY ) :
i=1
Taking global sections, we obtain an injection

n—1
u: HY(S, Q%) = HO(Y. T.Q%) — HO(Y. %) P (@ HO(V. @ (log R) ®L‘(")_1)),
i=1

which is compatible with the action of the group G on both sides, i.e.,
0(T ok 07 ok
w(H(S. 2%),) < HO(V. 2F),

w(HO(S. Q%)) < HO(Y, @kog R @ £07), vi<izn-1.
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By pulling back, we have the following injection map, which is just the inclusion map.
M) : H(S, @), — HO(S, @klog R) @ T*£O™"), Vi<i<n-—1,

where R’ is the support of the divisor ! (ﬁ). Since the wedge-product operation is clearly
commutative with the inclusion map, it follows that for any two 1-forms w;, € H°(S, Q%)

and w;, € H°(S, Qg)iz, one has

i

iy Ao, € HO(S, Qk(og ) @ TI*£00 ™ @ TI*£®™) 7).

Let F € Sbea general fiber of f ,and T = ﬁ(f ) Then by the assumption (3-44), one
obtains that

F. (Q%(log Ry g ﬁ*,c“z)‘l) —nT- (a);(ﬁ) 2L g c“z)‘l) <0.

Hence
HO(Y, @3 (og By @ £V @ £ = 0.

This shows that w;; A w;, = 0 as required. O

COROLLARY 3.23. — Assume that HO(S, Q}g)io % 0 for some iy > n/2. Then after a
suitable base change, there exists a unique fibration ' : S — B’ such that
io
(3-48) @ HO(S.Q5), < () H(B'. ).

i=n—ig

Proof. — Since HO(S, Qg)io # 0, it follows from (3-45) that Fl;:g) # 0. Hence by

Proposition 3.21 and Remark 3.20, after a suitable base change, F' 1;? is trivial for any

n —ip <i < ip. Combining this with (3-33) and (4-5), one obtains

dim H%(S, Qg), . = rank Fl;,’g—io > rank F;:?O = dim H(S, Q}g)io > 0.

n—ig

According to the proof of Proposition 3.21, the assumption (3-44) holds if iy = iy and
i» = n — ip. Hence by Lemma 3.22, there exists a unique fibration fn/_l.0 S - B,;_l.o
such that
*
HO(S. 24),, ® HO(S. 98), ) € (i) HO(Bimsye @ ).

In fact, the same holds also if we replace n — iy by any i satisfying that n — iy <i < iy and
that H°(S, Qg), # 0, i.e., there exists a unique fibration f;' : § — Bj such that

HO(S, Q}S‘)io ® H(S, Q}S‘)l < (fi/)*HO(Bi/’ Qp)-

Since HO(S, Qg)io # 0, from the uniqueness of these fibrations f,s, it follows that these
f;’s are in fact the same one. We denote such a fibration by f’ : S — B’, which is of course
unique and the inclusion (3-48) holds. This completes the proof. O

Combining the above corollary together with Proposition 3.21 and (3-45), one proves
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ProPOSITION 3.24. — Assume that rank F;’?O # 0 forsomeiy > n/2. Thenafter a suitable
finite étale base change, the flat Higgs subbundle

io io
@ (Fl;’0 @ F>, O)_ o~ ((’)g’, 0), where r = E (rank Fg’? + rank Fg’il) ,
. . 1 . . ’ ’
i=n—ig i=n—ig

becomes a trivial Higgs bundle, i.e.,
(3-49) dim H(S, Qf), = rank Fg?. Vn—iy <i <io.

and there exists a unique fibration [’ : S — B’ such that these one-forms in H°(S, Q%) lifted
io
from &P F 9 are the pulling-back of one-forms on B via f', i
i=n—ig
io
(3-50) P HO(s.Qf), < () H(B. ).

i=n—ip

Note that the first isomorphism in this proposition is not necessarily true without base
change. From the uniqueness of f’ obtained in Lemma 3.22, it follows that there is an
induced map

(3-51) 1: G — Aut(B').
Since G = Z/nZ is a cyclic group, Ker(t) =~ Z/mZ for some m with m | n.

LEMMA 3.25. — Assume that there exist 1 < iy < iy < n — 1, such that (3-44) holds, and
that HO(S, Q}S’)il # 0and HO(S., Qg)i2 £0. Let f': S — B’ be the fibration obtained in
Lemma 3.22, and t be given in (3-51). Then

(f ) B’ QB, @ HO S, Q ,  where m is order of Ker(¢).

m|i

Proof. — Let t € G be any generator of G. Then 7 is a generator of Ker(t) by construc-
tion. Hence

(/) HO(B'. @f) € HO(S. 2§)".

where
HO(S, 24)" 2 {0 e HO(s. @) | (i) o = o
= @HO(S’ QAIS')l
mli
This completes the proof. O

COROLLARY 3.26. — Assume that H%(S, Q}g)io # 0 for someig > n/2, andlet f': S — B’
be the fibration obtained in Corollary 3.23. Assume moreover that gcd(ig,n) = 1. Then G
induces a faithful action on B, such that B'/G = P! and

(3-52) HO(S, QY), = (f)"H°(B'. Q}),. foranyl <i <n—1withged(i,n) = 1.
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Proof. — Lett: G — Aut (B’) be defined in (3-51). By Corollary 3.23 and Lemma 3.25,
one obtains that ¢ is an isomorphism, and G acts faithfully on B’. Moreover, taking the
quotients of the G-actions, we obtain the following commutative diagram:

s— 4 .y

fl lw,
B —" L B/G.

Since Y is a ruled surface over B, it follows that B’/G = P'. It remains to show (3-52).
Consider the Q-vector space H'(S, Q), which admits a natural G-action. Let

n—1
H'(S.Q ®C=H'(S.C)=EPH'(S. C),
i=0

be the eigenspace decomposition. The morphism f” induces an inclusion

(3-53) (f)': HY(B.Q®C=H"'(B,C)— H'(S,C)=H'(S, Q) ®C,

which is clearly compatible with the actions of G on both sides. By (3-48), it follows that
() H' (B, C); = H'(S, C)

As a vector subspace of H' (S, C), (f’)*H1 (B’, C) is defined over Q. Hence it follows from
(3-53) that

fori € {io,p — i()}.

i’

(3-54) (f)'H'(B.C)2 & H'(S.C),.
glcﬁ(ifnn)_:ll
Combining (3-53) with (3-54), and taking the (1, 0)-parts, we complete the proof of (3-52).

O

4. Exclusion of special curves generically in the superelliptic Torelli locus

In this section, we prove Theorem 1.7. The outline of the proof is as follows.

Given a possible special curve Cy contained generically in Torelli locus of curves, let
f S — B be the family of semi-stable superelliptic curves representing Cy with semi-stable
singular fibers Y C § over the discriminant locus A C B, cf. Definition 4.1. Then there exists
a global action of G = Z/nZ on S (after a possible base change), which induces an action
on the logarithmic Higgs bundle

(Ellg’o ® Eg’l, 0p) == (f*Qé/B(log Y) @ R f.Os, 6p)

corresponding to the Q-local system Vg, := R! fi(Qs\y) on B \ A under the Simpson
correspondence, cf. [36]. Fix a suitable generator g¢o € G and a primitive n-th root of unity &,.
Let Vg,; € Vg, ® C be the eigensubspace on which go acts by multiplying &.. Then one
obtains an eigenspace decomposition
n—1
Vg, ® C = @VBOJ,
i=0
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and accordingly also an eigenspace decomposition

n—1
(Ex° @ EY'. 05) = P(ER’ ® Ep'. 0p);.
i=0
By [39] there is a unique strictly maximal decomposition

(Ep" ® Ep'. 0p) = (A5° @ Ay .0510) ® (F° © Fy'". 0).

such that 6p|4 is an isomorphism at the generic point and (F ;’0 ¢ F g’l, 0) corresponds to
the maximal unitary local sub-system V%O C Vp, ®C. The above decomposition is invariant
under the action of G = Z/nZ. In particular, there is an induced eigenspace decomposition

n—1
(" & Fy'. 0 = P’ @ Fp'. 0,
i=0

which corresponds to the eigenspace decomposition
n—1
V%o = @V%o,i )
i=0

As the first step, we show that (F ;’0 & F g’l, 0) # 0 in our situation. Then our principle
to prove Theorem 1.7 is Proposition 4.6, which roughly says that if there exists a horizontal
fibration (cf. Definition3.1) ' : S — B’ on S with g(B’) > rank Fp°, then g < 8. However,
it is a priori not clear whether such a fibration always exists in general.

We consider first the case where n = p is prime. If moreover Cy is non-compact, by [39,
§4] for non-compact special curves one deduces that Vi is just the maximal trivial local
subsystem Vgo C Vp, (up to a possible base change), or equivalently (F ;,0 @ Fl, 0)isa
trivial Higgs bundle. Note that Vgo C Vp, is a local subsystem defined over @@, and hence
the local subsystem of Q(£,)-vector spaces Vi ® Q(&) C Vg, ® Q(&p) is stabilized by
the action of the Galois group Gal (Q(£,)/Q). Since p is prime, Gal (Q(£,)/Q) induces a
transitive permutation on the eigen-subspaces

Vi ® Q) =PV,
i

Applying the Hurwitz-Chevalley-Weil formula (cf. [26, Propsition 5.9]) to ramified cyclic
covers of P! one shows that

1,0 1,0
rank FB,,(p_l)/2 > rank FB,(p+1)/2 > 0.

Take any two non-zero holomorphic 1-forms « and §, which come from F ;’?pfl) /2 and

F ;’?p +1)/2 respectively. Then the wedge product @ A 8 is a G-invariant holomorphic 2-form,

hence descends to a holomorphic 2-form on the ruled surface S/G — B. As all 2-forms on
a ruled surface vanish, we get o A B = 0. Now applying the Castelnuovo-de Franchis lemma
(cf. [3, TheoremIV-5.1]) to «, B, one finds a fibration f’ : S — B’ such that @ and j are
pullbacks of holomorphic 1-forms on B’ via f’. Using the Hodge symmetry, one shows that
all holomorphic and anti-holomorphic 1-forms from

1,0 0,1
Fgpr1y2® FB(pi1)2
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are pullbacks via f”; or equivalently, all classes in
Hl (Sa Q(Sp))(p+1)/2 = (Hl(Sv @) X Q(Sp))(p+1)/2

are pullbacks of classes in H!(B', Q(§,)) via f”.

Finally the transitivity of the Gal(Q(£,)/Q)-action implies that all classes in Fj”°
and Fy'' are pullbacks via f'. In particular, the 1-forms in H°(S, QL) coming from
Fé’o C f*Q}g/B(log T) are pullbacks of 1-forms on B’ via f”, i.e., g(B’) > rank F;’O. Thus
by the principle mentioned above, the genus g < 8 as required.

