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MULTIPLICATIVE PROPERTIES
OF THE SLICE FILTRATION

Pablo PELAEZ

Abstract. — Let S be a Noetherian separated scheme of finite Krull dimension, and
A (S) be the motivic stable homotopy category of Morel-Voevodsky. In order to
get a motivic analogue of the Postnikov tower, Voevodsky [25] constructs the slice
filtration by filtering J#(S) with respect to the smash powers of the multiplicative
group G,,. We show that the slice filtration is compatible with the smash product in
Jardine’s category Spt?ﬂ@ of motivic symmetric T-spectra [14], and describe several
interesting consequences that follow from this compatibility. Among them, we have
that over a perfect field all the slices s, are in a canonical way modules in Spt%m*
over the motivic Eilenberg-MacLane spectrum HZ, and if the field has characteristic
zero it follows that the slices s, are big motives in the sense of Voevodsky, this relies
on the work of Levine [16], Rondigs-Ostveer [22] and Voevodsky [26]. It also follows
that the smash product in Sptqzw/”%* induces pairings in the motivic Atiyah-Hirzebruch
spectral sequence.

Résumé (Les propriétés multiplicatives de la filtration par les tranches). — Soit S un
schéma noethérien séparé de dimension de Krull finie, et J#(S) la catégorie homo-
topique stable de Morel-Voevodsky. Afin d’obtenir un analogue motivique de la tour
de Postnikov, Voevodsky [25] définit la filtration par les tranches dans J#(.S) con-
sidérant les smash-produits itérées de le groupe multiplicatif G,,. Nous montrons que
la filtration par les tranches est compatible avec le smash-produit dans la catégorie
de Jardine Sptjzw/”l/l* des T-spectres symétriques motiviques [14]. Cette compatibilité
a plusieurs conséquences intéressantes. D’entre eux, sur un corps parfait tous les
tranches s, sont canoniquement modules dans Spt%ﬂl/l* sur le spectre motivique
d’Eilenberg-MacLane HZ, et si le corps est de charactéristique zéro les tranches
sq sont motifs grands au sens de Voevodsky, ce utilise les résultats de Levine [16],
Rondigs-Ustveer [22] et Voevodsky [26]. Nous montrons aussi que le smash-produit
dans Spt%/’l/l* induit des structures multiplicatives sur la suite spectrale motivique
de Atiyah-Hirzebruch.

(© Astérisque 335, SMF 2011






CONTENTS

Introduction ...... ... .. vii
Acknowledgements ............iiuiitii e XV
1. Preliminaries .......... .. 1
1.1. Model Categories .. .......uuueuin it e 1
1.2. Cofibrantly Generated Model Categories ..............cooiiiiiiiian... 8
1.3. Cellular Model Categories ..........c..uuiiiiuiniiiiii i, 10
1.4. Proper Model Categories ..........ouuiuiniitiiin i, 14
1.5. Simplicial Sets . ... 15
1.6. Simplicial Model Categories ..........coouiiuiiiiiiiiiiiiiiiiiiiaen.. 18
1.7. Symmetric Monoidal Model Categories ..............cccviiiiiiiiin... 23
1.8. Localization of Model Categories ..........c..coivuiuiiiiiiiiiianenn... 26
1.9. Bousfield Localization ............. i 27
2. Motivic Unstable and Stable Homotopy Theory ...................... 31
2.1. The Injective Model Structure .............c..coiiiiiiiiiiniiiiinnnn. 31
2.2. Cellularity of the Injective Model Structure ............................. 39
2.3. The Motivic Model Structure ..............cooiiiiiiiiiiiininann.n. 42
2.4. The Motivic Stable Model Structure ...............coiiiiiiiiiineannn. 49
2.5. Cellularity of the Motivic Stable Model Structure ....................... 67
2.6. The Motivic Symmetric Stable Model Structure ......................... 69
2.7. Cellularity of the Motivic Symmetric Stable Model Structure ........... 84
2.8. Modules and Algebras of Motivic Symmetric Spectra ................... 86
3. Model Structures for the Slice Filtration ............... ... ... .. ... 97
3.1. The Slice Filtration .........c..ooiiiiiiiiiii i, 99
3.2. Model Structures for the Slice Filtration ............ ..ot 111
3.3. The Symmetric Model Structure for the Slice Filtration ................. 172
3.4. Multiplicative Properties of the Slice Filtration ......................... 218
3.5. Further Multiplicative Properties of the Slice Filtration ................. 228
3.6. APPLCAtIONS ...ttt 265
Bibliography ... ... 285






