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LIFTING THE CARTIER TRANSFORM
OF OGUS-VOLOGODSKY MODULO p"

Daxin Xu

Abstract. — Let W be the ring of the Witt vectors of a perfect field of characteristic p,
X a smooth formal scheme over W, X’ the base change of X by the Frobenius morphism
of W, X}, the reduction modulo p? of X’ and X the special fiber of X. We lift the Cartier
transform of Ogus-Vologodsky defined by ¥/, modulo p™. More precisely, we construct
a functor from the category of p™-torsion &x-modules with integrable p-connection
to the category of p™-torsion Ox-modules with integrable connection, each subject to
suitable nilpotence conditions. Our construction is based on Oyama’s reformulation of
the Cartier transform of Ogus-Vologodsky in characteristic p. If there exists a lifting
F : X — X’ of the relative Frobenius morphism of X, our functor is compatible with a
functor constructed by Shiho from F'. As an application, we give a new interpretation
of Faltings’ relative Fontaine modules and of the computation of their cohomology.

Résumé (Relevement de la transformée de Cartier d’Ogus-Vologodsky modulo p™)
Soient W I’anneau des vecteurs de Witt d’un corps parfait de caractéristique p > 0,
X un schéma formel lisse sur W, X’ le changement de base de X par '’endomorphisme
de Frobenius de W, X} la réduction modulo p? de X’ et X la fibre spéciale de X. On
reléve la transformée de Cartier d’Ogus-Vologodsky définie par ¥),. Plus précisément,
on construit un foncteur de la catégorie des 0x,-modules de p™-torsion & p-connexion
intégrable dans la catégorie des Ox-modules de p™-torsion a connexion intégrable,
chacune étant soumise a des conditions de nilpotence appropriées. S’il existe un re-
levement F' : X — X’ du morphisme de Frobenius relatif de X, notre foncteur est
compatible avec une construction « locale » de Shiho définie par F'. Comme applica-
tion de la transformée de Cartier modulo p™, on donne une nouvelle interprétation des
modules de Fontaine relatifs introduits par Faltings et du calcul de leur cohomologie.
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CHAPTER 1

INTRODUCTION

1.1. — In his seminal work [34], Simpson established a deep relation between com-
plex representations of the fundamental group of a projective complex manifold X
and Higgs modules on X, leading to a theory called nonabelian Hodge theory. Re-
call that a Higgs module on X is a coherent sheaf M together with an &x-linear
morphism 0 : M — M Q¢ Qk/c such that 6 A 8 = 0. (Simpson’s result uses, but
is much deeper than, the Riemann-Hilbert correspondence relating representations
of the fundamental group and modules with integrable connection.) In [14], Faltings
developed a partial p-adic analog of Simpson correspondence for p-adic local systems
on varieties over p-adic fields.

On the other hand, in [31], Ogus and Vologodsky constructed a version of non-
abelian Hodge theory in characteristic p. If X is a smooth scheme over a perfect
field k of characteristic p > 0, they established an equivalence, called Cartier trans-
form, between certain modules with integrable connection on X /k and certain Higgs
modules on X /k, depending on a lifting of X’ (the base change of X by the Frobe-
nius morphism of k) to W (k). They also constructed a canonical quasi-isomorphism
betweeen certain truncations of the de Rham complex of a module with integrable
connection and of the Higgs complex of its Cartier transform. This result generalizes
the Cartier isomorphism and the decomposition of the de Rham complex given by
Deligne-Illusie [11]; it is also an analog of a corresponding result in Simpson’s theory.

The relation between Faltings’ p-adic Simpson correspondence and the Cartier
transform is not yet understood. The first difficulty is to lift the Cartier transform
modulo p™. This is our main goal in the present article. Shiho [33] constructed a “local”
lifting of the Cartier transform modulo p™ under the assumption of a lifting of the
relative Frobenius morphism modulo p"*!. In [32], Oyama gave a new construction
of the Cartier transform of Ogus-Vologodsky as the inverse image by a morphism of
topoi. His work is inspired by Tsuji’s approach to the p-adic Simpson correspondence
([2] IV). In this article, we use Oyama topoi to “glue” Shiho’s functor and obtain a
lifting of the Cartier transform modulo p™ under the (only) assumption that X lifts
to a smooth formal scheme over W.
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2 CHAPTER 1. INTRODUCTION