When C is compact, the situation is much more complicated, mainly due to two difficul-
ties:

(1) the flat subbundle F ;’0 does not have to be trivial, even after any finite base change.
(2) the Gal (Q(Sp) / (@)-action does not stablize the unitary local sub-system Vs, € Va, ® C.

Thereby the above argument in the non-compact case no longer works here. To remedy the
situation we establish a slope inequality, cf. Proposition 3.15, which implies, together with the
Arakelov equality for characterizing special curves and the Miyaoka-Yau type inequality,
that F ;lom # 0 for some i, > p/2 in the case when n = p is prime. Applying the local
property of the eigen-sheaves of differential forms of cyclic covers described by Esnault-
Viehweg [12] together with the Bogomolov lemma [33, Lemma 7.5] and Deligne’s lemma
on the triviality of rank one Higgs bundle [9, §4.2], one proves the triviality of F| ;:?’s with
p —im <i <iy. This again enables us to produce an irregular horizontal fibration on S by
the same type of arguments as in the non-compact case, such that a “large part” of 1-forms
from F ;’0 are pulling-backs of 1-forms via this new fibration, which is sufficient to derive a
contradiction for the case when g > 8 and p is prime.

The general case (i.e., when 7 is not prime) follows by induction on the number of prime
factors in n. If n is not prime and n, | n, there is a natural way to define a map p, ,, from Cy
to 7 Sg,.n, once a superelliptic automorphism group is chosen on the general fiber of f.
Here g; is the genus for the nj-superelliptic curve y"! = ({(x) using the same separable
polynomial { as before. The key point for the induction process is to prove that p, ,, (Co) is
again a special curve generically contained in 7 Sg, », When n is as large as possible. By
induction, it suffices to deal with the cases where g > 8 but g; < 8, and only finitely many
possibilities arise. We apply to each of these cases similar ideas used in the p-superelliptic
case, and derive a contradiction for each of them.

The arrangement of the section is as follows. In subsection 4.1, we briefly recall the
construction of the family of semi-stable curves representing a special curve contained
generically in the Torelli locus, and derive some general constraints for such families. In
subsection 4.2, we prove Theorem 1.7 for the special case where n = p is prime. In subsec-
tion 4.3, we complete the proof of Theorem 1.7 for general n by induction on the number of
prime factors contained in .

4.1. Representation of a special curve by a family of semi-stable curves

In this section we associate a family of semi-stable curves to a given special curve
contained generically in the Torelli locus, and we analyze some numerical properties of its
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Higgs bundle. The construction of the family is similar to [23, § 3], which is briefly recalled
for readers’ convenience.

For ¢ the fixed integer indicating the level structures as before, let ctg = ctg ¢ 2 g = g, ¢
be the partial compactification of the moduli space of smooth projective genus-g curves with
level-£ structure by adding stable curves with compact Jacobians. When n > 3, it carries a
universal family of stable curves with compact Jacobians (cf. [32])

f: g — M.
The Torelli morphism j© can be naturally extended to ctg:
jictg — g, with g = j(ctg).
The morphism j°© is 2:1 and ramified exactly over the locus of hyperelliptic curves (cf. [28]).

However, the relative dimension of j is positive along the boundary g \ o,.

Let Cy be any smooth closed curve contained generically in g, and By be the normaliza-
tion of the strict transform of Cy in ct,. Denote by jp, : Bg — Cp the induced morphism.
If By is reducible, then we replace By by one of its irreducible components. By pulling back
the universal family f : g — ct, to B, we obtain a family fp : So — By of semi-stable
curves that extends uniquely to a family f : S — B of semi-stable curves over the smooth
compactification B 2 By.

DEFINITION 4.1. — The family f : S — B is called the family of semi-stable curves
representing Cy C g via the Torelli morphism.

We briefly recall some basic properties of the family f as follows, more details of which
are found in [23, § 3].

(i) Let C be the compactification of Cy in gBB obtained by adjoining a finite set of cusps Ac.
The morphism jp, : Bo — Co extends uniquely to a morphism jg : B — C such
that A, := B\ By = jgl(Ac). Denote by g : X9 — Cp the universal family of
abelian varieties over Cy, and by Y C S the singular fibers over the discriminant locus
A C Bof f.Let Vg, := R'MQyx, (resp. Vg, := R' fxQg\ 1) be the Q-local system
over Cy (resp. Bp), and (Eé’o ® Eg’l, Oc) and (E};O ® Eg’l, 03) be the corresponding
logarithmic Higgs bundles via Simpson’s correspondence over C and B respectively.
Then

(4-1) (E};" ® EY', 93) ~ i} (Eé’o ® EY' ec) ,
(i1) The morphism jp is either an isomorphism or a double cover. In the first case,
deg Ep° = deg E;°,  degQh(log Anc) = deg Q¢ (log Ac);
and in the second case,
deg E};’O = 2deg Eé’o, deg Qp(log Aye) = 2deg Q- (log Ac) + A,
where A C By is the ramification locus of the double cover jp, : Bg — Cy. Moreover,

any fiber over A is a (possibly singular) hyperelliptic curve with a compact Jacobian.
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(iii) Let
42 EL0 g EO 0p) = (A0 @ A%, 0 FLO g FOL
( ) (B @ B B) (Bea B|A};‘0>®<B @ )
be the Fujita decomposition of the associated Higgs bundle (cf. [15, 20, 39]), where All,;o is

ample, and F' 1;’0 DF g’l is flat corresponding to a unitary local subsystem Vi, € VB, ®C.
Then the curve Cj is a special curve if and only if

Lo rank Allg’0 1 ) i

deg Ep” = — -deg Qp(log Apc), if deg(jg) = I
rank A%° . )

deg Ellg’0 = TB . (deg Qll;(log Ane) — |A|) , ifdeg(jg,) = 2.

In particular, if there is no hyperelliptic fiber over By, then A = @ and hence Cy is a
special curve if and only if

Lo rank A}B’O
4-3) degEp’ = ——2— - deg Qp(log Apc).
(iv) If Cy is a non-compact special curve, then
4-4) g(F) = rank Fg’o, for any fiber F over A, = jz'(Ac),

where g(F) is the geometric genus of F.

In the case where Cy is contained generically in the superelliptic Torelli locus, the family f
constructed above is subject to more constraints. In the rest part of this section, we will always
assume that Cy is contained genericallyin 7 S, ,,and f : S — B is the family of semi-stable
curves representing Co. We will also use freely the notations introduced in section 3.

By construction, each local subsystem Vp, ; in (3-32) is defined over the n-th cyclotomic
field Q(&,). Thus the Galois group Gal (Q(én) / (@) has a natural action on the decomposi-
tions in (3-32) and (3-34).

LeEmMMA 4.2. — Let VtB’O,i C Vg,,i be the trivial local subsystem, and

1,0 \tr 0,1 \tr
((FB(),i) ® (FBo,i) ’ O)
be the associated trivial flat subbundle. If Vg, ; andVp,, ; are in one Gal (Q(E,,) / Q) -orbit, then

rank Vg ; =rankVg

rank (Fé:?)tr + rank (F;:g_i)

tr tr

= rank (F;:(;)tr + rank (F;:g_j) .
In particular, if n = p is prime, then forany 1 <i < j < p — 1, one has

tr — tr .
rank Vp , =rank Vg

rank (F;:?)tr + rank (F;:g_i)tr = rank (F;:(])-)tr + rank (F;:g_j)tr.

Proof. — Since trivial local subsystems correspond to trivial representations, and trivial
representations remain trivial under any Galois conjugation, it follows that if Vg, ; and
VB, are in one Gal (Q(&,)/Q)-orbit, then

tr — tr .
rank Vi, =rank Vg

tr

rank (F;:?)tr + rank (Fg:l.l)tr = rank (F;:;)-)tr + rank (Fg;) )
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Note also that ((F,;:?)tr ® (Fp!)". 0) is mapped isomorphically to ((Fbl,,’g_i)tr ® (Fpa_i)". 0)
under the complex conjugation for any 1 < i < n — 1. Moreover, under this isomorphism,
(F;’?)tr ~ (F};’,i_i)“ and (Flg’il)tr ~ (Fé’g_i)tr. In particular,

rank (Fl;:?)tr = rank (Fg:,ll_i)tr, rank (Fg:il)tr = rank (F;:g_i)tr.

Combining the above equalities together, we prove the first part. For the second part, since
n = p is prime, it is clear that the Galois subgroup Gal(Q(Ep) / Q) permutes these eigen-
subspaces. This completes the proof. O

LEMMA 4.3. — The following equalities hold for the family f : S — B representing a
special curve Cy contained generically in T Sg .

1,0 0,1 __ 1,0 0,1.
rank EBJ. — rank EBJ = rank FB,Z. —rank FB’Z. ;

4-5) Vi<i<n-1.

rank E }3”? —rank E 119’,2—1' =rank F ;? —rank F' ;:2_1.,
In particular,
(4-6) rank F, ];? # 0, if rank £ 113’,? > rank E 113’,3_1.;
4-7) rank Fé:g_i > rank FI;:?, ifi >n/2.

Proof. — Since Cy is Shimura, the associated Higgs bundle (E5° @ EZ', 6c) admits a

decomposition (cf. [39]):
(E&° @ B 0c) = (A° @ AL b 10) @ (FE° @ FE. 0).
such that the restricted Higgs field 6¢ | 41:0 is an isomorphism. By (4-1), one obtains that
C
(A;;0 @ A% 0 |A}§0) is nothing but the pulling-back of (Alc’o @ A% ¢ |A1C_0). In particular,
the restricted Higgs field 0| 410 is an isomorphism on the generic point of B. Restricting to
B
each eigenspace (A;;O @ A%, 0p | A'~0)i’ one sees that the restricted Higgs field 0p | q1.0 Must
B Bl

be again an isomorphism on the generic point of B. Thus rank A};? = rank AOB’t., ie.,
1,0 1,0 _ 0,1 0,1
rank Ep’; —rank Fp'; = rank Ep; —rank Fp';.

This is the first equality of (4-5). The second equality in (4-5) follows by the complex conju-
gation. Finally, (4-6) follows directly from (4-5); and (4-7) follows from (4-5) together with
(3-33). O

PROPOSITION 4.4 (Moonen). — There does not exist any special curve contained generi-
cally in STg , withn > g > 8.