INTRODUCTION

Let S be a Noetherian separated scheme of finite Krull dimension, Jn|s be the
category of smooth schemes of finite type over S, M, be the category of pointed
simplicial presheaves on Jm|s equipped with the motivic model structure of Morel
and Voevodsky [18], and T in M. be S* A G,, where G,, is the multiplicative group

—{0} pointed by 1, and S is the simplicial circle. Let Spt; ), denote the category
of T-spectra on M, equipped with the motivic stable model structure, and 7 (S)
its homotopy category, which is triangulated. We consider the following objects in
Sptp M.

Cle ={Fu(S"AG;, AUY) [ n,r,s > 058 —n > ;U € dmls}
where F,, is the left adjoint to the n-evaluation functor ev,, : Sptp M, — M,. In order

to get a motivic version of the Postnikov tower, Voevodsky [25] constructs a filtered
family of triangulated subcategories of (7 (.S), which we call the slice filtration:

(1) QE%"F].M ()CEquﬁ()CEq ldsz{ (S)g

where S1 4 °(S) is the smallest full triangulated subcategory of # (S) which con-
tains CZ; and is closed under arbitrary coproducts. The work of Neeman [19], [20],
shows that the inclusion:

iq : SHAHT(S) — H(S)
has a right adjoint 74, and that the functors:

farsq = HH(S) — HH(S)

are exact, where f, = i,7,, and for every X in Spt; M., sq(X) fits in the following
distinguished triangle:
pX 71—X 1
q q
fe+r1X feX $¢X ET70fq+1AX

We say that f,(X) is the (¢ — 1)-connective cover of X and s4(X) the g-slice of X.

Let Spt%ﬂ/é* denote the category of symmetric T-spectra on M, equipped with the
motivic symmetric stable model structure defined by Jardine [14], and J#>(S) its
homotopy category, which is triangulated. Since the adjunction:

(V,U, ) : Sptp M, — SptTE,
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viii INTRODUCTION

given by the symmetrization and forgetful functors is a Quillen equivalence [14], we get
a similar filtration for > (S). Using the slice filtration (1), it is possible to construct
a spectral sequence which is an analogue of the classical Atiyah-Hirzebruch spectral
sequence in algebraic topology. Namely, let X,Y be in Spt%/’%*, and [—, —]gpt be the
set of maps between two objects in E(S). Then the collection of distinguished
triangles:

{qu+1X - quX - SEX - E%O qE+1X}
generates an exact couple (DV?(Y; X), EV4(Y; X)), where:
L DYU(Y;X) = [V, 250 fEX]E | and
: 0
2. EPY(Y;X) =Y, Egj_q SEX]EPV

Let A be a cofibrant ring spectrum with unit in Spt?ﬂ/l*, and A-mod be the
category of left A-modules in Spt?ﬂ/l*. It follows directly from the work of Jardine
[14] and Hovey [9] that the adjunction:

(AN —=,U,¢) : Spt3M, — A-mod

induces a model structure A-mod(M,) in A-mod, i.e. a map f in A-mod(M,) is a
weak equivalence or a fibration if and only if U f is a weak equivalence or a fibration
in Spt?/”l/l*. In the rest of this introduction p,q € Z will denote arbitrary integers,
and u : 1 — A the unit map of A.
Our main results are the following:
1. There exists a model structure chffSptgjl/l* for symmetric T-spectra on M,
such that its homotopy category chffgf% E(S) is triangulated and naturally

equivalent as a triangulated category to L1/ ° () (see diagrams (2) and (3)
at the end of this introduction). Furthermore, the identity:

id : Sptr, — chffSptqzw/”I/l*

is a right Quillen functor, and the functor f; is canonically isomorphic to the
following composition of exact functors:

where Ry, denotes a fibrant replacement functor in Spt?/”l/l*, and qu denotes
a cofibrant replacement functor in chffSp%Jl/l*. For the proof the reader may
look at Theorem 3.3.9, Corollary 3.3.17, Theorem 3.3.25, corollary 3.3.5, and
Theorem 3.3.22.

2. There exists a model structure Squt:%ﬂ/l* for symmetric T-spectra on M, such
that its homotopy category SY 7 = (S) is triangulated and the identity:

id : Roa SptyM. — SISpty.
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