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A LOCAL LANGLANDS PARAMETERIZATION
FOR GENERIC SUPERCUSPIDAL
REPRESENTATIONS OF p-ADIC G,

BY MicHAEL HARRIS, CHANDRASHEKHAR B. KHARE
AND Jack A. THORNE
WITH AN APPENDIX BY GORDAN SAVIN

ABSTRACT. — We construct a Langlands parameterization of supercuspidal representations of G
over a p-adic field. More precisely, for any finite extension K /Q), we will construct a bijection

Lg 1 AY(G2. K) — G°(G2. K)

from the set of generic supercuspidal representations of G,(K) to the set of irreducible continuous
homomorphisms p : Wx — G3(C) with Wk the Weil group of K. The construction of the map is
simply a matter of assembling arguments that are already in the literature, together with a previously
unpublished theorem of G. Savin on exceptional theta correspondences, included as an appendix.
The proof that the map is a bijection is arithmetic in nature, and specifically uses automorphy lifting
theorems. These can be applied thanks to a recent result of Hundley and Liu on automorphic descent
from GL(7) to G».

RESUME. — Nous construisons une paramétrisation de Langlands des représentations supercuspi-
dales de G, sur un corps p-adique. Plus précisément, pour chaque extension K /Qp nous construisons
une application bijective

Lg : AY(Ga. K) — G%(G2. K)

de I’ensemble des représentations supercuspidales générigues de G, (K) vers I’ensemble des morphismes
continus et irréductibles p : Wg — G2(C), ou W désigne le groupe de Weil de K. Pour construire
cette application il suffit de combiner des arguments qui sont déja dans la littérature, plus un théoréme
inédit de G. Savin sur les correspondances théta exceptionnelles, qui est démontré dans un appendice
écrit par ce dernier. La démonstration de la bijectivité de 1’application est de nature arithmétique, et
utilise notamment des théorémes de relevement automorphes. Ceux-ci s’appliquent a notre probléme
grace a un résultat récent de Hundley et Liu sur la descente automorphe de GL(7) vers G».

M.H. was partially supported by NSF Grant DMS-1701651. C.K. was partially supported by NSF Grant DMS-
2200390. J.T.’s work received funding from the European Research Council (ERC) under the European Union’s
Horizon 2020 research and innovation programme (grant agreement No 714405).
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Introduction

The purpose of this article is to construct a Langlands parameterization of supercuspidal
representations of G, over a p-adic field. More precisely, for any finite extension K/Q, we
will construct a bijection

Lg : AY(G2. K) > G°(G2, K)

from the set of generic supercuspidal representations of G,(K) to the set of irreducible
continuous homomorphisms p : Wx — G,(C) with W the Weil group of K (more
precisely, the bijection is between sets of equivalence classes). The construction of the map
is simply a matter of assembling arguments that are already in the literature; the article [26]
effectively contains the construction, although it doesn’t specifically point out the applica-
tion to supercuspidal representations. The proof of surjectivity is an application of a recent
result of Hundley and Liu [24], which allows us to carry out a strategy, based on automorphy
lifting theorems, that was initially developed in [4] as an application of Vincent Lafforgue’s
global parameterization of automorphic representations over function fields. The proof
of injectivity also uses global arithmetic methods, including automorphy lifting theorems
and the Ramanujan conjecture for self-dual, regular algebraic automorphic representations
of GL(n), alongside known results on liftings (especially [36, 46]).

The parameterization is constructed in two steps. First, following[17, 11, 36], among other
references, we use the exceptional dual reductive pair (G, PGSp(6)) in E5 to define local
and global correspondences from representations of G, to representations of PGSp(6). We
then lift to Sp(6) and use the functorial transfer of [8] to obtain an automorphic representa-
tion of GL(7). Using the local Langlands correspondence for GL(n), we can thus obtain a
parameterization of supercuspidal representations of G, by Galois parameters with values
in GL(7). We use a global argument and Chebotarev density (following [6]) to show that the
parameter takes values in the image of G, under its 7-dimensional irreducible representa-
tion r7.

