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UNDECIDABLE THEORIES OF VALUATED ABELIAN GROUPS

Peter H. Schmitt - Heidelberg
INTRODUCTION
Since their first appearence in [5] valuated abelian groups have quickly developed
into a popular and promising area of research in abelian group theory. For infor-
mation on the goals and achievments of this theory we refer to the survey ar-
ticles [4] and [2). A1l we need about valuated abelian groups for the purpose of
this paper will be explained in section 1 below.
We are interested in a modeltheoretic investigation of the class of valuated
abelian groups. Ideally we would wish to obtain a complete classification upto
elementary equivalence. Experience has shown that this problem can be attacked
with hope for success only if the theory under consideration is decidable. (It is
ofcourse possible to construct theories with a complete system of elementary in-
variants, where the question , which finite combinations of these are consistent
is undecidable; but this situation is unlikely to occur for the "natural" theories
arising from mathematical practise) Consequently the first step in the pursuit of
our ideal goal is to ask: Is the theory of valuated abelian groups decidable ?
We consider valuated abelian groups as two-sorted structures and restrict atten-
tion to abelian groups with a p-valuation for just one prime p. The main results
are:
Theorem: The theory of p-valuated abelian groups is hereditarily undecidable.
We will even show that the class of all p-valuated abelian groups, where the
underlying group is a direct sum of copies of Z(pg) is hereditarily undécidab]e.
Theorem: The theory of p-valuated torsionfree abelian groups is hereditarily un—
decidable.
It is possible to trace back the reasons for undecidability and arrive at classes
of valuated p-groups and valuated torsionfree groups respectively for which a re-
lative quantifier elimination procedure can be obtained (i.e. quantifiers over
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group elements are eliminated in favor of quantifiers over the linearly ordered
set of values). These results together with the accompanying decidability results
will appear elsewhere.

We assume that the reader is familiar with the basic facts about undecidability,
abelian groups and ordinal arithmetic. A1l groups considered are assumed to be

abelian.

§1 P-VALUATED GROUPS

Let G be a group, p a prime.
Definition: A p-valuation on G 1is a mapping v from G onto a successor
ordinal at+l satisfying the following axioms:
(v1) v(g-h) z min{v(g), v(h)}
(v2) v(pg) > v(g) if v(g) <a.
(v3) v(ig) =a iff g=0

We will follow established notation and write = for a , the greatest possible
value. Axiom (V3) is usually not counted among the axioms for a p-valuation, but
including it here gives stronger undecidability results.

A p-valuated group is a group G together with a p-valuation. A valuated group is
a group with a p-valutation for every prime p.

Lemmal.l: Every p-valuated group (G,v) satisfies for all g,h € G :

(z) if v(g) < v(h) then v(g+h) = v(g)
(1) if m € 2 <is not divisible by p then v(mg) = v(g).
Proof: Easy.

Definition: A p-filtration on G is a sequence GB , Bsa of subgroups of G
such that: (FO) Go =G
(F1) G, @G for B<ysa
(F2) PGy =
(F3) G = {0}

There is a one-one correspondence between p-filtrations and p-valuations on G.
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Lemma 1.2:
(Z) If v:G —> atl <s a p~valuation then Gg = {g€G : v(g)2f } de-

fines a p-filtration on G.

(i2) If GB » Bsa s a p-filtration then
( the smallest f<a with g G s Lf there exists one
v(g) = i B+1
] otherwise

defines a p-valuation .
Proof: Obvious.

Definition: The direct product (sum) of a family (Gi’vi) , i€l of p-valuated

groups consists of the direct product TT(Gi : i€l) ( resp. direct sum
E(Gi : i€l) ) of the underlying groups with the valuation v given in both

cases by v(g) = min{ vi(g(i)) ciely .

Definition : For given p-valuation v on G and integer s 2 1 we denote by
vp s the function given by :
Yo S(g) = min{ B : there is no h € G such that v(g+psh)2 B}
To make this definition work also for g € pSG we add a new element - on top

of «. We thus have by definition for all g € G: g € pSG iff vp S(g) = ®

Let L be the two-sorted first-order language with one sort of variables de-
noted by x,y,z,.. , the group vartables, and the other sort of variables denoted
by o,B,Y,... , the value variables; furthermore L contains a symbol for the
group operations +,- , a constant symbol 0 , a symbol for the order relation <
between values, a constant symbol « and a symbol v for the valuation.

It is straightforward how p-valuated groups are regarded as!l-structures.

Let TV{p) denote the L-theory of the class of all p-valuated groups. There will
certainly be models (M,v) of TV(p) where the ordered set Im(v) of values,
while still a model of the theory of well-orderings is not a well-ordered set.
These generalised p-valuated groups as we might call them will play no particular

rdle in the following.
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§2 THE UNDECIDABILITY RESULTS

Theorem 2.1: TV(p) <s hereditarily undecidable.

This theorem is an obvious corollary to the following result:

Theorem 2.2: The L-theory T(pg) of the class of p-valuated groups (G,v) with:
(Z) G s a direct sum of copies of Z(pg)
(i2) card(Im(v)) s 28
is hereditarily undecidable.

In the proof of theorem 2.2. we will use the following lemma :

Lemma 2.3: The class of all groups G with two distinguished subgroups CpsCy

such that :
<
(1) CZECJ—G
(2) G 1is a direct sum of copies of Z(pg)

18 hereditarily undecidable.
This lemma is obtained in turn from the following:
Lemma 2.4: The class of all groups G satisfying ng = {0} with one distingui-
shed subgroup C 1is hereditarily undectidable.
To derive lemma 2.3. from lemma 2.4. we note that any pair (G,C) with ng ={0}
can be interpreted as (G/CZ,CiﬁQZ) using a triple (G‘CI’CZ) subject to the
conditions of lemma 2.3. Lemma 2.4. itself was proved in [6] with 12 in place
of 9 . This latter improvement is due to W.Baur , [1] .
It seems to be an open question wether 9 is the best possible exponent in

Temma 2.4.

Proof of Theorem 2.2.

Let L* be obtained from L by adding two constant symbols Y1, for values
and let T' = T(pg) o2 .Because of T* ~ w(Yi'YZ) iff

T b va,8(a s B —> o(a,8)) it suffices to show that T° is hereditarily un-
decidable. To achieve this we have to construct for every given triple (G,Cl,CZ)

subject to the conditions of lemma 2.3. a p-valuation v on G such that
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