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Geometric s t ructures and characteristic forms 

Masahide Kato 

On complex manifolds, we consider various holomorphic geometric struc
tures such as affine structures, projective structures and conformal structures. 
When they admit such geometric structures, then their Chern classes satisfy 
certain formulae. For compact Kahler manifolds, these formulae were first 
found in the affine case by Atiyah [A], in the projective case by Gunning [G], 
and in the conformal case by Kobayashi-Ochiai [KO]. In the following, we 
shall introduce new characteristic forms defined by projective Weyl curvature 
tensors and conformal Weyl curvature tensors, and study their relations with 
the Chern forms. As byproducts, we obtain generalizations and refinements 
of the formulae quoted above. Details of this note will be found in [Kl] and 
[K2]. 

N o t a t i o n 
£lp(E) : the sheaf of germs of holomorphic p-forms with 

values in a holomorphic vector bundle E, 
O(E) ~ Q°(E) : the sheaf of germs of holomorphic sections of 

a holomorphic vector bundle E, 
0 : the sheaf of germs of holomorphic vector fields, 
T : the sheaf of germs of differentiate vector fields, 

Ar(G) : the sheaf of germs of differentiate r-forms with 
values in a differentiate vector bundle G, 

Am(G) : the sheaf of germs of differentiate (p, g)-forms with 
values in a differentiate vector bundle G. 

1 Affine s tructures 

Let X be a complex manifold of dimension n > 1. Take a locally finite open 
covering U = {Un} of X such tha t on each C/a, there is a system of local 
coordinates zn = (zl,z^,..., z'^). Pu t 
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ff a lì = Za O Zi 1 

and 
TQd = the Jacobian matrix of (pnj. 

On J7ft fl we consider an n x ro-matrix-valued holomorphic 1-form 

ff a lì = Za O Zi 

It is well-known and easy to check tha t the set {a0j} define an element of 

H^X, SI1 (Ernie)). 
Def in i t ion 1.1 The cohomology class 

ax = {aQfi} e ^(X.n1 (Ende)) 

is called the obstruction to the existence of holomorphic affine connections of 
X. 

Def in i t ion 1.2 For a complex manifold X with a\ = 0 there exists a (holo
morphic) 0-cochain {aa} such that 6{aQ} = {aaij}, which is called a holomor
phic affine connection of X. If X has a holomorphic affine connection, we also 
say that X admits an affine structure. There always exists a C°° 0-cochain 
such that 6{aa} = {aap} in the natural sense, where the aQ is an element of 
r(C/a, v41,0(EndT)). The 0-cochain is called a C°° affine connection. 

Let 0 = {aa} b e a C°° affine connec t i on . T h e n we have 

= o,ß — ralJaaTa;i on Ua f l Up. 

The curvature form of the C°° affine connection 

@a = daa + aa A aa 

satisfies the equation 

e ^ r j e ^ i on un n uh 

Let t be an indeterminate and A be an n x n matrix. Define polynomials (fn, 
(Pi, . . . , u>„ by 

d e t ( J - — tA) = X'i=oMA)tk-
ZTTl 

The Chern forms are defined by 

Cq(9) = <pq(en). 

The following is a well-known fundamental fact. 
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GEOMETRIC STRUCTURES AND CHARACTERISTIC FORMS 

T h e o r e m 1.1 For any q = 0 , 1 , . . . , n , the Chern form cq{9) is a d-closed 
2q-form. The corresponding de Rham cohomology class [cq(0)] is real and 

independent of the choice of the connection 0. 

Corollary 1.1 [A] If a compact complex manifold with dimension n > 1 ad

mits a holomorphic affine connection then all q-th Chern forms with 2q > n 

vanish. If , further, the manifold is of Kahler then all q-th Chern classes, 

q > 1, are zero. 

Proof. Note that the Chern forms defined by a holomorphic affine connection 
are holomorphic. Therefore if 2q > n then the q-th Chern form vanishes. Note 
that d-closed holomorphic n-form represents a real de Rham cohomology class 
only if it represents a zero class. Hence the n- th Chern class vanishes. If the 
manifold is of Kahler then any holomorphic form is harmonic. Since the Chern 
classes are real, they vanish by Hodge theory, i 

2 Projective structures 

In this section, we assume that n = dim X > 2. We use the notation of section 
1. On Ua H U:j, we define a scalar-valued holomorphic 1-form 

a n i = (n + 1) ^ l o g ^ e t T n : i ) ani = (n + 1) ^log^etTn:i)ani  

and an n x n matrix-valued holomorphic 1-form pa j by 

ff a lì = Za O Zi 

where 

ani = (n + 1) ^log^etTn:i) 

and (A)J

k indicates the ( j , &)-component of the matrix A. Pu t 

Pari = Gai — Pari ~ I ' &a ( i ) 

where / is the identity matrix of size n. The 1-cochain {cr0 is a cocycle of 
Hl{X,9}), and {pQ#} and {pa:j} are cocycles of H1 (X,SI1 (EndO)). 

Defini t ion 2.1 The cohomology class 

Px {p».*}eHl{x,n\Ende)) 

is called the obstruction to the existence of holomorphic projective connections 
ofX. 
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Def in i t ion 2.2 For a complex manifold X with p\ = 0 there exists a (holo
morphic) 0-cochain {pa} such that 6{pa} = {paa}9 which is called a holomor
phic projective connection of X. If X has a holomorphic projective connec
tion, we also say that X admits a projective structure. There always exists a 
C°° 0-cochain {pa} such that 6{pa} = {pau} in <*> natural sense, where pa is an 
element of T(Ua, *4 1 , 0 (End©)). The 0-cochain { p a } is called a C°° projective 
connection. 

Let 7r = {pa} be a C°° projective connection on X , tha t is, on each Ua there 
is an n x n matrix-valued C°° (l.O)-form pa such that 

Pfi = Pa0 + TappQTQfi On Ua f l U;j. (2) 

We write the ( j , &)-component of pa and palj as 

(Pa){ = PÌ

mk
dz^ 

(PasYh = pi^inhdzL 

By the definition (1), we have p^^i = Papik- Therefore it is easy to see that 
the n x n matrix-valued 1-form qa defined by 

Ml = PÌkidza 

is also a projective connection. Hence {2 1(pa + qa)} is also a projective 
connection. Therefore we may assume that 

Pakl — Palk (3) 

holds. Since Trace(p^) = 0, it follows from (2) tha t 

Trace(ptf) = Trace(» a ) . 

Since {pa — n 1 T r a c e ( p a ) / } is also a projective connection, we may assume 

tha t 

Кг, = « (4) 

holds. The projective connection satisfying (3) is said to be normal. The 
projective connection satisfying (4) is said to be reduced. Thus any complex 
manifold admits a normal reduced C°° projective connection. As we see eas
ily from the above argument, if a complex manifold admits a holomorphic 
projective connection, the manifold admits also a normal reduced holomorphic 
projective connection. In the following in this section, we consider only normal 
reduced (holomorphic or C°°) projective connections. 

The projective Weyl curvature tensor {Wa} associated with a (normal re
duced) C 0 0 projective connection n = {pa} is defined by 
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