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THE 4-STRING BRAID GROUP B; HAS PROPERTY RD
AND EXPONENTIAL MESOSCOPIC RANK

BY SYLVAIN BARRE & MIKAEL PicHOT

ABSTRACT. — We prove that the braid group B4 on 4 strings, its central quotient
B4/(z), and the automorphism group Aut(F:) of the free group F» on 2 generators,
have the property RD of Haagerup—Jolissaint.

We also prove that the braid group By is a group of intermediate mesoscopic rank
(of dimension 3). More precisely, we show that the above three groups have exponential
mesoscopic rank, i.e., that they contain exponentially many large flat balls which are
not included in flats.

REsSUME (Le groupe de tresses By est de rang mésoscopique et a la propriété RD)

Nous montrons que le groupe de tresses & 4 brins By, son quotient central Bs/(z),
ainsi que le groupe d’automorphismes Aut(F2) du groupe libre & 2 générateurs, pos-
sédent la proprété RD de décroissance rapide de Haagerup—Jolissaint.

Nous montrons également que le groupe de tresses By est un groupe (de dimen-
sion 3) de rang intermédiaire mésoscopique. Plus précisément, nous montrons que
les trois groupes précédents sont de rang mésoscopique exponentiel, c’est-a-dire qu’ils
contiennent un nombre exponentiel de boules plates qui ne sont pas contenues dans
des plats.
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1. Introduction

Let n > 2 be an integer. The braid group B, on n strings is a finitely
presented group generated by n — 1 elementary braids o4, ...,0,-1 subject to
the following relations:

— 0;0;410; = 04100441 for all 1 < ) <n-— 2;

- 0,05 =0j0; for all 1 <4,j <n—1 such that |i — j| > 2.

This is the classical Artin presentation of B,, (see e.g. Chapter 10 in [11]).

The group Bs is closely related to the modular group PSLy(Z). The above
presentation shows that the braid z = (0102)? is central in B3 and that Bz/(z)
is generated by the class v of 010907 and v of 0,09, where u?2 = v3 = z. Thus
B3/{z) = (u,v | u? = v3 = 1) = PSLy(Z). In fact the group B3 admits a
proper isometric action with compact quotient on a metric product 73 x R,
where T3 is a trivalent tree, which is the Bass-Serre tree of PSLs(Z).

We are interested here in the 4-string braid groups By. It was proved by
Brady in [7] that B, admits a free isometric action with compact quotient on
a CAT(0) simplicial complex Y of dimension 3. The 3-dimensional cells of Y
are Euclidean tetrahedra whose faces are right-angle triangles and the quotient
space Y/B, contains 16 tetrahedra, identified together along a single vertex. It
is still true that Y splits as a product Y = X x R, where X is now of dimension
2. The complex X can be obtained from a non positively curved complex of
groups whose fundamental group is the quotient of B, by its center (see [19]).

The existence of a CAT(0) structure on B,, is an open problem for n > 6.
Recall that on By, the 3-dimensional CAT(0) structure which are minimal (e.g.,
those whose links are isomorphic to that of Y') can be classified, by geometric
rigidity results due to Crisp and Paoluzzi [19]. On the other hand, Charney [14]
proved that the Deligne complex [20] of By is also a CAT(0) space of dimension
3, with respect to the Moussong metric (we remind that the Deligne action of
By on this complex is not proper).

1.1. Property RD. — Let now G be an arbitrary countable group. A length on
G isamap |-|: G — Ry such that |e| = 0, |s| = [s7!| and |st| < |s| + |t| for
s,t € G and e the identity element. We recall that G is said to have property
RD (|27]) with respect to a length | - | if there is a polynomial P such that for
any r € Ry and f,g € CG with supp(f) C B, one has

1 * glla < P(r)[ fll2llgll2

where B, = {x € G, |z| < r} is the ball of radius r in G, supp(f) is the
set of x € G with f(z) # 0, and CG is the complex group algebra of G.
For an introduction to property RD we refer to Chapter 8 in [37]. The above
convolution inequality, usually referred to as the Haagerup inequality (after
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Haagerup [25]), allows to control the operator norm of f acting by convolution
on £?(G) in terms of its £2 norm. Hence, some important consequences of
property RD are of a spectral nature.

