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ON THE DIVERGENCE OF GEODESIC RAYS IN 
MANIFOLDS WITHOUT CONJUGATE POINTS, DYNAMICS 

OF THE GEODESIC FLOW A N D GLOBAL GEOMETRY 

by 

Rafael Oswaldo Ruggiero 

Dedicated to J. Palis, on his 60th. birthday 
Abstract. — Let (M, g) be a compact Riemannian manifold without conjugate points. 
Suppose that the horospheres in (A4, g) dépend continuously on their normal direc
tions. Then we show that géodésie rays diverge uniformly in the universal covering 
(M, g). We give some applications of this resuit to the study of the dynamics of the 
géodésie flow and the global geometry of manifolds without conjugate points. 

Introduction 

The problem of the divergence of géodésie rays in manifolds without conjugate 
points is one of the most natural, yet unsolved, questions of the theory. Recall 
that a C°° Riemannian, n-dimensional manifold (M, g) has no conjugate points if 
the exponential map is nonsingular at every point. The universal covering M of a 
manifold (M, g) is diffeomorphic to Rn, and the metric sphères in (M, g) — the uni
versal covering endowed with the pullback of g — are diffeomorphic to the standard 
sphère in Rn. Given a point p G M, and two geodesics 7, (3 in (M, g) parametrized 
by arclength such that p — 7(0) = /3(0), we say that thèse geodesics diverge if 
lim^+oo d(7(£),/?(£)) = 00. Although two différent géodésie rays starting from a 
point in M diverge in ail well-known examples of manifolds without conjugate points 
(e.g., nonpositive curvature, no focal points, bounded asymptote), there is no gên
erai proof of this fact so far. The problem has been already considered by L. Green 
[11] in the late 50's, where Green deals with the divergence of radial Jacobi fields. 
Later, P. Eberlein [6] proves that radial Jacobi fields diverge along any géodésie in 
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(M,g), but observes that the divergence might not be imiform, it could dépend on 
the géodésie (in the same work [6], Eberlein points out a gap in Green's paper). The 
divergence of rays and Jacobi fields is related with many important géométrie prop-
erties of manifolds without conjugate points, like the continuity of the horospherical 
foliations and Green bundles, and the existence of good compactifications of M. This 
motivated somehow the introduction of some catégories of manifolds without conju
gate points in the literature (see for instance [5], [6], [8], for the so-called bounded 
asymptote condition, [16] for the Axiom of asymptoticity, [14] for the proof of the 
superlinear divergence of radial Jacobi fields in manifolds with bounded asymptote). 
The usual approach to the proofs of the continuity of horospheres, Green bundles, 
and divergence of rays, relies on strong assumptions on the asymptotic behaviour of 
geodesics and Jacobi fields (e.g., convexity in the case of nonpositive curvature; uni-
formly bounded asymptotic behaviour of Green Jacobi fields in the case of manifolds 
without focal points and manifolds with bounded asymptote). We shall présent in 
this paper a more topological approach to the problem of the divergence of rays, based 
on simple variational properties of horospheres. Given 0 — (p, v) in the unit tangent 
bundle T\M of M, we shall dénote by je(t) the géodésie parametrized by arclength 
whose initial conditions are 70(0) = p, 7#(0) = v. We shall dénote by Ho(t) the horo-
sphere of the géodésie 70 containing the point 70 (t). We say that the map 6 *-» HQ(0) 
is continuous (in the compact open topology) if given a compact bail Br(q) C M of 
radius r, and s > 0, there exists ô — (5(r, g, s) such that if || 6 — a ||^ ô then the 
Hausdorff distance du between the sets 

dH(H0(O) n BT(q), HJO) fi Br(q)) e. 

The introduction of this notion is motivated by the works of Pesin [16], Eschenburg 
[8], and Ballmann, Brin, and Burns [1]. Observe that, if M is compact, the number 
ô above does not dépend on the point q, since every horosphere has an isometric 
image that meets a compact fundamental domain of M (horospheres are preserved by 
isometries of (M, g)). In ail known examples of manifolds without conjugate points 
the map 9 HQ(0) is continuous. Moreover, the assumption of the continuity of 
horospheres does not carry (a priori) any restrictions on either the convexity of the 
metric or the behaviour of Jacobi fields. The main resuit of the paper is the following: 

Theorem 1. — Let (M, g) be a compact, C°° Riemannian manifold without conjugate 
points. Assume that the map 0 1—• HQ(0) is continuous in T\M. Then, every two 
différent geodesics ~f(t), (3(t) with 7(0) = (3(0) in M diverge. 