1.2. — Shiho’s construction applies to modules with A-connection, a notion of in-
troduced by Deligne. Let f : X — S be a smooth morphism of schemes, M an
Ox-module and X € T'(S, Os). A A-connection on M relative to S is an f~!(Og)-lin-
ear morphism V : M — M Qg Qﬁ(/s such that V(zm) = zV(m) + Am ® d(z) for
every local sections = of Ox and m of M. 1-connections correspond to the classical
notion of connections, and 0-connections to Higgs fields. The integrability of A-con-
nections is defined in the same way as for connections. We denote by MIC(X/S)
(resp. A-MIC(X/S)) the category of &x-modules with integrable connection (resp.
A-connection) relative to S.

1.3. — In the following, if we use a gothic letter ¥ to denote an adic formal W-scheme,
the corresponding roman letter 7' will denote its special fiber. Let X be a smooth
formal scheme over W and n an integer > 1. We denote by 0 : W — W the Frobenius
automorphism of W, by X’ the base change of X by o and by X,, the reduction
of X modulo p™. In [33], Shiho constructed a “local” lifting modulo p™ of the Cartier
transform of Ogus-Vologodsky defined by X5, using a lifting Fy, 1 : Xp41 — X, of
the relative Frobenius morphism Fy , : X — X’ of X.

The image of the differential morphism dF, 1 : F;fH(Q%E,nH/Wn“) — Q%&LH/WH]

of F, 1 is contained in pQ;nH/WnH. Dividing by p, it induces an Oy _-linear mor-
phism

dFpi1/p: F:(Qé/n/wn) - Q;en/wn'
Shiho defined a functor (depending on F,, 1) ([33] 2.5)
(1.3.1) ®,, : p-MIC(X]/W,) — MIC(X,/W,)

(M'\V') — (Fy(M'),V),
where V : F¥(M') — Q%En/Wn ®ex, Fy¥(M’) is the integrable connection defined for
every local section e of M’ by
o dFy

(1.3.2) V(F;(e)) = (ld®TH)(F:(V'(e)))-

Shiho showed that the functor ®, induces an equivalence of categories between
the full subcategories of p-MIC(X!,/W,,) and of MIC(X,,/W,,) consisting of quasi-
nilpotent objects ([33] Thm. 3.1). When n = 1, Ogus and Vologodsky proved that the
functor ®; is compatible with the Cartier transform defined by X, ([31] Thm. 2.11;
[33] 1.12).

1.4. — The categories of connections and their analogs we will be studying can be
understood geometrically using the language of groupoids. Our groupoids will be
relatively affine and hence correspond to Hopf algebras. If (7, A) is a ringed topos,
a Hopf A-algebra is the data of a ring B of 7 together with five homomorphisms

d
A= B, §: B— B®, B (comultiplication),
dy
7w : B — A (counit), o : B — B (antipode),
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CHAPTER 1. INTRODUCTION 3

where the tensor product B ®4 B is taken on the left (resp. right) for the A-algebra
structure of B defined by ds (resp. d1), satisfying the compatibility conditions for
coalgebras (cf. 4.2, [4] IT 1.1.2).

A B-stratification on an A-module M is a B-linear isomorphism
(1.4.1) e:BRQAM S5 M®®a B,

where the tensor product is taken on the left (resp. right) for the A-algebra structure
defined by dy (resp. d;), satisfying 7*(¢) = idjs and a cocycle condition (cf. 5.4).

1.5. — A classical example of a Hopf algebra is given by the PD-envelope of the
diagonal immersion. Let ¥ be a smooth formal W-scheme, ¥? the product of two
copies of X over W. For any n > 1, we denote by Px, the PD-envelope of the diagonal
immersion X,, — X2 compatible with the canonical PD-structure on (W,,pW,)
and by Px the associated adic formal W-scheme. The Ox-bialgebra Op, of X,,, is
naturally equipped with a formal Hopf Ox-algebra structure (i.e., for every n > 1, a
Hopf O%,-algebra structure on Op, , which is compatible) (cf. 4.7, 5.10).

A quasi-nilpotent integrable connection relative to W,, on an 0%, -module M (cf.
5.3) is equivalent to an Op,-stratification on M ([5] 4.12). Following Shiho [33], we
give below an analogous description of p-connections; the relevant Hopf algebra is
constructed by dilatation (certain distinguished open subset of admissible blow-up)
in formal geometry.

