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FLIPS OF MODULI OF STABLE TORSION FREE SHEAVES WITH
c1 = 1 ON P2

by Ryo Ohkawa

Dedicated to Takao Fujita on the occasion of his 60th birthday

Abstract. — We study flips of moduli schemes of stable torsion free sheaves E with
c1(E) = 1 on P2 via wall-crossing phenomena of Bridgeland stability conditions. They
are described as stratified Grassmann bundles by a variation of stability of modules
over certain finite dimensional algebra.

Résumé (Flips de modules de faisceaux stables et sans torsion avec c1 = 1 sur P2)
Nous étudions des flips de schémas de modules de faisceaux stables et sans torsion E

avec c1(E) = 1 sur P2 à travers des phénomènes de traversée de mur des conditions
de stabilité de Bridgeland. Ils sont décrits en tant que fibrés grassmanniens par une
variation de stabilité de modules au-dessus d’une certaine algèbre de dimension finie.
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350 R. OHKAWA

1. Introduction

1.1. Background. — We denote by MP2(r, c1, n) the moduli scheme of
semistable torsion free sheaves E on P2 with the Chern class c(E) = (r, c1, n) ∈
H2∗(P2,Z). In this paper we treat the case where c1 = 1. Then semistability
and stability for E coincide. When n ≥ r ≥ 2, or r = 1 and n ≥ 2, the Picard
number of MP2(r, 1, n) is equal to 2 and we have two birational morphisms
from MP2(r, 1, n), which are described below.

One is defined by J. Li [12] for general cases. We denote by MP2(r, 1, n)0 the
open subset of MP2(r, 1, n) consisting of stable vector bundles. The Uhlenbeck
compactification MP2(r, 1, n) of MP2(r, 1, n)0 is described set-theoretically by

MP2(r, 1, n) =
⊔
i≥0

(
MP2(r, 1, n− i)0 × Si(P2)

)
.

The map π : MP2(r, 1, n)→MP2(r, 1, n), E 7→ π(E) is defined by

π(E) = (E∗∗, Supp(E∗∗/E)) ∈MP2(r, 1, n− i)0 × Si(P2),

where E∗∗ is the double dual of E and i is the length of E∗∗/E.
In the case where r = 1, this morphism is called the Hilbert-Chow morphism

π : (P2)[n] → Sn(P2). In the case where r ≥ 2, this map is also birational
since it is an isomorphism on MP2(r, 1, n)0 to its image. It is shown that the
codimension of the complement of MP2(r, 1, n)0 is equal to 1 when we have
MP2(r, 1, n− 1) 6= ∅ (cf. [13, Proposition 3.23]). Hence this map is a divisorial
contraction.

The other birational morphism is defined by Yoshioka. In his paper [17] on
moduli of torsion free sheaves on rational surfaces, he studied the following
morphism:

ψ : MP2(r, 1, n)→MP2(n+ 1, 1, n).

For any E ∈MP2(r, 1, n), ψ(E) is defined by the exact sequence

(1) 0→ Ext1
P2(E, OP2)∗ ⊗ OP2 → ψ(E)→ E → 0,

which is called the universal extension, where Ext1
P2(E, OP2)∗ is the dual vector

space of Ext1
P2(E, OP2). Here we have HomP2(E, OP2) = Ext2

P2(E, OP2) = 0

and (n + 1, 1, n) ∈ H2∗(P2,Z) is the Chern class of [E] − χ(E, OP2)[ OP2 ] =

[E] + dim Ext1
P2(E, OP2)[ OP2 ] ∈ K(P2), where

χ(E, OP2) =
∑
i

(−1)i dimC ExtiP2(E, OP2).

Furthermore, the moduli space MP2(r, 1, n) has a stratification

MP2(r, 1, n) =

r⊔
i=0

M i
P2(r, 1, n),
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where M i
P2(r, 1, n) := {E ∈ MP2(r, 1, n) | dimC HomP2( OP2 , E) = i} is called

the Brill-Noether locus. The following theorem is shown in [17].

Theorem 1.1 ([17, Theorem 5.8]). — (i) There exists an isomorphism

M i
P2(r, 1, n) ∼= ψ−1

(
Mn−r+i+1

P2 (n+ 1, 1, n)
)
.

(ii) The restriction of ψ to each stratum M i
P2(r, 1, n) is a Gr(n − r + i +

1, i)-bundle over the stratum Mn−r+i+1
P2 (n+ 1, 1, n).

By the above theorem, if n > r+ 2, ψ is a birational morphism to the image
imψ, and it is a flipping contraction. By the theory of birational geometry [3],
we have the diagram called flip:

(2) M+(r, 1, n)

ψ+
%%

MP2(r, 1, n)oo

ψ
yy

imψ

The purpose of this note is to describe spaces M+(r, 1, n), imψ and the
morphism ψ+ in the above diagram in terms of moduli spaces. We follow ideas
in [15]. We considerMP2(r, 1, n) as a moduli scheme of semistable modules over
the finite dimensional algebra

B := EndP2 ( OP2(1)⊕ ΩP2(3)⊕ OP2(2))

via Bridgeland stability conditions onDb(P2). This enables us to study the wall-
crossing phenomena of the moduli scheme as the stability changes by using the
result of [15].

1.2. Main results. — We introduce the exceptional collection

E :=
(

OP2(1),Ω1
P2(3), OP2(2)

)
on P2 and put E := OP2(1) ⊕ Ω1

P2(3) ⊕ OP2(2) and B := EndP2( E ). We de-
note abelian categories of coherent sheaves on P2 and finitely generated right
B-modules by Coh(P2) and mod-B, respectively. Then by Bondal’s Theorem
[4], the functor Φ := R HomP2( E ,−) gives an equivalence

Φ: Db(P2) ∼= Db(B),

where Db(P2) and Db(B) are bounded derived categories of Coh(P2) and mod-
B, respectively. The equivalence Φ also induces an isomorphism ϕ : K(P2) ∼=
K(B) between Grothendieck groups of Coh(P2) and mod-B.

For a class α in K(B), we put

α⊥ := {θ ∈ HomZ(K(B),R) | θ(α) = 0}.
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