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LINEAR SYSTEMS OF WAVE EQUATIONS ON COSMOLOGICAL
BACKGROUNDS WITH CONVERGENT ASYMPTOTICS

by Hans RINGSTRÖM

Abstract. — The subject of the book is linear systems of wave equations on cos-
mological backgrounds with convergent asymptotics. The condition of convergence
corresponds to the requirement that the second fundamental form, when suitably
normalized, converges. The model examples are the Kasner solutions. The main re-
sult of the article is optimal energy estimates. However, we also derive asymptotics
and demonstrate that the leading order asymptotics can be specified (also in situations
where the asymptotics are not convergent).

It is sometimes argued that if the factors multiplying the spatial derivatives decay
exponentially (for a system of wave equations), then the spatial derivatives can be
ignored. This line of reasoning is incorrect: we give examples of equations such that
1) the factors multiplying the spatial derivatives decay exponentially, 2) the factors
multiplying the time derivatives are constants, 3) the energies of individual modes of
solutions asymptotically decay exponentially, and 4) the energies of generic solutions
grow as exp[exp(t)] as t→∞.

When the factors multiplying the spatial derivatives grow exponentially, the Fourier
modes of solutions oscillate with a frequency that grows exponentially. To obtain
asymptotics, we fix a mode and consider the net evolution over one period. More-
over, we replace the evolution (over one period) with a matrix multiplication. We
cannot calculate the matrices explicitly, but we approximate them. To obtain the
asymptotics we need to calculate a matrix product where there is no bound on the
number of factors, and where each factor can only be approximated. Nevertheless,
we obtain detailed asymptotics. In fact, it is possible to isolate an overall behavior
(growth/decay) from the (increasingly violent) oscillatory behavior. Moreover, we are
also in a position to specify the leading order asymptotics.

Résumé (Systèmes linéaires d’équations d’ondes sur des fonds cosmologiques asympto-
tiquement convergents). — Cet ouvrage concerne les systèmes linéaires d’équations
d’ondes sur des fonds cosmologiques asymptotiquement convergents. Cette condition
de convergence porte une version renormalisée de la deuxième forme fondamentale
et est en particulier vérifiée pour les solutions de type Kasner. Le résultat princi-
pal de l’article est la démonstration d’estimations d’énergie optimales. De plus, nous
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