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BOUNDARY VALUE PROBLEMS FOR THE STOKES SYSTEM IN
ARBITRARY LIPSCHITZ DOMAINS

Marius MITREA & Matthew WRIGHT

Abstract. — The goal of this work is to treat the main boundary value problems for
the Stokes system, i.e.,

(i) the Dirichlet problem with LP-data and nontangential maximal function esti-
mates,
(ii) the Neumann problem with LP-data and nontangential maximal function esti-
mates,
(iii) the Regularity problem with L?-data and nontangential maximal function esti-
mates,
(iv) the transmission problem with LP-data and nontangential maximal function
estimates,
(v) the Poisson problem with Dirichlet condition in Besov-Triebel-Lizorkin spaces,
(vi) the Poisson problem with Neumann condition in Besov-Triebel-Lizorkin spaces,

in Lipschitz domains of arbitrary topology in R", for each n > 2. Our approach relies
on boundary integral methods and yields constructive solutions to the aforementioned
problems.

Résumé (Problémes au bord pour le systéme de Stokes dans les domaines de Lipschitz quel-
conques.) — Le but de ce travail est d’étudier des problémes au bord pour le systéme
de Stokes, i.e.,

(i) le probléme de Dirichlet avec des données LP et des estimations de la fonction
maximale non tangentielle,

(ii) le probléme de Neumann avec des données LP et des estimations de la fonction
maximale non tangentielle,

(iii) le probléme de régularité avec des données LY et des estimations de la fonction
maximale non tangentielle,

(iv) le probléme de transmission avec des données LP et des estimations de la fonction
maximale non tangentielle,

(v) le probléme de Poisson avec des conditions de Dirichlet au bord dans des espaces
de Besov-Triebel-Lizorkin,
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(vi) le probléme de Poisson avec des conditions de Neumann au bord dans des espaces
de Besov-Triebel-Lizorkin,
dans des domaines lipschitziens de R™ pour tout n > 2 de topologie arbitraire. Notre
approche repose sur des méthodes d’intégrales au bord et fournit des solutions con-
structives aux problémes ci-dessus.

ASTERISQUE 344



CONTENTS

Cdntroduction ...
1.1. Description of main well-posedness results ..........................
1.2. Consequences of the solvability of the inhomogeneous problem ......

Acknowledgments ........ ... e

. Smoothness spaces and Lipschitz domains .................................
2.1. Graph Lipschitz domains ........... ...t
2.2. Hardy spaces on graph Lipschitz surfaces ...........................
2.3. Bounded Lipschitz domains .............ccoiiiiiiiiiiiiiiii...
2.4. Besov and Triebel-Lizorkin spaces in Lipschitz domains .............
2.5. Smoothness spaces on Lipschitz boundaries .........................

. Rellich identities for divergence form, second-order systems .................
3.1. Green formulas ..o e
3.2. A general Rellich identity for second order systems .................

. The Stokes system and hydrostatic potentials ...............................
4.1. Bilinear forms and conormal derivatives .............. ... .. ...l
4.2. Hydrostatic layer potential operators ..................cooiiiii.a..
4.3. Traces of hydrostatic layer potentials in Hardy spaces ..............
4.4. Integral representation formulas ............ ... il
4.5. Boundary integral operators and the transmission problem .........

. The LP transmission problem withpmnear2 .................................
5.1. Rellich identities and related estimates ................ ... .. ...
5.2. The case of a graph Lipschitz domain ...............................
5.3. Inverting the double layer on LP for p near 2 on bounded Lipschitz
dOMAINS ...ttt e
5.4. Inverting the single layer on L? for p near 2 on bounded Lipschitz
dOMAINS ...ttt e
5.5. LP-boundary value problems on bounded Lipschitz domains for p
01T 5 /P

. Local L2 estimates ...............ooouiieiiii i
6.1. Pressure, Caccioppoli, and local boundary estimates ................

16

17
17
20
28
31
35

41
41
43

49
49
92
62
64
69

T
T
86

92

104

107

119
119



viii CONTENTS
6.2. Reverse Holder estimates ......... ..o,
7. The transmission problem in two and three dimensions ......................
7.1, UDNIQUEIESS .. v ttttt ettt ettt et et e e
7.2. Atomic estimates ....... ...
7.3. Interpolation arguments .............c.iiiiiiiii i
8. Higher dimensions ............. ... . ..
8.1. Preliminary estimates ........... ..o
8.2. The Dirichlet problem ........... . i
9. Boundary value problems in bounded Lipschitz domains .....................
9.1. Localization arguments ........... ...t
9.2. Main well-posedness results with nontangential maximal function
estimates . ... e
10. The Poisson problem for the Stokes system ...............................
10.1. Stokes-Besov and Stokes-Triebel-Lizorkin spaces ...................
10.2. Conormal derivatives on Stokes-Besov and Stokes-Triebel-Lizorkin
SCALES o e
10.3. The conormal derivative of the Stokes-Newtonian potentials .......
10.4. The conormal on Besov and Triebel-Lizorkin spaces: the general case
10.5. Layer potentials on Besov and Triebel-Lizorkin spaces .............
10.6. The Poisson problem with Dirichlet and Neumann boundary
conditionS .. ..ottt
11, AppendiX ... ...
11.1. Smoothness spaces in the Euclidean setting ........................
11.2. Gehring’s lemma ...
11.3. Hole-filling lemma, ........ .ottt
11.4. Korn’s inequality ....... ..o
11.5. Hardy’s estimate ....... ... i
11.6. Traces in Hardy spaces .........o.uuiiiiiniiiiiiiiiiiiiinnnnn
11.7. Spaces of null-solutions of elliptic operators ........................
11.8. Singular integral operators on Sobolev-Besov spaces ...............
11.9. Functional analysis on quasi-Banach spaces ........................
11.10. Surface to surface change of variables .............................
11.11. Truncating singular integrals ........... ...,
11.12. Approximating Lipschitz domains ................................
Bibliography . ........ ...