Proof. — Assume that there exists a special curve Cy contained generically in 7S, , with
n>g>38.Let f: S — B be the family of semi-stable p-superelliptic curves representing
Cy asin Definition 4.1. Assume that the general fiber of f is given by y" = {(x), where {(x) is
a separable polynomial in x with deg(¢) = . By the Riemann-Hurwitz Formula (3-4) one
has g < 3,since n > g > 8. It is also clear that g > 3; otherwise f would be isotrivial.
Hence ap = 3. However, such a family f must be universal in the sense that the moduli space
of n-superelliptic curves defined by y" = ¢(x) with deg({) = 3 is exactly of dimension one.
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Hence according to a result of Moonen [25, Theorem 3.6], the curve Cy can not be Shimura
once g > 8. This completes the proof. O

LEMMA 4.5. — Let f : S — B be the family of semi-stable curves representing a special
curve Cy contained generically in T Sq ,, as above.

(1). If Cy is compact and g > n > 3, then

1,0
(4-8) rank Ay~ < PP

s

where A, . is defined in (3-19).

(ii). Assume that Cy is non-compact, g > 4 and qy := q(S) — g(B) > 0. If either n = 3 or
4, then
4g — 4

)

(4-9) rank 4;° <

An,nc

where A3 e and Ay nc are defined in (3-21) and (3-22) respectively.

Proof. — Since g > n, it follows that « > 5 by the Riemann-Hurwitz Formula (3-4).
According to Proposition 3.8, the family f admits no hyperelliptic fiber with compact
Jacobian. Hence the Arakelov type equality (4-3) holds for £ 113’0. Therefore, our conclusion
follows from Corollary 3.16. O

The next proposition gives a criterion to exclude special curves generically in 7 Sy ,,.

PROPOSITION 4.6. — Let f : S — B be the family of semi-stable curves representing a
special curve Cy contained generically in T Sg ,,. Assume that after a suitable base change of B,
there exists a horizontal fibration f': S — B’ on S with g(B’) > rank Fl;’o. Then g < 8.

Proof. — Thislemma isclearif n = 2, since there is no special curve contained generically
inTSg,» =7 H, with g > 8 by [22, Theorem 1.2]. Combining this with Proposition 4.4, we
may assume g > n and n > 3 in the following. Note also that ¢g > 3; otherwise the family f
is isotrivial.

Firstly, we claim that

(4-10) 2g(F) —2>2(2g(B’) —2), for any fiber F of f,

where g(F) is the geometric genus of F'. In fact, by restricting /' to the fiber F, one obtains
a map
/ . /
flpt F— B.
It is clear that deg( f’ | F) does not depend on the choice of F. Since f is non-isotrivial,

it follows that deg( f’ | F) > 2. Hence (4-10) follows directly from the Riemann-Hurwitz
formula.
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By (3-33),

[n/2]
Z (rank Eé’(i) —rank Eg’})

i=1
1 2
rank E}g’(; —rank Eg’ll = |:(n )ao] — [Oﬁ] > [ﬂ} — [ao] >2, ifag>6;
; : n n

2

Z (rank E}g’,? —rank Eg}) - Z ([(n —ni)ao] B [%D

i=1 i=1

_Z([3(”_’)] [i—’])zz itn > 6.

When oy < 6 and n < 6 (noting that g is assumed to be at least 8), one checks case-by-case
that

v

[n/2]
Z (rank Eé’(i) —rank Eg’i) > 2.
i=1
Combining with Lemma 4.3, one proves that
[n/2] [n/2]
rank FI;’O > Z rank Fl;’? > Z (rank Ell;’? — rank Eg’}) > 2, if g >8andn > 3.
i=1 i=1
We now prove the lemma by contradiction. Assume that g > 8. Consider first the case
where Cp is non-compact. In this case, by taking an arbitrary fiber F' over A, = jg L(Ac)
in (4-10), one obtains a contradiction to (4-4) since g(B’) > rank F ;’0 > 2.

In the remaining case where Cy is compact, we claim that
(4-11) g >2g(B").

In fact, by Theorem 3.9, f admits at least one singular fiber; otherwise, f/ should be isotrivial
according to[1]. Since Cy is assumed to be compact, any such singular fiber admits a compact
Jacobian, and thus must be reducible containing at least two components with positive
genera. Restricting f’ to such a singular fiber F, as we have deg( f ’| F) > 2, we obtain that
either there are at least two components of F whose geometric genera > g(B’), or there is
at least one component of F whose genus > 2¢(B’) — 1 by Riemann-Hurwitz formula. This
proves (4-11).

Consider first the case when n > 4. The assumption g(B’) > rank F ;’0 together with
(4-11) gives rank A;O > £ This contradicts the bound given in (4-8).

We now assume that n = 3. The assumption g(B’) > rank F 1;’0 implies the following
lower bound of the the relative irregularity:

qr = q(S) — g(B) = rank Fp".

By [14, Thm 3.1],
qr = rank (Fp°)' < rank F3°.
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It follows that g, = rank Fj'°, i.e., the flat subbundle Fp® = (Fz°)" is a trivial bundle.
Moreover,

(4-12) H(S.Q%) = f*H°(B.Q}) €D (f)*H(B'.Q}).

On the other hand, up to a suitable finite base change, we may assume that the action of the
group G = 7Z/3Z extends to S, and the above decomposition still exists. We claim that f’ is
equivariant with respect to G. Indeed, if it were not the case, the action of G would produce
two new horizontal fibrations

fA:S—>B f,:S—> B with Bf =~ B) ~ B'.
Hence by taking the quotient, one obtains a horizontal fibration ¢’ : S/G — B’, whichis a
contradiction since S/ G is ruled over B and B’ is of genus at least 2. Since f’ is equivariant
with respect to G, the group G induces an action on B’ with the following commutative
diagram

s— L p

S/G—— . B/G.
Moreover, B’/G = P! as S/G is ruled over B. Thus
rank F? = dim H°(S. Qf), = dim H°(B'. Q}/)

i i’

fori =1or2.

Combining this with (4-5), one obtains
(4-13)
rank E| —rank E5 = rank Fg! —rank Fp'y = dim H°(B', Qp/), —dim H%(B', Q}/),.

Assume that {x,...,xg} C P! is the branch locus of the induced cyclic cover
7: B’ — B'/G = P!, and that r is defined by

B
L2 = Op (erxj), where 1 <r; <2foreachl <i <.
j=1

Here ‘=’ stands for linear equivalence. According to Hurwitz-Chevalley-Weil’s formula (cf.
[26, Proposition 5.9]), one has

B (.
. —irj
dim H°(B', Qp/), = -1+ Z% 3 ! } .

j=1
Hence
di HO B/ Ql di HO(B/ Ql _ i{_r]} i _2r] < 2ﬂ ﬁ _ IB
m (B Q) = dim B Q) = 25 T L5 (53 573
. 0 1 : 0 1 B
= dim H°(S, Qf), —dim H°(S, Qg), < 3)
Note that g = a —2 and g(B’) = B — 2 by the Riemann-Hurwitz formula. Combining these
with (3-33), (4-11) and (4-13), we obtain a contradiction. This completes the proof. O
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4.2. Non-existence of special curves contained generically in 7 S, ,

In this subsection, we prove Theorem 1.7 in the prime case. The case where p = 2 has
already been treated in [22, Theorem 1.2]. Hence we assume p > 3 and prove

THEOREM 4.7. — Let p > 3 be any prime number. Then there does not exist any special
curve contained generically in the Torelli locus of p-superelliptic curves of genus g > 8.

The main idea of the proof is based on a contradiction argument: given such a special
curve Cy, we first produce a “horizontal” irregular fibration on the family f : S — B
of semi-stable superelliptic curves representing Cy; and then we derive a contradiction from
the existence of this “horizontal” irregular fibration. As we have explained in subsection 1.3,
the techniques depend on whether Cy is compact or not. We remark that the methods used
here are different from that in proving [22, Theorem 1.2], which is deduced directly from the
Miyaoka-Yau type inequality and an improved slope inequality for a family of hyperelliptic
curves.

Proof of Theorem 4.7. — Assume that there exists a special curve Cy contained generically
in7 Sg,, with g > 8and p > 3 being a prime number. We are going to derive a contradiction.

Let f : S — B be the family of semi-stable p-superelliptic curves representing Cy
as in Definition 4.1. After a possible base change, we may assume that there exists an
action of the Galois group G = Z/pZ on S, and hence an induced action of G on the
associated logarithmic Higgs bundle (E ;3’0 ® E>! 93) and its subbundles with eigenspace
decompositions as in (3-32) and (3-34). Assume that the general fiber of f is given by
yP = ¢(x), where {(x) is a separable polynomial in x with deg(¢) = «. By Proposition 4.4,
we may assume that g > p, or equivalently g > 4 by the Riemann-Hurwitz Formula (3-4).
The remainder of the proof is divided into two cases, according to whether Cy is compact or
not.

Case (1): Cy is non-compact. — In this case, according to Proposition 4.6, it suffices to prove
that, up to base change, the following two statements hold:

1. the flat subbundle Fp* = OF"' becomes a trivial vector bundle, where r; = rank Fy°;
2. there exists an irregular fibration f’: § — B’ different from f with g(B’) = rank F ;’0.

The first statement is already proved in [39]; in fact, since Cy is non-compact, according
to [39, Corollary 4.4], after a suitable finite étale base change, the unitary local subsystem
Vg, €V, ®C becomes trivial, which is equivalent to saying that the flat Higgs subbundle
(Fg° ® Fg', 0) = (O2%, 0) is trivial by Simpson’s correspondence [36]. This proves the
first statement. For the second statement, it suffices to prove

1,0
(4-14) rank FB,(p+1)/2 > 0.

Indeed, by Proposition 3.24 together with Corollary 3.26, there exists a G-invariant fibration
f’': S — B’such that

HO(S. @), = (f)"H(B", Q}/),. foranyl<i<p-—1.

i’
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This together with the first statement above, makes that

p—1

g(B) = Z dim H(S, Qf), = rank Fg°.
i=1
Therefore, it remains to prove (4-14). Note that the validity of (4-14) is invariant under

base change. This allows us to take any finite base change. As we have seen above, by [39,
Corollary 4.4], we may assume that the unitary local subsystem V%O C Vg, ® Cis trivial
after a suitable finite base change, i.e., V%O = VtBrO. Combining this with Lemma 4.2, we
obtain

rank F;:? + rank Fg:il = rank Fl;:g + rank Flg:}, Vi<i<j<p-1
By (3-33), one checks easily that

rankEllg’? —i—rankEg’} = rankE;’(j. +rankEg,’;, Vi<i<j<p-—1

Combining these with (4-5), we obtain
(4-15) rank A} =rank Ag%,  V1<i<j<p-L
Hence

1,0 _ 1,0 1,0
rank FB’i = rank EBJ. —rank AB,Z.

