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HOLDER CONTINUITY OF LYAPUNOV EXPONENT
FOR QUASI-PERIODIC JACOBI OPERATORS

BY KA1l Tao

ABsTRACT. — We consider the quasi-periodic Jacobi operator Hy,. in 1%(Z):
(He,wd)(n) = =b(z+ (n+ Lw)(n+1) —b(z + nw)p(n—1) + a(z + nw)é(n) = E¢(n),
n € Z, where a(z), b(z) are analytic functions on T, b is not identically zero, and w
obeys some strong Diophantine condition. We consider the corresponding unimodular
cocycle. We prove that if the Lyapunov exponent L(E) of the cocycle is positive
for some E = Ejy, then there exist po = po(a,b,w, Ep), 8 = B(a,b,w) such that
|L(E) — L(E")| < |E — E'|® for any E,E' € (Eo — po, Eo + po). If L(E) > 0 for
all £ in some compact interval I, then L(E) is Holder continuous on I with Hélder
exponent 8 = fB(a,b,w,I). In our derivation we follow the refined version of the
Goldstein-Schlag method [3] developed by Bourgain and Jitomirskaya [2].

Texte regu le 15 aodt 2011, révisé le 26 octobre 2012 et le 24 mai 2014, accepté le 17 aodt
2014.

Kar Tao, College of Sciences, Hohai University, 1 Xikang Road Nanjing Jiangsu 210098
P.R.China e  E-mail : ktao@hhu.edu.cn, tao.nju@gmail.com

The author was supported by the Fundamental Research Funds for the Central Universities.
This work was done when the author was visiting the Department of Mathematics at the
University of Toronto. The author wishes to thank Professor M.Goldstein for his supervision
of the project.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE 0037-9484/2014/635/% 5.00
© Société Mathématique de France



636 K. TAO

1. Introduction

We consider the quasi-periodic Jacobi operator H, ,, in (?(Z):

(L1)  (Hewo)(n)
= —b(z + (n+ Dw)¢(n + 1) = b(z + nw)d(n — 1) + a(z + nw)¢(n)
= E¢(n), n € Z,
where a(z), b(z) are real analytic functions on T, b is not identically zero. Set

_ 1 (a@)-E-b@)
A(x’E’w)_b(m+w)<b(x+w) 0 )

MN(ZC,E,LU) = M[LN](.Z‘,E,LU)
= Az + (N — lw, E,w)A(x + (N —2)w,E,w)--- A(z, E,w).
Define the unimodular matrix
M[l,N]($7an)
| det M}y ny(z, E,w)|?

MN($7an) = M[l,N](xaE7w) =

As
det A(z, E,w) = b(z)
b(z + w)
then
N-1
b(z + nw) b(x)
1.2 det M Ew) = =
(12) et My (@, B, 0) EO e+ (n+Dw) b+ Nw)’
and
(1.3) log || M}y ni(z, E,w)| = log | My n(z, E,w)|| — llo | b(z) |
. g [1,N]\L) L&y = log [1,N]\Ly &y ) g b( —|—Nw) .
REMARK 1.1. — (1) Note that
C(a,b, E)
Az, B, w)|| < or——,
[b(z + w)|
where the constant C(a, b, E) satisfies
C(a,b,Ey) = sup C(a,b,E) < +oo.
|E|<Eo
Therefore,
1o | My (2, E,w)| < logC(a,b, E) — Zlo b(z + nw)|.
N g [1,N]\Ly &y g g

n=1
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In this paper we always assume that |E| < Ey, where Ey depends on a, b.
For that matter we suppress E from the notation of some of the constants
involved.

(2) log ||.7\;[[17N] (z, E,w)|| > 0, since M[LN] (z, F,w) is unimodular.

(3)

1 -
0< N IOg ||M[1,N](I7E)w)||

b(z)

1
=N10g“M[1’N](m’E’w)| m|

T oON 0g|

1 Y 1 b(z)
<logC(a,b, B) = 1 > log |b(x +nw) ~on 8l vy

n=1
(4) Tt is a well-known fact that if b is an analytic function not identically
zero, then (log |b])? is integrable. Set

D=/10g|b(6)|d0.
T

Therefore,
/

Similarly,

1 .
N log || M1, ny(z, E, w)|

1 .
dw:/ﬁlog ||M[17N](:c,E,w)||dac
T

< C'(a,b) — D := C"(a,b).

/ (L 1og |31 (2, B, ) ) de < Cla,b).
r N

(5) Combining (4) with (1.3), we conclude that 3 log ||M[; nj(z, E,w)]| is
integrable, and

1 1 ~
E / log [ My (2, E,w)|lde = — / log || Mn (z, B, w) | de.
N Jp N Jr

Set
1 1 ~
In(E.w) = 1 [ togMn(e, Bw)lde = - [ 1og (e, B,
N T N T
Note that Ly(E,w) > 0. Set
_E—
B(e, Byw) =  “7) ~ B b))

b(r+w) 0

and
TN(x)an) = T[I,N](xaE)w)
=B(z+ (N -1)w,E,w)B(z+ (N —2)w, E,w) - B(z, E,w).
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Then
0 1
M E =T FE. w —_—
1,3z, E,w) = Th ny(z, B,w nzl;[ B )
~ b(z + Nw)|?
My n (2, B,w) = WM[LN](%E,W)
(14) 1 N—
|b( :U—I—Nw 2
= T 7E7 9
b(z n[IO bz + n+1) L (@ )
5 N-1 1
1.5) ||M z, B w)| = =T z, B W),
(1.5) || M1,wy( )| nl;[g |b(x+nw)b(:r,+(n+1)w)|§” 1,7 ( i
and
: L N-1
log | ¥iuv) (2, B, )| = 1og | Ty (@, B )| = 5 3 Tog o+ no)b(e + (m + 1))
n=0
Note also for future reference that
N-1
(1.6) |det T}y vy(z, B,w)| = [] Ib(z + nw)||b(z + (n+ 1)w)|.
n=0

Combining (1) with Remark 1.1, we conclude that + log || T}, n(z, E,w)| is
integrable,

1
(1.7) JIN(E,w) = N/logHT[LN](:L’,w)Hd:L’ = Ly(E,w)+ D.
T

Due to the subadditive property, the limits

(1.8)
. 1 . 1 ~
L(E,w)= ngnoo/T NlogHMN(x,E,w)Hd:c = I&Enoo/TNlogHMN(ac,E,w)de
= lim LN(E,(.U),
N—o0
(1.9)

1
J(E,w) = ]\}Elloo/qr Nlog ITn(z, E,w)||dx = A}Enoo JIn(E,w) = L(E,w)+ D

exist. Moreover, L(E,w) > 0. Fix some o > 1. Throughout this paper we
assume that w € (0, 1) satisfies the Diophantine condition

Co
(1.10) |nw| > ———— for all n.
n(logn)®

It is well known that for a fixed o > 1 almost every w satisfies (1.10).
The main theorem in this paper is
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