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CONTINUATION OF UNITARY DERIVED FUNCTOR MODULES
OUT OF THE CANONICAL CHAMBER

Thomas J. Enright and Joseph A. Wolf

Resume

On decrit une methode qui permet de suivre I'unitarite lors de la continuation
coherente des representations des series discretes quand Ie parametre sort de la
chambre de Weyl de Borel-de Siebenthal. Au cas ou les modules de representations
des series discretes sont obtenus en appliquant Ie foncteur derive de Zuckerman a
un module de Verma generalise qui est construit a partir d'une representation
unidimensionelle, la methode est decrite explicitement. Des programmes d'ordina-
teurs traitant les cas E g , E ^ , E g sont presentes en appendix. Un certain nombre de
nouvelles represensations singulieres unitaires resultent de cette methode.

Abstract
A method is described for following unitarity during coherent continuation of
discrete series representations as the parameter passes out of the Borel-de
Siebenthal Weyl chamber. In the case where the discrete series representations
are derived functor modules, obtained from generalized Verma modules which in turn
are induced from one-dimensional representations, the computation is carried out
explicitly, and computer programs are appended which treat the E , E^ and Eg cases.
A number of new singular unitary representations are produced.

Partially supported by National Science Foundation grant MCS-8300793
'Partially supported by National Science Foundation grant MCS-8200235 and the
Miller Institute for Basic Research in Science.
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Let G be a real semisimple Lie group, let 6 be a Cartan involution of G,

and let K denote the maximal compactly embedded subgroup of G which is the fixed
point set of 9 . We write So*^ for the real Lie algebras. g,k for their complex-
ifications, and 9 for the automorphisms induced on 9- and g. In the work of
Wallach [ 7 ] and Enright-Howe-Wallach [ 3 ] , G is a simple group of hermitian type
and one varies a character on the center of K in order to continue the holomorphic
discrete series. In [ 4 , 5 ] , using the Zuckerman derived functors, these results
were extended to cover certain non highest weight modules. Among other results is
a proof of unitarity for certain coherent continuations of discrete series repre-
sentations out of the Borel-de Siebenthal [ 1 ] Weyl chamber. These results are
tabulated in Appendix 1. They are based on

THEOREM. Let q be a 9-stable parabolic subalgebra of g , say q » m+n
where n is the nilradical and m is a 9-stable Levi component, such that
[ n n l i , n ] « 0 and n - nig ®TR c where " o '"^So- Fix a cartan subalgebra
I?Q C MQ of SQ and \ € ̂ * such that the irreducible m-modules F ( A ) of highest
weight X is finite dimensional and unitarizable. Choose C e b* corresponding
to a central element of m and normalized so that ( i ) the one-dimensional m-module
F(0 is unitarizable, and (ii) < ̂ .a> > 0 for all roots a € A ( » ) . Assume that the
relative Verma module

N(X+zO - U( g ) ®^ ^ FO+zO

is irreducible for z ̂  c. Let

F1 : C ( g , » n k ) -. C ( g , k )

denote the i^" right derived functor, of the It-finite submodule functor, from the
category of g-modules that are completely reducible and locally finite for m n k.
Let s s dim k/innk. Then r^CX+cO is zero or unitarizable.

See [ 5 ] for the proof of this theorem.
This situation arises when rank K « rank G , the root ordering is such that

there is just one noncompact simple root (say o i g ) , necessarily of coefficient 1 or
2 in the maximal root, and q is the maximal parabolic subalgebra of g defined
by cig. The hermitian case, coefficient 1, is the case of Enright-Howe-Wallach [ 3 ] .
Now suppose that Op has coefficient 2 in the maximal root and denote

A ( i ) - (roots 8: ô  has coefficient i in 8 }

so the full root system A - A ( - 2 ) u A ( - l ) U A ( 0 ) u A ( l ) U A ( 2 ) . Then, if
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UNITARY DERIVED FUNCTOR MODULES

g, = k + p as usual under 9,

B» • I? + £ 8g . nnp « S 8g and tt nk • ^ g.
A(0) A(l) p A(2) p

^ € b* is normalized by

2 < ^ , ( X Q > / (a^a^) • 1 and < ^ . 0 > « 0 for all simple B ̂  a^ .

