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Volume I

Sylvain Crovisier, Raphaël Krikorian, Carlos Matheus, Samuel Senti, éditeurs

Abstract. — This is the first of two volumes which celebrate the memory of Jean-
Christophe Yoccoz. These volumes present research articles on various aspects of the
theory of dynamical systems and related topics that were dear to him.

Résumé (Quelques aspects de la théorie des systèmes dynamiques : un hommage à Jean-
Christophe Yoccoz) — Voici le premier de deux volumes qui célèbrent la mémoire de
Jean-Christophe Yoccoz. Ils regroupent des articles de recherche portant sur divers
aspects de la théorie des systèmes dynamiques ainsi que sur des sujets connexes qui
lui étaient chers.
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Points fixes des actions nilpotentes de R
2

Sebastião Firmo & Patrice Le Calvez & Javier Ribón . . . . . . . . . . . . . 113
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sant de Lyapunov le plus grand pour l’action du semi-groupe diagonal positif.
Nous en déduisons deux applications : Premièrement, les exposants du cocycle
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Nous étudions les propriétés de récurrence par chaînes du relevé d’un homéo-
morphisme à un revêtement infini cyclique. Cette étude est connectée au théorème
de Poincaré-Birkhoff, voir les travaux de John Franks [2, 3].
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Dennis Sullivan . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215

Nous utilisons la combinatoire de deux réseaux cubiques à faces centrées s’in-
terpénétrant pour construire un calcul vectoriel discret qui permet la construction
de deux modèles de l’hydrodynamique incompressible de l’espace tridimensionel
tripériodique, l’une fondée sur la conservation de l’élan et l’autre sur le principe
du transport de la vorticité. Sans passer à la limite différentielle, on arrive néan-
moins dans le langage du calcul vectoriel exactement aux formulations du modèle
continu, d’abord celle de Jean Leray, où la dérivation agit à l’exterieur du terme
nonlinéaire, et ensuite celle plus habituelle où elle agit à l’intérieur. Des études
numériques montrent que ces deux modèles diffèrent au niveau discret.

Contribution des surfaces à petits carreaux à un cylindre aux volumes de Masur-Veech
Vincent Delecroix & Élise Goujard & Peter Zograf & Anton

Zorich . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 223

Nous établissons une formule pour la contribution des surface à petits carreaux
formées d’un seul cylindre horizontal au volume de Masur-Veech des strates de dif-
férentielles abéliennes. Nous en déduisons le comportement asymptotique lorsque
le genre des surfaces grandit. À la lumière des résultats récents de Aggarwal et
Chen-Möller-Zagier sur l’asymptotique des volumes de Masur-Veech, nous en dé-
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des surfaces à petits carreaux formées d’un seul cylindre horizontal au volume
de Masur-Veech des strates de différentielles quadratiques. En combinant cette
formule avec nos résultats récents sur l’équidistribution des surface à un cylindre
horizontal, nous proposons une méthode empirique pour le calcul des volumes
de Masur-Veech des strates de différentielles quadratiques. Cette dernière s’avère
être efficace en petites dimensions.
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On the topology of a real analytic curve in the neighborhood of a singular point
Étienne Ghys & Christopher-Lloyd Simon . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

The purpose of this paper is to describe the topology of real analytic planar
curves in the neighborhood of a singular point. Locally, such a curve consists of
a number of branches that intersect a small circle centered on the singularity at
two points. The local topology is described by a chord diagram: an even number
of points on a circle, associated two by two. We show that most chord diagrams
do not come from singularities. When this is the case, we call them analytical
diagrams. First, we propose a recursive description of analytical diagrams. Then
we characterize these analytical diagrams as those that do not contain a number
of subdiagrams that we describe explicitly.

A closing lemma for polynomial automorphisms of C2

Romain Dujardin . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

We prove that for a dissipative polynomial diffeomorphism of C2, the support
of any invariant measure is, apart from a few well-understood cases, contained
in the closure of the set of saddle periodic points.

On the minima of Markov and Lagrange Dynamical Spectra
Carlos Gustavo T. de A. Moreira . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

We consider typical Lagrange and Markov dynamical spectra associated to
horseshoes on surfaces. We show that for a large set of real functions on the
surface, the minima of the corresponding Lagrange and Markov dynamical spec-
tra coincide, are isolated, and are given by the image of a periodic point of the
dynamics by the real function. This solves a question by Jean-Christophe Yoccoz.

