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LOGARITHMIC SOBOLEV INEQUALITY 
A N D SEMI-LINEAR DIRICHLET PROBLEMS 

FOR INFINITELY DEGENERATE ELLIPTIC OPERATORS 

by 

Yoshinori Morimoto & Chao-Jiang Xu 

Abstract. — Let X = (X\,..., Xm) be an infinitely degenerate System of vector fields, 
we prove firstly the logarithmic Sobolev inequality for this System on the associated 
Sobolev function spaces. Then we study the Dirichlet problem for the semilinear 
problem of the sum of square of vector fields X. 
Résumé (Inégalité de Sobolev logarithmique et problèmes de Dirichlet semi-linéaires pour 
des opérateurs elliptiques infiniment dégénérés) 

Soit X = (X\,... ,Xm) un système de champs de vecteurs infiniment dégénérés. 
On montre d'abord l'inégalité de Sobolev logarithmique pour ce système de champs de 
vecteurs sur les espaces de fonctions associés, puis on étudie le problème de Dirichlet 
semi-linéaire pour des opérateurs somme de carrés de champs de vecteurs X. 

1. Introduction 

In this work, we consider a System of vector fields X — (Xi,..., Xm) defined on an 
open domain Q C Rd. We suppose that this System satisfies the following logarithmic 
regularity estimate, 

(î.i) ||(logA)'u||£a <C< 
m 

j=l 
I I * ; * + I I * , vwec0°°(i]), 

where A = (e + Î Dp)1/2 = (D). We shall give some sufficient conditions for this 
estimâtes in the Appendix, see also [5, 10, 12, 14, 15, 21]. The typical example is 
the system in E2 such as X\ — dXl,X2 = e-'*1' l/&dX2 with 5 > 0. Remark that if 
s > 1, the estimate (1.1) implies the hypoellipticity of the infinitely degenerate elliptic 
operators of second order Ax = Y^jLi XjXj, where Xj is the formai adjoint of Xj. 

If r is a smooth surface of we say that r is non characteristic for the System 
of vector fields X, if for any point XQ G r, there exists at least one vector field of 
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Xi,... ,Xm which is transversal to f at xo. Let now r = UjejTj be the union of 
a family of smooth surface in Q. We say that r is non characteristic for X, if for 
any point xo G T, there exists at least one vector field of Xi,..., Xm which traverses 
JTJ at for ail j G Jo = {A: G J;xo G A } . For this second case, the typical 
example is X\ = dXl1X2 = exp(—sin2(7r/xi))_1/2s)dX2, we have Tj = {x\ = 1/j}, 
j GZ \ {0}, i~b = {xi = 0 } , and Xi is transverse to ail i^, j G Z. 

Associated with the System of vector fields X = (Xi,... , Xm), we define the fol-
lowing function spaces: 

MIÊ» + N u G L2(Q)\XjU G £2(^),j = l , . . . , ra 

Take now fi CC 1̂ , we suppose that dQ is C°° and non characteristic for the System 
of vector fields X. We define H]ç 0(fî) = G i/j^(îî); u|ao = 0 } , we shall prove in 
the second section (see Lemma 2.1) that this is a Hilbert space. 

Our first resuit is the following logarithmic Sobolev inequality. 

Theorem 1.1. — Suppose that the System of vector fields X = (X±,... ,Xm) vérifies 
the estimate (1.1) for some s > 1/2. Then there exists CQ > 0 such that 

(1.2) 
Jçi 

M2iog2s-] M 
vrddd 

dvrd m 

vrd 
l-MIÊ» + N i » 

/or a// v G ifjco(fi). 

Comparing this inequality with that of finite degenerate case of Hôrmander's Sys­
tem, for example, for the System Xi = dXl, X2 = x\dX2 on R2, we have (see [4, 7, 24]) 

IMILP < C (||dH|2 + \\xk,d2v\\22 + llt;||?a: 1/2 

for ail v G Co°(fî), with p = 2 + 4/fc. Consequently, if k go to infinity, we can only 
expect to gain the logarithmic estimâtes as (1.2). That means that we are not in the 
elliptic case of [17]. 

Similarly to the elliptic and subelliptic case (see [3, 24]), by using the Sobolev's 
inequality, we study the following semi-linear Dirichlet problems 

(1.3) 
Axu = au log \u\ + bu, 
u\do = 0, 

where a, b G K. We have the following theorem. 

Theorem 1.2. — We suppose that the System of vector fields X = (Xi, . . . ,Xm) sat-
isfies the following hypothèses: 

H-l) dQ. is C°° and non characteristic for the System of vector fields X ; 
H-2) the System of vector fields X satisfies the finite type of Hôrmander's condition 

on Ù except an union of smooth surfaces r which are non characteristic for X. 
ES) the system of vector fields X vérifies the estimate (1.1) for s > 3 / 2 . 
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Suppose a ^ 0 in (1.3). Then the semi-linear Dirichlet problem (1.3) posses at 
least one non trivial weak solution u G H]ç0(Çt) n L°°(îî). Moreover, if a > 0, we 
have u G C°°(Ct \ T) n C°(fi \ T) and u(a:) > 0 for ail x G \ T. 

