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Abstract. — We consider typical Lagrange and Markov dynamical spectra associated
to horseshoes on surfaces. We show that for a large set of real functions on the surface,
the minima of the corresponding Lagrange and Markov dynamical spectra coincide,
are isolated, and are given by the image of a periodic point of the dynamics by the
real function. This solves a question by Jean-Christophe Yoccoz.

Résumé (Sur les minima des Spectres Dynamiques de Markov et Lagrange). — Nous
considérons des spectres dynamiques typiques de Lagrange et Markov associés aux
fers à cheval des surfaces. Pour un grand ensemble de fonctions définies sur la
surface à valeurs réelles, nous montrons que les minima des spectres dynamiques de
Markov et Lagrange coïncident, sont isolés et sont l’image par la fonction d’un point
périodique de la dynamique. Cela répond à une question de Jean-Christophe Yoccoz.

1. Introduction

The classical Lagrange spectrum (cf. [2]) is defined as follows: Given an irrational
number α, according to Dirichlet’s theorem the inequality

∣∣∣α− p
q

∣∣∣ < 1
q2 has infinitely

many rational solutions p
q . Markov and Hurwitz improved this result (cf. [2]), proving

that, for all irrational α, the inequality
∣∣∣α− p

q

∣∣∣ < 1√
5q2

has infinitely many rational
solutions p

q .
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On the other hand, for a fixed irrational α, better results can be expected. We
associate, to each α, its best constant of approximation (Lagrange value of α), given
by

k(α) = sup

{
k > 0 :

∣∣∣∣α− p

q

∣∣∣∣ < 1

kq2
has infinitely many rational solutions

p

q

}
= lim sup

|p|,q→∞
p∈Z,q∈N

|q(qα− p)|−1 ∈ R ∪ {+∞}.

Then, we always have k(α) ≥
√

5. The Lagrange spectrum is the set

L = {k(α) : α ∈ R \Q and k(α) <∞}.

Let α be an irrational number expressed in continued fractions by α = [a0, a1, . . . ].
Define, for each n ∈ N, αn = [an, an+1, . . . ] and βn = [0, an−1, an−2, . . . ]. Using
elementary continued fractions techniques it can be proved that

k(α) = lim sup
n→∞

(αn + βn).

The study of the geometric structure of L is a classical subject, which began with
Markov, proving in 1879 ([3]) that

L ∩ (−∞, 3) = {k1 =
√

5 < k2 = 2
√

2 < k3 =

√
221

5
< · · ·}

where kn is a sequence (of irrational numbers whose squares are rational) converging
to 3 - more precisely, the elements kn of L ∩ (−∞, 3) are the numbers the form√

9− 4
z2 , where z is a positive integer such that there are other positive integers x, y

with x ≤ y ≤ z and x2 + y2 + z2 = 3xyz.
Another interesting set is the classical Markov spectrum defined by (cf. [2])

M =

{
inf

(x,y)∈Z2\(0,0)
|f(x, y)|−1 : f(x, y) = ax2 + bxy + cy2 with b2 − 4ac = 1

}
.

It is possible to prove (cf. [2]) that L and M are closed subsets of the real line with
L ⊂M and that L ∩ (−∞, 3) = M ∩ (−∞, 3).

Both the Lagrange and Markov spectrum have a dynamical interpretation. This
fact is an important motivation for our work.

Let Σ = (N∗)Z and σ : Σ → Σ the shift defined by σ((an)n∈Z) = (an+1)n∈Z. If
f : Σ→ R is defined by f((an)n∈Z) = α0 + β0 = [a0, a1, . . . ] + [0, a−1, a−2, . . . ], then

L =

{
lim sup
n→∞

f(σn(θ)) : θ ∈ Σ

}
and

M =

{
sup
n∈Z

f(σn(θ)) : θ ∈ Σ

}
.

Notice that
√

5, which is the common minimum of L and M , is the image by f of the
fixed point (. . . , 1, 1, 1, . . . ) of the shift map σ.
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This last interpretation, in terms of a shift, admits a natural generalization of
Lagrange and Markov spectrum in the context of hyperbolic dynamics (at least in
dimension 2, which is the focus of this work).

We will define, as in [4], the Markov and Lagrange dynamical spectra associated to a
hyperbolic set as follows. LetM2 be a surface and ϕ : M2 →M2 be a diffeomorphism
with Λ ⊂ M2 a hyperbolic set for ϕ (which means that ϕ(Λ) = Λ and there is
a decomposition TΛM

2 = Es ⊕ Eu such that Dϕ|Es is uniformly contracting and
Dϕ |Eu is uniformly expanding). In this paper we will asume that Λ is a horseshoe: it
is a compact, locally maximal, hyperbolic invariant set of saddle type (and thus Λ is
not an attractor nor a repellor, and is topologically a Cantor set). Let f : M2 → R
be a continuous real function, then the Lagrange Dynamical Spectrum associated
to (f,Λ) is defined by

L(f,Λ) =

{
lim sup
n→∞

f(ϕn(x)) : x ∈ Λ

}
,

and the Markov Dynamical Spectrum associate to (f,Λ) is defined by

M(f,Λ) =

{
sup
n∈Z

f(ϕn(x)) : x ∈ Λ

}
.