Quenched and annealed temporal limit theorems for circle rotations
Dmitry Dolgopyat & Omri Sarig . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

Let h(x) = {x} − 1
2 . We study the distribution of

∑n−1
k=0 h(x + kα) when x is

fixed, and n is sampled randomly uniformly in {1, . . . , N}, as N → ∞. Beck
proved in [2, 3] that if x = 0 and α is a quadratic irrational, then these distri-
butions converge, after proper scaling, to the Gaussian distribution. We show
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that the set of α where a distributional scaling limit exists has Lebesgue measure
zero, but that the following annealed limit theorem holds: Let (α, n) be chosen
randomly uniformly in R/Z × {1, . . . , N}, then the distribution of

∑n−1
k=0 h(kα)

converges after proper scaling as N → ∞ to the Cauchy distribution.

Exhaustive Gromov compactness for pseudoholomorphic curves
Joel W. Fish & Helmut Hofer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

Here we extend the notion of target-local Gromov convergence of pseudoholo-
morphic curves to the case in which the target manifold is not compact, but
rather is exhausted by compact neighborhoods. Under the assumption that the
curves in question have uniformly bounded area and genus on each of the com-
pact regions (but not necessarily global bounds), we prove that a subsequence
converges in an exhaustive Gromov sense.

Fixed points of nilpotent actions on R
2

Sebastião Firmo & Patrice Le Calvez & Javier Ribón . . . . . . . . . . . . . 113

We show several results providing global fixed points for nilpotent groups of
orientation-preserving C1 diffeomorphisms of the plane R

2. The main cases are
namely groups of diffeomorphisms of the sphere such that ∞ is a global fixed
point, groups of diffeomorphisms preserving a non-empty compact set and finally
groups of diffeomorphisms preserving a probability measure.

Projective cocycles over SL(2,R) actions: measures invariant under the upper trian-
gular group
Christian Bonatti & Alex Eskin & Amie Wilkinson . . . . . . . . . . . . . . . . 157

We consider the action of SL(2,R) on a vector bundle H preserving an er-
godic probability measure ν on the base X. Under an irreducibility assumption
on this action, we prove that if ν̂ is any lift of ν to a probability measure on
the projectivized bunde P(H) that is invariant under the upper triangular sub-
group, then ν̂ is supported in the projectivization P(E1) of the top Lyapunov
subspace of the positive diagonal semigroup. We derive two applications. First,
the Lyapunov exponents for the Kontsevich-Zorich cocycle depend continuously
on affine measures, answering a question in [57]. Second, if P(V) is an irreducible,
flat projective bundle over a compact hyperbolic surface Σ, with hyperbolic folia-
tion F tangent to the flat connection, then the foliated horocycle flow on T 1F is
uniquely ergodic if the top Lyapunov exponent of the foliated geodesic flow is
simple. This generalizes results in [13] to arbitrary dimension.
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Positive fibered Lyapunov exponents for some quasi-periodically driven circle endo-
morphisms with critical points
Kristian Bjerklöv & L. Håkan Eliasson . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181

In this paper we give examples of skew-product maps T : T2 → T
2 of the form

T (x, y) = (x + ω, x + f(y)), where f : T → T is an explicit C1-endomorphism of
degree two with a unique critical point and ω belongs to a set of positive measure,
for which the fibered Lyapunov exponent is positive for a.e. (x, y) ∈ T

2. The
critical point is of type f ′(±e−s) ≈ e−βs/(ln s)2 for all large s, where β > 0 is a
small numerical constant.

Recurrence on infinite cyclic coverings
Albert Fathi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195

We study the chain-recurrence properties of the lift of a homeomorphism to
an infinite cyclic cover. This is related to the Poincaré-Birkhoff theorem, see the
work of John Franks [2, 3].

Lattice Hydrodynamics
Dennis Sullivan . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215

We construct a lattice model of 3D incompressible hydrodynamics on triply
periodic three space.

It is not possible to have a discrete finite dimensional model of exterior d,
wedge product of forms and hodge star [equivalently of vector calculus] satisfying
all of the identities used to manipulate the NSE = Navier Stokes Equation.

This means the same discretization method applied to different but equivalent
versions of NSE should be considered to be different when the identities used to
prove the equivalence do not all hold for the discrete replacements.

Thus we do not derive the lattice model by directly discretizing the NSE, but
rather use the derivation of the NSE based on momentum transfer and creation
in small regions of fixed size as in a finite volume method (see reference).

Besides the perspective on discretization mentioned above the new point and
the main point is to express the finite scale calculation in terms of optimally
chosen operations of combinatorial topology that are discrete analogs of the con-
tinuum ones.

