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INSTABILITY OF TYPE II BLOW UP FOR THE QUINTIC
NONLINEAR WAVE EQUATION ON R3+1

by Joachim Krieger & Joules Nahas

Abstract. — We prove that the blow up solutions of type II character constructed
by Krieger-Schlag-Tataru [10] as well as Krieger-Schlag [9] are unstable in the energy
topology in that there exist open data sets whose closure contains the data of the
preceding type II solutions and such that data in these sets lead to solutions scattering
to zero at time t = +∞.

Résumé (Instabilité d’explosion de type II pour l’équation des ondes non-linéaire de
degré 5 sur R3+1)

On montre que les solutions explosives de type II construites par Krieger-Schlag-
Tataru [9] sont instables dans l’espace d’énergie au sens qu’il existe des ensembles
ouverts de données initiales dont la fermeture contient les données initiales des solutions
de type II et telles que les solutions correspondantes existent globalement en temps
positif et s’évanouissent vers t = +∞.

Texte reçu le 18 janvier 2013, révisé et accepté le 19 janvier 2014.

Joachim Krieger, Bâtiment des Mathématiques, EPFL, Station 8, CH-1015 Lausanne,
Switzerland • E-mail : joachim.krieger@epfl.ch
Joules Nahas, Bâtiment des Mathématiques, EPFL, Station 8, CH-1015 Lausanne, Switzer-
land • E-mail : joules.nahas@epfl.ch

2010 Mathematics Subject Classification. — 35L05, 35B40.

Key words and phrases. — Critical wave equation, hyperbolic dynamics, blowup, scattering,
stability, invariant manifold.

Support of the Swiss National Fund for the first author is gratefully acknowledged. He would
like to thank the University of Chicago for its hospitality in August 2012.

BULLETIN DE LA SOCIÉTÉ MATHÉMATIQUE DE FRANCE 0037-9484/2015/339/$ 5.00
© Société Mathématique de France



340 J. KRIEGER & J. NAHAS

1. Introduction

We consider the quintic focussing wave equation on R3+1, of the form

(1.1) �u = u5, � = ∂2
t −4

in the radial context, i. e. u(t, x) = v(t, |x|). This equation is of energy critical
and focussing type and serves as a convenient model for more complicated
energy critical models, such as Wave Maps in 2 + 1 dimensions with positively
curved targets, or Yang-Mills equations in 4 + 1 dimensions as well as related
problems of Schrödinger type. In fact, for example recent progress on (1.1) in
[1] has led to analogous progress for the energy critical focussing NLS in 3 + 1

dimensions, [12]. The focussing character of (1.1) leads to finite time blow up,
which is most easily manifested by the explicit solutions of ODE type

u(t, x) =
( 3
4 )

1
4

(T − t) 1
2

for arbitrary T . Truncating the data of these solutions at time t = 0 to force
finiteness of

∫
R3 [u2

t (0, ·) + |∇xu(0, ·)|2] dx, one easily verifies that

lim
t→T

∫
R3

[u2
t (t, ·) + |∇xu(t, ·)|2] dx = +∞

One says the blow up is of type I. By contrast, a finite time blow up solution
with

lim sup
t→T

∫
R3

[u2
t (t, ·) + |∇xu(t, ·)|2] dx < +∞

where T is the blow up time is called of type II. Existence of the latter type of
solution for (1.1) is rather subtle and appears to have first been accomplished
in [10], see also [9], and Hillairet-Raphaël’s paper [5] for more stable blow
up solutions in the 4 + 1-dimensional context. The works [10], [9] show that
denoting

uλ(t, x) := λ
1
2u(λt, λx), λ > 0

problem (1.1) admits type II blow up solutions (of energy class) of the form

(1.2) u(t, x) = Wλ(t)(x) + ε(t, x), λ(t) = (−t)−1−ν , t ∈ [−t0, 0), t0 . 1,

for ν > 0, with W (x) denoting the ground state static solution

W (x) =
1(

1 + |x|2
3

) 1
2

More precisely, the solutions constructed in [10], [9] admit a precise description
of the radiation term ε(t, x) inside the light cone {r ≤ |t|} of the form

ε(t, x) = O

(
λ

1
2 (t)

R

(λ(t)|t|)2

)
, R = λ(t)|x|,
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and furthermore ε(t, ·) ∈ Ḣ1 with

‖(ε, εt)‖(Ḣ1×L2)(|x|≤t) . (λ(t)|t|)− 1
2

By contrast, outside of the light cone, we can only assert that

‖∇t,xε‖L2(|x|≥t) ≤ δ∗
where we may arrange for δ∗ to be arbitrarily small. Indeed, this is consistent
with the fact proved in [3] that type II blow up solutions must have energy
strictly larger than that of the ground state.
We also mention that analogous infinite time blow up solutions were con-
structed in [1]. See also [5] for type II blow up with a different rate for the
energy critical NLW in 4 + 1 dimensions.

The remarkable series of papers [3] - [4] recently gave a complete classification
of the possible type II solutions, on finite or infinite time intervals, in the radial
context for (1.1). These works show that any type II solution decouples as a
sum of dynamically rescaled ground states ±W at diverging scales, plus an error
that remains regular at blow up time (or radiates to zero in the infinite time
case). In these works, it is intimated that all such type II solutions ought to be
unstable in the energy topology, and in fact ought to constitute the boundary
of both the set of solutions existing globally and scattering to zero, as well as
those blowing up of type I. Indeed, it is only the latter two which are readily
observable in numerical experiments.
The recent work [7] gives a rather precise description of the instability of the
static solution W with respect to a suitably strong topology.
Here, we show that the solutions constructed in [10], [9] are unstable in the
energy topology, provided ε has sufficiently small energy. Specifically, we have

Theorem 1.1. — There exists δ∗ > 0 with the following property: let u(t, x)

be one of the type II blow up solutions constructed in [10], [9]

(1.3) u(t, x) = Wλ(t)(x) + ε(t, x), λ(t) = (−t)−1−ν

satisfying the a priori condition

lim sup
t∈[−t0,0)

‖∇t,xε(t, ·)‖L2
x
< δ∗, t0 . 1.

Then there exists an open set of data U in the energy topology at time −t0,
with (

u(−t0, ·), ut(−t0, ·)
)
∈ U,

and such that all data in U lead to solutions existing globally and scattering to
zero in forward time. Also, there is an open set of data V with(

u(−t0, ·), ut(−t0, ·)
)
∈ V ,
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