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Abstract. In this article we construct compact, real analytic Riemannian manifolds of

nonpositive sectional curvature which have geometric rank one, but which contain a rich

structure of totally geodesic subspaces of higher rank. Topologically the manifolds are

obtained by blowing up certain, pairwise intersecting, codimension 2 submanifolds of a

hyperbolic manifold. The metric on this blow–up is constructed explicitly by means of

some Poincaré series, and appropriate methods for controlling its curvature and its rank are

developed.

Résumé. Dans cet article sont construites des variétés riemanniennes analytiques com-

pactes à courbure sectionnelle non-positive de rang géométrique un ayant une structure riche

de sous-variétés totalement géodésiques de rangs plus élevés. Topologiquement ces variétés

sont obtenues en éclatant certaines sous-variétés de codimension 2 d’une variété hyperbolique
se coupant deux à deux. La métrique sur cet espace éclaté est construite explicitement grâce

à des séries de Poincaré et des méthodes appropriées pour contrôler sa courbure et son rang

sont développées.
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SÉMINAIRES & CONGRÈS 1



1. INTRODUCTION

In this paper we construct new examples of compact real analytic Riemannian

manifolds of nonpositive sectional curvature. The main result is

1.1. Theorem. — Let Hn/Γ′ be a compact manifold with constant curvature

K ≡ −1 and let �̄i ∈ Iso(Hn/Γ′), 1 ≤ i ≤ N , be a family of rotations with fixed

point sets

V̄i := Fix(�̄i) =
{
p ∈ H

n/Γ′
∣∣ �̄i(p) = p

}

of codimension 2. Suppose that each �̄i permutes1 the N fixed point sets V̄i′ . More-

over, for any pair of distinct fixed point sets V̄i1 and V̄i2 with V̄i1 ∩ V̄i2 �= ∅, it is
required that V̄i1 ∩ V̄i2 has codimension 4 and that the intersection is orthogonal. Let
π:M → H

n/Γ′ be the manifold obtained by blowing up
⋃
i V̄i.

Then, M carries a real analytic Riemannian metric g with sectional curvature K ≤ 0
everywhere and with K < 0 on the complement of π−1

(⋃N
i=1 V̄i

)
. The preimages

V̂i := π−1(V̄i) and all their intersections V̂I :=
⋂
i∈I V̂i, I ⊂ {1, . . . , N} are totally

geodesic submanifolds of (M, g). Each projection π(I) := π|V̂I
factors through a Rie-

mannian submersion π̂(I): V̂I → V̄ �I onto a space V̄
�
I of nonpositive curvature. This

submersion is a flat bundle over V̄ �I with totally geodesic fibres which are isometric

to # I–fold products of RP
1’s of equal lengths.

The metric g will be constructed explicitly by means of a Poincaré series. For any

subset I ⊂ {1, . . .N} the holonomy of the flat bundle π̂(I): V̂I → V̄ ∗
I is determined

by the holonomy of the normal bundle of V̄I :=
⋂
i∈I V̄i ⊂ Hn/Γ′. Moreover, the

existence of a single nonempty, totally geodesic submanifold V̂i ⊂M implies that the

1 W.l.o.g. we may assume that each �̄i generates the maximal cyclic subgroup in
Iso0(Hn/Γ′) fixing V̄i. With this normalisation it is equivalent to require that the
family (〈�̄i〉)Ni=1 is closed under conjugation : for any pair (i1, i2) there exists i3 such
that �̄i1〈�̄i2〉�̄−1

i1
= 〈�̄i3〉 .
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fundamental group π1(M) is not hyperbolic in the sense of [GhH] and [Gr2]. However

rank(π1(M)) = 1, where the rank of a finitely generated group Γ is defined in terms

of the word metric dΓ as follows (see [BE])

rank(Γ) ≥ k :⇔ ∃C > 0 ∀γ ∈ Γ ∃ a subgroup Aγ � Z
kwith dΓ(γ, Aγ) ≤ C.

Looking at the precise estimates for the curvature in Theorem 5.9 one can see that

the metric g has as little zero curvature as permitted by the fundamental group. We

shall explain this in more detail in Section 7.

To show that the hypotheses of Theorem 1.1 are not void, we quote from [AbSch] :

1.2. Theorem. — Let Γ′ be a torsion–free, normal subgroup of finite index in

some cocompact, discrete group Γ ⊂ Iso(Hn) = O+(n, 1). Suppose in addition that

Γ contains commuting isometries �1, . . . , �k, whose fixed point sets are hyperbolic

subspaces of codimension 2. If at most one of the �i’s has order 2, then the induced

rotations �̄i on Hn/Γ′ satisfy the hypotheses of Theorem 1.1.

In particular, there are concrete examples2 of such groups Γ′ < Γ < Iso(Hn) and

of rotations �1, . . . , �k of this type with n = 2k. In this case the flat V̂1∩ . . .∩ V̂k ⊂M

has the maximal possible dimension in view of the following general result proved at

the end of Section 2.

1.3. Theorem. — Let Xn be a simply–connected, real analytic Riemannian mani-

fold with K ≤ 0, and let F k ⊂ Xn be a k–flat of maximal dimension. Moreover, let

Σ1, . . . ,Σm ⊂ F k be different singular hyperplanes through a common point p, where

singular means that the set PΣi
of parallels to Σi is not contained in the flat F k.

Then,

(1.1) k +
m∑
i=1

(
dimPΣi

− k
)
≤ n .

Since dimPΣi
> k, the number m of singular hyperplanes is estimated by the

codimension n − k of the flat F k. In our example the strata V̂i1 ∩ . . . ∩ V̂ik−1 are

2 In [Buy] S. Buyalo has used a slightly different approach to construct an interest-
ing configuration of compact, codimension-2 subspaces V̄ 2

i in the hyperbolic 120–cell
space H4/Γ′ with the intersection pattern required for Theorem 1.1.
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parallel sets of k different singular hyperplanes Σik ⊂ V̂1 ∩ . . . ∩ V̂k. Thus Inequality
(1.1) is sharp in this example.

The Weyl chamber structure of the flat V̂1 ∩ . . .∩ V̂k is the same as the structure
of a flat in the k–fold product H

2×· · ·×H
2. An interesting open question is whether

there are also real analytic manifolds of rank 1 with a maximal flat which has the

Weyl chamber structure of the flat in an irreducible symmetric space.

We emphasize that the crucial point in Theorem 1.1 is the existence of a real

analytic metric of nonpositive curvature on M . Indeed, it is much easier to obtain

a C∞–metric with K ≤ 0 on M even without assuming that the codimension–2

submanifolds are fixed point sets of isometries. For completeness we state

1.4. Theorem. — Let
(
V̄i

)N
i=1

be a finite family of compact, totally geodesically

immersed submanifolds of codimension 2 in some compact hyperbolic space Hn/Γ′.

Suppose that the various sheets of
⋃
i V̄i intersect pairwise orthogonally in sets of

codimension 4, if they intersect at all. Then, the blow–up π:Mn → Hn/Γ′ of
⋃
i V̄i

carries a smooth metric with sectional curvature K ≤ 0.

The proof of Theorem 1.1 occupies Sections 3–6. The metric g in question is

constructed explicitly in Theorem 3.7 and the relevant curvature estimates are the

subject of Theorem 5.9.

The proof of Theorem 1.4 is much simpler, since all constructions can be done

just locally. One could even give an independent proof based on a multiple warped

product structure in the sense of [ONl, p. 210, Theorem 42].
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