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by Clément Rau

Abstract. — In this paper, we recall the existence of graphs with bounded valency
such that the simple random walk has a return probability at time n at the origin of
order exp(−nα), for fixed α ∈ [0, 1[ and with Følner function exp(n

2α
1−α ). This result

was proved by Erschler (see [4], [3]); we give a more detailed proof of this construction
in the appendix. In the second part, we give an application of the existence of such
graphs. We obtain bounds of the correct order for some functional of the local time of
a simple random walk on an infinite cluster on the percolation model.

Résumé (Existence de graphes à transitions de probabilités sous-exponentielles et ap-
plications)

Dans cet article, nous rappelons l’existence de graphes à valence finie tels que la
probabilité de retour de la marche aléatoire simple soit de l’ordre de exp(−nα), pour

α ∈ [0, 1[ et tels que la fonction de Følner du graphe soit en exp(n
2α

1−α ). Ce résultat a
été prouvé par Erschler (voir [4], [3]). Une preuve plus détaillée de cette construction
est donnée en annexe. Dans une seconde partie, nous donnons une application de
l’existence de tels graphes. Nous obtenons des estimées du bon ordre pour certaines
fonctionnelles des temps locaux de la marche aléatoire simple sur un amas infini de
percolation.
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1. Introduction and results

A graph G is a couple (V (G), E(G)), where V (G) stands for the set of
vertices of G and E(G) stands for the set of edges of G. All graphs G which
are considered here are infinite and have bounded geometry and we denote by
ν(g) the number of neighbors of g in G.

We study the following random walk X on G defined by:{
X0 = g,

P(Xn+1 = b|Xn = a) = 1
ν(a)+1 (1{(a,b)∈E(G)} + 1{a=b})

(1)

The random walk X jumps uniformly on the set of points formed by the point
where the walker is and his neighbors. Thus X admits reversible measures
which are proportional to m(x) = ν(x) + 1.

In this context, the transition probabilities are linked by the isoperimetric
profile. For a graph G and for a subset A of G, we introduce the boundary of
A relatively to graph G defined by

∂GA = {(x, y) ∈ E(G);x ∈ A and y ∈ V (G)−A}.

Actually, we will rather work with Følner function to deal with isoperimetry.
Let G be a graph, we note FolG the Følner function of G defined by:

FolG(k) = min{|U |;U ⊂ V (G) and
|∂GU |
|U |

≤ 1

k
}.

If G′ ⊂ G is a subgraph of G, we will use the Følner function of G′ relatively
to G defined by:

FolGG′(k) = min{|U |;U ⊂ V (G) and
|∂GU |
|U |

≤ 1

k
}.

We have the following proposition (see Coulhon [1])

Proposition 1.1. — Let m0 = infV (U) m > 0 and X be the random walk
defined by (1). Assume that Fol(n) ≥ F (n) with F a non negative and non
decreasing function, then

sup
x,y

P(Xn = y|X0 = x) � v(n),

where v satisfies: {
v′(t) = − v(t)

8(F−1(4/v(t)))2 ,

v(0) = 1/m0.
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(We recall that an � bn if there exist constants c1 and c2 such that for all
n ≥ 0, an ≤ c1bc2n and an ≈ bn if an � bn and an � bn.)

For example, we retrieve that in Zd, the random walk X defined above has
transitions decay at time n less than n−d/2 and in F 2 the Cayley graph of the
free group with two elements, the transition decay of the random walk are less
than e−n. A natural question is to know if there exist graphs with intermediate
transitions decay. Some others motivations can be found in Section 2.

The answer is given by the following proposition due to Erschler (see [4]).

Proposition 1.2. — Let α ∈ [0; 1[, F := ex
2α

1−α and σ(n) := e−n
α

. There
exists a graph DF = (V (DF ), E(DF )) with bounded valency such that:

(i) FolDF ≈ F ,
(ii) there exists a point d0 ∈ V (DF ) such that, for all n, pDFn (d0, d0) ≈ σ(n),

where pDFn (, ) stands for the transitions probability of the random walk X defined
above when G = DF .

Most important steps of the proof can be found in [4] for α ≥ 1/3 and in
[3] for α ≤ 1/3. A complete proof is given in the appendix at the end of this
paper following arguments of Erschler. Graphs given in the proof, are called
wreath products. Note that a recent study of isoperimetry for wreath products
on groups has been done by Gromov in [5]. Wreath products would be useful in
the next section, so we recall here the definition. Let A a graph and (Bz)z∈V (A)

a family of graphs.

Definition 1.3. — The wreath product of A and (Bz)z∈V (A) is the graph
noted by A o (Bz)z∈V (A) (or shortly A oBz) such that:

V (A oBz) = {(a, f); a ∈ A and f : A→ ∪zBz with supp(f) <∞

and ∀z ∈ A, f(z) ∈ Bz} and E(A o Bz) = {
(

(a, f)(b, g)
)

; (f = g and (a, b) ∈
E(A)) or (a = b and ∀x 6= af(x) = g(x) and

(
f(a), g(a)

)
∈ E(Ba))}.

This graph can be interpreted as follow: imagine there is a lamp in each
point a of A such that each point of Ba defined a different intensity of the
lamp. The different intensity of each lamp can be represented by a configuration
f : A→ ∪aBa which encodes the intensity of the lamp at point a by the value
f(a). A point in the wreath product is the couple formed by the position of a
walker in graph A and the state of each lamp. A particular case is when the
graph Ba (called the fiber) is the same for all a ∈ A.
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1.1. Example of application of Proposition 1.2. — With the help of graphs DF

given in Proposition 1.2 and with some others good wreath products, we will
be able to find upper bound of functional of type: E(e−λ

∑
F (Lx,n,x)) where

Lx,n = #{k ∈ [0;n];Xk = x} on the graph Cg get after a surcritical percolation
on edges of Zd, where edges are kept or removed with respect to Bernoulli
independent variables. The points of Cg are the point of the infinite connected
component C which contains the origin; we will give more details in Section 2.
In particular, we will prove the following property:

Theorem 1.4. — Consider a simple random walk X on the infinite cluster of
Zd that contains the origin Q-a.s. on the set | C | = +∞, and for large enough
n we have:

∀α ∈ [0, 1] Eω0 (e

−λ
∑

z;Lz;n>0

Lαz;n

1{Xn=0}) ≈ e−n
η

,(2)

∀α > 1/2 Eω0 (
∏

z;Lz;n>0

L−αz;n 1{Xn=0}) ≈ e−n
d
d+2 ln(n)

2
d+2

,(3)

where η = d+α(2−d)
2+d(1−α) .

The constants present in the relation ≈ do not depend on the cluster ω.

Remark 1.5. — If we take α = 0 in Equation (2), we retrieve the Laplace
transform of the number of visited points Nn (see [8]),

Eω0 (e−λNn) ≈ e−n
d/d+2

.

In the whole article, C, c are constants which value can evolve from lines to
lines.

2. Applications: study of some functionals

2.1. Kind of problems, case of the lattice Zd. — Recall that for G a graph and
X is a simple random walk on G, we note Lx,n = #{k ∈ [0;n];Xk = x}. The
question is to estimate functional of type

Eω0 (e

−λ
∑

z;Lz;n>0

F (Lz;n,z)

),(4)

where F is a two variables non negative function. The method developped
here is due to Erschler and can be applied on general graph G provided the
isoperimetric profile on the graph G is known and the function F has some
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