= rank E};’? — rank A}_,;’(;_l = rank Eé’? — (rank E};’(;q — rank Fg’?)_l)
> rank Ellg’? —rank Ell;’(;_l.

If p > 5, then by taking i = (p + 1)/2 in the above inequality and by using (3-33), one
proves (4-14). It remains to show (4-14) for p = 3.

In the case where p = 3, we prove (4-14) by contradiction. Suppose that rank F ;:g =0.
Then by (4-15), one obtains
(4-16) rank A};’O = 2rank Allg’,o2 = 2rank E 11;,’(;.

On the other hand, by (4-6) together with (3-33), one gets F’ ;:(1) # 0. Since Vi is a trivial local

subsystem, it follows from Simpson’s correspondence that F 1;’0 = F };:? is a trivial vector
bundle. In other words, the relative irregularity g5 = rank F, 1;’0 > 0. It follows that there is
a bound on rank All,;o as in (4-9), which contradicts (4-16) in view of (3-33). This completes
the proof for the case where Cy is non-compact.

Case (1I): Cy is compact. — The idea of the proof is similar to that in the above case, but
with much more complicated arguments as explained in subsection 1.3. Let

im = max {i | Fl;:? # 0}.
We first claim that i, > p/2.
Indeed, if i, < p/2, Fl;’? = O foranyi > p/2. Then Az’g = EII;’? foralli > p/2.
Combining this with (4-5), one obtains

p—1
4-17) rank A;;O =2 Z rank E;’?.
i=(p+1)/2
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By (3-33), one verifies that this contradicts the upper bound of rank A};O given in (4-8). To
illustrate the idea, we give the proof for the case where p | «g. Let «g = kp with k > 1. By
(4-17) and (3-33), one obtains

r—1
Yo (kp-i)-1)= (P‘l)(k(f+ D-4)

i=(p+1)/2
Since g > 8, it follows that k > 4if p = 3;and k > 2if p = 5. Hence this gives a
contradiction to the bound of rank A};O in (4-8).
By Proposition 3.24, after a suitable base change, there is a unique fibration f': S — B’
such that

rank Allg’o =2

im
(4-18) B HO(S. ), < () H(B'. Q).
i=p—im
Since the fibration f’ is unique, the group G = Z/ pZ induces an action on B’. The main
technical point is the following lemma.

LeEMMA 4.8. — Let B be the number of fixed points of G on B’; equivalently, B is the number
of branch points of the induced cover 1 : B’ — B'/G. Then B > 4, and the following
inequalities hold.:

p—1L if B> p,
(4-19) im > P ,
-1 - — / <
p [/3—1]’ ifp=p.
1,0 2g
(4-20) 2rank EB,,im > F +4—/3,
2g
(4-21) —— >2B-3.
p—1

The proof of the above lemma will be postponed until the end of the subsection. We
will derive a contradiction in the case where C is compact and hence complete the proof of
Theorem 4.7.

First, we claim that p > 5and 8 < p;infact,if p = 3or§ > p, theni, = p—1by(4-19),
and hence from Proposition 4.6 and Proposition 3.24 it follows that g < 8, contradicting the
assumption. According to (4-19), (4-20),(3-4) and (3-33), one obtains that

2([#] + 1)ao

T

[([#] + l)ao]
p

ag+4—-B < if p|ao;

(4-22)
ap+3—-p <2 , if p fap.

Note that [x] < x for any x € Q. Combining this with (3-4) and (4-21), we get
4 2 2
1—=)B <1+-— -2, if ;
(1=)p stvg=y-o. il
4
(1__)(,3—1) <2, if p fao.
p
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Note also that § > 4 by Lemma 4.8. Hence the above inequalities give a contradiction if
p > 11.If p = 11 or 7, one verifies case-by-case that there is also a contradiction by (4-22),
(4-21), (3-4) and (3-33).

Finally, we consider the case where p = 5. Again by (4-22), (4-21), (3-4) together with
(3-33), one obtains that g = 14, 9 = 8, § = 5 and i, = 3. In particular, (4-20) is an
equality, which implies that (4-33) is also an equality, i.e.,

rank A;;’Oz = rank A}B’g = rank E;’g —1=2, by(3-33).

Note also that

. 1,0 _ 1,0 _ 1,0 _
rdnkAB’1 = rdnkAB,4 = rankE&4 =1.

Hence
4
rank A}B’O = Z rank A}_,;’g =6,
i=1
which is a contradiction to the bound (4-8). This completes the proof. O

To prove Lemma 4.8, we need the following result.

LemMMA 4.9. — Let p > 3 be any prime number, and 1 < ry < --- <rg < p—1lbea

B
sequence of integers such that p | ( > rj). Let 1 <6 < p—1 be an integer such that
i=1

@23) Hk)=1, V1<k=6;  where HK):= Y (’& _ [’&D = %k_'v}
j=i P P =1 P

Then B < p and 9 < [ﬁ]

Proof. — The case where 6 = 1 is clear, and we may assume that 6 > 2.
B
Taking k = 1 in (4-23), we get immediately that § < > r; = p; and from the equality
j=1
H(2) = 1, we obtain that rg > £ and r; < £ for1 < j < p — 1. In the following we deduce
a contradiction under the assumption 6 > [[ﬁ].

(Step 1) First of all, we show that
(4-24) ri =1, Vi<j<pg-2.

We set

5= [%] h= [r:_l]’ = [rﬁp_z], and 15 = [zrﬁ%]

By assumption, § + 1 < 6. Itis clear that 27, <1, <2t; + 1,and t; < t,.
Moreover, t; < §; otherwise, w <l1forany 1 < j < B —1, and it implies
—~@+Dry _ B

B—1
—1
I=H@E+1)=) > 41> 1,
P P

j=1
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which is a contradiction. Thus #; < min{é, #,}, from which together with (4-23) it follows

that
l1rg—2

1hrg— 1Hrg— 1
1,31>1/32+_ — V4

1=H(t) > s
p P 2 2rg_

+ > 1.

Hence #; < 1).
We claim also that there exists some 7o with #j; < fo < # + 1 such that {tor%} > %
[(té-‘rl)rﬁ_l ]
P

In fact, if such #y does not exist, then by induction one has ["‘97*‘] = for

. rg—
any 1, <t <1 + 1, since % < 1. Hence

% N {tzrﬂ_l} _ {(Zé + Drg— } N (tr —t) — Drg—y

p P P
- (tr =ty —Drg_y . (1, — Drg— . (t1 — 1)”/3—1.
P P p

Note that t; = [VBL—I] > 2. From the above inequality it follows that 7, = 2t = 21; = 4, in
which case one computes easily that rg > £,rg_y > £ and rg_, > £. This contradicts the

B
fact that > r; = p.
=1
Now since

torg— torg— 1
H(to) > °‘“+{°” 1}>—+—=1,
p p 2 2

one obtains that 1, > ¢y > §. Because

5+ Dy
1= H@G+1) > ZM
— p
J
it follows thatr; = 1forany 1 < j < g —2.
(Step 2) We show that
14
(4-25) e+t >8+1, where e = [ ——|.
1 563

Indeed, completely similar to the estimation in (Step 1), one can show that there exists
some fo with e + 1 < 7y < € + t; + | such that {W%} > 1. For such 7y, we have

- (B=2p forg—1 forp B-2+1) 1 _ 1 1
o = EER (R () - g

Hence we obtaine +1; >fp—1>60 —1>§,ie,e+1 > 8§+ 1asrequired.

(Step 3) We proceed to show that
(4-26) p=>t1(t + (B —2) +2t + 1.
In fact, since 11 < § < 0, by (4-23) with k = ¢; and using (4-24) one obtains that
(B—2t L hreor (B—2)t1 + p— n

p

4 p
where we write n = p — t;rg—;. Thus n > (8 —2)t1,i.e, n > (8 — 2)t; + 1. Therefore,

1= H(ll) >

p=tirg1+n=tn+1)+n=>t+1D)(B—-2)+ 21 + 1.
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(Step 4) Finally, we derive a contradiction. Clearly, we may assume that § > 3. Moreover,
if f = 3,then§ = [£2] = 2. Since § > §, one has H(§) + H(§ + 1) = 2 by (4-23);
direct computation gives us H(§) + H(§ + 1) = B = 3. Hence we may assume that § > 4.
Combining (4-25) and (4-26), we obtain

p 14 p
>t = — + 1.
(1 + )(p—2) + 2L = [/3 - 1] [2(,3 —2)]

n

4-27)

Note that [ﬁ] - [ﬁ] +1> ﬁ - %. Hence

PP 14 - P ,
B—1 28-2) nL+DB-2+2E L+ DBE-2)

Since rg_; < £, or equivalently #; > 2, one derives immediately a contradiction if 8 > 6.
For the cases when 4 < 8 < 6, one can derive a contradiction case-by-case according to

(4-27). This completes the proof. O

Proof of Lemma 4.8. — Note that B’/G = P! since S/G is ruled over B. By Corol-
lary 3.26, one gets

p—1
@ Ho(s. 2b), = (/) H(B'. ).
i=1

Moreover, the pulling-back map (/)" : H®(B', Q%) — HO(S, QL) is equivariant with
respect to the induced actions of G on both sides, i.e.,

(4-28) HO(S. QF), = (f)"H°(B". Q}),, Y1<i<p-1
According to the definition of i,,, it follows that

(4-29)

dim H°(S. ), =rank Fg) >0;  dimH(S, Qf), =rank Fg} =0, Vi > ip.

im i

Hence

(4-30) dimH°(B', Qp), >0;  dimH°(B', Qp); =0, Vi >in.

(1). We first prove (4-19) by contradiction. Assume that

p—1, if 8> p,
im < jo:= p .
-1 = — fB<
P [ﬂ—l]’ Hp=r
Then by (4-30), one has
(4-31) H°(B', Qp/), =0, forany p—1>i > jo.

Let {x1,...,xg} € P! be the branch locus of the induced quotient map = : B’ — B'/G = P!,
and assume that 7 is defined by

B
Lff’psopl(erxj), wherel <r; <..-<rg<p-—-1.
j=1

4¢ SERIE - TOME 54 — 2021 — N° 6



FINITENESS OF SUPERELLIPTIC CURVES WITH CM JACOBIANS 1643

Then by a formula of Hurwitz-Chevalley-Weil (cf. [26, Proposition 5.9]), one has

B .
(4-32) dim HO(B', @}), =1+ % ir; } .
j=1

By (4-31), we get

B .
Hk) :ZZ%%}zl, forany 1 <k < p — jo.

j=1
This contradicts Lemma 4.9 below.
(i1). We next prove 8 > 4 and (4-20). By Proposition 3.24 and (4-28), it follows that
dim HO(B', Qp/), = dim HO(S, Qf), =rank Fp?. ¥ p—im <i <im.
According to (4-5) together with (4-29), one obtains

(4-33) rank A%°

0,1 _ 1,0 1,0
Bop—ipy = rank AB,im = rank AB,im < rank EB,im —1.