As in the elliptic case, we do not know the uniqueness of solutions (see [3]). The 
regularity of this weak solution near to the infinitely degenerate point of r is a more 
complicated problem, which will be studied in our future works. 

The structure of the paper is as follows: The second section consists of the proof of 
Theorem 1.1. The third section is devoted to the proof for the existence of weak solu­
tion of Theorem 1.2, we introduce a variational problem and prove that the associated 
Euler-Lagrange équation is (1.3). In the fourth section we study the boundedness of 
weak solution of variational problems, which is a difficult step as in the classical case 
for the critical semilinear elliptic équations (see [20]). In the appendix we give some 
suffîcient conditions for the logarithmic regularity estimâtes. 

2. Logarithmic Sobolev inequality 

We study now the function spaces Hx o(̂ )> see the similar results in [22]. 

Lemma 2.1. — Suppose that dQ is C°° and non characteristic for the System X, then 
HxQ(Çl) is well-defined, and a Hilbert space. Moreover the extension of an élément 
ofH^Q) by 0 belongs to Hlx{Çl). 

Proof — For the well-definedness, we need to prove the existence of trace for v G 
iJ^(Q). We know that the trace problem is a local problem, so after the localization 
and straightened, we transfer the problem to the case: v G L2(R+),dXdv G L2(R+) 
with support of v is a subset of {|(X',XD)| < c, Xd ̂  0}, of course we can take the 
smooth function approximate to v, then we have 

v(x',xd) - v(x\c) = 
PXd 

Je 
dx,v(x't)dt, 

which prove that 

(2.1) IK>^)IIL2 ^ 4dxdv\\h> 

for ail 0 < xd ^ c. This shows that the trace v(x',0) G L 2 ^ " 1 ) . 
We shall prove now 0(Q) is a closed subspace of Hx(Çt). Let {VJ} be a Cauchy 

séquence of iïj^0(fî). Since it is also a Cauchy séquence of Hx(Ù), there exists a 
limit VQ G Hx(Q), and so it suffices to show that V\QQ = 0. Applying (2.1) to Vj - vo, 
we have 

IM. ,0 ) -M-M\h < 4dXd(vi -^o)||?2, 
which implies ||vo(-> 0)\\L2 = 0- We have proved that HxQ(Q) is a Hilbert space. The 
extension problem is the same as classic case. This is also a local problem, if we extend 
v by 0 to Xd < 0 and dénote that function by v, then v,dXdv G L2(R+), v\Xd=o = 0 
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implies that v,dXdv G L2(Md), and the tangential dérivation has nothing to change. 
So we have proved the Lemma. 

Since LlogL is not a normed space, we need the following Lemma, see also [19] 
for some détail of function space LlogL. 

Lemma2.2. — Let a2 > 0, B > 0 and let {vj,j G N} be a séquence in L2 satisfying 

Kriiog|ujir2 ^ b.dv 

Then {\VJ\ \\og\vj\\ai} is uniformly integrable for any 0 ^ ai < o\. Therefore there 
exists a convergent sub-séquence {VJ. } such that 

iim / K i 2 i i o g K i r = / K i 2 i i o g K i r 
k-*oc J 

and 

M 2 i i o g K i r ^b. 

Proof. — We prove that, for any e > 0, there exists S > 0 such that if E C fî, 
fi(E) < S, then 

JE 
\VA2\1or\VAF* <e, Vj. 

But for any e > 0, there exists to > e2 such that 
1 

logŒ2-(Tl t 
< e, Vt Si to. 

Take now ô = e(i% logCTl to)-1, KE) < <*> and 

Aj=En {Kl < to}, Bj = E n {\Vj\ > t0}. 

then 

and 
'Ai 

|v,-|2| log\VJ\P < tllogCTl toii(Aj) < e, 

vr 
N 2 i i o g N r < ^ 

JBi 
\vj\2\log\vj\\a2 < eM 

where M = sup- |vj|2| log I^H*72. The proof of the Lemma is complète. 

Proof of Theorem 1.1. — We are following the idea of [4]. Take v G HxQ(Q), we 
use the same notation for the extension by 0, As in the classical case, there exists 
a mollifier family {p£,e > 0} such that p£ * v G CQ°, lime_>o 9e * v = v in L2 and 
||A"(pe*t;)||LÏ < C{\\Xv\\L2 + \\v\\L2}, ||(logAy(p£*v)\\L2 < C{||(logA)^||L2 + ||t;||i2} 
with C independent on s. By using (1.1) and Lemma 2.2, we need only to prove the 
following estimate: 

(2.2) 
ICI 

Itflog28"1 
M 

cr+d1r+d21 
^ q, || (iog A)si;||22) 
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