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FLIPS OF MODULI OF STABLE TORSION FREE SHEAVES WITH
c1 =1 ON P?

BY Ryo OHKAWA

Dedicated to Takao Fujita on the occasion of his 60th birthday

ABsTrRACT. — We study flips of moduli schemes of stable torsion free sheaves E with
c1(E) = 1 on P? via wall-crossing phenomena of Bridgeland stability conditions. They
are described as stratified Grassmann bundles by a variation of stability of modules
over certain finite dimensional algebra.

REsuME (Flips de modules de faisceauz stables et sans torsion avec c; = 1 sur P?)
Nous étudions des flips de schémas de modules de faisceaux stables et sans torsion E
avec c1(E) = 1 sur P2 & travers des phénoménes de traversée de mur des conditions
de stabilité de Bridgeland. Ils sont décrits en tant que fibrés grassmanniens par une
variation de stabilité de modules au-dessus d’une certaine algébre de dimension finie.

Texte regu le 13 septembre 2010, révisé le 10 janvier 2012, accepté le 7 septembre 2012.

Ryo Onkawa, Research Institute for Mathematical Sciences, Kyoto University, Kyoto 606-
8502 JAPAN e  E-mail : ohkawa@kurims.kyoto-u.ac.jp

2010 Mathematics Subject Classification. — 18E30,14D20.

Key words and phrases. — Bridgeland stability, moduli of vector bundles.

The author is grateful to his adviser Takao Fujita for many valuable comments and the
encouragement. He would like to thank Hiraku Nakajima and Kota Yoshioka for useful dis-
cussions and valuable comments, which gave him a motivation to write this paper. He would
also like to thank Minoru Itoh and Andrew Obus for corrections of English and suggestions
to make the paper more readable, and the referees for careful readings and pointing out
a gap in Appendix A in the preliminary version of the paper. The author completed this
paper during his stay in the Max Planck Institute for Mathematics. He appreciates the hos-
pitality of the institute. This research was supported in part by JSPS Global COE program
“Computationism As a Foundation of the Sciences”.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE 0037-9484/2014/349/% 5.00
© Société Mathématique de France



350 R. OHKAWA

1. Introduction

1.1. Background. — We denote by Mp2(r,c1,n) the moduli scheme of
semistable torsion free sheaves E on P? with the Chern class ¢(E) = (r,c1,n) €
H?**(P2?,7Z). In this paper we treat the case where ¢; = 1. Then semistability
and stability for E coincide. When n > r > 2, or r = 1 and n > 2, the Picard
number of Mp2(r,1,n) is equal to 2 and we have two birational morphisms
from Mpz(r,1,n), which are described below.

One is defined by J. Li [12] for general cases. We denote by Mp2(r,1,n)9 the
open subset of Mp2(r,1,n) consisting of stable vector bundles. The Uhlenbeck
compactification Mp2(r,1,n) of Mp2(r,1,n)o is described set-theoretically by

Me2(r,1,n) = | | (Mp2(r,1,n —i)o x S*(P?)).
i>0
The map 7: Mp2(r,1,n) — Mp2(r,1,n), E — 7(E) is defined by
m(E) = (E**,Supp(E*™*/E)) € Mp2(r,1,n — i)o x S*(P?),

where E** is the double dual of E and 7 is the length of E**/E.

In the case where r = 1, this morphism is called the Hilbert-Chow morphism
m: (P2)IM — S™(P?). In the case where r > 2, this map is also birational
since it is an isomorphism on Mpz(r,1,n)o to its image. It is shown that the
codimension of the complement of Mp:(r,1,n)o is equal to 1 when we have
Mp2(r,1,n — 1) # (0 (cf. [13, Proposition 3.23|). Hence this map is a divisorial
contraction.

The other birational morphism is defined by Yoshioka. In his paper [17] on
moduli of torsion free sheaves on rational surfaces, he studied the following
morphism:

¥: Mp2(r,1,n) > Mp2(n+1,1,n).
For any F € Mp2(r,1,n), ¥(FE) is defined by the exact sequence
(1) 0 — Exth(E, Op2)* @ Op2 — ¢(E) —» E — 0,
which is called the universal extension, where EXtIIPQ (E, Op2)* is the dual vector
space of Extpz(E, Op2). Here we have Homp(E, Op2) = Ext2z(E, Op2) = 0
and (n + 1,1,n) € H?*(P?,Z) is the Chern class of [E] — x(E, Op2)[Cp2] =
[E] + dim Extgz (E, Op2)[Cp2] € K(P?), where

X(E, Cp2) = > (—1)" dimg Extja (E, Ope).

Furthermore, the moduli space Mp2(r,1,n) has a stratification

Mpz(r,1,n) = |_| Mz (r,1,m),
i=0
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where M};(r,1,n) := {E € Mp2(r,1,n) | dimc Hompz(COp2, E) = i} is called
the Brill-Noether locus. The following theorem is shown in [17].
THEOREM 1.1 ([17, Theorem 5.8]). — (i) There exists an isomorphism
Mo (r,1,n) 2~ (Mg " (n+ 1,1,n)).
(ii) The restriction of ¢ to each stratum Mg, (r,1,n) is a Gr(n —r + i +

1,%)-bundle over the stratum MQ{THH(n +1,1,n).

By the above theorem, if n > r+ 2, 1 is a birational morphism to the image
im 1), and it is a flipping contraction. By the theory of birational geometry [3],
we have the diagram called flip:

(2) Mi(r,l,n)+ ——————— Mp2(r,1,n)
k /
imy

The purpose of this note is to describe spaces My (r,1,n), im+y and the
morphism % in the above diagram in terms of moduli spaces. We follow ideas
in [15]. We consider Mpz(r,1,n) as a moduli scheme of semistable modules over
the finite dimensional algebra

B := Endp= (0]}»2(1) @ p2(3) @ Op2 (2))

via Bridgeland stability conditions on D®(P?). This enables us to study the wall-
crossing phenomena of the moduli scheme as the stability changes by using the
result of [15].

1.2. Main results. — We introduce the exceptional collection
@ = (0]}1:2 (1), Q]%»z (3), 0]}»2 (2))

on P? and put & := Op2(1) ® Q2 (3) @ Op2(2) and B := Endp2(E). We de-
note abelian categories of coherent sheaves on P? and finitely generated right
B-modules by Coh(P?) and mod-B, respectively. Then by Bondal’s Theorem
[4], the functor ® := R Homp: (£, —) gives an equivalence

®: D°(P?) = D*(B),
where D®(P?) and D®(B) are bounded derived categories of Coh(P?) and mod-

~

B, respectively. The equivalence ® also induces an isomorphism ¢: K (P?) =
K (B) between Grothendieck groups of Coh(P?) and mod-B.

For a class o in K(B), we put
ot = {# € Homz(K (B),R) | 8(a) = 0}.
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