Combining these with (4-32) and (3-33), we obtain

(4-34) -2 =dimH°(B', @), +dim H°(B', Qp)

1,0 1,0
; - rank Fp’; +rank Fgop i

By the definition of i,, with (3-33), one has rank F ;:g_im > rank F ;:?m > 1. From this with
(4-34), it follows that 8 > 4. Moreover,

) 1,0 1,0 o 1,0 . 1,0 . 1,0
rank FB’im + rank FB’p_l.m =rank EB’im + rank EB’p_im — 2rank AB’im
1,0 1,0 1,0
>rank EB,im + rank Eij_im -2 (rank Ele.m — 1)
2g

ZF +2—2rankE11;”?m.

This together with (4-34) proves (4-20).

(iii). Finally, we prove (4-21). Let F be a general fiber of f,and I' = F/G = P! the
quotient. Then one has the following commutative diagram, where ¢’ : S/G — B’/G is the
induced fibration:

7|

F r B’

H|FJ/ l”/
1 ¢/|T / 1
r~p B'/G ~P".

By assumption, I F (resp. ') is branched over « := % + 2 (resp. B) points.
If deg (f* | F) > p, then by the Riemann-Hurwitz formula for the map f”| ., one obtains

(p—Da—2p =2g—2>deg(f'|,) (2¢(B)~2) = p((p—1)f~2p) = 2(p— DB —4p+2.

Hence ¢ > 2(B — 1); and if the equality holds, then p = 3, « = 6 and g = 4, which
contradicts the assumption that g > 8.
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If deg (f'|) < p, then the inverse of the branch points of #" in I' = P! is contained
in that of . Let Ry be the ramification locus of ¢’ Ip- Then by the Riemann-Hurwitz
formula, one has

(4-35) deg(¢'|) - B — o < deg(Ro) = 2deg(¢’|.) — 2.

Since f is non-isotrivial, one has deg (¢'|.) = deg(f’|,) = 2. Hencea > 2(f — 1).
Moreover, ifa = 2(8—1), then ¢'| r- isadouble cover branched exactly over two of the branch
points of 7", It follows that the branch loci of I  areinvariant when F runs in the family f,
and hence any two smooth fibers of f are isomorphic to each other. This contradicts the non-
isotriviality of f. Thus & > 2(8 — 1). This proves (4-21). O

4.3. Non-existence of special curves contained generically in 7 S, ,,

In this subsection we prove Theorem 1.7 for n-superelliptic curves by induction on the
number of prime factors of n.

Let Cy be any smooth curve contained generically in 7 Sg ,,and f : S — B be the family
of semi-stable n-superelliptic curves representing Cy as in subsection 4.1. After a possible
base change, we may assume that the group G = Z/nZ admits an action on S which
reduces to the superelliptic automorphism group on the general fiber of f. Let n; > 2 be
any number dividing n, and consider the quotient family S/H; — B, where H; < G is
the unique subgroup of order % Resolving the singularities of S/H; and contracting the
exceptional curves, one obtains a new family fj : S; — B. By construction, the local system
(R /1)+Qs,\7, is a local subsystem of Vg, := R! f,Qg\r. Using the equivalence between
the semi-stability and the unipotentness of the associated local system for a family of curves
(cf. [4, Theorem 6.3 and Remark 6.4]), one sees that f; is also semi-stable. There is a rational
cover I1, ,, with the following diagram:

Hn.nl
S———-==- ->S1
N
B.

If the general fiber of f is defined by y" = ((x), then the general fiber of fj is given
by " = ¢(x), which admits a cyclic cover m; to P! with covering group G, = Z/n,Z,
branch locus R, and local monodromy a; around R;. Here R; and a; are given by

R] ={X1,...,XO,O}, and aq =(1,...,1), ifl’l1|060;
(4-36) .
R] = {Xl, s Xags OO}, and ay = (1, PN l,aoo,l), 1fn1 /{/Ol(),
where {x1, ..., Xxq,} are the set of roots of F(x), and as,1 = 11 ([2‘—‘1’] + 1) — . In the case

. . . _ n .
where n; [ g, the ramification index of m; at 00 1S roo,1 = IR By Hurwitz formula,

the genus g; of a general fiber of f; is given by the following formula:
(n1 — (o —2)

—

(n1 = D)oo —2) + 2175 -y

I'co, 1
2

ifl’ll |060,
(4-37) g1 =

. ifl’ll,YOC().
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The relative Jacobian of the family f; induces a map from By to TSg, », € Ag,, which
factors clearly through Cy:

Pn.ny

(4-38) By — Co —> TSg 0, € Ag.

We denote the image by p,.», (Co). By definition, one obtains

LEMMA 4.10. — Let Co € T Sg , be aspecial curve. Then the image py ,, (Co) S T Sg, n, 1S
either a special point, or it is a special curve. Moreover, if py »,(Co) is a special curve, then Cy is
compact if and only if pp n, (Co) is compact.

REMARK 4.11. — The image pp , might depend on the choices of the n-superelliptic
automorphism group on the general fiber of f. In other words, it is not clear whether there is
a well-defined map from 7S, , to T Sg, », . In this paper, when talking about the map p, 5, ,
it is understood that an n-superelliptic automorphism group on the general fiber of f has
already been chosed and fixed.

LEMMA 4.12. — Let (E};" o EY, 93) and (E};O o EY, 53) be the corresponding
logarithmic Higgs bundles associated to the families f and fi respectively. Then the Galois
group G = Z/nZ (resp. Gy =~ Z/n1Z) admits a natural action on the logarithmic Higgs
bundle associated to f (resp. f1), and the eigenspaces satisfy that (where my = ”] )

T n

(4-39) (Ey* o By 05) = (B @ Ep'. 65) . Vizizm-—1,
i imq
Proof. — Let t € G be any generator, H < G be the subgroup generated by ™!, and
G, = G/H. Then

ni—1

D (e 0By 65) = (EF @ EY. 05) .

) imy
i=1
Also, by construction, S is birational to the quotient S/H . It follows that
~ —_— 1 o~ H
(E}B’O ®EY, 93) ~ (Ey° @ B}, 05) .

Hence
ni —1

(By° e By %) = @ (E3° @ £Y'. 6s)

i=1
Note that the group G, acts naturally on both sides, and that the above isomorphism is
clearly equivariant with respect to the actions of G. This proves (4-39). O

iml

The principle of the induction process is the following.

LEMMA 4.13. — Assume that there exists Cy a special curve contained generically in T Sg ,,
with g > n. If n is not prime, then py ' (Cy) is not a point in T Sg/ v, where

n’ =max{ny |ny <nandny|n},

and g' is determined by the Formula (4-37).
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The above lemma will be postponed until the end of the section. In the following, we prove
Theorem 1.7 based on this principle. Note that our final aim is to prove the non-existence
of such special curves, and the lemma above is only an intermediate step in the proof by
contradiction.

Proof of Theorem 1.7. — Assume that there is a special curve Cy contained generically
in7S,, withg > 8 and f : § — B is the family of semi-stable n-superelliptic curves
representing Cyp as in subsection 4.1. By Proposition 4.4, we may assume that g > n, or
equivalently og > 4 by the Riemann-Hurwitz Formula (3-4).

We prove by induction on the number of prime factors in n. By [22, Theorem 1.2] and
Theorem 4.7, we may assume that n is not prime. Let

n' =max{n; |ny <nandny|n}.

Since n is not a prime, it follows that n’ > 2. Consider the image p, » (Co) € T Sg/ 5/, where
Pn,n 1s defined in (4-38). If

(4-40) g =38,

then p, . (Co) is not a special curve by induction. From Lemma 4.13 it follows that Cy is not
a special curve either. This gives a contradiction. Note that g > 8 by assumption. By (3-4)
and (4-37), it is easy to verify that the above condition (4-40) is satisfied unless (, «zg) belongs
to the following list.

Case(a): n=4and7 < g < 16;

Case(b): n=6and5 <@y <9;

Case (c): n=8and4 <y <6;

Case(d): n=9and4 <@y <9;

Case(e): n=10,150r25,and 4 <@y < 5;

Case (f): n=12and ay = 4.

(4-41)

To complete the proof, it suffices to prove the non-existence of special curves in the above
cases.

We again prove by contradiction. Assume that such a special curve Cy exists and let f be
as above. By a possible base change, we may assume that the group G = Z/nZ acts on S
as before, and hence there is an induced action of G on the associated logarithmic Higgs
bundle as well as its subbundles with induced eigenspace decompositions as in (3-32) and
(3-34). Moreover, the rank of each eigenspace E 113,”? can be computed by (3-33). Let

(4-42) im = max {i | F;”? # 0}.

LEmMA 4.14. — Let (n, o) be as in (4-41). Assume that ag = 4. Then iy, < n/2 and Cy is
compact.

Proof of Lemma 4.14. — We prove first i, < n/2 by contradiction. Assume that
Fl;,’?o # 0 for some iy > n/2. Then F;:l.oo = Eé’,?o, since rank E;’,?O < 1 by (3-33) together
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with the assumption that g = 4. Let R C Yand T C Y be the same as in Lemma 3.19.
Then

T. (w;(ie’) ® (E(i)_l ® /:(lb)‘l)) <0, Vi<i<n—l.

Hence by Lemma 3.19 and Lemma 3.22, after a suitable finite étale base change, there exists
a unique fibration /' : S — B’ such that

dim H(S.Qf), = rank Fg?.  H°(S.Qf), € (f)*"H°(B'.Qp). Y1<i=<n-—L

i
In other words, g(B’) > rank F 10 which is a contradiction by Proposition 4.6.

Next we show that Cy is compact. In fact, since £ ;”?’_1 = 0 by (3-33), one obtains
E }9’3 =F ;:(1) by Lemma 4.3. If Cy is non-compact, then from [39, Corollary 4.4] it follows

that the Higgs subbundle
(53" @ 23" 1), = (13" 0 13", 0),

is a trivial Higgs subbundle after a possible étale base change. In other words, the corre-
sponding local subsystem Vg, | = Vgo, | is trivial. Combine this with Lemma 4.2, it follows
that Vp,, ; is also trivial for any 1 <i <n — 1 and ged(i,n) = 1. Also, by (3-33), it is easy
to verify that there exists ip > n/2 such that gcd(ip,n) = 1 and rank E 11;’,?0 = 1. Hence
F ;:?0 =FE 1}32?0 = 0, which is a contradiction to the assumption. O

LEmMMA 4.15. — Let (n,a9) be as in (4-41). Assume that oy > 5. Then the following
statements hold.

