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We study families of objects in Fukaya categories, specifically ones whose de-
formation behaviour is prescribed by the choice of an odd degree cohomology
class. This leads to invariants of symplectic manifolds, which we apply to
blowups along symplectic mapping tori.

Nous étudions des familles d’objets dans des catégories de Fukaya, en particu-
lier celles dont le comportement infinitésimal est determiné par une classe de
cohomologie de degré impair. Cette étude aboutit à des invariants des variétés
symplectiques ; nous en tirons des conséquences pour les éclatements de tores
d’applications symplectiques.

Mém
oires

S
M
F

Imprimerie Sepec - 01960 Péronnas - France
ISSN 0249-633-X

ISBN 978-2-85629- -

  

Mémoires
de la SOCIÉTÉ MATHÉMATIQUE DE FRANCE

SOCIÉTÉ MATHÉMATIQUE DE FRANCE

2 0 1

Publié avec le concours du Centre National de la Recherche Scientifique

2
0

1
-

Numéro 137
Nouvelle série

In this work, we give a thorough study of Hurwitz stacks and associated

CHAMPS DE HURWITZ

J. BERTIN & M. ROMAGNY

4

4

788 9

Dépôt légal : juillet 2014 - N ° 04615140702

N
°1

3
7

P
���
S
e
id
e
l

A
B
S
T
R
A
C
T

A
N
A
L
O
G
U
E
S

O
F

F
L
U
X

A
S

S
Y
M

P
L
E
C
T
IC

IN
V
A
R
IA

N
T
S

.

  

Mém
oires

S
M
F

Imprimerie Sepec - 01960 Péronnas - France
ISSN 0249-633-X

ISBN 978-2-85629- -

  

Mémoires
de la SOCIÉTÉ MATHÉMATIQUE DE FRANCE

SOCIÉTÉ MATHÉMATIQUE DE FRANCE

2 0 1

Publié avec le concours du Centre National de la Recherche Scientifique

2
0

1
-

Numéro 137
Nouvelle série

In this work, we give a thorough study of Hurwitz stacks and associated

CHAMPS DE HURWITZ

J. BERTIN & M. ROMAGNY

4

4

788 9

Dépôt légal : juillet 2014 - N ° 04615140702

N
°1

3
7

P
���
S
e
id
e
l

A
B
S
T
R
A
C
T

A
N
A
L
O
G
U
E
S

O
F

F
L
U
X

A
S

S
Y
M

P
L
E
C
T
IC

IN
V
A
R
IA

N
T
S

.



Comité de rédaction

Jean BARGE
Emmanuel BREUILLARD

Gérard BESSON
Antoine CHAMBERT-LOIR

Jean-François DAT
Jean-Marc DELORT

Charles FAVRE
Daniel HUYBRECHTS

Yves LE JAN
Laure SAINT-RAYMOND

Wilhem SCHLAG

Raphaël KRIKORIAN (dir.)

Diffusion

Maison de la SMF Hindustan Book Agency AMS
Case 916 - Luminy O-131, The Shopping Mall P.O. Box 6248

13288 Marseille Cedex 9 Arjun Marg, DLF Phase 1 Providence RI 02940
France Gurgaon 122002, Haryana USA

smf@smf.univ-mrs.fr Inde www.ams.org

Tarifs

Vente au numéro : 40 € ($ 60)
Abonnement Europe : 300 € hors Europe : 334 € ($ 519)

Des conditions spéciales sont accordées aux membres de la SMF.

Secrétariat : Nathalie Christiaën

Mémoires de la SMF
Société Mathématique de France

Institut Henri Poincaré, 11, rue Pierre et Marie Curie
75231 Paris Cedex 05, France

Tél : (33) 01 44 27 67 99 • Fax : (33) 01 40 46 90 96
revues@smf.ens.fr • http://smf.emath.fr/

c⃝ Société Mathématique de France 2014

Tous droits réservés (article L 122–4 du Code de la propriété intellectuelle). Toute représentation
ou reproduction intégrale ou partielle faite sans le consentement de l’éditeur est illicite. Cette
représentation ou reproduction par quelque procédé que ce soit constituerait une contrefaçon
sanctionnée par les articles L 335–2 et suivants du CPI.