When G is finitely generated we have the word length |-|s associated to any
finite generating set S. Then property RD with respect to | - |s is independent
of S so we simply speak of property RD for G is that case.

Our first main result is the following theorem.

THEOREM 1. — The following groups have the property RD of Haagerup—
Jolissaint:

1. the braid group By on 4 strings;
2. the central quotient Bs/(z);
3. the automorphism group Aut(F:) of the free group on 2 generators.

Theorem 1 shows property RD for low indices in two series of groups, namely:

— the braid groups B, for n > 3;

— the automorphism groups Aut(F,) for n > 2.
Property RD for these series is an open problem formulated in Section 8 of
[18]. The fact that Bs has property RD was shown very early on by Jolissaint
in [27] and the other cases were left open since then. Shortly after the first
version of the present paper appeared, the question of showing property RD
for all groups B,, has been answered by Behrstock and Minsky (see [6]). More
generally, they established property RD for all mapping class groups. (Recall
that the braid group B, can be identified to the mapping class group of the
n-punctured disk.) The problem for Aut(F,,), n > 3, remains open.

The proof of Theorem 1 is divided into two steps. The first step relies on
our previous results from [4]:

THEOREM 2 ([4, Theorem 5]). — Let G be a group acting properly on a
CAT(0) simplicial complex A of dimension 2 without boundary and whose
faces are equilateral triangles of the Euclidean plane. Then G has property
RD with respect to the length induced from the 1-skeleton of A.

We apply Theorem 2 to the quotient By/(z). By results of [7, 19], this group
acts on a simplicial complex X with the required properties.

The second step uses automaticity of By, and more precisely, the Thurston
normal forms for braids in By, which allows to go back to By from its central
quotient.

We now show how deduce (3) from (2) in Theorem 1. The group Aut(F) is
isomorphic to Aut(By), itself containing Inn(B,) as a subgroup of index 2 (see
[21, 28]). Thus property RD for Aut(Fy) follows from the corresponding result
for Inn(By). Then (3) follows from the fact that Inn(By) is isomorphic to the
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central quotient of B4. Note that in [32], a faithful action of Aut(F») = Aut(By)
on the complex X is constructed.

Details of the proof are in Section 3, after a brief survey on property RD in
Section 2.

1.2. The braid group B, as a group of intermediate rank. — Groups and simplicial
complexes appearing in Theorem 2 provide us with a large pool of objects
satisfying intermediate rank properties. See [4] for definitions and concrete
examples. We discuss here the intermediate rank properties of B, and its
central quotient (denoted G below).

We introduced in [4] a notion of mesoscopic rank for a CAT(0) space X,
which reflects the presence in X of maximal flats portions (where maximal refers
to the dimension, hence the rank terminology) which are (much) larger than
“germs of flats” in X (say, flats of tangent cones) but are not actually contained
in genuine flats of X (i.e. copies of the Euclidean space R™ inside X). We
recall the precise definitions of mesoscopic rank and exponential mesoscopic
rank in Section 5. Following [4] we say that a group G is of (exponential)
mesoscopic rank when there is a proper action of G with compact quotient on
some CAT(0) space which is of (exponential) mesoscopic rank at some point.

Our second main result is as follows.

THEOREM 3. — The braid group B, on 4 strings is of exponential mesoscopic
rank.

For the proof, we first establish that the quotient G of B, by its center is of
exponential mesoscopic rank, and then extend the result to B;. Note that Bs
is an example of a group acting freely and cocompactly on a simplicial complex
as in Theorem 2 (see [8]) but it is not of mesoscopic rank, and more precisely
for any action with compact quotient on a 2-dimensional CAT(0) space X, the
space X cannot be of mesoscopic rank.

In course of proving Theorem 3 we will see that the central quotient G of
B, is, at the local level, closely related to affine Bruhat-Tits buildings of type
A, (what actually creates some complications in the proof of Theorem 3, since
the latter are not of mesoscopic rank by [4]). We will prove however that these
connections cannot be extended beyond the local level (and specifically beyond
the sphere of radius 1, see the last section of the paper).
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