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ON SETS WITH SMALL SUMSET
AND m-SUM-FREE SETS IN Z/pZ

BY PABLO CANDELA, DIEGO GONZALEZ-SANCHEZ & DAVID J.
GRYNKIEWICZ

ABSTRACT. — The 3k — 4 conjecture in groups Z/pZ for p prime states that if
A is a nonempty subset of Z/pZ satisfying 2A # 7Z/pZ and |2A] = 2|A| + r <
min{3|A| — 4, p —r — 4}, then A is covered by an arithmetic progression of size
at most |A| + r + 1. Previously, the best result toward this conjecture, without any
additional constraint on |A|, was a theorem of Serra and Zémor proving the conjecture
provided r < 0.0001|A|. Subject to the mild additional constraint |2A| < 3p/4, which
is optimal in the sense explained in the paper, our first main result improves the bound
on r, allowing r < 0.1368|A|. We also prove a variant that further improves this bound
on r provided that A is sufficiently dense. We then give several applications. First,
we apply the above variant to give a new upper bound for the maximal density of
m-sum-free sets in Z/pZ, i.e., sets A having no solution (x,y,2) € A3 to the equation
x +y = mz, where m > 3 is a fixed integer. The previous best upper bound for this
maximal density was 1/3.0001 (using the Serra-Zémor theorem). We improve this to
1/3.1955. We also present a construction following an idea of Schoen, which yields a
lower bound for this maximal density of the form 1/8+0(1)p—o0. Another application

of our main results concerns sets of the form AXA in Fp, and we also improve the

structural description of large sum-free sets in Z/pZ.
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RESUME (Sur les ensembles de petite somme et les ensembles sans m-somme dans
Z/pZ). — La conjecture 3k — 4 dans les groupes Z/pZ, pour p premier, affirme que
si A est un sous-ensemble non vide de Z/pZ vérifiant 2A # Z/pZ et |2A| = 2|A| +
r < min{3|A| — 4, p —r — 4}, alors A est inclus dans une suite arithmétique de
cardinalité au plus |A|4+7+1. Le meilleur résultat précédent vers cette conjecture, sans
contraintes supplémentaires sur |A|, est un théoréme de Serra et Zémor qui confirme la
conjecture pour 7 < 0.0001|A|. Sous la faible contrainte additionnelle |2A| < 3p/4, qui
est optimale en un sens détaillé dans I’article, notre premier résultat principal améliore
la borne supérieure sur r, permettant de prendre r < 0.1368| A|. Nous démontrons aussi
une variante qui améliore davantage la borne sur r pour tout ensemble A suffisamment
dense. Nous présentons ensuite plusieurs applications. Premiérement, la variante en
question est employée pour obtenir une nouvelle borne supérieure pour la densité
maximale des ensembles sans m-somme dans Z/pZ, i.e., les ensembles A tels qu’il
n’existe aucune solution (z,y,z) € A3 de Iéquation x + y = mz, ot m > 3 est un
entier fixé. Précédemment, la meilleure borne supérieure pour cette densité maximale
était 1/3.0001 (comme conséquence du théoréme de Serra—Zémor). Nous obtenons ici
la borne améliorée 1/3.1955. Nous présentons aussi une construction suivant une idée
de Schoen, qui fournit une borne inférieure 1/8 + 0(1)p— oo pour la densité maximale
en question. Une autre application de nos résultats concerne les ensembles de la forme
% dans [F),. Nous donnons aussi une description améliorée de la structure des grands
ensembles sans somme dans Z/pZ.

1. Introduction

Given a subset A of an abelian group G, we often denote the sumset A+ A =
{x+y:x,y € A} by 2A and we denote the complement G \ A by A.

One of the central topics in additive number theory is the study of the
structure of a finite subset A of an abelian group under the assumption that
the sumset 24 is small. In this paper, we focus on groups Z/pZ of integers
modulo a prime p and on the regime in which the doubling constant |2A|/|A]
is within a small additive constant of the minimum possible value.