(). If3 | n, then Fyg'y, 5 = 0.

(ii). If rank Eg? = 1, then Fp'? = 0.
(ii1). Let iy, be as in (4-42). Then i, > n/2, and hence after a suitable finite étale base change,

there exists a unique morphism ' . S — B’ such that
rank Fp'? = dim HO(S, Q)

(4-43) i
D HO(S.Q5), < () H(B" p).
i=n—im
(iv). Let iy be as above. If gcd(n, iy,) = 1, then the curve Cy is compact, and G = Z/nZ
induces a faithful action on B’ (here B' is from (iii) above) such that B'/G = P! and that

(4-44) HO(S. Qy), = (f’)*HO(B’, Qllg,)i, forany 1 <i <n—1withged(i,n) = 1.

i
In particular,

g(B") @ . (dim HO(S, Qg), +dim H°(S, szg)n_im)

v

(4-45)

= @ . (rank Fé’?m + rank Fp° ) ,

B,n—im

where ¢(n)is the Euler phi function, i.e., the number of non-negative integers less than n which
are relatively prime to n.
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Proof of Lemma 4.15. — (1). We prove by contradiction. Assume that rank F l;:gn ;3> 0.
As 3| nand (n,ap) belong to (4-41), it follows that 5 < «p < 9. According to Lemma 4.13,
the image p, 3(C) € 7 Sg, 3 is still a special curve, where pj 3 is defined in (4-38). Moreover,
by (4-37) one gets

w—1, if3fao
E17 000 —2,  if3]ao.

Let fi : S1 — B be the family of 3-superelliptic curves associated to p, 3(C) S T Sg, 3,
and denote by (E }3’0 &) Eg’l, 53) the corresponding Higgs bundle associated to f;. Then it
follows from Lemma 4.12, whose proof is given later in Section 4, that we have the isomor-
phism

1,0 . 1,0

Egy = Egonss:
Hence rank F, ;:(2) > 0 by our hypothesis, where F, ;’0 c E ;’0 is the flat part. Therefore,
by Proposition 3.24 for fi, after a suitable étale base change, there exists a fibration
f': 81 — B’ different from f; such that

g(B’) > rank Fg’? + rank Fg’g = (rank E},"i —rank E/}gg) +2 rankl?;’g
> (rank E}g? —rank E};g) + 2.
This is a contradiction to (4-10) since 5 < ag < 9.

(i1). We prove by contradiction. Assume that there exists some iy > n/2 with rank E 112’(1‘)0 =1
such that FI;’(.) #0,1.e,

410
rank Fg:g} = rank E},”?O =1.
Let RC Y and T C Y be the same as in Lemma 3.19. Then by (3-33) and (3-36) one checks
that
T. (w;(ﬁ) ® (L(")_l ® L<"0>“)) <0, Vi<i<n—l.

Therefore, by Lemma 3.19 and Lemma 3.22, after a suitable étale base change, there exists a
fibration /' : S — B’ such that g(B’) > rank Fp*°, which contradicts Proposition 4.6.

(1i1). By Proposition 3.24, it suffices to prove that
(4-46) im >n/2.

We divide the proof into two cases.

Consider first the case where Cy is non-compact. By [39, Corollary 4.4], we may assume
that the unitary local subsystem V%O C Vg, ® Cis trivial after a suitable finite base change.
We proceed along the possible values of n:

(1) Using Lemma 4.2 and Lemma 4.3, one proves easily that rank F;:B/zﬂ > 0ifn =8
or 10; and that rank Fl;:?n—i-l)/z >0ifn =9, 15 or 25.

(2) If n = 6, then by Lemma 4.10 and Lemma 4.13, ps 3(Cp) is again a non-compact
special curve, where pg .3 is defined in (4-38). Hence by Lemma 4.12, it suffices to prove
rank F 1;,’(2) > 0, where F ;’0 oD F lg’l is denoted to be the flat subbundle associated to the
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new family representing pe 3(Co). Suppose that rank 13;:(2) = 0. Then using (4-16) and
(3-33), one derives a contradiction to (4-9).

(3) If n = 4, we will derive a contradiction when rank F' 1;:(3’ = 0. By Lemma 4.10 and
Lemma 4.13, p4,2(Cop) is again a non-compact special curve, where py4» is defined in
(4-38). Moreover, p42(Co) is contained generically in the hyperelliptic Torelli locus.
Hence according to the proof of [22, Theorem 1.2], one has rank F’ ;’0 < 1, where
F, ;,0 &) 13;(;),1 is denoted to be the flat subbundle associated to the new family repre-
senting p4,2(Cop). Thus rank F;:g = rank Fg’o < 1 by Lemma 4.12. Since we assume
that rank F;:g = 0, by (4-5) and (3-33) one has

rank Fé’o = rank F;:(l) + rank Fé,’g < (rank Ell;’f; —rank Ellg’g) + 1.
Equivalently, one has
rank A};’O > 2rank Ells,’g + rank Ell;’g — 1.
It is clear that gy = rank Fl;’o = 0. According to (3-33), the above bound on rank A};O
gives a contradiction to (4-9).

Consider next the case when Cy is compact. In this case, we prove (4-46) by contradiction.
Assume that Fl;:io = Oforalli > n/2. Then A}g’g = EII;’? for any i > n/2. Combing this
with (4-5), one obtains

n—1
2 Z rankEllg’?, if 2/ n;
rank A}_;O = i=(tD/2
n—1
rank A;f,?,/z +2 Z rank E}g’fi), if2|n.
i=(n+2)/2

We claim that p, »(C) is still a special curve if 2 |n. In fact, if p, »(C) were not a special
curve, it follows easily from Lemma 4.13 and Lemma 4.17 that n = 6 and a9 = 8. We

remark here that we apply Lemma 4.13 twice and use the fact that ps » o pg.4 = ps When
excluding the case where n = 8. For the case where n = 6 and @9 = 8, by Lemma 4.18
and Lemma 4.19 together with Lemma 4.17 (v), one obtains a contradiction. Thus we may
assume that p, »(C) is still a special curve when 2 | n. By Lemma 4.12 and Lemma 4.16 below,
one has that rank A,lg’g, /o 18 non-zero and even, if n is even. Combining with (3-4), we obtain

a contradiction to (4-8). In fact, let v = g _PO. Then
rank A g

n=25\n=15\n=10| n=9 | n=8 |n= n=4%
a=5|v=10|v=10|v=10|v=L1v<2 V< —
g =06 — — — v=29 v<g8 |v<9 —
ag =7 — — — v:? — v<7| v<8
g =8 — — — v=29 v<8| v<8
=9 — — — V=29 — V=9 |lv=?2
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ap =10 — — — — — — v <8
ap =11 — — — — — — v<7
ag =12 — — — — — — v<7
ap =13 — — — — — — vf%
oy = 14 — — — — — — vf%
ap =15 — — — — — v <8
ap =16 — — — — — v <8

This contradicts (4-8).

(iv) From the uniqueness of the fibration as in (iii), it follows that G admits an induced
action on B’. Since ged(n, iy,) = 1, it follows from (4-43) that this induced action is faithful.
Moreover, B'/G = P! as the quotient S/G is ruled.

The equality (4-44) follows from a similar argument as that of Corollary 3.26. Indeed, by
(4-43) one has

HO(S, Qf), ®H'(S, 0s), =(H'(S,Q&C), <(f) (H'(B, Q&0),

and the eigen-subspaces (H'(S, Q) ® C),s for I < i < p — 1 with ged(n,i) = 1 are
permuted by this action of the arithmetic Galois subgroup Gal(@(én) / Q), where &, is a
primitive n-th root of the unit. Hence

P H'E. Q&C),c(f) (H'(B.QC).
sedln=
By taking the (1, 0)-part, we prove (4-44).
The inequality (4-45) follows immediately from (4-44) together with (4-43), by noting also
that forany 1 < {i, j} <n — 1 with ged(n,i) = ged(n, j) = 1 one has

dim H°(B', Qp/), +dim H®(B', Qp/),_; = dim H°(B', Qp/), +dim H°(B', Qp/)

im im

n—i n—j-*
Finally, we prove by contradiction that C is compact. Assume that C is non-compact. If
n = 4or 6, then i, = n — 1 since i, > n/2 and ged(n,iy) = 1. Hence by (4-43) one has
g(B’) > rank F 10 This gives a contradiction to Proposition 4.6 as g > 8. For the remaining
cases in (4-41), one checks by (3-33) easily that rank Eg’,ll = 0, combining which together

with Lemma 4.3 and [39, Corollary 4.4], one obtains that the Higgs subbundle
1,0 0,1 _ (1,0 0,1
(E;° @ E} ,9)1_(FB ®F ,0)1

is a trivial Higgs subbundle after a possible étale base change. In other words, the corre-
sponding local subsystem Vg 1 is trivial. With the help of Lemma 4.2, one shows that Vg ; is
also trivial forany 1 <i <n — 1 and ged(i,n) = 1. Hence

g(B)= > rankEg} = @ rank E".

1<i<n
ged(i.n)=1
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Since C is non-compact, A, # @. Similar to the proof of Proposition 4.6, one derives
also a contradiction to (4-10) when restricting f”/ to a fiber F over A,.. This completes the
proof. O

We can now derive contradictions case-by-case with (n,ag) in (4-41), and so prove
Theorem 1.7.
Case (a). In this case, i, = 3 by Lemma 4.15 (ii1). Hence by (4-43), one has
g(B’) > rank FI;’O.
This gives a contradiction to Proposition 4.6 as g > 8.

Case (b). In this case, one has i, = 5 by Lemma 4.15 (i) and (iii). Hence similar to the
above case, there is also a contradiction to Proposition 4.6.

Case (). If ap = 4, then Cy is compact by Lemma 4.14. Since i, < n/2 = 4, it follows
from (3-33) and Lemma 4.3 that

rankAllg’g =0, forie{l,2,6,7}, rankAllg’g =1, for5<i<T.

Thus rank A;;O = 3 is odd, contradicting Lemma 4.16.

If ®p = 5, then by (3-33) and Lemma 4.15(ii), i,, < n/2 = 4, This contradicts
Lemma 4.15 (iit).