1.6. — We define by dilatation an adic formal X2-scheme Ry satisfying the following
conditions (3.5).

(i) The canonical morphism Ry ; — X? factors through the diagonal immersion
X - X2

(ii) Let X — X2 be the morphism induced by the diagonal immersion. For any flat
formal W-scheme ) and any W-morphisms f : 2) — X2 and g : Y — X which fit into
the following commutative diagram

Y——9
QL l/f
X —— X2
there exists a unique W-morphism [’ : Q) — Ry lifting f.

We denote abusively by g, the direct image of O, via the morphism Rx ,ar —
Xsar (1). Using the universal property of Rx, we show that Or, is equipped with a
formal Hopf O'x-algebra structure (4.11).

The diagonal immersion X — X2 induces a closed immersion ¢ : X — Rz (3.5).
For any n > 1, we denote by T , the PD-envelope of ¢, : X, — Rx, compatible
with the canonical PD-structure on (W,,p W,,). The schemes {T% ,,},>1 form an adic
inductive system and we denote by Tx the associated adic formal W-scheme. By the

universal property of PD-envelope, the formal Hopf algebra structure on g, extends
to a formal Hopf O’x-algebra structure on the Ox-bialgebra O, of X,. (5.15).
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4 CHAPTER 1. INTRODUCTION

In ([33] Prop. 2.9), Shiho showed that for any n > 1 and any 0%,k -module M,
an Or, -stratification on M is equivalent to a quasi-nilpotent integrable p-connection
on M (cf. 5.17).

1.7. — Shiho’s local construction deals with modules with p-connection and connec-
tion, which is different to the (global) Cartier transform of Ogus-Vologodsky. We need
a fourth Hopf algebra, introduced by Oyama [32], and we will use it to define a notion
of stratification that will enable us to globalize Shiho’s construction.

For any k-scheme Y, we denote by Y the closed subscheme of Y defined by the
ideal sheaf of 0y consisting of the sections of &y whose pth power is zero. In (3.5),
4.9, we construct an adic formal X2-scheme Qx satisfying the following conditions.

(i) The canonical morphism Qz 1 — X? factors through the diagonal immersion
X - X2

(i) For any flat formal W-scheme 2 and any W-morphisms f : 2 — X2 and
g :Y — X which fit into the following commutative diagram

Y——9

s

X ——=3x2%

there exists a unique W-morphism f’: Q) — Qx lifting f.

We denote abusively by 0g,. the direct image of 0g, via the morphism Qx sar —
X,ar (1). It is also equipped with a formal Hopf 0x-algebra structure (4.11).

Let Px be the formal ¥2-scheme defined in 1.5, ¢ : ¥ — Px the canonical mor-
phism lifting the diagonal immersion X — X2 and _¢ the PD-ideal of Op, associated
to ¢;. For any local section of ¢, we have 2P = plzlPl = 0. Then we deduce a
closed immersion Py — X over X¥2. By the universal property of Qz, we obtain an
X¥2-morphism X : Py — Qx.

1.8. — The groupoids and Hopf algebras constructed above give a geometric inter-
pretation of Shiho’s functor ® and of a variation of ® which can be globalized. Let
F : X — X’ be a lifting of the relative Frobenius morphism F , of X. By the uni-
versal properties of Ry and of PD-envelopes, the morphism F? : ¥2 — X’? induce
morphisms ¥ : Qx — Ry (6.6) and ¢ : Px — Ty (6.8) above F? which fit into a
commutative diagram (6.9.1)

(1.8.1) P Ty
P
Q.’f qu
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CHAPTER 1. INTRODUCTION 5

where w : Txs — Ry (1.6) and X : Px — Qx (1.7) are independent of F. Moreover,
¢ and ¢ induce homomorphisms of formal Hopf algebras Or,, — Fy(0q,) and
Or,, — Fy(Opy). The above diagram induces a commutative diagram (6.9.2)

(1.8.2) { category of ﬁae/n-mOdlﬂeS} v {category of ﬁxn—modules}
with Og_,-stratification with &g . -stratification

w::i sz

{ category of 0%/ —modules} on {category of ﬁxn—modules}'
with Or,,-stratification with Op,-stratification

In ([33] 2.17), Shiho showed that the functor ¢¥ is compatible with the functor &,
defined by F' (1.3.1), via the equivalence between the category of modules with quasi-
nilpotent integrable connection (resp. p-connection) and the category of modules with
Op,-stratification (resp. Or, -stratification).