To put this into context, let us recall the basic fact that a finite set A of
integers always satisfies |24| > 2|A| —1 and that this minimum is attained only
if A is an arithmetic progression (see [12, Theorem 3.1]). This description of
extremal sets is extended by a result of Freiman, known as the 3k — 4 theorem,
which tells us that A is still efficiently covered by an arithmetic progression
even when |24] is as large as 3|A| — 4.

THEOREM 1.1 (Freiman’s 3k — 4 theorem). — Let A C Z be a finite set sat-
isfying |2A| < 3|A| — 4. Then there is an arithmetic progression P C Z, such
that A C P and |P| < |2A| — |A] + 1.

For sets A in Z/pZ with 2A # Z/pZ, the Cauchy-Davenport theorem [12,
Theorem 6.2] gives the lower bound analogous to the one for Z mentioned above,
namely 24| > 2|A| — 1, and the description of extremal sets as arithmetic
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progressions (when |2A] < p — 1) is given by Vosper’s theorem [12, Theorem
8.1].

It is widely believed that an analogue of Freiman’s 3k — 4 theorem holds
for subsets of Z/pZ under some mild additional upper bound on |[2A4| (or on
|A]). More precisely, the following conjecture is believed to be true (see [12,
Conjecture 19.2]), describing efficiently not just A but also 2A4, in terms of
progressions.

CONJECTURE 1.2. — Let p be a prime and let A C Z/pZ be a nonempty subset
satisfying 2A # Z/pZ and |2A4| = 2|A| + r < min{3|A| — 4, p—r —4}. Then
there exist arithmetic progressions Pa, Poa C Z/pZ with the same difference,
such that A C Py, |Pa| < |Al+ 71+ 1, Poa C2A, and |Pya| > 2|A] — 1.

Progress toward this conjecture was initiated by Freiman himself, who proved
in [10] that the conclusion concerning P4 holds provided that |2A4| < 2.4|A|—3
and |A| < p/35. Since then, there has been much work improving Freiman’s
result in various ways. For instance, Rgdseth showed in [17] that the constraint
|A] < p/35 can be weakened to |A| < p/10.7 while maintaining the doubling
constant 2.4. In [11], Green and Ruzsa pushed the doubling constant up to 3,
at the cost of a stronger constraint |A| < p/102!5. In [20], Serra and Zémor
obtained a result with no constraint on |A| other than the bounds on |24] in
the conjecture, with the same conclusion concerning P4 but at the cost of re-
ducing the doubling constant, namely, assuming that [2A4| < (2 + «)|A| with
a < 0.0001. See also [5, 14] for recent improvements on the doubling constant
2.4 in Freiman’s result. The book [12] presents various other results towards
Conjecture 1.2, in a treatment covering many of the methods from the works
mentioned above.

In this paper, we establish the following new result regarding Conjecture
1.2, which noticeably improves the doubling constant obtained by Serra and
Zémor in [20] at the cost of only adding the constraint [24] < 3p.

THEOREM 1.3. — Let p be prime, let A C Z/pZ be a nonempty subset with
[2A] = 2|A| + r, and let o = 0.136861 be the unique real oot of the cubic
423 + 922 + 62 — 1. Suppose

2A| < 2+ a)|A] =3 and 24| < zp.

Then there exist arithmetic progressions Pa, Poa C Z/pZ with the same differ-
ence, such that A C Py, |Pa| <|A|+7+1, Poy C2A, and |Pya| > 2|4] — 1.

Unlike in [20], here we do have a constraint on |A| in the form of the upper
bound 24| < %p. However, this upper bound is still optimal in the following
weak sense. The conjectured upper bound on |2A| (given by Conjecture 1.2) is
p—r —4. However, in the extremal case where r = |A| — 4 (the largest value of
r allowed in Conjecture 1.2), the conjectured bound implies 3|A| — 4 = |24 <
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