If 9 = 6, from Lemma 4.15 it follows that C is compact, and that (4-44) and
(4-45) hold. Note also that F ;,’2 C E 113,,(; and hence rank F ;:g = 1; otherwise, one has
rank F ;:g =rank E 113’,(; =2, and hence both FE };g and E 113’2 are flat, from which together
with (4-45) it follows that

8 4
g(B) > ? . (rank F;:g + rank F;:g) =3 (rank Ell;’g + rank Eég) = 10.
This contradicts (4-10) as g = 17 by (3-4) in this case. Thus,

1,0 _ 1,0 _ .
rank AB’7 = rank EB,7 =0;

rank Az”% =rank E 113”2 =1, by Lemma 4.15 (ii);

rank Allg’f)s =rank £ 119”2 —1 =1, by theabove arguments;

rank A}g’g =rank E 119”3 =2, by Lemma 4.17 (i) and Lemma 4.16 (proved p. 1653).
Hence

;
rank Allg’o =2 Z rank A}B’g + rank A}g’g = 6.
i=5
This is a contradiction to (4-8).

Case (d). In this case, we can derive a contradiction similarly as the above case. First,
if ¢g > 5, then similar as above, by Lemma 4.15 one obtains that i,, = 5and C is compact. If
rank F ;:2 =rank E 11;,’(;’ then one obtains a contradiction to (4-10); if rank F ;:2 <rank E llg’g -1,
i.e., rank A;;’OS > 1, then

8 8 8
rank A};’O =2 Z rank A;’O7 >2+42 Z rank A};’O7 =2+2 Z rank Ellg’(;,

i=5 i=6 i=6
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which contradicts (4-8).
Ifag = 4, itis alittle more complicated. By Lemma 4.14, Fl;:? = Oforanyi > n/2 =9/2.
Combining with (3-33) and (4-5), one obtains that
rank Fl;:(l) = rank Fg:g =3, rank Fl;:g = rank Fg:g = 1.

Hence by [9, §4.2], it follows that after a suitable étale base change, both F ;:g and F ;:2
become trivial. In other words, one has

dim H°(S, Qf), = dim H%(S. Qg), = 1.

By Hurwitz-Chevalley-Weil’s formula (cf. [26, Proposition 5.9]), we have H°(S,Q3%), = 0;
indeed, one has H°(F.wr), = 0 by Hurwitz-Chevalley-Weil’s formula, from which it
follows that j*(y) = 0 for any y € H°(S,Q3%),, where

Jj* HY(S.Q%), = H*(S.ws), — H°(F.0F), =0
is the canonical pulling-back and j : F — § is the embedding of a general fiber of f into S.
Since F is general, it follows that H%(S, %), = 0 as required.

Letw € H°(S, Q}s)3 andn e HO(S, Q}g)4 be two non-zero one-forms.

Since A € H°(S,Q3%), by construction, it follows that ® A 7 = 0. Hence by
Castelnuovo-de Franchis lemma (cf. [3, Theorem IV-5.1]), there exists an irregular fibra-
tion f’: S — B’ such that

@47) HO(s. 24), @ HO(S. 25), < (1) H(B', 2}).

It is clear that such a fibration is unique, and hence the group G induces an action on B’.
Moreover, the induced action is faithful; otherwise

(f)"HO(B', k) < HO(S. 25)% = @ HO(s. @)
mo | i
which contradicts (4-47), where Gy < G is the kernel of the action of G on B’ and my = |Gy|.
Finally, since S/G is ruled, it follows that B’/G = P!,
Let F be a general fiber of f, and consider the restricted map f’ Ip F — B’. Since

G = 7,/97 acts faithfully on both F and B’, whose quotients are both isomorphic to P!
with the following commutative diagram:

f/
F |- B
H|Fl l”’
(p/
I~ p! Ir B'/G =~ P'.

We claim that deg( f ’| F) = 2. Indeed, note that the cover IT| r has exactly @ = 5 branch
points, and one checks easily that 7’ admits 8 > 3 branch points since g(B’) > 0. Because
f is not isotrivial, similar to the proof of (4-21), one shows that

3=a—-2> deg(f'|F)-(,B—2) zdeg(f’|F) > 1.
Thus deg(f’|F) = 2 as required.
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B Since deg(f’|F) = 2, it induces an involution 79 on F, such that B = F/(1p). Let
G C Aut(F) be the subgroup generated by G and  70. As f' |F is equivariant Wigl respect
to G, it follows that 7y commutes with G. Hence G is a cyclic group of order |G| = 18.
Moreover, by considering the composition map n’ o ( f’ |F) : F — P! one checks easily
that 7’ o (f” | F) is a cyclic cover branched over exactly 4 points. In other words, the family
f : S — B isa universe family of cyclic covers of P! with Galois group G ~ Z,/18Z. Hence
according to [25, Theorem 3.6], Cy is not a special curve since g = 12 by (3-4).

Case (e). Consider first the case where @9 = 4. Since F 1;:) = Oforalli > n/2 by
Lemma 4.14, it follows that A;;’g = Ellg’,? foralli > n/2. By (4-5) and (3-33), one obtains
o 5, ifn = 10;
rank Allg’0 =2 Z rank Ellg’fi) =438, ifn =15;
i=(n+1)/2 12, ifn = 25.

If n = 10, it contradicts Lemma 4.16 since Cy is compact by Lemma 4.14; if n = 15 or 25, it
contradicts (4-8) in view of (3-4).

We assume now that g = 5. By Lemma 4.15 (ii) and (iii), one checks that n # 10,
and that i, = 8 (resp. i, = 13 or 14) when n = 15 (resp. n = 25). In the later two
cases, by Lemma 4.15, after a suitable further étale base change, there is a unique fibration
f": S — B’and G acts faithfully on B’ with B’/G = P!. Let F be a general fiber of f, and
I' = F/G = P! the quotient. Then similar to the proof of Lemma 4.8, one has the following
commutative diagram:

F r B’

H|Fl l”/
1 ¢/|F ’ 1
r~p B'/G ~P".

Let B be the number of branch points of the cover 7’ : B’ — P!. Then similar to the proof
of Lemma 4.8, one proves that 8 > 4and o > 2(8 — 1), where o = a9 + 1 = 6 is the number
of the branch points of I = This gives a contradiction.

Case (). By Lemma 4.14, Cy is compact and F;:? = Oforalli > n/2 = 6. Thus
Allg’g = E 115",? for all i > n/2. By (4-5) and (3-33), one obtains rank A;;g = 5, which
contradicts Lemma 4.16. O

The following result was used in the above proof.

LEMMA 4.16. — Let C C Ag be a compact special curve, with Ec the Higgs bundle
on C associated to the universal abelian scheme over C defined by the moduli problem. Write
Ec = Fc & Ac for the decomposition into the flat part and the maximal part. Then the rank
of Ac is divisible by 4. Equivalently the rank of A};’O is even.

Proof. — Write & : Ec — C for the abelian scheme over C determined by the inclusion
C < A, and write (G, X; X ) for the Shimura datum defining C. From the Simpson
correspondence [36] we know that the decomposition of Higgs bundles E¢c = F¢ & Ac

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



1654 K. CHEN, X. LU AND K. ZUO

is determined by the representation of the fundamental group of C to the local system
R'7,Cg,, and it is invariant under base change. It is further characterized by the algebraic
representation G4* — Sp,, on Q%€ following [5].

Following the discussion in Subsection 2.2, we write G4 = Res; soH for some totally
real number field L and some L-form H of SL, ;. From the classification in [35] (see also
Section 5 in [5]) we see that GI¢" — Sp,, decomposes as Q% =T & V, such that:

— the action of G9°* on T is trivial;
— V is the Q-vector space underlying some symplectic L-vector space W;

— theaction of GI°" on V is obtained by scalar restriction from an L-linear representation
Moreover, using the list of L-forms of SL, in Subsection 2.2, we see that:
(1) if L is totally real and H comes from a quaternion L-algebra D, then W is a D-vector

space, and D must be a division L-algebra because C is compact and G is of Q-rank
zero; this forces the L-dimension of W to be a multiple of 4;

(i1) if for some CM field E of real part L and degree 2d over Q, and H is associated to D,
a quaternion E-algebra:

(ii-a) either D ~ Mat,(FE), and W is a direct sum of copies of the standard representa-
tion of H on E?, whose E-dimension is even, and L-dimension of W is divisible
by 4;

(ii-b) or D is a quaternion division E-algebra, and W is a D-vector space, whose
E-dimension is divisible by 4 and L-dimension divisible by §.

Hence the Q-dimension of V', which also equals the rank of A¢, must be a multiple of 44,
with d the degree of L. O

To complete the proof of Theorem 1.7, it remains to prove Lemma 4.13. We first prove

LEMMA 4.17. — Notations as above. Assume that Cy is a special curve but py ,, (Cyp) is not
a special curve. Then

(i) ny1|agandn fay;

(i1) up to a suitable finite étale base change, f : S — B is birational to the resolution
of a degree-n cyclic cover of a P'-bundle ¢ : Y — B branched exactly over oy + 1
disjoint sections, denoted as D1, ..., Dgq+1, such that the local monodromy is 1 around
Di...., Dy, and equals aoo = n(1 —{%2}) around D1

(iil) up to a suitable finite étale base change, the Higgs subbundle

n1—1

D (503 1),

i=1 !

is a trivial Higgs subbundle, where my = 2~

ni

(iv) Fl;:? =O0foranyi >myandmy [i;
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(v) if moreover the general fiber of f admits a unique n-superelliptic automorphism group G
and there exists a generator of G commuting with any automorphism of the general fiber,

then
(ﬂz - (%)2) (oo —2)
o D o) ifly =1;
(4-48) rank A% < (n = Dato =21
- (L) @21
(roo) ( 1 )0507 l.f£1>1.
6n 6n(og —2)
where roo = gcd(’:t—,a()) and £, = ged(ag — 1, n).

Proof. — As above, after a possible base change, we assume that the group G acts on S,
and let f; : S; — B be the new family of semi-stable n;-superelliptic curves. Assume
that f is given by y” = F;(x), where ¢ is the parameter. Then both of the two families f
and f7, up to base change, are birational to the resolution of cyclic covers of a P!-bundle
¢ . Y — B branched over the zero locus of F;(x) and possibly over the section at the
infinity (depending on whether n; and n divide «g or not respectively). In other words, choose
suitable birational models, we have the following diagram:

Iy ny

A

Here I1, 5, is induced by the rational map I1, ,, : S --+ 51, and the difference between the
branch loci of IT and of I1; is at most the section at the infinity; see (3-3) and (4-36).

Since ppn,n, (Co) is not a special curve, it follows from Lemma 4.10 that p, ,, (Co) is a
(special) point in 7 Sg, »,. In other words, the semi-stable family f; is isotrivial by construc-
tion. Being semi-stable, the family f; is actually a smooth family. In other words, up to
some elementary transformations of the P!-bundle Y, the branch locus R; of the cover IT;
is smooth and the restricted map ¢| R R; — B is étale; here we recall that an elementary

s Si

transformation of a P'-bundle X is a new P!-bundle X’ obtained by first blowing up some
point x € X and then contracting the strict inverse image of the fiber of X through x.
We should remark that an elementary transformation is a birational operation, but it may
transfer the section at the infinity to somewhere else.