Here we prove the following theorem, which solves a question posed by Jean-
Christophe Yoccoz to the author in 1998:

Main Theorem. — Let Λ be a horseshoe associated to a C2-diffeomorphism ϕ. Then
there is a dense set H ⊂ C∞(M,R), which is is C0-open, such that for all f ∈ H, we
have

minL(f,Λ) = minM(f,Λ) = f(p),

where p = p(f) ∈ Λ is a periodic point of ϕ. Moreover, f(p) is an isolated point both
in L(f,Λ) and in M(f,Λ).

Remark. — In the previous statement, a horseshoe means a compact, locally maxi-
mal (which means that it is the maximal invariant set in some neighborhood of it),
transitive hyperbolic invariant set of saddle type (and so it contains a dense subset of
periodic orbits).

Acknowledgements. — I would like to thank Carlos Matheus, Davi Lima, Sergio Ro-
maña and Sandoel Vieira for helpful discussions on the subject of this paper. I would
also like to thank the anonymous referee for his very valuable comments and sugges-
tions, which helped to substantially improve this work.

2. Preliminaries from dynamical systems

If Λ is a hyperbolic set associated to a C2-diffeomorphism, then the stable and
unstable foliations F s(Λ) and F u(Λ) are C1+ε for some ε > 0. Moreover, these
foliations can be extended to C1+ε foliations defined on a full neighborhood of Λ(cf.
the comments at the end of Section 4.1 of [6], pp. 60).
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We will consider the following setting. Let Λ be a horseshoe of ϕ. Let us fix a
geometrical Markov partition {Ra}a∈A with sufficiently small diameter consisting of
rectangles Ra ' Isa × Iua delimited by compact pieces Isa, resp. Iua , of stable, resp. un-
stable, manifolds of certain points of Λ (cf. [7, pp 129] or [6] for more details). The set
B ⊂ A2 of admissible transitions consist of pairs (a0, a1) such that ϕ(Ra0

) ∩Ra1
6= ∅.

So, we can define the following transition matrix B which induces the same transitions
than B ⊂ A2

baiaj = 1 if ϕ(Rai) ∩Raj 6= ∅, baiaj = 0 otherwise, for (ai, aj) ∈ A2.

Let ΣA = {a = (an)n∈Z : an ∈ A for all n ∈ Z}. We can define the homeomorphism
of ΣA, the shift, σ : ΣA → ΣA defined by σ((an)n∈Z) = (an+1)n∈Z.

Let ΣB =
{
a ∈ ΣA : banan+1 = 1,∀n ∈ Z

}
, this set is a closed and σ-invariant sub-

space of ΣA. Still denote by σ the restriction of σ to ΣB . The pair (ΣB , σ) is called a
subshift of finite type of (ΣA, σ). Given x, y ∈ A, we denote by Nn(x, y,B) the number
of admissible strings for B of length n + 1, beginning at x and ending with y. Then
the following holds

Nn(x, y,B) = bnxy.

In particular, since ϕ|Λ is transitive, there is N0 ∈ N∗ such that for all x, y ∈ A,
NN0

(x, y,B) > 0.
Subshifts of finite type also have a sort of local product structure. First we define

the local stable and unstable sets: (cf. [7, chap 10])

W s
1/3(a) = {b ∈ ΣB : ∀n ≥ 0, d(σn(a), σn(b)) ≤ 1/3}

= {b ∈ ΣB : ∀n ≥ 0, an = bn} ,
Wu

1/3(a) = {b ∈ ΣB : ∀n ≤ 0, d(σn(a), σn(b)) ≤ 1/3}
= {b ∈ ΣB : ∀n ≤ 0, an = bn} ,

where d(a, b) =
∑∞
n=−∞ 2−(2|n|+1)δn(a, b) and δn(a, b) is 0 when an = bn and 1

otherwise.
So, if a, b ∈ ΣB and d(a, b) < 1/2, then a0 = b0 and Wu

1/3(a) ∩Wu
1/3(b) is a unique

point, denoted by the bracket [a, b] = (. . . , b−n, . . . , b−1, b0, a1, . . . , an, . . .).
If ϕ is a diffeomorphism of a surface (2-manifold), then the dynamics of ϕ on Λ is

topologically conjugate to a subshift ΣB defined by B, namely, there is a homeomor-
phism Π: ΣB → Λ such that, the following diagram commutes

ΣB
σ //

Π

��

ΣB

Π i.e., ϕ ◦Π = Π ◦ σ.
��

Λ
ϕ
// Λ

Moreover, Π is a morphism of the local product structure, that is, Π[a, b] =

[Π(a),Π(b)], (cf. [7, chap 10]).
If p = Π(θ) ∈ Λ, we say that θ is the kneading sequence of p.
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