ASTERISQUE 344

126

129
129
135
143

147
148
156

159
159

170

177
177

179
182
186
187

190

197
197
198
203
204
206
210
212
214
215
224
226
229

235



CHAPTER 1

INTRODUCTION

1.1. Description of main well-posedness results

Informally speaking, the goal of the present work is to prove optimal well-posedness
results for (homogeneous and inhomogeneous) boundary-value problems for the Stokes
system in Lipschitz domains with arbitrary topology, in all space dimensions and
for all major types of boundary conditions (Dirichlet, Neumann, transmission). The
boundary data is selected from Lebesgue, Sobolev, Hardy, Besov and Triebel-Lizorkin
spaces and the smoothness of the solutions is measured accordingly.

At the core of our analysis is the transmission problem for the Stokes system, on
which we wish to elaborate first. Let €2 be a Lipschitz domain in R™, n > 2, and define
Qy :=Qand Q_ = R"\ Q. The transmission boundary value problem for the Stokes
system studied here is of the type

Aty =V7my in Qq,
diviie =0 in Q,
(1.1) (Tw) iy |oq — U-|oa = g € LY (09),
By, my) — pONT_,m_) = f € IP(09),
M(Vily), M(rs) € LP(99).

Here, A is the Laplacian, u € [0,1) is a fixed parameter, and v := v, is the outward
unit normal to Q. For 1 < p < oo, LY (9R) is the classical LP-based Sobolev spaces
of order one on 99, M denotes the non-tangential maximal operator (cf. (2.5)), and

(1.2) ONx,ms) = (Vg ' + AViL)d — 14

is a family of co-normal derivatives, indexed by a parameter A € R (more detailed
definitions are given in subsequent chapters). In this way, we can simultaneously
treat various types of Neumann boundary conditions. For example, when A = 0, (1.2)
corresponds to the co-normal derivative treated in [32], whereas when A = 1, (1.2)
corresponds to the “slip condition” considered in [21].
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2 CHAPTER 1. INTRODUCTION

Two closely related boundary value problems are the Neumann problem and the
Dirichlet problem with (maximally) regular data:
AU =Vr in Q, Aid=V7m in Q,
divii=0 in ® divi = 0 in Q,
o), ) = f € LP(09), dloq = g € LY(09),
M(Vd), M(w) € LP(09) M Vi), M(m) € LP(09).

(1.3)  (N)

From this point forth, we will refer to (R) as the Regularity problem. Fabes, Kenig,
and Verchota proved in [32] that (V) and (R) are well-posed if 2—e < p < 2+¢, where
e = ¢(02) > 0. Building on the work in [19], [69], Z. Shen has established in [77] a
weak maximum principle for the Dirichlet problem for the Stokes system in Lipschitz
domains in R3. Interpolating this L> bound with the LP-estimates from [32] with p
near 2 shows that the Dirichlet problem for the Stokes system in three-dimensional
Lipschitz domains with data in LP is solvable whenever 2 — ¢ < p < co. However, as
pointed out by P. Deuring on p. 16 of [28], “this leaves open the question of whether
these solutions may be constructed by means of the boundary layer method, and how
to deal with exterior problems and slip boundary conditions.”

With these aims in mind, let us briefly discuss the relevance of the transmission
problem itself. From a physical point of view, the transmission problem

/,LiA’l_l:i =Vrmy in Qia
divﬁi =0 in Qi,

(1.4) T § . . -
Uiloo — U-|loa = g,
oMiy —oMi_ = f,
where
(15) O’Aﬁi = y,i(V’L_l:iT + )\Vﬁi)ﬁ— ﬂ':tﬁ,

describes the flow of a viscous incompressible fluid within and around a stationary
particle occupying the domain . which is further embedded into a second porous
medium Q_. In this context, @, and 7y are the volume-averaged fluid velocity and
pressure fields of the inner flow, whereas @_ and m_ have analogous roles for the
outer flow. In the specific case when A = 1, this is a standard problem that arises
when studying the low Reynolds number deformation of a viscous drop immersed in
another fluid (see [73]; [71], Sec. 7.2). Here, i denotes the viscosity of the drop, while
p— denotes the viscosity of the surrounding fluid. The case when § = 0 is often of
particular interest, since this introduces the physically relevant restriction that the
velocities @y and @_ must match on the boundary. The reader is referred to M. Kohr
and I. Pop’s monograph [51] for a more detailed discussion in this regard and for
ample references to the engineering literature dealing with transmission problems for
the Stokes system.

If we re-denote the term pyy in (1.4) as simply @4 and let p := p_/u4 denote
the ratio of the viscosities of the two fluids, we can rewrite the transmission problem
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