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EXPONENTIAL DYNAMICAL LOCALIZATION:
CRITERION AND APPLICATIONS

by Lingrui GE, Jiangong YOU and Qi ZHOU

Abstract. – A new criterion for exponential dynamical localization in expectation (EDL) is given
for ergodic families of operators acting on `2.Zd /. As applications, the EDL for a class of quasi-
periodic long-range operators on `2.Zd / is proven by the criterion and quantitative almost reducibility.

Résumé. – On donne un nouveau critère pour la localisation dynamique exponentielle (LDE) pour
des familles ergodiques d’opérateurs agissants sur `2.Zd /. Comme applications, on montre la LDE
pour une classe d’opérateurs à longue portée quasi-périodique sur `2.Zd /, par le critère et la presque
réductibilité quantitative.

1. Introduction

Localization of particles and waves in disordered media is one of the most intriguing
phenomena in solid-state physics. Dating back to 1958, Anderson [5] firstly used a tight-
binding model of an electron in a disordered lattice to explain the physical phenomenon
that anomalous long relaxation time of electron spins in doped semiconductors. Since that
ground breaking work, physicists found Anderson localization has strong connection with
integer quantum Hall effect [2, 35, 54], which also plays an important role in the emerging
subject of optical crystals [27], e.t.c. One may consult [51] for more about the history of the
localization theory.

The mathematical models of the above problems appear often as ergodic families
of Schrödinger operators. Let .�; d�; S/ be a measurable space where d� is a Borel
probability measure, S D fSn; n 2 Zd g is an ergodic family of maps from � to � such
that SmCn D SmSn. A measurable family .H!/!2� of bounded linear self-adjoint operators
on `2.Zd / is called ergodic if HSn! D TnH!T�n where Tn is the translation in Zd by the
vector n. Motivated by physical backgrounds, localization property of ergodic families of
operators .H!/!2� has been extensively studied in the past sixty years. There are several
different mathematical definitions for localization from weak sense to strong sense. The
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weakest one is the Anderson localization (AL): H! is said to display Anderson localiza-
tion for a:e: ! if H! has pure point spectrum with exponentially decaying eigenfunctions
for a:e: !. However, in physics, localization often means dynamical localization (DL), i.e.,
the wave-packets under the Schrödinger time evolution eitH! keep localized if the initial
wave-packet is localized. One generally accepted definition of DL is the following: for
any q > 0,

(1.1) sup
t

X
n2Z

.1C jnj/qjhın; e
�itH! ı0ij < C.!/ <1:

When considering an ergodic family operators .H!/!2�, the above defined DL often
holds only for a full measure of !, moreover C.!/ is not uniform in !. So it is natural to
consider the dynamical localization in expectation. The strongest dynamical localization is
the exponential dynamical localization in expectation (EDL) [2, 40, 41]:

(1.2)
Z
�

sup
t2R
jhık ; e

�itH! ı`ijd� � Ce
� jk�`j;

where

.H/ WD lim inf
n!1

.�
1

jnj
ln
Z
�

sup
t2R
jhın; e

�itH! ı0ijd�/

is defined as the exponential decay rate in expectation [40, 41]. This quantity is useful since it
is obviously connected to the minimal inverse correlation length. As pointed out in [2, 40],
EDL leads to various interesting physical conclusions, for example, the exponential decay of
the two-point function at the ground state and positive temperatures with correlation length
staying uniformly bounded as temperature goes to zero. Moreover, it is indeed EDL that
is often implicitly assumed as manifesting localization in physics literature. That makes it
particularly interesting to establish EDL for physically relevant models.

Dynamical localization has already been well studied for the random cases [1, 3, 4, 23, 50].
So we will focus on the quasi-periodic models, which even have stronger backgrounds in
physics [14, 55]. As pointed out in [32], establishing dynamical localization in the quasi-
periodic case requires approaches that are quite different from that of the random case (which
usually uses Aizenman-Molchanov’s fractional moments method [3]). So far, there are few
EDL results for one dimensional quasi-periodic Schrödinger operators and there is no EDL
result for higher dimensional quasi-periodic Schrödinger operators. In this paper, we will
provide a general criterion for EDL by information of eigenfunctions and apply it to some
popular quasi-periodic models. More applications to other quasiperiodic models will be
given in our forthcoming paper. Hopefully, the criterion can also be used to deal with other
ergodic Schrödinger operators.