The proof of surjectivity is arithmetic. For the moment, let K be a p-adic field and let p be
a continuous homomorphism

p: Wk — G,(C).
We assume p is irreducible: that its image is contained in no proper parabolic subgroup. Since
the image is finite, we may replace the coefficient field C by a sufficiently large finite field &
of characteristic £ # p. Following Moret-Bailly we show first that K may be viewed as
the completion at a p-adic place v of a totally real field F, and that p can be extended to a
surjective homomorphism Gal(F /F) — G, (k) that is odd, in an appropriate sense. We then
use the lifting method in [27] to lift p to a homomorphism 5 : Gal(F/F) — G,(W(k)) in
such a way that r; o ¢ is geometric, in the sense of Fontaine-Mazur, and Hodge-Tate regular.

Now we can apply automorphy lifting theorems, as in [3], to show that r; o p is
potentially automorphic — that its restrictions to appropriate totally real Galois exten-
sions F’/F are attached to a cuspidal cohomological self-dual automorphic representa-
tion 7’ of GL(7,Afs). Choosing F’ carefully, we can then descend 7’ to an automor-
phic representation 7" of GL(7, Afp~) over the fixed field F” of a decomposition group
Gal(F,,/F,) C Gal(F'/F). At this point we apply the result of Hundley and Liu to
show that 7" is in the image of the functorial transfer from G,(Ag~) to GL(7,Af~) of an
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LOCAL PARAMETERIZATION OF G» 259

automorphic representation I1 of G,(Af~), and we conclude by observing that the local
component IT, is supercuspidal and has parameter p. As a bonus, the construction of [24]
provides a globally generic IT, so we see that p is the parameter of a generic supercuspidal
representation.

There has been a good deal of work on the local representation theory as well as on the
automorphic theory of G,. Notably, the articles [11], [37], and [36] come very close to estab-
lishing a complete local Langlands correspondence for G, and to relate the correspondence
to the exceptional theta correspondence used here @ ; the article [24] comes very close to
characterizing the image of functoriality from G, to GL(7). The purpose of this article is
not to replace the articles just cited — indeed, the results of these articles are used crucially in
the proof of our main theorem — but rather to illustrate the possibility of applying a combi-
nation of arithmetic and automorphic methods to the local correspondence.
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Notation

If K is a perfect field, we will write I'x for its Galois group relative to a fixed alge-
braic closure. When K is a number field, we will fix an algebraic closure K /K, algebraic
closures K,/ K, for each place v of K, and embeddings K — K, extending K — K. These
choices determine embeddings 'y, — I'x for each place v of K. If v is a finite place, then
Ik, C Ik, is the inertia group.

We write € : 'k — Z; for the £-adic cyclotomic character. By abuse of notation, we also
write € for the pushforward of this character to the group of units of any Z;-algebra.

If F is a totally real number field, n is an odd integer, and 7 is a cuspidal, regular algebraic
automorphic representation of GL(n, Ar) which is self-dual, in the sense that 7 =~ =V,
then for any isomorphism ¢ : Q, — C there is an associated semi-simple £-adic Galois
representation r,(w) : I'r — GL(n,Qy). This is characterized, up to isomorphism, by

(U While revising this article we learned of the new preprint [12] of Gan and Savin that establishes Howe duality
as well as a dichotomy result for these exceptional theta correspondences. It is likely that some of the arguments in
the present paper can now be simplified and many of the references can be consolidated. In the meantime, Gan and
Savin have released a new paper [13] containing a complete proof of the local Langlands correspondence for G»
over a p-adic field. The correspondence of [13], like the parametrization for generic supercuspidals given here, is
compatible with global correspondences. The methods of [13] are quite different from the ones presented here.
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