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Exponential convergence of the first eigenvalue
divided by the dimension, for certain sequences
of Schrodinger operators

Johannes Sjostrand

0. Introduction

In [HS] we introduced a class of semi-classical Schrédinger operators
of the form ——%—hZA + V(™ on R™ for m = 1,2,..., where V(™ satisfy
various assumptions, implying in particular convexity. If p(m;h) denotes the
first eigenvalue, we showed among other things that u(m;h)/m tends to a

limit ¢(co; h) when m — oo and that :
(0.1) p(m; h)/m — p(co;h) = O(h/m) .

We also proved (by adapting the methods of [S1, 2]) that u(oco;h) has an
asviuptotic expansion ~ h(go + p1h+...), when h — 0. One element of the
proof was the use of certain WKB-expansions, more precisely, we showed that
it L(po(m) + pi(m)h + ...) is the formal asymptotic expansion of p(m;h),
then ju(m)/m — pr when m — oo with an exponential rate of convergence.

A natural question is then wether (0.1) can be improved to :
(0.2) p(m; h)/m — p(oo; h) = O(e™"™™)

for some suitable x > 0.

In this work, we establish estimates of the form (0.2) for certain sequences
of VU™ | A general result of this type is given in Theorem 3.1, and in Theo-
rem 4.1 we obtain a better rate of exponential convergence for a somewhat

more restricted class of potentials. In particular, we study in section 5 the
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same sequence of potentials related to statistical mechanics as in [HS], and
show that we get exponential convergence with a rate which seems to be
optimal.

In [HS] we obtained exponential convergence at the level of WKB-
eigenvalues by introducing exponential weights in the study of certain Hessians
of the logarithm of certain WKB approximations to the first eigenfunction.
These estimates were obtained by adapting the WKB-constructions in the
complex domain of [S1, 2], and by introducing certain exponential weights in
these estimates. In the present work, we also establish exponentially weighted
estimates of certain Hessians of the logarithm of the first eigenfunction, but
this time we work with the exact first eigenfunctions, and inspired by the ap-
pendix b in [SIWYY], we use systematically the maximum principle in order
to obtain these estimates. In particular, we never use any small h expansions,
and our results are uniform in hA.

The plan of the paper is the following : In section 1, we make some
estimates for the log. of the first eigenfunction near |z| = oo, in the case
when the potential is a compactly supported perturbation of %xz. These
estimates, which are not necessarily uniform with respect to the dimension,
form a preparation for the more refined estimates that we obtain in section 2.
In section 3 we get a first result about the validity of (0.2).

In section 4, we start by examining a sequence of simple quadratic po-
tentials, and we see that Theorem 3.1 does not give the optimal  in this
case. Then after some further exponential estimates in the style of section 2,
we obtain the sharper Theorem 4.1, which is valid under somewhat different
assumptions. In section 5, we apply this result to the model problem from
statistical mechanics already studied in [HS], and establish (0.2) with a set

of k which seems to be optimal.

We thank B. Helffer for some stimulating discussions as well as the Wis-
senschaftskolleg zu Berlin and the mathematics department of the Université
de Tunis for their hospitality.

1. Some estimates for the exterior Dirichlet problem for the

harmonic oscillator
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EXPONENTIAL CONVERGENCE OF THE FIRST EIGENVALUE

Let B be an open a ball in R™ centered at 0. Then the Dirichlet realiza-
tion P of —A+2? in R"\ B has discrete spectrum. Choose p € R such that
22 — >0 in R™\ B. Then p is also below the infimum of the spectrum of
the operator P just defined, and we let K : C*°(8B) — C*°(R" \ B) be the
operator such that u = Kv belongs to the domain of P outside a compact
set and solves the problem :

(1.1) (-A+22—p)u=0, ulpgp=v.

Using weighted L? estimates we see that 8% Kv(z) — 0, |z| — oo, for every
«. Using the maximum principle we then have that v > 0 = Kv > 0. This
implies that if v; < vy then Kv; < Kvs,and also Kv < supw, if supv >0,
Kv > infv if infv < 0. Of particular interest is K (1) which is a radial
function ug = ug(|z|), with :

(1.2) (=02 —((n—=1)/r)0r + 7% — p)ug(r) =0, uo(l)=1.

Here and in the following we assume (without loss of generality) that B is the
unit ball. Writing ug = r~(®=1/2 f(r), we know that f is in L%([1,00[,dr)

and satisfies the Schrodinger equation :
(1.3) (-2 424+ (n-1(n-3)/4r2—pu)f=0, f()=1.

We can construct ¢(r) with
(1.4) P(r)y~r+ayrt4azr3+..., r— 40,
such that
(1L5) (=821 4 (n—1)(n—3)/4r? — (e ) = ) F(r) |
where R is rapidly decreasing with all its derivatives when r — 400. Actually
we solve asymptotically the equation (¢')2 —¢"” = r24+(n—1)(n—3)/4r% —pu,
and it is a routine procedure to verify that f = e~(*+%) with 9°R = O(r—>)
for every a > 0. Replacing ¢ by ¢ + R, we still have (1.4). With g(r) =
o(r)+ ((n—1)/2)logr, we get :
(1.6) up = e 90D
Here we note that 9., g(|z|) = ¢'(|z])z./ |z| = =, + O(1/ |z]),

(1.7) 82, 02,9 = 6, + O(Jz] ) .
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Let now v € C=(S"~!) be strictly positive everywhere and let u = Kv.

If 0 < Ymin < Umax denote the infimum and the supremum of v, then we

have:

(1.8) Umin %0 < U < Umax Uo
and hence :

(1.9) u = e~ 9(zD+k(2)

where k is a bounded function. If the vectorfield v is an infinitesimal generator
of a rotation of S™~1, and if we extend the definition of ¥ to R"™ by means
of polar coordinates, (r,0), z = rf, then vo K = Kov. Since v is C®, it
follows that 85u = O(1)e~¥(" for every . We conclude that

(1.10) 99’k = O(1) for every « .
We also need to control some radial derivatives of k. Writing
( 2 ((n=1)/r)0 + 72— p— r?Ao)(uo(r)ek) =0,
and using (1.2), we get :
(1.11) (a‘f + (2(8ruo)Juo + (n — 1)/r)a,) (e%) = —r~2Aget .

Here 85(r=2Ag(e*)) = O(r~2), and we have 2(8,ug)/uo = —20,g, so (1.11),
(1.5) imply that

(1.12) (8r — f(r))Br(e*) = —r~2 Ag(e*) = O(r7?)
where f(r) = 2r + O(1/r), f'(r) = 2+ O(1/r2) etc. Let F(r) = / F(t)dt.
Then '
+ o0
(1.13) Orek = —/ eFM=F() O(s72)ds + CeF™) .

r
The first term is O(r~3) since F(r) — F(s) ~r2 —s2 < 2r(r—s),for s > r,
and since we know that 8, e* cannot tend to +00 or —oo, when r — oo, we
conclude that C' =0 in (1.13), and hence :

(1.14) dref =0(r73) .
More generally,
(1.15) 3,05k = 0(r3) .
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