Dating back to 1980s, the most extensively studied quasiperiodic models have the
following form:

(1.3) .LV;�W;˛;�u/n D
X
k2Zd

Vkun�k C �W.� C hn; ˛i/un;

where ˛ 2 Td is the frequency, Vk 2 C is the k-th Fourier coefficient of a real analytic
function V W Td ! R, W is a continuous function defined on T. It is an ergodic self-
adjoint operator defined on `2.Zd /. There are two fundamental results when considering
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the localization property ofLV;�W;˛;� . Inspired by the pioneering work of Fröhlich-Spencer-
Wittwer [29] and Sinai [60], Chulaevsky-Dinaburg [22] proved that if W is a cosine-like
function, then for any fixed phase � , and for positive measure ˛, LV;�W;˛;� has AL for
sufficiently large coupling constant �. Bourgain [15] generalized this result to the case of
arbitrary real analytic function W .

If W.�/ D 2 cos.2��/, then (1.3) reduces to the famous quasiperiodic long-range oper-
ator:

(1.4) .LV;�;˛;�u/n D
X
k2Zd

Vkun�k C 2� cos.� C hn; ˛i/un:

The operator (1.4) has received a lot of attention [10, 19, 31, 30] since it is the Aubry duality
of the general quasiperiodic Schrödinger operator defined on the one dimensional lattice

(1.5) .H��1V;˛;�u/n D unC1 C un�1 C �
�1V.�1 C n˛1; : : : ; �d C n˛d /un;

and thus (1.4) carries amounts of information on (1.5) [21, 33].
If furthermore V.�/ D 2 cos.2��/, then (1.4) furthermore reduces to the most famous

almost Mathieu operator (AMO):

(1.6) .H�;˛;�u/n D unC1 C un�1 C 2� cos.� C n˛/un;

The AMO was first introduced by Peierls [56], as a model for an electron on a 2D lattice,
acted on by a homogeneous magnetic field [36, 58]. It plays the central role in the Thouless
et al theory of the integer quantum Hall effect [61]. This model has been extensively studied
not only because of its importance in physics [14, 55], but also as a fascinating mathematical
object. More detailed properties of AMO will be discussed separately in Subsection 1.3.

1.1. EDL for quasi-periodic long-range operators

Considering (1.4), if d D 1, Bourgain-Jitomirskaya [19] proved that for any fixed
Diophantine number ˛ (1), LV;�;˛;� has DL for sufficiently large � and a.e. � . This result is
non-perturbative in the sense that the largeness of � doesn’t depend on the Diophantine
constant of ˛.

If d � 2, Jitomirskaya and Kachkovskiy [39] proved that for fixed ˛ 2 DCd , LV;�;˛;� has
pure point spectrum for large enough � and a:e: � . Compared to the result of dimension one,
here one can only obtain the perturbative result, i.e., the largeness of � depends on ˛.

We remark that Jitomirskaya-Kachkovskiy’s results [39] are based on Eliasson’s full
measure reducibility results [25]. By Aubry duality, although all the eigenfunctions decay
exponentially, they don’t have uniform decay rate. That’s the reason why they could only
obtain pure point spectrum instead of AL. What we will prove is, under the exact same
setting as in [39], the family of operator .LV;�;˛;� /�2T not only displays AL but also EDL.
Now we precisely formulate our result.

(1) The number ˛ 2 Td is called Diophantine, denoted by ˛ 2 DCd .�0; �/, if there exist �0 > 0 and � > d � 1
such that

(1.7) DCd .�
0; �/ WD

�
˛ 2 Td W inf

j2Z
jhn; ˛i � j j >

�0

jnj�
; 8 n 2 Zdnf0g

�
:

Let DCd WD
S
�0>0;�>d�1DCd .�0; �/.
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