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ASYMPTOTICS OF QUANTUM REPRESENTATIONS
OF SURFACE GROUPS

BY JULIEN MARCHE AND RAMANUIAN SANTHAROUBANE

ABSTRACT. — Forabanded link L in a surface times a circle, the Witten-Reshetikhin-Turaev invari-
ants are topological invariants depending on a sequence of complex 2 p-th roots of unity (4p)pean. We
show that there exists a polynomial P, such that these normalized invariants converge to Py, (u) when
Ap converges to u, for all but a finite number of u’s in S1. This is related to the AMU conjecture which
predicts that non-simple curves have infinite order under quantum representations (for big enough lev-
els). Estimating the degree of Py, we exhibit particular types of curves which satisfy this conjecture.
Along the way we prove the Witten asymptotic conjecture for links in a surface times a circle.

RESUME. — Pour un entrelacs en bande L dans le produit d’une surface par un cercle, les inva-
riants de Witten-Reshetikhin-Turaev sont des invariants topologiques dépendant d’une suite de racines
2 p-iemes de I'unité (4p)pe2n. Nous montrons qu’il existe un polyndme Py, tel que ces invariants nor-
malisés convergent vers Pr (1) quand A, tend vers u, sauf pour un nombre fini de u dans S1. Ceci
est relié a la conjecture AMU qui prédit que les courbes non simples sont d’ordre infini dans la repré-
sentation quantique (en niveau assez grand). En estimant le degré de Py, on exhibe certaines courbes
qui satisfont la conjecture. En chemin, nous prouvons la conjecture asymptotique de Witten pour les
entrelacs dans le produit d’une surface par un cercle.

1. Statement of the results

1.1. Motivation and Main result

This paper is concerned with invariants arising from Witten-Reshetikhin-Turaev SU(2)
topological quantum field theories (TQFT) following the skein theoretical approach
of [3]. Such a TQFT defines for M an oriented compact 3-manifold without boundary
and L C M a banded link, a sequence of invariants Z,(M, L) indexed by even inte-
gers p = 2r > 6. For a given p, the invariant Z,(M, L) belongs to the cyclotomic field
K, = Q[A]/(¢2p(A)),where ¢, denotes the cyclotomic polynomial, that is the (monic)

(D) Indeed in a finite extension of it, but we will not need it here.

0012-9593/05/(C) 2021 Société Mathématique de France. Tous droits réservés doi:10.24033/asens.2481
ANNALES SCIENTIFIQUES DE ’ECOLE NORMALE SUPERIEURE



1276 J. MARCHE AND R. SANTHAROUBANE

minimal polynomial over Q of ¢!”/?. To have a numerical invariant, one needs to specify
an embedding of K, into C or equivalently a 2p-th primitive root of unity 4, € C. We
will denote by evgq, Z,(M,L) € C the associated numerical evaluation. An interesting
question is to understand the asymptotic of the quantity ev4, Z,(M, L) as p — oo and
as A, converges to a given number on the unit circle. When 4, = —e!™/P this problem is
called the Witten asymptotic expansion conjecture. Other limits have not been studied yet
with the exception of some Seifert spaces studied by Lawrence and Zagier, see [12].

In this paper, we focus on the case M = X x S! where ¥ is a compact connected oriented
closed surface. We look for a formula for the quantum invariant

Z,(ExS'.L) _
Z,( x S1.0)

where L C ¥ x S!is a given banded link. Notice that the quantity Z,(X x S', ) is the
dimension of V,(X): the K,-vector space associated to X by the Witten-Reshetikhin-Turaev
TQFT. Moreover, dim V, (%) is computed by the Verlinde formula and is polynomial in p
with degree 0, 1,3g — 3 if the genus of X is g = 0, 1 or g > 2 respectively. Hence the asymp-
totics of the quantity evy, Z,(E x S, L) is determined by the asymptotics of evy, tr,(L).
The main result of this paper is that the asymptotics of ev4,, tr, (L) is almost determined by
the evaluation of a Laurent polynomial with integral coefficients depending only on L.