The proof of Theorem 1 is done in Sections 1 and 2, where we also study some gên
erai problems concerning asymptoticity properties of geodesics which were introduced 
by Croke and Schroeder in [4]. Namely, consider the relation R between geodesics in 
M defined by: 7 R (5 if and only if 7 is a Busemann asymptote of (3. We show in 
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Section 1 that, under our continuity hypothesis, this relation is an équivalence rela
tion. In the remaining sections we give some applications of Theorem 1. The results 
in Section 3 are inspired in the following classical resuit of Eberlein: Let (M, g) be a 
compact, CYOC Riemannian manifold without conjugate points. Assume that the Green 
subbundles Es(0), Eli(0) are linearly independent at every point 6 G T\AL Then the 
géodésie flow of (AL g) is Anosov. Recall that the géodésie flow èf : T\AI —> T\AI is 
defined by (j)t(O) — (7#(£), 7#(£)). We obtain in Section 3 a sort of topological version 
of Eberlehrs resuit. Recall that (AI. g) is a Gromov hyperbolic space if there exists 
S > 0 such that every géodésie triangle formed by the union of three géodésie seg
ments [xo,[xi .x '2} , [x>2,XQ] satisfies the following property: the distance from any 
p G [XJ. /+ 1 j to Xj+2] U [./•; f •_>• x,\ is bounded above by à (the indices are taken 
mod. 3). The main Theorem of Section 3 is the following. 

Theorem 2. — Let (AL g) be a eompact Riemannian manifold without conjugate 
points. Suppose that the map 9 1—> HQ(Q) IS continuons in the compact open topology 
in AI. Then, if H{p^r)(0) n H{lK_v)(0) = {p} for every (p.v) G T\M, the universal 
covering (AL g) is a Gromov hyperbolic space. 

Using some results in [18] we shall show that Theorem 2 is équivalent to the 
following resuit: 

Theorem 3. -— Let (AL g) be a compact Riemannian manifold without conjugate 
points. Suppose that the canonical liftings in T\M of the submanifolds H^)V^(0). 
if(^_.„)(0) give rise to continuons foliations Hs, Hu having a local product structure. 
Then (AL g) is a Gromov hyperbolic space. 

For the définition of the canonical liftings of the horospheres we refer to Section 3. 
A pair of (/^-invariant foliations F\, F2 in T\AI lias a local product structure if there 
exists an atlas : UL C TVAI -> R2n~1} of Xi M such that 

(1) Every <£; is continuons. 
(2) Each local chart is of the form = (./''.,//'. /). t G (—£,£), where the level 

sets x' = constant, y' — constant are cormected components of the foliations Fi, F2 
respectively. 

In virtue of Theorems 2 and 3, we can say that the topological transversality (meaning 
local product structure) of the horospherical foliations in T\AI implies that M is a 
Gromov hyperbolic space. Notice that Theorem 1 is true for manifolds of nonpositive 
curvature, because the hypothèses in the Theorem imply that there are no fiât planes 
in AI ([5]). It also holds for manifolds without focal points, but if we allow focal 
points many key tacts of the theory (convexity, bounded asymptotic behaviour of 
Jacobi fields and geodesics, etc.) might not hold. 

In Section 4 we get some results concerning the boundary of a Gromov hyperbolic 
group that covers a compact manifold without conjugate points. Suppose that the 

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2003 



234 R.O. RUGGIERO 

map 0 >—» HQ(0) is continuous. Then we show that, if the fundamental group of M is 
Gromov hyperbolic, its idéal boundary is a sphère. This fact is well known for compact 
manifolds of nonpositive curvature whose fundamental group is Gromov hyperbolic. 
However, if we drop the assumption on the curvature it is not clear whether the idéal 
boundary of the fundamental group is a sphère. 

Finally, in Section 5, we apply the results of Sections 1, 2 to manifolds satisfying the 
so-called Axiom of Asymptoticity, introduced by Pesin [16]. This notion is perhaps 
the first one in the literature of the research about continuity of horospheres which 
does not consider any assumptions on the C2 features of the metric (convexity, Jacobi 
fields). 

1. Horospheres and Busemann flows in M 

Throughout the paper, (M, g) will be a C°°, compact Riemannian manifold without 
conjugate points. Ail the geodesics will be parametrized by arc length. We shall often 
call by [p, q] the géodésie segment joining two points in M. A very spécial property 
of manifolds with no conjugate points is the existence of the so-called Busemann 
functions: given 6 = (p,v) G Xi M the Busemann function be : M —> R associated to 
6 is defined by 

b°(x) - lim (d(x^e(t)) -t) 

The level sets of b° are the horospheres Ho(t) where the parameter t means that 
76»(t) G He(t). Notice that 70(t) intersects each level set of b° perpendicularly at only 
one point in He(t), and that b°(He(t)) = — t for every t G R. Next, we list some 
basic properties of horospheres and Busemann functions that will be needed in the 
fortheoming sections (see [16], [4] for instance, for détails). 

Lemma 1.1 

(1) be is a C1 function for every 6. 
(2) The gradient Vbe has norm equal to one at every point. 
(3) Every horosphere is a Cl+K, embedded submanifold of dimension n — 1 (Cl+K 

means K-Lipschitz normal vector field), where K is a constant depending on curvature 
bounds. 

(4) The orbits of the intégral flow of —Vb6, : M —> M, are geodesics which are 
everywhere perpendicular to the horospheres HQ. In particular, the géodésie 7̂  is an 
orbit of this flow and we have that 

^(He(s))=He(s + t) 

for every t, s G R. 

A géodésie (3 is asymptotic to a géodésie 7 in M if there exists a constant C > 0 such 
that d((3(t)^(t)) ^ C for every t ^ 0. We shall dénote by Busemann asymptotes of 7,9 
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