1.9. — Let us explain the Oyama sites & and & whose crystals corresponding to g,
and Og, stratification, and a morphism of topoi which will be used to lift the Cartier
transform and to globalize the funtor .

Let X be a scheme over k. An object of & (resp. &) is a triple (U, %, u) consisting
of an open subscheme U of X, a flat formal W-scheme ¥ and an affine k-morphism w :
T — U (resp. u: T — U (1.7)). Morphisms are defined in a natural way (cf. 7.1). We
denote by &’ Oyama’s category associated to the k-scheme X’. We denote by & (resp.
% ) the topos of sheaves of sets on & (resp. &) with respect to the Zarisiki topology
(7.8).

Let (U,%,u) be an object of &. The relative Frobenius morphism Fr/, : T — T’
factors through a k-morphism fr/, : T — T’'. We have a commutative diagram

(1.9.1) U = TC T
o

Fyk Fr/ Fr)
U/ u’ Z/ C T/,

where the vertical arrows denote the relative Frobenius morphisms. Then
(U',%,u" o fri) is an object of &’. We obtain a functor (9.1.2)

(1.9.2) pi&—&, (UTu) e (U, T, 0 frp).

The functor p is continuous and cocontinuous (9.3) and induces a morphism of
topoi (9.1.3)

(1.9.3) Cx/w:&— &

such that its inverse image functor is induced by the composition with p.
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6 CHAPTER 1. INTRODUCTION

1.10. — Let n be an integer > 1. The contravariant functor (U,%,u) — I'(%, 0z,)
defines a sheaf of rings on & (resp. &) that we denote by Og,, (resp. Og ). By def-
inition, we have C% w (0s',n) = Og . To give an Og ,-module (resp. Og,,-module)
# amounts to give the following data (8.2):

(i) For every object (U, %, u) of & (resp. &), an u4(0z,)-module .Z(y ) of Usar.
(ii) For every morphism f : (U1,%1,u1) — (Usz,%a,uz) of & (resp. &), an
u14%(Os, ,)-linear morphism

cyruix (O, ) ®(u2*(ﬁz2,n))\[} (y(UQ,fz)”Ul = FU,,51)
1

satisfying a cocycle condition for the composition of morphisms as in ([5] 5.1).

Following ([5] 6.1), we say that .# is a crystal if ¢y is an isomorphism for every
morphism f and that .# is quasi-coherent if .7 <) is a quasi-coherent u, (s, )-mod-
ule of U,a, for every object (U, T, u). We denote by €9 (0 ,,) (resp. €9°P (O 1))
the category of quasi-coherent crystals of O¢ ,-modules (resp. Og ,-modules).

The following are the main results of this article.

PROPOSITION 1.11 (8.10). — Let X be a smooth formal .#-scheme and X its spe-
cial fiber. There exists a canonical equivalence of categories between the category
€N (Og ) (resp. €I (Og 1)) and the category of quasi-coherent O, -modules with
O'r, -stratification (resp. Oq. -stratification) (1.4), 1.6, 1.7.

THEOREM 1.12 (9.12). — Let X be a smooth k-scheme. Then, for any n > 1, the
inverse image and the direct image functors of the morphism Cx,w (1.9.3) induce
equivalences of categories quasi-inverse to each other

(1.12.1) GO g1 ) 2 I (Og,m)-

The theorem is proved by fppf descent for quasi-coherent modules.

We call Cartier equivalence modulo p™ the equivalence of categories C% /W (1.12.1).
Indeed, given a smooth formal W-scheme X with special fiber X, Oyama proved 1.12
in the case n = 1 and showed that C% /w is compatible with the Cartier transform of
Ogus-Vologodsky defined by the lifting X%, of X’ (cf. [32] Section 1.5). In Section 12,
we reprove the later result in a different way (12.22).

The following result explains the relation between the Cartier equivalence C% /W
and Shiho’s construction, in the presence of a lifting of Frobenius.

PROPOSITION 1.13 (9.17). — Let X be a smooth formal W-scheme, X its special fiber,
F : X — X' alifting of the relative Frobenius morphism Fx , of X and 1;; the functor
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