ISSN 0249-633-X

ISBN 978-285629-791-9

Directeur de la publication : Marc PEIGNÉ

Instructions aux auteurs

Les Mémoires de la SMF publient, en fran-
çais ou en anglais, de longs articles de re-
cherche, des monographies originales ou des sé-
ries d’articles centrés sur un même sujet. Les
volumes ont entre 100 et 150 pages environ.

Le manuscrit doit être envoyé en double
exemplaire au secrétariat des publications en
précisant le nom de la revue.

Le fichier source TEX (un seul fichier par ar-
ticle ou monographie) peut aussi être envoyé
par courrier électronique ou ftp, sous réserve
que sa compilation par le secrétariat SMF soit
possible. Contacter le secrétariat à l’adresse
électronique revues@smf.ens.fr pour obtenir
des précisions.

La SMF recommande vivement l’utilisa-
tion d’AMS-LATEX avec les classes smfart ou
smfbook, disponibles ainsi que leur documen-
tation sur le serveur http://smf.emath.fr/

ou sur demande au secrétariat des publications
SMF.

Les fichiers AMS-LATEX au format amsart
ou amsbook, ainsi que les fichiers LATEX au for-
mat article ou book sont aussi les bienvenus.
Ils seront saisis suivant les normes suivantes:

– taille des caractères égale à 10 points (op-
tion 10pt);

– largeur du texte (textwidth) de 13 cm;
– hauteur du texte (textheight) égale à

21.5 cm;
– le texte étant en outre centré sur une

feuille A4 (option a4paper).
Les autres formats TEX et les autres types de

traitement de texte ne sont pas utilisables par
le secrétariat et sont fortement déconseillés.

Avant de saisir leur texte, les auteurs sont in-
vités à prendre connaissance du document Re-
commandations aux auteurs disponible au se-
crétariat des publications de la SMF ou sur le
serveur de la SMF.

Instructions to Authors

In the Mémoires of the SMF are published,
in French or in English, long research articles,
original research monographs or series of arti-
cles on the same topic of current research. Each
volume should be approximately 100-150 pages
long.

Two copies of the original manuscript should
be sent to the editorial board of the SMF, indi-
cating to which publication the paper is being
submitted.

The TEX source file (a single file for each
article or monograph) may also be sent by
electronic mail or ftp, in a format suitable for
typsesetting by the secretary. Please, send an
email to revues@smf.ens.fr for precise infor-
mation.

The SMF has a strong preference for
AMS-LATEX together with the document-
classes smfart or smfbook, available with their

user’s guide at http://smf.emath.fr/ (Inter-
net) or on request from the editorial board of
the SMF.

The AMS-LATEX files using the document-
classes amsart or amsbook, or the LATEX files
using the documentclasses article or book are
also encouraged. They will be prepared follow-
ing the rules below:

◃ font size equal to 10 points (10pt op-
tion);

◃ text width (textwidth): 13 cm;
◃ text height (textheight): 21.5 cm;
◃ the text being centered on a A4 page

(a4paper option).
Files prepared with other TEX dialects or

other word processors cannot be used by the
editorial board and are not encouraged.

Before preparing their electronic manuscript,
the authors should read the Advice to authors,
available on request from the editorial board of
the SMF or from the web site of the SMF.
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ABSTRACT ANALOGUES OF FLUX

AS SYMPLECTIC INVARIANTS

Paul Seidel

Abstract. — We study families of objects in Fukaya categories, specifically ones whose
deformation behaviour is prescribed by the choice of an odd degree cohomology class.
This leads to invariants of symplectic manifolds, which we apply to blowups along
symplectic mapping tori.