Such exist in this special combinatorics consisting of eight translated cubical
decompositions of edge size twice the spacing of the basic lattice. The discrete
analogs of d, wedge and star will satisfy all of the familiar identities except that
the Leibniz rule for d acting on a product is deformed.

The discrete operators are the coboundary of algebraic topology, the Poincare
dual cell operator and the lattice site wedge product.

The calculus limit need not be taken and the model closure point happens
when one replaces the average of a product [the velocity at a face times its
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normal component] by the product of these averages. At a physical scale where
the velocity is not varying the model would be physically correct.

The derived ODE for the lattice velocity vector field resembles the Leray form
of NSE with the derivative outside the nonlinear term, but it cannot be manip-
ulated into the other familiar form with the derivative inside the nonlinear term
because Leibniz has changed.

Contribution of one-cylinder square-tiled surfaces to Masur-Veech volumes
Vincent Delecroix & Élise Goujard & Peter Zograf & Anton

Zorich . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 223

We compute explicitly the absolute contribution of square-tiled surfaces having
a single horizontal cylinder to the Masur-Veech volume of any ambient stratum
of Abelian differentials. The resulting count is particularly simple and efficient in
the large genus asymptotics. Using the recent results of Aggarwal and of Chen-
Möller-Zagier on the long-standing conjecture about the large genus asymptotics
of Masur-Veech volumes, we derive that the relative contribution is asymptoti-
cally of the order 1/d, where d is the dimension of the stratum.

Similarly, we evaluate the contribution of one-cylinder square-tiled surfaces to
Masur-Veech volumes of low-dimensional strata in the moduli space of quadratic
differentials. We combine this count with our recent result on equidistribution of
one-cylinder square-tiled surfaces translated to the language of interval exchange
transformations to compute empirically approximate values of the Masur-Veech
volumes of strata of quadratic differentials of all small dimensions.
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JEAN-CHRISTOPHE YOCCOZ (1957–2016)

Jean-Christophe Yoccoz was without a doubt one of the great mathematicians of his
generation. His work in the field of dynamical systems is of considerable importance
and depth and it has shed new light on many problems of this theory. Together with
his thesis advisor, Michel Herman, he helped carry the French school of dynamical
systems to its highest level yet.

His results covered an impressive number of areas: his construction with P. Arnoux
of exotic pseudo-Anosov dynamics (“Arnoux-Yoccoz pseudo-Anosov systems”), his
relentless quest for optimal linearization conditions for circle diffeomorphisms and
holomorphic germs, his development of a revolutionary combinatorial concept (the
“Yoccoz puzzles”) for the fine study of the topology of the Mandelbrot set related to
Douady and Hubbard’s MLC conjecture, his detailed investigation with J. Palis and
C. G. Moreira of the dynamics of systems obtained by homoclinic and heteroclinic
bifurcations, a series of works with S. Marmi and P. Moussa describing the surprising
similarities and differences between the linearization problems of circle diffeomor-
phisms and generalized interval exchange maps. . . His ease of calculation and the
power of his combinatorial analysis were enthralling. His major achievements earned
him the Fields Medal in 1994, elected him to the Académie des Sciences, and subse-
quently led to a professorship at the Collège de France. But honors and distinctions
never changed his simple, humble, generous and optimistic view on life.

Throughout his career, he developed close ties with numerous colleagues around
the world. Following his military service in Brazil, he would very regularly visit
the Instituto de Matemática Pura e Aplicada (IMPA) in Rio de Janeiro. He also
continuously influenced the dynamical systems community through his courses in
Orsay and at the Collège de France, through the seminar he hosted with H. Eliasson,
through the many conferences he organized, and finally through the advice he always
gave so generously.

He was looking forward to having his 60th birthday celebrated by a conference, and
to have the proceedings on topics that were dear to him appear as a special volume
of Astérisque. His premature death forced a modification of these plans: his memory
was honored in May 2017 during a colloquium organized at the Collège de France. A
special issue of the Gazette des Mathématiciens published in May 2018 pays tribute to
this Mathematician through various texts of reminiscences as well as texts presenting
his most important scientific works.

© Astérisque 415, SMF 2020



xxii JEAN-CHRISTOPHE YOCCOZ (1957–2016)

The present two volumes of proceedings extend the scope of the conference and
gather research articles which we hope would have pleased Jean-Christophe.

S. Crovisier
R. Krikorian
C. Matheus

S. Senti
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