trp(L) = K,

THEOREM 1.1. — Let L be a link in = x S'. There exist a Laurent polynomial Py, € Z[A*!]
and a finite set Q. C S such that for any sequence {A,}pean such that A, — u ¢ Q, one
p—>00

has |
eva, try(L) = PL(u) + 0(;).
In particular the polynomial Py € Z[A*"] is well-defined and is a topological invariant of L.
The polynomial Py, can be viewed as a generalization of the Kauffman bracket of a link
in S3. Indeed if L C B3 is a link inside a 3-ball embedded in £ x S, the polynomial Py, is
nothing but the usual Kauffman bracket of L. For a more complicated link inside ¥ x S,
this polynomial can be computed algorithmically, see Section 2. The existence of such a
polynomial is not clear a priori, we note that Gilmer already built one in the case of a
connected sum of S? x S1’s using other methods (see [7]). A similar comment can be made
on Costantino’s work (see [5]).

1.2. Cyclic expansions

In order to prove Theorem 1.1, we introduce the key notion of cyclic expansion. We will
denote by C the vector space of maps f : R — R which are piecewise polynomial with
compact support.

DErFINITION 1.2. — We will say that the sequence tr, (L) has a cyclic expansion if there

exist Py € Z[AT!], an integer # > 0 and a family f;, ..., Jf2p—1 € Csuch that

28-1

(1) trp(L) = Py(A) + % 3y arbrrag, (%) Lo (%) _

a=0 nez
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We need to explain the meaning of 0(%) in Equation (1). Indeed, we have to interpret both

sides as elements of K, ® R endowed with the norm ||x||, = inf{max, |c,|, x = Zﬁ;}) cp A"},
The main technical result of this article is the following theorem.

THEOREM 1.3. — For any banded link L C £ x S, the sequence tr,(L) admits a cyclic
expansion.

The proof of this theorem consists in a careful counting of integral points in various
polytopes related to TQFT. It is postponed to Section 3. The interest of having such a cyclic
expansion is that the study of asymptotics is reduced to the following question.

Let f bein C, 8 be a non zero integer and A4, be a convergent sequence of 2 p-th primitive
roots of unity. What is the asymptotics of % Y onez A,z,ﬂ "f (%) as p tends to infinity? This
problem can be solved with elementary analytic tools as follows.

PrOPOSITION 1.4. — Let f € Cand B be a positive integer. Let Ay, be a sequence of 2 py-th
primitive roots of unity with py a strictly increasing sequence of even integers.
1. If lim Ax = u withu®? # 1 one has
k—o00
1 n 1
Ly () =o(h)
Pk o Pk Pk
2. Ifklim Ar = u with u®® = 1 we write Ay = ue'™% so that klim Or = 0. If prOx
—00 —00
diverges when k goes to infinity then
1 28 n 1
o A () = o(5)
Pkt Pk POk
2pk

3. In the same setting as (2) suppose that py6y does not diverge. As Ay = 1, the
sequence Oy py takes discrete values and up to extracting a subsequence, one can suppose

ino

that it is constant equal to % i.e. A = uePrr for some odd integer o. Then, we have

1 : 1

N ZAIZC/S"’J(‘<£) — / eZlnxaf(x)dx + 0(_)

Pk nez Pk R Pk
Proof. — We set H = ﬁ > wez Aiﬂ"f(;’—k). We compute

(1= A2 Hy = i,;fiﬁ" (r(2)-r(=1) = o(=).

Pk Pk Pk

The last equality is obtained by applying a Taylor expansion of f away from a finite number
of values: this is possible since f is piecewise polynomial.

In the first case, since u2# # 1, we deduce that Hy = O(i).

In the second case, we simply observe that 1 — Aiﬁ ~ —2iB0 hence Hy = O(ﬁ) and
we can conclude.

In the last case, we write Hy = ﬁ > ez * ™ i f(3;) and recognize a Riemann sum.
This gives Hy = [ €*™% f(x)dx + O(I)ik). O

We observe that Proposition 1.4 and Theorem 1.3 imply directly Theorem 1.1.
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