Résumé (Analogues abstraits du flux comme invariants des variétés symplectiques)
Nous étudions des familles d’objets dans des catégories de Fukaya, en particulier

celles dont le comportement infinitésimal est determiné par une classe de cohomologie
de degré impair. Cette étude aboutit à des invariants des variétés symplectiques ; nous
en tirons des conséquences pour les éclatements de tores d’applications symplectiques.
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INTRODUCTION

Motivation

An interesting invariant of a closed symplectic manifold M is its flux group, a sub-
group of H1(M ;R) obtained from the topology of loops of symplectic automorphisms
[74, Section 10.2]. This can be effectively studied using Floer cohomology, one of the
notable insights being that the flux group is always discrete [80]. Now consider the
following question:

Are there flux-type subgroups in H2k−1(M ;R), for k > 1, which can be
nontrivial for manifolds with H1(M ;R) = 0?

The last clause excludes one obvious direction, which is to take the subgroup formed
by the image of [ωk

M ] under all the mapsH2k(M ;R)→ H2k−1(M ;R) induced by loops
of symplectic automorphisms (this reproduces the flux group for k = 1, but it vanishes
if H1(M ;R) = 0, by the rigidity theorem [61]). Really, what the question is aiming
for is a formalism in which higher degree differential forms replace the closed 1-forms
in their usual relation to symplectic vector fields, so anything related to symplectic
automorphism groups can’t really be the answer. This clarification may make the
whole endeavour seem quixotic.

Still, if one looks at it from the point of view of quantum cohomology QH ∗(M),
the situation is less clear-cut. Passage to quantum cohomology generally reduces the
grading to Z/2, putting all odd degree cohomology formally on an equal footing (but
degree one classes retain a more direct connection to geometry, because the quantum
product with such a class remains equal to the classical cup product; this is by a
version of the divisor axiom). In that vein, it turns out that one can give a partially
positive answer to the question above, at least if one is willing to settle for an invariant
which is somewhat more obscure, lacking the simplicity and geometric elegance of the
flux group.
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2 INTRODUCTION

The examples

As an application, we consider a particular pair of 28-dimensional simply-connected
symplectic manifolds (the following is only an outline of the construction, omitting
many details and assumptions). Let K be a K3 surface, and T ⊂ K a symplectically
embedded two-torus. Take K7, the product of seven copies of K, and blow up the
12-dimensional submanifold T 2 × K2. Denote the outcome by Btriv. This has a
more interesting cousin B, defined in the same way but where the blowup locus is a
product of T and the symplectic mapping torus of a certain automorphism of K ×K
(embedded into K7 by using the h-principle).

It is known that the symplectic automorphism group of K has many connected
components which are not detected by classical topological means (see for instance
[94], or [97] for a mirror symmetry viewpoint). Based on that, one can ensure that
Btriv is diffeomorphic to B, and that their symplectic structures are deformation
equivalent. Nevertheless, for a specific choice of automorphism, we will show:

B and Btriv are not symplectically isomorphic.

The construction of these manifolds is similar to that of the first known examples of
distinct but deformation equivalent symplectic structures [73], which were also based
on blowing up. That paper used (roughly speaking) a bordism-valued refinement of
Gromov-Witten theory as an invariant. Because such refinements are hard to define
and compute, we can’t say how they would behave in our situation. In any case, the
approach taken in this paper is quite different.

The invariant. — Let’s temporarily go back to the simpler case of symplectic
mapping tori. The symplectic mapping torus of an automorphism f is a symplectic
fibration over T which has trivial monodromy in one direction, and monodromy f in
the other direction. Let’s say for concreteness that T = R2/Z2 has coordinates (p, q),
and that the monodromy is trivial in q-direction, and f in p-direction. The sym-
plectic mapping torus contains plenty of Lagrangian submanifolds fibered over trivial
circles {p}× S1. If one then moves such a Lagrangian submanifold by the time-one
map of the symplectic vector field ∂p, the effect is the same as applying f fibrewise.
For suitable examples of f , this allows one to show that [dq] does not lie in the flux
group, which distinguishes the mapping torus from the trivial one (a similar approach
was used in [92]).

To make a more abstract version of the argument, we consider families of objects
in the Fukaya category whose deformation is driven by the class [dq]. The idea of in-
troducing families of Lagrangian submanifolds into Floer cohomology theory is due to
Fukaya [33], [30]. Generally speaking, it shows much potential for leading to funda-
mental insights as well as applications, but also encounters considerable foundational
difficulties. Here, we bypass these issues by choosing a more constrained version of
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