Given X, we normalize it on the line & = KZ; by adding a multiple of ^, so that

X + z^ + p € C w> z < 0

where C is the q-antidominant Weyl chamber and p as usual is half the sum of the
positive roots. The question, now, for applying the theorem is to find the first

reduction point, i.e. the smallest number a = a(X) such that N(X+a^) is reducible.

Then the theorem says that

r^CX+zO is a unitarizable (8,K)-module whenever z < a

and X + z Z ; is a A W- integral.

That gives quite a number of new irreducible unitary representations, as one sees

from the tabulation in Appendix 1, for the case dim F(X) • 1. There, for example,

it gives 30 new unitary representations of Eg g » wi-th singular Infinitesimal

character, it gives 17 for E, p. . » and ^ gives 11 for Er rk * .7»"eAi 0,UgA^

The key to finding the first reduction point is, of course, Jantzen^s

irreducibility criterion [6] for relative Verma modules. Jantzen's contravariant

form — or, equivalently, its hermitian analog — has formal determinant on N(X')

given by

TT (non.e.0) TT TT ^(^^ - n)?'''na)

weights a€A(n) n positive { n v <ata / /

of M(X' ) integer

where M( X* ) is the ordinary Verma module and where

£)('(x0 - > det(w) ev(v>+p)

w€W(«,l»)

Here N(X ' ) is irreducible if and only if the determinant is nonzero. In other

words, if we define

X(X' ,a) - ^

w€W(a, l ) )

W(SQ<X'+P))
det(v) e

then N ( X ' ) can only reduce when
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a) there is at least one root a € A(u) such that 2< X'+p,a> / <a,a > is a

positive integer, and

b) the sum over all such roots a, of the X(X',a), does not vanish.

Thus we can test N(X + z0 for reduction in a systematic manner, as follows:

1. Compute 2<X+p,a> /< a,a> for every a € A(n). Note that

2 < X + z C + p , a > / < a , a > is obtained from it by adding z x (coefficient of (Xp in a).

Note that z must be an integer or half-integer in order for \ + zC + p to be

AdO-integral, thus in order for F^X + zS) to be nonzero. Start with z the

smallest integer or half-integer such that some < \ + z^ +p,a ) /< a,a>, a € A(n),

is a positive integer.

2. Let A « {a€A(n): 20 + zX, +p.a> /< a,a> is a positive integer}.

If A is empty then N(X+zQ is irreducible.

3. Suppose A is not empty. Given a€A, suppose there is some B€ A(n)

with < X + z C + p , B > m 0 and with s^(B) € A(m), i.e. with <s^(B) ,^> - 0. Then

< s^(X+z^+p) .s^(B)> « < X + z ^ + p , B > « 0 shows s^(X + z^ + p) to be A(»)-singular,

so XCX+z^ .a ) - 0.

A. Let B « {a€A: there is nu B as in (3) above}. If B is empty then

N(X+zQ is irreducible.

5. Suppose B is not empty. If a€B then X (X +z C ,o O ^ 0. Thus the only

way that we can have ^ X(X+z^ ,a) m 0 is if the set B decomposes into pairs
Q € B

{a,a'} such that s«,(X+z^+p) and s , (X+z^+p ) differ by an element w € W(m,b)

which has det(w) » -1. Note that, for such a pair, < s (X + zC + p) ,0 «

< ws^{\ •*• zX, + p) ,0 « < s * (X + z^ + p) ,^ > , so we need only try to pair off elements

a,a* € B for which < s (X + z^ + p),0 « < s , (X + z^ + p) ,^> .

6. Let C » {a€B: there is no a '€ B forming a pair {a,a'} as in (5) above}.

Then N(X+zO is irreducible if and only if C is empty.

7. If N(X- t -zO is reducible then \ + zC, is the first reduction point.

If N ( X + z O is irreducible, increase z by i§ and start over again at (2).

In the case dim F(X) « 1, we recently carried out this computational

program by hand for the classical simple groups G with rank K c rank G, by arrang-

ing the "matrix" ( 2 < X + z^+P ,a> / <a,a>) ^ . / . in a way that made the various tests

relatively straightforward and that made induction arguments convenient. This

doesn't work for the exceptional groups, but the structures of types G^ and F^

are sufficiently small so that hand calculation was not difficult.

We illustrate the test for reduction by doing the case G « Sp(l,n-l). Let

a,, l ^ i ^n» be the simple roots with a^ « ^"^.n^ 1 <- i < n1 and ^'^n' For
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