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Decomposability of Chow groups implies
decomposability of cohomology

Héléne Esnault, V. Srinivas and Eckart Viehweg

Let X be an n-dimensional complete irreducible smooth variety defined over
the field € of complex numbers. For any Zariski open subset V' of X, we have
the following graded rings.
(1) Gna CH!(V)q, where CH(V)q is the Chow group of algebraic cycles of
i=0
codimension ¢ on V' with rational coefficients, modulo rational equivalence
(see [F], Chapter 8, Prop. 8.3).
(ii) Q) H(V)/N'H{(V), where H'(V) = H'(V,,,Q) is the singular cohomol-
ogy of the underlying complex manifold V,,, and
NH'(V)= lim ker (H'(V) — H'(V - 2))

codim Z>a

defines Grothendieck’s coniveau filtration (here Z runs over the Zariski
closed subsets of V' of codimension > a).

il GB H°(V,Hi,), where M, is the sheaf for the Zariski topology associated
g

to the presheaf
Ur— Hi(U) = Hi(Uan’Q)'

(iv) We also have a graded ring associated to X: é H(C(X)), where
i=0

Hi(C(X)) == lim H(V) = lim B (V)/N'H(V)

vex vex
= lim HY(V, H}))
vex

S.M.F.
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Here the direct limits are over the non-empty Zariski open sets V in X,
and C(X) denotes the function field of X. The first equality defines the
cohomology of the function field; the right side of the equality is clearly
a birational invariant of X.

In (ii), (iii), (iv) above, we consider only cohomology in degrees up to n,
since the singular cohomology of an affine variety of dimension n vanishes in
degrees larger than n, by the weak Lefschetz theorem (this implies that for any
variety V of dimension n, we have H{(V) = N'H{(V) for i > n).

Theorem 1 Let X be a smooth complete variety of dimension n over C. Sup-
pose there exists a non empty Zariski open subset V. C X, and positive integers
n1,...,n. with 3;n; = n, such that one of the following product maps is sur-
jective:

(1) CH"(V)q®:---® CH™(V)q — CH"(V)q
(@) H"(V)/N*H"(V)® --- @ H(V)/N'H" (V) — H"(V)/N*H"(V)
(1) H'(V,Hy ) @ -+ ® H'(V,Hy') — H(V, HY)
(w) H™(C(X)) ®--- ® H™(C(X)) — H"(C(X))
Then the cup product map for the coherent cohomology
H"(X,0x)® H*(X,0x)®--- @ H" (X,0x) — H"(X,Ox) (%)

s surjective.

The proof of (i) is motivated by Bloch’s proof [B] of Mumford’s theorem
that for surfaces X with H2(X,Ox) # 0, the Chow group of 0-cycles CH?(X)
is not ‘finite dimensional’ (see also the ‘metaconjecture’ in Chapter 1 of [B2]).
Many other variants of Bloch’s method have been considered by several authors.
The method involves the action of correspondences on the cohomology. At the
referee’s suggestion, we try to make this argument with some care, though this
type of reasoning is well known to experts.

The proofs of (ii), (iii) and (iv) are a consequence of the mixed Hodge struc-
ture on the cohomology of the open sets V' (see [D]). For V = X the surjectivity
of the map (ii) trivially implies that () is surjective, using the Hodge decom-
position on cohomology, since the ring @H'(X,Ox) is a graded quotient of
®(H{(X)/N'H{(X))® C.
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The proof of the theorem

We first discuss (i). Let C = X — V| and let k¥ C € be a countable algebraically
closed field of definition of X, C and V. Let Xy, Cp, Vo be the corresponding
models over %, and for any extension L of k, let X = X X L, etc. We embed
k(Xy) — C as a k-subalgebra, and consider the generic point of X, as a closed
point 7 € Xk(x,), hence as an element of CH"(Xy(x,))q- By assumption, its
image under the composite

CH"(Xy(x,))q — CH"(X)q — CH"(V)q

decomposes as

Zmnl. DRI .mnr

finite

where m,, € CH"(V)q. The m,, are defined over a subfield L C € which is
finitely generated over k(Xj), and (see [B2], Lecture 1, Appendix, Lemma 3)

the natural map
CH"(Vp)q — CH"(V)q

is injective, so

S My - e, =[] (1)

finite
holds in CH™(VL)q.
Let F be the algebraic closure of k(Xj) in L; since L is finitely generated over
k(X,), F is a finite algebraic extension of k(X,). We can find a non-singular
affine F-variety W with function field L. The graded ring

P CH (VL)

i>0
is the direct limit of the graded rings
@ CH (Vr xp W),

i>0

where W’ runs over the non-empty Zariski open sets in W (see [B2], Lecture 1,
Appendix, Lemma 1). So after replacing W by a nonempty open subset, we
may assume given classes m,, € CH™(Vp xp W) such that (1) holds in

CH"(VF XF W)Q,
where [n] now denotes the image in CH"(Vp xp W)q of the earlier class

[n] € CH™(Vi(x,))q C CH"(VF)q.
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Let P € W be a closed point. Then there is a homomorphism of rings

f @ CH (Vr xp W) — @ CH(Vy xr Spec F(P)),

i>0 i>0

where f : Vi Xp Spec F(P) — Vg xp W is induced by the inclusion of P into
W (f is a morphism of non-singular F-varieties, hence by [F], Prop. 8.3, such
a homomorphism f* exists). Then f*[r] is just [5] considered as an element of

CH"(Vi(xo))a C CH"(Vp(p))q. Hence

S F*(ma) e f ma) = o] ©)
finite
holds in CH"(Vr(p))q, Where f*(my,,) € CH™(Vpp))q.

Hence, we are reduced to the situation when (1) holds, where L is a finite
algebraic extension of k(Xp), and m,, € CH'(Vy)q.

By resolution of singularities, we can find a projective non-singular k-variety
Zy, together with a k-morphism g : Zyg — Xj, such that the induced map on
function fields is the given inclusion k(Xy) — L. Since L is a finite extension
of k(Xy), the morphism oy is generically finite.

The (flat) k-morphism Spec L — Z, given by the inclusion of the generic
point gives rise to a natural surjective homomorphism of graded rings

Cl: @ CH! (Xo Xk Zo)g — @ CH"(Vy)a,

i>0 i>0

such that if [A,,] € CH™(Xo X Zy)q is the class of the transposed graph of gy,
then CI([Ay,]) is just [§] € CH™(VL)q. The kernel of

CH"(Xo xx Zo)g — CH™(V;)

consists of the subgroup generated by the classes supported on subsets of the
form (Cy xx Zy) U (Xo Xk Dp), as Dy runs over all proper subvarieties of Z,
(see [B2], Lecture 1, Appendix, Lemma 1, and [F], Prop. 1.8). Thus we have
an equation

[Ao] =Y My, - - - My, =0+

in CH™(Xo X Zy), where for some divisor Dy C Z,, we have

Mn.’ S CH"‘(XO Xk ZO)Q, M, — m, € CH"‘(VL)Q
Y% € CH"(Xo Xk Zo)g, suppyo C Co X Zo
by € CH"(XO Xk Zo)Q, Supp(so C Xy xx Dy
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