Asterisque

AST

Index theorem for elliptic pairs - Pages préliminaires

Astérisque, tome 224 (1994), p. 1-4
<http://www.numdam.org/item?id=AST_1994 224 1_0>

© Société mathématique de France, 1994, tous droits réservés.

L’acces aux archives de la collection « Astérisque » (http://smf4.emath.fr/
Publications/Asterisque/) implique I’accord avec les conditions générales d’uti-
lisation (http://www.numdam.org/conditions). Toute utilisation commerciale ou
impression systématique est constitutive d’une infraction pénale. Toute copie
ou impression de ce fichier doit contenir la présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AST_1994__224__1_0
http://smf4.emath.fr/Publications/Asterisque/
http://smf4.emath.fr/Publications/Asterisque/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

224 ASTERISQUE
1994

INDEX THEOREM FOR
ELLIPTIC PAIRS

Pierre SCHAPIRA, Jean-Pierre SCHNEIDERS

SOCIETE MATHEMATIQUE DE FRANCE

Publié avec le concours du CENTRE NATIONAL DE LA RECHERCHE SCIENTIFIQUE



A.M.S. Subject classification:

58 G 05, 32 C 99
58 G 10, 14 F 12
46 M 20, 46 H 25



Table of Contents

Pierre Schapira and Jean-Pierre Schneiders
Elliptic Pairs I. Relative Finiteness and Duality ..........................o.o... 5

Pierre Schapira and Jean-Pierre Schneiders
Elliptic Pairs II. Euler Class and Relative Index Theorem ..................... 61

Jean-Pierre Schneiders
A Coherence Criterion for Fréchet Modules ..o, 99






Introduction

In this series of papers, we investigate the relative index theorem in the framework of
algebraic analysis.

On a complex manifold X, let M be a coherent Dx-module and F' an IR-construc-
tible sheaf (for the underlying real analytic structure of X). The complex

RHomy, (M, RHom(F, Ox))

is the complex of solutions of the system of PDE represented by M in the sheaf of
generalized holomorphic functions associated to F. For example, if X is the complex-
ification of a real analytic manifold M, and F' = ory, we get the complex of Sato’s
hyperfunction solutions, or else if F' is C-constructible, we find a complex of ramified
holomorphic solutions.

A natural problem is to find conditions under which such a complex has finite
dimensional global cohomology and then to compute the corresponding Euler-Poincaré
characteristic.

In our first paper, we prove the finiteness theorem when (M, F') has compact support
and is “elliptic”, i.e.:

char(M) N SS(F) c Tx X

where char(M) is the characteristic variety of M, SS(F') is the micro-support of F' and
T%X is the zero section of the cotangent bundle.

In fact, we give a relative version of this finiteness result together with the associated
duality theorem and Kiinneth formula. Our methods rely upon results of functional
analysis over a sheaf of Fréchet algebras which are developped in the last paper of this
volume.

With finiteness, duality and Kiinneth formula at hand, we have all the basic tools
needed to get an index formula along the line of the Lefschetz fixed point theorem.
Such an approach is developped in our second paper. We attach a “microlocal Euler
class”

peu(M, F) € HES0E sop(T* X; @)

to any elliptic pair (M, F') and prove that, under natural assumptions, this class is
compatible with direct images, inverse images and external products. In particular, it
is the microlocal product of a class peu(M) attached to M and a class peu(F') attached
to F, this last one being nothing but the Kashiwara’s Lagrangian cycle of F. We also
give the index formula:

X(RT'(X; RHom(M ® F;Ox))) = /ueu(M, Firyx = /TX peu(M) U peu(F).

Note that (M, Cx) is always elliptic. Hence our results contain many results of
D-module theory. Moreover, choosing M = Dx Qo G for a coherent Ox-module G
allows us to recover classical results of analytic geometry.
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When F' = €y, our results for the pair (M, F) give an index theorem for elliptic
systems and we discuss its relations with the Atiyah-Singer theorem.
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1 Introduction

Let f: X — Y be a morphism of complex analytic manifolds, M a coherent module
over the ring Dy of differential operators on X, F' an IR-constructible object on X. In
this first paper, we give a criterion insuring that the derived direct images of the Dx-
module F' ® M are coherent Dy-modules, and we prove related duality and Kiinneth
formulas. Part of these results were announced in [20, 21].

In [22], making full use of these results, we shall associate to (M,F') a characteristic
class and show its compatibility with direct image, thus obtaining an index theorem
generalizing (in some sense) the Atiyah-Singer index theorem as well as its relative
version [1, 3].

Let us describe our results with more details, beginning with the non-relative case
for the sake of simplicity.

An elliptic pair on a complex analytic manifold X is the data of a coherent Dx-
module M and an IR-~constructible sheaf F' on X (more precisely, objects of the derived
categories), these data satisfying the transversality condition

char(M) N SS(F) C T4 X. (1.1)

Here char(M) denotes the characteristic variety of M, SS(F') the micro-support of F'
(see [12]) and T%X the zero section of the cotangent bundle 7*X.

This notion unifies many classical situations. For example, if M is a coherent Dx-
module, then the pair (M,Cx) is elliptic. If U is an open subset of X with smooth
boundary U, the pair (M,Cy) is elliptic if and only if QU is non characteristic for M.
If X is the complexification of a real analytic manifold M, then (M,Cy) is an elliptic
pair if and only if M is elliptic on M in the classical sense. If F' is IR-constructible
on X, then (Ox,F) is an elliptic pair. If G is a coherent Ox-module, we can associate
to it the coherent Dx-module G &,  Dx, and the results obtained for the elliptic pair
(G ®o,, Dx,Tx) will give similar results for G. See §8 for a more detailed discussion.

If f: X — Y is a morphism of complex analytic manifolds, we generalize the
preceding definition and introduce the notion of an f-elliptic pair, replacing in (1.1)
char(M) by char;(M), the f-characteristic variety of M (this set was already defined
in [19] when f is smooth).

The main results of this paper assert that if the pair (M, F) is f-elliptic, f is proper
on supp(M) N supp(F) and M is endowed with a good filtration, then:

1) the direct image (in the sense of D-modules) f,(M @ F) has Dy-coherent coho-
mology,

2) the duality morphism

[ (D'F @ DxM) — Dy [(M&F)

is an isomorphism (here, D denotes the dualizing functor for D-modules and D’
is the simple dual for sheaves),