(1) The first statement is clear from the above arguments; otherwise, the branch loci of TT
and I1; are the same by the above arguments together with (3-3) and (4-36). Since f; is
isotrivial, it follows that f is also an isotrivial family, which is a contradiction since Cy is
a special curve.

(i1) By (i) and its proof above, we obtain that the branch locus R of IT equals the
branch locus Ry of I1; plus one another section. On the other hand, as the restricted map
9| R R, — B is étale, it follows that after a possible suitable finite étale base change, R;
becomes g disjoint sections. Since R equals R; plus one another section Dg,+1, and the
local monodromy around each component in R; (resp. the component Dy, 41) is 1 (resp.
doo =n ([%2] 4 1) — ag) by construction, this proves the second statement.
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(iii) Since f7 is isotrivial, the Higgs bundle associated to fj is trivial after a suitable
unramified base change. Hence this statement follows directly from (4-39).

(iv) Note that the rank of the subbundle F does not decrease after base change. Hence
it suffices to prove the statement after any ﬁmte base change. By the above arguments, it
follows that S; =~ B x F; up to some finite étale base change, where F; is a general fiber of
f1: 81 = B.Compose the rational map I1, ,, : S --» S; with the second projection S; —
F}, we obtain a rational map ﬁl . § --» Fy. Since g(F;) > 0 by construction, it follows
that ﬁl is in fact a morphism. By (iii) together with [14, Theorem 3.1] (see also (3-45)), we
have

rank f,Qg, p(log ¥); = dim H°(S, Q). Vmy|i &i #0.
Together with (4-39), we obtain that
(4-49) (pf1) H(Fi.QF)= €& H(S. ),
my|i & i#0
Assume that the flat part F;loo # 0 for some iy > my and m; [io. By (i), one has «g = kn,
with k > 1.
Ifk > 2,ie, a0 > 2ny, then Fp° # 0 by (4-39). Hence up to base change,

B,n—m
we may assume that F 1, 10 is trivial by Proposition 3.21. This is equivalent to saying that

HO(S, Q}g)io # 0 by (3-45). By Corollary 3.23, there exists a unique fibration ' : S — B’

such that (3-48) holds. Together with (4-49), it follows that f” is the same as ﬁl obtained
above. This is a contradiction by (3-48) and (4-49).

Ifk =1,ie, a9 = ny, then F;g 2m, # 0 by (4-39). Moreover, if we let T be the general

fiber of ¢ as in subsection 3.4, then
T. (a)y(ﬁ) ® (c(”‘z”“’_l ® E(io)_l) )

=2+ (w+1)— (n _2nm1)0‘0 _ (ior;n B [io(n —ao)})

n

mq n n

Hence similarly as above, one derives a contradiction. This proves (iv).

(v). In this case, by Lemma 3.3 (i1), the group action of G = Z/nZ can be extended
to S without any base change. In other words, the above properties (i)-(iii) hold for f, and
simultaneously one has the Arakelov type equality as in (4-3) for f.

Let sy 00 = Sy0(f) and s,¢1 = s5,¢,1(f) be the local invariants of f introduced in
Definition 3.6. We first claim that

(4-50) Sye,0 =0forany (y,£), ands,¢; = O0unless (y,£) = (2,41).

2
In fact, by (ii), the branch locus of IT consists of « disjoint sections Y D; plus one

i=1
another section Dg,+1. Moreover, the local monodromy around D; is 1 for 1 < i < ay,
and around Dg,41 IS aeo. Let &40 (resp. §,¢,1) be the number of the nodes in fibers
of ¢ with index (y, £, 0) (resp. (y,£,1)), counted according to their multiplicities, where
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¢ : Y 2 S/G — Bis the induced quotient family as in the proof of Theorem 3.9. Then it is
easy to see that

§,00 =0forany (y,£); and§,,; = Ounlessy = 2.
Moreover, 5 ¢, o = 0 unless £ = £; by (3-6). Hence (4-50) follows from (3-10).
According to (4-50) together with (3-8) and (3-10), we get
n\2
(7= (2)?) (@ -2)

$2,01,1
deg E5° = de = 2. St
gEg g f+ws/B ” + (¢7 ) 126%

(n2 - (%)2) (@0 —2) 2 £2.0,1
= o + (Zl — 1) . W

(4-51)

On the other hand, by Step 1 we know that the P!-bundle Y contains ap > 4 disjoint
sections up to a suitable unramified base change, hence it follows that ¥ = B x P!. Let
pra: Y = B x P! — P! be the projection, and

Y Dyyr1 — ¥ 23 P!

be the induced map on Dy, 4. Note that D; is contracted by pr, for 1 <i < . It follows
that  is surjective. Let Ry € Dg,+1 be the ramified divisor of ¥. Then by Hurwitz formula,
it follows that

deg(Ry) = 28(Dag+1) —2 —2deg(y) = 2g(B) — 2 + 2deg(V).

Let v; = |D; N Dgy41| be the number of points contained in D; N Dgy41 for 1 < i < ay,
and |A| be the number of the singular fibers of f. Then

%4}
(4-52) £2110 =) Di - Dogi1 = ap deg(y)),

i=1

and

i e e
Z‘)i = Al =211 = ;1 “E211 = 71 - oo deg(¥).
i=1

Hence
2¢(B) — 2+ 2deg(¥) = deg(Ry) = ) (deg(¥) —v;)
i=1
(4-53) = o - deg(¥) — > vi = g - deg(y) — |A|

62 i=1
> (1 - 71) 0o deg(y).

Combining (4-51) with (4-52), we have

n \2
(nz _ (E) ) (g —2) L@ Qo deg(l/f)'
o 12n

1,0
(4-54) deg Ep” =
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Note that
[Apcl =0, ifey =1; and |Ancl = |A], if€y > 1.

Combining this with the Arakelov type equality in (4-3) and (4-53), one obtains

kAg® -
ran . B .((n Dao _2) deg(V). i£0, = 1:
n

deg Ellg’o = deg fiws/p >

rank Ag’o .
T-(ao—Z)deg(W), if; > 1.
Combining the above inequality together with (4-54), we complete the proof. O

In order to apply Lemma 4.17 (v), one still needs the next two lemmas.

LEMMA 4.18. — Let F be an n-superelliptic curve of genus g > (p—1)2p—1) withn = 2p
for some prime p. Then F admits a unique n-superelliptic cover.

Proof. — This follows from the Castelnuovo-Severi inequality (cf. [17, Exercise V.1.9]).
Indeed, if there are two different n-superelliptic covers:

7. F— P and 7. F — P,

then the ramified loci of both 7 and 7 have the same number of points with the same
ramification indices. Locally, we may assume that = and 7 are defined by y” = F(x) and
yt o= F(x) respectively, where both F(x) and F(x) are separable polynomials of equal
degree. Let g = deg(F) = deg(ﬁ), and let D and D be defined by z? = F(x) and
zP = F(x) respectively. Then g > 2p by (3-4) as ¢ > (p — 1)(2p — 1), and one has

(p — D(@o —2)

_ 3 . if p|ag;
g(D)=g(D) = (= Do —1) .
s p [ ao.

IfD #£ D, then F admits two different double covers to D and D respectively. Hence by
the Castelnuovo-Severi inequality,

g <1+2g(D)+2g(D).

This contradicts (3-4) together with the above formulas for g(D) and g(ﬁ).

If D ~ D, then again by the Castelnuovo-Severi inequality, there is a unique action
of G’ = Z/pZ on D = D. By the definitions of D and D, this implies that the polynomials
F(x)and F (x) are conjugate to each other under the automorphism group of P!. Hence the
covers 7 and 7 are the same, which is also a contradiction. O

LEmMMA 4.19. — For any n-superelliptic curve F, if F admits a unique n-superelliptic auto-
morphism group G = Z/nZ, theno ot = toa forany o € G and t € Aut (F).

Proof. — Let F be defined by y" = F(x) as usual. As F admits a unique n-superelliptic
automorphism group, it follows that ¢ acts only on y and t induces an automorphism on
the quotient P! = F/G. In other words,

o(x,y) = (x.§y) with§" =1, t(x,y) = (a(x). ©2(x. y)).
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Note that 7 is an automorphism of P! and keeps the branch locus of 7 : F — P! = F/G
invariant.

If 7 is branched over co with local monodromy ao, # 1, then 7; must keep oo invariant,
and F(n (x)) has the same set of roots as F(x). Hence 7;(x) = ax + b for some a,b € C,
and F(rl (x)) = k* - F(x) with k* # 0. As 7 is an automorphism group of F, one obtains
that 7o (x, y) = n - y with n* = k*. Therefore, it is clear thatc ot = 71 0 0.

It remains to consider the case where 7 is not branched over oo, since the case where 7 is
branched over oo with local monodromy 1 can be reduced to the former case by automor-
phism of P!. In this case, n | ag, where g = deg(F(x)). Moreover, as an automorphism

of P!, 7; has the form 7;(x) = Z;jfs Since 7; keeps the set of roots of F(x) invariant,

k*.F . . . .
F(ti(x)) = Wr%' Hence 13(x, y) = m with n* = k*. One checks easily again
that 0 o T = 7 o 0. This completes the proof. O

We can now prove Lemma 4.13, which was used in the proof of Theorem 1.7.

Proof of Lemma 4.13. — We prove by contradiction. Assume that p, ,/(C) is a point.
Then by Lemma 4.17 one has

(4-55) n' | oy and n fap.
(4-56) F;:? =0, for any i > m’ withm’ Ji, where m’ = n/n’.

On the other hand, by (3-33) one has

m' + 1o
rank Ezls*’?nfﬂ — rank E};g_m,_l =ag—1-2 [g} ,
’ ’ n
Ifn' > 4, orn’ = m’ = 3, then one checks easily that
rank E;:?WH — rank E;”Z_m,_l > 0.

This together with (4-6) implies in particular that F ;fn, +1 7 0, which contradicts (4-56).
Ifn’ =3and m’ = 2, thenn = 6 and a9 = 6k + 3 for some k > 1 by (4-55); if n’ = 2,
then n = 4 by the definition of n’, and «g = 4k + 2 for some k > 1 by (4-55). In any of the
two cases above, by Lemma 4.18 and Lemma 4.19, one verifies easily that the assumptions
of Lemma 4.17 (v) are satisfied. Hence by (4-48) one has rank Allg’o < 1, 1i.e., rank Ag’o =0.
In other words, deg £ 11;’0 = deg A};’O = 0, which is a contradiction since f is non-isotrivial.
This completes the proof. O
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